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Preface

Faire abstraction du monde d’objets (ce qui est necessaire pour travailler dans les mathéma-
tiques intuitionistes) n’est possible qu’en éprouvant la vie comme un réve.
Brouwer

Among the leading scientists of all times, Brouwer occupies a somewhat un-
orthodox position that merits a closer look. A genius is usually supposed to be con-
tinually involved in brilliant and illustrious activities. Mozart, for example, was said
to the embodiment of music, his mind at all times and places emerged in creation
and reflection. In mathematics, Euler would be the perfect example—always inves-
tigating, creating, publishing, until a ripe old age. Brouwer belonged to different
class of genius; gifted with a deep intuition, he had an unparalleled access to the
secrets and intricacies of mathematics and other subjects, but the manifestations of
his genius were rather the eruptions of a proud and isolated volcano than a smooth
running river of clever theorems. Indeed, Brouwer refused to join the class of spe-
cialised academics, who swear allegiance to a particular topic. He felt free to invest
his time and energy in a wide range of activities, running from mysticism, psycho-
linguistics, art, politics to long walks, swimming, solitary contemplation, to fighting
injustice.

The scientific highlights, of course, are Brouwer’s topological innovations and
the creation of his revolutionary intuitionistic mathematics. Both are manifestations
of his unparalleled power of reflection. His intuitionism clearly benefitted from, and
was based on his mystic views.

In the following pages the life of this unusual scientist is sketched. The scien-
tific highlights are his breakthrough in the young subject of topology that triggered
the transition from the tradition of Cantor to modern topology, and the introduction
and consolidation of constructive methods and philosophy under the name intuition-
ism. As a confirmed internationalist he got entangled in the interbellum struggle for
the ending of the boycott of the German and Austrian scientists. And roughly at
the same time he was drawn into the Formalism—Intuitionism conflict, know as the
Grundlagenstreit, which found an untimely end in the so-called War of the frogs and
the mice.

vii



viii Preface

One should not get the impression that his life was one long string of conflicts,
but is certainly true that his uncompromising opposition to injustice got him more
than his share of problems.

The present biography is a revision of the earlier two volume biography pub-
lished by the Oxford University Press. After these had, so to speak, passed their nat-
ural life span, the OUP gracefully agreed to allow me to publish the present version
with Springer. The contents have here and there been updated, and some sections
have been pruned.

I have in the Oxford Press edition expressed my gratitude to a large number of
friends and colleagues and institutions, and I want on this place to say again how
much the biography owes to them. I am indebted to Garth Dales who volunteered to
proof read the first seven chapters.

Without the efficient and friendly support of Joerg Sixt and his staff my task
would have been a heavy burden, they more than deserve my thanks.

In the mean time the Selected Correspondence of Brouwer (Brouwer 2011) (in
an English translation) has appeared, so the reader will have access to a rich source
of background information not available earlier.

Utrecht, the Netherlands Dirk van Dalen
November 2012
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Chapter 1
Child and Student

It was into an optimistic country that Luitzen Egbertus Jan Brouwer was born—
a country with a burgeoning science, literature, and social awareness. After having
been one of the backwaters of Europe, the Netherlands was finding its way back
into the mainstream of culture and commerce. Since the golden age of Huygens and
Stevin, science had been more a playground for cautious imitators than for bold re-
searchers. At the turn of the century all that was changing. Physics was flourishing—
Lorentz, Kamerlingh Onnes, Van der Waals and Zeeman were all putting the Nether-
lands! in the forefront of modern physics, Van ‘t Hoff was doing so in chemistry,
Hugo de Vries in biology, and Kapteyn in astronomy. The fact that Holland counted
a number of its leading scientists among the early recipients of the Nobel prize may
be sufficient evidence of the quality of the research in the sciences in the Nether-
lands.

Mathematics was slower to pick up the new élan. The best-known Dutch mathe-
matician after Christian Huygens was Thomas Jan Stieltjes, who did not find recog-
nition in Holland and who practised his mathematics in Toulouse. The mathemati-
cians of the period were competent, but not on a par with their colleagues in Ger-
many, France and Britain. Neither was their choice of subject very daring: the Dutch
worked in the more settled parts of mathematics, from analytic-descriptive geome-
try to number theory and analysis. At the same time literature was freeing itself from
the strait-jacket of nineteenth-century conventions, and a wave of new authors had
already transformed the literary landscape. The explicit aim of the leading spirits
was to ‘push Holland high up into the stream of the nations’.> Almost inevitably the

IWe will indulge in some ‘abuse of language’ by using ‘The Netherlands’ and ‘Holland’ as syn-
onyms. This is definitely incorrect from the standpoint of geography. Holland is the collective name
of the two provinces North- and South-Holland. There used to be a county Holland under the Count
of Holland, but under the Dutch republic it became a province like any other. The concentration of
trade and government, however, lent Holland so much prominence, that one often used ‘Holland’
instead of ‘The United Republic’. In spite of the efforts of the later kings of The Netherlands, the
habit of using ‘Holland’ as a pars pro toto has persisted. The phenomenon is not uncommon, think
of ‘England’ and ‘United Kingdom’ for example. The reader is warned.

2Nederland hoog op te stuwen in de vaart der volkeren.

D. van Dalen, L.E.J. Brouwer — Topologist, Intuitionist, Philosopher, 1
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new literary trend in Holland was closely bound up with developments in the social
movements. Many of the leading poets and authors were involved in the promotion
of a better social climate. A number of them played a significant role in the socialist
movement, which eventually led to the birth of the Social Democratic Party and,
subsequently, the Communist Party.

The political scene at the turn of the century was mainly determined by the Liber-
als, who were the rightful heirs of the dominant movement of the nineteenth century,
the Protestants (who were traditionally called the Christians), the Catholics, and the
late-comers, the Social Democrats. Traditionally the Liberals made up the higher
strata of society; the Protestants, Catholics and Socialists were instrumental in the
emancipation of their respective sections of the population. History had equipped
their respective parties with powerful charismatic leaders.

Generally speaking, Dutch society was experiencing a powerful upward thrust in
its social structure. Progress had become the password of the day, and in this gen-
eral movement there was a small but influential group that formed the backbone of
the nation’s new spirit: the schoolmasters. In the past they had been the favourite
butt of pamphleteers and wits, for example, Multatuli, the reformist author, created
the immortal schoolmaster Pennewip, a caricature of the fossils that used to educate
the nation’s youth. At the turn of the century, however, a whole new generation of
schoolmasters had come to populate the schoolrooms of the country. The new teach-
ers were, for the greater part, idealistic promoters of a better future, equipped with an
unshakable belief in the beneficial influence of knowledge. The nation was blessed
at the time with a fine body of teachers and an effective egalitarian educational sys-
tem. A side effect of the strong admiration of schoolmasters for learning was that
they often sent their own children to institutions of higher education; a surprising
percentage of the scientific Dutch community actually came from schoolmasters’
families.

Luitzen Egbertus Jan (Bertus, as he was called) Brouwer, was one of these
schoolmaster’s sons that was to put his stamp on Dutch society and culture; he
was born on the 27th of February 1881 at Overschie, son of Hendrika® Poutsma
(15 September 1852 Follega—3 May 1927 Utrecht) and Egbertus Luitzens Brouwer
(17 April 1854 Bakkeveen—3 May 1947 Blaricum), schoolmaster at a primary school
at Overschie. Hendrika was of Friesian stock; her earliest registered forebear Tam-
merus Gerhardi (1579-1644) was a minister of the Dutch Reformed Church at Joure
and IJlst in Friesland. The Poutsma family tree is adorned with a good number of
parsons and schoolmasters, and towards the end of the nineteenth century there is
a definite tendency to rise to the higher strata of the teaching profession. Two of
Brouwer’s uncles became teachers at the Barlaeus gymnasium at Amsterdam, the
finest school of the city. One of them, Hendrik Poutsma taught English literature
and language, and wrote a classic textbook; he was awarded a honorary doctorate
by the University of Amsterdam. The other uncle, Albertus Poutsma, taught Greek
and Latin at the same school and eventually became its rector.

3The spelling of names is not uniform in the registers of older archives, e.g. ‘Hendrika’ is also spelt
as ‘Henderika’, ‘Hendrica’, ‘Henderica’.
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The forebears of Bertus were all Friesian. His father was born at Bakkeveen in
Friesland, and he in turn was the son of Luitzen Luitzens Brouwer (born 20 April
1813 in Duurswoude), who likewise was a schoolmaster (onderwijzer der jeugd).
The latter was the son of another Luitzen Luitzens Brouwer (born in Duurswoude
1756 or 1757), who was a farmer and shepherd.

The Friesians were (and still are) known for their reliability, and they were wel-
come additions to many a profession in the western part of the country, the part that
traditionally is known as Holland. The position of the Friesians in the Netherlands
is somewhat comparable to that of the Scots in England. In view of the limited op-
portunities in Friesland, the more adventurous among them moved to Holland and
settled there. For example, in the first half of this century the Amsterdam police
force recruited a good number of its members from Friesland.

Bertus’s parents were married on 8 April 1880. They immediately moved from
Beetsterzwaag (Friesland) to Overschie, a small town which nowadays is part of
Rotterdam, where their first child, Bertus, was born. The story goes that grandfather
Brouwer came to see the baby.* He gravely looked at the child in the cradle, and
spoke the memorable words: ‘Let us hope that he can learn.’

Bertus’s parents were strict and honest people and none of the later extravagances
of the sons seem to have visited them. Like all hardworking, sober Dutchmen they
led a simple life in reasonable comfort, but without wasting money. Bertus’s mother
had indeed elevated saving to an art.

The most detailed information about the child and boy Bertus was provided by
himself. At the age of sixteen he had to write a short ‘auto-biography’ as part of
the initiation rites of the Amsterdam Student Corporation or Fraternity, in Dutch
the Amsterdamse Studenten Corps.® The following lines are from this biographical
sketch (September 1897):

I was born on 27 February 1881 in Overschie. Here I lived for eight months,
of which I naturally do not remember anything at all. I have never been back
to that town, except for a few hours, when, four years ago, I went to Brussels,
and stopped over in Rotterdam, skipping a couple of trains.” From there, one
reaches Overschie in half an hour by horse tram along a road that curves
through low, muddy, peaty meadows, criss-crossed with marshy drains and
black bubbling ditches. The muddy cattle in those meadows feed themselves
on the waste of the gin mills (which are centred in that area), the so-called

4Told by Louise Peijpers, the daughter from the first marriage of Bertus’s wife. Although Louise
was no witness to the earlier events of Brouwer’s life, she had a perfect memory for the family
folklore. A large part of the information on Brouwer’s early years is based on oral communications
of Louise Peijpers.

SAls hij maar kan leren.
6The main fraternity of the University of Amsterdam.

"The reader should note that this was rather exceptional; most Dutchmen hardly ever crossed the
borders of their country, let alone at the age of 12! One should, however, bear in mind that Bertus
was a precocious child, who was at the age of twelve already in the third grade of the high school
(HBS). Foreign travel later became a second nature to Bertus (and his brothers).
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‘swill” which is put into tub-like containers standing here and there in the
field. The village of Overschie consists, like so many villages, of two rows of
houses built on each side of a wide road. It is distinguished by a dirty street, an
ugly town hall, ugly private houses, a couple of dunghills, and a drawbridge
in the middle.

Within a year of the birth of Bertus, the family moved to Medemblik, one of the old
towns in North-Holland that had flourished on maritime trading in the old days of the
Zuiderzee. The Brouwers lived in Medemblik for eleven years, during which time
two more sons were born, [zaak Alexander (Lex) (23 January 1883) and Hendrikus
Albertus (Aldert) (20 September 1886). Bertus’s father taught in Medemblik at an
elementary school, the so-called Bungerschool.8

The arrival of the second child, Isaac Alexander, known as Lex, seemed to have
upset Bertus. According to the oral tradition of the Brouwer family, he blamed Lex
for driving him from the comfortable cradle. Whatever may be true in this story, a
fact is that as a boy, Bertus harboured a thinly veiled dislike of Lex. The latter came
in for a fair portion of refined or not-so-refined pestering.

The relationship with the youngest brother, Aldert, was much more friendly, al-
though they were known to fight occasionally. Even in their old age they annoyed
and amused the members of the Royal Academy with their quarrels.

1.1 School Years

In Medemblik Bertus spent his early school years, and in 1890 he entered high
school (the HBS) at the tender age of nine (which earned him posthumously an
entry in the Dutch Guinness Book of Records). The student-biography also records
his Medemblik years:

My next abode did not rank much higher. I moved to Medemblik, where
I lived for eleven years. In that town I learned to walk and speak, smashed a
lot of things in the parental home, repeatedly fell down the stairs without—
miracle, oh miracle—breaking my neck, and had the measles. [...... ]

As I got older my amusements naturally changed, and the old ones gave
way to looking at pictures, and soon also to the reading of stories from Mother

8The Dutch educational system knew one elementary school and a number of secondary ones. The
elementary school (preceded by the kleuterschool (kindergarten)) was called the lagere school, age
6-12; the secondary general education schools were MULO (or ULO), literally (Meer) Uitgebreide
Lagere Onderwijs ((further) extended elementary education), HBS, Hogere Burgerschool (higher
public school) and gymnasium. The MULO took 3 or 4 years, the HBS 5 years (there was also a
shorter, three year variant) and the gymnasium 6 years. The gymnasium was in a sense the direct
descendent of the old grammar or Latin school, and the HBS was the product of the new ideas of
the mid nineteenth century. The gymnasium was the training ground for future academics, whereas
the HBS was intended to provide young citizens with the necessary skills for trade and industry.
The MULO was a simplified version of the HBS.
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Goose. I rarely went to the elementary school. Most things I learned at home,
and I have few recollections of the school. Only, I can still see how the school-
master pulled one of my classmates by his hair through the schoolroom so that
the boy passed out, and how then all of us got a day off. But all the sharper
are the impressions that I still have from the time that followed; how I com-
muted with a season ticket by local railway from Medemblik to Hoorn and
attended the high-school in the latter place.” I remember still very clearly that
often, waking up, I saw that the train was about to depart in 10 or 5 minutes,
and how I hurriedly slipped on my clothes, got my books and sandwiches,
ran down the stairs, dived into the ally at the side of our house, then covered
the road to the station, then running like a madman and finally, out of breath,
flinging myself through the station into the train,'® where I usually still had
to lace up my shoes, and to finish tidying myself up—of which I had omitted
various necessary parts in my haste.

Although we lived fairly close to the station, it was quite a job—especially
in the severe winter of 1890—1891—to be on time at the station, and the hour
of departure of our train, which was at first twenty past seven, was moved for-
wards at every new timetable, until it finally reached half past six. Fortunately,
I was not the only one to bear this cross, but I had three fellow sufferers. The
journey took one hour, and this hour was, if necessary, devoted to the learning
of our lessons, but otherwise, out of boredom often, to forbidden actions. We
posted ourselves on the platform of the train, which was strictly forbidden,
or we fiddled with the equipment, for example, the gas lamps; we were even
so childish as to bother our fellow passengers, for example, by pricking them
through holes in the backs of the benches with a pair of compasses. Thus we
were obviously in disrepute with the passengers and the railway employees,
and the employees took revenge in any way where they saw the slightest op-
portunity. For example, if one of us forgot his season ticket, the guard gave
no pardon and we had to pay the ordinary fare, and once the men pulled the
following trick: in winter we usually stayed as long as possible around the
stove in the waiting room, as it was ice-cold in the train, for we had ample
time to board the train when we heard the whistle of the guard, since the train
was always right in front of the waiting room. When our habit was noticed by
the station master, the driver, and the guard, the train one morning rushed out
as fast as it could without any announcement of its departure, and we were
left behind. We did try to make a last minute jump on the running board, but
the guards and the stoker prevented us from doing so. Of course, after this, the
lingering in the waiting room was over. On the way to Hoorn we usually had
little company to start with, but on approaching Hoorn the train slowly filled
up with farmers, and at the end of the journey, especially on market days, we
were packed like sardines. The proverb says ‘the more the merrier’, but we did

9Bertus was registered on the first of September 1890.

19The railway line Hoorn—Medemblik is nowadays operated by volunteers. In the Summer season
one can make the trip in historic carriages drawn by an equally historic locomotive.
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not at all see our swelling company in that spirit. For all those farmers smoked
like chimneys and at the same time they had a mortal fright of a draught, to
the extent that they never allowed a window to be opened; and so we sat there
amidst billowing smoke and in a terrible atmosphere. Thus we fostered a pro-
found hatred for our fellow passengers, and so it is understandable that when
we bothered them, there was a good measure of revenge involved. [...... ]

We were the best of friends with the station master in Hoorn and all the
staff of the station, and to that we owed the permission to push ourselves
along the tracks on a trolley, or to make a ride on the freight train that left at
a quarter past two to Purmerend while it was shunted; yes, even to act as a
pointsman. Sometimes we played tag on shunting trains, jumped off rolling
carriages, and up again, jumped from one carriage to another, climbed up on
the roofs; in short, did all kinds of tricks which would have made our parents
endure a thousand frights, could they have seen us there. Moreover, in winter
we could skate without being bothered by other people on the smooth ice of
a pond which belonged to the station and that could only be reached through
the station. Usually, if it had snowed, we ourselves swept the rink before nine
o’clock, on which we skated between school hours. Also at the station in
Hoorn some mischief was practised, but here it never went so far as to spoil
the good understanding between us and the staff of the station.

Bertus judiciously omitted to mention an incident that could have had a nasty
ending: he once climbed onto the roof of the station in Hoorn, where he was seized
with a spell of dizziness, so that he very nearly lost his balance.

Apart from Brouwer’s own biographical sketch, little is known about his years
in Medemblik. One would like to know about his childhood friendships, his de-
velopment, his adventures in the quiet streets of the town and the expeditions into
the countryside. Bertus’s years in Medemblik are a closed book to us. There is just
one minor but consequential detail that must be mentioned, as it plays a key role in
Brouwer’s later years.

In Medemblik there lived a family Pels with whom Bertus made friends. The
daughter, Dina, was two years older than Bertus and she attended the same high
school in Hoorn as Bertus. Dina entered the HBS in 1892, the same year that Bertus
left for Haarlem, and she finished three classes. Subsequently she went to Amster-
dam where she combined a job in a pharmacy with the training for the certificate of
‘pharmacy assistant’. The training in those days was a matter of apprenticeship in
one of the officially recognised pharmacies. Apparently Dina and Bertus met again
when the latter enrolled in the university. As we will see later, the renewed relation-
ship between the two had far-reaching consequences.

In 1892 the Brouwer family moved again, this time to Haarlem, the capital of the
province of North-Holland. Brouwer senior obtained a position as headmaster of the
MULO at Haarlem. This move was the last step upwards in his career. Lacking an
academic education or the supplementary qualifications (the so-called middelbare
acten) he could go no higher in the teaching profession. Haarlem had more to offer
to Bertus than the sleepy town in the north.



1.1

School Years

As far as life in Medemblik itself was concerned, the older I got, the more
I felt the unpleasantness of it. There were few boys for company, there was no
surrounding countryside, there were no walks apart from the sea dike, sports
were unknown, so that I had little recreation to go with my daily work. Thus,
when we moved to Haarlem, I made a good switch as far as the town was con-
cerned. In particular during the first year, there was a great deal for me to see;
my lifestyle underwent a considerable change. The time reserved for learning
was more and more cut back by other things. To begin with, walks took up a
great deal of my time, because one can—if one is not overly prosaic—do quite
a lot of walking in the countryside surrounding Haarlem before one starts tak-
ing it for granted. Already in Den Hout'! it is possible to find ever new spots
that catch the eye, even after having walked there for a hundred times. And
then one can go to the dunes, where a hundred different hillscapes with ponds,
villas, and copses unwind before one’s eyes.

One can wander through the woods of Bloemendaal and Santpoort, and
seek out the hollows in the dunes of Santpoort, and if one has had enough of
all those sceneries of nature, one can start botanising, and find jewels of Dutch
flora in the dunes. But apart from walks, also sports took up a great deal of
my time, for soccer, swimming, cycling, and cricket soon found a keen player
in me, and this gave me a lot of pleasure and a lot of excitement; for if one
starts to practise a sport, it is easy to start racing, and many a soccer match or
swimming contest deprived me of a night’s sleep.

In the meantime I finished high-school (HBS); at the end of my high-school
years, and the following year I learned Latin and Greek. Next I took an en-
trance examination for the sixth grade of the gymnasium, where I spent my
last school year. This last year was not the least congenial year of my life;
I was not overly pressed, I could devote a lot of time to sports, and I could get
along perfectly with the boys of my class. There were eight of us, and now
we have split up, four to Amsterdam, one to Leiden, two to Utrecht and one
failed the final examination. And so a new period will now dawn for me.

I am a freshman (groentje), and I hope to become a student. Two thirds
of the initiation has passed, and I have made many new acquaintances, talked
a lot to them, and learned much from them. I have noticed how much I am
lacking in general knowledge and moderation, and I have learned to respect
men who, children of the same era but with more experience, could guide and
advise me on the road which lies in front of me. Physically, I have, strictly
speaking, not been bullied yet I have learned a great deal the hard way. This
period is miserably exhausting for me, and I am glad that I have already had a
long invigorating holiday, and that after one more week I can catch my breath
again. One of the nuisances too, is all the work I get to do in this period: love
letters, thymes and proverbs in the various initiation journals, and not least,
the autobiography of four pages without a margin.

1A wooded park in Haarlem.
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Fortunately no punishment has come on top of that, but I believe that if
there had been, I would have dropped in my tracks. But let me put on a brave
face; one more week and the barrier that separates me from student life has
dropped.

In Haarlem the family lived in a new house on the Leidsevaart (the canal con-
necting Haarlem and Leiden); at that time the house was on the outskirts of the
town. The HBS and the gymnasium were only a short distance from the house, so
travelling belonged to the past.

Mrs. Brouwer took boarders, two schoolboys: Fer and Lau van der Zee, whose
parents were in the Dutch East-Indies (the present Indonesia). No records survive of
the relationship between the Brouwer boys and the boarders. The only remarkable
fact to relate here, is that Brouwer later made use of the pseudonym ‘Lau van der
Zee’ in some contributions to the student weekly Propria Cures and the magazine
of the Delft students, see p. 62.

Bertus always had a sweet tooth, he loved sweets and treats; as the eldest boy he
was usually given an extra helping of the custard, nonetheless he was so fond of this
dessert that he sometimes bribed his brothers and the boarders into giving him their
portions.

The musical education of the Brouwer boys was taken in hand by their mother;
she came from a talented musical family,'? and she gave piano lessons to her sons,
who did not always meet their mother’s standards. When the brothers played abom-
inably, or when they had neglected to study at all, she would occasionally play the
rod of the gaslight on the backs of her darlings. On one occasion the rod broke;
Bertus had it repaired and presented it to her as a birthday-present.

Father Brouwer had the reputation of being a gifted pedagogue, but just the same
he had difficulties in handling his own offspring. Bertus, in particular, did not get
along with his father. At the time that they were living in Haarlem, Bertus now and
then fancied spending a night in the dunes, something his father would not allow.
Once, when the urge had become too strong, Bertus managed to lock his father
into the cellar. When he was released, Bertus was already safely in the dunes. The
relationship with his father remained uneasy his whole life. When Bertus was a well-
established citizen he used to pretend an indisposition as soon as his father visited
him, taking himself to bed and moaning as if in agony. The intimate friends, who
were well aware of this play-acting, spoke jokingly of Brouwer’s viuchtbed (a bed
to flee to).!3

For all their intelligence, the Brouwer boys were no softies; in their exploits they
came well up to the Tom Sawyer-mark. Aldert was an excitable, impulsive boy,
prone to accidents. Bertus himself was no stranger to daring actions; he was an
inveterate climber in trees, buildings, etc. Even at the age of seventy-two, at a picnic

12The Poutsma family produced a number of scholars and artists, among whom was Geesje
Poutsma, an older sister of Bertus’s mother, who gave singing lessons and was a concert singer
herself. See also Stuurman and Krijgsman (1995).

130ral communication Mrs. E.J. Heyting-van Anrooy.
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Fig. 1.1 Family picture
(1896). The boys from left to
right: Lex, Aldert, Bertus.
[Brouwer archive]

during a meeting in Canada, he upset his company by suddenly disappearing. To
everybody’s surprise he was discovered up a in tree.!*

Bertus’s school career was highly unusual; his exceptional intelligence and, no
doubt, a certain amount of private coaching by his parents had enabled him to cut
short his elementary school years and to get into high school three years in advance
of the normal entrance age. The phenomenon of pupils skipping one or more grades
was not unusual in the old educational system; Bertus’s progress was, however,
remarkable. The more so, since his report cards, right from the beginning, show him
at the top of the class—and he stayed there during all his school years. In his first
year at high school he ranked first in arithmetic, geometry, algebra, history, Dutch,
French, English, and German; in natural history and geography number 2; only in
art (drawing) he ranked as number 26 (out of 27 pupils). In the second grade of
the HBS at Hoorn he ranked number 1 in all subjects except art. The mark that the
Dutch educational system added for diligence (v/ijz) is telling: whereas he scored in

140ral communication J. Lambek.
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Hoorn the top mark for almost all subjects, he was graded a 3 out of 5 for diligence
in mathematics, but a 5 for the other subjects. This seems a fair indication that the
mathematics curriculum at the school in Hoorn did not have much to offer to Bertus.

In Haarlem he entered in September 1892 into the third class of the HBS; when
he moved up to the fourth class, he again was number 1 in the class. Even for a
clever boy this was something of a tour de force, as he had taken in the meantime
the entrance examination for the local gymnasium. The official record says that on
13 and 15 January 1894 he passed his written and oral examinations for admission
to the first (sic!) class. The notice went on ‘This candidate has to be a gymnasium
student in order to be eligible for a grant of the St. Job’s Foundation [see below].
He is admitted on the condition that he will promptly catch up in Latin and Greek.’
And so Bertus learned his Latin and Greek while following classes at the HBS. In
September 1894 he passed another entrance examination, this time for the third class
of the gymnasium.

The school year 1894-95 was a busy year indeed, because Bertus compressed
two high-school years into one year; at the end of the year he had mastered the total
curriculum of the HBS and he took the final examinations (22, 23 and 24 July) with
splendid marks (with exception of (again) arts, this time in the company of cosmog-
raphy). Since he was not a regular student he had to take the examinations before
a state committee (the so-called committee of experts (deskundigen)). The diploma
was awarded on 9 August 1895. The following year he followed the lesson in class
4 of the gymnasium and at the end of the year he passed an entrance examination
for class 6, so that he simply skipped a class. As a matter of fact he followed lessons
in both parts, @ and f—the literary and the science part—of the gymnasium (in the
science part he was the only student!). Bertus did, as usual, very well, albeit that his
father sternly admonished him with the words ‘this must become a 4’ in his report
card, when Bertus had scored only 3% (out of 5) for German.

The gymnasium examination was conducted at the school itself by both the teach-
ers and a committee of outside experts. The experts were as a rule university profes-
sors or lecturers, who spent part of their summer vacation travelling from gymna-
sium to gymnasium examining candidates. This examination spree was a traditional
part of academic life; one was more-or-less expected to take part, and there was
a modest fee. The system helped to maintain contact between the universities and
gymnasiums, it was an implicit tool for control, and it enabled teachers to keep up
their contacts with the professionals at the universities. Later in life Brouwer also
regularly took part in this examination activity. There was a similar system with
committees of experts for the HBS examinations. It is an interesting feature of the
gymnasium examinations that they were primarily seen as entrance examinations
for the universities and not as the crown on a high school career. This was literally
and officially recognised in the Nederlandsche Staats-Courant, where we read in
the issue of September 1897 that L.E.J. Brouwer had received a testimonial for ad-
mission to study in the faculties of theology, law, literature and philosophy, and also
of Medicine, Mathematics and Physics.

Since a gymnasium diploma was the normal requirement for admission to the
university, the decision of Bertus’s parents to send the boy to the gymnasium was
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dictated by their wish to open for him the doors to an academic education. Another
motive for the prolonged high-school education may have been the age of Bertus
at the time he finished the HBS: at 14 years old, he would have been something of
an oddity at the university. There is no doubt that Bertus’s two extra years at the
gymnasium were well spent. There are indications that he read and studied a lot
in his spare time. Quite a number of more-or-less prominent Dutchmen had indeed
been confronted by the fact that the HBS-diploma did not qualify them for univer-
sity study; some outstanding Dutch scholars had nonetheless entered the University
without a gymnasium diploma, '3 but this either required a special dispensation from
the Minister of Education, or else one had to take an entrance examination. In 1917
the requirement of a gymnasium diploma for admittance to university was relaxed
by law; the studies of medicine, mathematics and physics were opened to HBS grad-
uates.

Judging from the marks that Brouwer earned at the HBS and the gymnasium,
there was no specific field of study that was a priori excluded. Indeed, Brouwer had
a deep love for languages and he cultivated his Latin and Greek during his whole
career. His choice of the faculty of Mathematics and Physics could, however, hardly
have been accidental, but the ultimate reasons for this felicitous decision remain
somewhat vague. It can be said, however, that a posteriori his exploits fully justified
the choice.

1.2 Student in Amsterdam

The sixteen-year-old Bertus enrolled at the University of Amsterdam, also called
the Municipal University (Gemeente Universiteit). This university was an old insti-
tution in a new form. Traditionally the Netherlands knew only a couple of univer-
sities; the first university in the Low Countries was that of Leuven in the present
Belgium, founded in 1425. After the Reformation, the University of Leiden was
founded in 1575 at the instigation of William of Orange, as a reward for the tena-
cious resistance of the citizens of Leiden during the siege by the Spaniards. The
universities of Groningen and Utrecht followed in 1614 and 1636. Higher educa-
tion in Amsterdam was provided by the Atheneum Illustre, founded in 1632; its
elevation to ‘hogeschool’ was effectively blocked by the University of Leiden. In
1877 the Atheneum was transformed into the University of Amsterdam (‘UVA’ for
short). There was, in Brouwer’s days, one more university: the Free University at
Amsterdam, founded in 1880 by the Dutch Calvinists. In addition there was the
Polytechnic School at Delft, the former school of artillery of King William I'° of the

15E.g. Korteweg, Van ’t Hoff, Lorentz, Kamerling Onnes, Dubois, Zeeman, Zernike.

16This was the first Dutch King of the House of Orange, to whom the crown was offered after
the fall of Napoleon. To outsiders, the history of The Netherlands may seem somewhat confusing.
Until the French revolution the Princes of Orange were Governors of the Dutch Republic. Napoleon
made his brother Louis Napoleon King of Holland; the Orange monarchy was introduced after
Napoleon’s fall. The famous William III was King of England, but Governor of The Netherlands.
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Fig. 1.2 Bertus. [Courtesy
W.P. van Stigt]

Netherlands. It was elevated to Technische Hogeschool in 1903, and today it is the
Technical University at Delft. The universities of Leiden, Groningen, and Utrecht
were state universities, but the University of Amsterdam was a municipal university.
As a consequence it was directly governed by the mayor, who was the chairman of
the Board of Curators, and by the Council of the City of Amsterdam.

For a beginning student with aspirations in the sciences, the choice of the UVA
was not an obvious one. The University of Leiden had gained a reputation in physics
and astronomy with Kamerlingh Onnes and Lorentz as its star professors, who drew
international attention. The young UVA had done well for itself by engaging Van
der Waals, Van ‘t Hoff and Hugo de Vries. For mathematics there were few reasons
to prefer one university to another; as pointed out before, Dutch mathematics was
awaking from a long slumber and outstanding authorities were not easily found.
So the choice of Amsterdam is difficult to explain. One reason might be its prox-
imity to Haarlem, another its reputation as an exciting cultural-political centre in
The Netherlands. Moreover, some relatives (the Poutsma uncles) lived and worked
in Amsterdam, and this may or may not have been an extra argument in favour of
the UVA. As a rule Dutch students were (and mostly still are) rather conservative
with respect to their choice of university. Geographical arguments carried consider-
able weight, and mobility was markedly absent. Whereas students in neighbouring
Germany usually changed universities before specialising, Dutch students tended to
stick to their first choice.

Whatever the motivation may have been, on the 27th of September 1897 Brouwer
registered as a student at the faculty of Mathematics and Sciences at the UVA. The
young boy followed the example of most of his fellow students and joined the Am-
sterdam Student Corporation. The ‘Corps’ was, and still is, split into a number of
clubs (disputen), debating or social clubs, sometimes of a specialised character. In
Brouwer’s days, and long after, membership of the fraternity was almost obligatory.
Non-members, called ‘nihilists’, were considered to lack the essential ingredients
that were believed to make a student something more than just a person who studies.
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Bertus first signed up for the debating society NEWTON (23 October 1897). This
was the society where the science students met and discussed, among other things,
scientific topics. A month later he joined another fraternity (dispuut), PHILIDOR,
the meeting place for chess players. A more important dispuut, however, may have
been CLIO, a literary club, where Bertus met a number of fellow students who, in
one way or another, were going to make their mark on Dutch society.

Although Bertus’s intelligence was beyond dispute, one should not take it for
granted that this by itself was enough to study at a university. The financial burden
was far from negligible, and many a potential young scientist ended up as a shop as-
sistant or bookkeeper. The income of a headmaster was scarcely sufficient to support
a child at the university—Ilet alone three! Bertus, however, was fortunate enough to
obtain support from a private fund in Friesland, the St. Jobsleen at Leeuwarden.

This foundation is one of many private institutions that even today support wor-
thy young students. Some of these funds offer grants to students of a particular ge-
ographic or religious background. The St. Jobsleen supported students of Friesian
descent. The grant was awarded to Bertus for the first time in 1894, when he enrolled
in the gymnasium in Haarlem, and he received DFI. 450 a year; when he entered the
university the foundation doubled the grant. This was, by any standard, a generous
amount, taking into account that a skilled labourer would consider himself well-
paid with such wages. From this sum DFI. 150 was deducted to be paid out after the
successful completion of the study.

The student fraternity brought Bertus into contact with a number of interesting
fellow students, who helped him to extend his intellectual horizon. The most promi-
nent among them was Carel Adama van Scheltema, the grandson of a clerical poet
of the same name. Among the remaining members of Bertus’s circle of friends, Jan
van Lokhorst, Henri Wiessing, and Ru Mauve stand out for one reason or another.
The most elusive among them was Jan van Lokhorst, a mathematics and physics
student, who exercised a considerable influence over Brouwer. This somewhat un-
usual person dressed as an eccentric; on one occasion he sported a yellow suit with
matching shoes. Jan van Lokhorst had introduced Brouwer, when still a gymnasium
student, into the company of artists, in particular of Thorn Prikker, a well-known
visual artist, who spent his later life in Germany, and Boutens, an influential poet.
According to Wiessing:!”

Only the above mentioned Jan van Lokhorst, one of his contemporaries
who later switched to Leiden and died young (1904), had any noticeable in-
fluence on Brouwer’s attitude towards life. In the last years of his life this
Van Lokhorst was already venerated and consulted by considerably older and
already well-established authors and visual artists.

The death of Van Lokhorst is the subject of one of the many legends surrounding
Brouwer. His stepdaughter, Louise, related that when Van Lokhorst’s death was
approaching, Brouwer felt inexplicably drawn to his friend, whom he found dying,
in a small hut.

17 Bewegend Portret, Wiessing (1960), p. 142.
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Fig. 1.3 A meeting of the fraternity CLIO (1897/98). Brouwer is top left. [Courtesy Letterkundig
Museum, Den Haag]

Henri Wiessing, an enterprising young man of Roman Catholic origin, became
a close friend of Scheltema and Brouwer. After his studies he became a journalist
with far-left inclinations, and for some time he was the editor-in-chief of a pro-
gressive, left-wing weekly De Amsterdammer, known affectionately as de Groene
because of the green colour on its front page; see p. 282. Brouwer sent from time to
time contributions, in the form of a small article or a letter to the editor, to Wiess-
ing’s weekly, and he stood by him in a number of literary-political affairs. At the
time of Brouwer’s undergraduate years, Wiessing was infatuated with Adama van
Scheltema.

Ru Mauve'® was the son of the painter Anton Mauve; he studied medicine for
some time in Amsterdam, but decided to prefer a simple, idealistic life. In 1898
he exchanged the world of study for that of a craftsman; he took up a job with
the famous architect Berlage but soon changed his mind again and joined the much
discussed commune of Frederik van Eeden (see p. 58). Having experienced the plea-
sures and miseries of life in a commune, he departed for Florence. After studying
architecture he eventually enrolled in Delft, where he left without a diploma. Mauve
remained a lifelong friend of Brouwer.

18

18See p. 59.
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The poet, Carel Steven Adama van Scheltema, or ‘Scheltema’ as he was called
for short,'” was probably the most influential person in Brouwer’s early life; the two
met in CLIO and NEWTON.

Scheltema was four years Brouwer’s senior, and already a man of the world. He
was not as gifted intellectually as Brouwer; whereas the latter took the gymnasium
in a gigantic stride, Scheltema had to struggle along. Among his fellow students
Scheltema stood out by his striking personality. He had enrolled in the faculty of
medicine in 1896, and although he soon discovered that he was not cut out to be a
doctor, he duly took and passed the propaedeutic examination. Scheltema was a man
of culture, blessed with a fair dose of charisma and authority. Already in 1897 he
was elected to three important positions: member of the senate of the Amsterdamse
Student Corporation, editor of the prominent student weekly Propria Cures, and
chairman of the Student Drama Society. Indeed, his fervent wish was to become
a professional actor. After his performance of the title role in Richard II on the
occasion of the lustrum festivities in 1899, he joined a theatre company. His retiring
disposition made him, however, ill-suited for an actor’s life, so he soon gave up the
theatre.

After a short excursion into the world of art dealers, where he worked for the Van
Gogh Art gallery, he once and for all gave up his quest for a regular occupation, and
became a free-lance poet. He could afford to do so, mainly because his father, on
his death in 1899, had left him enough to lead a modest but comfortable life.

Scheltema’s father had died of a tumour in the brain; and the experience was so
traumatic that Scheltema was haunted for the rest of his life by the fear of a similar
fate.

Scheltema had taken a keen interest in the young student Brouwer and, in fact,
became the self-appointed mentor of Bertus. The friendship that ensued is reason-
ably well-documented by a collection of letters exchanged between 1898 and the
death of the poet in 1924.2°

During the first year of his study Bertus sampled some of the traditional activities
of the university and the student societies. Wiessing described in his autobiogra-
phy?! his student friendships and provided some illuminating remarks on the young
Brouwer, ‘a young and very tall Friesian from Haarlem, about whom—although
only a student and no more than sixteen years old—rumours circulated concerning
his mathematical knowledge’.

In contrast to Scheltema, and Wiessing himself, ‘this introverted ‘éphebe’ re-
mained ‘an obscure student”.?? In the fraternity he not only shunned prominence,
he avoided its members, in particular the prominent ones. He had declined to join
the social club, which had invited him after the initiation period, and with the fra-

19The family name is ‘Adama van Scheltema’, a typically Friesian name. The suffix ‘a’ usually
indicates Friesian descent. We shall stick to the abbreviated version ‘Scheltema’.

20Cf, van Dalen (1984).
2'Bewe(g'ena’ Portret, Wiessing (1960).

22The traditional name for a student who seldom frequents the fraternity events.
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ternity he had, after a short spell in the rowing club Nereus, hardly any ties, except
through the study club NEWTON.

1.3 The Religious Credo

As a young student, Bertus joined the Remonstrant Church (Remonstrantse Kerk), a
Protestant denomination that had its roots in a theological dispute in the seventeenth
century. That particular dispute would have remained obscure, were it not for the
circumstance that the religious rift among the Dutch Protestants (basically Calvin-
ists) had its repercussions in social and political life. The Grand Pensionary Johan
van Oldenbarnevelt (1547-1619), who favoured peace with Spain for the sake of
economic expansion, had adopted the case of the ‘Remonstrants’, and, partly in re-
action, Prince Maurits (son of William of Orange) had taken the side of the ‘contra-
Remonstrants’. The Remonstrants suffered defeat and have remained ever since a
small but refined religious denomination.

Brouwer’s choice to join the Remonstrant Church is somewhat puzzling, since
his parents were members of the Dutch Reformed Church,?® and presumably Bertus
was baptised as such. There are no indications in his later life as to his religious
affiliations, so there is no simple explanation of this step.

Before being solemnly accepted into the Church, Brouwer was, in accordance
with the custom, requested to write a personal profession of faith. The text of this
profession has survived; and it is highly significant in the light of Brouwer’s later
philosophical views. As a boy of 17 years old, he presented a coherent idealistic and
even solipsistic view of his religious credo.

In the light of the following solipsistic reflections, it seems significant that al-
ready as a small child Bertus was occupied with the status of the ego. His mother
used to tell that as a three-years old boy, Bertus asked the question ‘What is 17
According to the experts most children start to discover the self at an early age, but
hardly ever to such a degree that they formulate it explicitly.

His confirmation took place in March 1898, and Dr. B. Tideman was the Minister.
The candidate for confirmation had to write down his private views on a list of
questions or topics provided by the minister; as a rule the confirmands reproduced
as well as possible what they had learned in the Catechism class. Not so Brouwer!
The questions are unknown, but Brouwer’s answers are interesting by themselves.
A translation of the original text is reproduced below.>*

Point 14. What is the foundation of my faith in God? This is for me the
main point of the profession of faith, and the only thing that may properly be
called ‘profession of faith of a person’. That I believe in God originates by
no means in an intellectual consideration in the sense that I should conclude

23The one-time state religion.

24The order of the answers is Brouwer’s.
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from various phenomena that I observe around me the revelation of a ‘higher
power’, but precisely in the utter powerlessness of my intellect.

For, to me the only truth is my own ego of this moment, surrounded by a
wealth of representations in which the ego believes, and that makes it live.

A question whether these representations are ‘true’ makes no sense for
my ego, only the representations exist and are real as such; a second reality
corresponding to my representations, independent of my ego, is out of the
question.

My life at the moment is my conviction of my ego, and my belief in my
representations, and the belief in That, which is the origin of my ego and
which gives me my representations, independent of me, is directly linked to
that. Hence something that, like me, lives and that transcends me, and that is
my God.

One should by no means read in the many words that I have used above,
an intellectual deduction of the existence of God, for this belief in God is the
bedrock, from which can be deduced, but that itself is not deduced. The belief
in God is a direct spontaneous emotion in me.

Now I do think that this belief in God is of a somewhat different nature than
the ordinary one, and this mainly because mine rests on a Weltanschauung that
acknowledges only me and my God as living beings, of which I know myself,
and sense my God, my master.

Furthermore, the representations which are given to me contain in them-
selves, for instance, also that there should be other egos, also with represen-
tations, but these are not real, they are parts of my representations, therefore
they are mine. My representations are my life. Thus at this moment I live in
the representation that I think of my life, and write a profession of faith, but in
that life I do not find my God, my God is under®> and outside my life, only the
fact that I live, makes me sense my God, it is not in the way I live that I find
my God.

This view includes my immortality, or rather, cannot consider mortality.
For the concept of time, like space, belongs to my representations, whereas
my ego is completely separate from those concepts. My relationship to my
God is a dependent trust in him, who makes me live.

But the life that my God gives me to live can be thinking about things that
I observe and the state of things that I see around me and having opinions
about various matters, also so-called religious matters, but then these are rep-
resentations given to me by my God, who is outside and above it; they cannot
encompass my God, for they originate from him. Only the sensing of my God
belongs to my proper religion.

However, here language is too awkward an instrument. The sensing of God
and the frust in God is not a conscious thought, and hence a representation,
for then it would again be situated outside God himself, but it is something

Zunder, i.e. is the Urheber of my life, [Brouwer’s footnote].
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that, as it transcends thought, cannot be thought, let alone written down; it
is something that is tied to the unconscious ego, becomes conscious, that is
receives representations, but is separated from those representations. Indeed,
an image of it can come into being in a conscious thought, but only very
vaguely.

This view of mine concerning the first point of the profession of faith ren-
ders the discussion of many other points superfluous.

[1-13] In the first place, a historic survey of religion can in my case contain
nothing that guided me to my conviction, and hence has no place here.

[15] Objections to the acknowledgement of a divine rule in this sense, that
I would not see how to reconcile with various things that I observe around
me, do not exist for me. For my perceptions are part of my representations
and none of these can by their nature be an objection, all of them are in their
existence a proof of God’s existence.

[16, 17] The characteristic feature of my conception of life in contrast to
that of others has already been stated. I neither conceive life a burden I have
to carry, nor a task to be fulfilled; no, my life is an accomplished fact, about
which I cannot give an opinion. For to that end, I would have to view it objec-
tively from the outside, but that I cannot do; for me, life is the great unique It
to which I cannot assign properties, because nothing can be compared with it.

This view does not at all imply that my life should be a dull, blind, will-less
letting go. The life that my God gives me to live can be rich in hope, anxiety
and aspiration, full of passionate pursuit of ideals, and my own free will can
be strong; all this, indeed, belongs to the representations that can be given to
me.

[18, 19] I already mentioned at point 14 my unlimited trust in God, and my
conviction of my immortality.

[20] Among the representations which my God gives me are those that
make me at some moments feel intensively his existence, this is then followed
by a strong self-confidence and a joyous courage to live. Each time when
that awareness forcefully thrusts itself upon me, stirring my inner life, I may
speak of love for my God. For me such moments of contact do not have the
character of prayer, because my wishes and sorrows do not play a role, but, on
the contrary, have totally disappeared for me.

So far I have been able to connect the points with my religious conviction.
The remaining part has a totally different meaning for me.

To wit, my God has also given me the ambition to make my life, i.e. my
representations, as beautiful as possible.

[21] from this it ensues that I am struck by the loathsomeness in the world
that surrounds me, and is part of me, and which I will try to eliminate; also
as regards the world of men. I can hardly call this love of my neighbour, for
I detest most people; hardly anywhere do I recognise my own thoughts and
spiritual life: the shadows of men around me are the ugliest part of my con-
ceptual world. So, in theory, I will never sacrifice myself for another person;
God has, however, given me feelings such as compassion, which sometimes
force me to act in that direction.
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Through the unconscious pursuit of beautifying my representations I have
of course opinions on the being or not being useful of institutions in the human
world, therefore I can also write about these points, even though I stray more
and more from my religious conviction.

I approve of a church because, even though we do not hear in it our own
conviction, it can direct our thoughts to fields where by our own action and
thought happiness can be found. Ecclesiastical rule and dogmatism are of
course phenomena of degeneration; I approve of religious forms for the sim-
ple crowd, to be subdued, in a reverential non-understanding, by a church that
wants to dominate.

Once again, I approve of the church as the one that points out our task to
us; to find in a religious conviction a staff to go through life. And this is the
credo of my religious feelings and convictions, of which I have now given an
account for the first time, and which I have ordered and sifted even though the
unity and force have suffered by an arrangement in points that was not mine.

March 1898.
L. E. J. Brouwer.

This is not the place to give an extensive exegesis of the profession of faith, but
let us just note a few interesting and important points.

In this document we can find Brouwer’s views on his life, in his own formulation.
The basic underlying idea is that life is just there; it is not within the competence
of a person to put himself as a judge above it. Since the ego and life are almost
synonymous, one cannot step outside life and view it from a higher position. He im-
mediately goes on to reject a fatalistic view of life: ‘the free will can be strong’. The
views expounded by Brouwer are very similar to those of Indian philosophy and
religion. At point [20] Brouwer describes the experience of feeling the existence of
God. Here one recognises what traditionally have been called mystic experiences.
The last section but one treats the relationship with world and the fellow human be-
ings. It describes Brouwer’s feelings for his fellow men in surprisingly frank terms.
Apparently the intervention of God is required to give him feelings of compassion.

The final views on the church and its role are rather cynical, to say the least, but
given Brouwer’s basic view on the ego and its relationship to God, not without a
point. The minister must have been surprised at such a confirmand, but fortunately
the Remonstrant Church had a reputation for open-mindedness and tolerance.

Before leaving the topic of the credo, it is worthwhile to pause for a moment, and
reflect on its status. The question one would like an answer to, is ‘how original are
the basic ideas?’

Some of the material has the flavour of Schopenhauer. Moreover, it reminds of
Cusanus, when Brouwer points out the impotence of our intellect in the face of the
problem of God and his existence. The analogy with De docta ignorantia suggests
itself.

There is no definite answer to the above question. On the one hand Brouwer
was highly original and unorthodox in his thinking; he had an unusually penetrating
mind, as his later works shows. So it was not beyond him to develop a solipsistic
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view all by himself. On the other hand, he was a avid reader, and a superior school
like the Haarlem gymnasium may very well have exposed the young Brouwer to
ideas and traditions that could easily escape the untutored student. One should also
keep in mind that Schopenhauer was very much en vogue around the turn of the
century.

It would certainly not be beyond a clever boy like Bertus to assimilate the ideas
of Schopenhauer. In the absence of convincing evidence, I would be inclined to give
Brouwer credit for the originality of the credo.

From the above profession of faith one obtains a fairly accurate impression of the
philosophical views of the young Brouwer. It appears that he had adopted a rigorous,
Schopenhauer-like, view of the world, religion, and his fellow human beings.

The basic entity for Brouwer is his ego, and immediately after that there are the
‘representations’ (voorstellingen) of (or in) the ego. At this point Brouwer makes
the radical choice for a strict idealism; there is absolutely no compromise with im-
pressions from the outer world or representations of (or derived from) experience.
The representations are inextricably bound up with the ego. Hence these impres-
sions are autonomous in the sense that they cannot be checked against experimental
or objective phenomena. The next step is not forced upon the ego, but is rather a
matter of free choice, namely the recognition of God as that which is the source of
the representations and of the ego. As Brouwer stresses, God is not deduced from
the ego and its representations, but the belief in God is a spontaneous act of the ego.
One could almost say that it happens to the ego.

At the points [16], [17] we can already note some of the characteristic points that
we will meet again in Brouwer’s booklet Life, Art and Mysticism, namely that one
should accept the world as it is; it not something one can complain about, it is (in
the later terminology) part and parcel of one’s Karma.

1.4 Friendship: Adama van Scheltema

The years at the university were far from smooth for Bertus; although the actual
study did not present any problems, he suffered from nervous attacks that were
to plague him his whole life. Nonetheless he fervently pursued a great number of
activities. In the summer of 1898 we find him in the infantry barracks in Haarlem.
Now here is a riddle. What, one would ask, is a boy of 17 doing in the army? He
is too young and he is a student, so he has better things to do than to play soldier.
Or to put it more positively: his first duty is towards Athena and not towards Mars.
There is no definite answer to the question in the absence of data. The most likely
solution to the ‘army problem’ seems a coherent strategy on Brouwer’s side to get
his army obligations out of the way before the beginning of his real career. He joined
the army as a volunteer in 1898 with the rank of aspirant vaandrig (reserve officer
to be). Combining the information from the National Archive (Rijksarchief) and
Brouwer’s correspondence, we conclude that he was enlisted in the fourth regiment
infantry quartered in Haarlem. A letter of 14 August 1898 to Scheltema shows that
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army life was not as pleasant as Brouwer had probably hoped. Brouwer was no
softy, he enjoyed rough sports, had no objections to outdoor life, and he had survived
very well at school, although he was invariably much younger than his classmates
(recall that for young children age differences are far more important than later in
life). So it is possible that he had underestimated the hardships in a world that was
probably alien to him. In the army things were not done by Brouwer’s rules. Even
his extraordinary intelligence would work against rather than for him.

He entered the army on 6 July 1898, and he obtained leave (groot verlof) on
21 September. On 27 August he was promoted to reserve corporal, and that was as
far as he would go in the military world.

The decision to get done with the army as soon as possible lent an illogical fea-
ture to his army career. At the time the lottery system was still in operation, that is
to say, it was determined by lot whether one was conscripted. For those who could
afford it, there was the possibility to ‘buy a replacement’—a person who had not
been drafted, and who was willing to take over the military obligations of the con-
script, usually this was some ignorant, underpaid yokel. As a result the army was not
exactly pleasant company, to say nothing of its efficiency. Most eligible men would
wait for the lottery result, and then contemplate how to handle the situation. Not
so Brouwer; he reported on 11 December 1900 at the ‘lottery board’ in Haarlem,
having already completed seven-and-a-half months military training. He was not so
lucky to draw a blank, but according to the record, he was exempted from military
service on the grounds of voluntary service,? that is to say the actual time served
was to be deducted from the obligatory period. The record of the lottery board does
not give much information. It listed his physical features: height 1.863 metres, oval
face, blond hair and brows. The State Archive’s records show that Brouwer was
short-sighted at the right eye (0.5 dioptre) and that he was 1.848 meters tall when
entering military service. For some reason people usually thought Brouwer to be
taller than he actually was, estimates of 2 metre are no exception. The explanation
is probably the fact that Brouwer was extremely slender, thus creating an illusion
of great height. Of course, it is very well possible that in the following years he
added a few centimetres to his length; after all, he was not yet nineteen when his
measurements were taken.

The following letter makes it clear that even a short stretch of military service
had been enough to fix Brouwer’s view on army life for good.

Your letter sounded to me like the far away familiar tolling of bells, waking
me from a torpor into which I gradually, dulled, broken and kicked, had sunk,
and filling me with nostalgia for all the endlessly beautiful things that I miss
[...]. The military service is capable of first poisoning and then killing a soul
within a few months.?’

There was one particular event that year that must have varied the daily routine a
little. As it happened, it was the year of the young Queen Wilhelmina’s access to the

20¢igen dienst.
2Brouwer to Scheltema, 14 August 1898.
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throne. Her father had died when she was only ten years old, and her mother, Queen
Regent Emma, had prepared her for her future duty as Queen of the Netherlands.
On 6 September her inauguration took place in Amsterdam.?® The route of the new
Queen was lined with various parts of the army and volunteers from the student fra-
ternities. One of the military men along the route was corporal Brouwer. Although
he did not have fond memories of the army itself, the duty on the inauguration day
filled him with some pride.?’

To continue the story of Brouwer’s military career, he was under arms off and on.
Usually he spent part of the vacations in the army, to return to the university when
the semester started again. In the State Archive there is a record of the time spent in
actual service: from 15 December 1898 to 14 January 1899, from 23 March 1899 to
5 April 1899, from 15 June 1899 to 30 September 1899, from 7 July 1900 to 26 July
1900, and finally from 20 December 1902 to 9 January 1903. On 1 July 1903 he was
transferred (in his absence) to the tenth regiment infantry. We shall see that his army
periods were disastrous. They ruined his health and his nerves. It is not clear why
and how Brouwer ended his military service. It is not unlikely that the authorities
realised that the young man was not able to cope with life in the army.

The correspondence between Brouwer and Adama van Scheltema is an impor-
tant, and almost the only, source, shedding light on the early years of Brouwer. It
starts with a letter from Scheltema of 12 August 1898 and ends with a letter of
Brouwer of 25 February 1924, almost two months before the tragic death of Schel-
tema.

The correspondence sets out on a slightly formal footing, the older student Schel-
tema addresses Brouwer as ‘Dear chap’ (Beste Kerel) and Brouwer writes Waarde
Scheltema, a way of addressing that cautiously avoids formality on the one hand
and familiarity on the other hand. The Dutch language had in the old days a refined
spectrum of titles at its disposal, and ‘waarde’ is the kind of opening that one used
(and the more traditional still use) to address a colleague without offending him ei-
ther by unsolicited familiarity or by haughty formality. Very soon, however, the tone
of the letters changed into the informality of true friendship.

Bertus was fortunate to win the friendship and sympathy of the older and cultured
student Carel, but Carel also gained a great deal from the company of his young
friend. Carel, as the older and maturer person, guided Bertus into the world of art
and into the more worldly aspects of life; while at the same time he benefited from
the extraordinary philosophical and theoretical insights of Bertus. The friendship
between Brouwer and Scheltema went largely unnoticed; of course their fellow fra-
ternity members were aware of the close ties between the two, but their friendship,
definitely, was not for public display. Although few who knew the young student
Bertus would have foreseen it, he later acquired a large circle of acquaintances in
all quarters of society. There was an extraordinary mixture of the cerebral scholar,
jealous of his privacy, and the gregarious boyish man, with a hunger for company

28There is no coronation of the Kings and Queens of the Netherlands, but an inauguration. It takes
place in the New Church on the Dam.

2Louise told that Brouwer used to recall the occasion with pleasure.
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and talk. At no time in life was he deprived of friendships and relationships, but
none of them equalled the friendship with Scheltema. This particular relationship
had a tinge of the private and the sacred. As Brouwer himself expressed it at one
occasion, his friendship with Carel Scheltema was a ‘private friendship, one that
was not entered into any collective’.>? As in all real friendships, there were conflicts
and disagreements, but on the whole Brouwer’s relationship to Scheltema was one
of the few true ideal friendships in his life.

Scheltema, commenting on the friendships of his student life, wrote in his diary:

I can be brief about Bertus—initially reaching him a paternal and appreci-
ating hand, I started feeling a warm affection for him as an equal—and sub-
sequently in almost all respects as a superior. Indeed I still surpassed him in
understanding of life, wisdom and experience and strength of soul and deter-
mination in visibility—but I had to rank his abstract capacities in the realm of
knowledge and beauty higher than mine. And finally I had met a man whom
I had to place above me, which could not have been the case with anybody
else, unless very temporarily and self-denyingly. In the mean time a mutual
human sympathy developed through these spiritual appreciations. It did not
decrease my pride in the fact that I, as the only one out of those one hundred
members of the fraternity, had seen and been sensitive to this man as a most
extraordinary person—and even more, that I gradually proved to be the only
one Bertus could have continual contact with, yea, to whom he attached him-
self as the only friend—and that was not because he did not see others, or
could not find spiritual contact. I have not had more pure, more fundamen-
tal and more penetrating discussions with anybody—with nobody else I am
spiritually as tranquil, and so close to beauty in vision or analysis.

This is by far the greatest human being that I have met so far, and I don’t
think to meet a greater one—he is in all respects the paradigm of a man of
exceptional genius—for being a genius he lacks the connection between his
own mind and the world around him.

The essential part of our relationship was my truly tireless endeavouring to
make him come closer to the material world.—

This may suffice to indicate Scheltema’s appreciation of Brouwer. He recognised
at an early stage that the young student had all the characteristics of the great man-to-
be, and he drew an intense intellectual and emotional satisfaction from the contacts
with Bertus. This deep sympathy and appreciation enabled him to deal with the less
pleasant aspects of Brouwer’s personality. Brouwer for his part was deeply fond of
his older friend, and at the death of Scheltema he summed up his feelings in the
following words:!

3OWiessing (1960), p. 142.

3 Ter Herdenking van C.S. Adama van Scheltema (In Memory of C.S. Adama van Scheltema).
Note the reference to Homer, cf. Wiessing (1960), p. 106, apparently the members of the fraternity
practised the ‘handshake’ that is referred to in the Iliad and the Odyssey by ‘he grows him into the
hand’.
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It was the reflection of your eyes, the inflowing grip of your hand, the
warm engulfing of your voice, the peaty smell of your overcoat. It was the
wild riches of your dream life, the confusing exuberance of your fantasy.

But around you roamed the compelling force of determinateness, which
you sensed and had to acknowledge, and you were determined and you wanted
to understand, and to become a personality.

You have understood much, and you have become a personality. And a part
of your flourishing rhythm has become common property.

One may well guess that Scheltema served Brouwer as a guide and mentor in
the most diverse matters, and that Bertus gladly accepted Scheltema’s advice. For
instance, when Brouwer had fulfilled his first period in the army he did not hesitate
to turn to Scheltema: ‘Tomorrow my cage will be thrown open, will you help me
find a room?’.32 When Bertus was depressed or ill, Carel tried to comfort him and
to give the sort of advice that a student of medicine can give. Indeed, the student
Brouwer had a poor health, and the letters to Scheltema contain a litany of com-
plaints, disorders, nervous breakdowns, etc. For the greater part the poor health of
Brouwer was due to the nervous tensions of the highly-strung, brilliant boy. The
complaints follow each other in persistent succession until the fall of 1903, but from
then onwards they occurred less often. The correspondence provides a depressing
list of, mostly vague, complaints:

e Now self-control and a diet for the convalescing patient, and only a wrinkle of
chastening and immunity will remain (20 September 1898).

e Because of some infirmity I have to stay in bed, for that reason I did not come to
you; please drop in later when I am again allowed to see people (4 May 1901).

e [ remember little from before September, I stand completely reborn, weak and
free; not tied by desire, not by memory. But the disease has to wear off first.
I have already mastered it with my will, and I will make it the mother of my
working power (5 December 1901).

e [ am here sometimes very poorly—in bed for a week at a stretch, and then 3 days
sleeping badly (11 June 1902).

e ..., maybe I will get rid of the pain in the back, that tormented me terribly in
Haarlem (23 August 1902).

It may come as a surprise that this same Brouwer, who suffered the penalties of a
delicate nervous system with accompanying physical phenomena, would occasion-
ally carry out downright silly experiments. At one time he wanted to find out how
long it took before the ice in the water formed itself around a person’s legs. So on
a freezing day he took the test himself by getting into the river Amstel and wait-
ing patiently. The story does not tell whether he waited long enough. Curiosity was
always a powerful stimulus for Brouwer.

From the Brouwer—Scheltema correspondence it appears that Brouwer did the
sensible thing: often, when his tormented body refused to serve him, he withdrew

32Brouwer to Scheltema, 20 September 1898, written in the barracks, one day before going on
leave.
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from the city and the university. The letters hint at intervals of recuperation, either on
the Veluwe, the thinly populated area in Gelderland renowned for its healthy forests,
its heath and its sands, or at the seaside, Den Helder, the national naval centre, or in
‘t Gooi, the enclave of utopists, health freaks and artists, east of Amsterdam. One
wonders how he found time to study at all; as a matter of fact it took him three and
a half years to pass the first examination, the candidaats examination, certainly no
accomplishment to boast of for a student of his brilliance.>?

On 16 December 1900 Brouwer took this first hurdle of the academic course.
He was examined by a committee of his professors, and the diploma was signed by
J.D. van der Waals and chemistry professor, H.-W. Bakhuis-Roozeboom. In view of
his excellent grades and matching performance at the examination, the committee
granted him the candidaats degree cum laude. In the summer of the following year
Brouwer widened his horizon by a longer trip to Italy. Following in the footsteps of
countless predecessors he made this trip on foot.

After the candidaats examination, there was no marked improvement in health;
but now Brouwer had decided to take action, to remain no longer passive under the
cruel attacks on his body and mind. He had made up his mind to join the health
fashion.

In 1902 he spent long periods in Blaricum in a pension that accommodated a
loosely connected set of vegetarians, clean-living adepts, and the like. This was
the locally celebrated Pension Luitjes, run by the couple Tjerk and Gerda Luitjes,
which had already operated a vegetarian pension in Amsterdam before opening their
establishment in Blaricum. Brouwer reported:

Back from Blaricum, with the mixture of both sexes in vests with bare
black feet with blue nails, the sunbathing of bare backs, and the gnawing of
raw turnips and carrots; I am so miserable that I can not come tomorrow.>*

Blaricum also appealed to his younger brother, Lex. In June 1902 Brouwer informed
Scheltema that he was planning to share an apartment with Lex, but in September
he reported that the plan was cancelled because his brother had decided to stay in

33The academic study in Holland basically consisted of two parts. The first was concluded by the
‘candidaats’ examination and the second by the doctoraal examination. These examinations are
roughly comparable to the BSc. and MSc. The titles connected to those examinations were candi-
daat and ‘doctorandus’ (abbreviated as ‘drs.” in titles). Some faculties had an extra examination at
the end of the first year, the so-called propaedeutic examination—endearingly called ‘propjes’. The
time schedule was flexible. Three years for each examination was the average, but clever students
could compress the period somewhat. A doctorandus had the legal right to present a dissertation
to the faculty, and after a successful public defence he was awarded the title of ‘doctor’. A ‘candi-
daat’ could enter the teaching profession, but the diploma was basically considered an intermedi-
ate stage on the way to the final doctoral diploma. In the well-stratified society before the Second
World War each university diploma entitled its owner to a traditional civil title, a candidaat would
(or rather could) be addressed as Weledelgeboren Heer, a doctorandus as Weledelgeleerde Heer
and a doctor as Weledelzeergeleerde Heer. A professor was simply Hooggeleerde Heer. A female
student/scholar had a similar title with ‘Mevrouw’ or Vrouwe instead of Heer.

34Brouwer to Scheltema, 29 July 1902.
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Fig. 1.4 Aldert, Lex, and
Bertus posing in the garden in
Haarlem. [Brouwer archive]

Blaricum as a painter. Lex had given up his studies and had decided that the life of
an artist was the right thing for him.>

Brouwer remained faithful to the practising of vegetarianism, albeit not in a fa-
natic way; he also became a lifelong adept of sun- or air bathing, fasting and the
like. His poor health and nerves also drove him to visit spas. These institutions never
reached the same popularity in Holland as they boasted in neighbouring countries.
One short-lived spa, the Bad Courant, was in operation in Haarlem at the time the
Brouwers moved from the town of Medemblik to Haarlem. So Bertus may have
learned about the phenomenon in his hometown.

The disastrous, if brief, spells of military service greatly harmed Brouwer’s
health, both physically and mentally. The army proved an ordeal to the young man,
his fellow soldiers pestered him and his superiors did not take him seriously. A let-
ter of 7 January 1903, two days before his definite farewell to the draft, showed an
exhausted Brouwer.

35Brouwer to Scheltema, 4 September 1902.
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Dear Carel,

I only want to send you just a single note. There is of course no time to write a
letter while in military service, moreover I am still half sick. After the stomach
problem and the chest complaint with blood tinged sputum, and now a rash in
my face. After performing my daily duties I drowse for a moment in a chair,
stoically contemplate the course of my life, and say ‘bah’ and turn in. In order
to have ideals in life a physically sound core is required, and I have lost that.
I only ask for a small corner to wither away. Nonetheless I perform all the
duties towards my body in a dull constancy; maybe it will work out alright,
so that I re-enter the world with a shining look; or it is finished, and with that
too I am in accord. I do not know myself which of the two I desire (The Cool
Lakes of Death).?® Should your ideals pine away, seek that state too. Addio.

Bertus
Scheltema reacted resolutely. He wrote from Paris:

Something positive has to be done. Huet is ancient history—you should go
to Winkler or Werthem Salomonson.3” It is a totally wrong idea that nothing
more could be done to a body like yours, especially since the physical con-
dition is the main thing. For example, your cold comes from anaemia, which
can be improved by a regular use of iron pills.?®

From that point onwards the complaints became less frequent; Brouwer remained
however an easy target for attacks of a nervous nature, with their accompanying
physical disorders. As a result of the physical experiences of his student years he
had turned into a health freak, with a strict and even eccentric way of living.

While Brouwer suffered from a long list of complaints, his friend was well on
his way to becoming a successful poet. Scheltema had a strong feeling of social
responsibility. In as far as his poetry was concerned, this inspired him to write poems
for the working classes, simple and understandable. Politically, it made him side
with the young socialist movement.

The Social Democratic Workers (Labour) Party in Holland, SDAP,? was
founded in 1894. It attracted a great number of intellectuals and artists, among
others Henriette Roland Holst-Van der Schalk and Herman Gorter. The first was the
grand lady of socialist literature in Holland. She had married into a family of artists.
Herman Gorter was one of the first naturalistic poets in Holland; in the course of
time he had acquired considerable authority in Dutch literary circles.

The students, in particular in Amsterdam, traditionally the red city of the Nether-
lands, were quick to turn to the new movement. A number of them joined the Social-
ist Reading Society (Socialistisch Leesgezelschap), where the texts of the founding

36Novel by Frederik van Eeden, Van de koele meeren des doods.

3TWinkler was professor in diseases of the mind and psychiatry, Werthem Salomonson held an
extraordinary chair in diseases of the mind.

38Scheltema to Brouwer, 17 J anuary 1903.

¥ Sociaal Democratische Arbeiders Partij.
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fathers of socialism were read and discussed, including the journals of the (in par-
ticular German) socialist movements.

A now almost forgotten, but at the time rather popular theoretical socialist,
Joseph Dietzgen, was intensively studied by the students. Dietzgen was a socialist
philosopher, born in Germany in 1828, who moved to the United States of America
and died in 1888 in Chicago. By profession a tanner, he was a self-taught philoso-
pher, author of The essence of human brainwork. Excursions of a socialist into
the domain of the theory of knowledge.*® Prominent Dutch Socialists—~Communists
studied and advertised his work, among them the astronomer A. Pannekoek and the
above mentioned Henriette Roland Holst. Scheltema was particularly impressed by
Dietzgen, and he was completely under the influence of his philosophy of social-
ism, somewhat to the chagrin of his friend Wiessing, who quickly developed an
allergy for what he called ‘the scientific Buddha of the despicable German social
democratic bourgeoisie’. Wiessing characterised the particular brand of Dietzgen’s
socialist theory as ‘the mysticism of disbelief’. Many of the students, including the
members of CLIO, canvassed at the elections of 1901 for the SDAP, with its leader,
Pieter Jelles Troelstra.

Scheltema’s relationship to socialism was ambiguous, to say the least. He, an
aesthete, far from the discomforts of the masses, felt absurdly uncomfortable in
close contact with the less refined. Before his conversion to socialism, he wrote, for
example, in 1897 from Visé in Belgium, to where he had retired to work, that the
hotel was abominable, and that this was how it would be in a socialist state.*! His
opinion of his fellow men was at that time pronouncedly negative:

[...] The friend above all; the sympathetic people, they constitute the
world, and all those surrounding it are a shady bunch of scoundrels.

His eventual choice for socialism was that of the theoretician and the artist. The
heyday of individualistic, impressionistic, naturalistic literature was past and Schel-
tema sensed a new perspective in the new ideals of social democracy; he formulated
his conception for the first time in 1899 in Propria Cures, the Amsterdam student
magazine, of which he was an editor. The literary output of Scheltema was twofold,
he wrote poems and also books of a theoretical nature, including a travelogue of
his Italian experiences. His poetry was written for a large audience, for workers,
housewives, school children; it was extremely popular—at his death 65,000 vol-
umes of his poems had been sold! Contrary to what one might think, these sales
did not make Scheltema a rich man. He refused on principle to make money out
of the working classes. Typically, his poetry volumes would cost only one guilder.
Among the more theoretical works there was a study Foundations of a new poetry
(1908), with its telling sub-title ‘Essay of a social theory of art contra naturalism,

4ODas Wesen der menschlichen Kopfarbeit. Streifziige eines Sozialisten in das Gebiet der Erkennt-
nis Theorie.

4]Bonger (1929).
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anarchism, the movement of eighty*” and its decadents’. The study was sharply crit-
ical of the exponents of the movement of ‘eighty’ and also of some of the leading
spirits of the socialist movement. This book, which so explicitly singled out its op-
ponents, was attacked violently. Brouwer wrote a penetrating review and sent it to
Kohnstamm™? for publication in the Tijdschrift voor Wijsbegeerte (Journal for Phi-
losophy). For one reason or another the editors decided not to publish the review, to

the utter indignation of Brouwer, who wrote to Scheltema**

The jerks Meijer and Pen*®> have made notes in the margin on my very
paper, like pencil scratches on statues of Donatello. I did not want it to survive
the insult, and I burned it.

In general Brouwer was an attentive reader, and at times a severe critic, of Schel-
tema’s work:

In 1905 Brouwer wrote a literary critique of the second of a series of three longer
poems, Londen, Amsterdam and Dusseldorp. Like its successor above, it was re-
jected, but a copy survived in the archive of P.L. Tak, the editor of the Kroniek.*0
The review is interesting as Brouwer develops a sort of evolutionary schema in
which socialist art a la Scheltema fits:

The force of the new gospels is in their justified rejection of the one-sided
positiveness of the old ones; but once they have made the old one perish, there
remains only positiveness, which will cause in due time a reaction and they
will be pushed back in turn.

But the new will not force out the old if it does not first step into the forms
of the old. Whoever presents something new in the forms of the old will make
a career; but whoever makes people personally experience the new, will be
reviled [...].

A change of literary gospel is always preceded by an analogous change
in the economy, where often the literary consequences of the old economy
flourish on the illusion of the new one. The Dutch ’80 of literature belongs to
the ’48 of the economy; before 80 the restoration in literary art was carried
on by the liberals.*’ [...] And so the liberal literature is now carried on by the

42A literary movement in Holland that rebelled against the traditional school of the nineteenth
century.

43Ph. Kohnstamm was a student of Van der Waals. He started his career in physics and switched
eventually to pedagogy. He held chairs in Utrecht and Amsterdam.

“Brouwer to Scheltema 11 August 1908. There may actually have been more to the rejection of
Brouwer’s review than meets the eye, see p. 104.

4 A disciple of the Leiden philosopher Bolland.
46 A literary magazine. The review was posthumously published in Delvigne (1985).

4TThe ‘Movement of 80" was a Dutch literary movement which introduced in the Netherlands the
concepts and styles of the leading European artistic circles. It imported successful innovations such
as naturalism, impressionism and the like. The movement of *80 dominated the Dutch literature
far into the twentieth century. Brouwer compared this movement with the political-economical
revolutionary ideas of 1848. He saw Scheltema as one of the first literary artists escaping the
influence of ’80.
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socialists Gorter and Roland Holst. Note that the old conceptless mood-poetry
is now fed by the new economic gospel, and thus it provides this new gospel
with old fashioned needs such as ideal-confirming art.

The implicit criticism of Gorter and Roland Holst, the figure-heads of socialistic
art, was rather scathing—their poetry was seen by Brouwer (and by Scheltema!) as a
belated exercise in bourgeois pre-socialist expressive art, and in this form supporting
the new economic movement. Brouwer was inclined to see in the case of Gorter a
strong visionary involvement with the new social gospel: ‘strong and deep enough to
break through the walls of bourgeois understanding; and so wild phantasms flower
there on a ruin of intellect’; whereas in the case of Roland Holst ‘the old logic, on
the contrary, remained standing cleanly and squarely like a little house at the river
Zaan’ *®

Brouwer definitely had a point, but it was audacious, to say the least, to express it
at the time. In contrast to the older generation of socialist poets, Brouwer presented
Scheltema as the real socialist man of letters, who did understand the times and the
modern world.

The first realisation of socialism in literary art is Adama van Scheltema.
Here no emotions are recognised, unless strongly felt as a necessary moment
of interaction of his human nature with the living world around him and as a
necessary parallel of his actions.

In the meantime he is, more than is good for him, ahead of his own time.

This last sentence is an oblique comment on the fact that Scheltema, however
popular as a poet of the common people, was not recognised by the literary world.

It should not come as a surprise that the review was rejected by the board of the
Kroniek; the Gods at the Dutch Socialistic Olympus would not have been amused
by irreverent remarks of a self-styled philosopher with mystical antecedents.

Objectively speaking, Scheltema will probably go down in history as one of the
minor Dutch poets of our century, but that does in no way detract from his merits
as a popular poet. He has added significantly to the appreciation of poetry, and art
in general, in the working and middle classes. His theoretical work, however, has
never attracted the attention it deserved.

Brouwer’s opinion of Scheltema was, we guess, coloured by his friendship, but
even more by extra-poetical arguments, such as his interest in the theoretical foun-
dations of art, society and communication.

In view of Brouwer’s relationship with Scheltema, it is hardly surprising that he
was influenced by the latter’s political views. In the early years Scheltema, like so
many students, was impressed by Dietzgen, and some of Scheltema’s enthusiasm
for Dietzgen rubbed off on Brouwer.

Rather aloof, Brouwer followed his friends on their rounds of the workers circuit
and even went so far as to join the Socialist Reading Society.

“8The old heart of industrial North-Holland, reputed for its beautiful old Dutch houses, still to be
seen in the local outdoor museum.
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Fig. 1.5 Carel Adama van
Scheltema and Henri
Wiessing. [Courtesy
Letterkundig Museum]

The membership of that illustrious society, incidentally, played a trick on
Brouwer. In 1901 on his walking tour to Italy, he was, in a mixture of eccentricity
and practicality, dressed in a long cape, which he used when sleeping in the open air
at night. One day in Italy he was arrested for vagrancy, and when the police found
in his pockets the red membership card of the Socialist Reading Society, they were
convinced of a good catch: a strange young man with a red card, printed in a cryp-
tic nordic language, with the word ‘socialistisch’. Brouwer was, however, released
no sooner than he was arrested when a letter of the Italian mathematician Bianchi
was found upon him, which contained the names of a number of famous scientists
known to the local police magistrate. Brouwer used to narrate the story of his foot
tour to Italy with justifiable pride.

One of the little adventures seems to come straight out of a classical adventure
story: once, at the end of a day’s hike, Brouwer had joined a small group of men who
had found a suitable spot in the forest to spend the night. The company made a fire
and prepared a meal. Brouwer was with proper hospitality invited to take part in the
meal. He gladly accepted and joined in the general conversation at the fire. After a
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while he wrapped himself in his cloak and laid down to sleep. Listening to voices of
his fellow travellers, he discovered that they were discussing how to rob the young
foreigner. Waiting some time, he made his exit when everything was quiet. By the
time he was missed, he was already far enough away to be safe.

The proper thing for a student at the beginning of the century was to join, if not
the socialist party, at least the band of enthusiasts, who saw in socialism the road
to a new and just society. Scheltema and Wiessing, each after their own inclina-
tion, became active supporters of the socialist cause, and for some time Brouwer
joined them and frequented political meetings, albeit in a more contemplative spirit.
He fostered for some time socialist sympathies. This is remarkable indeed, since
the rigid materialistic views of, for example, Dietzgen contradicted everything he
believed in.

The following quotation from his letter of 11 June 1902 to Scheltema gives some
indication of his inclinations:

La société, ¢’est la blague™ and in this way it is actually rather funny—of
course at the bottom there is the earnestness of life, and we are socialists, but
that is only a dim basis for the grand totality that we try, according to our
strength, to put somewhat in the right position.

But before two years had lapsed, he had cut his short liaison with socialism:

My short-term socialist inclinations, dating back more than two years, have
turned out not to be viable.>

Five years later his farewell to socialism was final. Korteweg, his Ph.D. adviser,
was at that time apparently involved in the election campaign of the liberal party,’!
and Brouwer offered his assistance:

Professor, I rarely think about politics, but my political sympathies are in
the liberal, anti-democratic direction.”> So if you can use the assistance of
someone without experience in political work, then I will gladly help to sup-
port a liberal against a free- or social democrat.>

Later in life he became involved in local politics as an alderman for the Neutral
Party in his hometown Blaricum.

The Brouwer—Scheltema correspondence shows us the melancholy process of
the inevitable growing up of a young gifted, intelligent but impulsive young man; a

Society is a joke.
50Brouwer to Scheltema, 18 January 1904.

51¢liberal’ has to be understood in the classical sense of the nineteenth century, laissez faire, limited
government interference. It was neither conservative nor Marxist.

52There was a certain measure of anti-democratic feeling in the air at the time. The influential
philosopher Bolland, for example, crusaded against democracy. It is possible that Brouwer also
flirted with these ideas. Given the context of the letter, we may be sure that Brouwer referred to the
Social Democrats.

33Brouwer to Korteweg 22 September 1909.
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process with all its agony, yearning, despair and elation. One of the first letters gives
us the picture of a confused, unsettled young man:

I am too drowsy to experience my freedom, my mind is not capable of any
activity, not yet delivered from the oppression of that most dark revelation of
Adam’s curse.>*

Slowly, through the years, his physical state improved, and with it his mental
state. Although there were numerous relapses, he slowly gathered the strength to
face the world. After the utter resignation in his illness during the military service
in 1903, the complaints had become less frequent, and a certain defiance of the
problems of the world could be discerned. Having done with his military service, he
returned to his studies:

—after an absence of two years it required some determination, especially
where any trace of love for the subject [mathematics] was lacking. [...] My
work is done without illusions, but with a feeling of joy for the activity in
itself.>

In a later letter, looking back, he lamented the loss of innocence and susceptibility:

What a lack of tenderness, of childlike innocence, of abandonment in the
words that I write down; I know it, I would be ashamed if I met myself as
I was five years ago; but just as one cannot stop the growth of one’s beard, so
one cannot stop the growth of the philistine-tissue through one’s soul. Then let
me be great as a philistine! And follow my course alone, unfeelingly among
the dead stones to the fair End. And so leave my trace on the thus melancholy
world. That is, Ambition is born within me, perhaps! But in any case, one that
knows to control itself, and to collect quietly material, until its time has come.
I will have to remain obscure for a few more years, then my grasp will
be felt.’® Just because I feel the futility of all worldly things, no detraction or
fear will disturb my course.>’

That same year, on the sixteenth of June, he passed his final examination, the
doctoraal examination, which earned him the title of doctorandus. Again, he passed
with the highest honours, Cum Laude. He dryly informed Scheltema of this fact
by a telegram containing just the word ‘Cum’. In the years that lay between the first
steps in science and the proud moment of being awarded the ‘Cum Laude’, Brouwer
had established himself as the equal and partly the master of his older friend. Their
friendship had passed through all stages, reaching a stability that was not to be dis-
turbed by the sometimes moody or even crude actions and remarks of Brouwer. The
relationship between Brouwer and Scheltema had its touching moments, as well

>4Brouwer to Scheltema, 20 September 1898.
35Brouwer to Scheltema 15 November 1903.
56My boldface.

S7Brouwer to Scheltema, 18 January 1904.
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as its small moments of unpleasantness. Their correspondence provides a revealing
insight into the minds of the fast developing mathematical genius and the social-
ist poet. There are numerous small details that allow us glimpses of their habits,
their reading, financial problems, ... For example, Scheltema strongly advised the
21-year-old Brouwer to read Flaubert’s Education sentimentale®® and a little later
he asked him to return his copy of the Contes of Flaubert.>® At another occasion
Brouwer reported a visit to the theatre, and recalled the performance of Ibsen’s
Wildente (The Wild Duck). He wrote:

Send me your new address. I hope that you will find solitary rest there; sur-
round yourself with the books of your equals (Ebenbiirtige) and congenials.
I live with Pascal, Emerson, Madame Gimon and Montaigne. And do me a
favour, if you do not yet know it, read the ‘Journal of Marie Bachkirtoff”.%
She has something of both of us, and she stands in between us.0!

The fact that Brouwer had read the book of Marie Bashkirtseff is interesting. The
author was a prodigy of Russian descent, who lived in Paris. When she died at the
age of 23 she was greatly admired as a painter and author. Brouwer had recognised
in her a kindred spirit—he was under no misconception where his own genius was
concerned!

One should not get the impression that Brouwer’s reading was restricted to the
exalted regions of literature. Much later, writing from his bed he confessed:

I don’t feel very ill, but if I leave my bed for longer than one hour, my
heart starts behaving in a funny way. So I stayed in all week and read all the
volumes of the adventures of Arsene Lupin.®?

In those days the stories of the gentleman-burglar Arsene Lupin were popular, but
hardly the reading matter that the more conventional would expect in the hands of a
learned scholar!

In 1903 Brouwer had gathered so much confidence in himself that he considered
himself on a completely equal footing with his former mentor Scheltema. It was time
to cut the umbilical cord, and to face the world on his own. He proposed to seal a
formal union, as between two kings, to be concluded on Ascension Day. Apparently
there had been some friction between the friends, and it is not wholly impossible
that Scheltema saw, to his dismay, the ugly duckling starting to turn into a swan,
with a private and virtually inaccessible inner world. Brouwer clearly realised that
the mentor—novice relation was over.®

58Scheltema to Brouwer, 29 December 1902.
59Scheltema to Brouwer, 2 May 1903.
60Bashkirtseff (1888).

51 Brouwer to Scheltema, 18 January 1904. ‘Bachkirtoff” is Brouwer’s spelling. Scheltema misspelt
the name.

%2Brouwer to Scheltema, 25 February 1916.
63Brouwer to Scheltema, 23 May 1903.



1.4 Friendship: Adama van Scheltema 35

1l faut savoir séparer (La Rochefoucauld) C’est le privilége des grands
esprits, de ne pouvoir se brouiller (Voltaire).

Carel, my rich poet, I have finished your book, but listen: In no realm are
there two Kings, each has to live in his own country of subjects: that loneliness
without their equals, that is what they are Kings for. But once a year they visit
each other, and see their great contrasts, with nothing in common but the joint
feeling of being royal, both being in the immediate grace of God; their asso-
ciating can be nothing but showing each other the powers and glorification of
their mutual domains.—And the only permanent grace, that, from the aware-
ness of the kingship of each other, they can let flow to each other, consists of
the rendering of obligatory courtesies and reporting outward appearances of
their person and Kingdom.

Carel, your realm is more summery than mine, and your people are more
pacified—both our countries have been blessed by God with marvellous
beauty.

Well, after our discussion of Thursday night I believe that you are right,
but the best idea for our having to live apart, is what I write down here.

Let us meet every year on Ascension Day, and solemnly bathe in the cool
sun of spring, and sup together, and exchange what the past year has brought
us, and for the rest feel, invisible to each other, united in ‘knowing the other
to be a King’.

So, brother, do you agree with this?

Then, hail to You and Your Kingdom—Until 1904.

Bertus

Two days later Scheltema answered; he accepted the separation as a tragic fate.
The royal metaphor had immediately sunk in: the idea of Kings toiling in solitude
for the happiness of the people, or to put it otherwise: of the best and the noblest
working for the redemption of their fellow men, was certainly not a rarity. One did
not have to read Nietzsche or the like, to see that the best of the nation were destined
to play an important role as prophets and moral guides. It tells us a good deal about
Scheltema that, although a socialist by conviction, he whole-heartedly embraced
the idea of the responsible, benevolent king. In a sense this is not so surprising;
the socialist in Scheltema was partly, perhaps largely, the product of his intellectual
efforts, a fact that he was himself very well aware of. In fact, his socialism was a
tour de force of a theoretical nature, rather than a spontaneous manifestation of the
heart. In spite of his heart-warming poems, he remained a theoretician.

—Sometimes I am desperately mad about my own desperate soberness!
Then I would like to kick my own soul and for once have a touch of anarchistic
looseness.*

Far from being a game of pretending, the matter of the two kingdoms was taken
completely seriously by both correspondents; it expressed in a metaphorical way

64Scheltema to Wiessing, 21 July 1903.
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their views on responsibility and society. As Brouwer put it, discussing the physical
sorrows of the body:

That is the misery of purification, [...], that holds the great soul back from
soaring too high and that keeps it in the fear of God; of God, whom he has
to serve in watching over God’s children, asking nothing for itself—chosen
are we—not for our pleasure in the world—we are the prophets, who, mes-
sengers between God and mankind, direct and inspire the development, the
working, the growing, the flowering of it with the dewdrops that flow from
our fingers—you walk earnestly and solemnly through your garden, and scat-
ter them with firm and knowing gestures; I rush through my wilderness, and
they roll, without my knowing it—indeed there are few who find them, but
they are all the more valuable to them.®

A few weeks later he wrote again about the destiny of the exceptional person:

—In the straight chain of the generations, where all the present is sacri-
ficed to the future, nature sometimes allows itself to bear sidewards a barren
beautiful flower, not connected with mankind that reproduces itself. Blessed
is such a chosen one—mostly an eldest son, who in this way is sacrificed to
Minerva—as long as he is aware of his consecration, and not worried about
not being directed in the presence of all the strong, blindly directed ones in
the chain. The flower supports nobody in the greater context, it has no other
duty than to be beautiful, sufficient in itself: for the open side, bent away, is
turned towards heaven, which can refresh itself in the beautiful appearance;
but only God sees the tears within.®

This theme is stressed more than once by Brouwer. It is not farfetched to con-
jecture that the above view on the exceptional, chosen son was a reflection on his
own perspective of life. In his case, but equally well in that of Scheltema, the view
had a prophetic ring. The line of the generations did not continue through them. In
November he returned to the topic:

Ever working on, reading, and thinking—and in line with that thinking,
harmonising one’s life more and more, carried by resignation and faith in
God—it is the bliss here on earth. My house is homely, striking and modestly
comforting. And it is sacred to me—I could do no evil in it and have no evil
thoughts—in it I am even friendly disposed to everybody. If a boring person
visits me—in my house I do not find him boring—if I walk out-of-doors the
next day, I do not understand how I could have suffered him.

The ultimate harmonising of our life seems most difficult, slowest, most la-
borious with people of our sort. It seems that in the progress of the generations,
of all parents the oldest child may not simply be sent along in the mainstream
of the ‘striving and pairing’, but must be offered to the gods of consciousness,

%5 Brouwer to Scheltema, 9 August 1903.
%Brouwer to Scheltema, 26 August 1903.
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of the infertile consciousness in the worldly motion, as an opening sacrifice—
as a sideways shooting flower, which has no further purpose for the growth
of the trunk—in compensation those gods will forgo their title to the other
children. So, let those consecrated sacrificial animals be aware of their role,
and let them not be jealous of the rough rye bread of the herd.®’

The two-kings episode is interesting for two reasons. On the one hand it illus-
trates the spiritual intimacy of the friends and their mutual appreciation, while on
the other hand both accepted the inevitable divergence of their paths in the world.
Scheltema was well aware of the intellectual and emotional potential of the younger
man, while at the same time Brouwer realised that Scheltema—be it with a tremen-
dous effort—had found his place in human society. When Scheltema pressed the
young Bertus to accept the world:— ‘Try rather to see the reality than your own fan-
tasies. The more you approach reality, the greater your chances of regeneration will
be’,%8 he well knew that utter isolation held destruction.

The idea of a select group of superior men, working for the salvation of mankind,
was undeniably in the air: an intellectual elite as the new priests of the world. The
same idea occurred somewhat later independently to Frederik van Eeden,®® who
was immensely pleased to find out that Brouwer had conceived for himself the idea
of a cultural, spiritual elite.

The relationship between Brouwer and Scheltema was one of deep respect and
spiritual understanding, and its tragedy was the irrevocable passing of the unity
and similarity of spirits. It was Brouwer who repeatedly urged his friend to accept
the inevitable divergence of the courses that their lives were destined to run. Both
partners had to summon all their strength to accept the new relationship—Xkings in
their separate kingdoms, aware of their duty and destiny.

Scheltema, who had just read Nietzsche’s ‘Birth of Tragedy’, characterised their
differences in personality as: ‘You are Dionysus, I am Apollinius, and the society
we live in is Alexandrinius.’"°

This particular friendship, that lasted for slightly more than a quarter of a cen-
tury, was of tremendous importance to Brouwer, and presumably to Scheltema. It
was guarded as a private treasure; few knew about it, and eventually a few isolated
remarks were left. Were it not for the lucky preservation of a substantial part of
the correspondence, the relationship between Brouwer and Scheltema would have
remained nothing but a poorly substantiated rumour.

67Brouwer to Scheltema, 15 November 1903.
%8Scheltema to Brouwer, July 1901.

“See p. 243.

70Scheltema to Brouwer, 6 August 1907.



Chapter 2
Mathematics and Mysticism

2.1 Teachers and Study

Let us go back to the starting point of Brouwer’s university life and the years of
study. When the young boy enrolled in the University of Amsterdam, that university
treasured a few great men in the sciences, the most outstanding amongst them being
the physicist Johannes Diederik van der Waals and the biologist Hugo de Vries.!
In mathematics there were no stars of the same order, but on the whole the students
were in competent hands. Lectures in mathematics were given by Diederik Johannes
Korteweg, A.J. van Pesch and in physics by Van der Waals and Sissingh. Korteweg,
in a manner of speaking, had saved nineteenth century Dutch mathematics from an
inglorious historical record. When the zoologist Hubrecht was presenting a survey
of fifty years of exact sciences in the Netherlands at the occasion of the Inauguration
of Queen Wilhelmina in 1898, only two lines of his 11 page essay were devoted to
mathematics, and it was Korteweg’s work that was referred to.”

Brouwer was doubtlessly influenced most by his mathematics professor, Ko-
rteweg (31 March 1848—10 May 1941), a man with a remarkable career, which was
in a way characteristic of the first generation of scientists of the new era. The second
mathematician in the faculty, Van Pesch, cut a rather poor figure compared to the
impressive Korteweg. His lectures did not always measure up to the standards of his
students. Wijdenes, one of Brouwer’s contemporaries, told that when Van Pesch got
into one of his muddles, Brouwer would get up, go to the blackboard, take over the
chalk, and in his precise manner steer the lecture past the cliffs where Van Pesch
had been stranded.? He did, however, not have the audacity to take liberties with
Korteweg.

The mathematics training at the Dutch universities in the nineteenth century was
in the hands of well-meaning professors, who followed at a safe distance the de-
velopments in the prominent centres. Apart from the well-known Stieltjes (who did

I'The Nobel prize winner Van het Hoff had already left Amsterdam for Berlin.
ZRitter (1898), p. 70 ff.

3Communication of L. van den Brom.
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Fig. 2.1 Diederik Johannes
Korteweg. [Brouwer archive]

not teach in Holland) there were no men of stature who could inspire the new gen-
eration of students. The rise of physics, and the sciences in general, in Holland,
however, called for strong mathematics departments. But mathematics was still try-
ing to catch up with the international developments. In the absence of outstanding
pure mathematicians, who could have influenced the academic opinion, there was a
general tendency to consider mathematics rather in her role of a handmaiden of the
sciences, than that of the Queen of Science.

In this climate Korteweg started his studies at the Polytechnic School of Delft.
As he was not particularly technically minded, he chose to break off his studies at
the engineering school; not, however, without obtaining a certificate for teaching
mathematics.

The situation in teacher training in Holland, before the wholesale reorganisations
after World War II, requires some explanation. In Holland there were two roads to
a teaching position at one of the nation’s high schools (HBS) or gymnasiums: one
could either obtain the normal degree of doctorandus® at one of the universities, or
one could study individually a particular subject, ranging from the languages to the
sciences, and get a special teaching diploma. The examinations for these subjects
were conducted by a state committee, the diploma was called the middelbare acte
(MO-acte) (secondary certificate), and the subject and level was indicated by a code
in letters and numbers. The first secondary certificate for mathematics was the MO-
KI acte and the second and higher one the MO-KV acte.

With this KV diploma in his pocket, Korteweg found a teaching position, and
from 1869 until 1881 he taught at high schools in Tilburg and Breda, towns in the
southern part of the Netherlands. In the meantime he prepared himself for the aca-
demic entrance examination, in order to study mathematics at a university. In quick
succession he passed the entrance examination in 1876, the candidate’s examination
in 1877 at Utrecht and the doctoral examination in 1878 at Amsterdam, and without
loss of time he defended in that same year his dissertation, On the speed of propa-
gation of waves in elastic tubes; the doctorate was awarded ‘cum laude’. At the age
of thirty he was the first doctor of the young university of Amsterdam. His Ph.D.
adviser was the physicist J.D. van der Waals. Three years later, in the same year

“4Literally ‘a person who should become a doctor’; a prerequisite for being admitted as a candidate
for a doctorate.
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that Brouwer his student-to-be was born, Korteweg was appointed a full professor
in Amsterdam, holding the chair of mathematics, mechanics and astronomy from
1881 until 1913. From 1913 to 1918 he was an extraordinary professor.

Korteweg’s mathematical production was impressive and wide-ranging, he pub-
lished on such topics as theoretical mechanics, thermodynamics, the theory of vot-
ing, algebra, geometry, theory of oscillations, electricity, acoustics, kinetic theory
of gases, hydrodynamics, astronomy, probability theory, actuarial science, philoso-
phy, ... He was to a large degree the man who dealt with the mathematics behind
the physical theories of his Ph.D. adviser, Van der Waals. Nowadays he is mainly
known for the famous Korteweg—de Vries equation (1895), which he published to-
gether with his Ph.D. student, the mathematics teacher Gustav de Vries.> The equa-
tion describes the propagation of a solitary wave in a rectangular canal. The success
of this equation should, however, not obscure his research on the folding of surfaces
and on the Van der Waals surface.

As the chief editor of the collected works of Christiaan Huygens, (1911-1927) he
combined his mathematical and historical interests; he solved the riddle of Huygens’
sympathetic movement, concerning coupled oscillators.® Korteweg was a noble and
generous man, who played a central role in the national institutions of learning—
the Academy, the Mathematics Society, the Senate of the University of Amsterdam,
and, of course, the faculty of Mathematics and Physics. We will meet his name
again, when we reach Brouwer’s dissertation.

The second person to exert a profound influence on Brouwer’s career was Gerrit
Mannoury (17 May 1867-30 January 1956), a man who had also come to mathe-
matics via the detour of a teacher’s career. Mannoury was the son of a captain of
the merchant navy. He finished high school in Amsterdam in 1885 and obtained his
teacher’s diploma three months after the final high school examination. For com-
parison: the regular study for a teacher’s diploma took 4 years! In 1886 he got an
appointment at an elementary school in Amsterdam, and in 1888 he moved to a pri-
vate educational institution at Noordwijk.” Three years later he obtained a position
at a high school called the Public Business School (Openbare Handelsschool) at
Amsterdam, this position was combined from 1893 until 1902 with an appointment
as a private tutor of the son of Mrs. Henri Tindal (the widow of a newspaper ty-
coon). Between 1902 and 1905 the school society at Bloemendaal (Bloemendaalse
Schoolvereniging) hired him; in 1905 he obtained a position as a teacher in Hel-
mond. Finally, in 1910, he got a position at the high school in Vlissingen, where he
taught bookkeeping, mathematics and economics. He also became the headmaster
of the new evening school for business. On top of all that he worked from 1894
onward as an accountant.

While fully occupied as a teacher, he passed the numerous examinations that
marred the life of many a school master (the so-called acten, discussed earlier). In

5The equation also occurred in the dissertation of De Vries. A recent book of Willink cites evidence
that the role of De Vries was modest, to say the least; cf. Willink (1998).

Ssympatisch uurwerk, Korteweg (1905).

7 Instituut Schreuders.
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Fig. 2.2 Gerrit Mannoury.
[Courtesy, J. Mannoury]

particular he obtained the diplomas for teaching mathematics in secondary schools,
the KI and KV diplomas.

Even before passing these examinations he published original papers in mathe-
matics. His paper Lois cyclomatiques (1898) introduced the new discipline of topol-
ogy in Holland; it was followed by two more papers in the same area.®

The paper treats a generalised form of the Euler—Poincaré formula. Mannoury
proved in this paper a theorem which Van Dantzig has called ‘Mannoury’s duality
theorem’. In Hopf’s words, ‘The theorem expressed by the [indicated] formulas,
which you correctly call ‘Mannoury’s duality theorem’, belongs completely to the
area of modern duality theorems, and the fact that Mannoury knew it in 1897 shows
how far he was ahead of his time. It is a pity indeed, that he did not continue this
work. He was very close to the duality theorems of Alexander’.”

At roughly the same time he familiarised himself with the new symbolic meth-
ods of Giuseppe Peano.!” The latter had introduced a symbolic language for math-
ematics. From 1888 onwards, Peano had studied and advertised a formalism that
is fairly close to our present-day logical notation. Although Frege preceded him by
almost a decade, Peano’s notation was a great improvement in terms of readability.
Peano’s best-known publication of the symbolic language was his Formulaire de
mathématiques (1898), and he went so far as to publish his result on the solution of
differential equations in the symbolic notation. Brouwer later somewhat scathingly
remarked that Peano’s paper was not read until someone translated it back into com-
mon language! Mannoury quickly saw the theoretical value of Peano’s language, but
he was sensible enough not to write his own papers in Peano’s formalism. Thus, cu-
riously enough, this schoolmaster without a formal mathematical training not only
introduced topology in the Netherlands, but also symbolic logic.

He enrolled at the University of Amsterdam to study mathematics; unfortunately,
in view of his daily teaching duties, he could not attend the lectures, so the study
was far from simple.

8Mannoury (1898a, 1898b, 1900).
van Dantzig (1957), p. 7.
10peano (1895).
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Korteweg, who recognised Mannoury’s ability, gave him for some time pri-
vate tutorials at home, on Sundays, and allowed him the use of his private library.
Nonetheless, the limits of the combination of working and studying were reached
before long; Mannoury gave up and never got a formal degree in mathematics. In
view of his exceptional performance as a free-lance mathematician, Korteweg tried
to further Mannoury’s career. As a result he was appointed in 1903 privaat docent
in the logical foundations of mathematics at the University of Amsterdam. !

The formal appointment to any of the positions of privaatdocent, lector (lecturer)
or professor, required the appointee to give a public inaugural lecture. This was a
formal occasion, attended by members of the senate in gown and cap. Mannoury
presented his inaugural lecture with the title The Significance of Mathematical Logic
for Philosophy, on 21 January 1903.

Brouwer has sketched the decisive role of Mannoury in his life, in the formal
address, delivered at the occasion of the awarding of an honorary doctorate in 1946
to Mannoury:'?

As happens so often, I began my academic studies as it were with a leap in
the dark. After two or three years, however full of admiration for my teachers,
I still could see the figure of the mathematician only as a servant of natural
science or as a collector of truths:—truths fascinating by their immovabil-
ity, but horrifying by their lifelessness, like stones from barren mountains of
disconsolate infinity. And as far as I could see there was room in the math-
ematical field for talent and devotion, but not for vocation and inspiration.
Filled with impatient desire for insight into the essence of the branch of work
of my choice, and wanting to decide whether to stay or go, I began to attend
the meetings of the Amsterdam Mathematical Society. There I saw a man ap-
parently not much older than myself, who after lectures of the most diverse
character debated with unselfconscious mastery and well-nigh playful repar-
tee, sometimes elucidating the subject concerned in such a special way of his
own, that straight away I was captivated. I had the sensation that, for his math-
ematical thinking, this man had access to sources still concealed to me, or had
a deeper consciousness of the significance of mathematical thought than the
majority of mathematicians. At first I only met him casually, but I at least knew
his tuneful name, which guided me to some papers he had recently published
in the Nieuw Archief voor Wiskunde, entitled Lois cyclomatiques, Sphéres de
seconde espece and Surface-images. They had the same easy and sparkling
style which was characteristic of his speech, and, when I had succeeded, not
without difficulty, in understanding them, an unknown mood of joyful satis-
faction possessed me, gradually passing into the realisation that mathematics
had acquired a new character for me. For the undertone of Mannoury’s argu-
ment had not whispered: ‘Behold, some new acquisitions for our museum of

" The position of privaat docent, similar to Privatdozent in Germany, brought the bearer of the
title a nominal fee. Its main attraction was that it enabled one to keep a foothold in academic life,
in the hope of a promotion.

2Brouwer (1946).
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immovable truths’, but something like this: ‘Look what I have built for you out
of the structural elements of our thinking.—These are the harmonies I desired
to realise. Surely they merit that desire?—This is the scheme of construc-
tion which guided me.—Behold the harmonies, neither desired nor surmised,
which after the completion surprised and delighted me.—Behold the visions
which the completed edifice suggests to us, whose realisation may perhaps be
attained by you or me one day.’

2.2 First Research, Four-Dimensional Geometry

Brouwer’s relation to mathematics remained ambiguous for a number of years, only
when the success of his work in topology blocked his retreat, did he definitely resign
himself to a mathematician’s life. As the laudation at Mannoury’s honorary doctor-
ate tells us, mathematics initially did not at all fulfil his expectations, mathematics
as a clinical, sterile subject consisting of theorems and exercises did not in the least
appeal to him.

At any rate, he decided to make the best of it; he had joined NEWTON, the
club where students and their professors freely mixed. In 1899 he also became a
member of the venerable Wiskundig Genootschap, the national mathematical soci-
ety, founded in 1778, in the era of Progress and Enlightenment. Like all the ven-
erable institutions of the Enlightenment the society had a motto: Een onvermoeide
arbeid komt alles te boven (Labor omnia vincit, An untiring labour overcomes ev-
erything). The Mathematical Society, usually referred to as WG, traditionally met on
the last Saturday of the month somewhere in Amsterdam. It was at these meetings
that Brouwer fell under the spell of Mannoury, and it was there that he got to know
the leading personalities in Dutch mathematics, if not personally then at least by
sight. In spite of his earnest quest for the true living mathematics, he could not easily
shake off his doubts. Nonetheless, he could not renounce his talent for mathemat-
ics. Even before his final examinations he had done original research in geometry.
Wiessing reports that Brouwer gave a talk at a meeting of the science club NEW-
TON of the Student Corps:'? ‘only eighteen years old, he presented to the company
at a meeting attended by Professor Korteweg, some theorems of four-dimensional
geometry, found by him. Korteweg was completely confounded: “I don’t know what
to think of it”, the professor said reflecting, “it is a great and ingenious discovery, or
it is a mystification!””’

The content of Brouwer’s talk unfortunately is unknown, but it is fairly certain
that it contained the germs of three papers that were submitted to the Dutch Royal
Academy by Korteweg:'*

e On a decomposition of a continuous motion about a fixed point O of Sy into two
continuous motions about O of S3’s,

Bwiessing (1960), p. 142.
14Communicated respectively at the meetings of 27 February 1904, 23 April 1904, 23 April 1904
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Fig. 2.3 Brouwer (standing, left) at a dinner of a fraternity, probably NEWTON. The bald man on
the right is Korteweg. [Brouwer archive]

e On symmetric transformations of S4 in connection with S, and S,
o Algebraic deduction of the decomposability of the continuous motion about a
fixed point of Sy into those of two S3’s.

The above papers, and a considerable number of his later papers, were published
in the Proceedings of the Royal Dutch Academy of Sciences. Most of these papers
were in fact published twice, one version in Dutch and one in English or German.
There were actually two series of publications, the Verslagen van de Koninklijke
Nederlandse Akademie van Wetenschappen and the Proceedings of the Koninklijke
Nederlandse Akademie van Wetenschappen. Names have changed since then; when
Brouwer started submitting his papers, the Academy was called the Koninklijke
Akademie van Wetenschappen te Amsterdam (Royal Academy of Sciences at Ams-
terdam), during World War II the name was changed to Nederlandse Akademie van
Wetenschappen and after the war a synthesis was arrived at: the Koninklijke Neder-
landse Akademie van Wetenschappen. The institution itself was founded by the first
King of Holland, Louis Napoleon, the brother of the Emperor Napoleon. At that
time there were already a number of ‘learned societies’, such as the Dutch Society
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for the Sciences (Hollandse Maatschappij van Wetenschappen), the Utrecht Provin-
cial Society (Provinciaal Utrechts Genootschap). These local academies were the
fruits of the Enlightenment; they provided a platform for the scientific and commer-
cial upper class of the Dutch Republic. When Louis Napoleon proposed to transform
one of the existing societies into the national academy, he was met with protest and
refusal, so he founded his own academy—which was considered an upstart by the
older establishments. Eventually the Royal Academy superseded the local learned
societies, the latter having remained to this day modest centres of the sciences and
arts.

Before Brouwer was elected a member of the Academy, most of his papers were
submitted by Korteweg, who, as a member, was entitled to present papers for publi-
cation in the Proceedings and the Verslagen.

The first of Brouwer’s papers, mentioned above, was a treatise on rotations in
four-dimensional Euclidean space. He showed by geometric means that a rotation
in four-dimensional space can be obtained as the product of two rotations in three-
dimensional space.

Freudenthal, in his discussion of the paper,'> pointed out that the simplest way
to treat the above transformations, is by means of quaternions. Brouwer first gave
a geometrical proof and subsequently an algebraic one. Possibly Brouwer was not
well versed in the geometrical applications of quaternions; whatever the reason may
have been, he had opted for a laborious direct proof by geometric means. '

These very first mathematical publications made Brouwer, unwittingly, an actor
in a priority controversy. It was his first experience of that kind, but, alas, not the
last one. The topic of Brouwer’s paper—a study of the orthogonal transformation
group of a four-dimensional Euclidean space, had been the subject of investigations
of a German mathematician, E. Jahnke,!” a man of some weight, with a sizeable
publication record.

Jahnke had spotted Brouwer’s paper in the Proceedings almost immediately af-
ter its appearance; he wrote a rather condescending letter to Korteweg (15 March
1904) and magnanimously (and correctly!) assumed that Brouwer was unaware of
Jahnke’s publications on the subject, which, he said, already contained the results of
Brouwer’s paper. He acknowledged that Brouwer had obtained his results by new
means, but he expressed his expectation that ‘the author would use the opportunity
to acknowledge in a short note in the same journal and if possible in the next issue
my priority for the mentioned results’.

A letter from a man who had earned a reputation in applied mathematics, who
was an editor of the Archiv der Mathematik und Physik, might have daunted a lesser
spirit than Brouwer, but this young man was not to be silenced so easily. When

BCW I, p. 22.

16Brouwer’s theorem in modern formulation reads SO4 = SU» x SU> /£ (1, 1). Another geometric
proof is in Klein (1890), and a similar theorem can be found in Cartan (1914).

17 At that moment Oberlehrer at the Friedrich—Werderschen Oberreal Schule and a Privat Dozent
at the Technische Hochschule Berlin.
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Korteweg duly informed Brouwer of the claims of Jahnke, Brouwer carefully stud-
ied Jahnke’s papers and concluded that he had in no way invaded Jahnke’s priority
rights. He wrote a cool, polite, but unmistakably provocative letter:'8

From your letter, kindly transmitted to me by Professor Korteweg, and the
enclosed papers, I see that my treatise interests you, and that earlier investiga-
tions of yours are connected with it.

Brouwer went on to explain in some detail to Jahnke the contents of Jahnke’s and
his own papers:

The reading of your papers suggested the following remarks, which will
certainly be plausible to you.'”

And after spelling out the geometrical meaning of Jahnke’s method (or rather,
the lack of it) and of his own method, 20 he closed with:

Thus I hope to have shown that our papers under discussion have nothing
in common, but that your final result is a by-product of my principle.

Considering the provocation, Jahnke’s reaction was rather mild; he demanded
from Korteweg the publication in the Proceedings of a rejoinder from his hand.
The latter had more faith in his own pupil’s insight than in that of his German col-
league; he promised Jahnke a note in the Proceedings, while at the same time asking
Brouwer to write an exposition of the matter for the Proceedings. Jahnke’s note?!
shows that he had still not grasped the geometrical meaning of the decomposition
that Brouwer had obtained, but the affair ended quietly with Brouwer’s algebraic
derivation of the results.

Among Brouwer’s papers there are some notes that comment on Jahnke’s papers
in a rather cutting way, he compared him to a man ‘who has stumbled around with-
out detecting anything but small traces, and who now sees that the thing itself has
been found and that his traces have lost their value. Hence his hasty and anxious
letter.” He went on:

— A discovers that somewhere everything behaves just as in a magnetic
field, and he even discovers that this field is remarkably simple. B finds the
magnet and a very simple one at that; and says ‘the matter is so and so’. Now
A would not raise a priority claim against B, would he? At best one can say
that Jahnke’s researches suggested that there were two R3’s. [ have indicated
those R3’s (and not bothered with their properties, which Jahnke presents in
full).

18Brouwer to Jahnke, 20 March 1904.

9The contents of the letter are incorporated in Brouwer (1904).
20See Freudenthal’s commentary, CW II, p. 22 ff.

21 Jahnke (1904).
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— I would say: if a man finally deduces by means of boring observations,
which rest on, and are combinations of, equally boring observations of a pre-
decessor (Caspary)??> remarkably simple results from all those complicated
things, and finally somebody comes along and says that no complicated things
are going on, but that something very simple is the matter, then he is ashamed
and he withdraws himself. At least he does not raise a priority claim.

— When Newton found the law of attraction, and deduced the laws of Kepler
from it, Kepler would not have wanted to diddle the credit from him.

In spite of all his self-assurance, the fledgling scientist showed the hesitance that
every beginner has experienced: Brouwer asked Korteweg how to send out his
preprints;>> he did not know how to find the addresses of mathematicians he only
knew by name. ‘And furthermore, can I send a copy to people like Klein and
Veronese? Or would that be presumptuous without an introduction?’

Brouwer was enrolled for almost 7 years, not exceptionally long in those days,
but nonetheless too long for such a promising student. So, what kept Brouwer so
long at the university? The blame cannot be put on the fraternities, for after his first
year Brouwer scarcely frequented them. The cause was rather the military service;
according to his own statement>* his studies were interrupted for a good two years.
We have already seen how Brouwer was drafted (cf. p. 20), and his dislike of the
experience. Indeed, his physical and mental health was seriously put at risk. The
military service put so much stress on him that at times he felt utterly desperate.

The actual time spent in the army did not exceed eight months, but each bout of
military training apparently upset Brouwer so much that the recovery required time.
The sensitive young man must have experienced military service as a kind of hell;
it was not that he could not, or would not, cope with the physical hardships, as we
have seen he had always enjoyed a good dose of rough soccer, and long marches did
not tire him. It was rather the company that fed his distaste for the army. Even years
later, during the First World War he recalled his national service with a shudder:

My past service-time with the infantry is the darkest page of my life; from
my equals I got little more than hatred, from my superiors little more than
teasing and opposition; I repeatedly failed the examination for subaltern, and
the consequence has been that after my military service for one and a half year
I had a nervous disorder, and was not able to work; I recovered from it only
very slowly.??

This letter, combined with the information of the Brouwer—Scheltema correspon-
dence, confirms the picture of Brouwer as a man extremely susceptible to stress.
The antique military establishment, not exactly known for its rationality or open-
mindedness, clearly was not the environment to cherish an unorthodox—and proba-

22Caspary (1883).

23Brouwer to Korteweg, 14 May 1904.
24Brouwer to Scheltema, 15 November 1903.
25 Draft of a letter to Lorentz 16 February 1918.
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bly contrary, character like Brouwer. The result was a prolonged physical and men-
tal breakdown. Only in November 1903 did Brouwer get into the rthythm again. He
wrote to his friend Scheltema:

Of course you have excused me for remaining silent for so long. I have
been busy; returning to my subject after two years of absence required some
dedication, in particular where any love for that subject was missing. By now
I have gradually succeeded, and I row with long strokes towards my doctoral
examination. My work is done without illusions, but with a feeling of cheer-
fulness on account of the activity itself.

Once he had resumed his study, the subject matter offered no problems. One
guesses that his publications on four-dimensional geometry could not have failed to
impress his examiners. The doctorandus-diploma was awarded on 16 June 1904, (cf.
p. 33), and—as a mark of excellence, with the predicate ‘cum laude’! The diploma
was signed by A.J. van Pesch and D.J. Korteweg.

It did not take Brouwer long to make up his mind on the matter to his future
activity. He soon informed Scheltema of his plans to start to work on a dissertation.?
He planned to absent himself for some time, perhaps for a longer period, in order to

recover the clear relations, in which I have to position myself vis a vis the
various persons and institutions within my narrow social horizon, in order not
to be distracted from the cultivation of my power and the development of my
clairvoyance in the service of God.

Although the scales were by now definitely tipped in favour of mathematics,
philosophy was still prominent in his mind:

Next winter I will be either in Blaricum—where a cottage®’ is being built
for me—working at a philosophical creed, that will be the prologue of my
work—or in London, in the great British Library for my dissertation: ‘The
value of Mathematics’ with the motto Ouvdeic dyeopetpikoc eloitw.?®

I thank you for your well-meaning admonition to me at the gate of the
paradise of freedom. Did I wish a kingdom on earth, then it would perhaps be
good to wall in myself in mathematics, and to have me crowned like a pope in
the Vatican, a prisoner on his throne. But I desire a kingship in better regions,
where not the goal, but the motive of the heart is the primary thing.

2.3 Marriage

This exalted message was followed, only six days later, by a letter that contained a
short but weighty message:

26Brouwer to Scheltema, 4 J uly 1904.
?7See p. 59. This cottage was referred to as ‘the hut’.
281 et nobody enter without the knowledge of geometry (Plato).
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Carel, my friend, in my life a thaw has set in. I have exchanged marriage
vows with Mrs. R.B.F.E. de Holl. Greetings and hail to you, comrade

Your Bertus

Whereas from our modern point of view there is no reason why a student who has
only just finished his final examinations should not get married if he or she wishes
to do so, in the old days marriage was not an affair to be rushed into. Prudence and
tradition required a couple to save a substantial sum, and for the bride to collect
a complete trousseau, before one could even contemplate matrimony. Middle class
morality, in particular, was quite strict and specific in matters of engagement, mar-
riage, children, etc. Handbooks of etiquette spelt out all the rules to a nicety; the
number of sheets, teaspoons, ... was precisely indicated.

The fact that less than a year ago Brouwer still viewed himself as the eldest
son, destined to remain without offspring, either shows that nature is stronger than
theory, or that in Brouwer’s view marriage did not necessarily entail procreation. It
may be remarked here that the marriage remained childless, so the prophecy was
fulfilled in spite of the marriage.

There are only hints in the correspondence of Brouwer and Scheltema concern-
ing the other sex. In view of the long-standing tradition of fraternities to introduce
students to all aspects of life, including those of the flesh, it is not unlikely that ei-
ther Scheltema himself, or one of the other members of his fraternity companions,
took Bertus’ practical education in hand. A visit to one of the traditional establish-
ments may not have been an obligatory part of fraternity life, but it was not actually
frowned upon.

References to females are scant in the Brouwer—Scheltema correspondence. At
the time of his depression in 1902, Brouwer wrote to his friend, after discussing
Carel’s recent volume of poetry, Of sun and summer, that ‘there is a richer soul in
your poetry, than in that of our modern poets’. These words were followed by an
urgent and heartfelt counsel:

... Now, yet, a woman for you, Carel, you will not reach your destination
before that; she will open up so much with her magic wand, I felt that again
only just now thinking back to last year. I, too, feel homesick for the arms of
a woman and a kiss. I would, even a month ago, never have thought that this
could haunt me so much. Yes, it is really easily said that a man should live
with his reason; a burden of thousands of years sits in mind and body, which
compellingly shows him what to strive for, how he has to be.?

Scheltema calmly replied that women had no place in his life as an artist:

... you forget that I love my own art above all and that my life with it, and my
fighting against it, is the life with, and the fight against, the powerful muse—
the most cruel of all women. [...] And the muse does not tolerate any love but
the love of friendship—and in that I am rich enough!

29Brouwer to Scheltema, 11 June 1902.
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Fig. 2.4 Lize, before her
marriage to Brouwer, in the
garden of the pharmacy.
[Brouwer archive]

In the same letter he turned the table on Bertus and called on him to find a woman:

—be it either to the act of pairing that gloriously relieves me like a bath—
or the love of her, of whom you had often spoken, and who will certainly
want you back. Maybe she will now be able to help you better than anybody
else!—But in this case don’t act without Huet or your present doctor. . .>°

Scheltema apparently referred here to some earlier relation of Brouwer, which
might be hinted at in the letter of 5 December 1901: ‘In order to quell a growing
tragedy, I have to get away from here.’

Brouwer’s wife-to-be was Reinharda Bernardina Frederica Elizabeth de Holl
(Lize) born on 5 August 1870, eleven years Brouwer’s senior. She was the daughter
of Eelbartha Johanna Jacoba de Holl-Sasse, widow of Jan de Holl. The latter was
a medical doctor, who had his practice on the Overtoom in Amsterdam. He died
young and left his widow with 7 children. He also left her the pharmacy which he
had run together with the medical practice. Mrs. De Holl had decided to keep the
pharmacy; according to the regulations she had to hire someone with the proper
qualifications in order to guarantee the required expertise.

Lize had married Hendrik Frederik Peijpers, a former army doctor and, inciden-
tally, a full cousin of hers, when she was still a young girl. Peijpers was sixteen years

30Scheltema to Brouwer, 12 June 1902.
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her senior; he had first been working in the pharmacy for his aunt, the widow De
Holl, with whom he was lodged. The marriage was far from happy, Peijpers did not
want any children, and did not hesitate to carry out an abortion if and when Lize be-
came pregnant. When she was once more pregnant, Lize managed to circumvent her
husband’s intervention, and the child, Anna Louise Elisabeth, was born on 26 March
1893. Soon after that Lize got a divorce and in the meantime she and Louise had
moved in with her mother. It should be kept in mind that in those days a divorced
woman with a child was in an extremely uncomfortable position. Her social status
was far from enviable.

There are no elaborate accounts of Brouwer’s courtship,’! but the following
story, as told by Louise, is undoubtedly authentic.

Bertus had renewed his friendship with a girl he knew from Medemblik, the ear-
lier mentioned Dina Pels.3? Dina, who was somewhat older than Bertus had found
herself a place in the pharmacy of the widow De Holl, where she combined a full-
time job with a training as pharmacy assistant.

The two made long walks and exchanged their experiences (a salient detail, re-
ported by Louise, is that Bertus insisted on carrying Dina’s purse, to return it safely
at the end of the walk). Dina told about the proprietor of the pharmacy, the widow
De Holl, and the routine at the shop. She also mentioned that a young divorced
daughter with her child lived with Mrs. De Holl. Bertus’ interest in the daughter and
the pharmacy was soon aroused, and he devised a plan of action in the best roman-
tic tradition: he climbed onto a roof in the neighbourhood of the pharmacy at the
Overtoom,>? in order to watch the object of his curiosity. The inspection must have
led to a favourable conclusion, for a meeting was arranged, and on 10 July 1902
the two met. What Lize thought of this curious student is not known. It is reported
that she had her doubts about the wisdom of marrying a man eleven years younger
than herself. Brouwer, anyway, did not hesitate long. He marshalled all his charm
and power of persuasion to win the heart and hand of the young divorcee, whom he
often and fondly praised for her Memlinck®* face. The campaign was successful. In
spite of the negative advice of some of her friends, Lize accepted Brouwer’s pro-
posal. The two formed a striking couple, Bertus, over 1.87 meter tall, towered over
Lize, who measured no more than one-meter-fifty. Two years later the marriage took
place, two months after Brouwer’s doctoral examination, on 31 August 1904—the
birthday of Queen Wilhelmina (koninginnedag).

And so Dina Pels played a brief but decisive role in Brouwer’s life. She later
married a medical doctor in Alkmaar by the name of Formijne. She died at the age
of fifty. Brouwer kept up the relationship with the Pels family—among the congrat-
ulations on the fortieth anniversary of his doctorate in 1947 there was a letter from

31'Most of the information on the courtship and the marriage is from oral communications of Louise
Peijpers. Confirmation of the information on Dina Pelswas provided by Mrs. J. Schout-de Waal.

2See p. 6.
331n other accounts of the same events the roof is replaced by a tree.

34Fifteenth century Flemish painter.
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a member of the family. In 1953, on his tour of the United States Brouwer visited
one of the Pels relatives, who had emigrated to the States. It may be stressed that
Brouwer had a very strong loyalty to his friends and relatives; there are numerous
testimonials to this fact. He always enjoyed a quick visit to those whom he had ad-
mitted in his personal circle, irrespective of status or gender. On the other hand he
had no patience with potential bores; his motto was ‘if you won’t have anything to
do with someone, pick a fight right away—it saves a lot of time’.

The marriage was a simple affair. Bride and groom took a streetcar to the city hall
of Amsterdam, where the civil wedding took place. Both brothers Lex and Aldert
had, on this special occasion, accompanied Bertus to the house of the bride; the
three of them played leap-frog on the way.

At the dinner, which followed after the official part of the wedding, the uncle
of the bride, Reverent De Holl, held a diatribe on the topic of the marriage of two
students—one of them, moreover, the mother of a child!—who did not have a penny,
and who had nonetheless commissioned the building of a house for themselves,
unscrupulously borrowing money!®> The twelve year old Louise quietly snatched
some dainty morsels from the table and stole away. In her memory the atmosphere
at the dinner was stifling.

Scheltema, who in some way took part in the wedding, spoke bitterly of the
occasion:

I have not understood anything of your wedding and in particular of the
embarrassing ceremony, and the, for me insulting, invitation of Poutsma3®
and the whole collection of people, one and all, that I found disgusting! Really
Bertus, that day was a great sacrifice for me! I have made it without demurring
because you insisted, and seemed to have your reasons. . .

After the marriage the young couple moved into the rooms over the pharmacy at
the Overtoom, waiting for the completion of their Blaricum cottage.

The daily routines of the couple were not much changed by the marriage.
Brouwer had started to work on his dissertation, and Lize was fully occupied as
a pharmacy student. Mrs. de Holl had, as we said before, no licence to run the phar-
macy. Therefore she had to hire a licensed pharmacist to run the professional part of
the shop, although the management remained in her hands. Since the salary of such
a provisor (as he or she was called) presented a serious drain on the finances of the
pharmacy and the family—not to mention the space problems when a provisor hap-
pened to live in—Mrs. de Holl had considered the possibility of preparing Lize for
the supervision of the pharmacy, with the intention of eventually letting her take it
over. As aresult Lize had enrolled as a student in the University of Amsterdam, and
diligently studied pharmacy. Roughly a year later the pharmacy did indeed change
hands and became the property of the young couple, cf. p. 194.

33Cf. the letter from Brouwer to Scheltema, 4 July 1904,

36Presumably this was one of the uncles, a teacher at the Barlaeus Gymnasium.
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2.4 Bolland’s Philosophy Course

Brouwer, clearly, was of two minds about his future scientific career; as we have
seen above, he had not yet made a definite choice between mathematics and philos-
ophy. If the text of his profession of faith had not been preserved, this would have
come as a complete surprise, for there was at that time no other visible sign of inter-
est in, or familiarity with, philosophy. The letter of the fourth of July to Scheltema
underlines that, notwithstanding his early success in mathematics, Brouwer was to-
tally serious about the role of philosophy in his work. This interest in philosophy
explains his involvement in the following short episode, which was of such signif-
icance, that it was the immediate cause of his mystical-philosophical monograph
Life, Art and Mysticism, cf. p. 64.

Philosophy in Holland, around the turn of the century was largely dominated
by G.J.P.J. Bolland, a man with an spectacular career. He was basically a self-taught
philosopher, a fast learner and an even faster user of new knowledge, a powerful pro-
tagonist in every sense of the word. After a colourful but tragic youth, he became a
teacher in the Dutch Indies. Absorbing in a high tempo the philosophy of predom-
inantly German thinkers, he soon developed into a formidable character in Dutch
philosophy. His life looked like one long series of conflicts, most of which were of
his own making. He acquired a certain notoriety by his extreme anti-Catholicism.
In spite of his curious reputation, he was appointed to the chair of philosophy in
Leiden, where he preached the philosophy of Hegel. Bolland was one of those leg-
endary professors who tyrannised his audiences, his students, and probably his col-
leagues as well. He could, at his lectures, request specific members of the audience
(‘that person with the unborn face’) to leave the hall because ‘otherwise I cannot
do my work’.3” Nevertheless, he was a popular and inspiring lecturer, who did not
hesitate to give his opinion on any subject.

His reputation as a forceful and interesting speaker made him much in demand
for courses and talks. In view of Bolland’s success at other universities, the Amster-
dam students decided to invite the great man for a series of lectures. Brouwer joined
the committee, and he soon was the major force behind the invitation.

On 15 January 1904 Brouwer wrote his first letter to Bolland. Even Brouwer
must have felt some awe, for the letter is unusually timid. Bolland’s part of the cor-
respondence has not been preserved, so we can only try to interpolate his reactions.
Apparently he consented to give the lectures, but not without his conditions. From
Brouwer’s third letter’® we gather that only those participants were welcome who
had bought Bolland’s book ‘Pure Reason’.* The letter shows that Brouwer was
seriously worried about the size and the quality of the prospective audience:

A great concentration of ‘serious’ listeners has not been secured. Many
joined at first, who ‘wanted to hear Bolland’ for pleasure, but already the

37In this respect Bolland was not an exception. Cf. Wiessing (1960), p. 241.
33Brouwer to Bolland, 5 March 1904 (Boll. B 1904, 29. Leiden University Library).
3 Zuivere Rede, Bolland (1904).
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condition of the purchase of the books—which was seen, in addition to the
assumption of a considerable advance knowledge, a demand for activity, in-
stead of pleasure—caused the number of prospective participants to dwindle
to some twenty-five.

In spite of these discouraging messages, Bolland agreed to give his course.
Brouwer went so far as to invite Scheltema to Bolland’s lectures, although Bolland
was a notorious anti-socialist. Brouwer told Scheltema that ‘I so often heard the
voice of Dietzgen in his words last night that I have to let you know’.* Scheltema
resolutely declined the invitation: ‘it must be most unpleasant to hear the Hegelian
philosophy from this abominable man’.

The lectures were far from successful, as one can read in the student magazine
Propria Cures. Whereas everywhere else Bolland was greeted by his audiences with
hardly suppressed awe, the Amsterdam students shared no inclination to flatter Bol-
land’s ego. When he made his entree he was met with smothered laughter and gig-
gling. Bolland reacted predictably. He mercilessly attacked his audience—*‘you are
nothing special, and I don’t expect anything from you. ..’

Propria Cures reported the lectures in some detail; the issue of 15 October con-
tained an introduction to the thoughts of the master in tones that echoed some of
Brouwer’s ideas (actually, he may have been the writer, but there is no certainty
about that) including some mocking remarks about science, socialism and females,
followed by a panegyric and a satire.

The lectures continued for some time, but the atmosphere in the lecture hall did
not meet the speaker’s expectations. For one thing, Bolland was used to be treated
with reverence; he did not suffer from modesty, and he considered himself the most
important philosopher in Holland, and so he expected his audience to treat him
accordingly. His handling of disagreeable listeners (and it did not take much to be
considered thus) was crude but effective. If the manners or behaviour of members
of the audience were not to his liking, he could suddenly interrupt his lecture—‘If
those foetuses will not dispatch themselves, I cannot allow myself to continue’, or
words of a similar import.

He characterised his Amsterdam audience in various unflattering ways, and fi-
nally gave up the course, writing that he could only present his ‘Collegium Philo-
sophicum’ to an audience of ‘students’ and not to one of ‘spectators’. The Propria
Cures copy of 16 December 1904 published Bolland’s letter of cancellation, which
(quite correctly) stated that the ‘Collegium philosophicum’ was offered to a circle
of ‘students’, but not as a public performance for a fee, let alone for free. He defi-
nitely refused to lecture for an Amsterdam public that wanted to be amused and that
did not even bother to procure the obligatory book, as they showed by their empty
hands.

The issue of the ‘Bolland Lectures’ continued for some time to occupy the
columns of Propria Cures; a number of comments and reader’s letters were pub-
lished that in turn defended or attacked the great man; there was even some ex-
citement in Roman Catholic circles on the assumption that Bolland had abused the

40Brouwer to Scheltema, 8 October 1904.
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catholic hearers or vice versa. Brouwer also took part in the discussion: he published
a number of notes under the pseudonym Lau van der Zee.*! In his contribution with
the title ‘Grounds of consolation’ he concluded, after a flowery and convoluted com-
mentary on Bolland, that ‘Bolland’s lectures have stopped at the point, where his
path and the paths of his audience who were about to liberate themselves, parted. ..
And thereafter he stayed away, just in time.’

Brouwer’s relationship with Bolland is far from clear. The philosophical tradition
in Holland eventually turned away from, and even against, Bolland. True, there was
a hardy band of faithful followers, who devoted their undivided loyalty to the works
and thoughts of Bolland, but gradually they were outnumbered and eventually for-
gotten.*? Slowly the name ‘Bolland’ became a synonym for ‘weird and unscientific’,
hence the present generation can no longer imagine the spell that Bolland cast over
Holland. But anybody who takes the time to peruse the books of Bolland will find
quite sensible thoughts (next to obscure passages). There is, for instance, a small
monograph, Intuition and Intellect,> which contains quite sensible ideas, next to
unfounded speculations. In particular, it showed that the mathematical layman, Bol-
land, was not as uninformed about mathematics as later commentators suggested.

Comparing Bolland’s and Brouwer’s writings, one can see that they share cer-
tain ideas, but whereas Bolland’s text may be compared to the confused sounds
of an orchestra that is tuning, Brouwer’s philosophy is the crystal clear music of
a transparent symphony. At some point, Brouwer studied Bolland’s writings, to-
gether with P.C.E. Meerum-Terwogt, a contemporary of Brouwer, who had become
a Bolland follower. He also visited the master personally.** There is no doubt that
Bolland acted as a catalyst for the young Brouwer, but once the latter had become
a philosopher in his own right, with his own programme, Bolland was no longer of
any influence.

Nowadays there is little appreciation for Bolland’s philosophical views, but dur-
ing his life he exercised a considerable influence on his followers and adversaries.
Almost all Dutch philosophical publications in the beginning of the century in one
way or another paid a tribute to the recognised master and tyrant of philosophy.

This short episode is of some importance, as it shows that Brouwer was actively
involved in matters of philosophy. He did not just want to dabble in philosophy,
but wished to pay serious attention to the developments in that field. Already in his
short observations in the student magazines one can discern his own private views
on the basic issues of (in particular) moral philosophy. In the Propria Cures issue
of 19 November 1904 Brouwer published under the name Lau van der Zee, a short

410ne of the lodgers of the Brouwer family went by the name of Lau van der Zee, cf. p. 8. In
the Brouwer archive there is a manuscript in Brouwer’s handwriting, signed by Lau van der Zee
and subsequently published in Propria Cures. So the identity of this ‘Lau van der Zee’ is well
authenticated.

42The reader may find more about Bolland in a recent biography (Otterspeer 1995) (Dutch).
43Bolland (1897).

4 Communicated by Mrs. N. Kapteyn-Meerum-Terwogt, the daughter of the above mentioned
Meerum-Terwogt. No details of the conversation between Bolland and Brouwer are known.
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note On Morality (Excerpt). This note is almost a short preview of Brouwer’s later
lecture series Life, Art and Mysticism.

The main theme is the loss of the original innocence—‘In passivity the world
is a garden of marvel and joy and silence. There is no separation, no reality and
one wants nothing.” The loss of this primordial equilibrium, in Brouwer’s view, is
caused by man’s concentration on certain phenomena, the active directing of atten-
tion. ‘The source of All is lost, one has been born.” Brouwer then goes on to indicate
the modes of liberation, that is means to regain paradise. These modes are, strangely
enough, distinct for man and woman. ‘Moral’ is to be found in the quest for the lost
primordial state. It is remarkable to note that the female road to liberation is rather
negative compared to the male one. This short note can, like the profession of faith,
be seen as an overture to the mystical-moralistic book of 1905.

2.5 Among the Artists and Vegetarians

The year 1904 was an eventful one. Not only was it the year of the doctoral ex-
amination and the marriage, but also the year of Brouwer’s settling in Blaricum,
a small town (village) not too far from Amsterdam. The Brouwer—Scheltema cor-
respondence contains a number of glowing references to Blaricum and its general
surroundings. Brouwer evidently was infatuated with Blaricum, and in order to ap-
preciate this phenomenon, we have to take a closer look at the town and the sur-
rounding area.

Blaricum had been a desperately poor village populated by farmers and shep-
herds. Its soil was sandy and could not be expected to yield more than a scant crop.

At the end of the nineteenth century things started to change, the more affluent
citizens of Amsterdam had discovered the charms of country life in an area where
prices were still reasonable, and where the air was clear and healthy: the commuter
had been born. At the same time het Gooi, a geographic unity, comprising Laren,
Blaricum, Bussum, Huizen etc. attracted a number of artists. Somewhere in the
eighteen-seventies the painter Jozef Israéls discovered the picturesque charms of
Laren; in his wake more artists followed, Johannes Albert Neuhuys settled in Laren
in 1883, and in 1886 he was joined by the painter Anton Mauve. The latter became
famous for his paintings of the landscapes of Het Gooi, the flocks of sheep with
their shepherd, the heath, and the small farmhouses and huts of the local population.
He was so much identified with ‘t Gooi that one spoke of ‘the land of Mauve’.

Gradually Laren and the neighbouring Blaricum became a well-known centre for
painters; the list of resident painters of whom some had a more than local fame con-
tains too many names to include them all. We must be content to mention a few:
Jacob Kever, Frans Langeveld, Wally Moes, Jan Veth (who was an author as well),
F. Hart Nibbrig, Arina Hugenholtz, Evert Pieters, F. Oldenvelt, Willem Dooijew-
aard, William Singer, Herman Heijenbrock. In the world of painting, Laren became
known for its Laren School (Larense School). A special role in the history of Het
Gooi was played by William Singer, the son of the American steel giant William
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Singer from Pittsburgh. He had chosen to become an artist and to forego his rights
as a successor to his father’s steel industry. After some wandering through Europe,
he alternatingly lived in Laren-Blaricum and in Norway. In Blaricum a magnificent
house was built for him, which later became the town hall. After the Second World
War, the widow of William Singer donated the funds for the founding of a memorial
foundation and for the Singer Museum, which now attracts art lovers to Laren.

Art was vigorously promoted in Laren by the enterprising hotel keeper, Jan Ham-
dorff. No account of Laren would be complete without the mention of this enter-
prising individual, who governed the local art world as a benevolent autocrat, with
a keen eye for the interest of his artists and of himself.

Much later Mondriaan and Van der Leck worked for some time in Laren. Laren
and Blaricum not only attracted the adherents of the visual arts, but also considerable
numbers of the Dutch literary society spent a part of their life in the idyllic villages
and in the neighbouring towns. The poet Herman Gorter, the authors P.L. Tak, Frans
Coenen, Victor van Vriesland, Carry van Bruggen, the couple Henriette and Richard
Roland Holst lived in Het Gooi, and last but not least the famous, but somewhat
controversial author, psychiatrist, philosopher, philanthropist Frederik van Eeden.
We will meet the latter again in connection with the so-called ‘significs’.

At roughly the same time there was an invasion of a totally different kind: the ad-
vance of the communes and of the health fanatics. A number of these communities,
usually called colonies,* founded on idealistic, mostly socialistic and/or religious
bases, have made history; they have influenced life in het Gooi to no small degree,
although nowadays they are considered just a curiosity in the local history of the
region.

The best-known colony, was Walden, founded by the above mentioned Frederik
van Eeden (1860-1932). Van Eeden was well-known, and not only in the Nether-
lands; he had studied medicine and through his own efforts he had become the first
psychiatrist in Holland. He was a sensitive man, the author of a number of books,
dramas, and poems, with a keen social conscience, rejecting, however, Marxism as
an acceptable basis.*® His colony was named after Walden Pond in Concord, Mas-
sachusetts, where Thoreau carried out his famous experiment. Thoreau’s book had
fired Van Eeden’s socio-romantic imagination. In 1898 he bought some land in Bus-
sum from an ex-patient, and started to master the practical and theoretical problems
of running a colony.

Following Henry Thoreau, he had a cottage built for himself, followed by a num-
ber of cottages for members of the colony. In 1899 Walden opened its doors. It
attracted a mixed group of people, consisting of a number of disciples and patients
of Van Eeden and some farmers. Walden suffered from the usual defects; idealism
and love of mankind are no substitutes for organisation and leadership. Van Ee-
den, who was often absent, was not cut out to be the practical leader of a group
of colonists. The enterprise was a financial disaster, in particular for Van Eeden. In
1904 the colony, as an official institution, ceased to exist.

Skolonies. Cf. Boersen (1987), Heyting (1994).
46There is a two-volume biography of Van Eeden (in Dutch) by Fontijn, cf. Fontijn (1990, 1996).
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The project had, however, caught the imagination of the Dutch people. Walden
became something like a catch word; socialists and communists condemned the idea
on principle, and ethical idealists treasured its memory—much as the true romantic
adores ruins.

The second movement was centred around another charismatic personality—
Professor Jacobus van Rees. Van Rees was the son of a social-liberal historian,
Professor Otto van Rees, and the father of the painter Otto van Rees. Inspired by
Tolstoi, he became a religious-anarchist, active in the fight against military service,
the killing of animals, alcohol and tobacco. In 1899 he helped to found the colony
of the International Brotherhood in Blaricum. The colony was an agriculture enter-
prise, which functioned for a brief period. A lack of expertise, discipline, and the
barren soil eventually finished off the colony.

The original inhabitants of Blaricum and Laren were not altogether pleased with
the presence of what they called ‘reds’ and ‘grass eaters’ (plantenvreters). The
colonists dressed and behaved in objectionable ways, and they were, in the eyes of
the hard-working indigenous population, lazy and ignorant. Nonetheless, there was
a good deal of tolerance, after all, the communes brought the shopkeepers business.
Violence only erupted during the big railway strike in 1903, when it was rumoured
that the colony people would stop the steam train (Gooische Stoomtram), the con-
nection of het Gooi with Amsterdam.

The adherence to the fundamental Christian-anarchist principles of the ‘Interna-
tional Brotherhood’ gradually eroded, and even more so after a number of Friesian
socialist farmers had joined; they clearly wanted to combine socialism with suc-
cessful farming—‘they needed livestock for dung and they had bought along guns
to shoot the rabbits that ate the cauliflower’. Eventually the Brotherhood was dis-
solved in 1911.

Already before that time, Brouwer had bought a strip of land from Professor
Van Rees, situated along the Torenlaan in Blaricum, and it was at this spot that
Brouwer, while still a Ph.D. student, had a hut built. It was designed by his friend
Rudolf Mauve, the son of the painter Anton (see p. 57). At the end of October
1904 the wooden cottage was ready to receive its occupants; it was a charming
construction of a modest size, basically one room plus a kitchen, and a bedroom
upstairs. It had a thatched roof and was situated in a wooded lot. The location exactly
answered Brouwer’s dreams; a secluded spot in the middle of a romantic landscape.
The privacy was later increased by an enclosure of rush-mats.

In the seclusion of his private domain Brouwer enjoyed the pleasures and rites of
a healthy life. He practised a number of traditional health activities, such as vigorous
exercises to improve the circulation of blood and oxygen, open-air baths, mostly in
the nude, sleeping—weather permitting—in the open air, swathed in wet sheets.

The eating habits and the food were subjected to a strict regime. In this respect the
couple were well-matched: Bertus and Lize both practised vegetarianism. Lize was,
as all sources confirm, well-informed about vegetarian diets, traditional herbal cures,
and the like. The marriage of Brouwer certainly could not have been more felicitous
with respect to his lifestyle. Lize was known in the village for her knowledge of
herbs and as a pharmacist she used to prepare bottles of herb cures; even in old age,
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Fig. 2.5 The healthy life in
Blaricum. Brouwer in his
garden. [Brouwer archive]

she could be seen stirring a huge cauldron with a brew of all kinds of herbs. Under
her guidance the pharmacy also dispensed homeopathic medicines.

The more irreverent could not resist the temptation to associate the earnest, tawny
old lady, going about her business of preparing potions of herb drinks, with the dark
images of the old fairy tales.

Bertus had acquired his knowledge of the vegetarian kitchen in a German health
clinic of Doctor Just, in the town Jungborn in the Harz. He had been a long-time
sufferer of complaints of the nose; his father saw this as the cause of his son’s long
drawn out studies, and he ordered the boy to have his nose treated, but after it was
flushed, things became even worse. The doctor proceeded to prescribe him seven
goose eggs, daily, and one and a half pounds of steak, in order to shore up his general
condition. The result was that Bertus felt more sick than before. Finally he went to
Just’s health clinic, where he was introduced to the secrets of diets, vegetarianism,
open air baths, exercises, etc.*” He adhered to the vegetarian diet the rest of his life,
albeit for pragmatic reasons. He was not dogmatic enough to resist the temptation
of an occasional bite of meat or chicken.

Among Brouwer’s papers there are some notes that illustrate the eating habits
of the Brouwers. An undated list, probably from the early years in Blaricum, gives
detailed instruction for the daily diet; there is an enumeration of wild herbs for each
month, for example, ‘April: scurry grass; lady’s smock; wild sorrel; stinging-nettle;
dandelion; plantain; lamb’s lettuce; onions and the like; carrots, lemons, . .. Septem-
ber: acorns; beech-nuts, cabbage-lettuce, cucumbers; endive; onions c.s.; French

470ral communication Louise Peijpers.
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Fig. 2.6 Bertus and Lize in their Blaricum garden. [Brouwer archive]

beans; lemons. . .." The procurement of food products was a matter of serious con-
sideration. The choice of rice, for instance, was not left to chance: ‘brown rice (Van
Sillevolt, rice-huskers, Rotterdam)’. The note gives general rules, based on a list
of very detailed instructions for the choice of fruits and nuts, arranged per day for
the various seasons. In combination with Brouwer’s adherence to vegetarianism, the
items give some insight into his daily routine. The self-chosen Spartan lifestyle is
illustrated by the following rules:

— In case of momentary fainting one takes according to one’s need a juicy
fruit, or milk, or milk and bread.

— No more departures [of the rules] allowed as a guest.

— No more cleansing baths.

— Never eat by artificial light.

— Always: Once per week swimming in the open.

— Once a week play football or practice another intense physical exercise
(preferably with danger and fights).

— To bed only after fasting for 3 hours.

— In case of fever immediately the fruit diet.

— Sleep at least from dusk to midnight.

— Rise as early as possible.

The reader may perhaps wonder if Brouwer tackled the food matter in dead
earnest. It should be borne in mind that his student years were one prolonged misery
of medical problems. He had, clearly, decided to fight the physical weakness of his
body by a systematic regime. And it may be said that the method proved successful.
Although he had his breakdowns and illnesses from time to time, he boasted a wiry,
lithe body without any trace of fat.

The whole atmosphere of Blaricum and Laren and the congenial housing in
the hut must be viewed as the ever changing and yet permanent background of
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Brouwer’s life. No offers from famous universities were able to uproot him. Blar-
icum was his irreplaceable home. After his fame had spread, he did not even have
to leave the village; the established and the newcomers came to knock on the door
of his hut.

2.6 The Delft Lectures

During the years 1904 and 1905 Brouwer suddenly displayed an interest in the cul-
tural side of student life in Delft. He published a number of short notes in the Delft
student weekly, and ended by giving a series of lectures.

His first note was a short comment on Frederik van Eeden’s book ‘The Joy-
ous World’.*® In this note Brouwer opposes the view that an improvement of the
economic circumstances will result in a morally and ethically better world, ‘A bad
father beats his child; to improve the father by anaesthetising the child, and thus
taking away the pain, proves hopeless. Therefore it would be necessary to raise the
ethical level, then, slowly, the Joyous World will grow. And for that reason the book
of Van Eeden is the deathblow for any Marxist.’

The note on Van Eeden’s ‘Joyous World’ was soon followed by an ecstatic ex-
hortation to attend Bolland’s lectures, which were to be held in Delft.**

As we have seen, Brouwer was involved in the organisation of Bolland’s lectures
in Amsterdam. Although Bolland’s performance was not exactly successful in the
nation’s capital, Brouwer saw no reason not to promote him in Delft, where an active
student association had a tradition for organising cultural events.

Brouwer send an exalted letter, under the pseudonym of Lau van der Zee, to the
student weekly:

... Then a shining star will appear, the joyful sign of hope, then you will
rise to higher regions, to God’s glory, although this will not be attained in this
life.

Bolland sees that star clearer than you will learn to see it; the veils disap-
pear before his eyes. And thus he can lead you on the difficult shining way to
God’s throne.

The note was (correctly so, one might say) judged incomprehensible, so that in
a next issue an article appeared in which the author calmly outlined arguments for
the role of philosophy in Delft, adding that ‘We cannot forego the occasion to show
the author of this exhortation, Lau Van der Zee, our appreciation for his laudable
efforts, although we consider his way of operating most dubious.’

It is certainly surprising that Brouwer showed such an interest in the promoting
of philosophy in Delft. There are two partial explanations: in October 1904 he was
still making propaganda for Bolland in Amsterdam, and he may have decided to give

“BStudenten-weekblad 6 October 1904.
49 Studenten-weekblad 17 November 1904.
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his fellow organisers in Delft a helping hand, and furthermore he had connections
in Delft. In fact, his brother Aldert had registered as a student in Delft in 1903.

There is a third possibility: Brouwer was preparing a philosophical exposition
(‘a philosophical creed that will be the prologue of my work’, cf. p. 49) as a part
of his dissertation. It is not unlikely that it did not take him long to realise that the
material was not exactly suited for a faculty of mathematics and physics. As we
will see (p. 92) even a modest philosophical motivation did not survive the axe of
his adviser. So he may well have considered Delft as a suitable platform for his
philosophical message. Any of these reasons or a combination, may have sufficed
for his involvement. It is not known how Brouwer got himself invited to give a
series of lectures in Delft. It seems plausible that his brother introduced him in the
local student association Free Study (Vrije Studie), and that Brouwer sufficiently
impressed the governing body to get himself booked for a series of lectures, the first
of which was held on 29 March 1905.

The lectures were well attended and apparently quite successful. The organisers
were somewhat sceptical about the text that was going to appear in print—‘The oral
lecture was necessary indeed for a proper understanding, I think that in print much
will seem incomprehensible.”>°

Brouwer, although no doubt seriously trying to get his message across, could
hardly suppress a quiet amusement at the behaviour of the audience (which, by the
way, listened patiently for 3 hours(!) on end). He reported to his friend Scheltema
that:

The lecture will be printed at the request of the Delft public. When I send
you the booklet, you will read it, won’t you, and you will not lay it aside
unopened in fear or disgust? Why then didn’t you mix with the public as
a solitary, darkly watching enemy among all those others, who were either
stupidly frightened or admiring, or did not understand, or got angry. If you
had seen how a couple of girls, in the second break, cried that they could not
bear it any longer and demanded to be taken home, your nostrils would have
flared, you would have snorted of hatred.>!

The promised book itself was written and produced at an incredible speed, the
publisher already advertising it in the weekly of 8th of June:

BROUWER. Leven, Kunst en Mystiek.
with the chapters

I The sad World
II Introspection
IIT The fall caused by the intellect
IV The reconciliation
V The language

NStudenten-weekblad, 6 April 1905.
3IBrouwer to Scheltema, 7 April 1905.
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VI Immanent Truth
VII Transcendental Truth
VIII The Liberated life
IX Economics

The language of the treatise is partly borrowed from the majestic language of the
bible, and partly it uses the expressive emotional language of the literature of the
turn of the century, albeit with the personal Brouwerian flavour. If the reader feels
that Brouwer’s language is unusual and convoluted, he is certainly right. Brouwer
had no mercy on his readers, even his Dutch is hard to read, and the extraordinary
length of his sentences, with many subordinate clauses, was notorious.

There are a number of main themes, with which the book is concerned, all of
which, however, can be retraced to the central theme.

The main point of Life, Art and Mysticism is the truly mystical doctrine that man’s
ultimate goal and challenge is total introspection—a turning into oneself (zelfin-
keer). All the remaining points and chapters are elaborations of that particular task.
Before Brouwer turned to this central issue, he first presented in a ‘pedagogical’
first chapter the disastrous influence of man on the world and nature in general. It
is called ‘THE SAD WORLD’, as a wordplay on Van Eeden’s ‘The Joyous World’.
The violations which Brouwer describes, will nowadays generally be recognised as
such, but at the time of writing little understanding could be expected. On the con-
trary, the things that Brouwer condemned, would be greeted by most as miracles of
progress. Practically speaking, in Brouwer’s young days the crimes against man and
nature had only just begun. The wholesale poisoning of complete areas and seas, the
destruction of the natural balance in the system of our rivers, just to mention a few
topics, has reached nowadays a dimension that one could not have imagined in 1904.
Hence, one may well assume that messages, as contained in ‘THE SAD WORLD’—
if they would find readers at all'—would be brushed aside as totally irrealistic, and
as scare mongering. One cannot do better than read Brouwer’s text, of which parts
are reproduced here. A translation, unfortunately, does not do justice to Brouwer’s
prose, which is extremely solemn.

The Netherlands came into existence and was preserved by the deposit of
silt of the rivers; a balance between the dunes, the delta, the tides and the dis-
charge of the water was established—a balance in which temporary floodings
of parts of the delta were incorporated. And in that land a strong human race
could live and endure. Meanwhile, people were not content, they built dikes
along the rivers to regulate or prevent the flooding, changed the river courses
at will in order to improve the drainage or the shipping routes, and in the
meantime cut down the forests. Small wonder then, that thus the subtle bal-
ance of the Netherlands was undermined, that the Zuiderzee was eaten away,
that the dunes were slowly but inexorably washed away. And that nowadays
ever harder labour is required to protect the country from total destruction.
And does it not seem curious to observe, how this self-inflicted labour is not
only accepted in resignation, but that it is even lent a lofty cachet of a task
imposed in the name of God or Inexorability?
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The people originally lived separated, and each tried to preserve for himself
his balance in the supporting environment of nature, amidst sinful seductions;
that filled their lives, no interest in each other, no worry about the morrow.
Hence, also, no work and no grief; no hatred, no fear; also no pleasure. Mean-
while, one was not content; one sought power over each other, and certainty
about the future. Thus the equilibrium was destroyed, ever more sore labour
for the suppressed, ever more infernal conspiracies for the rulers, and all are
the suppressed and the rulers at the same time; and the old instinct of separa-
tion lingers on as pale envy and jealousy. [...]

It is part of the balance of eternal and omnipresent life, that everyone will
be called from this life on earth, when his time has come; and until that time
[he is] physically and spiritually ill, as befits his evil mood of thrift, thirst for
power, vanity and fear; once more, one is not content with this, one tinkers
with the body by means of medicines and prescribed ways of life, and with
the souls by hypnosis and suggestion, thus disturbing the purgatory of the
lusts, and destroying the balance between psychological responsibility and
physical constitution; the body is degenerated from the morale to such an
extent, that one can indeed no longer be held responsible for one’s crimes, for
one’s actions in this world. Although medical science boasts in recent times
of the prolonging of the (incidentally, far too short) span of human life, what
is the value of it? It is as sad to leave this life after one’s time, as before one’s
time—and death? ‘Nature never destroys without returning something better
forit’. [...... ]

The life of mankind as a whole, is an arrogant eating away of its nests all
over the perfect earth, a meddling with her mothering vegetation, gnawing,
spoiling, sterilising her rich creative powers, until it has gnawed away all life,
and the human cancer withers away over the barren earth.

They call the folly in their heads, which accompanies that, and which turns
them insane: ‘Understanding the world.”

‘THE SAD WORLD’ sketches in dramatic tones the degeneracy of man, who has
exchanged his natural stability for the sinful state of never ending subjugation of na-
ture and his fellow creatures. The chapter serves as a contrast to the next one, which
sketches the possibilities and virtues of introspection. By turning one’s attention
away from the world, to the inner world of the self:

.. .the passions become silent; you feel yourself pass away from the old exte-
rior world, from time and space and all other manifold things. And the eyes
of a joyous silence, which are no longer tied, open up.

This chapter contains descriptions of the mystic experience, that seem to put it
beyond doubt that Brouwer was no stranger to the experience. It paints in the words
of a visionary the victory of the introspecting Self over the sad World. This chap-
ter and later ones contain a number of quotations of Meister Eckehart and Jakob
Bohme; this shows that Brouwer was well acquainted with the old European mys-
tics.
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The inner world, that the Self can obtain access to, is a boundless, chaotic mixture
of fantasy worlds.

And in that merging sea of colours, without separation, without perma-
nence and yet without movement, that chaos without disorder, you know a
Direction, which you follow spontaneously, and which you could just as well
not follow. You recognise your ‘Free Will’, in so far as it was free to withdraw
itself from the world, in which there was causality, and then remains free, and
yet only then has a really determined Direction, which it reversibly follows in
freedom. [...]

The phenomena follow each other in time, bound by causality, because you
yourself want, shrouded in clouds, the phenomena in that regularity.

The passages in ‘INTROSPECTION’ do not yet have the preciseness and concise-
ness of the later explanations of ‘move in time’ and other notions, but in a poetic
way the nucleus of Brouwer’s foundational credo is expressed here.

In Brouwer’s opinion the sorry state of the world, including man himself, is
caused by the interference of the intellect. Chapter III, THE FALL THROUGH THE
INTELLECT, deals with the phenomenon of man’s effectiveness in matters of domi-
nation of the world.

Intellect renders men in the Life of Desire, the diabolic service of the con-
nection goal-means between fantasies. While in the hold of the desire of one
thing, the intellect hands them the pursuit of another thing as a means to that
end; thus for the shifting of the riverbed: the making of a dam; giving vent to
one’s jealousy on another: setting his house on fire; . ..

Here Brouwer formulates for the first time his end to means principle, which was
going to play an important role in his overall philosophical considerations.

Whereas, the intended domination that is implicit in this ‘leap from end to
means’, is already in itself objectionable to the introspective person, Brouwer points
out a serious inherent shortcoming of the end-to-means transition. The transition, he
says, is always slightly ‘off key’, so that repeated use of it, eventually leads to effects
that were not desired.

The act, which seeks the means, now, always somewhat overshoots the tar-
get; the means has a direction, which makes an angle, albeit a small one, with
that of the target; it thus works, except in the direction of the target also in
other dimensions; an effect, that, if the attention were not isolated from it,
could perhaps be experienced as very harmful; but more: the attention gradu-
ally loses sight completely of the end and henceforth only sees the means. And
in the sad world, where together with the Intellect, Drilling and Imitation are
born from Fear and Desire, and nobody any longer surveys the whole human
bustle. Many come to know that, what originally was a means, only as an end
in itself; they pursue, let us say, an end of second order; with which perhaps
again a means will be discovered, and that again makes a slight angle with
its corresponding end. If the alluring leap from end to means is thus repeated
several times, then it can easily happen that eventually a direction is pursued,
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that apart from its deviations in other dimensions, makes moreover an obtuse
angle with the very first direction, and so counteracts it.

The chapter provides a whole catalogue of disastrous consequences of this prac-
tice, some of them are now generally recognised, whilst some—even today—would
be considered unrealistic exaggerations. For example, Brouwer’s views on nature
are forerunners of the present ecological tenets:

Does not industry originally deliver her products with the end to create in
nature an environment of maximally favourable conditions for human life? In
that connection, it was neglected that those products were themselves manu-
factured drawing on nature, in which, for this end, interventions were made in
a disturbing manner. The balance of the conditions of human life was violated
to a greater detriment, than the industrial products could ever benefit us. All
the required wooden material, for instance, has led to the disappearance or de-
generation of so much forest, that in the temperate zones hardly any crop for
human consumption grows spontaneously. And more: we started to view the
generating of industrial products as an independent goal. And in the pursuit
of that goal, created as a means, a new industry of instruments that facilitate
the old industry: a further blow to the old balance. In addition we recklessly
started to collect the raw materials in remote countries, giving rise to trade and
shipping, with all their physical and moral horrors, and the mutual suppression
of nations.

In principle the same lines could have been written by modern environmentalists
and reformers, and they were certainly in the minds of nineteenth century utopists
and reformers. So far, Brouwer’s indictment of the intellectual human imperialism
differed from the moral programs of his predecessors and contemporaries mainly by
the fact that his philosophical-ethical principles were far deeper and more radical.
His rejection of the human pursuit of domination of the world, nature and fellow
humans, was total and well-argued. He did, however, not stop at castigating society
for the crude exploitation of economic, social and political powers, but went on to
draw the ultimate conclusion. Namely, that even in the domain of the intellect and
the mind, man was perpetrating the iniquities of the destruction of the natural bal-
ance. He extended the theme outlined above by adding science to the list of culprits
perpetrating the abomination of iterated jumps from ends to means. Science is intro-
duced as a means to further industry, and in turn becomes an independent subject;
it then is followed by the ‘foundations’ of the science under consideration, which
in turn is followed by ‘epistemology’— ‘but the embarrassment ever increases, until
all heads are reeling’. As for the scientists who take part in this regression, Brouwer
comes to the merciless conclusion that

Some of them give up quietly in the end; having thought, for exam-
ple, for a long time about the intangible link between the intuiting of con-
sciousness, which evolves with life out of that Anschauungs-world, and the
Anschauungs-world, which itself only exists by and in the forms of the in-
tuiting consciousness—an embarrassment, stemming from one’s own sin of
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establishing an Anschauungs-world—then they put the ‘I" which was self-
created just like, and simultaneous with, the Anschauungs world in the open-
ing, and say: ‘Yes, there should, of course, remain something incomprehensi-
ble, because it is ‘I” who must understand.

In a sharp indictment Brouwer accused an immense catalogue of established
practices—science, the industry of stimulants and of pleasure, the misuse of art
and religion, the medical industry and profession (“The medical industry was in the
right hands with barbers and quacks, ...").

Clearly, the conflict between the life of the mystic in self-contemplation and the
ambitious world of improvement and domination, presented Brouwer with a real
and significant problem. A sincere person like him could not just expose the under-
mining of worldly life; he had at the very least to consider solutions. The chapter,
‘RECONCILIATION’, offers such a solution in a remarkably mature way; it avoids
the pitfall of action for transforming the sad world into a better one—‘each attempt
to eliminate the non-balance only causes a shift of the non-balance’.

The solution which Brouwer offered, consisted of a reconciliation with the stray-
ing world, a resigned life in which pain, labour, desire and fear belong to one’s fate.
One should not frivolously add to the burden of one’s karma, but one should neither
wish to be better than one is—‘that would be a voluntary following of evil desire’.
Nor should one wish to improve the world beyond what it is—‘that would be evil
lust for power’.

These considerations may offer an answer to the vexing question, how one can
live in a world like ours, without an abject betrayal of all that is good and sacred.
The ideal of detachment, as preached by mystics and Buddhists alike, points a way
out of the horrible dilemma ‘collaborate or resist’. Brouwer, doubtlessly, must have
considered the problem of reconciling the contemplative life of a mystic and that
of the academic scientist. He was far too sincere just to ignore this fundamental
problem. We should at the same time keep in mind that on many occasions nature
was stronger than principles. We shall see Brouwer rush off to rescue the innocent
and to fight noble battles for justice. Only the unimaginative live by the book!

It should not come as a surprise, given Brouwer’s views on inner life, com-
munication and language were secondary notions. There is a special chapter
‘LANGUAGE’ to which many of his later philosophical insights can be traced. The
basic claim is that there is no communication between souls.

No two persons will experience exactly the same feeling, and even in the
most restricted sciences, logic and mathematics, which can properly speaking
not be separated, no two [persons] will think the same thing in the case of the
basic notions from which logic and mathematics are built. Yet here the will
is parallel in the two, for both there is the same forcing of the attention by a
small insignificant area in the head. [...]

But the use of language becomes ridiculous, where one deals with the finer
gradations of will, without living in that will; just as when so-called philoso-
phers or meta-physicians discuss among themselves morality, God, conscious-
ness and free will; people who [...] share no finer movements of the soul, ...
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It seems tempting to conclude that Brouwer must have advocated an abstinence
from communication; there is not much supporting evidence, however. He practised
great care in his scientific communications, even to such an extent that they became
difficult to read. Moreover, in daily life he was an inveterate conversationalist. In
view of the earlier remarks on ‘Reconciliation’, there is nothing paradoxical in this.
On the contrary—a person who is aware of the weaknesses of communication will
probably take extra care in his use of language. Later developments will shed more
light on this topic.

The Chaps. VI and VII deal with IMMANENT TRUTH and TRANSCENDENT
TRUTH; the first truth ‘points in the world at the consummated Karma of the world’,
the second points, in the world, at the personal life: ‘Immanent truth clarifies, tran-
scendental truth makes devout.?

The chapter on Immanent Truth has acquired a measure of notoriety because
of its view on women. It is a theme that in the underground folklore belongs to
the chronique scandaleuse of an otherwise respectable science. The chronicles of
intuitionism have always passed over Life, Art and Mysticism in an embarrassed si-
lence; the mystic views of the founder of mathematical intuitionism were thought to
be a liability that might very well detract from the objective virtues of intuitionism.
The resulting picture of intuitionism showed a somewhat flat pragmatic practice,
which—whatever one may think of the mathematical subject—did not do justice to
its historical roots. At one point there was, however, justified cause for reticence—
the topic of the female. Brouwer’s conception of the role of women in the world
is rather dated; this may surprise those who think of Brouwer as the revolutionary
innovator—but, whereas this characterisation is certainly apt in relation to his topo-
logical work, he may be considered a conservative in a number of philosophical
matters.

The fact that Brouwer’s intuitionism was considered new and revolutionary, can
be simply explained by the observation that people had neglected their inheritance
of idealistic philosophy, so that after a spell of the fashionable formalism (in math-
ematics) and neo-positivism (everywhere else), Brouwer’s doctrines seemed to the
less informed the newest thing, instead of a return to nineteenth century idealism. In
fact, Brouwer was basically a conservative; Life, Art and Mysticism was definitely a
protest action against the prevailing optimism of Progress.

His views on women can be classified as equally conservative, although one must
understand that his views are part of the total mystic view that is being propounded.

The chapter Immanent Truth deals with the aspects of the resigned life in the
world with all its conflicting desires and interests (as opposed to Transcendent Truth,
which deals with life, disengaged from the influences of the world) and treats among
other things the influences of various art forms and the burdening of the karma

S2¢f Truth points in the world to the personal life, free from the ties of fear and desire, where the
bliss and wisdom and the quiet rejoicing of the timing in upon oneself flourish on modesty, poverty
and quiet fulfilment of duty in this life on earth, which is one’s own accomplished karma, then it is
Transcendent Truth.”
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by ‘avarice, ambition, and ... the illusion of woman’. “Immanent truth enlightens,
transcendent truth makes devout.”

Immanent truth breaks through even in science, which has alienated what is per-
ceived in the outer world from the self. Science builds outside life a mathematical-
logical substrate, a chimaera, and in life it builds a veritable tower of Babel. But
nowadays, says Brouwer truth which is breaking through, returns the centre of grav-
ity from what is perceived to the observer. ‘Copernicus brought the rotation of the
heavenly bodies to the earth: it will yet be placed man’s own body’. ‘All this’, he
adds, ‘is of course no use: it leaves the world as dim as before; it is no ‘Turning into
itself’, no turning to free truth, but the appearance of truth in the garb of folly’.

There is nothing new in the repudiation of the female by mystics and hermits.
The history of the church provides numerous examples of saints who had a keen
eye for the dangers of female company. In fact Christianity is not the only religion
to take (or at least, to have taken) a rather defensive view towards women. So, in
itself, the claim that the female burdens the karma of the man is quite in line with
the tradition of ages. Brouwer, however, went beyond this observation (which, of
course, carries an unmistakable danger sign: beware!) by classifying woman as a
creature of a separate level. Her true function is to ward off disturbing influences
from the man’s karma, although she is, paradoxically, the greatest temptation to
him. The role of the woman is a serving one:

Humble she will be, humbly she will wish to take all ignoble work from
his hands, all work other than the pure indulgence of the faculties of his body,
in which he walks the earth; without the wink of an eye she will give her life,
to save his balance.

Serene will be her eye, tenaciously and patiently she lives on, and does
what serves the beloved. Her body will be unwrinkled, motionless, without
passion to seduce, not conscious that it seduces and yet so unbearably seduc-
tive in its taunting composure, that no man can endure it.

The Venus of Milo shows in a clear, pure way that karma of the woman, of
the quiet, desireless, unconscious, and yet so infernally seductive woman.

According to Brouwer, a woman can also burden her Karma, for example, with
‘male activities’. Noble institutions will degenerate when women intrude, so the
work of man, when taken over by women will necessarily be degraded. By the
usurpation of parts of the prerogatives of man, the woman acts against her karma. In
a long catalogue he lists all the shortcomings of the woman. If she is independent,
she looses her femininity and burdens her karma, and if she is truly female, she is a
shadow of her beloved and is guilty of naivety:

In worldly matters and worldly convictions she will naively follow the
beloved, and defend views, unthinkingly copied, as objectively indisputable
axioms against all objections from third parties; in disputes with such a
woman the ridiculousness of language as a means of reaching an agreement
clearly appears in the form of the notorious ‘feminine logic’.

Whereas the philosophical and mathematical conclusions that Brouwer would
eventually be drawing from his mystic insight and convictions were original and



2.6 The Delft Lectures 71

even revolutionary (perhaps in a counter-revolutionary way) his views on women,
it seems, were rather modelled after the prevailing views of the nineteenth century.
Many of the cliché’s that turn up again and again in the treatises on the weaker sex,>>
appear in Brouwer’s essay; women are temptresses, endangering male purity—pale,
without expressive lines. Even Ophelia, the preoccupation of the Victorian period,
is called as a witness.

The passages on women are certainly not the strongest in Brouwer’s book, but at
least he was not guilty of building a scientific argument, which was not uncommon
in this particular area.

His message was mainly one of a moral nature, a warning from an ascetic mystic
to the world. To the young man with the exalted ideals of the introverted seeker,
women personified the dangers to man’s karma. No doubt his personal emotional
life and history had influenced his philosophic outlook. As a result, woman was
not only the spectre of the fall from the ardently sought inner peace, but she was
furnished with all the paraphernalia of the temptress and of the weak. Woe to him
that succumbs to the distracting charm of the female:

But truth in art shows the distinct lines: man should avoid, ignore woman;
but the woman should live in the man, holding herself insignificant, powerless
and worthless, and sacrificing everything to the beloved. A real woman is pale,
supple, without expressive lines, with dull, dreamy eyes: she has no muscular
strength, and cringes from nothing. And a man who turns to a woman, has lost
his life.

The choice of images and of words suggests that Brouwer was acquainted with
the nineteenth-century literature on the role of the woman. Many of the themes
and descriptions have a familiar ring to the connoisseur of the Victorian era. It is
tempting to conjecture that his stern views on the role of the weaker sex may have
been the result of female attacks on the bastion of Bertus himself. Given the lack of
facts, this has to remain what it is: a conjecture.

Many have wondered about Brouwer’s theoretical aversion to women and his
rather progressive daily outlook; in the twenties he was one of the first mathemati-
cians (maybe the first) in Holland to engage a female assistant, and he admired his
female colleagues in the academic world. He was on good terms with the renowned
Emmy Noether and with Olga Taussky, and he certainly did not avoid female com-
pany, neither in the context of science, nor in his private life. Presumably he con-
ceived the sermons on the distracting female in the framework of the avowed goal of
the mystic: the unconditional introspection, whereas—as we have seen above—the
actual life in the world required the sincere mystic to suffer the ways of the world,
under pain of loss of karma through pride.

There is also a brief mention of science and truth:

Furthermore immanent truth breaks through in science as well. It has sepa-
rated the observed things from the ego, and placed it in a Anschauungs-world,

33Cf. Dijkstra (1986).
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which is thought to be independent of the ego, and which has lost the connec-
tion with the Self, which alone feeds and directs. Thus it builds outside life a
mathematical-logical substrate, a chimaera, and within life, a tower of Babel
with its confusion of tongues.

Here the adoption of an independent outer world appears as an attribute of immanent
truth.

Life, Art and Mysticism contains a number of further remarks on society and its
organisation. Brouwer’s conception of work as something noble and lofty clashed
forcefully with more progressive ideas. We have already mentioned the inroads of
women into the labour market and its negative consequences:

The gradual usurpation of certain forms of work by women will go inex-
orably hand-in-hand with a degeneration of that work into an ignoble state.

The graduate student, who only a few years ago attended socialist and communist
meetings in the company of Scheltema and Wiessing, apparently had realised that
certain features of socialism were incompatible with the world of the mystic. It
should be fairly evident that socialism, with its preoccupation with the world and its
socio-economic features, has no call for a mystic credo, and conversely the mystic
would consider the materialistic socialist as one of those unfortunate, unavoidable
parts of his Karma. Brouwer viewed the consequences of socialism with some mild
horror:

Until quite recently the state, and public life, were viewed as something
honourable, even metaphysical; and a position in society was considered a
noble task; [...] But the socialistic movements have in the last century washed
away that aspect of ‘honourable’, [...].

When, as the endpoint of the socialistic degeneration, the state will have
turned into a well-oiled automaton, well—then the administration will per-
haps be completely left to women.

The final chapter, ‘ECONOMICS’, must be seen as a logical conclusion of the
preceding chapter. The proper attitude in life towards the theoretical contemplation
of life and society, of the human who has taken to heart the call to introspection and
detachment, is one of renunciation.

There is one more thing, which the free life should be careful not to become
tainted with, as long as its ties with society last: economics.

For, inherent to economics is, according to Brouwer, the idea that ‘foolishness
and injustice’ are essential—otherwise economics would be superfluous. Thus the
intellectual study of the ways and laws of misfortune and injustice will not attract
the free man. Desire of property evidently turns the attention outward,

..., for he who views something as desirable or deplorable, views it as some-
thing outside himself, as part of a world which exists independently and per-
sistently, as part of a fixed inalienable possession, that one can cultivate, take
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care of, clean, raise, as one can with one’s flowers or chickens. Exerting influ-
ence outside oneself, be it for improving the world or for one’s own power, is:
blinding, vanity, thirst for power.

The Free rather view their fellow beings as delusions which solicit compas-
sion, disturb the path of life, which are to be borne like guilt, for their freedom
does not suffer them around. And the Free cautiously slip past them.

Society is, in this perspective, an artificial web of power and domination,
complete with its moral justification in abstract terms of ‘suppression’, ‘justice’,
‘rights’, ... Here, Brouwer appears in the cloak of the radical anarchist, denouncing
the social theories that legitimise the powers that be. The theorists are vigorously
criticised:

They are talking about ‘Human Rights’ as if man brought rights into his
life, and more than miserable duties, as a punishment for being born.

They are talking about ‘labour’, its necessity, and the happiness it brings.
As if the labour of mankind were something else, but a blind convulsion of
fear for what is no evil, and of desire for what brings misery.

The economists and leaders of the people also love to talk about a ‘future
state of the deliberately co-operating people’; this would be possible for peo-
ple without fear and desire, but those would not work, and a world of such
persons would not exist.

Thus this final chapter once more confirms the basic tenets of the earlier ones:
meddling with the organisation of the life of human beings is doomed from the start.
The final words sum up the lesson:

he, who knows not to possess anything, not to be able to possess anything, not
to attain stability, and who resigns in resignation, who sacrifices everything,
who gives everything, who no longer knows anything, wants anything, wants
to know anything, who lets everything take its course and who neglects ev-
erything, to him will be given everything and to him is opened the world of
freedom, of painless contemplation, of—nothing.

The Delft lectures and the subsequent book went largely unnoticed; there was a
review in one of the daily newspapers, a rather devastating one, and there it stopped.
Brouwer sent complimentary copies to his friends and colleagues. Two reactions
have been preserved; his friend Scheltema disagreed on principle:>*

I received your booklet shortly after my letter and I have started to read it.
So far I did not read with the aversion I expected, and I wish many a Philistine
this literature as a refresher—but you know how ‘heartily’ I disagree with
you, how, for example, the conscious social democrat immediately rejects the
premise you start from (that is that the original animal-like human life is the
happiest imaginable one, and at least should be worth pursuing most) on the

>4Scheltema to Brouwer, 16 May 1905.
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contrary, stresses that the happiness of the human society will only begin after
the conclusion of the era of barbary in which we still live ...

A surprisingly mild reaction considering Brouwer’s volleys at socialism!
Korteweg, Brouwer’s Ph.D. adviser, was more critical:>®

That I am very much interested in you and hence appreciate the sending of
your slim volume, therein you are certainly not mistaken.

Whether I shall read it? I thumbed through it, but it is not the reading that
I wish or that is good for me. It is true that there are abysses very close to us,
but I do not like to walk on the brink of them. It makes me dizzy and less able
for what I need to do. Whether it is good for you, I don’t know. So much is
certain, that I would rather see you walk along other paths, even though I find
it sometimes also hard to follow you there, where you cut so deeply through
fundamental matters.

Life, Art and Mysticism earned its author a reputation of eccentricity, although
rather by an obscure oral tradition than by direct acquaintance with the text.

The question that immediately comes to mind is, was Brouwer serious about it
all? Considering the available evidence, the answer is probably ‘yes’. He may have
exaggerated here and there to provoke the audience, but by and large the mysti-
cism was genuine. In addition to his pronounced views on life, the complacency of
progress and the progressives was probably a valuable source of stimulation.

2.7 Family Life in Blaricum

To Louise, who was only 12 years old at the time of Life, Art and Mysticism, the
whole matter seemed mysterious. She was attending in Amsterdam the school of a
certain Master Gerhard, which was conducted on socialist principles. The fee for
the school was forty cents a week. With this education, based on the principles of
clean, healthy, idealistic socialism at the turn of the century, she must have been
puzzled, to put it mildly, by her stepfather’s rather unusual, gloomy views.

Like any child, she would go exploring in the house when she was left by herself.
She recalled that she was drawn by a magnetic power to the cupboard in which the
manuscript of Life, Art and Mysticism was stored. She cautiously climbed on a chair
and read bits and pieces of it, closing the cupboard and jumping down as soon as
she heard a key in the lock. Mysterious as the contents were to her, she understood
enough to guess that this book should not get into the hands of Master Gerhard,
and so she told Brouwer that she knew about the manuscript, asking him to promise
that he would not show it to her teacher. Eventually Master Gerhard got wind of the
book, as a result poor Louise was expelled from the school on the grounds that her
parents did not conform to the socialistic ideals.

3 Korteweg to Brouwer, 13 May 1905.
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Fig. 2.7 The hut in Blaricum. [Photo Dokie van Dalen]

Since she was no longer at school after this incident, Louise was made responsi-
ble for the housekeeping in Blaricum—something she hated. The hut had little com-
fort, just one bedroom upstairs. Louise had to sleep on a wicker chair downstairs.
Brouwer worked downstairs or in the garden, often reclining in his characteristic
pose in the same long wicker chair.

Lize stayed in Amsterdam during the week, managing the pharmacy. Brouwer
stayed home to work and went over to Amsterdam for his teaching, visits to the
library, occasional meetings with fellow mathematicians, and for his regular con-
certs in the Concertgebouw. When it was more convenient to stay in Amsterdam, he
joined Lize in the apartment over the pharmacy.

Once a week the mathematician Hendrik de Vries came to visit. He usually
brought his violin, which he played well, and Brouwer accompanied him at the
piano. Louise’s role was to play the conductor. The lessons of mother Brouwer had
born fruit. Bertus became an ardent amateur pianist. He loved Beethoven, and ac-
cording to Lize, his favourites at the time were the piano scores of the Beethoven
Symphonies.

When Brouwer got it into his head to order a day of fasting, Louise was not al-
lowed any food at all, not even yesterday’s leftovers. She soon discovered, however,
that Brouwer dodged the fast by nibbling nuts from the drawer of his desk. From
then on she took her preparations, and bought enough biscuits®® to survive the day.

As part of her education, Brouwer decided to teach Louise how to cook. The first
lesson was how to prepare rice; it ran as follows: ‘rice is a product from the Indies;

6frou-frou, a special kind of wafer.
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it is carried by a ship and there negroes sleep in it. Therefore I want you to wash the
rice ten times before you boil it’ (Brouwer knew very well how lazy Louise was).
Needless to say Louise did not follow the instructions. There are many little stories
and events that show the uneasy relation between Brouwer and Louise. To mention
one example, Brouwer told Louise to eat by herself in the kitchen when Lize came
over for dinner.

Louise also had to walk from time to time to her school in Amsterdam. And
sometimes it happened that Brouwer chose to teach her French; sitting at a terrace
in Amsterdam, he would quite sternly take her through the drill, not hesitating to
slap her if her attention relaxed.

The relationship between Brouwer and Louise was problematic from the begin-
ning. Brouwer was easily irritated by Louise and considered her lazy, stupid and
stubborn. She certainly was far from industrious, but Brouwer’s treatment of her did
little or nothing to improve her attitude. As long as Brouwer lived, they had fierce
clashes about everything. In the beginning Brouwer had the advantage of his age,
but gradually Louise began to free herself from the pressure of her stepfather. And
eventually the two battled on equal terms. Whereas Brouwer had made it a principle
to avoid unpleasant and obnoxious people, he could not avoid Louise. For Lize the
situation was extremely painful, because Louise was her only child, and she did not
want to sacrifice the happiness of Louise to that of her husband, but neither did she
want to hurt Bertus. The surviving correspondence between Lize and Louise shows
how difficult it was for Lize to steer a safe course between daughter and husband.
Louise told how, when she was still living at home, Brouwer sometimes introduced
her to his visitors with the words: ‘and this is my silly daughter’. The sad thing was
that it was not intended as a joke. In return Louise thought that her stepfather was
himself as mad as a hatter; in her opinion all the fuss at the house in Blaricum only
served to keep him quiet. If no prophet is recognised in his home country, then cer-
tainly he is not recognised at all in his own home! Only very late in life, long after
the death of her stepfather, she changed her views on him.>’

Even in her old age Louise’s memory was wonderfully clear, she provided many
facts that at first sight seemed curious. A complicating factor was that she was very
confused about religious matters. The details she provided on daily life and the
personal history of Brouwer and the crowd around him have, however, mostly been
born out later by independent confirmation. By extrapolation I have come to view
her information as generally reliable.

>7When in 1981 a conference was dedicated to the centenary of Brouwer’s birth, a short bio-
graphical article appeared in the Dutch weekly Vrij Nederland, van Dalen (1981). Reading this
biography, Louise suddenly realised that Brouwer was not a fool after all. As she regularly com-
municated with the spirits of the departed, she noted that Brouwer’s spirit had found rest after this
public recognition.



Chapter 3
The Dissertation

3.1 Preparations and Hesitations

Mathematics, rigorously treated from this point of view, and deducing theorems exclusively
by means of introspective construction, is called intuitionistic mathematics.
Brouwer (1948)

While the excursion into philosophy and mysticism was going on, Brouwer qui-
etly continued his mathematical research. He read much and tried to get acquainted
with modern developments. Although his principal teacher, Diederik Johannes Ko-
rteweg, was a man of quality and of good taste, his own work was almost exclusively
in the domain of applied (or at least, applicable) mathematics.

There is no doubt that Korteweg offered a solid mathematical education, but on
the whole, the choice of topics was rather conservative. The marvellous and exciting
innovations from Paris and Gottingen were not taught or discussed. Students were
definitely not brought in touch with the newest developments in pure mathematics.

We have seen that Brouwer had unusually strong philosophical views, which
were, if anything, far from progressive or fashionable. Although he had come to
terms with the world in the sense that a crusade for the spiritual liberation of
mankind would only result in a burdening of his karma, and that thence a ‘live
and let live’-policy was the proper choice, he could not just shrug off the preaching
habits he had acquired during the Life, Art and Mysticism period (which, by the way,
partly coincides with the research for the dissertation).

There are a number of documents relating to the preparation of the dissertation,
in the first place a series of notebooks, in which Brouwer jotted down his ideas and
comments, and in the second place a synopsis he made for a first version of the
dissertation. In the synopsis a selection of the material in the notebooks is sorted
into chapters.

The notebooks contain a mixture of all sorts of topics. It is interesting to see that
when he started out, the mystical-philosophical considerations were still uppermost
in his mind. Gradually the non-mathematical remarks give way to purely mathe-
matical topics, to re-appear suddenly somewhere in full force. In particular at the

D. van Dalen, L.E.J. Brouwer — Topologist, Intuitionist, Philosopher, 77
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end the philosophical content increases again. The notebooks are not dated, so it is
difficult to make specific guesses about timing and progress.

Here and there in the notebooks one can find schedules, plans, outlines for read-
ing, research and writing. They are instructive in the sense that they shed some light
on Brouwer’s reading. They also illustrate his self-discipline. The following sched-
ule, written on the inside of the cover of the first notebook, may serve as an example:

1 week Russell

1 week non-Euclidean geometry (Klein, Lie)
1 week Dedekind and Cantor

1 week Poincaré and Revue de Métaphysique

Elaborate notes on Sundays

Like so many passages in the notebooks, this schedule is struck out, probably
because the work had been done. Did Brouwer stick to the schedule? It is not im-
possible. Brouwer is known, in particular in his early years, as a hard worker, with
explosive bursts of activity; nonetheless, four weeks for this amount of reading and
the corresponding compiling of notes seems a tall order.

On page 1, in the margin, another list of things-to-do for the dissertation is given:

1. Foundations, Russell; Couturat, algebre de la logique; D. Hilbert in Heidelberg
Congress; Hilbert, found. of geometry, Teubner. !

. non-Eucl., Klein, Lie

. Numbers, Cantor, Dedekind.

. Metaph., Kant, Poincaré, Couturat

. Projective views on vector- and potential field

. Work out notes

. Hankel complex numbers

. Hertz. Cf. Poincaré.

0N AW

Only Hankel and Hertz have not been treated in the notes, the rest is discussed
fairly extensively.

It is clear from the notes that Brouwer was still occupied with his mystic-
philosophical views. The form these views take in the context of mathematics are
not all that different from what we have seen in the preceding chapter.

As we have seen, ‘the highest attainable’, state in life is the return to the deepest
home of the self, the ultimate introspection (p. 64). The exodus from the original
state of the soul? is what Brouwer calls ‘sin’. The manifestations of sin, in this
sense, are manifold. To mention a few: seeking of power over nature, the domina-
tion of fellow beings, the exploitation of one’s talents. Since mathematics was, in

IBrouwer cites in his dissertation the Festschrift version of the Grundlagen der Geometrie, but he
privately used the French translation in L’Enseignement Mathématique.

20ne would be inclined to say ‘mind’, but in Brouwer’s later work ‘mind’ is given specific mean-
ing, cf. Brouwer (1933a), van Stigt (1990); hence it is better to avoid the term here.
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Brouwer’s eyes, party to the domination of nature, it was one of the tools of sin—
unless practised for more lofty purposes, that is the free unfolding of the self in
playful development.

The notes are pervaded with a reticence to take part in a sinful practice, or rather,
to collaborate (no matter how pure his personal motives were) in a worldly design
that he could not approve of.

We shall reproduce a number of Brouwer’s moral comments here:

Whoever practises mathematics with a conscience (even though that is of-
ten out of fear, or undeserved respect for others and for theories suggested
by others) finds few things, although these few may perhaps make a brilliant
impression. He can produce much more if the place of the conscience is taken
over by the mentality of the businessman who is just ‘marketing’.

The activity of modern mathematics is forbidden, much as all excesses
[...], and publishing, much as the marketing of meat extract.

Let the motivation behind mathematics be the craving for the good, not
passion or brains.

Most investigations of mathematics (also Lobachewski’s and Riemann’s
geometry) is the marketing of “rather pretty” goods. And just as little this
will bring blessing as free competition and advertising in the liberal world of
merchandise.

The role of foundational research must be: given the temptations of the
devil, who is the world and its categories, to appreciate the true value of the
world, and to relate it constantly to God.

Not worrying about the ‘foundations’, and just doing mathematics is the
same as: not worrying about economy and economic morals, and just doing
business and earning money and making a career.

In both one can be very clever, and yet a zero.

One should refuse to do mathematics, but since this point has been reached,
one should refuse to do the next step, that is mathematical logic.

My own, spontaneously observed, life has no fixed laws, but it is a miracu-
lous play of chance. Just as one of the elements of this world of chance, there
floats the dark cloud of the mathematics-practising rabble which acts in this
world in such a way that it can only react in laws (that is something from the
underworld).

The above mentioned notion of ‘sin” occurs frequently in Brouwer’s early writ-
ings, in particular in his notes and letters. Later in life, when he became, whether he
liked it or not, part of the academic establishment, the moral overtones disappear,
to reappear suddenly in his great post-Second World War address, Consciousness,
Philosophy and Mathematics. The keywords in his early description of sin are ‘cen-
tralisation’, and ‘externalising’,3 both of which indicate the passage from free, undi-
rected contemplation in the self to the concentration on certain aspects, and to the

3centraliseren and veruiterlijken.
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positioning of the contemplated (or experienced) concepts in an independent outer
world. In other words, sin is a form of treason to the self (or ego) and not something
that concerns church or society.

The contents of the notebooks and the subsequent resumé make it clear that
Brouwer had not shed his convictions of the year before, when he presented his
views on the world and on mankind in Life, Art and Mysticism. Indeed, the moral
aspects are far from neglected in the notes.

Sprinkled through the notebooks are remarks on the topics that he valued above
all. He must have felt the paradoxical position he was forced to adopt: he had to
write a dissertation on a topic in mathematics, and thus to become an accessory to
the sinful power game of science, while at the same time preserving his loyalty to
the detached life of the mystic.

The dissertation episode is in a way the watershed in Brouwer’s relationship with
the world. He did not give up his mystic ideals or his inner convictions, but he re-
alised that he had to establish a pact between himself (his ego) and the world. This
is not uncommon in students who reach the end of the blessed period of uncom-
promised innocence, but in Brouwer’s case it was a really painful transition. The
Brouwer—Scheltema correspondence betrays the growing pains and the sadness of
the loss of independence. In a letter Brouwer refers to ‘the coarse mansion of soci-
ety’, where they would have to ‘light its chandeliers, and grace its door-posts’.*

Not so long ago, Brouwer had still been making his often biting comments on the
topics that occupied his thoughts. There are undated notes, which possibly belong to
the same period as Life, Art and Mysticism, which illustrate the difficult process of
transformation from defiant student to respectable scholar. They are the aphorisms
of the young mystic, untainted by collaboration with the corrupting powers of the
world. A few examples may give the reader an impression of the audacious views
of the young man before his surrender to convention:

One could see as the goal of one’s life: Abolition and delivery from all
mathematics.

Improve the world, or make it beautiful? Aren’t we humans the earth’s
bacteria of decay, which help and speed up the process of decomposition for
which the time had come?

Most people become socialists in order to join a suitable milieu and make
relations in it.

The vulgar ones do not know that language—truth and understanding—truth
do not exist; thus their passion concentrates itself on ‘wanting to twist the
truth’.

Understanding between 2 people is gradual; but mathematical understand-
ing is something like ‘yes’ or ‘no’ just like sleeping is something like ‘yes’ or
‘no’.

That mathematics and its applications are sinful follows from the intuition
of time, which is immediately felt as sinful.

4Brouwer to Scheltema, 8 July 1907.
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The rich and poor are the complementing elements of a world fallen in sin.
He who knows to back out of it will be neither rich nor poor.

The feeling of dignity and being honoured is analogous to the erroneous
feeling of ease, of power, of being armed, and other feelings, which tempt one
to fall asleep.

The degeneration of the practical mathematical activity can be its desire to
see mathematical systems (theoreticians) and the desire to realise mathemati-
cal systems (tinkerers, agitators and intriguers). The normal organising talent
has not yet to be considered a degeneration.

Sorrow is the inability to find in one’s head the mathematical system that
gives rest. Only he who wants rest therefore knows sorrow.

Mathematics justifies itself, needs no deeper grounds than moral mysti-
cism.

The space of animals and trees is not Euclidean, does not even have a group
of motions.

Isolated remarks of this sort also occur in the notes for the dissertation. In a
way the genesis of the dissertation is the story of temptation, as experienced by
all hermits and saints. No matter how much Brouwer fought the evil influence of
the world, the fascinations of mathematics proved stronger than his Spartan views.
Brouwer’s views were permeated with the awareness of the sin of externalisation
with its intended domination of the world and nature. It is no wonder that trade and
business figure prominently on the list of sins; even the Jews, the traditional expo-
nents of small and big business, are mentioned in passing: ‘How the Jews dominate
the farmers with the help of mathematics, and how the farmers do the same to the
animals. Mathematics as a part of the technique of culture, put on the market.> It
is as if we witness Brouwer’s losing battle against the temptress, Mathematics. His
notes contain fierce attacks at the sins of externalisation, but they make the rather
sad impression of rear guard actions. The final, printed version of the dissertation
is completely neutral. The anger of the young Brouwer had found an outlet in the
fierce indictments of his contemporaries Russell, Hilbert, Couturat and others. The
parting shots at the sinful world are a curious mixture of sadness and indignation.

The notebooks show that Brouwer had an extensive reading program; that he
went through a great many publications, with the following central topics:

— Axiomatic Geometry and Foundations of Geometry
Non-Euclidean Geometry

— Foundations of Mathematics, Logic and Set Theory
Potential Theory.

It is interesting to read how Brouwer found by himself a way through the under-
growth of new developments and contradicting positions of the mathematics of the
turn of the century. From the dissertation and the notes, one can more or less piece
together his sources, and see by whom he was influenced.

SFrom the summary of Brouwer’s notes for the dissertation.
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The influence of Hilbert is clearest in the treatment of the Lie group section of the
dissertation and in the discussion of formalism and axiomatics. At the time Brouwer
wrote his dissertation, Hilbert’s Festschrift (The Foundations of Geometry) had not
yet dominated geometry to the extent that the memory of Hilbert’s predecessors
had become obliterated. This can be seen in Brouwer’s notes and the dissertation;
indeed Brouwer quotes carefully the axiomatic researches of Klein, Pasch, Pieri,
Schur, Vahlen, and Veronese. Of course, Lie’s work takes a central place in the
dissertation, but that is no surprise, as Lie groups are treated explicitly. The influence
of Hilbert’s Grundlagen der Geometrie has been so massive that later generations
were under the impression that the axiomatic treatment of geometry was Hilbert’s
personal achievement. At the beginning of the century this optic distortion was not
yet common. Hilbert’s Grundlagen der Geometrie clearly derived a large part of its
popularity more from its forceful presentation, which fitted the mood of the times,
rather than from its novelties.®

The alternative approach to geometry was picked up by Brouwer directly from
the works of Lie and Klein.

In the foundational part, Brouwer mostly dealt with Russell’s An Essay on the
Foundations of Geometry, Hilbert’s Heidelberg address On the Foundations of Logic
and Mathematics and a number of papers of Poincaré. He also read the papers of
Bernstein, Cantor and Zermelo.

It is easy to see that in the case of the foundations of mathematics, Brouwer stuck
to his own philosophical-foundational views, and that he measured, so to speak, the
authors in the field by his own yardstick.

For that reason, it is somewhat disappointing that Brouwer did not join the dis-
cussions of the day. For example, with respect to Zermelo’s axiom of choice, he only
remarks that the axiom cannot be right because, if we ask a person to make choices
from a collection of (non-empty) sets, it is unlikely, that if the person is presented
the same set twice, he will make exactly the same choice. Hence Brouwer objects
to the functional character of ‘choice’.

The potential theory did not find a place in the dissertation; it was published in a
series of papers in the proceedings of the Academy.’

The most direct information concerning the dissertation is provided by the cor-
respondence between Brouwer and his Ph.D. adviser, Korteweg. The choice of su-
pervisor was not difficult; the only alternative to Korteweg was the mathematics
professor Van Pesch, a scholar who practised mathematics at a safe distance from
the frontline of contemporary research.

Korteweg, on his part, had no hesitation to accept the young man as his Ph.D.
student; already before Brouwer had finished his regular studies at the university,
three papers of his on transformations in four-dimensional space (cf. p. 46) had
been communicated by Korteweg to the Academy, so that the latter was eminently
aware of the quality of the young man.

Cf. Freudenthal (1957).
"Brouwer (1906a, 1906b, 1906c¢).



3.2 Under Korteweg’s Supervision 83

The preparations for the dissertations were carried out in parallel with the re-
search on vector distributions and potential theory. The last two topics were safely
out of the way when in September 1906 Brouwer started the actual writing of his dis-
sertation in earnest. The last paper of the series was communicated to the Academy
on 29 September 1906.

The series consisted of two papers on potential theory, The force field of the non-
Euclidean spaces with negative curvature and The force field of the non-Euclidean
spaces with positive curvature, and one paper on higher dimensional vector-fields,
Polydimensional vector-distributions.’ In the latter Brouwer proved, among other
things a generalisation of Stokes’ theorem to arbitrary finite-dimensional Euclidean
spaces. In 1919 Brouwer returned to the subject, pointing out that the proof of his
1906 paper also established the non-metric form of the higher-dimensional Stokes’
theorem. In the original paper no references were given, but in Brouwer (1919k),
Poincaré is mentioned as having enunciated the theorem already in 1899, ‘without
a proof however’. In a footnote Brouwer referred to earlier publications of Poincaré
in which the simultaneous vanishing of both sides of the Stokes equation is stated.’

The paper The force field of the non-Euclidean spaces with negative curvature,
contained a novelty that has escaped the general attention: on page 5 Brouwer in-
troduced the parallel displacement (without giving it a name) years before the no-
tion officially entered into the literature. Brouwer must have attached some value
to this invention, since he indicated the definition by a line in the margin in all his
reprints.'? Struik told me that he stumbled on Brouwer’s definition more or less by
accident, when checking some literature.!! He informed Schouten, who was sur-
prised that the notion had been introduced (in a special case) before he and Levi-
Civita had formulated it (independently). It was Struik’s impression that Brouwer
was not aware that his formulation of the notion of parallel displacement preceded
that of Levi-Civita and Schouten before somebody called his attention to the foot-
note in Schouten’s Ricci-Kalkiil mentioning Brouwer’s priority (at least for the case
of constant curvature).

The potential theory papers were communicated by Korteweg to the Academy
between 26 May and 29 September 1906. This productivity shows that Brouwer,
in spite of the pressure of time, managed to think of other things than the coming
‘promotion’.

3.2 Under Korteweg’s Supervision

Korteweg’s role as a Ph.D. adviser was, I guess, restricted to competent and criti-
cal comments. The topics were Brouwer’s own choice, and there was little overlap

8Brouwer (1906a, 1906b, 1906¢).

9Cf. Poincaré (1899) (Méchanique céleste III), Poincaré (1887, 1895).
10Cf, CW 11, pp. 58, 69, 71, 78, 83, 86.

D.J. Struik to Van Dalen, 16 May 1992.
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between the contents of the thesis and the work of Korteweg. Korteweg must have
been somewhat cautious with this remarkable student. He agreed with the choice
of the topics, provided ‘enough mathematics was left in’. In a letter'> Brouwer re-
minded Korteweg of his permission, defending himself against the, real or imagined,
scepticism:

You know well, that when I selected my topic two years ago, it was not a
matter of inability to tackle a more ‘common’ one, but only because I felt an
urge towards this subject: it originated spontaneously in me.

Fortunately for history, a fair portion of the correspondence between Brouwer
and Korteweg has been preserved, so that we can reasonably well reconstruct the
last stages of the writing of the dissertation.

The first letter that mentions the ‘Promotion’,'? that is the official defence of the
dissertation and the awarding of the doctorate, is the one of 11 January 1906. It deals
with the grant of the St. Jobs Foundation. Since Brouwer was already twenty-five
years of age, he was reaching the limits stipulated in the regulations. He argued,
however, that one of the rules of the Foundation allowed an escape, so that a pro-
motion at the age of 26 years would not disqualify him for another year of support.
The Foundation was fortunately wise and liberal enough to grant him an extra pe-
riod until 12 November 1906; Korteweg’s strong recommendation had swayed the
opinion of the regents of the Board.

Korteweg was putting a lot of trust in the capacities of Brouwer, although his
student was exceptionally brilliant and intelligent, it was a daring gamble. With less
than a year to go, and not a syllable on paper, Korteweg was promising more than
the average Ph.D. adviser would be willing to guarantee. To make things worse,
Brouwer was tied up with his research papers until the last minute. As a matter of
fact, Brouwer was still in the weeks before the summer vacation of 1906 making
the final improvements of his above mentioned paper, Polydimensional Vectordis-
tributions, in which he wanted to correct some mistakes in the preceding Dutch ver-
sion. He had already received the proofs, and the desk editor claimed that changes
were against the rules. Eventually Korteweg’s help had to be enlisted in an effort
to get the corrections done; he really had to put his foot down to protect his stu-
dent. In his words, ‘One does not force a man to go round with his tie in dis-
order, even if he gets company—because he tied it the wrong way in the morn-
ing!” Moreover, he said, Brouwer was already greatly upset, and it could easily set
him fretting, ‘It is difficult for a person of a conscientious disposition if he has
to leave mistakes in his work, and we must be somewhat careful with Brouwer.
The last few years he has been alright, but not so that it doesn’t worry me any
more.’

12Brouwer to Korteweg, 5 November 1906.

13The formal ceremony of the defence of the dissertation and the awarding of the doctor’s degree
is called the promotie in Holland. The tradition of the public defence of the dissertation before the
faculty has, with minor changes, been preserved until to-day.
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The desk editor grudgingly gave in, ‘I don’t want to cause Brouwer to be ill—and
so it has to be done’.

Finally, on 7 September, Brouwer'# reported that he had stopped reading new
material, and that he had started to order his notes into chapters.

The draft listed 8 chapters: !>

— Axiomatic Foundations

— Examples of Axiomatic Uniqueness Proofs

— Genetic in the Mind, and Empirical Foundations

— Mathematics and Liberation of the Mind, and Philosophical Valuation of the var-
ious Exact Sciences

— Mathematics and Society

— The Construction itself (the Building proper'®)

— So-called Philosophical Foundations

— Ceriticism of Set Theory

By that time it was just plainly impossible to finish the dissertation be-
fore 12 November; presumably Korteweg again exerted his influence to protect
Brouwer’s income, for in the letter of 18 October Brouwer thanks Korteweg for
approaching the St. Jobs Foundation.

Korteweg, indeed, had convinced the regents that in this particular case an ex-
ception should be made. The person was clearly more than ordinarily gifted, and
financial problems would probably put him under severe stress. So, he proposed to
end Brouwer’s grant on 11 November, and to pay the deducted DF1 1.500,~'7 after
the completion of the Promotion. This proposal was almost immediately accepted
by the Board.

On 16 October Brouwer submitted a tentative list of chapters to Korteweg—it
differed rather from the above draft:

(1) The construction of mathematics.

(2) TIts origin in connection with experience.
(3) Its philosophical meaning

(4) TIts founding on axioms

14Letter of 7 September 1906 to Korteweg.

15_ Axiomatische Grondslagen — Voorbeelden van Axiomatische Uniciteits-bewijzen

— Genetisch in de Geest en Empirische Grondslagen

— Wiskunde en Geestesvrijmaking en Philosophische Waardering der verschillende Exacte
Wetenschappen. (Verband tussen Levens-Logica en Wiskunde)

— Wiskunde en Samenleving

— De Opbouw zelf

— Zogenaamde Philosophische Grondslagen

— Aanmerkingen op de Mengenlehre

16Brouwer used the terms ‘opbouwen’, ‘bouwen’, ‘wiskundig gebouw’. in his Dutch publications;
the literal translation is ‘building’, ‘mathematical building’; we will stick to the more usual (but
also less colourful) ‘construction’.

17The result of the yearly deductions of DFI 150,— since 1897, cf. p. 13.
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(5) Its value for society
(6) Its value for the individual.'®

Within a month this list was further reduced to three chapters which constituted
the final version of the dissertation:

I The Construction of Mathematics
II Mathematics and Experience
IIT Mathematics and Logic

The whole episode of the preparation of the dissertation is typical of a dignified
and noble academic past, a time when letters could be exchanged the same day,
when professors had time to read drafts of dissertations at short notice, when pub-
lishers produced hand-composed proofs within days. Considering that in September
1906 Brouwer had not put any part of the dissertation worth mentioning on paper,
and that in October he was still arranging the material, when he had already told
the publisher to start printing, it is a small miracle that he eventually finished in
February 1907. In the middle of October he had finished Chap. I, and he more or
less counted on Korteweg’s kind co-operation, so that he could send it to the printer
in a week’s time.

The second chapter was, however, an altogether different matter; it dealt with
the place of mathematics in the outer world, and the first version must have been
something of a shock to Korteweg. He had read, or at least glanced through, the
philosophical opus Life, Art and Mysticism, but probably had hoped and expected
that Brouwer would keep his philosophical activity and his scientific activity strictly
separated. In Brouwer’s case the philosophy was, however, the basic ingredient
that made the mathematics work. Here Brouwer and Korteweg had interpreted their
agreement in different ways. Brouwer had understood Korteweg’s condition ‘as long
as there is enough mathematics left’ as a lower bound on the mathematical content,
without stringent restriction on the philosophical part. Korteweg on the other hand
wanted mathematics, and possibly philosophy, but only if it was of the traditional
sort—say Kant, Poincaré, Frege, Russell. Brouwer expressed his view in a letter:

[You] suspected that [the topic] would strongly drive me into philosophy,
which it indeed did. To the extent that I even, at times, completely lost sight
of mathematics. But what I have brought you now, exclusively treats how
mathematics roots in life, and how, therefore, the points of departure of the
theory ought to be; and all special subjects of the dissertation derive their
meaning in relation to this fundamental thesis.’

18(1) De opbouw van de wiskunde.
(2) Haar wording in verband met de ervaring.
(3) Haar philosophische betekenis.
(4) Haar grondvesting op axioma’s.
(5) Haar waarde voor de samenleving.
(6) Haar waarde voor het individu.

19Brouwer to Korteweg, 5 November 1906.
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Brouwer had no intention to lead a double life, mathematics during working
hours, and philosophy as a gentlemanly occupation for the leisure hours. On the
contrary. In Chap. I he had already put the ur-intuition on the stage and in Chap. 11
he intended to present an eloquent description of the role of science, that is math-
ematics, in the domination of the environment by man. Indeed, the introduction to
Chap. II, as originally conceived by Brouwer, was a clear and coherent elaboration
of the moral issues in Life, Art and Mysticism. ‘The struggle for the domination of
nature and fellow humans’, according to him, ‘is strikingly different from the brutal
assimilation and destruction practised by other creatures. The secret of the success
of man, lies in his potential for objectivisation of the world.’

The primeval phenomenon is simply the intuition of time, in which the it-
eration of ‘thing-in-time, and one more thing’ is possible, but in which (and
this is a phenomenon outside mathematics) a sensation can resolve into con-
stituent qualities, such that a single moment of life is lived as a sequence of
qualitatively distinct things. One can, however, restrict oneself to the simple
observation of those sequences as such, independent of the emotional con-
tent, that is from the various gradations of frightfulness and desirability of
that which is observed in the outer world. (Restriction of the attention to in-
tellectual contemplation). Then the strategy of the goal-oriented activity of
humans, is to substitute the means for the goal (the preceding one for the
succeeding one in the intellectually conceived sequences) when the instinct
deems the chances of the means better in the struggle. [...... ] However, in
general the strategy, consisting of the observation of causal sequences,’” and
in connection with this, the shift from goal to means, is successful, and gives
mankind its power. Indeed, if the capacity were not effective, it would not be
there, just as a lion would not have paws if they were not effective.

One succeeds in discovering regularity in a restricted domain of phenom-
ena, independent of other moments of life, and latent under intellectual obser-
vation. In this way one succeeds to find a weak spot in nature, to render in this
way an enemy helpless in some essential part of life. In order to maintain the
certainty of an observed regularity as long as possible, one often tries to iso-
late systems, that is to keep away that what is observed as interfering with the
regularity; thus man creates much more regularity in nature, than originally
occurred spontaneously in it. He desires that regularity because it makes him
stronger in the struggle for existence, because it enables him to predict, and to
take his measures. (Rejected parts)?!

20Tn his later writings, for example Brouwer (1929a, 1933a), Brouwer introduces the term ‘causal
sequence’, which denotes the ‘equivalence class’ of sequences under the identification by the sub-
ject. One may safely conclude from the use of ‘sequence’ here, that Brouwer had this sort of
sequence in mind. The individual, isolated sequence has to be supplemented with a notion of iden-
tification in order to receive a certain stability. We will anticipate the terminological practice of
Brouwer’s mature intuitionism in so far that we will freely use ‘causal sequence’ from now on.

2lyan Stigt (1979, 1990), van Dalen (2001b).
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In the above lines Brouwer describes his key concept, the ‘leap from end to
means’.> It involves by itself a measure of externalisation: observed sequences are
detached from the observing ego, they are lumped together in ‘similar’ or ‘identi-
cal’ sequences, which are known as causal sequences. These causal sequences are
essential in the shift from goal to means. Because causal sequences are no longer
accidental, one-time, observation (or sensation) sequences, but rather more-or-less
stable sequences which we recognise on the basis of earlier observations, we may,
when we wish to attain an event B, and we have learned that in a particular causal
sequence another event A invariably precedes B, try to realise the means A, and
trust that the causal sequence will take us to B.

The first, and partly rejected, version of Chap. II was, like Life, Art and Mys-
ticism, based on strong moral views. Mathematics, in the wider sense intended by
Brouwer, is a prime tool for the subjugation of nature—and fellow humans—and
as such it is despicable: ‘He who dominates, is already cursed, and they are cursed
qualities that help to dominate’, and ‘Since the assimilation of the environment re-
moves it [mankind] ever further from the natural situation that originally supported
mankind, each conquered and adapted environment becomes ultimately intolerable
for mankind.” (Rejected parts)

The topic ‘language’ was—understandably—also treated; this time Brouwer’s
views were somewhat milder than in Life, Art and Mysticism. Language is presented
as an imperfect tool of communication, which could never guarantee the evocation
of the same sensations in different individuals, but which could at least direct the
mathematical actions of the listeners in the direction desired by the speaker. The
mystical writer, however,

will carefully seek to avoid everything that smacks of mathematics or logic;
otherwise weak minds might easily be led to mathematical believing or math-
ematical acting, outside the domain where either society, or their personal
struggle for life requires it, and thus come to all sorts of foolishness. (Rejected
parts)

Chapter II had to render an account of the pleasant, but often-thought unreason-
able, success of mathematics in handling the world, say physics and the other natural
sciences. Brouwer did not duck this responsibility. He showed how his philosophy
provided a natural explanation of the sciences, and the place of mathematics in them.

In his man-based system, physics was no exception in the general framework;
the physical phenomena were to be handled as causal sequences of a specific kind.

Now, should it not be surprising, that one really succeeds, not only to ob-
serve causal sequences that reappear again and again, but that so many groups
of phenomena, that affect the naive senses in a totally different way, can be
brought under some general viewpoints, which correspond with simply con-

22Brouwer uses the Dutch sprong (‘jump’ or ‘leap’), probably to indicate that the phenomenon is
not a gradual continuous shift, but a discontinuous transition. In later publications Brouwer calls
this the mathematische Handlung (mathematical act) Brouwer (1929a), and cunning act Brouwer
(1949c¢).
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structible mathematical systems? That would be a miracle indeed, but let us
keep in mind, that the physicist only deals with the projections of the phe-
nomena on his measuring instruments, which are all manufactured following
a similar technique from fairly similar rigid bodies, and that it is not surprising
that the phenomena are forced to share a similarity with either similar ‘laws’,
or no laws. The laws of astronomy, for example, are no more than the laws
of our measuring instruments, when they are used to follow the course of the
heavenly bodies. (Rejected parts)

The Ph.D. adviser (promotor in Dutch) Korteweg, had the challenging task of
guiding his student in the proper academic directions. Teacher and student had
regular discussions, and (fortunately for us) a frequent exchange of letters. After
Brouwer’s letter of 16 October, they must have had a fairly heated discussion, for
on 18 October Korteweg writes that he spent his time re-reading the first five pages
of the manuscript. He admitted that after the oral explanation ‘...everything ap-
peared in a different light, and even seems very well and clearly formulated’, and he
regretted his hasty judgement.

— ‘I am sorry that, when we talked I still was of another opinion, so that
I felt it necessary to tell you a few things which must discourage you, although
that was not my intention. So now temper my regret of that action by working
calmly but steadily at your second part.’

Korteweg and Brouwer did not quite see eye-to-eye on the foundational topics
of the thesis. They exchanged a good many letters and probably had even more
discussion sessions.

On Sunday(!) 4 November there was another discussion between student and
teacher at the home of Korteweg. Apparently Korteweg had again expressed his
doubts as to the admissibility of a number of topics, for the next day Brouwer wrote
a long letter>? defending his approach.

In the emotions of the moment, Brouwer even forgot the civil opening, and
plunged at once into the discussion. The first sentence contains the barely veiled
suggestion that his adviser might be out of touch with the important developments
in mathematics: he sent Korteweg the issue of the Gottinger Nachrichten that con-
tained the famous problems which Hilbert had presented at the International Confer-
ence of Mathematicians in Paris in 1900.%* These problems, which became known
as Hilbert’s problems, were intended as a challenge to, and homework for, the math-
ematicians of the twentieth century. And indeed, they have occupied a host of math-
ematicians; the problems often opened up new and important avenues in mathemat-
ics.

Brouwer, in his letter, claimed the (partial) solution of three of the problems; we
shall see to what extent he did solve any of them, but it is quite clear that he did not
wish to become a doctor on the strength of some routine research. He immediately
went for the highest honours!

23 Brouwer to Korteweg, 5 November 1906.
24Hilbert (1900), Browder (1976), Gray (2000).
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The problems dealt with are the first, second and fifth. Problem 1, the Contin-
uum Problem went back to Cantor (who at one time thought he had a solution); it
is usually presented as the continuum hypothesis: Cantor had conjectured that infi-
nite subsets of the continuum are either countable or have the same power as the
continuum. Problem 1 asked to prove or disprove the Continuum Hypothesis.

Problem 2 posed the question of the consistency of arithmetic, that is it asked for
a proof that no contradictions can be derived from the usual axioms of arithmetic (as
formulated, for example, by Peano). And, finally, problem 5 asked to rid the theory
of Lie groups of the traditional differentiability conditions.

Somewhat defiantly, Brouwer wrote, ‘I send you this book, because I thought to
perceive that you had some doubt whether the topics in my dissertation were, after
all, worth the effort.’

Apparently, Korteweg had demonstrated a certain lack of confidence in the choice
of topics. The letter of Brouwer eloquently defended the contents of the thesis.
It is most likely that Korteweg was worried about the philosophical passages; he
might, with good reason, feel some misgivings about the reception of this work in
the faculty. The reference to Hilbert’s problems was clearly designed to put him
at ease. Brouwer was, however, not the person to give up his philosophical views
without a struggle, and so the greater part of the letter is devoted to a defence of
the foundational parts. In reply to Korteweg’s questioning of the place of Kant in a
mathematical dissertation, he pointed out that Russell’s Essay on the Foundations
of Geometry and Couturat’s Les Principes des Mathématiques were largely devoted
to discussions of the Kantian principles, ‘and Poincaré points out that the present
foundational controversies are a continuation of the old mathematical—philosophical
struggle between Kant and Leibniz’. “Why avoid the name of Kant’, he said, ‘when
his ideas are discussed in mathematical texts, for example, of Russell and Couturat?’

It was, however, not just the pure philosophical content that bothered Korteweg;
even the views of his student on the topic of physics—usually deemed on safe mid-
dle ground—were disturbing.

Korteweg must have commented on that particular point too, for Brouwer explic-
itly defended his views by referring to Poincaré, who had expressed similar opin-
ions. Poincaré had in Science et Hypothése declared that the only meaning of ‘the
earth rotates’ is that ‘in order to classify some phenomena in a simple way, it is
most convenient to assume that the earth rotates’. Brouwer wholeheartedly sup-
ported Poincaré’s view:

And I think that something like that is far from absurd; on the contrary,
that it convinces anyone at first reading. The system of the heavenly bodies
is nothing but a mathematical system, freely built by us, of which people are
proud, because it is only in this way effective in controlling the phenomena.?

The philosophical credentials of Brouwer had been questioned the day before by
Korteweg, who had maintained that he was not certain at all that his student had

2 Brouwer to Korteweg, 5 November 1906.
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Fig. 3.1 A page from the rejected part of the dissertation—‘Mathematics and Experience’
[Brouwer archive]

studied Kant thoroughly enough to be entitled to an opinion. Brouwer felt that he
could not let this pass: ‘I can, of course, not give you that certainty, but I can anyway
tell you that I have read all of the Critique of Pure Reason and studied many parts
(including those that are relevant to my dissertation) repeatedly and seriously.’
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Korteweg, wisely, took his time; he replied to Brouwer that same day?® that he
would answer after he had read the whole manuscript, adding that ‘I did not for a
moment doubt the thoroughness of your mathematical preliminary studies.’

Brouwer could not, however, bring himself to wait for Korteweg’s comments; he
dispatched another extensive defence on 7 November. “The second chapter’, he said,
‘essentially dealt with two topics: (a) how the mathematical experience accompanies
the essentially-human actions; (b) to what extent the mathematics of experience can
be a priori.

The material dealing with physics and astronomy had only been inserted as an
example of (a), and, if it had to go, Brouwer would rather drop the rest of Chap. II as
well. He also motivated his extensive treatment of Russell’s Essay on the Foundation
of Geometry:

he is the only one who writes about the philosophical foundation of math-
ematics, and (at least most of the time) uses an exact language against which
one can be up in arms. Hegel, Schopenhauer, Lotze and Fechner don’t do that
(I just drop a few names) if I discussed them I would get on purely philosophi-
cal terrain, which you don’t want, nor do I wish so. Russell is, as far as I know,
the only one who tackles the problem of the a priori, equipped with mathe-
matics. And, criticising him, I could remain on my own ground, which, in my
eyes, is all the time mathematical, and in this criticising I found opportunity to
emphasise my standpoint in various directions. And that was for me the main
point, not the book of Russell, which I find important for its character only,
but which I find for the rest an absolute failure.

On the whole Brouwer was in his dissertation critical of Russell in a polite, aca-
demic way, as the reader can check for himself. But in the résumé, which Brouwer
made before the actual writing of the text, Brouwer found it difficult to control
himself. He repeatedly speaks of ‘Russell’s nonsense’ and at one place he cannot
stand it any longer: ‘To put something higher than mathematics, you must feel a
non-mathematical intuition; Russell has none of that, and yet he starts to bullshit.’

On 11 November Korteweg gave his opinion on the manuscript so far—in partic-
ular Chap. II.

After receiving your letter I have again considered whether I could accept
it as it is now. But really Brouwer, this won’t do.?” A kind of pessimistic and
mystic philosophy of life has been woven into it that is no longer mathematics,
and has also nothing to do with the foundations of mathematics. It may here
and there have coalesced in your mind with mathematics, but that is wholly
subjective. One can in that respect totally differ with you, and yet completely
share your views on the foundations of mathematics. I am convinced that ev-
ery supervisor, young or old, sharing or not sharing your philosophy of life,

26Korteweg to Brouwer, 5 November 1906. Note that in those days one could dispatch a letter and
receive the reply the same day!

2 Maar waarlijk, Brouwer het gaat niet, 11 November 1906.
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would object to its incorporation in a mathematical dissertation. In my opin-
ion your dissertation can only gain by removing it. It now gives it a character
of bizarreness which can only harm it.

Korteweg had clearly been rather piqued by Brouwer’s hints as to his expertise.
His retort was gentle but firm:

You inform me of all sorts of matters which could not possibly be unknown
to me, as a regular reviewer’® of the Revue de Métaphysique et de Morale, as
if they were things that I would not know. You thought to have understood
that you were not allowed to use the name of Kant, even where it concerned
opinions of Kant on mathematics, and you thought that I found the view ‘that
astronomy is nothing but a convenient summary of causal sequences in the
reading of our measuring instruments’ absurd. No, not that view; I admit that
one can present the matter in that way, although in my opinion the general law
of gravity has little to do, indeed, with our measuring instruments which led
to its discovery, than that these make measurement iiberhaupt possible; but
that the similarity of the laws which are valid in very different parts of physics
would find its origin in the similarity of the used instruments; it was that claim
that appeared absurd to me.

Although Korteweg insisted that the passages dealing with Brouwer’s philosophy
of life should be struck out, he did appreciate the comments on Kant, and he saw
no objections to the more traditional treatment of the philosophical issues in math-
ematics. In spite of his firm stand concerning the more mystical parts, the letter was
rather conciliatory. In particular, he wrote, his questions did not in any way imply
superficiality on Brouwer’s part; they were exactly what they should be: requests
for elucidation.

Brouwer’s reply, two days later, is interesting because it contained an elabora-
tion of his views on the role of mathematics in physics. Little of this discussion
has reached a wider audience, thus contributing to the popular misconception that
Brouwer’s theory could not, and did not, provide a foundational basis for applied
mathematics.

The following passages from the letter of 6 November 1906 could be read inde-
pendently of their philosophical (that is Brouwerian) background; one could even
imagine a positivist writing it. It is good, however, to keep in mind that it is an
integral part of Brouwer’s idealist philosophy.

You think that [...] the general law of attraction has preciously little to do
with the instruments, which have led to its discovery; but are laws anything
but summaries of phenomena by induction, means for the control of phenom-
ena, and existing only in the human mind? In itself the law of attraction exists
only with respect to the Euclidean space, and that only exists through an effi-
cient, but arbitrary extension of the domain of motion here on earth. Without

28For the Revues semestrielles.
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solid bodies on earth, the law of attraction would not exist, and the relation
between both is laid down by the astronomical measuring tools. The law of
attraction exists in relation to the astronomical phenomena, as molecules in
relation to the state equation; both appear to summarise efficiently a group of
phenomena, and to be effective as a tool for prediction; only the law of attrac-
tion wins in simplicity from the molecular theory. But once again: the law of
attraction is a hypothesis; the distance from the earth to the sun is just as much
a hypothesis.

With respect to the issue of ‘similar instruments yield similar laws’, Brouwer
pointed out that:

There is no difference between the electromagnetic field of a Daniell-
element, projected on our measuring instruments, and that of a Leclancher-
element; but if we consider it without bias, we must expect that there must be
as much difference between the fields, as between copper sulphate and am-
monium chloride; but on our counting- and measuring instinct, operating by
means of certain instruments, they both act in the same ways; it turns out that a
similar mathematical system can be applied to both, but it is only the lack of
suitable instruments, which so far has prevented us from finding other math-
ematical systems which can be applied to the one field and not to the other.
In each phase of development of physics, the measuring instruments—which
‘have been found suitable’, form a restricted totality, relative to the totality of
measuring instruments which ‘could be found suitable to govern all kinds of
other, as yet unknown, phenomena’. Parallel to this, we have that ‘the ‘math-
ematical systems which have already been applied to nature’ form a restricted
totality relative to the totality of mathematics, that ‘would be applicable to
nature, if physics had been sufficiently extended’.—And where now every re-
stricted group of mathematical systems has its invariants, it is to be expected
that every restricted group of physical phenomena has its invariants, exactly
on the grounds of those restrictions, in the form of laws or principles which
are valid for all phenomena of that group.

The letter continues to elaborate in a convincing way the role of mathematics,
in which, after all, the physical laws are formulated. Brouwer argues that physical
measurements yield outcomes in suitable rigid mathematical groups (for example
the group of rotations in the plane, when measuring torsion), and hence that

Each physically measurable quantity is eventually reduced to a measure-
ment in a rigid group, and it is the laws of those measurements which are
looked for in all sorts of different circumstances.

Some people have questioned the role of Korteweg in the process of Brouwer’s
development; Brouwer’s best-known student, Heyting, was for example completely
unaware of Korteweg’s influence on Brouwer; he was, on the contrary convinced
that Korteweg had played no role whatsoever in Brouwer’s scientific development.
In the sense of modifying Brouwer’s philosophical views or even determining the
topics of the thesis, this is certainly correct, but in the sense of guiding the young
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man, Korteweg doubtlessly played an important role—as the cited correspondence
bears out.?’ By asking the right questions, he forced Brouwer to refine his arguments
and formulations. Moreover, a dictatorial Ph.D. adviser would have put off Brouwer.
It is unthinkable that one could have forced him to forsake his personal ideals in
mathematics.

In spite of his personal convictions, Brouwer could see Korteweg’s point that the
highly subjective philosophical sections would not enhance his credibility among
his fellow scientists, and so he dropped them—but he kept the manuscript among
his papers.

He realised of course, that without the basic motivation Chap. II had lost some
of its force:

After their sudden appearance on the foreground as a replacement of their
late leader, it was not immediately possible, to dress them all, so that they
together could by themselves save the performance.’

It is true that the reading of the dissertation without the benefit of the ‘rejected
parts’ leaves one with the uncomfortable impression that Brouwer’s arguments were
a bit ad hoc.

3.3 On the Role of Logic

Although the agreed date of the defence of the dissertation came unpleasantly close,
adviser and student still continued their exchange of arguments and questions. The
final topic to be discussed in their letters was that of logic. In his letters of 18 and
23 January, Brouwer answered questions and objections of Korteweg. Korteweg
must have concluded from Brouwer’s philosophical discourse that logic was seen as
a part of, or possibly an application of, psychology—a not uncommon misconcep-
tion at the end of the nineteenth century. Frege and Husserl had already demolished
the bastion of psychologism, but it seems fairly certain that Brouwer was unaware
of those particular writings.

In his answer to Korteweg®! he dispelled any doubts on this point: ‘From your
characterisation of theoretical logic as a part of psychology, I understood that I had
expressed myself rather vaguely, for it was my express intention to show theoretical
logic, although it is a science, has under no circumstance significance for psychol-

s

ogy.

2The correspondence was after Korteweg’s death deposited in the Amsterdam University Library
by Mannoury, but this, apparently, was not known to Heyting. That the Korteweg files were un-
earthed was the result of a hint of Bastiaan Willink, a nephew of Korteweg, who was aware of the
existence of the Korteweg archive.

30Brouwer to Korteweg, 11 January 1907.
31Brouwer to Korteweg, 18 January 1907.
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In the next letter’” he elaborated his views on logic. In complete opposition to
the then prevailing beliefs, he argued forcefully that mathematical reasoning is not
logical reasoning. Mathematical reasoning, in his view, consisted of (mental) con-
structions, whereas logical reasoning took place in the realm of language. Thus, he
stated in the dissertation that ‘Mathematics is independent of Logic’ (Diss. p. 125)
and ‘Logic depends on Mathematics’ (Diss. p. 127). On the whole his view of the
role of logic was rather dim. He considered it as a secondary activity dealing with
linguistic figures that could on principle not be expected to take the place of mathe-
matical constructions, and in those cases where one could easily supply the missing
constructions, as in the syllogism ‘all men are mortal, Socrates is a man, hence
Socrates is mortal’, the result is not very informative.

It would be a mistake however to think that Brouwer dismissed logic altogether.
This becomes clear on the very first page of the third chapter. The first instance
where the traditional concatenation of syllogisms becomes non-trivial is where the
so-called hypothetical judgement of logic seems to be called for. Let us say that two
statements A and B describe structures A and B to be constructed. In the case of ‘if
A then B’ one seems to assume the construction of A in order to construct B. From
Brouwer’s constructive point of view that would be highly undesirable. It may be the
case the we know little about constructions for A and B, while we have no problem
accepting that any construction for A will yield a construction for B. All we need,
so to speak is a construction that will turn any construction for A into a construction
for B. Here is a simple example: if a point lies outside a circle, then there is a tangent
through this point to the circle. If we find, or are given a construction that establishes
that the point is outside the circle, then we know how to carry out the construction
of a tangent. Or, if 0=1, then 1=2. Here we even know that there is no construction
for 0=1, but we know very well how to show that 1=2 if someone were to give a
construction for O=1. We see here the germ of the ‘proof = construction’ notion of
Brouwer. Unfortunately Brouwer’s formulation is not wholly unambiguous, so that
the consequences of this idea are not totally clear. The more precise formulations
had to wait for Kolmogorov and Heyting.>3 It is quite clear that here the proof-
construction interpretation for the implication is intended.>*

Brouwer’s view of the use of logic in mathematics was downright pessimistic:
‘I show in the beginning of the chapter that mathematical arguments are not logi-
cal arguments, that it only makes use of the connectives of logical argumentation
out of poverty, and that it will keep the accompaniment of the language of logical
argumentation alive, long after the human intellect will have outgrown the logical
arguments.” In spite of this harsh indictment, he apparently did reconsider the role of
logic after he finished the dissertation, for a year later, in the ‘Unreliability’-paper,
he presented a milder view.

Above all, his objections were directed against the shift of attention from math-
ematical arguments (that is mental constructions) to the study of regularities in the

32Brouwer to Korteweg, 23 January 1907.
33See van Dalen (2004), van Atten (2008).

34Note that the construction interpretation for the remaining connectives is far less problematic.
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accompanying language of mathematics. Even when the system of mathematical—
logical language is shown to be free of contradictions, its subject matter is ‘lan-
guage’, and there is no immediate connection with mathematics proper, for example
arithmetic (Diss. p. 132).

A more argued case against logic was presented in the letter of 23 January to
Korteweg:

One knows nowadays very well, that if one derives by logical reasoning
something concerning the outer world that was not so immediately a priori
clear, it is for this very reason totally unreliable; for one does not believe any
longer the underlying postulate that the world must be a finite, albeit very
large, number of atoms, and that each word should represent a (hence also fi-
nite) group, or group of groups, of atoms. In other words, one knows very well
that the world is not a logical system, and that it does not lend itself to logical
reasoning; one knows very well that each debate is really humbug, and that it
is only to be settled for mathematical problems, but then not through logical
reasoning (although this may seem to be so in an inadequate language; how
misleading this appearance is, may be seen in the case of axiomatic founda-
tions and transfinite numbers) but through mathematical arguments.

Theoretical logic does not teach anything in the present world, and one
knows this, at least sensible people do. It now only serves lawyers and dem-
agogues; not to instruct others, but to fool them. And that this can be done is
because the vulgar unconsciously argue as follows: that language with logi-
cal figures exists, and so it will presumably be useful—and they meekly will
let themselves be deceived by it; just as I heard some people defend their gin
drinking with the words: ‘why else is there gin?’. Whoever has illusions of
improving the world can just as well crusade against the language of logical
reasoning, as against alcohol and no more is it a ‘strange company’ that does
not drink alcohol, than it is a ‘strange company’ that does not argue logically.
Although I believe that perhaps no abuse is entrenched more than that which
is blended with the most popular parts of language.

It is instructive to compare the above paragraph to Brouwer’s mystic writings.
The tone is more tempered (in spite of the reference to gin drinking), and there is an
argument, not just indignant rejection.

Brouwer, in his letter, calmly and clearly defends the priority of mathematical,
that is constructive, argument over logical proof. He uses an example of Euclidean
geometry: an isosceles triangle has an acute angle. The logical interpretation is that
the set of isosceles triangles is a subset of the set of acute angled triangles (Brouwer
goes so far as to reduce the problem to subsets of R¢), but the mathematical inter-
pretation is that one concludes from the construction of an isosceles triangle that it
has an acute angle.®® In spite of his unmistakable constructive intentions, Brouwer

35Here again the proof-construction interpretation of the implication may be conjectured.
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made at this point an appeal to reductio ad absurdum (if the angle be right or ob-
tuse, the construction fails). In fact the treatment of logic in a constructive context
suffered from too much haste.

The part about the demagogue reveals a glimpse of the emotions underlying
Brouwer’s scientific activity. Realising that the contents of the letter were rather
unconventional, Brouwer apologetically added: ‘Perhaps I have after all expressed
my intentions more clearly in this somewhat wildly written letter, than in the sub-
dued text. But, maybe, the text will appear in another light after this letter. That
would please me very much.’

The explanation above of the shortcomings of logic, in particular the conse-
quences of the non-finiteness of the universe, recurs in later writings, including the
dissertation itself; the finiteness assumption underlying the belief in logic is men-
tioned on page 130 of the dissertation.

In spite of the ‘down with logic’ rhetoric, Brouwer saw a positive role for logic.
He envisioned a constructive revision of the subject. The dissertation contains the
germ of the ‘proof = construction’ idea.

The dissertation was finished in the nick of time; in spite of some printing prob-
lems, Brouwer managed to meet the faculty deadline. It reflected Brouwer’s ambi-
tions by dealing with a multitude of topics. The first chapter contained the ‘real’
mathematical material. Basically it contained the partial solution to Hilbert’s prob-
lem no. 5, the treatment of Lie groups without the differentiability conditions, and
problem no. 1—the continuum problem. Brouwer showed that ‘independent of the
differentiability, [...] there is only one construction for the one, resp. two-parameter
continuous, uniform groups’ (Diss. p. 35), while he left the three parameter case as
an open problem.

After an investigation of the Helmholtz—Lie Raumproblem, Brouwer turned to
the continuum problem (see p. 90). The first chapter closed with a brief treatment
of non-Archimedean uniform groups on the continuum, and the non-Archimedean
geometries.

The topological part of the dissertation was, so to speak, Brouwer’s ticket to the
mathematical community. An improved version was submitted to the Mathematis-
che Annalen, and it was the topic of one of Brouwer’s talks at the international
congress in Rome in 1908. His work on Lie groups immediately drew the attention
of the experts (see p. 127).

There is one particular feature of Chap. I which we have not mentioned so far,
and which even in 1907 must have puzzled the readers. At the end of the nineteenth
century it had become an accepted insight that the real numbers should be intro-
duced as a derivative of simpler number systems—the rationals, the integers and
ultimately the natural numbers. This was the result of the efforts of Weierstrass,
Cantor, Dedekind and others, the so-called arithmetisation of analysis.

Brouwer did not follow this new trend; he firmly declared that the continuum and
the natural numbers were both given as parts of the ur-intuition of mathematics:

the substratum of all perception of change, which is divested of all quality,
a unity of continuous and discrete, a possibility of the thinking together of
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several units, connected by a ‘between’, which never exhausts itself by the
interpolation of new units. (Diss. p. 8)

Thus the continuum is immediately given by intuition, and not reduced to the dis-
crete. Over this intuitive continuum a scale can be constructed of a denumerable set
of discrete points (for example the dual (or binary) scale). Points of the continuum
may be approximated by approximation sequences— ‘which can, however, never be
regarded as finished, thus have to be considered as partly unknown’. Brouwer recog-
nised the possibility that the scale need not automatically be everywhere dense (that
is to say, the intuitive continuum need not be Archimedean), but he constructed, by
‘brute force’, segments in which there were no point of the scale. Or to put it pos-
itively, two points are viewed as distinct,’® when their dual approximations differ
after a finite number of digits. The continuum will turn up again, when we discuss
the continuum problem.

3.4 Mathematics and the World

Chapter II, which had suffered severely under Korteweg’s axe, expounds Brouwer’s
views on the relation of mathematics to experience. In spite of Brouwer’s rather
solipsistic views in the Profession of Faith, the formulations in this chapter are fairly
neutral, that is an outer world is introduced without comments. One may assume
that at this point Brouwer did not want to be drawn into ill-timed philosophical
discussions. It should be observed that a neutral terminology by no means excluded
an idealist—nor a realist—reading.

The causal sequences take an important place in this chapter, and Brouwer argues
that here mathematics plays its role in the struggle for life.

The basic scheme of Brouwer’s grand design was to handle causal sequences in
such a way that regularities occur, and that predictions can be made.

Here the individual makes clever use of the end-to-means jump (which is no
longer diabolical in the thesis). After remarking that, there is no guarantee that in a
causal sequence the end will always be obtained after realising the means (the rule
may no longer apply) Brouwer holds forth that:

in general the tactics, consisting of the consideration of the causal sequences
and on the regression from the end to the means, where it is easier to intervene
in the means, appears to be efficient, and provides mankind with its power.
One succeeds discovering regularity in a restricted domain of phenomena,
independent of other phenomena, which can thus remain completely latent in
intellectual consideration.

In order to maintain, as long as possible, the certainty of the regularity,
one tries to isolate systems in the process, that is to keep away that what has
been seen to disturb the regularity. Thus man makes much more regularity in

361n later writings Brouwer would use ‘apart’ for this positive notion.
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nature than originally occurred spontaneously in it. He wishes that regularity,
because it strengthens him in the struggle for existence, because it enables
him to predict, and to take his measures. [...]

The intellectual consideration of the world widens its scope because one
builds from the ur-intuition of the intellect abstract mathematics, independent
of direct applicability. And thus one has a stock of virtual causal sequences at
hand, which are only waiting for an occasion to be projected on reality. (Diss.
p- 82)

So, the external world (one may think of the physical world) is viewed as a huge
configuration of causal sequences, and the individual will try to optimise his envi-
ronment (the ‘struggle for life’). It is therefore of importance to make the end-to-
means jump more and more perfect. For this purpose, the individual tries to elimi-
nate events and phenomena that might jeopardise the transition from means to the
end. For instance, one drops a ball in vacuum, or one observes the sky from an
isolated mountain top. The mathematical treatment will have the best chance of
succeeding in those cases were isolation can be realised. Of course, there are innu-
merable cases where no regularities can be called forth.

Brouwer’s next observation is that things may get so complicated that the steps to
be taken to obtain isolation cannot immediately be seen, or it might not be clear what
the suitable means is for a given end. It is here that pure mathematics intervenes. The
individual starts to generate virtual causal sequences that are not directly observed
(or not the direct result of sensations). These sequences may be easier to handle, and
the mathematical treatment will then yield results that can be applied in the case of
concrete, actual causal sequences. In this way the individual develops a stock of
mathematical theories that can be called on at any moment. Euclidean geometry is
an example of such a successful mathematical theory (that is the stock of man-made
imaginary causal sequences); it suffices for a large number of applications.

The most useful instances of this kind of mathematical manipulation are to be
found in those cases where ‘a large number of causal sequences are subsumed under
one viewpoint by means of a mathematical system, called a law, built with the help
of mathematical induction. The difference between two sequences falling under it
then only depends on the difference in values of the parameters occurring in the
law.” (Diss. p. 84)

We see that causal sequences and the end-to-means jump thus become the cor-
nerstone of Brouwer’s universe and its properties. In the course of time he refined
the arguments, but he remained faithful to the original idea.’’

The first part of Chap. II deals with this notion of causal sequences, laws and
predictions (for example the mechanistic explanation of nature). The last part is
concerned with philosophical matters, mainly in the context of Russell’s Essay on
the Foundations of Geometry. The discussion of Russell’s Foundations is preceded
by Brouwer’s own views on objectivity and the notion of a priori.

On Brouwer’s view ‘objectivity’ of quantities or laws simply means the ‘invari-
ance under the simplest or the most common interpretation’. For example:

3TBrouwer (1929a, 1930, 1933a, 1949c¢).
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one usually calls mass objective, and thinks of its indestructibility; we have
seen, however, that masses are nothing but coefficients which simplify through
their introduction, the mathematical image of nature, and which remain invari-
ant under mathematical transformations, which represent natural phenomena.
Were one to find, however, natural phenomena which can most easily be rep-
resented by assuming the masses to be variable, then one could only keep
calling them objective, on the grounds of their invariance under a very impor-
tant group of phenomena in the image of nature. (Diss. p. 95)

So, objectivity gets a specific and well-determined meaning in Brouwer’s view.
Both physical time and space are, under this interpretation, highly objective. The
matter is different for the notion of a priori; if one understands by a priori ‘existence
independent of experience’, then on Brouwer’s view, all of mathematics is a priori,
Euclidean as well as non-Euclidean. If one understands by it ‘necessary condition
for the possibility of science’, then since

scientific experience finds its origin in the applications of intuitive mathemat-
ics to the real world, and since there is, except for experimental science, no
other science than just those properties of that intuitive mathematics; we may
call nothing a priori but that one thing, which is common to all mathematics,
and which, on the other hand, is sufficient, to build all mathematics on—the
intuition of many-one-ness, the ur-intuition of mathematics. And since this
coincides with the awareness of time as change per se, we may say: The only
a priori element in science is time. (Diss. p. 98)

Thus Brouwer sets himself to ‘rectify and update’ Kant’s views. On pages 114
and 115 he spells out the inadequacies in Kant’s arguments for the a priority of
3-dimensional Euclidean space.

He not only rejects Kant’s assumptions (we cannot get external experiences ex-
cept in the empirical space; empirical space is the 3-dimensional Euclidean space),
but also the argument leading to Kant’s conclusion.

We note that Brouwer added the observation that ‘Properly speaking the building
of intuitive mathematics per se is an action (een daad) and not a theory (een theorie)
.... The reader will recognise here Hermann Weyl’s later dictum: ‘mathematics is
more an action than a theory’ (mehr ein Tun als eine Lehre), cf. p. 313.

The discussion of Russell’s Essay consists of a series of criticisms on method-
ological and mathematical issues (for example Russell’s claim that a variable con-
stant of space curvature is unthinkable).

3.5 Observations on Set Theory and Formalism

Chapter III, MATHEMATICS AND LOGIC, is largely a criticism of the developments
of the last decennium. As we have seen, in Brouwer’s view mathematics was the
construction of ‘mathematical buildings’, and as such it was a language-independent
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activity. Logic, which was not (yet) exclusively identified with formal mathemati-
cal logic, dealt with descriptions of mathematical states of affairs, and according
to the majority of mathematicians, mathematics could not do without logic in or-
der to establish its theorems. Brouwer turned this around, and boldly asserted that
Mathematics is independent of Logic, and Logic is dependent on Mathematics (Diss.
p- 127).

Brouwer’s criticism was directed against four recent developments in the foun-
dations of mathematics:

. The founding of mathematics on axioms.

. The theory of transfinite numbers of Cantor.

. The logistic of Peano—Russell.

. The logical foundations of mathematics according to Hilbert.

AW N =

The axiomatic method was criticised on fundamental grounds, that is to say, the
properties and the study of the axiomatic systems, with their notion of consequence,
cannot replace the intuitive mathematics of (mental) constructions. Furthermore,
the basic desideratum of the axiomatic method, which says that one can always find
a mathematical interpretation for a consistent logical system, is not substantiated.
Brouwer was, however, cautious enough not to go too far. He did not state that there
were cases where such a mathematical interpretation (‘building’ in his terminology)
could not be provided; he merely stated that the existence

was not established by the axiomaticians, not even for the case that the given
conditions include that the thing that is looked for is a mathematically con-
structible system; for example, it has nowhere been proved that, if a finite
number has to satisfy a system of conditions, of which it can be shown that
they are not contradictory, that such a number then also exists (Diss. p. 142).

Brouwer added in a footnote that therefore it was not certain at all that ‘every
particular mathematical problem must necessarily admit an exact solution, be it that
the answer to the given question can be given, or that the impossibility of the so-
lution, and thus the necessity of the failure of all attempts, is established’. This
conviction, Hilbert’s dogma, was put forward by Hilbert in his lecture Mathema-
tische Probleme, with the remark that every mathematician is at heart convinced of
its correctness. Brouwer summarily declared it ‘unfounded’ in his Thesis no. 21.38
In the light of his doubt of Hilbert’s dogma, it is rather surprising that a few pages
earlier Brouwer had acknowledged the principle of the excluded middle (PEM) as
vacuous or trivial. This principle, also going by the names principium tertii exclusi,
principle of the excluded third, and principium tertium non datur, was one of the ba-
sic principles of Aristotle’s logic, together with the principium contradictionis. The

38 A dissertation was in Holland always supplemented with a list of theses, which were presented
without proof, and which had to demonstrate the proficiency of the candidate in a wide area. The
theses also functioned as a concession to those members of the faculty who had to take part in the
examination, but could not spare the time to read the dissertation.
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latter asserts that one cannot at the same time have A and not A (i.e. =(A A —A)),>?
and the former states that one has either A or —A, and there is no third possibility
(i.e. A v —A). Brouwer had accepted the principium contradictionis as evident.

In his view, the words of a mathematical argument of a logician are nothing but
an accompaniment of the wordless building process. When the logician concludes
a contradiction, the building mathematician observes that the building process is
blocked. The latter does not need the principium contradictionis for this observation
(Diss. p. 142). The principle of the excluded middle, he claimed, was correct but
uninformative:

‘A function is either differentiable, or not differentiable’ tells us nothing, it
expresses the same thing as the following: If a function is not differentiable,
it is not differentiable (Diss. p. 131).

This statement will surprise the modern reader; how could Brouwer accept PEM
and reject Hilbert’s dogma?

Although a conclusive answer will be hard to give, a possible solution to this rid-
dle may be conjectured. C. Bellaar-Spruyt was teaching philosophy in Amsterdam
when Brouwer took his courses. Bellaar-Spruyt did not publish much, but he influ-
enced Dutch philosophy by his firm defence of Kant, and his equally firm attacks on
the then predominant materialistic philosophy, embodied by the Utrecht philosopher
Opzoomer.

There is no conclusive evidence that Brouwer took the courses of Bellaar-Spruyt,
but it is plausible that he did. In the Brouwer Archive there is a picture of Bellaar-
Spruyt, which Brouwer kept for all those years, and—more relevant, Brouwer’s
own philosophy has evident Kantian features. A philosophically interested, curious
student would certainly attend the courses of his local philosophy professor, in par-
ticular if he had the reputation of an independent thinker, like Bellaar-Spruyt.

The logic course in Amsterdam was also in the hands of Bellaar-Spruyt, and his
lectures have been published. Here one finds a hint towards the solution of the above
mentioned problem. PEM is explained by Bellaar-Spruyt by means of an example:
‘If you deny that Alexander was a great man, well, then you have to acknowledge
that he was not a great man. Both opposite judgements, A. was a great man and A.
was not a great man, cannot both be false’.*? Replace ‘Alexander is a great man’ by
‘the function is differentiable’, and you get Brouwer’s example. It is plausible, and
even likely, that Brouwer learned this particular form of PEM from Bellaar-Spruyt.
Needless to say that this reading does not pass the criteria of the constructivist.

There may have been more influence of Bellaar-Spruyt on Brouwer than just this
case of PEM. Some Brouwerian themes already occur in Bellaar-Spruyt’s lectures.
Here are some examples: (i) logic is different from psychology. Brouwer would
wholeheartedly agree, but where Bellaar-Spruyt sees logic in its normative role,
Brouwer only views logic as a means of recording the original mathematical con-
structive activity. (ii) In the section on ‘The pernicious influence of language on

39From now on we will follow the conventions of logic, and write —A for not A.
40Bellaar-Spruyt (1903), p. 18.
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the clarity of our thoughts’, Bellaar-Spruyt discusses a phenomenon that very much
looks like a case of ‘the leap from end to means’: ‘It is indeed a familiar psycholog-
ical law that if a state of mind A is often followed by B, the arising of A leads to
the arising of B.*!

Although it is still a big step from a simple observation to the systematic use
in the context of causal sequences, one may guess that the young Brouwer amply
received impressions in the lectures of Bellaar-Spruyt.

Summing up, one is tempted to see Brouwer’s view of PEM as a thoughtless
adoption of the formulation that was given in the course. It could, of course, also be
that he hesitated to destroy one of the pillars of Aristotelian logic—after all, a more
than two-thousand-year old heirloom!

Among his private notes there is some reference to PEM, that seems to indicate
that he already mistrusted the principle. To jump ahead of our story, soon after he
finished his dissertation, he hit on the correct reading of PEM:

this requires that each assumption is either correct or incorrect, mathemati-
cally formulated: that for each assumed incorporation of systems in some way
into each other, either the termination [success], or the encounter of an impos-
sibility can be constructed. The problem of the validity of the principium tertii
exclusi is thus equivalent to the problem of the possibility of unsolvable math-
ematical problems.*?

In general, he argued, ‘the principium tertii exclusi is, as yet, not reliable in infi-
nite systems’. The paper also contained the first instance of his celebrated ‘unsolved
problems’, that were at the basis of his later counterexamples, now known as Brouw-
erian counterexamples:

— Is there in the decimal expansion of 7 a decimal that in the long run occurs more
often than others?

— Are there in the decimal expansion of 7 infinitely many pairs of consecutive
decimals which are equal?

In both cases we (still) have no clue as to the truth of the statements, hence PEM
cannot be considered to hold for them.

The above reflections were embodied in a paper, The unreliability of the logical
principles, published in a semi-obscure Dutch philosophical magazine*® (the same
journal that had rejected Brouwer’s review of The foundations of a new poetry of
Scheltema*). As a consequence it was read by few colleagues, even in Holland.
The paper was received with a certain mistrust; after long deliberation the editorial
board consented to publish it. Its hesitation may have had something to do with
the fact that Brouwer was a self-made philosopher, and with the friction between

41 Bellaar-Spruyt (1903), p. 62.

42Brouwer (1908b), p- 5.

BTijdschrift voor Wijsbegeerte (Journal for Philosophy) (Brouwer 1908b).
#Cf. p. 29.
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Brouwer and the philosophical community, resulting from an attempt of Brouwer
and Mannoury, two years before, to found a philosophical journal.

Maas & van Suchtelen, the publisher of Brouwer’s dissertation, had approached
Mannoury with a proposal to establish the first philosophical journal in Holland.
Mannoury, after some consideration, answered that he was prepared to set up such a
journal provided Brouwer would join him. Subsequently, the two explored the Dutch
philosophical landscape in order to find out if the project was viable. They soon met
determined opposition from the side of the professional philosophers, who probably
did not want to see the Dutch journal in the hands of philosophical amateurs, so the
various philosophical societies suddenly felt the urge to start a journal themselves.
When Maas & van Suchtelen was confronted with the situation, it decided to make
the best of it by joining sides with the professionals. Kohnstamm, who was the
spokesman for them, made the condition that Brouwer and Mannoury would not be
asked to join the editorial board.

The editor in charge of the paper, the physicist Kohnstamm, made it quite clear
that his firm stand in the meeting of the board had saved the day. He also used the
opportunity to say that, in his opinion, Brouwer had completely missed the point of
the PEM, ‘I cannot see that your observations on unsolvable mathematical problems
violates the PEM. It seems to me that the matter is of the same sort as the question
whether a square circle should be considered round or angular.* This would not be
the last manifestation of incomprehension that Brouwer was confronted with in his
long struggle for a renewed mathematics.

Whereas Brouwer’s objections to logic and its uses in mathematics were of a
general philosophical nature, his criticism of Hilbert’s formalism had quite specific
technical points. As the role of Hilbert and his formalism will become prominent in
the nineteen-twenties, it is worthwhile to go into Brouwer’s arguments in the dis-
sertation. The criticism in the dissertation was directed at Hilbert’s Heidelberg ad-
dress,*® On the Foundations of Logic and Arithmetic, which had appeared in 1905.
Hilbert had set himself the task of completing what he had started with his Foun-
dations of Geometry (1899), that is to show the consistency of number theory—on
which the consistency of geometry rested. The Heidelberg talk could be considered
as a try-out of a new method for consistency proofs. The systems treated were only
small fragments of logic and arithmetic, but it was the method that counted. Hilbert
had indicated means to show that in the formal systems under consideration one
could not derive the formula expressing a contradiction. The reader who is not fa-
miliar with this type of argument may consider the following problem: is it possible
that by using the usual rules of elementary algebra, one ends up with a formula
with more left than right brackets? The answer is ‘no’, and one easily proves this
by means of complete induction. So here one proves something about objects of the
language of mathematics (that is formulas, strings of symbols), instead of the usual
objects of mathematics, such as numbers, functions, triangles, ... Hilbert’s aim was

4Kohnstamm to Brouwer, 3 January 1908.
4SHilbert (1905).
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to use this technique to show that in a fully formalised part of mathematics (say
arithmetic) one could not derive a contradiction (say ‘0 = 1). The subject of ‘deriv-
ing’ was in this context to be taken in its formal sense, as, for instance, expressed in
Hilbert’s Paris address of 1900:

When we are engaged in investigating the foundations of a science, we
must set up a system of axioms which contains an exact and complete de-
scription of the relations existing between the elementary ideas of that science.
The axioms so set up are, at the same time, the definitions of those elementary
ideas; and no statement within the realm of the science, whose foundations
we are testing, is held correct unless, it can be derived from those axioms by
means of a finite number of logical steps.*’

Brouwer viewed Hilbert’s scheme to free the foundations of mathematics from
intuition as misguided. He argued that if one proves by means of our intuition that
in the formal-logical description of this intuition one cannot derive a contradiction,
then one has not made any progress:

Who will prove a mathematical theorem, by deriving it once more on the
strength of the theorem itself, and will then say ‘now the assumption is justi-
fied as well’? (Diss. p. 172).

Popularly speaking, we can paraphrase Brouwer’s objections as: you need intu-
itive mathematics to justify the (consistency of) its formalisation (in particular, you
need induction to justify induction) and consistency of the formalisation does not
justify the underlying intuitive arguments (constructions). This insight was lacking
in Hilbert’s paper. Some thirty years later, Godel drove home the message by means
of technical logical arguments.

In addition to the criticism of Hilbert’s meta-mathematics, Brouwer gave a metic-
ulous analysis of the various levels involved in the proof theoretical treatment of
mathematics, (Diss. pp. 173—175). He distinguished 8 levels in Hilbert’s exposition
of 1904, a classification that in precision out did both Hilbert-Bernays’ and Tarski’s
later language—meta-language distinction.

He gave an ‘enumeration of the phases which were mixed up in the logical treat-
ment of mathematics’:

1. The pure construction of intuitive mathematical systems, which, if applied, are
externalised by viewing the world mathematically.

2. The language parallel of mathematics: mathematical speaking or writing.

3. The mathematical consideration of the language: logical language constructions,
built according to principles from ordinary logic or its extension to the logic of
relations, are observed, but the elements of those language buildings are linguis-
tic accompaniments of mathematical constructions or relations.

4. No longer thinking of a meaning of the above mentioned logical figures; and the
copying of the construction of those figures by a new mathematical system of

4THilbert (1900).
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the second order, for the time being without a language which accompanies the
constructions; it is the system of the logisticians, which easily becomes suscep-
tible to the figure of contradiction at the least free generalising extension, unless
Hilbert’s precautions are taken against it. And these precautions make up the real
content of Hilbert’s treatise.*®

5. The language of logistics, that is the words which accompany and motivate the
logistic building activity; Peano, indeed, takes, as much as possible, care to tie the
accompanying thoughts to symbolic signs. Nonetheless the system remains de-
composable in the proper construction, and the principles according to which the
construction develops itself. Even though those principles are symbolically for-
mulated, such formulations must be considered as heterogeneous with respect to
the further formulas, to which the first ones are applied—not as formulations, but
as intuitive acts of which the adjoined formulations are only accompaniments.

Hilbert needs those intuitive language acts, thus also the accompanying lan-
guage, more than Peano, because he wants to prove the non-contradiction of his
logistic system in itself, something Peano does not care about.

The verbal content of Hilbert’s treatise up to page 184, V. belongs to the fifth
phase.

6. The mathematical consideration of that language. The explicit performance of
this step is something essential with Hilbert, in contrast to Peano and Russell; he
notes, looking back at his own words, logical figures, which develop according
to logical and arithmetical principles, including among other things, the theorem
of complete induction. The elements of these logical figures, such as the words
mehrere, zwei, Fortsetzung, an Stelle von, beliebig, etc., are a linguistic accom-
paniment of construction acts in the above mentioned mathematical system of
the second order.

7. No longer thinking of a meaning of the elements of above mentioned logical fig-
ures; and the copying of the construction of those figures by a new mathematical
system of the third order, for the time being without accompanying language.

Hilbert carries out the transition from 6. to 7. in his mind loc. cit. page 184
and 185 under V, first paragraph.

8. The language accompaniment of the mathematical system of the third order
which motivates and shows the non-contradiction of it.

This phase is, in the words of the above mentioned paragraph loc. cit. page
184, 185, the last one found with Hilbert.

One could go on even further, but the mathematical systems of even higher
order would all be roughly copies of each other; it thus makes no sense to
pursue the matter further.

For that matter, the previous phases, from the third one on, are not of
mathematical interest either. Mathematics only belongs in the first one; it
cannot remain free of the second one in practice, but that phase remains a
non-mathematical unconscious act, be it guided and supported by applied

“Hilbert (1905).
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mathematics or not, but never gaining priority with respect to the intuitive
mathematics. (Diss. p. 173 ff.)

The promised solution of Hilbert’s problem no. 2, the consistency of arithmetic,
is not given the prominence that one would expect. This is perhaps not surprising,
for, from Brouwer’s point of view, the effective construction of the mathematical
system automatically protected it from contradictions. He pointed out that the early
axiomaticians (including Hilbert) were quite satisfied with the procedure: °...the
advancing of mathematical systems as existence proofs for the logical systems, im-
plies that one still saw that the mathematical system required no further existence
proof than its intuitive construction’ (Diss. p. 137).

Brouwer’s views become visible, so to speak, in his discussions of the axiomatic
method and of Hilbert’s formalism; he probably considered the proper consis-
tencymethodology (that is model construction) so natural and obvious, that he did
not want to spell out the underlying details.

It is virtually impossible to do justice to all parts of Brouwer’s dissertation, so for
the moment we have to be content with a short final glance at Brouwer’s reaction to
set theory. Set theory was the hot topic of the turn of the century, it aroused the cu-
riosity of the mathematical community, and although it had a long incubation period
before it was accepted as a useful and self-evident part of daily practice (and math-
ematical training) it occupied some of the finest minds of the period. The founding
father was Georg Cantor, professor in Halle. Cantor had, after some experimenting
with sets that played a role in ‘real mathematics’, that is sets that occur in number
theory, algebra or analysis (including the new discipline, topology), opened up an in-
exhaustible universe of sets, sets of sets, etc. His fundamental theorem on power sets
held that there are essentially more subsets of a set, than it has elements. For finite
sets this was not particularly shocking, a direct calculation shows that {0, 1} has 4
subsets, namely the empty set, {0}, {1}, and {0, 1}, and, in general {0, 1,2, ..., n—1}
has 2" subsets. For infinite sets there is a problem: it is no use to count them. So in-
stead, Cantor introduced the concept ‘as large as’, or ‘equivalent’ (gleichmdichtig).
Two sets are equivalent if they can be brought into 1 fo 1-correspondence.*” This
is a reasonable generalisation of ‘as large as’ for finite sets: {0, 2, 7} is as large as
{m, 12, \/5} and there are obvious 1-1 correspondences. Cantor’s famous theorem
tells us that the power set P(A) (that is the set of all subsets of A) is always larger
than A. To be precise: A is equivalent to a subset of P(A), but not to P(A) itself.
As a result there is no such thing as a ‘largest set’ in Cantor’s universe. The set of
natural numbers, N, is infinite, and it is smaller than P (N), which in turn is smaller
than P(P(N)), etc. Indeed, N is ‘the smallest infinite set’, we call sets equivalent to
N denumerable. Elementary set theory tells us that the continuum is equivalent to
PN).

Furthermore, Cantor generalised the notion of counting beyond the existing prac-
tice, he introduced transfinite numbers. The first transfinite number is w (that is, @
comes after all the natural numbers) and the first few transfinite numbers (ordinal

49That is, if there is a bijection (1—1 mapping) from one onto the other.
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numbers) look like w,w + 1,0 +2,..., 0+ w (=w-2),...,w-3,...,0-n,...
These ordinal numbers are all denumerable. Cantor took the bold step to consider
the set of all denumerable ordinal numbers (traditionally called the second number
class); this set is itself another ordinal number: the first non-denumerable ordinal
wq. Cantor showed that an unbounded number of transfinite numbers exist in his
universe.

At the time Brouwer’s dissertation was written, this material was all fairly new;
lots of mathematicians considered Cantor’s creations as if they were inmates of
some asylum rather than useful, let alone necessary, citizens of the mathematical
kingdom. An influential mathematician like Poincaré was publicly sceptical of set
theory; all the same he was excellently informed about the new developments, and
he gave a beautiful talk on set theory in Gottingen. "

Set theory was rocked around the turn of the century by the so-called paradoxes.
Cantor, Burali-Forti, Zermelo and Russell had shown that uncritical handling of
certain set-forming operations led to contradictions. The ‘set of all sets’, the ‘set
of all ordinal numbers’, and the like, spelled disaster. When the dust had settled
somewhat, it was Zermelo who got the debate on set theory under way again by
publishing his miraculous proof of the well-ordering theorem,’' which states that
each set can be well-ordered, that is put into an ordering like an ordinal. Technically
speaking, a set is well-ordered by an ordering relation < if each non-empty subset
has a first element. Well-ordered sets are exactly in the form that corresponds to
the transfinite ‘counting’ of sets. Cantor had posed the question if all sets could
be well-ordered; the more conservative mathematicians were inclined to doubt this;
they usually pointed out that there was not even the faintest clue how to well-order
the continuum. Brouwer, in his dissertation, refutes the well-ordering theorem by
pointing out that in the case of the continuum most of the elements are unknown, and
hence cannot be ordered individually—‘So this matter also turns out to be illusory.’
(Diss. p. 153).

Zermelo’s proof was based on a new principle, the axiom of choice, which postu-
lated, that given a set of non-empty sets, there was always a (choice-) function that
picked an element from each of these sets. The matter caused quite a stir in mathe-
matics; objections of various kinds were raised by eminent scholars, Peano, Borel,
Poincaré, Schoenflies, ....

Zermelo’s second great achievement was the formulation of an axiom system for
set theory. It turned out to be so adequate that, up to minor improvements, it is still
the main basis for modern mathematics.

With respect to set theory, Brouwer maintained that the larger part of the cre-
ations of Cantor was beyond the realm of the mentally (and thus mathematically)
constructible. Examples of (according to Brouwer) meaningless word play are the
second number class and the higher power sets. In Brouwer’s opinion, mathematical
objects had to be constructed; one can thus easily imagine that considerable parts

50poincaré (1910).
S1Zermelo (1904).
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of Cantor’s universe had to be jettisoned. Brouwer had no problem accepting the
countable ordinals, but he balked at the second number class as a whole (indeed his
supplementary thesis no. XIII boldly asserts ‘The second number class of Cantor
does not exist’). Cantor introduced the second number class as the totality (Inbe-
griff) of all countable ordinals, which according to Brouwer ‘cannot be thought,
that is to say, cannot be built mathematically’. Brouwer argued that constructions
based on the ‘and so on’ are legitimate only if the ‘and so on’ refers to an iteration
of the same thing at most w times. In the case of Cantor’s second number class there
evidently is no w-iteration, nor, says Brouwer, is there a repetition of similar things
(Diss. p. 146). “Thus Cantor is here no longer on firm mathematical ground.’
Similarly, Brouwer rejects the unrestricted exponentiation of sets.>> Brouwer’s

argument is simple: we cannot imagine (think), for example, 22" 1tis worth noting
that he does not mention the power sets P(A).>3 It would be a matter of wishful
reading to conclude that he had already realised that power sets and exponents are,
constructively speaking, different things. It was probably the influence of Cantor,
but it is equally well possible that Brouwer just did not care for ‘the collection of all
subsets’. It would not fall under his generation principles of sets anyway.

A conceptual analysis of the mathematical construction process led Brouwer to
the insight that:

we can create in mathematics nothing but finite sequences, and further, on the
ground of the clearly conceived ‘and so on’, the order type w, but only con-
sisting of equal elements,>* so that we can never imagine the arbitrary infinite
binary fractions as finished, hence as individualised, because the denumerably
infinite number of numerals behind the (decimal) point cannot be viewed as a
denumerable number of equal things, and finally the intuitive continuum (by
means of which we subsequently have constructed the ordinary continuum,
the measurable continuum). (Diss. p. 143).

The explanation of ‘and so on’ may seem somewhat puzzling. On a literal read-
ing a denumerable sequence like °1,2,3, and so on’ could only be viewed as
‘1,2,3,3,3,3,...” But it is the operation of successor that is repeated, so one does
get ‘1,2,3,4,5,..." As a consequence the ‘and so on’ here requires an operation
or a law. Hence one cannot expect to get arbitrary sequences (think of the choice
sequences which Brouwer introduced later).

In spite of his critical view of Cantor’s set theory, Brouwer was no bigoted foe
of the topic as such. As his topological papers were to show, he was fully aware
of the usefulness of sets and their machinery. In the dissertation he did not preach
abolition of set theory, but rather a thorough overhaul of the subject.

52 AB is the set of all mappings from B into A.

33Cantor himself systematically discussed subsets in terms of their characteristic functions (Bele-
gungen).
54Diss. p. 143. [Brouwer’s note]: Where one says: ‘and so on’, one means the arbitrary repetition

of the same thing or operation, even though that thing or operation may be defined in a complex
way.
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We have seen that he claimed in a letter to Korteweg to have solved the continuum
problem. His proposed solution was based on an analysis of the possible set-creating
operations on the domain of point sets.

As the continuum problem was supposed to be a central issue in understanding
the nature of the continuum, it is clear that definition or construction is of the utmost
importance. In classical mathematics (say, Cantorian set theory) there are various
precise, and equivalent, definitions, so that a treatment of the problem can at least
be entertained on the basis of an exact specification. In Brouwer’s mathematics,
this is problematic indeed. Since the continuum was given outright by an act of the
individual intuition, there seemed to be little hope for the treatment of the problem.

The intuitive continuum was, so to speak, an amorphous mass out of which indi-
vidual points could be picked, but totalities of individualised elements could only be
created in denumerable quantities (Diss. p. 62). In his words: ‘The continuum as a
whole was intuitively given to us; a construction of it, an act which would create as
individualised, ‘all’ points of it by means of mathematical intuition is unthinkable,
and impossible.’

Brouwer’s view of the continuum shows a suggestive similarity to the mystic
experience of the initial chaotic state of the individual. In this state, also, there are
no sharp bounds, everything is flowing and amorphous. From that point of view it is
indeed implausible, if not impossible, that all mathematical structures are made up
of individual, sharply distinguished, elements. So the continuum, being traditionally
the flowing, continuous medium, must from Brouwer’s point of view, have been the
structure par excellence created by a human faculty analogous to the original mystic
state.

On the basis of the ur-intuition (see p. 98), Brouwer distinguished three set-
generating principles for subsets of the continuum:

1. Combinations of finite sets, sets of the order w, and sets of the order n (that is
finite sets or sets that are similar to the natural numbers or to the rationals).

2. The ‘completion to a continuum’ of a set of order type 1, which is dense in itself.

3. The complement of a dense in itself subset of type 1, with respect to the contin-
uum.

These three construction principles, according to Brouwer, yielded only count-
able sets and sets equivalent to the continuum, and hence the continuum problem
was answered in the affirmative (Diss. p. 67). Actually, Brouwer was more cautious
then the above suggests; he wrote ‘seems to be solved’. In Chap. III, Brouwer re-
turned to the continuum problem (Diss. p. 149), see below. This time to show that
the problem was not well-posed. For he argued that neither ‘the set of points of the
continuum’, nor ‘the set of all numbers of the second number class’ exist as mathe-
matical objects, so their equivalence is unthinkable. On the other hand one can turn
the whole problem into a logical problem: introduce the relevant sets as hypothetical
objects and show that the continuum hypothesis is non-contradictory.

The reflections on the possible point sets, and their generation principles had led
Brouwer to consider another kind of ‘pseudo’ sets, or cardinalities. Evidently there
are totalities that cannot be exhausted by successive selection of points, the contin-
uum is an obvious example. The new notion was based on the idea that, although one
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could not exhaust such totalities, one could, with luck, always find, after an exhaust-
attempt, another point in a systematic way. In fact Cantor’s diagonal method yields
such a systematic method for the continuum.

Brouwer coined a new term for this phenomenon:

We mean by a denumerably unfinished set one, of which only a denumer-
able group can be indicated in a well-defined way, but for which then, accord-
ing to some previously defined mathematical process, new elements may be
derived from such a denumerable group, which belong to the set in question.
(Diss. p. 148).%

The notion of ‘denumerably unfinished’ makes the impression of an interesting
digression, almost an afterthought in the context of the continuum problem. It plays,
however, no role in Brouwer’s actual mathematics. The notion occurs a couple of
times in later papers, to disappear, once the choice sequences have made their entry.
After that it is mentioned in passing, but without significant or helpful comments.
The idea behind this innovation was to apply the predicate ‘denumerably unfinished’
to ‘collections’ that could not be handled as sets according to the above mentioned
construction principles. Since the denumerably unfinished sets were not really sets,
Brouwer decided, as a compromise, to treat them as a ‘manner of speaking’: “We
can, however, introduce these words as arbitrary expressions for a known inten-
tion.”>® As examples of denumerably unfinished sets he listed: the totality of all or-
dinals, the totality of all definable points of the continuum, the totality of all possible
mathematical systems. The comparison of denumerably unfinished sets, according
to Brouwer, was simple: every two of them were equivalent. On the other hand,
he admitted in a footnote, (Diss. p. 149), that one could just as well consider de-
numerable and denumerably unfinished sets as being equivalent, as each denumer-
ably unfinished set may be mapped onto the ordinal w?. This seemingly paradoxical
statement was clarified by pointing out the difference between 1-1 mappings be-
tween two enumerable sets and those between a denumerable and a denumerably
unfinished set, the latter are themselves ‘unfinished’.

On the basis of the above considerations, Brouwer recognised the following car-
dinalities:

. the various finite ones

. the denumerable infinite

. the denumerably unfinished infinite
. the continuous.

RIS I R

In this more refined context, Brouwer reconsidered the Continuum Problem. In
the tradition of set theory there were basically two (equivalent) formulations of the
continuum problem. One did not mention ordinals and cardinals: each infinite sub-
set of the continuum is either denumerable, or equivalent to the continuum. The

35Observe the similarity with Dekker’s productive sets, cf. Rogers (1967).

56This is similar to the notion of ‘class’ in Zermelo—Fraenkel set theory; a class is not a set, but it
is a convenient fiction.
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Fig. 3.2 The last three of the obligatory theses of the dissertation. XXI rejects Hilbert’s dogma.
[Brouwer archive]

other one made use of cardinals and ordinals: 2% = R, in words the continuum
is equivalent to the second number class. The second formulation was problematic
for Brouwer. As neither the second number class, nor the ‘set of all points of the
continuum’ exist in the proper sense as sets of individual points, the problem had
no meaning in this form. The problem could, of course, be turned into an exercise
in logic by abstracting from the meaning and trying to show the consistency of the
continuum hypothesis (Diss. p. 150). That is to say, since the set of all points of the
continuum does not make sense, one can consider the set of all definable numbers
of the continuum. This is a denumerably unfinished set and hence equivalent to the
equally denumerably unfinished second number class. Hence, under this interpreta-
tion, the equivalence turns out to be trivially true.

In 1908 Brouwer attended the International Mathematical Congress in Rome,
where he gave two talks, one of them with the title “The possible Cardinalities’.?
In this talk Brouwer expressed himself more cautiously. The phrase ‘continuum
problem’ had disappeared. But the above classification is by and large upheld. He
concluded that there is only one infinite cardinality—that of the denumerable sets,
but he mentioned the denumerably unfinished cardinality, which is a method rather
than a set, and the continuous one, which is something finished, but only as a matrix
and not as a set.>8

Finally, Brouwer upbraided in his dissertation Poincaré (with whom he agreed
on most issues, and whom he greatly admired) for ‘not adopting the intuitive con-
struction as the sole foundation of his critique’. Brouwer refers here to the famous
(or notorious) quote ‘in mathematics the word exist can have only one meaning; it
means freedom of contradiction’. (Diss. p. 177).

5T Die Moegliche Miichtigkeiten (Brouwer 1908a).
S8 Brouwer (1908a), p- 571.
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The dissertation ended with a summary, which opened with a bold declaration,
vaguely reminiscent of Cantor’s slogan The essence of mathematics is in its freedom:

Mathematics is a free creation, independent of experience; it is developed
from a single a priori ur-intuition, which can be called both constancy in
change and unity in multitude.

The summary deals only with the foundational issues of the dissertation. It recapit-
ulates three fundamental points:

(1) The application of mathematics, in the form of projecting mathematical
systems, is also a free act of the human being.

(i1) Mathematical definitions and properties are not to be studied mathemat-
ically. They are to serve as support of our memory, and in communication.

(iii) A logical construction of mathematics, independent of mathematical
intuition, is impossible.

The main body of the dissertation was followed by the obligatory theses; they
were partly concise formulations of fundamental ideas of the dissertation, and partly
claims about topics in mathematics, not connected with the themes of the disserta-
tion. In all there were 21 of them. The first draft of the Theses contained 39 items.
The number was, most likely under the guidance of Korteweg, reduced to the above-
mentioned 21.

There is a draft of a letter from Brouwer to Professor J. de Vries (Utrecht Uni-
versity), in which Brouwer gave a short resumé of the contents of the dissertation,
together with some elucidations. In this letter Brouwer comments on Cantor’s set
theory. The following quote is interesting, but puzzling:

With respect to the question whether actual infinite sets exist, and if ‘yes’,
which ones?

Here I neither subscribe to the opinion of Poincaré, who rejects the actual
infinite out of hand, nor do I accept all the transfinite sets of Cantor, but I ac-
knowledge denumerably infinite sets, and with a restriction, the continuous
cardinality, and finally, with another restriction, a new cardinality, which I call
denumerably infinite unfinished. I expose however, all the higher cardinalities
of Cantor as a logical chimera. At the same time I try to strip transfinite set
theory of its parasite parts, such as transfinite exponentiation, the theorem of
Bernstein with its applications, and more; all of which result from the false
logical foundations of set theory. In this connection I can formulate:

1. Actual infinite sets can be created mathematically, even though in the
practical applications of mathematics in the world only finite sets occur.

This view on the actual infinite is a plausible consequence of Brouwer’s concept of
‘ur-intuition’, for the continuum as a whole is immediately given to the individual,
and it undeniably is infinite. The denumerable sets can, however not be considered
as actual (that is ‘finished’) infinite.

This particular statement on ‘actual infinite’ did in fact occur explicitly in the
original list of theses as no. 38. Although this particular thesis was dropped, there is
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an explicit acknowledgement of the existence of actual infinite sets in the disserta-
tion (p. 176); unfortunately Brouwer did not elaborate the matter.

3.6 The Public Defence

The grand apotheosis took place on 19 February 1907. On that day Brouwer de-
fended his dissertation in public before a delegation of professors from the faculty.
His dissertation had, as tradition and the rules decreed, been printed and distributed.
The publishers, Maas & Van Suchtelen (Amsterdam-Leipzig), and their printers,
the steam printing shop Robijns & Co (Nijmegen), had done a marvellous job. The
font and the choice of paper would have been the delight of any bibliophile.

In the old days the formalities of the ‘promotion’ took place in the auditorium
(Aula) of the University at the Oudemanhuispoort, a solemn hall, reminiscent of a
church hall, where the doctor-to-be occupied a small lectern in front of the imposing
rector’s lectern in the shadow of a statue of Pallas Athene. The actual examination
and defence took three quarters of an hour; the candidate had to defend his disserta-
tion including the theses against the objections of the faculty members (professors
only).

The candidate was accompanied by two helpers, paranymphs, dressed in tails,
like the candidate. The paranymphs were placed on both sides of the lectern, where
they stood like statues during the ceremony. The professors filed in, preceded by
the beadle with his staff decorated with medals, the soft clinking spreading an al-
most devotional atmosphere. Once the professors were seated, the examination was
opened, according to the local Amsterdam tradition, with the so-called opposition
from the floor: persons from the public were allowed to attack the dissertation and
the theses. This sounds more liberal than it actually was (and still is). These oppo-
nents from the floor were picked in advance by the candidate and the adviser, and
the approval of the rector had to be obtained before any such opposition could take
place. As a consequence, this part of the ‘opposition” was often a set up. The can-
didate could easily arrange the questions beforehand with the opposition, and most
of the time this indeed happened. In Brouwer’s case, the opposition from the floor
was carried out by Mannoury and Barrau (a fellow student, who was a bit older
than Brouwer). Both had informed Brouwer of their questions59 and Brouwer had,
as appears from some sheets in the Brouwer archive, meticulously prepared his de-
fence. Mannoury’s objections were directed against the use of irreducible concepts
in mathematics (Diss. p. 180) and of infinite (albeit potentially infinite) sets, in par-
ticular the use of ‘and so on’. Barrau questioned the notion of the continuum as a
matrix, and wanted to see the discrete as the basic notion in mathematics. It may be
assumed that Brouwer got the better of these opponents from the floor.

The promotor also used the occasion to give vent to his doubts. In his opinion
Brouwer’s wholesale desertion of Kant’s a priority of space was ill-motivated. The

Brouwer to Korteweg, 16 February 1907, Mannoury to Brouwer 13 February 1907.
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intuition of time was, according to him, not rich enough to allow geometry of all
dimensions. Thus he proposed to allow for an intuition of displacement (transforma-
tion) in addition to the ur-intuition of time. He observed that although the candidate
had no use for an extra intuition in addition to the intuition of time, it by no means
followed that therefore it did not exist. This extra intuition of space had, according
to Korteweg, to be locally Euclidean. Brouwer’s reply has not been recorded, but
presumably he would not have had much difficulty in warding off this blow too.

And so at the age of 25 he acquired the degree of doctor in mathematics and
physics, with the predicate Cum Laude. He was assisted by his paranymphs Carel
Adama van Scheltema and Ru Mauve, two friends of the old days.

When the examination was over, Korteweg could show his delight at the suc-
cess of his pupil, addressing the ‘young doctor’ with words of warm praise. Given
Brouwer’s preference for the deep foundations, he was not surprised that his student
came to know

...those most recent investigations of men like Cantor, Hilbert, Poincaré and
Peano, where they occupy themselves with investigations in those subter-
ranean parts of this building, where for many of those who are used to work
on the higher stories in clearer light, there seems to be a twilight that seems al-
most impenetrable. And, certainly, those researches would not have been val-
ued so highly, if they had not been conducted by men, the guidance of whom
one had learned to trust by their mathematical work of a different nature.

Korteweg was perfectly aware of the gigantic task that Brouwer had taken upon his
shoulders. He knew that his student had written his dissertation as a mathematical
credo. He expressed in his speech the hope that Brouwer might be in the position
to elaborate his ideas. In spite of his recognition of the foundational programme of
his Ph.D. student, Korteweg could not help wondering why Brouwer had not sim-
ply continued the research that just preceded the dissertation, but he accepted and
admired Brouwer’s choice. Nonetheless he urged Brouwer to devote some atten-
tion to the work at the higher floors, for which the talent was certainly not lacking.
Prophetic words indeed! As we will see later, Brouwer took the implicit message to
heart.

There is no mention of the traditional celebration after the promotion; usually
the ‘young doctor’ invites his Ph.D. adviser, the paranymphs, and a selection of his
friends and relations for a dinner and possibly a party after the ‘promotion’. It is
likely that Brouwer observed the tradition, but one cannot be certain. Scheltema,
one of his paranymphs, fled immediately after the occasion from the city to the
solitude of the Veluwe. Like Bertus, he was not made for boisterous parties. A week
later the two friends automatically resumed their traditional exchange of birthday
wishes (Scheltema’s birthday was actually the day before Brouwer’s). Scheltema
had observed his friend well enough to see the changes in his life. He wrote, ‘may
the next year bring you closer to reality than you were—you are already somewhat
closer than before’. He added, ‘and, please don’t give up on your plan to visit those
professors abroad’.

The family was probably impressed by the learned member of the Brouwer—
Poutsma clan. One of Brouwer’s aunts presented him at the occasion of his doctorate
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with a slim volume of Eastern mysticism, Le Livre de la Voie et de la ligne-droite
de Lao-Tse, by Alexandre Ular.%0

The reception of Brouwer’s dissertation in Holland is hard to judge; it is a reason-
able conjecture that it was rather mentioned and quoted than understood. Brouwer
was way ahead of his fellow countrymen; even Mannoury, who was without doubt
the most competent reader, misunderstood Brouwer on certain crucial issues. In a
couple of reviews, one for the mathematics journal and two for a wider readership,
he discussed the basic issues of the dissertation. The latter, more philosophical in
nature, ended with a downright repudiation of Brouwer’s claims of the reliability of
(his!) mathematics:

No, Brouwer, logicians do not ensure the reliability of the ‘mathemati-
cal properties’, but neither will you through your continuity intuition, for the
simple reason that it does not exist. Mathematics is a human artefact, a human
conception, in which there is no truth but that which relates to human lan-
guage, intention and society. Your book is an action of thought-courage and a
consequence of an acquired higher insight, but that thought-courage and that
insight, ... they are ‘unfinished’. Dissociate yourself (indeed completely) from
all conventions and agreements, from the language and all word-constructs,
and I am certain that you will arrive at the acknowledgement (which is the
only true foundation of mathematics): there is no immutable truth and no im-
mutable measure for truth—there is no absolute unity, no absolute space and
no absolute time, there is no mathematics.®!

These were hard words to swallow for Brouwer, even (or maybe, in particular)
coming from a friend. Nonetheless he replied in a mellow mood:®>

Is there no mathematics? And what about your objective criticism which
is therefore so mathematical? Designed in accordance with norms and hence
understandable? And in particular: why was there the age-long uncomfortable
feeling with respect to the axiom of parallels, and not with respect to the fun-
damental property of arithmetic?%® Because the first is mathematised reality,
and the latter mathematised mathematics, free from reality, which here means
‘not experienced by me’.

The above skirmish did in no way detract from the friendship between Brouwer
and Mannoury. They remained the best of friends for the rest of their lives.

%0Ular (1902), The book of the way and the straight line of Lao-Tse.
61 Mannoury (1907).
%2Brouwer to Mannoury, 1 August 1907.

63That is ‘all countings of a finite set yield the same number’.



Chapter 4
Cantor-Schoenflies Topology

4.1 The Geometry of Continuous Change

The evolution of geometry may, if one wishes to do so, be viewed as an everlasting
struggle to free the subject from the shackles of convention, to allow the study of
more and more general figures and properties. Where originally straight lines and
circles were studied, soon conics were introduced and gradually more general curves
entered the domain of geometry: the spiral, the conchoid, the cycloid, the sine-curve,
curves with no tangents at all, and so on. This expansion of the domain of geom-
etry went hand in hand with a more liberal attitude with respect to the notion of
‘the same’ (or ‘similar’): are only congruent triangles the same, or transformations
which are 1-1' and continuous both ways; the technical term for these mappings is
homeomorphism or topological mapping.

The geometry on a rubber balloon is a fine example of topology; one may stretch,
distort, inflate the surface as long as one does not cut or tear it. It is clear that
notions like ‘straight line’ or ‘angle’ lose their meaning in this example. There are,
however, quite a number of geometric properties that remain invariant; for example,
the number of intersections does not change, and an O cannot be turned into an F.

Let us illustrate how one works in topology by looking at Euler’s theorem (which,
by the way, can be traced to Descartes). We will look at a simple form.

Consider a convex polyhedron (that is, a surface that is built up from flat pieces,
with intersection lines and points, without dents or holes; think for example of a
cube). There happens to be a fixed relation between the number of faces (F), edges
(E) and vertices (V): V — E+ F =2.

We immediately see that if the polyhedron is stretched, bent, dented, etc., this
relation between F, E and V remains the same. This insight is used to give a simple
proof of Euler’s theorem.

Let us demonstrate the method on a simple polyhedron, the cube, Fig. 4.1.

ISuch a transformation f can be reversed. To be precise: there is another transformation g, so that
f followed by g, and g followed by f take points to themselves.
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Fig. 4.1 Euler’s formula for
the cube

cube cube cut open triangulated sides

We cut away the front face and stretch the remaining part of the cube until it lies
in a plane. With a bit of extra stretching we can get the edges straight again. The
figure now looks like the middle figure of Fig. 4.1.

Instead of proving the above relation, we now have to show V — E 4+ F =1,
because one face has disappeared.

The next trick is to split the faces into triangles; see the right-hand part of Fig. 4.1.
Note that we each time introduce one extra edge and one extra face, so the outcome
V — E + F for the triangulated polygon is the same as the one for the original one.

Now imagine that we build up the triangulated polygon starting with one of the
triangles and adding fitting triangles until we have recovered the polygon.

We note that, given a polygon, the introduction of a single triangle introduces
one extra edge and one extra face, or one extra face, one extra vertex, and two extra
edges, or two vertices, three edges, and one face.? In each case the new additions
cancel each other out in the Euler formula. Hence the Euler relation holds for the
triangulated polygon, and thus also for the original one. So we are done.

The reader will have noted that the procedure uses essentially a number of tricks
that Euclid would have frowned upon, that is angles and lengths are completely
ignored, and straight lines were bent and stretched ad libitum, etc. This is one of
the lessons of topology; forget about Euclidean notions, but deform your figures
continuously (and 1-1).

After Euler the subject of topology remained dormant for almost a century; in
1833 Gauss observed ‘Of the Geometria situs, conjectured by Leibniz and into
which only a few geometers, Euler and Vandermonde, were allowed a glimpse, we
know after one and a half century little more than nothing’.

The name ‘topology’ was introduced by Listing in his Vorstudien zur Topologie
(1847-48); the alternative name analysis situs® survived for more than half a cen-
tury, and was used by prominent topologists such as Poincaré and Schoenflies, but
gradually it has become a historical curiosity.

After Listing the interest in topology gradually increased; it was noted that many
geometrical phenomena were not really dependent on the standard notions of tradi-
tional geometry. Geometry itself was relaxing its attitudes towards its proper con-
tent. The insight that there was more than Euclidean geometry, and the systematic
use of transformations in projective geometry, affine geometry, and so on, culmi-
nated in Felix Klein’s above mentioned Erlangen Program, which characterised the

2 Alexander Soifer pointed out an omission in the first formulation.

3Actually a misnomer, cf. Freudenthal (1954).
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Fig. 4.2 A Jordan curve

various geometries as the objects and notions invariant under specific transformation
groups.

This program opened the way for a more systematic approach to topology, in
all its forms. The subject had at that time also received vigorous impulses from the
combination of analysis and geometry, in particular from Riemann’s work on the
foundations of analysis, differential geometry and Riemann surfaces—originally
designed for the study of the global behaviour of analytic functions. Riemann’s
geometric investigations were also the point of departure for the particular line of
research in the foundations of geometry that nowadays is listed under the heading
of Riemann—Helmholtz Raumproblem, a project of determining the Euclidean and
non-Euclidean geometries by means of their transformation groups. This particu-
lar direction in topology and geometry was followed by Sophus Lie, Killing, Elie
Cartan and others; the theory of Lie groups is the mathematical offspring of the
Riemann—-Helmholtz project.

In France the subject of topology was taken up by Camille Jordan, whose name
is most of all connected with a particular kind of curve in the plane; this so-called
‘Jordan curve’ is obtained by applying a topological transformation to the unit circle.
In popular terms, one considers the unit circle as a rubber band, which is placed in
the plane without cutting the band and without introducing self-crossings.

Jordan stated the following basic theorem: a Jordan curve divides the plane in
two components, that is there are two parts such that one cannot traverse from one
part to the other via a (continuous) path without crossing the Jordan curve. The
theorem will appear completely trivial to the outsider; however, when prodded, he
will probably not even know how to begin to prove it. Jordan’s own proof (1887)
did not quite pass the test of correctness, and eventually Oswald Veblen gave the
first rigorous proof in 1906.

The key word in topology is ‘continuous’. The notion of continuity had been
scrutinised in the nineteenth century by a number of mathematicians. After a quiet
existence as a rather obvious concept, something like ‘a curve is continuous if one
can draw it without lifting one’s pencil from the paper’, it became a central notion
in analysis and subsequently in geometry. Precise definitions were furnished (along
the lines of the e-§-tradition) and most of the basic properties of continuous func-
tions on the real line, or the plane, were established. A well-known example is the
intermediate value theorem of calculus: ‘if a continuous function f is negative at 0
and positive at 1, then there is a point a between 0 and 1 such that f(a) =0’. The
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theorem may not seem terribly exciting at first sight, but to appreciate its signifi-
cance one must have a clear insight into (i) the nature of the real line, (ii) the nature
of continuity.

At the time that Brouwer turned his attention to topology the grand master in the
field was Henri Poincaré, a man with wide-ranging interests. He had come to topol-
ogy through his investigations of differential equations, the qualitative behaviour of
functions defined by such equations required radically new tools—which Poincaré
found in topology. The spaces that were investigated by Poincaré, Lie, Elie Cartan
and others were still closely related to Euclidean spaces of arbitrary dimensions.
They were obtained by judiciously pasting together pieces of Euclidean spaces after
suitable treatment (such as bending or twisting); the resulting spaces were called
manifolds (or varieties, Mannigfaltigkeiten in German).

A man like Poincaré, who commanded almost the whole of mathematics, brought
a considerable part of the mathematical arsenal into play when studying topics in
topology; for example, he usually supposed surfaces, etc. to be differentiable (or
more). A new generation, with Brouwer in the forefront, would set topology free
from those strong extraneous conditions; But not only would the study of Euclidean
spaces be liberated from too stringent conditions, the spaces themselves would also
be subjected to drastic generalisation.

In the eighteen-seventies topology had begotten a curious child: set theory. Georg
Cantor had introduced certain transfinite arguments in his study of Fourier series,
and after studying sets of real numbers and sets of points of Euclidean spaces, he
started to consider arbitrary sets and functions. In 1908 Zermelo provided the final
touch: an axiom system for set theory. Set theory, in its turn, enriched topology
with an abstract setting in which neighbourhoods could be postulated, so that the
traditional definition of ‘continuous’ could be mimicked (Fréchet). This so-called
‘set-theoretic topology’ allowed a considerable generality that was very convenient
in diverse fields of application.

Brouwer entered the stage when most notions were still rather rudimentary and
not universally adopted; indeed, his topological investigations played an important
role in setting better standards for the discipline. He was self-taught, and thus it is
not surprising that his familiarity with the subject of topology showed some gaps;
he was, however, a fast learner. Although he had marked preferences for certain
parts of topology—for example the topology of planes, spheres, and manifolds in
general—he knew how to handle topology in the broadest sense. We will consider
here his contributions in the early period, before the First World War.

4.2 Lie Groups

Brouwer’s first encounter with topology was in an area that was already well un-
derstood at the end of the nineteenth century: the theory of the Lie groups, named
after Sophus Lie, the Norwegian mathematician who uncovered their properties. Lie
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groups consist of transformations, depending continuously on a finite number of pa-
rameters, of finite-dimensional manifolds (the reader may think of Euclidean-like
spaces).

‘Group’ is the technical term for some set with a binary operation (usually called
‘product’ after the multiplication of numbers) such that:

(1) there is an identity element, that is an element e such that a - e = e - a = a for
all elements a;
(ii) the product of two elements again belongs to the group;
(iii) the product is associative, thatisa - (b-c) = (a-b) - c;
(iv) every element a has an inverse b, thatis a - b = b - a = e (b is usually denoted
bya~!).

There is no lack of examples of groups: the integers, for instance, with addition
and subtraction form a group. Addition is associative: m + (n + p) = (m +n) + p,
the identity element is 0, that is 0 +7n =n + 0 = n and finally —n is the inverse of
n, thatis n + (—n) =0.

Similarly, the positive real numbers, with multiplication and inverse, form a
group:a-(b-c)=(a-b)-c,a-1=1-a=aanda-a ' =a"!-a=1. Along
the same lines, vectors in a fixed Euclidean space form a group under vector addi-
tion.

Groups play an important role in almost all areas of mathematics, in particular
in geometry, where they occur naturally as transformations. For example, the con-
gruences of elementary geometry (those transformations of the plane that do not
change length) form a group. The main idea of composition and inverse in the case
of transformations is that ‘what one can do in two steps, one can also do in one
step’ and ‘each step can be reversed’; it explains, for example, why congruence is
an equivalence relation: if triangle A is congruent with triangle A’, and A" with A”,
then A is congruent with A”; if A is congruent with A’, then A’ is congruent with
A, and A is congruent with itself.

In the original approach to the theory of Lie groups, not only the algebraic fea-
tures of the groups played a role (that is those concerning the operations of the group
by themselves) but also properties that belong to the area of analysis (or calculus),
such as continuity and differentiability. Lie groups, in the style of the nineteenth
century, were transformation groups of locally Euclidean manifolds, depending on
a finite number of parameters; Lie had required that the parameters of the product
of two transformations were twice continuous differentiable functions of the param-
eters of the factors. He proved that under those conditions, these functions were
even analytic. An easy way to express this is: the operations are analytic (similarly,
‘continuous’, ‘differentiable’ etc.).

This differentiability condition gradually came to be viewed as rather artificial,
and when David Hilbert presented in 1900 his list of mathematical problems to
the International Conference of Mathematicians, the elimination of differentiability
conditions from the theory of Lie groups was on the fifth place of the list.
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In modern terminology, a Lie group is an analytic manifold with a group structure
so that the operation xy~! is analytical. Hilbert’s problem number 5 asked to replace
the latter condition by ‘xy~! is continuous’.*

One guesses that Brouwer, when looking for suitable topics for his dissertation,
looked through Hilbert’s list and decided that this fifth problem suited his taste and
capacities. There is among Brouwer’s early papers none that leads up to this partic-
ular problem, so the choice must have been more or less spontaneous. As we have
seen, Brouwer felt that his Ph.D. adviser, Korteweg, did not fully appreciate the con-
tents of the dissertation, and, trying to convince him, he simply referred to Hilbert’s
problems, claiming that he had solved three of them, including the fifth one. Indeed,
he treated the one-parameter case in the dissertation and derived the differentiabil-
ity, rather than postulating it. As a result the basic results of Lie applied also to this
instance of a more general setting.

A year after obtaining his doctor’s degree, Brouwer attended the International
Conference for Mathematicians in Rome, where he gave two talks, one on Hilbert’s
fifth problem and one on the possible cardinal numbers in constructive mathemat-
ics.’ In the first talk, The theory of finite continuous groups, independent of the
axioms of Lie,® he carried out the elimination of the differentiability (with the help
of an auxiliary argument, spelled out in About difference quotients and differen-
tial quotients’) and gave a geometric-topological classification of the groups. The
uniform differentiability notion, introduced by Brouwer, surpassed from a method-
ological point of view the traditional ‘continuously differentiability’; it did not find
its way into practice.® It is nowadays adopted in constructive analysis.

In view of the importance of the subject and the prior involvement of Hilbert, it
is not so surprising that in the same year a substantial paper of Brouwer, The theory
of finite continuous groups, independent of the axioms of Lie, I, Brouwer (1909c)
(which extended the dissertation and the Rome talk) was published in the Mathe-
matische Annalen. The second part appeared a year later, also in the Mathematische
Annalen, and dealt with the two-parameter case. At the end of the paper Brouwer re-
marked that he now had all the tools for enumerating the groups of two-dimensional
manifolds, and promised to do so in a next communication. This third part, however,
never appeared, although he mentioned in a letter of 9 April 1924 to Urysohn that

Due to numerous distractions, the manuscript of my third communication
on The theory of finite continuous groups (Die Theorie der endlichen kon-
tinuierlichen Gruppen) unfortunately still waits in my drawer for the finishing
touches, which indeed I hope to be able to make in the near future.

4The problem was eventually solved in 1952 in the affirmative by A.M. Gleason, D. Montgomery
and L. Zippin. As a consequence one may now define a Lie group as a topological group over a
locally Euclidean manifold.

SBrouwer (1908a, 1909b).

SDie Theorie der endlichen continuierlichen Gruppen unabhiingig von den Axiomen von Lie.
"Brouwer (1908¢).

8Freudenthal, CW II, p. 101.
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Just looking at the dates of publication, one might get the erroneous idea that
the sequel to Part I was a matter of routine. As a matter of fact, Brouwer suffered
a serious setback—which eventually proved a boon. In a letter of 14 May 1909 to
Hilbert he reported that a couple of months ago (‘last winter’), when he was about
to send Part II to the Mathematische Annalen, he had discovered that Schoenflies’
investigations on Analysis Situs,

on which I had based my work in the most extensive way, cannot be vindicated
in every part, and that also my group theoretic results became questionable.

And thus Brouwer decided to occupy himself thoroughly with Schoenflies’ topol-
ogy. The result was the celebrated paper Zur Analysis Situs,” which ‘rejected or
modified some parts of Schoenflies’ theory, and completely rebuilt other parts’. We
will return to this paper on page 140.

After this substantial excursion into the realm of topology of the plane, he wrote
to Hilbert on 26 July 1909 that the manuscript of Part II would follow in a month’s
time.

It is quite certain that the two papers did not exhaust Brouwer’s results on Lie
groups. According to Freudenthal,'” he was aware of the difficulties in the three-
dimensional case, such as presented by Antoine’s set'! and the horned sphere of
Alexander.'?

In the summer of 1909 Brouwer finally met Hilbert in the flesh. He had missed
him at the Rome Conference, where (according to the list of participants) Hilbert
was absent, but now Hilbert spent part of the summer vacation in the sea-side resort
Scheveningen, now a part of The Hague. The meeting, a precious gift to a young
mathematician, made a lasting impression on Brouwer. He wrote in elated terms to
his friend Scheltema:'?

This summer the first mathematician of the world was in Scheveningen;
I was already in contact with him through my work, but now I have repeatedly
made walks with him, and talked as a young apostle with a prophet. He was
only 46 years old,'* but with a young soul and body; he swam vigorously and
climbed walls and barbed wired gates with pleasure. It was a beautiful new
ray of light through my life.

The famous mathematician and his young admirer must have found enough to
talk about. Brouwer’s ideas about Lie groups and topology were of course close to
Hilbert’s interest. Later in life Brouwer often referred to this first meeting. He used

?0n Analysis Situs (Brouwer 1910e).
0Ccw 11, p. 117.

T Antoine (1921).

12 Alexander (1924).

B3Brouwer to Scheltema 9 November 1909.

1445 years, actually.
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to point out that foundational matters also came up in their conversation; in particu-
lar he explained his various mathematics, language and logic levels to Hilbert. It is
rather plausible that he told Hilbert his objections to the Heidelberg talk.!> After all,
why else mention the levels? Olga Taussky reported that Hilbert visited Brouwer
in his Blaricum cottage.'® As far as we know, the 1909 trip to Scheveningen was
Hilbert’s only visit to Holland, so in 1909 the great man of mathematics sat down
in Brouwer’s cottage or under the trees of Blaricum to discuss mathematics with his
enthusiastic admirer—and future challenger.

As Brouwer had mentioned in his dissertation, Hilbert had already in 190317
determined the Lie group of the Euclidean plane independent of differentiability
conditions; Hilbert’s arguments were briefly summed up in Brouwer’s dissertation.
When he reworked his results for the Mathematische Annalen, he probably returned
to Hilbert’s paper, and checked it in detail. In a cordial letter of 28 October 1909!8
he explained to Hilbert that the 1903 paper required a number of corrections and
addenda, and went on to spell out the details. After his excursion into Cantor—
Schoenflies topology, the topological details required for the shoring up of Hilbert’s
paper presented no problem. It is not known if and how Hilbert reacted to this flood
of good advice; no answer to this letter has been found. Hilbert revised the paper,
which was republished as Appendix IV to the Foundations of Geometry (from the
third edition (1909) onwards). The revised version avoids the difficulties pointed
out by Brouwer, but whether in consequence of Brouwer’s letter or independently,
cannot be ascertained. Hilbert, apparently did not further discuss the matter with
Brouwer, for as late as 16 June 1913 the latter wrote a letter to Hilbert:

I recently read that a fourth edition of your Foundations of Geometry is to
appear. Have the remarks concerning Appendix IV [that is the paper from the
Annalen 56], which I sent to you in the fall of 1909, been taken into account?
I would in any case be glad to assist you in putting the relevant sections right
if you should wish so, and if the imprimatur has not yet been given.

He mentioned the subject again in his note on the history of dimension theory in
1928, at the time when the relation with Hilbert was already beyond repair: in a
comment on the proper dating of mathematical contributions (which was at issue in
that paper) he pointed out that it was beyond dispute that one should put the date of
the set-theoretic foundation of geometry concurrent with “Hilbert’s original paper
of 1906, and not with the reprint of this note, in which an evident oversight in the
underlying axioms was corrected on the basis of indications in a letter of mine of
October 1909”. The fact that Brouwer kept the draft among his papers seems to
indicate that he attached some importance to this piece of topology and geometry;
the circumstance that it concerned one of the greatest mathematicians of the day
will have added to its value.

15See Brouwer (1928c¢).

16 Taussky to Van Dalen, 1991.

"THilbert (1902, 1909) and later editions.

18Brouwer to Hilbert, 28 October 1909, reproduced in CW II, p. 102 ff.



4.3 Publishing in the Mathematische Annalen 127

There was a long and friendly correspondence between Hilbert and Brouwer. The
latter admired the great statesman of mathematics as no other. The above letter of
28 October 1909 illustrates Brouwer’s reverence for the elder and wiser man, whom
he described in 1909 to his friend Scheltema in glowing words.'® Only the letters
of Brouwer in Hilbert’s archive, and some drafts, have survived. They all testify
to an unreserved and cordial relationship between Brouwer and Hilbert. In view of
the later conflicts between Hilbert and Brouwer, there have been conjectures as to
earlier irritations and frictions. No traces can be found in the pre-Grundlagenstreit
correspondence.”

Brouwer sent reprints of his papers to Hilbert with warm dedications. Some of
these can still be found in the archive of the Mathematics department of the Nagoya
University. Here are a few examples: the first Annalen paper on Lie groups bears
the inscription ‘in warmest admiration from the author’ (in wdrmster Verehrung
vom Verfasser); invariance of dimension paper—‘To professor Geheimrat Hilbert in
warmest admiration from the author’ (Herrn G.R. Hilbert in herzlichster Verehrung
vom Verfasser); the second paper on Lie groups—‘To his dear and admired pro-
fessor Geheimrat Hilbert, L.E.J. Brouwer’ (Seinem lieben und verehrten Herrn
G.H. Hilbert, L.E.J. Brouwer). The dedications at the papers are certainly no empty
phrases. Brouwer indeed deeply admired Hilbert; he was totally sincere in his love
(which is the right expression, in spite of its melodramatic reputation). The later
rejection of Brouwer by Hilbert must have been all the more painful.

4.3 Publishing in the Mathematische Annalen

Brouwer’s first paper on finite continuous groups, Die Theorie der endlichen kon-
tinuierlichen Gruppen, unabhiingig von den Axiomen von Lie, I’ published in
the Mathematische Annalen, got a rather patronising review in the review journal
Jahrbuch iiber die Fortschritte der Mathematik,?* and this led to a curious corre-
spondence between the author and the reviewer, Friedrich Engel, the close associate
of Sophus Lie, and co-author of the three volumes Theorie der Transformations-
gruppen. The surviving correspondence has been reproduced by Freudenthal in the
Collected Works II. The letters show a striking conceptual rift between the new
and the old generation. Engel, as one of the founding fathers of the subject, was
so strongly entrenched in the traditional analytic approach that Brouwer’s general

19Brouwer to Scheltema, 9 November 1909.

20The only hint that could throw doubt on the good relationship is a letter of Bernays to Freuden-
thal, relating to the above mentioned letter of Brouwer to Hilbert. In this letter Bernays more or
less expressed his surprise that Hilbert and Brouwer were still good friends at that time. There are,
in my opinion, no historical facts that would support this. But it is, of course, possible that Hilbert
expressed in private conversation criticism of Brouwer.

21Brouwer (1909c).
22The volume for 1909 appeared in 1912.
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set-theoretic approach was in effect unreadable for him.?® The review opened with
Engel criticising Brouwer’s definitions as being somewhat vague and too restrictive,
moreover, Engel thought that there were too many loose ends. ‘But’, he remarked, ‘it
would be unjust to demand that such a difficult problem would really be completely
solved at a first go’.

A review of this sort was just the thing to provoke Brouwer. From the formula-
tion it can be guessed that Engel did not fully grasp Brouwer’s definition, and that he
was in some confusion as to the local behaviour of the transformation in the neigh-
bourhood of the identity and its global group theoretical behaviour. Brouwer reacted
immediately with a cold and slightly patronising letter, asking Engel for chapter and

Vverse: 24

Concerning the first point,> I would be grateful if you would be so good
as to tell me which extended version of the problem you have in mind; for,
I did not succeed in getting a clear idea from your hints.

The reader should keep in mind that in the time between the publication of the
paper and the review, Brouwer had turned from an unknown beginner into one of
the foremost experts in topology. The review was somewhat condescending in tone,
and Brouwer must have felt that he could not leave it at that. At the time of this
correspondence Brouwer was in a somewhat ambiguous position: his mathematical
talent was well-recognised in the world, but in Amsterdam he was still at the mercy
of the board of the university and the city council, as just another extraordinary
professor. Nonetheless, I guess, he would have reacted as he did under any circum-
stances. Even as a beginner he would have taken up the gauntlet and accepted the
consequences.

In reply to Brouwer’s letter, Engel frankly admitted that he could not keep up with
Brouwer’s set-theoretical formulations, but he insisted that the clarity of formulation
left much to be desired:

Maybe they are clear to the set theoreticians incarnate (eingefleischte Men-
gentheoretiker), but I must say ‘the expressions of the system sound obscure
to uncircumcised ears’.

Engel’s letter”® illustrates the fact that Brouwer and Engel were worlds apart; their
terminology and way of thinking, the first one topologically and the second one
analytically, is so different that a common view was virtually excluded.

23In Freudenthal’s words: ‘Engel, [...] who could not grasp a group except in its analytic setting,
and Brouwer, who had shaken off the algorithmic yoke and from his conceptional viewpoint could
not comprehend his correspondent’s difficulties. Manifolds and one-to-one mappings as substrate
and action of Lie groups instead of Cartesian space and many-valued mappings was indeed a great
step forward, though for older contemporaries of Brouwer it was too much’ (CW 11, p. 142).

24Brouwer to Engel, 21 January 1912.
25That is the excessive restrictions.
26Engel to Brouwer, 28 January 1912, CW II, p. 144,
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The first two letters in the correspondence make a somewhat tense impression,
Brouwer barely hid his annoyance at being lectured by an elder statesman, for a—in
his eyes—perfect paper; the style of the letter is polite, bordering on the cynical.
Whereas the letter may indeed display deep reverence, it could equally well be con-
strued as mischievous. The closing sentence, ‘I would highly appreciate to reach
an agreement concerning the above, with a group theoretician of your authority’,
might have been written ‘tongue in cheek’, but it was probably sincere. Engel, in
turn, seemed to sway between appreciation and mild sarcasm, writing that he had
not intended any disapproval, but rather had, in the words of Lessing, evaluated the
product of the Master, ‘doubting in admiration, and admiring in doubt’. At the time
of the exchange of letters Brouwer’s fame had already reached the corners of the
mathematical world, so that Engel must evidently have been aware of the merits
of his correspondent, therefore it is quite likely that Engel was prepared to accept
Brouwer’s mathematical authority, but not without questioning. He closed his letter
with the remark that he could not quite see the gain of investigations like Brouwer’s
in relation to the ingenuity and toil that were invested, expressing the hope that ‘you
would now also occupy yourself in group theory, for there is much to be done’. As
mentioned above, the main point of confusion in Engel’s understanding was the rela-
tion between local and global. The following letters returned to this matter. The tone
of the letters, however, had greatly improved, but Brouwer still insisted that, even
though Engel’s objections were mainly the product of a difference in mathematical
culture, readers of the review would get the impression that the paper contains actual
gaps.”’ He felt that he was entitled to a rehabilitation and therefore he kindly asked
Engel to correct possible misconceptions in the review of the second part of the pa-
per.”® The letter also contained a birds-eye view of the basic topological notions,
including an elegant definition of connectedness.

Engel, indeed, set out on his journey to Canossa—without actually reaching it;
the review of the second paper contained a somewhat reluctant retraction of the ear-
lier statements, followed by a complaint that ‘In general, I cannot dissemble that
I am beset with a mild horror in the face of such colossal generality of the investi-
gation, and the large number and variety of required inferences’. The second review
only confirms the impression of the first one, namely that the master of the tradi-
tional school of Lie groups was separated by a wide gulf from the newcomer with
his abstract topological methods.

It seems not unlikely that the wish , both of them expressed at the end of this
correspondence—to talk things over in person—was fulfilled at one time or another.
Whether this indeed happened and how profitable it was, we shall probably never
know.

There is one more paper in this series dealing with Lie groups, this was the text
of an address to the Dutch Physical and Medical Society.?” It provided an elegant

27Brouwer to Engel, 6 March 1912.

2 Die Theorie der endlichen kontinuierlichen Gruppen, unabhiingig von den Axiomen von Lie, I1.,
Brouwer (1910b).

2 Het Nederlandsch Natuur- en Geneeskundig Congres.
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and short characterisation of the various geometries of Riemann’s program.’ The
paper shows the hand of the master in mixing geometrical, topological and group-
theoretical arguments.

The technique of eliminating differentiability conditions was applied once more
in the paper On a theory of measure,>' in which Brouwer sharpened the results of
G. Combebiac on a certain functional relation.

4.4 Fixed Points on Spheres and the Translation Theorem

The investigations on Lie groups took place at the same time as work on contin-
uous mappings on spheres, work on vector distributions, and the above mentioned
research on the topology of the plane.

On 27 February 1909, Korteweg presented to the Academy of Sciences the first
paper by Brouwer of a series ‘Continuous one—one transformations of surfaces in
themselves’.?> The question that Brouwer asked himself was ‘whether this [that is
the one—one continuous mapping of the sphere into itself] is possible without at least
one point remaining in its place’?

The method used in this paper is wholly based on the available techniques of
plane topology; it involves a detailed study of the behaviour of a family of concentric
circles and their images. The best-known results of the paper are:>3

A continuous one—one transformation in itself with invariant indicatrix
[that is orientation preserving] of a singly [that is simply] connected, two-
sided, closed surface possesses at least one invariant point.

and its companion

A continuous one—one transformation in itself of a singly [simply] con-
nected, closed surface leaves at least one point invariant.

As one can easily see, a two-sided, simply connected closed surface need not
have a fixed point under a one—one continuous orientation inverting mapping>*
(think of a mapping that takes each point of the sphere to its antipode). Brouwer’s

30Characterisation of the Euclidean and non-Euclidean motion groups in R,, CW II, Brouwer
(1909d) (originally in Dutch).

31Brouwer (1911f).
32Brouwer (1909e¢).
33Brouwer (1909¢), pp. 10, 11.

34Ppopularly speaking one fixes the orientation on a surface by indicating a direction on a little
circle, the orientation at other places is determined by shifting this circle all over the surface. If
this is possible, that is if one never can get via different routes two circles circulating in opposite
directions around one point, the surface is called orientable, and it has an orientation. The sphere
is an example of such a surface. The Mobius strip is an example of a one-sided non-orientable
surface (take a rectangular strip of paper, twist it and glue the ends together).
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papers on the topology of surfaces are connected to his research on Lie groups; the
fixed point theorem for the sphere is, for example, used in Brouwer (1910b) (p. 193).

The paper on surface mappings was the first in a series of eight papers in the
Proceedings of the Academy, the last one appearing in 1920. The pre-war papers
are of the same nature, they use elementary techniques; the post-war papers use the
new tools that Brouwer had developed himself before the war.>

The second paper in the series deals with arbitrary two-sided surfaces; it ends
with Brouwer’s first, and (as he soon realised) incorrect, version of the translation
theorem: a 1-1 continuous mapping of the plane without fixed points is a continuous
image of a translation.

The translation theorem was, so to speak, the natural supplement to the stream of
fixed point theorems; it spelled out what one could expect in the absence of a fixed
point for transformations of the plane (where, of course, no fixed points are guaran-
teed, think of an ordinary shift). At the time, the translation theorem was something
of a dashing exploit, fit to be told in small groups of professional mathematicians,
huddled in the bar after a strenuous day at a the conference. The theorem has at-
tracted the attention of topologists ever since; there are a number of new and clever
proofs around nowadays, see for example Franks (1992).

The papers following this communication were all concerned with continuous
bijections of surfaces. Unfortunately, the early ones suffered from one and the same
defect: Brouwer had relied on Schoenflies’ monograph The development of the the-
ory of point sets I1,3¢ often affectionately referred to by the insiders as the Bericht.
Schoenflies’ book was, together with the Encyclopaedia paper of Dehn and Hee-
gaard, the latest word on topology; in particular Schoenflies dealt with all the items
that were relevant to the foundations of analysis, such as the basic notions of con-
vergence, open, close, dense, perfect, ..., including the notion of ‘curve’. As it
happened, Brouwer’s work made generous use of properties of curves. Much to
Brouwer’s disappointment, a good deal of the treatment on curves by Schoenflies
showed serious defects. As late as 1912 Brouwer somewhat crossly remarked’” that
the survey, On one—one, continuous transformation of surfaces into themselves,>®
which he had presented at Hilbert’s request to the Mathematische Annalen, was
based on unsubstantiated claims of Schoenflies:

In carrying out the ideas sketched in the second communication®® on the
subject, I found out that in some points in the course of the demonstrations
indicated there, the Schoenflies theory of domain boundaries, criticised by

35When the publisher, at the end of the series, mixed up the numbering, the numbers 7 and 8
were erroneously published as 6 and 7. Brouwer patiently corrected the numbering by hand in the
off-prints.

30Die Entwicklung der Lehre von den Punktmannigfaltigkeiten II, 1908.

37Brouwer (1912h), p. 360.

3B Uber eineindeutige, stetige Transformationen von Fldchen in sich, Brouwer (1910g).
39Brouwer (1909g).
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Fig. 4.3 The handwritten corrections at the end of Brouwer’s paper (in Dutch) Continuous one-one
transformations of surfaces in themselves. [Brouwer archive]

O still plays a role, so that the Theorems 1 and 2 formulated on p. 295
and likewise the ‘general translation theorem’ based on them, and enunciated
without proof in Mathematische Annalen 69, p. 178 and p. 179, cannot be
considered as proved,*! and a question of the highest importance is still to
be decided here. The ‘plane translation theorem’ stated at the end of the sec-
ond communication and similarly in Mathematische Annalen 69, p. 179 and
p. 180, has meanwhile been proved rigorously by another method.*?

The correct proof of the translation theorem in the Mathematische Annalen, is a
complicated piece of plane topology in the traditional style. It is remarkable that
Brouwer formulated the theorem in rather sweeping terms, so that a reader could
(without reading the proof) easily be misled. In 1919 he published a short note*?
with the proper formulation, and a counter example to the superficial reading. This,
by the way, was already inserted in handwriting by Brouwer in his reprints of the
second communication (Dutch version). In all likelihood those corrections were in-
serted soon after publication.**

The proper formulation of the translation theorem requires more topology than
our exposition allows. Let it suffice to say that a continuous 1-1 mapping of the
plane without fixed points splits the plane into a number of strip-like parts disjoint

40Cf. Brouwer (1910e).

4I(Brouwer’s note) Already the property of p. 288 that the transformation domain constructed in
the way indicated there, determines at most two residual domains, vanishes for some domains,
incompatible with the Schoenflies theory.

42Brouwer (1912b).
43Brouwer (1919n).
4Cf. CW II, p. 220, and Freudenthal’s comments on p. 219.
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from their images, so-called ‘translation fields’. Freudenthal, in his editorial com-
ments in Brouwer (1976) (p. 218), wrote that ‘In the twenties and thirties Brouwer
stated orally his belief that the original proof could be salvaged. It would be worth-
while to try it because its idea, in particular the construction of a transformation
field at one stroke, is more attractive than that of Brouwer’s final proof’.

A reader of Brouwer’s papers will be struck by the conscientious manner in
which corrections and emendations were provided. Brouwer, apparently, was striv-
ing for perfection in his papers, even after they had appeared. A number of private
copies of reprints carry handwritten corrections or additions, that often appeared as
supplements to later papers, or as individual corrections, even when only trivial slips
or misprints were concerned.

4.5 Vector Fields on Surfaces

One month after the communication of the first paper on the continuous 1-1 map-
pings of the sphere, Korteweg presented another paper of his student: On continu-
ous vector distributions on surfaces.*> The paper was the first of another series of
papers, all published in the proceedings of the Academy. It dealt with vector distri-
butions on spheres in a generalised setting, that is to say, on homeomorphic images
of spheres. Brouwer’s approach was based on Peano’s existence theorem for differ-
ential equations;*® he investigated singularities of vector fields by means of differ-
ential equations. There is a close connection between this series of papers and the
fundamental papers of Poincaré on the qualitative theory of differential equations
(Mémoire sur les courbes définies par une équation differentielle I, II, III, 1881,
1882, 1885).

Poincaré had introduced a whole new aspect to the theory of differential equa-
tions. Whereas traditionally one studied solutions locally, that is in the neighbour-
hood of a point, he initiated the study of global behaviour:

Finding out the properties of differential equations is a task of major im-
portance. A first step has been made by studying the proposed function in the
neighbourhood of one of the points of the plane. The time has come to go
further and study the functions in the whole plane [... ]

The study of a function thus includes two parts: (1) The qualitative one, as
it may be called, where the curve is studied geometrically, (2) the quantitative
one, where values of the function are calculated numerically.*’

It appears that Poincaré’s papers were somewhat slow to be absorbed into the
daily routine of mathematics; Brouwer, anyway, had not read them when he em-
barked on the investigations of vector fields. But he had heard the presentation of

4Brouwer (1909f).
46peano (1890). Brouwer also cited the simplification of Arzela (1896).
4TPoincaré (1881). Translation by Freudenthal. CW I, p. 282.
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Fig. 4.4 Jaques Hadamard.
[Courtesy M. Loi]

Poincaré’s talk at the Rome conference. During the conference Poincaré fell ill, and
someone else had to read his address. Poincaré had planned to give at this conference
his views on ‘The future of Mathematics’, with ‘Differential equations’ as one of its
topics. Poincaré had warmly advocated the ‘qualitative discussion of curves defined
by a differential equation’; in view of Brouwer’s enthusiastic report of Poincaré’s
talk,*® it seems plausible to look here for the motivation of the choice of a topic of
Brouwer’s subsequent research.

Although Brouwer was an admirer of Poincaré, and had read quite a number of
his publications (in particular the more philosophical ones), he had somehow missed
the topological ceuvre of Poincaré, to the detriment of both Brouwer and topology,
one might say. There are two letters in the correspondence between Hadamard and
Brouwer which show that Brouwer was not aware of Poincaré’s work in the area.
Hadamard, thanking Brouwer for two reprints—the above paper on vector fields
and possibly one of the papers on mappings of the sphere—suggested an easy so-
lution to the fixed point theorem on the sphere by applying the main result of the
paper on vector fields. In the same letter he drew Brouwer’s attention to Poincaré’s
Mémoire of 1881. Brouwer’s reply of December 24, 1909 contained a refutation of
Hadamard’s suggestion and a grateful acknowledgement of Hadamard’s reference
to Poincaré’s work. In the same letter he announced another approach to a proof of
the fixed point theorem on spheres, ‘Reading the memoirs of M. Poincaré cited by
you, I got another idea’.*

Brouwer’s investigations were, however, no duplications of Poincaré’s earlier
work; his viewpoint was a truly topological one, whereas Poincaré assumed some
algebraic and analytic conditions. The use of Peano’s existence theorem is telling,
since it requires in the differential equation dy/dx = f(x, y) only the continuity
of f.

The results of Brouwer were of a more general nature than Poincaré’s; in partic-
ular he did not assume any uniqueness conditions (which are implicit in Poincaré’s

48Cf. p. 199.

49Cf. Johnson (1981), p. 154. The letter from Hadamard was undated, but it seems likely that it
was answered promptly by Brouwer.



4.5 Vector Fields on Surfaces 135

paper), since Peano’s theorem did not require any. The price to pay was, however, a
degree of complexity that robbed him of potential readers. In the long run Poincaré’s
results became the standard reference for the qualitative theory of differential equa-
tions. It is not wholly impossible that the place of publication, that is the Proceedings
of the Amsterdam Academy, was less than fortunate. It did not have a circulation
among mathematicians comparable to that of ordinary journals; as a rule periodicals
of the sort of academy proceedings, which (at least in those days) published papers
from a variety of disciplines in the sciences, were stored in the general sections of
central libraries, and not in the mathematics sections. Also, for whatever reason,
no comprehensive presentation of the material of the vector distribution series was
submitted to the Annalen, or any other journal.

Freudenthal, in his comments in CW 1II (p. 282), points out that where Poincaré
used uniqueness conditions and assumed algebraicity and simple singularities,
‘Brouwer on the contrary chose the utmost generality and even in specialising he
admitted more general types than Poincaré had done. Thanks to a simpler design,
Poincaré’s work has been influential in the long run, but it is strange that Brouwer’s
contributions have been entirely overlooked’.

The main results of Brouwer’s first paper on vector fields were as follows

Theorem 1 A vector direction varying continuously on a simply connected, two-
sided, closed surface must be indeterminate in at least one point

And from this follows directly:

Theorem 2 A vector distribution anywhere univalent and continuous on a singly
[i.e. simply] connected, two-sided, closed surface must be zero or infinite in at least
one point.

If we project the complex plane stereographically on the sphere, a complex func-
tion becomes a vector distribution on the sphere. So we can also interpret the above

result as follows:?

Theorem 3 A univalent, continuous function of a complex variable being nowhere
zero or infinite and without singular points cannot exist.

Freudenthal observed that ‘theorem 2 is usually ascribed to H. Poincaré, 1881,
though in fact Poincaré asserted and proved it under quite restrictive conditions.>!
Brouwer generalised it to higher dimensions and proved it by more adequate meth-
ods.”>? Brouwer’s first theorem became popular as the ‘hairy ball theorem’: one
cannot comb a hairy tennis ball without getting a crown.

50Brouwer (1909f), p- 856.
SICwW I, p. 282.
52Brouwer (1911c¢), p- 112.
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If Poincaré’s basic papers were slow to attract attention, Brouwer’s work on vec-
tor fields remained buried in the pages of a poorly read journal—to the disadvantage
of the mathematical community.

The first paper was followed by two more with the same title;> they contain
Brouwer’s closer analysis of the nature of finite sets of singular points. The second
communication contains the structure theorems for the singular points and for the
behaviour of the field in the neighbourhood of the singular points. Apart from the
classification of singular points, the paper contains a few novelties such as the in-
troduction of the winding number by purely topological means, and its use in the
study of the structure of zero points in relation to the behaviour of the field in its
neighbourhood,> as illustrated by the next theorem

Theorem S The total angle which, by a circuit of a simply closed curve enveloping
one point zero, the vector describes in the sense of that circuit, is equal to w (2+n —
ny), where ny represents the number of elliptic sectors, no the number of hyperbolic
ones, which appear when a vicinity of the point zero is covered with tangent curves
not crossing each other.

Furthermore the paper contains the first appearance of homotopic changes of vec-
tor fields.>> The third communication continues the study of finitely-many singular
points under special conditions, for example, in the absence of simple closed tan-
gent curves (Brouwer introduced in this paper the picturesque and suggestive term
‘irrigation fields’).

Following a suggestion of Hadamard,”® Brouwer applied the winding number
to the (finite) set of singular points, obtaining generalisations (in an exclusively
topological setting) of Poincaré’s results from the Mémoires quoted above.

Brouwer apparently, and not unreasonably, felt that there should be a connec-
tion between the fixed point theorem on the sphere®’ and the existence of singular
points of vector distributions. The obvious trick that comes to mind first, that is the
construction a vector field out of a continuous one—one mapping via the great circle
connecting them, was suggested in Hadamard’s letter’® and rejected by Brouwer;
he spelled out his arguments in the third paper on vector distributions,”® and gave
a correct procedure to get the fixed point theorem on the sphere in the orientation
preserving case from the theorems on singular points.®°

S3Brouwer (1910c, 1910f).

S4Brouwer (1910c).

55Cf. Freudenthal, CW II, p. 302.

56Cf, Johnson (1981), p. 153.

STBrouwer (1909¢).

58Hadamard to Brouwer 24 December 1909.
Brouwer (1910f), CW II, p. 314.

60Section 3 of Brouwer (1910f). See also Hadamard’s acknowledgement in his appendix to the
second edition of Tannery’s Introduction a la théorie des fonctions II (dealing with topological
applications of the Kronecker index), Hadamard (1910).
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Looking at those papers through modern eyes, one cannot fail to be impressed
by the approach (and the stamina) of Brouwer; he undertook the investigation of the
properties of singular points with his bare hands.

All the methods involved are available to any student with a basic knowledge
of differential equations and a sniff of general topology. The advance with respect
to older research, for example Poincaré’s, consists of a consistent exploitation of
the topological viewpoint. One will find in Brouwer’s papers certain arguments that
have gone out of fashion, for example the use of the second number class and in-
finitesimal circles and the like, but on the whole the papers are very readable.

Five years later Brouwer published in the journal of the Dutch Mathematical
Society an application of the above theory to the projective group: ‘On the orthog-
onal trajectories of the orbits of a one-parameter plane projective group.’®! At that
moment his first topological period was over. His attention was already fixed on
foundational matters.

4.6 Analysis Situs and Schoenflies

The name of Schoenflies has already come up earlier in these pages in connection
with the development of topology around the turn of the century. It is time to have a
closer look at him and his work.

Arthur Moritz Schoenflies was born in Landsberg an der Warthe (now Gorzow,
Poland) on 17 April 1853. He studied with Kummer in Berlin and after his Ph.D.
and Habilitation became an extra-ordinary professor in Gottingen (1892) for applied
mathematics. In 1899 he was appointed full professor in Konigsberg (Kaliningrad),
and in 1911 he moved to Frankfurth am Main, where he had a chair until 1922. He
died there on 27 May 1928.

Schoenflies was a geometer at heart. He had started his career in mathematics
with a number of investigations of a fairly traditional kind, but in the wake of Jor-
dan he entered into a more modern era with his study of groups of motions (Be-
wegungsgruppen). In this area, he carried out an extensive classification. This line
of research was close to another of his activities: the study of crystal-structure by
group theoretic means. The latter was laid down in a comprehensive book Crystal
Systems and Crystal Structure.%?

The bulk of Schoenflies’ mathematical production is however concerned with
the set theory of Cantor. He published extensively on the subject and was at the
turn of the century recognised as the outstanding expert in the field. The DMV, the
German Mathematics Society, asked him to prepare a survey (Bericht) of set theory
(including point-set theory, that is topology). Part I, the development of the theory
of point sets, appeared in 1900 and Part II in 1908. For some time both Schoenflies’

61 Brouwer (1915).
62Krystall Systeme und Krystallstruktur (1891); a new edition was published in 1984!
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monographs were the only comprehensive texts on set theory in the wider sense—
Hausdorff’s book appeared in 1914.5 It is true that many textbooks on analysis or
function theory contained sections explaining the basic notions of set theory, but
these usually stuck to the immediately applicable parts of the subject.

Both in set theory and topology, Schoenflies had produced a considerable ceuvre.
He was, however, in the dubious position of a man on the borderline of two cultures;
he belonged to the first generation of set theorists, and in ideas and method he was
very close to Cantor. He lacked, however, the penetrating insights required to push
the subject beyond its initial phase. More imaginative mathematicians, above all
Zermelo, created the framework and concepts that made set theory the subject we
know today. Schoenflies, the active champion of the new disciplines, was allowed
to see the promised land, but he was not the one to lead mathematics into it. Where
Zermelo showed set theory the way, Brouwer gave topology its ticket for the twenti-
eth century. Already in 1905, in the animated discussions following Zermelo’s proof
of the well-ordering theorem, Schoenflies had been taken to task by Zermelo: ‘his
paper, however, contains further errors and misunderstandings that cannot be ig-
nored here’®—and, again, in 1910 he was the victim of a vigorous dressing down,
this time by Brouwer.

The new methods and concepts introduced by the latter changed the subject al-
most beyond recognition. One could well say that, after the introduction of the new
Brouwerian methods, Schoenflies” approach became something of a curiosity.

Nonetheless, Schoenflies’ role in topology should not be underestimated; his sur-
vey monographs are examples of a painstaking sorting and collecting of facts and
conjectures in a new area, where the wheat had not yet been separated from the
chaff. Looking back, we can say that Schoenflies took, in preparing the surveys of
set theory and topology, the role of midwife upon himself. More so, one would be
inclined to say, in the case of topology, than in the case of set theory.

From 1899 onwards Schoenflies had written a series of papers with the intention
of providing a systematic treatment of the basic concepts that were beyond Cantor’s
and Jordan’s work. In particular his Contributions to the theory of point sets I, 11,
II1% are clear, easily readable expositions. The great survey of 1908, The develop-
ment of the theory of point sets, II collected all hitherto published material in one
volume.

Schoenflies formulated his goal in the first of the above contributions:

As one of the most general problems of the theory of point sets, we can
point to the task of formulating and establishing set-theoretically the funda-
mental theorems of analysis situs, and setting forth the relationships which
exist between the set—theoretic—geometric and the analytic modes of express-
ing these concepts and theorems. The paradoxical results, as they occur, for

63There were other texts, for example, Young and Young (1906) but they had only a modest influ-
ence.

%4Zermelo (1908), Schoenflies (1905).
65Schoenflies (1903, 1904, 1906).
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example in the one—one mapping of continua and in the Peano curve, have
completely destroyed the naive ideas of analysis situs. All the more, we must
demand that set theory provide a substitute and define the basic geometrical
concepts in a way that returns to them their natural content, characteristic of
analysis situs. Even if the much maligned intuition, is no source of proof, it
still seems to me that it is a goal of research to reconcile the content of ge-
ometrical definitions with the content of intuition—at least in the domain of
analysis situs.

As to the proper subject of research, Schoenflies was quite clear. Following
Klein’s Erlangen Program he stated, in justifying his new definition of the notion
‘connected’, that Analysis situs can be considered as the science which studies no-
tions invariant under univalent and continuous mappings (obviously he had topolog-
ical mappings in mind).

The Beitrige-papers deal with the topology of the plane, and Schoenflies treats
the major topics of the day, for example properties of plane curves, polygons, the
structure of perfect sets, and Jordan curves.

It is not known exactly when Brouwer started to study Schoenflies’ topology, but
the topics of both topological mappings of surfaces and of vector fields presupposed
a lot of Schoenflies’ material. The earliest mention of Schoenflies is in Brouwer’s
1908 Rome talk,%® where he indeed prided himself on being the first person to do
something useful with topology:

Only the groups of the two-dimensional manifold can be determined with
the help of the results so far of Schoenflies, and I believe that thereby for the
first time an application of these results is given.

Clearly Brouwer was not slow to absorb Schoenflies’ papers; in his dissertation he
referred to the first volume of the Bericht, and he had read and digested the 1908
survey of Schoenflies in the year of its appearance; and so it is fair to say that he
knew the latest in topology (but, as we have seen, by no means all the classical
papers).

At the meeting of the Dutch Mathematical Society of 30 October 1908, Brouwer
gave a talk with the title On plane curves and plane domains.®” Although the
manuscript with the same title in the Brouwer archive is undated, there is little doubt
that it is the text of the talk, because Brouwer refers to the Schoenflies proof of the
invariance of the Jordan curve ‘earlier this year’. Brouwer presented an exposition
of the various notions involved in plane topology, such as Peano curve, closed curve,
Jordan curve, domain, approximating polygon, and accessibility. He pointed out the
mistakes in Schoenflies’ recent proof and gave a proof of the Jordan—Schoenflies
theorem.

The text shows that Brouwer had learned his plane topology, and also that in ease
and insight he was second to none.

%6Brouwer (1909b).

57 Over viakke krommen en viakke gebieden.
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Fig. 4.5 A domain without a A
closed boundary curve,
Brouwer (1910e)

Fig. 1.

His investigations of topological maps of spheres and vector fields had brought
home to him the questionable state of Schoenflies’ foundation of topology, so he set
himself the task of getting the topic back on its feet before proceeding to the topics
that were really attracting him. In a letter to Hilbert, he gave the motivation for his
investigation of the basic notions of topology:©®

To regain clarity, it was first of all necessary to check thoroughly the theory
of Schoenflies involved here, and to ascertain precisely on which of its results
one can build in full faith. This was the beginning of the enclosed paper, which
has serious consequences for various parts of the theory of Schoenflies, and
more or less recreates some parts.

It seemed fitting to me that, if possible, it should be published at the same
place, where Mr. Schoenflies had originally published his paper, therefore
I send it to the editorial board of the Mathematische Annalen for publication,
and at the same time I will send a copy to Mr. Schoenflies.

The paper that Brouwer sent to Hilbert, was his pioneering Zur Analysis Situs,’
which changed the landscape of elementary topology. It consists of two parts: the
first one contains counterexamples to a number of Schoenflies’ statements, and the
second one redevelops some parts of the topology involved. Apart from its scientific
value, it has a certain curiosity value, for it is the only paper in the Mathematische
Annalen with coloured illustrations! These illustrations were, by the way, a source of
worries to the printers, the editor and to the author; they were discussed repeatedly.

Although Brouwer was clearly annoyed at having relied on doubtful material, he
went out of his way not to affront Schoenflies—after all he still was a newcomer
without a position in the academic world. After stating in the paper that ‘several
of his [that is, Schoenflies’] results were false, and others, ‘indeed correct, but in-
sufficiently supported’, he cautiously added in a footnote: ‘I stress specifically that
this paper does not try to diminish in any way the high value of the researches of
Schoenflies.’

Some of the paper’s counterexamples to claims or theorems of Schoenflies are
still relevant, but the evolution of the basic concepts in topology has made some oth-
ers less interesting. Nonetheless, one should keep in mind that Brouwer’s counterex-

%8 Brouwer to Hilbert, 14 May 1909.
Brouwer (1910e).
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Fig. 4.6 Wada’s island and
canals. See Brouwer,
Collected Works 2, p. 367

amples themselves played an important role in the cleaning-up of the foundations
of topology.

For instance, in the Bericht Schoenflies stated that ‘One easily recognises the cor-
rectness of the following theorem: VI. The boundary of a domain (Gebietsgrenze)
is a set which is closed [...]".”% Brouwer’s counter example is simple enough to
please, even today a beginning student: The domain, J, ‘is obtained if one contin-
ues a simple curve arc to both sides, and wraps both extensions, without letting them
meet, like a spiral around one and the same circle’.

The best-known construction of the paper is that of a curve which splits a square
into three domains. That particular example gave rise to an intensive study of so-

70 A domain is a connected open set. Schoenflies (1908), p. 112.
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called indecomposable continua’! (i.e. continua that cannot be cut into two proper
sub-continua), a tradition in topology that reached well into the forties.

To appreciate the difficulty of the problem, it will be helpful to introduce a few
notions. The simplest kind of curve that we know is a line segment, and since we
are doing topology, it seems plausible to call the result of bending and stretching
still a curve. If the result is not self-intersecting, we speak of a simple open curve.
In precise terms: a simple open curve is the homeomorphic (or topological) image
of a line segment. A closed curve is the homeomorphic image of a circle. Now
Jordan’s theorem tells us that a closed curve (or a Jordan curve) splits the plane in
two parts, the interior (which is bounded in size) and the exterior. Both the interior
and the exterior are connected, and one cannot go from a point of the exterior to
a point of the interior without crossing the curve, which is the common boundary
of both parts. The converse of this theorem, established by Schoenflies tells us that
if a closed bounded subset C of the plane determines two open domains, such that
each point of C is accessible from both domains, it is a Jordan curve. So it looks as
if closed curves and a splitting in two parts are hand in glove. Schoenflies used the
property of the above set, C, as the definition of a closed curve. One can imagine the
general surprise when Brouwer showed that there are closed common boundaries to
three domains. It just shows that our normal geometric intuition has a lot to learn!

Brouwer’s construction was given an amusing form by Wada,’> who visualised
the procedure as follows: consider in a saltwater sea an island with a freshwater lake.
One starts digging canals in a systematic way such that alternatingly one extends the
fresh water system and the salt water system:

On the first day a canal is dug starting at the lake, and not meeting the sea, such
that the distance from the points of the shore to the fresh water supply is < %k
(where k is some unit of measure).

On the second day, a canal is dug from the sea, not mixing with fresh water, so
that the distance from all points at the border of the lake or the first canal to the salt
water is < }Tk. On the third day the digging is resumed at the end of the fresh water
canal and an extension is made such that the distance from the shore and the borders
of the salt water canal to the extended first canal is < ék, etc.

This process is continued countably many times; the result is (eventually) a curve
which separates the fresh and the salt water. One can also start with two lakes, say
with blue and red water). The result then is one curve that separates three ‘domains’
of water.

The final part of Brouwer’s paper contained a critical examination of the main
topological notions and their properties as treated in the last chapter; notions such as
domain, accessibility, curve, etc., connectedness, Jordan curve, etc., and indications
how to repair the lacunae.

The paper closed with a brief catalogue of false statements followed by two
claimed, but not satisfactorily proved facts, including the elusive invariance of the
closed curve.

71 A continuum is a compact connected set with at least two points.
72Yoneyama (1917).
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The last mentioned problem was settled by Brouwer himself in a later paper.’
He had, as a matter of fact, already mentioned this open problem in his inaugural
address of 1909. The ‘Analysis Situs’-paper did not only mark the end of a period in
point-set topology (aptly called Cantor—Schoenflies topology by Freudenthal), but
it was also a turning point in Brouwer’s career. It drew attention to a promising,
ambitious mathematician, who could use some support in his attempts to find a
position in the Dutch academic world.

Brouwer was, deservedly so, proud of the above-mentioned exploits in set-
theoretical topology (in the plane). An extra bonus was the attention paid by the
incumbent grand master of topology, Schoenflies. It definitely had the pleasant ef-
fect of strengthening Brouwer’s position on the job market (see p. 205). Schoenflies
accepted the collapse of his Magnum Opus with grace, albeit reluctantly. He insisted

to publish his comments in the same volume of the Annalen, following Brouwer’s

paper.’4

The correspondence about the gaps in Schoenflies’ Bericht, of which only
Schoenflies’ letters have been preserved, shows a confused and hurt Schoenflies.

It is painfully clear that he had not seen the pitfalls of his own speciality, and even
after Brouwer’s observations, he remained convinced that only marginal corrections
would do.

In his letters he tries to save as much as possible, and to minimise the impact of
Brouwer’s criticism. The first letter, dated 27 May 1909, from Schoenflies, is still
rather optimistic about the extent of the damage. After thanking Brouwer for the
copy of the manuscript submitted to the Annalen, he gave vent to his disappoint-
ment, ‘My delight that you have carried the study of my Bericht to such depths is,
alas, not without a bitter flavour.’

He admitted that a number of geometrical shapes of curves, under his definition
as ‘boundary of domain’, had escaped him. He then went on to fill the remainder of
the letter with corrections and ‘refutations’ of Brouwer’s criticisms.

But this was just the beginning; letter after letter was exchanged—without much
effect. Schoenflies had great difficulty in following Brouwer’s arguments. Appar-
ently Brouwer soon lost his patience, for we find in the letters of Schoenflies signs
of exasperation: ‘Would it then really be impossible for me to convince you in writ-
ing?” (14 August 1909); ‘It pains me, so to speak, that you could think, that I mean
by the outer boundary of a domain, what you mean by it. I have given you no cause
for a thing like that. Moreover I had believed, on the basis of all my papers in this
area, to be protected from that!” (12 September 1909).

After this letter Brouwer must have lost control of his patience altogether, for
Schoenflies opened his next letter with the words ‘To my strong disappointment,
I must start to say that I must decidedly insist to be spared letters of the kind of your
last letter. You have neither reason nor occasion for that’ (13 December 1909).

By now the first couple of revisions of the proofs had already been handled by
the Annalen; it became rather embarrassing to go on much longer. Nonetheless,

B Brouwer (1912i).

74 Bemerkung zu dem vorstehenden Aufsatz des Herrn L.E.J. Brouwer.
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Brouwer must have protested once more, as can be inferred from Schoenflies’ reply
(19 December 1909): ‘If you think that you “in a sense have the right to demand the
deletion of the words indicated by you”, and furthermore, that [ had acted against our
agreement, I must defend myself most emphatically. I can in no way acknowledge
this.’

The exchange stopped essentially here, and so Schoenflies’ reaction to Brouwer’s
paper was in final form roughly seven months after Brouwer submitted his paper.

Although Brouwer had cleared the troubled waters of Schoenflies’ topological
work, the two reluctant companions were not through yet. Destiny would bring them
together once more.”>

After this ‘animated’ correspondence, the harmony between Schoenflies and
Brouwer was restored through Hilbert’s mediation. In the end the two authors agreed
to send out combined reprints (see also p. 206).

Brouwer continued to work in this area, although it had to give way to more
challenging problems when Brouwer discovered the new topology, to be described
in the next chapter. Among other things, there is a lovely, elegant proof of the Jordan
Curve theorem;’® Brouwer’s proof was adopted by Hausdorff in his Grundziige der
Mengenlehre. In 1923 Erhard Schmidt also presented an elementary proof, which
could compete in elegance with Brouwer’s proof. Schmidt’s proof is completely
elementary and uses only the tools of point-set topology. This paper also contains
the theorem that subsequently became known as the ‘Phragmen—Brouwer theorem’,
which states that the frontier of a connected component of the complement of a
compact, connected set is connected. The terminology is poorly chosen; Phragmén’s
only paper in topology contains just the theorem that a closed point set with no
connected subset, does not split the plane.”’

The modern reader would prove the Phragmén—Brouwer theorem, like much of
Brouwer’s topological work, using homology.”®

The revised version of the proof of the Jordan Curve theorem was sent to Hilbert
on the fifteenth of October 1909, with a covering letter that neatly summed up
Brouwer’s research aims of the moment:

Sehr geehrter Herr Geheimrat,

Enclosed, I send you once more my proof of the curve theorem, and I hope
very much that you find the presentation satisfactory.

Allow me to point out to you that we have no certainty about the measure of
validity of the theorem that the one—one continuous image of a closed curve
again is a closed curve,” and that there seems to be here a really difficult
problem. (By a ‘closed curve’ we mean a point-set, which determines two

3Cf. p. 226.

T6Brouwer (1910a).

7TPhragmén (1885), cf. Freudenthal, CW II, p. 383.
78Cf. Dieudonné (1989), p. 207.

7Proved in Brouwer (1912e, 1912i).
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Fig. 4.7 Topological notes on an envelope. [Brouwer archive]

domains in the plane, and which is identical with the boundary of both of

these domains.)

There neither is a proof, that the one—one continuous image of a sphere
determines two and only two domains in space.?? Nobody, anyway, doubts

the correctness of this claim.

80pProved in Brouwer (1911e).
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Recently I found that, if one asks for those continuous transformations of
the sphere into itself, which are univalent in one direction and at most two-fold
in the other direction, such a transformation is always a one—one continuous
image of the function x’ = x2. This gives me hope, that the whole Riemann
theory of algebraic functions can be founded on Analysis Situs.®!

This might perhaps even be the starting point for the theory of analytic
functions, if one asks for such correspondences, which are built up from do-
mainwise one—one and continuous correspondences.

Singular points, then, are those for which no neighbourhood exists in which
the correspondence is one—one and continuous. Anyway, here a mass of prob-
lems belonging to Analysis Situs arises: what can the nature of the sets of
singular points be, and what kind of singularity can there be in each point;
which point sets, in which only the continuity is known, can one admit, so
that the non-singularity of the points of these sets may be inferred from the
continuity; and in the first place, whether one can correlate each of these cor-
respondences to an analytic function.

Thus I return once more to the question you brought up in our discus-
sion,? namely the behaviour of an analytic function in the neighbourhood
of a nowhere dense perfect point set p of exceptional points. Some of that
I find treated in Pompéiu: ‘On the continuity of functions with complex vari-
ables’, Annales de Toulouse 1905. He proves among other things that, when
the function is uniformly continuous, and the set p has measure zero, conti-
nuity suffices to ensure analyticity, but that when the measure of u is not zero,
the function can very well be continuous in those points, but not analytic.

He also introduces a new notion, the ‘length’ of a set, and derives on the
basis of this notion a second criterion.

Allow me to remind you of your promise, to have reprints of yours (on the
Dirichlet principle, integral equations and the Obituary of Minkowski) and of
Mr. Zermelo (Foundations of set theory) and Koebe (uniformisation) sent to
me? I express in advance many thanks.

My wife sends you warm greetings. In the hope of meeting again, with
many greetings for die liebe Frau Geheimrat, whose recovery we would be
very pleased to learn.

Yours truly
L.E.J. Brouwer.

Indeed, the coming years would show that Brouwer was as good as his word—
topology would never be the same after the eventful years preceding World War 1.

Brouwer investigated a number of topics in the Cantor—Schoenflies tradition;
among others the Cantor—Bendixson theorem (which was called ‘Cantor’s funda-
mental theorem’ at the time). He generalised the theorem in various directions, in

81Brouwer (1919d, 1919¢, 1919j, 1919m).
82Scheveningen, September 1909, cf. p. 125.
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particular he proved a generalisation by replacing the role of points in Cantor’s the-
orem by closed components of a set.®* In the 1911 paper Brouwer formulates and
proves his reduction theorem, which he used to provide simple proofs of earlier
theorems (including the theorem of Janiszewski and Mazurkiewics on irreducible
continua). The topology papers contain many little gems that earned the author a
well-deserved reputation as an original and ingenious topologist, slowly Brouwer’s
innovations have been absorbed into more general treatments; and the modern topol-
ogist would hardly be aware of their parentage. To mention just one case: in Brouwer
(1910d) the first example of a topological group which was not a Lie group is given.
The example is an early (perhaps the first) limit construction (in the categorical
sense).

There is a hitherto unknown sequel to Brouwer’s activity in the more traditional
topology:

In 1912, when Brouwer was already fully occupied by his revolutionary new
insights in topology, he returned to the more concrete problems of the past. In that
same year, the sudden and unexpected death of Poincaré shocked the mathematical
world. After an operation, which was by itself successful, the great mathematician
had died from an embolism, only fifty-nine years old. Shortly before his death his
last paper appeared in the Rendicotti; on 9 December he had sent it to the editor
with the comment that—contrary to his custom—he submitted an unfinished paper
on a problem which he considered of the highest importance. This paper contained
a statement, which has become known as ‘Poincaré’s last theorem’:

A measure-preserving homeomorphism of a circular ring in the plane unto
itself, so that the inner circle is rotated clockwise and the outer circle anti-
clockwise, has fixed points.84

Poincaré’s theorem (or conjecture at this stage) would, of course, appeal to
Brouwer, who had proved a number of fixed-point theorems on surfaces in the past
years. Brouwer immediately set to work at the problem and convinced himself of
the solution; there are a number of notes in his archive in which he attacked the
proof. There are even a few sheets of a paper which he intended to present to the
Academy. In a letter of 31 September 1912, however, he wrote to Korteweg that ‘It
turns out that the solution of the Poincaré problem, before it is written in a matured
form, it will take many more weeks. Before that time I would rather keep it under
me; please don’t discuss it with anybody. Only after I have finished the complete
version, I will present an outline to the Academy.” There is no record of any publi-
cation of Brouwer on the topic. The many obligations that Brouwer had accumulated
started to take their toll. In December 1913 he complained in a letter to Korteweg
that he lived under a constant pressure on account of all kinds of obligations to
foreign mathematicians, he had not been able to carry on his research which ‘is rest-
ing already for one and a half years.” Brouwer had mastered the baffling problems

83 Brouwer (1910d, 1911a).
84Poincaré (1912).
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of topology, but not the art of saying ‘no’. In his capacity as the leading topolo-
gist, his advice and judgement were all too often sought and given. The Poincaré
problem was solved and the solution published by Birkhoff in 1913. Brouwer re-
acted by sending Birkhoff a postcard—*“Many thanks for your magnificent proof of
Poincaré’s geometric theorem. You remark with Poincaré that the existence of an
invariant point implies immediately the existence of a second invariant point. I do
not see how this can be deduced from the property of the preservation of areas.”



Chapter 5
The New Topology

5.1 Invariance of dimension

Although mathematics had been an exciting human enterprise at all times, the nine-
teenth century was particularly rich with excitement, often bordering on shock.! On
numerous occasions old beliefs were shattered by the improved critical spirit of the
century. The already heavily tried mathematical intuition underwent another trau-
matic experience in 1878 when a short paper appeared in which a professor at Halle
proved an incredible result: there is a one—one mapping from the side of a square to
the square itself (or from R to R?).

The author, Georg Cantor, had more surprises in store for the mathematical
world, but this result, hidden under the non-descript title ‘A contribution to set the-
ory’,> was a straightforward attack on common geometric intuition: ‘one dimension
is essentially different from two’, or ‘two independent variables cannot be reduced
to one’. Given the ingrained intuitions and habits of traditional geometry there was
enough reason for surprise at this new result.?

The result of Cantor seems to show that dimension is not the immutable rock it
was always supposed to be. No mathematician prior to Cantor would have expected
to fill up the square with a line, or to unwind the square as a line, like one unpicks
a sweater. So was this the end of dimension as mathematics knew it? Dedekind
tempered Cantor’s excitement by pointing out that the bijection that Cantor had
exhibited was highly discontinuous, and that the moral of Cantor’s theorem should
not be overestimated. Dimension would be in serious jeopardy if Cantor’s mapping
were continuous—if, roughly speaking, one could fill a square with a pencil without
taking it from the paper and without passing through a point twice.

I'This chapter makes essential use of Freudenthal’s comments in Volume II of the Collected Works
and of the paper The Problem of the Invariance of Dimension in the Growth of Modern Topology
1, II of Dale Johnson.

2Ein Beitrag zur Mannigfaltigkeitslehre.

3The history of this particular theorem is published by Emmy Noether and Jean Cavailles, Noether
and Cavailles (1937).
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The mathematical community was rather inclined to keep dimension on its
throne, and so it was generally conjectured that there could not be a bijection from
the line to the plane, continuous in both directions.

Even stronger, Cantor’s contemporaries would have been inclined to bet that one
could not even fill up the square with a continuous curve that would be allowed to
intersect itself (that is the pencil might pass through the same point more than once).
The general feeling of mathematicians was that our ordinary lines, surfaces, solids,
etc., are continuous in nature, and hence a comparison of their dimensions should
take this property into account. So far this was an intuitive conviction; one of the
tasks of the new discipline ‘topology’ was to make these ideas precise. The ultimate
outcome was that Cantor’s ‘Gleichmdchtig’ (‘equivalent’, ‘of the same cardinality’)
was too general and arbitrary to reflect dimension faithfully.

Almost immediately after Cantor’s paper appeared, efforts to save the invariance
of dimension (and hence dimension itself) were made. Among the mathematicians
who attacked the problem were Liiroth, Thomae, Jiirgens, Netto and Cantor himself.

For an extensive discussion of the history of dimension the reader is referred to
D.M. Johnson’s magnificent papers of 1979 and 1981; for the present it suffices to
record the achievements of Liiroth, who proved that one cannot give a topological
mapping of a one, two or three-dimensional space onto a higher dimensional one
(1878, 1899). None of the other attempts succeeded. The proof for the three di-
mensional case was, however, so complicated, that everything seemed to point to
the inevitable conclusion that either the general problem was so hard that it ranked
among the great unsolved problems, or that it required a totally new approach.

The majority of practising mathematicians, however, was not disturbed by the
state of affairs, and they were assured by no less a person than Schoenflies, in his
chapter in the Encyklopddie der Mathematischen Wissenschaften I, 1898, that the
problem had been settled by Netto and Cantor: a one—one correspondence between
distinct R,, and R, is never continuous. One wonders if Hilbert ignored the prob-
lem of the invariance of dimension on the authority of Schoenflies, or whether he
dismissed it as ‘just another problem’; whatever his reasons were, the problem does
not occur in his famous list of 1900. This may have been a matter of expediency, but
it was certainly not the consequence of a lack of importance, as Brouwer’s remark
in his Rome talk shows (see below).

Another aspect of the dimension enigma was discovered by Giuseppe Peano, the
man who had created a symbolic language for mathematics, and who had proved
the best existence theorem so far for differential equations. He had exhibited in a
three-page note a continuous mapping from the side of a square onto the square
itself, ‘On a curve which fills a plane area’ (1890). In plain words, one can fill in the
whole square with a pencil without taking it from the paper.* Peano’s example was
followed by more, so-called, space-filling curves.> All these examples added to the
urgent feeling of inadequacy of plain geometric intuition.

4There is a fairly simple geometric representation of the above mapping, Johnson (1979), p. 171
and Young and Young (1906), pp. 165, 291.

3> Among others Hilbert and Moore, cf. Young and Young (1906).
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Brouwer was aware of the significance of the problem of the invariance of di-
mension in 1908 at the latest, when he gave his address at the Rome conference;
after defining Lie groups, he added in a footnote:®

Whether p [that is the number of parameters] is an invariant for each group,
is an open problem as long as the ‘non-applicability’ of two spaces with dis-
tinct dimension numbers, is unproven.

There is a number of sources for Brouwer’s research plans in this period, among
them is the inaugural lecture The nature of geometry,” which Brouwer gave on
12 October 1909 at the Amsterdam University at the occasion of his appointment as
a privaat docent. It contained his views on geometry, including topology. Brouwer’s
idea of geometry was closer to the Riemann tradition than to the Euclid—Hilbert
tradition. The influence of Klein’s Erlangen Program is evident:

Geometry is concerned with the properties of spaces of one or more di-
mensions. In particular, it investigates and classifies sets, transformations and
transformation groups in these spaces.®

He succinctly summarised the role of transformation groups.

Finally, it can often be shown that figures and operations with which we
became acquainted in the smaller group, can be completely defined by prop-
erties invariant for the larger group; they can then be more generally charac-
terised, though perhaps it may be useful for special questions afterwards to
consider the smaller group. An example is supplied by the potential functions
in two dimensions, which were at first characterised in Euclidean geometry.
After a point at infinity had been added, and the conformal group had been
introduced, it could be shown that such a function is completely defined by its
invariants for the conformal group, and that the Euclidean group is inessential
for it.”

In plain words, a larger group may solve some of the riddles that the small group
leaves unexplained. The phenomenon was well-known through the Cayley—Klein
approach to projective and non-Euclidean geometry.

It was in this vein that Brouwer studied geometry, and it also was his approach
to group theory. Whereas the topic, properly speaking, is a part of algebra, Brouwer
looked at groups with the eyes of a geometer.

The above considerations are general in nature, but they reflect Brouwer’s own
research activity. Of late he had been investigating groups larger than the tradition-
ally considered groups, namely groups of topological transformations, that is of

SBrouwer (1909b), p. 297.

THet wezen der meetkunde. The translation of ‘wezen’ by ‘nature’ is somewhat flat. Wezen ex-
presses something more, like ‘essence’.

8Brouwer (1909a), CW I, p. 116.
9Brouwer (1909a), CW 1. p. 117.
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those one—one transformations that are continuous (preserve limits, in the intuitive
approach) in both directions. As we have seen he strove for methods of logical sim-
plicity, shunning extraneous concepts;'? in particular he stripped away (or tried to
do so) differentiability conditions whenever they were not essential, thus carrying
out Hilbert’s wishes, as expressed in the fifth mathematical problem of 1900, to new
areas.

The reader, who is used to modern topology, will have to keep in mind that the
terminology took a long time to establish itself. A lot of notions have gone through
a long evolution, causing a good deal of confusion on the way. One such notion
is ‘connected’; as we will see later, Brouwer got into trouble over the interpreta-
tion of this notion. Likewise, he used ‘one—one continuous’ for what we now call a
‘homeomorphism’ or ‘topological mapping’.!!

The 1909 inaugural lecture is a most helpful document: it gives us a glimpse
of Brouwer’s private research program for topology. While presenting a survey of
‘modern geometry’, it lists a number of key problems:

e ‘investigation of the general character of a system of several one—one continuous
transformations [of a set] into itself’.

e ‘a classification for analysis situs of the sets of points in a space from the view-
point of analysis situs’.

e ‘An immediately related problem is, to what extent spaces of different dimension
are distinct for our group [of topological mappings]. Most probably this is al-
ways the case, but it seems extremely hard to prove, and probably will remain an
unsolved problem for a long time to come.’

e ‘in spite of many efforts no satisfactory proof has as yet been given for the seem-
ingly very slight extension of Jordan’s theorem, that the one-to-one continuous
image of a closed curve is again a closed curve.”—‘No more are we certain that
a closed Jordan surface, that is a one-to-one continuous image of a spherical sur-
face, splits the three-dimensional Cartesian space into two domains.’

A number of the above topics would soon be successfully attacked by Brouwer,
although he apparently was at that time far from certain to succeed where others
had failed. In particular he was rather aloof as regards the invariance of dimension.
Nonetheless, within half a year the situation changed dramatically. Not only did
Brouwer solve the problem of the invariance of dimension, but he enriched topology
with (at least) two tools that enabled him to attack a whole range of problems.

The birth of the new topology has been recounted in Freudenthal’s The cradle of
Modern Topology, according to Brouwer’s Inedita.'? The first recorded evidence of
the new ideas was found by Freudenthal in an exercise book of Brouwer, that had a
label Potentiaaltheorie en Vectoranalyse, when he was editing the topological part

10Not to be confused with Methodenreinheit (purity of methods) of older generations. Brouwer
was quite prepared to use whatever means were available.

HThe first term was introduced by Poincaré (1885), the second one by Brouwer, Brouwer (1919f,
1919g).

12Freudenthal (1975), cf. CW I, p. 422 ff.
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of the Collected Works. The editing had already progressed to the final stage, when
this notebook came into his hands; its title did not spell any surprising revelations,
but when he opened it, two drafts of letters fell out. One was the draft of a letter to
Hilbert, dated 1 January 1910, and the other of a letter to Hadamard, dated 4 Jan-
uary 1910. The letter was written during the Christmas holidays,'? spent with his
brother Aldert in Paris. It shows that Brouwer had already developed two of his new
methods that appeared in print only in 1911: the degree of a mapping and simplicial
approximation. The letter to Hilbert ran as follows:

Paris, New Year’s morning 1910.
Dear Herr Geheimrat,

Best wishes for you and your dear wife for the New Year, for your health and
for your scientific activity.

I am staying here for the Christmas holidays with my brother, the geologist;
unfortunately my wife could not accompany me. In the middle of January my
classes start again and I shall return.

The harmony with Mr. Schoenflies has been re-established, and mainly
through your intervention. I am enclosing the last two letters to him, which
I have answered by saying that I am satisfied with his last version, and that
I consider the matter closed.'*

May I make a few comments on the univalent (not necessarily one—one)
continuous mapping of a sphere x onto a sphere A? If one subjects it to the
condition that it should be continuous both ways, then it is a one—one continu-
ous image of a rational function of a complex variable [...] By this condition
of the two-way continuity I mean that a closed Jordan curve around a point,
L, of A, which converges to L, corresponds, for each point, K of «, of which
L is the image, to a closed Jordan curve around K that must converge to K.

Now, if we have two univalent mappings of a sphere (or a more general
closed surface) K, satisfying these conditions, onto a sphere, L, and a sphere,
M , then the question is raised what extra conditions should be satisfied so that
the correspondence between L and M is a complex algebraic one in the sense
of Analysis Situs.

If I return again to the general univalent and continuous correspondence
between two spheres, then a finite number n can be indicated as its degree
such that all correspondences of the same degree, and only these, can be trans-
formed continuously into each other. In particular all correspondences of de-
gree n can be continuously transformed into rational functions of a complex
variable of degree n.

In order to define this degree, we introduce homogeneous co-ordinates
X, Yy, zon k and homogeneous co-ordinates &, n, ¢ on A, and consider first the
univalent mapping, which is determined for each domain by a correspondence

§:m:¢=filx,y,2): falx,y,2): f3(x,y,2),

Bew I, p- 421, see also Brouwer to Scheltema 3 December 1909.
14Concerning the ‘Analysis Situs’-paper, cf. p. 144.
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where f1, f>, f3 are polynomials.

If we fix a positive orientation on both spheres, and choose in each point of
k this positive orientation, then each generic point of A occurs p times with
positive orientation and g times with negative orientation. One can show that
p — q is a constant for all generic points, which we call the degree of the
mapping.

If the correspondence between x, y, z and &, n, ¢ is not determined by poly-
nomials, then one can approximate them by such polynomials, and one eas-
ily shows that those approximating correspondences have a constant degree,
which we therefore also assign to the limiting correspondence. This degree is
always a finite, positive or negative number. In particular the one—one contin-
uous mapping of the sphere into itself has degree +1 if the orientation is not
changed, —1 otherwise.

Now you know my theorem that every one—one continuous transformation
of the sphere into itself which does not change the orientation, always has at
least one fixed point. This theorem can be extended in such a way, that every
univalent continuous mapping of the sphere into itself which does not have
degree —1, always has at least one fixed point.

And I succeeded in extending the theorem to n-dimensional spheres. Then
it reads: every univalent continuous transformation of the r-dimensional
sphere into itself has at least one fixed point. The transformations of degree
+1 form an exception for odd n, and those of degree —1 for even n. On the
one hand for odd n and inverted orientation, on the other hand for even n and
unchanged orientation, one—one transformations therefore necessarily have a
fixed point Even more general is the result for univalent continuous mappings
of the solid sphere into itself, for these have a fixed point anyway.

Once again best wishes for both of you,
as ever yours faithfully,
L.E.J. Brouwer

This letter documents a spectacular breakthrough of Brouwer, soon after his ex-
change of letters with Hadamard. The work on vector fields, that preceded the dis-
covery of the degree of a mapping, had brought Brouwer close to earlier work of
Poincaré, and Hadamard had pointed out to him the relevance of Poincaré’s inves-
tigations, including that of the indicatrix (introduced by Leopold Kronecker, 1869,
and probably known to Gauss as early as 1840). The bold idea of stripping away
the analytical notions, had, roughly speaking, occurred in the short interval between
his letter to Hadamard of 24 December and 1 January. There is a letter with a sim-
ilar content to Hadamard (4 January 1910). Freudenthal, in his comments in the
Collected Works II (p. 422, ff.) points out that the exercise book and the letters to
Hilbert and Hadamard provide invaluable information on the birth of the mapping
degree, and on the role of Hadamard.

‘What has now also become clearer is Hadamard’s role as midwife. Before
I had never understood how Hadamard figured in this story and why Brouwer
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Fig. 5.1 Page of a draft of
letter to Hilbert, 1 January
1910. [Brouwer archive]

regarded him so highly in this context. Hadamard’s work in this part of topol-
ogy, Hadamard 1910, looks rather old-fashioned. Its strong dependence on an-
alytic tools would have hampered rather than stimulated true topology. It was
Brouwer’s achievement to have shaken off the yoke of analysis from topol-
ogy. In the genesis and maturation of his ideas, however, his intercourse with
Hadamard must have meant more to Brouwer than can be expressed by mere
citations and quotations. '’

Hadamard’s influence is acknowledged by Brouwer in his third paper on vector
distributions. Hadamard, for on his part, in his Appendix On some applications of
the Kronecker index,'® gives the credit for the method used in this paper to Brouwer.
As Freudenthal put it: ‘According to [the draft for the letter Brouwer to Hadamard
4.1.1910.] Y17 he learned the deeper reason for it [the connection between fixed
points on the sphere and singularities of vector distributions] in the correspondence
with Hadamard, which does not mean that Hadamard revealed it to him.’

In a letter to Kneser of 21.XI1.1925 Brouwer returned to the exchange of ideas
between him and Hadamard, ‘The content of both my paper “iiber Abb. v. M.”” and
the book of Tannery was discussed around Christmas 1909 in Paris. On that occasion
I have, referring to a paper that was at the time partially in print, but waiting for a

SFreudenthal in CW 1II, p- 425.
16Hadamard (1910).
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final formulation, pronounced the theorem that was for the first time proved by you
.... This instance explains why Hadamard referred to ‘Brouwer’s theorem’.

Freudenthal’s discovery corrected the plausible but false impression that Brouwer
first solved the problem of the invariance of dimension, and subsequently discovered
the notion of ‘mapping degree’, possibly distilled from the invariance proof. The
above letter provides convincing evidence that the mapping degree came first—the
letter does not even mention the dimension problem as such! So, why did Brouwer
publish his Invariance of Dimension-paper first? Whatever his reasons were, it was
not a bad idea to start the overture to the new topology with a resounding trum-
pet blast. What better way is there to attract attention than to solve a famous open
problem?

The solution of the invariance of dimension-problem, as a matter of fact, made
use of the mapping degree, without introducing the concept by name. The paper was
submitted before the summer vacation of 1910, probably before July, and it seems
likely that Brouwer submitted it directly to Hilbert, who then passed the manuscript
on to Blumenthal, the managing editor of the Annalen to process it for publication.
A word of warning may, however, be in order. Brouwer’s research was of a rich
variety during the hectic years of 1909 and 1910. It is not certain when Brouwer
started to investigate the invariance of dimension, but in a letter of 18 March 1910 he
wrote to Hilbert that he was preparing a new paper for the Mathematische Annalen
in which he had partly solved the invariance of dimension, in so far as he had shown
that spaces of even and odd dimension are not homeomorphic. The paper was never
published, and no drafts have survived, so we do not know what Brouwer’s approach
was in this particular proof. In all likelihood he found the complete solution before
he had finished the manuscript of the partial one.

The manuscript of the invariance of dimension paper was sent to the Mathema-
tische Annalen in June 1910, and the paper appeared in the issue that was dated
14 February 1911.

Although the material of the ‘invariance of dimension’, was rather out of the
way for his Dutch fellow mathematicians, Brouwer presented a complete proof in a
beautiful didactic form, at the October meeting of 1910 of the Dutch Mathematics
Society. The manuscript, which has been preserved, shows us a clear exposition
that could nowadays easily be used in an undergraduate course.!” The reactions to
Brouwer’s talk are not known, but it seems plausible that it conveniently raised the
status of the young privaat docent, whose promotion to lecturer had just been turned
down by the local authorities.'®

Between the submission of the dimension-paper and its publication, something
happened that added a tragic and dramatic note to the history of the invariance of
dimension.!”

17Freudenthal (1979).
18Cf. p. 213.

19Freudenthal (CW I, p. 435 ff.) has given a thorough historic and mathematical analysis of the
invariance of dimension episode. The reader is referred to Freudenthal’s comments for more tech-
nical details.
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Blumenthal had made a trip to Paris in the summer vacation of 1910, where
he met Henri Lebesgue. The latter was a prestigious mathematician, who, among
other things, created modern measure theory; the Lebesgue measure and integral
have been household words in mathematics ever since their introduction. Lebesgue
contributed to many areas in mathematics, in particular also to the young discipline
of topology, which, as a matter of fact, touched on measure theory in quite a number
of points. Blumenthal, aware of the importance of the topic, told Lebesgue about
Brouwer’s exploit. In a letter of 27 October 1910 Blumenthal informed Hilbert of
his meeting with Lebesgue:

We made a very nice trip to Paris during the summer holiday. Unfortu-
nately, however, I did not see any mathematicians, they were all on holiday.
That is to say, I have made acquaintance with Lebesgue, who happened to be
in Paris. He is a very interesting man and told me that he possessed already for
some time (seit langer Zeit)—not just one, but several proofs of the theorem
of the invariance of the dimension number, which Brouwer has now proved
in the Annalen. He has sent me one of those proofs for the Annalen, which
looks very amusing. I have not examined it closely for the correctness of the
underlying idea, for one can depend in the matter of details on such a shrewd
man. If you want to check the paper in detail, it is at your disposal.

We do not if Hilbert occupied himself with the matter, but when in February
1911 Brouwer’s spectacular paper appeared, it was immediately followed by an
extract from a letter of Lebesgue to Blumenthal, On the non-applicability of two
domains belonging respectively to spaces of n and n + p dimensions.>° The tone
of the message is somewhat patronising. There is a ring of quiet amusement and
superior insight in this note to the mathematical world, which had in all the years
failed to find a proof:

Recently, when you talked to me about the proof of the impossibility of es-
tablishing a one—one continuous correspondence between the points of two
spaces of n and n 4+ p dimensions, a proof by Mr. Brouwer that the Mathe-
matische Annalen will publish, I have indicated to you the principle of several
proofs of the same theorem. I will exhibit the simplest of these proofs; I will
not occupy myself here with drawing from the argument other consequences
than the theorem in question itself.

The principle which Lebesgue referred to was the marvellous paving principle*!
which reads:

If each point of a domain D of n dimensions belongs to at least one of
the closed sets E1, E», ..., E), finite in number, and if these are sufficiently
small, then there are points belonging to at least n 4 1 of these sets.

20Sur la non-applicabilité de deux domaines appartenant respectivement i des espaces an et n+ p
dimensions (Extrait d’une lettre a M. O. Blumenthal), Lebesgue (1911a).

2L pflaster Satz.
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Fig. 5.2 Paving principle | | | | | | |

Fig. 5.3 Henri Lebesgue.
[Courtesy I’Enseignement
Mathématique]

By ‘domain’, Lebesgue means closed, bounded, connected set. The principle is il-
lustrated in the plane by the following example, Fig. 5.2, of the pattern of a pavement
(which is the worst possible case: minimal overlap).

One immediately sees that there are points belonging to three tiles (we consider
tiles with boundaries). The invariance of dimension is indeed an immediate corollary
to the paving principle. Unfortunately, the paving principle itself is by no means
trivial, at least not the way Lebesgue thought it was.

The records do not show whether Brouwer was informed of this letter before the
publication, but it is highly unlikely. Brouwer would immediately have reacted! So
we may assume that he was confronted with Lebesgue’s letter when he opened his
copy of the Mathematische Annalen—a nasty shock indeed! Imagine having set-
tled an outstanding fundamental open problem of the day, only to be ridiculed by
the ‘simplest possible solution’. Brouwer indeed was furious; however, he quickly
realised that Lebesgue’s proof contained a serious gap. No matter how brilliant the
paving principle was, as far as Lebesgue was concerned it had the status of a conjec-
ture. Nonetheless, Brouwer was upset; apparently few mathematicians could fathom
the methods involved, and hence there was a serious possibility that—also in view of
Lebesgue’s barely hidden boasting—the credit would go to Lebesgue with, maybe,
Brouwer as a fair second.

The reader has to bear in mind that the intricacies of topology were lost on the
average mathematician. At best they would think of the geometrical figures and
objects that were familiar from traditional geometry, but these did not display the
pathologies that tricked even the best in the field. Now Brouwer’s paper, which
nowadays most readers would find clear and easy going, possessed a precision and
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a Spartan mode of argument that were unfamiliar to the mathematicians of the nine-
teenth century, who were accustomed to the pleasant narrative style of, say, Felix
Klein. So a reader, presented with the papers of Brouwer and Lebesgue, would be
tempted to agree with the Lebesgue paper, which was written in a beautiful con-
vincing style, with a whiff of ‘this is all very simple for those who would care to
follow the indications given here’, and skip Brouwer’s paper as ‘a difficult proof of
the same thing’. Blumenthal was not the only one to fall for the temptation: in the
Fortschritte the reviewer of Lebesgue’s note—the same Engel who struggled with
Brouwer’s Lie group paper—uvirtuously cited the paving principle and accepted the
paper on Lebesgue’s authority. It is probably fair to say that the material was be-
yond him and most of his contemporaries, possibly even beyond Lebesgue. Even
though the word ‘priority’ hardly crops up in the correspondence about the dimen-
sion problem—name not the rope in the house of the hanged man—it would not
be human to claim that the following conflict was just about truth and correctness,
and not about priority. More dispassionate scholars may point out that priority is not
everything and that in the end history will see that justice is done. But unfortunately
that is not always the case. There are enough examples where history has stuck the
wrong label on theorems, methods, proofs, etc. Usually this concerns an item of
local importance, and seldom a major result; it is unthinkable that, say, the proof of
Fermat’s last theorem would be attributed to the wrong person. In the period we are
describing here, the dimension problem had a somewhat comparable status, it was
one of the big challenges of modern mathematics. The fact that nowadays the the-
orem is part of a first course in algebraic topology is irrelevant, in Brouwer’s days
there were no tools available, and one had to go at it with bare hands. In the case
of the dimension problem Brouwer had every right to be upset; it would already
have been bad enough to find out that a well-known mathematician had a couple of
solutions in his drawer, but it would really hurt if the priority would go to the wrong
person on the basis of an unproven conjecture!

A key figure in the controversy that followed the publication of Brouwer’s and
Lebesgue’s papers, was Blumenthal, a generally respected mathematician, who was
active in complex function theory and applied mathematics.

He was born in Frankfurt a. M. in 1876, and studied mathematics in Gottin-
gen with Klein, Sommerfeld and Hilbert. Blumenthal was the first Ph.D. student of
Hilbert (1898), and he wrote his Habilitationsschrift in 1901.

He also studied for some time in Paris with Emile Borel and Camille Jordan.
Since 1905 he had a chair in Aachen, not far from the Dutch border and close to
Maastricht. Blumenthal and Brouwer became close friends and the latter used to
visit Aachen regularly. Blumenthal was the managing editor of the Mathematische
Annalen, the daily matters of the journal were completely in his hands, although he
routinely informed Hilbert of the editorial matters. In effect he was a key figure of
the Mathematische Annalen for the impressive period of 32 years. His involvement
in the Brouwer—Lebesgue controversy was a natural consequence of his position.
Either Brouwer had sent his manuscript right to Blumenthal, or Hilbert had passed
it on. One would not blame Blumenthal for talking to Lebesgue about Brouwer’s
invariance proof, after all an editor may discuss papers with third parties. If Blu-
menthal can be blamed at all, then it is for not sending Lebesgue’s note to a referee.
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That, however, was a bit difficult, because, apart from Brouwer, there was virtually
no competent person to judge this kind of topology. His ‘Analysis Situs’-paper had
made that much abundantly clear. Anyway, it would have only have been fair to
inform Brouwer about the Lebesgue note, since Lebesgue was also informed about
Brouwer’s paper.

Brouwer reacted immediately, he analysed Lebesgue’s note and saw that the
proof did not work. In early March, he submitted a short note to that effect to Hilbert,
Remarks on the invariance proof of Mr. Lebesgue. The copy of this note bears ‘Ac-
cepted Hilbert” in Hilbert’s hand. Blumenthal, referring to this note in a letter of
14 March 1911 to Hilbert, could not match Hilbert’s scientific composure. He was
uncomfortably caught in the middle of a controversy that he could not quite fathom:

I find the Brouwer—Lebesgue affair highly unpleasant, and in fact I am, on
the whole, on the side of Lebesgue. That is to say: Lebesgue says explicitly
that he assumes certain theorems; those have to do with certain linear equa-
tions and inequalities, and they will presumably be provable, in other words,
the difficulty does not seem to be in that part, and the whole arrangement of
the proof of Lebesgue is in my opinion, taking everything into consideration,
a feasible and beautiful route to get to the dimension proof. Whoever reads
Brouwer’s note, does not altogether have this impression; the note has in my
opinion an unfriendly and unpleasant ring.

Blumenthal advocated the withdrawal of the note, and he begged Hilbert to step
in, should that be necessary. The matter was further complicated because

On top of all that I, for one, like Lebesgue (according to an earlier commu-
nication) am not able to understand Brouwer’s proof.

As a matter of fact, Brouwer’s note was neither unfriendly nor impolite, at most
somewhat condescending—possibly matching Lebesgue’s tone. It only stated that
Lebesgue’s proof was defective, indicating the gap. Brouwer did not provide a coun-
terexample, but confined himself to the remark that ‘in any case considerable further
elaborations are required’. Furthermore, Brouwer pointed out that Lebesgue’s ref-
erence to Baire’s work was off the mark, as ‘the unproved theorems to which the
problem is reduced,?” are deeper than the problem itself’.

Lebesgue’s reaction to Brouwer’s note was brief, and showed that he did not yet
fully grasp the difficulties:

If T understand the remark of Mr. Brouwer correctly, it comes down to:
I have announced that I will provide the facts that I qualified as evident, that
does not replace a proof of these facts.

I do agree with Mr. Brouwer on this point, I only add that I have not com-
pletely written out my proof, because I promised some time ago a paper on
this topic to the secretary of the Société Mathématique de France.

22By Baire.
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I do recognise that my formulation is very poor, since Mr. Brouwer has
been able to believe that I had not seen the necessity of proving everything,
and that till to-day it seems useful to him to point out this necessity to other
readers.

Lebesgue’s letter had convinced Blumenthal that Brouwer had nothing to fear.
Blumenthal explained in his letter of 25 March?? that:

... whatever Lebesgue may stress, nobody doubts or disputes your priority for
this fundamental proof [...] Lebesgue is, in his own opinion and that of the
world, not your rival but your follower (Nachfolger).

As to Lebesgue’s position, he wrote

...on the one hand Lebesgue’s letter shows that he has a clear idea of the
proofs of the tentatively accepted theorems, on the other hand he writes him-
self literally: Writing down the complete proof does not take long, and I am
about to do so, but truly, it seems impossible to me to make my results look
as ready-to-eat chunks (bribe a bribe) and 1 think that your readers, more
generous than Mr. Brouwer, will give me credit until the appearance of my
definitive memoir.

Blumenthal added a little sermon:

From this communication it seems to follow, that it would not be right to
publish your note before you have convinced yourself, that not just Lebesgue’s
note in the Annalen, but really his whole line of proof is defective. I am con-
vinced that Lebesgue will put the manuscript that he had prepared, at your
disposition for inspection. If necessary, I would be prepared to mediate in
this respect. I would indeed like to draw your attention to the fact—and here
I come to the heart of my impressions—that your note has been formulated
in a very rude form, and that everybody must necessarily interpret it in such
a way, that you consider the gaps stressed by you as irreparable, that is to
say that you consider Lebesgue’s proof as false; for false and incomplete is
the same thing in this case. In my opinion, you can only accuse a man of
Lebesgue’s position of this, if you are completely certain of your ground.

In the same letter Blumenthal announced that Lebesgue had withdrawn his reply
to Brouwer’s note, and written a new one. This document is not extant, so we cannot
judge the contents, but it is not unthinkable that Lebesgue started to realise that the
difficulties were not just minor formalities.

Brouwer immediately answered that, in view of Lebesgue’s promise to provide
a complete proof, he was happy to withdraw his note. In a letter of 31 March to
Hilbert,>* Brouwer expressed his gratification, he could now drop the matter. This
was the more pleasing, he said, since letters of Lebesgue and Blumenthal showed

23Cf. Johnson (1981), p. 191.
24CW I, p. 440.
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Fig. 5.4 Blumenthal and Brouwer. [Brouwer archive]

that readers could misinterpret his action as a priority complaint, ‘which it was
not intended to be’. The statement may seem strange, but Lebesgue had satisfied
Brouwer that there was no priority claim involved. Reconstructing the whole dis-
cussion, one is left with the impression that Brouwer was angered by the flamboy-
ance, bordering on arrogance, of the older colleague, and by the apparent injustice
of Lebesgue getting away with claiming a theorem without so much as a proof.

The appreciation of the mathematical world was, of course, another matter. Even
though Lebesgue had made Brouwer’s priority clear, there were others who did not
have a clear grasp of the situation. For example, L. Zoretti, in a review of Schoen-
flies” survey of point set theory?> stated that ‘Chapter V contains an interesting study
of the correspondence between two domains of n and n + p dimensions, and the in-
variance of the notion of dimension. Very recent investigations of Messrs. Baire,
Lebesgue and Brouwer have made a decisive step in the matter ...”.2° Although
the statement is so unspecific that it could hardly be wrong, it conveys to a reader
the impression that somehow the mentioned persons had contributed in roughly the
same proportion. As it happened, Brouwer had in the Annales d’Ecole Supérieure
pointed out a number of mistakes in a topological paper of Zoretti, which may have
coloured the judgement of the latter, but it is equally well possible that Zorretti
simply had failed to understand the matter. There was a similar misjudgement on
the part of Emile Picard, when he presented in 1911 a report to the Académie des
Sciences on the works of R. Baire:

25Schoenflies (1908).
267oretti (1911).
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In 1907, in two notes entitled On the non-applicability of two continua
of n and n + p dimensions,”’ Mr R. Baire has given a method to study the
matter alluded to in the title. Some lacunas remained in the proofs which the
author proposed to clear up. He was earlier than Brouwer and Lebesgue, who
by different roads arrived at the theorem which was clearly anticipated by
Baire, to wit that one cannot establish a bijective correspondence between a
continuum of n dimensions and a continuum of n + p dimensions.

One wonders to what extent Picard, an outstanding expert in the theory of functions,
and familiar with mathematics at large, obeyed the academic tradition and polished
up his report.

The Fortschritte soon realised that its reviewer had been a bit careless about the
Lebesgue note; in its 1914 volume a brief correction was published (by Blaschke):

In the Bericht on p. 419 on the paper of Lebesgue it should be noted that
the proof of Lebesgue is not correct. There is a gap, which the author so far
has not filled. More can be found in a paper of L.E.J. Brouwer in J. fiir Math.
142, 151.28

Brouwer was under some apprehension, as he himself had not yet found a proof
of the paving principle, but his private notes show that he was almost certain that
Lebesgue misjudged the intricacies of this part of topology, and that he would not be
able to give a proof. Lebesgue, as a matter of fact, sent Brouwer some more details,
but declined to publish them in the Mathematische Annalen.

Lebesgue, who had evidently quite sound and effective intuitions on the matter
of dimension, did not stop to provide a proof of the paving principle, but went on
to present an alternative proof of the invariance of dimension to the Académie des
Sciences (23 March 1911). The argument here is completely different, and it intro-
duces the concept of ‘linking varieties’. Again the underlying ideas are marvellous,
but the note does not give satisfactory proofs or even proof sketches. Apparently he
failed to grasp the value of the gem he had found.?”

Brouwer, upon reading the above paper On the invariance of the number of di-
mensions of a space and on the theorem of Mr. Jordan for closed varieties,>® quickly
spotted its weak points, and prepared another critical note for the Mathematische
Annalen3' Tn the accompanying letter of 9 May to Blumenthal, Brouwer moti-
vated the submission of the new note to the Mathematische Annalen by referring
to Lebesgue’s curious behaviour. Not only had Lebesgue failed to observe common
courtesy (again!) in the matter, he had also disassociated himself from an earlier

27Sur la non-applicabilité de deux continus a n et n + p dimensions.
28The dimension paper, cf. p. 174.
29 Alexander (1922) and Alexandroff and Hopf (1935), Chap. XI elaborated the ideas involved.

30Sur Uinvariance du nombre de dimensions d’un espace et sur le théoréme de M.Jordan relatif
aux variété fermées, Lebesgue (1911b).

31johnson (1981), pp. 198, 199.
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promise to provide a complete version of the Annalen note, at the same time dis-
owning all earlier proof attempts as hasty. These earlier attempts, said Brouwer ‘are
teeming with incorrect arguments, and are irreparably false’. And also the second
Comptes Rendus note contained an ‘incurably’ false proof, to which Lebesgue stub-
bornly clung in spite of Brouwer’s remonstrations. The long and short of it all was
that Brouwer saw it as his unpleasant duty to publish the note on Lebesgue’s invari-
ance paper, but he said that he would withdraw the note if the editorial board would
consider the note not to be in the general interest.

This note ‘Comments on the invariance proofs of Mr. Lebesgue’ (9 May 1911)
and its successor (written in French for the benefit of Lebesgue) of 11 June 1911
were not published. The last one contained not only a critique of Lebesgue’s papers,
but also an account of the discussion so far. Brouwer complained that after he had
withdrawn his note to the Mathematische Annalen, Lebesgue had not fulfilled his
promise to provide a correct proof of the paving principle, but only sent inconclusive
material:

...I studied his arguments repeatedly, but they remained obscure to me,
and for the rest contained nothing that could not at a first glance be perceived
by anyone.

Repeated questions were not honoured, so Brouwer concluded that it was impos-
sible to continue the correspondence.

Blumenthal, to whom, most likely, those notes were addressed, was by that time
convinced of Brouwer’s viewpoint. He asked Brouwer>? for an elaboration of his
critique (in French) in order to confront Lebesgue.>* There is a draft of Brouwer’s
answer; he complied with Blumenthal’s request, but he insisted on providing the
details for Blumenthal’s private use only.

For I have already so extensively and so often explained everything in writ-
ing, that I cannot tell him anything new.

Exactly for this reason, the following explanation of his attitude has forced
itself more and more upon me: that he directly after my first letter has recog-
nised his lapsus, but that he was too vain to admit it, and that his further
behaviour was determined by the hope of finding, perhaps later, a proof of the
assumed statement, and by the necessity to gain time.

In the letter Brouwer suggested that Blumenthal should urgently press Lebesgue to
provide a proof. This stratagem would force Lebesgue to furnish a proof, with the
risk of committing new errors, or to plead failure. The letter ended with a request not
to tell Lebesgue that Brouwer in the meantime had obtained a proof of the paving
principle, because the latter considered it Lebesgue’s obligation to clean up his own
arguments first. A similar sentiment is expressed in the letter of 5 November 1911 to
Baire, in which Brouwer told Baire that ‘I have myself found a proof of the lemma

32Blumenthal to Brouwer, 16.6.1911.
33 Johnson (1981), p. 203.
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Fig. 5.5 Draft of letter to Blumenthal, 19 June 1911. [Brouwer archive]

of Lebesgue a couple of days after its publication, but I believe that I should not
publish it and give Mr. Lebesgue the opportunity to carry out his task himself.’

In the Nachlass of Brouwer there is a number of small scraps of paper, scribbled
with Brouwer’s fine detailed handwriting. Some of them are concerned with the
Lebesgue affair; and the item Y4, dated 1912 by Freudenthal,3* contains a proof of
the paving principle.

In a letter of 2 July to Blumenthal, Brouwer wrote down (in French) the crucial
step in the inductive argument for the paving principle. The note evidently was in-
tended for publication, but it never appeared; finally its proof was published in the
paper On the natural notion of dimension.>

On 8 July Brouwer drafted a letter to Blumenthal, in which he pointed out
‘another gap in Lebesgue’s so-called third proof” in the Comptes Rendus note.°
Whether this letter was actually mailed is hard to say, since there is no Blumenthal
Archive, but the fact that Brouwer kept the draft among his papers suggests strongly
that it was mailed. Blumenthal, in his answer of 14 July, admitted that his mediation
attempts had failed, and that he therefore saw no objections to publishing Brouwer’s
Note on Lebesgue’s proofs. He remained, however, cautious to the extent that he ad-
vised Brouwer to adopt the title ‘On my and Lebesgue’s papers on the invariance of
the number of dimensions’. He declined however to publish Brouwer’s proof of the
paving principle—°I cannot do that before I have given Lebesgue a generous oppor-
tunity to speak for himself. For I intend to request from him his Mémoire étendu.’
Of course, he went on, you are free to publish your note elsewhere, for example,
‘under supervision of the great Van der Waals in the Verslagen’.

Brouwer had some reason to feel that he was let down in order to save the face
of his adversary. He drew his conclusions and published the proof and significant
new material in the Journal fiir die reine und angewandte Mathematik®'—a fateful

34CW I, p. 440.

35 Uber den natiirlichen Dimensionsbegriff, Brouwer (1913a).
36Lebesgue (1911b).

3 Brouwer (1913a).
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choice as we shall see later. Brouwer had made up his mind on the choice of journal
in November, as appears from a letter of Hellinger, the assistant of the editor Hensel.
This ‘desertion’ was quite a step for Brouwer, who had a very strong allegiance to
the Mathematische Annalen and Hilbert!

The correspondence did, however, continue; in a letter of 19 August 1911,
Brouwer told Blumenthal that he had reconsidered the first part of Lebesgue’s
Comptes Rendus note—and that he thought the theoretical basis of the linking of
manifolds was a deep problem. His re-assessment of the concept of ‘linking man-
ifold’ led him probably to the more positive view of Lebesgue’s contributions in
On the invariance of the number of dimensions of a space and on the theorem of
Mr. Jordan for closed varieties.® The second part of the same letter contained the
sketch of an elegant alternative proof of the paving principle that made no use of the
mapping degree; it was never published.

The name of a second prominent French mathematician has come up in the above
story, that of René Baire. Baire had made a name for himself in the theory of real
functions, where he had systematically investigated classes of discontinuous func-
tions, now known as the Baire classes. Darboux had already initiated the study of
discontinuous functions, but Baire had gone on to develop a systematic, abstract
viewpoint. His work, together with that of Emile Borel, is the hard core of the so-
called descriptive set theory.

In his note in the Mathematische Annalen Lebesgue had referred to notes of Baire
in the Comptes Rendus,>® suggesting that Baire’s methods would yield a straight-
forward proof.

Without doubt, Mr. Baire has not developed his proof; but it seems to me
that, if one takes into account the hints given by Mr. Baire, there is nothing
left to solve but difficulties of detail that are not very serious.*

Freudenthal pointed out that Baire and Lebesgue were not on speaking terms,*! so

Lebesgue’s reference to Baire could hence be seen as an attempt to belittle Brouwer
and tease Baire at the same time.

Brouwer had, on seeing Lebesgue’s note, sent reprints of his Mathematische An-
nalen paper to Baire, probably inquiring after Baire’s alleged proof. Baire’s first
letter dates from 28 October; it contains no mathematics, but polite congratulations
on the progress made in analysis situs. He declared that because of other commit-
ments and a prolonged illness, he had not been able to pursue his research.

In his reply of 30 October, Brouwer diplomatically approached Baire concerning
his proof of the invariance of dimension:

38Sur Iinvariance du nombre de dimensions d’un espace et sur le théoréme de M. Jordan relatif
aux variété fermées. Lebesgue (1911b).

39Baire (1907a).
40Lebesgue (1911a), p. 168.
4lCW I, p. 439.
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Concerning your publication of 1907, I suppose that you yourself do not
agree with the lines that Mr. Lebesgue devoted to you at the end of his false
proof [...]

The important theorems that you formulated in 1907 seem to me of a much
more subtle character than the invariance, which is to me the most fundamen-
tal, but also the most crude, property of the analysis situs of n dimensions.

He went on to say that he was unfortunately obliged to correct Lebesgue’s state-
ment, for it would, if correct, strip his own 1911 paper of all importance; this dis-
agreeable task was not to be construed as a criticism of Baire. There is a short
exchange of letters between Brouwer and Baire, but although Baire clearly resented
being used by Lebesgue—their friendship of the days of the Ecole Normale had
gone stale when Lebesgue had gone in for career making*>—he stuck to the view
that, although he had not done so, one could without serious difficulties, but maybe
at the cost of some lengthy exposition, prove the required statements on the basis of
his 1907 Comptes Rendus notes. ‘On the other hand’, he added, ‘these statements
don’t form such a complete set as your statements 1, 2, 3 of p. 314”43

As time went by, Brouwer lost sight of Lebesgue and the matter of the proof; and
only when in 1923 Urysohn called his attention to Lebesgue’s 1921 paper, Brouwer
felt obliged to point out that this proof was basically his own 1913 proof, but com-
plicated by Lebesgue’s presentation.

The Brouwer—Lebesgue controversy more or less bogged down in a stalemate;
Lebesgue clearly was not willing to concede the point, but he was equally unable to
meet Brouwer’s challenge. He eventually published a proof of the paving principle
in 1921. In his Notice sur les Travaux Scientifiques of 1922 Lebesgue went so far as
to state that

On the occasion of the publication of the work of Mr. Brouwer, I indi-
cated* the principle of an argument that also allows us to establish that theo-
rem; I have recently® developed the proof.

The whole affair leaves a sad impression; on the one hand the older and estab-
lished mathematician treated the topic and the newcomer as another occasion to
demonstrate his superior intelligence, thus losing sight of common civility towards
newcomers, but—and this is a more serious and purely mathematical shortcoming—
also completely misjudging the complexity of the problem. On the other hand, the
younger man could not distinguish between irritating vanity and intentional foul
play. On top of that, Brouwer’s somewhat inflated sense of justice demanded an
unconditional surrender; the loss of face of his opponent did not worry him. There
is a striking contrast between Brouwer’s genuine mystic ideal of detachment from
the world, of introspection and non-interference with fellow human beings, and the

42Baire to Brouwer, 5 December 1911.

43The n-dimensional Jordan theorem, Brouwer (1911e).
4“ct. Lebesgue (1911a).

43Cf. Lebesgue (1921).
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burning wrath that always was close under the surface, and that easily erupted at the
least provocation. Brouwer bears a striking similarity to the character from Shaw’s
‘Androcles and the Lion’, Ferrovius, with the strength of an bear and the temper
of a mad bull, ‘who has made such wonderful conversions in the northern cities’.
Like Ferrovius, he could not resist the temptation of a battle against injustice and
evil men—‘When I hear a trumpet or a drum or the clash of steel or the hum of the
catapult as the great stone flies, fire runs through my veins: I feel the blood surge up
hot behind my eyes: I must charge; I must strike.’

This fighting spirit remained with Brouwer all his life—however, for all the
agony it caused his adversaries, he certainly got his share in the suffering.

It is likely that, Lebesgue did not want to rob Brouwer of his priority, but he
would not have minded changing the perspective of the dimension problem to his
advantage by belittling Brouwer’s efforts. One cannot escape the impression that the
mathematical authorities of the day did little to see that justice was done.

Blumenthal, as the managing editor of the Mathematische Annalen, did not dis-
play the decisiveness that was required of him in his function. His wish to keep on
the good side of a recognised authority like Lebesgue may have obscured his judge-
ment. It is also remarkable that in a spectacular dispute such as the one above, none
of the older statesmen of the Mathematische Annalen stepped in. One might sup-
pose that Hilbert would have seen the importance of Brouwer’s methods, if not the
theorem—also in view of the prior correspondence. But, alas, the whole matter was
left to Blumenthal, who did not carry enough weight to address the problem. The
episode also illustrates how little the mathematicians of the day understood the intri-
cacies of topology. It is no exaggeration to say that only in the twenties a measure of
understanding of Brouwer’s methods started to spread. The influential book of Felix
Hausdorff, Grundziige der Mengenlehre46 of 1914, that introduced large numbers of
readers to the beauty of set theory and topology, remarked (p. 461) that “The brevity
of Brouwer’s papers, which often forces the reader to fill in many details by himself,
is most regrettable, in the absence of other impeccable and extensive expositions.’
Brouwer had little patience with those complaints; he even felt rather offended at
the suggestion (for example by Hausdorff) that his topological work should be re-
done. The full impact of Brouwer’s topological innovations was not felt before the
twenties. Although the delay may have been partly due to the First World War, the
main reason was that it was generally viewed as difficult and inaccessible. Heinz
Hopf reported that in 1917 Erhard Schmidt discussed Brouwer’s topological meth-
ods in a course at the University of Breslau,*” and when Schmidt moved to Berlin in
1920, topology became a regular part of the curriculum in Berlin. In America J.W.
Alexander had grasped the new methods and started, from 1915 onward, adding his
own contribution in the early twenties.

In spite of all the negative features of the conflict we described, there is at least
one positive side effect: Lebesgue’s obstinacy prompted Brouwer into feverish ac-
tion; some of the papers of this period are reactions to Lebesgue’s claims. In July

46Basics of Set Theory.
4THopf (1966).
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Fig. 5.6 Winding number

1910 Brouwer submitted his fundamental paper On the mapping of manifolds*® to
the Mathematische Annalen. It was the detailed elaboration of the facts mentioned
in the letter of 1 January 1911 to Hilbert. The importance of this paper can hardly
be overestimated; it contains virtually all the tools of the new topology. It was, so
to speak, a short but exhaustive course in the topology of the future. Among the
many concepts introduced here, we find that of simplex,*® open and closed mani-
folds (based on simplexes), (n-dimensional-) indicatrix, simplicial approximation,50
mapping degree, homotopy of mappings (under the name continuous deformation),
singularity index (under the name degree of the simplex). The basic theorems, for
example the preservation of the mapping degree under homotopy, are all proved by
direct geometric methods. The converse of this invariance theorem was established a
year later in Continuous one—one transformations of surfaces into themselves, no. 5;
this paper, in contrast to the earlier ones in the series employed the new tools and
generalises earlier results; it thus takes a special place in the long series.

5.2 The Fixed Point Theorem and Other Surprises

The famous fixed point theorem of the (n-dimensional) ball is the quiet apotheosis
of the ‘mapping of manifolds’-paper. The theorem that made Brouwer’s name a
household word in mathematics and other disciplines was presented in one line,
without any comments. Did Brouwer think that such a spectacular result, like good
wine, did not need any recommendation, or was he showing off in modesty? We
shall never know.

Of all Brouwer’s topological achievements, the fixed point theorem has appealed
most to the imagination of non-specialists. If mathematicians had coats of arms,

4B {iber Abbildung von Mannigfaltigkeiten, Brouwer (1911c).

49Poincaré had already defined the notion in Poincaré (1899). Brouwer does not quote Poincaré,
so presumably he was not aware of the paper.

S0Note that in the letter to Hilbert of 1 January 1910, Brouwer still uses polynomial approxima-
tions.
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Brouwer’s should have contained a fixed point.>! A number of popularisations have
been put before the public. One of these illustrates the surprising omnipotence of
topology: consider a cup of coffee which is stirred slowly in an arbitrary manner,
then when the coffee has again assumed a state of rest at least one ‘coffee point
(particle)’ has returned to its old position. The stirring instructions are necessary to
prevent discontinuities; one does not want to have drops flying around.

The mapping degree was the prime instrument in Brouwer’s topological investi-
gations. It is surprising, and hard to explain why Brouwer, who had all the equip-
ment he needed, never made use of, or developed, algebraic topology. In particular
one wonders, why he never used homology theory, and all its marvellous conve-
niences. ‘Instead’, Dieudonné remarks,>> ‘he used his discovery to define rigorously
the concept of degree of a continuous map, and then proceed, mostly by fantastically
complicated constructions, relying exclusively on that notion, to prove the famous
Brouwer theorems’. The trained topologist will, of course, see the implicit use of
algebraic methods, but Brouwer did not make the important step to expand his in-
sights into a systematic machinery for the algebraisation of topology. He was and
remained a geometer.

Part of the power of Brouwer’s methods resided in his simplicial approximations;
‘it may be said that Poincaré defined the object of that discipline,>® but that it is
Brouwer who invented methods by which theorems about these objects could be
proved, something that Poincaré had been unable to do’ 4

Although Brouwer’s mapping degree was a new phenomenon in topology, it was
foreshadowed on certain respects by earlier notions. There was, for example, the
‘winding number’ of a path around a point: walk around the point and count at the
end how many revolutions you have made. The walk may be totally disorganised,
going backwards and forwards in an unpredictable way.

Note that if one looks from the point a and follows the moving point, the back-
ward and forward neatly cancel out each other, so that the complicated figure above
really comes to one revolution. The notion is captured by the following integral in
complex analysis:

1 dz
271 Jez—a

which measures the angle swept by the vector following the movement of the point
on the curve.

The idea of the mapping degree can be simulated by wrapping a rubber band
around a cylinder. With a little bit of imagination, one can think of the band doubling
backwards and forwards. What one gets in this case is a continuous mapping of the
circle onto itself (looking in the direction of the cylinder). The mapping degree

5IThe reader need not worry, nobility has not been created in the Netherlands for more then a
century.

52Dieudonné (1989), p. 161.
33Simplicial topology.
54Dieudonné (1989), p. 168.
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Fig. 5.7 Bouwer’s notebook
with a first version of
‘Mappings of manifolds’.
[Brouwer archive]
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counts the number of times a point is covered, cancelling the ‘backwards’ against
the ‘forward’.

For two-dimensional pictures like the image of a circle, one has a reasonable
geometric intuition, but for higher dimensions, it gets harder. Moreover, the phe-
nomenon of the Peano curves had frightened people off. Mathematicians had come
to distrust their geometric intuitions. Nonetheless, Brouwer succeeded in defining
the correct notion; or, to be more precise, he proved that a higher-dimensional ana-
logue of the winding number is a constant for a manifold (for example a surface) and
then considered its properties in all kinds of situations. Using the mapping degree,
he proved a wealth of new facts.”>

A problem presented by Brouwer’s topological research is that it is not immedi-
ately obvious what the underlying motivation is. Brouwer’s published papers are no
help in that respect. It looks as if he solves hard problems just because they present a
challenge. This may partly have been responsible for the unfounded impression that
Brouwer only practised topology to gain status and a secure job. There are a couple
of clues, however. We have seen that his research into vector distributions may have
been triggered under Poincaré’s influence (cf. p. 134); another clue is provided by

55 After the ascent of homology theory, a much simpler definition of the degree of a mapping
became available: let f be a continuous mapping from M to M’, where M and M’ are com-
pact, connected, oriented (pseudo-) manifolds, then for f*: H,(M; Z) — H,(M'; Z), we have
f*([cM]) = c[M'] where c is the mapping degree.
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a letter of Brouwer to Poincaré, related to the ‘invariance of domain’. In this let-
ter, undated, but probably written in the autumn fall of 1911 (and only preserved in
draft), Brouwer wrote ‘My proof of the invariance of the n-dimensional domain was
inspired last year by the reading of your ‘Method of Continuity’ of volume 4 of the
Acta Mathematica’. The letter shows that Brouwer had familiarised himself with
the geometric—analytic work of the grand master of European mathematics, and that
in the middle of his general topological work he was looking for concrete problems
areas. The ‘Method of Continuity’ is a tool from the domain of uniformisation and
automorphic functions (see below). It was devised to solve the basic problems in the
field, but until Brouwer stepped in, progress was blocked by topological difficulties.
Poincaré and Klein were actively looking for means to make the method work. They
were joined at the beginning of the century by Paul Koebe. We note in passing that
Koebe was one of the main speakers at the Rome conference; hence it is very well
possible that Brouwer had heard his talk on automorphic functions, and that he had
as a consequence looked into the problems of uniformisation. The method of Conti-
nuity was also mentioned in the draft of the letter to Baire (5 November 1911). We
will return to this particular topic of uniformisation later in this chapter.

In the paper Proof of the invariance of domain,”® Brouwer considered the prob-
lem ‘does a topological mapping map a domain in an n-dimensional space onto a
domain?’

This paper contains the first public reaction to Lebesgue’s dimension papers;
in a footnote he characterises Lebesgue’s Annalen paper as ‘insufficient’ and the
Comptes Rendus note as ‘qua content identical with mine:—the deviations compli-
cate the line of thought’.>’

As Freudenthal pointed out, this is a strange formulation, ‘Lebesgue’s proof is
not correct, and his method differs quite a bit from Brouwer’s.”® But Brouwer read
Lebesgue’s proof through the spectacles of his own knowledge, sympathetically
filling in the gaps with ideas of his own, and then stated that it was his own proof,
though needlessly complicated.’

The letter of 5 November 1911 to Baire discussed the invariance of domain,
as claimed by Baire. Brouwer, however, could not see that Baire had solved the
difficulties involved.

As far as I can see, the indications, given by you in the Comptes Rendus,
leave untouched the principal difficulty. For a long time I had searched for
a proof; for n = 3 it is easy, for arbitrary n, I succeeded only last summer,
by means of an argument that I afterwards have found again in the note of
Lebesgue (C.R. 27 March 1911) where, by the way, it is in an almost unread-
able form—and inexact—if one takes it literally.

The invariance of domain comes to the following: the image of a domain (a con-
nected open set) under a topological mapping is again a domain. The theorem was

56Beweis der Invarianz des n-dimensionalen Gebiets. Brouwer (1911d).
STBrouwer (1911b).
SBCW I, p. 443.
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proved by Brouwer in his Mathematische Annalen paper in 1911 by means of the
No Separation Theorem, which in the simple case of the plane tells that an arc of a
Jordan curve (think of an arc of a circle) does not split the plane in two parts. The
n-dimensional case is completely analogous.

Schoenflies had proved as early as 1899 the invariance of domain theorem for the
plane, and Baire and Hadamard had shown that the theorem for arbitrary dimension
was an immediate corollary of the n-dimensional Jordan theorem (which was still
open at that moment). As we have seen Lebesgue had suggested that, up to some
technical details, the work of Baire basically yielded the invariance of dimension.>

Brouwer had already discussed the matter with Baire in the above-mentioned cor-
respondence, and in the paper Proof of the invariance of the n-dimensional domain
he added in a footnote that:

In so far as the developments of Mr. Baire, cited by Mr. Lebesgue, are
concerned, the theorems to which the problem is reduced there [that is in
the paper in the Mathematische Annalen] are deeper than the invariance of
dimension.

Indeed, a fairly straightforward argument derives the invariance of dimension
from the invariance of domain.

In the meantime Brouwer had realised that the theorem could also be derived
from the second part of Lebesgue’s Comptes Rendus note (cf. p. 164) and Baire’s
earlier work. However, in a two-page note On the invariance of the n-dimensional
domain,?® he gave a short direct proof, based on the degree of a mapping.

On 24 February 1912 Korteweg communicated to the Dutch Royal Academy,
KNAW, a paper of Brouwer that gave an exposition of his version of ‘linking man-
ifolds’, which he had discovered independently.®! This paper On looping coeffi-
cients®? is, like all of Brouwer’s topological work, geometric in nature. The proper
way of dealing with this topic would be to use homological arguments, but those
were only much later applied by Alexander. As it is, Brouwer’s exposition is some-
what tortuous.

Already in a letter of 15.10.1909 to Hilbert, accompanying the manuscript of
the Jordan curve theorem,%® Brouwer had remarked to Hilbert, that the seemingly
evident theorem that ‘the one—one continuous mapping of a closed curve is again a
closed curve’ was open, and that it seemed to present a ‘genuinely hard problem’. To
appreciate the problem one has to realise that the ‘closed curve’ was defined in the
Schoenflies tradition. It was simply a bounded subset of the plane determining two
domains of which it was the common boundary. Clearly, under this definition the
problem is not trivial. It was settled by Brouwer in his paper Proof of the invariance

Baire (1907a, 1907b).

60Zur Invarianz des n-dimensionalen Gebiets, Brouwer (1912¢).
61See the letter to Baire of 5.11.1911, Johnson (1981), p. 218.
%2Brouwer (1912j).

63 Brouwer (1910a).
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of the closed curve in 1912 in the Mathematische Annalen, and summarised in the
Comptes Rendus.** The technique of the proof is close to homotopy (no mapping
degree, this time); Brouwer used in his paper the notion of Zyklosis (which probably
goes back to Listing, 1847). The theorem of the paper is somewhat more general:
the number of domains determined by a bounded closed connected planar point set
is invariant.

The notion of mapping degree was also employed by Brouwer in the sequel to
his series of papers Continuous one—one transformation of surfaces in themselves,%
the fifth communication. The paper introduces the notion of transformation class,
which we would now call homotopy class. This notion is used consistently in the
statements of the paper. The content of the paper is that, for mappings of spheres
into themselves, the mapping degree determines the homotopy class.

The last paper in the series, dealing with dimension, was published by Brouwer
in 1913 in the Journal fiir die reine und angewandte Mathematik (see p. 165), a
journal with a more restricted circulation than the Mathematische Annalen. It bore
the title On the natural notion of dimension,% and it contained a fully fledged ab-
stract definition of dimension. It will be discussed later in the context of the post-war
developments of topology.

Brouwer briefly returned to topology after the First World War, but his main
achievements belong in the period discussed here. One may well wonder why
Brouwer, after his imaginative breakthrough failed to exploit the homological and
homotopical features that were hidden in his work—and that had been envisaged by
Poincaré! Indeed, in 1922 Alexander published a paper (the first draft was already
finished in 1916) in which he used homological methods to prove his duality the-
orem, and which extended some of the Brouwer theorems.®’ Brouwer’s reluctance
to adopt the tools of homology theory may have been rather the result of a personal
disposition than an inability to do so. After all, a man of his calibre could not very
well miss the things that were staring him in the face.

On the whole, Brouwer was oriented towards the continuous and the geometri-
cal. Even in his foundational work he eschewed the finitary, and attacked—broadly
speaking—the problems of the continuum and Baire space (or Cantor space) rather
than those of arithmetic or of a finitary nature. There are no publications in pure al-
gebra among Brouwer’s papers. It is clear that he knew his algebra, but he mainly ap-
plied it in geometrical context, that is to support the geometry, not to supplant it. An-
other explanation of his neglect of the new algebraic machinery may be Brouwer’s
inclination to find satisfaction almost exclusively in revolutionary innovations. His
ceuvre contains few, if any, routine, run-of-the-mill papers. After introducing some
new idea, concept or tool, he experimented enough to be satisfied that it was worth-
while, but he was not the man to exploit his new ideas (let alone those of others) in

%4 Sur Uinvariance de la courbe fermée, Beweis der Invarianz der geschlossenen Kurve, Brouwer
(1912e, 1912i).

% Brouwer (1912h).
6 Uber den natiirlichen Dimensionsbegriff. Brouwer (1913a).
67 Alexander (1922).
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an endless series of papers. That routine of mathematics just did not appeal to him.
The grinding out of mathematical theorems was not his idea of mathematics. His
concept of mathematics was rather that of the gentleman practitioner, or even better,
the scientific artist, who would, in bursts of creativity, deliver high-quality products;
but, as often as not, idle around.®® His attitude is illustrated by a remark in his paper
on the history of dimension theory:®°

I have restricted myself to the laying of the foundations of the theory of
dimension, and refrained from further dimension-theoretic developments, on
the one hand because with the proof of the justification theorem’® the intended
purpose had been reached, on the other hand because an intuitionistic reali-
sation of the subsequent considerations (in the first place those which can be
grouped around the ‘sum theorem’ and the ‘decomposition theorem’) was, in
contrast to the justification theorem, not plausible.

It seems plausible to conclude that Brouwer was ready to leave the field to others
after the basic facts had been established.

5.3 The Karlsruhe Meeting and the Continuity Method

The next episode in Brouwer’s career has to do with the so-called automorphic func-
tions and uniformisation. The topic is a traditional part of complex function theory
and its subject matter is of the greatest importance for the theoretical understanding
of analytic functions.

The uniformisation problem’! can be illustrated by a simple example: ‘does
f(z) = z* have an inverse function?” In the traditional high school mathematics
the answer is trivial: ‘yes, take g(z) = 4/z’. Everybody will have experienced some
qualms: why ,/z and not —,/z ? This is, in a nutshell, the problem. So we could
also have asked ‘are there solutions of w = z2 for z, how many are there, and what
is their connection?’ The solution to this problem goes back to Bernhard Riemann.
The basic idea is to take the two-solutions idea seriously, and grant them each a lim-
ited autonomy. Take two copies of the domain, that is the complex plane, and give
one to /z and the other one to —./z, or in polar coordinates: f|(z) = y/re1/?¥
and f>(z) = —/re1/?¥, where z =r - €.

Each solution seems fine, until we discover that f gives to the same point two
values, depending whether we consider it as z = e'? or z = 97271, Geometrically
speaking, if we travel around the origin on a circle, we do not get the same output for
f1 after one full revolution; the same holds for f,. The idea now is to combine both

68C£. p. 190, Wiessing (1960), p. 143 ff.
%9Brouwer (1928e).
T0That is, Brouwer showed that R,, has dimension 7.

"IFor a precise and general definition of uniformisation the reader is referred to the literature, for
example Nevanlinna (1953), Beardon (1984).
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functions (and both domains): make one revolution on a circle in the first copy of the
z-plane and use f1, then switch to the second plane, make another revolution and
use f>. Exactly where we switch is not so important, say at the negative imaginary
axis. We now have a decent function defined for all z which acts as the inverse of
72, and which also treats the two possibilities, f; and f>, on an equal footing. The
z-plane has been replaced by two sheets which are glued on along a line.

The geometric surface one gets by this cutting and gluing is called a Riemann
surface, after its inventor. The process of extracting one decent function as the in-
verse of w = z2 is called uniformisation. Some of the greatest minds of the late
nineteenth and early twentieth century devoted much of their energy and ingenuity
to solving the general problem: how to uniformise general analytic functions of the
form f(z, w).

The algebraic functions are the traditional examples; for example how to get w
as a function of z satisfying w? + z> — wz =0.

The theory of uniformisation became the meeting point of all the technical know-
how of nineteenth-century mathematics: Riemann surfaces, group theory, topology,
function theory, algebra, potential theory, .... The two masters of the subject were
Klein and Poincaré, who in playful competition tried to outwit each other.

The history of the theory of automorphic functions is covered by a veil of ro-
mance, drama and heroism, in particular through Klein’s vivid description in his
history Development of Mathematics in the 19th Century, Vol. 1.7 Both Klein and
Poincaré were looking for the final solution of the fundamental problem of automor-
phic functions from 1880 onwards, like a couple of King Arthur’s knights searching
for this Holy Grail—and bent on getting there first. In rapid succession Poincaré and
Klein overtook each other, publishing while the ink was still wet. The stress took
a heavy toll on Klein; in 1882 his health collapsed, and Poincaré had the field to
himself.

A great many other mathematicians took part in the quest for the Holy Grail
of uniformisation: Schottky, Fuchs, Koebe, Fricke, Bieberbach, to mention just the
more prominent ones. Of those, Koebe and Fricke made it the main task of their
lives to break the deadlock that the subject reached after the long series of successes
of Klein and Poincaré. The efforts of those two masters of the fin de siécle were di-
rected to the theory of automorphic functions. There is a close connection between
automorphic functions and Riemann surfaces. It was expected that through the the-
ory of automorphic functions one could solve the basic problems about Riemann
surfaces; for Riemann surfaces were the key to the uniformisation problem.

Automorphic functions are complex functions which are invariant under a group
of transformations of the complex plane. An example is the exponential function e*;
it is invariant under a vertical translation over the length 27. Indeed ¢ 727! = ¢? for
all z.

Now Riemann surfaces (at least the compact ones) can be viewed as spheres
with handles, and the nineteenth century way to ‘tame’ them, was to cut them up,

72Klein (1927).
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Fig. 5.8 Felix Klein.
[Courtesy Niedersidchsische
Staats- und
Universititsbibliothek
Gottingen]

in such a way that they could be flattened as a piece of the plane. For example, a
torus (which can be topologically transformed into a sphere with one handle) can
be cut twice, so that it becomes a flat piece (think of the inner tube of a bicycle
tyre). The correspondence between automorphic functions and Riemann surfaces
was embodied in the fact that an automorphic function maps fundamental domains
onto a cut-up Riemann surface. For a fundamental domain, one may think of the
smallest part of the domain that is repeated (like a tiling) by the transformations.
Think of e®: if one knows the values for all z between the real axis and the line
y = 2mi (its fundamental domain) then one knows all values of e*.

The question that remained to be solved at the end of the century was: ‘does one
get all Riemann surfaces in this way?’ The process of passing from automorphic
functions (and their groups) to Riemann surfaces was a continuous one, and Klein
and Poincaré had hoped that exploiting this continuity would yield the desired an-
swer. This route to a solution was called the continuity method; Klein tried to es-
tablish the result by the technique of counting parameters—some kind of dimension
argument—one may think of the kind of use of dimension arguments in linear al-
gebra. This counting method had however become highly suspect after Cantor’s
dimension lowering arguments; see p. 149.

In 1907 Poincaré and Koebe independently solved the uniformisation problem
along other lines. But such was the power of tradition that the automorphic function
approach was still pursued after the hunting season was closed. Klein and Koebe
remained active in attempts to save the continuity method. There is correspondence
which shows that as late as 1910 the topic was still discussed. Whereas Poincaré
had moved on to other areas after the successful wrapping up of the uniformisation
episode, Koebe remained active in the area. He was considered to be the outstanding
expert in the field, and he certainly did not disagree on that point.

But even the indefatigable Koebe seemed to have had enough of the topic by
around 1910, and to be looking for new challenges; Hermann Weyl reported in a
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Fig. 5.9 Paul Koebe.
[Courtesy Niedersidchsische
Staats- und
Universititsbibliothek
Gottingen]

letter to his Dutch friend Pieter Mulder ‘Now Koebe has done with uniformisation,
and he is looking for another topic.’’?

Paul Koebe, the prince of the automorphic functions, was an ambitious function
theorist, one year younger than Brouwer, born in Luckenwalde on 15 February 1882.
He studied mainly in Berlin, where he wrote his dissertation under H. A. Schwarz.
Subsequently he moved to Gottingen, where he was successively a Privat Dozent
and later an extra-ordinary professor. In 1911 he was appointed full professor in
Leipzig, where he stayed until his death on 6 August 1954.7*

Koebe’s mathematical ceuvre consisted almost entirely of complex function the-
ory, with emphasis on uniformisation and automorphic functions. Between 1905
and 1941 he wrote 68 papers, among which there is a number of lengthy ones
(eighty pages is no exception). When Brouwer was still one of the nameless aca-
demic crowd, Koebe had already earned fame by his solution of the uniformisation
problem, which put him in a bracket with Klein and Poincaré! During his life he got
his share of recognition; a paper of his was awarded a prize by the King of Sweden,
he was awarded the Academic prize of the Royal Prussian Academy of Sciences
(1914), and the Ackermann—Teubner prize (1922). Koebe was well aware of his im-
portance and apparently did not try to hide it, which made him a natural target for
some irreverent gossip.

Brouwer’s sudden involvement in the defunct theory of automorphic functions at
first seems rather surprising. Of course, Brouwer knew his complex function theory,
and he had demonstrated his ability to handle the problems of analysis; yet, there
were other things to consider for a budding topologist. The first hint of an inter-
est in the problem area of uniformisation may be found in his letter of 15 October
1909 to Hilbert (cf. p. 140), in which he asked for some reprints, including a cou-
ple of Koebe. Apparently Hilbert had discussed a number of topics with Brouwer
during his vacation in 1909 in Scheveningen (cf. p. 127). It is not unlikely that
Hilbert brought up the solution to the uniformisation problem, which at that time
was barely two years old. If so, he could very well have called Brouwer’s attention

3Weyl to Mulder, 29 July 1910.
74Cf. Kiihnau (1981).
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to the continuity method. There are no documents that confirm Brouwer’s interest
in automorphic functions, but he must have considered the problem.

Light is shed on the activity of Brouwer by a letter from Brouwer to Poincaré,
written after the Karlsruhe meeting (see below), most likely in the early days of
December 1911. Not only did Brouwer state that his invariance of domain theorem
was inspired by Poincaré’s Méthode de Continuité in the Acta Mathematica—he
also wrote that he had recognized that the continuity method was a consequence
of the invariance of domain, but after reading that Poincaré considered his ‘expo-
sition of the continuity method as perfectly rigorous and complete’, he had started
to fear that he had poorly understood Poincaré’s memoirs. And so, he said, he had
restricted himself to an oral communication at the Karlsruhe meeting of the Ger-
man Mathematical Society, instead of adding it as an application to the invariance
of domain-paper.

Thus Brouwer saw the solution late 1910 (or early 1911), but did not quite trust
his judgement, and left the matter until the Karlsruhe meeting. Although he knew his
complex function theory as well as the next man, he was no expert in automorphic
functions. During a visit to Aachen he discussed the matter with Blumenthal, as
appears from the last lines of the letter of 19 June 1911 that deals with Lebesgue’s
defective proof of the paving principle:

...and finally, I would like to learn from you which theorem of Analysis Situs
that you mentioned to me in Aachen, as strictly necessary for the Continuity
Proof of the existence of polymorphic functions on Riemann surfaces. From
your latest letter I seem to conclude that it is not the Jordan theorem.

Blumenthal answered the question two months later, replying that he was no
longer up to date in the theory of automorphic functions, but that he would be sur-
prised if just the Jordan theorem, or even its converse, would do the trick.”

By that time Brouwer must already have solved the problem, for he was at the
last minute added as an invited speaker to a symposium on Automorphic Func-
tions at the annual meeting of the German Mathematical Society, DMV, from 27
to 29 September 1911. The first announcement listed Klein, Fricke and Koebe as
speakers; Brouwer featured as an invited speaker in the second announcement. It is
likely that he informed the organisers (in particular Klein) of his justification of the
continuity method, and was immediately included in the list of speakers.

Brouwer’s contribution to the automorphic function-session consisted of a re-
demption of Poincaré’s original uniformisation proof, by means of the filling of two
gaps. The first one is of a technical topological nature, and the second one required
the invariance of domain, which Brouwer had already proved, but not yet published,
although Klein, of course, knew about it.7¢

7SBlumenthal to Brouwer, 26 August 1911.

76The Invariance of domain-paper was sent to the Mathematische Annalen on 14 June 1911, pub-
lished November 1911.
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Brouwer’s talk was followed by a discussion, in which Koebe made a number of
remarks. The reader who checks the printed report of the meeting’’ will be struck
by the lack of coherence between Koebe’s claim—namely that he had been able to
prove the continuity property for all of Klein’s fundamental theorems using Klein’s
general method—and Brouwer’s rejoinder. The explanation is given in a letter from
Brouwer to Hilbert of 24 February 1912:

Lieber Herr Geheimrat!

I am asking you for help and protection in a very unpleasant matter. [...... ]
On 2 January I sent Koebe a copy of my letter, which I sent to Fricke in
December and which has been submitted to the Gottinger Gesellschaft der
Wissenschaften, and received roughly a week later the enclosed card. This
card was followed on 14 February, not by the promised manuscript, but by
the enclosed letter (together with my reply), in which I have underlined the
statements to which my rejoinder refers.

Koebe can, however, not really mean the indicated claim, just as little as
anybody who has heard my Karlsruhe talk. Therefore I can only perceive in
Koebe’s statement his objective to lend the matter in his next note the appear-
ance, as if my letter to Fricke contained certain ideas, which I should have
learnt from discussions with Koebe, whereas the real state of affairs in Karl-
sruhe was that I presented a complete continuity proof for the ‘Grenzkreis-
fall’, but that Koebe only contributed a vague inkling, that perhaps something
could be done with his Verzerrungssatz’® in the continuity method.”® He said
in the session of 27 September at the end of my talk the following: ‘Since
by my Verzerrungssatz nothing can happen under continuous modification of
the modules, in my line of thought the efforts of Mr. Brouwer in the case of
the difficulties of the invariance of domain and the absence of singularities of
the module manifold are superfluous.” Whereupon I (emphatically) retorted:
‘The Verzerrungssatz can only extend the result that Poincaré reached for the
case of the Grenzkreis (boundary circle) and thus at the same time extend my
continuity proof to the most general fundamental theorem; my contributions
are, just as before, required in their full extent.” Thereupon Koebe pronounced
the following nonsensical words: “What Brouwer has done, I do with Poincaré
series’, and then Klein closed the discussion.

The report in the Jahresberichte contained a totally different version of Koebe’s
remarks. No mention was made of the Verzerrungssatz, but in Koebe’s contribu-
tion to the discussion the claim was made that already before the meeting Koebe
had carried out the continuity proof for all the fundamental theorems of Klein.

7TIDMV 1912.

78Cf. Behnke and Sommer (1955).

..., Koebe aber nur eine gewisse Ahnung, dass sich etwas mit seinem Verzerrungssatz in der

Kontinuitéiits Methode lasse, mitbrachte.
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Brouwer’s reaction, according to the report of the discussion, consisted in the re-
mark that the topological difficulties of the continuity proof came down to the ab-
sence of singularities in the module manifold, and the invariance of domain, which
were solved in Brouwer’s talk for all of Klein’s fundamental theorems. He added
that these were neither mastered, nor avoided, by Koebe’s claim, but that a combi-
nation of Brouwer’s method and that of Koebe was sufficient to cover the general
case of Klein’s fundamental theorem. The formulation suggests that both Koebe and
Brouwer edited their parts in the discussion long after the meeting.

It is all the more surprising therefore that Koebe in the Fortschritte of 1912 (pub-
lished in 1915), reviewing the report in the Jahresberichte used the opportunity to
modify his discussion contribution in the direction of Brouwer’s letter to Hilbert:
‘Koebe states that he can carry out the continuity proof for all fundamental theo-
rems by means of the Verzerrungssatz’; Brouwer’s remark is not mentioned at all.
Koebe was having a field day anyway in this particular volume of the Fortschritte:
he reviewed four of his own papers plus a paper of Plemeljs on uniformisation. His
own papers got lengthy extensive reports (at least in comparison to the traditional
length of the reviews in the Fortschritte), and even Plemeljs’ review was used for
unabashed self-promotion.3°

Brouwer described, in his letter to Hilbert, his experiences during the Karlsruhe
meeting:

Only after longer private discussions, in which also Bieberbach, Bern-
stein and Rosenthal participated, Koebe learned after the talks, from 27 till
29 September, from me which partial result (by the way, formulated by Klein
in the Mathematische Annalen 21, and at that time called the Weierstrass the-
orem) can be obtained via his ‘Verzerrungssatz’ and which part, to be settled
by my contribution, still remains necessary. And, as the above mentioned gen-
tlemen know precisely, in these discussions I have mentioned all the details of
my present note.

However, already at that time several warning voices said to me: ‘All that,
you have explained now to Koebe, you will only with the greatest effort be
able to claim as your property, as soon as he has understood you’, and indeed
Koebe displayed some symptoms that seemed to bear out those voices. So
when I was at home again I wanted to refrain from any publication on that
particular topic, which is anyway rather far from my interest and with which
I only casually concerned myself at the request of Klein, in order to avoid an
unpleasant fight with Koebe.

Only after Blumenthal prodded me, and after I had, moreover, heard that
Klein would like to see a publication from my hand, the note of the thirteenth
of January®! came forth.

80He quoted the author: “The simplest and most natural of all these proofs [of the uniformisation
theorem] is the first one given by Koebe.” Modesty was not one of Koebe’s defects.

81Brouwer (1912d).
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A great number of letters were exchanged in the Brouwer—Koebe conflict, but
not all of them have been preserved; Brouwer wrote to Poincaré, and Koebe turned
to Klein and Hilbert, and Brouwer and Koebe exchanged a number of letters.3?
As Brouwer explained in a letter to Hilbert on 31 May 1912, he had reluctantly
intervened in a matter that he had rather wished to avoid:

For a better preparation of our coming discussion, two letters are enclosed,
that explain to you the somewhat obvious question, why I had anything to do
with Koebe at all. As a matter of fact my Karlsruhe contribution to the conti-
nuity proof consisted of two parts, of which the first one (the invariance of do-
main) had already been submitted for publication by itself in July,®> whereas
with respect to the second part (the extension of the group set to the set of auto-
morphic functions with m poles), according to the enclosed letter of Bernstein
(...) Koebe claimed priority. Since this second part did not seem very deep to
me anyway, I of course hesitated to publish it, although Blumenthal pressed
me to do so. Finally, in the beginning of November, I sent the manuscript of
my talk to Fricke, with the question if he thought the contents were new, and
deserved to be published. The information on Koebe (marked in pencil) that it
contained, complicated the situation to the extent that, when shortly thereafter,
both Blumenthal and Fricke and also Klein (namely indirectly through Fricke)
requested me to publish, I could not possibly do so, without contacting Koebe
in order to get more certainty and clarity concerning his accomplishments, for
otherwise I would be in danger that Koebe would accuse my publication of
triviality and myself of plagiarism. In the correspondence with Koebe I then
obtained only evasive answers to my specific question. The only thing I could
get out of him was a mutual agreement to edit our notes on the continuity
proof in [full] co-operation.®* How he later broke his word and dragged out
the matter, is known to you.

When Brouwer realised that his excursion into the kingdom of automorphic func-
tions was going to be more than a quick trip, he wanted to make certain that he was
not committing an error, so he wrote Poincaré,®® asking him about details of his
version of the continuity method. Although he was not personally acquainted with
Poincaré, we may safely assume that the latter was aware of his work; Korteweg
had written at some time in 1911 a letter to Poincaré, asking for a letter of rec-
ommendation for his student Brouwer. Since Korteweg’s draft (which is the only
surviving document from that correspondence) is undated, Poincaré may or may
not have received the extra information on Brouwer before Brouwer wrote to him.
It seems likely that Brouwer’s solution to the dimension problem, coupled with the
Lebesgue conflict, had not escaped Poincaré’s attention.

820f which only a few have survived.
83 Brouwer (1912f).
84 e. the notes for the Gottinger Gesellschaft submitted by Klein and Hilbert on 13 January 1912.

85Undated letter, mentioned above.
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Of the correspondence between Poincaré and Brouwer only a few letters have
survived. One might wonder why Brouwer did not simply write to Klein, with
whom he had already corresponded; one answer may be that Brouwer wanted to
ask some specific questions relating to Poincaré’s work, another might be that he
trusted Poincaré’s judgement in this matter more than Klein’s.

The answer was dispatched on 10 December, and contained a brief indication of
Poincaré’s solution.%¢

On 2 January 1912, Brouwer had indeed sent Koebe his manuscript of the Letter
to Fricke. The latter played for time and did not send his manuscript in return, but
instead wrote on 2 February 1912 a letter to Brouwer in which he listed his objec-
tions to certain passages of Brouwer’s manuscript, even suggesting a formulation of
a footnote that would do more justice to Koebe.

The manuscript of the ‘Letter to Fricke” was already in the hands of Klein, who
submitted it on 13 January to the Nachrichten der Gottinger Gesellschaft. There is
a draft of a letter from Brouwer to Klein, which shows that Klein had already gone
over an earlier version (the real letter that Brouwer wrote to Fricke, most likely),
and suggested some changes,?” Brouwer must have met Klein’s wishes.

It is not a coincidence that Hilbert presented at that same meeting a note of Koebe
on the same topic ‘The foundation of the continuity method in the area of conformal
mapping and uniformisations’. The two notes were the ones that both parties agreed
‘to edit in full consultation’. Brouwer had kept his part of the agreement, as we
saw above, but Koebe simply ignored his obligation. Brouwer, not surprisingly (and
probably quite correctly) concluded that he who refuses to send a promised proof,
does not have one.

The ‘Letter to Fricke’ contained a summary of the theorems required for the con-
tinuity proof of ‘the general fundamental theorem of Klein’. There are six theorems
listed, the last two of which were singled out by Brouwer for further attention. One
of them (no. 6) was literally the ‘invariance of domain theorem’, and the other one
dealt with a technical aspect of Riemann surfaces, and Brouwer indicated how the
latter could be avoided by a slight modification of the continuity proof. As to the
remaining theorems, he remarked that Poincaré had already proved them in the case
of the Grenzkreis, and that

for the most general case only Theorems 3 and 4 still resisted an exhaustive
proof; in the meantime this gap too will be closed in forthcoming papers of
Mr. Koebe.

Koebe objected to this particular passage; in the above mentioned letter of
12 February 1912 he suggested the following formulation to Brouwer:

for the most general case, in particular for the Theorems 3 and 4 and AB8
the exact justification is still lacking, which however, Mr. Koebe, as a conse-
quence of his tentative communication in the Gott. Nachr. (see in particular

86Cf. Alexandrov (1972), Zorin (1972).
87Cf. Freudenthal’s commentary; CW II, p. 581 ff.

880ne of the objections of Koebe to Brouwer’s note.
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also the newest communication ‘Foundation of the continuity method in the
area of conformal mappings and uniformisation’ (1912)), has succeeded in
solving completely, as he will shortly exhibit extensively in the Mathematis-
che Annalen. The proofs, given by Mr. Koebe, also cover the only case consid-
ered by Poincaré, that of the Grenzkreisuniformisierung, and point—through
the liberation from the idea of limit polygons and closed continua, introduced
by Poincaré and borrowed from Klein—Fricke®’—to the decisive life-giving®®
progress, which at the same time means a return to Klein’s old viewpoint of
non-closed continua, which was vehemently attacked by Poincaré! Koebe’s
continuity method, by the way, yields another remarkable fundamental inno-
vative distinction with respect to Klein, as Koebe in fact does not use The-
orem 4, although, as Mr. Koebe told me, this theorem can indeed, with the
help of the Auswahlkonvergenzsatz, be proved in the framework of Koebe’s
methods of proof.

N.B. [This] can best be incorporated as a footnote, since it is not part of the
letter.

Brouwer, quite sensibly, refused to comply; he sent a sharp reply to Koebe,”! in
which he answered some of Koebe’s objections, for example Koebe’s claim that
Brouwer’s method covered only the case of closed manifolds:

Fortunately I am still in the possession of the abbreviated text of my Karl-
sruhe talk, which I enclose, so that you can no longer maintain that I used in
Karlsruhe in the talk or in discussions the ‘closed’ manifolds of Poincaré!

That you could make such a statement, by the way, only proves that mod-
ern set theory must be absolutely unfamiliar to you. For the developments of
Poincaré that work with the so-called ‘closed’ manifolds are pure nonsense
and can only be excused by the fact that at the time of their conception there
was not yet any set theory.

The letter closed with

‘Why don’t you send me a copy of your manuscript, as I did, and as you
promised me?’

Ten days later Brouwer sent Hilbert the above cited letter, enclosing Koebe’s let-
ter. Brouwer complained that the promised manuscript did not come forth. The letter
was accompanied by a copy of Brouwer’s refutation of Koebe’s points ‘on which the
rejoinder bears, which I have marked in blue (everything else is nonsense).’

Alas, Koebe again failed to send his manuscript; instead he wrote Brouwer
(6 March 1912) that he was looking forward to the published version of the
Karlsruhe-talk, but that he protested against the ‘letter to Fricke’, for: ‘the arbitrator-
like exposition given there does not give you permission to put the accomplishments

89Fricke and Klein (1897, 1912)
P Lebenspendend.
114 January 1912, see CW II, p. 585.
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of Poincaré and me in an unworthy and false light’. The promised exchange of
manuscripts was not even mentioned! Thus Brouwer gave up hope of ever getting
Koebe’s manuscript. On 9 March he wrote to Hilbert:

After sending you my latest letter, I got the enclosed card from Koebe.
It neither brings the retraction of his false claims, demanded by me, nor the
promised proofs of his note that he owes me. I now must give up hope of
his return to common sense, and I therefore ask you to have my note for the
Gottinger Nachrichten printed. All the same, it is important to me to answer
here, for your information, Koebe’s objections against my note. [...] Here
Koebe is moving around in a circulus vitiosus; for on the one hand he demands
me to praise his as yet unpublished work extensively, on the other hand he tries
to prevent me from learning its contents.

After pointing out that Koebe was not aware of Fricke’s Wiirfelsatz and its con-
sequence for Brouwer’s proof, and a fact about singularities, he closed the letter
with:

That the forthcoming note of Koebe does not contain falsehoods or insin-
uations is after all even more in Koebe’s interest than mine; for, in a possible
refutation, I could probably not avoid disgracing him irreparably.

Brouwer, nonetheless, was not unreasonable; he inserted on 20 May 1910 a small
change in the first proof of the ‘Letter to Fricke’:

..., in the meantime Mr. Koebe has told me that in forthcoming papers he has
completely filled the gap*)

*) There is already a tentative remark on theorem 3 in a note, submitted to the Gdttinger
Nachrichten

As Brouwer had written to Hilbert,”> he did not object to quoting Koebe in this
particular detail, because

I have myself verified in all detail that Theorem 4 can be derived com-
pletely and generally from the Verzerrungssatz.

When this ‘Letter to Fricke’ appeared in the Nachrichten, Brouwer was con-
fronted with an unpleasant surprise: the contested passage, quoted above, was
changed into

...in the meantime Mr. Koebe has succeeded in filling this gap too.?)

2) Cf. his tentative note of 13 January 1912 in the Gott. Nachr. “The foundation of the conti-
nuity method in the area of conformal mapping and uniformisation’ and ‘On the foundation
of the continuity method’ in the Leipziger Berichte.

92Brouwer to Hilbert, 9 March 1912.
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The change is not spectacular, but it slightly strengthens the statement, and it
suggests that Brouwer had seen, and agreed with the paper quoted. It does not, how-
ever, give credit, let alone priority, to Koebe for his Karlsruhe claims. Freudenthal
described the episode in the Collected Works, vol. 11 (p. 575):

Brouwer’s note of 1 May 1913 makes an allusion to another incident.
Brouwer (1912d) had appeared with a change in the main text and in a foot-
note. The change implies a more positive acknowledgement of some claims of
Koebe, though not of those related to the continuity proof. This unauthorised
change was signalled by Brouwer.

Oral tradition tells a cloak-and-dagger story about this footnote: On some
dark afternoon in March an unidentified person wearing a large hat, a turned
up collar, and blue glasses called at Dieterick’sche Univ.-Buchdruckerei W. Fr.
Kaestner in Gottingen, the printing office of Géttinger Nachrichten, and asked
for the printer’s proof of the next issue. He got it, and after a while he gave
it back and left. The identity of this person has never been determined, nor is
it known whether he made any change in Brouwer’s reading proof, which of
course disappeared after printing. I do not know how much of this story is true.
To a trustworthy friend of mine who years later asked him about this incident,
Koebe explained it as a trick somebody played on him. Though the revised
edition of the footnote gives information which at that time was not publicly
available, the hypothesis that it was a practical joke cannot at all be excluded
in the Géttingen ambiance. Koebe was a picturesque character whose honesty
and frankness forbade him to disguise his greatness as a mathematician; in
order to escape embarrassing admiration he travelled incognito, and he often
said that in his birthplace Luckenwalde the street boys called after him Da
geht der grosse Funktionentheoretiker.”>

Freudenthal told that when he was a student in Berlin, Bieberbach once heard
that he came from Luckenwalde—‘So you are one of the Luckenwalde street boys
who run after Koebe to call “there goes the famous function theorist”, are you?’
(which earned Koebe the nickname of der grosste Luckenwalder Funktionentheo-
retiker®*). Koebe considered himself the rightful objective of unlimited admiration.
He preferred not to register in hotels as ‘Koebe’, he travelled incognito because he
could not stand waiters and housemaids asking him whether he was a relative of the
famous function theorist,”> and one of his celebrated sayings was Europa spricht
davon—Koebe versendet Separate.”®

Van der Waerden added another characteristic anecdote about Koebe: one time
Landau gave a party for his Gottingen colleagues and Koebe was also present. Lan-
dau, who enjoyed jokes, at one point asked all his visitors to write on a piece of

9 There goes the great function theorist.

94The greatest function theorist of Luckenwalde.

95 Freudenthal (1984).

96 All of Europe talks about it: Koebe is mailing reprints.
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paper the name of the person who thought himself the most important mathemati-
cian. All notes but one read: ‘Paul Koebe’ and one read: ‘Paul Koebe, and justly so’
(Paul Koebe und mit Recht); Koebe did not sacrifice truth to modesty.97

It should perhaps not come as a surprise that Koebe, as a professor, had pro-
nounced views on the relative importance of the various topics in the curriculum.
For example, he told his students that they did not have to take Van der Waerden’s
classes. In Van der Waerden’s eyes, this made him not just vain, but also rude.

That such a character should be the target of a practical joke, in a place
where practical jokes were not unusual, is not a farfetched hypothesis. In a
letter to Klein of 25 May 1914, Koebe complained about gossip spread about
him in Gottingen, related to the sticker in Brouwer (1912g). It seems incred-
ible that for nearly two years Koebe had been unaware of the whole affair,
but this does not prove hypocrisy. Gossip, if unjustified, goes a long way
before it finally reaches the ears of the ones incriminated. From Brouwer’s
correspondence with Klein one can infer that Brouwer discovered the unau-
thorised change in Brouwer (1912d) in the last week of June 1912. Koebe
persevered in withholding the manuscripts of his publications even after they
had been referred to in Brouwer (1912d) without Brouwer’s knowledge. It
seems that even Klein did not succeed in changing Koebe’s mind (Letter to
Klein of 1 July 1912).%8

The violation of his final proof sheets was a traumatic experience; Brouwer never
again trusted the sanctity of the printer’s shop again. It was not unusual for him to
demand that his proofs be locked into a safe and the keys given to him.

Whoever pulled the trick on Brouwer, and by implication Koebe, must have been
well informed. He changed exactly the part that Koebe had objected to. Koebe must
somehow have been left out of the gossip circuit; in a letter of 25 May 1914, he wrote
to Hilbert that he had been informed that Brouwer had put a sticker in his reprints,
which contained a tacit improper reference to him.” ‘As a result’, he complained,
‘all kinds of insinuations are circulating in Gottingen’.

We are running ahead of our history, however.

At the end of March Koebe wrote a soothing letter to Hilbert,'% saying that he
was about to send his proof sheets to Brouwer (but apparently he did not do so)
together with Brouwer’s own copy of his Karlsruhe lectures—but he had not been
able to read that note more in detail because of lack of time. Anyway, he assured
Hilbert, ‘There is not the least reason to worry about a threatening priority conflict’.

Koebe’s main tool was the Verzerrungssatz, and it enabled him to get round
Poincaré’s closure trick, but not in all cases. By the time he came to write his note
for the report of the Karlsruhe meeting, he must have known that his initial belief,

97Van de Waerden to Van Dalen, 25 February 1992.

98Freudenthal in CW II, p. 575.

9See CW II, p. 571. The sticker summed up Brouwer’s grievances mentioned above.
100K oebe to Hilbert, 29 February 1912.
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that the Verzerrungssatz could replace the invariance of domain, was unfounded.
The aggressive tone of his letter of 12 February 1912 to Brouwer gradually made
way for a more objective one, and in Koebe’s paper ‘On the theory of conformal
mappings and uniformisation’'! Brouwer’s view is done full justice.

When the report of the Karlsruhe meeting appeared, Klein committed a beauti-
ful understatement in his introduction, by stating that the talks were followed by a
‘stimulating discussion’. Brouwer was less than satisfied with the outcome, as may
be clear from his sticker action. He was in particular incensed by the fact that Koebe
had used the time between the receipt of Brouwer’s manuscript and the final printing
of the issue of the Jahresberichte to rewrite the history of the continuity method.

The brief but violent incursion of Brouwer into the domain of uniformisation and
automorphic functions ended formally with a paper Uber die Singularititen-freiheit
der Modulmannigfaltigkeit,'°% in which he attacked the problem of the singularities
in a direct way.

The commotion over the Karlsruhe talks soon died down. Fricke, in the Fore-
word to Volume II of the ‘Lectures on the theory of automorphic functions’ (1912),
lavishly praised Koebe (who indeed gave the impetus to the automorphic function
saga, after the Klein—Poincaré episode) and the ‘through his set theoretic papers
renown'?3 L.E.J. Brouwer’. The report on Brouwer’s achievements was nonetheless
somewhat inaccurate. Brouwer had already in the autumn of 1910 informed Fricke
and/or Klein of the progress involved in his invariance-of-dimension theorem, but
the final result, the invariance of domain, was in the ‘Lectures on automorphic func-
tions, II” still announced as an open problem.

Brouwer did not forget the incident, and when he returned to the subject in
1918,!%4 he inserted a footnote with a number of historical comments (partially
coinciding with the sticker in the reprints of the Karlsruhe report): ‘The quotation
on page 604 of it [that is the letter to Fricke], Brouwer (1912d), that refers to future
publications of P. Koebe (who was at New Year 1912 in the possession of a copy
of my letter to R. Fricke) has been inserted after the completion of the proofs by a
person unknown to me,'?> without my knowledge or compliance; the footnotes in
question became known to me only after their publication ...’ .

In 1922 the Brouwer—Koebe conflict had a late revival connected with Klein’s
collected works.'% Vermeil, an assistant of Klein, was preparing the third vol-
ume, which also dealt with automorphic functions. He asked Brouwer’s permission
to reproduce his part of the Karlsruhe proceedings. Brouwer answered, somewhat
crossly, that the report of the genesis of the continuity proof of the general funda-
mental theorem of Klein was grossly misrepresented, and so permission could only

101K oebe (1914).

10201 the absence of singularities of the module manifold, Brouwer (1912f).
103 vjihmlichst bekannt.

104Brouwer (1919i).

10500 einer mir unbekannten Hand.

106K 1ein (1923).
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be granted if Brouwer’s own rectifications were incorporated. He added that Ver-
meil could, when in doubt, ask Bieberbach and Bernstein about the matter; both
were present at the meeting. Bieberbach, said Brouwer, had made his view clear by
referring to the Brouwer—Koebe continuity proof, whereas Koebe tended to advo-
cate the terminology ‘Koebe-proof” (or if it must be, ‘Koebe—Brouwer proof’).

Klein, in his comments in the Gesammelte Mathematische Abhandlungen III, on
the continuity method, did not want to commit himself to either of the contestants
(after more than 10 years!), and so when he came to the crucial point (p. 734) he ap-
pealed to the alphabetic convention, and wrote ‘Brouwer—Koebe’. Klein’s summing-
up did Brouwer full justice, as it did Koebe. But one may guess that the style of
Koebe was closer to Klein’s heart, which hearkened back to the golden time of the
eighteen-eighties. Even Koebe, first in the letter to Klein of 30 March 1912, and later
in his publications, gave Brouwer his due, albeit as an outsider who had the good
luck to provide an essential tool. Koebe’s wording of Brouwer’s role in the theory
of automorphic functions could easily be interpreted by a lesser man than Klein as
if Brouwer more or less unwittingly had provided a key tool for the theory of au-
tomorphic functions, but that it took a man like Koebe to realise the significance of
the ‘invariance of domain theorem’ for the continuity method. In his survey paper
The essence of the continuity method of 1936'°7 he referred to Brouwer in a way
that did little to clarify the history of the continuity method:

This, also in the following, for the final general foundation of the continuity
method, important theorem [invariance of domain], was proved in fact for the
first time by Brouwer.

The reader who consults Klein’s History of the mathematics of the nineteenth
century will find to his surprise that only Koebe is credited for saving the continuity
method.

In Zum Kontinuitiitsbeweise des Fundamentaltheorems, %8 however, Klein gave
full credit to Brouwer. He even adopted Brouwer’s presentation of the solution of
the continuity method.

Brouwer’s name has almost disappeared from the theory of uniformisation, and
even the textbooks that mention his name do not make clear what his contribution
was. It certainly is the case that nowadays uniformisation is carried out by more ad-
vanced methods, so the modest place of Brouwer in this respect is not so surprising
after all. Even Koebe’s name is no longer guaranteed a place in the treatises on the
topic.

This chapter has told the story of the birth of the topology of the twentieth cen-
tury. Brouwer’s role in the process has undoubtedly been of the greatest importance;
he gave topology new tools and showed how to use them; doing so he had a view of
the promised land, but he did not enter it himself. With his knowledge of topology
and algebra he could easily have developed algebraic topology, and thus reaped the

107 Wesen der Kontinuititsmethode, “after lectures held at the meetings of the German Mathemati-
cal Society in September 1913 in Vienna and September 1935 in Stuttgart’, Koebe (1936).

1080n the continuity proof of the fundamental theorem, Klein (1923).
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harvest that was within his reach. That he did not do so is a surprise that is hard
to explain. One possible explanation is that he was a geometer by nature; he liked
to ‘see’ his mathematics rather than to embed it in a calculus. This is undoubtedly
a valid point; nonetheless one can imagine that, if Brouwer had been familiar with
Poincaré’s ideas about homology, he might have been carried away by the elegance
and power of these tools. Who knows what power a beautiful theory may have over
a man? On the other hand Brouwer did not have the common urge to exhaust an
area of research, a career like Koebe’s, consisting of a life of toil, polishing results,
extending the theory a bit, trying an alternative approach, ..., was not his idea of
mathematics. There was too much of the artist and the free spirit in him to be tied to
arigorous, ambitious research program. Finally, we must not forget that the founda-
tions of mathematics were beckoning—there work was to be done as well.

There is a penetrating sketch of Brouwer’s views in the book of Wiessing,'?”
who loosely interviewed his friend during one of Brouwer’s rambles on the heath.
It clearly shows Brouwer’s aversion to the treadmill of the mathematics industry.

W: What kind of a figure are you in the world? What is your place in
mathematics of the present and of the past? [...]

B: I could only give you an impression in very global terms, but I am
willing to try. You must imagine [...] that in the course of the centuries an
increasing number of more-or-less mutually independent branches of mathe-
matical thought have emerged, some of which, that up to now have found no
material applications, may perhaps be used in connection with certain physical
phenomena. [...] Such a future subservience to the physical sciences is in my
opinion fairly unlikely for the branch of mathematical thought that I try to get
accepted alongside the existing branches, and which distinguishes itself from
those, among other things, by not treating a [particular] subject and by not
recognising axioms and postulates. [...] Basically my mathematical thinking
is non-sensory internal architecture. You may compare these forms of thought
to music or poetry. My first inklings of the possibility of such a mathematics
emerged, I think, from discussions with my teachers at the time of my HBS'!?
and gymnasium study. But only in my dissertation of 1907 I have started to
give these thoughts a definite formulation. Since then this mathematics, nowa-
days called ‘intuitionistic’, has developed with interruptions. The recognition
in professional circles of this work of mine came only in a rather slow tempo,
with many ups and downs. It has by no means found general acceptation!
Many view it, even now, as charletanism. There are also people who say that
it may be correct, but that it is totally uninteresting and not even new. If I had
not, now and then, written about ‘ordinary mathematics’, I don’t think a place
at a Dutch University could have been found for me.

W: But you have had, already in our early years, offers of professorships
from abroad, I remember that all too well.

109Wiessing (1960), p. 143 ff.
110High school, see p. 4.
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B: Yes, that is right, but in thought and activity I feel far too much a Dutch-
man and in particular a Friesian Dutchman. And I would rather live here be-
tween Dutch friends to enjoy, and Dutch enemies to see through, than far away
among strangers!

W: What kind of mathematics do you teach now after all as a professor?

B: Mainly ordinary mathematics, which I transpose here and there, depend-
ing on the degree in which the topic and the receptivity of the audience allows
this, into my own system of thought. Just now and then, when a particularly
gifted and interested group of students presents an occasion, a course con-
sisting exclusively of my own work evolves, and this course may extend over
several years. On such an occasion I try to educate students to whom I could
eventually trust the further extension and dissemination of my theory.

Several former and present members of my audience (among them some
foreigners, who have come to live here in Blaricum for that purpose) give
me hope in that respect. And yes, if this will be fulfilled, that will give me
great pleasure! Because I indeed really love mathematics for something other
than mathematics. That is for the clear light it sheds sometimes on the general
problems of life. And ultimately it is in the first place the problems of life that
make my natural flow of thought find its way.

W: Could you formulate the special character of your mathematics in a
way that is a bit clearer for laymen?

B: Well, let me try once more like this, although it will again be clumsy:
consciousness gains access to free creation—which is my mathematics—as
soon as it knows itself autonomous and immortal, ignoring objective knowl-
edge and common sense. A condition, in my opinion, for all creation of truth
and beauty.

W: I can imagine that you were occasionally called a charlatan.

B: Me too. All the more, as I said, since I don’t like mathematics and it
basically bores me.

W: [...] What would you, if it comes to that, rather have done than practise
mathematics?

B: That is hard to say. Let me say: to have no subject and to let my thoughts
roam freely. Every attachment to a subject brings, as you will agree, that your
realm of thought suffers a certain mutilation. And it is obvious that then one
can only have pleasure in such a profession, if one is, as I sometimes observe
with some people, supported and driven by ambition or conviction. But that
has never been the case with me. Anyhow, life demands that you choose a
profession. Well, then I think that science is for a man like me, who is by
nature solitary, not such a bad sanctuary. One is less dependent on the public,
and one can more easily preserve one’s solitude, than if one takes up literature
or the visual arts, not to mention music. For no matter how much pleasure and
satisfaction art by itself may give to a person, society, I think, demands more
violating concessions from artists than science does. But I may have reached
this conclusion also because I have no talent for practising art.
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Even in his intuitionistic enterprise of the twenties, he could not bring himself to
grind out the routine material that was required to give the program a good start in
life.

The conflicts we have seen in this chapter had a double role in Brouwer’s sci-
entific life. The positive influence was that they forced him to stick to the subject,
and to use his ingenuity for the purpose of widening and deepening his ideas. The
influence of Lebesgue has been (although Brouwer would have been loath to admit
it) beneficial. Without the constant challenge of Lebesgue’s bluffing, Brouwer could
have left the field much earlier.

The same cannot be said for Koebe’s role; Brouwer would not have engaged in
a competition with Koebe, he had little taste for the kind of function theory that
Koebe practised. As he said himself, he considered his contribution to the theory of
uniformisation a pleasing piece of fall-out, but no more. From the correspondence
it appears that Brouwer would gladly have left the matter at his Karlsruhe talk. It
was the incredible childishness of Koebe to claim the whole area of uniformisation
and automorphic functions as his personal domain that triggered Brouwer’s fighting
spirit. The moral misbehaviour of the king of automorphic function theory angered
him more than anything else.

These conflicts took a heavy toll; Brouwer was ever prone to the return of his
nervous breakdowns. Moreover, they tended to give Brouwer the reputation of a
difficult man. He certainly did not belong to the meek of this world, but his conflicts
were always the result of some instance of injustice, be it towards himself or towards
others.

The first and intense topological period ended as suddenly as it began. After
the dimension paper of 1913 Brouwer returned to his first love, the foundations of
mathematics. Even here there are external as well as internal factors that influenced
the course of his activities. If World War I had not isolated him from the international
mathematical community, he might possibly have remained active in the field under
the pressure of fellow topologists, but when his ties to Gottingen were temporarily
cut, no significant impulses influenced him.
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Making a Career

...and that his brilliant reasoning power would rise to the level of intuition, until those
who were unacquainted with his methods would look askance at him as on a man whose
knowledge was not that of other mortals.

A. Conan Doyle. The red-headed league

6.1 Financial Worries

Any graduate of a Dutch University, until long after World War II, was confronted
with the pressing question how to reconcile earning a living and practising one’s
subject. For some disciplines this was less problematic, for example medicine and
law, but in general a university degree did not guarantee a future in one’s own sub-
ject. A master’s (doctoraal) degree in most of the sciences and the languages could
at best earn the recipient a position at one of the high schools or gymnasiums.

Brilliant physicists or chemists might be lucky and get a university position, but
even they often had to serve a spell as a high school teacher. Of course, there were in-
dustrial positions, but they were scarce. Even the famous Van der Waals and Lorentz
had, before their academic career, to teach at high schools. Mathematics offered
even less hope for a scientific career; there were no industrial jobs to speak of (apart
from an incidental position with an insurance company) and the only way that led to
an academic career ran via the teaching profession—a route followed by most aca-
demics. The successful doctorandus (cf. p. 40) taught for a living, while studying
and publishing in the spare hours, working for a Ph.D. degree, and hoping and wait-
ing for some old professor to retire or die. The bright side of this practice was that
the standard of teaching at high schools and gymnasiums was generally high; many
a future professor taught Euclid or Homer at a high school or a gymnasium—and
was fondly remembered for it.

Doctorandus Brouwer was not looking forward to such a career, for one thing,
he was temperamentally ill-suited for the drill and the discipline of school life. But
above all, he had drunk from the fountain of mathematical knowledge. He was in no
doubt about his capacities, and he had, as we have seen with Life, Art and Mysticism,
an almost fanatical drive for preaching morals and mathematics.

D. van Dalen, L.E.J. Brouwer — Topologist, Intuitionist, Philosopher, 193
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The grant that had enabled him to study in reasonable comfort, did not extend
beyond the doctorate; on 14 June 1907. The St. Jobs foundation transferred a final
sum of 224.10 guilders, and closed the books on Brouwer. This did not mean that
Brouwer was entirely without financial means: on 1 September 1905 he had bought
his mother-in-law’s pharmacy, and so, one would think, his wife and he could expect
a reasonable livelihood. Appearances were, as so often, misleading, as we shall see.

The pharmacy had a long history; the house itself dated back to about 1600. It
was originally a well-sized tavern, called ‘The Angler’, formerly The Barn Dance.'
At that time it belonged to the town of Nieuwer Amstel (the predecessor of the
present Amstelveen). From the last part of the eighteenth century onwards it was
occupied mainly by surgeons. The father of Lize, Jan de Holl, set himself up in
1873 at the Overtoom as a family doctor with a surgery and pharmacy. The large
building was not only a home for a rapidly expanding family, but it also housed
those assistants and servants who were interns. In 1880 Jan de Holl died, 46 years
old, leaving behind a widow and seven children (cf. p. 51). The widow, having no
training or qualifications in the medical profession, had to close the medical practice,
but she continued the pharmacy with the help of a so-called ‘provisor’, that is a
professional pharmacist who carried the responsibility for the pharmaceutical side
of the shop. This was required by law, and it guaranteed the professional expertise. It
was, however, a heavy financial burden on the widow De Holl-Sasse. Some of these
provisors lodged with Mrs. De Holl, a circumstance that was grudgingly accepted
by the family De Holl. The pharmacy had to provide a livelihood for Mrs. De Holl
and whatever children were still dependent on her. Lize and her daughter Louise
had, after the divorce from doctor Peijpers, moved in with Mrs. de Holl. Louise was
effectively raised by her grandmother while Lize studied pharmacy. When Brouwer
bought the pharmacy, he had to accept a substantial financial responsibility towards
his mother-in-law and her dependents.

The acquisition of the pharmacy by Brouwer was therefore certainly not the solu-
tion to his financial problems, on the contrary! The salary of the provisor still had to
be paid, and Brouwer had accepted the contractual obligation of an annuity of 1100
guilders for Mrs. de Holl-Sasse. His friend Carel Adama van Scheltema, among
others, had to stand surety. The transaction confronted Brouwer with problems that
his academic training had not prepared him for—at the last minute Brouwer discov-
ered that the transaction carried a notary fee of 800 guilders, a considerable amount,
which was due within a week of the transaction.? It was again Scheltema, who had
to rescue his younger friend, he lent the amount to Bertus on security of his house
in Blaricum.

I am terribly sorry that I have to scrounge like this: a friend that you hardly
ever see, and then to get all sorts of horrible chores from him, must be painful
and disturbing for you with your soul that is halfway that of a grocer. But your

1 De Hengelaar, formerly De Boerendans. We gratefully acknowledge the generous help of Mr. and
Mrs. J.A.L. van Lakwijk-Najoan, who provided valuable information on the pharmacy of Brouwer.

2Brouwer to Scheltema, 23 August 1905.
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free poet’s soul is indeed above such a thing, and ‘generous’ means ‘royal’.’
I just wanted to say that I know that such sacrifices bother you, and that I value
your sacrifices. But you know that if the occasion arises you can count on me
as firmly as you would on yourself.

Well, bye now. The money must be there, and at once.

Now, just do this calmly for me—with such a receipt with a pledge you
truly put nothing at risk—and then go on and live your regular cautious artist
life, that I, in fact, fear to disturb.

Bertus.

Scheltema complied with a heavy heart; he could, in all fairness, not see, why
he should be a security to guarantee Brouwer’s mother-in-law a lifelong annuity
of 1100 guilders. We note in passing, that Mrs. de Holl lived until a ripe old age,
so that, in as far as annuities are a kind of a gamble, Brouwer certainly was not
a winner. His relationship with his mother-in-law was always strained, to say the
least. The matter of the periodic payments definitely did not endear her to him.
She occasionally suffered from mental breakdowns, and spent some time in mental
institutions. On the whole she was a good and loving mother and grandmother, but
the relationship with Brouwer remained uneasy. Keeping in mind that Brouwer did
not even get along with his own father, it would be too much to expect him to
develop the obligatory filial love for his mother-in-law.

Although one should not speak of poverty, life was definitely not without its
financial problems for the young couple. Matters improved when Lize, after suc-
cessively passing her doctoral exam in September 1907 and her special pharmacists
exam in December 1907, established herself in the pharmacy at the Overtoom, and
ran the shop as a fully licensed pharmacist without the help of an expensive provi-
sor. Lize’s doctoral diploma caused no stir in the sober household; Brouwer reacted
no more enthusiastically than if buying a new pair of shoes; Louise gave the day a
festive touch by buying a small bottle of wine and by cooking some floury potatoes
which her mother liked so much.*

In spite of the resulting improvement of the financial basis of the pharmacy, the
pecuniary worries persisted. One should keep in mind that in the first part of the
century pharmacies were in general not the goldmines they became later. Moreover,
even at the best of times, Lize was a poor hand at management. The correspondence
between Brouwer and Scheltema, time and again, mentions late repayments, new
loans, etc. Scheltema himself lived modestly but well on the money his father had
left him, but after an American investment of his had plummeted (1907) he had to
avoid extravagances.

By the time Brouwer’s dissertation approached its final stages, he had already
lost the unencumbered freedom of the student; he had published respectable math-
ematics, and he started to view the scientific community with different eyes. The

3The pun is lost in translation: ‘royaal’ stands for ‘generous’, ‘handsome’ and ‘royal’. Recall that
Scheltema and Brouwer considered themselves kings of spiritual realms, cf. p. 34.

4Oral communication Mrs. Peijpers.
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Fig. 6.1 Passport
photographs of Bertus and
Lize. [Brouwer archive]

transition from student to breadwinner did not leave him cold; society started to
exact its dues:

Life is a magic garden. With wondrous, softly shining flowers, but among
the flowers the gnomes are walking, and I am so afraid of them. They stand on
their head and the worst is that they call out to me that I must also stand on my
head; once in a while I try to do so and die with shame; but then sometimes
the gnomes cry that I do it very well, and that I am indeed a real gnome too.
But on no account will I fall for that.>

Indeed, Brouwer was getting his share of recognition in Dutch mathematics; his
brush with Jahnke had done him no harm, on the contrary—Korteweg’s opinion
of his student was confirmed, and the mathematicians P.H. Schoute (the author of
a successful book on higher-dimensional geometry, professor in Groningen) and
W. Kapteyn (professor in Utrecht, the brother of the famous astronomer) started to
notice Brouwer’s achievements.

After finishing his dissertation, Brouwer published a kind of philosophical ap-
pendix The unreliability of the logical principles (cf. p. 104). This paper contained
the revolutionary rejection of the general validity of the principle of the excluded
third—it remained virtually unknown until it was translated in the collected works
in 1975. While continuing his study of modern mathematics, Brouwer prepared two
papers for the International Mathematics Congress in Rome; both were offshoots of
his dissertation, one on Lie groups and one on Foundations.

Most of the information on the period 1907-1908 is to be found in the correspon-
dence with Scheltema and with Korteweg; the letters exchanged between Brouwer
and Scheltema tell a tale of friends growing up into the world, and of dreaded but
unavoidable separation. The friends were no strangers to the frailties of mind and
body—almost verging on hypochondria:

That what we have in common also starts to whither, if the soil, our com-
mon youth, dries up. Must we now resign ourselves to that, and each for him-

SBrouwer to Scheltema, 7 September 1906.
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self let things go in the coarse mansion of society, and light its chandeliers,
and grace its door-posts?°

Even Scheltema, the artist, was caught up in the general malaise of defeated
youth and past:

I'have given up the struggle for the ‘superman’—I could reach him now and
then, but not lastingly [...]. You wrote in a recent letter that we drift apart—
perhaps, but there is such a deep difference in principle between us:—the other
day I read Nietzsche’s ‘Birth of Tragedy’ and then I thought of you and I felt
things clearer; read it some day if you do not know it. You are Dionysus and
I am Apollinius, and the world we live in is Alexandrinius.”

The characterisation may not have been so far off the mark, a good deal of Dionysus
could probably be found in Brouwer!

Just before Lize’s final exams, the Brouwers made in August 1907 a walking
tour through Belgium. Brouwer was a lifelong devotee of long walks. The tour to
Italy has already been mentioned, but also in Holland he used to ramble through
the landscape, sometimes accompanied by his youngest brother Aldert. There are
reports that they made long hikes together through North- and South-Holland.®

Physical exercises were always a favourite pastime of Brouwer; he would gladly
undertake some exhausting extravaganza. In the winter of 1908, for example, he
skated, in a fierce wind and on poor quality ice, all the way from Amsterdam to Rot-
terdam and back.® The exertion proved too much; three days of high fever followed,
and he asked for a notary to make his last will. The fever, however, disappeared as
suddenly as it had come.

When Brouwer was not abroad, he spent his days in the hut in Blaricum, or in
Amsterdam in the apartment over the pharmacy, where he often occupied himself
with the administration of the pharmacy. Lize regularly stayed at the Overtoom,
where she supervised the pharmacy. There is a well-known (and well confirmed)
story that at times, when Lize was in Amsterdam and Bertus in Blaricum, Lize
would take a pan with food to the point of departure of the Gooische tram, where
it was put next to the driver’s seat. At the other end Bertus would then pick it up at
the stop almost in front of his house. The Gooische tram was the normal means of
transport between ‘t Gooi and Amsterdam and Brouwer was a regular passenger.

This tram had acquired a certain notoriety as a result of the not infrequent acci-
dents; it received the nickname of Gooische moordenaar (murderer of ‘t Gooi). The
fearful potential of the tram was brought home to Brouwer, when Lily van der Spil,
the fiancée of his brother Aldert, was run over by it, and lost both legs.10

5Brouwer to Scheltema, 8 July 1907.
7Scheltema to Brouwer 6 August 1907.
80ral communication C. MacGillavry.

9 Altogether a distance of more than 130 km.
10Brouwer to Scheltema, 2 June 1909.
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Lily had studied bouwkunde (architecture) in Delft, where she met Aldert. The
two married on 2 June 1909; they had three children, and the eldest of them was
named after Bertus.'!

In the flurry of all the new mathematics that he absorbed, Brouwer worked wher-
ever he could, but he definitely preferred the peaceful surroundings of Blaricum;
he loved to bask in the sun in his garden with a wide brimmed straw hat, working
on an old-fashioned draft board and, depending on the weather, in a state of partial
undress.

It is surprising to read in a letter of Scheltema, that this man with the sharpest
mind in the country, did not escape the lures of the irrational. The poet, who was
in fact a far more sober-minded person than his friend the mathematician, scolded
Bertus when Lize wrote to him that Bertus was upset on account of a fortune-teller’s
prediction: ‘shame on you for that silly nonsense’.!> Even in the time of his budding
productivity, Brouwer found time to keep up the correspondence with his old friend.
The friends went on to deplore the steady deterioration of their original innocent
state and to provide each other with words of solace and advice. Brouwer, in passing,
mentioned his successes in mathematics, and Scheltema kept Brouwer informed
about his literary achievements. There is one, somewhat enigmatic, theme that keeps
cropping up in their exchange of letters: Scheltema repeatedly reminded Brouwer of
some promise, described in vague terms. Before leaving for Italy, where he intended
to spend a prolonged visit, he urged Bertus: ‘If at all possible, fulfil your promise
before I leave again.’!> And, indeed, in May of the next year, Brouwer reports that
the promised object is ready, and that he had prepared one for himself as well. In his
reply the next day from Florence (sic) Scheltema dwelled on the promised object
and spoke of a talisman, that embodied a ‘possibility’ that can give rest, ‘How many
abysses of the soul go by, that alarm less with a talisman’ In a later letter he talked
of ‘Charon’s pennies’ and ‘non plus ultra’s’. One gets the strong impression that
Scheltema, who feared and abhorred the tortures and indignities of a pitiless disease
(his father had died of a brain tumour—this had left an indelible impression on
Carel!) had asked Brouwer for two suicide pills from the pharmacy, one for him and
one for his wife.

After some pressing reminders, Brouwer prepared the coveted objects, ‘“The
promised object is ready for you. I have at the same time made one for myself too.” !4
And on 7 July 1909 he wrote Scheltema that “The talisman and taliswoman (forgive
me the lugubrious joke)—good for half a century—are quietly waiting. Perhaps that
certainty will already put you at ease!’

U1 ike his father, he studied geology. He ended his brilliant career as the Chairman of the Board of
the Royal Shell.

128cheltema to Brouwer, 11 October 1908.
13Scheltema to Brouwer, 4 September 1908.
4Brouwer to Scheltema, 12 May 1909.
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In April 1908 Brouwer travelled to Rome to attend the international conference of
mathematicians; there is a short report of his experiences and impressions in a letter
to Korteweg.'> The letter is well worth reading, as it paints the emotional impression
of a young man who suddenly finds himself in the presence of the great ones.

I am very glad that I made this journey. In the first place because it made
me feel more healthy and vigorous; but even more because of the admiration
and respect that I felt for mathematics under the impression of this Congress,
seeing and hearing the heroes of abstraction, and by the aura of 500 honest
thinkers acting on me. Poincaré was a revelation to me, and also Darboux
and Picard made strong impressions. In general I recognised in the impressive
heads practically all those, for whose work I had developed the highest regard.
But furthermore, the sight of the persons generously provides hints as to the
choice of authors that I will read later on. For example, I will never turn to
Mittag-Leffler for instruction after seeing his superficial pompous face; but
certainly to Darboux, of whose work I know as yet nothing.

In general it seemed to me that the French are mostly the leaders, mostly
command the central parts; Hadamard and Borel as well as the three men-
tioned above. They, rather than the Germans, seem to me to possess an instinct
for what is truly important, a kind of aristocracy in the choice of their topics.
To reach a point from where you can, like Poincaré, give an address on ‘The
future of mathematics’ (L’avenir des mathématiques),'® of which everybody
feels the reliability as a guidance in his work, seems to me the highest ideal
a mathematician can strive for. My respect for the Italians and Americans has
not increased, and I am convinced more than before, that they cultivate unim-
portant parts, without much feeling for the direction in which the main body
is moving.

I did not get much pleasure out of my talks; the one on continuous groups
was the last one of the morning, and the five preceding speakers were so bor-
ing that after each talk a part of the audience disappeared, and there were only
thirteen left at my talk. Nonetheless there was one, who, as Versluys” said,
followed [the talk] attentively from beginning to end, and whose manner of
applauding—again according to Versluys—clearly showed that he had fully
understood the purport. But when, after a few brief words with the chairman,
I left the podium, the man had disappeared, and I have never seen his face, or
found out who he was. The other talk on cardinalities had a much larger audi-
ence, but due to lack of time I was allowed to talk for only 10 minutes, so that

SBrouwer to Korteweg, May 1908.

16 As a matter of fact, Poincaré fell ill during the conference, and someone else had to read his
lecture. It is likely that Brouwer had nonetheless seen, or perhaps even met, Poincaré earlier during
the conference.

17Professor in Delft, the only other registered Dutch mathematician.
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it was so vigorously condensed that it was not done justice. But on account of
the mass of other impressions, I did not get much out of my own talks.'®

On the way back Brouwer stopped in Milan, presumably to see the city and
the art collection. He had an extensive knowledge of Italian art and architecture,
having already visited Italy before, and later in life he was a regular visitor. He
loved to talk about his Italian impressions, and even in his old age he retained very
sharp memories of Italy; he could give instructions of a surprising precision to his
friends: ‘when you come to the cathedral square in (say) Lucca, turn right at the little
barbershop at the corner, enter the small alley opposite the post office and then. ..’

When Scheltema spent a year in Italy, Brouwer advised him:

Listen Carel, I feel obliged to give you a gentle warning concerning Rome.
It could be that you will not fare like me, but I was so fed up after a stay of 3
weeks in Rome, that I must advise you to make your arrangements for a stay
of a year with great reservation.

I always had a hard time leaving Florence; there I would leap for joy, my
whole life long; in Rome I would get on the train with a sigh of relieve; it is a
suffocating, an oppressive, an evil place on our beautiful earth [...].

Don’t leave Florence before visiting Siena and Lucca. In the first there are
a few admirable Sodoma’s, in Lucca the most beautiful Breughel in the world.
And in particular, the landscape around Siena with its cool red angular moun-
tains strikes one as miraculous, after the singing blue and white of Florence.'”

And half a year later he wrote:

Have you already been in Paestum? That really is a place where the belief
in the reality of beauty created by man can be absorbed. I would rather live in
Naples than in Rome.?"

Scheltema and his wife spent the year 1909 in Italy, and a charming book of
impressions was published in 1914.

6.3 Climbing the Ladder

Back in Amsterdam, Brouwer resumed his freelance activities; he tried to get a
foothold in the few mathematical enterprises that were open to a nameless be-
ginner. He started, for example, to do review work for the editors of the Revues

18] ooking at the list of the participants of the Congress, Castelnuovo (1909), one gets the im-
pression that Brouwer could have met almost everybody that was going to be of interest for his
later career. Emile Borel, Felix Bernstein, Blumenthal, Carathéodory, Cartan, De Donder, Dehn,
Hahn, Hardy, Levi-Civita, Koebe, Hadamard, Hilbert, Poincaré, Zermelo. Even Jahnke was there.
But even though the congress had not reached the size of the modern mega-meetings, it is hard to
conclude from the list of participants who met whom.

19Brouwer to Scheltema, 3 December 1909.
20Brouwer to Scheltema, 11 June 1910.
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Semestrielles, a Dutch review journal, and he hinted to Korteweg that he would be
prepared to take over some of the regular review duties,! should Schoute or Kluyver
wish to stop (‘although, of course, I do not ask for it’).

At the same time he put out his feelers in Groningen, where P.H. Schoute, who
was soon to retire, held a chair. When he expressed his awe for the high status of
a professor to Korteweg, the latter reassured him: the scientific virtues and vision
were the prime criteria, but he warned his student that routine duties would certainly
conflict with his present studies:

There is only one aspect of your consideration that I think I have to react
to. I concerns the ‘loftiness’ of the position of a professor. In my opinion the
position of a professor is neither higher nor lower than any other one. As with
any other position, one has to look for the man who will best carry out the
duties. That here the scientific virtues and the scientific insight come in the
first place is clear. But not only those. If we had one big university instead of
four, it would be different. Then one could afford the luxury of professorships,
such that each scientifically prominent man—for there are not so many of
those—could find a place.??

Korteweg pointed out that the position of professor brought many teaching duties
and other obligations that would probably conflict with Brouwer’s research activi-
ties. But he made it clear that he would respect Brouwer’s decision, no matter how it
would turn out. Korteweg had a reason to be concerned: Brouwer was fully emerged
in his topological research. In 1909 he published his first paper on Lie groups in the
Mathematische Annalen, and at the same time his series of papers on transforma-
tions on surfaces and on vector distributions started to appear in the proceedings of
the Academy. At this moment in life Brouwer needed all the time he could find to
fulfil the promises of his topological genius.

As it happened, Brouwer was spared the difficult choice, since the Groningen
University could only offer him a one-year teaching job until the chair could be
filled by a more senior man.23 He turned the offer down, and thanked God that he
had the courage to avoid scientific suicide and to cut short his career. As he remarked
to Scheltema;2*

It was not at all that attractive: when the term was over, some professor
from Delft would be appointed in Groningen, and I could have moved to Delft,
where a professor is something like a supervisor at drawing classes.

With the example of the physics department in mind (where Zeeman’s succes-
sion of Van der Waals had been successfully negotiated), Brouwer sounded Ko-
rteweg on the possibilities of a position as a lecturer or an extraordinary professor in

21Brouwer to Korteweg, 1908, undated.
22Koneweg to Brouwer, 8 November 1908.

231n 1909 Frederik Schuh was appointed. He was also a student of Korteweg, six years older than
Brouwer.

24Brouwer to Scheltema, 1 March 1909.
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Amsterdam. The answer was disappointing; no extension of the mathematical staff
(consisting of Korteweg and Hk. de Vries? was considered in the near future.?

In view of Brouwer’s unusual qualities, Korteweg had no problem to get, in April
1909, the young Brouwer admitted as a privaat docent. Even this modest step in
his career caused Brouwer a great deal of anxiety, when the formalities had to be
completed in June.

In a letter to Korteweg of 8 June he ventilated his many doubts. He was afraid of
squandering his energy on matters of secondary importance, whereas he had decided
to dedicate himself fully to mathematics, in order to attain the best he could offer.
Korteweg must have tried to arrange a position for Brouwer that allowed him time
to concentrate on his research and to teach a few advanced courses of his choice.
But that was not what Brouwer had in mind. He considered privaat docenten in
extra-curricular subjects to be social climbers, and he hoped, he said, that Korteweg
knew him well enough by now to understand that social status did not interest him.
He was willing to be a privaat docent, but only if he was of any use to Korteweg or
the faculty:

As far as my personal wishes are concerned, I hope, at least as I am still
immature as a mathematician, as I am now, to remain excused from teaching;
and even later if I am not needed. But in any case, I will never be able to teach
classes, where I am at the mercy of the bon plaisir of the audience. I have
seen that successively with Van der Waals, Jr, Mannoury and Kohnstamm,
and I have felt more and more that I am not capable of something like that.?’

Brouwer viewed his appointment as privaat docent with some mistrust; it was
another step on the road to his assimilation into the system, but, as he wrote to

Scheltema;?8

I finally succumbed to the pressure to become a privaat docent here in
Amsterdam, in some subjects that have my sympathy. If it suits me, and I suit
them, then it will probably result in a lecturer’s position or an extraordinary
professorship with a very restricted duty, and without official tasks. Well, that
is, I believe, in the long run fairly acceptable to me.

Moreover, when they held out their hand to me after I turned down Gronin-
gen, I could not very well turn my back on them any longer. Yet, it made me
melancholic, when I read my appointment to privaat docent in the newspaper;
and I almost started to cry for feeling sorry for myself. It is, after all, a ‘Sic
transit’, but my youth passes, and I work more and with more pleasure than
before.

25 Another student of Korteweg. He had been a professor in Delft for one year before he was
appointed in Amsterdam (10 October 1906).

26Korteweg to Brouwer, 16 February 1909.
2 Brouwer to Korteweg, 8 June 1909.
Z8Brouwer to Scheltema, 12 May 1909.
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And so, at the age of 28, Brouwer made his first step up the academic ladder.
Compared to newcomers at German universities he was already fairly old, and al-
though he had displayed sufficient mathematical talent and revolutionary ideas in
his dissertation, no great feats had put his name on the mathematical map. Com-
pared to, for example, Koebe, who became famous at the age of 25 for solving the
uniformisation problem, and Von Neumann, who was to revolutionise set theory at
the age of 22, Brouwer was a slow starter.

At the time of his appointment to privaat docent, he was entering the field of
topology, and gradually mathematics became his true love. He could not muster the
same feelings for society:

I did not live for long in Amsterdam; being a respectable man oppresses
me, and after my classes I flee to 't Gooi and gloriously pace the heath as a
tramp. That works out wonderfully, as long as I don’t have the misfortune to
run into a student here in my vagabond outfit. In class I always look spick and
span. I am getting ever fonder of my subject, but I detest society more and
more.

The relationship between Korteweg and Brouwer was apparently of the sort that
allowed for the inclusion of extra-mathematical activities; when Korteweg, who
was mildly involved in politics, discussed the coming parliamentary elections,
Brouwer—surprisingly—offered his support in campaigning for the Liberal Party.?’
Whether he actually took part in any campaigning is unknown. Anyway, it left its
traces in the correspondence in the form of a political positioning in the Dutch party
system.

Brouwer expressed his gratitude to Korteweg by presenting him with the collec-
tion of all the papers that Korteweg had communicated so far to the Academy, bound
in a small volume,3° with the inscription

To prof. D.J. Korteweg in grateful memory of the submission to the
Academy of these essays of his student.

L.E.J. Brouwer September 1909

The period following the dissertation seems to belie Brouwer’s fervently claimed
principles. There is no calm resignation to fate; even though he claimed in his letter
of 12 May 1909 to Scheltema that a minor academic position of limited visibility
would satisfy him. No sooner had the position of privaat docent become his, then
he started to worry, complain and look for a better position. Even in the case of a
highly strung, well principled young man like Brouwer, the flesh turned out to be
weak—even a practising mystic apparently wants his comfort and recognition!

Job-hunting kept Brouwer’s mind continually occupied, and in July he had found
another career perspective: the Teyler Museum in Haarlem was looking for a can-
didate to fill the position of director of Teyler’s physical cabinet and editor of the

2Cf. p. 32, Brouwer to Korteweg, 22 June 1909.
30Kept in the University Library at Amsterdam.
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Archives du Musée Teyler. Brouwer judged this to be an excellent place for a per-
son like himself with no urge to teach and with an extensive research program. He
expected that a director could devote almost all his time to research.’!

One can imagine his interest in the position—having lived in Haarlem, he knew
the oldest museum in Holland well, and it was, as it is to-day, a delightful institu-
tion. It was the first science museum built as such, a monument from the days of the
Enlightenment, founded in 1778 by a rich merchant couple, Teyler Van der Hulst. It
has a marvellous collection of scientific instruments, for example the electrical ma-
chine of Van Marum (1784) and an substantial art collection, containing paintings,
prints and drawings. An important part came from the collection of the 17th century
Queen Christina of Sweden.

The position of director would certainly have allowed ample time for personal
research. However, in spite of a modest measure of lobbying, the application was
not successful.

6.4 The Shortcomings of Schoenflies’ Bericht

Mathematically speaking, all was well with Brouwer; he was rapidly finding his way
into the impenetrable fortress of topology. He was conducting investigations in the
topology of surfaces, vector distributions and in general topology. The research in
general topology was the direct consequence of his work on Lie groups; as we have
seen (p. 140), Schoenflies’ monograph on point-set topology was far from reliable,
so that Brouwer had to redo the material for himself.’> The result was the famous
‘Analysis Situs’-paper. Brouwer had submitted it to the Mathematische Annalen,
and this led to an exchange of letters with David Hilbert, the leading editor. Brouwer
was undeniably flattered by Hilbert’s attention.

I received the enclosed postcard from Hilbert, from which I conclude with
somewhat mixed feelings of satisfaction, that my latest Academy communi-
cations? have drawn his attention.

Somewhat mixed, as I say, because I value that publication much less
than my other work: anybody whose thoughts would wander in that direction
would have found the results. The value of a mathematical composition lies,
like that of every work of art, in its penetration, and not in some surprising
and popularly comprehensible result, no more than that the value of a Dutch
painting lies in the little windmill.>*

31Brouwer’s idea was not as eccentric as one might think: Lorentz filled the position of director
from 1912-1920 after he had given up his full professorship at Leiden.

32For the mathematical aspects of the Bericht episode, see Sect. 4.6.

3Brouwer (1909e, 1909f) the first paper of the series on continuous maps of surfaces into them-
selves and the first one of the series on vector distributions.

34Brouwer to Korteweg, 22 May 1909.
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The ‘Analysis Situs’-paper, in the meantime, held the promise of some tangi-
ble recognition. Brouwer had sent a copy of the manuscript to Schoenflies, who
returned an elaborate letter—in Brouwer’s words: ‘probably because I pressed him
hard, ...’. The paper made a clean sweep of set-theoretical topology, as presented
by Schoenflies in a prestigious monograph, The Development of the theory of point
sets, I1. ‘Nonetheless’, wrote Brouwer to Korteweg, ‘I am glad to have finally a bite,
and to receive more than a kind postcard at my request’.3>

Brouwer had indeed scored; Schoenflies was one of the leading set theorists,
in spirit the successor of Cantor. He had mainly carried on the Cantor tradition in
point-set topology. Schoenflies was an acknowledged expositor; he was the author of
a large number of papers on point-set topology and abstract set theory. His work cul-
minated in two influential monographs on set theory, which had the ill-fortune to be-
come obsolete soon after their publication. Schoenflies was a close friend of Hilbert,
which partly explains the role of the latter in the relationship between Brouwer and
Schoenflies.

Schoenflies, clearly, was taken unawares by Brouwer’s manuscript. His letter to
Hilbert, written almost directly after the receipt of Brouwer’s paper,’® shows that
he suspected that after all these years of preparations the control over the field of
topology was slipping from his fingers. He was in the position of a general who at
his victory banquet is informed by a common soldier that the battle is not won but
lost:

The paper of Brouwer has made me half glad, half sad. Glad—because
I see that the younger generation has started to study the Bericht; sad, because
among the abundance of geometrical forms, a possibility has escaped me. For
this is the essential content of Brouwer’s paper.

He sadly acknowledged the shortcomings of the Bericht. In a moving passage,
he reminded Hilbert of the adverse circumstances under which both Berichte’” were
produced.

You have by now also experienced that one can reach a point where the
mind starts to fail. Alas, I have not had the good sense to pause in such a case,
but I devoted all my energy to reach the goal.

It appears that Schoenflies had corrected the proofs of the last Bericht during a
summer-trip, missing some of the finer points in the atmosphere of vacationing.’®
The letter closed with an expression of annoyance at the formulation of the open-
ing of Brouwer’s paper; in Schoenflies’ opinion it rather suggested that the author
considered the Bericht as largely incorrect. Schoenflies went on to say that this im-
pression was, however, contradicted by the accompanying letter of Brouwer (which
he enclosed).

35Brouwer to Korteweg, 18 June 1909.
36Schoentlies to Hilbert, 22 May 1909.
370f 1900 and 1908.

38Brouwer to Hilbert, 24 June 1909.
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Fig. 6.2 Arthur Schoenflies.
[Courtesy Niedersidchsische
Staats- und
Universititsbibliothek
Gottingen]
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Notwithstanding Brouwer’s lethal criticism, he still hoped and expected that mi-
nor revisions would suffice. In that optimistic spirit he was already considering
the revision of the Bericht. He clearly underestimated the damage discovered by
Brouwer.

Whereas Schoenflies’ letter to Hilbert had the character of a lament to a trusted
old friend, the first reaction to Brouwer was (understandably) more guarded. Taking
his time to think the matter over, Schoenflies had concluded that the situation was
not hopeless. He suggested some minor adaptations, but he could not make sense
of the figures of the manuscript, partly because the letter did not match the text,
and also he did not see the point of Brouwer’s criticism of his notion of ‘curve’
and ‘accessibility’. Brouwer’s suggestion to publish his criticism together with a
reaction of Schoenflies, was gladly accepted.’”

The latter had so far recovered that in the same letter he undertook a defence of
his earlier results against ‘admonitions which seem to me partly unjustified, partly
exaggerated’. It clearly distressed him to be taken to task by a much younger man,
who did not bother to hide his disapproval, and who had repeatedly used the term
ungeniigend (inadequate) in connection with Schoenflies’ topology. In the years be-
fore the war there has been an extensive correspondence between Schoenflies and
Brouwer. The first group of letters dealt with the Analysis Situs paper, and the sec-
ond group concerned the new editor of the Bericht. Unfortunately the correspon-
dence is far from complete; most of Brouwer’s letters are missing.

In a prolonged exchange of letters, Brouwer tried to convince Schoenflies of the
shortcomings of his proofs, and the latter continually grasped at straws to defend
the remnants of his Bericht. He did not realise that something was basically wrong,
but attributed the gaps in the proofs to the nature of the Bericht, which he saw as

39Schoenflies to Brouwer, 17 June 1909.
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a quick, convenient and, above all, readable introduction of the reader to the prob-
lems and results of topology. In particular he assumed that the attentive reader could
provide further details when necessary. Here, evidently, was a clash between two
scholars with different notions of exactness. Schoenflies belonged to the older tra-
dition in which the foundations of topology were taken for granted, and where geo-
metrical intuition often took the place of mathematical argument. Indeed, Brouwer’s
(counter-) examples showed that the sophistication of topology required more than
the conviction of ‘first impressions’.

Reading the correspondence, one gets the impression of a growing exasperation
of the older man. When all of his arguments bounced off Brouwer’s granite wall of
exactness, he must have felt that the younger man was not susceptible to reason—
‘Should it then really be impossible to convince you in writing’,** and ‘I can now
only wait and see if you will stick to your arguments concerning Chap. IV, Sect. 12.
Nonetheless, I hope to have finally convinced you that here the error is on your side.’

But Brouwer did not give up; he kept trying to set Schoenflies right. Schoenflies
felt that his dignity was at issue, rather than his topological expertise. Brouwer may
have been under the impression that Schoenflies tried to save his face by making
light of the inadequacies of his work. Here he misjudged Schoenflies, who protested:
‘Anyway, I don’t think anyone could think that I try to belittle your paper or to
diminish my mistakes. In my opinion the opposite is the case.’

Schoenflies had turned to Hilbert for protection from this young Turk, and
Brouwer had likewise appealed to the undisputed Master of Mathematics, who as
editor-in-chief of the Mathematische Annalen had a vested interest in the matter.
He informed Hilbert that Schoenflies did not fully realise the defects of his presen-
tation, and that, should he stick to his views in the forthcoming paper, some extra
space would be required to enlarge upon the details of the defective parts. Brouwer
strongly stressed the importance of the topics, so the corrections in his opinion were
really necessary. He wrote to Hilbert:

I am awfully sorry that Mr. Schoenflies feels insulted by something that
rather resulted from my appreciation, but I don’t want [to run the risk] that
someone could reproach me with the slightest semblance of justification, that
I publish scientific trivialities, especially in the Annalen; nor do I want to allow
that the supplement of Mr. Schoenflies contains even the slightest innuendo in
this sense, and I kindly beg you to make this explicitly clear to Mr. Schoen-
flies, and to allow him extra space only on the ground of the objective content
of my remarks.*!

Schoenflies’ excuse that he did his proof-reading in a hurry during his vacation,
was interpreted by Brouwer as an implicit complaint that Brouwer had resorted
to nit-picking—the idea being that between gentlemen one does not mention the
smaller mistakes.

40Concerning decomposition theorems, Schoenflies to Brouwer, 14 August 1909.
4IBrouwer to Hilbert, 24 June 1909.
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With respect to isolated inaccuracies, which do not impede the general flow
of the theory, Mr. Schoenflies, if I understand him correctly, calls attention to
the fact that he did the proof-reading during a summer trip, that this explains
the minor slips, and that it is a petty thing of me to locate them. I thought,
however, that even these little corrections were worthwhile, in view of the
great importance of the subject.

and he continued:

In order to rule out that Mr. Schoenflies could feel the least bit hurt, I just
would like to insert at the end of my introduction the following note (warmly
meant, by the way): ‘I explicitly stress that this paper does not seek to diminish
in any way the great value of Schoenflies’ discoveries, but rather that it tries
to emphasise the value more clearly.’

In the paper itself this note was modified to:

‘T expressly stress that this paper does not seek to diminish in any way the
great value of Schoenflies’ discoveries. It is just that the considerable conse-
quences have given me reason for this criticism, which by the way, does not
essentially concern the largest part, namely the theory of simple curves.’*?

In the bargaining that followed, Brouwer softened parts of his argument and fur-
ther sugared the introduction, in the hope that this would pacify Schoenflies.

The affair went on for the better part of a year, and eventually Hilbert got fed
up with Schoenflies’ defence tactics; at least, in December Schoenflies complained
about the rather unfriendly tone of Hilbert’s letter. And in reaction to Hilbert’s ex-
clamation, that the readers had already lost interest in the matter, he retorted that
they had not even seen the papers, and that he would, when necessary, revise his
attitude with respect to the Annalen. It appears that Hilbert felt no compunction in
letting scientific interest prevail over old friendship. By the end of December, both
parties had reached an agreement, and the Annalen could publish the papers.

The paper sent shock waves through the mathematical community. Hardly any-
body had guessed that the road of topology contained so many pitfalls. For Brouwer,
the Analysis Situs affair had after all a pleasing consequence; the paper contributed
substantially to his status in the mathematical community.

Brouwer’s exploits had already drawn the attention of the reigning king of math-
ematics, David Hilbert. Brouwer’s work on Lie groups and his subsequent research
in topology had satisfied Hilbert that he was dealing with a clever young man; the
talks in the dunes at Scheveningen (cf. p. 125) doubtlessly had reinforced this im-
pression. To be noted by the Gottingen group of mathematicians was already a feat
by itself, but Brouwer’s luck did not stop there. He found himself a niche in the
community, if not in the hearts, of the Goéttingen mathematicians in a remarkably
short period. The correspondence with Hilbert soon led to plans to visit Gottingen
in person. Already in 1910 he made plans for a visit in the summer vacation, but

4ZBrouwer (1910e).
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Fig. 6.3 David Hilbert.
[Courtesy Niedersidchsische
Staats- und
Universititsbibliothek
Gottingen]

the trip was cancelled because of family matters. A year later he made his entree in
Gottingen; he wrote to Hilbert that ‘I will be in the Harz for a couple of weeks and
on the way I'll stay for a few days in Géttingen. I am very much looking forward to
get to know the people and the situation over there’. The next year Brouwer again
visited Gottingen, this time accompanied by Lize: ‘Next Sunday I will come to Got-
tingen via Lohne, Hameln, Elze.” Again he combined his visit with a stay in the Harz
mountains; the Brocken was his destination. In this short period Brouwer managed
to make many friends for life, Felix Bernstein and Hermann Weyl, to mention two
of them. He became one of the ‘extra-territorial’ members of the Gottingen group.
Brouwer immediately made himself popular with the company; he was an expert
conversationalist with an inexhaustible fund of stories and a sharp insight into most
branches of mathematics. Gottingen benefitted by acquiring the support of the lead-
ing topologist, but Brouwer paid the price of a considerable increase in workload,
consisting mostly of refereeing jobs and general advice.

6.5 Privaat Docent

With the first term of the academic year 1909-10, Brouwer’s duties as a privaat
docent had started. Traditionally, privaat docenten (like lecturers and professors)
gave an inaugural lecture in order to present their professional views on their sub-
ject. This was a formal address delivered in the auditorium (aula) of the university,
in the presence of colleagues, friends and future students. Brouwer gave his lecture
on 12 October 1909 with the title ‘On the nature of geometry’** a beautiful pro-
grammatic exposition of the latest in geometry, including the space-time geometry
under the Lorentz transformations, complete with moving systems and clocks. Curi-
ously enough, there is no reference to Einstein, and only Lorentz with his ‘relativity

B Over het Wezen van de Meetkunde, cf. p. 151.
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postulate’ and transformations is mentioned. Brouwer drew from this geometrical-
physical theory the conclusion that the a priority of space and time, and hence of Eu-
clidean space and time, had become untenable. Later, in the collection Mathematics,
Truth and Reality,** Brouwer added “This lecture, were it given at present, would
undoubtedly bring up in its first part the ‘general theory of relativity’, introduced
after 1909, which would not have influenced the epistemological conclusions’.

The last part was devoted to Analysis Situs (topology), and contained a list of
prominent problems, see p. 152. We note in passing that the better part of those
problems was to be solved by Brouwer within a few years!

The writing of the inaugural lecture had to be squeezed in between many other
activities. In a letter of September 1909, Brouwer complained to Korteweg that he
was in the middle of the quarterly administration of the pharmacy and that the cor-
respondence with Schoenflies had entered a new phase—at that moment only two
weeks were left for composing his text.

The inaugural lecture ends with a credo that strikingly reflects Brouwer’s per-
sonal taste, and that had a prophetic ring. After discussing the foundation of geom-
etry in the light of Analysis Situs he stated that:

Thus, one does not have to ban co-ordinates and formulas entirely from
other theories if one succeeds in basing them on analysis situs, but the
formula-free, the ‘geometric’ treatment will be the point of departure, the an-
alytic one becomes a dispensable aid.

It is the possibility and desirability of this priority of the geometric treat-
ment, also in parts of mathematics where it does not yet exist, that I primarily
wanted to point out in the preceding pages.*>

Two days later his classes began: projective geometry and analytic geometry.
These courses remained his regular contribution to the mathematics curriculum dur-
ing the first years; a short (and no doubt polished) description of Brouwer’s teaching
can be found in the student’s almanac, which provided among other things reports
on the courses of the year before. The almanac of 1911 describes the contents of
Brouwer’s courses in projective geometry (for first- and second-year students in
physics) and the ‘suppletion’ course in analytic geometry. The projective geome-
try course contained a fair amount of material: for example an axiomatic treatment,
the ‘numerical-model’, the introduction of cross ratios and the derivation of the Eu-
clidean and non-Euclidean metrics. The reporter remarked that:

The modest size of the audience was an indication that the course may have
been too much for freshmen, perhaps also because the high-speed teaching of
Dr. Brouwer made it difficult to acquire a good insight into this topic, that was
completely new to us. But those who have taken the trouble to work through
it till the end, will certainly agree with our great admiration for this course of
Dr. Brouwer.

4 Wiskunde, Waarheid en Werkelijkheid, 1919.
4 Brouwer (1909a), p. 23.
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The report of the next year ends on the same note:

It seems to us that the audience would have benefitted more from Dr.
Brouwer’s lectures, if those would have been not so fast.

The gist of these reports is confirmed by most of Brouwer’s students; his courses
were models of elegance and precision, but patience with the less gifted student did
not belong to Brouwer’s virtues. A former student*® reported a comical event in the
late thirties. The audience was left far behind by Brouwer during a certain course,
so the students took courage and sent a delegation to Brouwer with the request to
reduce his tempo of lecturing. After listening politely to the delegation, Brouwer
answered: ‘Alright, I will talk as slowly as the gentlemen think.’

In October 1909, Brouwer had a mild difference of opinion with Korteweg; he
had found a considerable simplification in a derivation in a paper of Van Uven, the
mathematics professor at Wageningen, and asked Korteweg to present a short note to
the Academy. Korteweg resolutely refused: ‘An alternative derivation of a formula
does not belong there.” In spite of Brouwer’s insistence, Korteweg stuck to his guns;
the note was not published.

As we have seen in the preceding chapter, Brouwer was fully immersed in his re-
search in topology; he had already obtained his results on fixed-points on the sphere,
and he had opened the cleaning-up operation in elementary (plane) topology. And
now on the instigation of Hadamard he had started to read the Mémoires of Poincaré,
and this was bearing fruit in the form of simpler proofs of some of his earlier results:

the result appears here as a surprise, whereas in the original proof I gradually
constructed the transformation, thus forcing myself step-by-step to admit the
invariant point.*’

In spite of the growing recognition of Brouwer among mathematicians, there was
no comparable academic recognition at home. He made himself useful in Amster-
dam by his teaching, and by taking care of the collection of mathematical books and
journals in the University Library. In those days there was no mathematical institute
and no independent mathematics library; the central building of the university in the
Oudemanhuispoort contained lecture rooms and ‘faculty rooms’, the latter serving
mostly as a meeting place for faculty members and as a cloakroom for those who
had to lecture. Those professors who had no laboratories or clinics dropped in to
give their courses and went home again to conduct their research. Brouwer was no
exception to this pattern; the pharmacy was his pied-a-terre in Amsterdam, but his
heart drew him to Blaricum.*®

The academic routine dragged on, and Brouwer, who was totally absorbed by his
topological research, grudgingly fulfilled his tasks.

49F, Kuiper.

4TBrouwer to Korteweg, 24 December 1909. The letter was accompanied by a copy of Brouwer’s
letter to Hadamard.

48See p. 203.
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Korteweg, in the meantime, tried to improve the prospects of his brilliant student.
He saw that the average teaching load in Amsterdam surpassed the level that was
generally thought acceptable. By appointing Brouwer, one could kill two birds with
one stone, the teaching load would be reduced, and the mathematical genius of the
young man would be rescued from real and imaginary dangers.

In order to underpin his arguments for an extension of the number of mathemati-
cians at the University of Amsterdam, Korteweg conducted a small investigation
into the general situation in mathematics in Holland. The results are interesting,
because they shed light on academic mathematics in the Netherlands at that time.

We reproduce here Korteweg’s list of the mathematics departments:

University of Amsterdam™
Professors: J. D. Korteweg and Hk. de Vries
Teaching duties: mathematics, mechanics (that is mathematical physics, me-
chanics), astronomy.
University at Leiden
Professors: J. C. Kluyver and P. Zeeman
Teaching duties: mathematics, mechanics.
University at Utrecht
Professors: J. de Vries and W. Kapteyn
Teaching duties: mathematics.
University at Groningen
Professors: P. H. Schoute and F. Schuh
Teaching duties: mathematics.

50

The load varied from 8 hours a week (Leiden) to 10 hours a week (Amsterdam).

There were more mathematics professors in the Netherlands than the ones just
mentioned, to be specific, in Delft and Wageningen, but Korteweg did not want to
compare those (technological and agricultural) institutes with the universities.

The number of graduates in mathematics, physics and astronomy in Amsterdam
was also steadily rising:

Candidaats Doctoraal

degrees degrees
1880-1884 4 2
1885-1889 5 4
1890-1894 1 4
1895-1899 11 3
1900-1904 10 5
1904-1905 9 9

49The Amsterdam University was a municipal university. The other ones were state universities.

50Not the famous physicist.
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After ample consultation, Korteweg and De Vries addressed the City Council
of Amsterdam with a request for an additional lecturer. The arguments were not
unreasonable, and they could be (and are) repeated at any time and any place: too
much teaching, supervision of Ph.D. theses and research. Moreover, Korteweg ar-
gued, this exceptional man, Brouwer, ‘who can be considered as the equal of the
best mathematician of our time’, should be attached to our university.5 !

The authorities, however, did not share Korteweg’s views; even though Korteweg
had pointed out that the university could have Brouwer for one thousand, say fifteen
hundred, guilders, they did not see the justification of an extra lecturer.

The rejection hurt Brouwer; he had just been passed over in Delft, where
‘a younger and lesser man’ was appointed.

Already in June he had written to Scheltema that he was fed up with the job, and
that he wanted to quit after the summer vacation. He had expected an extraordinary
chair, but since nothing of the sort was considered, he felt no obligation to go on with
teaching for a marginal fee. The old dream of a quiet hermit’s life was returning:>

...do you remember Watt’s principle? It says that the vapour-pressure in a
container is determined by the lowest temperature occurring in it. Likewise,
the intensity of our sensing and thinking is determined by the most impure of
the activities that we are involved in, no matter how little. He who teaches two
courses a week, withers like every professor, even though he is for the rest
surrounded by the fragrance of flowers, and shone upon by the sun.

Thus I now ponder the question, how I can decently, without quarreling,
get rid of my job. For the rest I am turning more and more into a home-lover,
and I hardly leave any more my beloved terrain, where I dig, weed, prune and
philosophise. Yesterday and the day before I have tarred, in the blazing sun,
my faithful in a scraggy reddish brown.

Maybe this is caused by the advent of old age, but again and again all my
desires subside, and make place for cheerful self-satisfaction, and the world
that interests me contracts more and more. Last year I was still enthusiastic
to break the bread with the star of the mathematicians,>® but now I find that
idiotic too, and I no longer admire my colleagues.

In spite of his aversion, Brouwer did not give up his position, marginal as it was.
With varying hope he muddled through the coming years, no doubt keeping his
morale up by his research activities and the international recognition that started to
come his way.

S1Letter to the city council, 6 October 1910.
52Brouwer to Scheltema, 11 June 1910.
33David Hilbert, cf. p. 125.
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6.6 Korteweg’s Campaign for Brouwer

In 1910 Korteweg undertook another action for his student. If, so he reasoned, the
City Fathers do not see the importance of furthering the career of the gifted Brouwer,
and, worse, if they do not realise the importance of securing the services of such an
exceptional scholar, then they may be helped in getting the right perspective by
an act of recognition from an unsuspected side. And so he started a campaign to
get Brouwer elected to the Academy of Sciences; some skilful lobbying got him
the support of his colleagues in the Academy and of the Dutch mathematicians.
Moreover, he approached some of the leading international mathematicians, Hilbert
and Poincaré, pointing out to them that, although the attempt to find a position for
Brouwer had failed, the situation was not hopeless, and that a membership of the
Academy was a powerful recommendation that could not so easily be ignored. Both
Hilbert and Poincaré reacted positively, Hilbert’s answer is preserved in the form of
a draft written on Korteweg’s letter.>* Apparently Poincaré was not fully aware of
Brouwer’s latest feats, but he was sufficiently impressed to write a flattering recom-
mendation.” Hilbert on the other hand had seen almost all of Brouwer’s work in
topology, and he had a sharp eye for outstanding mathematics. His letter is so much
to the point that it would be a pity not to reproduce it here:

I am very pleased that you will try to get Mr. Brouwer a chair at the Univer-
sity. I wish that you may succeed not only in the interest of Brouwer, but also
of science. For, I consider Brouwer a scientist of unusual talent, of the rich-
est and most extensive knowledge and of rare ingenuity. The area in which
Brouwer has been particularly active is that of the theory of point sets, a the-
ory, that, as you know, interacts in an essential way with almost all disciplines
of mathematics, and therefore its development is one of the most important
tasks. Moreover, it is Brouwer’s characteristic not to contend himself with
easy successes that are offered by researches of a general nature, but he at-
tacks each time a special, difficult, deep problem, and he leaves off only when
he succeeds in obtaining the fully satisfactory solution. I am thinking here in
particular of his solution to the problem of the finite continuous groups and
his marvellous proof of the Jordan curve theorem.>®

That your small country repeatedly produces in the most varied areas out-
standing scientists, is a pleasing phenomenon that may fill you with pride. But
this phenomenon imposes on the government and the leading authorities the
duty of special efforts. I hope therefore that your efforts on behalf of Brouwer
will be successful.

The letter beautifully illustrates the confidence of the old style academic in deal-
ing with the authorities: one simply has to tell them their duties to science!

>4Korteweg to Hilbert, 6 February 1911.
55The letter of Poincaré has not been found.
56Brouwer (1910a).
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But even Hilbert’s authority did not have the magical power that one would
nowadays assume. The matter was further complicated by the circumstance that
the Academy already had a fair share of mathematical members, and Brouwer’s ap-
pointment would either increase the number of members, or it would be at the cost
of some other discipline.

In the meeting of 25 March 1911 Brouwer was proposed for membership by a
most impressive array of scholars: Korteweg, W. Kapteyn, Cardinaal, Hendrik de
Vries, Schoute, Jan de Vries, Kluyver, Lorentz, H.G. van de Sande Bakhuyzen,
Zeeman, Van der Waals, J.C. Kapteyn, Hugo de Vries, Winkler en Hubrecht.

At the next special meeting, 28 April 1911, the voting took an unexpected course.
In the first round the largest number of votes was cast for Brouwer (21), but still less
than required to get elected. And so a next round of voting took place. This time
another candidate, Kuenen, got the required statutory 24 votes and was elected. In
the final round Brouwer was only two votes short of the required number, and thus
only Kuenen collected enough votes to join the Academy.

Korteweg reported (not quite truthfully) in October to Klein that only one vote
had failed to get Brouwer into the Academy.

The parallel struggle for recognition by the curators of the university was not
easily decided either; for one thing, it involved money! In September 1911 Brouwer,
irritated by the earlier rebuff from the City Council, informed Korteweg that he
would gladly continue his lectures on analytic geometry, since that was a personal
favour to Korteweg, but that he refused to lecture on projective geometry, since that
should be a favour to the authorities.>’ Apparently, Korteweg succeeded in calming
down his hot-headed student—the course on projective geometry was given after
all.

However prominent Brouwer had become through his majestic topological pa-
pers, in the privacy of his home, he was again beset by thoughts of the futility of it
all. In a letter of 7 November 1911, he bared his soul to the only friend who had seen
glimpses of the real Brouwer, the by now famous poet Carel Adama van Scheltema:

...Although I am nowadays fairly fertile, and have gradually gathered
some international fame and envy, you must not get an overly serious impres-
sion of my work. For I have, as ever, the intimate certainty that mathematical
talent is of the same sort as an abnormal growth of the nail of the big toe.

Yet, at congresses I play for the popes of science the role of an enthusiastic
ensign, but, when I paint in flammender Begeisterung (with burning enthu-
siasm) conversations rich with thoughts, with the prospects that inspire my
work, my apparently absorbed gaze quenches itself with the monomania of
their features, and sees in some of them inconsolable, imprisoned heroes, in
others poisoning kobolds, and in the latter the unprecedented hangmen of the
first. And while I am physically permeated with the sensation of being in hell,
my eyes beam with sadistic lust of sympathy.

>7Brouwer to Korteweg, 10 September 1911.
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My productivity therefore will never bring forth a grand creation, because
it is exclusively fertilised by a mocking dissection of what exists.”®

None of my colleagues will, however, fathom this, although some of them
eventually get ill at ease in my presence; they go round and speak evil.

The above passage provides a revealing glimpse of Brouwer’s insight into his
own motives, but it also shows the traditional tendency of the high-minded to flog
themselves mercilessly, to confess evil thoughts. Whereas Brouwer certainly was
not then or later in life, a dull-but-respectable citizen, he was not as contrary as he
wanted Scheltema to believe. Indeed, he could never bring himself to take science
deadly seriously, but he definitely had come to love his subject, and he had rather
strict ideals concerning it. Even his bleak views on the scientific community are
artistically exaggerated. No doubt, his rather unusual behaviour, choice of words,
of topics, would surprise, or even shock, people, and make him an easy target for
gossip or worse, but his relations with his colleagues were not disastrous; with some
of them he had lifelong relationships of friendship, and in general he recognised
honesty and ability.

Brouwer’s mildly cynical view of his learned colleagues, as described in the
above letter, sometimes manifested itself when his natural inclination for mock-
ing ran out of control under the influence of blatant pompousness, often combined
with insignificance. One such instance was recorded by an eyewitness: at a confer-
ence, during the lecture of some pretentious mathematician, Brouwer had taken the
precaution to stand at the back of the hall, so that he could unobstrusively leave if
things got unbearable. When, however, the speaker ventilated a particular shocking
enormity, Brouwer could no longer control himself and managed to fall flat on his
back, as if struck by thunder.>

If anything, it was his honesty and his high standards that, combined with his
emotional character, lent him a reputation of ‘difficult’. We have already seen his
conflicts with highly-respected members of the mathematical community; many
more are to follow.

In Dutch mathematical circles Brouwer was by now fully recognised. He had
presented two talks in 1908 and 1910 at meetings of the Dutch Mathematical So-
ciety,% and in 1911 he was the speaker at the November meeting with his talk The
theorem of Jordan for n dimensions.%" If his position in Dutch mathematics can
be measured by the role he played in the professional organisation, the Wiskundig
Genootschap, we note that he was appointed as a member of the Committee for prize

58 A surprisingly modest position for a man who has just solved one of the famous problems of
Cantor!

30ral communication E. Holder.

%01n the October meeting of 1908 he gave a talk On plane curves and plane domains (see p. 139),
and in the October meeting of 1910 he gave another talk, this time The invariance of the number
of dimensions.

6125 November 1911, published in Brouwer (1911e).
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essays, together with Ornstein, the theoretical physicist from Utrecht, at the meet-
ing of 26 April 1913. Shortly afterwards, at the April meeting of 1914, Brouwer was
elected President of the Mathematical Society for a two-year term.

Korteweg, in spite of the earlier rebuffs, refused to accept the verdict of the
city council of Amsterdam as final. He set out to organise another campaign for
Brouwer’s appointment, this time he not only argued the practical need for more
teaching support, but also the exceptional qualities of the candidate. As in the case
of Academy campaign, he collected some weighty references. This time he solicited
recommendations from Hilbert, Poincaré, Emil Borel and Felix Klein. Borel an-
swered somewhat guardedly, ‘The papers that he has published so far are interesting
and sometimes deep, they allow one to hope that he will one day arrive at important
discoveries. .. "% Borel’s judgement is certainly surprising: Brouwer had already
changed topology beyond recognition—what else could one want? Perhaps Borel
was aware of Brouwer’s foundational ideas (after all, Borel was at the Rome confer-
ence, and he could have attended Brouwer’s lecture, or read the paper) and expected
spectacular contributions. Borel also wanted to know if the position that was envis-
aged for Brouwer was a newly-created one, or if there was a competition involved;
the wording of the recommendation, he said, would depend on the nature of the
position. Korteweg patiently explained that he was thinking of a new position. The
final recommendations have apparently not been preserved.

In the meantime the lecturer Van Laar,®> a contemporary of Brouwer, had re-
signed and Korteweg saw an opportunity to propose Brouwer as his successor. In the
faculty meeting of 24 April, Korteweg vigorously defended the view of the mathe-
maticians that a replacement for Van Laar was necessary, the teaching for chemistry
and biology students required a separate course and an extra teacher. He proposed
Brouwer ‘who in a few years time had been able to become one of the leading math-
ematicians of our time’. The faculty, no doubt conveniently impressed by the letters
of recommendation of Hilbert, Klein, Poincaré and Borel, unanimously supported
Brouwer for a position of extraordinary professor. The switch from ‘lecturer’ to
‘extraordinary professor’ rather suited Brouwer; he was not looking forward to the
treadmill of teaching mathematics for applications.

Not only had Korteweg to embark on a long march along the various dignitaries
of the City Council; he also had to convince the faculty that mathematics required
and deserved reinforcement. The operation ‘a chair for Brouwer’ was carried out
parallel to a new initiative for Brouwer’s membership of the Academy.

This time Brouwer’ candidacy was proposed at the meeting of the physics section
of the Academy on 30 March 1912, by Korteweg, Schoute, W. Kapteyn, Jan de
Vries, Kluyver, Cardinaal en Hendrik de Vries. At the special meeting of 26 April

62Borel to Korteweg, 2 January 1912.

63The faculty was divided on Van Laar. Some found him useful, but others considered him to
suffer from delusions of grandeur, for example, he insisted that an honorary doctorate was due
to him. There was no support to keep him on. In fact, he was a man with a fine reputation in
thermodynamics. He indeed got an honorary degree in Groningen in 1914. For more information
see van Emmerik (1991).
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1912, Brouwer was this time elected in the first round. He again got the largest
number of votes, this time 37, hence he was elected straight away. The meeting went
through 7 rounds of voting before the last member passed the prescribed threshold
of 24 votes.

The Minister of Internal Affairs informed the Academy on 15 May that Her
Majesty the Queen had approved the appointments of the gentlemen de Sitter, L.E.J.
Brouwer, Boeke, J.C. Schoute, van Hemert en Wertheim Salomonson.

In early 1912 things started to move in the University; the curators, in particular
their president, the Mayor of Amsterdam, began to see the request of the mathemati-
cians with more sympathetic eyes. Korteweg and De Vries had visited the Mayor,**
and convinced him that Brouwer was ‘extremely competent’ and that the connection
between the University of Amsterdam and Brouwer should be given a firmer basis.
In May the faculty was asked to submit a formal request for Brouwer’s extraordi-
nary chair. From then on everything went smoothly. In July 1912 the appointment
was made official. Of course the decision had been favourably influenced by the
consideration that the final proposal only mentioned an extraordinary chair, with a
yearly salary somewhere between 2000 and 2500 Dutch guilders, which—as Ko-
rteweg pointed out—was less than the salary of a high school teacher (HBS).

After some more deliberations, Brouwer was indeed appointed. He expressed his
joy in a letter to Klein,% thanking him for writing a supporting testimonial.

At the time of his appointment Brouwer had already obtained more fame and
recognition in mathematics then all his Dutch colleagues together. Nonetheless the
title of ‘professor’ acted as a strong booster of his self-confidence.

On 14 October 1912 he gave his inaugural lecture®® in the auditorium of the
University. This time the topic was the foundations of mathematics. The title Inzu-
itionism and Formalism®’ is significant for Brouwer’s views on the topic; according
to him the prime contenders for the foundations of mathematics were the formalists
and the intuitionists—no mention of logicism, in particular Russell, is made. The
lecture is interesting as a review of the situation in the foundations, but apart from
some refinements of certain views, it is basically a reformulation of the disserta-
tion.%8 It owed its influence to an English translation, published by Arnold Dresden
in the Bulletin of the American Mathematical Society. This lecture made the name
intuitionism a household word for a particular mathematical-philosophical tradition
that goes back to (at least) Kant. In his inaugural address Brouwer introduces in-
tuitionism as a largely French philosophy of mathematics, which suffered from the
defects of Kantian principles. His own brand of intuitionism is introduced with the
words:

64Cf. Korteweg to the Mayor, 24 March 1912. The letter was accompanied by the recommendations
of Hilbert, Klein, Poincaré and Borel.

65Brouwer to Klein, 21 June 1912.
66pyblished in 1912, reprinted in Brouwer (1919b) and translated in Brouwer (1913b).

7 The terms “formalist’, ‘intuitionist’ were already in 1893 introduced by Felix Klein in his ‘Evan-
stone lectures’, Klein (1893). Klein’s meaning does however not coincide with Brouwer’s.

68Cf. van Dalen (1999b).
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Fig. 6.4 Brouwer at the
occasion of his inaugural
address in the main building
of the university at the
Oudemanhuispoort. [Brouwer
archive]
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However weak the position of intuitionism seemed to be after this period of
mathematical development, it has recovered by abandoning Kant’s a priority
of space but adhering the more resolutely to the a priority of time. This neo-
intuitionism considers. . .%°

In fact he wisely stuck to the name ‘intuitionism’ for his views, which from now on
represented mainstream constructive mathematics. The term ‘neo-intuitionism’ had
in fact been introduced earlier in a review of a book of Mannoury.”®

The lecture can be seen as the apotheosis of Brouwer’s first foundational pro-
gram, but it also shows glimpses of the new intuitionism. There is relatively little
new material; it consisted mainly of a survey of the various foundational views and
of an exposition of the intuitionistic criticism. The discerning reader will however
note some tension in the text. Brouwer appears to be moving from the first stage of
his intuitionism to the more mature second stage. At some places he is still using
the terminology of his first program, whereas at other places he has already moved

%Here the urintuition is spelled out again.
T0Brouwer (1910h).
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on to a more liberal and richer intuitionism. We shall come back to the inaugural
address on p. 233.

One interesting point worth mentioning is that Brouwer briefly compared the real
numbers of the intuitionist and the formalist; the first, he said, recognise only deci-
mal expansions given by laws, whereas the formalists allow expansions ‘determined
by elementary series of freely selected digits’.”! Although one might conclude that
this was a wholesale condemnation of arbitrary sequences (and the admissibility
of ‘choice’) one should keep in mind that Brouwer is talking about the continuum.
Here an undetermined sequence would not yield a well-determined, individualised
real number. This would not rule out arbitrary sequences as legitimate objects. We
will see that he later reconsidered this view, cf. p. 236. Already in the 1914 review
of Schoenflies’ revised Bericht, he accepted arbitrary choices as legitimate objects
for intuitionists.”?

Considering the number of projects (with accompanying conflicts) Brouwer was
involved in, one is inclined to think that job hunting would have been the least of his
problems. But one should keep in mind that his mathematical activities, including
an almost incessant travelling, heavily burdened his financial reserves: furthermore
the annuity of Brouwer’s mother-in-law (the substantial sum of 1100 guilders) fell
heavily on the budget of the Brouwer couple. It may be remarked in passing that
Brouwer made himself a perfect nuisance in the matter of the annual payments. He
was often late and had to be reminded of his obligations by the family of Mrs. de
Holl. The pharmacy was far from a gold mine, and the fee of a privaat docent was
not sufficient for the lifestyle of a leading, travelling and letter-writing mathemati-
cian; the extra income of a professorship, was most welcome. In fact, his brother
Aldert, who worked as a geologist in the Dutch Indies, financially supported Bertus.
To put not too fine a point on it, Bertus was slowly accumulating a debt!

One should also not underrate the psychological effects of the lack of recognition
at home: his contemporaries (who were not in the same mathematical league!) were
getting chairs, and he was left out. There are no specific complaints about persons,
but there is no doubt that Brouwer thought himself passed over by the establish-
ment. This was partly due to his personal preference for the geographical location.
Not only was he strongly attached to Amsterdam and to Het Gooi as a perfect envi-
ronment, but he was also subjected to a boundary condition that nowadays is gener-
ally recognised, but that was rather uncommon in his days: his wife had a job. Not
only just a job, but one that could not so easily be transferred to another town—one
has to keep in mind that the pharmacy had a tradition, and that a pharmacy, say in
Groningen, would not have the same emotional value.

So when Korteweg in April 1913 warmly recommended Brouwer for a mathe-
matics chair in Groningen, which had became vacant upon the sudden death of P.H.
Schoute, Brouwer was faced with a difficult decision.

Korteweg had reached years ago the conclusion that his student should, if at all
possible, be kept in Amsterdam; moreover, he was ready to act on his own if the

71 Brouwer (1913b), p. 92.
72Brouwer (1914), p-79.
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authorities did not share that view. Since the negotiations with the curators did not
yield palpable results, he generously proposed that he and Brouwer should switch
chairs. At the time Korteweg was 65 years old,” and he had found the recognition
that was due to his solid mathematical production. He felt that at this point it was of
tantamount importance to put Brouwer’s career beyond risk. The thought may seem
strange from our present viewpoint, sooner or later a university, be it in Holland
or abroad, would make him a fair offer. But one has to keep in mind that there was
always the possibility that Brouwer could bid farewell to mathematics and academia
at any time; the mystic in him was still powerful enough to make him give up the
worldly affairs of science and mathematics.

Korteweg presented his plans to the curators of the university, who invited him
and De Vries to their meeting of 28 June for further explanations. The curators
expressed their concern for Korteweg’s pension rights, and when that was settled
to everyone’s satisfaction, they wondered if the faculty would after all, even with
Brouwer and De Vries as full professors and Korteweg as an extraordinary professor,
require an extra mathematics professor. Korteweg confessed that he had not even
consulted the faculty on his present proposal, but that the faculty would doubtlessly
react quickly to a request of the curators for support. He made it clear that under the
present circumstances his proposal was motivated by the offer of a Groningen chair
to Brouwer. The curators were apparently convinced of the importance of keeping
Brouwer in Amsterdam, and so they sent the proposal with their official backing to
the city council.

Lize, in a letter to Brouwer’s brother Aldert and his wife Lily in the Dutch Indies,

soberly summed up the situation:”*

Last week Friday Professor Schoute in Groningen died. Bertus can be ap-
pointed there as an ordinarius;’> of course we cannot accept it, but it may lead
to a rise in salary or an appointment to ordinarius.

The choice between Amsterdam and Groningen worried the Brouwers a good
deal; the weighing of all factors kept them busy. Lize had made up her mind.

I am not in favour [of Groningen]. It would cause great changes, Blar-
icum would no longer be useful and everything should be sold. The pharmacy
would also be over. Groningen is in the north, but Bertus would again wish to
live in the country in Anlo or Gieten. The main advantage would be that we
should at last have a regular household. This way of life is not easy. Bertus
finds the travelling back and forth rather a welcome change. Yet I have an idea
that a regular household will not suit Bertus. Enfin, for the time being we can
only wait.

Brouwer was thus confronted with a difficult dilemma: go to Groningen and get a
substantial raise, or stay in Amsterdam. While conducting high school examinations

73The retiring age was 70.

74Lize to Aldert and Lily, 4 May 1913.

Ti.e. a full professor.
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in The Hague (recall that university professors spent part of their summer vacation
touring the country, conducting oral examinations at gymnasiums), he asked Hilbert
for advice.”® Should he accept the offer from Groningen, which left him totally free
to teach and conduct his research, but

where I will find in the petty provincial town fewer sympathetic colleagues
than in Amsterdam, i.e. in a lively big city, which has always been intimately
connected with my life, where I have my cosy home in Blaricum, and where
the dunes are close by.

Amsterdam had in the meantime adopted Korteweg’s scenario: Brouwer was of-
fered Korteweg’s chair. With the chair went, however, the obligation to teach ‘me-
chanics’; Brouwer feared that his research would suffer under the demands of this
particular piece of applied mathematics. From the letter to Hilbert, one gets the im-
pression that Brouwer had already made up his mind, he was horrified of an exile in
(what was usually considered) the northern wilderness—‘The small-town contacts
with the conventional pressure must be terrible in Groningen, and there is no nature
around at all’, he wrote to Hilbert. But above all, his heart was in Amsterdam and
Het Gooi.

A month later the matter was determined by ‘force’; the University of Groningen
issued an ultimatum, and Brouwer opted for Amsterdam. Korteweg had deftly ma-
noeuvred Brouwer’s chair through the faculty; on 26 June he told the faculty that the
University of Groningen demanded Brouwer’s decision before next Saturday. The
board of the University did not object to the arrangement, so he told. And thus, the
faculty unanimously accepted the proposal. Now Brouwer’s toil of years of research
was rewarded by a full professorship at the University of Amsterdam, a young uni-
versity, but one which had already gathered a considerable amount of prestige, and
which had added now a precious pearl to its crown. Brouwer thus became a full
professor with all the prestige it carried in those days; in addition it brought him a
salary of 4000 guilders per annum (+ 500 guilders lecturing fees).

While the Universities of Groningen and Amsterdam were considering to offer
positions to Brouwer, there was another university interested in the same young
scholar. The University of Gottingen was looking for a successor to the eminent
mathematician Felix Klein, who was about to retire. The mathematics department
wished to fill the vacancy with a mathematician with a geometric approach to math-
ematics, and not just in the narrow sense, but in intimate connection with all areas
of mathematics. The faculty listed three candidates, who had mastered the present
prominent problems, which emerged from the connection of set theory and function
theory: ‘What are the most general ideas one has to form about the continuum and
the structures which are contained in it?” The three candidates were Carathéodory,
followed at a distance by Hermann Weyl and Egbertus Brouwer (ex aequo). The
choice of the faculty clearly shows that Hilbert, as the most influential man, was
sufficiently impressed with Brouwer, to think him good enough for Géttingen. The

76Brouwer to Hilbert, 16 June 1913.
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available material strongly suggests that Brouwer was not aware of the Gottingen
proposal (else Korteweg would have used it as another strong argument to convince
his curators).

One should not get the impression that Brouwer was after the comfortable life of
a research professor; he certainly had his problems combining a flourishing scien-
tific practice with the aspects of teaching, but on the whole he, then as well as later,
took his teaching duties quite seriously. Apart from the routine calculus courses for
the science faculty, he gave courses on topics closer to his research interests. In
1913 he taught a course on the theory of functions, and he introduced a novelty—
undoubtedly inspired by the German example: namely a seminar in pure mathe-
matics for the older students. The seminar consisted of talks by students on recent
advances in mathematics, and it was obligatory for the doctoraal exams.

Furthermore, Brouwer was—against his wishes—sucked into the committee-
circuit; he had to attend faculty meetings, official exams, academy meetings, etc. On
top of that he was rather occupied with writing reviews for the Revues Semestrielles,
a Dutch review journal. Brouwer and his colleague Hendrik de Vries drew some
comfort from a certain degree of innocuous tomfoolery that they practised at ex-
ams and meetings. De Vries excelled in providing comments under his breath that
heavily taxed Brouwer’s facial muscles.

Brouwer’s teaching consisted at that time of a number of topics. A considerable
part of his time was taken up by the standard course Differential- and Integral Cal-
culus for chemistry students. As Lize put it,

...it has to be taught fairly superficially, this is very dull for Bertus. He re-
quires the students to make exercises, and is of course very cross if this is
done poorly. Last week he had a young lady, who in this respect gave little
reason for being content; he made her work at the blackboard for half an hour,
so that she almost fainted. As a contrast he called somebody to the blackboard,
whom he knew would solve the problem in 5 minutes.”’

The sudden elevation from beginner to expert, and from privaat docent to profes-
sor, seemed to have taken Brouwer by surprise. As so often happens, the newcomer
was loaded with tasks that soon accumulated to more than he could handle. A num-
ber of these tasks were undertaken in the expectation of a better position, but some
were indeed almost forced upon him. The signs of the pressure on Brouwer soon
began to tell; on New Year’s Eve he more or less desperately wrote to Korteweg,
reporting on the prize essays of the Wiskundig Genootschap (Dutch Mathematical
Society), that

With the continuous pressure, under which I live as a consequence of all
kinds of obligations with respect to foreigners, for the fulfilment of which
time is lacking me, and as a consequence of the standstill of my mathematical
researches (to which in my opinion, the task of a professor and member of the

"TLize to Aldert and Lily, 4 May 1913.



224 6 Making a Career

Academy forbids me to resign), I am forced to refrain from all unnecessary
work.”8

The situation, however, did not improve, and Brouwer kept complaining. And so
it is hardly surprising that Korteweg deemed it necessary to set his gifted student
: oht 79
right.

Amice, De Vries already told me how much Gottingen®” occupies your
time and I quite understand that at this moment you do not want to take on a
lecture.®! Anyway, my request was only a consequence of my endeavour to
raise the level of these talks as much as possible, and I half and half expected
that you would excuse yourself this time.

Less did I expect your outburst. That your professorship suits you so little
distresses me very much. I view this, however, as a subjective phenomenon,
indeed connected with your great talents, like everything in a particular human
being is more or less connected, but I don’t consider it inseparable from such
talents.

In my opinion our physicists, who are members of international Academies,
and for a prolonged period had no fewer official encumbrances than you (Van
der Waals, Lorentz, who took over [Kamerlingh-] Onnes’ course for the med-
ical students) prove that. It is thus difficult to accept that six courses a week,
partly elementary in nature, a few examinations a month (with an ample four
months of nearly undisturbed vacation (sic!)) would prevent anybody from
expecting scientific work, also of the highest level.

If this is the case with you, then there is for you really nothing but to accept
a German chair, and that occasion will not fail to come up, although I expect
that also there, ‘hampering’ influences will arise, if you are so sensitive to
them. It is another question if you could not, if you come, with me, to the
conclusion that the difficulty is to be found in yourself, do something or other
to lessen the conflict.

For example, prepare your courses in the vacation, so that you are always
well ahead, and that you have to prepare yourself each time only briefly. That
would take away much of the nervousness and agitation that otherwise is in-
herent to the teaching of new material for the first time.

The reaction of Brouwer to this fatherly advice is not known, but a month later
Korteweg wrote another letter in the same vain. The direct cause was Brouwer’s
wish to withdraw from the prize-essay committee of the Mathematical Society. His
success in the world of mathematics had its consequences: the demands from aca-
demic and mathematical organisations started to absorb all his time and energy. And

"8 Brouwer to Korteweg, 31 December 1913.
79Korteweg to Brouwer, 4 June 1914.

80Brouwer’s research contacts were mainly with Gottingen; moreover, he was involved in referee-
ing for the Annalen even before he became a member of the editorial board.

81 At a meeting of the Math. Soc.
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in an act of desperation he had blamed the stagnation of his mathematical research

on the professorship. Korteweg put things into a more realistic perspective, when he
82

wrote

Whereas under different circumstances I would be most pleased with your
honourable appointment to editor of the first among the mathematical journals
of the world,®? this is now not whole-heartedly, and for more than one reason.

In the first place 1 view the work with which you are swamped by the
Gottingen people as a very serious and lasting hindrance for the continuation
of your own work, and yet you will be in the long run, also in Germany, be
judged by that.

In the second place 1 foresee that you will absent yourself more and more
from Dutch mathematical life, whereas one expects, in my opinion justly so,
the opposite attitude of a Dutch professor [.. .]

In the third place 1 fear that you will look for the cause of your diminished
fertility there where it is not, or only for a small part: in your professorship,
and this will thus appear more and more as a pure nuisance. [...]

I must concede one thing, in order not to become unfair with respect to you.
Namely this, that elementary courses seem to present you with great difficul-
ties because they arouse your impatience, and seem to make you temporarily
unfit for other work.

Korteweg’s diagnosis was perfectly to the point, and, in view of later develop-
ments, prophetic. Indeed, the lure from G6ttingen was an unparalleled temptation,—
to be elected to the mathematical elite! The price was dear: Brouwer spent a great
deal of time refereeing papers for the Annalen. And, necessary and honourable as it
might be, it was not sensible to exchange research for supervision.

Korteweg, who had given up his chair for his student, had good reasons to be
bitter, but his main worry seemed to be the fate of this student. He pointed out that,
contrary to Brouwer’s complaints, the Netherlands and its universities were on the
whole a congenial environment for the young scientist, and that Brouwer had indeed
profited from the liberal possibilities.

The reaction of Brouwer has not been preserved, but we may assume that he
accepted the consequences of his position; he did not give up his chair, nor did he
severe his fresh links with the Annalen. The outbreak of the war solved the prob-
lem of the claims of Géttingen by brute force: the demands of the Annalen were
temporarily reduced to more moderate proportions.

6.7 Schoenflies Again

So far Brouwer had led the life, not only of a fundamental researcher, but also of a
free-lance philosopher and a moralist. Lately another burden, that had nothing to do

82Korteweg to Brouwer 13 July 1914.

83Brouwer was appointed editor of the Mathematische Annalen, cf. Brouwer to Klein 10 July 1914.
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with his administrative or teaching duties, had been added to already overcrowded
schedule: the co-operation with Schoenflies.

The comprehensive survey of Schoenflies, commissioned by the German Math-
ematical Society, had presented a state of the art in set theory and topology. The
two volumes appeared in 1900 and 1908. The volume on topology had attracted
Brouwer’s attention; he had studied it closely and used it as the background mate-
rial for his own research. As we have seen, the monograph was not proof against
Brouwer’s scrutiny, which had revealed a number of serious lapses. The ‘Analysis
Situs’-paper had resulted from this study.

In view of the importance of the topic, and also of the so-recently discovered
mistakes in the topological part of the Bericht, Schoenflies started to prepare a new
edition.

Brouwer, as the recognised expert on topology, had been receiving from various
quarters the request to write a book on set theory, since the existing books and
encyclopaedia contributions were too superficial and undependable. When Brouwer
was visiting Gottingen in the summer of 1911, he was confronted with new attempts
to get him to write such a book; he suggested that a satisfactory solution could be
reached with little loss of time ‘if he were given the opportunity to supervise the
book of Schoenflies during the preparation, and when necessary to improve and
supplement it’.34

At the time Brouwer was fully engaged in research, and the writing of a book
would seriously interrupt it. When that same summer Brouwer visited Fricke in the
Harz, the latter offered to mediate between Brouwer and Schoenflies. This, at first
sight, fortunate solution proved disastrous; Schoenflies wanted to restrict Brouwer’s
role to the correction of mistakes, and Brouwer, naturally, wanted to improve the
book in depth and to update it.

The ensuing bickering upset both parties, but Brouwer suffered most; his quick
and emotional mind could not cope with the slow pace of the older man, who fought
a war of entrenchment against Brouwer’s innovations, and who often failed to grasp
Brouwer’s corrections and improvements. He would, for example, ask Brouwer to
prepare part of a chapter, only to tell him later that the text should be incorporated
in another chapter; Brouwer reacted,

That is not how Schoenflies can make use of my time, which has its value,
just as much as his time. I am neither his assistant, nor I am helping him
out of personal friendship, but because I find it important that a good book
on set theory should be produced, and because I am at the moment the most
competent person in this area.®

Again and again, Schoenflies would try to escape the iron control of Brouwer. He
apparently did not come up to the standard of exactness that was set by Brouwer in
topology, and by Zermelo in set theory. Even Hilbert’s influence was not sufficient to

84Brouwer to Hilbert, 16 April 1913.
85Ibid.
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keep Schoenflies on the right track. He regularly abbreviated, reformulated, or even
cancelled Brouwer’s corrections, ‘He starts to abridge industriously much of what,
after an endless correspondence, finally was formulated correctly. He must be very
overworked, for he makes mistakes, for which any student should be ashamed.’80

Schoenflies kept rehashing Brouwer’s contributions, and relapsing into his old
mistakes. In reaction, Brouwer would repeatedly appeal in desperation to Hilbert,
begging him to bring Schoenflies to reason. Schoenflies, also turned to Hilbert with
the urgent plea to rescue him from the hands of this merciless Dutchman, just as he
done at the occasion of the ‘Analysis Situs’-paper. Unfortunately the correspondence
concerning the revised version of Schoenflies’ book is deplorably incomplete, but
enough is left to understand the mutual irritation of both men.

Schoenflies enjoyed a reputation as an excellent expositor, and he understandably
reserved the right of the final wording of the manuscript. Brouwer’s censorship was
far from complimentary for a man of his age and status; in fact he repeatedly tried
to rebel. Once he sent in despair Hilbert a proof sheet, with a sentence underlined in
red, that, according to Brouwer, contained a logical mistake, challenging Hilbert to
find it—‘If you find it, I will gladly give you a present.’®” More than four letters were
exchanged between Brouwer and Schoenflies to discuss this particular sentence!

The whole affair was taxing Brouwer’s patience heavily, and some of the letters
are therefore rather harshly formulated; at one occasion Schoenflies had, for exam-
ple, inserted a statement to the effect that a certain theorem could be proved using
Brouwer’s methods, whereas Brouwer had given a counterexample to the theorem.
Utterly astounded Brouwer demanded to know if he was to be quoted as the in-

86Brouwer to Hilbert, 16 June 1913.
87Schoenflies to Hilbert, 8 July 1913.
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tellectual father of the proof of a falsity. Given Brouwer’s emotional sensitiveness,
one can easily understand Mrs. Brouwer, when she added a post script to a letter
from Brouwer to Hilbert; ‘If my husband does not become insane on account of
Schoenflies, he has to thank you for it 88

The new edition of the Entwickelung der Mengenlehre und ihrer Anwendungen
appeared in 1913.%7 The book must have been a sad disappointment to the experts
in the field; all the developments of the last few years were ignored. Almost none
of Brouwer’s achievements in the ‘new topology’, or even in Cantor—Schoenflies
topology, were incorporated. It was as if the shock of the Analysis Situs paper had
paralysed Schoenflies. He left out all the material concerning curves, dimension,
etc. Brouwer’s influence apparently did not go far enough to add material, only to
correct or to omit.

In a sense the book was already obsolete by the time it appeared. It was al-
most immediately superseded by Hausdorff’s Grundziige der Mengenlehre (1914).
Also, as far as Brouwer’s wishes were concerned, the book was a disappointment—
no account of his recent advances in topology was given, and the demand for a
coherent exposition remained. His stratagem, to incorporate the newer material
intoSchoenflies” book had utterly failed. Although Brouwer is mentioned here and
there, there are hardly any recognisable traces of his mastery of set theory and topol-
ogy.

In the introduction Schoenflies profusely thanked Brouwer for his ‘unselfish and
abundant’ support, pointing out that not only he, but ‘the collective mathematical
world” was in debt to Brouwer for the exact and useful form of the book.

Brouwer had lost his last struggle with Schoenflies, when he tried to force
Schoenflies to insert a statement to the effect that the co-operation of Brouwer did
not mean that he had given up his constructive convictions in favour of the set-
theoretic ones; Schoenflies flatly refused to do so. It seems plausible that the sup-
pression of Brouwer’s intensive involvement in the preparation of the volume was
the result of a compromise.

Some of the objections of Brouwer can, however, be found in his review of 1914,
in which he not only objects to some parts that become meaningless when seen from
an intuitionistic viewpoint, but also pin-points some weak spots in the ‘classical’
treatment.

With this item the first act of Brouwer’s mathematical career ends; a number of
topics will reappear in the sequel.

There is no doubt that the co-operation with Schoenflies heavily taxed Brouwer’s
resources; the material in itself was not a serious obstacle, but the endless bicker-
ing, pointing out mistakes, giving new proofs, only to find that Schoenflies did not

88 “Wenn mein Mann durch Schoenflies nicht verriickt wird, verdankt er es Ihnen. Ihre Lize Br. Mrs.
Brouwer to Hilbert, 11 September 1913.

8 Although the title page says ‘published jointly with Hans Hahn’, Schoentlies is the only author.
Hahn acted as a critic and adviser (albeit not as prominently as Brouwer), he was to write a second
volume on real functions which never appeared. In 1921 Hahn published his own monograph
Theorie der reelle Funktionen I, Hahn (1921).
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grasp the point and preferred his own defective arguments—it all wore out Brouwer.
A more equanimous man would have borne his cross quietly, but Brouwer—with his
fierce convictions of right and wrong—was easily tempted to see insults, and hence
to repay in force. Conflicts in general affected him strongly, to the extent of physical
afflictions. So it is not unthinkable that Schoenflies’ hard headedness had worn out
Brouwer’s resilience to the extent of the drying up of the fountain of topological pro-
ductivity. The complaints of Lize, who knew her husband well enough, are telling.
She complained in the above-quoted letter to Aldert and Lily, that the Schoenflies
project had cost Bertus the priority for Poincaré’s last theorem.

The ultimate recognition, which generously redressed all the hardships of the
past years, had come in July 1914, when he was co-opted by the Mathematische
Annalen as an editor. In a letter of 10 July to Felix Klein, Brouwer expressed his
appreciation for this ‘high honour’. The appointment was indeed the crown on his
scientific work; the journal carried a prestige that surpassed that of scientific so-
cieties and academies. Under Klein’s regime the Annalen had become the leading
journal in mathematics, and the editorial board was more than just a collection of
editors: in Carathéodory’s words it had been moulded into

a kind of Academy, .... That was in my opinion the main reason why the
Annalen could claim to be the first mathematics journal in the world.”

As we have learned from Korteweg’s letters, Brouwer was already working for the
Annalen before his elevation to the rank of editor. Brouwer told Schoenflies in 1921
that he was an informal editor (Mitarbeiter) from 1911 to 1914.9!

At the age of 33 Brouwer had now reached the highest position in the republic
of mathematics, ten years after his first papers, and in spite of his attacks on the
prevailing views on the foundation of mathematics.

9Carathéodory to Courant, 19 December 1928.
IBrouwer to Schoenflies, 17 January 1921.



Chapter 7
The War Years

The Great War that brought tragedy and hardship to the warring nations, passed
by the borders of the Netherlands, a country that took its neutrality for granted.
The Dutch mobilised on the first of August 1914, all political parties supported the
government in its energetic policy of neutrality. The average citizen had only vague
ideas concerning the reality of war, after all, since Napoleon’s defeat, the nation
had only known the short skirmish of the Belgian uprising, and the far and exotic
military exploits in the colonies. The European conflict was generally considered to
be ‘none of our business’, and sympathy for the Entente and the Central Powers was
fairly evenly distributed.

Brouwer, who had visited in July cathedrals in France with his stepdaughter
Louise, had returned home before the outbreak of hostilities, firmly resolved to stay
at home. But soon his curiosity got the better of him, and in early August he travelled
to the war scene, where he reportedly saw quite a bit during a stay of a week.!

The immediate consequence of the war for Brouwer was a disruption of his in-
ternational contacts. In the last few years he had come to consider Gottingen as
his second scientific home; ties of admiration and friendship bound him to Hilbert,
Klein, Blumenthal and others. And, although it was not impossible for a subject of a
neutral nation to travel in the territory of the belligerent nations, it was far from sim-
ple to obtain the required visa and permits. So, in effect, his contacts were limited
to correspondence.

Whether the isolation was the main cause, or perhaps the lure of the foundations,
the war years saw a return to the problems that were raised in his dissertation, and
that had been left unsettled. War or no war, the University went about its business,
and Brouwer had to carry his teaching load like his fellow professors. Apart from
the standard courses (which rather bored him—but which he always took seriously),
he taught a number of courses on subjects of his own choice. In 1912, whilst still a
privaat docent, he had started a course on algebraic functions, and after his appoint-
ment as an extraordinary professor he introduced courses on Theory of Functions

IBrouwer to Scheltema, 15 August 1914,
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(Functiereekening), which were actually courses on point-set theory. The University
catalogue announced the 1912 course as Functiereekening, but Brouwer listed the
course in his own notes as Point sets. In addition he gave in his first professorial year
another course: General Set Theory.

From 1913 onwards he taught also the courses on Mechanics, inherited from
Korteweg. Through the years he offered courses in Higher Mechanics (in two parts,
I and II) and the Theory of Oscillations. Furthermore he regularly taught courses on
geometry, described in the catalogue as follows:

Projective Geometry I (1913—14)—Projective coordinates, Projective and recip-
rocal transformations, invariants, Conics and sheaves of conics, higher algebraic
curves, multiplicity of intersections, connection between equations in point and
line coordinates, multiplicity of main points of a tangent, Pliicker relations, n-th
degree dependence of point systems, genus of algebraic curves, theory of unicur-
sal curves.

Projective Geometry I (1914-15)—Continuous groups, non-Euclidean Geome-
try, Foundations of Geometry.

Set Theory (1915-16)—Finite and infinite cardinal and ordinal numbers, the fun-
damental operations with well-ordered ordinals of the first, second and third do-
main, general theory of well-ordered sets, intuitionistic generation of point sets,
solution and internal decomposition of point sets.

In particular the kind of set theory that had been initiated by people like Baire
and Emile Borel (what we now would call the theory of real functions, or descriptive
set theory) was close to Brouwer’s personal interests. This course was at first intu-
itionistic in the spirit of the dissertation, only after 1915-16, when Brouwer knew
how to handle his new intuitionism, based on choice sequences, it became fully
intuitionistic in the modern sense.

There is not much material that helps us to form an idea of the courses during
the first years of Professor Brouwer; the first notable piece of evidence is a set of
handwritten course notes of his 1912-13 lectures on set theory. It sheds light on the
evolution that Brouwer’s foundational views underwent in the years of introspection
and search.

7.1 Sets and Sequences—Law or Choice?

In order to appreciate the solitary quest of Brouwer for the truly constructive math-
ematics one has to go back a little in history and view the early approaches to con-
structiveness as advocated mainly by Borel.

Virtually all mathematicians will recognise the numbers 1,2,3,4,... as effec-
tively given. The German mathematician Leopold Kronecker even went so far as to
say that ‘the natural numbers are made by God, and everything else is the work of
man’, which was the poetic expression of his belief that the only legitimate math-
ematical objects (on the side of number systems, geometry was not included) were
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those that could be reduced to natural numbers. We know lots of those objects: inte-
gers (as pairs of natural numbers, for example, (5, 2) stands for 3 and (2, 5) for —3),
rational numbers (as pairs (n, m) with m # 0, for example, (5, 2) stands for %).

Irrational numbers can also be given by means of natural numbers, for exam-
ple, if they are roots of polynomial equations, but in general they do not have such
simple representation. Therefore, Kronecker banned the irrationals that were not
decently representable from mathematics, a feat that did not contribute to his pop-
ularity among his contemporaries. Fortunately he was one of the giants of algebra
and number theory, so his authority did not depend on his foundational views. Kro-
necker was an outspoken man, and he did not hesitate to attack well-respected and
well-established colleagues. His attacks on Cantor and Weierstrass were notorious.
He was the hornet of the end of the nineteenth century, and he did not hesitate to
call the work of certain contemporaries totally devoid of meaning. In the eyes of
most mathematicians Kronecker was an eccentric, albeit brilliant, man, but his re-
jection of that what was generally accepted as progress gave him the reputation of
a reactionary and kill-joy. Kronecker stressed over and over that only mathematical
objects that could be admitted were those constructible in finitely many steps. It was
not unusual to contrast in Kronecker’s days the ‘algebraic’ and ‘logical’ methods,
the latter were abstract, such as Cantor or Dedekind used, the first were finite and
effective.

After Kronecker, the French mathematicians, led by Poincaré and Borel, started
to cultivate certain constructive arguments. Poincaré, as we have seen, was close
to Brouwer in certain respects. The French constructivists stressed in particular the
‘definability in finitely many words’. Their view, which was generally shared by
mathematicians of a constructive leaning, was that ‘infinite objects’, i.e. objects that
could not be built in finitely many steps from natural numbers, should be presented
by a finite definition, so that there was a finite guarantee (building instruction) for
their existence.2 Remarks to that effect can be found in the literature. Otto Holder,
for example, in his book The mathematical Method explicitly demanded, that if one
wants to give a set with infinitely many points, one has to prescribe a law.> Thus,
for instance, the irrational number V2 is effectively determined because there is a
specific procedure to calculate all decimals. A real number whose decimals were
successively determined by flipping a coin (e.g. 0.0011101010111110...) was thus
not be admitted.

Brouwer seemed to share this view still in 1912, when he gave his inaugural
lecture ‘Intuitionism and Formalism’:

Let us consider the concept: ‘real number between 0 and 1°. For the formal-
ist this concept is equivalent to ‘elementary series of digits after the decimal
point’; for the intuitionist it means ‘law for the construction of an elementary

2 An analysis of the ideas of the French constructivists can be found in the excellent and instructive
survey (Bockstaele 1949).

3Die Mathematische Methode, Holder (1924), p. 98. He refers to an earlier statement of the same
tenor in 1892.
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series of digits after the decimal point, built up by means of a finite number
of operations’. And when the formalist creates the ‘set of all real numbers
between 0 and 1°, these words are without meaning for the intuitionist, even
whether one thinks of the real numbers of the formalist, determined by ele-
mentary series of freely selected digits, or of the real numbers of the intuition-
ist, determined by finite laws of construction.*

Before we conclude from this quotation that Brouwer rejected sequences of
“freely selected’ numbers, let us recall that the above refers to the individual points
of the continuum and not to the so-called unknown points. These points must be
given by a law in order to turn them into distinguishable, individual points; a freely
selected decimal expansion would (viewed in that stage of Brouwer’s programme)
not yield a specific well-determined point. Indeed, two pages later Brouwer asserts
that the intuitionist may admit, on the basis of the intuition of the linear continuum
elementary series of free selections as elements of construction.

The real numbers of the inaugural lecture are given by decimal expansions. Such
an approach is more restrictive than the treatment in his dissertation. It is not im-
plausible that Brouwer chose the ‘decimal’ approach on didactic grounds. After all,
the lecture was for an audience of non-specialists. It took Brouwer until 1921 before
he publicly renounced the adequacy of decimal expansions for representing the full
continuum.

It should be pointed out that the terminology of Intuitionism and Formalism is
that of 1912, that is to say, before Brouwer had started his own modern brand of
constructivism. So, ‘intuitionist’ is a fairly loose term, referring at this time both
to the French school and to his own ‘improved intuitionism’. It is not simple to
compare Brouwer’s first intuitionism with the earlier and contemporary forms of
constructivism or intuitionism. Borel, for example, insisted on the ‘finite defin-
ability’ condition for mathematical objects, but this notion hardly plays a role in
Brouwer’s writings. With Brouwer, ‘constructiveness’ and ‘algorithm’ are more or
less immediate—one recognises a law when one sees one. That is to say, Brouwer’s
algorithms are basically the result of his natural number construction (the two-ity in-
tuition) but he did not bother to investigate the possible algorithms. Brouwer agreed
with Poincaré on the topic of mathematical induction, but he vigorousl