Chapter 3
Monte Carlo Simulation: The Method

3.1 Sampling Random Numbers

Let X be a random variable (rv) obeying a cumulative distribution function (cdf)
P(X<x) =Fx(x); Fx(—00)=0; Fx(c0)=1 (3.1)

In the following, if the rv X obeys a cdf we shall write X ~ Fx(x). From the
definition, it follows that Fx(x) is a non-decreasing function and we further assume
that it is continuous and differentiable at will. The corresponding probability
density function (pdf) is then

fx(x) = ngx(x); fx(x) >0; / frx(x)dx =1 (3.2)

We now aim at sampling numbers from the cdf Fx(x) A sequence of N >> 1 values
{X} = {x1,x,...,xy} sampled from Fx(x) must be such that the number n of
sampled points falling within an interval Ax < Xnax — Xmin (Where Xpnin and Xpax
are the minimum and maximum values in {X}) is

o / fre(x)d (3.3)
Ax

In other words, we require that the histogram of the sampled data approximates
Jx(x). Also, the x; values should be uncorrelated and, if the sequence {X} is periodic,
the period after which the numbers start repeating should be as large as possible.

Among all the distributions, the uniform distribution in the interval [0,1),
denoted as U[0,1) or, more simply U(0,1), plays a role of fundamental importance
since sampling from this distribution allows obtaining rvs obeying any other
distribution [1].
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3.2 The Uniform Random Number Generator: Sampling
from the Uniform Distribution

The cdf and pdf of the distribution U [0,1) are
Ur(r)=r; ug(r)=1 for 0<r<1
=0 =0 for r<O0 (3.4)
=1 =0 for r>1

The generation of random numbers R uniformly distributed in [0,1) has represented,
and still represents, an important problem subject of active research. In the
beginning, the outcomes of intrinsically random phenomena were used (e.g.,
throwing a coin or dice, spinning the roulette, counting of radioactive sources of
constant intensity, etc.), but soon it was realized that, apart from the non-uniformity
due to imperfections of the mechanisms of generation or detection, the frequency of
data thus obtained was too low and the sequences could not be reproduced, so that it
was difficult to find and fix the errors in the MCS codes in which the random
numbers generated were used.

To overcome these difficulties, the next idea was to fill tables of random
numbers to store in the computers (in 1955 RAND corporation published a table
with 10° numbers), but the access to the computer memory decreased the calcu-
lation speed and, above all, the sequences that had been memorized were always
too short with respect to the growing necessities.

Finally, in 1956, von Neumann proposed to have the computer directly generate
the ‘random’ numbers by means of an appropriate function g(-) which should
allow one to find the next number Ry, ; from the preceding one R; i.e.,

R 1= g(Ri) (3.5)

The sequence thus generated is inevitably periodic: in the course of the sequence,
when a number is obtained that had been obtained before, the subsequence
between these two numbers repeats itself cyclically, i.e., the sequence enters a
loop. Furthermore, the sequence itself can be reproduced so that it is obviously not
‘random’, rather deterministic. However, if the function g(r) is chosen correctly, it
can be said to have a pseudorandom character if it satisfies a number of ran-
domness tests. In particular, Von Neumann proposed to obtain Ry by taking the
central digits of the square of R;. For example, for a computer with a four-digit
word, if Ry = 4,567, then R} = 20,857,489 and Ry = 8,574, Rz = 5,134,
and so on. This function turns out to be lengthy to be calculated and to give rise to
rather short periods; furthermore, if one obtains R; = 0000, then all the following
numbers are also zero. Presently, the most commonly used methods for generating
sequences {R} of numbers from a uniform distribution are inspired from the Monte
Carlo roulette game. In a real roulette game the ball, thrown with high initial
speed, performs a large number of revolutions around the wheel and finally it
comes to rest within one of the numbered compartments. In an ideal machine
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nobody would doubt that the final compartment, or its associated number, is
actually uniformly sampled among all the possible compartments or numbers.

In the domain of the real numbers within the interval [0,1), the game could be
modeled by throwing a point on the positive x-axis very far from the origin with a
method having an intrinsic dispersion much larger than unity: then, the difference
between the value so obtained and the largest integer smaller than this value may
be reasonably assumed as sampled from U[0,1). In a computer, the above
procedure is performed by means of a mixed congruential relationship of the kind

Ri+1 = (aRy + ¢) mod m (3.6)

In words, the new number Ry, is the remainder, modulo a positive integer m, of
an affine transform of the old R; with non-negative integer coefficients a and
c. The above expression, in some way, resembles the uniform sampling in the
roulette game, aR; + ¢ playing the role of the distance travelled by the ball and
m that of the wheel circumference. The sequence so obtained is made up of
numbers Ry <m and it is periodic with period p <m. For example, if we choose
Ry=a=c=5 and m =7, the sequence is {5,2,1,3,6,0,5,...}, with a period
p = 6. The sequences generated with the above described method are actually
deterministic so that the sampled numbers are more appropriately called pseudo-
random numbers. However, the constants a, ¢, m may be selected so that:

e The generated sequence satisfies essentially all randomness tests;
e The period p is very large.

Since the numbers generated by the above procedure are always smaller than m,
when divided by m they lie in the interval [0,1).

Research to develop algorithms for generating pseudo-random numbers is still
ongoing. Good statistical properties, low speed in numbers generation and
reproducibility are central requirements for these algorithms to be suitable for MC
simulation.

Other Pseudo-Random Number Generation (PRNG) algorithms include the
Niederreiter [2], Sobol [3], and Mersenne Twister [4] algorithms. For example,
this latter allows generating numbers with an almost uniform distribution in the
range [0, 2° — 1], where k is the computer word length (nowadays, k = 32 or 64).
Further details on other methods are given in [5-16], with wide bibliographies
which we suggest to the interested reader.

Before leaving this issue, it is important to note that for the generation of
pseudo-random numbers U[0,1) many computer codes do not make use of machine
subroutines, but use congruential subroutines which are part of the program itself.
Thus, for example, it is possible that an excellent program executed on a machine
with a word of length different from the one it was written for gives absurd results.
In this case it should not be concluded that the program is ‘garbage’, but it would
be sufficient to appropriately modify the subroutine that generates the random
numbers.
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3.3 Sampling Random Numbers from Generic Distributions

3.3.1 Sampling by the Inverse Transform Method: Continuous
Distributions

Let X € (—o00,+00) be a rv with cdf Fx(x) and pdf fx(x), viz.,
Fx(x) = / fx(xX)dx' =P(X <x) (3.7)

Since Fx(x) is a non-decreasing function, for any y € [0, 1) its inverse may be
defined as

Fi' () = inffx : Fx(x) >y} (3.8)

With this definition, we take into account the possibility that in some interval
[x5,x4] Fx(x) is constant (and fx(x) zero), that is

Fx(x) =7 for x;<x<xy4 (3.9)

In this case, from definition (3.8) it follows that corresponding to the value ), the
minimum value x, is assigned to the inverse function Fy'(7). This is actually as if
Fx(x) were not defined in (x,, x,4]; however, this does not represent a disadvantage,
since values in this interval can never be sampled because the pdf fx(x) is zero in
that interval. Thus, in the following, we will suppose that the intervals (x;,x,]
(open to the left and closed to the right), in which Fx(x) is constant, are excluded
from the definition domain of the rv X. By so doing, the Fx(x) will always be
increasing (instead of non-decreasing). We now show that it is always possible to
obtain values X ~ Fx(x) starting from values R sampled from the uniform distri-
bution Ug[0,1). In fact, if R is uniformly distributed in [0,1), we have

P(R<r)=Ug(r)=r (3.10)

Corresponding to a number R extracted from Ug(r), we calculate the number
X = Fx!(R) and wonder about its distribution. As it can be seen in Fig. 3.1, for the
variable X we have

P(X <x) =P(Fy'(R) <x) (3.11)

Because Fy is an increasing function, by applying it to the arguments at the right-
hand side of Eq. (3.11), the inequality is conserved and from Eq. (3.10) we have

P(X <x) = P(R<Fx(x)) = Fx(x) (3.12)

It follows that X = Fy'(R) is extracted from Fy(x). Furthermore, because
Fx(x)=r
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Fig. 3.1 Inverse transform 4
method: continuous
distributions ittt
, U}z(’)
o
r 1 R
P(X <x) =P(R<r) (3.13)
In terms of cdf
Ur(R) = Fy(x) and R = / Fo ) (3.14)

This is the fundamental relationship of the inverse transform method which for any
R value sampled from the uniform distribution Ug[0,1) gives the corresponding
X value sampled from the Fy(x) distribution (Fig. 3.1). However, it often occurs
that the cdf Fx(x) is noninvertible analytically, so that from Eq. (3.8) it is not
possible to find X ~ Fx(x) as a function of R ~ U[0, 1). An approximate procedure
that is often employed in these cases consists in interpolating Fy(x) with a
polygonal function and in performing the inversion of Eq. (3.8) by using the
polygonal. Clearly, the precision of this procedure increases with the number of
points of Fyx(x) through which the polygonal passes. The calculation of the
polygonal is performed as follows:

o If the interval of variation of x is infinite, it is approximated by the finite interval
(x4,xp) in which the values of the pdf fx(x) are sensibly different from zero: for
example, in case of the univariate normal distribution N(p, 6*) with mean value
w and variance ¢, this interval may be chosen as (u — 50, it + 50);

e The interval (0,1) in which both Fyx(x) and Ug(r) are defined is divided in
n equal subintervals of length 1/n and the points xo = x,, X1, X2, . . ., X, = X; such
that Fx(x;) = i/n, (i = 0,1,...,n) are found, e.g., by a numerical procedure.

At this point the MC sampling may start: for each R sampled from the distribution
Ugl0,1), we compute the integer i* = Inf(R - n) and then obtain the corresponding
X value by interpolating between the points x;-, i*/n and x; 11, i* + 1/n. For
example, in case of a linear interpolation we have

X = Xi + (X,‘*_H - xi*)(R n— l*) (315)

For a fixed number n of points x; upon which the interpolation is applied, the
described procedure can be improved by interpolating with arcs of parabolas in
place of line segments. The arcs can be obtained by imposing continuity conditions
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of the function and its derivatives at the points x; (cubic splines). The expression of
X as a function of R is in this case more precise, but more burdensome and difficult
to calculate. Currently, given the ease with which it is possible to increase
the RAM memory of the computers, to increase the precision it is possibly pref-
erable to increase the number 7 of points and to use the polygonal interpolation: as
a rule of thumb, a good choice is often n = 500.

R:Ug(r)=rin[0,1) = X ~ Fx(x) (3.16)

3.3.2 Sampling by the Inverse Transform Method: Discrete
Distributions

Let X be a rv which can only have the discrete values x;, k = 0,1,..., with
probabilities

fi=P(X=x)>0,k=0,1,... (3.17)

Ordering the {x} sequence so that x;_; <xy, the cdf is

k
Fe=P(X<x) =) fi=Fi+f k=0,1,... (3.18)
i=0
where, by definition, F_; = 0. The normalization condition of the cdf (Eq. 3.18)
now reads

lim Fy = 1 (3.19)
k—00

Following the scheme of the inverse transform method, given a value R sampled
from the uniform distribution, the probability that R falls within the interval
(Fx—1, Fy] is in the discrete case

Fy
P(Fk_1<R§Fk): / dV:kaFk_lifk:P(X:Xk) (320)

Fi

In words, for any R ~ U[0,1), we get the realization X = x; where k is the index
for which Fj_; <R < Fy (Flg 3.2).

In practice, a realization of X is sampled from the cdf F; through the following
steps:

1. Sample an R ~ U[0,1);

2. Setk=0; F=f,;
3. If R<F, proceed to 5);
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K=0 K=1 K=2

————

Fig. 3.2 Inverse transform method: discrete distributions, k =2 = X = x;

4. Viceversa,i.e., if R > F,setk < k + 1 and then F « F + f; and proceed to 3);
5. The required realization is X = xi.

If the F; values can be pre-computed, e.g., if their number is finite, the cycle
(3—4) may be simplified by comparing R and Fj at step 3 and increasing only k at
step 4.

Examples of Application of the Inverse Transform Sampling Method
Uniform Distribution in the interval (a,b)

A rv X is uniformly distributed in the interval (a,b) if

xX—a 1
Fx(x) :m; Sfx(x) =3 for a<x<b
-0 -0 for x<a (3.21)
—1 -0 for x>0b

Substituting in Eq. (3.18) and solving with respect to X yields
X=a+(b—a)R (3.22)

As a first application, we show how it is possible to simulate Buffon’s experiment,
mentioned in the Introduction, with the aim of finding the probability P in Eq. (1.1).
When the needle is thrown at random, the axis of the needle can have all possible
orientations, with equal probability. Let ¢ be the angle between the needle’s axis
and the normal to the lines drawn on the floor. By symmetry, it is possible to
consider the interval (0,7/2) and from Eq. (3.21), with @ = 0 and b = 7/2, we
have

Fo(9)=7; fold) == (3.23)

T

SEIRSH
Y

Corresponding to a random value @, the needle projection on the normal to the
lines is L cos ®@ and thus the probability that the needle intercepts one of the lines is
given by the ratio Lcos ®/D. Multiplying by fo(¢) and integrating, we obtain the
value calculated by Buffon
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z

Leos¢mn L/D

P = “dop =—"— 3.24
/ D 2 /2 (3:24)
0

Operatively, for a given number of needle throws N > 1, e.g., N = 103, the

procedure is as follows:

e Sample an R, ~ UJ0, 1);

e Calculate from Eq. (3.22) ® = R;n/2 then, the probability that the needle
intercepts a line is h = L@

e Sample an R, ~ U[0, 1) if R, <h, the needle has intercepted a line and thus we
set Ny = N; + 1, where Nj is the counter of the number of times the needle has

intercepted a line.

At the end of this procedure, the estimate of the probability P is
N;

N

A problem of, perhaps, more practical interest is that of sampling a direction Q
from an isotropic angular distribution in space. This is, for example, a case of
interest for the choice of an initial direction of flight for a neutron emitted by
fission. In polar coordinates, the direction is identified by the angle ¥ € (0, )
between Q and the z axis and by the angle pe(—mn, 7) between the projection of Q
on the xy plane and the x axis. Correspondingly,

P

1%

dQ =sind d¥ d¢ = —du do (3.25)

where, as usual, p = cos¢. The pdf of the isotropic distribution is then

Jo(Q)dQ = fio(p, ¢)dudd = ——fi(1)dufr(P)de (3.26)
where
1 1
filp) = 3 L) = o (3.27)

The required pdf is given by the product of two uniform pdfs, namely f; (1) and
f2(¢). If Ry, Ro are two rvs ~ U[0,1), we have

/ﬁ 1 “—H; Re = /fz (D;;n (3.28)

and finally
u=-142R,; ®=—-n+2nRy (3.29)
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In practice, the direction cosines u, v, w of Q are obtained through the following
steps:

e Sampling of two rvs R, Ro ~ U[0,1);
e Computation of = —1+2R,, ® = —1 + 2nRe;
e Finally,

u=9Q -i=sindcos® = /1 — pcos ®

v=Q j=sindsin® = /1 — p?sin® = /1 — p> — u? (3.30)

w=Q -k=pu

Note that a given value of u pertains to two quadrants, so that care must be taken in
selecting the proper one.

Exponential Distribution

Let us consider a two-state system whose transition probabilities from one state to
the other only depend on the present state and not on the way in which this state
was reached. Examples of such systems are:

e A radioactive nucleus: the two states are the nucleus at a given time, which we
will call initial time, and the nucleus at the moment of disintegration; the rv in
question, which is the argument of the transition pdf, is the time length between
the initial time, at which we know that the nucleus is intact and the time at which
the nucleus disintegrates.

e The path of a neutron in a medium: the two states are the neutron in a given
position, which we will call initial, and the neutron in the position at which the
collision occurs; the rv in consideration, which is the argument of the transition
pdf, is the length of the flight path between the initial positions.

e A component of an industrial plant: the two states of the component are its
nominal state and its failure state. The rv in consideration, which is the argument
of the transition pdf, is the difference between the time at which we know that the
component is in one of its two states, and the time at which the component moves
to the other state.

Such systems, characterized by ‘lack-of-memory’, are said to be ‘markovian’,
and they are said to be ‘homogeneous’ or ‘inhomogeneous’ according to whether the
transitions occur with constant or variable-dependent (space- or time-dependent)
rates, respectively. In the latter case, if the argument of the rate of leaving a given
state is the sojourn time of the system in that state, the process is called ‘semi-
markovian’. Thus, a semi-markovian system is markovian only at the times of
transition.

Arv X € [0,00) is said to be exponentially distributed if its cdf Fx(x) and pdf

Sx(x) are
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Fx(x)=1— e—j; Hupu, Folx) = i(x)e_j; Hwdu for  0<x< oo

) (3.31)
=0 =0 otherwise

where /(-)is the transition rate, also called hazard function within the context of
the last example mentioned above. In the following, we shall refer to an expo-
nential distribution of a time variable, 7. Corresponding to a realization of a rv
R ~ UI0,1), the realization ¢ of the exponentially distributed rv T can be obtained
by solving the equation

t

/ J(u)du = —log(1 — R) (3.32)

0

Let us first consider time-homogeneous systems, i.e., the case of constant A.
Correspondingly, Eq. (3.31) becomes

Fr(t)=1—e" fr(t)=le ™ (3.33)
The moments of the distribution with respect to the origin are

K
O

/

I (k=1,2,...) (3.34)
Realizations of the associated exponentially distributed rv T are easily obtained
from the inverse transform method. The sampling of a given number N > 1 of
realizations is performed by repeating the following procedure:

e Sample a realization of R ~ U[0,1);
e Compute t = —+log(1 — R).

An example of a time-homogeneous markovian process is the failure of a
component, provided it is assumed that it does not age: such component, still good
(state 1) at time ¢, has a probability Adr of failing (entering state 2) between ¢ and
t + dt; note that this probability does not depend neither on the time ¢ nor on the
age of the component at time . The probability density per unit time that the
component, still good at time f,, will fail at time ¢ > 1, is

fr(t) =205 (3.35)

The collisions of a neutron with the nuclei of an homogeneous medium represent
an example of a space-homogeneous markovian process: a neutron with energy E,
traveling along a specified direction, say the x axis, at the point x has a probability
X otal (E)dx of undergoing a collision between x and x + dx, where X (E) is the
macroscopic total cross-section which plays the role of 4 in the Eq. (3.31) for
the exponential distribution; note that this probability does not depend neither on
the point x where the neutron is, nor on the distance traveled by that neutron before
arriving at x. The probability density per unit length that a neutron at point x, will
make the first collision at point x > xj is
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f(xv E) = eizlmal(E)(X7X0) : z:lotal(E) (336)

Returning to processes in the time domain, a generalization of the exponential
distribution consists in assuming that the probability density of occurrence of an
event, namely 4, is time dependent. As mentioned above, in this case we deal with
non-homogeneous markovian processes. For example, although in the reliability
and risk analyses of an industrial plant or system, one often assumes that the
failures of the components occur following homogeneous Markov processes, i.e.,
exponential distributions with constant rates, it is more realistic to consider that the
age of the system influences the failure probability, so that the transition proba-
bility density is a function of time. A case, commonly considered in practice is that
in which the pdf is of the kind

A1) = ot*! (3.37)

with > 0, « > 0. The corresponding distribution, which constitutes a general-
ization of the exponential distribution, is called Weibull distribution and was
proposed in the 1950s by W. Weibull in the course of its studies on the strength of
materials. The cdf and the pdf of the Weibull distribution are

Fr(t)=1—¢eP" fr(t) = apr e P (3.38)

The moments with respect to the origin are

k
M{:ﬁ—ér(aﬂ) k=1,2,... (3.39)

In the particular case of o = 1, the Weibull distribution reduces to the exponential
distribution with constant transition rate 1 = f. The importance of the Weibull
distribution stems from the fact that the hazard functions of the components of
most industrial plants closely follow this distribution in time, with different
parameter values describing different phases of their life. In practice, a realization
t of the rv T is sampled from the Weibull distribution through the following steps:

e Sampling of a realization of the rv R ~ U[0,1);

1
e Computation of t = (—%ln(l - R))“.

Multivariate Normal Distribution

Let us consider a multivariate normal distribution of order k of the vector of rvs
Z = (k,1). The pdf is

fi(ga,2) = —— e Hea T e (3.40)
20T iz
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where with the hyphen we indicate the transpose, a = (k, 1) is the vector of the
mean values, and X = (k, k) is the symmetric covariance matrix, positive-defined
and with determinant |X| given by

2 2 2

‘721 6122 e U%k
S=E[z-a)z-a)] = G?I 6:2 Gfk (3.41)
The generic term of X is
0, = E[(zi — ai)(z — @))] (3.42)

and the elements O'iz, i = 1,2,...,k are the variances of the k normal variates. The
pdf f in Eq. (3.40) is generally indicated as N(a,X) and correspondingly a rv
Z distributed according to f is indicated as Z(a, X).

The sampling from f of a random vector z, realization of Z can be done in the

following way [17]:

AP

i=—1;

i—i+2;

Sample two values u;, u;+ from the distribution U[—1,1);

If ”1'2 + uiz+ > 1 both values are rejected and we go back to 3. Otherwise, they
are both accepted. Note that if the values are accepted, the point P = (u;, u;11)
is uniformly distributed on the circle with center at the origin and radius 1;
Calculate the values

log(u? + u?
b= ui\/_zw (3.43)
ui +upy
log(u? + u?,))
il = Uiy | —2— L 3.44
Y MH\/ U + 7 G4

. It can be shown that the variables y; and y;;; are independent and identically
distributed (iid) standard normal variables ~ N(0,1);

If k is even, and if i + 1 <k, we return to 2);

If k is odd and if i <k, we return to 2. In this last case, y; is calculated but not
used;

At this point, we have the random vector y = (k, 1) having iid components
distributed as N(0,1). By Cholesky’s factorization of the matrix X into the
product of a sub triangular matrix U and its transpose U', i.e., ¥ = U - U, the
random vector z is given by the expression
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z=a+Uy (3.45)

Because E[y] = 0 and Var[y] = I we have
Ezl=a (3.46)

Var(z) = E[(z — a)(z— a)'] = E[UyyU'| = UVary|lU' = UU' = X (3.47)

Determination of a conditioned pdf

In Eq. (3.40) let us partition z into two sub-vectors z, and z, relative to the first
p and the remaining ¢ = k — p components, respectively. We then have

7= |:§1:|; a= |:Ql:| (348)
- 2 a4
Correspondingly, we partition 2 in sub matrices
o X
2= 3.49
|: 2/12 222 :| ( )

We now write the pdf f in terms of the two groups of variables. We have

~1 ~1 —1
s | B TE e (3.50)
-5 z122‘,; —2n +X z“122,0 Tk,
where
T, =3 - 2%, (3.51)
Furthermore, we have
12| = [Z0||Z,] (3.52)

The exponent of fz(z;a,X) can be expressed in terms of the partitioned quantities
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z—a)2'z—a) = (5 —a) (5, —a))
Z;l [(51 —a) — Z1222_2l (z, — Qz)]
zy {*2/122;1(51 —a) + ([ + 20,2, 202 )(z, — Qz)}

~(@ — @) 5 @ — @) + (@ - @) 53 [+ 20, 20rh) (@ - a)|
—(z - Ql),Z;12122521 (zp—ay) — (2, — Qz)/227212/122171@1 —a)
=(z,—a)' 2, (g — @) — Z0225) (5 — @)] + (2, — @) Tz, — @)
—(z - Qz)/zz_zl 2/122;1 [(Zl —ay) — Z1222_21 (z, — Qz)}
(3.53)
By putting
a, = ay + 2%y (5, — @) (3.54)
we have
—a)T ' (z—a)= (5, — @)y (5, — @) + (2, —4,)%, ' (z, —a,) (3.55)

Correspondingly, fz(z;a,X) can be written as follows

f2(21,2) = [8(z)]2,)] [h(zy)] (3.56)

where

e 14,)% "z -g,)

8(51 |§2) = (3.57)

P 1
(2m): ’ Z, ’2
e_%(éz _22)12;21 (52 _QZ)

(21} [Zaa?

h(z,) = (3.58)

It follows that f(z; a, £) can be factored into the product of a g-variate multinormal
h(z,;a,,X2), having mean value @, and covariance matrix X, and a conditioned
p-variate multinormal g(z;a,, Z,|z,), which is also multinormal with mean value
a, depending on z,, and covariance matrix 2, Operatively, to sample a vector
realization Z = (Z,,Z,) from f(z,,z,), we first sample a vector z, from A(z,;a,, X»)
and, then, a vector Z, from g(z,;4,(2,), %,[2,)-

Multinomial Distribution

Let us consider a random process which can only have n possible outcomes, the
probability of the kth one being f;. Examples are the throwing of a dice, the kind of
interaction that a neutron can have with a nucleus (scattering, absorption, fission,
etc.), once it is known that the interaction has occurred, the kind of transition
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f f fy fe-1 fx fxs1 fa

Fig. 3.3 Sampling the occurrence of an event from a multinomial distribution

(degradation, failure, repair, etc.) that a multi-state component may undergo from
its current state to one of the other reachable ones, given that a transition is known
to have occurred. The process is simulated by first dividing the interval [0,1) in
n successive subintervals of amplitudes fi, f>, ..., f, and then performing a large
number of trials in each of which a rv R ~ U[0,1) is thrown on the interval [0,1)
(Fig. 3.3). Every time a point falls within the kth subinterval, we say that out of the
n possible ones the kth event has occurred: the probability of this event obeys the
Bernoulli distribution, in which f; is the probability of success and 27:11' i =
1 — fi is the complementary probability of the point falling elsewhere. The
probability that in N trials, the point falls n; times within the subinterval f; is given
by the binomial distribution

s

(3 )= (3.59)

The generalization of this distribution leads to the multinomial distribution which
gives the probability that in N trials, the point falls n; times in the subinterval f;, n,

times in f>,..., n, times in f,. Formally, the multinomial distribution is given by
N! "

Lfm iy 3.60

n1!n2!...n,,!f1 2 ( )

where, obviously, n; +n, +--- +n, = N.

3.3.3 Sampling by the Composition Method

This method can be applied for sampling random numbers from a pdf that can be
expressed as a mixture of pdfs.

Continuous Case

Let X be a rv having a pdf of the kind

Am:/amww® (3.61)
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where g(y) >0, p(x,y) >0, Vx,y and where the integral is extended over a given
domain of y. By definition of pdf, we have

[ae= [ [ axrawipen) =1 (3.62)

The pdf fx(x) is actually a mixture of pdfs. Indeed, the integrand function can be
written as follows:

ao(es) =ab) [ ol e EEN —mse) (6
where
i) =ab) [P sli) = S e

Let us show that hy(y) is a pdf in y, and that g(x|y) is a pdf in x. Because
p(x,¥) >0, hy(y) >0 and g(x|y) > 0. The normalization of Ay(y) can be derived
immediately from that of fy(x) and the normalization of g(x|y) is evident. Finally,
the pdf fx(x) can be written as

felw) = / hy () gx (xly)dy (3.65)

where we have added the subscript X to the pdf g(x|y) to indicate that it is a pdf of
the rv X. Note that y plays the role of a parameter that is actually a random
realization of the rv ¥ having a pdf hy(y).

To sample a realization of X from fx(x) we proceed as follows:

e Sample a realization of Y from the univariate &y (y);
e Sample a realization of X from the univariate gx(x|Y) (note that at this point
Y has a known numerical value).

For example, let

fx(x) = n/y*nefxydy (n>1,0<x<00) (3.66)
1
=ne . (_x)kil n (_x)nil i(x
- ;(”_1)(n—2)-~-(n—k)+ TR (3.67)

where

Ei(x) = / LSS (3.68)
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is the integral Exponential function. Sampling from the explicit expression of the
integral is too complicate, so that we prefer to resort to the composition method.
Let us choose

q(y) =ny™", p(x,y) =™ (3.69)
so that
i 1
p(x,y)dx = . (3.70)
0
and thus
hy(y) = ny""", gx(xly) = ye ™ (3.71)

The operative sequence for sampling a realization of X from fy(x) is thus

e We sample Ry, R, ~ U0, 1);
e By using Ry, we sample a value of Y from hy(y) with the inverse transform
method

Y
R, = / hy(y)dy =1—¥™" (3.72)
1
We have
Y=(1-R)" (3.73)

e By substituting the value of Y in gx(x|y) we have

gx(x|]Y) =Ye ™™ (3.74)

Hence, gx(x|Y) is an exponential distribution with parameter Y. By using R, we
finally sample the desired realization X from the px(x|Y)

X:féln(l —Ry)) = —(1—Ry)"In(1 — Ry) (3.75)

For example, for n = 3 the rigorous expression for fx(x) is

3
fx(x) = 3 [(1 —x)e™ 4+ x*Ei(x)] (3.76)
In Fig. 3.4, we show the analytical form of fx(x) (full line) and the result of the
MCS (indicated with the circles) with 10° random values sampled by the previ-
ously illustrated procedures. The values are calculated with the following Matlab®
program:
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Fig. 3.4 Example of f(x), for n=3

sampling from a continuous [ : r -
L © | analytical
distribution, by the 1 I | O Monte Carlo| |
composition method. 41
Analytical = solid line; ,

MCS = circle e L 1
1}
06t ] 1
| X
0.4 \‘.<\\
02 '\\\“* B 1
e o
0 SO—-C—o-a -~ &
0 1 2 3 4 5
dx=.001;
x=dx:dx:10;
y=1.5*((1-x).*exp(-x)+x.A2.*expint(x));
I=1e5;

yme=-rand(l,1).A\0.33333.*log(rand(l,1));
dey=(max(ymc)-min(ymc))/50;
[h,xx]=hist(ymc,50);

hn=h/(I*dey);

plot(x.y);

hold,

plot(xx,hn,'0")

axis([0 5 0 1.6])

Discrete Case

Let X be a rv having pdf of the kind
59 =D anle 3.77)
where ¢; >0, p(x,yx) >0 Vk,x,y, and where
JECDS kquk [ ol =1 (378)
=0

The pdf fx(x) is really a mixture of pdfs. Indeed, each term of the sum can be
written as follows
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qp(x, i) = qk / X, yi)dx [ p( pp(x yk) = g (x|yx) (3.79)
where
he = qi / P ydy's g(xlye) = fpp(x yy:) (3.80)

We show that in fact 7 is a probability, and that g(x|y;) is a pdf in x. Because
p(x,yx) >0 and g > 0, it follows that /; > 0 and g(x|yx) > 0. The normalization of
Iy follows immediately from that of fx(x)

e = Xoyodd = [ (X)dx' =1 3.81
> zquk/m %) /f<> (3.81)

The normalization of g(x|yx) is evident. Finally, the pdf fx(x) can be written as
o8]
= Z hicgx (x[yi) (3.82)
=0

where gx(x|yx) is a pdf depending on the parameter y,, which is a discrete rv
having probability ;.
To sample a value of X from fx(x) we proceed as follows:

e Sample a value Y} from the distribution % (k = 0,1,...);
e Sample a value of X from gx(x|Yy).

For example let

5
fX(x):E[l—i-(x—l)ﬂ 0<x<2 (3.83)
i.e.,
5 4
0@ =0 =15 px,y1) =1; plx,y)=(x—-1) (3.84)
We have
2
hy = / (6 )dy = > x 2 =2 (3.85)
1 =41 pX,y1 == 12 = 6 .
0
; 52 1
hy :qz/p(x,yz)dxzﬁgzg (3.86)
0

gx(xy1) = % (3.87)
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Fig. 3.5 Example of sampling from a discrete distribution, by the composition method.
Analytical = solid line; MCS = circles

gx(xy2) = =(x-1)" (3.88)

Operatively, to sample a value of X from fx(x)

e Sample R1,R2~ [0,1);

o If R <hy =2, sample a value of X from gx(x|y), i
X
/ 8x (x[y1)dx ;X (3.89)
0
and thus
X =2R, (3.90)

e If R; > hy, we extract a value of X from gx(x[y>), i.e

X
5 1 5
0
and thus
X=1+(2R, -1)"° (3.92)

In Fig. 3.5, we show the analytical form of fx(x) (full line) and the result of the
MCS (indicated with the circles) with 10> samplings. The values were calculated
with the following Matlab® program:
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dx=0.001;

x=0:dx:2;
y=0.41667*(1+(x—1).A4);
n=les;

cl1=5/6;

c2=1/5;

rl=rand(n,1);
r2=rand(n,1);
X=zeros(n,1),
ip=find(ri<cl);
ig=find(ri>=cl);
X(ip)=2*r2(ip);
val=2*r2(ig)—1;
X(ig)=1+sign(val).*abs(val).\c2;
deX=(max(X)—min(X))/50;
[A,xx]=hist(X,50);
hn=h/(n*deX);

plot(x.y);

hold,

plot(xx,hn,' o)

3.3.4 Sampling by the Rejection Method

Let fx(x) be an analytically assigned pdf, in general quite complicated. The sam-
pling of a realization of a rv X from its pdf with the rejection method consists in the
tentative sampling of the realization of a rv X’ from a simpler density function, and
then testing the given value with a test that depends on the sampling of another rv.
Then, X = X’ only if the test is passed; else, the value of X’ is rejected and the
procedure is restarted. The main disadvantage of this method can be the low effi-
ciency of acceptance if many realizations of X’ are rejected before one is accepted as
X. In the following, when the sampling of a realization of Z from a pdf gz(z),
z € (z1,22), can be easily done, for example by using one of the methods given in the
previous paragraphs, we will simply say that we sample a Z ~ G(z1,22).

The von Neumann Algorithm

In its simplest version, the method of sampling by rejection can be summarized as
follows: given a pdf fx(x) limited in (a, b) let

h(x) = % (3.93)

so that 0 < h(x) <1, Vx € (a,b).



40 3 Monte Carlo Simulation: The Method
The operative procedure to sample a realization of X from fy(x) is the
following:

1. Sample X' ~ U(a,b), the tentative value for X, and calculate h(X');
2. Sample R~ U[0, 1). If R < h(X") the value X’ is accepted; else start again from 1.

More generally, a given complicated fy(x) can be factored into the product of a
density gy (x), from which it is simple to sample a realization of X', and a residual
function H(x), i.e.,

fx(x) = gx (x)H(x) (3.94)

Note that H(x) is not negative, being the ratio of two densities. We set

By = H(x) = m?X(fX(X)) 3.95
= max (x)_T(x) (3.95)
and have
fe(x) = %{jﬂx)&, = gx/(x)h(x)By (3.96)
where
h(x) = ? sothat 0<h(x)<1 (3.97)

Dividing by the integral of fx(x) over the entire domain, by hypothesis equal to
one, we have

8x (¥)h(x)

Jx(X) = (3.98)
Jo g (2)h(z)dz
Integrating Eq. (3.96) over the domain of x we have
| svlmz = (3.99)
H
From Eqgs. (3.97) and (3.98), we also have
[ @< [ evz=1 (3.100)

so that By > 1. The sampling of a random realization of X from fx(x) can be done
in two steps:
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1. Sample a realization of X’ from the pdf gy (x), which is simple by construction

X

P(X' <x) = Gy/(x) = / gx(2)dz (3.101)
—00
and then compute the number A(X’);
2. Sample R~ U[0, 1). If R < h(X"), the sampled realization of X’ is accepted, i.e.,
X = X'; else the value of X' is rejected and we start again from 1. The
acceptance probability of the sampled value X’ is thus

P(R < h(X)) = h(X) (3.102)

We show that the accepted value is actually a realization of X sampled from fx(x).
The probability of sampling a random value X’ between z and z + dz and accepting
it, is given by the product of the probabilities

P(z<X' <z+ dz)P(R<h(2)) = gx(2)dzh(z) (3.103)
The corresponding probability of sampling a random value X "< xand accepting it is
P(X' <x AND R <h(X')) = / e (2)h(2)dz (3.104)

The probability that a sampled X’ is accepted, i.e., the probability of success is
given by the above expression for x — oo

P(success) — P(X' <x AND R < h(X')) = / ew(h(x)dz  (3.105)

The distribution of the accepted values (the others are rejected) is then

P(x'<x AND r<n(x"))
P(success)
[ &x/(2)h(z)dz (3.106)

P(X’ < x|success) =

7 gx(2)h(z)dz

and the corresponding pdf is Eq. (3.97), i.e., the given fy(x).
The simple version of the rejection method by von Neumann is the case
1
b—a
The efficiency ¢ of the method is given by the probability of success, i.e., from
Eq. (3.99)

gx(x) = (3.107)

& = P(success) = gx (2)h(z)dz = — (3.108)

|
x| -
=
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Let us now calculate the average number of trials that we must make before
obtaining one success. The probability of having the first success at the kth trial is
given by the geometric distribution

Pe=(1—-¢e)"e k=1,2,... (3.109)

and the average number of trials to have the first success is

E(k) =Y kP=e3> k(1—e) ' = —eL 3 (1 - o)
k=1 = . dg]k:l (3.110)
=T = Cfue .= B
For example, let the pdf
fx(x) 2 0<x<1 (3.111)
X)) =—m"7T— X .
X n(l+x)yx" —

For x = 0, fx(x) diverges and thus we cannot use the simple rejection technique.
Note that the factor causing the divergence of fx(x), i.e.,1/+/x, is proportional to
the pdf of the rv R?, with R~ U0, 1). By the change of variables

X =R (3.112)
the CDF of the rv X’ is
Gy(x) =P(X'<x) =P(R*<x) =P(R<x) = Vx (3.113)
and the corresponding pdf is
dGy 1
gol) =20 _ L (3.114)

& 2k

Hence, fx(x) can be written as

1 4 1
=—————=gy(x)H 3.115
7)== e (OH) (3.115)
where
4 1
H(x)=— 3.116
) =2 (3.116)
We have
4
By = max H(x) = - (3.117)
and thus
H 1
h(x):ﬂ:—,ogxgl (3.118)
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Fig. 3.6 Example of f(x)
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The operative procedure to sample a realization of the rv X from fx(x) is then:
1. Sample R; ~ U[0, 1) and then calculate:

1
X =Riandh(X') = —— 3.119
and () = (3.119)
2. Sample R, ~ U[0, 1). If R, <h(X") accept the value of X', i.e., X = X'; else start
again from 1.

The efficiency of the method, i.e., the probability that an extracted value of X’ is
accepted is
1 T
=—=—-=785 3.120
¢ By 4 % ( )
In Fig. 3.6, we show the analytical fx(x) (full line) and the result of the MCS
(indicated by circles) with 10° trials.
The values were calculated with the following Matlab® program:

clear;dx=0.001;x=dx:dx: I;Ix=length(x);u=ones(l,lx);
y=2/pi)*u./((I1+x).*sqrt(x));
n=I1e5;rl=rand(1,n);r2=rand(l,n);v=ones(1,n);
h=v./(1+r1.\2);ip=find(r2<h);X=r1(ip).\2;
nn=length(X);deX=(max(X)-min(X))/50;

[, xx]=hist(X,50);hn=h/(nn*deX);
disp([Efficiency="num2str(nn/n)]),pause(10);
plot(x,y);hold;plot(xx,hn, 0');
xlabel('xvalues');title('f(x):—analytical;ooMonteCarlo") hold

In this case, the acceptance efficiency indeed turned out to be 78.5 %
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3.4 The Solution of Definite Integrals by Monte Carlo
Simulation

3.4.1 Analog Simulation

Let us consider the problem of obtaining an estimate of the n-dimensional definite
integral

6= [ oo (3.121)

D

where x is an n-dimensional variable and the integration is extended to the domain
D € R". We can always make the hypothesis that f(x) has the characteristics of a
pdf, i.e.,

fxl)>0 vxeD, [fy(de=1 (3.122)
If a factor fx(x) having the above characteristics cannot be identified in the
function to be integrated, it is always possible to set fx(x) equal to a constant value
to be determined from the normalization condition. From a statistical perspective,
it is therefore possible to consider x as a random realization of a rv having pdf
fx(x). It then follows that g(x) is also arv and G can be interpreted as the expected
value of g(x), i.e.,

Elg(x)] = /g(z)fg(;c)d;c =G (3.123)

D

The variance of g(x) is then

Varlg(a)] = [ [s60) ~ G fodx = B[] - G2 (3.124)
D
The MCS estimation of G can be approached with a method known as that of the
mean value estimation or of the ‘dart game’.
Let us consider a dart game in R” in which the probability of hitting a point
X € dx is fx(x)dx; we make the hypothesis that the dart throws are independent of
each other and also that fx(x) does not change as we proceed with the game. When
a player hits point x, he is given a prize g(x). In a series of N throws in which the
points x;,X,...,xy are hit, the assigned prizes are g(x;),g(x,),...,g(xy). The
average prize per throw is, then

1 &
Gy = N;g(&) (3.125)
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Because the g(x;)‘s are rvs, Gy is also a rv, having expected value and variance
equal to

Mz

N
EGy] = 3 Els()]  VarlGy) =

i=1 i

In Eq. (3.126), E[g(x;)] and Var[g(x;)] are the expected value and the variance of
g(x) computed at the point hit by the player on the ith throw. Each of these
expected values is taken over an ensemble of M — oo players who hit points
Xy Xiys - - %, at their ith throw. Because the probability distribution of these

values does not depend on considering the particular ith throw, i.e., fy(x) is
independent of i, the process is stationary and

Var[g(x;)] (3.126)

Il
—_

Elg(x,)] = A}gnm—Zg x,) = Elg(x)] = G (3.127)
Similarly
Varg(x;)] = Var[g(x)] = E[¢*(x)] — G (3.128)
We thus obtain
E[Gy] = E[g(x)] =G (3.129)
Var|Gy)] = %Var[g(g)] = % [E[g*(x)] — G?] (3.130)

In practical cases, E[g?(x)] and G are unknown (G is indeed the target of the present
evaluation) and in their place we can use the estimates with N > 1. That is, we
suppose that the process, in addition to being stationary, is also ergodic, and thus

N N _
Elg(x)] =~ %;g(&) =7 Elg)]=~ #;gz(&) =g’ (3.131)
Thus for N > 1, it follows that G ~ Gy and
E[GN] ~Gy=%g Var[GN] ~ séN — le (? _ g2> (3.132)

In the last formula it is common to substitute N — 1 in place of N in the denomi-
nator, to account for the degree of freedom that is lost in the calculation of g;
generally, because N >> 1, this correction is negligible.

3.4.2 Forced (Biased) Simulation

The evaluation of G by the analog method just illustrated yields poor results
whenever g(x) and fx (x) are such that where one is large the other is small: indeed,
in this case most of the sampled x; values result in small g(x;) values which give
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scarce contribution to Gy, and few large g(x;) values which ‘de-stabilize’ the
sample average. This situation may be circumvented in the following manner,
within a sampling scheme known under the name ‘Importance Sampling’ (see also
Sect. 6.2). Eq. (3.121) can be written as

g(X)fx(x)
G—D/ Al — o ilx)dx = /81 x)fi (x (3.133)

where fi(x) # fx(x) is an appropriate function (typically called ‘Importance
Sampling Distribution’, see Sect. 6.2) having the characteristics of a pdf as given
in Eq. (3.122) and the prize of the dart game becomes

_ 8)fx(x)
gl(x) B h (J_C)

(3.134)
As we shall formally demonstrate later, the optimal choice of the pdf fi(x) is
fi(x) = k|g(x)|fx(x). Then, in correspondence of every value x; extracted from
f1(x) one would obtain always the same prize g;(x;) = 1/k and the variance of Gy
would be actually zero: this means that just one sampling would suffice to obtain
the exact value of G. However, we shall show that the determination of the
constant k poses the exact same difficulties of computing G.

In view of (3.133), from a statistical point of view x can be interpreted as a rv
distributed according to the pdf f;(x). As before, it follows that the prize g (x) is
also a rv and G can be interpreted as the expected value of g;(x). If E; and Var,
denote the expected value and variance with respect to the pdf fi(x), we get

Eilg1(x)] = /gl(z) 1(¥)dx =G (3.135)
Vanfoi@)] = [ a1 - 6P = B1 [ ] - & (3.136)

As before, G can be estimated with the dart game method by sampling N values
Xy, Xy, - .., xy from the pdf fi(x), calculating the corresponding values of the prize
g1(x;), and computing the sample mean by arithmetic averaging. The rv is thus

1 N
Gy = N;gl(&) (3.137)
and
EGn] =43 Bilai(x)
= (3.138)

™M=l

Vary [GlN] = # Var, [gl (li)}

1
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Similar to the analog case, we obtain

Va3 )] Vo e 09 < B )] — 7 G-159)

and
EGi] = Eils1(x)) = G (3.140)
Var[Gix] = Vanla (0] = ¢ [E 6] -67) (.141)

The estimates of the expected values from the corresponding averages are
= (3.142)

and finally, for N > 1

Van[Gi] = §Vari [ ()] = [ [§0)] - 2] ~ § (& —g2) 14D

The variance Var[Gy] of the estimated value Gy depends on the choice of fj (x).
To minimize it amounts to finding the pdf f; (x) which minimizes E; [g?(x)], with
the imposition of the normalization condition that is required for f; (x) to be a pdf.

By using the method of Lagrange multipliers, the optimal f;(x) is found by ren-
dering stationary the functional

Y = / )i+ / fi()dx —

’ 2 (0)f3 (x) ’ | G149
D/ fl() /12f]() d{*?

The pdf fi(x) is then the solution to ef = 0. The condition is satisfied if

()X() 1

R +5=0 (3.145)

from which we obtain

fi®) = [2]lg(@)fx (x) (3.146)
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The constant || can be determined from the normalization condition on fi(x), so
that finally the best f;(x) is

8 ()1 (x)
filx) =i 3.147
= Tl )i 147
In correspondence to this optimal pdf, we have the value
f2
mmE
H 1 g 1 / filx
(3.148)
- [ [t
l8(x)Ifx (x) X
D
Since independent of the sign of g(x), g2(x)/g(x) = |g(x)|, we obtain
2
min 1 [610)] = | [ le(w)lirtods (3,149
' D
and correspondingly, from Eq. (3.141)
n}m Var|[Gy] = / lg(x) i (x) —G2 (3.150)

In particular, if g(x) > 0, the variance of G is equal to zero [18].

Figure 3.7 shows an example in which it is advantageous to use forced simu-
lation: in fact, compared to what happens when using the natural pdf fx(x), the
maximum of the optimal pdf fi (x) = fx (x) is shifted toward the maximum of g(x),

and the values sampled from that optimal pdf more frequently correspond to high
values of the prize g(x).

The described procedure for performing the optimal choice of f(x), which
would lead us to Eq. (3.147), is not operative because to calculate fi(x) one must
know how to calculate the denominator of Eq. (3.147), and the difficulty of this
operation is equivalent to the difficulty of calculating G.

This apparently surprising result could have been foreseen by examining
Eq. (3.147) for fi(x). By following the dart game technique, to calculate G one
must sample a sequence of values {x;;} from fi(x) and then calculate the corre-
sponding sequence of prizes {g(x;;)} with Eq. (3.134). Because by hypothesis we
have g(x,;) >0, for each x;; we have

ot =SS = B.s1)

[ewiwds D
D



3.4 The Solution of Definite Integrals by Monte Carlo Simulation 49

Fig. 3.7 An example in 04
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Then, it turns out that all the prizes g(x,;) are equal to each other and to G, so that
the variance of the sequence {g(x,;)} is zero.

Operatively, one does not know how to calculate the denominator of
Eq. (3.147), which is the value G of the integral (3.121) whose solution we are
seeking. Then, in practice one chooses an ;" (x) ‘close’ to fi (x) given by Eq. (3.147)
and this allows estimating G with a considerably smaller variance than that which
would be obtained by using the natural fx(x) directly: sampling the values {x,;}
from a pdf £} (x) that approximates f;(x), the values of the sequence {g(x,;)} are
almost equal to G and their variance is small.

The forced pdf f;(x) is usually assigned dependent on a vector « of parameters,
which are then determined so as to minimize the variance of the estimate. We
clarify this with an example.

Let us estimate

1
G:/cos%dx (3.152)
0

The integral can be calculated analogically and we have G = 2/n = 0.6366198.
Assuming that we are unable to perform the integration, we write the integral in
the form of Eq. 3.121 by setting

g(x) = cosB f(x) =1 (3.153)

Then

E[g*(x)] = b}cosz (Z)dx =1

Var[g(x)] =1 — (2)’=9.47152- 102

(3.154)
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Let us consider the two cases of estimating G by analog and optimally forced
MCS.

The analog estimate given by Eq. (3.132) can be found with the following
Matlab® program (N = 10*histories)

N=le4; r=rand(N,1);g=cos(pi*r/2);
GN=mean(g); s2GN=var(g)/N

The following values are obtained

Gy =0.6342 53 =9.6-107
or (3.155)
Gy = (6342+3.1) - 1073

The value Gy so obtained is consistent with the true value of G, from which it
differs by 0.8 standard deviations.

In the case of the forced estimate of G, according to the optimal procedure we
should calculate f(x) with Eq. (3.147). Because g(x) >0 for 0 <x <1, we know
that in this case we would obtain Var|[Giy] = 0. We have f(x) = @, where k is
the constant denominator of Eq. (3.147). Let us suppose that we are unable to
calculate & : to find f;"(x) close to the optimal f; (x) we approximate g(x) with the

first two terms of the Taylor’s expansion of the cosine function

1 (mx)2
fi(x) ~ w (3.156)
The pdf f{(x) is thus of the kind
fi(x) =a— bx* (3.157)
From the normalization condition, we have a — % =1 and thus
fix) =a—3(a—1)x* (3.158)

From the nonnegativity condition it follows that

3 2
for 0 <x<1/V/3itmustbethata > — 17)632 and thusa > 0;
X

3 2
For 1/\/§<x < 1litmustbe thata < ﬁ and thusa <3/2.
2 —
It follows that f;"(x) has been determined with the exception of the parameter a,
whose optimal value must be found inside the interval (0,3).

From Eq. (3.134) we then have

gi(x) =% (f)i)(figx) ~- _;(zsa(?)l)xz (3.159)
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In the ideal case, i.e., supposing we are able to evaluate the integrals, we would

have
X Cos
dx = dx 3.160
/flx /a—3a—1 ( )

The minimum value for this expression is found for a = 3/2, and is equal to
0.406275. By substituting into Eq. (3.141) we have

1 2\? 1
Var[Giy] = v [0.406275 - <n) ] = 9-9026 - 10°* (3.161)

By choosing for N the value 10%, like in the analog case, we obtain a variance that
is smaller by two orders of magnitude. In a real case, when we might be unable to
evaluate the integrals, the value of the parameter a is determined by trial and error.
For each trial value a, the f{"(x) is given by Eq. (3.158) and is completely deter-
mined. From this f;(x) we sample N values x; (i = 1,2,...,N), we calculate the
corresponding values g (x;) with Eq. (3.159) and then g and g} with Eq. (3.142);
finally, we calculate Var,[Gy] with Eq. (3.143). Among all the trial values a, the
best choice is the one for which Var[Gy] is minimum. For this example, the
determination of a was done by using the following Matlab® program (N = 10*
histories) inside the interval [0,1.5] with steps equal to 0.05

clear; N=1e4; g=zeros(N,I); s2GIN=[];
a=0:0.05:1.5; la=length(a);
for k=I:la

for n=I'N

rr=zeros(1,3);r=zeros(1,3);
c=la(k)—1 0 —a(k) rand]; rr=roots(c);lrr=length(rr);
J=0;
for kk=1I:lrr
r(kk)=—1,
if imag(rr(kk))==
J=+1;
r(j)=rr(kk);

end

end
i=find(r>0 && r<l); x=r(i);
g(m)=cos(pi*xI2)l(a(k)—3*(a(k)—1)*x"2);

end
s2GIN=[s2GIN var(g)];

end
plot(a, s2GININ)
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Fig. 3.8 Estimated variance as a function of parameter a (left); forced PDF f; (x)and f;"(x) (right)

Figure 3.8 reports the value SZG]N as a function of a (left) and the two pdfs fi (x)
and f}(x) (right). This latter was calculated as a function of x, for the optimal value
a = 1.5. From the Figure, it can be seen that Var|[Gy] decreases monotonically
as a increases, and reaches the same minimum a = 3/2, as in the theory. The
corresponding estimate of G was obtained by using a forced MCS with the
following Matlab® program

clear;
N=le4; g=zeros(N,I); s2GIN=[]; a=1.5;
for n=I:N
rr=zeros(1,3);r=zeros(1,3);
c=[la—1 0 —a rand]; rr=roots(c);lrr=length(rr); j=0,
for kk=1I:lrr
r(kk)y=—1,
if imag(rr(kk))==
J+1: rG)=rr(k);
end
end
i=find(r>0 && r<l); x=r(i); gl(n)=cos(pi*x/2)/(a—3*(a—1)*x"2);
end

GIN=mean(gl); s2GIN=var(gl)/N;

The following values are obtained

giv = 0.6366 % =9.95-10"% or Gy =(636.6+.032) 103
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This result shows that choosing the optimal pdf f;"(x) allows us to estimate G with
a variance that is two orders of magnitude smaller than that of the analog
computation.

Extension to the Multivariate Case

Let us consider the definite integral G of Eq. (3.121). The sampling of a rv vector x
from fx(x) can be done by starting from the following identity

n—1
fx(X17X2, .. .,)Cn) = LHf}+1(Xij1,Xj2, . .,)C]) f(xn|x,,,1, .. .7X1) (3162)
j=1

where
dej+ 1de+2. . dxnfx()_C)

f' 1(X'|)C',1,X',2,...,X1): =

SRR Jdxidx; 4 1dxjpa. . dxfy (x) (3.163)
_ fmarg(x17x27 .- -vxj)
fmarg(x17x2> ce X — 1)
fx(x)

Fxu|xn -1, X0 — 2,00 0yX)) = ——— 3.164
(o ) = Tint® (3.164)
where fiuarg (X1, X2, .. ., x;) is the marginal pdf of fx(x) with respect to the variables
X1,X2,...,x;. From Eq. (3.162), it can be seen that we can sample x by sampling

successively the x; components from conditional univariate distributions, i.e.,

[xl fromfz(xl)], [}C2 fromf3(x2|x1)], ceey

[x, from f (X, [ X,—1, . . ., x1)] (3.165)

In words, we sample x; from the marginal distribution of f with respect to all the
variables except for xj, x, from the conditional distribution with respect to the
obtained value of x; and marginal with respect to all the remaining variables
except for x;, and so on.

3.5 Sensitivity Analysis by Monte Carlo Simulation

The definite integral G defined by (3.121) depends on the values of the parameters
that appear in the function g(x) and in the pdf fx(x). Let us suppose, for simplicity,
that those functions have in common a scalar parameter p: we want to make a MC
estimate of the sensitivity of G with respect to a variation of the parameter p,
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namely dG/dp. Thus, by including the parameter explicitly as an argument, we can
write Eq. (3.121) as

G(p) = /g(z;p) x(x;p)dx (3.166)

D

Of course, a special case of this formulation is the one in which only g or only
f depends on p.

We present two procedures for estimating the sensitivity, both similar to the one
described for forced simulation [19-23].

3.5.1 Correlated Sampling

Let us set, for brevity

g =glx;p+ Ap) Ix =fx(xp+ Ap)

g =g(x;p) fx =fx(x;p) (3167

Further, let us indicate with E[-] and E*[-] the expected values of the argument
calculated with the pdfs fy and fy, respectively. Corresponding to the value

p + 4p of the parameter, the definite integral defined by Eq. (3.121) becomes

G =G(p+Ap) = / g(wp+ Aplfx(up+ Ap)dx = E[g7]  (3.168)
D
Also,
=G(p+Ap) = [ s(x:p+ Ap) 2525 fy (x:p)x
b (3.169)
=5 s3] =
where we set
ip+ A fx
h(x;p, Ap) = g(x;p + Ap)fx()‘c PYap)_ =g = (3.170)

fx(x;p) fx

Corresponding to a given Ap (in general we choose Ap/p <<1). The MCS estimate
of g* can be done simultaneous to that of G with the described method of the dart
game (Sect. 3.4.1): for each of the N values x; sampled from fx(x;p), we accu-
mulate the value g(x;; p) with the aim of calculating Gy to estimate G, and we also
accumulate the value i(x;; p, Ap) with the aim of calculating Gy, as estimate of G*.
The values Gy and G}, calculated by using the same sequence {x;}, are correlated.
We have
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Y (3.171)

But
E[h] = G;
| =Gy (3.172)

Thus
E[Gy] = G*
G| (3.173)

Var[Gy] = L Varln] = L {EW] - (G*)Z}
To compute the sensitivity of G with respect to the variation of the parameter from

p to p + Ap, let us define
1 &
AGy =Gy — Gy = NZ (hi — gi) (3.174)

i=1

where, for brevity, we set

h; = h(x;;p + Ap) and g; = g(x;;p) (3.175)

We have
(3.176)

Elhi — gi] = E[h — g] = E[h] - E[g] = G" - G

Varlh - g = Var{h — g = E[{(h ~ g) - G' = GY|
—E[(h- 67| +E[(e - 67| - 2Eh - G")(g - G)]  (3177)

= Var[h] 4+ Varlg] — 2{E[hg] — G*G}

The sensitivity dG/dp and its variance are estimated as

AGy 1 | R -
[A—p] _A—pE[hi - gi —A—p(G - G) ,A—p(h—g) (3.178)
AGy| _ 1 Var|h]+Var[g]—2E[hg]+2G*G |
V‘”{Ap} 7N2{ W }— 317
1 [(R) (@) 2e i ] (3.179)
N (Ap)°

The value of G, with its variance, and the sensitivity dG/dp, with its variance, can
be estimated by calculating, for each value x; of the sequence {x;} sampled from

fx(x;p), the three values
g =g(xip), & = g(x;;p + Ap)andf;” = fx(x;;p + Ap) (3.180)
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and by accumulating the five quantities

£3 %\ 2 *
2 *f; 2 *f; *f;

gis & hi=g—; hi= <g,- —) ;o higi =gl gi (3.181)
fi fi fi

After the N accumulations, we calculate the arithmetic averages g, g_z, h, 12, hg
which, substituted in Eqgs. (3.178) and (3.179), give the desired estimates.

3.5.2 Differential Sampling

By differentiating Eq. (3.166) with respect to the parameter of interest p, we obtain
the expression for the first-order sensitivity of G with respect to a variation of p

oG [ [og(x;p), , L fx(xp)
[ [P )+ s B

= / [ai()—“pHaix (J_C;p)lg(z;p)fz(é;l))d)_c

(3.182)

The MC estimate of the first-order sensitivity can be obtained by sampling
N values {x;} from fx(x;p), and calculating the arithmetic average

d [0 0
<5_5>N: %; [alng(g,-;p) + alan(-L’;p)} 8(x;;p) (3.183)

The extension of this simple procedure to the calculation of the pure or mixed
sensitivity of a generic nth order is straightforward.

3.6 Monte Carlo Simulation Error and Quadrature Error

Let us finally compare the statistical error made by estimating G by using the MCS
method with N trials, and the numerical error derived by a quadrature formula in
which the integrand function is calculated in N points [24, 25]. In any case, analog
or biased, the MC error [see Eqgs. (3.131) and (3.143)] varies with N3, i.e.,

eye ~ N (3.184)

In the case of a fairly regular function, the error in any form of quadrature varies
like A with A equal to the integration interval and k a small integer which depends
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on the numerical method employed in the quadrature formula. In general,
k increases with the complexity of the rule, but is at most 2 + 3.

In the case of a hypercube with n dimensions and side length 1, the number of
points on one edge is A~' so that the total number of points is N = A™" and the
numerical quadrature error is

g~ AN~ N7 (3.185)

The MCS estimate is convenient, i.e., eyc < &, if n>2k = 6, i.e., if it is necessary
to evaluate an integral in a domain that is at least 6-dimensional.
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