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Chapter 90
A Bi-level Multi-objective Optimization Model
of Multiple Items for Stone Industry under
Fuzzy Environment

Muhammad Nazim, Abid Hussain Nadeem and Muhammad Hashim

Abstract Traditionally, stone industry is produced essential materials for the con-
struction industry but stone industry is always debated as a high emission industry
for stone dust and waste water. This emission has an adverse impact on environment,
humans, agriculture and ground water. This paper focuses on how to optimize the
stone industry. The government is considered as the leader level which will make a
strategy to plan the exploring amount of every stone plant and sustainable develop-
ment in stone industry to create employment opportunity and economic growth. The
stone plants are considered as the lower-level decision-makers which optimize their
objective functions under the constraint of leader. The stone plants have individual
objectives of maximizing the profit and produce different product according to the
demand constraints under the limited exploring amount. Due to the lack of histori-
cal data, some emission coefficients are considered as fuzzy numbers according to
experts advices. Therefore, a bi-level multi-objective optimization model with pos-
sibilistic and predetermined constraints under the fuzzy environment is developed
to control the pollution and get sustainable development in stone industry. For some
special fuzzy coefficients, the equivalent model is obtained. At the end, a practical
case is proposed to show the efficiency of the proposed model.

Keywords Bi-level multi-objective programming · Possibilistic constraint · Stone
industry · Fuzzy simulation

90.1 Introduction

Natural and artificial stone industry partly contains the stone quarrying, processing
stone, recycling stone and so on. As a result of above processes the stone industry is
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produced different sorts of essential material product for the construction industry.
Especially the building culture around worldwide is growing very rapidly. The prin-
ciple rock types used as ornamental stone are marble and granite products. The stone
industry supply and demand is increasing internationally. Since a large demand has
been placed on building material in the building industry owing to increasing pop-
ulation this has caused a chronic shortage of building material. Accumulation of
unmanaged waste especially in the developing country has resulted in an increas-
ing environmental concern. Recycling of such waste as a building material appears
to be a viable solution not only to such pollution problem, but also the economi-
cal design of building [7]. During the processes of quarrying stone, cutting stone
and processing stone, stone industry is emitted huge amount of emission. That why
stone industry is blamed as a high emission industry for the stone dust and waste
water. During the stone cutting process, water is used for the purpose of cooling and
collecting dust. The resulting water is a suspension of limestone powder. The annual
amount of waste generated by this process includes 700,000 tons of slurry waste in
addition to 1 million tons solid waste. The dumping of this waste in open area has
created several environmental problems and negatively impacts agriculture humans
and ground water [1]. In addition, destroying vegetation cover, regional topographic
changes, soil erosion and disordering landscape are other negative environmental
impacts [5]. Currently, waste water is treated in order to recycle the water for reuse,
while the produced slurry is being dumped to open areas. The resulting solid waste
is mainly limestone powder, which can be recycled in different forms of useful prod-
ucts like those related to construction materials [4]. Ammary [6] proves that stone
cutting industry can be modified to convert them into zero discharging industry by
recycling the waste water. The sludge can be used for producing bricks when it is
in the slurry phase thus eliminating the need for water for producing bricks and
the need for sludge disposal. Nasserdine et al [2] use the review of existing prac-
tice and jar test experiment to optimize the water recycling and treatment facilities
in the stone cutting industry. Almeida et al [3] proposed and an overview of solu-
tions to absorb the stone slurry and demonstrate the technical viability for producing
white cement concrete with carbonate stone slurry in order to solve the problem of
the waste generated by the natural stone industry. Furthermore, it may be said that
marble and granite replacement rendered a good condensed matrix. The increased
durability of concrete can be attributed to the glass content and chemical compo-
sition of the granite. The results of one study showed that the marble and granite
waste aggregates can be used to improve the mechanical properties, workability and
chemical resistance of the conventional concrete mixtures [8].

An important milestone in understanding the relationship between economic
growth and the environment was laid during the second quinquennium of the 1980s,
which recognized the complementarities that existed between them, with an empha-
sis on the need to mainstream environmental concerns into the planning process in
order to ensure sustainable development [9, 10, 20], in their path-breaking work on
the potential environmental impacts of the North American Free Trade Agreement
(NAFTA), had extended this milestone by providing seminal evidence in support
of an inverted U-shaped relationship between economic growth (measured by in-



90 A Bi-level Multi-objective Optimization Model of Multiple Items 1045

creases in per capita income) and some indicators of environmental quality. This
relationship is the so-called environmental Kuznets curve (EKC).

Bi-level optimization has also been previously used for related applications in
process systems engineering, like supply chain planning [11], design of reliable
process networks [12] and collaborative design decision making for forearm crutch
[13]. Oftentimes, for such problems, the leader and follower objectives are conflict-
ing. At the same time uncertainties in their objectives and constraints exist. How-
ever, a satisfactory (near-optimal or satisficing) solution can be reached by providing
tolerances in the objective functions and constraints, and by defining corresponding
degrees of satisfaction through membership functions to indicate the preference of
the decision-makers as is typical of decision-making in a fuzzy environment [14].
For example, Shih et al [15], Sinha [16] and Arora and Gupta [17] developed in-
teractive fuzzy mathematical programming to obtain the best compromise solution,
which simultaneously satisfies the upper- and lower-level objectives and constraints.
All these techniques are based on the upper-level decision-maker specifying toler-
ances for his objective and variables, and then allowing the lower-level decision-
makers to optimize their objective functions, provided that these tolerances are met.
The followers then communicate their results to the leader, who modifies his goals
and control variables if the original tolerances are not met. The process continues
iteratively until a solution which satisfies the goals of both leader and follower is
reached. For the application considered in this paper the decision hierarchy is illus-
trated with the government as the upper-level decision-maker having the objective of
minimizing the emissions, maximize the social employment and economic growth
and the stone plants as the lower-level decision makers having individual objectives
of maximizing the profit and minimizing emissions. Since the emissions were not
constantly monitored in the process of exploring the stone mine and producing the
stone products, it results in the lack of the historical data about the emissions of the
stone dust and waste water. We have to consider them as fuzzy numbers according
to those experts’ advice in the stone industry.

The other sections of this paper are organized as follows. In Sect. 90.2, a bi-
level multi-objective problem is described. An example is also presented that will
help readers to understand the problem background. A possibilistic bi-level multi-
objective programming model is developed and it’s equivalent model is obtained in
Sect. 90.3. In Sect. 90.4, a case study is proposed to show the significance of the
proposed bi-level multi-objective programming model with fuzzy coefficients. In
the last Sect. 90.5, some conclusions are made.

90.2 Problem Statement

The stone industry is produced essential materials for the construction industry. The
construction industry is growing very rapidly that why the stone industry supply and
demand is increasing internationally. Stone plants are over exploiting to meet the
increasing demand of stone materials. Traditionally, the stone industry partly con-
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tains the stone quarrying, stone processing, stone recycling and so on. During this
processes the stone industry is emitted huge amount of stone dust and waste water
due to quantitative relationship between emissions and the exploring and processing
amount. This emission has adverse impact on environment, humans, agriculture and
ground water. Here is needed a planing for the stone industry, local government and
plants play the important role to perform the responsibilities, respectively.

Government is considered as a leader in this paper. As a leader level, the gov-
ernment has responsibility to insure the local environment from pollution. Natural
and artificial stone industry, imitates large volume of stone waste that’s why stone
industry is always regarded as a high-emission industry for the stone dust and waste
water. The greatest waste concerns in the stone industry are the stone dust and waste
water. Both are significantly affected the environment and local system, badly ruin
the vegetations and pollute the air and rivers. Government has duty to make a suit-
able plan to avoid over-exploitation and the pollution of environment. Therefore,
planning a reasonable exploring limitation for every stone plant is very important
for the government to ensure the local environment. Governement usually, want a
sustainable development to overcome employment issue and also economic growth.
In the following level, every stone plant has their predetermined level of profit. They
are wanted to achieve their predetermined level of profit under the limited amount of
exploring stone waste. Stone plants have responsibility to keep the environment un-
polluted according to the plan of government. Stone plants should also increase their
investment to attain the sustainable development according to the increasing demand
and supply of stone products. Stone plants try their best to overcome the problem
of unemployment according to their capacity under the policy of government and
economic growth. So it is clear that the problem mentioned above is considered as
a bi-level optimization problem. In this bi-level model government acts as a leader
and stone plants are followers. It is assumed here, that there is perfect exchange of
information among all the participants such that objective functions and constraints
are known.

For the stone industry which contains several plants, these are the objectives of
the government authority (upper-level decision-maker) to minimize the environmen-
tal pollution, and maximize the social employment and economic growth. This can
be achieved by optimizing the design of exploring amount of the stone resources be-
tween the participating plants, which are assumed to cooperate among themselves
and thus act as a lower-level decision-maker. Note that industrial symbiosis implic-
itly requires cooperative behavior of the participants [16, 19]. The government can
influence the stone plants by imposing disincentives in the form of assigning dif-
ferent exploring amounts to plants according to their scale of production and clean
technology. The plants operate independently of each other.

Since the emissions were not constantly monitored in the process of exploring the
stone mine and producing the stone products, it results in the lack of the historical
data about the emissions of the stone dust and waste water. We have to consider
them as fuzzy numbers according to those experts advice in the stone industry. In
this paper, the coefficient of stone dust and waste water amount cannot be estimated
by the statistical method and hence they are regarded as fuzzy numbers.

M. Nazim et al.
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90.3 The Optimal Model

The problem of optimizing the stone industry is formulated as a bi-level multi-
objective optimization problem with fuzzy coefficients, in which the government
is taken as the leader level decision maker and the stone plants are taken as the
followers level decision maker.

90.3.1 Assumptions and Notations

(1) Assumptions

1. Government has considered a possibilistic level of pollution that environment
can be tolerate.

2. Emission of a stone dust is directly proportional to the amount of stone mine that
explores and the amount of stone which is used to process into different kinds of
product.

3. Emission of waste water is directly proportional to the amount of stone which is
used to produce different kinds of product.

4. Employment is directly related to the amount of production.
5. Variable cost is directly proportional to the amount of production.
6. Every plant has their predetermined level of profit.

(2) Notations
Indices
Φ : set of stone materials, i is an index, Φ = {1,2, · · · ,m};
Ψ : Set of stone plants, j is an index, Ψ = {1,2, · · · ,n};
Ω : set of product k is an index, Ω = {1,2, · · · ,w}.

Parameters

Ẽdi j : coefficient of emission of stone dust when plant j explores stone mines i;
ẽdi jk : coefficient of emission of stone dust when plant j produce k kind of product

by using stone mines i;
ẽwi jk : coefficient of emission of waste water when plant j produced k kind of

product by using stone mines i;
pi j : coefficient of employment that stone plant j explores stone mine i;
Pi jk : coefficient of employment that plant j produce k sorts of product with stone

mine i;
f̄ ep : predetermined employment level;
ck : unit price of product k;
Ci jk : unit veritable cost that plant j produce product k;
hi j : holding cost that plant j hold the remanent stone materials i;
θi jk : transfer rate that plant j produces product k by using stone material i;
Yi j : the amount of stone mine i that explore stone plant j;
Xi jk : the amount of product k that produced stone plant j by stone mine i;
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f̄ p : predetermined level of profit of plant;
PCU

j : upper limitation of production cost of plant j;
Dk : forecasted future demand of product k;
EDu : upper limitation of total emission of stone dust in this region;
EW u : upper limitation of total emission of waste water in this region;
Y EC : predetermined level of economic output;
IVU

j : upper limitation of the inventory for stone plant j;
ti j : coefficient of exploring cost that bear stone plant j to explore stone mine i;
ti jk : coefficient of processing cost that bear stone plant j to produced product k

by stone mine i;

Decision variables
Yi j : amount of stone mine i that government allows the stone plants j to explore;
Xi jk : the amount of product k that produced stone plant j by stone mine i;
Zi jk : binary variable; 1, the plant j produces the product k; 0, otherwise.

90.3.2 Model Formulation

The bi-level multi-objective optimization programming model under fuzzy envi-
ronment of multiple items in stone industry can be mathematically formulated as
follows.
(1) Government model (leader)

Government is leader in this model. As a leader level the government has debt
instrument to ensure the local environment and sustainable development in stone in-
dustry, solve the employment issue and economic growth. The following objectives
are counted by the government.
• To get the minimum emission including the stone dust and waste water when all
the plants explores the stone mine and produce different sorts of stone products.

minF1 = ∑
i∈Φ

∑
j∈Ψ

Ẽdi jYi j+ ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

(
ẽdi jkXi jk+ẽwi jkXi jk

)
,

where Ẽdi j is a coefficient of emission of a stone dust when plant j explores stone
mine i and Yi j is an amount of stone mine i that explores plant j. The ẽdi jk and ẽwi jk
are the coefficient of emission of stone dust and waste water respectively when plant
j produces product k of amount Xi jk by using stone mine i.
Atypically, it is very hard to get the precise amount of minimum emission and de-
cision makers only need the minimum objective under a certain possiblistic level.
Therefore above objective is normally converted into a possiblistic constrained.

⎧⎨⎩
minF1

s.t. Pos
{

∑
i∈Φ

∑
j∈Ψ

Ẽdi jYi j+ ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

(ẽdi jkXi jk+ẽwi jkXi jk)≤F1

}
≥ δU

1 ,
(90.1)

M. Nazim et al.
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where Pos is the possibility measure proposed by Dubois and Prade [18], and ≥ δU
1

is the possibilistic level which respects the possibility that decision makers get the
minimum objective.
• To get the maximum employment the government has obtained the following ob-
jective function.

maxF2 = ∑
i∈Φ

∑
j∈Ψ

pi jYi j+ ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

Pi jkXi jk,

where pi j is the employment that plant j explores the stone mine i and Pi jk is the
employment that stone plant j produced product k by stone mine i.

To maximize employment is the second objective of government. Government is
proposed predetermined amount of employment to maximize the employment. So
that above objective is converted into constraint as follow.⎧⎨⎩

maxF2

s.t.
{

∑
i∈Φ

∑
j∈Ψ

pi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

Pi jkXi jk

}
≥ f̄ep

(90.2)

• Government want to maximize their economic output than that of predetermined
level.

∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

θi jkXi jk≥ Y EC. (90.3)

• The stone dust and waste water should be less than the predetermined levels in
order to guarantee the air and water quality. We get two constraints under the possi-
bilistic levels.

Pos
{

∑
i∈Φ

∑
j∈Ψ

Ẽdi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

ẽdi jkXi jk≤ EDu
}
≥ δU

2 , (90.4)

Pos
{

∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

ẽwi jkXi jk ≤ EW u
}
≥ δU

3 . (90.5)

(2) Plant Model (followers)
As a follower level, the stone plants have their own objectives to get the highest

profit and sustainable development for increases production to meet the increasing
forecasted demand of stone materials. The following objectives are considered by
stone plants.
• Maximizing their profit is the first objective of plants, that is obtained follow.

maxH1 = ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

ckθi jkXi jk− ∑
i∈Φ

∑
j∈Ψ

f (Yi j)− ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

f (Xi jk)
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− ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

Ci jk−hi j

(
Yi j− ∑

i∈Φ
∑
j∈Ψ

∑
k∈Ω

Xi jk

)
,

where ckθi jkXi jk is the total revenue of stone plant j, f (Yi j) is the cost that plant
j occurs to explore stone mine i, f (Xi jk) is the cost occurs when stone plant j
produce product k by mine stone i, Ci jk is the constant cost of stone plant j and
hi j(Yi j−∑Xi jk) is the holding cost of the remnant of stone mine i that hold the stone
plant j, where f (X)i jk is the production caste function as follows,

f (Xi jk) =

{
ti jYi j + ti jkXi jk +Ci jkZi jk, if Xi jk ≥ 0
0, if Xi jk = 0.

(90.6)

Maximizing profit is the first objective of stone plant. To get the maximum profit
stone plants have predetermined level of profit. Profit should not be less than the
predetermined level of profit. This is right constraint of above objective. Which is
stated as follow.⎧⎪⎪⎪⎨⎪⎪⎪⎩

maxH1
s.t. ∑

j∈Ψ
∑

j∈Ψ
∑

k∈Ω
ckθi jkXi jk− ∑

i∈Φ
∑

j∈Ψ
f (Yi j)− ∑

i∈Φ
∑

j∈Ψ
∑

k∈Ω
f (Xi jk)

− ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

Ci jk−hi j

(
Yi j − ∑

i∈Φ
∑

j∈Ψ
∑

k∈Ω
Xi jk

)
≥ f̄ p.

(90.7)

• Maximizing production is the second objective of stone plant, which is stated as
follow.

maxH2 = ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

θi jkXi jk.

In the postponement literature, most researchers assume that product demand in
each period are random and are independent across time. Especially in developing
country, product demand increase with the passage of time. As a result of these
assumptions, the stone plants plane to forecast future demand of market and increase
their production according to it. So the aggregate demand for time period t is right
constraint of above objective. That is as follow,{

maxH2
s.t. ∑

i∈Φ
∑

j∈Ψ
Xi jk ≥ Dk (90.8)

• Production cost should not exceed the predefined level of cost.

∑
i∈Φ

ti jYi j+ ∑
i∈Φ

∑
k∈Ω

ti jkXi jk+ ∑
i∈Φ

∑
k∈Ω

Ci jkZi jk−hi j

(
Yi j+ ∑

i∈Φ
∑

k∈Ω
Xi jk

)
≤PCU

j .(90.9)

• Inventory should not exceed the maximum limitation.

M. Nazim et al.
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Yi j − ∑
i∈Φ

∑
k∈Ω

Xi jk ≤ IVU
j . (90.10)

90.3.3 Global Model

As a complicated system, both the leader and the followers should simultaneously
consider the objectives and constraints with each other and then make the decision.
Therefore, from Equations (90.1) ∼ (90.10), the whole bi-level optimization model
under fuzzy environment should be given as follows,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

minF1
maxF2

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Pos
{

∑
i∈Φ

∑
j∈Ψ

Ẽdi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

(ẽdi jkXi jk + ẽwi jkXi jk) ≤ F1

}
≥ δU

1

∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

θi jkXi jk ≥ Y EC

Pos
{

∑
i∈Φ

∑
j∈Ψ

Ẽdi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

ẽdi jkXi jk≤ EDu
}≥ δU

2

Pos
{

∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

ẽwi jkXi jk ≤ EW u
}
≥ δU

3

∑
i∈Φ

∑
j∈Ψ

pi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

Pi jkXi jk ≥ f̄ep

maxH1
maxH2

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

ckθi jkXi jk− ∑
i∈Φ

∑
j∈Ψ

f (Yi j)− ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

f (Xi jk)

− ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

Ci jk−hi j

(
Yi j − ∑

i∈Φ
∑

j∈Ψ
∑

k∈Ω
Xi jk

)
≥ f̄ p

∑
i∈Φ

∑
j∈Ψ

Xi jk ≥ Dk

∑
i∈Φ

ti jYi j+ ∑
i∈Φ

∑
k∈Ω

ti jkXi jk + ∑
i∈Φ

∑
k∈Ω

Ci jkZi jk−hi j

(
Yi j + ∑

i∈Φ
∑

k∈Ω
Xi jk

)
≤ PCU

j
Yi j − ∑

i∈Φ
∑

k∈Ω
Xi jk ≤ IVU

j .

(90.11)

90.3.4 Equivalent Model

As we all know that, it is hard for decision maker’s to find optimal strategies for the
multi-objective programming with fuzzy coefficients. In this paper we had possi-
bilistic constraints to get the minimum objective, so without membership functions
we cannot convert the model into crisp equivalent model. According to expert’s ex-
perience in stone industry we are used L-R membership functions. Ẽdi j, ẽdi jk and
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ẽwi jk (i ∈ Φ = 1,2, · · · ,m; j ∈Ψ = 1,2, · · · ,n; k ∈ Ω = 1,2, · · · ,w) are fuzzy num-
bers with L-R membership functions in this paper.

Lemma 90.1. Assume that Ẽdi j, ẽdi jk and ẽwi jk (i ∈ Φ = 1,2, · · · ,m; j ∈ Ψ =
1,2, · · · ,n; k ∈ Ω = 1,2, · · · ,w) are L-R fuzzy numbers with the following mem-
bership functions,

uẼdi j
(t) =

⎧⎪⎪⎨⎪⎪⎩
L
(

Edi j−t
αEd

i j

)
, t < Edi j, αEd

i j > 0

R
(

t−Edi j

β Ed
i j

)
, t ≥ Edi j, β Ed

i j > 0,
(90.12)

uẽdi jk
(t) =

⎧⎪⎪⎨⎪⎪⎩
L
(

edi jk−t
αed

i jk

)
, t < edi jk, αed

i jk > 0

R
(

t−edi jk

β ed
i jk

)
, t ≥ edi jk, β ed

i jk > 0,
(90.13)

uẽwi jk
(t) =

⎧⎪⎪⎨⎪⎪⎩
L
(

ewi jk−t
αew

i jk

)
, t < ewi jk, αew

i jk > 0

R
(

t−ewi jk
β ew

i jk

)
, t ≥ ewi jk, β ew

i jk > 0.
(90.14)

where αEd
i j , β Ed

i j are positive numbers expressing the left and right spreads of Ẽd,

αed
i jk, β ed

i jk are the positive numbers expressing the left and right spreads of ẽd,
and αew

i jk, β ew
i jk are positive numbers expressing the left and right spreads of ẽw,

(i ∈ Φ = 1,2, · · · ,m; j ∈ Ψ = 1,2, · · · ,n; k ∈ Ω = 1,2, · · · ,w). Reference func-
tions L,R : [0,1] −→ [0,1] with L(1) = R(1) = 0 and L(0) = R(0) = 1 are non-
increasing, continuous functions. Then we have

Pos
{

∑
i∈Φ

∑
j∈Ψ

Ẽdi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

(ẽdi jkXi jk + ẽwi jkXi jk) ≤ F1

}
≥ δU

1 ,

if and only if

F1 ≥ ∑
i∈Φ

∑
j∈Ψ

Edi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

(edi jk + ewi jk)Xi jk

−L−1(δU
1 )
(

∑
i∈Φ

∑
j∈Ψ

αEd
i j Yi j + ∑

i∈Φ
∑
j∈Ψ

∑
k∈Ω

(αed
i jk +αew

i jk)Xi jk

)
.

Proof. Let w ∈ [0,1] be any positive real number and

L
(

Edi j − x
αEd

i j

)
= L

(
edi j − y

αed
i jk

)
= L

(
ewi jk − y

αew
i jk

)
= w,

then from Equations (90.12), (90.13) and (90.14) we have

x = Edi j −αEd
i j L−1(w),
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y = edi jk −αed
i jkL−1(w),

z = ewi jk −αew
i jkL−1(w).

For any

Yi j, Xi jk ≥ 0, (i ∈ Φ = 1,2, · · · ,m; j ∈Ψ = 1,2, · · · ,n; k ∈ Ω = 1,2, · · · ,w),

it is easily follows that,

t = ∑
i∈Φ

∑
j∈Ψ

xYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

(yXi jk + zXi jk)

=
[
∑
i∈Φ

∑
j∈Ψ

Edi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

(edi jk + ewi jk)Xi jk

]
−
[

∑
i∈Φ

∑
j∈Ψ

αEd
i j Yi j + ∑

i∈Φ
∑
j∈Ψ

∑
k∈Ω

(αed
i jk +αew

i jk)Xi jk

]
L−1(w).

Therefore, we have

L

⎛⎜⎝ ∑
i∈Φ

∑
j∈Ψ

Edi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

(edi jk + ewi jk)Xi jk − t

∑
i∈Φ

∑
j∈Ψ

αEd
i j Yi j + ∑

i∈Φ
∑

j∈Ψ
∑

k∈Ω
(αed

i jk +αew
i jk)Xi jk

⎞⎟⎠= w. (90.15)

It is also proved by the same method that,

R

⎛⎜⎝ t − ∑
i∈Φ

∑
j∈Ψ

Edi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

(edi jk + ewi jk)Xi jk

∑
i∈Φ

∑
j∈Ψ

β Ed
i j Yi j + ∑

i∈Φ
∑

j∈Ψ
∑

k∈Ω
(β ed

i jk +β ew
i jk)Xi jk

⎞⎟⎠= w. (90.16)

Hence, it is easily found that

∑
i∈Φ

∑
j∈Ψ

Ẽdi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

(ẽdi jkXi jk + ẽwi jk)Xi jk

is also a L-R fuzzy number with the left spread

∑
i∈Φ

∑
j∈Ψ

αEd
i j Yi j + ∑

i∈Φ
∑
j∈Ψ

∑
k∈Ω

(αed
i jk +αew

i jk)Xi jk

and right spread

∑
i∈Φ

∑
j∈Ψ

β Ed
i j Yi j + ∑

i∈Φ
∑
j∈Ψ

∑
k∈Ω

(β ed
i jk +β ew

i jk)Xi jk.
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According to the definition of possibility measure proposed by Dubois and Prade
[18], it can be obtained as follows,

Pos
{

∑
i∈Φ

∑
j∈Ψ

Ẽdi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

(ẽdi jkXi jk + ẽwi jkXi jk) ≤ F1

}
≥ δU

1(90.17)

⇔ L

⎛⎜⎝ ∑
i∈Φ

∑
j∈Ψ

Edi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

(edi jk + ewi jk)Xi jk −F

∑
i∈Φ

∑
j∈Ψ

αEd
i j Yi j + ∑

i∈Φ
∑

j∈Ψ
∑

k∈Ω
(αed

i jk +αew
i jk)Xi jk

⎞⎟⎠≥ δU
1 (90.18)

⇔
∑

i∈Φ
∑

j∈Ψ
Edi jYi j + ∑

i∈Φ
∑

j∈Ψ
∑

k∈Ω
(edi jk + ewi jk)Xi jk −F

∑
i∈Φ

∑
j∈Ψ

αEd
i j Yi j + ∑

i∈Φ
∑

j∈Ψ
∑

k∈Ω
(αed

i jk +αew
i jk)Xi jk

≤ L−1δU
1 (90.19)

⇔ ∑
i∈Φ

∑
j∈Ψ

Edi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

(edi jk + ewi jk)Xi jk

−L−1δ (U)
1

(
∑
i∈Φ

∑
j∈Ψ

αEd
i j Yi j + ∑

i∈Φ
∑
j∈Ψ

∑
k∈Ω

(αed
i jk +αew

i jk)Xi jk

)
≤ F1. (90.20)

This completes the proof.

From Lemma 90.1 and its proof, apparent that the possibilistic constraint can be
transformed into crisp one. So that, the remaining result can be easily calculated
according to Lemma 90.1 as follow,

Pos
{

∑
i∈Φ

∑
j∈Ψ

Ẽdi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

ẽdi jkXi jk ≤ EDU
}
≥ δU

2

is equivalent to the following equation:

∑
i∈Φ

∑
j∈Ψ

Edi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

edi jkXi jk

−L−1δU
2

(
∑
i∈Φ

∑
j∈Ψ

αED
i j + ∑

i∈Φ
∑
j∈Ψ

∑
k∈Ω

αed
i jk

)
≤ EDU . (90.21)

Pos
{

∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

ẽwi jkXi jk ≤ EW u
}
≥ δU

3

is equivalent to the following equation,

∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

ewi jkXi jk −L−1(δ )U
3 ∑

i∈Φ
∑
j∈Ψ

∑
k∈Ω

αew
i jk ≤ EWU . (90.22)
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minF∗
1 = ∑

i∈Φ
∑

j∈Ψ
Edi jYi j + ∑

i∈Φ
∑

j∈Ψ
∑

k∈Ω
(edi jk + ewi jk)Xi jk

−L−1δ (U)
1

(
∑

i∈Φ
∑

j∈Ψ
αEd

i j Yi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

(αed
i jk +αew

i jk)Xi jk

)
maxF2 = ∑

i∈Φ
∑

j∈Ψ
pi jYi j + ∑

i∈Φ
∑

j∈Ψ
∑

k∈Ω
Pi jkXi jk

s.t.
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∑
i∈Φ

∑
j∈Ψ

pi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

Pi jkXi jk ≥ f̄ep

∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

θi jkXi jk ≥ Y EC

∑
i∈Φ

∑
j∈Ψ

Edi jYi j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

edi jkXi jk

−L−1δU
2

(
∑

i∈Φ
∑

j∈Ψ
αED

i j + ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

αed
i jk

)
≤ EDU

∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

ewi jkXi jk −L−1(δ )U
3 ∑

i∈Φ
∑

j∈Ψ
∑

k∈Ω
αew

i jk ≤ EWU⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

maxH1 = ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

ckθi jkXi jk− ∑
i∈Φ

∑
j∈Ψ

f (Yi j)− ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

f (Xi jk)

− ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

Ci jk−hi j
(

Yi j − ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

Xi jk

)
maxH2 = ∑

i∈Φ
∑

j∈Ψ
Xi jk ≥ Dk

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

ckθi jkXi jk− ∑
i∈Φ

∑
j∈Ψ

f (Yi j)− ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

f (Xi jk)

− ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

Ci jk−hi j
(

Yi j − ∑
i∈Φ

∑
j∈Ψ

∑
k∈Ω

Xi jk

)
≥ f̄ p

∑
i∈Φ

ti jYi j+ ∑
i∈Φ

∑
k∈Ω

ti jkXi jk + ∑
i∈Φ

∑
k∈Ω

Ci jkZi jk−hi j
(

Yi j + ∑
i∈Φ

∑
k∈Ω

Xi jk

)
≤ PCU

j
Yi j − ∑

i∈Φ
∑

k∈Ω
Xi jk ≤ IVU

j .

(90.23)

90.4 Case Study

In this section, a practical example in Pakistan is considered to show the whole
process of the modeling, that is proposed as follow.

90.4.1 Background Review

Pakistan is the sixth largest country in term of natural stone resources, especially
marble and granite. Pakistan has major deposit of high quality marble and granite
in a wide range of colors, shades and patterns. Almost all provinces in Pakistan
have natural stone resources. Initial estimation indicates 166 billion tons of marble
and wide rang of granite are reserved across Pakistan. It can be processed into many
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kinds of useful products mainly include marble products, granite sand, granite slabs,
man made slabs, nano calcium carbonate, natural building material, artificial stone
products and etc. Although Pakistan is rich in stone resources, the stone industry is
not well developed. There are some reasons that are mentioned below.

• Stone plants have old and poor quarrying technique. At present most of stone
quarries are operating with old technique of blasting and do not have basic ma-
chinery and equipment. They explore stone mine in a disorder way and it results
in waste of natural stone resources and also causes air pollution, water pollution
and vegetation deterioration.

• On the processing side there are very few units with a complete rang of ma-
chinery and equipment capable of processing stone in according to international
standard. Most of stone plants have old technology and skill its result in lower
production rate, waste of natural stone resources and environment pollution.

• Stone plants are producing many common products. They haven’t produced high
valuable products. It means that stone industry doesn’t provide high economic
growth and enough employment.

• Government has no long term policy about exploring stone mine and also no
strategy to prevent environment by the pollution of stone industry.

Table 90.1 Parameters of granite for every stone plant j which explores stone mine i

Granite
stone
plant

Parameters

Ẽdi j (kg/m3) Pi j (Person) ti j (PKR/m3) hi j (PKR/m3) IVU
i j (M m3) PCU

j (M PKR)

Master (32.7,33.2,34.5) 120 120.45 7.50 2.7 25000
Shabir (33.8,35.4,37.2) 133 115.34 6.85 1.3 24500
Hanam (34.5,35.8,36.9) 122 118.23 6.50 1.8 26000
Norani (29.6,31.7,34.5) 112 110.55 5.80 1.2 22300
Mir (31.7,33.5,37.3) 105 112.70 4.6 .8 22000

90.4.2 Data and Computation

Pakistan Stone Development Company (PASDEC), a public limited company and
subsidiary of Pakistan Industrial Development Corporation, has initiated many
projects to uplift the existing set-up of marble and granite sector. Despite over 166
billion tons of reserves, more than 70 types of marble and granite available, 1,225
operational mines and more than 2,000 processing factories, the marble and granite
industry in Pakistan is quite underdeveloped. Pakistan’s marble and granite industry
is determined to achieve one goal: extraction of squared blocks. In the long run the
industry’s vision is to establish itself among the socially responsible and globally

M. Nazim et al.
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competitive dimension stone industry in the world. For this Pakistan is taking nec-
essary steps to overhaul the value chain. Next it plans to invest in more advanced
processing capabilities to build on the upgraded raw materials.

Table 90.2 Parameters of marble for every stone plant j which explores stone mine i

Granite
stone
plant

Parameters

Ẽdi j (kg/m3) Pi j (Person) ti j (PKR/m3) hi j (PKR/m3) IVU
i j (M m3) PCU

j (M PKR)

Master (24.7,25.2,26.5) 105 118.45 10.50 1.7 28000
Shabir (24.8,25.4,27.2) 115 116.34 11.85 1.5 25000
Hanam (24.5,25.8,26.9) 122 120.23 9.50 1. 26000
Norani (25.6,26.7,27.5) 100 125.55 13.80 1.2 29000
Mir (25.7,26.5,27.3) 105 119.70 10.6 1.8 27000

Table 90.3 Parameters for every granite stone product

Parameter Granite stone products

Marble chips Marble blocks Marble slabs Marble tiles

ck 12000 (PKR/ton) 400 (PKR/m2) 550 (PKR/m2) 650 (PKR/m2)
Dk 12.5×1010 (ton) 3.5×105 (m2) 5.5×108 (m2) 10.5×1012 (m2)

Table 90.4 Parameters for every marble stone product

Parameter Marble stone products

Nano calcium carbonate Granite slabs Granite sand Man mad composite
slabs

ck 12000 (PKR/ton) 400 (PKR/m2) 550 (PKR/m2) 650 (PKR/m2)
Dk 12.5×1010 (ton) 3.5×105 (m2) 5.5×108 (m2) 10.5×1012 (m2)

All the emission coefficients of the stone dust are considered triangular fuzzy
numbers listed in Tables 90.1 and 90.2 by the expert’s advice, so it is easy to
convert the fuzzy model into crisp form. As the demand and the price of the
marble and granite stone products sharply increase, the government requires that
their output from all the plants should at least satisfy the basic market demand
Dk(k ∈ Ω = 1,2, · · · ,w), is a future forecasted demand of granite and marble prod-
ucts by stone plants which are found in Tables 90.3 and 90.4. The unit price of every
stone products can be found in Tables 90.3 and 90.4. The upper limitations of the
inventory and production for every stone plant are also listed in Tables 90.1 and
90.2. The possibilistic level δ L

j that plant j want to obtain the minimum emissions
can be found in Tables 90.1 and 90.2. Since every plant has the different capacities
in controlling the emissions, the fixed and unit variable cost, emission coefficients
and constant costs are different from each other, which can be found in Tables 90.5
and 90.6. The transform rate θi jk and the lower limitation of the product k in plant j
are also listed in Tables 90.5 and 90.6.
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Table 90.5 Parameters for granite stone product k which is produced stone plant j by stone mine i

Stone plant Granite stone
products

Parameter

Pi jk Ci jk ti jk θi jk ẽdi jk ẽwi jk

Master NCC 4 230 850 5.0 (4.50,6.45,7.23) (15.50,16.50,17.90)
GSl 2 310 260 235.20 (25.42,26.65,29.23) (12.2,13.90,14.90)
GSa 2 45 130 105 (28.56,30.2,33.15) (0.56,0.90,1.20)
MmS 3 380 190 25.5 (2.65,3.90,5.20) (3.20,3.85,4.25)

Shabir NCC 3 240 870 5.50 (3.90,5.10,6.42) (4.35,4.95,5.25)
GSl 1 290 255 240.50 (24.23,26.10,27.95) (25.69,26.24,27.56)
GSa 1 60 135 2.00 (30.45,32.50,34.65) (0.78,0.98,1.45)
MmS 4 370 195 27.00 (2.90,3.75,4.60) (3.70,4.41,5.45)

Hanam NCC 3 235 880 4.70 (4.65,5.90,7.10) (4.30,5.10,6.25)
GSl 2 300 265 220.00 (25.90,26.5,27.56) (25.36,26.45,27.10)
GSa 2 55 145 1.00 (27.90,28.60,29.65) (0.70,1.10,1.75)
MmS 3 380 185 24.00 (2.50,3.70,4.20) (3.45,3.95,4.58)

Norani NCC 4 245 855 5.00 (4.65,5.45,6.87) (4.65,5.14,5.85)
GSl 2 285 270 230.5 (25.23,26.40,27.90) (25.45,26.10,27.23)
GSa 2 65 140 0.00 (27.90,28.70,29.89) (0.58,0.97,1.25)
MmS 3 390 170 24.5 (2.60,3.95,4.59) (3.85,4.15,4.89)

Mir NCC 3 240 865 4.5 (4.60,5.70,6.75) (4.30,5.10,5.95)
GSl 1 320 265 215.00 (25.90,26.75,27.89) (25.20,26.45,27.10)
GSa 1 50 140 1.00 (28.45,29.74,30.56) (0.50,095,1.45)
MmS 3 365 135 26.00 (2.56,3.87,4.50) (3.25,3.95,4.58)

Table 90.6 Parameters for marble stone product k which is produced stone plant j by stone mine i

Stone plant Marble stone
products

Parameter

Pi jk Ci jk ti jk θi jk ẽdi jk ẽwi jk

Master MBCs 3 250 650 55.0 (14.50,16.45,17.23) (15.50,16.50,17.90)
MBBs 4 180 470 5.50 (15.42,16.65,19.23) (8.2,9.90,10.90)
MBSs 3 150 250 20 (18.56,20.2,21.15) (9.56,10.90,11.20)
MBTs 3 240 550 25.5 (25.65,26.90,27.20) (26.20,27.85,28.25)

Shabir MBCs 4 260 640 50.50 (13.90,15.10,16.42) (14.35,15.95,16.25)
MBBs 4 170 465 4.50 (14.23,16.10,17.95) (8.69,9.24,10.56)
MBSs 3 145 245 22.00 (18.45,19.50,20.65) (10.78,11.98,12.45)
MBTs 4 250 560 27.00 (24.90,25.75,26.60) (26.70,27.41,28.45)

Hanam MBCs 3 255 660 54.70 (14.65,15.90,17.10) (14.30,15.10,16.25)
MBBs 4 175 460 3.00 (15.90,16.5,17.56) (8.36,9.45,10.10)
MBSs 3 145 250 21.00 (17.90,18.60,19.65) (10.70,11.10,12.75)
MBTs 3 250 565 24.00 (25.50,26.70,27.20) (26.45,27.95,28.58)

Norani MBCs 4 260 656 52.00 (14.65,15.45,16.87) (14.65,15.14,15.85)
MBBs 3 165 460 2.5 (15.23,16.40,17.90) (8.45,9.10,10.23)
MBSs 3 140 250 20.00 (17.90,18.70,19.89) (10.58,11.97,12.25)
MBTs 3 250 565 24.5 (25.60,26.95,27.59) (26.85,27.15,28.89)

Mir MBCs 4 240 665 50.5 (14.60,15.70,16.75) (14.30,15.10,15.95)
MBBs 4 165 455 4.00 (15.90,16.75,17.89) (8.20,9.45,10.10)
MBSs 3 140 264 21.00 (18.45,19.74,20.56) (10.50,11.95,12.45)
MBTs 2 270 570 26.00 (25.56,26.87,27.50) (26.25,27.95,28.58)
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90.5 Conclusion

In this paper, we have developed a bi-level multi-objective optimization model with
fuzzy coefficients and possibilistic constraints under the fuzzy environment. In the
model, the government was considered as the leader level for minimizing the emis-
sions of the stone dust and the waste water and maximizing the employment and
economic growth and stone plants were considered as the followers level for max-
imizing the profit, sustainable development and minimizing the emissions. In this
paper, the developed model has been converted into the crisp equivalent one to deal
with some special fuzzy numbers. At the end, a practical case was presented for the
proposed model.
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