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Abstract

Robot manipulators have been widely used in industrial automation. In many
modern robot control applications, sensory information such as visual feedback
is used to improve positioning accuracy and robustness to uncertainty. This
chapter introduces basic concepts and design methods that are employed for
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motion control of robot manipulators with uncertainty. The chapter covers both
basic methods in joint-space control and advance topics in sensory task-space
control.

Introduction

Robotic manipulation has shown to be a key technology in factory automation.
In order for a robot to perform some specific tasks, the robot is required to move
according to the commands from a motion controller. Most motion control applica-
tions of robot manipulators can be categorized into two main classes. The first is
the point-to-point motion control or set-point regulation where the robot is
required to move from an initial position to a final desired position in the workspace.
Pick-and-place operations are typical examples of the point-to-point motion control
applications. Other examples that require set-point control are spot welding and hole
drilling. The second type is trajectory tracking applications, such as arc welding,
machining, and painting, where the robot has to follow a desired trajectory.

Robot manipulator Robot manipulator consists of rigid links connected by joints.
One end of the manipulator is fixed to a base and an end effector or tool is connected
to the other end. The vector space in which the joint displacements are defined is
often referred to as the joint space, and the coordinates in which the manipulator
task of the end effector is specified is referred to as the task space, which can be a
Cartesian space or an image space depending on the task requirements. The motion
control problem of a robot can be formulated either in the joint space (Kelly
et al. 2005) or in the task space (Spong et al. 2006). In the joint-space control
methodology, the desired position of the end effector is converted to a
corresponding desired joint configuration by solving an inverse kinematic problem,
and a feedback control law is designed so that the robot joints follow the desired
joint position. To eliminate the problem of solving the inverse kinematics, the robot
motion control problem can be directly formulated and designed in task space.
A transformation matrix Transformation matrix or Jacobian matrix Jacobian matrix
is used to transform the task-space feedback error to joint control inputs.

The most commonly used controllers in industrial applications are PD and PID
controllers (Ziegler and Nichols 1942). The main advantages of such controllers are
the simplicity and ease of implementation. However, the kinematics and dynamics
of a robot manipulator are highly nonlinear with coupling between joints, and
hence, the linear control theory cannot be applied directly to design PD or PID
controllers for a robot manipulator. By exploring physical properties of the robot
dynamics, Takegaki and Arimoto (Takegaki and Arimoto 1981) first showed using
Lyapunov method (Slotine and Li 1991) that a simple PD controller with gravity
compensation is effective for set-point control of a robot manipulator Robot
manipulator. The result was an important landmark in robot control theory. Inspired
by the original work (Takegaki and Arimoto 1981), much progress has been made
in understanding the robot motion control problem, and various control methods
have been developed for a robot manipulator (Arimoto and Miyazaki 1984, 1985;
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Arimoto et al. 1994; Ortega et al. 1995; Arimoto 1994; Wen and Bayard 1988;
Niemeyer and Slotine 1991; Berghuis et al. 1993; Cheah et al. 1998, 2004, 2007,
2010; Cheah 2003; Dixon 2007; Liang et al. 2010; Braganza et al. 2005; Wang and
Xie 2009; Garcia-Rodriguez and Parra-Vega 2012; Cheah and Liaw 2005; Kelly
1997; Wang et al. 2007).

This chapter focuses on motion control methods of robot manipulators that were
developed based on the Lyapunov method. In particular, several set-point and
adaptive tracking controllers are presented in both the joint space and task space,
for a robot manipulator with uncertainty. The robot kinematics and dynamics are
nonlinear with coupling between joints, and a good understanding of the structure
and properties of the models is essential for the design of simple and effective
controllers. The dynamics and kinematics of robot manipulators and their basic
properties are first introduced in section “Dynamics and Kinematics of Robot
Manipulators” and several examples are given to illustrate the properties. The
next two sections of this chapter present the standard motion controllers in robotics,
which serve as foundation works for the design of most robot controllers based on
the Lyapunov method. Section “Set-Point Control by PD Plus Gravity Controller”
introduces the set-point controllers based on the PD plus gravity control strategy.
Section “Adaptive Control of Robot Manipulators” presents adaptive control meth-
odology for tracking control of robot manipulators. Recent advances in sensing
technology has led to the research and development of sensory task-space feedback
control laws for robot manipulators. The use of task-space sensory feedback
information such as visual information improves the endpoint accuracy in the
presence of uncertainty. Section “Approximate Jacobian Set-Point Control” pre-
sents the basic task-space sensory feedback control problem of a robot manipulator
with kinematic and dynamic uncertainty for set-point control applications.
Moreover, the results are extended to deal with uncertain gravitational force.
Section “Adaptive Jacobian Tracking Control” presents the adaptive Jacobian
controller for task-space sensory feedback tracking control applications. Simulation
results are presented in section “Simulation Results.” A brief review of the basic
concepts and theories for stability analysis of nonlinear systems is also provided in
the Appendix.

Dynamics and Kinematics of Robot Manipulators

In this section, the dynamic and kinematic equations of robot manipulators Robot
manipulator are introduced and the properties which constitute the basis of con-
troller design in this chapter are presented.

Dynamic Equation of Robots

For a robot manipulator of » DOF with the joint coordinate ¢ = [q;,. . ., q,,]T, the
equation of motion using Lagrange approach takes the following form:
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M,, M,: mass of the first and second link
Ly, Ly: length of the first and second link

Ly, Le: distance between the center of the
gravity and the joint

Fig. 1 A two-link robot manipulator

n n n
> Myi + 303 Fidgdy + Di@)gi + 8i(q) =i, i=1,....n (1)
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such that I'y; is called the Christoffel symbols and it is defined as

1 | OM;; OM; OM;
= i(q) | OMulq) _ OMi(q) | )
2 Oqy 6%‘ 9q,
Equation 1 can be expressed in the following compact form:
M(q)G +C(q,9)4 +D(q)4 + g(q) = u 3)

where M(q) € R"™" is the inertia matrix, C(q,q) is the matrix of Coriolis and
centripetal terms, D(q) € R"™" is the matrix of damping coefficients, g(¢) € R"
denotes the gravitational force, and u € R" is the vector of control input. The
following example is presented for better understanding of the dynamic equation
expressed in Eq. 3.

Example 1 Consider a two-link planar robot manipulator as depicted in Fig. 1.
The dynamic equation of the robot is expressed as follows:

My M| g Cu Cn|lq Dy 0 ||q 8
o+ |+ S+ =u 4
|:M21 Mzz} L]z Ca Cn|| 4 0 Dn||q 8 @
where parameters M;;, C;;, and g; for i, j = 1, 2 are expressed in Appendix 2.
Parameters D, and D,, are positive constants that represent damping coefficients
for each joint.

Some properties of dynamic equation of robot manipulators expressed by Eq. 3
are as follows:

Property 1 The inertia matrix M(q) is symmetric and positive definite for all
q € R".
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Property 2 The matrix M(q) — 2C(q, q) is skew symmetric so that
Y'{M(q) —2C(q,4)}y =0 forallycR". (5)

To show property 2, the elements of matrix C(g, ¢) are obtained by using Egs. 1
and 2:

Cila.d) =3 %{6Mii(CI) L Mula) _ OMy(q) }q.k o

“— 4y 0q; 0gq;

Therefore, the elements of matrix M(g) — 2C(q, ¢) can be expressed as

b0 20 ), = S~ OMila) {aM,«j(q) | M) aMk_f(q)} i

—  Oq 9 0q; 9q;
_ 2"2 aMlk (@) Myla)|,
9q; ¢
Switching i and j and considering the symmetricity of matrix M(q) yield

(M(q) —2C(¢,4)), = _Z{ 8M1k q) angk;@}qk

=—(M(q) - 2C(q,q))j,-,

which shows that the matrix (M(q) — 2C(q,q)) is skew symmetric.

Property 3 The dynamic equation Eq. 3 can be linearly parameterized with
respect to the constant parameters, as follows:

M(q)G + C(q,4)q +D(q)q + g(q) = Y(q,4:4,G)0a (7

where Y(-) € R"is the known regressor matrix and 0, is the unknown parameter
vector.
The following example is presented to illustrate properties 1-3:

Example 2 Consider the two-link robot manipulator depicted in Fig. 1. The inertia
matrix is expressed by Eq. 113 in the Appendix. To show the positive definiteness
of the inertia matrix, it is sufficient to show that all leading principal minors of the
matrix are positive. Hence, the following inequalities must hold:

4 4
{1 : 3M1L21 + 3M2L s+ MoLt + 2MaLiLes cos (q3) > 0 @)
I: det(M) >0

For inequality /, the worst case is cos (¢2) = —1; then it gives
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4 1
SMILE + MLy + MLy — L) > 0. )

For the second inequality, the determinant of M(q) is computed as follows:

16 4
3M1M2L§,L§2 +M3LIL, (g — cos 2(q2)> >0 (10)

which yields the positive definiteness of the inertia matrix.
To show the skew-symmetric property of the matrix M(q) — 2C(q, §), let us form
the matrix M(q):

' —2MyLiLag,sin(q,)  —MaLiLog, sin(g,)
M = S 11
(q) _MQLIL(~2q2 Sin (qz) O ( )
Hence, the matrix M (¢) —2C(q,q) can be expressed as
. . 0o v
M(q) —2C(q.4) = [_5,, 0} (12)

where ¥ = 2M,L L4, sin (¢,) + M2LL:24, sin (g,). It can be seen from Eq. 12
that the matrix M(q) — 2C(q, q) is skew symmetric.

To show the property Eq. 3, the elements of known regressor matrix ¥ & R**7D
are given as

Yu=q¢, Yu=q¢

Y13 = (24 + G») cos (q2) — (24142 + 43) sin (g,)

Yiu=¢q,, Yi5=0, Yig=cos(q), Yi7=cos(q +q)
Y51=0, Yn=4¢ +4¢

Y23 =g, cos(qy) + ‘I% sin (‘12)

Yu =0, Y5=¢q,, Yi=0, Yy = cos(q +q),

and the unknown parameter vector is expressed as follows:

[4 2 4 2 2 i
FMILE + 3 Mol + ML

0, = MyLyLes

(M\Ley +M,Ly)g
MZLCZg
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Kinematic Equation Kinematic equation of Robots

The kinematic model represents the relationship between the joint angles and the
end-effector position. Hence, the kinematic model connects the task space to joint
space as follows:

x=h(q) (13)

where x € R” is the task-space vector and A(-) € R" — R™ is a transformation
describing the relation between the joint space and the task space. The relationship
between task-space and joint-space velocities is given as

x=J(q)q (14)

where J(g) € R™™" is the which provides a transformation from the joint space to
the task space.

Remark 1 The task-space vector can either be defined in a Cartesian space or an
image space. If cameras are used to measure the end-effector position, the task
space is defined as an image space. Let x denote the vector of image feature
parameters; the image velocity vector X is related to the joint velocity vector g as

X =J1(g).(9)q (15)

where J;(q) is the image Jacobian matrix from the Cartesian space to the image
space (Hutchinson et al. 1996) and J,.(¢g) is the manipulator Jacobian matrix from
the joint space to the Cartesian space. Therefore, the overall Jacobian from joint
space to task space is J(q¢) = J/(q)J.(q). If a position sensor is used to measure the
end-effector position directly, the task-space vector x is defined as a Cartesian space
and hence J(q) = J.(q).

A property of the kinematic equation Kinematic equation described by Eq. 14 is
stated as follows:

Property 4 The right-hand side of Eq. 14 is linear in a set of constant kinematic
parameters 6, = (6, - - -, Hkq)T, such as link lengths and joint offsets. Hence,
Eq. 14 can be expressed as

x=J(q)q = Yi(q,q)bk, (16)

where Yi(q,q) € R is called the kinematic regressor matrix.

Example 3 Consider the two-link robot manipulator as depicted in Fig. 1. The
kinematics of the robot can be expressed as follows:

_ | Licos(g;)+Lycos (111 + ‘12)

= . . . 17
* Ly sin(g;) + L, sin (ql + qz) a7
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The task-space velocity can be obtained by differentiation Eq. 17 with respect to
time, as

¥ = _Ll sin (QI) - L2 sin (Ch + q2) _LZ sin (ql + QZ) q.l . (18)
Ly cos(q,) + Ly cos (611 + C]z) Ly cos (g, + qy) 42

J(q)

Equation 18 can be written as follows:

e | T sin(q;)q;  —sin(q; + 92)(4, +C?2)
cos (q1)q; cos (¢, + ¢2)(¢1 + ¢»)

Yi(q.9)

L,
A
~—

Ok

Set-Point Control by PD Plus Gravity Controller

This section considers the set-point control problems or point-to-point control
problems in which the robot is required to move from one point to another point
without controlling the path taken by the robot between the two points. A simple
and useful set-point controller for motion control is the PD plus gravity controller.
This control strategy employs feedback of joint angles, velocity, and compensation
of gravitational force as depicted in Fig. 2.

The feedback control law is expressed in the following form:

u=—K,q—Kyq+g(q) (20)

where K, is the proportional gain matrix, K, is the derivative gain matrix, and
q = q — q4such that g, represents a constant desired position. Both K, and K, are
positive diagonal matrices. The closed-loop system can be obtained by substitut-
ing Eq. 20 into the dynamic Eq. 3:

M(q)4 + Clq,4)q +D(q)q + Kvg + Kpg = 0. @n

The stability of the closed-loop system is examined by using the Lyapunov-
based stability analysis. Consider the following Lyapunov function candidate as

1 1
V=§waM+§f&% (22)

Differentiating the Lyapunov-like candidate with respect to time gives

S R B . -
szM@M+§fMWM+¥kM- (23)

Substituting M(g)g from the closed-loop Eq. 21 yields
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A

9(q)

qa Q u Robot
P ‘ Manipulator | 9

K,
Fig. 2 A block diagram of the PD plus gravity controller
. 1 .
V==24"(M(q) —2C(q,4))d — 4" D(q)q
54" (M(q) = 2C(4,4))d — 4" D(9)g (24)

—'K\§ = §"Kpq + 'Ky

Considering the skew-symmetric property of the matrix M(g) — 2C(g,q), V is
simplified as follows:

V=-¢"D(q)§—¢"K,g<0. (25)

Using LaSalle’s invariance principle (see lemma Al in the Appendix) yields

V=0=¢"{D(q)+K,}¢g=0<¢=0. (26)

From the closed-loop Eq. 21, one can conclude that

Kyg=0=G=0 27)

yields ¢ — g4 ast — oo.

In most robotic applications, the end effector of a robot manipulator is required
to move to a desired position in the task space. This can be obtained by either
solving the inverse kinematic problem to find the corresponding desired joint angles
or developing task-space control methodology directly by using the task-space
error. For task-space control, the Jacobian matrix is used to transform the task-
space errors to joint control inputs. In the following, a task-space set-point control
approach is presented. Consider the following feedback control law for the task-
space regulation:

u=—J"(q) (K% — K,%) + 8(q) (28)

where ¥ = x — x4 such that x,; is the desired position of the end effector. A block
diagram of the task-space regulator described by Eq. 28 is illustrated in Fig. 3.
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9@

Xd

q
| T C u Robot X
— P J (q) Manipulator | x

K,

Fig. 3 A block diagram of the task-space PD plus gravity control system

Substituting the feedback law Eq. 28 into the dynamic Eq. 3 yields the following
closed-loop system:
M(q)j + C(q,4)g + D(q)q +J" (q) (Kui — K,¥) = 0. (29)

The following Lyapunov-like candidate can be considered for the stability
analysis of the task-space regulation problem:

1 1
vzifM@m+5ﬂ&x (30)

Differentiating Eq. 30 with respect to time and substituting Eq. 29 into it yield
V=—¢"D(q)qg—q"T"(q)Kvg — 4" J" (q)K,% + 5" K,% — ¢"D(q)g — 'K, < 0.
€29

If the Jacobian matrix is of full rank, by using LaSalle’s invariance principle (see
lemma A1l in the Appendix), it is obtained

V:o:fb@m+fmx@{gf8. (32)
From the closed-loop Eq. 29, one can conclude that
JH (@)K, ¥ =0=%=0. (33)

Hence, the position of the end effector converges to the desired position such as
X — Xgast — 00.

Remark 2 Tt was first shown in (Takegaki and Arimoto 1981) using the Lyapunov
method that the simple PD controller with gravity compensation Eq. 20 is effective
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for set-point control of a robot manipulator Robot manipulator. The gravity com-
pensation term can also be computed off-line by using the desired position (Tomei
1991; Kelly 1993; Arimoto 1996):

u=—K,g—Kpq+8(qa) (34)

A main drawback of the PD plus gravity controller is that an exact knowledge of
the gravity force of the robot manipulator is required. The existence of uncertainty
in modeling the gravitational term results in steady-state position error. One way to
alleviate the problem is to increase the P control gain which may lead to saturation
of the control torques. A common practice to remove the steady-state error is to add
an integral term (Arimoto and Miyazaki 1984; Arimoto 1996).

u=—K,q—Kyj— K,szdt 35)

where K; is a symmetric positive definite matrix. The closed-loop system of the
linear PID robot control system is asymptotically stable in a local sense. To achieve
global asymptotic stability, a saturated or bounded nonlinear function of the
position error can be used (Arimoto et al. 1994):

u=—K,g—Kyj— K,Js(q)dt (36)

where s(.) is the saturation function. Other regulators for robot manipulators
without using the gravitational term can be found in (Ortega et al. 1995; Kelly
1998). If the structure of the gravity force is known, adaptive PD controller with
gravity regressor can also be used to eliminate the steady-state position error in the
presence of uncertain parameters (Tomei 1991; Arimoto 1996):

u=—-K.qg—Kyq+Z(q)p (37)

with the parameter update law

¢ =—LZ"(q)(4 + as(q)) (38)

where a is a positive constant. The gravity regressor matrix can be computed
off-line by using the desired position (Kelly 1993).

Adaptive Control of Robot Manipulators

For tracking control applications, the manipulator is required to follow a desired
time-varying trajectory. The simple PD controllers in the previous section are
usually not effective for tracking control, especially for high-speed manipulation
tasks. In this section, adaptive control method of robot manipulators is presented for
tracking control applications.
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S

6 1
p+i

Fig. 4 Filter-like representation of Eq. 40 (p = (d/dr) is the Laplace operator)

To design the adaptive control, a reference vector is defined as follows:

4r=4qa— (39
where A is a positive constant. Using the reference vector Eq. 39, a sliding vector is
defined as follows:

s=¢—q¢,=q+q. (40)

In fact, Eq. 40 represents a low-pass filter which is also depicted in Fig. 4. Hence,
¢ can be obtained as

q(t) = Je-“f-f)s(f)df. (41)
0

For a bounded sliding vector, i.e., ||s]|| < @, then it yields

t
()] < @[ e - 7s(rjar <
0

(42)

~1®

Therefore, inequality Eq. 42 shows that increasing A leads to smaller tracking
error.
By differentiating Eq. 40 with respect to time, § is obtained as follows:

§=G—4, =4+ (43)

Substituting Eqgs. 40 and 43 into Eq. 3 and using property 3, the following
equation is obtained:

M(q)s +C(q,q)s + D(q)s + Y(4, 4, G,-G,)0a = u (44

where Y(q,4q,q,,q,) is a known regressor matrix and 6, is an unknown parameter
vector, which are defined as follows:

Y(4: 44> G,)0a = M(q)4, + C(4,9)4, + D(@)d, + &(q)- (45)

In fact, adaptive control strategies for a nonlinear system are mainly based on the
property of linear parameterization of the nonlinear dynamics with respect to
unknown parameters.
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94 94 4a
Jdada bd

84 Y [
q

q
Robot R
Manipulator q
Fig. 5 A block diagram of the adaptive feedback law (46)
The adaptive law is expressed as follows:
u=—Ks +Y(q7q’ q'r’ qr)ed (46)

where K is a positive definite matrix and 8, is the vector of estimated parameters,
which is updated based on the following update law:

04 =—LY"(q,4.4,.G,)s 47)

such that L is a symmetric positive definite matrix. A block diagram of the adaptive
law Eq. 46 is illustrated in Fig. 5.

The closed-loop equation for the robot manipulator is obtained by substituting
the adaptive feedback law Eq. 46 into the dynamic Eq. 3, as follows:

M(q)s + C(q,4)s + D(q)s + Kss + Y (4, 4.4,. G, ) A0 = 0 (48)

where A8, = 6, — 6,. To examine the stability of the closed-loop system described
by the Eq. 48, the following Lyapunov-like candidate is proposed:

1 1
V = EETM((])S =+ 5

By differentiating the Lyapunov-like candidate with respect to time, substituting
the closed-loop Eq. 48 into it yields

AOLLTTAG,. (49)

. . 1 . “
V =5"M(q)s + ESTM((])E + 04L7' A0,
= —.‘STD(C])ﬁ — 5TK55 - 5TY(C]» 6], C}r’ ql)Agd

1 . . 2T
+ EsT{M(q) —2C(q,q)}s + 0,L7" Ab,. (50)
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Considering the skew symmetricity of the matrix M(g) — 2C(q, ¢) and substitut-
ing Eq. 47 into Eq. 50, V is simplified as

V=—5'D(q)s —s'Ks5 < 0. (51)

Since M(q) and L are positive definite, V is positive definite in s and A6,
Therefore, s and A8, are bounded. Hence, from closed-loop Eq. 48, one can
conclude the boundedness of 5, and this leads to the boundedness of V, which
means that V is uniformly continuous. By Barbalat’s lemma (see lemma A2), it then
follows V goes to zero as t — 00, so it can be concluded that s converges to zero.
The convergence of s yields the convergence of ¢ and q to zero.

Remark 3 The globally tracking convergent adaptive controller Eq. 46 was derived
in (Slotine and Li 1987) for a robot with dynamic uncertainty. The dynamic
regressor matrix can also be computed off-line by using the desired trajectory
(Arimoto 1996; Sadegh and Horowitz 1990). An adaptive controller with off-line
computed dynamic regressor is as follows (Arimoto 1996):

u=—kpG — K§ + Ya(qa>Ga» s Ga)0u (52)

with the parameter update law as

O = —LY" (4> dar ) {6 + as(@)} (53)

where « is a positive constant and s(.) is the saturation function. Many other robot
adaptive controllers have also been proposed for a robot with dynamic uncertainty
(Wen and Bayard 1988; Niemeyer and Slotine 1991; Berghuis et al. 1993; Paden
and Panja 1988; Ortega and Spong 1989; Craig et al. 1987; Middleton and Goodwin
1988; Koditschek 1987; Lee and Khalil 1997).

This section focuses only on adaptive control of robot manipulators.
Other tracking control methods for robot manipulators with dynamic uncertainty
include robust control (Slotine 1985; Spong 1992; Abdallah et al. 1991), learning
control (Arimoto 1996; Arimoto et al. 1984), and neural network control
(Lewis 1996).

Remark 4 Since the closed-loop system Eq. 48 is directly dependant on time due to
the presence of the time-varying trajectory g,(t), LaSalle’s invariance principle
cannot be utilized to show the stability of the system.

Remark 5 A key point in adaptive control is that the tracking error will converge
regardless of parameter convergence. That is, one does not need parameter conver-
gence for tracking error convergence. However, parameter convergence can be
obtained if the persistence of excitation condition is satisfied.
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Remark 6 In many practical applications, the physical parameters are bounded by
prescribed upper and lower limits. Using these bounds as a priori information, the
parameter update law can be modified in a way that the estimates are constrained to
a specified region. In this regard, a commonly used method is the standard projec-
tion algorithm (Ioannou and Sun 1996).

Approximate Jacobian Set-Point Control

In many modern control applications of robot manipulators, task-space sensory
feedback information such as visual information is used to monitor the position of
the end effector. By using sensory feedback, the control systems are robust to
various modeling uncertainties. This gives the robot a high degree of flexibility in
dealing with unforeseen changes and uncertainties. When a robot picks up several
tools of different dimensions, unknown orientations, or gripping points, the kine-
matics changes and is difficult to derive exactly. In the presence of kinematic
uncertainty, inverse kinematic algorithms cannot be used to derive the desired
position in the joint space. This section presents a simple approximate Jacobian
set-point controller for a robot manipulator with uncertain kinematics by using task-
space sensory feedback of the position of the end effector. Though the position of
the end effector can be measured by task-space sensors, the uncertainty of the
Jacobian matrix poses a challenging robot control problem.

First the quasi-natural potential function S;(¢) is defined which will be used in
developing the feedback law.

Definition 1 Consider the scalar function S{(¢) and its derivative s{(¢) as depicted
in Fig. 6 , with the following properties:

1. Si(¢p) > O0for ¢ € R — {0} and S,(0) = 0.

2. Si(¢@) is twice continuously differentiable, and the derivative s;(¢) :%gmis
strictly increasing in ¢ for |p/ < y; with some y; and saturated for |¢| > y;,
i.e., s{¢p) = Ls; for ¢ > +y; and ¢ < —y; respectively, where s; is a positive
constant.

3. There are constants ¢; > 0,d; > 0,d;(> d;) > 0 such that

dist () > dsi(p) = disi(d) >0, Si(@) > Tis?(gh), (54)
for ¢ #0

The approximate Jacobian set-point controller is expressed as follows:

u= " (q)(Kps(®) + K.) + g(q) (55)

where J (g) € R™*" is the estimation of the Jacobian matrix; J(¢), K),, K, are positive
definite diagonal feedback gains for the position and velocity, respectively; and
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Si(¢) si(¢)

v

i E Vi [0)
—Yi Yi )
Fig. 6 (a) Quasi-natural potential S,(¢p), (b) derivative of S;(¢)
s;(-),i = 1, - -, mare saturated functions defined in definition 1. Here, it is assumed
AT .
that J (g) is chosen so that
T
(@) =T (@I < 7. (56)

where y is a positive constant to be defined later. Substituting the feedback law
Eq. 55 into the dynamic Eq. 3 gives the closed-loop equation as

M(q)i + C(q,d)d +D(q)q +J" (@) (Kps(¥) +K,) = 0. (57)

To examine the stability of the closed-loop system, consider the following
Lyapunov-like candidate:

V=2 M@+ adM(g)] (@)s()

+Z (kpi + aky;) Si(%;),

i=1

(58)

where a is a positive constant and JAT(q) denotes the pseudo-inverse of f(q) such
that J(¢)J * (¢) is non-singular and J(¢)J T(q) = [. The parameters k,;, k,; denote the
ith diagonal elements of K, and K, respectively. Consider the following inequality:

%CI M(q) +aq" M@ (@)5(®) + | (i + k) Si()
- % (q + 20" (q)s()z))TM( )(q +2a] (61)5()?)) - (59)

s (7'(a)) M@ (@)5(0) + Sy (ko + ako)Si(5)
Z Z:n:l {kp[E[ + a(kw‘C,‘ - (I/{m }S,’ X,‘)
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o T o
where Ay A Anax [(JT(q)> M(q)JT(q)] . Substituting the inequality Eq. 59 into
Eq. 58 yields

VZz C] q + Z {kﬂlcl \1Ci - a)vm)}siz(fi) >0

where K, and a can be chosen so that

kyici — aky, > 0. (60)

Hence, V is positive definite and represents a Lyapunov function candidate for
the set-point control of the robot with uncertain Jacobian matrix. Differentiating the
Lyapunov function candidate V with respect to time, it can be shown that (refer to
Appendix for details)

V < ~{aman(K0) (31 = L 32+ 20)) = o b a1

(61)
_ (ﬂmax (K,,) <a63 - g) - acl> ||s()?)||2
such that ¢, ¢ are positive constants, by is the upper bound of I1l/(g)ll, and
5 — il (@KJ() +D(9)]
( )Amax (Kv)
lmax K
8 = ? 62
T (K) ©
Amin (K p)
b6 =
e (K)
If the following inequality holds
26,
i ,2a83 ¢ >, 63
mln{ o, %} Y (63)
then by proper selection of parameters a, K, and K, such that
(51 —1(52 +2bj)) - X0 >0
2 I (K. o
y acy (64)
(s~ 1) -2
2 /1max (Kp)

it can be guaranteed that V < 0. This implies the convergence of the task-space
error and joint-space velocity such that x — 0, ¢ — 0, as t — oo.
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Remark 7 For redundant robots, the dimension of x is different with the dimension
of g, but the LaSalle’s invariance theorem can be used to deduce the convergence
of X, g to zero.

An alternate condition for the bound y can be derived by substituting J7(q) =

fT(q) + J(g) into Eq. 120 so that

V < " {J"(@K.J(q) +Dq) — acol g — as(®)' (K, = c11)s(®)
— " T (@K (@)q + 3T (q)Kps(). (65)

Therefore, condition Eq. 63 is written as follows:

. 26,
52 5 9 66
m1n{52+2bj a3}>)f (66)

.
where 8, = 2 [/ </f11)K‘v(2(f1>)+D(q)]

that the bound y can be represented by the actual or estimated Jacobian matrix
whichever is larger.

In order to further explore the condition Eq. 63, let K, = k,/, K, = ak,l. Hence,
condition Eq. 63 is simplified as

and by is the upper norm bound of J(g). This implies

[ @I @)+ @] o
min a+ 2b; 2 0 > (67)

hoin [ @0 @)+ 2(@) /1]
2}7.;

For a sufficiently large a(i.e., a > ), condition Eq. 67 is

written as

2imin " (@0 (@) + (@),
a—+ ij

> . (68)

The condition Eq. 63 is illustrated in Fig. 7. In order to guarantee the stability of
the system with approximate Jacobian matrix, the allowable bound of the Jacobian
uncertainty y must be smaller than the curve as shown in the figure.

The following conditions can be obtained from Fig. 7:

(i) Ify is small, @ can be chosen small and therefore from Eq. 60 it can be deduced
that a smaller controller gain is required.
(i1) Ify is small, a wider range of the feedback-gains ratio a can be chosen. In fact,
in the extreme case where y = 0, a could be chosen as any value.
(iii) If y is large, a larger controller gain is required and a narrower range of the
feedback-gains ratio a is allowed.
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14

a

Fig. 7 An illustration of condition Eq. 63 where the vertical axis represents the bound of the
Jacobian uncertainty and the horizontal axis represents the feedback-gains ratio

Moreover, if a is increased, then the allowable bound y of the Jacobian uncer-

tainty J(q) =J T(q) —JT(q) is reduced. Therefore, the feedback-gains ratio
a should be kept smaller so that the allowable bound of the Jacobian uncertainty
is larger. This can be easily done by either reducing K, or increasing K. Though the
condition is a sufficient condition, it is reasonable because increasing K,, amplifies
the estimated Jacobian J(¢) and hence more accuracy on the estimation or more
damping is required. An important and piratical conclusion of the result is that when
the system is unstable, redesign of J (¢) may not be necessary as the instability may
be due to the reason that the feedback-gains ratio a is not tuned properly. In
practice, we should therefore try to stabilize the system or increase the margin of
stability first by reducing the feedback-gains ratio a (Fig. 7).

In the presence of uncertainties in gravitational force and Jacobian matrix, the
task-space control of robot manipulators can be obtained by using the concept of
regressor for the robot dynamics (see Eq. 7) such that a gravity regressor is
introduced to compensate for the gravity force.

The gravity term can be characterized by a set of parameters ¢ = (¢, - - -, (p,,)T
as

8(q) = Z(q)o, (69)

where Z(q) € R"*” is the gravity regressor.

Example 4 For the two-link robot manipulator depicted in Fig. 1, Z(g) can be
expressed as follows:

_ | cos(q) cos(q,+q)
Za) = 0 cos (¢; + ¢»)
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Fig. 8 A block diagram of the task-space approximate Jacobian regulator with adaptive gravity
compensation

and the unknown parameter vector ¢ is expressed as

o= (M\Let +M>Ly)g
MZL(‘Zg '

The feedback control law is obtained as

u=—J"(q)(Kps(%) + K.i) + Z(q), (70)

such that the estimated parameter vector ¢ is updated as

o) = ~L2'(q) (i +al (@)5(9)). an

where L € R’ is a positive definite matrix. A block diagram of the task-space

approximate Jacobian regulator Task-space approximate Jacobian regulator with

adaptive gravity compensation described by Eqgs. 70 and 71 is illustrated in Fig. 8.
Substituting Eqgs. 69 and 70 into the dynamic Eq. 3 gives

M(9)i + C(g,9)q + D@ (q) (Kps(F) + Koi) + Z(q)Ap =0, (72)

where Agp = ¢ — ¢. To examine the stability of the closed-loop system Eq. 72, the
following Lyapunov function candidate is considered:

1. . . ot -
V=24"M(q)q+ag"M(g)] (q)s(¥)
1o, m ) (73)
+ E A(p L Aq) + ;(kpi + ak‘,,-)S,-(x,-).
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The convergence of the task-space error and joint-space velocity can be shown
by differentiating the Lyapunov function candidate with respect to time (similar to
previous section), and using LaSalle’s invariance principle.

Remark 8 The approximate Jacobian set-point controller Eq. 55 with task-space
damping was proposed in (Cheah et al. 1998, 1999). The controller requires the
measurement of a task-space position by using a sensor such as vision systems. The
task-space velocity is obtained by numerical differentiation of the position. In
(Cheah et al. 2003), an approximate Jacobian feedback controller using only
joint-space damping was developed as

u=—J" (9)K,s(¥) — Kui + 2(q). (74)

The joint-space velocity is obtained by numerical differentiation of the joint
position, which is usually less noisy than in the task space. In the presence of
uncertainty in the gravitational force, the update law Eq. 71 or the integration
control term (Cheah et al. 1999) also requires the use of the inverse Jacobian
matrix. An approximate Jacobian controller with adaptive gravity compensation
was developed as (Cheah et al. 2003)

u=—J" (q)(Kps(®) + K. %) + Z(q)» (75)

such that the estimated parameter vector ¢ is updated as

o) = ~LZ' () (q+ " (@)5(9)), 76)

where « is positive constant and s(.) is the saturation function. The main advantages
of the controller are that the task-space velocity and the inverse of the approximate
Jacobian matrix are not required. An update law can also be used to update the
kinematic parameters of the estimated Jacobian matrix online (Cheah 2003; Dixon
2007), and the simpler stability conditions can be obtained as compared to using a
fixed approximate Jacobian matrix.

Adaptive Jacobian Tracking Control

The approximate Jacobian controller in the previous section is only effective for
point-to-point control problem. This section presents an adaptive Jacobian control-
ler for tracking control of a robot manipulator with uncertain kinematics and
dynamics. The concurrent adaptation to both kinematic and dynamic uncertainties
is something “humanlike” as in tool manipulation. The key idea is to introduce a
task-space adaptive sliding vector based on estimated task-space velocity and a
dynamic regressor matrix based on the estimated kinematic parameters.
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Fig. 9 The estimated task- i
space velocity and the actual J(q,61) ——
task-space velocity

j(a.80) X,

In the presence of kinematic uncertainty, the parameters of the Jacobian matrix
are uncertain and an estimated velocity is defined using Eq. 16 as

=7 (q,0)d = Yi(q:9)0 (77)
where X€R" denotes the estimated task-space velocity, J(g,6;) €R™" is an

estimated or adaptive Jacobian matrix, and ék € R? denotes a set of estimated
kinematic parameters. Figure 9 illustrates the difference between the estimated
task-space velocity and the actual task-space velocity.

A reference vector x, € R" is defined as follows:

Xp = Xq — a(x — xy) (78)

where x,(f) € R" is the desired trajectory in the task space. Differentiating Eq. 78
with respect to time yields

X =iy — ali — i) (79)

whereX; = % € R"is the desired acceleration in the task space. Using the reference
vector, an adaptive task-space sliding vector is defined as

s = i —J(g.00i— % (30)

where J (q, ék)cj =Yi(q, c])ék as indicated in Eq. 77. The above vector is adaptive in
the sense that the parameters of the estimated Jacobian matrix are updated by a
parameter update law which will be introduced in the later development. The
adaptive task-space sliding vector can also be written as follows:

5 = J(q.00)¢ — %a+ ak + % — ¥

=i+at— |J(q.004 —J(q.00)d Y
—
Y(q §)0k Yi(q5 4)0k

=X+ af — Yi(q,4)A6;.

Equation 81 shows that §, converges to the sliding vector ()E + a)Z), as Ad; goes
to zero.
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Differentiating Eq. 80 with respect to time yields

Se=%—% =J(q.00)5+7(q.00)G — & (82)

where X denotes the derivative of .
Now, a reference vector is defined in the joint space as

g, =7 (g.00)% (83)

whereJ ! (q, ék) is the inverse of the approximate Jacobian matrix J (q, ék) Here, it
is assumed that the robot is operating in a finite task space such that the approximate
Jacobian matrix is of full rank. From Eq. 83, it is obtained:

A ~ =1 N
G, =J l(q, 0)% +J  (q,60)% (84)

Hence, an adaptive sliding vector in joint space can be defined as

s = G—d =q—J" (q.00)% (85)

and

5=G— g (86)

To obtain the relationship between the adaptive sliding vectors in the joint space
and task space, multiply both sides of Eq. 85 by J(¢,6;) and using Eq. 80 as
follows:

T(q.00)s =J(q,00)G — % = 5. (87)

Substituting Eqgs. 85 and 86 into Eq. 3 and using property 3, the equations of
motion can be expressed as

M(q)s + C(q,9)s +D(q)s + Y(q,4,4,,G,)0a = u (88)

such that

Y(Q? 4’ q‘l" él)gd = M(q)ql' + C(q7 q‘)q.]' + D(q)q.l' + g(q) (89)

The adaptive Jacobian tracking controller is presented as follows:

U= _jT (qv ék) (K\)E + Kpf) + Y(Q? q’ q.r’ ql)éd (90)
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l q
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Fig. 10 A block diagram of the adaptive Jacobian tracking controller Eq. 90
x Adaptive Jacobian Tracking Control
_Zd,
Xq
. Parameters update laws
_Xa,
. . @k Adaptive feedback
X, 0, = —LYL(K, %+ K, %) ——» law | u
N I
9, u=-J'@do(Kx+K,x)
1, R — + Y8,
q 04=-LY"(q,4,4r 4:)s
—_—

Fig. 11 A schematic diagram of the adaptive Jacobian tracking controller (Eq. 90) together with
parameter update laws (91) and (92)

where ¥ =x— x4, x =% — x4, and K, € R™" and K, € R"" are symmetric
positive definite gain matrices. The kinematic and dynamic adaptation laws are
introduced as follows: . .
O = LY (q,G) (kX + K,X) 1)

éd = _LdYT(Q7 C]’ q'r’ qr)ﬁ' (92)
A block diagram and an illustration of the adaptive Jacobian tracking controller

Eq. 90 are depicted in Figs. 10 and 11, respectively.
Substituting Eq. 90 into Eq. 88, the closed-loop equation can be expressed as

. . ~T A - ~ P
M(q)s§+ C(q,q)s +D(q)s +J (q, Hk) (Kvx + pr) +Y(q,4.4,,G,)A0, =0
(93)
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where A0, = 6, — 6. For stability analysis, a Lyapunov-like function candidate is
defined as

1 1 1 1
V= ESTM(q)s + EAenglAGd +3 AOTL ' AG + E)ET (K, +aK,)x (94

where AG; = 0 — 0. Differentiating V with respect to time; substituting the closed-

loop Eq. 93, 6y from Eq. 91, and 6, from Eq. 92 into it; and using property 2 yield

V =—s'D(q)s — 5. (K.% + K,%) + & (K, + aK,)%

N (95)
— AQ,{Y{(q, q) (Kvx + pr).
Substituting Eq. 81 into Eq. 95 yields
V=—s"D(q)s — ¥ K,& — ai’K,& < 0. (96)

Since M(q) is positive definite, V in Eq. 94 is positive definite in 5, Ax, A, and
AGQ,. Therefore, Eq. 96 leads to boundedness of V, and consequently s, Ax, A, and
A@, are bounded, which implies that ék and éd are bounded and §, = J (q, ék)s is
bounded as seen from Eq. 87. If x, and its derivatives are bounded, then x and X, (see
Eq. 78) are bounded. Therefore, ¢, in Eq. 83 is also bounded if the approximate
Jacobian matrix is non-singular. From Eq. 85, ¢ is bounded and the boundedness of
q means that x is bounded since the Jacobian matrix is bounded. Hence, Ax is

bounded and X, in Eq. 79 is also bounded if X, is bounded. From Eq. 91, ék is
therefore bounded since Ax, Ax, g are bounded and Y(-) is a trigonometric function
of g. Therefore, ¢, in Eq. 84 is bounded. From the closed-loop Eq. 93, one can
conclude that $ is bounded. The boundedness of § implies the boundedness of g as
seen from Eq. 86. From Eq. 82, 5;x is therefore bounded. Finally, differentiating
Eq. 81 with respect to time and rearranging yield

)Z-i—(l)? = g)r + Yk(Qv q.v Q)Agk - Yk(CIa Q)ek

which means that x =i — X4 1s also bounded. Therefore, V, which is shown as
follows:

V = —2s"Bs — 20K, X — 205 K,
is bounded. Hence, V is uniformly continuous. Using Barbalat’s lemma, it gives
X=x—x;3—>0,x=x—x;—0,ands — 0ast — oc.

Remark 9 The adaptive Jacobian tracking controller Eq. 90 for robots with uncer-
tainties in kinematics and dynamics was developed in (Cheah et al. 2004). The
proposed controller requires the differentiation of the task-space position which is
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noisy. An adaptive Jacobian tracking control law based on filtered differentiation of
the measured task-space position was developed in (Cheah et al. 2006a). Observer
design techniques can also be used to estimate the velocities (Liang et al. 2010). To
avoid singularities associated with Euler angle representation, adaptive Jacobian
tracking controller based on unit quaternion was developed (Braganza et al. 2005).
An adaptive Jacobian controller based on prediction error was proposed in (Wang
and Xie 2009). Sliding PID tracking control schemes with uncertain Jacobian were
proposed in (Garcia-Rodriguez and Parra-Vega 2012).

When cameras are used to measure the position of the end effector, the vector of
image feature parameter rates of change x is related to joint variables by the
following equation (Cheah et al. 2007):

J(q)
——

X =ZYg)L(x)In(q) 4 97)
J,

where Z (q) is a diagonal matrix, which contains the depth information of the
feature points with respect to the camera image frame, and L(x) is a Jacobian
matrix. Since the overall Jacobian matrix J(g) is inversely proportional to the
depths, it is not linearly parameterizable. Therefore, the kinematic parameters in
the image Jacobian cannot be extracted to form a lumped kinematic parameter
vector that includes the unknown depth parameters, i.e.,

J(q)q # Y(q,4)0. (98)

Thus, these abovementioned adaptive Jacobian controllers are effective only in cases
where the depth information is constant or slowly time varying. Vision-based tracking
controllers with uncertain depth were proposed in (Wang et al. 2007), but the uncertainty
of robot kinematics and dynamics was not considered and the depth information was not
updated online. However, the following linear parameterizations hold

Z(q)x = Y:(q,%)0: 99)

Je(a)g = Yi(q,4)0k (100)

where Y, (g, x) is called the depth regressor matrix and Y,(gq,q) is called the
kinematic regressor matrix. Therefore, an adaptive Jacobian tracking control with
uncertain depth information can be proposed as (Cheah et al. 2007)

u=—J"(q.00)2 " (¢.0.)(K,% + K.%) + Ya(q,4:6,.G,)8a  (101)

where fT(q, ék)z_l(q,éz) is the adaptive Jacobian matrix and K, and K, are
symmetric positive definite matrices. The uncertain dynamic, kinematic, and
depth parameters are updated by the following update laws:
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01 = ~La¥}(4, 4.4, ,)s (102)
Or = LY (q.9)Z" (4.6:) (K% + K.5) (103)
0. = —LY (0,92 (¢.0.) (K, % + K,%). (104)

Remark 10 In the redundant case (Cheah et al. 2006a, b), the null space of the
approximate Jacobian matrix can be used to minimize a performance index. Hence,
the reference vector in the joint space can be defined as

q-r = jr (q’ ék)xr + (In - jr (61, ék)j(q’ ék))w (105)

where J' (q, ék) is the pseudo-inverse of the approximate Jacobian matrix and
w € R"is minus the gradient of the convex function to be optimized.

Simulation Results

In this section, various feedback laws presented in the previous sections are
applied on the two-link robot manipulator (depicted in Fig. 1). The parameters of
the robot are shown in Table 1. The simulation was carried out in MATLAB/
SIMULINK.

PD Plus Gravity Control Law

For the set-point regulation, PD plus gravity control law Eq. 20 is applied on
two-link robot manipulator. The control gains were chosen as K,, = diag{10, 10}
and K, = diag{5, 5}. The initial values of joint angles were chosen as ¢,(0) = z/4
and ¢,(0) = #/6, and the initial values of joint velocities were chosen as ¢,(0), ¢,
(0) = 0. The desired joint angles were chosen as g4 = #/2 and g4, = #/3. The
simulation results are depicted in Figs. 12 and 13 which show error of joints angles
and joint velocities. The actuator torques are shown in Fig. 14.

Now assume there is 10 % mismatch in measurement of physical
parameters, i.e.,

MI_Z My +0.1M, ]\?2 =M, +0.1M,
Li=L+01Ly L, =L, +0.1L,.

The error of joints angles is depicted in Fig. 15. Figure 15 shows that there is an
offset between the final values of joints angles and their desired values. To alleviate
this steady-state error, let the controller gains increase such that K,, = diag{60, 60}
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Tablg 1 Parameter of the M(kg) L(m) LoAm) D;(Nms/rad)
two link robot manipulator
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Fig. 13 Joints velocities ¢, ¢,
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Fig. 15 ¢,,q, in the presence of 10 % mismatch in measurement of physical parameters

and K, = diag{25, 25}. Figure 16 shows that the steady-state errors improved
considerably. However, if one plots the actuator toques as depicted in Fig. 17,
it shows that the actuator torques are also increased which might lead to saturation.
Hence, there is a trade-off between the accuracy and the control torque.
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Fig. 16 ¢,, g, for high control gains
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Another method to improve the steady-state error in the presence of inaccurate
measurements is to utilize an integral term to the PD plus gravity control
law. Therefore, the feedback law for PID plus gravity law can be expressed

as follows:
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Fig. 18 ¢,, ¢, for PID plus gravity feedback control
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Fig. 19 Actuator torques u;, u, for PID plus gravity feedback control

u=—Kyg—Kpj— Kiindt +4(q). (106)

The simulation results for PID plus estimated gravity in the presence of
10% mismatch in measurement of physical parameters are depicted in Figs. 18
and 19. The control gains were chosen as K,, = diag{10, 10}, K; = diag{2, 2},
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Fig. 20 The end-effector position for the task-space PD plus gravity regulator

and K, = diag{5, 5}. It is shown that both accuracy and control torques are
improved significantly.

Task-Space PD Plus Gravity

The task-space PD plus gravity control law Eq. 28 is applied for two-link
robot manipulator to control its end-effector position to reach the desired position.
The controller gains were chosen as K, = diag{200, 200} and K, = diag{50, 50}.
The initial position of robot was x = [0.4, 0], and the desired end-effector position
was considered as x = [0.1, 0.3]. The end-effector position is depicted in Fig. 20.
The robot arms are depicted for different snapshots. The actuator toques are
depicted in Fig. 21.

Adaptive Control

The adaptive feedback law Eq. 46 together with the parameter update law
Eq. 47 is applied to the two-link robot manipulator for trajectory tracking.
The controller gains were chosen as K, = diag{15, 15} and 1 = 10. The gain
for update law was chosen as L = 50. The initial position and velocity of
the robot’s joints were ¢ = [0, 0] and ¢ =[0,0], respectively. The desired
trajectory was set as
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Fig. 21 Actuator torques u;, u, for the task-space PD plus gravity regulator

~ [0.140.1£+0.2sin (1)

9a(t) = 0.1 +0.1¢+0.2cos (1) | (107)

The initial values of the unknown parameters were chosen as
éd(O) =[0,0,0,0,0,0, O]T. The position and the desired reference of joint one and
two are depicted in Figs. 22 and 23. The velocity and the desired velocity of joint one
and two are depicted in Figs. 24 and 25. The actuator toques are depicted in Fig. 26.

Approximate Jacobian Set-Point Control with Uncertain
Gravitational Force

For this part, the approximate Jacobian set-point control in the presence of uncer-
tainties in gravitational force was considered for the simulation. The approximate
Jacobian regulator together with adaptive gravity compensation (Egs. 75 and 76)
was applied for the two-link robot manipulator to control its end-effector
position to reach the desired position. The controller gains were chosen as
K, = diag{1000, 1000} and K, = diag{100, 100}. The adaptive gains were chosen
as L = 500 and a = 50. The initial values of the unknown parameters were chosen
as ¢(0) = [0,0]". The initial position of the robot’s end effector was x = [0.4, 0],
and the desired end-effector position was set as x = [0.1,.3]. The end-effector
position is depicted in Fig. 27. The robot arms are depicted for different snapshots.
The actuator toques are depicted in Fig. 28.
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Fig. 23 The position and the desired reference of joint two for the adaptive trajectory tracking
Adaptive Jacobian Tracking Control
In this case, the adaptive Jacobian tracking control Eq. 90 together with the

kinematic parameter update law Eq. 91 and dynamic parameter update law
Eq. 92 is applied to the two-link robot manipulator for trajectory tracking in the
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Fig. 25 The velocity and the desired velocity of joint two for the adaptive trajectory tracking

presence of uncertain kinematics and dynamics. The controller gains were chosen
as K, = diag{800, 800} and K, = diag{80, 80}. The adaptive gains were
chosen as L, = 5 and L; = 5. The initial values of the unknown parameters were
chosen as ¢(0) = [0,0]". The initial position and velocity of robot’s end effector
were x = [0, 0.15] and x,; = [0, 0], respectively. The desired trajectory was set as
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0.15 + 0.05 sin (1/2)

() = 1015 4+ 0.05 cos (1/2) | (108)

The initial values of the unknown kinematic and dynamic parameters
(6(0) and 6,(0))  were chosen randomly from the interval [0, 10]. The
end-effector position is depicted in Fig. 29. The robot arms are depicted for
different snapshots.

Summary

This chapter introduces robot control design methods using the Lyapunov based
method. By utilizing the physical properties of the robot kinematics and dynamics,
several set-point and adaptive tracking controllers have been presented in both the
joint space and task space. A simple motion controller that is effective for set-point
regulation is the PD controller with gravity compensation. For tracking control
tasks, the adaptive controller has been presented for a robot manipulator with
uncertain dynamics. Using sensory feedback of the robot end-effector position in
the task space, approximate Jacobian set-point controllers and adaptive Jacobian
tracking controllers have been presented for robot manipulators with uncertainties
in both kinematics and dynamics.
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Appendix 1

Preliminaries on control theories:
Consider the following nonlinear system:

=f(x1) (109)

where x € R" is a vector of state of the system and f (.) is a nonlinear function.

Definition A1 The equilibrium points of the system Eq. 109 are defined as the state
vectors x, of x for which if at specific time ty, x = x, then x will remain unchanged
for all t > ty. In other words, at equilibrium points the state of the system satisfies f
(xe) = 0.

It is often important to know whether the equilibrium point is stable or not. In the
following, a definition of stable equilibrium point is put forward:

Remark Al Tt can be always assumed that the equilibrium point is zero by using
change of variable y = x — x,.

Definition A2 The equilibrium point x, = 0 of the system Eq. 109 is said to
be stable if for any ¢ > 0, there exists § > 0 such that if ||x(0) — 0| < &8, then
|lx(®) — O] < ¢ forall t > 0. It can be mathematically represents as follows:
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Ve> 035>0, if ||x(0) — 0| < &= |x(r) — 0| < &fort>t. (110)

To examine the stability of the equilibrium point, the Lyapunov theory can be
utilized. The main advantage of the Lyapunov theory is that the stability of the
system can be determined without solving the differential equations of the system.
Moreover, the Lyapunov theory can be used to design controllers that stabilize
nonlinear systems.

Before presenting the Lyapunov theory, a certain class of functions is introduced
as follows:

Definition A3 A continuous function V : R" x R, — R is a locally positive defi-

nite function (Ipdf) if for some ¢ > 0 and some continuous, the following conditions
hold:

I:V(0,1) =0 atn
H:V(x,t) >0 VYxeB,Vt>0

where By is a ball of size ¢ around the origin which is mathematically expressed as
B, ={x € R": ||x|| < &}.

In addition, V is a positive definite function (pdf) if the condition (Il) is true for
all x € R.

If in condition (II) V (x, t) > 0, then V (x, t) is a (locally) positive semi-definite
function.

Remark A2 Tf V (x) = x"Mx, where M is a real symmetric matrix, then V is a pdf if
and only if M is a positive definite matrix.

Theorem Al Lyapunov stability theorem: Suppose x, = 0 is an equilibrium point

of the system Eq. 109. Let V(x, t) be a nonnegative function with derivative VV along
trajectories of the system dynamics:

dv. ov._ oV
E:EX—EJC(X,I). (112)

() IfV (x, t) is a locally positive definite function and V is a locally positive semi-
definite function in x and for all t, then the origin of the system is locally stable.
(i) If V (x, 1) is a locally positive definite function and V is a locally positive
definite function in x and for all t, then the origin of the system is locally
asymptotically stable.
(iii) IfV (x, f) is a positive definite function and V is a positive definite function in x
and for all t, then the origin of the system is globally asymptotically stable.

If the function V (x, t) exists in the above theorem, then it is called a Lyapunov
function.
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Remark A3 The Lyapunov stability theorem only provides sufficient conditions for
the stability of nonlinear systems; hence, the failure of finding a Lyapunov function
does not prove the instability of the nonlinear system

In the case that —V(x,7) is a positive semi-definite function, the Lyapunov
stability theorem cannot provide any information on the asymptotic stability
of the system. To deal with the stability of nonlinear autonomous systems when
—V(x) is a positive semi-definite function, LaSalle’s invariance principle has been
presented.

Lemma Al LaSalle’s invariance principle: Let V : R" — R be a positive definite
function such thatV(x) < 0in compact set Q. Let D be the set of all points in Q
where V(x) = 0. Therefore, every solution of the systemx = f(x)starting in Q
approaches to the largest invariant set inside D. In particular, if D contains no
trajectories other than x = 0, then 0 is locally asymptotically stable.

LaSalle’s invariance principle enables one to conclude asymptotic stability only
for autonomous systems. For non-autonomous systems, Barbalat’s lemma can
be used.

Lemma A2 Barbalat's lemma: If a function V (t, x) satisfies the following
conditions:

(1) V(x, 1) is lower bounded.
(ii) V(x,1) is negative semi-definite.
(iii) V(x,1)is uniformly continuous in time or equivalently V (t,x) is bounded. Then,

V(x,t) goes to zero as t — .

Appendix 2

Parameters of dynamic Eq. 4 of the two-link robot manipulator which is depicted in
Fig. 1:
Elements of inertia matrix M(q) are

4 4

My = §M1L31 + §M2L32 + ML + 2MaLiLeg €05 ()
4

My, = §MZL(Z‘2 + M>L1 L cos (q5) (113)

1

My = §MZLZZ + M,L L cos (CIZ)
1

My, = §Mszz.
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Elements of matrix C(q, ¢) are given as

Ci = —M2L1L5'2C]2 sin (Ch)
Ci2 = =MrLiLa[g) + o] sin (2) (114)
Co1 = MyL\Lag, sin (q,)
Cyn =0.
Elements of gravitational force matrix are
g1 = (MiLer + MaLi)gcos (q,) + MaLeageos (q; + 42) (115)

8 = M>Lgcos (g, + q5)

where g is the gravity due to acceleration.

Appendix 3

Part of the proof of the task-space control law Eq. 55:
Differentiating the Lyapunov candidate V (expressed in Eq. 58) with respect to
time gives

V = §"M@)i+ 30 W (a)d + ai ()] (a)s(5)

+adM(a) (@)s(5) + agM(a)] (q)s(5)
+aq"M(q)J" (q)$(F) + K5 (%) + aK,s ().

(116)

Substituting the closed-loop Eq. 57 into Eq. 116, using property 2 and simpli-
fying, yields

V=—4"D(q)q — §"J" (q) (Kps(F) + K.)
— ad"{C(g,4) + D(q) — M(q) }J ' ()s(¥)
— as(®)'Kys ) + M (0)] (0)s()
+ ad" M(q)7' (¢)3(3) +3TK,s(%).

Using Eq. 14, V can be written as follows:

(117)

v':—cf{f(q)KVJ() (q)}q q{ ) =" (4) }Ks(
~ad'{Cla,4) +Dla) @} (@)s( )*as( ) Kps(x ) (18
+ad" Mg (q)s ( )+aqTM<) H(@)3().

Since s(X) is bounded, there exist constants ¢ > 0 and ¢; > 0 so that
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~ad {Clg,d) + D(g) ~ M)} (@)s() + ad M@ (@5(2) 10,
+ad™M(q)J" (4)$(%) < acolldl + aci[ls()|%

Substituting inequality Eq. 119 into Eq. 118 yields
. (T . - ~
Vv < - qT{J (9)K\J(q) + D(q) — acol}q - as(x)T(Kp —cil)s(x)
(4T -
3" {7" (@) = " (q) }Kps(9).

Let J(g) be the Jacobian estimation error which is defined as J (q) = J(¢) — J(q).
Hence, Eq. 120 can be written with respect to J(¢) and J(g) as follows:

vV < — C}T{JT(q)KVJ(q) +D(q) — acol}q' — as(i)T(K,, — cll)s(i)

+ " T (KT (@) + ¢ T (q)Kps(F). (121)

Since the Jacobian matrix contains trigonometric functions of ¢, ||/(¢)|| < b;
and Eq. 121 can be rewritten as

V < - {Amin(JT(Q)KvJ(q) +D(‘])) - 7b1/1max(Kv) - aCO}HC]HZ

(120)

N - (122)
+ Vmax (Kp) Is®) 116l = @(Amin (Kp) = €1) [1s(D)]
where y is defined in Eq. 56. Since
2ls@)14ll < Is@)1* + 41, (123)

therefore, Eq. 122 is simplified as follows:

V S - {Amin (JT(Q)KVJ(Q) +D(q)) - yb.l/lmax(Kv) - l}’/‘Lmax(l(vp) - aCO}”C?HZ

2
1 -
(@i () = 57 K) = 1 ) ISP
(124)
Equation 124 can be written as follows:
. Y 12
Vo< = (&) (81 - 20+ 2,)) - oic%nqn 125)
= (A (K)) (85 = 1) = et ) [5(9)]
such that
5. _ /" (@)K (q) +D(q)]
! ( ))vmax (Kx)
/'{‘IIIAX Kp
% K0) (120
5 Amm (Kp)
3 = .
)vmax (Kp)
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