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Preface

Human history elucidates the spiral development of production and its corre-
sponding technologies when they evolve back into the tailor-made and small batch
production as that in the nineteenth century before the second industrial revolution
for mass production. The encounters in the twenty-first century with the over-
whelming demands for variety and the fierce competition in the consumer markets
require the tailor-made and small batch production with additional dimensions in
rapidness and adaptability. This needs a quick changeover and reconfiguration for
machines and production lines. Further to this, the changing climates along with
natural catastrophes, the hazardous environments, and the space exploration need
devices and robots with variable capacity and changeable structures with certain
versatility and flexibility.

As a backbone and an essential part of machines and robots, mechanisms and
also exoskeletons of robots need to have additional abilities to vary mobility and/
or topology to adapt for the demands. These types of mechanisms with variable
mobility which emerged in the 1990s raised much interest in the first decade of this
century in their topology, kinematics, dynamics and stiffness, and evolve into
reconfigurable robots in many fields and applications.

The philosophy underlying this development is adaptability and reconfigura-
bility, which present the challenges in mechanism design and robots development
that the kinematicians and roboticists are to face in the new decade with the
increasing production demand of small batch, short run, and quick changeover,
with the worsening environments and climate, and with the increasing space
exploration.

To meet the above trend and with an overwhelming support, we have suc-
cessfully held the First ASME/IFToMM International Conference on Reconfigu-
rable Mechanisms and Robots (ReMAR 2009). The conference was a great success
with excellent presentations and papers on seven topic areas in reconfigurable
mechanisms and robots. The collection of the papers presented in the First ASME/
IFToMM International Conference on Reconfigurable Mechanisms and Robots
can be found in Reconfigurable Mechanisms and Robots (ed. Dai, Zoppi and
Kong), KC Edizioni, IEEE Catalog No. CFP0943G-PRT, 2009.
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Following this success, we are holding this Second ASME/IFToMM Interna-
tional Conference on Reconfigurable Mechanisms and Robots (ReMAR 2012) to
provide an international forum for presenting and exploring the reconfigurable
mechanisms and robots with their properties of changing the mobility and topo-
logical structure, and for presenting discussions of their uses in domestic, haz-
ardous, outer-space, and manufacturing environments. With over 103 submissions,
the rigorous review process was held with detailed and in-depth comments on each
paper. This resulted in the acceptance of 78 papers with an additional month for
authors to follow the reviewers’ comment to revise the papers. We are very
pleased with the overwhelming support from authors and from the communities
and with the excellent work from the authors and their serious effort to improve
and finalize the papers.

This book is the result of the successful international conference for all 78
papers on seven areas that are compiled into seven parts as reconfiguration theory,
topology, kinematics, and design of reconfigurable mechanisms, reconfigurable
parallel mechanisms, bio-reconfiguration techniques and biomedical devices,
analysis and design of reconfigurable robots, control of reconfigurable robots,
deployable mechanisms, and application of reconfigurable mechanisms.

This book starts from the reconfiguration theory part that presents the repre-
sentation theory, topology analysis, and type synthesis of reconfigurable mecha-
nisms. The matrix and configuration representations are studied and the multiple
operation forms are investigated. The geometric constraints are elaborated and the
discontinuously movable constant velocity is scrutinized. This leads to the resis-
tance-gradient model for development of metamorphic mechanisms and recon-
figurable mechanisms.

Part II of the book is dedicated to the topology, kinematics, and design of
reconfigurable mechanisms on structure synthesis, topology analysis, and mobility
analysis. The biological modeling and configuration evolution are initiated, lead-
ing to mechanism evolution to various mobility configurations with adaptability
and reconfigurability. The variable graph is proposed and a compliant reconfigu-
rable mechanism is presented utilizing the transformation.

Part III presents the recent study of reconfigurable parallel mechanisms which
evolves into multiple operational modes and utilizes the actuation scheme. The
development of variable-axis revolute joint and variable Hooke joint enables the
type change of a parallel mechanism during operation and raised much interest in
the further direction of parallel mechanism development, leading to type-variable
parallel mechanisms that experience the metamorphosis during the operation.
Experimental modal is analyzed and the principle of parallel mechanisms is uti-
lized to generate a new concept of self-reconfigurable intelligent swarm fixtures.

Part IV is dedicated to bio-inspired knowledge in reconfiguration and in bio-
devices. This part first presents the work on applying the metamorphic-compliant
mechanism to the bi-behavioral prosthetic knee and the advances on reconfigu-
rable stiffness for a knee exoskeleton. This is followed by the development of a
dexterous surgical instrument with reconfigurable units and a novel MR-compat-
ible robot. The minimally invasive surgical robot is introduced with the portable
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reconfigurable unit and with a passive robotic platform. In this part, new recon-
figurable robots are presented and origami mechanisms are displayed.

Part V focuses on the analysis and design of reconfigurable robots with design
and test on modular self-reconfigurable robots, structures and characteristics
exploration on self-reconfigurable robots, gait analysis on six-legged reconfigu-
rable robots, and architecture synthesis on modular robots. It is interesting to
readers that a massage robot is developed with a metamorphic mechanism and a
novel quadruped robot is investigated with the extendable body. This leads to
dynamics analysis based on Lagrange’s equation and contact information identi-
fication with intelligent fingertip sensors. This part ends with an interesting robotic
methodology proposed for system reconfiguration of waste collections.

Part VI continues the topics of the reconfigurable robots and focuses on the
control with the decentralized control scheme, a back-stepping terminal sliding
mode algorithm, and the centralized receding horizon coverage control framework.
The transparency analysis and friction compensation are implemented to control
the master–slave robots, the cable-driven manipulators, and the reconfigurable
manipulators. This part concludes with a review and prospects of robotics studies
in Europe for an interesting map of the robotics development.

Part VII is dedicated to deployable mechanisms and applications of the re-
configurable mechanisms. The section starts from the deployable masts based on
the Bennett linkage and continues with an interesting study of structural synthesis
of an ancient Chinese Chu-state repeating crossbow. The duality of the platonic
polyhedrons and the isomorphism of regular deployable polyhedral mechanisms
are presented and the survey on inflatable deployable space structures is made. The
applications of reconfigurable mechanisms to a modular deployable antenna, to lift
mechanisms, and to box-taking mechanisms are presented. The interesting fold-
able parallel mechanisms and the color-flipping ball mechanism are investigated.
More application is presented in the cutting system.

This book presents a vivid development of reconfigurable mechanisms and
robots and is a collection of the work in design and development across the
disciplines. With the contributions from the authors, this book delivers a lasting
impact on the study and development of reconfigurable mechanisms and robots.

In compiling this book, we are pleased to see the variety of the topics, the depth
of the study, and the wide range of the applications of reconfigurable mechanisms.
The development of reconfigurable mechanisms is seen in the book contributing to
development of mechanisms and robotics and presents a strong part for advancing
the knowledge in the field and for economical development. We thank all the
authors for their contributions and meticulous manner in preparing their manu-
scripts and thank all the reviewers for their rigorous review and detailed comments
to help authors to improve their papers. Further, we thank Helge Wurdemann and
Ketao Zhang for their dedication and persistence in checking every manuscript and
contacting the authors for their revision of the manuscripts and for finalizing this
book.

We have received immense support from Tianjin University, King’s College
London, the Ministry of Education of China, the National Natural Science
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Foundation of China (NSFC), the Chinese Mechanical Engineering Society
(CMES), and the European Commission Seventh Framework under grant agree-
ments 231143 and 270436. We have the overwhelming support from the Design
Division and the Mechanisms and Robotics Committee of ASME, the ASME UK
and Ireland Section, the Automation and Robotics Society of IEEE, and the
International Federation for the Promotion of Mechanism and Machine Science
(IFToMM). We acknowledge the financial support from Tianjin University, the
NSFC Key Research grant 51135008 and grant 51175366, the NSFC conference
grant, and the Key Laboratory of Ministry of Education of China for Mechanism
Theory and Equipment Design.

In organizing this second international conference on reconfigurable mecha-
nisms and robots, we are grateful to members of the scientific committee, the
program committee, and the track chairs/co-chairs for the rigorous peer review of
papers. We thank the organizing teams in both Tianjin University and King’s
College London, University of London who worked so hard to put together
exciting sessions and presentations. We particularly thank Helge Wurdemann for
conference preparation and website editing, Ketao Zhang for paper handling and
author contacting, Guowu Wei for financial arrangement, Jianmin Li for confer-
ence planning, and Yuhu Yang and Zhongxia Xiang for local arrangement. We
also extend our thanks to Just Herder, Anurag Purwar, Chao Chen, and Yan Chen
for their continuing support and kind help.

We are grateful to Tianjin University which is the first Chinese university
established in 1895 for hosting this conference and for their generous financial
support. We particularly thank Professor Shuxin Wang in his capacity as the Dean
of the School of Mechanical Engineering and Co-Chair of the conference and
Professor Tian Huang in his capacity as the Chairman of the Academic Board of
the School for their strong support and thank Professor Guobiao Wang of the
National Natural Science Foundation of China (NSFC) for his invaluable support.

Tianjin, China, July 2012 Jian Sheng Dai
Matteo Zoppi

Xianwen Kong
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Chapter 1
Metamorphic Structure Representation:
Designing and Evaluating Anatomies
of Metamorphic Manipulators

Charalampos Valsamos, Vassilis C. Moulianitis
and Nikos Aspragathos

Abstract In this work the metamorphic structure representation (MSR) is
proposed for the systematic development and evaluation of structures of meta-
morphic serial manipulators. The basic elements of MSR are presented, in terms of
module and connection type. The conceptual design of metamorphic structures
using MSR is presented. The criteria for evaluating emerging structures are intro-
duced in terms of simplicity and solvability of inverse kinematics. Finally, a case
study of two different structures is presented along with their subsequent evaluation.

Keywords Open chain metamorphic manipulators � Reconfigurable robots �
Structure representation

1.1 Introduction

During the last decades, it was revealed that the use of modular reconfigurable
manipulators the flexibility and adaptability of industrial robotic systems could be
enhanced significantly. Such robotic manipulators incorporate a modular archi-
tecture, while at the same time efforts were made in the direction of reconfigurable
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control. The envisaged outcome of current reconfigurable robotics research is the
development of a system able to address a multitude of various tasks, in a rapid,
optimal and seamless fashion.

The reconfigurable modular manipulator system (RMMS) developed at
Carnegie Mellon [1] was composed by the reconfigurable manipulator, a modular
and reusable control software and a novel agent based approach for the task—
based design of modular manipulators, using four kinds of self contained mech-
atronic modules. The rapidly reconfigurable robotic work cell [2] utilized standard
and inter—operable components, which could be easily assembled into robots with
the chosen anatomy and degrees of freedom of either parallel or serial architecture.
A kinematic graph based representation, termed assembly incidence matrix (AIM)
was introduced to mathematically describe modular robot configurations [3].

Metamorphic robots were presented as a class of serial reconfigurable manip-
ulators allowing the creation of structures presenting a large number of different
anatomies each, many of which are outside the current line of design practice for
robots [4]. The general structure of the proposed class of serial manipulators is
modular, but the transition from one anatomy to a new one is conducted rapidly
and without any need for dismantling the initial robot structure. Under specific
perquisites it is possible to construct a parametric analytical solution to the
kinematics of a given structure and all of its emerging anatomies, providing
additional advantages in the reduction of required time for changes in control and
task planning.

A metamorphic manipulator can achieve a considerable range of different
anatomies, by exploiting the off-line variation of its passive modules. Although
this is their main advantage, it greatly increases the search space for design
processes, since both the best structure and the best anatomy of the corresponding
structure for a given task are sought. Therefore, a systematic representation of
different metamorphic structures is required in order to allow their rapid devel-
opment and evaluation.

The problem of designing a metamorphic robot can be viewed at two levels. In
the upper level, metamorphic structures are created and evaluated depending on
their structural properties to determine the best one(s). In the lower level, these
structures are evaluated in order to select the overall best one under a given
performance type [5] and the method presented in [4, 6] is used in order to
determine both the optimal anatomy and task location in the vicinity of the optimal
anatomy’s workspace.

In this paper, the metamorphic structure representation (MSR) is introduced as
a tool for supporting the rapid and systematic conceptual design of open chain
metamorphic manipulators. In addition, two criteria are presented, simplicity of
the structure and analytical kinematic solvability in order to evaluate the emerging
structures. It will be discussed that the introduced representation can be used with
A.I. techniques, towards systematic automated conceptual design of metamorphic
robotic workcells.

4 C. Valsamos et al.



1.2 Basic Structural Definitions

In order to establish the MSR, the following definitions are introduced:

• Active joint. Self contained rotational active module (joint). Provides a rota-
tional degree of freedom for a structure.

• Pseudo joint Passive 1 rotational d.o.f. connector. Changing its angle off-line
allows the transition of a structure to a new anatomy. For any given anatomy,
the pseudo joint setting is locked.

• Metamorphic Structure. A metamorphic structure is an open chain composed
of the three main types of modules, connected in a specific way to each other, so
as to form a serial manipulator. It is characterized by the presented degrees of
freedom, the number and types of modules, their connections and their relative
sequence in the created body.

• Metamorphic anatomy. A metamorphic anatomy is defined as the current
posture of a metamorphic structure. This posture is dependant of the setting of
the pseudo joints contained within the structure. As pseudo joints settings are
altered, new anatomies emerge for the given structure.

• Configuration is defined by the values of the variables of the active joints
(angles) for a given anatomy. The Reference configuration is defined as the
configuration for a given anatomy where all the kinematic variables of the
manipulator are set to zero.

1.3 Metamorphic Structure Representation

The representation of emerging serial metamorphic robotic structures is of outmost
importance so as to provide a means for conceptualization of structures as well as
to allow such representations to be used in A.I. methods used for the determination
of the best possible structure. It seems that the binary representation is very
convenient for the description of the topology and geometry of metamorphic
mechanisms [7].

The introduced serial metamorphic manipulators utilize 3 main type of modules
for their structures, active joints, pseudo joints and rigid connectors [5] (Appendix A).
Rigid connectors are incorporated as lengths to active joints and pseudo joints and
therefore not needed to be modeled separately. Thus, the module set cardinality is
limited in two types. Connections are modeled examining the relative configuration
of selected geometrical properties for adjacent modules which are the joint twists
both for active and pseudo joints (see Appendix A). There are three discrete
connection possibilities: perpendicular, parallel or skew (Fig. 1.1). Following the
above presentation, the MSR is defined by the following elements:

• A single digit is appointed to represent each type of available modules.
• A single digit is appointed to represent the connection of two adjacent modules.

1 Metamorphic Structure Representation 5



• A 2 digit basic string in the form module-connection uniquely describes the
type of module and its connective relation to its adjacent one within a structure.

According to these assignments, Table 1.1 presents the encoding for module
and connection types. Metamorphic structures can be described by string arrays of
the 2 digit basic string.

1.4 Conceptual Design Using the MSR

Using the notations established, metamorphic structures can be developed by
string arrays composed of any given number of basic strings. If two basic strings
are considered module1-connection1 and module2-connection2 and are combined
to form a structure then it will be module1-connection1-module2-connection2.

The following apply for every metamorphic structure represented using this
notation:

(a) The modules and the connections between two successive active joints define a
link.

(b) The end of the string describing a metamorphic structure depicts the con-
nection of the last module of the kinematic chain with the tool frame’s Z axis.

Fig. 1.1 Drawing examples of a string 001#, b string 021#, c string 011#, d string 00100#,
e Physical implementation of string 00100#

Table 1.1 Representation of module and connection types for metamorphic structures

Module type

Active joint Pseudo joint

Digit 0 1
Connection

Perpendicular Parallel Skew
Digit 0 1 2

6 C. Valsamos et al.



Table 1.2 illustrates the links created using one pseudo joint, also depicting the
resulting possible relation of the two active joint twists thus connected relative to
the pseudo joint parameter hp. Fig. 1.1 illustrates a physical example of strings
001#, 011#, 021#, string 00100# presented in Table 1.2 and it’s physical imple-
mentation. The presented link leads in intersecting active joint twists except the
case showed in Fig. 1.1d (hp ¼ 00).

1.5 Emerging Open Chain Structure Evaluation

Using the MSR, a wide variety of serial metamorphic structures can be defined. In
order to proceed with the selection of the best possible for the given requirements,
a method for their initial evaluation is. Therefore, evaluation criteria need to be
established. The criteria selected are the simplicity of a structure and the kinematic
solvability in an analytical form of a structure.

1.5.1 Simplicity

The simplicity of a structure is subject to the number of modules used to from it.
Most importantly the minimum number of pseudo joints is sought to be placed in a
link, so as the maximum number of possible relations for the active joint twists
connected will be presented.

Table 1.3 presents the 24 different feasible types of links constructed using one
or two pseudo joints. The types are categorized in groups based on the available
relation achieved by the twists of the active joints. By examination of the resulting
link properties, it becomes evident that in the case of using group one types to form
a link, the active joint twists achieve all possible relations (intersecting, parallel or

Table 1.2 Links created using one pseudo joint. Possible relation of active joint twists for a
metamorphic link created for various setting of the pseudo joint displacement

MSR
Notation

Active Joint1-
connection1

Pseudo joint-
connection2

Active Joint2-
connection3

Active joint twists relation
relative to pseudo joint setting
angle (hp)

Intersecting Parallel Skew

00 10 0# 00 10 0# hp 6¼ 00 N.A. N.A.

00 11 0# 00 11 hp ¼ 00 hp 6¼ 00 N.A.

00 12 0# 00 12 hp 6¼ �900 N.A. hp ¼ �900

01 11 0# 01 11 N.A. N.A. Always
01 12 0# 01 12 N.A. Always
02 12 0# 02 12 hp 6¼ 00 N.A. hp ¼ 00

Symbol # is a wildcard for the connection type of the remaining structure. (N.A. = Not
Available)

1 Metamorphic Structure Representation 7



skew). Any further addition of pseudo joints will not result in active joint twists
achieving new types of configurations. Such being the case, links in metamorphic
structures are to be constructed using either one or two pseudo joints.

Additionally, it can be seen that groups 2, 4, 6 and 7 can be constructed with
either one or two pseudo joints. In such cases, structures with one pseudo joint are
to be favored against the others.

1.5.2 Solvability of Kinematics

One of the main reasons that reconfigurable robots proposed in the relevant lit-
erature present similarities to current fixed robot anatomies is the problem of
solving their inverse kinematics. The inverse kinematics problem is non-linear and
directly dependant on both a robot’s anatomy and configuration making it quite

Table 1.3 Metamorphic links created using one or two pseudo joints and relations between the
connected active joints as pseudo joint parameters are altered

Group of metamorphic
links

MSR notation Available relations of active joint twists in achieved
links

Intersecting Parallel Skew

1 00 10 10 0# Yes Yes Yes
00 10 12 0# Yes Yes Yes
00 12 10 0# Yes Yes Yes
00 12 11 0# Yes Yes Yes
00 12 12 0# Yes Yes Yes
01 12 12 0# Yes Yes Yes
02 10 12 0# Yes Yes Yes

2 00 11 10 0# Yes Yes No
00 11 12 0# Yes Yes No
02 11 12 0# Yes Yes No
00 12 0# Yes Yes No
02 12 0# Yes Yes No

3 00 10 12 0# No Yes Yes
01 10 12 0# No Yes Yes
02 12 12 0# No Yes Yes

4 00 11 11 0# Yes No Yes
01 10 11 0# Yes No Yes
01 11 12 0# Yes No Yes
00 11 0# Yes No Yes

5 00 10 0# Yes No No
6 01 11 11 0# No Yes No

01 11 0# No Yes No
7 01 12 11 0# No No Yes

01 12 0# No No Yes

8 C. Valsamos et al.



difficult to solve analytically for reconfigurable robots and therefore, numerical
methods are preferred [8, 9].

The same problem stands for metamorphic robots. However, utilizing the way in
which their anatomy is changed via the off-line pseudo joint movement, it is possible
to develop a parametric analytical solution for all emerging anatomies of a structure,
having as parameters the pseudo joint angles [6]. The solvability of inverse kinematics
is depended on the relation between the active joints of the structure. According to
Gao [10] a non redundant serial manipulator allows the derivation of analytical
solution to its kinematics if one pair of consecutive active joint twists is either parallel
or intersects at a point. Additionally, Pieper’s theorem also applies to ensure analytical
kinematic solvability. Such being the case pseudo joints in a structure should be
inserted in such a way so that these conditions are fulfilled. Using the data from
Table 1.3, it can be seen that groups 2, 5 and 6, if used in a metamorphic structure’s
first two links will always allow the derivation of an analytical parametric solution.

1.6 Structuring and Evaluating Metamorphic Structures
Using the MSR

Having established the basics of the MSR metamorphic structures can be designed,
and evaluated using the selected criteria. Figure 1.2 illustrates two different 3 d.o.f.
metamorphic structures. Fig. 1.2a structure MSR notation is 0011100011100010,
while the notation for structure shown in 2 (b) is 0012100011100010. Their
subsequent evaluation based on the selected criteria is presented in Table 1.4.

Based on the evaluation of the two structures, structure 0012100011100010
fares better than 0011100011100010 and therefore is most likely to be selected for
the next stage in the design of a metamorphic workcell.

As seen the MSR helps both in the representation as well as the subsequent
evaluation of the created anatomies. In addition to this, this form of representation
allows its usage to A.I. techniques, especially Genetic Algorithms, so as to develop
a method of automatic and rapid creation, evaluation and selection of metamorphic
structures, as a tool for the rapid, systematic conceptual design of metamorphic
robotic workcells.

Fig. 1.2 Visual
representation of two MSR
notations
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1.7 Conclusion: Future Work

A MSRwas proposed for the rapid systematic creation of metamorphic structures
for serial metamorphic manipulators. The representation of the modules available
for the representation of the different types of modules and their interconnections
was presented. The support for conceptual design of metamorphic structures was
also presented in detail. The criteria for the evaluation of developed structures
were identified and presented. A case study of two different structures was pre-
sented along with their subsequent evaluation.

Future work includes the development of a multi criteria index to be used along
with an automated system for the generation and evaluation of different meta-
morphic structures to be used in the design of metamorphic robotic workcells
using AI techniques.

A.1 Appendix A

Modules types for structuring metamorphic robots

Table 1.4 Evaluation of the two presented structures according to the selected criteria

Criteria Evaluation

Feasibility • Both structures contain the same number of pseudo joints
• Structure (a) contains two Type 2 links which can also be achieved using a single

pseudo joint, while structure (b) contains a single Type 2 link. Therefore, the latter
achieves a better score regarding simplicity.

• Additionally, structure (b) also contains a Type 1 link, which allows the first two
active joints to achieve all possible configurations, and therefore, can achieve a
wider range of different anatomies.

Solvability • Both structures utilize a Type 2 link (0011100#), and therefore they will both
always present maximum solvability for every emerging anatomy achieved

Pseudo joint
• 1 D.O.F. passive connector
• Twist can be set by the user Two options, as shown or opposite direction)
• Reference configuration hp = 0o set by designer
• Range of displacement for configuration shown
[-900, ? 900] (adjusted according to reference configuration set by the designer)
• 2 Connecting Surfaces (as shown)
• Not scalable, Connective surfaces set to match all types of other modules
Active Joint
• 1 D.O.F. rotating active joint
• Self contained active module
• Twist and displacement as shown
• Scalable in three different sizes

(continued)
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Rigid Connector
• Passive connector
• Provides length for a metamorphic structure
• For connection encoding the direction of the length is used (as shown)
• 6 connective surfaces (as shown)
• Also scalable to required length
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Chapter 2
A Method for Configuration
Representation of Metamorphic
Mechanisms with Information
of Component Variation

Wuxiang Zhang and Xilun Ding

Abstract The metamorphic mechanism has the characteristics of multi-configu-
ration, variable constraints, and multi-function. For achieving the variation char-
acteristics of the topological structures in different configurations and the coupling
relations intuitively during the process of configuration transformation, a novel
comprehensive symbolic matrix for representing the topological structures of the
metamorphic mechanism is proposed. The information including variation of
components, the relative joint orientations is involved in this new adjacency
matrix. The variation characteristics and coupling features of the metamorphic
mechanism can be obtained by the generalized operations including intersection
and difference on the corresponding symbolic matrices.

Keywords Configuration representation � Component variation � Metamorphic
mechanisms

2.1 Introduction

In contrast to a traditional mechanism, the metamorphic mechanism has the
characteristics of multi-configuration, variable constraints, and multi-function. It
forms a class of mechanisms that have the ability to change configuration
sequentially from one to another as a resultant change of the number of effective
links and topological structure to achieve different tasks following its working
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conditions and requirements. Thus a metamorphic mechanism can be considered
as a mechanism set composed by multiple kinematic chains which have the ability
of reconfiguration [1].

In the practical process of the transformation between these kinematic chains,
there exist three basic metamorphic characteristics including variation of com-
ponents, adjacent relations and properties of kinematic joints. In most cases, these
three ways are occurred simultaneously. On the other hand, some basic constituent
elements (component and its connectivity relationship) of these mechanisms keep
unchanged to make the mechanisms in adjacent configurations have complex
coupling features [2]. These two aspects are key factors affecting the study on the
method for configuration synthesis of metamorphic mechanisms [3].

Therefore, for achieving the variation characteristics and the coupling relations
of the topological structures in different configurations, a description approach
which is appropriate to the metamorphic mechanism should be researched firstly.

Mechanism diagram and topological graph are two simple and intuitive
methods for describing the structure of a mechanism, but it can not be represented
in a mathematical form. Therefore, adjacency matrix method was used to describe
the topological structure of the mechanism in a single configuration. Further,
elementary transformation of the matrices was proposed to represent the corre-
sponding variation of mechanisms [4–7]. Wang and Dai [1] introduced the joint
symbols into the adjacency matrix for expressing the variation of kinematic joints.
In this method, all the components are numbered sequentially and placed in the
principal diagonal position. And the off-diagonal elements are expressed by using
the joint symbols, such as revolute joint (R), prismatic joint (P) and higher joint
(G), etc. representing the connectivity relationship of the corresponding rows and
columns. So the matrix is symmetrical, and the number of its rows (columns) is
equal to the number of equivalent components. But the joint axis information is not
be expressed by using this method, so planar mechanisms and spatial mechanisms
cannot be distinguished.

Because the axis orientation of the kinematic joints are time-varying, it is
infeasible to express the corresponding information by taking advantage of eule-
rian angles relative to a fix coordinate in adjacency matrix. The relative axis
orientation of the kinematic joints located at two ends of the same component is
invariable while in motion so that we can utilize use it. Yang [8] introduced the
concept of geometric constraint for expressing the relative position and orientation
of the joint axes and generalized it into six types: parallelism, coincidence,
intersection, perpendicularity and randomicity. Li, Wang and Dai [9, 10] devel-
oped a topological representation matrix with information of loops, types of links
and joints, and orientations of joints.

As stated previously, the components have their own unified numbers in these
methods, and the variation information of these components can not be showed up
with producing confusion of components and their connectivity relationships when
comparing the adjacency matrices. In addition, different description sequence to
the same mechanism will lead to different adjacency matrices which need to
perform additional isomorphism identification.
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Based on the above-mentioned research achievements and insufficiencies, a
symbolic matrix which can represent the topological structures of the mechanism
in all configurations with information of component variation is proposed.

2.2 The Method for Configuration Representation
of Metamorphic Mechanisms

The basic characteristic of the method is to construct a symbolic adjacency matrix
by introducing the information of component variation and joint orientation. The
variation characteristics and coupling features of the mechanisms in adjacent
configurations can be obtained by the generalized operations including intersecting
and difference on the corresponding symbolic matrices.

The symbolic matrix A is constructed to describe the topological structures of
the metamorphic mechanism completely as

A ¼

L1 J1;2 � � � J1;i � � � J1;n�1 J1;n
J1;2 L2 � � � J2;i � � � J2;n�1 J2;n
..
. ..

. . .
. ..

. ..
. ..

. ..
.

J1;i � � � � � � LKi � � � Ji;n
..
. ..

. ..
. ..

. . .
. ..

. ..
.

J1;n�1 J2;n�1 � � � Ji;n�1 � � � Ln�1 Jn�1;n
J1;n J2;n � � � Ji;n � � � Jn�1;n Ln

0
BBBBBBBBBB@

1
CCCCCCCCCCA

ð2:1Þ

where the principal diagonal element LKi represent the component of the mecha-
nism as well as the off-diagonal element Ji;j represent the connectivity relationship
of components Li and Lj. The specific explanations are shown as follows.

(1) Principal diagonal element LKi represent the component whose sequence number
is i in the mechanism. The subscript i represents the order of the corresponding
component in the matrix and the superscript K represents the driving component
or the frame component as symbols D or F respectively. In general conditions,
the component whose connectivity characteristic keeps unchanged during the
course of configuration transformation is prior to be selected as the first principal
diagonal element. Then other components should be arranged in sequence.

In the symbolic matrix, for expressing the component variation including
combination and decomposition distinctly, ‘direct sum’ (operator ‘�’) is used here.
The combination of more than two components can be represented as Li � Lj �
� � � : It is different with the former representation methods. In those methods,
several components fixed together was treated as one of them on the assumption of
the components are coincident without considering the influence of their relative
position and orientation constraints at the moment of configuration transformation.
But in fact, some newly components are usually generated. The geometric
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parameter of them will be variable with the moment of configuration transfor-
mation. So ‘direct sum’ is introduced into the matrix for expressing the component
combination at a certain position. This can provide the basis for the research on
sequent dimensional synthesis of metamorphic mechanisms.

(2) Off-diagonal element Ji;j (j ¼ 2; . . .; nj 2, …, n) shows the type of joint and the
relative axis orientation of the joints located at two ends of the component Li as

i;j¼Jj;i¼ UW

Urepresentthejointsymbols; forexample�RðrevolutejointÞ;
Prismaticjoint;Sphericaljoint;���

ThesubscriptW representtherelativegeometricconstraintrelationof
thejointaxeslocatedattwoendsof thecomponentLi

0 ComponentsLiandLjarenotconnected

8>>><
>>>:

ð2:2Þ

In Eq. (2.2), the joint axis between the first component and the second com-
ponent can be treated as the reference axis, and the other joint axis of the second
component can be expressed as the relative orientation of the reference axis. By
inference, all the joint axis of the mechanism can be represented relatively by
geometric constraint relations of the two ends of the same component successively.
The expressions of the geometric constraint are illustrated in Table 2.1 [8–10].

Note. For describing the intersection of more than two joint axes in the same

point, the corresponding W should be expressed as RR
_

. . .:
So the matrix A has the following characteristics as follows:

(1) The matrix is symmetrical, and the principal diagonal elements represent the
sequential connected components. The quantity of its rows (columns) is equal
to the quantity equivalent components.

(2) Nonzero elements in the lower-left/upper-right part of the matrix are corre-
spondent with the types of joints. And the subscript of these nonzero elements
can represent the relative axis orientation of all joints in the mechanism for
distinguishing planar mechanisms from spatial mechanisms clearly.

(3) The quantity of the nonzero elements in the ith row (the principal diagonal
element Li is not included) Ni represents the amount of the kinematic joints
connected with the component Li. If there exist Ni = 1, the mechanism has at
least one open chain; if all the amount of Ni are equal to 2, the mechanism is a

Table 2.1 Expression of the geometric constraint

Geometric constraint relations W

Parallelism ==R; ==P; ==H ; . . .

Intersection R
_
; RR

_
; RRR

_
; . . .

Coincidence =R; =H
Perpendicularity ?R; ?P; ?H ; . . .

Randomicity �R; �P; �H ; . . .
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single closed chain; If there exist Ni [ 2, the mechanism has multi-closed
chains.

(4) The joint axis orientation between the last component and the first component
in the closed kinematic chain should be represented as the geometric con-
straint relative to the reference axis. To the open chain, the case does not exist.

The symbolic matrix can describe the topological structure of the mechanism in
a single configuration. Based on the matrix, the variation characteristics and
coupling features of the metamorphic mechanism in adjacent configurations can be
obtained by the corresponding operations.

2.3 Topological Variation Characteristics of the Metamorphic
Mechanism

For achieving the topological variation characteristics of the metamorphic
mechanism, it is necessary to apply generalized difference operation on the cor-
responding configuration representation matrices as

Asub
iþ1;i ¼ Aiþ1�Ai ,

Equivalence
A0iþ1�A0i ð2:3Þ

where Asub
iþ1;i represent the result of the generalized difference operation, A

0

iþ1 and

A
0

i representing the increased order matrices are equivalent with the original
configuration representation matrices in configurations i + 1 and i respectively.
The orders of the two involved matrices are probably different, so it is necessary to
make their orders have the same value by the operation of increasing order. The
operator“−”represent the generalized difference operation for achieving the
different parts. In set theory, the matrix Asub

iþ1;i is the relative complement set of A
0
i

to A
0
iþ1: Its physical meaning is that after comparing the two topological repre-

sentation matrices Ai+1 和 Ai, the different parts of the two matrices are extracted
and reserved. The order of the result matrix is correspondent with the quantity of
all related components. Its operation steps are described as follows.

Firstly, if the orders of the two matrices involved in the operation are different,
the operation of increasing order should be done according to the number of all
related components. Components fixed together should be resolved to several single
components, and the corresponding Ji;j in Eq. (2.1) is given as the number ‘1’. The
other connectivity relations should be transferred to the corresponding components.

The operation starts with the first line and column, and the principal diagonal
elements and their connectivity relationship should be compared gradually. The
same elements should be assigned ‘0’ while the different elements in the minuend
matrix should be reserved. Variation of the driving components and components
fixed on the ground which are important factors influencing the topological
structures of the metamorphic mechanism should be included. In addition, the
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same joint axis may have different representations in two matrices because of
component variation, so it is necessary to identify the variation in combination
with the metamorphic mechanism.

2.4 Coupling Features of the Metamorphic Mechanism

There exist some basic constituent elements (component and its connectivity
relations) keep unchanged to make the mechanisms in adjacent configurations
have complex coupling features. For achieving these coupling features, it is nec-
essary to apply generalized intersection operation (operator ‘\’) on the corre-
sponding configuration representation matrices as

Aint
iþ1;i ¼ Aiþ1 \ Ai ,

Equivalence
A
0

iþ1 \ A
0

i ð2:4Þ

where Aint
iþ1;i represent the result of the generalized intersection operation whose

physical meaning is that after comparing the two topological representation
matrices Ai+1 和 Ai, the same parts of the matrix are extracted and reserved. And
the different elements should be assigned ‘0’.

The operation steps are coincident with the above expressed difference operation.
The first step is making the order of the involved matrices unified. Then the principal
diagonal elements and their connectivity relations should be compared gradually,
and the different elements should be assigned ‘0’ while the same elements should be
reserved. Therefore, the nonzero elements in the result matrix manifest the coupling
features.

2.5 Relation Between Variation Characteristics and Coupling
Features

Because the variation characteristics and coupling features of the metamorphic
mechanism in adjacent configurations can be obtained by the generalized opera-
tions including intersecting and differentiating on the corresponding symbolic
matrices, it is obvious that there exist the following relation as

Asub
iþ1;i [ Aint

iþ1;i ¼ Aiþ1 ��Aið Þ [ ðAiþ1 \ AiÞ
¼ ½ Aiþ1 ��Aið Þ [ Aiþ1� \ ½ Aiþ1 ��Aið Þ [ Ai�
¼ Aiþ1 \ ðAiþ1 [ AiÞ
¼ Aiþ1

ð2:5Þ

In Eq. (2.5), symbol “[” represent the generalized union operation. Equation
(2.5) shows that the configuration representation matrix in configuration i can be

18 W. Zhang and X. Ding



obtained by uniting the topological variation characteristics matrix and coupling
characteristics matrix.

2.6 Case Study

2.6.1 Case 1

A planar five bar force-limit metamorphic mechanism is shown in Fig. 2.1 [3, 11].
When the mechanism is in configuration 1 as in Fig. 2.1a, slider c locates at the top
end of the slot in component d under the action of spring force Fð1Þ which satisfies

Fð1Þ �Pð1Þn ¼ Pð1Þ cos að1Þ: Force Pð1Þn (the force direction is along the link d) is the
component force of the transmission force Pð1Þ generated by link b, að1Þ is the
transmission angle. The mechanism in this configuration can be treated as a four
bar mechanism, in this case, spring force Fð1Þ guarantees the slider c stays static.
Without such a force Fð1Þ; slider c inclines to move down along the slot under the

action of Pð1Þn ; and the mechanism leads to uncertain motion. When the mechanism
is in configuration 2, see Fig. 2.1b, links a and b are fixed together by locking
revolute joint B using geometric limit, and the mechanism is transformed to a

slider mechanism. Under this condition, spring force Fð2Þ\Pð2Þn ¼ Pð2Þc cos b

makes the prismatic joint C active. Pð2Þn is the component force of Pð2Þc (generated
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Fig. 2.1 A planar five bar force-limit metamorphic mechanism a Mechanism schematic in
configuration 1 and its topological structure. b Mechanism schematic in configuration 2 and its
topological structure
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by link b, and its direction is perpendicular to link b). Angle b represents the angle

between the directions of Pð2Þn and Pð2Þc :
Applying the proposed method, the symbolic matrices of the mechanisms in its

two configurations can be expressed as follows:

A1 ¼

eF R 0 RkR
R aD RkR 0
0 RkR b RkR
RkR 0 RkR c� d

0
BB@

1
CCA ð2:6Þ

A2 ¼

eF R 0 RkR
R aD � b RkR 0
0 RkR c PkR
RkR 0 PkR d

0
BB@

1
CCA ð2:7Þ

The matrices show that all the joint axes are parallel to each other, indicating
that it is a planar mechanism. And components a and e are the driving component
and the frame respectively.

By applying the generalized difference operation, the topological structure
variation characteristics can be achieved as

Asub
2;1 ¼ A2�A1 ,

Equivalence
A
0

2�A
0

1

¼

eF R 0 0 RkR
R aD 1 0 0
0 1 b RkR 0
0 0 RkR c PkR

RkR 0 0 PkR d

2
66664

3
77775
�

eF R 0 0 RkR
R aD RkR 0 0
0 RkR b RkR 0
0 0 RkR c 1

RkR 0 0 1 d

2
66664

3
77775

¼

eF 0 0 0 0
0 aD 1 0 0
0 1 b 0 0
0 0 0 c PkR
0 0 0 PkR d

2
66664

3
77775

ð2:8Þ

According to Eq. (2.8), the element indicating the connectivity relation of
components a and b is ‘1’, it means the two components are fixed together to
generate a new link a� b: Component d is separated from the component c� d
and their connectivity joint with component c is changed to a prismatic joint.

The coupling features of the mechanisms in two configurations can be obtained as

Aint
2;1 ¼ A2 \ A1 ,

Equivalence

eF R 0 0 RkR
R aD 0 0 0
0 0 b RkR 0
0 0 RkR c 0
RkR 0 0 0 d

2
66664

3
77775

ð2:9Þ
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by applying the generalized intersection operation. According to Eq. (2.9), the
connectivity relationship between component e and the related components such as
links a and d keep unchanged.

2.6.2 Case 2

A planar-spatial four bar metamorphic mechanism is shown in Fig. 2.2. When the
mechanism is in configuration 1 as in Fig. 2.2a, it can be treated as a planar RSSR
four bar mechanism. Links a and d are the driving component and frame
respectively. At the moment of configuration transformation,the axis of kinematic
joint between components c and d is changed to make the mechanism transformed
to a spatial mechanism as shown in Fig. 2.2b as well as the driving component
becomes link a. The special metamorphic mechanism transforms its configuration
by changing joint orientation [10].

The topological structures in these two configurations can be expressed in
matrix form as follows:ą

A1 ¼

dF R 0 RkR
R aD S�R 0
0 S�R b S�s
RkR 0 S�s c

0
BB@

1
CCA ð2:10Þ

A2 ¼
dF R 0 R?R
R a S�R 0
0 S�R b S�s

R?R 0 S�s cD

0
BB@

1
CCA ð2:11Þ
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Fig. 2.2 A planar-spatial
four bar metamorphic
mechanism a Mechanism
schematic in configuration 1
and its topological structure
b Mechanism schematic in
configuration 2 and its
topological structure
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The topological structure variation characteristics and coupling features can be
achieved as

Asub
2;1 ¼ A2�A1 ¼

dF 0 0 R?R
0 aD 0 0
0 0 b 0

R?R 0 0 cD

0
BB@

1
CCA ð2:12Þ

Aint
2;1 ¼ A2 \ A1 ¼

dF R 0 0
R aD S�R 0
0 S�R b S�S
0 0 S�S cD

0
BB@

1
CCA ð2:13Þ

Equations (2.12) and (2.13) show that the driving components becomes link
c and the axis geometric constraint relationship between two ends of component
d are changed from parallelism to perpendicularity as shown in Fig. 2.2.

2.6.3 Case 3

A spherical 5R–4Rmetamorphic mechanism and its topological structures are
shown in Fig. 2.3. All the components are connected by revolute joints whose joint
axes intersect in the origin of coordinates. When the mechanism is transformed to
configuration 2, components b and c are fixed together to realize configuration
transformation.

The topological structures of the mechanisms in two configurations can be
expressed in matrix form as follows:

b
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Fig. 2.3 A spherical 5R–4R
metamorphic mechanism
a Mechanism schematic in
configuration 1 and its
topological structure.
b Mechanism schematic in
configuration 2 and its
topological structure
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A1 ¼

eF R 0 0 R
R
_

R aD R
R
_ 0 0

0 R
R
_ b R

RR
_ 0

0 0 R
RR
_ c R

RRR
_

R
R
_ 0 0 R

RRR
_ d

0
BBBBB@

1
CCCCCA

ð2:14Þ

A2 ¼

dF R 0 R
R
_

R aD R
R
_ 0

0 R
R
_ b� c R

RR
_

R
R
_ 0 R

RR
_ d

0
BBB@

1
CCCA ð2:15Þ

By applying the generalized difference and intersection, topological structure
variation characteristics of the adjacent matrices can be obtained as

Asub
2;1 ¼ A2�A1 ,

Equivalence
A
0

2 \ A
0

1

¼

eF R 0 0 R
R
_

R aD R
R
_ 0 0

0 R
R
_ b 1 0

0 0 1 c R
RR
_

R
R
_ 0 0 R

RR
_ d

0
BBBBB@

1
CCCCCA
�

eF R 0 0 R
R
_

R aD R
R
_ 0 0

0 R
R
_ b R

RR
_ 0

0 0 R
RR
_ c R

RRR
_

R
R
_ 0 0 R

RRR
_ d

0
BBBBB@

1
CCCCCA

¼

eF 0 0 0 0
0 aD 0 0 0
0 0 b 1 0
0 0 1 c 0
0 0 0 0 d

0
BBBB@

1
CCCCA

ð2:16Þ

Aint
2;1 ¼ A2 \ A1 ¼

eF R 0 0 R
R
_

R aD R
R
_

0 0

0 R
R
_ b 0 0

0 0 0 c R
RR
_

R
R
_ 0 0 R

RR
_ d

0
BBBBBB@

1
CCCCCCA

ð2:17Þ

As shown in Eqs. (2.16) and (2.17), components b and c are fixed together to
produce a new component b� c:

2.7 Conclusion

A novel comprehensive symbolic matrix for representing the topological structures
of the metamorphic mechanism is proposed. The information including variation
of components, relative orientation of the kinematic joints are involved in this new
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adjacency matrix. The variation characteristics and coupling features of the
metamorphic mechanism in adjacent configurations can be obtained by the gen-
eralized operations including intersection and difference on the corresponding
symbolic matrices.
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Chapter 3
Enumeration Problems: A Bridge
Between Planar Metamorphic
Robots in Engineering and
Polyforms in Mathematics

Anelize Zomkowski Salvi, Roberto Simoni and Daniel Martins

Abstract This paper relates two problems: enumeration of metamorphic robots in
mechanical engineering and enumeration of polyforms in mathematics. First, a
review of the two problems is presented. Some particularities of the enumeration
of metamorphic robots and theoretical results about the enumeration of polyforms
are described in order to create a bridge between these problems. Then, based on
the results and the complexity of the enumeration of polyforms, some directions
for further works on the planar enumeration of metamorphic robots are proposed.

3.1 Introduction

A metamorphic robotic system is a collection of mechatronic modules that can
dynamically self-reconfigure [1]. A change in the macroscopic morphology results
from the locomotion of each module over its neighbors. Chirikjian [1, 2] presents
some applications of metamorphic robotic systems. One cited application in
particular, civil structures in times of emergency, evinces the importance of
previously knowing the possible configurations that a predetermined finite number
of modules can assume.
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A frequent problem found in the literature on metamorphic robots is: how to
enumerate all possible configurations that a metamorphic robot system can assume
from a finite set of modules. This problem has a counterpart in the context of
mathematics: enumeration of polyforms.

In set theory, enumeration means listing the elements of a given set. In com-
binatorics, it relates to counting, i.e. determining the exact number of elements of
finite sets. In mechanical engineering, in some situations, it is necessary to present
all of the configurations that a metamorphic robot can assume. Thus, in this context,
throughout this work, enumeration means listing all of these configurations.

For polyforms, the term enumeration can refer to both counting or listing the
configurations. The problem of listing polyforms is a problem of exponential
complexity; therefore, the number of configurations grows very fast, as will be
discussed in Sect. 3.1. Consequently, the problem of enumerating (listing) all
possible configurations of a planar metamorphic robot for a given set of modules
presents a significant challenge.

This paper presents a review of the enumeration for both metamorphic robot
configurations and polyforms, with the aim of applying several results obtained for
polyforms to metamorphic robots. This approach is particularly useful to under-
stand the growth of the problem, the complexity and the limitations of the brute
force generation (generation of all configurations). Based on this review and on the
particularities of each problem, the future of the enumeration of metamorphic
robots is discussed, considering the growing number of configurations, mechanical
constraints of the modules and tasks to be executed.

The remainder of this paper is structured as follows: Sect. 3.2 presents a brief
review of the enumeration of metamorphic robots. Section 3.3 presents a brief
review of the enumeration of polyforms and discusses the computational
complexity of the problem. Section 3.4 describes a bridge between metamorphic
robots and polyforms. Section 3.4.1 discusses further advances in the enumeration
of metamorphic robot configurations including the mechanical constraints on
modules and task execution for reducing the number of configurations. Section 3.5
presents the conclusions.

3.2 Enumeration of Metamorphic Robots

For a given number of modules, a metamorphic robot made up of these modules
can attain different configurations based on their relative coupling. The problem of
enumerating all possible distinct arrangements of the metamorphic robotic systems
given a number of modules is called enumeration of metamorphic robot config-
urations or, in short, enumeration of metamorphic robots.

Configurations are considered as distinct (nonisomorphic) when none of them is
a rigid transformation (translation, rotation or reflection) of another. For example,
the four configurations shown in Fig. 3.1a are considered isomorphic, while the
two configurations shown in Fig. 3.1b are considered distinct.
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Two common module designs applied to planar metamorphic robots are: square
modules [3–5], Fig. 3.2a, and hexagonal modules [3, 4, 6–8], Fig. 3.2b. Common
spatial metamorphic systems have cubic [9, 10] and dodecahedral [11, 12] mod-
ules which are similarly symmetrical; however, spatial systems will not be further
discussed in this paper.

The problem of the enumeration of planar metamorphic robots has been
addressed in the literature by Chen and Burdick [13]. The focus of their work was
the kinematics of metamorphic robots, so their algorithm enumerates kinemati-
cally distinct modular robot assembly configurations. They introduced a repre-
sentation of a modular robot assembly configuration as an assembly incidence
matrix and defined equivalence relations based on symmetries in module geometry
and graph isomorphisms on the assembly incidence matrix. They also presented an
algorithm to identify kinematically equivalent robots.

Chitta and Ostrowski [14] also focused on the enumeration of kinematically
distinct configurations of a modular robot. They proposed an algorithm based on
testing two conditions given a pair of modular robots: the equivalence of individual
link assembly patterns and the isomorphism of the underlying graph structure.

Martins and Simoni [15] considered the enumeration of all non-isomorphic
planar metamorphic robots from the topologically point of view, i.e. based on the
relative arrangement of the modules. They use group and graph theory tools in
order to avoid repetitions in the process of enumeration. They developed a
constructive technique to determine all distinct configurations and presented the
configurations for a small quantity of square and hexagonal modules.

Fig. 3.1 A set of four isomorphic configurations (a), and a set of two distinct configurations (b)

(a) (b)

Fig. 3.2 Two standard modules of planar metamorphic robots
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In mathematics, enumeration of metamorphic robots has a counterpart,
enumeration of polyforms. The next section introduces the enumeration of
polyforms and presents a bibliography review. Some particularities of the
enumeration of polyforms and theoretical results are described in order to create a
bridge with the enumeration of metamorphic robots in Sect. 3.4.

3.3 Enumeration of Polyforms

A polyomino is a collection of equal-sized squares in a plane, joined along
complete edges [16]. In the same way, a polyform is a plane figure constructed by
joining together identical basic polygons. More specific names have been given to
polyforms resulting from specific basic polygons, such as: polyomino (square),
polyhex (regular hexagon), and polydrafter (drafting triangle with angles of
30�; 60� and 90�).

For polyominoes, the problem of enumeration can be formulated as: how many
different polyominoes of area n (number of pieces) can be constructed on a square
grid? The same formulation can be applied to other polyforms. Most of the
mathematical approaches focus on counting and not on listing configurations,
mainly because the growth in the number of distinct configurations is a consid-
erable limitation of the brute force generation approach.

Before discussing this last point, it is important to understand the concept of
different polyforms from the mathematical point of view.

There are two common ways of defining distinct sets of polyominoes: fixed
polyominoes are considered distinct if they have different shapes or orientations,
while free polyominoes are considered distinct if they have different shapes, while
their orientation and location in the plane is not important [16]. This concept can
be extended to other types of polyforms.

Figure 3.3 shows all polyominoes with three pieces called triominoes; however,
while Fig. 3.3a both free triominoes, Fig. 3.3b shows all of the six fixed triominoes
(of which the two free triominoes are naturally a subset).

Tables 3.1 and 3.2 give the number of all possible free configurations for
polyominoes and polyhexes. These results were obtained through indirect counting
techniques [16, 17].

Fig. 3.3 All free triominoes
(a), all fixed triominoes (b)
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The next section analyzes the complexity of the enumeration of polyforms to
provide a more theoretical basis for understanding the problem.

3.3.1 On the Complexity of the Enumeration of Polyforms

Tables 3.1 and 3.2 indicate the manner in which the number of configurations
increases when the number of pieces increases. The following results are important
for the comprehension of the problem complexity. Let an be the number of n-
celled fixed polyforms

k ¼ lim
n!1

a
1
n
n ¼ l ð3:1Þ

which exists and is non-zero [18].
Equation 3.1 implies that,

an [ ln ð3:2Þ

in other words, an, the number of fixed configurations of area n, grows exponen-
tially with n. Also the time required for an algorithm that lists the an configurations
necessarily grows exponentially.

Due to the exponential growth, mathematics has focused on indirect counting
techniques or on listing specific classes of polyominoes such as the convex, ECO [19],
convex and near convex, Feretic [20] or even plane fitting polyominoes, Fukuda [21].

Table 3.1 Number of free configurations of polyominoes with n pieces

n Configurations n Configurations n Configurations n Configurations

1 1 8 369 15 3426576 22 43191857688
2 1 9 1285 16 13079255 23 168047007728
3 2 10 4655 17 50107909 24 654999700403
4 5 11 17073 18 192622052 25 2557227044764
5 12 12 63600 19 742624232 26 9999088822075
6 35 13 238591 20 2870671950 27 39153010938487
7 108 14 901971 21 11123060678 28 153511100594603

Table 3.2 Number of free configurations of polyhexes with n pieces

n Configurations n Configurations n Configurations

1 1 8 1448 15 76581875
2 1 9 6572 16 372868101
3 3 10 30490 17 1822236628
4 7 11 143552 18 8934910362
5 22 12 683101 19 43939164263
6 82 13 3274826 20 216651036012
7 333 14 15796897 21 1070793308942
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For fixed polyominoes it can be estimated that

an�
ckn

n
ð3:3Þ

where the best known lower and upper bounds for k are [22–24].

3:980137\k\4:65 ð3:4Þ

and

c ¼ 0:3169 ð3:5Þ

In the case of fixed polyhexes, Voge and Guttmann [25] gave a rigorous proof
that the growth constant k exists and satisfies the inequality

4:8049� k� 5:9047: ð3:6Þ

Up to this point, the discussion has focused solely on the enumeration of fixed
polyforms. The problem becomes even harder for free polyforms. However, some
important results on the enumeration of fixed polyforms can be extended to free
polyforms:

• Equation 3.1 also holds for free polyominoes [18];

• The number of free polyominoes (square) is approximately
1
8

of the corre-

sponding fixed polyominoes [26].

An important consideration is that polyhexes have a counterpart in chemistry,
the polyhex hydrocarbons. Polyhex hydrocarbons are organic compounds which
contain only carbon and hydrogen atoms and whose graph is embedded in a
hexagonal lattice. Many techniques for enumerating this class of polyhexes have
been developed; a few examples are show in Caporossi and Hansen [27] and in
Müller et al. [28] and references therein.

The next section discusses how to apply the presented mathematical results to
the enumeration of metamorphic robots, especially how to deal with the expo-
nential growth of the problem considering the mechanical constraints of the
modules.

3.4 A Bridge Between Metamorphic Robots and Polyforms

The mathematical analysis in Sect. 3.1 showed that the growth of the enumeration
problem is exponential, thus, when the number of modules increases the problem
of enumeration becomes difficult or even impractical.

As in many situations it is still important to know the configurations for a given
number of modules, the issue to be addressed in this regard is how to deal with the
growth in the number of configurations.
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The answer to this problem provides a bridge between the mathematical
approach and the particularities of the enumeration problem in relation to meta-
morphic robots.

The central point is: when dealing with metamorphic robots some mechanical
constraints cannot be neglected. For example, the configuration shown in Fig. 3.4b
cannot be achieved directly from the configuration shown in Fig. 3.4a via a new
planar module without disengaging some of the existing planar modules, i.e.
without a change in the robot configuration. Mechanically, this is not possible
since planar modules cannot flip over other existing planar modules. On the other
hand, adding an extra module to the robot in order to fill this gap has arguably no
advantages at all. Furthermore, even if this regions is reachable, this ‘‘internal
assembly’’ poses many coupling problems. Finally, if the configuration in
Fig. 3.4b is desirable, it is possibly to arrive at it before creating the hole in
Fig. 3.4a through a different assembly route.

Such constraints discussed above simply do not apply to polyforms. Therefore,
enumeration algorithms for polyforms, in both contexts (counting and listing)
often consider the configuration where the position marked in gray is occupied by
a piece (Fig. 3.4b) for instance, one of the natural sequences from the
configuration where this position is empty (Fig. 3.4a), or even do not consider the
configuration shown in Fig. 3.4a as a polyform.

On the other hand, these constraints have to be considered in the enumeration of
metamorphic robots. Thus, a certain degree of care has to be taken especially when
adopting a technique originally used for polyforms in the context of metamorphic robots.

These constraints also play an important role in the enumeration process,
because they decrease the number of methamorphic robots configurations to be
generated by cutting some branches of the enumeration process. This is an
important feature because the enumeration (listing) is a non polynomial problem.

(a) (b)

Fig. 3.4 Configuration (b) cannot be achieved from configuration (a)
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The next section discusses the role of these constraints and suggests further
advances in the enumeration of metamorphic robots.

3.4.1 Further Advances in Enumeration of Metamorphic Robots

As discussed at the beginning of Sect. 3.4 and shown in Fig. 3.4 in the enumeration of
metamorphic robot mechanical constraints cannot be neglected, especially because
with a relatively large number of modules this problem becomes intractable. An
important question at this point is: what other constraints should be considered?

Certainly, the answer is strongly related to the type of information to be
extracted from the enumeration and which variables are relevant to the enumer-
ation process.

Working with modular robotic systems that can be arranged in a tree-like
structure and knowing that for this type of arrangement the number of configu-
rations is also typically exponential in terms of the number n of modules, Yim [29]
suggest that several factors contribute to the number of distinct configurations: (a)
the number of connection ports per module, (b) the number of ways that two
connection ports can be attached, (c) symmetries in the connection port, and (d)
symmetries in the module.

In this context, there is even another way to reduce the number of configura-
tions, which needs to be included during the first step of enumeration: a series of
task characteristics as constraints, i.e. a heuristic can be addressed to reduce the
number of configurations and provides only configurations that achieve the task
requirements.

In chemistry, this type of enumeration process with appropriate constraints is
widely used, and certainly the number of configurations is substantially decreased, and
the information extracted from the process is more accurate. Some examples are [30]:

• generation of structures based on a molecular formula,
• generation based on a given set of reactions and reactants,
• generation based on a generic structural formula.

In this context, to decrease the number of configurations, the enumeration of
metamorphic robots can explore two (broad) directions:

1. consider mechanical constraints of the modules and
2. consider the task requirements.

Thus, as further advances required in the enumeration of metamorphic robots
can be pointed out the need to (i) develop a heuristic related to the task variables,
(ii) study the mechanical constraints inherent to the problem and, finally, (iii)
develop an algorithm that integrates both of these advances.

32 A. Z. Salvi et al.



3.5 Conclusions

This paper presents a bibliography review of the enumeration of metamorphic
robots and polyforms showing how these two problems are related. Only a few
studies have addressed the enumeration of metamorphic robots. On the other hand,
the enumeration of polyforms is a well known mathematical problem. This paper
discussed the main connections between these two problems, forming a bridge
between them, especially concerning the growth of the enumeration problem.
Based on the results and complexity of the enumeration of polyforms and par-
ticularities of the modules of metamorphic robots some guidelines are provided for
further work on the enumeration of metamorphic robots. Mathematical analysis
showed that the enumeration of polyforms and metamorphic robots are problems
of exponential complexity and thus, to decrease the number of configurations it is
suggested two research areas that need to be explored in the enumeration of
metamorphic robots: (1) consideration of the mechanical constraints of the mod-
ules and (2) consideration of the task requirements.
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Chapter 4
A Discontinuously Movable Constant
Velocity Shaft Coupling of Koenigs Joint
Type

Chung-Ching Lee and Jacques M. Hervé

Abstract Based on the original Koenigs joint, we present a novel discontinuously
movable (DM) RC-//-RC parallel mechanism having a bifurcation of motion. At a
singular posture of bifurcation, the end effector has locally two degrees of freedom of
infinitesimal translation and two working modes happen at the positions of double
points on intersections of two congruent revolute cylinders, which are generated by the
two RC open sub-chains. In the mode I, two axes of rotations are transmitted by the
ratio of minus one and two shafts rotate in an opposite direction. In the model II,
angular velocity ratio between two intersecting shafts is positive one and two cranks
rotate in the same direction. Moreover, the same type of phenomenon occurs when two
RC open chains are displaced by an offset of translation. Last but not least, a further
investigation on a general DM chain of RC-//-RC or HC-//-HC type is expected.

Keywords Koenigs joint � A bifurcation � Double point � Discontinuously
movable mechanism � Revolute cylinder

4.1 Introduction

The joint of Koenigs invented by Gabriel Koenigs [1], a French mathematician, is a
constant velocity shaft coupling (CVSC), which can transmit rotation with the
angular velocity ratio 1:1 between two intersecting shafts. This original mechanism
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is plane symmetric and has a singular phenomenon when the angle between two axes
of rotation is zero. To overcome a drawback of singular self-motion when the shaft
axes are aligned, a new patented version of the joint with equal offsets between the R
and C axes was proposed by Hervé [2], referring to the figures in the appendix. This
kind of CVSC for a variable angle between the input and the output shafts is also
called a homokinetic joint. It is different from the Oldham-style homokinetic shaft-
couplings [3, 4], which only transmit the uniform motion between the two axes that
can undergo relative motions while keeping parallel.

The mobility of mechanisms depends not only on the topological graph of the
considered mechanisms but also on the geometrical positions in space of their
kinematic pairs. The kinematotropy [5] results in the changes of mobility due to a
variation of joint variables. It has a phenomenon of discontinuous mobility. In fact,
there are different kinds of discontinuity [6]. A bifurcation is a kind of disconti-
nuity. In general, a kinematic bifurcation may just happen at some transition
postures of mechanism. In this article, we focus on the distinct singular posture of
discontinuity mobility called a bifurcation occurring in the original Koenigs joint
and propose a discontinuously movable (DM) RC-//-RC mechanism. This DM
mechanism has a finite bifurcation at two double points located at the intersection
of two revolute cylinders, which is a special bicylindric curve.

4.2 Exceptional Mobility of Koenigs Joint

The RC-//-RC parallel mechanism shown in Fig. 4.1 is movable with one degree
of freedom (DoF) of finite motion if the two axes in each of the two RC open
chains are parallel. Here, R denotes the 1-DoF revolute pair and C the 2-DoF
cylindrical pair. The underline and double underline indicate the parallelism of
pair axes. Hence, a general RC-//-RC linkage has two couples of parallel joints,
one cylinder and one revolute in each couple. The 1-DoF mobility of RC-//-RC
mechanism is overconstrained. The geometric property of parallelism is sufficient
to prove its mobility. That category of overconstrained mobility is qualified as
exceptional [7]. The exceptional mobility can be established by the intersection of
two 3D submanifolds of Schoenflies (or X-) motion 4D groups as explained in the
following. When the mechanism is plane-symmetric and is used as a constant
velocity shaft coupling, it is the joint of Koenigs as described in R. Bricard’s book
[1]. Koenigs joint is a special RC-//-RC mechanism with the equal distances
between two parallel axes as shown in Fig. 4.2 which can uniformly transmit
motion between two intersecting axes; the proper name Koenigs is often mis-
spelled König or Königs in the literature on shaft couplings. In its general version
that is not always homokinetic, the RC-//-RC mechanism was used to move the
railway signs as mentioned in [8], in 1931. In general, the RC-//-RC parallel chain
can move with one finite DoF when the mechanism is not plane symmetric. The
mobility of RC-//-RC chain is based on the group dependence of two Lie
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subgroups of the general Lie group of rigid-body displacements. It is ready for
verification as follows.

Figure 4.1 shows a general RC-//-RC chain with offsets and distinct distances
between two parallel axes. A RC subchain is an open chain, which generates a
3D submanifold of the X-motion 4D group, vðuÞ, whose axes of rotation are
parallel to the unit vector u. From the theory of displacement group, the inter-
section of two 3D submanifolds of two distinct 4D X-groups is a 1D submanifold
of the 3D group T of spatial translations; it is a set of curvilinear translations. In
form of a mathematical equation, the above statement can be generally expressed
as follows,

v uð Þ \ v vð Þ ¼ T ) v�1 uð Þ \ v�1 vð Þ ¼ T �2 ð4:1Þ

in which the notation v�1ðuÞ designates any one of the 3D subsets of vðuÞ.
A special 3D subsets of vðuÞ is T , which is the intersection vðuÞ \ vðvÞ.
If v�1ðuÞ ¼ T then v�1ðuÞ \ v�1ðvÞ ¼ T \ v�1ðvÞ ¼ T �1. In a general case,
assuming v�1ðuÞ 6¼ T and v�1ðvÞ 6¼ T : T �2 is a 1D submanifold of the 3D
group T of spatial translations. A RC open chain with the R and C axes parallel to
u generates a special v�1ðuÞ, which is not equal to T . The other RC open chain
with R and C axes parallel to v, (v = u), generates a special v�1ðvÞ, which is also
not equal to T . Therefore, it is proven that a general form of RC-//-RC chain has
one finite DoF. However, under more special geometric conditions, the RC-//-RC
mechanism has a discontinuous mobility and there is a bifurcation [6] of motion,
which will be explored in the next section.

Fig. 4.1 A general RC-//-RC chain. a With two different cylindric surfaces; b mechanism structure

Fig. 4.2 A Koenigs-joint chain
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4.3 Configuration Analysis of Bifurcation

The RC-//-RC parallel mechanism is movable with one DoF if the two axes in each
of the two RC open chains are parallel as aforesaid. When the mechanism is plane-
symmetric and is used as a constant velocity shaft coupling, it is the joint of
Koenigs [1]. We focus on the special case of a RC-//-RC mechanism which has a
plane of symmetry at its home posture because very special properties appear in
that case. The end body in RC-//-RC parallel chain is the coupler of the corre-
sponding RC CR four-bar linkage. The coupler moves with 1-DoF translation. The
trajectory of each point belonging to the coupler is a curve. Because of the coupler
translation, all the trajectories are congruent curves. When there is plane sym-
metry, the two C axes intersect at a point lying in the plane of symmetry. Let us
consider the trajectory of the coupler point that is common to the C axes. In an RC
open chain, a point located on the C axis obviously moves on a revolute cylinder.
Therefore, the foregoing curve is the intersection of two revolute cylinders and is
called a bicylindric curve, which, in the general case, may have various shapes.
When the two revolute cylinders are congruent, the bicylindric curve is degen-
erated into the union of two ellipses, which intersect at two double points as shown
in Fig. 4.3. We focus on that special case.

The set of the feasible motions of the end body has two connected parts or
branches; each branch is constituted by 1-dof translational motion along one
elliptical curve. In two singular configurations, a bifurcation of translational
motion can occur. A bifurcation belonging to one of these two singular configu-
rations is illustrated in Fig. 4.4. In one mode (branch 1), Fig. 4.4c, there is a plane
of symmetry; the plane is the plane of one ellipse. Two cranks rotate with opposite
angles, which are denoted / and -/ in figures; these angles are oriented by the
unit vectors u and v, which are homologous by plane symmetry. In the other mode
(branch 2), Fig. 4.4d, there is no plane symmetry. The two RC open chains are

Fig. 4.3 Discontinuously movable RC-//-RC mechanism
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Fig. 4.4 One bifurcation configuration of DM RC-//-RC CVSC. a A bifurcation at the double point
of top surface; b at a transition posture; c symmetric motion at a mode I; d motion at a mode II
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homologous by a rotation with a given specified angle (5p/9 in figures) about the
axis of the two double points, which is also the intersection of the two ellipse
planes, Fig. 4.4b. Then, the cranks rotate with the same angle /. Each mode cited
above corresponds to the end-body translation along one elliptical curve. At a
singular posture of bifurcation, the end-body or coupler gains one DoF of infini-
tesimal mobility and has locally two DoFs of infinitesimal translation. Moreover,
the singular posture is a dead-point position; a crank does not transmit its rotation
to the other crank. At any one of its two singular postures of bifurcation, the RCCR
mechanism gains locally and transitorily one degree of freedom of infinitesimal
mobility. Hence, the control of the change of working modes demands the addition
of a second motor acting at the singular postures. We notice that the axial motion
in the C pair of the input crank can have two opposite directions depending on the
output crank motion. An electromagnet of type solenoid (or coil-winding) can be
integrated in the C pair. The electromagnet can generate an axial force in two
opposite directions in function of its electric current. Switching the current allows
the selection of the motion branch.

The same properties are possessed by a slightly general mechanism, Fig. 4.5a,
when one between the two RC open chains is displaced by a given translation,
which is parallel to the axis of the two double points as shown in Fig. 4.5b. Two
offsets appear and both are equal to the translation amplitude. Figure 4.6 illustrates
the bifurcation configurations similar to the previous special case.

4.4 Conclusions

A constant velocity shaft coupling of Koenigs joint type, a special RC-//-RC chain,
has two bifurcations located at the intersection of two ellipses, which are the
degenerate one of bicylindric curve. The configuration analysis of this kind of DM
mechanism is elucidated in detail. One motion mode of bifurcation has the rota-
tions in the same direction but the other one has the rotation motion in the opposite

Fig. 4.5 A slightly general DM RC-//-RC CVSC. a RC-//-RC chain with the offset; b a
formation

40 C.-C. Lee and J. M. Hervé



direction. In practical applications, the C pair of the input crank may include an
auxiliary device with an electromagnet controlled by a switch. A more general
case of RC-//-RC parallel DM chain with unequal revolute cylinders has no CV

Fig. 4.6 One bifurcation
configuration of DM RC-//-
RC CVSC with the offsets.
a Bifurcation at the double
point of top surface; b at a
transition posture; c motion at
mode I; d motion at mode II
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shaft coupling but it is expected to have only one bifurcation at the self intersection
of bicylindrical curve, which will be a broad topic in the future. It is obvious that a
most general case having HC-//-HC type shown in Fig. 4.7 produces the same type
of phenomenon of bifurcations but it is beyond the scope of the paper.

Acknowledgments The authors are very thankful to the National Science Council for sup-
porting this research under grants NSC 99-2221-E-151-016 and NSC 100-2221-E-151-022.

Appendix

The figures show a new patented version of the homokinetic joint proposed by
Hervé [2]. Fig. A.1.

Fig. 4.7 a HC-//-HC DM parallel chain

Fig. A.1 A new patented homokinetic joint
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Chapter 5
A Special Wohlhart’s Double-Goldberg
6R Linkage and its Multiple Operation
Forms Among 4R and 6R Linkages

Chaoyang Song and Yan Chen

Abstract For Wohlhart’s double-Goldberg 6R linkage constructed from two
original Goldberg 5R linkages, there are two constructive forms and one
non-constructive form, which can be reconfigured through bifurcation points.
A special Wohlhart’s double-Goldberg 6R linkage is proposed by introducing a
special geometry constraint. One of the constructive forms of the resultant linkage
is degenerated into a pseudo 4R linkage, which is essentially a Bennett linkage.
Therefore, the special Wohlhart’s double-Goldberg 6R linkage achieves multiple
forms among 4R and 6R linkages. Physical models are also made to validate the
special Wohlhart’s double-Goldberg 6R linkage in different operation forms.

Keywords Wohlhart’s double-Goldberg linkage � Overconstrained linkage �
Multiple operation modes

5.1 Introduction

The concept and design of reconfigurable mechanisms have been developed to
meet the need of the emerging new frontiers of multi-functional machines and
robots since 1990s. One effective method of reconfiguration is through the
bifurcation points on kinematic paths of different linkages. The kinematotropic
linkage proposed by Wohlhart [1] can even change its global mobility with
positional parameter actuations at the bifurcation points. Galletti and Fanghella [2]
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used the displacement groups method and designed a series of kinematotropy
mechanisms. The metamorphic mechanisms were proposed by Dai and Rees [3]
with variable topology and mobility. Recently, Kong and Huang [4] proposed a
number of one degree-of-freedom single-loop overconstrained linkages with two
operation modes by using type synthesis method. Wohlhart [5] also proposed a
series of multifunctional 7R linkages by inserting an overconstrained 4R, 5R or
6R mobile chain into a closed-loop 7R linkage. In this paper, a special geometry
condition is introduced to Wohlhart’s double-Goldberg 6R linkage to make it have
multiple operation forms among 4R and 6R linkages.

This paper is organized as follows. Sect. 5.2 introduces three forms of
Wohlhart’s double-Goldberg 6R linkage. In Sect. 5.3, the original form of Wo-
hlhart’s double-Goldberg 6R linkage is degenerated into a Bennett linkage. Sec-
tion 5.4 describes the multiple operation forms and their transitions. The
conclusion is enclosed in the last section. In this paper, a i�1ð Þi is length of link
i� 1ð Þi; a i�1ð Þi is twist of link i� 1ð Þi; Ri is offset of joint i and hi is revolute

variable of joint i. a=a, b=b, c=c and d=d are the lengths and twists of the link,
e.g., a=a is a link with length a and twist a.

5.2 Wohlhart’s Double-Goldberg 6R Linkage

Recently, Wohlhart’s double-Goldberg 6R linkage [6] was re-examined by Song
and Chen [7]. Shown in Fig. 5.1 are the two constructive forms of Wohlhart’s
double-Goldberg 6R linkage. Both linkages are obtained by merging two Goldberg
5R linkages on the commonly shared link-pair a=a� c=c. After removing the
common links and joint in dash lines, the rest part will form the Wohlhart’s
double-Goldberg 6R linkage. The one in Fig. 5.1a was originally formed by
Wohlhart and named as Form I linkage. The one in Fig. 5.1b is the newly found
constructive form [7] and named as Form II linkage. During bifurcation analysis,
the third linkage form was detected and named as Form III linkage. The Form III
linkage cannot be decomposed into the combination between two Goldberg
5R linkages as Forms I and II, and therefore it is non-constructive. All three forms
of Wohlhart’s double-Goldberg 6R linkage share the identical geometry conditions
as Eqs. (5.1a), (5.1b), (5.1c) and (5.1d) yet have different closure equations.

a12 ¼ a45 ¼ aþ c; a23 ¼ a61 ¼ b; a34 ¼ a56 ¼ d; ð5:1aÞ

a12 ¼ a45 ¼ aþ c; a23 ¼ a61 ¼ b; a34 ¼ a56 ¼ d; ð5:1bÞ

sin a
a
¼ sin b

b
¼ sin c

c
¼ sin d

d
; ð5:1cÞ

Ri ¼ 0 i ¼ 1; 2; . . .; 6ð Þ: ð5:1dÞ
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The closure equations of Forms I and II linkages can be derived from their
construction process [7], which are

tan h2
2 ¼

m1m2

tan h1
2

; h3 ¼ 2 tan�1 m1

tan h1
2

 !
þ 2 tan�1 Ph1 � p

tan
h4

2
¼ m4Ph1 ; tan

h5

2
¼ m3

Ph1

; h6 ¼ �h3;

; ð5:2Þ

in which

m1 ¼
sin

bþ a
2

sin
b� a

2

; m2 ¼
sin

bþ c
2

sin
b� c

2

; m3 ¼
sin

dþ a
2

sin
d� a

2

; m4 ¼
sin

dþ c
2

sin
d� c

2

ð5:3Þ

For Form I linkage

q ¼ m1j j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ m3ð Þ � m2m3 m1 þ m4ð Þ

m1m4 m2 þ m3ð Þ � m1 þ m4ð Þ

s
; Q ¼

m1m2 � 1ð Þ tan h1
2

m1m2 þ tan2 h1
2

Ph1 ¼

1� m3m4ð Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m3m4ð Þ2�4m3m4Q2

q
2m4Q

�p� h1� � 2 tan�1 q
2 tan�1 q� h1� p

� �

1� m3m4ð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m3m4ð Þ2�4m3m4Q2

q
2m4Q

�2 tan�1 q� h1� 2 tan�1 qð Þ

;

8>>>>><
>>>>>:

ð5:4Þ

(a) (b)

Fig. 5.1 Two constructive forms of Wohlhart’s double-Goldberg 6R linkage: a original Form I linkage
reported by Wohlhart [6] and b new constructive Form II linkage reported by Song and Chen [7]
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and for Form II linkage, change Ph1 into the following,

Ph1 ¼

1� m3m4ð Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m3m4ð Þ2�4m3m4Q2

q
2m4Q

�2 tan�1 q� h1� 2 tan�1 qð Þ

1� m3m4ð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m3m4ð Þ2�4m3m4Q2

q
2m4Q

�p� h1� � 2 tan�1 q
2 tan�1 q� h1� p

� �

8>>>>><
>>>>>:

ð5:5Þ

As the Form III linkage is non-constructive, its closure equations cannot be
derived using the same method as Forms I and II. However, we can use the
singular value decomposition method [8] to obtain its kinematic paths numerically.

5.3 A Special Wohlhart’s Double-Goldberg 6R Linkage

From Eqs. (5.2), (5.4) and (5.5), h3 and h6 are not equal to zero generally during
the motion. If constraining h3 ¼ h6 ¼ 0, we will get

1� m3m4ð Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m3m4ð Þ2�4m3m4

m1m2 � 1ð Þ tan h1
2

m1m2 þ tan2 h1
2

" #2
vuut

2m4
m1m2 � 1ð Þ tan h1

2

m1m2 þ tan2 h1
2

¼
tan h1

2

m1
;

ð5:6Þ

i.e.,

m4 m1m2 � 1ð Þ � m1 1� m3m4ð Þ½ � tan2 h1

2
¼ m2

1 m2 1� m3m4ð Þ � m3 m1m2 � 1ð Þ½ �

ð5:7Þ

Here, miði ¼ 1; 2; 3; 4Þ in Eq. (5.3) are fixed for a given linkage. Thus, in order
to make h1 free, Eq. (5.7) can be held only when

m4 m1m2 � 1ð Þ � m1 1� m3m4ð Þ ¼ 0
m2 1� m3m4ð Þ � m3 m1m2 � 1ð Þ ¼ 0

�
ð5:8Þ

One solution of Eq. (5.8) is

m4 ¼ �m1

m3 ¼ �m2

�
; ð5:9Þ

48 C. Song and Y. Chen



which is

tan
a
2

tan
c
2
¼ tan

b
2

tan
d
2
; ð5:10Þ

in terms of link twists. Furthermore, the following relationship can be obtained by
considering Eqs. (5.1c) and (5.10) that

sin aþ cð Þ
aþ c

¼ sin bþ dð Þ
bþ d

: ð5:11Þ

Therefore, when the condition shown in Eq. (5.11) is introduced to Eq. (5.1), a
special Wohlhart’s double-Goldberg 6R linkage will be formed, whose revolute
variables h3 and h6 are expected to be zero during full-circle motion. In other
words, h3 and h6 are kinematically constrained to zero during the full-circle
motion. The closure equations of Forms I and II of the special Wohlhart’s double-
Goldberg 6R linkage can be obtained as below by substituting Eq. (5.11) into
Eqs. (5.2), (5.4) and (5.5) that

tan
h2

2
¼ m1m2

tan h1
2

; tan
h4

2
¼ �m1Ph1 ; tan

h5

2
¼ � m2

Ph1

; ð5:12aÞ

h3 ¼ 2 tan�1 m1

tan h1
2

 !
þ 2 tan�1 Ph1 � p; h6 ¼ �h3; ð5:12bÞ

in which

Ph1 ¼
tan h1

2

m1
for Form I linkage,

m2

tan h1
2

for Form II linkage:

8>><
>>: ð5:13Þ

Fig. 5.2 Kinematic paths of
the special Wohlhart’s
double-Goldberg 6R linkage
in Bennett form
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Only for Form I linkage, h3 ¼ h6 ¼ 0 after introducing the constraint in
Eq. (5.11) to the 6R linkage. Thus, this 6R linkage is degenerated into a pseudo
4R linkage, whose kinematic paths are shown in Fig. 5.2.

After careful examining the geometry conditions of the special Wohlhart’s
double-Goldberg 6R linkage and its corresponding kinematic closure equations
with h3 ¼ h6 ¼ 0, it is interesting to find that the pseudo 4R linkage is essentially a
Bennett linkage connected by joints 1, 2, 4 and 5 with links b=b and d=d adjacent
to joints 3 and 6 rigidified into a composite link bþ d=bþ d, see Fig. 5.3.

5.4 Multiple Operation Forms of the Special Wohlhart’s
Double-Goldberg 6R Linkage

Generally, Wohlhart’s double-Goldberg 6R linkage has three forms: two
constructive 6R forms and one non-constructive 6R form with different kinematic
paths, which can transform into each other through bifurcation points [7]. After
introducing the special geometry constraint in Eq. (5.11), the Form I linkage,
degenerates to a Bennett form with only four active revolute variables. Thus, the
operation form of a 4R linkage has been successfully introduced to Wohlhart’s
double-Goldberg 6R linkage.

The transition among different forms of the special Wohlhart’s double-Gold-
berg 6R linkage is shown in Fig. 5.4. Only the relationship between h1 and h5 is
used for the ease of representation. The black solid lines correspond to the Form II
of Wohlhart’s double-Goldberg linkage in constructive 6R form. The grey solid
lines correspond to the Form I of Wohlhart’s linkage in Bennett 4R form.

Fig. 5.3 Reconfiguration of
Form I of Wohlhart’s double-
Goldberg 6R linkage into a
Bennett 4R linkage
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The black and grey dash lines represent the Form III of Wohlhart’s double-
Goldberg linkage in different configurations, which are in non-constructive
6R forms [7]. B0I, BII and B0II are the bifurcation points between different forms.
Physical models of the special Wohlhart’s double-Goldberg 6R linkage are also
presented in Fig. 5.5.

Fig. 5.4 Transitions of the special Wohlhart’s double-Goldberg 6R linkage in different operation
forms: (a) * (c) are in constructive 6R form; (e) * (g) and (m) * (o) are in different
configurations of non-constructive 6R form; (i) * (k) are in Bennett 4R form. (d), (h), (l) and
(p) are the transition configuration at bifurcation points

Fig. 5.5 Physical models of
the special Wohlhart’s
double-Goldberg 6R linkage.
a Constuctive 6R form
b Bennett 4R form
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5.5 Conclusion

In this paper, a special Wohlhart’s double-Goldberg 6R linkage is presented to have
multiple operation forms among 4R and 6R linkages. Originally, the Wohlhart’s
double-Goldberg 6R linkage has three operation forms: Forms I and II are in con-
structive 6R forms; and Form III is in non-constructive 6R form. By investigating the
closure equations, a special geometry condition that sin aþ cð Þ= aþ cð Þ ¼
sin bþ dð Þ= bþ dð Þ is introduced, resulting two revolute variables to be kinemati-
cally inactive in Form I linkage. The Form I linkage degenerates into a Bennett
linkage. Therefore, the special Wohlhart’s double-Goldberg 6R linkage has three
operation forms: a constructive 6R form, a non-constructive 6R form and a Bennett
4R form. Different forms of the linkage can be transited into each other through
bifurcation points.

The work in this paper demonstrates the possibility and approach to propose
reconfigurable mechanisms among kinematic loops with different number of links.
Such mechanisms will play a fundamental role in the multifunctional robots and
manufacture system of new generation.

Acknowledgments Song C.Y. would like to thank NTU for providing the University Graduate
Scholarship during his PhD study.
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Chapter 6
The Equivalent Resistance Gradient
Model of Metamorphic Mechanisms
and the Design Approach

Shujun Li and Jian S. Dai

Abstract The practical metamorphic process, which include configuration
transforming, configuration keeping and working sequence problems, is intro-
duced. The concept of equivalent resistance gradient of metamorphic joints is
proposed to investigate a new way for regulating the constrained metamorphic
process and/or design of metamorphic joints. A kinds of metamorphic cyclogram
is introduced, and the resistance characteristics of typical metamorphic joints are
studied. A non-dimension equivalent resistance coefficient of metamorphic joints
and the equivalent resistance gradient model of metamorphic mechanism are
defined. The connection ships of equivalent resistance, constraint characteristics
and forms, and the structure of metamorphic joints in the working stages are
revealed. A design approach is demonstrated based on the metamorphic cyclogram
and the equivalent resistance gradient model.

Keywords Metamorphic mechanism � Configuration keeping � Working
sequence � Equivalent resistance gradient � Metamorphic cyclogram
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6.1 Introduction

Since the metamorphic mechanisms were proposed a decade ago [1], the researches on
metamorphic ways have been contributed over the world. Parise, Howell and Magleby
introduced metamorphic ortho-planar mechanisms [2], and Li et al. presented a method
for structural synthesis of metamorphic mechanisms based on the configuration
transformations [3]. Liu and Wang studied the characteristics of metamorphic
mechanisms and ways of metamorphic [4, 5]. Ding and Yang proposed a reconfigu-
ration theory for a new kind of metamorphic mechanisms with assembly-circles
artifact [6], and Li et al. studied joint-gene based topological representation and
configuration transformation of metamorphic mechanisms [7] in 2009. Li and Dai
introduced a new idea of Augmented Assur Group, and be used in the structural theory
of metamorphic mechanisms similar to Assur Group been used in general planar
mechanisms [8], and Zhang and Dai classified the metamorphic techniques and ana-
lyzed the characteristics of geometric reconfiguration in the same year [9]. Lan dis-
cussed the structure and evolution of planar metamorphic mechanisms in 2010 [10].
Generally, the topological structure of a source metamorphic mechanism was deter-
mined by the configuration transmission matrix, which it only characterize the con-
nection ship of the links according to the kinematic requirements of the working stages.
In fact, it is very important for design practical metamorphic mechanisms that the
forms and structures of constraint metamorphic joints, and as well as the kinematic
parameters to satisfy the configuration transforming, configuration keeping and
working sequence problems. The idea of metamorphic cyclogram and equivalent
resistance gradient are introduced to investigate the relationship between the kinematic
status, resistant forces and constraint forms of metamorphic joints, and to find a new
design approach for practical constrained metamorphic mechanisms.

6.2 Complete Metamorphic Process of Constrained
Metamorphic Mechanisms

The general constrained metamorphic processes are: firstly, degenerating the multi-
DOF source metamorphic mechanism into single-DOF mechanism by constraints of
metamorphic joints to form one of the working stages and keeping the working
configuration. Then, releasing the constrained metamorphic joint free and con-
straining other metamorphic joint to change the working configuration and forming
another working stage and keeping the working configuration. The working
sequences of required working stages are controlled by constraining the different
metamorphic joints in the sequences. The sketch map of a complete metamorphic
process of constrained metamorphic mechanisms is shown as in Fig. 6.1.

To obtain all metamorphic working configurations of the mechanism, we can
constrain the joints of the mechanism alternately according to the required
working stages and working sequences by kinematic geometry arrangements,
geometric and force constraints, designated profiles of links and joints, etc.
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The mechanism in Fig. 6.2, for examples, the metamorphic configurations can
be obtained by using geometric and force constraints of metamorphic joints to
constrain one mobility one at a time. Figure 6.2a is a configuration with mobility
one and the movement of slider D is constrained by spring force with spring forces
being larger than the joint frictions. In this case, the mechanism is a four-bar
linkage with only four revolute joints while the slider D does not move. When the
mechanism moves to another configuration in Fig. 6.2b while the movement of
joint B is constrained by a geometric constraint to make two links to become one.
Therefore, the driving force presses the spring to move the slider D. The mech-
anism becomes a crank-slider mechanism.

6.3 Constrained Metamorphic Joints and Force
Characteristics Sketches

Generally constrained metamorphic operations are implemented by using geo-
metric constraints and/or force constraints of metamorphic joints to overlap two
links to become one, or to make the metamorphic joints to be locked. Proposed

configuration transformation of source metamorphic mechanism 
working configuration 

required working sequence  new working configuration 

the working configuration keeping comeback to source metamor-
phic mechanism and/or changing metamorphic joint 

Fig. 6.1 Sketch map of a complete metamorphic process of constrained metamorphic
mechanisms

Fig. 6.2 Two metamorphic working-stage configurations of 2 DOF metamorphic mechanism

6 The Equivalent Resistance Gradient Model 55



typical structures of constrained metamorphic joints are shown as in the Fig. 6.3.
Figure 6.3a are turning joint and prismatic joint with geometric constraint to
overlap two links to become one and provide infinite constraint force at the point,
and Fig. 6.3b are turning joint and prismatic joint with geometric constraint
controlled by spring to provide limited constraint force at the point. Figure 6.3c
are turning joint and prismatic joint with geometric constraint and spring force
constraint respectively. The right parts of the Fig. 6.3 are the corresponding force
characteristics sketches.

6.4 The Equivalent Resistance Gradient Model

6.4.1 Metamorphic Cyclogram of Metamorphic Mechanisms

The working statuses of constrained metamorphic joints will transfer between
moving and static depend on the changing of constrained forces to form the
corresponding working stages, while the diver joint and general joints are keeping
working. The displacement (turning angle or moving distance) h of the driver is
proposed in horizontal axis, and the working conditions of joints J (J = R for
revolute joint, J = P for prismatic joint etc.) in corresponding working stages (or

Fig. 6.3 Constrained metamorphic joints and force characteristics sketches
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metamorphic configurations) is proposed in vertical axis, so that the working
configuration transferring and the working statuses of metamorphic joints can be
described in following metamorphic cyclogram as shown in Fig. 6.4, which shows
the working statuses of the joints with the movement of driver in the corresponding
working stages. The metamorphic cyclogram of metamorphic mechanism of
Fig. 6.2 can be formed as in the Fig. 6.5.

6.4.2 Equivalent Resistance Gradient Model
of Metamorphic Mechanisms

There is only one metamorphic joint moving (working) at a time in corresponding
working stage while the other(s) keeping static in the metamorphic process. The
interchanges from moving to static of metamorphic joints are controlled by the
constraints or constrained forces by the designed structure of metamorphic joints.
A new idea of equivalent resistance coefficient is proposed to describe the working
statuses and constraint resistance characteristics of the joints and in order to
compare the constrained forces between revolute and prismatic metamorphic
joints. It is defined as: the ratio of the force and/or torque in moving direction
provided by the constraint of the metamorphic joint to the force and/or torque in
the moving direction acted on the metamorphic joint in the working process.

feðhiÞ¼
FcðhiÞ
FðhiÞ

¼TcðhiÞ
TðhiÞ

i¼ 1; 2; . . .;m ð6:1Þ

where, feðhiÞ is equivalent resistance coefficient of metamorphic joint, and hi is
displacement of the driver in corresponding working stages, and m is the number
of the working stages. FcðhiÞ and TcðhiÞ are resistant force and resistant torque in
moving direction provided by the constraint of metamorphic joint. FðhiÞ and TðhiÞ
are actual force and torque in the moving direction acted of on the metamorphic

i j

DJ

1J

iJ

jJ
...

JFig. 6.4 Metamorphic
cyclogram of 2 DOF
metamorphic mechanism

AR

BR

DP

ER

CR

J
Fig 6.5 Metamorphic
cyclogram of metamorphic
mechanism shown in
Fig. 6.2
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joint in the working process. In order to show the resistant characteristics of
metamorphic joint such as in the Fig. 6.3 to get the constraint form and structure
information of metamorphic joints, the formula (6.1) be modified as

femðhiÞ¼
FcðhiÞ
Fmin

¼TcðhiÞ
Tmin

ð6:2Þ

fesðhiÞ¼
FcðhiÞ
Fmax

¼TcðhiÞ
Tmax

ð6:3Þ

where femðhiÞ is the equivalent resistance coefficient of moving metamorphic joint
in the working stages. Fmin and Tmin are the minimum actual force and torque acted
on moving metamorphic joint in the corresponding working stages. fesðhiÞ is the
equivalent resistance coefficient of static metamorphic joint in the working stages.
Fmax and Tmax are the maximum actual force and torque acted on static meta-
morphic joint in the corresponding working stages. The femðhiÞ and fesðhiÞ become
in proportion with FcðhiÞ and/or TcðhiÞ by modified formulas (6.3)–(6.4), and lead
the equivalent resistant force sketches of metamorphic joint are similar with the
force characteristics sketches of metamorphic joints of the Fig. 6.3.

The moving sequences of metamorphic joints should be proportional to the
equivalent resistant forces according to the law of minimum resistance of kine-
matics, the equivalent resistance gradient of the metamorphic joints in the
working stages of constrained metamorphic process should be

femðhiÞ� 1 and fesðhiÞ� 1 ð6:4Þ

The equivalent resistance gradient sketch of 2 DOF metamorphic mechanism
can be formed as shown in Fig. 6.6 according to formula (6.4). The equivalent
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j

i

i j

1

Fig. 6.6 Equivalent
resistance gradient sketch
of 2 DOF metamorphic
mechanism

ef

1

Fig. 6.7 Equivalent
resistance gradient sketch that
of Fig. 6.2
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resistance gradient sketch of the mechanism of the Fig. 6.2 can be obtained as
shown in Fig. 6.7 according to formulas (6.1)–(6.4) and Fig. 6.5 and Fig. 6.6.

To compare the equivalent resistance gradient sketch with the metamorphic
cyclogram, one can find out the relationships between kinematic statuses and
constraint forces of metamorphic joints in corresponding working stages.

6.5 Metamorphic Process Regulating and Design Approach

6.5.1 The Characteristics of Equivalent Resistance Gradient

There are following characteristics of equivalent resistance gradient by analyzing
formulas (6.1)–(6.4) and Fig. 6.6:

(1) The intersection point of two equivalent forces sketch is the dividing point of
two working stages. The configuration keeping period is depends on the
position of the intersection point.

(2) The equivalent resistance coefficient of static metamorphic joint is larger than
one, and that moving metamorphic joint is less than one in the same working
stage, so that regulating the values of two equivalent resistant forces (or the
relative positions of two equivalent resistant force sketches) would change the
working sequences (configurations) of metamorphic joints.

(3) The equivalent resistant force sketch by modified formulas (6.3)–(6.4) is
proportional to the force characteristics sketch of the constrained joint, so that
the form and constraint parameters of the metamorphic joints can design and/
or chosen based on the sketch.

(4) The metamorphic cyclogram and equivalent resistance gradient sketch are
interrelated from Fig. 6.5 and Fig. 6.6. The corresponding equivalent resis-
tance gradient can be obtained by referencing the metamorphic cyclogram
sketch formed by a task based metamorphic process, and this can be used in
the design of metamorphic mechanisms and regulating metamorphic process.

6.5.2 Metamorphic Process Regulating and Design
Approach

If the metamorphic cyclogram of Fig. 6.5, for example, were to be changed into
Fig. 6.8 according to working process, the mechanism can be designed as follow.

The Fig. 6.8 shows that driver is counter-clock-wise run and the metamorphic
joint C and E are constrained in configuration i and j respectively, so that the
corresponding equivalent resistance gradient sketch of the two configurations can
be formed as shown in the Fig. 6.9 according to formula (6.4). The metamorphic
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joint C can be kept static by the spring force controlled constraint and joint E
works in configuration i; metamorphic joint E can be kept static by geometric
constraint to provide a lager force then that spring force of the joint C and joint C
works in configuration j. The equivalent resistance gradient sketch with the forms
of the constrained metamorphic joints can be formed as shown in Fig. 6.10
according Fig. 6.3 and Fig. 6.9. It forms one of the constrained metamorphic
mechanisms which meet the kinematic requirements of the Fig. 6.8, and the
corresponding structural sketch of the mechanism is shown in Fig. 6.11. By
actuating joint A counter-clock-wise as that in Fig. 6.11a while joint C is con-
strained by a peg that the mechanism is a crank-slider mechanism with joints A, B
and E and slider D movements. When the slider D moves to a certain position in
the housing when the housing link is restricted by a bolt at joint E in Fig. 6.11b,
the peg is released that joint C is free to move. The mechanism becomes another
crank-slider mechanism with the housing link becoming the ground link.

The example shows that the new metamorphic cyclogram can be formed with
the change of the working process, and the corresponding equivalent resistance
gradient sketch can be formed. The connection-ship of metamorphic processes are
set up to form the bases of regulation the configuration keeping period and
working sequence of the mechanism, as well as the design and/or choosing of
constrained metamorphic joints.
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6.6 Conclusions

The concept of equivalent resistance gradient of metamorphic joints is introduced to
describe the metamorphic process and provide a new approach to regulate the
working stages and design practical metamorphic joints to satisfy the configuration
transforming, configuration keeping and working sequence requirements. A meta-
morphic cyclogram is proposed, and a kind of non-dimension equivalent resistance
gradient model of metamorphic joints is defined to form the equivalent resistance
gradient sketch of metamorphic mechanisms, so that the working status and the
resistant forces of metamorphic mechanism in corresponding working stages are
obtained and the inter-relationship between equivalent resistance, constraint form
and characteristics, and structure of metamorphic joints are connected. The meta-
morphic cyclogram and the equivalent resistance gradient model established the
theoretical base of a new design approach of practical metamorphic mechanism. The
corresponding design method will be studied in the following works.
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Chapter 7
Biological Modeling Representations
and Configuration Evolution Analysis
of a Novel Metamorphic Loading
Mechanism

Ganwei Cai, Yuchen Pan, Hongzhou Wang and Jian S. Dai

Abstract A novel electric loading mechanism is introduced in this paper by
applying metamorphic mechanisms to the innovative design of loaders, which can
change its topological structure to satisfy various kinds of demands during the
working process. One driving motor can finish multiple tasks such as shoveling,
rolling, lifting, and unloading. This paper introduces the characteristics during the
evolutionary process first, based on which, two 0-DOF (Degree-of-Freedom)
directional Assur groups are developed to be the new metamorphic cells as well as
their representations. Configuration transformation and its degeneration ways
during the genetic growth are studied. Biological modeling for working-phase
mechanisms is proposed. The evolutionary synthesis process for generating the
source-metamorphic loading mechanism and its representation is introduced
through evolutionary operations.
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7.1 Introduction

A loader, as shown in Fig. 7.1, is a heavy equipment machine often used in
construction, primarily used to load material such as asphalt, dirt, snow, rock,
sand, and woodchips into a dump truck. But the hydraulic system of a traditional
loader uses fluid for operating media with a large number of hydraulic compo-
nents, resulting in high cost of manufacturing and maintaining. Without proper
maintenance, hydraulic leaks are inevitable.

Metamorphic mechanisms were proposed during the study of reconfigurable
packaging, which are the mechanisms with the ability to change their topological
structures [1, 2]. The approaches to achieve metamorphic function can be divided
into two categories: one is to change the number of links by link coincidence and
self locking [3]. The other is to apply geometric constraint to joints to change the
joint property as that introduced in Ref. [4]. Parise et al. [5] presented new ortho-
planar metamorphic mechanisms in 2000. Liu and Yang [6] investigated the essence
and characteristics of metamorphic mechanisms in 2004,. Dai and Rees Jones [7]
presented the topology of variable mobility-configurations of metamorphic mech-
anisms and described transformation using matrix operations in 2005. Yan and Kuo
[8, 9] investigated variable kinematic joints based on topological representations in
the form of graphs and emphasized the meaning of variable topologies in 2006 and
2007, respectively. Zhang et al. [10] introduced the theories and methods of
synthesis of metamorphic mechanisms based on biological modeling and evolution.

The potential use of this type of mechanisms is promising due to their multiple
working phases, variable topology, and the changeable mobility. A novel type of
electric loading mechanism, whose virtual prototype is shown in Fig. 7.1, is proposed
in this paper by applying metamorphic mechanisms to the innovative design of loaders,
which can change its topological structure to satisfy various kinds of demands during
the working process. One driving motor can finish multiple tasks such as shoveling,
loading, lifting, unloading, lowing and resetting. The motor is placed on the frame,
problems such as low stiffness, high inertia of the linkages of traditional serial
manipulators can be avoided. This paper introduces the characteristics during the
evolutionary process first, based on which, two 0-DOF (Degree-of-Freedom) direc-
tional Assur groups are developed to be the new metamorphic cells as well as their
representations. Configuration transformation and its degeneration ways during the
genetic growth are studied. Biological modeling for working-phase mechanisms is
proposed. The evolutionary synthesis process for generating the source-metamorphic
loading mechanism and its representation is introduced after evolutionary operations.

7.2 Source-Metamorphic Mechanism

A source-metamorphic mechanism SM possesses the complete topological
elements of all working-phases involved in a loading cycle of the loader, and has
the highest level of mobility than each of its sub-working-phase mechanisms [10].
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As is shown in Fig. 7.2 and Fig. 7.3, the motion of the boom (link 6) of the
mechanism is limited by upper limit and lower limit which are both attached to the
frame. The limits stop the boom and cause topological changes when the boom
rotates to the limiting positions during the working process of the loader. There is a
spindle with two stoppers inside the boom where a groove for the slider 9 is at the
forepart. A compound revolute joint connects link 3, link 4 and link 5 together so
that the drive link 2 is able to drive the boom and the slider via link 4 and link 5
during different working phases, respectively. Link 10 links the boom, the bucket
(link 14), link 7 and link 8, of which the middle part connects to the rocker arm 12.

7.3 Working-Phase Mechanisms

Loading process of the loader consists of seven parts: shoveling, bucket rolling
out, raising, dumping, bucket rolling in, lowing and bucket resetting. As intro-
duced in another paper, the topological structures are identical in raising and

rear stopper

front stopperboomside limitupper limit

lower limit

bucketdrive link

rocker arm

Fig. 7.2 Virtual prototype of the novel loader

Fig. 7.1 The traditional hydraulic loader
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lowing phases when the other five share another topological structure. The sket-
ches of working-phase mechanisms are depicted in Fig. 7.4, where Fig. 7.4a
represents the structure of shoveling, bucket rolling out, dumping, bucket rolling in
and bucket resetting phases, Fig. 7.4b stands for the raising and lowing process.

7.4 Novel Metamorphic Cells

7.4.1 Definition of Metamorphic Cell

According to the definition given by Zhang, et al. a metamorphic cell is the
simplest group constructed by successive links and connected joints with zero
number of the degrees of freedom and cannot be divided further, which was
introduced in Ref. [10]. For planar mechanisms, the cell is the variational Assur
group with the orientation characteristic what exactly are: i) the metamorphic cell
has the directionality. This can be deduced from the direction of successive links
of a mechanism in the determined motion transformation. ii) the metamorphic cell
has the calculability, metamorphic cells with the same pattern but different
directions may have distinct calculation results. iii) the cell can be used as an
independent and basic unit chain, which can be operated with aggregation and
segregation evolution to adapt to metamorphic growth and variation Table 7.1.

7.4.2 Two Novel Metamorphic Cells

Zhang et al. also introduced the representation for cell with the combination of
kinematic pair symbols and geometric symbols with ‘‘-’’ representing a link and
‘‘
Q

’’ the main part of a slider, where the direction of metamorphic cells represents
the motion transformation sequence, and gave 17 examples of metamorphic cells.
In this paper, we proposed two new expressions for the novel mechanism, where
‘‘?’’ stands for a link with three revolute pairs, ‘‘þ’’ represents a bar that has four
revolute pairs, ‘‘

‘
’’ means a linkage with two revolute pairs and one prismatic

pair, and ‘‘�’’ is the expression of a link with three revolute pairs and a slider.

Fig. 7.3 Sketch of the
source-metamorphic
mechanism
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7.5 Biological Modeling for Source-Metamorphic
Mechanism

The source-metamorphic mechanism with multiple degrees of freedom can be
modeled biologically as an organism, say:

SM ¼ ai; Ai; af

� �
ð7:1Þ

in which, ai represents the active gene, Ai is the expression of metamorphic cell,
and af stands for the frame gene. From the proposed novel loading mechanism
point of view, it can be depicted as follows, shown in Fig. 7.5.

7.6 Configuration Evolution of the Source-Metamorphic
Mechanism

Working-phases of the loading mechanism include: shoveling, bucket rolling out,
raising, dumping, bucket rolling in, lowing, bucket resetting. As introduced in
another paper, the topological structures are identical in raising and lowing phases
when the other five share another topological structure.

Table 7.1 The novel metamorphic cells

Type Expression Scheme

18A

19A

Fig. 7.4 Sketches of working-phase mechanisms
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Then the biological decomposition can be expressed as follows:

1M ¼ 2M ¼ 4M ¼ 5M ¼ 7M ¼ a1; A1 [ A2 [ A18; af

� �
ð7:2Þ

3M ¼ 6M ¼ a1; A18; af

� �
ð7:3Þ

Generation of the source-metamorphic mechanism between two working-phase
mechanisms is depicted in Fig. 7.6 where the two share the same active meta-
morphic gene but nonidentical metamorphic cells. The active metamorphic gene

= +

1a

+ +

1a′ 19A fa

Fig. 7.5 Biological building
blocks for source-
metamorphic mechanism

(a)

(b)

= + +

1a 18A fa

= + +

1a 1A

+ +
2A 18A fa

Fig. 7.6 Biological
modeling for the two
working-phases mechanisms
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a1, will be retained as the active gene of the source-metamorphic mechanism. So
the operation of cell aggregation can be written as:

ð7:4Þ

resulting in a residual single gene a1 which will be put forward as an additional
active gene. As a matter of fact, the annexed gene a1 is not the same as the a1 in the
working-phases. For clearance, it will be written as a01in the following operations.
In this specific case, the gene is provided by the gravity and the lower limit. Then
we have

ðA1 [ A2 [ A18Þ [ A18 ¼ A19a01 ð7:5Þ

18A 18A fa

+ + +

1a 2A1A

+ + +

1a 19 1A a′+ fa

+ +

=

Fig. 7.7 Evolutionary synthesis for generating the source-metamorphic mechanism
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Consequently, the evolution process of source-metamorphic mechanism can be
obtained, reads:

SM ¼ 1M [ 2M [ 3M [ 4M [ 5M [ 6M [ 7M

¼ 1M [ 1M [ 3M [ 1M [ 1M [ 3M [ 1M

¼ 1M [ 3M

¼ a1; A1 [ A2 [ A18; af

� �
[ a1; A18; af

� �
¼ a1 [ a1ð Þ; A1 [ A2 [ A18ð Þ [ A18½ �; af [ af

� �� �
¼ a1; A19a01

� �
; af

� �
¼ a1; a

0
1; A19; af

� �
ð7:6Þ

The evolutionary synthesis for generating the source-metamorphic mechanism is
depicted in Fig. 7.7.

7.7 Conclusions

i) The characteristics during the evolutionary process was introduced first, based
on which, two 0-DOF directional Assur groups were proposed to be the new
metamorphic cells as well as their representations. ii) Configuration transformation
and its degeneration ways during the genetic growth were studied. Biological
modeling for working-phase mechanisms was proposed. After evolutionary
operations, the evolutionary synthesis process for generating the source-meta-
morphic loading mechanism and its representation were introduced
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Chapter 8
On the Matrix Representation Methods
for Variable Topology Mechanisms

Lung-Yu Chang and Chin-Hsing Kuo

Abstract Mechanism with variable topologies (MVTs) can change its topological
structure because the kinematic types of certain joints are changeable during
operation process. This work reviews and discusses the matrix methods for the
representation and analysis of the topological structures of MVTs. First, we study
several matrix representation methods for MVTs and compare their characteristics.
Accordingly, these methods are classified into two different types based on the
existence of joint types recorded. Furthermore, we discuss the applications of these
methods for the structural decomposition and the topological homomorphism
identification of MVTs. Last, we summarize the current limitations of the matrix
representation methods for MVTs for future studies.

Keywords Reconfigurable mechanisms � Mechanisms with variable topologies �
Matrix representation �Configuration decomposition �Topological homomorphism

8.1 Introduction

For presenting the topological structure [1] of a mechanism, the most common
way is the use of graph theory. However, since the topological graphs cannot be
directly applied for computer programming, matrix representations are in general
more popular than the graph representations for the purpose of topological
representation and analysis of mechanisms.
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During the past decade, several research groups have paid significant attention
to the topological representations of the mechanisms with variable topologies
(MVTs) [2]. They began to represent the topological structures of MVTs by using
matrix representations in oder to anaylze their topologies computationally. For
example, in 2005, Dai and Rees Jones proposed EU-matrix transformations [3] to
formulate the topological changes of MVTs. In 2006, Yan and Kuo provided the
directionality topology matrix [4, 5] which is particularly suitable for representing
the topological structures of MVTs. In 2011, Slaboch and Voglewede presented
the mechanism state matrix [6] which can record the mobilities and topological
characteristics of variable topology mechanisms. By overview, Slaboch and
Voglewede’s method should suffice for identifing the characteristics of variable
topology mechanisms. However, since MVTs have multiple topological structures,
it is not easy to decompose all the sub-phase working mechanisms [7] under the
circumstances when only a source mechanism is known. Therefore, it will be
appreciated if the topology of the source mechanism of an MVT can be identified,
following which all the sub-phase mechanisms can be computed accordingly.

The topological structures of MVTs are in general dominated by the changes of joint
types. In this paper, we will revisit the present matrix representation methods for MVTs
and classify them based on the existence of joint types recorded. Next, we will discuss
the differences between these methods. Finally, we summarize the advantages of these
methods and conclude their limits for the applications for topological analysis of MVTs.

8.2 Topological Characteristics of the Variable Topology
Mechanisms

The topological structure of a mechanism stands for the numbers of links and
joints, the joint types and the adjency and incidence between links and joints.
A mechanism is said with variable topology or with changeable configuration if at
least one of following conditions is met during operation [8]:

a. The numbers of effective links and/or joints are changeable.
b. The kinematic types of certain joints are changeable.
c. The adjacency and incidence among links and joints are changeable.
d. The relative arrangement between joints is changeable.

8.3 Matrix Representations for Variable Topology
Mechanisms

Perhaps, the most computationally effective method for analyzing the topology of
a mechanism is via the matrix methods. Since the key point of the change of
topology of an MVT is due to the variable joints [5], we classfy the matrix
representation methods based on the existence of joint type recorded.
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8.3.1 Matrix Representations Without Joint Type Recorded

There are three ways for representing the topological structures of MVTs as matrices,
that are, adjacency matrix, incidence matrix and EU-matrix transformation.

8.3.1.1 Adjacency Matrix

The adjacency matrix [9] is used to represent the adjacency relationship among
links in a mechanism. The links in a mechanism are labeled 1 to n, and the
adjacency matrix is an n by n symmetric matrix whose diagonal elements are all
denoted by zeros. The element in an adjacency matrix A can be defined as follows:

aij ¼
1; If link i is connected to link j by a joint
0; otherwise: including i ¼ jð Þ

�
ð8:1Þ

In 2008, Lan and Du [10] modified adjacency matrix by introducing ‘‘-1’’ to
describe a fixed kinematic pair [5]. By using this method, the dimension of the link
adjacency matrix of the MVT can remain the same even if the number of effective
links is changed during operation.

8.3.1.2 Incidence Matrix

The incidence matrix [9] is used to represent the incidence relationship among
links and joints in a mechanism. First, the links and joints of a mechanism are
numbered sequentially from 1 to n and 1 to m, respectively. Then, each row will
represent a link and each column will represent a joint. The element of an inci-
dence matrix B can be defined as follows:

bij ¼
1; If link i is connected to joint j
0; otherwise:

�
ð8:2Þ

8.3.1.3 EU-Matrix Transformation

EU-matrix transformation [3] is a method that can manipulate its adjacency matrix
when the topology of the mechanism changes. This method uses the concept of
E-elementary matrix and U-elementary matrix in linear algebra to demonstrate the
transformation of mechanism configurations. The method is the first attempt that
uses matrix operation to algebraically manipulate the topological structure of
MVTs. Suppose that link i contacts with link j (i [ j) in an MVT. Then, the matrix
Ej is a unit matrix Ii*i add the jth column with 0 and matrix Ui,j is a unit matrix Ij*j

which element aij be replaced to 1.
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8.3.2 Matrix Representations with Joint Types Recorded

8.3.2.1 Directionality Topology Matrix

The directionality topology matrix [4] not only represents the adjacency among the
links but also indicates the joint types in an MVT in every stage. The links of the
MVT are labeled 1 to n and the joints are a to z. The numbers of the rows and
columns of the matrix are equal to the number of links. The diagonal elements
represent the labels of links. The upper triangle matrix represents the adjacency
between links i and j which is expressed by joint code [5]. The lower triangle
matrix represents the labels of the joints. If link i is not connected to link j by a
joint, the corresponding matrix element (i, j) and (j, i) are written as zeros.
Accordingly, the joint sequences [5] can be employed when a mechanism has
multiple topology states.

For example, Eq. (8.5) is the directionality topology matrix of the two-stage
six-bar linkage shown in Fig. 8.1:

MDT ¼

1 JR;R
z; z 0 0 0 JS;X

v; v

a 2 JR;R
z; z 0 0 0

0 b 3 JR;R
z; z 0 0

0 0 c 4 JS;R
v; z 0

0 0 0 d 5 JS;R
v; z

f 0 0 0 e 6

2
66666664

3
77777775

ð8:3Þ

8.3.2.2 Mechanism State Matrix

Mechanism state matrix [5] perhaps is the most complete method so far for
recording the topological characteristics of MVTs. The links of an MVT are
numbered sequentially from 1 to n. Each row represents the state of mechanism
and each column represents a link. If an MVT has n links and m states, the
mechanism state matrix is an m 9 n matrix. The element in a mechanism state
matrix MSM is defined as follows:

msm ¼ jði;jÞc
k1ði;jÞ
1ði;jÞl1ði;jÞ

; c
k2ði;jÞ
2ði;jÞl2ði;jÞ

. . .c
krði;jÞ
rði;jÞlrði;jÞ

ð8:4Þ

1

2

3 4 5
6

1
a
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d

e

f
1

2

3 4 5 6

1

a

b c
d

e

f

1

2

3 4 5

a

b c
d

e

Y

X

State 1 State 2
State 2 

equivalent mechanism

Fig. 8.1 Two states of a six-bar linkage with variable topology
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where jði; jÞ : in state i
a; if link j is a fixed link
b; if link j is not a fixed link

�
cx(i, j): a link number (1 to n) corresponding to a link connected to link j by a joint,

where cx+1(i, j) [ cx(i, j) [ j.
x: An integer from 1 to r.
r: The number of links connected to link j for cx(i, j) [ j.
kx(i, j): The type of kinematic pair connecting link j to link cx(i, j).
lx(i, j): The orientation of the kinematic pair connecting link j to link cx(i, j).
For example, Eq. (8.5) is the mechanism state matrix for the six bar linkage in

Fig. 8.1.

MSM ¼
a2R

z ; 6S
v b3R

z b4R
z b5S

v b6S
v b

a2R
z ; 6X

v b3R
z b4R

z b5R
z b6R

z a

� �
ð8:5Þ

where R represents the revolve joint, S indicates the spherical joint, z is defined as
the direction of rotation axis and v is defined as the spherical motion.

8.4 Topological Homomorphism

A very familiar problem revealed in the structural analysis of mechanisms is the
isomorphism identification between two mechanisms. Two mechanisms are said to
be isomorphic if they have the same topological structure. Similarly, it is possible
that two MVTs can have same topological structure(s) at one or more topology
states. In such a situation, these two MVTs are said topological homomorphic [4].
More precisely, if MVT ma has one or more topological structures identical to that
of another MVT mb, we said that ma is topological homomorphic to mb. Fur-
thermore, if there is a sequentially one-to-one correspondence between the topo-
logical structures of ma and mb, then ma and mb are said mutually topological
homomorphic.

Clearly, if we want to represent and identify the topological homomorphism
between two MVTs, we may decompose all the topological structures of the MVTs
and identify their isomorphism in each topological structure step by step. For
example, Fig. 8.2a–c shown three simple mechanisms (with two links and one
joint only). It shows that Fig. 8.2c has five topology states whereas Fig. 8.2a and b
both have only four. By inspecting their joint sequences [5], the MVTs in
Fig. 8.2a–c possess the joint topologies with JP;R;P;R

x; x; x; x ; JR;P;R;P
x; x; x; x ; and JR;P;R;P;R

x; x; x; x; x ;

respectively. It is obvious that there exists a sequentially one-to-one correspon-
dence to the joint code of Fig. 8.2a and b, i.e., a cyclic Rx–Px–Rx–Px period. So the
two mechanisms shown in Fig. 8.2a and b are mutually topological homomorphic.
On the other hand, we identify that Fig. 8.2a and b have four identical joint codes
(mechanism topologies) which are corresponding to the parts of that in Fig. 8.2c.
So the mechanisms shown in Fig. 8.2a and b are topological homomorphic to that
in Fig. 8.2c.
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Let us examine the topological homomorphism by another case. Figure 8.3
shows a variable joint with two states, one with two links connected by a prismatic
joint, Fig. 8.3a, and the other with three links connected by one prismatic joint and
one revolute joint, Fig. 8.3b. Based on using this joint, Fig. 8.4 shows a mecha-
nism for folding bicycle with two topology states. Figure 8.4a is state one when
bicycle is in use. When the bike is to-be-folded, its topologies will be changed to
that as shown in Fig. 8.4b. The corresponding kinematic chains of both states for
the bicycle folding mechanism are depicted in Fig. 8.5. On the other hand, Fig. 8.6
illustrates an airplane loading gear mechanism. Figure 8.6a is the folding state,
while Fig. 8.6b is a dead point configuration for the mechanism. The corre-
sponding kinematic chains of both states for the airplane loading gear mechanism
are depicted in Fig. 8.7. By comparing the kinematic chains in Figs. 8.5 and 8.7, it
shows that the chains in Figs. 8.5a and 8.7a are identical, which implies that these
two mechanisms are topological homomorphic.

Table 8.1 provides a comparison for the matrix representation methods afore-
mentioned. It shows that only EU-matrix transformation method can be used for
structural decomposition, but it cannot indicate the changes of the kinematic types

Fig. 8.2 Three topological homomorphic mechanisms

Fig. 8.3 Variable joint with
two types [11]
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of joints. Besides, only directionality topology matrix can be applied for analyze
the topological homomorphism of MVTs, while other methods do not consider the
properties of topological homomorphism among MVTs.

R
(a) (b)

R

R R

RP

(1)
(2)

(3)
(4)

(5)

(6)
R

R R

R R

R

(1)
(2)

(3)
(4)(7)

(6)

(5)

R

R

P

Fig. 8.5 The kinematic chains of the bicycle folding mechanism

Fig. 8.6 An airplane loading gear mechanism [12]
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(5)

(6)
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Fig. 8.7 The kinematic chains of the airplane loading gear mechanism

Fig. 8.4 A bicycle folding mechanism [11]
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8.5 Concluding Remarks

This paper compares all the existing matrix representation methods for MVTs,
including adjacency matrix, incidence matrix, EU-matrix transformations, direc-
tionality topology matrix and mechanism state matrix. It shows that although
EU-matrix transformation method can consider multiple topological structures
when the number of effective links is changed, this method is still not perfect for
representing the topological structures of an MVT since the joint types are not
recorded by this method. On the other hand, although directionality topology
matrix can record the joint types in each state, this method cannot be applied for
the topological decomposition of MVTs. Mechanism state matrix seems to be the
most complete method so far for recording the topological characteristics of an
MVTs. However, it still cannot be utilized for completely decomposing the
topological structures in each state of the variable topology mechanisms. Topo-
logical homomorphism is a newly arising issue for MVTs, and we need to know all
topology structures of an MVT in order to identify its topological homomorphism.
However, the analysis of topological homomorphism is still not considered by all
the matrix representation methods we discussed in this paper. Hence, a new matrix
method that can be used to recognize all the topological structures of MVTs
including the topological homomorphism is worth to be developed.
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Chapter 9
Geometric Constraints Resulting
From Puzzles

Liping Zhang and Jian S. Dai

Abstract Wooden puzzles consisting of interlocking assembly of notched sticks
are often referred to as bar-puzzles, sometime known as the Chinese Puzzles or
Chinese Cross. By far the more familiar of three-dimensional puzzles in general is
the multi-piece bar. But there does not appear to be any evidence that the idea of
its mechanism property and any configuration analysis originated. To this purpose,
this paper proposes a static and discrete reconfiguration theory of geometric
puzzles for modeling the topology changement as Put Together, Take Apart,
Sequential Movement and various others. The partition and assembly process
analysis aims to extract the kinematic chains as links and joints. The puzzle
unlocking leads to configuration constraints rearrangement problems which
accompanying pieces of bars self-grouped as defined reconfiguration links and
joints. The puzzle solutions are first described as reconfigurable topology mech-
anism and the constrained mobility is analyzed based on an ingenious and dis-
tinctive reconfiguration property.
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9.1 Introduction

Nearly everyone may have a few amusements among the childhood treasures
based on the simple principle of taking things apart and fitting them back together
again [1]. Construction pastimes in the form of geometrical assembled puzzles
have a universal appeal that transcends all cultural boundaries and all age levels.
The most geometrical puzzles are based on mathematical principles known. The
three-dimensional puzzles in the so-called bar or notched bars are certainly the
most popular.

Although instances of puzzles have constant sizes and structures, the natural
generalization of many of them to sizes based on some parameter are NP-complete
[2, 3]. Some are presented as Instant Insanity [4] and sliding block puzzles like the
15-puzzle [5]. Different puzzles and magics are described by Demaine [6, 7]. The
design methodology is discussed on polyform [8]. Hyparhedra and origami folding
for the mathematical surface approximation are introduced in [9]. Puzzles lead to
research problems while puzzle solving and how to compute their algorithmically
are arising the fun and interesting problems.

In stead of the mathematical recreations in general, the shadow of every geo-
metrical models looms the mechanism structure and its configuration relations.
Within every tortuous puzzle solution lurks the mobility regeneration under con-
figuration variation or internal constraints changed.

This paper proposes a static reconfiguration theory of geometric puzzles for
modeling the topology changement as Put Together, Take Apart, Sequential
Movement and various others. The partition and assembly process aim to extract
kinematic sequence with links and joints. By movement analysis, the kinematic
chain is specified according the partition pattern.

The reason we called the wooden bar structure as puzzle is in its complexity of
the interlocking properties. This paper reveals its interlocking property as con-
figuration constraints including many passive constraints. The configuration con-
straints are not only determined by the size and dimension, but also have relations
with the link and joint reconfigurations.

Then the paper discloses the mechanism modeling by two partition methods. A
simple partition method utilizes bar pieces being removed one by one in order. An
improved partition method allows bar pieces being taken apart in a bar-group with
self-rearrangement and regeneration [10, 11]. The first is according to conven-
tional mechanism and the second is a meta-source for generation of reconfigurable
mechanisms [12, 13] with regenerated links and joints developed by bar pieces
reunited. In particular, the puzzles are first described as reconfigurable mechanism
and mobility is analyzed based on its ingenious metamorphic configuration
property.
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9.2 The Complexity of 12-Piece Puzzles

A proper analysis on the geometrical puzzles should probably begin with partition
or assembly. A proper analysis on the geometrical puzzles should probably begin
with partition or assembly process.

9.2.1 Structure

This 12-piece puzzle consists of six arcs and six stick-bars as illustrated in
Fig. 9.1. The green bar is a proper cuboid without any spur-like appearance and
other five bars are notched sticks. The 12 bars are labeled according to different
structures.

The bar pieces can be divided into two groups as notchable and unnotchable
pieces. Piece 1 is in cubic block (unnotchable) without producing any voids. It is
important in configuration selflocking and topology closing. The duplication of
identical pieces leads to pieces having an axis if symmetry. Six pieces with same
arc structure are identical with stick notched structure.

The 12 pieces are arranged symmetrically in three mutually perpendicular
intersecting pairs. The structure can be chosen in set of 12 pieces.

9.2.2 Kinematic Links

The wooden puzzling has its own configuration while fixed together. This structure
can be seen as a static mechanism with mobility 0. The constructive bars can be
disconnected as mechanism links and joints being interlocked.

To analysis kinematic chain, its 12 constructive pieces is illustrated in Fig. 9.2.

X 
Y

Z

Fig. 9.1 A 12-piece puzzle
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9.3 Partition Scheme and Mechanism Configuration

Solving puzzles based on partition problem is challenging. Partition solution of a
puzzle is not unique in practice. Actually, most good puzzles have only few pieces
but are still very hard. By tracing the partition process, the modeling of mechanism
configuration can be achieved.

L1 L6

L21 L22

L23 L24

L25 L26

L31 L32

L4 L5

Fig. 9.2 12-piece link family
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9.3.1 A Simple Partition Scheme and Kinematic Joint

A simple scheme: basically, the simple partition can be interpreted as one piece
bar being taken away from the puzzle at one partition operation.

Kinematic joint: this operation generates a relative motion of the adjacent pieces
and forms a static kinematic joint here. As illustrated in Fig. 9.3, if the red piece is
removed from intersected, then a translation motion is achieved to generate a
prismatic joint.

9.3.2 An Improved Scheme and a Reunited Link

An improved scheme: in some special cases, an improved partition can be
interpreted as multi-piece bars being reorganized together and taken away in a
group to move a slight space temporarily to permit the following single piece out.
This improved scheme is to ensure the previous simple partition scheme could be
well executed.

The improved scheme is aim to find a flexible route to assist puzzles partition.
This additional understanding gives us a lot of insight into puzzle design, which
leading to interesting puzzles.

An intermediate reconfiguration link DL: in this operation, multiple bars are
gathered as one intermediate reunited link to move together as one link.

It is very important to find the available and proper internal link to solve the
partition problem. Solving a puzzle is like solving a research problem. Both
require the right cleverness to see the problem from the right angle and then the
careful execution of that idea until you find a solution. By this self-rearrangement
and self-organization method, the formed intermediate link can sever as a con-
tainer for topology changement and geometric constraint regeneration. To some
extent, it presents the difficulty and essence of a puzzle solution.

As illustrated in Fig. 9.4, after the bars L1, L21, L22 and L31 being removed
from structure one by one, then the partition of the rest part of bar pieces (as shown

P

Fig. 9.3 A prismatic joint generated by bar piece splicing
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in Fig. 9.4) needs to utilize an improved partition scheme. Since we cannot find
any piece bar can be taken way anymore at this time, but if we move out the links
L4, L23, L24 and L5 as one piece DL, a vacant space is released, then piece L4 can
have an out way.

9.3.3 Partition Scheme for 12-Piece Bars

The partition scheme for this 12-piece bar has multiple ways. Herein, we take a
more simple way to illustrate the sequential movements with bars decomposition
process.

Combining the previous scheme, the static kinematic chain according to the
partition scheme for 12-piece bar is set up as shown in Table 9.1.

The first row of Table 9.1 indicates the move out order of bars (links). This
means that the ith column presents ith bar being taken away. The first column in
Table 9.1 is the transposed of the first row elements.

The intersection zone element ij of row and column presents the movements
generated by the jth column bar being taken away. In this bar mechanism, the
kinematic joints are all translational joints in three-dimension which denoted as
‘T’. To distinguish the directions and motions, the prismatic joint is presented by
subscript ‘x, y, or z,’ according to the coordinate. ‘Tx’ means this partition oper-
ation is a translation along the x axis.

Take the second column as an example, when the link L1 is moved out, this
arises eight movements. Since link one is connected with eight links (as L21, L22,
L31, L4, L5, L6, L25 and L32), when L1 is taken apart, this can be seen as eight pair
movements as (L1L21), (L1L22), (L1L31), (L1L4), (L1L5), (L1L6), (L1L25) and
(L1L32). At the same time, these total nine links are connected by the kinematic
joints as a sub-chain which incurred by the sequential movements.

Fig. 9.4 An intermediate reconfiguration link DL (L4L5L23L24)
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9.4 Kinematic Property of Reconfigurable Link DL

Known this bar puzzling has 12 pieces, by combining the kinematic constraints
during the partition, so rules for modeling chain of this bar mechanism is available.

A more unique rule for the puzzle mechanism generation is that, in some cases,
the mechanism links or joints are not equal to the pieces of the puzzles. The
flexibility and complexity of puzzle partition is reflected by the bar piece com-
binations or joint regeneration.

Just as summarized in the Table 9.1, to be noted the DL (L4, 2-3, 2-4, 5), is 4 bar
pieces (L4, L23, L24 and L5) combined as one piece to move out a bit space
together. This internal generated link can be identified as a reconfigurable link with
self-reconnected and self-reunited bars.

It is absolutely necessary for the puzzles have some intrinsic reconfigurable
links or joints to change the current static topology and put forth a fresh way to
generate kinematic chain. By this reconfigurable link, the whole mechanism
constraint properties can change totally to realize interlocking.

For the self-interlocking property analysis of puzzle, the partition is an
unlocking process to disconnect the bars. The conventional idea is to remove the
bars one by one. Since the partition is to change a structure with mobility zero, i.e.
an interlocking solid, to different open chains with variable mobility. The recon-
figurable link plays an important role in this configuration rearrangement.

As illustrated in Table 9.2, when link DL(L4, 2-3, 2-4, 5) is moved out, three
translational motions are incurred by DL - L31 (Tz), DL - L6 (Tz) and DL - L32

(Tz).
From the Table 9.2, we can see that a internal produced link DL, accompanying

three fresh joints as Tz (DL L31), Tz (DL L6), Tz (DL L32). The regenerated link
and joints totally changed the puzzle topology and inside constraints.

Table 9.1 Sequential mechanism movements for a 12-piece puzzle

Links L1 L21 L22 L31 L4, 2-3, 2-4, 5 L4 L23 L24 L5 L6 L25 L26 L32

L1

L21 Ty
L22 Ty
L31 Ty Tz Tz Tz
L4, 2-3, 2-4, 5

L4 Ty Tz
L23 Ty
L24 Ty
L5 Ty Tz Ty Ty
L6 Ty Ty Tz Ty Ty Ty
L25 Ty Ty Tz
L26 Tz
L32 Ty Ty Tz Ty Ty Ty Tz Tx Tx
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9.5 Configuration Constraint Analysis

By the interlocking configuration and reconfigurable link analysis, the constraints
of the kinematic chain are derived from the movements based on their partition
sequence. Take the 12-piece puzzle as an example.

9.5.1 Simplify Spatial Mobility to Planar Mobility

As indicated in the Table 9.1, there are 13 links in this bar mechanism model.
However, the kinematic joints are all prismatic joints along x–y–z directions.

Based on the mobility calculation, iff the prismatic joints exist in the chain, then
the three dimensional rotations are restricted. This means six dimensional motions
(three dimensional rotations and three dimensional translations) of spatial rigid
body are reduced to three dimensional translations only. The complete rotation
constraints lead to the spatial mobility formula converts to the planar mobility
formula. It has

F ¼ 3n� 2PL ð9:1Þ

In Eq. (9.1), mobility F equals to the number of the degrees of freedom for the
active links (denoted as n) deducted the number of the constraints (indicated as
PL).

A rigid body with three dimensional translation motions has 3 degrees of
freedom. Since the prismatic joint has only one degree of freedom, i.e., a joint can
only slide along one direction x (or y or z), this leads to the other two direction
motions are constrained.

Table 9.2 A reconfigurable link with its movements

Links L1 L21 L22 L31 L4, 2-3, 2-4, 5 L4 L23 L24 L5 L6 L25 L26 L32

L1

L21

L22

L31 Tz
L4, 2-3, 2-4, 5

L4

L23

L24

L5

L6 Tz
L25

L26

L32 Tz
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9.5.2 Passive Constraints and Mobility

By added the reunited link DL, there are 13 links in this 12-piece bar mechanism.
Pick up one link as frame, then we have 12 active links finally. It has

n ¼
X12

i¼1

Li þ DL

 !
� 1 ¼ 13� 1 ¼ 12 ð9:2Þ

As for the kinematic joint motions, we can see there are multiple passive
constraints exist. Take row ‘L31’ as an example, it has four movements Ty, Tz,
Tz and Tz. There are triplicate prismatic motions ‘Tz’, while this goes with two
passive constraints in the same motion type and direction. So the four movements
Ty, Tz, Tz and Tz can be seen as two dependent motions Ty and Tz, the other
Tz and Tz are redundant.

These passive constraints are all highlighted in Table 9.3 in orange.
Sum up the passive constraints C (=15) and deduct them from the existing

motions M (=33), it has

PL ¼ C �M ¼ 33� 15 ¼ 18 ð9:3Þ

Further for the mobility analysis, considering the partition process, its final bur
mechanism mobility can be calculated as the following

F ¼ 3n� 2PL ¼ 3 � 12� 2 � 18 ¼ 0 ð9:4Þ

This mobility is calculated under partition constraints and configuration con-
straints of the interlocking bars. The process shows the interesting puzzling may
have multiple ways to change because of its self-rearrangement while moving with
more and more passive constraints.

Table 9.3 The passive constraints

Links L1 L21 L22 L31 L4, 2-3, 2-4, 5 L4 L23 L24 L5 L6 L25 L26 L32

L1

L21 Ty
L22 Ty
L31 Ty Tz Tz Tz
L4, 2-3, 2-4, 5

L4 Ty Tz
L23 Ty
L24 Ty
L5 Ty Tz Ty Ty
L6 Ty Ty Tz Ty Ty Ty
L25 Ty Ty Tz
L26 Tz
L32 Ty Ty Tz Ty Ty Ty Tz Tx Tx
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9.6 Conclusions

A static constraint based reconfiguration analysis method of a geometric puzzle is
developed in this paper. Discrete topology are easy to combine describing the
kinematic chain while puzzle partition. Simple partition way may lead to con-
ventional mechanism by bar piece take apart or put together one by one in
sequence. Improved partition way may bring about variable configuration by bar
piece take apart or put together in self-regroup. The second way is aim to change
the current interlocking condition and put forth an novel method to unlocking the
trouble constraints. This leads to an available topology condition of an interlocking
structure to mechanism reconfiguration analysis.

The discrete movements of bar pieces are employed for the generation checking
of kinematic joints. Links or reconfigurable links of every possible connection in a
topology is combined with its puzzle model partition method directly. This means
that for the same puzzle, topology can be varied corresponding to different par-
tition results. In view of this, a puzzle is a source of topology reconfiguration.

Apart from the arisen of novel reconfigurable links, the ingenious way to unlock
the self-locking structure is to employ the passive or redundant constraints flexi-
bly. This makes such kinds of constraint checking and also improves the mobility
efficiency. The topology analysis results this method are well defined. These are
practical for further shape and size or for direct design and fabrication.
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Chapter 10
Reconfigurable Assembly Approach
for Wind Turbines Using Multiple
Intelligent Agents

C. Deters, H. A. Wurdemann, Jian S. Dai, L. D. Seneviratne and
K. Althoefer

Abstract This paper investigates the use of an agent based assembly strategy for a
wind turbine hub. The manual assembly procedure for a wind turbine is presented.
The hub parts are constantly optimised and therefore a fully automated assembly
line requires continously reprogramming. Thus, a new reconfigurable assembly
system is introduced which is flexible and self-adaptive. The methodology of
implementing an intelligent agent for designing the assembly strategy for the wind
generator hub and the algorithm for the optimal task sequence are described. This
reconfigurable automation runs a Partial Order Planning algorithm in real-time
using Beckhoff TwinCAT

�
3.

Keywords Reconfigurable assembly � Intelligent agent � Partial order planning �
Wind turbine � Beckhoff TwinCAT

�
3

10.1 Introduction

Power generation using wind has certain advantages due to its technology maturity,
good infrastructure and relative cost competitiveness [1]. The wind turbine industry
is growing and plays a major role in the future international scene [2]. It is predicted
that this renewable energy technology will develop to about 12 % of the world’s
electrical supply by 2020 [3, 4]. Thus, wind turbines have become more and more of a
mass product.
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In the wind turbine manufacturing industry, assembly is one of the core processes
in the full production chain. Most of these assembly operations are executed
manually [5] the main disadvantages of a fully automated assembly are a relatively
high degree of variability, low process stability, the necessity to repeat certain tasks
that are difficult to perform correctly first time and the generation of a high rework
rate. Further, adaptations within the assembly process can easily be integrated when
they are applied in a manual production line. Despite the difficulties to implement a
lean manufacturing strategy in these factories, there is an enormous potential for
improvement in terms of productivity, quality costs and delivery times [6, 7].

Every control or assembly strategy targets specific goals [8], which can be a
successfully assembled turbine, for instance. In order to react to changes the system
needs to be reconfigurable and self-adaptive, which requires sensors and actuators for
identification. Further, performing a reconfiguration, mechanisms need to be defined
as type, autonomy, organization, scope and duration [8], which are described as a set
of system reactions. Continuous changes in systems may be caused by continuous
changes in the environment, which influence the control system. These changes
will be handled with the capability of the system to adjust its behaviour in order to
provide the desired system output. A self-adaptive system should not only be able to
adapt itself to changes in the environment, but also optimise itself. Moreover, a self-
adaptation is classified into two main groups: open- and closed-adaptive [9].
Open-adaptive means that the system self-adapts to new system behaviours, such
as new applications. On the other hand, a closed-adaptive system is not able to
self-adapt to unknown applications but it is self-contained.

Self-Adaptive software is normally implemented in an agent based context [9].
An agent is an individual software program which runs in a specific environment.
This can be a mobile robot in wich case the agent decides on where to go. An agent
can have the following attributes: autonomy [10], social ability [11], reactivity [12],
and pro-activeness. Agents in artificial intelligence applications are usually specified
as a computer system [12] with the additional previously discussed attributes. The
systems are both designed and implemented based on concepts which are normally
based on human behaviour. An agent based on artificial intelligence is normally
characterised using mentalistic notations [13] which are subdivided into knowledge,
belief, intention and obligations.

In general, a modern factory is systemised so that each part is prepared in a
specific workstation and then forwarded. The assembly line needs to be set up in a
way that it also considers assembly times. This approach can be extended to an
agent based concept [14], with each part considered by individual agents who
communicate with each other. This considers a virtual assembly line to start up
[15–17], which describes the commonality of an assembly process for an overall
product series. The structure should outline an overview of all possible configu-
rations and also about possible reconfigurations due to product changes or other
aspects. Furthermore, it should provide a general structure for the assembly
strategy of an individual out of a product family and a high abstraction level of the
assembly characteristics for the overall product family [18]. A product can be
made more individual and customised according to specific customer requirements
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and wishes as more variants can be introduced. This leads to flexibility in low
or fluctuating volumes. The requirements on volume might vary due to limited
markets or due to a short life cycle, or, as with time competitors may join the
market, the overall demand for the product may decrease [19].

These features of an intelligent agent based reconfigurable system are now
considered for a wind turbine assembly. An overview of the manual hub bearing
assembly process is given in Sect. 10.2. The methodology of implementing an agent
for designing the assembly strategy for the wind generator hub and the algorithm for
the optimal task sequence are described in Sects. 10.3 and 10.4. This self-adaptive
automation runs in real-time using Beckhoff TwinCAT

�
3 (Sect. 10.5).

10.2 Manual Hub Bearing Operation

As part of this paper, the reconfigurable process is introduced to the hub bearing
assembly which is an essential part of the wind turbine manufacturing process.
In the most frequently used topology of wind turbines, three fiberglass blades are
bolted to the hub housing at the front of the nacelle. The example of a wind turbine
hub considered for this paper consists of the main parts [20] listed below.

10.2.1 Wind Turbine Hub Body

The hub body is manufactured upfront and is normally delivered to the assembly
line. This hub body is designed to use 3 rotor blades. Further, there are also hubs
designed for one or two rotor blades. The standard rotor hub has a diameter of
more than 3 m and a weight of 13 tons. In preparation for the bearing assembly,
additional elements will be attached to the hub increasing its weight to 25 tons.

10.2.2 Rotational Movement Unit

The pitch rotation of each blade requires the use of a bearing between the hub and
the blade. The bearing weights 6 tons. The wind turbine hub uses up to three
bearings depending on the type. A rotor blade is mounted on each bearing when
the turbine is installed in the field. The bearing can contain up to 128 stud bolts on
each ring, the outside ring is used for mounting the blade.

10.2.3 Integration of Electrical Components

The pitch system are electrical components which are normally prepared and
wired so that it can be directly installed in the turbine. Therefore, it can be treated
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as a single item. It is installed in an electrical cabinet which is then mounted inside
the turbine hub. However, there are also hydraulic pitch systems which do not have
an electrical cabinet.

10.2.4 Bolt-Nut Connection

The stud bolts are used to mount the bearing onto the hub. 128 bolts of type M36 with
a length of 450 mm are used. Most critically, the assembly process consists of a
sequence of iterative operations of screw tensioning (forcefully elongating
the screw) and bolt tightening (leading to a torque on the bolt and forces on the nut).
The process is repeated as many times as needed to ensure the correct bolt tension; the
number of interactions is currently based on the experience of technicians conducting
these tasks manually. Automation is only possible, when reconfiguration is used
replacing the worker’s experience. The complete assembly process in Fig. 10.1 is
particularly complex due to the size and weight of the parts involved.

10.3 Reconfigurable Assembly Strategy Using
Intelligent Agents

Since this wind turbine hub assembly has many flexible contraints that cannot be
met by obedient automation, a new system is required. This new system should be
able to decide itself what it needs to do in order to satisfy its objectives. Thus, an
assembly strategy based on intelligent agents is introduced which can operate in
rapidly changing and open environments. Figure 10.2 shows the layout of the
reconfigurable assembly strategy.

Hub Body

Bearing Unit

Bolt-Nut Connection
Fig. 10.1 Final hub bearing
assembly [20]: the hub has a
diameter of more than 3 m
and a weight of 13 tons. 128
bolts of type M36 with a
length of 450 mm are used in
order to fix the bearing and
pitch system to the hub

98 C. Deters et al.



Pre-defined patterns are stored in the database. These pre-defined patterns are
actions or assembly steps which include pre and post conditions and are based on
sensor inputs. In addition, an initial and goal state is defined for each assembly
part. The task recognition block runs the actual intelligent agent. It contains two
possible operational modes: online and offline mode. When the assembly line is
activated, the agent will start in the online mode. It analyses the initial state and a
target state and creates a suitable assembly strategy. In fact, when the assembly
line is running and the strategy requires a change due to a new or changed item, the
agent switches to the online mode and updates the assembly strategy. The agent
also transfers the assembly strategy to the controller during the online mode which
can either be a pre-defined strategy or a strategy derived from pre-defined patterns.
The intelligent agent turns to the offline mode once a strategy is found and
transferred to the controller. At this point the controller will only switch online
again if it detects a new item to be assembled. The adaptive controller will receive
its strategy from the agent. It will run as a step chain. The actual plant is the
assembly line for a wind turbine.

Further, the database may store a pre-defined assembly strategy or, moreover, it
will store any found assembly strategy while the controller runs in the online
mode. If a new item is introduced to the assembly line, the database needs to be
updated with a new item. The task recognition will then start online and run the
assembly strategy algorithm, which is also introduced in the next section.

10.4 Optimisation Using Partial Order Planning

The Partial-Order Planning algorithm [21] is of special interest in this research
case since it can be used and extended for automation approaches in the
assembly industry. The reason for choosing this algorithm is that a strategy
which the algorithm returns is always correct and complete. If the algorithm
cannot return a strategy, the assembly actions need to be revised as there is
either an incorrect or missing action. The Partial-Order Planning algorithm
consists of three main parts, which are a set of ordering constraints describing
the pre and post conditions of each step. The following actions can be defined
for assembly process:

Database

Task Recognition

Adaptive Controller

Sensor Input

Agent Based on Partial-
Order Planning

Assembly Line

Fig. 10.2 Reconfigurable
assembly using intelligent
agent strategy
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1. Hub placement at the assembly station
2. Hub preparation (Bolt hole check, installation)
3. Bearing installation
4. Bolt nut tightening

10.4.1 Conditions for Assembly Actions

Connections between the actions are given by pre and post conditions, which are
defined. For Action 1, the hub needs to be available, in a correct size and ready to
be placed in the assembly station. Action 2 includes two internal actions, where the
hub is prepared. The overall action requires the hub to be ready in the assembly
line which is a requirement for the ‘bolt hole check’ action. This is followed by the
bolt installation, where the bolts are placed in the turbine hub. Post conditions are
defined by finishing the pre conditions. Bearing installation (Action 3) requires
that the bolts are installed. Post conditions are set by an installed bearing and the
bolts are ready for nut tightening. Action 4 is the final action for finalising the hub,
the nuts are tightened on the bolts. The conditions for executing this action expect
an installed bearing as well as installed nuts. These actions can be summarised
using first order logic:

Action 1: Place_Hub(Astation, Warehouse):
Require :At(Astation, Hub) ^ At(Hub, Warehouse)
Return At(Astation, Hub) ^:At(Hub, Warehouse)
Action 2: Prep_Hub(astation, Hub):
Require At(Astation, Hub)
Return At(Hub, holes) ^ At(Hub, bolts)
Action 3: Bearing_Inst(bearing, Hub):
Require At(bolts, Hub) ^ At(Astation, Hub)
Return At(Bearing, Hub) ^:At(Bearing, Nuts)
Action 4: Nut_Tighten(Nuts, Hub):
Require At(Hub, Bearing) ^ At(Hub, Bolts)
Return At(Nuts, Tighten)

10.4.2 Partial-Order Planning and Assembly Strategy

This leads to the Partial-Order Planning algorithm which has not been implemented
in the automation area on industrial hardware so far. The overall strategy is shown in
Fig. 10.3. This defined step chain can be stored in the database and transferred to the
controller. Any changes can be introduced and the chain order redesigned. In the
turbine industry, there are many different turbine hubs with various sizes of bolts,
bearings etc. As wind turbines are constantly developed, a change can be introduced
by using this algorithm. In fact, the advantage of using an intelligent agent is that it
can check whether there is a new or updated action in the database which is linked to
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the assembly process. It can then automatically re-design the assembly chain and,
since the Partial-Order Planning algorithm is always correct and complete, it can
automatically generate a new step chain which is then executed in the next PLC
cycle. So, neither re-programming nor a shutdown of the machinery is required.

10.5 Flexible Hub Assembly with Industrial Standard
Hardware

The presented industrial control is implemented on a standard industrial controller
programming tool called TwinCAT

�
3 provided by Beckhoff Automation GmbH.

TwinCAT
�

is an automation software environment. It integrates into Visual Studio
2010 and builds a bridge between classical automation and computer science. The
system architecture is illustrated in Fig. 10.4. In order to set up the controller based
on Partial-Order Planning, MATLAB

�
is chosen. Standard PLCs run normally

based on a sequential programming language, such as Structured Text (ST), which
is an intuitive programming language. MathWorks

�
introduced recently the PLC

Hub Placement

Init

Bearing installation

Bolt nut tightening

Hole 
check

Bolt 
inst.

Finish

Hub at warehouse,
assembly station empty

Pre conditionPost condition (effect)

Hub ready at 
Assembly station

Hub at assembly station, 
hub removed from 
warehouse

Holes checked and 
bolts installed

Bolts installed and hub 
ready at assembly station

Bearings on the hub
Bolts ready to be tightened

Bearings on hub bolts 
installed

Hub at warehouse,
assembly station empty

Fig. 10.3 Self-adaptive assembly using intelligent agent strategy
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coder, which allows code conversion from Simulink
�

models to ST code, which
is limited basic Simulink

�
functions as well as Stateflow

�
models. Beckhoff

TwinCAT
�

3 uses integrated C++ code from MATLAB
�

Windows
�

real-time
target. The agent is defined as a Simulink

�
model, converted into C++ code, and

then integrated into a PLC cycle.

10.6 Conclusions and Future Works

This paper proposes the conversion approach of a manual wind turbine hub
assembly into a reconfigurable semi-automated process. Thus, an intelligent agent
based strategy is presented in order to fix the pitch and bearing system to the hub
body using a bolt-nut connection. The general advantage of the used strategy is the
higher flexibility of the assembly line. The reconfigurable strategy is optimised
using a Partial-Order Planning algorithm. An assembly line is normally pre-
programmed to specific products, an assembly strategy for each available product
needs to be selected before the production can start. An update of the assembly
program requires normally a redesign of the PLC program, which is rather time
consuming. Further, Beckhoff TwinCAT

�
3 is introduced as an industrial standard

hardware.

Acknowledgments The work described in this paper is supported by COSMOS project grant
from the European Communities Seventh Framework Programme (FP7-NMP-2009-SMALL-3,
NMP- 2009-3.2-2) under grant agreement 246371-2.

TwinCAT 3 Engineering Environment based on Visual Studio®

System Manager
Configuration
– I/O
– PLC
– C/C++
– MC
– NC
– CNC
– Safety
– others

Programming

IEC 61131 Object-
oriented
extensions

IEC Compiler

TwinCAT 3 Runtime

TwinCAT Transport Layer – ADS

Non
real-time

C#.NET

Real-time

C/C++

Matlab®/
Simulink

Real-time
Workshop

Microsoft C Compiler

Third-party 
programming 
tool

C/C++
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Chapter 11
Development of a Reconfigurable
Compliant Education Kit
for Undergraduate Mechanical
Engineering Education

Shouzhong Li, Jingjun Yu, Yue Wu and Guanghua Zong

Abstract In the curriculum of mechanism design, degree offreedom (DOF) is by far
one of the most important issues, but it is not easy to whether impart from teachers or
learn for students, especially it needs strong space imagination to determine the
freedoms and constraints. To make this teaching or learning more convenient, an
education kit is no doubt helpful to understand the complicated concept and theory
via demonstration or DIY. For this purpose, a design philosophy for a reconfigurable
compliant education kit is proposed, and a prototype is provided correspondingly.
In fact, this education kit can be assembled into a variety of different parallel flexure
mechanisms, which can be derived by Blanding’s rule. The education kit shows its
advantages in the following applications: (1) demonstrate the complementary rule of
freedom and constraint proposed by Maxwell; (2) identify the redundant constraints;
(3) analyze degree of freedom in both a qualitative and quantitative way; (4) develop
the design of a specific compliant mechanism with multiple topologies.

Keywords Compliant mechanism � Education kit � Reconfigurable � Redundant
constraint

11.1 Introduction

Education plays an important role in creating and inheriting human civilization. With
the development of education, education kits emerged. These education kits have some
inherent advantages in teaching, such as intuitional, convenient demonstration, and
long reserving time. However, there is little research on education kits [1–3] compared
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to the instruments for the scientific purpose. In the curriculum of mechanism design,
many concepts are not intuitional, such as degree of freedom and constraint. It needs
strong space imagination for students, so it is hard to both teach and learn. Considering
the advantages of education kits, it is urgent to design a new education kit to assist
teaching mechanism design. This new education kit should have some features, such as
simple structure, convenient for demonstration and manufacturing. In view of this, a
reconfigurable compliant education kit is developed in this paper.

In fact, there are many traditional commercial education kits relating to mecha-
nisms produced via industrialization. However, most of them are commonly less
variable and used only for demonstration. Recently, some new-type education kits
are more concerned due to their practice and innovation [2, 3]. As far as mechanisms
are concerned, there are many methods to design these new-type education kits. One
attractive method is based on the complementary rule of freedom and constraint
which proposed by Blanding [4] and developed by Hopkins [5, 6] as the FACT
method. Shivers at MIT [7] designed a compliant education kit. This compliant
education kit can realize a helical motion and enable to measure some motion
parameters and relationship between load and displacement experimentally.

Enlightened by education kit in [7] with the latest study on flexure mechanisms
and compliant mechanisms [8–14], a reconfigurable compliant education kit is
presented in this paper. Idea of modularization is introduced in designing this
education kit, which makes types of education kits more abundant and cost down.
On the other hand, the proposed education kit is a flexure mechanism essentially
which is different from the traditional rigid education kits. In teaching, this edu-
cation kit has three main applications. One is to assist teaching some non-intui-
tional concepts, such as degrees of freedom, constraints, redundant constraints, etc.
Another application is to demonstrate the complementary rule of freedom and
constraint as an object. The third application of this education kit is to arouse
students’ inspiration to construct more novel types of flexure mechanisms, which is
the issue on design domain. In a word, as teaching tools this compliant education
kit is very useful in teaching mechanism design.

The rest of this paper is organized as follows. Section 11.2 derives the generalized
Blanding rule by introducing freedom and constraint patterns. Section 11.3 presents
the specific procedure to design the compliant education kit. Section 11.4 presents
some main applications with case studies which illustrate how this education kit to be
used in teaching. At last Sect. 11.5 presents conclusions.

11.2 Fundamental Concept and Theory

11.2.1 Freedom and Constraint Patterns

As well known, a free spatial body has six degrees of freedom, three independent
rotations and three independent translations. Generally, a rotation can be repre-
sented as a line coinciding with the rotational axis called a freedom line, and a pure
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translation can be represented as a line with arrows on both ends called a freedom
couple which along the direction of translation. In fact, the translational freedom
line is a free vector which depends on its orientation rather than the location.

Similarly, a constraint force can be represented as a line coinciding with its
action line called a constraint line, and a constraint torque can be represented as a
line with arrows on both ends called a constraint couple whose direction is parallel
to the normal line of the constraint torque. In this paper, freedom lines are rep-
resented by dot lines and constraint lines are represented by solid lines.

A series of freedom lines and freedom couples can be formed a freedom pattern.
As an example, Fig. 11.1a shows a RRS chain, where the axes of two revolute joints
intersect at point O. Its corresponding freedom pattern is illustrated in Fig. 11.1b.

Also, a constraint pattern contains a series of constraint lines and constraint
couples. Figure 11.2 illustrates the constraint pattern corresponding to the case
shown in Fig. 11.1. Section 11.2.2 will explain how to obtain this specified con-
straint pattern.

11.2.2 Generalized Blanding Rules

In fact, there always exists a reciprocal relationship between the freedoms that a
mechanism possesses and constraints acting on the mechanism. The comple-
mentary rule is first proposed by Maxwell [15], and he indicates that the sum of
independent DOFs and independent degrees of constraints (DOCs) on a body is
six. By means of freedom pattern and constraint pattern, the reciprocity of
freedoms and constraints can be also visualized, and it is called the freedom and
complementary constraint patterns by Blanding [4].

Blanding [4] has also addressed the Rule of Complementary Patterns which
states that every freedom line intersects all constraint lines. In fact, this rule can be
explained and deduced easily through screw theory [15, 16]. In order to make the
rule more convenient, this rule is modified to treat lines and couples differently [14].
Three conclusions are revealed in the following section, which can be used to guide
mechanism analysis and design.

a. Every rotational freedom line intersects every constraint force line. (According
to the projective geometry, all parallel lines intersect each other at a single point
at infinity. Then two lines on the same plane must intersect.)

(a) (b)

F

O O

F

Fig. 11.1 RRS kinematic
chain and its corresponding
freedom pattern
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b. The direction of every translational freedom couple is orthogonal to every
constraint force line, and every rotational freedom line is orthogonal to the
direction of every constraint torque.

c. The direction of translational freedom couple is free with its complementary
constraint torque.

The Rule of Complementary Patterns is completely covered within these three
rules. Therefore, here we called all these rules the generalized Blanding rules.

According to the generalized Blanding rules, constraint pattern of RRS chain in
Fig. 11.1 can be easily found. The freedom pattern and its complementary con-
straint pattern are shown in Fig. 11.3.

Generally, there are many lines which satisfy the generalized Blanding rules
when finding freedoms or constraints of a specific mechanism. However, these
lines are not all independent to each other. In order to determine the number of
independent freedoms or constraints, we need to primarily judge the independence
of these lines. Some rules are proposed in paper [17] to help us judge this
independence.

11.3 Design of a Compliant Education Kit

11.3.1 Typical Flexure Primitives

As a mechanical generator of some specified mechanism, an ideal flexure intends
to be as flexible as possible in DOF directions while being as stiff as possible in
other directions in order to obtain a desired motion or constraint. However, any
real flexure has no infinite stiffness or infinite compliance. In the case of flexures

F

O

Fig. 11.3 Freedom pattern
of RRS chain and its
constraint pattern

F

O

Fig. 11.2 Constraint pattern
of RRS kinematic chain
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with non-ideal constraint behavior, therefore, the quality of the constraint may be
regarded as better or close to ideal one when the ratio of DOF’ compliance to non-
DOF’s compliance can be orders of magnitude.

We have derived equivalent constraint model of several typical flexure primi-
tives [14], and presented in Table 11.1 again.

As a result, a wire flexure (length:radius C10) provides a line constraint, a
narrow plate (length:width:thickness &100:10:1) provides a constraint pattern
which contains constraint lines parallel to each other in the same plane, a plate
(length:width:thickness &100:60:1) provides a constraint pattern which contains
all constraint lines in the same plane. In this paper, these typical flexures will be
used to construct compliant education kits.

11.3.2 Procedure of Designing Reconfigurable Compliant
Education Kits

In fact, the compliant education kit involved in this paper is indeed a reconfigu-
rable parallel flexure mechanism. All configurations can be synthesized via
applying the generalized Blanding rules mentioned above. In this section, we will
illustrate the general procedure of designing this education kit by taking a 2T1R
spatial mechanism for instance.

(1) Specify the freedom pattern of desired mechanism. In this example, the desired
freedom pattern contains two independent translational couples and a rota-
tional line which is orthogonal to both couples, as shown in Fig. 11.4a.

(2) Determine the complementary constraint pattern. According to the general-
ized Blanding rules, obtain the constraint pattern reciprocal to the desired
freedom pattern, as shown in Fig. 11.4b.

Table 11.1 Equivalent constraint model of typical flexures

Flexures Equivalent constraint model

Pattern Dimension

1

2

3
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(3) Calculate the dimension of constraint pattern, denoted by n. By judge the
independence mentioned above, obtain the dimension of constraint pattern.

(4) Select n independent constraint line within constraint pattern, and realize
them via appropriate flexures, as shown in Fig. 11.5a.

(5) Add the redundant constraint to improve performance, shown in Fig. 11.5b.

As a result, various configurations can be derived by implementing the syn-
thesis procedure. However, it is only limited to a conceptual design strictly, and it
is hardly to manufacture prototypes for each type. A feasible idea is that many
different education kits can be constructed using same modules. In other words,
these education kits should be reconfigurable. In our previous research, two kinds
of wire flexures with circle cross-section are used as constraint elements. They are
straight and pre-buckling ones respectively, as shown in Fig. 11.6.

In order to achieve various reconfigurable configurations, many holes are dilled
in the top and bottom platform, as shown in Fig. 11.7. These flexure elements and
plates are used pole-hole connection. Layout of these holes with above two types
of flexure elements can satisfy most of constraint patterns. Figure 11.8 illustrates
the model of a compliant mechanism with 1T DOF.

  (a) (b)

Fig. 11.4 The desired
freedom pattern of 2T1R type
and its complementary
constraint pattern

(a) (b)

Fig. 11.5 A 2T1R compliant
education kit

Fig. 11.6 Two kinds of wire
flexures
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11.4 Instructions of Education Kits Using in Teaching
with Case Studies

The purpose of designing compliant education kits in this paper is to assist
teaching the curriculum of mechanism design. As a main part, this section presents
how to use these education kits in teaching, and how to be coupled with or assist
teaching and make students learn more knowledge easily. In fact, these education
kits can be applied in the following aspects: (1) help students to comprehend some
concepts, such as degree of freedom, constraint, redundant constraint, etc.
(2) Demonstrate how to analyze the DOF of an arbitrary mechanism by using the
complementary rule of freedom and constraint. (3) Arouse students’ inspiration to
develop the mechanism design.

In this section, instructions of these education kits will be illuminated
concretely.

Fig. 11.7 Layout of holes in
the platform

Fig. 11.8 A model of 1T
education kit

11 Development of a Reconfigurable Compliant Education Kit 111



11.4.1 Help Students to Comprehend Some Non-Intuitional
Concepts (DOF, Constraint, Redundant Constraint)

Given an education kits shown in Fig. 11.9a, it is easy to deduce that this mechanism
have a rotation and a translation along the rotational axis (shown in red lines) via the
generalized Blanding rules. In teaching, students can construct this type and operate it
practically. Obviously, only when a force along the translational direction or a torque
around the rotational axis acts on the top platform, this mechanism can generate
translation or rotation easily, as shown in Fig. 11.10. However, this mechanism can
hardly generate motion along the constraints, even acting loads. After demonstrating
this example, students maybe comprehend these concepts more thoroughly.

For the redundant constraints, we can add another two constraints in the above
education kit, as shown in Fig. 11.9b. Although adding two constraints, this
mechanism has the same DOF characteristic as the mechanism shown in Fig. 11.9a.
Our demonstration can verify this point, so the added two constraints prove to be
the redundant constraints. In addition, students can try to find the redundant
constraints of other given types.

11.4.2 Demonstrate the Complementary Rule of Freedom
and Constraint

The DOF number of spatial mechanism can be calculated via some formula, such
as G-K criterion. However, we can hardly know DOF characteristic qualitatively
only by this formula. Fortunately, the DOF type can be evaluated by the

(a)                                             (b) 

Fig. 11.9 Two
configurations of a 1R1T
compliant mechanism

Fig. 11.10 Demonstration
for two 1R1T prototypes
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complementary rule of freedom and constraint. One crucial application of the
proposed education kit is to demonstrate this complementary rule.

Application: In teaching, given a specific type, let students judge the DOF topology
via applying the complementary rule of freedom and constraint. Then students can
construct the education kit with this DOF topology, and check whether the result is right
or not via DIY. Take the education kit shown in Fig. 11.8 for example, all five
constraints in this mechanism are independent via judging independence mentioned
above. According to the complementary rule offreedom and constraint, this mechanism
has a translation DOF illustrated in red line, shown again in Fig. 11.11a. Figure 11.11b
indicates this mechanism has a translation DOF along the red line indeed.

By experimental learning, students can understand the complementary rule of
freedom and constraint more easily and thoroughly.

11.4.3 Arouse Inspiration of Designing the Novel Mechanisms

It can be seen that the proposed education kits is not only modular but also
reconfigurable. As a result, the modules in the kit toolbox can be assembled and
derived into many different configurations. Students could construct some novel type
with the aid of imagination and inspiration. Two application trials are presented in the
following.

Application 1: Let students construct the types with one DOF using these modules
as more as possible. Figures 11.12 and 11.13 give some common types with 1R and
1T respectively, where freedom topologies are denoted by red line. Remarkably,
there are redundant constraints in those types shown in Figs. 11.12b, d and 11.13b.

Application 2: Given a known constraint, let students construct types with 1–3
DOF as more as possible. For example, given a constraint shown in Fig. 11.14,
three appropriate types are illustrated in Fig. 11.15. These three types have 2R,
1R1T, 2R1T DOF topology respectively and are marked in red lines.

These experimental trainings not only make the students master the relevant
knowledge, but also cultivate the practical ability and spatial imagination and
inspire students’ creativity.

(a) (b)

Fig. 11.11 A 1T compliant mechanism
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11.5 Conclusions

In this paper, a method for designing a reconfigurable compliant education kit is
addressed based on the generalized Blanding rules and knowledge of compliant
mechanisms. After analyzing the ideal constraint flexures, a specific design proce-
dure for the education kits is presented. As a result, a reconfigurable compliant
education kit is derived. Then for the perspective of teaching, instructions and
potential applications of this proposed education kit are discussed. Evidently, the

(a) (b)

(c) (d)

Fig. 11.12 Four types of
compliant mechanisms with
1R DOF

(a) (b)

Fig. 11.13 Two types of
compliant mechanisms with
1T DOF

Fig. 11.14 A configuration
with a given constraint
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usage of the education kit can not only to help engineering students learn the relevant
knowledge, but also cultivate their practical ability and arouse their inspiration.
In recent works, the education kit toolbox contained only by wire flexures, which
limits the configuration types and rigidity of the system. Therefore, other type of
flexures such as plate flexures will be added to the kit toolbox in the future work.
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Chapter 12
Structural Synthesis of a Class
of Metamorphic Parallel Mechanisms
with Variable Mobility

Wei Ye, Yuefa Fang and Sheng Guo

Abstract In this paper, a systematic approach is presented for the structural
synthesis of a class of metamorphic parallel mechanisms which possess variable
mobility. The metamorphic parallel mechanisms are constructed using limbs with
lockable joints. When different joints are locked, the mechanisms will have dif-
ferent mobility from single degree of freedom to full six degrees of freedom. First,
the feasible limbs are enumerated based on constraint analysis. Then a meta-
morphic parallel mechanism constructed with feasible limbs is presented as
example and its ability to perform variable mobility is demonstrated. The meta-
morphic parallel mechanisms presented in this paper will be perfect suitable in the
complex process of industrial production.

Keywords Metamorphic parallel mechanisms � Variable mobility � Lockable
joints

12.1 Introduction

With the development of science and technology, mechanisms which have variable
mobility are expected in certain process of industrial production. Metamorphic
mechanisms [1, 2] are a type of mechanisms with changeable mobility because their
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topological structures are changeable. Since proposed in 1998 [3], metamorphic
mechanisms have attracted many researchers’ interest.

There are many literatures focused on the study of metamorphic mechanisms in
the past decade. Parise et al. [4] presented ortho-planar metamorphic mechanisms
in 2000, its can perform topological structural change in two orthogonal planes.
Liu and Yang [5] did a research focus on the essence and characteristics of
metamorphic mechanisms, presented three metamorphic ways in changing the
topological structures of a mechanism. Yan and Kuo [6] presented the topological
representations and characteristic analysis of variable joints. Guo [7] investigated
the mobility change of planar metamorphic and presented five kind of metamor-
phic kinematic pairs. Zhang and Ding [8] proposed a method for designing new
metamorphic mechanisms by using variable kinematic pairs to replace traditional
common kinematic pairs. Zhang et al. [9] presented topological analysis for
metamorphic mechanisms and investigated a new metamorphic kinematic pair and
its evolved metamorphic chain and metamorphic parallel mechanism. Gan et al.
[10] presented a new joint coined as the rT joint and investigated the mobility
change of metamorphic parallel mechanisms assembled with this rT joint. Dai and
Rees [11] presented a five-bar spherical linkage which has two degrees of freedom
and can change its topological configurations to one degree of freedom. Using this
mechanism as a metamorphic palm, Dai et al. [12–14] presented a novel meta-
morphic robotic hand which has high dexterity and versatility.

Noticed that the available mobility of the presented metamorphic mechanisms
are limited to some particular motion, the application of these mechanisms are
limited. While in the process of industrial production, the mobility required are
diversity, varying from single degree of freedom to fully six degrees of freedom,
thus, if we can design mechanisms with all these mobility, its will be perfect
suitable in the process of industrial production.

In this paper, we will investigate the structural synthesis of a class of meta-
morphic parallel mechanisms which possess variable mobility. These mechanisms
are constructed using limbs with lockable joints. When different joints are locked,
the mechanisms will perform different mobility and motion characteristics.

12.2 Enumeration of Feasible Limb Structures

As we know, the motion characteristics of moving platform are determined by the
nature of the platform constraint system which is formed by all the constraints
provided by the limbs, we assume that all the constraints are linearly independent,
such that the number of the total constraints provided by the limbs is equal to the
rank of the platform constraint system, denoted as C, the number of degrees of
freedom of the moving platform F is given by

F ¼ 6� C ð12:1Þ
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Hence, if we want to design mechanisms which can perform variable mobility
from single degree of freedom to full six degrees of freedom, the total constraints
provided by all the limbs should be changeable as follow

C ¼

0 for 6-DOFmechanisms
1 for 5-DOF mechanisms
2 for4-DOF mechanisms
3 for 3-DOF mechanisms
4 for 2-DOF mechanisms
5 for 1-DOFmechanisms
6 for immobile structures

8>>>>>>>><
>>>>>>>>:

ð12:2Þ

To achieve this aim, a simple way is to design limbs with lockable joints.
Next we will investigate the structures of feasible limbs, let the limb number to

be three without loss of generality. According to the constraint analysis, some
preliminary principles are obtained as follow:

1. Since multi-DOF joints can be regard as the combination of single-DOF rev-
olute joint and prismatic joint, we will only consider revolute joints and pris-
matic joints for simplicity.

2. The total joints number of a limb should be six in order to make sure that the
limb provides no constraint when all the joints are released.

3. Each limb can provide one constraint force or one constraint couple when a
particular joint is locked.

4. Each limb can provide one constraint force and one constraint couple when
some two particular joints are locked.

5. In order to make sure that the moving platform has a clear rotation center, the
constraint forces provided by the limbs should intersect at a common point and
this point should keep immobile with the moving platform.

Take the above preliminary principles into account, three more rules should be
satisfied when we investigate the structures of feasible limbs:

(1) To make sure that the constraint force always passing through a common
point, at least two intersecting revolute joints are required in each limb.
Considering this common point should keep immobile with the moving
platform, the top one of the intersecting revolute joints of each limb must
connect to the moving platform directly. As the maximum number of inde-
pendent revolute joints intersecting at a common point is three, the maximum
number of revolute joints of each limb intersecting at a common point is three.

(2) In order to make sure that each limb can provide a constraint couple when one
particular joint is locked, the direction of the axis of unlock revolute joints
should be two, as a result, when the number of revolute joints intersecting at
one point is three, one of the three joints must be locked. Except these three
revolute joints, the axis of the remaining revolute joints should parallel with
the axis of the lowest revolute joint of the three revolute joints, as the max-
imum number of independent revolute joints parallel with each other is three,
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the maximum number of the remaining revolute joints is two, so the maximum
number of the total revolute joints is five. But when the number of revolute
joints intersecting at one point is two, the maximum number of revolute joints
can be six, in this condition, the direction of the axis of these revolute joints
should be three and the number of joints in each direction is one, two and three
respectively.

(3) To make sure that the limbs provide no constraint when all the joints are
released, namely no constraint force and couple, the minimum number of
revolute joint in each limb is three.

According to the above considerations, the feasible limb types can be 3R3P,
4R2P, 5R1P and 6R, in which R represented revolute joint and P represented
prismatic joint. As Fang presented in [15], if a limb provides a constraint force, all
the revolute joints must be intersecting or parallel to the constraint force, all the
prismatic joint axis are perpendicular to the constraint force. If a limb provides a
constraint couple, all the revolute joint axis must be perpendicular to the constraint
couple and prismatic joint axis can be oriented arbitrarily as long as they are
linearly independent. It is also need to notice that we must lock some joints in
order to ensure the limb provides some constraints. Based on these conditions,
seven feasible limbs are constructed as shown in Fig. 12.1.
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Fig. 12.1 The feasible limbs
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12.3 Constraint Analysis of Feasible Limbs

According to above analysis, the constraint provided by feasible limbs should be
changeable when different joints are locked, namely, each limb provides no
constraint when all the joints are released, each limb can provide one constraint
force or one constraint couple when a particular joint is locked, each limb can
provide one constraint force and one constraint couple when some two particular
joints are locked. So when we construct a parallel mechanism using three identical
feasible limbs, the rank of the platform constraint system can be changeable from 0
to 6, in the follow part, we will testify the feasibility of the above seven limbs.

In a-type configuration, there are two revolute joints intersecting at a common
point O1, the axis of the revolute joint D1 is parallel with the axis of the prismatic
joint C1 and perpendicular to the axis of the prismatic joints A1 and B1. When all
the joints are released, it provides no constraint, when we lock the prismatic joint
C1, it provides a constraint force passing through point O1 and parallel with the
axis of the locked prismatic joint, while when we lock one of the three revolute
joints, it provides a constraint couple perpendicular to the plane decided by the
axis of the remaining two revolute joints.

In b-type configuration, there are three revolute joints intersecting at a common
point O2, the three prismatic joints axis can be oriented arbitrarily as long as they
are linearly independent. When all the joints are released, it provides no constraint.
When we lock one of the three prismatic joints, it provides a constraint force
passing through point O2 and perpendicular to the plane decided by the axis of the
remaining two prismatic joints. When we lock one of the three revolute joints, it
provides a constraint couple perpendicular to the plane decided by the axis of the
remaining two revolute joints.

In c-type configuration, there are three revolute joints intersecting at a common
point O3, the axis of the revolute joint C3 and prismatic joint B3 are both parallel
with the revolute joint D3 and perpendicular to the axis of the prismatic joints A3.
When all the joints are released, it provides no constraint, when we lock the
prismatic joint B3, it provides a constraint force passing through point O3 and
parallel with the axis of the locked prismatic joint, when we lock the revolute joint
E3 or F3, it provides a constraint couple perpendicular to all the axis of the
remaining revolute joints.

In d-type configuration, there are two revolute joints intersecting at a common
point O4, axis of prismatic joint B4 and revolute joints C4 and D4 are parallel with
each other and perpendicular to the axis of the prismatic joints A4. When all the
joints are released, it provides no constraint, when we lock the prismatic joint B4, it
provides a constraint force passing through point O4 and parallel with the axis of
the locked prismatic joint, when we lock the revolute joint E4 or F4, it provides a
constraint couple perpendicular to all the axis of the remaining revolute joints.

In e-type configuration, there are three revolute joints intersecting at a common
point O5, axis of revolute joints A5 and C5 and prismatic joint B5 are all parallel
with the axis of the revolute joint D5. When all the joints are released, it provides
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no constraint, when we lock the prismatic joint B5, it provides a constraint force
passing through point O5 and parallel with the axis of the locked prismatic joint,
when we lock the revolute joint E5 or F5, it provides a constraint couple per-
pendicular to all the axis of the remaining revolute joints.

In f-type configuration, there are two revolute joints intersecting at a common
point O6, axis of revolute joints A6, C6 and D6 and prismatic joint B6 are parallel
with each other. When all the joints are released, it provides no constraint, when
we lock the prismatic joint B6, it provides a constraint force passing through point
O6 and parallel with the axis of the locked prismatic joint, when we lock the
revolute joint E6 or F6, it provides a constraint couple perpendicular to all the axis
of the remaining revolute joints.

In g-type configuration, there are two revolute joints intersecting at a common
point O7, axis of revolute joints D7 is parallel with axis of revolute joints E7, axis
of revolute joints A7, B7 and C7 are parallel with each other. When all the joints
are released, it provides no constraint, when we lock the revolute joint D7, it
provides a constraint force passing through point O7 and parallel with the axis of
the revolute joint A7, B7 and C7, when we lock the revolute joint F7, it provides a
constraint couple perpendicular to all the axis of the remaining revolute joints.

It is obviously that in all above configurations, if we lock some two particular
joints at the same time, the limbs could provide one constraint force and one
constraint couple on the moving platform. For example, in a-type configuration, if
we lock joint C1 and D1 at the same time, the limb will provide one constraint
force passing through point O1 and parallel with the axis of joint C1 and one
constraint couple perpendicular to the plane decided by the axis of joint E1 and F1,
moreover, there exist many other combinations, we won’t enumerate its one by
one in detail for simplicity.

12.4 Mobility Analysis of a Metamorphic Parallel Mechanism
Constructed with Feasible Limbs

A parallel mechanism constructed with three b-type limbs is given as example as
shown in Fig. 12.2. These limbs will provide different constraints on the moving
platform when different joints are locked, such as no constraint, one force con-
straint, one couple constraint, two force constraints, two couple constraints, three
force constraints, three couple constraints or the combinations of two kinds of the
above constraints. Let R denote the rotational motion and T denote the transla-
tional motion, this parallel mechanism will possess diversity mobility varying
from 1R, 1T, 2R, 2T, 3R, 3T, 1R1T, 1R2T, 1R3T, 2R1T, 2R2T, 2R3T, 3R1T,
3R2T, 3R3T. Different combinations of locked joints and its corresponding con-
straints and mobility are listed in Table 12.1, it is necessary to make sure that the
constraints provided by the limbs are linearly independent when the locked joints
are selected in each condition.
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Table 12.1 Different combinations of locked joints and its corresponding constraints and
mobility

Mobility Locked joints Platform constraint system

0 One prismatic joint and one revolute joint in each limb Three constraint forces and
three constraint couples

1R One prismatic joint in each limb and one revolute joint
in two of the three limbs

Three constraint forces and
two constraint couples

1T One prismatic joint in two of the three limbs and one
revolute joint in each limb

Two constraint forces and
three constraint couples

2R One prismatic joint in each limb and one revolute joint
in one of the three limbs

Three constraint forces and
one constraint couple

2T One prismatic joint in one of the three limbs and one
revolute joint in each limb

One constraint force and three
constraint couples

3R One prismatic joint in each limb Three constraint forces
3T One revolute joint in each limb Three constraint couples
1R1T One prismatic joint in two of the three limbs and one

revolute joint in two of the three limbs
Two constraint forces and two

constraint couples
1R2T One prismatic joint in one of the three limbs and one

revolute joint in two of the three limbs
One constraint force and two

constraint couples
1R3T One revolute joint in two of the three limbs Two constraint couples
2R1T One prismatic joint in two of the three limbs and one

revolute joint in one of the three limbs
Two constraint forces and one

constraint couple
2R2T One prismatic joint in one of the three limbs and one

revolute joint in one of the three limbs
One constraint force and one

constraint couple
2R3T One revolute joint in one of the three limbs One constraint couple
3R1T One prismatic joint in two of the three limbs Two constraint forces
3R2T One prismatic joint in one of the three limbs One constraint force
3R3T No joint No constraint

Base

Moving Platform

Fig. 12.2 A metamorphic parallel mechanism constructed with three b-type limbs

12 Structural Synthesis of a Class of Metamorphic Parallel Mechanisms 125



12.5 Conclusion

This paper focus on the structural synthesis of a class of metamorphic parallel
mechanisms which possess variable mobility. The primary feature of the meta-
morphic parallel mechanisms is that they are constructed with limbs with lockable
joints. The mechanisms have the ability to perform variable mobility from single
degree of freedom to full six degrees of freedom with different joints locked. The
metamorphic parallel mechanisms presented in this paper will be suitable in some
complex process of industrial production where the mobility of the mechanisms is
expected to be changed during operation.
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Chapter 13
Structural Representation
of Reconfigurable Linkages

Ketao Zhang, Yuefa Fang, Guowu Wei and Jian S. Dai

Abstract This paper presents adjacency matrix originated three-dimensional
matrix for structural representation of mechanisms by integrating binary string in
the sense of displacement subgroup theory. The improved elementary matrix
operation for expressing of topological transformation of metamorphic mechanism
is integrated in the three-dimensional matrix representation. A novel reconfigu-
rable eight-bar linkage employing variable-axis revolute joints is proposed and the
three-dimensional matrix for each working phase is expressed to reveal the distinct
geometry. The improved elementary matrix operation is used to express the
topological transformation of a metamorphic eight-bar linkage and to identify the
effectiveness of the operation.

Keywords Variable-axis revolute joint � Three-dimensional matrix � Binary
string � Reconfigurable linkage
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13.1 Introduction

The study of metamorphic mechanisms [1] and kinematotropic mechanisms [2]
and other developments in reconfigurable mechanisms started in the mid-1990 s
when the reconfigurable assembly and packaging system was addressed for folding
decorative gifts and boxes, and the kinematotropic linkage was presented together
with the position parameter variation. Kinematotropic linkages are coined as one
kind of linkages that change their full-cycle mobility at certain configuration. The
mobility change of this kind of mechanisms is induced by a certain geometric
constraint to limit the motion and lead to different motion branches. Galletti and
Fanghella [3] presented various single and multi-loop kinematotropic mechanisms.
Fanghella et al. [4] addressed the parallel robots whose platforms can change their
subgroups of displacement. Gogu [5] addressed the geometric constraint induced
transitory phase of bifurcated platform motion in parallel mechanisms and the
mobility change of the mechanisms.

The metamorphic mechanism which takes the concept of metamorphosis has
the ability to transform its structure from one kind to another. The structure var-
iation, topological configuration transformation and subsequently mobility change
of this kind of mechanism are induced by either geometrical constraints or
physical constraints. Elementary matrix operations were introduced to describe the
topological configuration transformation of metamorphic mechanisms, and formal
matrix operations [6] were further developed to describe the distinct topology of
configurations embodied in metamorphic mechanisms. Lan and Du [7] introduced
element -1 to indicate the frozen links and represent the transformation using
matrices with same dimension. However, the operations in terms of matrix form
were not addressed for bringing in the element -1. Besides the methods based on
link-to-link adjacency matrix, Wang and Dai [8] introduced the symbol of kine-
matic pairs in the topological representation of metamorphic mechanisms and the
approach is aimed to satisfy the characteristics including multi-stage, multi-
topological structure and multi-degree of freedom of metamorphic mechanisms.
Tsai [9] introduce the letters into link-to-link adjacency matrix to denote types of
joints which were employed in a mechanism. Yan and Kuo [10] emphasized the
meaning of variable topologies of the kinematic pairs based on descriptive joint
representation. For convenience of computer programming, Kuo [11] employed
hexadecimal system to digitize descriptive joint code and joint sequence. Zeng and
Fang [12] proposed systematic approach for representation of hybrid mechanisms
base on mathematical logic. Zhang et al. [13] proposed an approach for geomet-
rical and topological representation of mechanisms with the newly developed
three-dimensional matrix by integrating 16 bits binary strings.

This paper presents the augmented three-dimensional matrix with integrated
binary strings for structural representation of linkages and improved elementary
matrix operation for topological transformation of metamorphic mechanism. The
proposed matrix and matrix operations are utilized in the representation of new
reconfigurable linkage that is capable of implementing different functions in
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distinct motion phases. This provides an effective approach for unraveling the
underline principle of reconfiguration.

13.2 The Augmented Three-Dimensional Matrix
and Improved Elementary Matrix Operation

Topological structures of the mechanisms are characterized by the kinematic joints
and links which compose the mechanical assemblage. Since 1960 s, graph theory
has been extensively used as one fundamental tool for topological representation,
analysis and structure synthesis of mechanisms. The topological structure pre-
sented by a graph can be conveniently mapped into matrix form which is capable
of making analytical operation. The well-known link-to-link adjacency matrix is
used to identify graphs up to graph isomorphism. However, the geometric prop-
erties of kinematic joints are not counted in both the graph representation and the
graph mapped adjacency matrix. In order to accurately represent the structure of
mechanisms particularly the varying structure and configuration of reconfigurable
mechanisms, three dimensional (3D) matrix representation originated from the
link-to-link adjacency matrix and improved elementary matrix operation are
introduced.

13.2.1 The Three-Dimensional Matrix with Binary Strings

The three dimensional (3D) matrix based structural representation of mechanisms
is originated from the general link-to-link adjacency matrix [9] by integrating 16
bits binary strings developed based on the genesis of displacement subgroups in
Lie algebraic structure [14].

The links of a kinematic chain are numbered sequentially from 1 to n. The
binary string based 3D adjacency matrix, BA, is defined as follows:

aijk ¼
b if link i is connected to link j by a joint,
0 otherwise ðincluding i ¼ jÞ:

�
ð13:1Þ

in which b is 16 bits binary string consists of four groups sub-strings, the subscript
k (k = 1, 2, 3 and 4) corresponds to the four binary string groups.

In each 16 bits binary string, the lower 4 bits sub-string is used to represent the
16 types of universal sets of spatial displacement subsets [12, 13]. The middle 4
bits string and the higher 4 bits string are set to represent the first and second order
relative relation of axial vectors which expressing the joint axes. The highest 4 bits
sub-string presents the effectiveness of joints in various topological configurations
of reconfigurable mechanisms. Simply, the highest 4 bits sub-string is expressed
by its corresponding decimal number and the other three sub-strings are expressed
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by their corresponding hexadecimal numbers. Since a joint in reconfigurable
mechanism may have two working stages including active stage and physically
constrained stage, decimal 1 and -1 are used to represent these two working
stages and expressed in binary strings 0001 and 1001 respectively [13]. The
highest 4 bits sub-strings expressed in decimal numbers compose a matrix which
represents the connectivity of a mechanism and effectiveness of joints, and the
matrix is coined phase matrix of the mechanism.

13.2.2 Improved Elementary Matrix Operation

The inherent properties of the metamorphic mechanism are structure evolution,
topology variation and subsequently mobility change resorting to link-annex with
suppressed relative motion between two adjacent links. The structural transfor-
mation of metamorphic mechanism leads to variation of topology which can be
represented in the matrix form. The improved two-step EU-elementary matrix
operation is developed to express the transformation between two distinct phases.

The improved EU-elementary matrix operation consists of steps of applying a
Ui,j-elementary matrix operation which is similar as that in literature [6] and a new
introduced Ej(-1)-elementary matrix operation. The elementary matrix Ej(-1) is
introduced to perform the function of integrating the element -1 to the jth row and
column of a phase matrix when it is premultiplied to a phase matrix and its
transpose is postmultiplied. The information of each annexed link is represented
by an entry with element -1 and the connectivity of effective links in subphase is
reserved by the entries with element 1 in phase matrix. The modified matrix
operation uses modulu-2 arithmetic. In the process of matrix operation and the
corresponding structure transformation, the dimension of the phase matrix and the
identified number of the links are kept unchanged.

The phase change induced by annexing the jth link to ith link of a linkage with
n links, the improved elementary matrix operation is give by

P ¼ ðEjð�1ÞUi;jÞPsðEjð�1ÞUi;jÞT ð13:2Þ

where

Ejð�1Þ ¼

e1

. .
.

ej�1

�ej

ejþ1

. .
.

en

2
66666666664

3
77777777775

in which the entry ek and uk (k = 1,_, i,_, j,_, n) are given as 1.
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In the reverse transformation from a subphase configuration to the source phase
of the metamorphic mechanisms, the relative annexed links are released and the
connectivity of the mechanism changes in the physical process of structure evo-
lution. This transformation is able to be represented by the elementary matrix
operation since the Ui,j-elementary matrix and new introduced elementary matrix
Ej(-1) are invertible. The matrix operation is expressed as

Ps ¼ ðU�1
i;j E�1

jð�1ÞÞPðU�1
i;j E�1

jð�1ÞÞ
T ð13:3Þ

.

13.3 Structure Representation of a Reconfigurable Eight-Bar
Linkage with Variable-Axis Revolute Joint

A new reconfigurable mechanism with symmetrical structure is illustrated in
Fig. 13.1. The eight links from link 1 through to link 8 are connected by four
variable-axis revolute joints [10] and the commonly used revolute joints
alternately.

The joints in the mechanism are labeled R1 to R8 sequentially in Fig. 13.1. The
mechanism is characterized by arrangement of the joints and links with equal
length. Since the variable-axis revolute joint is able to undergo different rotational

R6

6

7
3

2
8

1
R2

R1

R7

R3

R4

R5

4
5

R8

A

B
C

D
1Σ

2Σ

Fig. 13.1 A reconfigurable
eight-bar linkage

13 Structural Representation of Reconfigurable Linkages 131



motions about three orthogonal axes respectively, the kinematic joint has three
stable working phases in Fig. 13.2 and the constraints supplied by this kinematic
joint are changeable following the variation of the rotational axis.

13.3.1 Working Phase with Two Symmetric Planes

As illustrated in Fig. 13.1, the variable-axis revolute joints are working in their
first stable phase in Fig. 13.2a. In this working phase, the effective joint axes R1,
R2, and R8 have a common point A and R1 is perpendicular to the plane formed by
R2 and R8. Symmetrically, the revolute joint axes R4, R5, and R6 have a common
point B and R5 is perpendicular to the plane formed by R4 and R6. The revolute
joint axes R1 and R5 have common point C while R3 and R7 have common point
D. The two planes R1 formed by R1and R5 and R2 by R3 and R7 are the sym-
metrical plane of the linkage. The common line CD is the symmetrical axis of the
mechanism in this working phase.

According to the geometry of the working phase in Fig. 13.1, the augmented
3D matrix presentation of the linkage is expressed as BA1 in Appendix.

13.3.2 Working Phase with Skew Axial Motion

When the variable-axis revolute joint connecting links 3 and 4 and that connecting
links 5 and 6 change their configuration from the first stable phase to the second
phase in Fig. 13.2b, the reconfigurable eight-bar linkage changes its structure to a
different working phase in Fig. 13.3.

In this working phase, the effective joint axes R1, R2, and R8 have a common
point A and R1 is perpendicular to R2 and R8. The revolute joint axes R3 and R7

have common point B while R4 and R6 have common point C. Since R3 and R4, R6

and R7 are parallel respectively, the plane formed by R3 and R7 and that by R4 and
R6 are parallel. The mechanism is symmetrical with the plane R1 in which the
common points A, B and C located. As constrained by the geometry of the linkage,
the joint axis R5 locates in the symmetrical plane R1 and always passes the
common point A. Accordingly, the augmented 3D matrix of the linkage in this
working phase becomes BA2 in Appendix.

Z

Y

X

Z

Y

X

Y

X

Z(a) (b) (c)Fig. 13.2 Three stable
topological phases of the
variable-axis revolute joint
a about X-axis b about Y-axis
c about Z-axis
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13.3.3 Working Phase with Straight-Line Motion

When the four variable-axis revolute joints change their configuration to the
second phase in Fig. 13.2b, the reconfigurable eight-bar linkage changes its
structure to the third working phase in Fig. 13.4.

The revolute joint axes R2 to R4 which are connected in series are parallel, and
the axes R6 to R8 which are connected in series are parallel and pointing in another
direction. Under such a condition, the revolute joints R1 and R5 becomes collinear.
The linkage in this working phase is symmetrical with the plane R1 and the links 4
and 5 implement straight line motion with respect to links 1 and 8. The augmented
3D matrix of the linkage in Fig. 13.4 becomes BA3 in Appendix.

CB

A

7

R3

3 R4

5
4R5

2

R2

1R1

8

R8

R7

6

R6

1Σ

Fig. 13.3 Working phase
with skew axial motion
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Fig. 13.4 Working phase
with straight-line motion
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13.4 Structure Representation of a Metamorphic Linkage

The linkage in Fig. 13.5 is a metamorphic linkage which is able to change its
topology resorting to link annex at typical configuration [13]. The links are labeled
1 to 8 and the joint exes are labeled R1 to R8. The angles between each couple of
revolute joints intersecting at common points A, B, C and D are determinate, that
a1 = a2 = a3 = a4 = 45�. The axes of joints R1 and R8 are perpendicular, and the
axes of joints R4 and R5 are perpendicular in the other end. The axes of revolute
joints at the distal end of link 3 and 7 are parallel respectively.

The augmented 3D matrix of the linkage in the source phase with all the
revolute joints are effective is expressed as BAm1 in Appendix.

One of the subphases of the metamorphic eight-bar linkage is an overcon-
strained six-bar linkage in Fig. 13.6. This overconstrained six-bar linkage is
derived by annexing links 8 and 1 and links 6 and 5. The axes R7 and R1 have
common point E, and the axes R6 and R4 have common point F. The point A is
projection of common point B on axis R7, and D is the projection of C on axis R6.

The improved elementary matrix operations which express the configuration
transformation is given by

P ¼ ðE8ð�1ÞU1;8ÞPsðE8ð�1ÞU1;8ÞT ð13:4Þ

and

P ¼ ðE6ð�1ÞU5;6ÞPsðE6ð�1ÞU5;6ÞT ð13:5Þ

Resultantly, the augmented 3D matrix of the linkage in the subphase in
Fig. 13.6 becomes BAm2 in Appendix.
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Fig. 13.5 A metamorphic
eight-bar linkage

134 K. Zhang et al.



13.5 Conclusions

This paper presented the link-to-link adjacency matrix originated three-dimen-
sional matrix for structural representation of mechanisms by integrating the binary
strings. The improved elementary matrix operation which is integrated in the
three-dimensional matrix operation is capable of characterize the topological
transformation of reconfigurable linkages. The three typical working phases of a
reconfigurable eight-bar linkage are obtained by altering the working phase of the
variable-axis revolute joint. The distinct geometry corresponding to each working
phase of the reconfigurable linkage is revealed by the three-dimensional matrix
representation. The effectiveness of the improved elementary matrix operation for
representing the topological transformation is verified with of metamorphic eight-
bar linkage.

Acknowledgments The authors thank the support of European Commission—Framework 7
Programme under grant number 270436.

Appendix

BA1 ¼

0000 1A44 0000 0000 0000 0000 0000 12C4
1A44 0000 1244 0000 0000 0000 0000 0000
0000 1244 0000 1AC4 0000 0000 0000 0000
0000 0000 1AC4 0000 12C4 0000 0000 0000
0000 0000 0000 12C4 0000 1A44 0000 0000
0000 0000 0000 0000 1A44 0000 1244 0000
0000 0000 0000 0000 0000 1244 0000 1AC4
12C4 0000 0000 0000 0000 0000 1AC4 0000

2
66666666664

3
77777777775
ðA:1Þ
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BA2 ¼

0000 1444 0000 0000 0000 0000 0000 12C4
1444 0000 1414 0000 0000 0000 0000 0000
0000 1414 0000 1A44 0000 0000 0000 0000
0000 0000 1A44 0000 1444 0000 0000 0000
0000 0000 0000 1444 0000 1414 0000 0000
0000 0000 0000 0000 1414 0000 1244 0000
0000 0000 0000 0000 0000 1244 0000 1AC4
12C4 0000 0000 0000 0000 0000 1AC4 0000

2
66666666664

3
77777777775
ðA:2Þ

BA3 ¼

0000 1114 0000 0000 0000 0000 0000 1444
1114 0000 1414 0000 0000 0000 0000 0000
0000 1414 0000 1A44 0000 0000 0000 0000
0000 0000 1A44 0000 1144 0000 0000 0000
0000 0000 0000 1144 0000 1114 0000 0000
0000 0000 0000 0000 1114 0000 1414 0000
0000 0000 0000 0000 0000 1414 0000 1A44
1444 0000 0000 0000 0000 0000 1A44 0000

2
66666666664

3
77777777775
ðA:3Þ

BAm1 ¼

0000 12A4 0000 0000 0000 0000 0000 12C4
12A4 0000 1214 0000 0000 0000 0000 0000
0000 1214 0000 12A4 0000 0000 0000 0000
0000 0000 12A4 0000 12C4 0000 0000 0000
0000 0000 0000 12C4 0000 12A4 0000 0000
0000 0000 0000 0000 12A4 0000 1214 0000
0000 0000 0000 0000 0000 1214 0000 12A4
12C4 0000 0000 0000 0000 0000 12A4 0000

2
66666666664

3
77777777775
ðA:4Þ

BAm2¼

0000 12A4 0000 0000 0000 0000 12A4 �12C4
12A4 0000 1214 0000 0000 0000 0000 0000
0000 1214 0000 12A4 0000 0000 0000 0000
0000 0000 12A4 0000 12A4 0000 0000 0000
0000 0000 0000 12A4 0000 �12A4 1214 0000
0000 0000 0000 0000 �12A4 0000 �1214 0000
12A4 0000 0000 0000 1214 �1214 0000 �12A4
�12C4 0000 0000 0000 0000 0000 �12A4 0000

2
66666666664

3
77777777775
ðA:5Þ
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Chapter 14
Topological Analysis of Configuration
Evolution of a Novel Type of Electric
Loader with Metamorphic Functions

Ganwei Cai, Yuchen Pan, Hongzhou Wang and Jian S. Dai

Abstract Traditional loaders are mostly hydraulic type, of which there exists
some problems like high costs of manufacturing, assembling and maintaining. A
novel type of electric loader with the ability to change its topological structures to
satisfy various kinds of needs in the working process is proposed. One driving
motor can finish multiple tasks such as shoveling, loading, lifting, and unloading.
This paper introduces the source-metamorphic mechanism of the newly invented
loading mechanism, as well as its metamorphic ways to achieve variable topology.
The adjacency matrix and topological graphs are used to describe topological
change of each working phase, based on which the principles and characteristics of
configuration changing are analyzed.
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14.1 Introduction

A loader is a heavy equipment machine often used in construction, primarily used
to load material such as asphalt, dirt, snow, rock, sand, and woodchips into or onto
another type of machinery like a dump truck, conveyor belt, or railcar. But the
hydraulic system of a traditional loader uses fluid for operating media with a large
number of hydraulic components, resulting in high cost of manufacturing and
maintaining. Without proper maintenance, hydraulic leaks are inevitable.

Metamorphic mechanisms were proposed during the study of reconfigurable
packaging, which are the mechanisms with the ability to change their topological
structures [1, 2]. The approaches to achieve metamorphic function can be divided
into two categories: one is to change the number of links by link coincidence and
self locking [3]. The other is to apply geometric constraint to joints to change the
joint property as that introduced in Ref. [4] by Dongming Gan et al. Parise et al.
[5] presented new ortho-planar metamorphic mechanisms in 2000. Liu and Yang
[6] investigated the essence and characteristics of metamorphic mechanisms in
2004. Dai and Rees Jones [7] presented the topology of variable mobility-con-
figurations of metamorphic mechanisms and described transformation using
matrix operations in 2005. Yan and Kuo [8, 9] investigated variable kinematic
joints based on topological representations in the form of graphs and emphasized
the meaning of variable topologies in 2006 and 2007, respectively. Zhang et al.
[10] introduced the theories and methods of synthesis of metamorphic mechanisms
based on biological modeling and evolution.

The potential use of this type of mechanisms is promising due to their multiple
working phases, variable topology, and the changeable mobility. A novel type of
electric loading mechanism is proposed with the ability to change its topological
structures to adjust various kinds of demands during the working process. One
driving motor can finish multiple tasks such as shoveling, loading, raising, rolling
and dumping. The motor is placed on the frame, problems such as low stiffness, high
inertia of the linkages of traditional serial manipulators can be avoided. In this paper,
the source-metamorphic mechanism of the newly invented mechanism is intro-
duced, as well as its metamorphic ways. The adjacency matrix and topological
graphs are used to describe topological changes of each sub-phase of the mechanism,
based on which the principles and characteristics of configuration changing are
analyzed. The characteristics during the evolutionary process are obtained.

14.2 Configuration

As is shown in Figs. 14.1 and 14.2, the motion of the boom (link 6) of the
mechanism is limited by upper limit and lower limit which are both attached to the
frame. The limits stop the boom and cause topological change when the boom
rotates to the limiting positions during the working process. A spindle with two
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stoppers is inside the boom where a groove for slider 9 is at the forepart as
depicted in Figs. 14.3 and 14.4. A compound revolute joint connects link 3, link 4

rear stopper

front stopperboomside limitupper limit

lower limit

bucketdrive link

rocker arm

Fig. 14.1 Virtual prototype of the novel loader

Fig. 14.2 Sketch of the source metamorphic mechanism

(a) (b) (c)

side limit

boom

lower limit

upper limit

Fig. 14.3 The boom and the spindle inside

(a) (b)

rolling

sliding

rear stopper
front stopper

Fig. 14.4 Two ways of motion of the spindle
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and link 5 together so that drive link 2 is able to drive the boom and the slider via
link 4 and link 5, respectively. Link 10 links the boom, the bucket (link 14), link 7
and link 8, of which the middle part connects to the rocker arm 12.

14.3 Topological Analysis of Working-Phase
Mechanisms

14.3.1 Source-Metamorphic Mechanism

Introduced by Zhang, et al., source-metamorphic mechanism SM contains the
complete topological elements of all working configuration phases involved in a
working cycle which can be generated from aggregationary evolution operation with
the available minimum required mobility number and with elements of all working
configurations [10]. Sketch and the topological graph of the source-metamorphic
mechanism of the loader are shown in Figs. 14.2 and 14.5, respectively.

The adjacency matrix can be expressed as:

A0c ¼

1
2
3
4
5
6
7
8
9
10
11
12
13
14

0 1 0 0 0 1 1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 1 1 0 0 0 0 0 0 0 0 0
0 0 1 0 1 1 0 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 1 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 1 1 0 0 0 0 1 0 0 0
0 0 0 0 0 1 1 1 0 0 0 1 0 1
0 0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 1 0 0 1 0

2
66666666666666666666664

3
77777777777777777777775

ð14:1Þ

Fig. 14.5 Topological graph
of source-metamorphic
mechanism SM
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14.3.2 Shoveling Phase

The shoveling phase starts when the bucket is in the initial position. The boom
stays in the lower position due to the gravity and is blocked by the lower limit,
resulting in the stationary of link 7, link 8, link 10 and the bucket. The afore-
mentioned links can be regarded as the frame during this phase shown in
Fig. 14.8a. Position and posture of the spindle are shown in Figs. 14.3b and 14.4a.
The sketch and the topological graph of the mechanism of are depicted in
Figs. 14.6a and 14.7a, respectively. The adjacency matrix can be written as:

A1 ¼

1
2
3
4
5
9
11
12
13
14

0 1 0 1 0 1 0 1 0 1
1 0 1 0 0 0 0 0 0 0
0 1 0 1 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
0 0 1 1 0 1 0 0 0 0
1 0 0 0 1 0 1 0 0 0
0 0 0 0 0 1 0 1 0 0
1 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 0 1 0

2
666666666666664

3
777777777777775

ð14:2Þ

Fig. 14.6 Sketch of the mechanisms during working phases

Fig. 14.7 Topological graphs of working phases
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14.3.3 Bucket Rolling-Out

Referring to Fig. 14.8b, when the bucket is filled with material, it rolls back due to
the rotation of drive link 2. The boom stays still as well as link 7, link 8 and link
10, in which slider 9 starts moving. Topological structure of the mechanism does
not change in rolling out phase. The sketch and the topological graph of the
mechanism are same to the shoveling phase, shown in Figs. 14.6a and 14.7a,
respectively. The adjacency matrix can be easily obtained, yields:

A2 ¼

1
2
3
4
5
9
11
12
13
14

0 1 0 1 0 1 0 1 0 1
1 0 1 0 0 0 0 0 0 0
0 1 0 1 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
0 0 1 1 0 1 0 0 0 0
1 0 0 0 1 0 1 0 0 0
0 0 0 0 0 1 0 1 0 0
1 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 0 1 0

2
666666666666664

3
777777777777775

ð14:3Þ

14.3.4 Raising Phase

As is depicted in Fig. 14.9a, the moment slider 9 reaches the front limit of the groove,
links 4 and 5 are stopped by the front stopper. At the mean time, the slider will be
locked there because the boom spindle can not rotate on this occasion due to the limit
of side block, what is depicted in Figs. 14.3a, b, and 14.4a, resulting in the combination
of boom 6, slider 9, link 4 and link 5. These links are lifted jointly by drive link 2.

The locked-up of the slider eliminates the relative motions between link 11,
rocker arm 12, link 13 and the bucket. As a result, these four linkages can be
regarded as one single linkage during the raising phase. Topological structure of
the mechanism changes due to the links composition. Sketch of the mechanism
during this working-phase is shown in Fig. 14.6b, when the topological graph is
given in Fig. 14.7b. Consequently, the adjacency matrix for this specific sub-phase
mechanism is obtained, that is:

Slider slides

Bucket rolls out

(b)(a)

Shoveling forward

Fig. 14.8 Shoveling and rolling out
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A3 ¼

1
2
3
6
7
8
10

0 1 0 1 1 1 0
1 0 1 0 0 0 0
0 1 0 1 0 0 0
1 0 1 0 0 0 1
1 0 0 0 0 0 1
1 0 0 0 0 0 1
0 0 0 1 1 1 0

2
666666664

3
777777775

ð14:4Þ

14.3.5 Dumping Phase

The boom rotates to the upper limit position and is blocked, as well as link 7, link 8
and link 10, shown in Fig. 14.9b. These four linkages can be regarded as the frame
again. The boom spindle rolls out of which the position and posture can be seen in
Figs. 14.3c and 14.4b, resulting in the decomposition of boom 6, slider 9, link 4
and link 5. The last two links stop being limited by the front stopper and go on
rising. The slider regains its motion in the groove and starts moving back.
Topological change occurs in dumping phase. Particularly, the spindle of the boom
can not roll back during the phase due to the limitation to the rear stopper provided
by side limit, so that the boom can stay still in the upper limit position. Sketch and
topological graph of the mechanism are exactly the same as that in the shoveling
and rolling phase which are shown in Figs. 14.6a and 14.7a, as well as the adja-
cency matrix, reads:

A4 ¼

1
2
3
4
5
9
11
12
13
14

0 1 0 1 0 1 0 1 0 1
1 0 1 0 0 0 0 0 0 0
0 1 0 1 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
0 0 1 1 0 1 0 0 0 0
1 0 0 0 1 0 1 0 0 0
0 0 0 0 0 1 0 1 0 0
1 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 0 1 0

2
666666666666664

3
777777777777775

ð14:5Þ

Links 4, 5 go 
on risingSpindle rolls out

Dumping
(a) (b)

Slider being locked

Links 4, 5 
being stopped

Lifting

Fig. 14.9 Raising and dumping
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14.3.6 Bucket Rolling-In

As is shown in Fig. 14.10a, when dumping is finished, boom 6 stays in the upper
limit position, so as link 7, link 8 and link 10, which are still treated as the frame.
Drive link 2 keeps on rotating anticlockwise, resulting in the sliding of 9 and
rolling-in of the bucket. Link 4 and link 5 turn back with the drive link 2 the
moment they reach their up limit. Topological change does not happen in this
phase. Sketch and topological graph remain the same to the previous working-
phase, depicted in Figs. 14.6a and 14.7a. The adjacency matrix does not change
either, writes:

A5 ¼

1
2
3
4
5
9
11
12
13
14

0 1 0 1 0 1 0 1 0 1
1 0 1 0 0 0 0 0 0 0
0 1 0 1 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
0 0 1 1 0 1 0 0 0 0
1 0 0 0 1 0 1 0 0 0
0 0 0 0 0 1 0 1 0 0
1 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 0 1 0

2
666666666666664

3
777777777777775

ð14:6Þ

14.3.7 Lowing Phase

Referring to Fig. 14.10b, when slider 9 moves to its front limit and be locked due
to the failure in rotation of the spindle, links 4 and 5 will be blocked by the front
stopper again. Posture of the spindle returns to what it shows in Fig. 14.4a, which
can not rotate again from this moment on. Because of the limitation of side limit
on the rolling-out rear stopper, boom will not be falling in the gravity. Boom 6,
slider 9, link 4 and link 5 combine together again and low down with drive link 2.
Since slider 9 can not move, link 11, rocker arm 12, link 13, and the bucket lose

Bucket lowing

Links 4, 5 being 
blocked again

Slider reaches 
limit position

Links 4, 5 reach up 
limit and turn back

Bucket rolls in

(a) (b)

Fig. 14.10 Bucket rolling in and lowing
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the relative motions, which become one linkage once again. The topological
structure of the mechanism changes again, back to that in the raising phase, to
which the sketch, topological graph are identical, depicted in Figs 14.6b and
14.7b. The adjacency matrix can be written as:

A6 ¼

1
2
3
6
7
8
10

0 1 0 1 1 1 0
1 0 1 0 0 0 0
0 1 0 1 0 0 0
1 0 1 0 0 0 1
1 0 0 0 0 0 1
1 0 0 0 0 0 1
0 0 0 1 1 1 0

2
666666664

3
777777775

ð14:7Þ

14.3.8 Bucket Resetting Phase

Boom 6 rotates to the lowest position and is stopped by lower limit, as well as
link7, link 8, and link 10. These four become the frame once again. The spindle
turns back to the status shown in Fig. 14.4b. Slider 9 slides in the groove again.
Referring to Fig. 14.11, the bucket rolls back to the initial position. Topological
structure changes back to what is like in shoveling phase. Sketch and topological
graph remain the same to the initial working-phase, depicted in Figs. 14.6a and
14.7a. The adjacency matrix can be obtained, say:

A7 ¼

1
2
3
4
5
9
11
12
13
14

0 1 0 1 0 1 0 1 0 1
1 0 1 0 0 0 0 0 0 0
0 1 0 1 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
0 0 1 1 0 1 0 0 0 0
1 0 0 0 1 0 1 0 0 0
0 0 0 0 0 1 0 1 0 0
1 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 0 1 0

2
666666666666664

3
777777777777775

ð14:8Þ

Boom reaches 
lower limit

Bucket resetting

(a) (b)

Fig. 14.11 Bucket resetting to the initial position

14 Topological Analysis of Configuration 147



14.4 Conclusions

(i) A novel type of electric loading mechanism was introduced in this paper by
applying metamorphic mechanisms to the innovative design of loaders, which
can change its topological structures to satisfy various kinds of demands during
the loading process.

(ii) The adjacency matrix and topological graphs were used to describe topolog-
ical changes of each sub-phase of the working process, based on which the
working principles during configuration changing was analyzed. Character-
istics in the evolutionary process were obtained.
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Chapter 15
Analysis of Freedom Degrees of Self-Help
Chair for the Old Based on the Principle
of Metamorphic Mechanism

Ju-Jiang Cao, Yu-Qi Wang and Ji-Wei Sun

Abstract By analysing the work process of self-help chair for the old, combined
with the topology analysis, calculated the degrees of freedom in each phase. This
page elaborated on the analytical methods of composite hinge in topological
diagram, and provided a design example and analytical samples for further
research of metamorphic theory and analytical method.

Keywords Metamorphic mechanism � Topological diagram � Degrees of freedom
� Self-help chair

15.1 Preface

Metamorphic mechanism was proposed firstly by Dai and Jones in 25th ASME
Biennial Mechanisms and Robotics Conference, Atlanta, 1998 [1]. From then on,
metamorphic mechanism has become a hot research spot in international academic
institutions. As scholars, from various countries, researched metamorphic
mechanism more in-depth, the definition and research methods of it was improved,
and many metamorphic mechanism with practical value was developed.
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For example: In the aviation field, metamorphic rover [2]; In the robotics field,
metamorphic robotic hand [3]; In the manufacturing area, metamorphic quick-
response clamp device [4]; In the field of household products, metamorphic self-
help chair [5]. Metamorphic mechanism used in different phases with multiple
occasions, and from one session to another session, always change the topology
diagram and freedom degrees of the metamorphic mechanism [6].

This paper, researched the self-help chair for the old which based on the
principle of metamorphic mechanism, by analyzing the topology diagram of self-
help chair in various stages of the work process, calculated the degrees of freedom
in each phase, studied of their work state at various stages in-depth, provided a
design example and analytical samples for further research of metamorphic theory
and analytical method.

15.2 Introduction to Self-Help Chair

Self-help chair is used to help the elderly to change their body posture from sitting
to standing freely, and can meet their needs for leaning against the chair. The
working principle of self-help chair is: using the scissor mechanism as a lifting
device, and provide work platforms for the seat turning device and the backrest
adjusting device on the top; using the slider-crank mechanism as the seat turning
device; using the mobile guide bar dual slider mechanism as the backrest angle
adjusting device; using the metamorphic components as the control device. The
3D modes of the self-help chair in working process is shown in Fig. 15.1.

Fig. 15.1 3D model of self-help chair
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15.3 The Working Process of Self-Help Chair

The standing process of self-help chair includes four stages: sitting, rising, turning
and standing, metamorphic components controlled the chair to change from rising
phase into turning phase, and ultimately into standing position.

15.3.1 The Topology Diagram and Freedom Degrees Analysis
of Sitting Stage

The most basic function of self-help chair is meeting the elderly’s needs of sitting,
when the self-help chair is in the sitting stage, its mechanical diagram is shown in
Fig. 15.2.

As can be seen from Fig. 15.2, in this stage, the slider S2 and the slider S3
combined together closely. The slider 3 has reached the bottom of the link L3, can
not move anymore. The link L9 and the slider S3 is dead joint. The following
conclusion can be drawn: L3, S2, S3, L6, L7 and L9 have been combined together,
they are equivalent to a component.

The way of how to change mechanical diagram into topological graph is:
change mechanical components into pitch point, change kinematic pair into line
[7]. Then we can get the topological graph of the self-help chair in sitting position,
shown in Fig. 15.3.

Fig. 15.2 Sitting position of
self-help chair
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In the topological graph shown in Fig. 15.3, there are 9 pitch points, 12 lines.
With the exception of the bed, residual 8 pitch points stands for movable com-
ponents, the 12 lines stands for kinematic pair. Taking the information into the
classic formula for calculating freedom degrees of planar mechanisms:

F ¼ 3n� 2pL � pH ð1Þ

n The number of active components pL: the number of lower pair
pH The number of higher pair

So we can obtain the freedom degrees as:

F1 ¼ 3� 8� 2� 12 ¼ 0

The degrees of freedom is 0, there is no component can move in parallel or
revolve around an axis.The chair maintain a stable posture for people to use.

15.3.2 The Topology Diagram and Freedom Degrees Analysis
of Rising Stage

The rising stage of the self-help chair’s working process is mainly to assist the
body center of gravity to rise higher, its mechanical diagram is shown in Fig. 15.4.

As can be seen from Fig. 15.4, in this stage, under the external force, scissor
mechanism began to run, the slider S1 and slide S2 start to run to left, the chair is in
a vertical upward motion. Meanwhile, the slide S2 and slide S3 began to separate,
the angle between link L6 and link L7 become larger. Change mechanical
components into pitch point, and change kinematic pair into line, then we can get
the topological graph of the self-help chair in rising stage, shown in Fig. 15.5.

Fig. 15.3 Topological
diagram of sitting position
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In the topological graph shown in Fig. 15.5, there are 13 pitch points, 17 lines.
With the exception of the bed, residual 12 pitch points stands for movable

Fig. 15.4 Rising stage of
self-help chair

Fig. 15.5 Topological
diagram of rising stage
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components, the 17 lines stands for kinematic pair. Taking the information into the
formula (15.1), so we can obtain the freedom degrees as:

F2 ¼ 3� 12� 2� 17 ¼ 2

The degrees of freedom is 2, so the chair need dual power inputs to get a
definite movemen state. The designer gave an outside force acting on the slider S1,
and the other force is the gravity of the user, acting on the link L40 which support
the seat side of the chair. So the chair could do the vertical upward motion steadily.

15.3.3 The Topology Diagram and Freedom Degrees Analysis
of Turning Stage

The turning phase of the self-help chair’s working process is mainly to assist the
old to change their hip position from awash to upright, its mechanical diagram is
shown in Fig. 15.6.

Fig. 15.6 Turning stage of
self-help chair
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As can be seen from Fig. 15.6, in this stage, under the external force, scissor
mechanism continue to run, the slider S1 and slide S2 run to left more far.
Meanwhile, the angle between link L6 and link L7 is gradually widening to 180 �.
The two links only transfer tension, they are equivalent to a link L60. The slide S2
and slide S3 are tightly connected with link L60, cannot move or rotate relatively.
The following conclusion can be drawn: L60, S2, S3 have been combined together,
they are equivalent to a component.Change mechanical components into pitch
point, and change kinematic pair into line, then we can get the topological graph of
the self-help chair in turning stage, shown in Fig. 15.7.

In the topological graph shown in Fig. 15.7, there are 10 pitch points, 13 lines.
With the exception of the bed, residual 9 pitch points stands for movable com-
ponents, the 13 lines stands for kinematic pair. Taking the information into the
formula (15.1), so we can obtain the freedom degrees as:

F3 ¼ 3� 9� 2� 13 ¼ 1

The degrees of freedom is 1, under the action of a single force, the chair has a
definite state of motion: the scissor mechanism which formed by L1, L2 and L3 do
the vertical upward motion steadily; the slider-crank mechanism which formed by
L4, L5 and S3 do turning motion; the mobile guide bar dual slider mechanism
which formed by L4, L8, S3 and S4 adjust the angle of seat back in a certain range.

Fig. 15.7 Topological
diagram of turning stage
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15.3.4 The Topology Diagram and Freedom Degrees Analysis
of Standing Stage

The standing phase of the self-help chair’s working process is the final stage when
the chair have finished rising the body center of gravity to higher, turning the seat
side, adjusting the angle of seat back. Its mechanical diagram is shown in
Fig. 15.8.

As can be seen from Fig. 15.8, in this stage, with the seat turning device
running, the link L40 which supported seat side turned to a certain angle, the angle
between link L40 and link L8 is changed into h20. The chair’s posture is similar
with the people’s posture when he leave the seat and stand up, so it can be used to
lean back for the old. At the same time, the slider S1 have moved to the end of
slide way on the bed, combined with the bed together, they are equivalent to a
component.Change mechanical components into pitch point, and change kinematic
pair into line, then we can get the topological graph of the self-help chair in
standing stage, shown in Fig. 15.9.

In the topological graph shown in Fig. 15.9, there are 9 pitch points, 12 lines.
With the exception of the bed, residual 8 pitch points stands for movable

Fig. 15.8 Standing stage of
self-help chair
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components, the 12 lines stands for kinematic pair. Taking the information into the
formula (15.1), so we can obtain the freedom degrees as:

F4 ¼ 3� 8� 2� 12 ¼ 0

The degrees of freedom is zero, there is no component can move in parallel or
revolve around an axis.The chair maintain a stable standing posture for people to
use.

15.4 The Topology Diagram’s Analysis of Composite Hinge

In the mechanical diagram of the chair, there are two types of composite hinges,
how to properly analyze the topology of the hinges is the key point of the ana-
lysing the degree of freedom, so we need elaborate on its analysis process.

The first type of composite hinge is composed of three links L2, L3 and L4,
connected by the same hinge. Using the dislocation method to separate it, we
obtained the exact topological graph, as shown in Fig. 15.10.

The second type of composite hinge is composed of two links L1, L2 and a
slider S2, connected by the same hinge. Using the dislocation method to separate
it, we obtained the exact topological graph, as shown in Fig. 15.11.

Fig. 15.9 Topological
diagram of standing stage
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15.5 Conclusion

Metamorphic mechanism is a kind of special mechanism which changed its
topological structure at least one more time (all structure mode to be different from
each other) [8], during the operation process. By analyzing the topological graph,
can obtain the number of effective links and kinematic pair intuitively, calculate
the freedom degrees of the mechanism. Therefore, analysing topological graph
plays a vital role on the determining and analysing metamorphic mechanism. It is
certain that, with scholars from various countries researched metamorphic
mechanism theory and analysis method in-depth, metamorphic mechanism will be
widely used in various industries.
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Chapter 16
The Variable Graph of Metamorphic
Mechanisms or Variable Topology
Mechanisms

Chuan-He Liu

Abstract New concepts such as the variable graph, the invariant subgraph, the
variable subgraph and the cell-variator etc. of Metamorphic Mechanisms or
Variable Topology Mechanisms are put forward and defined for the first time in
this paper. Three new theorems on composition of the variable graph and one new
theorem on the equivalent transformation of the incidence relation cell-variator
are found out and their validity is strictly proved. The classifications of the cell-
variators and the diagram representations of three kinds of cell-variators are
studied. The diagram representation and adjacent matrix representation of
the variable graph are given. The variable graph provides useful new tool for the
topological structural analysis and synthesis of metamorphic mechanisms or
variable topology mechanisms. It has great scientific value and engineering
practicality.

Keywords Variable graph � Metamorphic mechanisms � Variable topology
mechanisms � Cell-variator

16.1 Introduction

Since the concepts of the metamorphic mechanism (MM) [1, 2] and the variable
topology mechanism (VTM) [3, 4] were put forward, many scholars had investi-
gated the representation methods [5–13] of MMs or variable mechanisms. Initially,
the representative tools were the schematic diagram of mechanism and the
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topological graph [1]. In 2000, Dai and Zhang [5] used adjacent matrix (it only
includes ‘‘0’’ and ‘‘1’’) operations to represent the configuration transformation of
a MM. Yan and Liu [3] used the finite state machine to represent mechanisms and
chains with variable topologies. In 2003, Yan and Liu [6] used topological graph,
adjacent matrix and joint-codes to represent the topological structure of mecha-
nisms and chains with variable topologies. In 2006 and 2009, Yan and Kuo [7–9]
created the unified graph that can represent and identify structural and motion state
characteristics of mechanisms with variable topologies. The unified graph was
used for structural analysis and configuration synthesis of mechanisms with var-
iable topologies. This is a breakthrough in research direction on representations
methods of the mechanisms with variable topologies. In 2008, Lan and Du [10]
introduced ‘‘-1’’ into adjacent matrix, in order to indicate the frozen kinematic
pairs. In 2009, Yang et al. [11] proposed the position and orientation characteristic
matrix in order to describe reconfigurable mechanisms. Li et al. [12] proposed the
concept of joint-gene based variable topological representations and configuration
transformations and used the joint-gene matrix that can represent property and
orientation of the joints at the same time for representation of topological structure
of MMs. Liu [13] constructed the configuration-function transition digraphs of
MMs or VTMs. It especially applied to the top design and analysis of MMs or
VTMs. However up to now, the representation methods of MMs or VTMs had not
cast off the fetter of the traditional invariant topological graph all the same. The
composition and change of MMs or VTMs still cannot be represented accurately.
In order to solve this problem, the fetter of the traditional invariant graph is casted
off in this paper, and a completely new variable graph of MMs or VTMs (the
variable graph for short hereinafter) is established. It can represent exactly the
composition and change of MMs or VTMs under the condition of one graph or one
adjacent matrix only. It applies to all kinds of MMs or VTMs. The definition of the
variable graph is given first in this paper, next the composition of the variable
graph is studied, then the diagram representation of the variable graph is discussed,
and finally the adjacent matrix representation of the variable graph is investigated.

16.2 The Definitions on the Variable Graph

16.2.1 The Definition of the Invariant Topological Graph
in One Phase

Definition 1 The Gi, invariant topological graph of a MM or a VTM in the ith
working-phase is defined as ordered triple as follows

Gi ¼ ðVi;Ei;RiÞ ð16:1Þ
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where Vi is the set of vertices that denote the links of a MM or a VTM in the ith
working-phase. Ei is the set of edges that denote the joints of a MM or a VTM in
the ith working-phase. Ri ( (Vi&Vi), the & is the unordered product and it is the
function-set of the unordered pair from Ei to Vi. Ri is the set of incidence func-
tions, every element is the incidence relation between two vertices and one edge in
Ri. The ranges of elements which is included in Vi, Ei and Ri are expanded in this
paper in order to satisfy the need for research and application of MMs or VTMs.

Vi ¼ fVir;Vie;Vif ;Vil;Vifg 6¼ / ð16:2Þ

where Vir is the set of vertices that denote the rigid links of a MM or a VTM in
the ith working-phase. Vie is the set of vertices that denote the elastic links of a
MM or a VTM in the ith working-phase. Vif is the set of vertices that denote the
flexible links of a MM or a VTM in the ith working-phase. Vil is the set of vertices
that denote the liquid links of a MM or a VTM in the ith working-phase. Vi/ is the
set of vertices that denote the empty (nothing) links of a MM or a VTM in the ith
working-phase.

Ei ¼ fEip;Eir;Ei/g ð16:3Þ

Where Eip is the set of edges that denote the kinematic pair joints of a MM or a
VTM in the ith working-phase. Eir is the set of edges that denote the rigid joints of
a MM or a VTM in the ith working-phase. Ei/ is the set of edges that denote the
empty (nothing) joints of a MM or a VTM in the ith working-phase.

Ri ¼ fRih;Ri/g ð16:4Þ

Where Rih is the set of the real existent incidence relations of vertices (links)
and edges (joints) of a MM or a VTM in the ith working-phase. Ri/ is the set of the
empty (inexistent) incidence relations of vertices (links) and edges (joints) of a
MM or a VTM in the ith working-phase.

16.2.2 The Definition of the Variable Graph

Definition 2 Suppose the n invariant topological graphs of a MM or a VTM in
n (the n is the finite integer and n C 2) working-phases are respectively G1, G2,
…, Gn and they are not isomorphic pairwise, if a graph Gv is changed according to
certain sequence or conditions among the G1, G2, …, Gn, then

Gv ¼ G1 [ G2 [ . . . [ Gn ¼
[n
i¼1

Gi ð16:5Þ

is called the variable graph of the MM or the VTM.

16 The Variable Graph of Metamorphic Mechanisms 163



16.3 The Composition of the Variable Graph

16.3.1 The Invariant Element and the Invariant Subgraph

Definition 3 In a variable graph Gv, an arbitrary vertex v[Vi, or an arbitrary edge
e[Ei, or an arbitrary incidence relation r[Ri (i = 1, 2, …, n) is called the element
of the variable graph Gv.

Definition 4 In a variable graph Gv, if an element (an arbitrary vertex v[Vi, or an
arbitrary edge e[Ei, or an arbitrary incidence relation r[Ri (i = 1, 2, …, n)) is
always unchanged during n working-phases of a MM or a VTM, then the element
is called the invariant element.

Definition 5 If a graph Gis , Gv, and Gis consists of all the invariant elements in the
variable graph Gv, then Gis is called the invariant subgraph of the variable graph Gv.

16.3.2 The Variable Element and the Variable Subgraph

Definition 6 In a variable graph Gv, if an element (an arbitrary vertex v[Vi, or an
arbitrary edge e[Ei, or an arbitrary incidence relation r[Ri (i = 1, 2, …, n)) is to be
changed during n working-phases of a MM or a VTM, then the element is called
the variable element.

Definition 7 If a graph Gvs , Gv, and the Gvs consists of all the variable elements in
the variable graph Gv, then Gvs is called the variable subgraph of the variable graph Gv.

16.3.3 The Composition Principle of the Variable Graph

Theorem 1 An arbitrary variable graph Gv consists of its invariant subgraph Gis

and its variable subgraph Gvs. Namely, if Gis and Gvs are respectively the invariant
subgraph and the variable subgraph of the variable graph Gv, then

Gv ¼ Gis [ Gvs ð16:6Þ

Proof Every element in the variable graph Gv is other invariant element, or
variable element. It must be one or the other. So the union of all invariant elements
is equal to the invariant subgraph Gis, and the union of all variable elements is
equal to the variable subgraph Gvs, otherwise there is no any other element in the
variable graph Gv, and there is also no any other subgraph in it. Videlicet, there is
only the invariant subgraph Gis and the variable subgraph Gvs in the variable graph
Gv. Therefore Gv ¼ Gis [ Gvs:
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Theorem 2 If the n invariant topological graphs of a MM or a VTM in n (n is the
finite integer and n C 2) working-phases are respectively G1, G2, …, Gn and they
are not isomorphic pairwise, and Gis is the invariant subgraph of the variable
graph Gv, then

Gis ¼ G1 \ G2 \ . . . \ Gn ¼
\n
i¼1

Gi ð16:7Þ

Proof Because Gis is the invariant subgraph of the variable graph Gv, and G1, G2,
…, Gn are not isomorphic pairwise, from the definition (definition 5) of the
invariant subgraph we know that V invariant element g[Gis, always has g[G1 and

g[G2 and…and g[Gn. Namely Gis ¼ G1 \ G2 \ . . . \ Gn ¼
Tn
i¼1

Gi:

Theorem 3 If the n invariant topological graphs of a MM or a VTM in n (n is the finite
integer and n C 2) working-phases are respectively G1, G2, …, Gn and they are not
isomorphic pairwise, the number of directed edges of the configuration-function
transition digraphs [13] whose n vertices are G1, G2, …, Gn is q, the symmetric
difference of two invariant (in one phase) topological graphs that are incident with the
ith directed edge is Di, and Gvs is the variable subgraph of the variable graph Gv, then

Gvs ¼
[q
i¼1

Di ð16:8Þ

Where Di denotes the symmetric difference.

Di ¼ ðGi�1 [ GiÞ � ðGi�1 \ GiÞ ¼ Gi�1 �Gið Þ [ Gi �Gi�1ð Þ ð16:9Þ

Proof Because Gvs is the variable subgraph of the variable graph Gv, and G1, G2,
…, Gn are not isomorphic pairwise, the number of directed edges of the config-
uration-function transition digraphs whose n vertices are G1, G2, …, Gn is q, the
symmetric difference of two invariant (in one phase) topological graphs that are
incident with the ith directed edge is Di, therefor the union of all variable elements
that exist actually in variable graph Gv is equal to D1 [ D2 [ . . . [ Dq: From

the definition 7 we find Gvs ¼ D1 [ D2 [ . . . [ Dq ¼
Sq
i¼1

Di:

16.3.4 The Cell-Variator

The Calculation according to the expression (16.8) can generate several cell-
variators in the variable graph (accurately speaking in the variable subgraph). The
cell-variators are the important components of a MM or a VTM. It is the existence
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and change of the cell-variators that bring on change of topological structure of the
MM or the VTM. Regrettably! It remains undiscovered for more than decades. It
cannot be discovered by traditional topological graph. It can be brought into sight
but along with naissance of the variable graph. Well then, what is the cell-variator?

16.3.4.1 Definition of the Cell-Variator

Definition 8 A cell-variator is the variable cell that consist of m (2 B mBn)
different configurations of one variable element (variable vertex or variable edge
or variable incidence relation) in a variable graph and one configuration transition
pointer, and it can bring the variable element to transit according to certain
sequence or conditions among the m different configurations.

16.3.4.2 Classification of the Cell-Variator

The cell-variators may be divided into three classes according to its types. Namely,
the vertex cell-variator, the edge cell-variator and the incidence relation cell-variator.

(1) The vertex cell-variator

A vertex cell-variator is the variable cell that consists of m (2 B mBn) different
configurations of one variable vertex in a variable graph and one configuration
transition pointer, and it can bring the variable vertex to transit according to certain
sequence or conditions among the m different configurations.

From the expression (16.2) in the definition we can know that one arbitrary
variable vertex has five kinds of possible different configurations. 1) The vertex
denoting rigid link (Fig. 16.1a); 2) The vertex denoting elastic link (Fig. 16.1b); 3)
The vertex denoting flexible link (Fig. 16.1c); 4) The vertex denoting liquid link
(Fig. 16.1d); 5) The vertex denoting empty (nothing) link (Fig. 16.1e).

The diagram representation of a vertex cell-variator is shown as Fig. 16.2.
Figure 16.2a shows one vertex cell-variator that is 2-configurations two-way cycle
transition. There are two variable configurations of one vertex inside its closed
curve. The initial configuration 1 corresponds with the invariant graph G1 of a
variable graph, and the link corresponding with it is rigid link. Configuration 2
corresponds with the invariant graph G2 of the variable graph, and the link cor-
responding with it is an empty (nothing) link, which denotes this link is inexistent.
The two-way arrowhead-curve between the configuration 1 and the configuration 2
denotes that the transition is two-way cycled. The one-direction arrowhead straight
line whose end connects two curves denotes the configuration transition pointer. Its
end curves are the edges that are incident with the vertex which is pointed to by the
pointer. The configuration transition pointer must point to the initial configuration
position when a diagram of the cell-variator is drawn. Fig. 16.2a shows when the
configuration transition pointer points to the vertex configuration 1, it corresponds
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with the invariant graph G1 of the variable graph, and when the configuration
transition pointer points to the vertex configuration 2 the variable graph corre-
sponding with it changes into G2.

Figure 16.2b shows one vertex cell-variator that is 3-configuration sequence
acyclic transition. The configuration 2 is a vertex that denotes the flexible link.
Figure 16.2c shows one vertex cell-variator that is 2-configuration two-way cycle
transition as well. But the ‘‘3’’ inside closed curve is not third vertex configuration,
it denotes third invariant graph G3 of the variable graph. The meaning is when the
variable graph changes from G2 into G3 because of other cell-variator transition
this vertex cell-variator keeps at the configuration 2, namely it is unchanged.
Figure 16.2d shows one vertex cell-variator that is 4-configuration one-way cycle
transition. The configuration 2 is a vertex that denotes the elastic link.

(2) The edge cell-variator

An edge cell-variator is the variable cell that consists of m (2 B mBn) different
configurations of one variable edge in a variable graph and one configuration
transition pointer, and it can bring the variable edge to transit according to certain
sequence or conditions among the m different configurations.

The diagram representation of an edge cell-variator is shown as Fig. 16.3.
Figure 16.3a shows one edge cell-variator that is 3-configuration sequence acyclic

transition. The initial edge configuration 1 is R$1. R denotes revolute pair, and $1 = [1
0 0 0 0 0] is the Boolean motion screw [13] of R. It denotes that axis of the R pair goes in
the direction of x of the right-handed coordinate system o-x-y-z. The o-x-y-z is fixed to
one link of the R pair and the origin o is on the axis of the revolute pair R. The first,
second and third components of $1 are respectively the projection of the relative
rotation angular velocity x of two links of the R pair on the coordinate axis x, y and
z. The fourth, fifth and sixth components of $1 are respectively the projection of the
relative translation velocity v of two links of the R pair on the coordinate axis x, y and
z. If and only if one value of the projection is identically equal to 0, then the component
of Boolean motion screw corresponding with it is equal to 0, otherwise equal to 1.

The edge configuration 2 is P$2, where P denotes prismatic pair, and its Boolean
motion screw $2 = [0 0 0 1 0 0], which indicates that direction of the relative
translation of two links of the P pair is along the x direction. The edge configuration 3
is C$3, where C denotes cylindrical pair, and its Boolean motion screw $3 = [1 0 0 1 0
0] indicates that direction of axis of the C pair is along the x direction. The basic
relative motions of two links of the C pair are rotation around the x axis and motion of
translation along the x direction. The edge configuration 1, 2 and 3 correspond with
G1, G2 and G3 of the variable graph respectively. The configuration transition pointer
must point to the initial configuration position when a diagram of the cell-variator is
drawn. Figure 16.3a shows when the configuration transition pointer points to the

(a) (b) (c) (d) (e)

Fig. 16.1 Possible five
configurations of one variable
vertex
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edge configuration 1, it corresponds with the invariant graph G1 of the variable graph,
when the configuration transition pointer points to the edge configuration 2, the
variable graph corresponding with it changes into G2, and when the configuration
transition pointer points to the edge configuration 3, the variable graph corresponding
with it again changes into G3. Figure 16.3b shows one edge cell-variator that is
2-configuration two-way cycle transition. Its initial edge configuration 1 is JR$R. JR

denotes rigid joint, and $R = [0 0 0 0 0 0] is the Boolean motion screw of JR, which
indicates that two links that is jointed by JR become one link and there is no any
relative motion between two links. The edge configuration 2 is J/$/. J/ denotes
empty (nothing) joint, and $/ = [1 1 1 1 1 1] is the Boolean motion screw of J/,
which indicates that there is no any direct constraint between two links that is jointed
by J/. The value of $R and $/ all is constant, so they may be passed over in the
diagram of an edge cell-variator. Figure 16.3b shows when the configuration
transition pointer points to the edge configuration 1, the edge is rigid joint, which
corresponds with the invariant graph G1 of the variable graph, and when the con-
figuration transition pointer points to the edge configuration 2, the edge changes into
empty (nothing) joint, the variable graph corresponding with it changes into G2.
Figure 16.3c shows one edge cell-variator that is 2-configuration two-way cycle
transition as well. But the ‘‘3’’ inside closed curve is not third edge configuration, it

(a)

$ 1=[1 0 0 0 0 0]

$ 3=[1 0 0 1 0 0]

$ 2=[0 0 0 1 0 0]

1
R$ 1

2
P$ 2

3
C$ 3

(b)

$R=[0 0 0 0 0 0]

$ =[1 1 1 1 1 1]

1
JR$R

2
J $

(c)

$ 1=[0 0 1 0 0 0]

1
R$ 1

2
JR$R

3 (d)
1

2

3

4

R$1

JR$R

R$ 2

J $

$ 1=[1 0 0 0 0 0]
$ 2=[0 1 0 0 0 0]

Fig. 16.3 The diagram representation of an edge cell-variator

(a) (b)

1 2 1

2

3 1

2

3

(d)(c)

1 2

34

Fig. 16.2 The diagram representation of a vertex cell-variator
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denotes third invariant graph G3 of the variable graph. The meaning is when the
variable graph changes from G2 into G3 because of other cell-variator transition this
edge cell-variator keeps at the configuration 2, namely it is unchanged. Figure 16.3d
shows one edge cell-variator that is 4-configurations one-way cycle transition.

(3) The incidence relation cell-variator

An incidence relation cell-variator is the variable cell that consists of
m (2 B mBn) different configurations of one variable incidence relation in a
variable graph and one configuration transition pointer, and it can bring the var-
iable incidence relation to transit according to certain sequence or conditions
among the m different configurations.

The diagram representation of a incidence relation cell-variator is shown as
Fig. 16.4. Figure 16.4a shows one incidence relation cell-variator that is 2-configura-
tion two-way cycle transition. The initial incidence relation configuration 1 is 1-vR1,
which shows that the incidence relation configuration transition pointer points to the vR1

from the vR3, namely the edge is incident with the vR1 and the vR3. The incidence relation
configuration 2 is 2-vR2, which denotes that the incidence relation configuration tran-
sition pointer points to vR2 from vR3, namely the edge is incident with vR2 and vR3.

Figure 16.4a shows when the incidence relation configuration transition pointer
points to vR1 from vR3, the variable graph corresponds with it is G1, and when the
incidence relation configuration transition pointer points to vR2 from vR3, the variable
graph corresponds with it changes into G2. This incidence relation cell-variator is just
like a switch in electrocircuit. Figure 16.4b shows one incidence relation cell-variator
that is 3-configuration sequence acyclic transition. Figure 16.4c shows one incidence
relation cell-variator that is 2-configuration two-way cycle transition. 3-vR3 in the
diagram denotes that this incidence relation cell-variator keeps at the configuration 2
when the variable graph changes from G2 into G3 because of other cell-variator tran-
sition, namely it is unchanged. Figure 16.4d shows one incidence relation cell-variator
that is 4-configuration one-way cycle transition. In Figs. 16.4a–d, the incidence relation
configuration transition pointers all have only one arrowhead in its one end. The change

(a) vR1 vR2

vR3

1-vR1
2-vR2

G
(b)

vR1

vR2
vR3 vR4

1-vR2

2-vR3

3-vR4

G

(c)

vR1

vR2
vR3

1-vR2

2-vR3

3-vR3G

vR1

vR2

vR3

vR4

1-vR1-vR2 2-vR3-vR4

G

(f)vR1

vR2

vR3

vR4

1-vR1-vR2 2-vR3-vR4

G

(e)(d)
vR1

vR2

vR3

vR4

vR5

1-vR1

2-vR2 3-vR3

4-vR4

G

Fig. 16.4 The diagram representation of a edge cell-variator
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type of these one-arrowhead pointers is the rotation around the invariant vertex. These 4
cell-variators are all one-end incidence relation cell-variators. The cell-variators shown
in Fig. 16.4e, f are all two-end incidence relation cell-variators. Namely their incidence
relation configuration transition pointers all have two arrowheads in its two ends. The
change type of two-arrowhead pointers is motion of translation. Figure 16.4e shows one
incidence relation cell-variator that is 2-configuration two-end two-way translation
cycle transition. When the incidence relation configuration transition pointer points at
initial configuration 1-vR1-vR2, the edge G (gear pair) is incident with vR1 and vR2, where
the variable graph corresponding with it is G1. When the incidence relation configu-
ration transition pointer translates and points at configuration 2-vR3-vR4, the edge
G changes into what is incident with vR3 and vR4, where the variable graph corre-
sponding with it changes from G1 to G2. When the incidence relation configuration
transition pointer translates and returns to configuration 1-vR1-vR2, the variable graph
corresponding with it changes from G2 to G1 again. Figure 16.4f shows one incidence
relation cell-variator that is 2-configuration two-end one-way translation transition.

An incidence relation cell-variator can be transformed into equivalent edge cell-
variators. Here is the equivalence transformation theorem.

Theorm 4 Suppose Iv is one arbitrary incidence relation cell-variator that has m
(2 B mBn) different configurations. If all vertices of Iv are invariant, and the non-
empty joint corresponding with its incidence relation configuration transition
pointer is JI, the empty joint is J/, then Iv can be transformed equivalently into m
edges cell-variators (every cell-variator has 2 different configurations) Ev1, Ev2, …,
Evm, and Evi = (JI - J/)iOR(J/ - JI)I, (i = 1, 2, …, m). The m edge configuration
transition pointers must be rotated simultaneously, and sequence numbers of Evi

must be one-to-one correspondence with sequence numbers of Iv. Namely

Iv ¼
[m
i¼1

Evi ¼
[m
i¼1

½ðJI � J/ÞiORðJ/ � JIÞi� ð16:10Þ

Proof Because Iv is one incidence relation cell-variator that has m (2 B mBn)
different configurations, all vertices of the Iv are invariant, and the nonempty joint
corresponding with its incidence relation configuration transition pointer is JI, and
the empty joint is J/ . Therefore when the incidence relation configuration tran-
sition pointer points to the ith (i = 1, 2, …, m) configuration, the empty joint of the
ith (i = 1, 2, …, m) configuration is JI, otherwise the joint of the ith (i = 1, 2, …,
m) configuration is J/. i.e. the ith configuration Ivi = (JI - J/)i OR(Ju - JI)i,
(i = 1, 2, …, m). And Ivi is even the ith edge cell-variator. Namely Evi = (JI -

J[)i OR(J/ - JI)i, (i = 1, 2, …, m). Hence Iv ¼
Sm
i¼1

Evi ¼
Sm
i¼1
½ðJI � J/Þi

ORðJ/ � JIÞi�. The m edge configuration transition pointers must be rotated
simultaneously, and sequence numbers of the Evi must be one-to-one corre-
sponding with sequence numbers of the Iv. Otherwise, it is impossible to realize
equivalence of topological structure of the variable graph.
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The incidence relation cell-variator in Fig. 16.4a can be transformed into two
edge cell-variators in Fig. 16.5. From Fig. 16.5 we know, two edge configuration
transition pointers in Fig. 16.5 must be rotated simultaneously, thus it is equivalent
to the incidence relation cell-variator in Fig. 16.4a.

The cell-variators may be divided into actual cell-variators and potential cell-
variators according to whether they actually exist and are applied. The actual cell-
variators actually exist and they are being applied to change topological structure
of a variable graph. The actual cell-variators can be determined according to the
configuration-function transition digraph [13] and expression (16.8) and (16.9).
The potential cell-variators are found via the calculation of symmetric difference
to two invariant graphs that there is no any change path between them but they are
not existent really. Any potential cell-variator cannot be drawn in diagram.

The actual cell-variators may be divided into independent cell-variators and
dependent cell-variators according to whether they independently change. Change
of the independent cell-variators is independent, and change of the dependent cell-
variators is brought by the Change of the independent cell-variators.

16.3.5 The Composition Tree of a Variable Graph

The composition tree of a variable graph is shown in Fig. 16.6.

16.4 The Diagram Representation of a Variable Graph

According to the composition principle of the variable graph, the diagram representation
of a variable graph can be divided into the diagram representation of its invariant subgraph
and the diagram representation of its variable subgraph. The diagram representation of the
invariant subgraph is all the same as traditional graph. The diagram representation of the
variable subgraph is the diagram representation of the actual cell-variators.

1
G$G

2
J

Ø ØØ Ø$vR1

vR3

1

G$G

2

J $ vR2

Fig. 16.5 Verifying the
theorem 4

A variable
graph

The invariant
subgraph

The variable
subgraph

The invariant vertices
The invariant edges
The invariant incidence relations
The vertex-variators
The edge-variators
The incidence relation variators

Fig. 16.6 The composition
tree of a variable graph
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16.4.1 The Representation Steps of the Actual Cell-Variators

Step 1 Determine the set of the actual vartators according to Expression (16.8) and
(16.9);

Step 2 Draw all the actual cell-variators according to 3.4.

16.4.2 Two Representation Examples

Example 1 Figures 16.7a, b are the schematic diagrams of mechanism of two different
configurations of extracting case accelerating mechanism of a automatic gun. Two
working-phases topological graphs corresponding with them are shown in Figs. 16.7c, d.

First the invariant subgraph (Fig. 16.7e) of the variable graph is determined
according to the expression (7) of the theorem 2. Then the variable subgraph
(Fig. 16.7f) of the variable graph is determined according to the expression (16.8)
and (16.9) of the theorem 3. Finally the variable graph (Fig. 16.7g) is determined
according to the expression (16.6) of the theorem 1.

In Fig. 16.7g, the cell-variator of vertex 4 and the cell-variator of between
vertex 1 and vertex 3 are all independent cell-variators. The rest two cell-variators
are all dependent cell-variators.

Example 2 Figures 16.8a, b are respectively the schematic diagrams of mecha-
nism of two different configurations corresponding with two working-phases of a
gear changement.

Two working-phases topological graphs corresponding with them are shown in
Figs. 16.8c, d. First the invariant subgraph (Fig. 16.8e) of the variable graph is
determined according to Expression (7) of the theorem 2. Then the variable sub-
graph (Fig. 16.8f) of the variable graph is determined according to Expression (8)
and (9) of the theorem 3. Finally the variable graph (Fig. 16.8g) is determined
according to Expression (6) of the theorem 1.

The cell-variator in Fig. 16.8g is the incidence relation cell-variator.

16.5 The Adjacent Matrix Representation
of a Variable Graph

Definition 9 If the total number of vertices of a variable graph Gv is nv, there are
k variable vertices in them. The number of configurations of the ith variable vertex
is mi, then the adjacent matrix Av of the Gv is a p 9 p square matrix.

Av ¼ aij

� �
p0p ð16:11Þ
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p ¼ nv � k þ
Xk

i¼1

mi ð16:12Þ

aij ¼

JP$P If vertex i and vertex j is kinematic pair P joint

and the dgree of the motion is not equal to 0
JR½000000� If vertex i and vertex j is rigid joint

J/½111111� If vertex i or j is empty vertex; or i ¼ j;

or vertex i and vertex j is not adjacent

8>>>>><
>>>>>:

ð16:13Þ

1

23

4 5

R

R
R

P

P

hp
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1

23

5

R

R

P
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hp
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Fig. 16.7 The variable graph
of extracting case
accelerating mechanism
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If a variable graph contains the variable vertices, then the variable vertices may
be arranged first according to their sequence number of configuration, and then the
invariant vertices are arranged. Thus different configurations and their change may
be identified easily.

If a variable joint that is incident with vertex i and vertex j is an edge cell-variator that
has m configurations, then aij corresponding with it is the sequence a1

ij; a2
ij; � � � ; am

ij ; they
should be arranged into m row according to their sequence numbers.

An incidence relation cell-variator should be transformed into edge cell-vari-
ators first according to the theorem 4 and expression (16.10), and then it is rep-
resented by representing method of the edge variator.

For example the adjacent matrix of the variable graph in Fig. 16.7g is

(g)

v4

v5

v6

R$1

G$7

G$8

v1

v2

v3

G$6

1-v2 2-v3

R$2

R$3

R$4

R$5

$1 =$2 =$3 =$4 =$5 =[1 0 0 0 0 0]

$6 =$7 =$8 =[1 0 0 0 1 1]

(f) v1
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1

2 3
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6
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2
3
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5
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v3
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R
G

G
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Fig. 16.8 The variable graph of gear changement
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Av ¼

4�1
4�2

1

2
3

5

4� 1 4� 2 1 2 3 5
J/ J/ J/ J/ R½100000� P½000010�
J/ J/ J/ J/ J/ J/

J/ J/ J/ R½100000�
J/

hp½100011�
P½000010�

J/ J/ R½100000� J/ R½100000� hp½100011�

R½100000� J/
J/

hp½100011�
R½100000� J/ J/

P½000010� J/ P½000010� hp½100011� J/ J/

2
66666666666664

3
77777777777775

According to the theorem 4 and expression (16.10), after the incidence relation
cell-variator of the variable graph in Fig. 16.8g is transformed into two edge
cell-variators, the adjacent matrix of the variable graph in Fig. 16.8g is as below

Av¼

v1

v2

v3

v4

v5

v6

v1 v2 v3 v4 v5 v6

J/ G½100011�J/
J/

G½100011�
J/ J/ R½100000�

G½100011�J/ J/ G½100011� J/ R½100000� J/

J/

G½100011�
G½100011� J/ G½100011� R½100000� J/

J/ J/ G½100011� J/ J/ R½100000�
J/ R R½100000� J/ J/ R½100000�
R½100000� J/ J/ R½100000� R½100000� J/

2
66666666666664

3
77777777777775

16.6 Conclusion

The new concepts such as the variable graph, the invariant subgraph, the variable
subgraph and the cell-variator etc. of MMs or VTMs are put forward and defined for
the first time in this paper. Three new theorems on composition of the variable graph
and one new theorem on the equivalent transformation of the incidence relation cell-
variator are found out and their validity is strictly proved. The classifications of the
cell-variators and the diagram representations of three kinds of cell-variators are
studied. The diagram representation and adjacent matrix representation of the var-
iable graph are given. The variable graph provides useful new tool for the topological
structural analysis and synthesis of MMs or VTMs. It has great scientific value and
engineering practicality. It will certainly be applied widely in the future.
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Chapter 17
Type Synthesis of Planar Parallel
Mechanism Incorporating Actuated Limb
with Zero/One Constraint with Set
Conception

Gang Dong, Yimin Song and Tao Sun

Abstract This paper presents a method of type synthesis for planar parallel
mechanisms (PPMs) incorporating actuated limbs with zero/one constraint with set
conception. Firstly, according to their contributions to the moving platform, the
limbs of PPMs can be classified as four categories: actuated limb with zero con-
straint, fully-constrained limb with zero actuator, fully-constrained limb with one
actuator and under-constrained limb with one actuator. Followed by the descrip-
tions of actuated space and constrained space for the end of the limbs by virtue of
the screw theory, the type syntheses of the four type limbs are carried out. Then
different sets and functions are defined respectively, whose elements and variables
are the topologies of four type limbs. The different function values and the com-
position principle of PPMs lead to existence of PPMs topologies by four solutions.
Finally, taking three typical PPMs with linear motors for examples, their virtual
prototypes are obtained with commercial 3-dimensional CAD software.
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17.1 Introduction

In general, a parallel mechanism (PM) typically consists of a moving platform that
is connected to a fixed base by several limbs, and the number of actuated limbs is
equal to the degrees of freedom (DoFs) of a PM. Since the inception of known
Stewart platform in 1965 [1], the PMs have been drawn great attentions over the
academics and industries because of some advantages in payload capability,
stiffness, dynamic behavior comparing with their serial counterparts. Thereafter,
type syntheses or topology syntheses of PMs have become a research focus for
finding new and better PMs in the subsequent decades. Early researches on type
syntheses of PMs concentrated primarily on 6-DoF Stewart-type PMs, what
methods can be mainly focused on the enumeration method, the method of trial and
error, and the evolutionary method, such as 6-UPS PM, 6-SPS PM and so on [2–4].
The results of these type synthesis are lack of the systematism. Then the object of
type synthesis of PMs turns the direction to the ones with fewer than six DoFs,
called lower-DoF PMs. A French Jean-Pierre Merlet points out that ‘‘the type
synthesis of lower-DoF PMs is a very difficult problem’’, the difficulties focus on
(1) there is none of a DoF formula suiting for use in any circumstance, (2) there is
none of any mathematical tools to describe all lower-DoF PMs with different
constraints in diverse layout. In recent years, the methods of type synthesis for
lower-DoF PMs concentrate on Lie Group, Screw Theory, Differentiable Manifolds
and so on. Many scholar and engineers both at home and abroad make their
contributions to the type synthesis of lower-DoF PMs, including Clément-M
Gosselin, Xian-wen Kong, Jacques Marie Hervé, Gogu, Zhen Huang, Ting-li Yang,
Ze-xiang Li, Jian S. Dai, Xin-jun Liu, Qin-chuan Li, Feng Gao and so on [5–12].

On the basis of the review mentioned above, it is necessary to consider two
problems as follows.

(1) The lower-DoF PMs possess some advantages as same as serial mechanisms,
but suffer several disadvantages, such as worse singularity, small workspace,
and poor accuracy. To overcome these shortcomings, the planar parallel
mechanisms (PPMs) may be a favorable solution. The PPMs are usually a
neglected domain, and the type synthesis of PPMs can not be preceded
systematically.

(2) Even though the advanced mathematical tool can synthesize the topologies of
lower-DoF PMs systemically to some extent, what is very difficult or
unavailable to non-mathematical students, it can not be applied in the engi-
neering extensively.

Therefore, this paper studies the type synthesis of PPMs incorporating actuated
limbs with zero/one constraint using a simple method. Firstly, the actuated space
and the constrained space of the moving platform of PPMs and the end of limbs
are defined respectively, and the contributions to the moving platform of PPMs
made by its limbs lead to that can be classified as four categories: Actuated limb
with zero constraint, Fully-constrained limb with zero actuator, Fully-constrained
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limb with one actuator and Under-constrained limb with one actuator. Secondly,
on the basis of descriptions of the actuated space and constrained space of the end
for the four type limbs using the screw theory, the type synthesis of the four type
limbs are carried out. Thirdly, different sets and functions are defined respectively,
whose elements and variables are the topologies of four type limbs; the different
function values and the composition principle of PPMs lead to existence of PPMs
topologies by four solutions. Finally, taking three typical PPMs with linear motors
for examples, their virtual prototypes are obtained with commercial 3-dimensional
CAD software. The aforementioned contents can be seen in Sect. 17.2–17.4 in
detail.

17.2 Type Synthesis of Limbs in PPMs

17.2.1 Descriptions of Limbs in PPMs

The pose space of moving platform for PPMs can be divided into two spaces, one
is the actuated space and the other one is the constrained space, whose relation-
ships can be expressed as

S ¼ S
M � S

C

; k ¼ k
M þ k

C

; S
M \ S

C ¼ U: ð17:1Þ

where S denotes the pose space of the moving platform with its dimension is k, SM

and SC represent its actuated space and constrained space, whose dimensions are
noted by kM and kC; the notations \; � and U denote the intersection, direct sum
and the empty set. If the DoFs of PPMs are defined as f ; there is f ¼ kM:

From the respective of a set, the actuated space SM and the constrained space SC

of the moving platform can be expressed as follows.

SM ¼ $a j $a 2 R
3

� �
; SC ¼ $c j $c 2 R

3
� �

ð17:2Þ

where $a and $c denote the elements of SM and SC respectively.
With the same principle, the actuated space and the constrained space for the

end (close to the moving platform) of the limbs in PPMs can be expressed as SM
i

and SC
i respectively, and then

SC ¼
[L
i¼1

SC
i ; SM ¼ SC ð17:3Þ

where the notations [ and SC represent the union set and the complementary set.
Therefore, the topology of limbs in PPMs is directly bound up with that of the

PPMs. According to the contributions to the moving platform of PPMs made by its
limbs, the limbs can be classified as four categories with the space definition.
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(1) Type I—Actuated Limb with Zero Constraints

This limb is named as planar limb I. The actuated space SM
I of the end for planar

limb I is the same with the pose space S of the moving platform for PPMs, and the
constrained space SC

I of the end for limb I equals U, which can be expressed as

S ¼ SM
I ; SC

I ¼ U: kM
I ¼ k; kC

I ¼ 0 ð17:4Þ

(2) Type II—Fully-Constrained Limb with Zero actuators

This limb is named as planar limb II, the actuated space SM
II and the constrained

space SC
II of the end for planar limb II are equal to the actuated space SMand the

constrained space SC of the moving platform for PPMs respectively, which can be
described as

SM ¼ SM
II ; SC ¼ SC

II ; kM
II ¼ f ; kC

II ¼ k� f ð17:5Þ

(3) Type III—Fully-Constrained Limb with One actuator

This limb is named as planar limb III, the actuated space SM
III and the con-

strained space SC
III of the end for planar limb III are the same with the actuated

space SM and the constrained space SC of the moving platform for PPMs
respectively, which can be expressed as

SM ¼ SM
III ; kM

III ¼ f kC
III ¼ k� f ð17:6Þ

(4) Type IV—Under-Constrained Limb with One actuator

This limb is named as planar limb IV, the constrained space SC
IV of the end

for planar limb IV is a subspace of the constrained space SC of the moving
platform for PPMs, or the constrained space SC of moving platform for PPMs is
the subspace of the actuated space SM

IV of the end of limb IV, which can be
described as

SC
IV � SC; SM

IV � SM; f � kM
IV � k ð17:7Þ

It should be noted that the descriptions of S; SM; SC; SM
i ; and SC

i are pro-
ceeded with help of the screw theory, and then takes limb i in a general PM for an
example.

As shown in Fig. 17.1, a global coordinate frame designated as the frame O-xyz
is fixed at the center of the fixed base and a moving coordinate frame P-uvw is
assigned to the center of the moving platform similarly, and the screws of the
joints in limb i can be formulated under the frame P-uvw as
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$̂1;i ¼
s1;i

l1;i � s1;i

� �
; $̂2;i ¼

s2;i

l2;i � s2;i

� �
; . . .; $̂j�1;i ¼

sj�1;i

lj�1;i � sj�1;i

� �
; $̂j;i

¼ sj;i

lj;i � sj;i

� �
ð17:8Þ

herein, sj;i denotes the axis of jth 1-DoF joints in ith limb, lj;i ¼ PAj;i and
Aj;irepresents center of jth 1-DoF joints in ith limb, and it is suppose that the
screws of joints in Eq. (17.8) are independent linearly.

Therefore, the end motions of the ith limb can be formulated as follows.

$M
i ¼

XN

j¼1

Cj;i$̂j;i ð17:9Þ

where Cj;i denotes the amplitude of angular or linear velocity of jth 1-DoF joints in
ith limb, N is the number of 1-DoF joints.

According to the reciprocal screw theory, the reciprocal product of Eq. (17.9)
can be expressed as

$̂r
k;i � $M

i ¼ 0 ð17:10Þ

where $̂r
k;i represents the reciprocal screw of joint’s screw correspondingly, and it

is supposed that the reciprocal screws of joints in Eq. (17.10) are independent
linearly.

In terms of definitions of the actuated and constrained space of the limb
mentioned above, that of limb i in PPMs can be described as follows.

SM
i ¼ $̂j;i j $̂j;i 2 R

3
n o

; SC
i ¼ $̂r

k;i j $̂r
k;i 2 R

3
n o

; ð17:11Þ

In general, jþ kð Þ equals three if the PM is a PPM.

limb i

1,is

2,is

1,j i−s

,j is

Fixed base

Moving platform

u

v

w

P
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x

z

O

1,iA

2,iA

-1,j iA

,j iA

Fig.17.1 The schematic
diagram of limb i in a general
PM
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17.2.2 Type Synthesis of Limb I-IV in PPMs

As is well known, the limbs are composed of rods connected by joints. Normally,
the common joints includes prismatic joint (P for short), rotary joint (R for short),
helical joint (H for short), cylindrical joint (C for short), universal joint (U for
short), Even joint (E for short), Spherical joint (S for short), which can be called as
general joint. Besides, the joints in limbs can be some complicated joints, named
as complex joint, such as 4R complex joint, 4U complex joint, 4S complex joint.

Owing to this paper focus on the type synthesis of PPMs, the R joint, P joint,
and the 4R complicated joint (Pa for short) are selected as the joint unit formed
type I-IV limb.

In this paper, it is promised that the limb in PPMs can be indicated by the
sequential abbreviated capital letters of joints, for example, PR denotes a limb
comprises P joint, R joint and one rod, herein, P joint is the actuated joint.

According to the aforementioned definitions of the type I-IV limb, their
topologies can be demonstrated in Table 17.1.

17.3 Type Synthesis of PPMs

17.3.1 Solutions of PPM Topology

Referring to the composition principle of the PM, the topology of PPMs can be
formed by the following four solutions. It is supposed that only one actuator in one
actuated limb and the sum of actuated limbs is the same as the DoFs of PPMs.

(1) Solution 1—type I PPM with all DoFs

These PPMs are made up of f type I limbs, a fixed base and a moving platform,
which can be described as follows.

S ¼ SM � SC; SM ¼ SM
i ; SC ¼ U; f ¼ kM ¼ k ð17:12Þ

Table 17.1 The topologies of type I-IV limb

Limb
type

Limb topology

Type I PRR, RPR, RRP, PRP, PRP, RRR, RPR, RRP, RRP, RPR, PRR, PRR, PRP, PRPa,
PPaR, PaPR, RPPa, PaRP, RPaP, RRPa, RRPa, RPaR, RPaR, PaRR, PaRR, PRPa,
PPaR, PaPR, RPPa, PaRP, RPaP

Type II PR, RP, RR, P, R, PPa, RPa, PaP, PaR, Pa
Type III PR, RP, P, PR, RP, RR, RR, R, PPa, RPa, PaP, PaR
Type IV PR, RP, RP, PR, PPa, RPa, PaP, PaR
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(2) Solution 2—type I–II PPM with less DoFs

These PPMs are composed of f type I limbs, one type II limb, a fixed base and a
moving platform, which can be expressed as

S ¼ SM � SC; SC ¼ SC
iþ1; SM ¼ SC; f ¼ kM ð17:13Þ

(3) Solution 3—type I–III PPM with less DoFs

These PPMs are composed of (f-1) type I limbs, one type III limb, a fixed base
and a moving platform, which can be described as follows.

S ¼ SM � SC; SC ¼ SC
iþ1; SM ¼ SC; f ¼ kM ð17:14Þ

(4) Solution 4—type IV PPM with less DoFs

These PPMs are made up of f type IV limbs, a fixed base and a moving
platform, which can be expressed as follows.

S ¼ SM � SC; SC ¼ [
f

i¼1
SC

i ; SM ¼ SC; f ¼ kM ð17:15Þ

where the identical limbs can be identified by suffix i, and the different limb may
by recognized by suffix (i ? 1).

17.3.2 Type Synthesis of Type I–IV PPMs

To take the PPMs topology for an example, one method of type synthesis is
presented in this part, which is described in detail as follows.

Firstly, on the basis of the results of the type synthesis of limbs, different sets
made up of diverse topologies of limbs as their elements are formed. Then, the
functions are given whose variables is in the corresponding set. Finally, the type
syntheses of PPMs are achieved according to the values of the functions.

17.3.2.1 Type Synthesis of Type I PPMs

Type I PPMs with all DoFs are made up of three type I limbs, a fixed base and a
moving platform, which can process three DoFs motions with two translations and
one rotation. The topologies of three type I limbs can (1) identical, (2) different
from each other, (3) any two are the same. Without loss of generality, the layout of
the three type I limbs was axis-symmetrical, in other words, the planes of the fixed
base and the moving platform are the equilateral triangles.
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Definition 1 Set EPI, expressed as

EPI ¼ fPRR; RPR; RRP;PRP; PRP;RRR;RPR;RRP; RRP; RPR; PRR; PRR; PRP;
PRPa; PPaR; PaPR; RPPa; PaRP; RPaP;RRPa; RRPa;RPaR; RPaR; PaRR;

PaRR; PRPa; PPaR; PaPR;RPPa; PaRP;RPaP g

Function 1: gPI(xPI), gPIA(xPIA) and gPIB(xPIB), described as

gPI xPIð Þ ¼ xPI; xPI 2 EPI

gPIA xPIAð Þ ¼ xPIA; xPIA 2 EPI

gPIB xPIBð Þ ¼ xPIB; xPIB 2 EPI

ð17:16Þ

The results of the type synthesis of type I PPMs with all DoFs can be obtained
by the following three conditions.

Condition 1: If gPI(xPI) = gPIA(xPIA) = gPIB(xPIB), then the results are 3-gPI(xPI)
or 3-gPIA(xPIA) or 3-gPIB(xPIB). The amounts of type I PPMs with all DoFs under
condition 1 are 31.

Condition 2: If gPI(xPI) = gPIA(xPIA) = gPIB(xPIB) or gPI(xPI) = gPIA(x-
PIA) = gPIB(xPIB), then the results are 2-gPI(xPI)&1-gPIA(xPIA) or 2-gPI(xPI)&1-
gPIB(xPIB) or 2-gPIA(xPIA)&1-gPI(xPI) or 2-gPIB(xPIB)&1-gPI(xPI). The amounts of
type I PPMs with all DoFs under condition 2 are 930.

Condition 3: If gPI(xPI) = gPIA(xPIA) = gPIB(xPIB), then the result is 1-gPI(xPI)
&1-gPIA(xPIA)&1-gPIB(xPIB). The amounts of type I PPMs with all DoFs under
condition 3 are 4492.

where the number before the notation ‘‘-’’ denotes the amounts of the limbs, and
the value of the function after the notation ‘‘-’’ represents the topology of the limb.

For example, ‘‘2-gPI(xPI)&1-gPIA(xPIA)’’ stands for a type I PPMs composed of
two type I limbs with their topologies are ‘‘gPI(xPI)’’, one type I limb with its
topology is ‘‘gPIA(xPIA)’’, a fixed base and a moving platform.

17.3.2.2 Type Synthesis of Type I–II PPMs

Type I–II PPMs with less DoFs are made up of two type I limbs, one type II limb,
a fixed base and a moving platform, which can process (a) two DoFs motions with
two translations, (b) two DoFs motions with one translations and one rotation, (c)
one DoF motion with one translation, (d) one DoF motion with one rotation. The
topologies of two type I limbs can (1) identical, (2) different from each other.
Without loss of generality, the layout of the two type I limbs was symmetrical
relative to the type II limb.

Definition 2 Set EPII, expressed as

EPII ¼ PR; RP; RR; P; R; PPa; RPa; PaP; PaR; Paf g
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Function 2: gPII(xPII), described as

gPII xPII
� �

¼ xPII; xPII 2 EPII ð17:17Þ

The results of the type synthesis of type I–II PPMs with less DoFs can be
obtained by the following two conditions.

Condition 1: If gPI(xPI) = gPIA(xPIA), then the results are 2-gPI(xPI)&1-gPII(xPII)
or 2-gPIA(xPIA)&1-gPII(xPII). The amounts of type I–II PPMs with all DoFs under
condition 1 are 310.

Condition 2: If gPI(xPI) = gPIA(xPIA), then the results are 1-gPI(xPI)&1-gPIA(x-
PIA)&1-gPII(xPII). The amounts of type I–II PPMs with all DoFs under condition 2
are 465.

17.3.2.3 Type Synthesis of Type I–III PPMs

Type I–III PPMs with less DoFs are made up of one type I limbs, one type III limb,
a fixed base and a moving platform, which can process (1) two DoFs motions, (2)
one DoFs motions. Without loss of generality, the layout of the two type I limbs
was symmetrical relative to the line from the center of the fixed base to that of the
moving platform.

Definition 3 Set EPIII, expressed as

EPIII ¼ fPR; RP;P; PR;RP;RR; RR;R; PPa;RPa; PaP; PaRg

Function 3: gPIII(xPIII), described as

gPIII xPIII
� �

¼ xPIII; xPIII 2 EPIII ð17:18Þ

The results of the type synthesis of type I–III PPMs with less DoFs are
1-gPI(xPI)&1-gPIII(xPIII). The amounts of type I–III PPMs with all DoFs are 372.

17.3.2.4 Type Synthesis of Type IV PPMs

Type IV PPMs with less DoFs are made up of two type IV limbs, a fixed base and
a moving platform, which can process general motions in the plane. The topologies
of two type IV limbs can (1) identical, (2) different from each other. Without loss
of generality, the layout of the two type IV limbs was symmetrical relative to the
line from the center of the fixed base to that of the moving platform.
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Definition 4 Set EPIV, expressed as

EPIV ¼ fPR; RP;RP; PR; PPa;RPa; PaP; PaRg

Function 4: gPIV(xPIV) and gPIVA(xPIVA) described as

gPIV xPIVð Þ ¼ xPIV; xPIV 2 EPIV

gPIVA xPIVAð Þ ¼ xPIVA; xPIVA 2 EPIV ð17:19Þ

The results of the type synthesis of type IV PPMs with less DoFs can be
obtained by the following two conditions.

Condition 1: If gPIV(xPIV) = gPIVA(xPIVA), then the results are 2-gPIV(xPIV) or
2-gPIVA(xPIVA). The amounts of type IV PPMs with all DoFs under condition 1 are 8.

Condition 2: If gPIV(xPIV) = gPIVA(xPIVA), then the results are 1-gPIV(xPVI)&1-
gPIVA(xPIVA). The amounts of type I–II PPMs with all DoFs under condition 2 are
28.

17.4 Three Typical PPMs with Linear Motors

Compared to the conventional servo motor, the liner motor has advantages of
higher velocity and acceleration, better accuracy, stronger stability, and so on,
more and more linear motors are applied in the robots or machines, for example,
many machines are manufactured by DMG company.

In this paper, three typical PPMs with linear motors are demonstrated according
to the results of the type synthesis of PPMs, which can be seen in Figs. 17.2–17.4.

As shown in Fig. 17.2, the Licept PPM is presented for the first time, which is a
hybrid mechanism with four DoFs, its parallel mechanism is a 2-PRR&1-RP PPM,
and the serial part is a 2-DoF rotational head. The Licept PPM in Fig. 17.2 can be
applied in the drilling, riveting or laser welding of large structural components.

Fig.17.2 The virtual
prototype of Licept PPM
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As shown in Fig. 17.3, the Litriangle PPM possesses 2-DoF with two transla-
tions is presented for the first time, whose topology is 2-PPa&1-RPR, the Litri-
angle PPM can be used in the pick-and-place with high velocity in the production
line.

As shown in Fig. 17.4, the PPM possesses 3-DoF with two translations and one
rotation, its topology is 3-PRR, which can be applied in the motions of high
accuracy and large workspace.

17.5 Conclusions

This paper concludes with a discussion of type synthesis for the planar parallel
mechanism (PPMs) incorporating actuated limbs with zero/one constraint with set
conception, whose main conclusions includes

(1) According to contributions to the moving platform of PPMs made by its limbs,
these limbs can be classified as four categories: Actuated limb with zero
constraint, Fully-constrained limb with zero actuator, Fully-constrained limb
with one actuator, and Under-constrained limb with one actuator.

(2) On the basis of the descriptions of actuated space and constrained space of the
end for the four type limbs using the screw theory, the type synthesis of the
four type limbs are carried out, and the topology amounts of the type I-IV
limbs with P joint, R joint, Pa joint are 31, 10, 12, 8 respectively.

Fig.17.3 The virtual
prototype of Litriangle PPM

Fig.17.4 The virtual
prototype of 3-PRR PPM
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(3) The method of type synthesis for PPMs is presented, after defining different
sets and functions are defined respectively, whose elements and variables are
the topologies of four type limbs. The different function values and the
composition principle of PPMs lead to existence of PPMs topologies by four
solutions, and the topology amount of the type I-IV PPMs are 5453, 775, 372,
36, respectively.

(4) To take three typical PPMs with liner motors for examples, their virtual
prototypes are obtained with commercial 3-dimensional CAD software,
herein, two PPMs are presented for the first time.
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Chapter 18
Dynamics Modeling and Analysis
of Compaction Force of Crawler on Cone
Lamp Pole

Nan-Jiang Gu and Zhong-Bin Liu

Abstract Static and dynamic model of self-adapting impacted and contractile
mechanism of crawling robots on cone lamp pole are built, also contact force and
contract action of pressing mechanism are simulated and analyzed in COSMOS-
Motion. Research shows that the mechanism compacting force on the pole is
evenly distributed when applied at constant force; corresponding relationship of
the contracting force and caliber is given, which provides the design basis for the
robot crawling with the constant force.

Keywords Adaptive institutions � Cone lamp pole � Constant pressure

18.1 Introduction

Lamp aspect, as one of the urban appearance, is paid much attention in the modern
city. At present, cleaning and detecting of the lamp pole are fulfilled by elevator
and maintenance worker, the labor of workers is large, risk and maintenance cost
high, traffic blocking caused by cleaning and testing. Application research report
of the robot for the lamp pole has not seen at home, while the application research
in foreign countries has many shortages which mainly is too large compaction
force of robots attached on the light pole surface, thus robot is huge, heavy, which
is not appropriate for aerial work, and tends to cause a secondary injury of lamp
pole [1–4].
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According to the above, this paper takes self-adapting impacted and contractile
mechanism of crawling robots on cone lamp pole as model, the self-adapting
organizations and related parameters are calculated and analyzed, the static and
dynamic model of compacting and contracting organizations action of conical pole
robot are set up, and simulated with COSMOSMotion, getting the corresponding
dynamics index, not only makes stable pressuring lamp pole come true, but also
adapts to the change of the conical light pole caliber automatically, provides
appropriate adhesion pressure, which builds foundation for the lightweight design
of crawling robots on the light pole and improving the adaptive ability.

18.2 Self-Adapting Impacted Mechanism

18.2.1 Self-Adapting Net Hinged Mechanism Design

Line constraints of lamp pole are different from those of ground rigid pipes, lamp
pole is a vertical linear body with certain disturbance, that moving characteristics
are different from those of general cable crawling robots. The main problem of
crawling device of robots developed is the excessive pressure against the lamp
pole, the primary reason is that compacting force (such as spring tension) loaded
from the crawling device makes roller attach tightly to the lamp pole surface. If
compaction force is too large, crawling robot tends to secondary injury on the
surface.

In addition, the structure characteristics of the conical lamp pole is that lamp
pole diameter decreases with height. The crawling process of robot is as follows:
At first, the robot is in the low end of the lamp pole whose diameter is large, At this
time, the robot attaches itself to the lamp pole with certain preload; Then, the
diameter of pole becomes small as robot goes up, general crawling robot mech-
anism can not adapt to this change. At the same time compacting force decreases,
robot will slide on the pole, even fell down.

In order that suitable adhesive force can be produced at the proper time between
robot and surface of lamp pole, avoid excessive positive pressure. A new self-
adapting pressing mechanism is proposed which is articulated as parallelogram
principle (Fig. 18.1). When self-adapting net hinged mechanism is impacted at
hinge joint 1 and 2, stretching is produced points to the origin center O.

18.2.2 Reaction Analysis from Cylinder to Roller

Cylinder and roller are supposed to rigid body, and self-adapting net hinged
mechanism is supposed to geometrical variant. Three rollers are uniform distrib-
uted in the hinged points between 3 and 12 in self-adapting nets mechanism,
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loaded by F, N1, N2 and N3 are reaction force from cylindrical to three wheels
(Fig. 18.2).

From balance equation of load:

N1 ¼ N2 ¼ N3 ð18:1Þ

Take hinged points 10 and 11 as virtual constraints, and revolute pairs at hinged
points 10 and 11 are removed.

F1X þ F2x þ N1 cos 30 ¼ F ð18:2Þ

F1y � F2y þ N1 � N2 cos 30 ¼ 0 ð18:3Þ

F1xðRþ r þ 2l2 cos AÞ þ F2yðRþ rÞ � FðRþ r þ l2 cos AÞ ¼ 0 ð18:4Þ

From (18.2), (18.4)

F1X ¼
F

2
þ

ffiffiffi
3
p

N1ðRþ rÞ
4l2 cos A

ð18:5Þ

Component composed by hinged points 7, 9, 10 and the component composed
by 8, 9, 11 are rods without force, so the force direction at hinged point 5 is as
shown in Fig. 18.2c.

F4y cos 30þ F4x cos 60� N1 cos 30�
F65 cos A cos 30� F65 sin A cos 60 ¼ 0

ð18:6Þ

F4y sin 30� F4x sin 60� N1 sin 30�
F65 cos A sin 30� F65 sin A sin 60 ¼ 0

ð18:7Þ

F4xL04 ¼ F65 � L05 � sin A ð18:8Þ

(a) (b)

Fig. 18.1 Self-adapting net hinged mechanism
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And:

L04 ¼ l sinð120� Aþ A1Þ

l05 ¼ l04 � 2l2 cos A

By (18.9), (18.10) and (18.11):

F65 ¼ �
N1l sinð120� Aþ A1Þ

2l1 sin A cos A
ð18:9Þ

F1yl2 sin Aþ F1xl2 cos Aþ
2F65l2 cos A sin A ¼ 0

ð18:10Þ

(a) (b)

(c) (d)

Fig. 18.2 Plane force analysis of reaction from cylinder to roller
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With symmetric relation of self-adapting net hinged mechanism: F1y ¼ 0
And by (18.9), (18.5)

N1 ¼
Fl2 cos A

2l sinð120� Aþ A1Þ �
ffiffi
3
p
ðRþrÞ
2

ð18:11Þ

18.3 Simulation Modeling of Self-Adapting Net Hinged
Mechanism

Structure parameters of simulation modeling of self-adapting net hinged mecha-
nism of crawling robot on lamp pole: The weight of components and friction
are ignored. as shown in Fig. 18.3, the preloaded force on the two hinged points
is 200 N, its parameters are: L1 = 60 mm L2 = 100 mm b=120 degrees
R = 50 mm; r = 10 mm; crashing motion simulation is conducted between roller
and cylinder in the center.

From the formula (18.1), (18.11) (Fig. 18.4):

N1 ¼ N2 ¼ N3 ¼
Fl2 cos A

2l sinð120� Aþ A1Þ �
ffiffi
3
p
ðRþrÞ
2

¼ 200� 100� cos 60

2� 140 sinð120� 60þ 38:21Þ �
ffiffi
3
p
ð50þ10Þ

2

¼ 44:411 Nð Þ

By the formula (18.11) :

N1 ¼ 44:4111 Nð Þ

which is in accordance with the simulation results.

Fig. 18.3 Model simulation
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When the component parameters and preloaded force keep constant, while
cylindrical radius is changeable: reaction force from cylinder to wheels is shown in
Fig. 18.5.

18.4 Conclusion

A new type of clamping mechanism is put forward according to the issue that
positive pressure of traditional crawling robot loading to the lamp pole is too large.
Self-adapting parameters of impacted and contractile mechanism of crawling robot
on cone lamp pole are obtained through modeling and analysis, supplies series of
elements of allotments to the design of pressing and contracting mechanism.

This mechanism becomes small with diameter of cone pole decreases, big with
that increases under certain preloaded force (preloaded force is adjustable), and
generate enough positive pressure to make crawling robots attach on the conical
pole, avoiding dropping down.

Fig. 18.4 Simulation result of reaction from cylinder to the three wheels (Y coordinate is the
reaction force from cylinder to three rollers)

Fig. 18.5 The relationship between cylinder radius and reaction force
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The system dynamics simulation analysis shows that: when constant force is
loaded, compacting force on the conical lamp pole is making a uniform distri-
bution. When the caliber of the pole changes, the corresponding modification of
contractive force is given, which becomes a reference for robot crawling under
constant pressure on the cone pole.
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Chapter 19
Deformation Discipline of the Flexspline
in Harmonic Drives with Engagement
Output

Huimin Dong, Zhi Chen, Chunmao Zhang and Delun Wang

Abstract This paper deals with the deformation function of the flexspline under
load condition, and its effect on the tooth profile. In order to investigate the
deformation discipline under load condition, a kinematic simulation analysis model
of ABAQUS for a harmonic drive with engagement output is established. With this
model, the nodal displacements of the flexspline neutral layer under different loads
are obtained in dynamic transmission process. Fourier function is adopted to fit the
deformation function under loads. Based on the deformation function, the tooth
profile of the circular spline is modified. The example indicates that with the
modified tooth profile under load condition the conjugate region increases, and the
deformation function varies little. The work of this paper lays the foundation for
optimizing the tooth profile to prolong service life of harmonic drives.

Keywords Harmonic drives � ABAQUS � Deformation function � Fourier fitting

19.1 Introduction

Harmonic drives (HDs) have been widely used in many industrial fields, such as
optical equipment, robots and automobile etc. for its compactness, high precision
and high reduction ratio characteristics. The performance of HDs mainly depends on
the deformation of the flexspline. At present, however, in the tooth profiles design
of HDs, the theoretical deformation function is usually taken into account [1].
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The kinematic model presented in [2, 3] to describe the motion among the com-
ponents of a HD and meshing equation used to solve the conjugate tooth profile are
based on the theoretical deformation function. The deformation of the flexspline is
not only related with the shape of the wave generator and type of HDs, but also with
load etc. [4, 5]. How the load affects the deformation function and the tooth pair’s
engagement on HDs with flexspline cup are discussed in [4, 5]. A parameterized
finite element model of Abaqus for HDs with flexspline cup is established to analyze
the stress distribution on the flexspline cup [6].

In this paper, the deformation function and conjugate tooth profile effects of
load in HDs with engagement output are studied. According to the kinematic
model and conjugation condition [2], a flexspline tooth profile is given, the con-
jugate circular spline tooth profile is obtained in term of theoretical deformation of
the flexspline. Then, a finite element analysis model of Abaqus for the HD with
engagement output is established. Using this model, the deformation function with
discrete data can be obtained. The deformation function under different loads is
fitted by Fourier function. Comparing the deformation function with the theoretical
deformation function, the conjugate involute tooth profile is modified. Finally,
the relationships among the load, tooth profile and deformation are discussed in the
calculating example.

19.2 Kinematic Model of HDs with Engagement Output

A HD with engagement output consists of four components that are a rigid circular
spline, an output circular spline, a wave generator and a flexspline, in which the
flexspline and the output circular spline have the same number of teeth. The
structure form is shown in Fig. 19.1.

19.2.1 Theoretical Deformation Function

According to the kinematic model [2], the theoretical deformation function of the
ring flexspline is

wðhÞ ¼ RðhÞ � r0

vðhÞ ¼ �
Zh

0

wðhÞdh

uðhÞ ¼ cos�1 Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ _R2

p
 !

8>>>>>>>>><
>>>>>>>>>:

ð19:1Þ
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where R is the polar form of the cam profile (the neutral curve), r0 is the radius of
the prime circle of the cam, h is the rotational angle of the wave generator.

19.2.2 Conjugate Condition and Conjugate Tooth Profile

The basic meshing equation of the HD satisfies the conventional gearing conjugate
principle. Assuming the flexspline tooth profile Mðxf ; yf Þ is known, and the con-
jugate condition [7] can be written as [2]:

VfC � nf ¼ Rð1� xCÞ sin wf þ _w cos wf þ rf ðxf � xCÞ sinðdf � lf Þ ¼ 0 ð19:2Þ

where xf , xC are the angular velocity of the flexspline and the circular spline,

hf ¼ hþ u; wf ¼ df þ hf � h; df ¼ tan�1ð� dxf

dyf
Þ; rf ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

f þ y2
f

q
; lf ¼

tan�1ðyf

xf
Þ; df ; rf and lf are the tooth profile parameters of the flexspline.

Based on the above equations, the conjugate circular spline tooth profile
MðxCk; yCkÞ could be calculated [2]:

xC ¼ R cosðh� hCkÞ þ rf cosðlf � hCk þ hf Þ
yC ¼ R sinðh� hCkÞ þ rf sinðlf � hCk þ hf Þ

(
k ¼ 1; 2 ð19:3Þ

where MðxC1; yC1Þ represents the rigid circular spline, MðxC2; yC2Þ represents the
output circular spline. According to the arc length of the neutral curve is constant,
the rotation angle of the rigid circular spline and the output circular spline can be

obtained, hC1 ¼ NF
R0NC1

R h
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ _R2

p
dh; hC2 ¼ ð1þ 2

NF
ÞhC1

19.3 Deformation Function Under Load Condition

Generally, the deformation of the flexspline is related with the load value, when
the load value changes, the radical, circumferential displacement and oscillation
angle will change accordingly. The displacements, however, possesses the

Fig. 19.1 Structure form of
HDS with engagement output
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characteristic of periodic changes which could be seen as the superposition of
multi harmonic waves.

19.3.1 Definition of Deformation Function

According to the characteristic of the displacement, we choose Fourier function to
fit the deformation function under load condition, because Fourier function sat-
isfies the linear combination of multi trigonometric functions. The deformation
function can be expressed as:

f ðhÞ ¼ a0 þ
Xn

k¼1

½ak � cosðk � w � hÞ þ bk � sinðk � w � hÞ� ð19:4Þ

where n is a positive integer related to the fitting precision. a0, ak, bk, ware
constant, h 2[-180�, 180�].

When we fit the deformation function under load with Fourier function, there
are several factors to judge the fitting quality including SSE (Sum of squares due
to error), RMSE (Root mean squared error), Adjusted R-square (degree-of-free-
dom adjusted coefficient of determination), R-square (Coefficient of determina-
tion), in which if the first two are close to 0, and the latter two approach to 1,
indicating the fitting effect is pretty good. On the contrary, the fitting effect is bad.

19.3.2 Calculation Procedure of Deformation Function Under
Load

To acquire more reasonable conjugate tooth profile, the calculation procedure of
the deformation function should be a multi-iterative process. The process flow
diagram is shown in Fig. 19.2:

Involute profile

theoretical deformation function 

basic meshing equation

Conjugate profile 
before modified

Finite element 
analysis model

Deformation function under load

Modified conjugate profile

Fig. 19.2 The process flow
diagram
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1. Finite element analysis model: the finite element analysis model of Abaqus is
established shown in Fig. 19.3. The material parameters of each component are
listed in Table 19.1. The model is modelled with C3D8R element; the solving
process is divided into two steps. The first step is simulating the process that the
wave generator is installed into the flexspline, forcing the flexspline to produce
elastic deformation and prestress. The outer ring of the rigid circular spline is
under full constraints, with implicit algorithm to calculate this step; The second
step based on the first step add an rated speed n to the wave generator, and
torque load T is applied on outer ring of the output circular spline. Then the
contact of wave generator and flexspline and the contact of flexspline tooth and
circular spline tooth are defined, with explicit algorithm to calculate this step.

2. Deformation function fitting: through the simulation analysis result, the radial,
circumferential and oscillation angle displacement are picked up, which need to
be fitted by Fourier function. According to Eq. (19.4), the unknown quantities
a0, ai, bi (i = 1, 2, 3), and w can be solved.

3. Modification of conjugate profile: Based on the deformation function under
load and basic meshing equation, according to Eqs. (19.2), (19.3), the conjugate
circular profile can be modified, which can improve performance of meshing.

The above process should be done repeatedly to obtain the reasonable conjugate
tooth profile.

19.4 An Example

Taking a HD as an example [2], which has number of flexspline tooth NF ¼ 240,
number of rigid circular spline NC1 ¼ 242, number of output circular spline
NC2 ¼ 240, module m = 0.5 mm, radius of the prime circle of the cam
r0 ¼ 60:31 mm, radial deformation coefficient w0 ¼ 0:425 mm.

Fig. 19.3 The finite element
analysis model
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19.4.1 Conjugate Tooth Profile

The given involute tooth profile of a flexspline with pressure angle a ¼ 20� is
described [3]:

rfi ¼
rfb

cos afi
; dfi ¼

p
2
� afi þ lfi

lfi ¼
1

2NF
ðpþ 4nf tan aÞ þ inva� invafi

8>><
>>: ; afi 2 ½aff ; afa� ð19:5Þ

where rfb is the base radius of the flexspline, addendum modification nf ¼ 3:99, aff

is the dedendum pressure angle and afa is the addendum pressure angle.
Substituting Eqs. (19.1), (19.5) into Eq. (19.2), the conjugate region h can be

obtained easily. According to Eq. (19.3), the conjugate circular tooth profile can
also be solved. Assuming h 2 ½�90�; 90��, the conjugate region between the
flexspline and the rigid circular spline can be solved h1 2 ½2:80�; 5:82��. Likewise,
the conjugate region between the flexspline and the output circular spline is
obtained h2 2 ½�25:77�; �25:47��, the corresponding conjugate tooth profile
expressed in SC-system is shown in Fig. 19.4.
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Fig. 19.4 The flexspline and circular spline tooth profile. a The rigid circular spline. b The
output circular spline

Table 19.1 Basic constitutive parameters of materials

Component Material Young’s modulus
E(Pa)

Poisson’s ratio k Density q (kg/
mm3)

Flexspline 32CrMnSiNiA 196 0.3 7.75e-6
Circular spline 45 206 0.3 7.8e-6
Wave

generator
45 206 0.3 7.8e-6
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19.4.2 Deformation Discipline by FEAM

Considering the following working conditions (torque T ¼ 0, T ¼ 300,
T ¼ 500 N �m), the nodal displacements of the neutral layer are shown in Fig. 19.5.

In Fig. 19.5a, it can be seen that the radial displacement amplitude under load
compared with the no load increases, the amplitude difference between T ¼ 0 and
T ¼ 300; 500 N �mis 0.07727, 0.08654 mm respectively, in Fig. 19.5b, the cir-
cumferential displacement under load moves integrally up than the original, the
amplitude difference between T ¼ 300; 500 N �m and T ¼ 0 is 0.06074,
0.08654 mm respectively. Figure 19.5c shows that the distortion of the oscillation
angle displacement under load occurs, especially appearing in the middle between
the long axis and short axis of the wave generator, the amplitude difference is
0.004068, 0.004879 rad respectively.

19.4.3 Deformation Function Under Load

From Fig. 19.5, it can be seen when the load value changes, the displacement will
change, but it could be seen as the superposition of multi harmonic waves.
Adopting Fourier function to fit the deformation function under load is feasible.

Considering that the harmonic gear drive works usually in the rated working
condition (T ¼ 500 N �m), the flexspline deformation under this condition is of
critical importance. So in the paper, by the finite element analysis results, the nodal
displacement data of the neutral-layer under rated load is picked up and fitted by
Fourier function.

The result of Fourier function fitting is shown in Table 19.2 and the fitting
evaluation factors are shown in Table 19.3:

From Table 19.3, we can see that SSE and RMSE are very close to 0, Adjusted
R-square and R-square approach to 1, which indicates Fourier function fitting
curve is very close to the initial data curve.
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Fig. 19.5 Comparison of deformation. a Radial displacement. b Circumferential displacement.
c Oscillation angle displacement
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In order to give the further explanation that Fourier function can be used to fit
the radical, circumferential and oscillation angle displacement. In Fig. 19.6, the
comparison between the fitting curve and the original data curve has been done
and the maximum error has been given.

From Fig. 19.6a, the maximum error between the radical displacement function
fitting and the original data is 0.0144 mm, Likewise, from Fig. 19.6b, the maximum
error between the circumferential displacement function fitting and the original data
is -0.0052 mm. In Fig. 19.6c, the maximum error between the oscillation angle
displacement function fitting and the original data is -0.0018 rad.

Based on the above analysis results, the fitting error is small enough, which is in
the acceptable error range, so, Fourier fitting is viable.

19.4.4 Modification of Conjugate Tooth Profile

Based on the deformation function under load and basic meshing equation, the
modified conjugate profile can be solved. The flexspline and the circular spline
tooth profile after modifying are shown in Fig. 19.7, the conjugate region between
the flexspline and the modified rigid circular spline is h1 2 ½�3:33�; 12:97��,
which is 5.4 times than the original conjugate region. Likewise, the conjugate
region between the flexspline and the modified output circular spline is

Table 19.2 Fourier function fitting results

Fitting
results

Radical
displacement

Circumferential
displacement

Oscillation angle
displacement

a0 0.0006871 0.02999 1.538e-6
a1 0.4276 -0.02167 0.001268
a2 -0.01419 -0.00159 0.00065
a3 -0.003837 0.0009123 -0.000308
b1 -0.0368 -0.2188 0.01407
b2 -0.0101 0.003781 -0.0009987
b3 0.003055 0.0006558 -0.0003753
w 0.03485 0.03485 0.03482

Table 19.3 Fitting evaluation factors

Evaluation
factors

Radical
displacement

Circumferential
displacement

Oscillation angle
displacement

SSE 0.0122 0.0004275 0.0002956
RMSE 0.004139 0.0007748 0.0006443
Adjusted R-

square
0.9998 1 0.9959

R-square 0.9998 1 0.9959
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h2 2 ½�30:08�; �29:26��, which is 2.73 times than the original conjugate region.
Increasing the conjugate region can help strengthen its transmission steady.

19.4.5 Comparison Between the Original and Modified
Deformation Function Under Load

To check that the tooth profile after modifying whether affects the load defor-
mation function or not, the process of finite element analysis has been done again.
The analysis results are as follows:

Fig. 19.6 Fourier function fitting and the fitting error analysis. a The radical displacement fitting
effort and fitting error analysis. b The circumferential displacement fitting effort and fitting error
analysis. c The oscillation angle displacement fitting effort and fitting error analysis
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In Fig. 19.8, the curve A is the original deformation function under load, the curve
B is the modified deformation function, it can be seen that when the tooth profile
parameters change, the deformation function change accordingly, but very small.

19.5 Summary

(1) The deformation function under load can be regards as the superposition of
multi harmonic waves, Fourier function satisfying the linear combination of
multi trigonometric functions can be used to fit the displacement function
under load, and achieve the very good fitting effect.

(2) Based on the deformation function, the circular spline tooth profile is modi-
fied. The conjugate region between the tooth pairs increases.

(3) Comparing the modified and original deformation, it is indicated that the
modified tooth profile has little effect on the deformation function.

Acknowledgments Authors wish to acknowledge the financial support of the National Natural
Science Foundation of P.R. China under Contract No. 50975038.

Fig. 19.8 The comparison between the original and modified load deformation function.
a Radial displacement. b Circumferential displacement. c Oscillation angle displacement

Fig. 19.7 The comparison between the original and the modified tooth profile. a The fixed
circular spline. b The magnified figure. c Output circular spline
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Chapter 20
Development of a New Steering
Mechanism for Automobiles

R. Venkatachalam and A. Padma Rao

Abstract Steering is one of the important systems of an automobile. Ackermann
mechanism is popularly used in all the automobiles. Though advances such as
power steering have been taking place in providing steering to automobiles, the
basic mechanism is Ackermann mechanism only. The Ackermann mechanism
does not provide perfect steering conditions. However, it is popular because it
involves only revolute pairs in the mechanism. In this paper an attempt is made to
propose a new steering mechanism which is simpler than Ackermann mechanism
and provides perfect steering always.

Keywords Ackermann mechanism � Correct steering � New steering mechanism
for automobiles

20.1 Introduction

Steering is one of the essential requirements of an automobile. It has been a
common practice to provide steering only to front wheels. In fact steering may also
be provided only to rear wheels or to all the four wheels. A perfect steering
mechanism should ensure that when the axes of rotation of all the four wheels are
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extended, they should intersect at one point. With this point as centre, the auto-
mobile would take a smooth turn in a circular path. If the steering is given only to
front wheels, as is the present practice, the perfect steering condition may be
restated as when the axes of the two front wheels are extended they should
intersect at a point on the common rear wheel axis. This is shown in Fig. 20.1.
Using simple geometric principles the condition for perfect steering may be
expressed mathematically [1] as

coth� cot� ¼W=H ð20:1Þ

where, h and ø are angles through which the outer and inner stub axles are turned.
W and H are called track width and wheel base, respectively. W and H denote the
main physical dimensions of the vehicle. Equation (20.1) shows that the angles
through which the stub axles are turned are related to physical dimensions of the
vehicle. It is also to be observed that the angle ø through which the inner stub axle
is turned is more than the angle ø through which the outer stub axle is turned.

Figure 20.2 shows the arrangement of the Ackermann mechanism when the
vehicle is moving along a straight path. The Ackermann mechanism is essentially
a four bar mechanism ABDC. Links AC and BD are called track arms. Link CD is
called track rod. Links AC and BD extended up to G and J, respectively, forming
two bell crank levers GAC and JBD. AG and BJ are the stub axles on which the
front wheels are free to rotate.

Figure 20.3 shows the Ackermann mechanism providing steering for a right
turn. The extensions of the two front wheel stub axles are intersecting at a point O
which is not a point on the common rear wheel axis. This clearly shows that the
steering provided is not satisfying the condition for perfect steering. The wheels

Fig. 20.1 A car taking right turn
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may undergo some amount of skidding because of which the tyres undergo more
wear.

Many advances have been taking place in steering of an automobile. Attempts
have been made to have the steering control through microprocessor [2–6]. When
one wheel is turned through an angle, that information is taken by a micropro-
cessor and decides through how much angle should other wheel be turned
according to correct steering condition given in Eq. (20.1). The information is then
fed to a stepper motor and it turns the outer stub axle through the required angle.
Arrangement involving microprocessor, totally eliminates the mechanism. But it
suffers from disadvantages such as reliability of operation of microprocessor, slow

Fig. 20.2 Ackermann
steering mechanism

Fig. 20.3 Steering offered by Ackermann mechanism
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response of a stepper motor and a non positive drive offered. Mechanical
arrangement is foolproof and response is immediate and positive. This is one
reason why the present day cars are still depending on Ackermann mechanism.
Chicurel [7] presented a concept that allows large steering angles by introducing
angle amplifiers between the steering arms and the king pins. The proposed
arrangement can be used for both two wheel steering and four wheel steering
vehicles. When it is used for four wheel steering, the problem of rear over hang
swing reduced drastically.

Hideki [8] proposed a two degree of freedom feedback control for steering rear
wheels. The proposed concept was based on a mathematical model constructed in
the frequency domain.

Bruce Maclaurin [9] described a model for the steering performance of a
tracked vehicle that allows for deformation characteristics of rubber track pads.
The model accounted for reduction in friction movement that were observed when
radius of turn was increased. Simionescu et al. [10] made a kinematic model of
rack and pinion type steering linkage based on which synthesis of mechanism was
performed using condition for correct steering. Kamble and Saha [11–13] made
extension studies on rack and pinion steering gear. Caserta et al. [14] invented an
expandable steering system for vehicles having wheels that move into different
positions. In particular, the invention relates to a steering system that has shafts
whose length is adjustable to accommodate the movement of vehicle wheels to
different lateral positions and elevations relative to the main body of the vehicle.
Rahamani Hanzaki et al. [15] made a study on combined kinematic and sensitivity
optimization of a rack and pinion steering linkage.

The substitution of electronic system in place of mechanical and hydraulic
control is known as by-wire technology. In the recent years, a new concept pop-
ularly known as steer-by-wire (SBW) systems is catching the attention of the
researchers. These systems have no mechanical linkage and are expected to
improve safety in operation. A typical SBW system consists of a steering wheel
angle sensor, resistance torque actuator, steering actuator, front wheel angle sen-
sor, electronic controller and conventional sensor. Feick and Pandit [16] described
steer-by-wire system as a mechatronic system. Cedric Wilwert [17] presented a
method for evaluating dependability and quality of service of SBW system taking
into account both dynamic performance, fault tolerance and static redundancy of
the system. Sanket Amberkar [18] suggested design methods to improve system
stability. Geoff Rondeau [19] reviewed the steer-by-wire system. However, the
basic mechanism is still the Ackermann mechanism only. Though the Ackermann
mechanism cannot provide perfect steering, it is widely being used because it is
simple, involves only revolute pairs, convenient to operate, foolproof and positive
drive.

The authors [20, 21] analyzed the Ackermann mechanism, identified two
parameters and evolved a procedure to estimate maximum skidding due to
improper steering. It is also observed that the Ackermann mechanism is providing
perfect steering only when the vehicle is moving in a straight path. In all other
positions, the steering is with errors.
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The authors [22, 23] further made attempts to optimize the steering mechanism in
order to reduce the errors in the steering. Considerable improvement in the steering
has been achieved but the dimensions of the links of the Ackermann mechanism
obtained are not very much suitable for space available in the automobile. Hence,
suitable dimensions are being adopted sacrificing some amount of steering errors.

The authors also made an attempt [24] to replace the Ackermann mechanism by
a belt drive. The method proposed consists of two pulleys to which the stub axles
of the front wheels are attached. A belt passing through these pulleys can rotate the
stub axles and provide steering. The proposed method is simpler than the Ac-
kermann mechanism and is still providing steering with errors. However, errors are
found to be less than those given by Ackermann mechanism.

In this paper an attempt is made to develop a new steering mechanism which
may provide perfect steering always. The work described here is under patent.
Patent application no. 704/CHE/2010 dated 17.03.2010.

20.2 Description of the Mechanism

Figure 20.4 shows the schematic arrangement of the proposed mechanism. It
consists of two links L1 and L2 which are hinged at A and B0, respectively. The
link L2 is attached to gear wheel P which can rotate about B0. Gear wheel P is in
mesh with gear wheel Q which can rotate about a point B. The right side stub axle
is attached to gear wheel Q while the left side stub axle attached to link L1. If L1 is
rotated about A in counter clockwise direction, it pushes L2 through surface to
surface contact like a cam and follower mechanism. The link L1 may be consid-
ered to have been rotated by the driver through steering wheel. That is, the steering
wheel is attached to L1.

In the proposed mechanism L1 and L2 should be in contact always. This may be
achieved by using springs which hold these two surfaces together always. It may now
be said that the steering wheel may be attached to gear wheel Q instead of L1. Link L2

and so the gear wheel P are made to rotate in clockwise direction. The clockwise
rotation of P is converted to counter clockwise rotation of gear wheel Q. Thus the
right side stub axle is also rotated in counter clockwise direction. The mechanism is
now providing steering for a left turn. The distance AB may be noted as the track
width W. The distance AB0 may be represented by W1. The angle made by AB0 with
AB is b. The two parameters W1 and b together uniquely locate point B0.

20.3 Formulation

The links L1 and L2 transmit the motion like cam and follower mechanism. These
two links are forming a higher pair. The motion between the two surfaces involves
rolling associated with slipping. What are the profiles to be chosen for L1 and L2
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such that the condition for correct steering expressed in Eq. (20.1) is satisfied
always? This problem may be attempted as for a chosen profile for L1 what should
the profile of L2 such that the condition for correct steering is satisfied.

For the purpose of formulating the problem two coordinate systems are chosen.
One coordinate system is (x0, y0) having its origin at A and y0 axis along the left
side stub axle which is shown in Fig. 20.5 having rotated through an angle øP. The
second coordinate system having its origin at B0 and is being rotated through an
angle øP. The rotation øP is converted to rotation ø of the right side stub axle.

øP and ø are related through the gear ratio G as

G ¼ �P=� ð20:2Þ

The profile of L1 may first be expressed conveniently in (x0, y0) coordinate
system. The same profile may be expressed in (x, y) coordinate system using the
transformation,

x0 ¼ x cosðhþ G�Þ þ y sinðhþ G�Þ þ W1sin hþ bð Þ ð20:3Þ

y0 ¼ �x sinðhþ G�Þ þ y cosðhþ G�Þ þ W1cos hþ bð Þ ð20:4Þ

Let the profile of L1 be described in (x0, y0) coordinate system as

f x0;y0

� �
¼ 0 ð20:5Þ

x0 and y0 may be replaced using Eqs. (20.3) and (20.4). The resulting function
describes the same profile L1 in (x, y) coordinate system as

Fig. 20.4 Schematic arrangement of proposed mechanism
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fðx; y; h; �Þ ¼ 0 ð20:6Þ

However, h and ø are related the condition for correct steering. Hence, they are
not independent quantities. Either h or ø may be retained in Eq. (20.6) and the
profile for L1 may be described in (x, y) coordinate system as

f x; y; hð Þ ¼ 0 ð20:7Þ

h is now identified as a parameter in the present context. It denotes the angle of
turn of the left side stub axle. By varying the parameter h a family of curves each
describing a particular position of L1 may be obtained. A curve which goes tan-
gential to the set of family of curves is called an enveloping curve. For obtaining
the enveloping curve the following conditions may be applied [25] as

f x ; y ; hð Þ ¼ 0 and of=oh ¼ 0 ð20:8a; bÞ

Fig. 20.5 Defining coordinate axes
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Eliminating h in the Eq. (20.8a, b), equation for enveloping curve may be
obtained. The enveloping curve is nothing but the profile of L2. Thus the pair of
surfaces of L1 and L2 can now coordinate the rotations of the stub axles and
provide perfect steering always. Eliminating h is very much involved because
Eq. (20.8a, b) are highly non linear. Hence, it is decided to obtain the enveloping
curve numerically.

20.4 Algorithm

For a given value of W/H, number of values of h may be considered and corre-
sponding values of ø may be computed by solving Eq. (20.1). A particular value G
may be taken. The data now available, consists of pairs of values of h and ø
according to perfect steering condition.

Let a maximum number of values of h chosen in working range be imax. The
step by step procedure may be described as follows.

Fig. 20.6 Straight line
profile for L2

Fig. 20.7 A typical profile
L2 obtained for G = 1,
b = 0, W1 = 1120 mm
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Step 1: i = 0
Step 2: i = i ? 1
Step 3: if i [ imax GO TO Step 8
Step 4: Take hi and corresponding øi from the memory
Step 5: Solve Eq. (20.8a, b) for the coordinates (x, y)
Step 6: Print i, h, ø, x, y
Step 7: GO TO Step 2
Step 8: STOP

20.5 Results and Discussion

To begin with a straight line profile is chosen for L1. The reasons being it is simple
and easy to produce. The equation for L1 is

f x0; y0ð Þ ¼ x0 � a ¼ 0 ð20:9Þ

The profile looks as in Fig. 20.6. The profile of L2 could be obtained following
the procedure described in Sect. 20.4.

Different parameters identified are W1, b, G and a. The authors have tried
varieties of cases and studied the performance of mechanism with regard to the
parameters identified.

The values of W and H are taken from a Santro car as W = 1360 mm and
H = 2380 mm. A typical profile L2 obtained for G = 1, b = 0, W1 = 1120 mm
is shown in the Fig. 20.7. A model study is also performed and the proposed
mechanism is fond to give perfect steering throughout.

20.6 Conclusions

The significant conclusions based on the present work may be summarized as
follows.

i. The requirement of perfect steering condition is described.
ii. A possible substitute of Ackermann mechanism which uses a belt drive

arrangement is described.
iii. A mechanism which transmits motion through surface to surface contact like

a cam mechanism is proposed.
iv. A steering mechanism using this concept is developed.
v. The method of obtaining the profiles of contact surfaces in order to achieve

perfect steering is developed.
vi. A step by step procedure is also described.
vii. Various parameters involved in the mechanism are brought out.
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viii. A straight line profile identified by the parameter a is chosen.
ix. A typical profile of L2 is presented.
x. A model study is also performed and the mechanism is found to give perfect

steering throughout.
xi. The proposed mechanism is much simpler than the Ackermann mechanism

and offers correct steering always.
xii. A pair of surfaces to offer perfect steering is described. In actual automobile

one should have two pairs of surfaces, one for left turn and one for right turn.
xiii. In between the contact surfaces rolling and sliding take place. Smoothness

in operation may be achieved by using needle bearings on one of the sur-
faces, say L1. This will also reduce the wear of the surfaces.

xiv. The attention in this paper is focused towards development of kinematic
concept. The concept is also tested through model study. The dynamic
effects are at to be investigated.

References

1. Bevan T (1971) The theory of machines. Longman Group Limited, London, pp 131–135
2. Miller GH (1979) Introduction to microprocessors, SAE Transactions, Report no. 790234,

Electrical Engineering, General Motors Institute, Flint, MI
3. Miller GH (1979) Interfacing to microprocessor, SAE Transactions, Report no.790235,

Electrical Engineering, General Motors Institute, Flint, MI
4. Paul A, Wilson J (1985) Microprocessor selection and soft wear design, SAE Transactions,

Report no. 790236, Wintek Corporation, Lafayetta, IN
5. Basselink BC (2003) Computer controlled steering system for vehicles having two

independently driven wheels. Comput Electron Agric 39:209–226
6. Ning J, Wang C, Ma T, Li W (2006) Application of computational steering technique in

numerical simulation of explosion problems. Int J Comput Sci Netw Secur 6(10):88–93
7. Chicurel E (1999) A 180̊ steering interval mechanism. Mech Mach Theory 34:421–436
8. Kuzuya H, Shin S (2000) Development of robust motor servo control for rear steering

actuator based on two degree of freedom control system. Mechatronics 10:53–66
9. Maclaurin B (2007) A skid steering model with track pad flexibility. J Terramech 44:95–110

10. Simionescu PA, Smith MR, Tempea I (2000) Synthesis and analysis of the two loop
translational input steering mechanism. Mech Mach Theory 35:927–943

11. Kamble N, Saha SK (2005) Evaluation of torque characteristics of rack and pinion steering
gear using ADAMS model 2005-01-1064, SAE 2005 Transactions, J Pass Car Mech Syst,
June 2005, pp 1217–1222

12. Kamble N, Saha SK (1915) Effect of pinion profile modification on rack and pinion steering
gear, 2005-01-1273. In: Proceedings of steering, suspension, tires, wheels, SP 1915, pp 83–90

13. Kamble N, Saha SK (2006) Developing a virtual prototype of a rack and pinion steering
system. Int J Veh Syst Model Test 2(1):61–79

14. Caserta AL, Caserta CW (2006) Expandable steering system. United States Patent No. 0 006
019 A1

15. Rahmani Hanzaki A, Rao PVM, Saha SK (2009) Kinematic and sensitivity analysis and
optimization of planar rack-and-pinion steering linkages. Mech Mach Theory 44:42–56

218 R. Venkatachalam and A. Padma Rao



16. Feick S, Pandit M (2001) Steer-by-wire as a mechatronics implementation. SAE world
congress, 2001-01-0823

17. Wilwert C (2001) Evaluating quality of service and behavioural reliability of steer-by-wire
systems. Technical report, Loria-Trio, Germany

18. Amberkar S, Bolourchi F, Demerly J, Millsap S (2004) A control system methodology for
steer by wire systems. In: Steering and suspension technology symposium, SAE International
paper 2004-01-1106, March 2004

19. Rondeau G (2004) Steer-by-wire systems with integrated torque feedback improve steering
performance and reduce cost. Technical report, Thomson industries, Illinois, US

20. Venkatachalam R, Padma Rao A (2010) Analysis of steering offered by Ackermann
mechanism. Int J Mech Auto Eng 09(01):37–45

21. Venkatachalam R, Padma Rao A (2010) Analysis of Ackermann mechanism. In: Proceedings
of the national conference on advanced in automotive technology (NCAAT 2010),
Department of Automobile Engineering, Rajalakshmi Engineering College, Thandalam,
Chennai, India, 15–16 July 2010

22. Venkatachalam R, Padma Rao A (2010) Graphical approach for optimum design of steering
mechanism. In: Proceedings of the 4th international conference on advances in mechanical
engineering, S.V. National Institute of Technology, Surat–395 007, India, 23–25 Sept 2010

23. Venkatachalam R, Padma Rao A (2010) Optimizing the angle of bell crank lever of
Ackermann steering mechanism. In: Proceedings of the 10th national conference on
industries problems on machines and mechanisms (IPRoMM 2010), MNIT, Jaipur, India,
17–18 Dec 2010

24. Padma Rao A, Analysis, design and development of new steering mechanisms for four wheel
road vehicles. PhD thesis submitted to the Department of Mechanical Engineering, National
Institute of Technology, Warangal, 2011

25. Shanti Narayan MA (1958) Differential calculus. S. Chand and Company, Delhi, pp 369–383

20 Development of a New Steering Mechanism 219



Chapter 21
Constructing Rolling Mechanisms Based
on Tetrahedron Units

Yao-Bin Tian and Yan-An Yao

Abstract In this paper, a tetrahedron unit constructed by connecting three links to
a node via revolute joints is proposed. A closed loop mechanism is constructed by
combining two tetrahedrons units to share a common face with three spherical
joints such that the geometric structure of the mechanism is a triangular bipyramid.
We show that the structure of the mechanism enables it possess a rolling function
when proceeding on the ground. Furthermore, with the similar topology structure,
two more closed-loop rolling mechanisms are obtained by combining 4 and 6
units, respectively. Due to the similar rolling principles of the proposed mecha-
nisms, it suffices to analyze the rolling feasibility of the triangular bipyramid
mechanism. By analyzing the kinematics, the deformation features of the mech-
anism are obtained. Upon some proper controls, we show that these features enable
the mechanism to roll and switch directions when it proceeds on the ground. These
functions are verified by a series of simulations with a 3D model and experiments
with a prototype.
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21.1 Introduction

There are a variety of terrestrial locomotion for mobile robots, such as walking,
jumping, crawling, and rolling. In this is paper, we focus on rolling locomotion,
which is very effective on the flat ground [1]. Rolling locomotion includes the
passive rolling mode and the active rolling mode [2].

The active rolling mode is widely used by spherical robots, which roll with their
entire outer surface by controlling the actuators inside. Halme et al. [3] embedded
a driving wheel in the interior of the sphere robot, by manipulating the controlling
and steering axis connected to the driving wheel, the entire robot can roll and
switch direction when it mobiles. Bicchi et al. [4] proposed a spherical robot
driven by a small car inside. The car is designed with unicycle kinematics to make
the robot move efficiently. Otani et al. [5] designed a new mechanism equipped
with a gyro to provide the driving torque for their spherical rolling robot. Rather
than using the gyro as the driving wheel, Mukherjee et al. [6, 7] and Javadi et al.
[8] proposed the driving mechanisms inside the sphere that distribute weights
radially along some spokes fixed to the inner surface of the sphere.

The major merits of the spherical robots are as follows: (1) The touching area
with the ground is relatively small; (2) the friction force due to the ground is small;
(3) its shape remains unchanged during the rolling procedure. However, the dis-
advantage is that they require some sophisticated algorithms to control the robot to
roll and change directions in order to reach the right target [9, 10].

Different from spherical rolling robots that maintain their appearance during the
rolling course, some rolling robots realize the rolling function by deforming their
geometry shapes. A common characteristic of these robots is that their centers of
mass are changing during the rolling course. Sugiyama and Hirai [11] used soft
materials to design a robot that can roll, crawl, and jump by deforming its body.
Combining rigid struts with tensional strings, Shibata and Hirai [12] further pro-
posed a kind of deformable structure to realized rolling function.

Without using soft material, some rolling mechanisms are capable of rolling by
changing their geometry shape by using different linkage methods. Some recon-
figurable robot is able to roll if its topology is a closed loop. It realizes the rolling
function by deforming the shape of the loop [13, 14]. Also with modular units,
there are a series of modular reconfigurable robots each consisting of multiple
loops, the rolling function of these robots is realized by controlling the edge length
of some loops [15–17].

In this paper, a tetrahedron unit is proposed. Three closed-loop mechanisms are
constructed to form some spatial symmetric structures. We show that the mech-
anisms are capable of rolling and changing directions.
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21.2 Mechanism Design

21.2.1 Mechanism Description

As shown in Fig. 21.1a, a tetrahedron has 6 edges and 4 vertices. As shown in
Fig. 21.1b, each dashed edge in Fig. 21.1a is represented with a physical link, and
vertex D is represented with a physical node, each link is connected to the node
with a revolute joint, the three links are distributed around the node such that the
angle between every two consecutive links is p/3. For simplicity, such a repre-
sentation of the tetrahedron is called a unit.

As shown in Fig. 21.2a, by connecting two units at their common face, a
triangular bipyramid can be obtained Similarly, as shown in Fig. 21.2b a closed-
loop mechanism with a triangular bipyramid shap is composed of two units by
connecting the ends of the links via three spherical joints at vertices A, B and
C. The triangular bipyramid mechanism consists of 8 links, 6 revolute joints and 3
spherical joints. It is a 3-RSR parallel mechanism. Generally, a 3-RSR parallel
mechanism is fixed on other mechanisms or equipments, and used to realize two
rotational and one radial motions of the moving platform [18–21]. Different from
preexisting conventional applications of the 3-RSR parallel mechanism, we release
the fixed platform and use it to realize a rolling function.

Refer to Fig. 21.3a for a tetrahedron ABCD. By constructing a tetrahedron on
each face of tetrahedron ABCD, the resulting structure is shown in Fig. 21.3b.
Further, by representing each newly constructed tetrahedron with a unit, the
resulting mechanism is obtained in Fig. 21.3c.

Alternatively, if we add to each face of a triangular bipyramid (Fig. 21.4a) a
tetrahedron, then the resulting structure is shown in Fig. 21.4b. Representing each
newly added tetrahedron with a unit, the resulting mechanism is obtained in
Fig. 21.4c.

By controlling the units in any mechanism described above, the mechanism can
be deformed into various shapes with alternative links lying on the ground,
therefore realizing the rolling motion. In the subsequent section, taking triangular
bipyramid mechanism as an example, we show that the spatial mechanism can be
controlled properly by transforming it into a four bar mechanism such that it can
roll and switch directions when proceeding on the ground.

21.2.2 Kinematic Analysis

Due to the limit of space, in this section, we only analyze the kinematics of the
triangular bipyramid mechanism to illustrate the idea of deforming the shape of
the mechanism to achieve the rolling function. The deformation of the shape of the
mechanism varies its center of mass, and once the center of mass is out of the
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supporting area of the mechanism, the mechanism will become unbalanced and roll
on the ground.

A simplified model of the triangular bipyramid mechanism is shown in
Fig. 21.5. To analyze the position of E, fix node D of the mechanism on the ground
initially. For the ease of discussion, a coordinate system is built up. The origin of
the system is D, the z-axis is vertical to the ground, the x-axis is orthogonal to the
link BD, and the y-axis is orthogonal to the plane of xDz. As link DA, DB and DC
rotate about node D for the angle of h1, h2 and h3.

A

B

C D

E

(a) (b)

Fig. 21.2 The triangular
bipyramid: a the geometric of
triangular bipyramid, b the
triangular bipyramid
mechanism

A

B

C

D

(a) (b) (c)

Fig. 21.3 The construction
procedure of the mechanism
with four tetrahedron units:
a a tetrahedron ABCD, b add
a units to each face of the
tetrahedron ABCD, c the 3D
mechanism model

A
B

E

C

D

(a) (b) (c)

Fig. 21.4 The construction procedure of the mechanism with four tetrahedron units: a triangular
bipyramid ABCDE, b add a unit to each face of the triangular bipyramid ABCDE, c the 3D
mechanism model

A

B

C

D

Revolute joint
A

B

C

(b)(a)

Fig. 21.1 The sketch of unit:
a the geometric tetrahedron,
b the mechanism
representation of a unit
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Let L be the length of each link. According to the mechanism, the positions of
A, B and C are determined by Eq. (21.1).

xA xB xC

yA yB yC

zA zB zC

2
4

3
5 ¼ �

ffiffiffi
3
p

L cos h1=2 0
ffiffiffi
3
p

L cos h3=2
L cos h1=2 �L cos h2 L cos h3=2

L sin h1 L sin h2 L sin h3

2
4

3
5 ð21:1Þ

Due to the length of link EA, EB and EC, given the positions of A, B and C, the
position of E can be determined by Eq. (21.2).

ðxE � xAÞ2 þ ðyE � yAÞ2 þ ðzE � zAÞ2 ¼ L2

ðxE � xBÞ2 þ ðyE � yBÞ2 þ ðzE � zBÞ2 ¼ L2

ðxE � xCÞ2 þ ðyE � yCÞ2 þ ðzE � zCÞ2 ¼ L2

8>><
>>: ð21:2Þ

According to Eq. (21.2), we can express xE and yE with zE respectively as
follow:

xE ¼ zE k11ðk22 � k12Þ þ k12ðk11 � k21Þ½ �=ðk11 � k21Þ
yE ¼ zEðk22 � k12Þ=k11 � k21

(
ð21:3Þ

where k11¼
yA � yB

xB � xA
k12¼

zA � zB

xB � xA
k21¼

yA � yC

xC � xA
k22¼

zA � zC

xC � xA

To express the coordinates of E in a succinct manner, define t11 and t12 in
Eq. (21.4).

t11 t12½ � ¼ k11ðk22 � k12Þ þ k12ðk11 � k21Þ
k11 � k21

k22 � k12

k11 � k21

� �
ð21:4Þ

Based on Eq. (21.2) and (21.3), the position of E can be expressed in
Eq. (21.5).

xE yE zE½ �T¼
2t11ðt11xA þ t12yA þ zAÞ=ðt2

11 þ t2
12 þ 1Þ

2t12ðt11xA þ t12yA þ zAÞ=ðt2
11 þ t2

12 þ 1Þ
2ðt11xA þ t12yA þ zAÞ=ðt2

11 þ t2
12 þ 1Þ

2
64

3
75 ð21:5Þ

Particularly, let h1 = h3, then yA = yC, zA = zC. That leads to t11 = 0.
According to Eq. (21.5), the position xE is equal to zero. This means that E is
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moving in the yDz plane. As shown in Fig. 21.6a, let the link DA and link DC be
lying on the ground to form an entity. In the view of metamorphic, when the link
DA and DC are locked by the actuators, they can be treated as a single link. By the
symmetry of the mechanism, link CE and link AE will become a single link. These
two new links obtained can rotate about the axis passing through A and C. In this
manner, as shown in Fig. 21.6b, the original spatial mechanism can be treated as a
planar four-bar mechanism.

As shown in Fig. 21.6a, the origin of the system is located at D. The x-axis is
orthogonal to link DB. Link DA and link DC are lying on the ground to form an
angle of u. According to Eq. (21.1), the coordinates of A and C are obtained, with
which we can represent DA and DC each with a three dimensional vector.
Therefore, u can be determined by vectorial angle cosine as shown in Eq. (21.6).
Let F be the intersection point of AC and the y-axis. Let k be the y-coordinate of F,
then k is a step length of the rolling process. Additionally, let h be the width of the
robot.

u ¼ ar cosð1� 1:5 cos2 h1Þ ð21:6Þ

As shown in Fig. 21.6b, let the angle between link DB and link DF be b, link
DF and link EF have the same length of k. Therefore, the positions of B, E and
F can be expressed in Eq. (21.7).

yB yE yF

zB zE zF

� �
¼ L cos b kð1� cos cÞ k

L sin b k sin c 0

� �
ð21:7Þ

Let ri be the center of mass of the ith link. Note that each ri can be determined
by the coordinates of B, E and F. Let m denote the weight of link DB (BE), then the
weight of DF (EF) is 2 m. Therefore, the center of mass of the mechanism in the
yDz plane can be expressed in Eq. (21.8).

ry ¼
2L cos b� 3k cos cþ 5k

12
ð21:8Þ

where c ¼ 2 arcsinðL sin b=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 þ k2 � 2kL cos b

p
Þ.

As shown in Fig. 21.6b, the mechanism can only roll along the y-axis. The
supporting area along the y-axis is [0, k]. If ry is out of the supporting area, then the
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Fig. 21.6 Deforming into a
planar four-bar mechanism

226 Y.-B. Tian and Y.-A. Yao



mechanism will roll along the y-axis. To illustrate the relation of ry with b and u,
three values of u are studied. For each value of u chosen from the set {p/2, 2p/3,
3p/4}, set m = 0.5 kg, L = 1 m, then the trend of ry is plotted in Fig. 21.5.

As shown in Fig. 21.7, given any fixed u, ry is monotonically decreasing with
the increment of b; given any fixed b, ry is monotonically decreasing with the
increment of u. By Eq. (21.7), k (the upper limit of the supporting area) decreases
with the increment of u. Further notice that ry cannot be large than k until the
motor provides a proper inertial force, and that ry will surpass the lower limit when
b is large enough.

As b decreases ry is moving to the right. A rolling procedure of the mechanism
is shown in Fig. 21.8. During this procedure, the rolling direction is fixed while the
length of a rolling step, i.e., k, is controllable by changing u. When the rolling step
is accomplished, as shown in Fig. 21.9, the mechanism will have link EA and link
EC lying on the ground, resulting in the state that FE becomes the new supporting
area.

Note that, if u is decreasing, the step length k is increased and the width h is
reduced. This characteristic is useful when the mechanism is rolling along a
narrow passage.

Similarly, as b increases ry is moving to the left. A rolling procedure of the
mechanism is shown in Fig. 21.10. During this procedure, the rolling direction is
fixed while the length of a rolling step, i.e., k, is controllable by changing u. When
the rolling step is accomplished, the mechanism will have link EA and link EC
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lying on the ground (refer to Fig. 21.11), leading to the state with FE becomes the
new supporting area. In this state, the mechanism is symmetrical with respect to
the yDz plane.

If link DA is rotated to increase the height of A, then rx becomes positive.
Thereafter, the mechanism rolls about link DB to the positive x-axis. As a result,
link DB and link DC are both lying on the ground.

Alternatively, if link DC is rotated to increase the height of C, then rx becomes
negative. Thereafter, the mechanism rolls about link DB to the negative x-axis.
Link DB and link DA are both lying on the ground.

To summarize, the mechanism is capable of altering its rolling direction when it
is in the state with link DB lying on the ground only.

21.3 Simulation

To verify the rolling states of the mechanism, a virtual mechanism is constructed
in the Solid Edge software. Based on this model, a series of simulations are
performed in the ADAMS software. Figure 21.12 shows a rolling procedure for
the mechanism. The procedure starts with a state of the mechanism with two links
lying on the ground and ends with only one link lying on the ground. Some arrows
are artificially added to indicate the driven links.
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As shown in Fig. 21.13h, when the mechanism is in the state with only one link
lying on the ground, it can choose one more link to lie on the ground to maintain its
balance in practice. In doing so, it alters its rolling direction in reality. As shown in
Figs. 21.13 and 21.14, the mechanism can alter its rolling directions in two manners.

21.4 Prototype

To test the feasibility and efficiency of the rolling mechanism in practice, a pro-
totype is manufactured (Fig. 21.15). Based on the prototype, a rolling experiment
is performed. As shown in Fig. 21.16, the mechanism can roll along a fixed

(a) (b)  (c) (d)

(e) (f) (g) (h)

Fig. 21.12 A rolling procedure (a–h)

Fig. 21.13 Rolling to one side of the mechanism

Fig. 21.14 Rolling to the other side of the mechanism
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direction swiftly. Regarding altering the rolling direction of the mechanism, it
suffices to consider the procedure of rolling to one side of the mechanism since
rolling to the other side can be processed with the same operations due to the
symmetry of the mechanism. Figure 21.17 shows the procedure of altering the
rolling direction of the mechanism to one side.

21.5 Discussions and Conclusions

In this paper, a mechanism representing the shape of a tetrahedron is proposed. It
is constructed by connecting three links to a node via revolute joints. Each such
mechanism is a unit, or a brick, used to build three rolling mechanisms. The rolling
principles of the mechanisms are analyzed by studying the kinematics of the
simplest model, i.e., the triangular bipyramid mechanism. Based on the kinematics
analysis, the deformation characteristics of the mechanism are revealed. With
these characteristics, the rolling and direction switching functions are shown.
These functions are verified by a series of simulations with 3D model mechanism
in ADAMS and practical experiments with a real prototype.

Fig. 21.15 The
manufactured prototype

Fig. 21.16 Rolling along a
fixed direction (a–c)

Fig. 21.17 A procedure of altering the rolling direction (a–d)
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In addition, our proposed triangular bipyramid mechanism can change the
length of its rolling step and the width of the body during the rolling process. With
this feature, the mechanism is capable to rolling across narrow passages. This can
be very useful in exploring the unstructured environments.

In the future research, we would like to combine even more tetrahedron units to
generate different mechanisms with various functionalities.
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Chapter 22
A Compliant 5-bar Tristable Mechanism
Utilizing Metamorphic Transformation

Guimin Chen, Yi Liu and Yanjie Gou

Abstract Compliant multistable mechanisms, which are capable of steadily
staying at multiple distinct positions without power input, have many potential
applications in switches, valves, closures, relays, statically-balanced mechanisms,
reconfigurable robots, and large-displacement micro actuators. In this paper, we
propose a new idea of utilizing metamorphic transformations to develop compliant
multistable mechanisms. By distributing the prescribed stable equilibrium posi-
tions into different metamorphic working phases, the design of a compliant mul-
tistable mechanism can be greatly simplified. The idea is demonstrated by a
tristable mechanism that can metamorphically transform from a compliant 5-bar
mechanism into a compliant 4-bar mechanism in a certain range of motion. The
kinetostatic solution of this tristable mechanism is formulated and the kinetostatic
results confirm that the mechanism has two deflected stable equilibrium positions
besides its initial assembly position, with one occuring in the 4-bar working phase
and the other in the 5-bar working phase. Although the discussion is limited to a
planar 5-bar mechanism, the idea of utilizing metamorphic transformations to
achieve multistable behivors can surely be extended to other types of linkages.

Keywords Compliant 5-bar mechanism � Multistable mechanism � Tristable
mechanism � Metamorphic mechanism
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22.1 Introduction

Compliant multistable mechanisms are often considered as a class of special-
purpose compliant mechanisms, which are capable of steadily staying at multiple
distinct positions without power input [1]. Because compliant mechanisms store
and release energy in their flexible members during motion, these stable positions
correspond to the local minima of the strain energy stored in the mechanisms.
Multistable mechanisms have been widely used in various switches, valves, clo-
sures, relays, and clasps. They can serve as negative stiffness building blocks for
achieving static balancing in compliant mechanisms [2, 3]. They also find possible
applications in reconfigurable robots [4], landing gear mechanisms [5], and large-
displacement micro actuators [6].

Compliant multistable mechanisms can be roughly divided into two categories
depending on the number of stable positions: compliant bistable mechanisms [1]
and compliant mechanisms with three or even more stable positions [7]. In the rest
of this paper, the term ‘‘multistable’’ will be used to exclusively represent ‘‘having
more than two stable positions,’’ if not specifically state. There has been consid-
erable work devoted to various configurations of bistable compliant mechanisms
[8–16]. In contrast, fewer multistable configurations [17–20] have been found, and
combining multiple bistable elements has been adopted as a traditional way to
develop multistable mechanisms [6, 7, 21–23]. Therefore, identifying new com-
pliant configurations that may exhibit multistability is still of the researchers’
interest in the community of compliant mechanism.

In this paper, we propose a unique idea of utilizing metamorphic transformation
techniques [24] to develop compliant multistable mechanisms. By incorporating
metamorphic transformations into a compliant mechanism, it can change mobility
and possess multiple working phases within its range of motion. Therefore, we
think the design of a compliant multistable mechanism can be greatly simplified by
distributing the prescribed stable equilibrium positions into different working
phases. In the following, we employ a compliant 5-bar tristable mechanism
(having three stable equilibrium positions) which can metamorphically transforms
into a compliant 4-bar mechanism in a certain range of motion to demonstrate the
idea.

Metamorphic mechanisms, originated from the research of decorative carton
folds and artifacts [24], can change their mobility and topology due to the change
of the effective number of links and joints during motion. A lot of work has been
done on representation [25, 26], synthesis [27] and analysis [28] of metamorphic
mechanisms. There has also been some work on exploring the integration of
metamorphic mechanisms with compliant mechanisms, for example, Parise et al.
[29, 30] presented compliant ortho-planar metamorphic mechanisms, and Ding
et al. [31] and Li et al. [32] studied a few metamorphic mechanisms employing
compliant segments that can transform from one degree-of-freedom mechanisms
into structures.
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The rest of the paper is organized as follows: A metamorphic compliant 5-bar
mechanism based on pseudo-rigid-body model is introduced in Sect. 22.2.
Section 22.3 formulates the kinetostatics of the compliant 5-bar mechanism. A
metamorphic compliant 5-bar mechanism exhibiting tristability is designed in
Sect. 22.4. Section 22.5 gives some concluding remarks.

22.2 Compliant 5-bar Mechanism Utilizing
Metamorphic Transformation

We limit our discussion to a compliant mechanism that can be modeled as a 5-bar
model using the pseudo-rigid-body (PRB) method [1], as shown in Fig. 22.1a.
The PRB method, which simplifies the nonlinear deflections of flexible segments
as the motion of rigid links connected by torsional springs, enables us to apply the
knowledge of rigid-body mechanisms to the synthesis and analysis of compliant
mechanisms. Once a PRB model exhibiting desired performance is located, the
rigid-body replacement synthesis method [5] may be employed to convert the
model into a compliant mechanism design.

The 5-bar model shown in Fig. 22.1a contains five links, with link lengths
r1; r2; r3; r4; and r5: Link 1 is the ground link located along the x-axis. The spring
constants of the five connecting joints are K1;K2;K3;K4 and K5 (Ki ¼ 0 for
articulated joints, Ki ¼ þ1 for rigid connections and 0\Ki\þ1 for torsional
springs, i ¼ 1; 2; . . .; 5). The angle of each link with respect to the horizontal is
represented by h2; h3; h4; and h5: It is assumed that the 5-bar model is subject to a
single input at r2. Knowing that a planar 5-bar mechanism has two degrees of
freedom (DOF), this model is underactuated with one DOF unspecified [33].
Nonetheless, it may still have a local equilibrium position for a given input
because the mechanism will tend to the position where the overall potential energy
stored in its flexible elements is at a local minimum (according to the principle of
minimum potential energy) [33]. In addition, this underactuated model contains at
least two torsional springs among K2;K3;K4 and K5 (note that K1 is excluded

(a) (b)

Fig. 22.1 Pseudo-rigid-body models of compliant 5-bar mechanisms: a a general compliant
5-bar mechanism, and b a compliant 5-bar mechanism utilizing metamorphic transformation
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because link 2 is the driving link) to prevent pure rigid-body motion of the model
in its mobility range [34].

Our experience indicates that to realize a tristable mechanism with the com-
pliant 5-bar model is quite difficult. However, this can be greatly simplified by
introducing a metamorphic transformation into the model, as will be illustrated in
the Sect. 22.4. We add a stopper to the model for metamorphic purpose, as shown
in Fig. 22.1b. When link 5 is attached to the stopper, its clockwise rotation is
blocked. If link 5 tends to rotate clockwise from this position, it becomes a part of
the ground link and the PRB model changes its topological configuration to a 4-bar
model (the number of effective links is decreased to 4), that is to say, the meta-
morphism of the model occurs. In the PRB model, this metamorphic process can
be represented by changing K5 to þ1 (i.e., a rigid connection).

22.3 Kinetostatic Solution for Compliant 5-bar
Mechanism

The loop closure equations of the model shown in Fig. 22.1a are given as

r2 cos h2 þ r3 cos h3 ¼ r4 cos h4 þ r5 cos h5 þ r1

r2 sin h2 þ r3 sin h3 ¼ r4 sin h4 þ r5 sin h5

(
ð22:1Þ

and the total potential energy stored in the model as

V ¼
X5

i¼1

1
2

Kiw
2
i ð22:2Þ

where

w1 ¼ h2 � h20

w2 ¼ h2 � h20 � h3 þ h30

w3 ¼ h4 � h40 � h3 þ h30

w4 ¼ h5 � h50 � h4 þ h40

w5 ¼ h5 � h50

8>>>>>><
>>>>>>:

ð22:3Þ

and h20; h30; h40; and h50 are the initial angles of the links (torsional springs are
undeflected, as-fabricated position). The torque applied on r2 can be expressed as
(with respect to h2)
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T ¼ oV

oh2
¼
X5

i¼1

Kiwi
owi

oh2
ð22:4Þ

where

ow1

oh2
¼ 1

ow2

oh2
¼ 1� h32

ow3

oh2
¼ h42 � h32

ow4

oh2
¼ h52 � h42

ow5

oh2
¼ h52

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð22:5Þ

and h32; h42; and h52 are the kinematic coefficients with respect to h2:
Figure 22.2 shows the free-body diagrams for r3; r4 and r5: The equations of

static equilibrium for r3 are given as

F23x þ F43x ¼ 0

F23y þ F43y ¼ 0

T23 þ T43 þ r3F43y cos h3 � r3F43x sin h3 ¼ 0

8><
>: ð22:6Þ

The equations for r4 are

F34x þ F54x ¼ 0

F34y þ F54y ¼ 0

T34 þ T54 þ r4F54y cos h4 � r4F54x sin h4 ¼ 0

8><
>: ð22:7Þ

and the equations associated with r5 are

(a) (b) (c )

Fig. 22.2 Free-body diagrams of links: a r3; b r4; and c r5
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F45x þ F15x ¼ 0

F45y þ F15y ¼ 0

T45 þ T15 þ r5F45y cos h5 � r5F45x sin h5 ¼ 0

8><
>: ð22:8Þ

where Tij is determined in the following formulas (Fijx ¼ �Fjix):

T12 ¼ �K1ðh2 � h20Þ
T32 ¼ �T23 ¼ �K2ðh2 � h20 � h3 þ h30Þ
T43 ¼ �T34 ¼ �K3ðh4 � h40 � h3 þ h30Þ
T54 ¼ �T45 ¼ �K4ðh5 � h50 � h4 þ h40Þ
T15 ¼ �K5ðh5 � h50Þ

8>>>>>><
>>>>>>:

ð22:9Þ

Combining these static equilibrium equations results in the following equation:

K2r4r5ðh2 � h20 � h3 þ h30Þ sinðh4 � h5Þ
þ K3r5ðh3 � h30 � h4 þ h40Þ r4 sinðh4 � h5Þ � r3 sinðh3 � h5Þ½ �
þ K4r3ðh4 � h5 � h40 þ h50Þ r4 sinðh3 � h4Þ þ r5 sinðh3 � h5Þ½ �
þ K5r3r4ðh5 � h50Þ sinðh3 � h4Þ ¼ 0

ð22:10Þ

After being differentiated with respect to h2, Eqs. (22.9) and (22.1) are used to
solve for the kinematic coefficients, i.e., h32; h42 and h52: Then, the force-deflection
characteristics of the mechanism can be obtained using Eq. (22.2).

By setting the stiffness of one of the torsional springs to þ1; these equations
can be directly employed to analyze compliant 4-bar mechanisms.

22.4 Example and Results

This section presents a design of the metamorphic compliant 5-bar mechanism that
exhibits tristablilty. We assume that the stopper is located at the place where the
clockwise rotation of link 5 is blocked when the mechanism is at its the initial
assembly position (or first stable equilibrium position where all the torsional
springs are undeflected, i.e., hi ¼ hi0; i ¼ 2; 3; 4; 5:) If link 5 tends to rotate
clockwise when h5 ¼ h50;K5 is set to þ1 in the model to block the motion.

Table 22.1 The design parameters of the tristable metamorphic 5-bar mechanism

r1 r2 r3 r4 r5 K3 K4 h20 h30

0.186 m 0.113 m 0.132 m 0.097 m 0.152 m 0:2216 N m/rad 0.4966 N m/rad 95� 37:8�
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The design parameters of a tristable metamorphic mechanism are list in
Table 22.1. The other two parameters at the initial position, h40 and h50, can be
calculated from Eq. (22.1): h40 ¼ 154:7� and h50 ¼ 91:5�: The curves of the
potential energy and the driving torque obtained from the kinetostatic solution
are plotted as functions of w1 in Fig. 22.3. From Fig. 22.3 we see that when
moving link 2 clockwise (with decreasing w1), the mechanism first works as a
compliant 4-bar mechanism until w1 ¼ �96� (denoted as MT1 in the figure) where
the metamorphic transformation takes place, and then works as a compliant 5-bar
mechanism. Knowing that the minima on the potential energy curve correspond to
the stable equilibrium positions, it can be seen from Fig. 22.3 that the second
stable equilibrium position occurs at w1 ¼ �74� (h2 ¼ 21�;) while the third stable
equilibrium position at w1 ¼ �188�ðh2 ¼ �93�Þ: When w1 reaches 360�; the
mechanism returns to its first stable equilibrium position. This position, denoted as
MT2 in Fig. 22.3, can be considered as another metamorphic position because the
mechanism works as a compliant 5-bar mechanism if link 2 moves counter-
clockwise, while the mechanism works as a compliant 4-bar mechanism if link 2
moves clockwise. The two deflected stable configurations are shown in Fig. 22.4,
with one occuring in the 4-bar working phase and the other in the 5-bar working
phase. We are now prototyping this tristable mechanism which will be presented in
future version of this paper.
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22.5 Conclusions

This paper presented a method of utilizing metamorphic transformations to
develop compliant multistable mechanisms. The feasibility of the idea was dem-
onstrated by a tristable mechanism that can metamorphically transform from a
5-bar mechanism into a 4-bar mechanism in a certain range of motion.

Although the discussion is limited to a planar 5-bar model, the idea of utilizing
metamorphic transformations to achieve multistable behivors can surely be extended
to other types of linkages, for example, planar 6-bar linkages and five-bar spherical
linkages [26]. It is also interesting to explore other features of compliant mechanisms
employing metamorphic transformation techniques besides multistabilities.
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Part III
Reconfigurable Parallel Mechanisms



Chapter 23
Type Synthesis of Partially Decoupled
2-DOF Parallel Mechanisms with Two
1T1R Operational Modes

Xianwen Kong

Abstract This paper deals with the type synthesis of partially decoupled 2-DOF
parallel mechanisms with two 1T1R (one translation and one rotation) operational
modes—a novel class of reconfigurable parallel mechanisms which can switch
operational modes without disassembly. In the two 1T1R operational modes, the
axes of rotation of the moving platform are different. A bi-mode revolute joint is
defined to simplify the representation of motion patterns of the moving platform.
Using the vitual-chain approach, the type synthesis of partially decoupled 2-DOF
1T1R parallel mechanisms and partially decoupled 2-DOF parallel mechanisms
with two 1T1R operational modes is carried out. The proposed mechanisms need
one less actuated joint than the existing parallel mechanisms with two 1T1R
operational modes. This work provides a solid foundation for developing energy-
efficient parallel mechanisms with two 1T1R operational modes.

Keywords Type synthesis � Parallel mechanism � Screw theory � Virtual-chain
approach � Parallel mechanism with multiple operation modes

23.1 Introduction

Several disassembly-free reconfigurable parallel mechanisms (PMs), which can
switch operational modes without disassembly, have been proposed in recent
years. Disassembly-free reconfigurable PMs include PMs with multiple opera-
tional modes (PMwmoms) [1–10], which are not kinematically redundant, and
kinematically redundant PMs in which several joints are used for reconfiguration
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DOI: 10.1007/978-1-4471-4141-9_23, � Springer-Verlag London 2012

245



[11, 12]. This paper is about PMwmoms. In addition to the analysis of PMwmoms
[1–5], efforts have been made to develop a systematic approach to the type syn-
thesis of PMwmoms [6–10], which refers to finding all the types of PMs that can
generate two or more specified motion patterns. Meanwhile, some PMwmoms
have been put into use in several applications [1, 6]. For example, a 2-DOF PM
with two 1T1R (one translation and one rotation) operational modes [6] has been
used as a novel swivel head for CNC centers. Despite the above advances, the type
synthesis of PMwmoms, which is the first step in the research on PMwmoms, is
still an open issue.

In a PM with two 1T1R operational modes proposed in the literature [6, 13],
three actuated joints are needed to control the PM in each operational mode. Since
a PM with two 1T1R operational modes has two DOF in each operational mode, it
deserves to identify PMs with two 1T1R operational modes in which two actuated
joints are needed to control the PMs. This may help develop energy-efficient PMs
with two 1T1R operational modes.

This paper deals with the type synthesis of partially decoupled 2-DOF PMs with
two 1T1R operational modes in which two actuated joints are needed to control the
PMs. In one operational mode, the moving platform of the PM can translate along
the Z-axis and rotate about a line parallel to the X-axis. In another operational
mode, the moving platform can translate along the Z-axis and rotate about a line
parallel to the Y-axis. To the author’s knowledge, no work has been published on
this class of PMs with two 1T1R operational modes.

The virtual-chain approach to the type synthesis of PMs [14] is briefly recalled in
Sect. 22.2. In Sect. 23.3, the type synthesis of partially decoupled 2-DOF 1T1R PMs
is presented. In Sect. Sect. 23.3, the type synthesis of partially decoupled 2-DOF PMs
with two 1T1R operational modes is carried out. Finally, conclusions are drawn.

Due to space limitation, we make the assumption that the only P (prismatic)
joints in a PM with two 1T1R operational modes are located on the base and along
the same direction.

23.2 Virtual-Chain Approach to the Type Synthesis
of Parallel Mechanisms

In this section, the virtual-chain approach to the type synthesis of PMs [14]1 will
be briefly recalled. Using this approach, motion pattens are represented using
virtual chains, and the type synthesis of PMs is reduced to the type synthesis of

1 Different methods for the type synthesis of PMs with a single operational mode have also been
proposed a number of researchers, such as Profs. R.I. Alizade, O. Altuzarra, J.S. Dai, R. Di
Gregorio, Y.F. Fang, F. Gao, G. Gogu, J. M. Hervé, Z. Huang, C.-C. Lee, Q.-C. Li, Z. Li, J.M.
Rico, L.-W. Tsai, and T.-L. Yang (in alphabet order). Their publications are not listed here due to
space limitation. Inactive joints, which are very useful in the type synthesis of PMwmoms, are not
used in the PMs obtained using these methods.
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single-loop kinematic chains. PMs with full-cycle mobility (also finite motion) can
be constructed using several classes of compositional units (CUs). The instanta-
neous constraint analysis of CUs and PMs based on the fundamental screw theory,
which is essential in the type synthesis, will not be discussed in this paper since it
has been well documented in the literature (see [14] for example).

23.2.1 Virtual Chain

A virtual chain is defined as a serial or parallel kinematic chain whose moving
platform has a given motion pattern [14]. For example, the virtual chain associated
with 3-DOF translational PMs is a PPP virtual chain, which is a serial chain
composed of three P joints. With the introduction of the virtual chain, a transla-
tional PM is called a PPP= (PPP equivalent) PM [14].

Using the conventional kinematic joints, we need to use a virtual chain to
represent the motion pattern of a PMwmom in each operational mode [7, 10]. With
the concept of variable kinematic joint [15], we may represent the motion patterns
of a PMwmom using one virtual chain.

23.2.1.1 Bi-Mode Revolute Joint: Rþ

To define the virtual chain of a 2-DOF PM with two 1T1R operational modes, let
us first define a bi-mode R (revolute) joint (Figs. 23.1 and 23.2), denoted by Rþ; as
a kinematic joint which functions as an R joint along two different axes in its two
operational modes (Figs. 23.1b, c and 23.2b, c). An Rþ can take different forms,
such as a kinematotropic 4R linkage (Fig. 23.1a) or a U (universal joint,
Fig. 23.2a). The bi-mode is realized by the constraints within the Rþ in the former
case (Fig. 23.1) or by the constraints imposed on the Rþ joint by the other part of a
mechanism in the latter case (Fig. 23.2). It is noted that an Rþ joint has two
instantaneous DOF in its transition configuration (Figs. 23.1a and 23.2a) through
which it can transfer from one operational mode (Figs.23.1b and 23.2b) to another
(Figs. 23.1c and 23.2c).

23.2.1.2 PRþ Virtual Chain

With the aid of the Rþ joint, the motion pattern of the moving platform of a 2-DOF
PM with two 1T1R operational modes can be described using a PRþ virtual chain
(Fig. 23.3), which is composed of a P joint along Z-axis and an Rþ joint. Kine-
matically, the PRþ virtual chain is equivalent to a PRX virtual chain (Fig. 23.4a) in
the PRþX operational mode (Fig. 23.3b) or the PRY virtual chain (Fig. 23.4b) in
the PRþY operational mode (Fig. 23.3c). Here, RX and RY denote R joints whose
axes are parallel to X- and Y-axes respectively.
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Throughout this paper, the joints whose axes or directions are parallel to a
coordinated axis, have common points or are collinear are drawn in such a way that
these features can be easily observed from the figures. The R joints with parallel

(a)

(c) (d) (e)

(b)

Fig. 23.1 Bi-mode R joint Rþ : case 1 a Transition configuration; b RþX mode; c RþY mode;
d Kinematic representation of the RX mode; e Kinematic representation of the RY mode

(a) (b) (c)

Fig. 23.2 Bi-mode R joint Rþ : case 2 a Transition configuration; b RþX mode; c RþY mode
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axes, which are not necessarily parallel to the coordinate axes, are indicated by Ai:
The axis of an inactive R joint within the Rþ joint is indicated by a dashed line and
the other inactive joints are indicated by Ii: A PMwmom is shown in its transition
configuration where it can switch from one operational mode to another.

As in [14], 2-DOF 1T1R PMs and 2-DOF PMs with two 1T1R operational modes
are called 2-DOF PR= (PR equivalent) PMs and 2-DOF PRþ ¼ ðPRþequivalentÞ
PMs respectively. In the following, the Rþ joints will take the form of a U joint since
the type synthesis of PRþ= PMs is general in this case and the results can be readily
applied to the cases where the Rþ joints take the other forms.

23.2.2 Compositional Units

A CU is a serial kinematic chain composed of at least two kinematic joints which
satisfy certain invariant kinematic and constraint characteristics [14]. The CUs

(a) (b) (c)

Fig. 23.3 PRþ virtual chain a Transition configuration; b PRþX mode; c PRþY mode

(a) (b)Fig. 23.4 PR virtual chain
a PRX ; b PRY
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(Fig. 23.5) that can be used to construct 2-DOF PR= PMs include:2 planar CUs
(Fig. 23.5a), spherical CUs (Fig. 23.5b), codirectional CUs (Fig. 23.5c), and
coaxial CUs (Fig. 23.5d). In a planar CU, all the links move along parallel planes.
In a spherical CU, the axes of all the R joints pass through a common point. In a
codirectional CU, all the P joints are along the same direction. In a coaxial CU, the
axes of all the R joints are coaxial.

23.3 Type Synthesis of Partially Decoupled 2-DOF
PR= Parallel Mechanisms

In this section, the type synthesis of partially decoupled 2-DOF PR= PMs will be
dealt with using the virtual-chain approach [14]. In a partially decoupled 2-DOF
PR= PM, one output, the translation of the moving platform, is controlled by one
actuated joint, while the remaining output, the rotation of the moving platform, is
further controlled by another actuated joint.

In a partially decoupled 2-DOF PR= PM, the PR virtual chain is in fact a
physical leg of the PM. Therefore, the type synthesis of 2-legged partially

(a) (b)

(d)

(c)

Fig. 23.5 Compositional units a Planar CU; b spherical CU; c Codirectional CU; d Coaxial CU

2 The parallelaxis CUs, spatial translation CUs, and planar translation CUs can also be used to
construct 2-DOF PR= PMs. They are omitted here since the PMs obtained using these CUs do not
satisfy the assumptions that we made in Sect. 1.
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decoupled 2-DOF PR= PMs is reduced to the type synthesis of 2-DOF single-loop
mechanisms involving a PR virtual chain. Since the type synthesis of non-over-
constrained single-loop mechanisms is trivial, we will focus on overconstrained 2-
legged partially decoupled 2-DOF PR= PMs.

From [14], 2-DOF single-loop mechanisms involving a PR virtual chain
(Fig. 23.6) can be constructed by connecting one or two CUs listed above. For
example, the 2-DOF single-loop mechanism in Fig. 23.6a is composed of a planar
CU. The 2-DOF single-loop mechanisms in Fig. 23.6b, c, d are respectively
composed of (a) two planar CUs, (b) a planar CU and a spherical CU, and (c) a
codirectional CU and a coaxial CU.

From the PMs obtained using the above procedure, additional partially
decoupled 2-DOF PR= PMs can also be obtained by inserting nðn� crÞ inactive
joints [14] to the single-loop mechanisms. Here, cr denotes the number of
redundant constraints in a single-loop mechanism. For example, the partially
decoupled 2-DOF PR= PM in Fig. 23.6e is obtained by inserting an inactive R
joint, I1; to the partially decoupled 2-DOF PR= PM in Fig. 23.6a, for which we
have cr ¼ 3:

It is noted that some PMs, such as the one shown in Figs. 23.6d, may be
regarded as degenerated cases in the type synthesis of PMs with a single opera-
tional mode. However, such PMs are useful to the type synthesis of PMwmoms.

23.4 Type Synthesis of Partially Decoupled 2-DOF
PRþ ¼ Parallel Mechanisms

From the types of partially decoupled 2-DOF PR= PMs obtained in Sect. 23.3, the
partially decoupled 2-DOF PRþ ¼ PMs can be obtained using the following 3-step
procedure.

23.4.1 Step 1: Type Synthesis of Partially Decoupled 2-DOF
PRþi= Parallel Mechanisms

Types of partially decoupled 2-DOF PRþi= PMs (i ¼ X or Y) can be obtained by
inserting an inactive joint to partially decoupled 2-DOF PR= PMs with cr � 1: For
example, the partially decoupled 2-DOF PRþX= PM in Fig. 23.7a is obtained by
inserting an inactive R joint to the PM in Fig. 23.6e. This inactive R joint and the
R joint within the PR virtual chain in Fig. 23.6e form the RþX joint in Fig. 23.7a.
Figure 23.7b shows a partially decoupled 2-DOF PRþY ¼ PM:
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(a) (b)

(c)

(e)

(d)

Fig. 23.6 Partially decoupled 2-DOF PR= parallel mechanisms a Case 1; b Case 2; c Case 3;
d Case 4; e Case 5
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23.4.2 Step 2: Type Synthesis of Potential Partially Decoupled
2-DOF PRþ= Parallel Mechanisms

Potential partially decoupled 2-DOF PRþ= PMs can be obtained by integrating a
partially decoupled 2-DOF PRþX = PM and a partially decoupled PRþY ¼ PM
with a common PRþX ¼ virtual joint: Figure 23.8 shows a 3-legged potential
partially decoupled 2-DOF PRþ= PM obtained by assembling a partially decou-
pled 2-DOF PRþX ¼ PM in Fig. 23.7a and a partially decoupled 2-DOF PRþY ¼
PM in Fig. 23.7b with a common PRþX ¼ virtual chain: However, a potential
partially decoupled 2-DOF PRþ ¼ PM may not be a partially decoupled 2-DOF
PRþ ¼ PM: In the PM shown in Fig. 23.8, both the R joints within the Rþ joint are
inactive due to the constraints imposed by leg 3 and leg 2. Therefore, the moving
platform of this PM has 1-DOF and can only translate along the Z axis.

23.4.3 Step 3: Type Synthesis of Partially Decoupled 2-DOF
PRþ= Parallel Mechanisms

From a potential partially decoupled 2-DOF PRþ= PM obtained in Step 2, we may
identify the conditions of the transition configuration of the partially decoupled 2-
DOF PRþ ¼ PMs by making the legs of partially decoupled 2-DOF PRþX ¼
ðor PRþY ¼Þ PMs in the potential PM satisfy the conditions for legs of partially
decoupled 2-DOF PRþY ¼ ðor PRþX ¼Þ PMs.

For example, in order for the potential partially decoupled 2-DOF PRþ ¼ PM
in Fig. 23.8 to be a partially decoupled 2-DOF PRþ ¼ PM; the inactive R joint, I2,

(a) (b)

Fig. 23.7 Partially decoupled 2-DOF PRþi ¼ parallel mechanisms a PRþX ¼ PM;
b PRþY ¼ PM
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in Leg 3 should be collinear with the axis of the RþX joint (see Fig. 23.6d) and the
inactive R joint, I1; in Leg 2 should be collinear with the axis of the RþY joint
(Fig. 23.6d). This leads to the partially decoupled 2-DOF PRþ ¼ PM shown in
Fig. 23.9a, the simplified version of which is shown in Fig. 23.9b.

Following the above procedure, a large number of partially decoupled 2-DOF
PRþ ¼ PMs have been obtained. Figures 23.9b, 23.10a, b show three PRþ ¼ PMs
that may have potential applications.

From the partially decoupled 2-DOF PRþ ¼ PMs obtained using the above
procedure, one may get their variations by releasing some or all of their redundant
constraints. For example, we may release one redundant constraint in the partially
decoupled 2-DOF PR+-2-PRS PR+ = PM shown in Fig. 23.10b by replacing the
Rþ joint with an S (spherical) joint whose center coincides with the center of the
Rþ joint. Then we obtain a non-overconstrained partially decoupled 2-DOF PS-2-
PRS PRþ ¼ PM (Fig. 23.10c).

In a partially decoupled 2-DOF PRþ ¼ PM; the two actuated joints are the P
joints on the base except the one associated with the PRþ virtual chain. Unlike the
existing 2-DOF parallel mechanisms with two 1T1R operational modes in which
three actuated joints are needed [6, 13], two actuated joints are used to control the
motion of the moving platform in the PMs proposed in this paper.

Figure 23.11 shows the transition of a partially decoupled 2-DOF PS-2-PRS
PRþ ¼ PM between the PRþX operational mode (Fig. 23.11a) and PRþY opera-
tional mode (Fig. 23.11e) through the transition configuration (Fig. 23.11c). In this
PM, the two actuated joints are the P joints in the PRS legs. In the PRþX opera-
tional mode (Fig. 23.11a), the moving platform can translate along the Z-axis and
rotate about a line that passes Op and is parallel to the X-axis. In the PRþY

operational mode (Fig. 23.11a), the moving platform can translate along the Z-axis
and rotate about a line that passes Op and is parallel to the Y-axis. In a transition
configuration, the PM is in a constraint singular configuration [2], and the moving
platform has three instantaneous DOF, which can be represented by the translation
along the Z-axis and two rotations permitted by both operational modes. To make

Fig. 23.8 Type synthesis of
potential partially decoupled
2-DOF
PRþ ¼ parallel mechanisms
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the PM move between a transition configuration and an operational mode, one
needs to lock/release one R joint as indicated in (Figs. 23.11b, c) in the transition
configuration.

(a) (b)

Fig. 23.9 Type synthesis of partially decoupled 2-DOF PRþ ¼ parallel mechanisms (in
transition configuration) a A PR+=PM; b -2-PRU (Case 1)

(a) (b)

(c)

Fig. 23.10 Types of partially decoupled 2-DOF PRþ= parallel mechanisms (in transition
configuration) a PRþ-2-PRU; (Case 2) b PR+-2-PRS; c PS-2-PRS
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23.5 Conclusions

An approach to the type synthesis of partially decoupled 2-DOF PMs with two
1T1R operational modes—partially decoupled 2-DOF PRþ ¼ PMs—has been
proposed. Types of partially decoupled 2-DOF PRþ ¼ PMs have been obtained.
Unlike the existing 2-DOF PRþ ¼ PMs in which three actuated joints are needed
in each operational mode, two actuated joints are needed for a partially decoupled
2-DOF PRþ ¼ PM: The bi-mode revolute (Rþ) joint defined in this paper and
other variable kinematic joints [15] may provide an effective representation of
motion patterns of PMwmoms.

(a) (b)

(c) (d)

(e)

Fig. 23.11 Reconfiguration
of a partially decoupled 2-
DOF PS-2-PRS PRþ ¼
parallel mechanism a PRþX

operational mode; b PRþX

operational mode ,
transition configuration;
c Transition configuration;
d Transition configuration ,
PRþY operational mode;
e PRþY operational mode
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This work provides a solid starting point for designing energy-efficient 2-DOF
PRþ ¼ PMs: The approach proposed in this paper can also be readily used to
generate coupled 2-DOF PRþ ¼ PMs; including all the types proposed in the
literature.
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Chapter 24
Reconfiguration and Actuation Scheme
of 3rTPS Metamorphic Parallel
Mechanisms with Parallel Constraint
Screws

Dongming Gan, Jian S. Dai, Jorge Dias
and Lakmal Seneviratne

Abstract This paper presents reconfiguration with mobility change of a class of
metamorphic parallel mechanisms consisting of three reconfigurable rTPS limbs
with parallel bracket rotation axes. Stemming from the reconfiguration of the
reconfigurable Hooke (rT) joint, the rTPS limb has two phases with one having full
mobility and the other giving a constraint force to the platform based on the
constraint screws. The platform constraint screw systems show that the new
metamorphic parallel mechanisms have four topologies by altering the limb phases
with mobility change among 1R2T (one rotation with two translations), 2R2T,
3R2T and mobility 6. Special topologies are identified considering the limb
arrangement. Following these, actuation scheme is discussed by covering all the
topologies of the metamorphic parallel mechanisms based on constraint screws.
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Keywords Reconfiguration � Mobility change � Constraint screw � Singularity �
Parallel mechanism

24.1 Introduction

Metamorphic parallel mechanisms (MPMs) [1] are a class of mechanisms that
possess adaptability and reconfigurability to change permanent finite mobility
based on topological structure change. Metamorphic parallel mechanisms keep the
advantages of traditional parallel mechanisms in terms of high load-carrying
capacity, good positioning accuracy and low inertia but with ability of reconfig-
uration [2] and mobility change. This meets the requirements of rapid custom-
ization and diverse environment changing in parallel mechanism applications.

The metamorphic parallel mechanisms synthesized in this paper are based on a
reconfigurable rTPS limb with two topology phases stemming from a reconfigu-
rable Hooke (rT) joint [3]. Based on this rT joint, various metamorphic parallel
mechanisms [1, 4] have been presented with a general construction method
introduced using screw theory [5]. Using geometric constraints of the joints to
change the constraint system of the mechanisms shows one way to obtain meta-
morphic mechanisms [6–9] while the other way is to change the number of links
by link coincidence and geometric constraint [10–12].

Many methods have been proposed for mobility analysis of parallel mecha-
nisms, such as screw theory [13–15] and linear transformation [16, 17]. As screws
naturally present the relations of geometric constraints among the joints and limbs
in parallel mechanisms, they show great advantage in describing the topology
change and actuation analysis of metamorphic parallel mechanisms as illustrated
in this paper.

24.2 Two Phases of the Reconfigurable rTPS Limb

The reconfigurable rTPS limb consists of a reconfigurable Hooke (rT) joint, a
prismatic joint and a spherical joint. The reconfigurability of this limb stems from
the configuration change of the rT joint which has two rotational degrees of
freedom (DOFs) about two perpendicularly intersecting rotational axes (radial axis
and bracket axis) as in Fig. 24.1. A grooved ring is used to house the radial axis
and make it have the ability of altering its direction by rotating and fixing freely
along the groove. This allows the radial rotation axis change with respect to the
limb, resulting in two typical phases of the rTPS limb as in Fig. 24.1. While in
Fig. 24.1a, the radial axis is perpendicular to the limb (prismatic joint) which is
denoted as (rT)1PS, it is collinear with the limb (prismatic joint) passing through
the spherical joint center in Fig. 24.1b and the limb phase is symbolized as
(rT)2PS.
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Set a limb coordinate system 1o1x1y1z at the rT joint center with 1x axis col-
linear with the bracket axis and 1y axis perpendicular to the bracket surface as in
Fig. 24.1a, the twist system of the (rT)1PS limb is given as:

1S1
� �

¼

1S11 ¼ ½ 1 0 0 0 0 0 �
1S12 ¼ ½ 0 �sa ca 0 0 0 �
1S13 ¼ ½ 0 0 0 �sb cbca cbsa �
1S14 ¼ ½ 0 ca sa 0 lsbsa �lsbca �
1S15 ¼ ½ 1 0 0 0 lcbsa �lcbca �
1S16 ¼ ½ 0 �sa ca lcb lsbca lsbsa �

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð24:1Þ

where the first two twists are generated from the rT joint, the third is from the
prismatic joint, and the last three are for the spherical joint. b is the angle between
the limb and its projection on plane 1y1o1z passing through rT joint center and
perpendicular to the bracket axis (1x), a is the angle between axis 1y and the limb
projection on plane 1y1o1z. l is the distance between the rT joint centre and the
spherical joint centre. Labels ca and sa denote Cosin(a) and Sin(a) respectively. In
the twist notation 1Sij, the first subscript i denotes the limb number, the second
subscript j denotes the joint number within the limb and the leading superscript
indicates the local frame.

The six screws in (24.1) form a six-system, showing that the (rT)1PS limb has
mobility six and does not supply constraint to the platform connected to it.

For the (rT)2PS limb as in Fig. 24.1b, radial axis of the rT joint is collinear with
the prismatic joint passing through the spherical joint center. Thus, the spherical
joint center A cannot move out of the plane 1y1o1z. Based on the coordinate system
in Fig. 24.1b, the twist system of the (rT)2PS limb can be given as
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Fig. 24.1 Two phases of the rTPS limb. a (rT)1PS, b (rT)2PS
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1S1
� �

¼

1S11 ¼ ½ 1 0 0 0 0 0 �
1S12 ¼ ½ 0 �ca �sa 0 0 0 �
1S13 ¼ ½ 0 0 0 0 ca sa �
1S14 ¼ ½ 0 ca sa 0 0 0 �
1S15 ¼ ½ 1 0 0 0 lsa �lca �
1S16 ¼ ½ 0 �sa ca l 0 0 �

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

ð24:2Þ

It is clear that twists 1S12 and 1S14 are the same and the six twists form a five-
system. Thus, there is one reciprocal screw in the limb constraint system as

1Sr
1

� �
¼ 1Sr

1 ¼ 1 0 0 0 lsa �lca½ � ð24:3Þ

This gives a constraint force acting along a line passing through the spherical
joint centre with a direction parallel to the bracket axis of the rT joint. Thus, the
(rT)2PS limb has five degrees of freedom (DOFs), one less than the (rT)1PS phase.

When constructing parallel mechanisms with the rTPS limbs, the mechanisms
will have ability of mobility change by altering the rTPS limbs into these two
phases. In the following, the (rT)2PS limb phases will be used by connecting the rT
joints to the base with parallel bracket axis and the spherical joints to the moving
platform. Then altering the limbs into (rT)1PS phases will generate new mecha-
nism topologies, which gives a class of metamorphic parallel mechanisms (MPMs)
with parallel constraint screws.
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x

yz

o
B1
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r
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Fig. 24.2 The 3(rT)2PS with
parallel constraint screws
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24.3 3rTPS MPMs with Parallel Constraint Screws

24.3.1 Mobility Analysis

From (24.3), it can be seen that the (rT)2PS limb gives one constraint force to the
platform with the direction parallel to its bracket axis. Thus, by arranging the
direction of the bracket axis of the rT joint, the constraint to the platform can be
represented. In this paper, the rT joints are connected to the base with parallel
bracket axes, leading to parallel constraint forces expressed by screws on the
platform as in Fig. 24.2.

Let points Ai and Bi denote the spherical joint center and the rT joint center in
limb i (i = 1, 2, 3) respectively. Locate a global coordinate system oxyz at the
center (A1) of the rT joint in limb 1 with x axis collinear with the bracket axis and
y axis perpendicular to the bracket plane. Let ai and bi denote the vectors of points
Ai and Bi in the coordinate system oxyz, li be the distance between the spherical
joint center Ai and the rT joint center Bi.

The constraint system of the 3(rT)2PS parallel mechanism in Fig. 24.2 can be
given as:

Srf g ¼
Sr

1 ¼ n a1 � n½ �
Sr

2 ¼ n a2 � n½ �
Sr

3 ¼ n a3 � n½ �

8><
>:

9>=
>;

¼
1 0 0 0 l1sa1 �l1ca1½ �;
1 0 0 0 b2z þ l2sa2 �b2y � l2sa2½ �;
1 0 0 0 b3z þ l3sa3 �b3y � l3sa3½ �

8><
>:

9>=
>; ð24:4Þ

where n = (1,0,0) is the direction of the bracket axes, ai = bi ? li(0,cai,
sai) = (bix, biy, biz) ? li(0,cai,sai), ai is the angle between limb i and the line
passing through rT joint center Bi with direction parallel to y axis.

Equation (24.4) gives three parallel constraint forces which constrain the
translation along x-axis and rotations about y and z axes. Thus, the 3(rT)2PS
parallel mechanism with parallel constraint screws has three DOFs with one
rotation about x-axis and two translations along y and z axes.

24.3.2 Special Topologies

When considering particular arrangements of the base and platform joints, the
3(rT)2PS parallel mechanism will have different topologies and some special cases
are identified below.

A special one is that the three spherical joint centers (A1, A2 and A3) on the
platform are in line as in Fig. 24.3a. The last two constraint screws in (24.4)
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constrain the same rotation between line A1A2 and norm n. One of limb 2 and limb
3 becomes redundant, resulting in a local rotational DOF about line A1A2 and the
mechanism has two translations and two rotations.

Another special topology is that the three rT joint centers (B1, B2 and B3) on the
base are in line with unit vector mB as in Fig. 24.3b, the platform still has two
translations and one rotation. However, when mB = n, the three prismatic joints
cannot be chosen as actuations at the same time.

Two other special topologies of the 3(rT)2PS with parallel constraint screws can
be obtained when locating the rT joint center B2 on yoz plane with b2x = 0 as in
Fig. 24.4a and setting both rT joint centers (B2 and B3) on yoz plane with
b2x = b3x = 0 as in Fig. 24.4b. Both two topologies have two translations and one
rotation and the topology in Fig. 24.4b is a planar parallel mechanism.

One more special topology can be obtained by setting line BiBj parallel to
n with distance lij between two spherical joint centers AiAj equal to the distance dij

between two rT joint centers BiBj as in Fig. 24.4c in which l23 = d23. In this case,
the two constraint screws in limb 2 and limb 3 are collinear and dependent. The
platform will have two independent constraint screws with four reciprocal motion
screws including two rotations and two translations. However, the geometric
constraint l23 = d23 makes line A2A3 constantly parallel with x axis and the
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Fig. 24.4 Three more special topologies. a 3(rT)2PS-c, b 3(rT)2PS-d, c 3(rT)2PS-e
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Fig. 24.3 Two special topologies. a 3(rT)2PS-a with A1, A2, A3 inline, b 3(rT)2PS-b with B1, B2,
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platform can only rotate about line A2A3. Thus, the mechanism still has one
rotation and two translation DOFs, which is a structure singularity case.

24.4 Topology Reconfiguration

Altering the (rT)2PS limbs in the previous 3(rT)2PS parallel mechanisms into the
phase (rT)1PS will result in various new mechanism topologies with increased
mobility. After changing the phase of one limb, all the 3(rT)2PS parallel mecha-
nisms become the topology 2(rT)2PS-1(rT)1PS in Fig. 24.5a that has two parallel
constraint screws following the first two in (24.4). One constraint less makes the
2(rT)2PS-1(rT)1PS one more DOF than the 3(rT)2PS. Based on the constraint
screw analysis, the 2(rT)2PS-1(rT)1PS parallel mechanism has four DOFs with two
translations and two rotations (2R2T).

A special case is the 3(rT)2PS-e in Fig. 24.4c. When changing limb 2 or limb 3
from phase (rT)2PS to (rT)1PS in Fig. 24.4c, the mechanism changes to the case in
Fig. 24.5a. However, when changing the phase of limb 1, the mechanism becomes
topology 2(rT)2PS-1(rT)1PS in Fig. 24.5b which has mobility three with one
rotation and two translations (1R2T). Thus, the mechanism does not change
mobility due to the structure singularity.

When further changing one more limb phases, both the topologies in Fig. 24.5
change to the same topology 1(rT)2PS-2(rT)1PS as in Fig. 24.6a, which has one
constraint screw that limited the translation along n. Thus, this mechanism has five
DOFs with three rotations and two translations (3R2T). It can be noticed that the
2(rT)2PS-1(rT)1PS in Fig. 24.5b changes its mobility from 3 to 5 in this
reconfiguration.

When changing the third limb to phase (rT)1PS, the mechanism becomes
another topology 3(rT)1PS as in Fig. 24.6b that does not have any constraint screw
and has full mobility 6.
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One topology that should be mentioned is the 3(rT)2PS-d in Fig. 24.4b, in
which all three limbs are constrained in one plane and it is a planar parallel
mechanism. By changing the limb phases one by one, the topology becomes that in
Fig. 24.5a and the two in Fig. 24.6. Thus, a planar parallel mechanism becomes a
spatial parallel mechanism while the mobility changes from 3 to 6.

24.5 Actuation Scheme for the Reconfigurable Topologies

The actuation inputs of a parallel mechanism work with limb constraints to
determine the platform position and orientation. In the (rT)2PS limb, the rotation
about the bracket axis or the translation along the prismatic joint can be used as
inputs. Based on Fig. 24.1b and the limb motion screws in (24.1), these two inputs
can result in constraint screws as:

1Sr
rTba ¼ 0 �sa ca l 0 0½ �

1Sr
Pa ¼ 0 ca sa 0 0 0½ �

(
ð24:5Þ

where 1Sr
rTba, a constraint force passing through the spherical joint center and

perpendicular to both the bracket axis and the limb, is the input constraint from the
bracket axis rotation. 1Sr

Pa, a constraint force along the limb, is the input constraint
from the prismatic joint.

The 3(rT)2PS with parallel constraint screws has three DOFs and needs three
actuation inputs. Based on (24.5), each limb gives two possible actuations and
there are six for the three limbs. Taking three of the six actuations should constrain
the three DOFs of the mechanism. For the 3(rT)2PS parallel mechanism in
Fig. 24.2, when choosing two prismatic joint inputs in limb 1 and limb 2 with a
bracket rotation input in limb 3, the input constraints for the platform are:
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Fig. 24.6 Topologies 1(rT)2PS-2(rT)1PS and 3(rT)1PS. a 1(rT)2PS-2(rT)1PS (5DOFs-3R2T),
b 3(rT)1PS (6DOFs)
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Sr
a

� �
¼

Sr
1Pa ¼ u1 0½ �

Sr
2Pa ¼ u2 b2 � u2½ �

Sr
3rTba ¼ n� u3 a3 � ðn� u3Þ½ �

8><
>:

9>=
>; ð24:6Þ

where ui is the unit vector along limb i.
The three input forces with the three geometric constraint forces in (24.4) form

a six-system, showing that the selected actuation inputs can fix the required
position and orientation of the platform. Following this way, actuations for the
3(rT)2PS parallel mechanisms including the special topologies can be concluded
as:

(a) Any three of the six inputs (the prismatic translation and bracket rotation in
each limb) can be actuations for the general 3(rT)2PS in Fig. 24.2, the
3(rT)2PS-a, 3(rT)2PS-b, 3(rT)2PS-c and 3(rT)2PS-d except the case that the
three rT joint centers are on x axis of the 3(rT)2PS-b which cannot choose
three prismatic joints due to the constraint screw redundancy with a rotation
about x-axis left;

(b) The 3(rT)2PS-a needs three from the six inputs with an extra for the local
rotation of the platform;

(c) At least one of the three inputs should be from limb 2 for actuations of the
3(rT)2PS-e parallel mechanism.

When altering the (rT)2PS limb to phase (rT)1PS, one more actuation choice
appears from the rotation about the radial axis with an input constraint force
passing through the spherical joint center and parallel to the bracket axis as
described by (24.3). Based on this and the above analysis, the actuation scheme
rule is:

(a) At least one of the actuations should be from the (rT)1PS limb in the recon-
figured topologies 2(rT)2PS-1(rT)1PS in Fig. 24.5a, 1(rT)2PS-2(rT)1PS and
3(rT)1PS in Fig. 24.6;

(b) At least two should be from the (rT)1PS limb in the reconfigured topology
2(rT)2PS-1(rT)1PS with structure singularity in Fig. 24.5b.

24.6 Conclusion

This paper introduced a class of metamorphic parallel mechanisms consisting of
three reconfigurable rTPS limbs with parallel bracket axes. Based on screw theory,
mobility of the rTPS limb in its two phases was analyzed while in one phase it had
mobility six and in the other it had one DOF less, providing a constraint force to
the platform. Using this property, the 3rTPS metamorphic parallel mechanisms
demonstrated reconfiguration and mobility change by altering the phases of the
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rTPS limbs, which was illustrated in constraint screws. Some special topologies
were investigated, in which one topology showed mobility less than normal case
due to structure singularity and another one could change the platform motion
from planar to spatial. Following this, the actuation constraint screws were cal-
culated to select possible actuations for the various topologies of the parallel
mechanisms. The results showed that the rotations about the bracket axis and the
radial axis, the translation of the prismatic joint can be the actuation inputs while
one should be chosen from the (rT)1PS limbs.
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Chapter 25
Topological Structure Synthesis
of 3-Translation Parallel Mechanisms

Huiping Shen, Tongzhu Yu, Jiaming Deng, Zheng Wang
and Tingli Yang

Abstract Using topological structure synthesis method based on the Position and
Orientation Characteristic (POC) set, 26 kinds of 3-translation parallel mechanisms
are synthesized, and 19 of which are presented for the first time. This method may
be applicable for both topological structure synthesis of non-over-constrained and
generally over-constrained mechanisms.The geometric and physical meaning of
this method is clear and easy to understand for designers.

Keywords Parallel mechanisms � 3-translation � POC set � Topological structure

25.1 Introduction

In recent years, mechanism researchers were focusing on topological structure
synthesis of parallel mechanisms which is an open challenging problem. There are
three kinds of main existing methods, i.e. (1) the screw theory based method [1–3];
(2) the displacement subgroup based method [4, 5]; (3) the POC set based method
[6–9], includes following characteristics: (1) the synthesized mechanisms are non-
instantaneous one; and (2) simple mathematical tools have been used. Its geometric
meaning and physical meaning are easy for designers to understand and use.

3-translation robots has a broad application in modern manufacturing such as
rapidly assembling, gelatinizing, assembling, conveying, detecting, packaging and
many other fields, of which Delta robot is the most successful application. From
the point of view of controlling, decoupling is essential for the input and output.
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So it is of vital academic significance and practical value to design 3-translation
parallel mechanisms with decoupled input and output.

In this paper, 26 kinds of 3-translation parallel mechanisms are synthesized by
the POC set based method, including seven kinds of previously designed mech-
anisms and nineteen kinds of new mechanisms. The POC set method is based on
the units of Single-Opened-Chain (SOC) method [6, 8], which will become more
systemic and integral.

25.2 General Process for the Topological Structure Synthesis
of Parallel Mechanism

Theory and method for the structure synthesis based on POC set are described in
the document [6]. Here, there only gives the main steps as follows.
Step 1. Determine the POC set of parallel mechanism

Determine the expected POC set of parallel mechanisms.
Step 2. Synthesis of the branch structures

POC equation for serial mechanisms:

Ms ¼
[m
i¼1

MJi ð25:1Þ

where, Ms — POC set of the end link relative to the frame link; MJi — POC set of
the ith kinematic pair.

Synthesize the branch structure according to Eq. (25.1).
Step 3. Determine the scheme of branch combination

Here lists all possible combination types of branch which satisfies POC
equation.
Step 4. Determine the geometric condition of branch assembled between the two
platforms

POC equation for parallel mechanisms:

MPa ¼
\vþ1

j¼1
Mbj ð25:2Þ

where, MPa — POC set of parallel mechanisms; Mbj — POC set of the jth branch.
This determines the geometric condition of branches assembled between the

two platforms.
Step 5. Examine DOF

According to Eqs. (25.3) and (25.4), examine DOF of mechanism:

F ¼
Xm

i¼1

fi �
Xm

j¼1

nLj
ð25:3Þ
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nLj
¼ dim �

\ j

i¼1
Mbi

� �[
Mbðjþ1Þ

n o
ð25:4Þ

Where, F — DOF of parallel mechanisms; fi — DOF of the ith kinematic pair;
m — Number of kinematic pair; v — Number of independent loop; Mbi — POC set
of the ith branch; Mbðjþ1Þ — POC set of the (j ? 1)th branch. nLj

— Number of
independent finite elements of the jth loop;
Step 6. Determine inactive pairs of parallel mechanisms

Making sure if there is an inactive pair according to the inactive pair of decision
rules. If exists, it should be deleted. Then examines the POC set of the movable
platform of parallel mechanisms again.
Step 7. Chose input pairs of parallel mechanisms

Chose input pairs of parallel mechanisms based on input pair of decision rules.
Step 8. Determine parallel mechanisms topological structure and draw a sketch

According to the steps above, determines parallel mechanisms topological
structure, including: (a) topological structure and combination types of the branch;
(b) topological structure of the movable platform and the base; (c) the input pairs.
Step 9. Characteristics analysis of parallel mechanisms

(1) BKC type and coupling-degree: Determines BKC type and the coupled-degree
value of mechanism according to the judgment method of BKC.

(2) Decoupling: Determines the input and output decoupling of mechanisms based
on decoupling principle of topological structure.

(3) Topological structure characteristic: Determines the characteristic parameters
of topological structure, which provides the basis for the optimization of
structure.

25.3 Topological Structure Synthesis of 3-Translation
Parallel Mechanisms

Step 1. Determine the expected POC equation for parallel mechanisms: MPa

The expected POC equation for 3-translation parallel mechanisms can be
expressed as

MPa ¼ t3

r0

� �
ð25:5Þ

where, t3 — 3 independent finite translation characteristics; r0 — 0 independent
finite rotation characteristics.
Step 2. Synthesis of branch structure

(1) POC set of branch According to the POC method Mbi � MPa; POC set which
satisfies the above POC equation for parallel mechanisms can be selected as
below:
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Mbi ¼
t3

r0

� �
;

t3

r1

� �
;

t3

r2

� �
;

t3

r3

� �
;

(2) Structure type of branch
Satisfy POC sets of four kinds of branches above, the structure type of the
corresponding with simple branch (SOC) and complex branch (HSOC) as
shown in Table 25.1.

Step 3. The scheme of branch combination
We can synthesize the scheme of combination as shown in Table 25.2

according to the simple branch (SOC) and complex branch (HSOC) in Table 25.1.
For example, selecting the first scheme, A1, in the Table 25.2, as the

three branches have identical topological structure, i.e. 3� SOC �Ri1==Ri2==f
Ri3 � Pi�g i ¼ 1; 2; 3ð Þ.
Step 4. Determine the geometric condition of branch assembled between two
platforms

According to the expected POC equation for parallel mechanisms, its DOF is 3.

(1) Determine the POC equation for each branch
According to the POC equation for serial mechanisms [6], POC equations for
the three branches are independent:

Mbi ¼
t3

r1

" #
ði ¼ 1; 2; 3Þ

(2) Establish the POC equation for parallel mechanisms
Substitute POC equation for each branch’s end link into the POC equation for
parallel mechanism:

MPa ¼
t3

r0

" #
(

t3

r1

" #
\

t3

r1

" #
\

t3

r1

" #

Table 25.1 Structures type with simple branch (SOC) and complex branch (HSOC)

Mbi SOC HSOC

t3

r0

� �
1 SOC �P� P� P�f g 9 HSOC �P==R==}Pð4RÞ==R�

� �
t3

r1

� �
2 SOC �R==R==R� P�f g 10 HSOC �P==}Pð4UÞ==Rð4UÞ==R�

� �
3 SOC �R==R� P� P�f g
4 SOC �R� P� P� P�f g 11 HSOC �P�}Pð4SÞ � }Pð4SÞ � Rð4SÞ � Rð4SÞ==R�

� �
t3

r2

� �
5 SOC �R==R==R� R==R�f g 12 HSOC �}ðPð5RÞ � Pð5RÞÞ?R?R==R�

� �
6 SOC �R==R� P� R==R�f g
7 SOC �R� P� P� R==R�f g 13 HSOC �}ðPð6RÞ � Pð6RÞÞ?Rð6RÞ?R==R�

� �
t3

r3

� �
8 SOC �S� P� S�f g
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The symbol ‘‘(’’ in the equation means that the POC set of the 3-translation
parallel mechanism is the expected goal of the intersection operation of the POC
set of branches.
(3) Determine the geometric condition of branches assembled on the movable

platform
According to the inverse operation of the intersection operation of the POC
set, in order to achieve three translation outputs of the movable platform, the
geometric condition of branch assembled on the movable platform is only that
pair axes of P14; P24 and P34 are allocated arbitrarily in space, then the
equation above becomes

Table 25.2 All possible branch combination forming parallel mechanisms

A type: all branches of structure are identical B type: partial branches of structure
are identical

A1 3� SOC �R==R==R� P�gf B1 2� SOC �R==R==R� P�gf
1� SOC �R==R==R� R==R�gf

A2 3� SOC �R==R==R� R==R�gf B2 2� SOC �R==R==R� P�gf
1� SOC �R==R� P� R==R�gf

A3 3� SOC �R==R� P� R==R�gf B3 2� SOC �R==R==R� R==R�gf
1� SOC �R==R� P� R==R�gf

A4 3� HSOC1 �P==R�}Pð4RÞ==R�
��

B4 2� SOC �R==R� P� R==R�gf
1� SOC �R==R==R� P�gf

A5 3� HSOC2 �P==}Pð4UÞ==}Pð4UÞ==R�
��

B5 2� SOC �R==R==R� P�gf
1� SOC �S� P� S�gf

A6 3� HSOC3 �P==}Pð4SÞ==}Pð4SÞ==}Rð4SÞ�
==}Rð4SÞ==R�g:

B6 2� SOC �R==R� P� R==R�gf

1� SOC �R==R==R� R==R�gf
C type: every branches of structure are different B7 2� SOC �R==R==R� P�gf

1� HSOC �P==R�}Pð4RÞ==R�
��

C1 1� SOC �R==R==R� P�gf B8 2� SOC �R==R==R� R==R�gf
1� HSOC �}ðPð5RÞ � Pð5RÞÞ?R?R==R�

��
1� HSOC �P==R�}Pð4RÞ==R�

��
C2 1� SOC �R==R==R� R==R�gf B9 2� SOC �R==R� P� R==R�gf

1� HSOC �P==R�}Pð4RÞ==R�
��

1� HSOC �}ðPð5RÞ � Pð5RÞÞ?R?R==R�
��

C3 1� SOC �R==R� P� R==R�gf B10 2� SOC �R==R==R� P�gf
1� HSOC �}ðPð5RÞ � Pð5RÞÞ?R?R==R�

��
1� HSOC �P==}Pð4UÞ==}Pð4UÞ==R�

��
C4 1� SOC �S� P� S�gf B11 2� SOC �R==R==R� R==R�gf

1� HSOC �}ðPð5RÞ � Pð5RÞÞ?R?R==R�
��

1� HSOC �P==}Pð4UÞ==}Pð4UÞ==R�
��

C5 1� SOC �R==R==R� P�gf B12 2� SOC �R==R� P� R==R�gf
1� HSOC2 �P==}Pð4UÞ==}Pð4UÞ==R�

��
1� HSOC �}ðPð6RÞ � Pð6RÞÞ?Rð6RÞ?R==R�

��
C6 1� SOC �R==R==R� R==R�gf

1� HSOC �}ðPð6RÞ � Pð6RÞÞ?Rð6RÞ?R==R�
��

C7 1� SOC �R==R� P� R==R�gf
1� HSOC �}ðPð6RÞ � Pð6RÞÞ?Rð6RÞ?R==R�

��
C8 1� SOC �S� P� S�gf

1� HSOC �}ðPð6RÞ � Pð6RÞÞ?Rð6RÞ?R==R�
��
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MPa ¼
t3

r0

" #
(

t3 \ t3 \ t3

r1 R11ð Þ \ r1 R21ð Þ \ r1 R31ð Þ

" #

(4) Determine the geometric condition of branches assembled on the base
According to the inverse operation of the intersection operation of the POC
set, in order for the intersection operation of the POC set between the first
branch and the second branch can reduce a rotation element. So the geometric
condition of two branches assembled on the base should be that pair axes of R
on the base are not parallel, (that is R11==��R21), then the equation above
becomes

MPa ¼
t3

r0

" #
(

t3

r0 \ r1 ==R31ð Þ

" #

According to the inverse operation of the intersection operation of the POC set,
assembling with the third branch to reduce a rotation element of the equation
above. So the geometric condition of the third branch assembled on the base is that
the rotation direction of r1 ==R31ð Þ is not parallel to the plane composed by the first
two rotation pairs of R11 and R21; then the equation above becomes

MPa ¼
t3

r0

" #
(

t3

r0

" #

Therefore, the geometric condition of branches assembled on the base can be
summarized as: axes of R11; R21 and R31 are allocated arbitrarily in space.
(5) Draw a sketch of parallel mechanism

The geometric condition of three branches assembled on the two platforms can
be described as follows:

(a) Topological structure of the movable platform: axes of P14; P24 and P34

can be allocated arbitrarily in space.
(b) Topological structure of the base: axes of R11; R21 and R31 can be allo-

cated arbitrarily in space.

In conclusion, a sketch of parallel mechanism is drawn as shown in Fig. 25.1a.
But the intersection operation of the POC set also depends on DOF of mech-

anism, and it need to examine whether the DOF of mechanism satisfy the
requirement. i.e. DOF ¼ 3:
Step 5. Examine DOF of mechanism

According to Eq. (25.3), examining DOF of the mechanism as shown in
Fig. 25.1a.

(1) Determine the number nL1
of independent finite elements of the first loop

(a) According to Eq. (25.4) and considering R11==��R21; nL1
of the first loop

composed of the first branch and the second branch is
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nL1
¼ dim � Mb1 [Mb2ð Þ ¼ dim �

t3

r1 ==R11ð Þ

" #
[

t3

r1 ==R21ð Þ

" # !

¼ dim :
t3

r2 ==} R11;R21ð Þð Þ

" # !
¼ 5

(b) According to Eq. (25.3), DOF of sub-parallel mechanism composed of the
first branch and the second branch is

Fð1�2Þ ¼
Xm

i¼1

fi �
Xm

j¼1

nLj
¼ 8� 5 ¼ 3

(c) According to Eq. (25.2) and Fð1�2Þ ¼ 3; the POC set of the movable
platform of sub-parallel mechanisms composed of the first branch and the
second branch is

MPað1�2Þ ¼ Mb1 \Mb2 ¼
t3

r1 ==R11ð Þ

" #\ t3

r1 ==R21ð Þ

" #
¼

t3

r0

" #

(2) Determine the number nL2
of independent finite elements of the second loop

According to Eq. (25.4) and considering that pair axes of R11;R21 and R31 are
allocated arbitrarily in space, nL2

is

nL2
¼ dim � MPað1�2Þ [Mb3

� 	
¼ dim �

t3

r0

" #
[

t3

r1ðjjR31Þ

" # !

¼ dim �
t3

r1ð==R31Þ

" # !
¼ 4

R13

R12

R23

R22

R21
R31

R32

R33

P24
P34

P14

R11

(a) (b)

Fig. 25.1 3-translation parallel mechanisms. a 3� SOCf�R==R==R� P�g; b 3� SOC
�R==R==C�g
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(3) Determine DOF of parallel mechanisms According to Eq. (25.3), DOF of the
parallel mechanism is

F ¼
Xm

i¼1

fi �
Xm

j¼1

nLj
¼ 12� ð5þ 4Þ ¼ 3

Therefore, DOF ¼ 3 satisfies design requirements.
The intersection operation of the POC set is restrained by inactive pairs of

mechanism. Therefore, there is need to examine whether or not the mechanism has
inactive pairs. If exists, we need to delete them.
Step 6. Determine inactive pairs of the mechanism

(1) Determine inactive pairs of mechanism According to the topological structure
and DOF of the mechanism, examine whether or not the mechanism has
inactive pairs based on decision rules of inactive pair.

(a) Supposing that the R31 pair is fixed and get a new mechanism, topological
structure of the third branch becomes SOC �R32==R33 � P34�f g:
According to Eq. (25.1), the POC set of the branch is

Mb3 ¼
t1 ?R33ð Þ
r1 ==R33ð Þ

" #
[

t1 ==P34ð Þ
r0

" #
¼

t2 ==} R33;P34ð Þð Þ
r1 ==R33ð Þ

" #

Since the DOF of the third branch is three, Mb3 has three independent
elements.
(b) Determining the number nL1

of independent finite elements of the first
loop. Since the first branch and second branch are not changed, nL1

is
equal to the result of Step 5, i.e. nL1

¼ 5:
(c) Determining the nL2

value of independent finite elements of the second
loop. According to Step 5, we only need to replace the POC set of the third
branch in Step 5. That is

nL2
¼ dim � MPað1�2Þ [Mb3

� 	
¼ dim �

t3

r0

" #
[

t2 ==} R33;P34ð Þð Þ
r1 ==R33ð Þ

" # !

¼ dim �
t3

r1

" # !
¼ 4

(d) Determining the DOF of the new mechanism According to Eq. (25.3),
DOF of the new mechanism is

F� ¼
Xm

i¼1

fi �
Xm

j¼1

nLj
¼ 11� ð5þ 4Þ ¼ 2

Compared to the previous mechanism, since DOF of the new mechanism has
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reduced one, therefore, R31 pair is not an inactive pair. Similarly, we can prove all
pairs are not inactive pairs in this way.

(2) Examine the POC equation for the parallel mechanism Since the mechanism
as shown in Fig. 25.1a does not contain inactive pairs, we need not examine
the POC equation for the parallel mechanism.

Step 7. Select the input pair of parallel mechanisms
Select input pair of parallel mechanisms based on decision rules. Determine

whether R11; R21 and R31 pairs of the mechanism as shown in Fig. 277.1a are input
pairs simultaneously.

(1) Supposing that R11; R21 and R31 pairs are fixed and get a new mechanism,
topological structure of its branches become SOC �Ri2==Ri3 � Pi4�f g
i ¼ 1; 2; 3ð Þ: According to Eq. (25.1), the POC set of branch end link is

Mbi ¼
t1 ?Ri3ð Þ [ t1 ==Ri4ð Þ

r1 == Ri3ð Þ [ r0
� 	

" #
¼

t2

r1 ==Ri3ð Þ

" #

Since the DOF of the branch is three, Mbi has three independent elements.
(2) Determining the number nL1

of independent finite elements of the first loop.

(a) According to Eq. (25.4), and considering R12==R22; nL1
of the first loop

composed of the first branch and the second branch is

nL1
¼ dim � Mb1 [Mb2ð Þ ¼ dim �

t2

r1 ==R12ð Þ

" #
[

t2

r1 ==R22ð Þ

" # !

¼ dim �
t3

r2 ==} R12==R22ð Þð Þ

" # !
¼ dim �

t3

r2

" # !
¼ 5

(b) According to Eq. (25.3), DOF of the sub-parallel mechanism composed of
the first branch and the second branch is

Fð1�2Þ ¼
Xm

i¼1

fi �
Xm

j¼1

nLj
¼ 6� 5 ¼ 1

(c) According to Eq. (25.2) and Fð1�2Þ ¼ 1; the POC set of the movable
platform of sub-parallel mechanism composed of the first branch and the
second branch is

MPað1�2Þ ¼ Mb1 \Mb2 ¼
t2

r1 ==R12ð Þ

" #\ t2

r1 ==R22ð Þ

" #
¼

t1

r0

" #

Since the DOF of the branch is 1, MPað1�2Þ only has one independent element.
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(3) Determining the number nL2
in independent finite elements of the second loop.

According to Eq. (25.5) and considering that pair axes of R11; R21 and R31 are
allocated arbitrarily in space, nL2

is

nL2
¼ dim � MPað1�2Þ [Mb3

� 	
¼ dim �

t1

r0

" #
[

t2

r1 ==R32ð Þ

" # !
¼ dim �

t3

r1

" # !

¼ 4

(4) Determining DOF of the new parallel mechanism According to Eq. (25.3),
DOF of the new parallel mechanism is

F ¼
Xm

i¼1

fi �
Xm

j¼1

nLj
¼ 9� ð5þ 4Þ ¼ 0

Since DOF of the new parallel mechanism is 0, R11; R21 and R31 pairs on
identical platform of mechanism as shown in Fig. 25.1a can be input pairs
simultaneously.
Step 8. Determine parallel mechanisms topological structure

The parallel mechanism topological structure as shown in Fig. 25.1a can be
described as follows:

(1) Topological structures of three branches are identical:
SOC �Ri1==Ri2==Ri3 � Pi4�f g i ¼ 1; 2; 3ð Þ:

(2) Topological structure of the movable platform: pair axes of P14; P24 and P34

are allocated arbitrarily in space.
(3) Topological structure of the base: pair axes of R11; R21 and R31 are allocated

arbitrarily in space. It should be noted that P14; P24 and P34 pairs on the
movable platform and R11; R21 and R31 pairs on the base are allocated arbi-
trarily in space. The direction and position of three axes can be determined in
accordance with design requirement (e.g. symmetry). It is clear that three axes
should be not parallel to identical plane.

(4) R11; R21 and R31 pairs on the base are input pairs.

Step 9. Characteristic analysis of parallel mechanisms

(1) BKC type and coupling degree

(a) Determining SOC1: Since the mechanism has three identical branches, we
choose any loop as the first Single-Opened-Chain. i.e. SOC1 is:

SOC �R11==R12==R13 � P14 � P24 � R23==R22==R21�f g

(b) Determining the constraint degree D1 of SOC1 : According to Sect. 3.5, the
number nL1

of independent finite elements of the first loop is nL1
¼ 5: The

constraint degree D1 of SOC1 is:
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D1 ¼
Xm1

i¼1
fi � I1 � nL1

¼ 8� 2� 5 ¼ þ1

(c) Determining SOC2 : obviously, the second Single-Opened-Chain, i.e.
SOC2 is:

SOC �R31==R32==R33 � P34�f g

(d) Determining the constraint degree D2 of SOC2 : According to Sect. 3.5, the
number nL2

of independent finite elements of the second loop is nL2
¼ 5:

The constraint degree D2 of SOC2 is:

D2 ¼
Xm2

i¼2
fi � I2 � nL2

¼ 4� 1� 4 ¼ �1

Table 25.3 All branches of the parallel mechanisms are identical

R13

R12

R23

R22

R21
R31

R32

R33

P24
P34

P14

R11

A1

R13

R15

R12

R11

R23

R22

R21 R31

R32

R33

R34

R35

R25

R24
R14

A2
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Table 25.4 Two branches of the parallel mechanisms are identical

(continued)
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(e) Determining BKC type and coupling degree k of the mechanism:
According to the judgment method of BKC, this mechanism only has one
BKC type and its coupling degree is:

k ¼ 1
2

Xv

j¼1

Dj



 

 ¼ 1
2
j þ 1j þ j � 1jð Þ ¼ 1

(2) DOF Type
(3) The input and output decoupling Depending on decoupling principle of

topological structure and the mechanism has complete degree of freedom, so it
does not have an input and output decoupling.

(4) Topological structure characteristic of parallel mechanisms The characteristic
parameters of parallel mechanisms topological structure, which show the
whole performance of mechanism, could be used to compare performance of
mechanism of different topological structures and provide the basis for the
optimization of structure types.

For the mechanisms as shown in Fig. 25.1a, as prismatic pair Pi4 and rotation
pair Ri3 can be replace by cylinder pair Ci3 i ¼ 1� 3ð Þ, the mechanism topological
structure becomes 3� SOC �Ri1==Pi2==Ci3�f g i ¼ 1� 3ð Þ. In the same way, we
synthesize a parallel mechanism reported in document [8] as shown in Fig. 25.1b.

Table 25.4 (continued)
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25.4 Classification of Structure Type of Parallel Mechanisms

According to the structure synthesis method based on POC set, we get 26 three-
translation parallel mechanisms as shown in Tables 25.3, 25.4 and 25.5.

(1) Check if parallel mechanism has identical branches: � All branches of parallel
mechanisms are identical: A1–A6 in Table 25.3. ` Two branches of the
parallel mechanisms are identical: B1–B12 in Table 25.4. ´ All branches of
parallel mechanisms are different: C1–C8 in Table 25.5.

(2) Parallel mechanism has complex branch: C1–C8 in Table 25.5.

Table 25.5 All branches of the parallel mechanisms are different
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(3) Parallel mechanism has partial decoupling: C1–C8 in Table 25.5. Generally,
these mechanisms always have complex branches.

(4) Coupling degree analysis: For example, parallel mechanisms with coupling
degree j ¼ 2; i.e. A2 and A3 in Table 25.3; j ¼ 1; i.e. B1 and B5 in
Table 25.4; j ¼ 0; i.e. C1 in Table 25.5 and so on. Obviously, the less the
coupling degree is, the simpler kinematics analysis will be.

25.5 Conclusions

Using the method based on POC set, 26 kinds of 3-translation parallel mechanisms
are synthesized in this article, and four kinds of parallel mechanism, i.e. A1, A2,
A3, A4 in Table 25.3, have been reported in the document [8]; the other three
kinds of parallel mechanisms, i.e. B12 in Table 25.4 and C1, C5 in Table 25.5
have also been reported in the document [10]; the remaining nineteen kinds of
parallel mechanisms are presented firstly in this paper. Further more, parallel
mechanisms shown in Tables 25.3, 25.4 and 25.5 are classified by branch types,
which can satisfy the engineering requirement.

This method is not only applicable for the topological structure synthesis of
non-over-constrained and generally over-constrained mechanisms, but also easy
for mathematical operation. The geometrical and physical meaning of this method
is clear, which is easy to understand and apply for designers.
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Chapter 26
Development of Reconfigurable Spherical
Motion Generator

Shiu Hang Ip, Chao Chen, Richard P. H. Chen and Denny Oetomo

Abstract In this paper, a novel Reconfigurable Spherical Motion Generator is
proposed. The aim of the proposed redundant parallel manipulator is to provide
unlimited spherical motion. The conceptual design is first presented and followed by
three different prototypes. The motivations of each prototype are explained and the
structures of each prototype are described in detail. During the development of RSMG,
different problems have been addressed and solved by the following up prototypes.

Keywords Parallel manipulator � Redundant actuator � Reconfigurability

26.1 Introduction

Researchers have attempted to generate spherical motion for different applications,
such as flight simulators and robotic eyes. There are motor-type spherical motion
generators by electromagnetic drives or piezoelectric drives. Electromagnetic
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drives provide spherical motion by changing the electromagnetic polarity of the
stator for a desired spherical motion [1] and the real time control is further
improved by analyzing the required torque of the spherical motor in [2]. Piezo-
electric drives are similar to electromagnetic drives, they change the piezoelec-
tricity polarity instead of electromagnetic polarity. The concept of piezoelectric
motor was introduced in [3]. A three degree-of-freedom piezoelectric motor was
introduced in [4]. Spherical robots have been proposed recently. There are six
types of spherical robots classified based on the corresponding actuation [5] such
as actuation by changing the internal mass distribution of the robot in [6, 7]. In [8],
these six types of spherical robots are further summarised down to two kinds based
on their motion principles. Atlas spherical motion platform is a design which
allows unlimited angular displacement rotating about any axis passing thought the
geometric centre of the sphere [9]. Three-dof parallel manipulators are proposed
such as the Agile Eye [10], spherical star triangle manipulator [11], spherical
wrists [12, 13], and shoulder joint in humanoid ‘‘Kojiro‘‘ [14]. However, the
existence of internal and boundary singularities [15, 16], and joint limits, prevents
these devices from achieving an unlimited spherical workspace.

The workspace-boundary singularities and workspace-interior singularities of
parallel manipulators are identified in [17]. Reconfigurablility may provide the
manipulators the capability to avoid singularities. Reconfigurable parallel
manipulators have been studied. Cheope [18] was proposed as a reconfigurable
redundant manipulator. In [19], a reconfigurable planar parallel manipulator was
introduced. The reconfigurability under this investigation is to remove any singular
configuration of a type of manipulator by changing its structure. In [20], kinem-
atotropic mechanisms were studied. Such manipulators can reconfigure into dif-
ferent kinds of manipulators which allow them to behave differently.

Reconfigurable spherical motion generator (RSMG) is a spherical motion
generator that aims to provide unlimited spherical motion. By employing parallel
robotic arms, it is able to generate rigid and robust motion. The workspace limit of
these parallel robotic arms are removed by its reconfigurability.

In this paper, the conceptual design of RSMG is presented in Sect. 26.2. The
development of RSMG is presented in Sect. 26.3. The structure of three different
prototypes are described in detail which includes the methodology of conception,
discovery of problems and development based on the previous prototypes

26.2 Conceptual Design

The conceptual design of the RSMG is shown in Figs. 26.1 and 26.2. The proposed
manipulator consists of four motor-actuated robotic arms and one spherical rotor.
Each robotic arm is a two-link serial manipulator, with the motion of the upper
link actuated by the motor, while the lower is passive. The encoders are mounted
to measure the relative angular displacements of upper and lower links. The end
effector of each two-link arm is fitted with a gripper that attaches to the rotor. Due
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Servo Motor

Support Frame

Ball Transfer Unit

Fig. 26.1 CAD model of the
conceptual design of RSMG

Servo Motor

Upper Link

Lower Link

Gripper
Slip Ring

Sphere

Fig. 26.2 The conceptual
design of RSMG with one
arm
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to this feature, the actuated arms are only required to overcome the rotor inertia to
generate the motion. Four arms were utilised to produce the 3-DOF spherical
motion. These four arms are designed in special arrangements, the servo motors
are located at the vertices of a virtual tetrahedron which is form by the rotational
axes of the servo motors and all the axes intersect at a single point. Furthermore,
each arm yields a spherical motion subgroup [21]. The intersection of the four
spherical motion subgroup is still the same motion subgroup. The redundant
actuation is utilised to overcome singular configurations of the overall resulting
parallel mechanism.

In the lower links, there are three ‘‘fingers’’ where one gripper is attached on the
end of each ‘‘gripper‘‘. In any instant, there is only one ‘‘finger’’ grabbing the rotor
for each robotic arm, in other words, there are four contact points from the robotic
arms in contact with the rotor. When the finger actuates down towards the sphere,
the gripper grip onto the rotor such that the whole system is set. To achieve the
unlimited workspace of the RSMG, it is necessary to establish an intelligent
switching algorithm to appropriately reconfigure the mechanism when approach-
ing singularity. Singularity detection is done by evaluating the explicit expression
for the singular configurations and determining the moment when the RSMG has
entered a region close to singularities. When this occurs, the mechanism is
reconfigured.

Wires are connected by slip rings such that the wires on the linkages never
twist. The servo motors are mounted on the support frame so that they are located
at the vertices of the virtual tetrahedron. There are three ball transfer units
mounted on the support frame in order to constrain the rotor in a three degree of
freedom orientation.

26.3 Prototyping of RSMG

In this section, three prototypes are described.

26.3.1 First Prototype

The purpose of the first prototype was to test the concept of reconfigurability of
RSMG and examined the engagement of the grippers and the rotor. The first
prototype was an on-armed prototype as shown in Fig. 26.3. The rotor was a steel
sphere and the grippers were electromagnets. The attachment between the rotor
and the grippers was done by activating the electromagnets and they generate
magnetic flux to attach the rotor to the electromagnets. It was a pull-type RSMG
because the grippers were pulling the rotor to the robotic arms. The slip rings
allowed the wires to be attached out of the shaft and prevent twisting. The virtual
tetrahedron was pointed such that a vertex points upwards, as shown in Fig. 26.3.

288 S. H. Ip et al.



Due to this setting, there was one servo motor seating above the rotor and other
three laying on the basement of the whole supporting frame.

It was found that the concept was working as the electromagnets were able to
transfer motion to the rotor. However, there were issues necessary to be improved
as follows:

(1) The robotic arms were heavy due to the linkage and the slip rings.
(2) Sliding occurs due to insufficient magnetic force.
(3) The positioning of the ball transfer units were not able to fully constraint the

position of the rotor. When the robotic arm was actuated with an activated
electromagnet, the spherical motion provided form the arm would drive the
rotor to spin away from the desired constrained rotor position. It also meant
that when four arms were placed at the corresponding positions and actuate,
this redundancy would damage the robotic arms as the supporting frame itself
was not able to absorb the torques and forces from the robotic arms.

(4) The gripper was not able to attach onto the robot continuously.
(5) The direct drive could not handle the heavy robotic arm in certain configu-

rations. It was necessary to gear up the actuator torques for a robust and
accurate motion.

Fig. 26.3 The first prototype of RSMG
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26.3.2 Second Prototype

In order to solve the above issues in the first prototype, a second prototype was
proposed. The main tasks of the second prototype were to validate this push-type
concept and to test the control schemes. The second prototype was a full-
armed-prototype which meant it obtained four robotic arms as shown in Fig. 26.4.
The robotic arms, the linkages were reduced in weight but still strong enough to
transfer the torque during operation. The rotor was a plastic sphere and the grippers
are solenoids. The attachment between the rotor and the grippers was done by
activating the push-type solenoids and they punched out the solenoid pins to attach
the rotor. Hence, it was called push-type RSMG. The slip rings employed in the
second prototype were much smaller and they allowed the wires to be hidden inside
the shafts. Gears were installed to gear up the torque such that the different config-
urations could be held robustly. The positioning of the virtual tetrahedron was
rearranged such that one of the vertex was pointing downwards as shown in
Fig. 26.4. Due to this setting, there was one servo motor locating below the rotor and
the other three hanging above the rotor, supported by the supporting frame. Since the
virtual tetrahedron was now pointing downwards, the three ball transfer units were
able to be further separated away from each other for a better support. One major
improvement in this prototype was its ability to be tuned for better performance.

Fig. 26.4 The second prototype of RSMG
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The positioning of the rotor was supported by three ball transfer unit which
were further separated from each other. However, this prototype was still sensitive
to tolerance issues. The performance of the RSMG was highly dependent on the
reliability of the point contact forces between the robotic arms and the sphere. If
the contact force was not optimal, the sphere would not track accurately. The
magnetic force applied by a solenoid was difficult to predict if the stroke length of
the solenoid was not within a reasonable range. This was mainly due to fabrication
tolerances.

26.3.3 Third Prototype

The third prototype was built to eliminate the tolerance issues in the second
prototype and achieve the unlimited spherical motion. The third prototype was a
full-armed-prototype which meant it obtained four robotic arms and it is a push-
type RSMG as shown in Fig. 26.5. The actuation methodology was the same as the
second prototype. However, in order to eliminate the fabrication tolerances which
appeared in the second prototype, in the design of the third prototype, it has been
considered carefully. The improved fine tuning mechanisms on the third prototype
permit accurate position adjustments after assembly. For example, the robotic arms

Fig. 26.5 The third prototype of RSMG
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of the third prototype were placed further away from the rotor. Couplings between
solenoids and grippers are used to maintain the strokes of solenoids within rea-
sonable ranges. The third prototype of RSMG is currently under test with different
control schemes.

26.4 Future Work

The next step is to achieve a complete reconfigurable control which has two parts,
a lower level synchronized control scheme and a upper level reconfiguration
scheme. RSMG is a redundant parallel manipulator, it is necessary to synchronize
the motion of the actuators to reduce the internal conflicting forces and torque.
About the reconfiguration scheme, it is necessary to first study the behavior of
RSMG during reconfiguration. Reconfiguration of RSMG introduces errors which
can be classified in two types, individual error and co-operation error. Individual
error occurs when the current solenoid is inactivated and the next solenoid is going
to be activated, there exists an instant that the contact point is not fixed on the rotor
such that the gripper slides which introduces error. Co-operation error may occur
when two robotic arms are inactivated their own solenoids such that there are only
two contact points on the rotor. Hence, a fast reconfiguration scheme must be
fulfilled.

26.5 Conclusion

The development of a reconfigurable spherical motion generator (RSMG) was
discussed. The RSMG utilizes four robotic arms to actuate a spherical rotor. The
arms can be reconfigured by alternating the engaging solenoids, to avoid the
boundary of the workspace and achieve unlimited spherical motion. To achieve
fast motion, light robotic arms were designed. It was found that the push-type
RSMG worked better than the pull-type RSMG. Accurate assembly was achieved
by employing fine tuning mechanisms.
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Chapter 27
Reconfiguration Analysis of a Fully
Reconfigurable Parallel Robot

Allan Daniel Finistauri and Fengfeng Xi

Abstract This paper presents a new method for the topological reconfiguration of
a parallel robot. Using the existing structure of a full six degree-of-freedom
parallel robot, limited mobility modes can be realized easily without the need to
remove branch modules from the robot structure. Instead, branch modules are
reconfigured from an unconstrained-active to a constrained-passive state by means
of hybrid active/passive motors and reconfigurable universal-to-revolute joints. In
doing so, the robot is capable of assuming a configuration that uses only the
degrees-of-freedom required to complete a given task. However, due to the system
setup, there are multiple candidate configurations available, each with its own
workspace and reach capabilities, thus guidance is needed in selecting the
appropriate configuration. An isomorphic and workspace analysis are performed to
identify the capabilities of each configuration. To accomplish this, a branch-based
mobility analysis, and a parametric kinematic constraint equation are formulated.
It is shown that limited mobility modes with different isomorphic configurations
can be synthesized automatically with this method.
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27.1 Introduction

The need to expand the role of traditional mechanisms has within the last few
decades led to the development of ones that are modular and reconfigurable.
Modularity keeps cost low by reusing common components, while reconfiguration
expands the capabilities of what is achievable from a single-purpose mechanism.
The combination of these two design concepts has led to the development of
modular, reconfigurable robots (MRRs), particularly serial-style robots, however,
recently modular and reconfigurable parallel robots have been developed.

Parallel robots are attractive candidates for reconfiguration due to the modular
nature of their branch systems where reconfiguration can be classified as being
geometric, topological or a combination of the two (classified as group reconfig-
uration) [1]. Geometric reconfiguration is the process of adjusting the size or
orientation of branch components without rearranging their sequence. Two recent
examples include the reconfigurable tricept machine tool in which standard
components are used to create different sized tricepts [2], and the parallel robot
with reconfigurable Hooke joints where one axis of the Hooke joint is reconfig-
urable [3]. Redundancy within the robot structure allows for geometric reconfig-
uration as seen with the variable geometry planar parallel robot which is capable of
singularity avoidance [4]. The tricept machine tools with adjustable platforms
allow for optimal configurations for given tasks [5, 6]. Topological reconfiguration
is more complex and is associated with the re-sequencing of joints within the
branch structure, usually to achieve a different motion profile for the platform. For
instance, the reconfigurable parallel robot with multiple actuation modules and
links lead to a multitude of parallel robot configurations [7]. Xi et al. [8] presented
a reconfigurable parallel-robot with varying platform degrees-of-freedom and
detachable serial arms. Redundancy can also be used as seen in the topological
reconfigurable four-branch parallel robot [9]. Group morphing as mentioned is a
combination of geometric and topological reconfiguration and is seen in advanced
systems such as variable geometry truss mechanisms (VGTM). One such example
is the modular wing truss capable of multiple level of reconfiguration to achieve
unique wing shapes [10].

This paper presents a new type of reconfigurable parallel robot capable of
topological reconfiguration. By using the existing structure of a six degree-of-
freedom (DOF) parallel robot, limited mobility modes (configurations with fewer
than six degrees-of-freedom) can be synthesized easily without the need to remove
branch modules from the robot structure. Instead, branch modules are reconfigured
from an unconstrained-active to a constrained-passive state by means of hybrid
active/passive motors and reconfigurable universal-to-revolute joints. In doing so,
the robot is capable of assuming a configuration that uses only the degrees-of-
freedom required to complete a given task. However, due to the system setup,
reconfiguration results in multiple candidate configurations when reconfiguring
from one mobility mode to another. Also, each configuration has its own associ-
ated workspace and reach capabilities, thus guidance is needed in selecting the
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appropriate configuration. An isomorphic and workspace analysis are performed to
identify the capabilities of each configuration. To accomplish this task, a branch-
based mobility analysis, and a parametric kinematic constraint equation are for-
mulated. It is shown that limited degree-of-freedom parallel robots with different
isomorphic configurations can be synthesized automatically with this method.

The paper is organized as follows. The system is introduced, including a
mobility study and identification of isomorphic and degenerate configurations. A
parametric constraint kinematics system is formed and used in evaluating the
workspace of non-degenerate isomorphic configurations. Finally, conclusions are
given.

27.2 System Description

The system being developed is a unique parallel robot system in which recon-
figuration occurs within the structure itself and does not require outside assistance
for reconfiguration. This allows the robot to reconfigure itself to have only the
number of controllable degrees-of-freedom required to complete a specific task.
To realize this, the parallel robot is fit with advanced components that allow for
reconfiguration to occur while maintaining the mobility and connectivity
requirements of the system. As shown in Fig. 27.1, the parallel robot has six
branches in which each is of universal-prismatic-spherical (UPS) architecture
where the prismatic joint is active. Here, the specialized universal joints allows the
second rotation axis to lock, similar to those shown in [8], and [11]. The prismatic
joints are hybrid active/passive motors which allow the clutch to disengage and the
joint to react passively according to the resultant motion of the robot, similar to
other systems [12]. These reconfigurations maintain mobility and connectivity
requirements as detailed in Sect. 27.2.1.

27.2.1 Branch Module-Based Mobility Analysis

In order to understand the capabilities of the robot after reconfiguration, a mobility
analysis must be performed. The mobility M, of a mechanical system is defined as

M ¼ k nl � nj � 1
� �

þ
XnJ

j¼1

fj ð27:1Þ

where k is the system order, respectively, nl is the number of links, nj is the
number of joints, and fj is the degree-of-freedom number for the jth joint. If we
consider the robot to be a modular system consisting of separate base, platform and
branch modules, then Eq. (27.1) can be rewritten in terms these branch modules
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M ¼
Xnb

i¼1

k nl; i � nj; i

� �
þ Ci

� �
þ k ð27:2Þ

where nb is the number of branches, nl; i and nj; i are the number of links and joints
in the ith branch, respectively, and Ci ¼

Pnj; i

j¼1 fj is the connectivity of the ith

branch. Note that the two links for the base and platform have been added to the
equation such that nl ¼

Pnb
i¼1 nl; i þ 2: Equation (27.2) is generic for a parallel

robot in that each branch can be defined individually for its number of links, joints
and connectivity.

Tsai [13] has shown using Euler’s equation that for each branch, the following
relationship between the mobility, connectivity and system order must hold

M�Ci� k ð27:3Þ

In Eq. (27.3), we see that the connectivity of the ith branch must be no less than
the mobility of the robot, and no greater than the system order, establishing the
branch mobility and connectivity requirements. From Eq. (27.3) and assuming that
only one actuator is situated on each branch, then the connectivity configurations
of traditional, spatial (k ¼ 6) parallel robots are shown in Table 27.1. We see that
in order to satisfy the mobility and connectivity requirements, for each degree-of-
freedom removed from the system, one branch of Ci ¼ 6 is removed, and a degree-
of-freedom is removed from one of the remaining branches, traditionally from one
of the remaining Ci ¼ 6 branches. With a mobility of less than three, this is
impossible due to the limited number of branches.

The addition of constraints by subtraction of branches and degrees-of-freedom
as shown above is only one way of modifying the parallel robot structure. Tricept-
style robots add constraints by use of a passive branch with specific connectivity in
the centre of the robot. Using this notion, constraints can be added to a parallel
robot while maintaining the imposed mobility and connectivity requirements by
means of simply removing a degree-of-freedom from an existing Ci ¼ 6 branch
while simultaneously removing the controllability of one of the remaining actu-
ators. These two reconfigurations need not occur on the same branch and can be

Fig. 27.1 Fully
reconfigurable parallel robot
showing reconfigurable
universal-to-revolute joints,
and hybrid active/passive
prismatic motor and vector
loop describing constraint
kinematic motion plane

298 A. D. Finistauri and F. Xi



applied recursively to form the extended parallel robot configurations listed in
Table 27.1. Assuming that these reconfiguration do occur on the same branch, we
then have a parallel robot system with a series of nb; u unconstrained-active
branches, and nb; c constrained-passive branches. Thus Eq. (27.2) can be rewritten
as

M ¼ nb; u k nl; u � nj; u

� �
þ Cu

� �
þ nb; c k nl; c � nj; c

� �
þ Cc

� �
þ k ð27:4Þ

where subscripts ‘u’ and ‘c’ stand for unconstrained and constrained, respectively.
When reconfiguration to a limited mobility mode occurs, an unconstrained-

active UPS branch reconfigures to a constrained-passive branch of revolute-pris-
matic-spherical (RPS) joint architecture. Note that the branch reconfiguration
satisfies the mobility and connectivity requirements imposed by Eq. (27.3). Other
reconfigurable branch configurations can be used [11] however we see that any
unconstrained branch has Cu ¼ 6; nl; u ¼ 2; and nj; u ¼ 3 and any constrained
branch has Cc ¼ 5; nl; c ¼ 2; and nj; c ¼ 2: Using these values and k ¼ 6;
Eq. (27.4) reduces to

M ¼ 6� nb; c ð27:5Þ

This confirms that for the configurations listed in Table 27.1 for the extended
parallel robots, the mobility of the system is dependent on the number of con-
strained branches. With this system, up to five unconstrained branches in any
combination can be reconfigured to a constrained branch, thus allowing the re-
configurable parallel robot to assume any of the five different limited mobility
modes without the need to remove branches from the system. For the remainder of
the paper, we will focus our analysis of the 5-, 4- and 3-DOF mobility modes.

27.2.2 Isomorphic and Degenerate Configuration Identification

The ability to select any combination of branches to be constrained leads to limited
mobility cases with isomorphic configurations. Understanding which configura-
tions are isomorphic is important in that any analysis of one configuration can be

Table 27.1 Mobility and connectivity of traditional and extended parallel robots

Traditional parallel robot Extended parallel robot

Mobility Constraints Branches Connectivity Branches Connectivity

6 0 6 6,6,6,6,6,6 6 6,6,6,6,6,6
5 1 5 6,6,6,6,5 6 6,6,6,6,6,5
4 2 4 6,6,5,5 6 6,6,6,6,5,5
3 3 3 5,5,5 6 6,6,6,5,5,5
2 4 2 4,4 6 6,6,5,5,5,5
1 5 1 1 6 6,5,5,5,5,5
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applied directly to the associative isomorphisms. Here, isomorphic configurations
are present due to the fact that the branches are equally spaced at 60� intervals
around the base and platform, thus isomorphic configurations are periodically
spaced around the robot. For instances, for a robot with 5-DOF, any branch
selected as constrained is an isomorphic configuration of the others. The iso-
morphic configurations for the other robot mobility modes are listed in Table 27.2.
The robot type indicates the sequence of constrained branches. For instance, the
1–3 type is a 4-DOF parallel robot with branches 1, and 3 designated as con-
strained and passive, with isomorphic configurations consisting of any two passive
branches separated by one active branch.

Identifying degenerate configurations is also essential for reconfiguration. For
this robot, degenerate configurations are those in which the constraints imposed by
reconfiguration result in reachable workspace collapsing from bound volumes to
planar areas. These configurations are thus degenerate due to their inability to
provide required spatial motion and are identified in Table 27.2. Any configuration
in which two constrained branches are separated by two unconstrained branches
(180� separation) are deemed degenerate, i.e. any 1–4, 2–5 or 3–6 combination of
passive branches. This is due to the orientation of the constraint planes, which will
be discussed in Sect. 27.3. Any non-degenerate type is also identified by the type
of branch constraint.

27.3 Parametric Constraint Kinematics Formulation

27.3.1 Parametric Constraint Equation

The kinematics of a parallel robot are solved by forming vector loop equations for
each branch as seen in Fig. 27.1. For the ith branch, the following loop equation
holds

bi þ si ¼ hþ pi ð27:6Þ

Table 27.2 Isomorphic and degenerate configurations of the reconfigurable parallel robot

M Type Passive branch numbers Branch constraint type

5 1 1, 2, 3, 4, 5, 6 Single branch constraint
4 1–2 1–2, 2–3, 3–4, 4–5, 5–6, 6–1 Adjacent branches constrained

1–3 1–3, 2–4, 3–5, 4–6, 5–1, 6–2 Single spaced-branch constraint
1–4 1–4, 2–5, 3–6 Degenerate configurations

3 1–2–3 1–2–3, 2–3–4, 3–4–5, 4–5–6, 5–6–1, 6–1–2 Adjacent branches constrained
1–2–4 1–2–4, 2–3–5, 3–4–6, 4–5–1, 5–6–2, 6–1–3 Degenerate configurations
1–2–5 1–2–5, 2–3–6, 3–4–1, 4–5–2, 5–6–3, 6–1–4 Degenerate configurations
1–3–5 1–3–5, 2–4–6 Single spaced-branch constraints
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where for the ith branch, bi; si; and pi are the base, branch and platform vectors,
respectively, and h is the height of the platform about the base. All of the vectors
are expressed in the base-fixed coordinate frame Ob:

For a 6-DOF parallel robot, h ¼ hx; hy; hz

� �T
and pi ¼ Rx hxð ÞRy hy

� �
Rz hzð Þp0i

contain the six controllable degrees-of-freedom. Here p0i ¼ p0i; x; p
0
i; y; p0i; z

n oT
is the

local representation of the platform vector and is expressed in the platform-fixed
coordinate frame Op:Rp ¼ Rx hxð ÞRy hy

� �
Rz hzð Þ is the rotation matrix that

expresses p0i within the base-fixed coordinate frame Ob where

Rx ¼
1 0 0
0 coshx �sinhx

0 sinhx coshx

2
4

3
5 Ry ¼

coshy 0 sinhy

0 1 0
�sinhy 0 coshy

2
4

3
5Rz ¼

coshz �sinhz 0
sinhz coshz 0

0 0 1

2
4

3
5

For simplicity, pi will be used in lieu of Rpp0i: Equation (27.6) can then be rear-
ranged to solve for the only unknown, the branch vector length

si ¼ hþ pi � bij j ð27:7Þ

As seen in Eq. (27.5) the reconfigurable parallel robot can have anywhere from
zero to five constrained branches. Each constrained branch results in an additional
dependent motion to be solved as a function of the remaining independent vari-

ables q ¼ hx; hy; hz; hx; hy; hzf gT
: The constraint equation(s) are in the

form of~qD ¼ f ~qIð Þ where~qD and~qI are the dependent and independent variables,
respectively. For a constrained branch, the spherical joint attached to the platform
is constrained to move in a plane as shown in Fig. 27.1. From this we can define
the following constraint equation

hþ pið Þ � ni ¼ 0; 8i 2 nb; c

� �
ð27:8Þ

where ni is the constraint plane normal for branch i within the set of constrained
branches. Since the constrained branch is of RPS joint architecture, ni is parallel to
the rotation axis of the revolute joint at the base. Often, but not required, the
constraint plane passes through the origin of the base coordinate frame Ob and is
perpendicular to the base of the robot. This orientation of the constraint planes is
used here and is the reason why degenerate configurations are possible (see
Table 27.2).

27.3.2 Constraint Equation Solving

Using the reconfigurable robot setup, Eq. (27.8) can be expanded, and for each
constrained branch
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ni; x hx þ p0i; x cos hy cos hz � p0i; y cos hy sin hz

� 	
þ

ni; y hy þ p0i; x sin hx sin hy cos hz þ cos hx sin hz

� �h
�

p0i; y sin hx sin hy sin hz þ cos hx sin hz

� �i
¼ 0

ð27:9Þ

Equation (27.9) forms the equation for each nb; c constrained branch. There is
no specification on which platform motions are independent and which are
dependent, thus offering a high level of flexibility when deciding which configu-
ration is best suited for a particular task. However we do note that hz is not present
in Eq. (27.9), due to fact that ni; z ¼ 0: This is particular to this reconfigurable
parallel robot, as physically, there is no restraint on the orientation of the constraint
plane. Here, the constraint plane(s) are always perpendicular to the base of the
robot, hence ni; z ¼ 0: This requires that hz is chosen as an independent motion for
all tasks for this particular robot setup.

Depending though on the given task and the associative constraint(s), the
solution to Eq. (27.8) can either be linear or nonlinear. It is beyond the scope of
this work to delve into the solution process for each individual constraint com-
bination, however some discussion is given here. For the 5-DOF limited mobility
mode, all constraints are linear and can be solved directly. For the 4-DOF limited
mobility modes, a linear solution can be obtained for most constraint combina-
tions. In the case where two angular constraints are required, then a multiple
solutions to the trigonometric equations are possible, so evaluation of each in
terms of satisfying the constraints must be checked. Alternatively, this case can be
solved numerically. Finally, for the 3-DOF limited mobility modes, there will
always be at least one angular platform constraint. Equation (27.9) can be rear-
ranged accordingly for each branch and for most cases, a linear solution to the
constrained motions can be found. For the specific case in which all three angular
constraints are required, a numerical solution is required. Specific cases are listed
in [8] and nonlinear solutions are attainable through suitable numerical methods
such as Newton-Raphson.

27.4 Workspace Evaluation

The size and shape of a workspace is partially influenced by the orientation of the
constraint plane(s), ni: However, due to the isomorphic nature of the robot,
the orientation of the branches with respect to the global coordinate frame, and the
selection of constrained branches can be selected such that a direct comparison
between two configurations with the same mobility can be achieved directly. For
each case, the robot is aligned, and passive branches are selected such that sym-
metry in the workspace is seen in the the xz-plane. In doing so, a direct comparison
between minimal and maximal platform variables is possible. The base and
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platform vector lengths are 250 and 150 mm, respectively. The stroke limits of the
hybrid active/passive prismatic motors are defined as 200 mm� si� 400 mm: The
operational limit of the spherical joint is restricted to be within 30� of the home
configuration. Here, we define the home configuration of the parallel robot to be
hh ¼ f0; 0; 300T; mm, and no platform rotation. At this configuration, the direc-
tion of each branch is simply ŝi; h ¼ hh þ p0i � bi



 

= si; h



 

: Thus we can see that the

operational limit of each spherical joint is cos�1 ŝi; h � ŝi

� �
� p=6:

The workspaces for the non-degenerate limited mobility modes are show in
Figs. 27.2, 27.3, and 27.4 with a summary given in Table 27.3. For each case, the
workspace is first decomposed into 10 mm intervals in the global z-direction in
order to find the boundary of the workspace at that particular level. The individual
boundaries are then unified to create a bound volume as shown in the figures
below. In all cases, the minimum and maximum bounds for hz is 180 and 380 mm,
respectively, yielding a 200 mm height differential in terms of reachable space.
Also shown are workspace boundaries at 25 mm intervals ranging from 200 to
350 mm, highlighting the bulk of the workspace in terms of reachable space.

For the 5-DOF limited mobility mode, there is only one isomorphic type. Here,
qD ¼ hz; as most 5-DOF tasks do not require independent rotation about the
platform z-axis. For instance, machining operations do not require independent hz

rotational control. From Fig. 27.2, the workspace is symmetric about the constraint
plane and elongated along this plane due to the branch constraint. The workspace
bulges out slightly on the end opposite to the constrained branch, but allows for
significant reach in all directions. For a given task, the passive branch can be
selected accordingly to ensure that the task remains encapsulated within the
workspace.

The two non-degenerate 4-DOF limited mobility isomorphic types show
symmetry about the plane that is angularly equidistant between the two con-
straints planes (Figs. 27.3a and b). Here, the dependent variables are usually

qD ¼ fhx; hygT; or qD ¼ fhx; hygT; depending if Cartesian with hz motion, or

Fig. 27.2 Workspace evaluation of the reconfigurable robot showing angle-view workspace
volume and top-view workspace boundaries for non-degenerative 5-DOF limited mobility modes
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spherical with hz motion is required. Once again, the passive branch selection is
independent of dependent variable selection. From Fig. 27.3, we see that as the
angle between the two constrained branches is increased, the resultant workspace
volume decreases, whereas the maximum reach increases. The 1–2 isomorphic
type as compared to the 1–3 isomorphic type, has a shorter reach in the y-direction,
but has a longer reach in the x-direction, resulting in a larger workspace volume. If
then a Cartesian plus hz motion is desired, a trade-off between workspace volume
and maximum reach becomes a dominant factor in selecting which isomorphic
type is better for a given task.

In the case of the 3-DOF limited mobility mode, the 1–2–3 isomorphic type
displays symmetry about the middle constraint plane, n2 (Fig. 27.4), whereas for
the 1–3–5 isomorphic type, the workspace is periodically symmetric about each

constraint plane (Fig. 27.4). Here, the dependent variables are defined as qD ¼
fhx; hy; hzgT which is common for machining tasks. Other dependent motion

combinations can be Cartesian where qD ¼ fhx; hy; hzgT; or spherical where qD ¼
fhx; hy; hzgT: Once again, we note that if spherical motion is required, then at least

Fig. 27.3 Workspace evaluation of the reconfigurable robot showing angle-view workspace
volume and top-view workspace boundaries for non-degenerative 4-DOF limited mobility modes
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one constraint plane must have a nonzero ni; z component. A direct comparison the
workspaces for this limited mobility mode is difficult due to the difference in
workspace shape. For the 1–2–3 isomorphic type, the workspace is elongated,
allowing for an extended reach. We can see that the workspace of the 1–3–5
isomorphic type could possibly fit within that of the 1–2–3 isomorphic type.
However, we not that the distribution of branches in the 1–3–5 isomorphic type is

Fig. 27.4 Workspace evaluation of the reconfigurable robot showing angle-view workspace
volume and top-view workspace boundaries for non-degenerative 3-DOF limited mobility modes
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more common of traditional 3-DOF robots and might provide more consistent
stiffness properties throughout the workspace as compared to the 1–2–3 isomor-
phic type which has all active branches on one side of the robot. From a pure reach
and workspace volume perspective though, the 1–2–3 isomorphic type outper-
forms the 1–3–5 isomorphic type.

The resultant workspaces are an indication of the capabilities of the robot for
each limited mobility state. The resultant volume, maximum reach and other
kinematic values listed in Table 27.3 provides guidance for reconfiguration.
Depending on the task to be accomplished, the appropriate isomorphic configu-
ration can be selected to make sure that the task is encapsulated within the
workspace. If this is not the case, then the reconfigurable robot can intelligently
switch between appropriate isomorphic configurations to further enhance its
capabilities by superpositioning each of the workspace manifolds. Finally, though
not addressed here, repositioning the orientation of the constraint planes can fur-
ther expand the robot’s reach and is currently being investigated.

27.5 Conclusions

In this paper we provide guidance on the topological reconfiguration of a fully
reconfigurable parallel robot which has not previously been studied. By using the
existing structure of a full six degree-of-freedom parallel robot, reconfiguration to
limited mobility configurations is realized by means of hybrid active/passive
prismatic motors and reconfigurable universal-to-revolute joints. The robot is able
to assuming a configuration with only the degrees-of-freedom required to complete
a particular task, buy reconfiguring to different mobility modes. Branch-based
mobility was established, highlighting the mobility and connectivity requirements

Table 27.3 Workspace summary of the reconfigurable parallel robot

M 5-DOF 4-DOF 3-DOF

Type 1 1–2 1–3 1–2–3 1–3–5

hxðmmÞ Minimum �191:0 �50:1 �24:8 �7:0 -7.6
Maximun 191.0 45.5 33.1 7.6 7.0

hyðmmÞ Minimum -86.0 -106.8 -136.4 -23.8 -7.4
Maximum 86.0 106.8 136.4 23.8 7.4

hxð�Þ Minimum -26.0 -52.0 -56.0 -26.0 -26.0
Maximum 26.0 52.0 56.0 26.0 26.0

hyð�Þ Minimum -32.0 -44.0 -48.0 -25.0 -24.0
Maximum 32.0 52.0 48.0 24.0 25.0

hzð�Þ Minimum -36.8 -44.0 -30.0 -3.3 -3.0
Maximum 36.8 44.0 30.0 3.3 -3.0

Maximum reach (mm) 191.3 106.8 136.4 23.9 7.8
Volume ðmm3Þ 6,331,180 1,238,026 946,572 45,718 14,301
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in reconfiguring an unconstrained-active branch to a constrained-passive branch.
By analyzing the isomorphisms of non-degenerate configurations, their kinematic
constraints and resultant workspace volume and reach, highlight the capabilities of
each configuration. This providing the necessary guidance as to which configu-
ration is best suited for a given task. Further analysis into the orientation of the
passive constraint planes, as well as combining geometric and topological
reconfiguration within the system is ongoing and will produce reconfigurable
robots with greater reconfiguration capabilities.
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Chapter 28
Type-Changeable Kinematic Pair Evolved
Reconfigurable Parallel Mechanisms

Ketao Zhang, Evangelos Emmanouil, Yuefa Fang and Jian S. Dai

Abstract This paper presents a type-changeable kinematic pair with variable
topology. The geometry properties and topological phases of the type-changeable
kinematic joint are revealed. A novel reconfigurable parallel mechanism is evolved
from the type-changeable kinematic pair according to geometric conditions of
assemblages for parallel mechanisms. The platform of the reconfigurable parallel
mechanism is capable of implementing various functions accompanying to the
phase change of the integrated type-changeable kinematic pair. The platform has 6
DOFs in the source phase and can change its mobility to 5, 4 and 3. Experiments
have been carried out for identification of a 3RePSe subphase controller.
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28.1 Introduction

Parallel mechanisms [1, 2] with invariant topological structure which leads to
specific type of motion in a general configuration are used in the fields such as
manufacturing, space exploration and medical robotics [3]. The extensive appli-
cations of parallel mechanisms and robot manipulators raise numerous theoretical
and experimental challenges. In particular, a parallel mechanism usually has fixed
mobility and does not have the ability to change it, resulting in limited flexibility to
accommodate changes required in the industrial environments [4].

New mechanisms including metamorphic mechanisms and kinematotropic
mechanisms and other developments in reconfigurable mechanisms can be
developed into reconfigurable robot manipulators, evolutionary robot limbs and
devices to adapt to changed conditions and deal with complicated tasks. The study
of this new class of mechanisms started in the mid-1990s when Dai [5] addressed
the reconfigurable assembly and packaging system for various artifacts and dec-
orative gifts and boxes, and Wohlhart [6] presented the kinematotropic linkage
together with the position parameter variation. In 1998, the metamorphic mech-
anism [7] was proposed following the concept of metamorphosis in the sense of
evolution. This new kind of mechanisms is capable of changing its structure,
topological configuration and subsequently mobility via either link annex or joint
property change. The kinematotropic linkages are coined as one kind of linkages
that change their full-cycle mobility at certain configuration which was called
branch singularity [8]. The mobility change of this kind of mechanisms is induced
by a certain geometric constraint to limit the motion and lead to different motion
branches. Calletti and Fanghella [9] presented various single and multi-loop ki-
nematotropic mechanisms. Fanghella et al. [10] addressed the parallel robots
whose platforms can change their subgroups of displacement. The mobility change
derived from varying topology is the characteristic of reconfigurable mechanisms
with variable topologies. Yan and Kuo [11] emphasized the meaning of topology
variation of the variable kinematic joints based on descriptive joint representation,
and carried out the configuration synthesis of mechanisms with variable topologies
[12].

Though the study of the new mechanisms with variable topologies has been
made, literatures focused on typical parallel mechanisms with ability either to alter
motion pattern or to perform mobility change are very few. Zlatanov et al. [13]
presented the DYMO, a multi-operational parallel mechanism and examined the
different operation modes separated by constraint singularity of the parallel
mechanism. Kong et al. [14] synthesized the 3-DOF parallel mechanisms with
both spherical and translational modes. Recently, Zhang et al. [4, 15, 16] presented
a type-changeable kinematic pair extracted from origami folds and investigated the
topological reconfiguration and mobility change of the evolved parallel mecha-
nism. Gan et al. [17] proposed the design of a new rT joint by integrating an extra
rotational degree of freedom in the well-known Hooke’s joint and investigated the
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mobility change of two types of metamorphic parallel mechanisms which employ
the rT joint.

This paper presents a novel reconfigurable parallel mechanism evolved from
the type-changeable kinematic pair. The reconfigurable parallel mechanism can
change its configuration from fully 6-DOF to 3-DOF. The constraints change
induced mobility variations of the platform are analyzed based on reciprocity of
screws [18–20]. Experiments have been carried out for identification of a 3RePSe

subphase controller.

28.2 Geometry of the Type-Changeable Kinematic Pair

The type-changeable kinematic pair in Fig. 28.1 is inspired and extracted from an
artifact [15]. Metamorphosis of the type-changeable kinematic pair is induced by
its embodied geometry which distinguishes this equivalent kinematic pair from a
general 3R spherical kinematic chain. The geometric characteristic of the type-
changeable kinematic pair is determined by the angle length between adjacent
joint axes a1 and a2, where a1 = 135� and a2 = 45�.

Consider the geometry of nonadjacent joint axes R1 and R3, the type-change-
able kinematic pair is able to change its topological configuration and implement
different working functions in the working cycle resorting to link annex. The type-
changeable kinematic pair in its original configuration in Fig. 28.1a generates
equivalent spherical motion and acts as a metamorphic source generator that
contains subphase configuration and completes the transition between subphase
configurations. Applying the geometric constraint in the process of motion of the
type-changeable kinematic pair, two subphase configurations can be generated.

The type-changeable kinematic pair reduces its link number by annexing link 3
to link 2 at the configuration in Fig. 28.1b. In this stable topological configuration,
the link 4 has only two independent rotational DOFs with respect to the base link 1
and can be taken as an equivalent Hooke’s pair. The type-changeable kinematic
pair changes into the second stable subphase in Fig. 28.1c when the link 3 and link
2 are annexed in the typical configuration with collinear joint axes R1 and R3. In

Fig. 28.1 The type-changeable kinematic pair. a Source phase. b First subphase. c Second
subphase
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this configuration, the kinematic pair acts as an equivalent compound rotating pair
and the output link 4 has one rotational DOF with respect to the base link 1.
The source configuration, first subphase and second subphase of the kinematic pair
are labeled Se, Ue and Re respectively, where the subscript ‘e’ denotes the
equivalence of the motion to a commonly used kinematic pair.

28.3 Mobility Change of the Reconfigurable Parallel
Mechanism

A reconfigurable parallel mechanism in Fig. 28.2 is symmetrically constructed
with three limbs by integrating the type-changeable kinematic pair at both end of
the prismatic joint in each limb.

As illustrated in Fig. 28.3, the common points of the three lower Se pairs
located in the base plane form an equilateral triangle 4ABC. The axes of revolute
joints connecting to the base are coplanar. At the other end, the common points of
the three upper Se pairs located in the platform form an equilateral triangle
4A0B0C0 and the axes of revolute joints connecting to the platform are coplanar.
The coordinate frame O-XYZ attached at the center of the base is set as the global
frame. The X-axis is perpendicular to BC, Y-axis is parallel to BC, and Z-axis is
normal to the base following the right-handed rule.

28.3.1 Working Phase with 6 DOFs

The reconfigurable parallel mechanism in Fig. 28.2 is in the source configuration
as all the integrated type-changeable kinematic pairs are in their source phase. It
implies that all the joints are active without link annex. The origin of the local

Fig. 28.2 Kinematic model
of the reconfigurable parallel
mechanism
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reference frames oi-xiyizi is located at the common points A, B and C of lower Se

pairs in the three limbs. The yi-axis is collinear with the axis of joint Si1, zi-axis is
normal to the base plane and pointing upward. The xi-axis is perpendicular to Si1

and completes a right-handed coordinate frame. In this source configuration, the
screw system of limb AA0 expressed in the local frame o1-x1y1z1 is given by

S1 ¼

S11 ¼ ½ 0 1 0 0 0 0 �T

S12 ¼ ½ l2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl2Þ2 þ ðn2Þ2

q
n2 0 0 0 �T

S13 ¼ ½ l3 m3 n3 0 0 0 �T
S14 ¼ ½ 0 0 0 a b c �T
S15 ¼ ½ l3 m3 n3 bn3 � cm3 cl3 � an3 am3 � bl3 �T
S16 ¼ ½ l6 m6 n6 bn6 � cm6 cl6 � an6 am6 � bl6 �T
S17 ¼ ½ l7 m7 n7 bn7 � cm7 cl7 � an7 am7 � bl7 �T

8>>>>>>>>><
>>>>>>>>>:

ð28:1Þ

where ðl2;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2ð Þ2þ n2ð Þ2

q
; n2Þ; l3;m3; n3ð Þ; l6;m6; n6ð Þ and l7;m7; n7ð Þ are the unit

vectors pointing in the direction of screws S12, S13, S16 and S17, (a, b, c) is the
coordinates of point A0 in the local frame.

The twist screw system in Eq. (28.1) is a 6-system and there is no reciprocal
screw. Under such conditions, the three limbs do not impose any constraints on the
platform and the mobility of the parallel mechanism is 6.

When the three type-changeable kinematic pairs connected to the base change
their configuration to the Ue subphase, the parallel mechanism is working in the
3UePSe subphase. In this topological subphase, the joints with screw Si2 are
inactive due to link annex of lower Se pair in each limb. The remaining screws
except Si2 of the twist screw system in Eq. (28.1) are independent and form a 6-
system. It shows that the three limbs do not contribute any constraint to the
platform. Hence, the platform of the parallel mechanism in this subphase is free of
any constraints and has 6 DOFs.

Fig. 28.3 Subphases RePSe-2SePSe and UePUe-2SePSe
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28.3.2 Working Phase with 5 DOFs

When the lower Se pair of one limb changes its configuration from the source
phase to the Re subphase, the parallel mechanism will changes to RePSe-2SePSe

structure in Fig. 28.3a. For instance, the Se pair with common point A changes to
Re, the twist system of limb AA0 becomes

S1 ¼

S11 ¼ ½ 0 1 0 0 0 0 �T
S13 ¼ ½ 0 1 0 0 0 0 �T
S14 ¼ ½ 0 0 0 a 0 c �T
S15 ¼ ½ 0 1 0 �c 0 a �T
S16 ¼ ½ l6 m6 n6 �cm6 cl6 � an6 am6 �T
S17 ¼ ½ l7 m7 n7 �cm7 cl7 � an7 am7 �T

8>>>>>><
>>>>>>:

ð28:2Þ

The constraint-screw system which is reciprocal to the twist system in
Eq. (28.2) can be yielded as

Sr
1 ¼ Sr

11 ¼ ½ 0 1 0 �c 0 a �T
n o

ð28:3Þ

This shows that the limb AA0 exerts one constraint force on the platform. The
constraint force is parallel to Si1 and passing through the upper common point A0.
Thus the translational motion parallel to the Y-axis of the platform is restricted by
the constraint force and the platform has 5 DOFs.

When both the lower and upper Se pairs of one limb change their configuration
from the source phase to the Ue subphase, the parallel mechanism changes to
UePUe-2SePSe structure. For instance, the Se pairs of limb AA0 change to Ue

subphase in Fig. 28.3b. The local reference frame of limb AA0 is set up according
to the geometry. The y1-axis is collinear with the axis of joint S11 and x1-axis is
collinear with S13. The z1-axis is pointing upward and completes a right-handed
coordinate frame. Hence, the twist system of limb AA0 with UePUe structure is
given by

S1 ¼

S11 ¼ ½ 0 1 0 0 0 0 �T
S13 ¼ ½ 1 0 0 0 0 0 �T
S14 ¼ ½ 0 0 0 0 b c �T
S15 ¼ ½ 1 0 0 0 c �b �T
S17 ¼ ½ 0 cosh sinh bsinh� ccosh 0 0 �T

8>>>><
>>>>:

ð28:4Þ

where h is the angles measured from joint with screw S17 to the y1-axis.
The constraint-screw system is reciprocal to the twist system in Eq. (28.4) and

can be calculated as

Sr
1 ¼ Sr

11 ¼ ½ 1 0 0 0 0 ccoth � b�T
n o

ð28:5Þ
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The above screw is a constraint force which passes through the intersection of
S11 and S17 and is parallel to S13. Under such a condition, the platform has 5 DOFs
with one translational motion restricted.

28.3.3 Working Phase with 4 DOFs

When the lower Se pairs in two limbs change their configuration from source phase
to the Re subphase, the parallel mechanism changes its structure to 2RePSe-SePSe

in Fig. 28.4a.
In this subphase, limb AA0 exerts one constraint force passing through common

point A0 and limb BB0 exerts one constraint force passing through common point
B0. As a result, two translations of the platform are restricted and the platform has 4
DOFs with one translation and three rotations.

When both the lower and upper Se pairs in two limbs change their configuration
from the source phase to the Ue subphase, the parallel mechanism changes its
structure to 2UePUe-SePSe in Fig. 28.4b. In this topological subphase, the two
limbs AA0 and BB0 exert two constraint forces to the platform. Hence, the platform
has 4 DOFs with one translation and three rotations.

28.3.4 Working Phase with 3 DOFs

When the lower Se pairs of all the three limbs change their configuration from the
source phase to the Re subphase, the parallel mechanism changes its structure to
3RePSe [16]. In this subphase, the three limbs exert three constraint forces which
are parallel to the base without common point. Thus the platform has 3 DOFs with
one translation and two rotations.

Fig. 28.4 Subphases 2RePSe-SePSe and 2UePUe-SePSe
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When all the six Se pairs in the three limbs change their configuration from the
source phase to the Ue subphase, the parallel mechanism changes to 3UePUe

structure [16]. In this subphase, the joints axes characterized with screw Si1 and Si7

in each limb are parallel. The local reference frame is set up as that in Fig. 28.3b
and the twist system of the limb AA0 is

S1 ¼

S11 ¼ ½ 0 1 0 0 0 0 �T
S13 ¼ ½ 1 0 0 0 0 0 �T
S14 ¼ ½ 0 0 0 a b c �T
S15 ¼ ½ 1 0 0 0 c �b �T
S17 ¼ ½ 0 1 0 �c 0 a �T

8>>>><
>>>>:

ð28:6Þ

The wrench system of the platform reciprocal to the motion screws can be
yielded as

Sr
1 ¼ Sr

11 ¼ ½ 0 0 0 0 0 1 �T
n o

ð28:7Þ

The screw in Eq. (28.7) presents a couple which is perpendicular to the plane
formed by joint axes S11 and S13. Hence, the three limbs exert three constraint
couples on the platform and the platform has three pure translations.

28.4 Inverse Kinematics for the 3RePSe Configuration
Controller and Experimental Data

The proposed reconfigurable parallel mechanism has been fabricated and the
physical device actuated with DC motors is illustrated in Fig. 28.5.

According to the geometry of the 3RePSe configuration, the common points A0,
B0 and C0 can be expressed in the global coordinate frame O-XYZ as

A0 ¼ �raW12 �raW22 Z � raW32½ �T ð28:8Þ

B0 ¼ 1
2 rað

ffiffiffi
3
p

W11 þW12Þ 1
2 rað

ffiffiffi
3
p

W21 þW22Þ Z þ 1
2 rað�

ffiffiffi
3
p

W31 þW32Þ
� �T

ð28:9Þ

C0 ¼ 1
2 rað�

ffiffiffi
3
p

W11 þW12Þ 1
2 rað�

ffiffiffi
3
p

W21 þW22Þ Z þ 1
2 rað

ffiffiffi
3
p

W31 þW32Þ
� �T

ð28:10Þ

in which ra = 17 mm is the radius of the circle defined by A0, B0 and C0 and Wij

(i = 1, 2, 3 and j = 1, 2, 3) are the coefficients derived using the D-H method on
the platform and expressed in terms of hi, the orientation of the platform about the
Z, X and Y axis.

The common point A B and C in the global frame are given by
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A ¼
rbcos/1

rbsin/1

0

2
4

3
5; B ¼

rbcos/2

rbsin/2

0

2
4

3
5 and C ¼

rbcos/3

rbsin/3

0

2
4

3
5 ð28:11Þ

where rb = 340 mm is the radius of the circle defined by A, B and C and /1 ¼ 0,
/2 ¼ 2p=3 and /3 ¼ 4p=3.

Hence, the length Li of each leg can be obtained and the desired displacements
Di of the prismatic joints are

Di ¼ Li � li ð28:12Þ

where li is the certain minimum length of the leg, fixed during manufacturing.
The height of the centre of the platform is set to 525 mm and measurements for

different angle combinations are taken by using a hanging weight and a protractor.
The following error means (l) and standard deviations (r) where observed

(Table 28.1). Height: l = 0.21 cm, r = 0.054 cm. h2: l = 2.06�, r = 0.165�. h3:
l = -1.07�, r = 0.457�. These error values are mainly due to imperfections in
the manufacturing, attributed to the complexity of the metamorphic joints, as well
as the base of the mechanism not being perfectly level.

The following measurements are taken by setting one of the angles to zero and
changing the other angle from 0 up to the maximum achievable value (Table 28.2).

28.5 Conclusions

This paper presented a type-changeable kinematic pair and its evolved reconfig-
urable parallel mechanism. The reconfigurable parallel mechanism is able to
change its topological configuration resorting to phase change of the integrated
type-changeable kinematic pair. The constraints corresponding to the source phase

Fig. 28.5 Subphase 3RePSe

of the reconfigurable parallel
mechanism
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and subphases were analyzed and the motion characteristics of the platform are
revealed based on screw theory. The analysis reveals that the platform of the
mechanism is capable of varying from the source phase with 6 DOFs to subphases
with 5, 4 and 3 DOFs. Experiments for identification of a 3RePSe subphase con-
troller have been carried out with investigation of inverse kinematics.

Acknowledgments The authors thank the support of European Commission—Framework 7
Programme under grant number 270436 and the support of the National Natural Science Foun-
dation of China under grant number 51075025.

Table 28.1 Position accuracy measurements for different orientations

Set Measured

Height (cm) h2 (deg) h3 (deg) Height (cm) h2 (deg) h3 (deg)

10 10 50.5 12 8.5
10 7 50.5 12 6.5
10 3 50.5 12 3

7 10 50.6 9 9
50.3 7 7 50.4 9 6

7 3 50.5 9 2.5
3 10 50.6 4 8
3 7 50.5 4 6
3 3 50.5 4 3
0 0 50.5 -0.5 2

Table 28.2 Orientation accuracy measurements

h2 for h3 = 0� h3 for h2 = 0�

Set (deg) Measured (deg) Set (deg) Measured (deg)

0 2 0 -0.5
1 3 1 1
2 4 2 1
4 6.5 3 2
5 7 4 2.5
6 8 5 4
8 10 6 5
10 12 7 6

– 8 7
– 9 8
– 10 8.5
– 12 11
– 15 13
– 18 16.5
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Chapter 29
Developing a New Concept of Self
Reconfigurable Intelligent Swarm
Fixtures

Luis de Leonardo, Matteo Zoppi, Li Xiong, Serena Gagliardi
and Rezia Molfino

Abstract As manufacture trends move towards life-cycle design, sustainable
production, geometrical complexity, short time-to-market, small and variable
batch production and mass customization; manufacture equipment struggles to
keep pace and provide the required flexibility, adaptability and automation. This
paper describes the new concept of self-reconfigurable intelligent swarm fixtures.
Following the conception of this new fixturing system, it arises under European
commission 7th framework programme the SwarmItFIX project that gives an
application and an insight towards the new fixture technology. The paper gives a
description of the solution developed in SwarmItFIX focusing on the physical
prototype demonstrator constructed to validate the concept as an intended new
fixture benchmark for manufacturing sheet metal panels.
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29.1 Introduction

Thin metal sheets and composite components with 3D geometries are being
increasingly used in the aerospace, automotive and other industries keeping with trends
such as life cycle design, sustainable production and geometric complexity [9].
The effects of these trends make manufacture equipment and fixtures to evolve in
flexibility, reconfigurability and autonomy. The demand for flexibility is pushed by
short time-to-market, small and variable batch production and mass customization [5].

Today smartest adaptable flexible fixture systems (FFS), can be classified in
modular flexible fixture systems (MFFS), single structure flexible fixture systems
(SSFFS) and robotic fixtureless assemblies (RFAs), a brief description and evaluation
regarding their use in flexible automated manufacturing of thin walled parts is given
in [12]. Extensive research has been done in the field proving the interest of both
researches and industrialists, it is reported in [6] the development of a pin-bed layout
combining the use of phase-change materials. In [1] a new device capable to support
thin and compliant workpieces securely using a low temperature melting alloy is
introduced. In [15], a modular reconfigurable fixturing system of thin-walled flexible
objects subjected to a discrete number of point forces is presented. In [16] a recon-
figurable fixturing technique for robotic setup is described. [2] Proposes a reconfig-
urable fixture for robotic assembly, with suction cups as holding principle. An in depth
analysis of the pin-type tool is reported in [13]. The methodology to carry out the
reconfiguration autonomously is of major interest; [8] presents different methods used
to reconfigure FFS using a parallel kinematic manipulator (PKM) device, sorting the
reconfiguration techniques according to their key features.

Self-reconfigurable intelligent swarm fixture (SwarmItFIX) project, funded by
the European Commission, presents a novel concept of a fixture system combining
flexibility, self-reconfigurability, automation and swarm collaboration. A self-
reconfigurable intelligent swarm fixture system is developed; composed of mobile
agents capable to freely move on a bench and reposition below the supported panel
while behaving as a swarm [7], with the focus on machining large metal sheets,
especially for the aerospace industry, such as fuselage sections, aerofoils and other
panels; but applicable as well to automotive, train industries and others. Each
agent is composed of:

• Mobile base.
• Parallel manipulator (PM).
• End effector capable of supporting the part adapting to the local geometry [12].

Once in the desired location, the agent docks to the bench and adjusts the position
of the end effector. Thanks to the architecture of the agent, the adjustment can be
carried out in two levels:

• Fine tuning of the end effector’s position due to the PM increasing the resolution
provided by the mobile base [21].

• The end effector capability to adapt exactly to the local geometry of the part
being supported.
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29.2 The Concept of Self Reconfigurable Intelligent Swarm
Fixtures

The new fixture concept arises from the necessity of today’s manufacture
industry of more flexibility, adaptability and autonomy in the employed fixture
systems. The envisioned concept is a fixture, flexible in many senses, such as the
number of dynamic supports (agents) used, free movement under the workpiece
to reach the operative area in which the support is locally needed by moving
either the mobile base, the PM or the end effector, to the most suitable pose
providing the required stiff support with outmost resolution giving outstanding
flexibility and adaptability.

The complex repositioning of the agents is carried out under the following
constraints:

• Respect of the geometry of the workpiece.
• Coordination of the cooperative support action (path planning).
• Fast reposition of the supports [11].

By achieving the aforementioned goals, large thin sheets can be manufactured
without the need of neither replacing fixtures nor dismounting the workpiece from
the fixturing system increasing then, the production rate and the quality of the
workpiece; and decreasing overall costs and manufacturing time. The dynamic
support is given by concentration of the swarm fixture agents, constantly and
actively supporting the workpiece, near the area were the tool center point (TCP)
is; while the further regions are supported by a minimum number of agents. The
swarm behavior control and path planning intelligence replaces the need for pin
array fixtures. The cooperative swarm behavior of the agents’ controller is fully
described in [18]; the fixture reconfiguration is driven by the nominal geometry
and manufacturing cycle given by the CAD/CAM software. The planner uses this
information integrating reference supporting strategies, studied and implemented
for the specific environment but embedding general logics.

The concept gives a new insight in fixture technology not only by increasing the
adaptability and flexibility of the fixture but doing so by adding intrinsic modu-
larity and scalability. Given the geometry of a family of workpieces, the user can
select the size and geometry of the bench, type and number of agents with different
end effectors varying in shape, size, adaptability and adhesion principles, that best
suit the specific needs.

29.2.1 Profitability Analysis of Swarm Fixtures

These intelligent devices solve a problem of growing importance for aircraft and
automotive industries where the amount of material is reduced for costs and life
cycle eco-consistency reasons. These sectors represent in Europe, according to
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ACEA 2001 and EADS 2007 data, more than 450 billion C=: Near future appli-
cations are also foreseen in the railway, metal construction and furniture, white
industry and ship building sectors. They will allow users to produce at shorter time
to market, improved quality, lower cost and reduced resources consumption. It is
known that 10–20 % of the total cost of manufacture comes from the fixturing
system [8]. With this new system the fixture storage and management can be
reduced of more than 400 %. Compared to traditional methods adopted for sheet
manufacturing, the use of the new highly reconfigurable fixtures, whose set-up
time is in the range of minutes and may be performed in hidden time, will allow to
cut storage size and re-tooling times, which, for complex and delicate thin sheets,
are in the range of hours and several thousands euros.

Product innovation, technological development, sustainability and efficiency of
the manufacturing system strongly depend on innovations and developments on
fixtures and tools. In particular the new fixtures and associated manufacturing
technology will allow indirect benefits through the reduction of consumption of
material and energy resources. At the same time re-fixturing operations require an
attentive and very accurate manual re-positioning of the thin sheet on the fixture
for next operation; the re-positioning errors are the main cause of defects. The use
of the new fixture will avoid many manual re-positioning steps because it is the
fixture itself that is programmed to adapt the supporting points to the different
sequential operations and the re-positioning program, before the actuation, can be
checked through simulation.

This new concept of fixtures are expected to produce an impact chain by rep-
resenting instrumental goods that first will impact the fixtures market offering a
manufacturing technology of thin sheets that saves production time and costs
mainly in mass customized markets. This technology will extend the use of light
high strength materials in a wide series of final products that will positively
influence the users of these products and the environmental issues.

In Table 29.1, an estimate of the probable savings one SwarmItFIX installation
can provide to the aerospace and automotive sectors is presented. The data have
been gathered directly from end-users for the aerospace sector. In the case of the
automotive sector, the savings are lower but yet present, although sheet sizes are
much smaller than in aerospace.

29.3 SwarmItFIX Physical Demonstrator

Within SwarmItFIX the first embodiment of the concept of swarm fixtures into a
complete system is created. The prototype, following the main idea consists of: a
workbench with embedded air and power supply, two agents with mobile base,
Exechon PKM and two possible end effectors. The physical prototype with two
swarm agents was installed in Piaggio Aero Industries premises in Finale Ligure,
Italy for trials, see Fig. 29.1; and is capable of supporting the workpiece with only
two agents and the help of four passive supports.
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29.3.1 SwarmItFIX Workbench

The workbench provides a suitable surface in which to move and securely
maintain the fixture in the desired location, air and electrical supply for the whole
system is embedded in it. The bench is a planar design with 52 pin modules
arranged in interspersed columns in which the agent can dock. To be able to
sustain the harsh manufacturing environment filled with swarf and cooling fluids,
the workbench implements a cleaning system in which from the locking pin
modules the chips are blown, allowing a non-stop operation for longer time
periods and without human intervention. The exploded view of the pin module is
shown in Fig. 29.2a. The installed bench can be appreciated in Fig. 29.1. The
bench and hence the whole system can be mounted in different positions;

Table 29.1 Estimate of main savings offered by one SwarmItFIX installation in the aerospace
manufacturing sector

Aerospace sector Automotive sector

Savings Savings

Conventional fixturing 2,000,000 C= Conventional fixturing 840,000 C=
Fixture storage and

management
100,000 C=/year 9

5 years
Fixture storage and

management
115,000 C= /year 9

5 years
95% Reduction of

set-up times
720,000 C=/year 9

5 years
75% Reduction of set-

up times
600,000 C=/year 9

5 years
Lower time cycle,

considered 975 h/
year saved

78,000 C=/year 9

5 years
Less re-positioning of

part, less
manufacturing
operations to adapt
the support device to
the part local shape,
considered 1200 h/
year saved

98,500 C=/year 9

5 years

Total saving during
the first 5 years

6,490,000 C= Total saving during the
first 5 years

4,907,500 C=

Fig. 29.1 Final installation
of the SwarmItFIX fixture
system prototype
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horizontally (floor), vertically (walls) or even upside-down (ceiling), increasing
the modularity and customization of the fixture system.

29.3.2 Mobile Base Architecture and Locomotion Principle

The mobile base is the support of the PM, hosting all the electrical components
necessary for the communication and control. It gives the first position tuning of
the system, using the swing locomotion method [20]; and a 3 legged design, with
modified commercial Schunk lockers for the docking mechanism, described in
depth in [10], the exploded view is shown in Fig. 29.2, letting appreciate all the
components, for the physical prototype see Fig. 29.1.

The three legs are inserted alternatively in the bench taking electrical power and
air supply from it and transmitting it to the whole agent. The base rotates about one
locked leg while the other two are inside the base; it rotates at an angle and stops
with the unused legs above free bench pins. Then, the latter legs slides down one at
a time, two legs are again pulled in leaving one clamped. The presence of one leg
always inserted in the bench guarantees the electrical and air supply; and the
special gear transmission provides the necessary torque for the agent to rotate
orienting at the same time the retracted legs. Since the rotation is about a single
leg, the locking force has to be greater than 10 kN. This force is provided by the
Schunk components that together provide:

• holding force of 75 kN
• draw in force of 18 kN
• repeated accuracy \0:005 mm:

Harmonic
Drivefor
PKM
rotation

Central
gear

Airtank

Harmonic
Drivefor
agent
rotation

PKM
interface

Pneumatic
Cylinder

Legwith2
spurgears

SchunkNSE
Plus138

locker

Maleelectrical
connector
Schunkpin
housing

Anti-rotation
pin

Core
frame

Clampingpin
(Schunk)

Mountingplate
withairsupply

andblowing
holes

(a) (b)

Fig. 29.2 SwarmItFIX mobile base and Bench pin module

326 L. de Leonardo et al.



To actuate the legs assuring complete attachment/detachment from the electrical
connectors, pneumatic cylinders are used with maximum stroke of 45 mm and
minimum operation time manually regulable of less than 0.5 s in either direction.

29.3.3 Parallel Kinematic Machine

The PM provides the necessary workspace, stiffness, degrees of freedom and
support of the end effector, it has to fine tune the position at the optimal point of
the workpiece required for support, taking into account the nominal geometry,
machining operation, number and locations of cooperative agents in the fixture
system. A 6 DoF hybrid Exechon architecture detailed in [4, 21] is used. The
Exechon PKM 150X, see Fig. 29.3a, is a variant of the Exechon’s tripod [17],
smaller in dimension and with a 3-DoF spherical wrist. As stated in [14], the use of
as few as two agents with mounted Exechon PKM to machine a complete panel
will not only reduce the fixturing cost and the need of dedicated fixtures, but also
will increase the up-time in production.The kinematics of the PKM used in
SwarmItFIX are reported in [21].

29.3.4 End Effector

The end effector (or head) directly contacts the workpiece, it is capable of
acquiring the local shape of the machined part and adhering itself to it, to give the
necessary stiffness for the machining operations. Two head designs were
developed in SwarmItFIX, magneto-rheological fluid head (MRF) and vacuum-
clustered incompressible grains head (sand) [3, 19]. The main common require-
ments are:

Fig. 29.3 Exechon 150X
PKM prototype
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• adhesion at one side of the workpiece only (no geometric or closure grasp
possible)

• non magnetic adhesion possible (non-ferromagnetic workpiece)
• Glues and sticky tapes not feasible (smooth workpiece surface with delicate

protective layers not to be damaged)
• high adhesion force per unit area [11].

The MRF head, Fig. 29.4a and c, has a triangular shape to minimize the
distance between its perimeter and the tool. A crown of small pistons communi-
cating through a network of channels are distributed along the perimeter of the
head. The pistons are semi drowned in a room full of magneto-rheological fluid
and are constrained to shift along the head axis. When the magneto-rheological
fluid is not magnetized its viscosity is low enough to let the pistons translate
copying the workpiece shape along the head perimeter, once the shape is copied, a
pneumatic cylinder drives a permanent magnet close to the network of channels
containing the MR fluid increasing its viscosity nearly to solid state blocking all
pistons from further translation. Vacuum is applied inside the perimeter of the
head reproducing the function of a suction cup. The orientation of the head triangle
is commanded by a dedicated degree of freedom.

Rubber
cover Vacuum

connector

Pneumatic
cylinderHarmonic

drive

Mechanic
stop

(a) (b)

(c) (d)

Lip

Flange

Collar

Rubber
membrane

Lower
plate

Ring of
silencers

Powder
room

Fig. 29.4 SwarmItFIX developed end effectors
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The sand head, Fig. 29.4b and d, is of circular shape not needing an additional
rotation to orient it with respect to the workpiece. The adaptation is achieved
putting granular material in an compliant envelope and the adhesion used is
vacuum. The head is covered by an outer lip that gives the necessary sealing for
the vacuum to be produced. Initially the sand inside the head’s body can take any
shape just by pushing it against the workpiece; the vacuum is then generated
compacting the grains in the envelope and generating head-workpiece adhesion.
To recover the original compliance, a rubber membrane is located at the bottom of
the sand chamber, introducing compressed air expands the rubber membrane
relocating the powder and filling the whole space of the chamber.

29.3.5 Results

The prototype was installed in Piaggio Aero premises in Finale Ligure, Italy; under
a 5 axis vertical machining center from Jobs S.p.a., Jomach 032; and manufac-
turing operation trials were realized utilizing thin aluminum sheets of 1.2 mm
thickness, the operations were mainly those of drilling 5 mm wholes and milling
of a rectangular shape with an 8 mm mill tip. The different locations of the heads
are selected by the planner in order to assure correct support when the CNC
machine is in the vicinity of the heads, or better said, when the heads have
achieved their final position and exert the prescribed suction force at a correct
position and orientation to assure the support of the metal sheet. During the trials

Fig. 29.5 SwarmItFIX
prototype during
manufacturing operations
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was confirmed that the setup time of the system when turned on is of less than
10 minutes, this is only for the need of synchronization of the agents, after that it is
only needed to locate the workpiece in the peripheral passive supports and run the
software. If the system is never turned off only few minutes are needed to mount
the workpiece and start the machining operations, hence reducing the machining
time. Given the nature of the trials to be the first ones ever realized, the velocities
were constrained, however, the mobile base is capable of repositioning the agent in
under 4 s and a total relocation of support point can be done in less than 10 s.
In Fig. 29.5 the SwarmItFIX functioning prototype is shown. Videos of
the working prototype are available in: http://www.youtube.com/user/LMde
Leonardo?feature=mhee

29.4 Conclusions

The paper presents the concept of reconfigurable swarm fixtures as the new intended
benchmark for future fixture systems and the first prototype ever created in the first
complete demonstrator of this type of fixture under the SwarmItFIX European
project. The focus is on the final solutions implemented for all the components that
constitute the system. The final prototype constructed along with the final installation
is presented. A profitability analysis is given providing the first tools for an
economical decision to be taken regarding whether the system investment is
substantiable to a specific application or not. The final prototype, was subjected to an
initial experimental phase in the premises of Piaggio Aero Industries in Finale
Ligure, Italy to verify its functionality and demonstrate applicability and advantages.
Further work will be done to continue improving the prototype, rigourously exper-
imental phases will be done in the near future with the clear intention of bringing the
concept and system developed to a commercial product.
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Chapter 30
Configuration Change and Mobility
Analysis of a New Metamorphic Parallel
Mechanism Used for Bionic Joint

Guoguang Jin and Boyan Chang

Abstract Traditional bionic joints including wrist, waist, ankle and shoulder have
three revolute degrees of freedom, which can be treated as spherical joints, and its
structure is prone to be damaged with impact force through the center of spherical
joint. In this paper, a novel metamorphic parallel mechanism with two configurations
used for bionic joint design is presented. The origin kinematic chain for this
metamorphic mechanism, which is also the first configuration mechanism, consists
of a moving platform, a base plate and four connecting legs between moving platform
and base plate. In contrast with traditional ankle joint, a constrained translational
degree offreedom can be activated in origin kinematic chain to avoid impact damage.
The origin kinematic chain can transform to the second configuration mechanism
which is in possession of three revolute degrees of freedom and equivalent to normal
spherical joint. The transforming process is represented by new incidence matrix and
the motion characteristics of this metamorphic mechanism in different configuration
corresponding to each work-stage are analysed using screw theory.

Keywords Metamorphic mechanisms � Bionic joint � Incidence matrix � Screw
theory � Mobility

30.1 Introduction

Bionic robot is the best combination of advanced bionics technology and robotics
in a variety of application [1, 2]. A robot like human being or other animals is an
imagination for the common people and it is depicted vividly in science fiction.
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However, it is almost impossible to use machinery to completely imitate the
organism. Unless doing the full research on the characteristics of biological
structure and motion [3] and establishing the reasonable simplified model, gen-
eralized bionic joints and robots consist of these joints can be designed and
developed. Ankle [4], waist [5, 6], wrist and shoulder joints [7], the most common
bionic joints used in robot, can be simplified in the form of spherical joint and
achieved by 3-DOF spherical parallel mechanism which has been widely used.
Gosselin proposed spherical three-degree-of-freedom parallel manipulators [8] and
designed a novel device named agile eye [9]. Liu proposed a serial-parallel 7-DOF
redundant anthropomorphic arm with spherical 3-DOF spherical parallel mecha-
nism acting as the shoulder and wrist [7]. Jin analyzed the workspace of 3-RRR
spherical parallel manipulator and proposed a waist joint [5].

But in certain extreme conditions such as colliding with hard things, spherical
joint would suffer from huge reaction force through the center of spherical parallel
mechanism and its structure is prone to be damaged because it has no translational
mobility in the direction of radius to lessen and absorb the energy of impact. Take
ankle joint for example, Dai analyzed the human ankle complex and indicated its
structures are most commonly sprained mainly due to the greater range of inversion
movement at times of high and rapid loading of the foot, such as when the foot hits
the ground during landing from a jump or fall [10]. Therefore, it’s expected the
structure can make a change and an extra translational degree of freedom can be
introduced.

During the past decade, mechanisms with capability that can change their
structure and mobility in extreme conditions and achieve different tasks have
attracted great attention especially since metamorphic mechanism was proposed
according to the study of foldable and erectable artifacts cartons in 1998 [11, 12].
The potential use of this kind of mechanism is substantially large in terms of
freedom and geometric size required to change [13]. A novel robotic hand with a
metamorphic palm was proposed in [14] based on the metamorphosis principle.
Zhang and Dai proposed a new metamorphic mechanism with ability for platform
orientation switch [15]. Ding investigated the topology and configuration of an
assembly-circles artifact and provided some fundamental ideas for design of
metamorphic mechanism [16]. Dai designed a gecko-like robot and made a
bio-mimetic study of this discontinuous-constraint metamorphic mechanism [4].
In order to describe and analyze the topological changes in metamorphic
mechanism, Professor Dai proposed a new way, in Ref. [17], for modeling con-
figuration changes of metamorphic mechanisms by introducing adjacency matrix
and its mathematical operation. Professor Liu discussed three basic metamorphic
ways [18], and Professor Yan made scientific researches on topological repre-
sentations and characteristic analysis of variable kinematic joints with matrices in
Ref. [19]. Professor Jin established the model of topological changes with Huston
lower body arrays and adjacency matrix in Ref. [20, 21], and then introduced
incidence matrix with type of kinematic joints and its logical operation to describe
the variable topology [22]. The incidence matrix method can describe all types of
variable topological characteristics intuitively and it’s easy to construct the
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metamorphic matrix for structure analysis and synthesis of metamorphic mecha-
nism. By contrast with adjacency matrix, this method is more conducive to
describe changes in kinematic joints because of the structure of incidence matrix
(its rows and columns represent component’s and joint’s number respectively) as
well as the convenience of Boolean calculation.

In this paper, a spatial metamorphic parallel mechanism with two configura-
tions used for bionic joint design is presented. The origin kinematic chain for this
metamorphic mechanism, which is also the first configuration mechanism, consists
of a moving platform, a base plate and four connecting legs between moving
platform and base plate. In contrast with traditional ankle joint, a redundant
translational degree of freedom is introduced in origin kinematic chain to avoid
impact damage when extreme conditions occur. The origin kinematic chain can
transform to the second configuration mechanism which is in possession of three
revolute degrees of freedom and equivalent to normal spherical joint. The trans-
forming process is represented by new incidence matrix and the motion charac-
teristics of this metamorphic mechanism in different configuration corresponding
to each work-stage are analyzed using screw theory.

30.2 Structure of the Metamorphic Mechanism
and its Configuration Change

The new metamorphic mechanism, shown in Fig. 30.1, contains a middle leg (UC
chain or uRvRwC chain shown in Fig. 30.2) numbered leg-0 and three identical legs
(iPjRkRkPlR chain shown in Fig. 30.3) numbered leg-n (n = 1, 2, 3), where R, P, U
and C represent Revolute joint, Prismatic joint, Cylindrical joint and Universal
joint respectively. Its structure and link connectivity can be represented in inci-
dence matrix form [22]. In the matrix each link of the mechanism in its current
configuration is identified by a number from 1 to n. The rows of the matrix from 1
to n take these numbers in sequence. Kinematic joints between the ith link and jth
link is given in the zeroth row. When two links are connected, the entry of the
corresponding row and column is given as 1. When two links are disconnected, the
entry of the corresponding row and column is given as 0. The incidence matrix of
the metamorphic mechanism in Fig. 30.1 is

A0 ¼

iP jR kR kP lR C U
11�3 01�3 01�3 01�3 01�3 0 1
E3�3 E3�3 03�3 03�3 03�3 0 0
03�3 E3�3 E3�3 03�3 03�3 0 0
03�3 03�3 E3�3 E3�3 03�3 0 0
03�3 03�3 03�3 E3�3 E3�3 0 0
01�3 01�3 01�3 01�3 11�3 1 0

0 0 0 0 0 1 1

2
66666666664

3
77777777775

ð30:1Þ
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Fig. 30.1 UC-3(iPjRkRkPlR) metamorphic parallel mechanism

Fig. 30.2 uRvRwC kinematic
chain
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This incidence matrix defines a topological configuration of a mechanism
during motion and its configuration change can be expressed by a series of logical
operations

Apþ1 ¼ Ap
ðnpþ1Þ�mp

� Bðp; pþ1Þ ð30:2Þ

where Ap is the matrix of configuration p, and Bðp; pþ1Þ is metamorphic matrix with
different form according to the type of topological changes (four types of topo-
logical changes involving change in the number of components, change in the
number of kinematic joints, change in the type of kinematic joints and change of
link connectivity [22]) from configuration p to configuration p ? 1, � is the
symbol of XOR operation.

In the second configuration, cylindrical joint in middle leg is a variable kine-
matic joint [19] and can be transformed to revolute joint by constraining the
translational degree of freedom. Metamorphic matrix of changing kinematic joint
rj from Cp to Cp+1 is

B
rj

1�mp
ðCpþ1;CpÞ ¼ 01�ðj�1Þ Drj 01�ðmp�jÞ

� �
1�mp

ð30:3Þ

Drj ¼ Cpþ1 � Cp ð30:4Þ

Fig. 30.3 iPjRkRkPlR kinematic chain
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Cp, shown in Table 30.1, represents the joint codes of kinematic pairs used in
configuration p.

The metamorphic matrix Bðp; pþ1Þ can be listed as follows

B
rj

1�mp
ðR;CÞ ¼ 01�ðj�1Þ 0110 01�ðmp�jÞ

� �
1�mp

ð30:5Þ

where j = 16, mp = 17

Bð0;1Þ ¼ 01�15 0110 0½ �

A1 ¼ A0 � Bð0;1Þ ¼

iP jR kR kP lR R U
11�3 01�3 01�3 01�3 01�3 0 1
E3�3 E3�3 03�3 03�3 03�3 0 0
03�3 E3�3 E3�3 03�3 03�3 0 0
03�3 03�3 E3�3 E3�3 03�3 0 0
03�3 03�3 03�3 E3�3 E3�3 0 0
01�3 01�3 01�3 01�3 11�3 1 0

0 0 0 0 0 1 1

2
66666666664

3
77777777775

ð30:6Þ

30.3 Mobility Analysis of the Metamorphic Mechanism

30.3.1 Modified Grubler-Kutzbach Criterion

In order to calculate the mobility of a mechanism, Huang Z proposed the Modified
Grubler-Kutzbach Criterion [23, 24].

M ¼ dðn� g� 1Þ þ
Xg

i¼1

fi þ m� n ð30:7Þ

Table 30.1 Joint codes of
commonly used kinematic
pairs

Pair type Joint code

Revolute joint 0001
Prismatic joint 0010
Helical joint 0011
Gear joint 0100
Cylindrical joint 0101
Universal joint 0110
Spherical joint 0111
Flat joint 1000
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where, M denotes the mobility of a mechanism, d is the order of a mechanism, n is
the number of links including the frame, g is the number of kinematic joints, fi is
the number of freedoms of the ith joint, v, named v-factor, is the number of
redundant constraints except the number having been accounted in common
constraints. n is the number of local freedoms. The order of a mechanism d is
given by

d ¼ 6� k ð30:8Þ

where, k is the common constraint of the mechanism.
The core of the problem of mobility analysis is how to determine the redundant

constraints including the common constraint k and the number of redundant
constraints v.

30.3.2 The Mobility Analysis of Each Work-Stage Based on Screw
Theory

As is shown in Fig. 30.1, the middle leg connects the center of moving platform O0

and the center of base plate O. The axes of uR and vR, vR and wC are perpendicular and
intersect at O. In addition, the axis of wC is perpendicular to moving platform and
intersects at O0. In the three identical legs, the circular prismatic joint iP is equal to iR
shown in Fig. 30.2 [25] and the axes of iR, jR, kR and kP intersect at O. The axis of lR
is perpendicular to kP and coplanar with moving platform.

The local coordinate system is shown in Fig. 30.3. Its x-axis is along the axis of
uR fixed to the base and y-axis along the axis of vR.

The screw system of the three identical legs can be listed as

$1n ¼ ðS1n; 0Þ
$2n ¼ ðS2n; 0Þ
$3n ¼ ðS3n; 0Þ
$4n ¼ ð0; S3nÞ
$5n ¼ ðS5n; ðr � d4nÞS3n � S5nÞ

8>>>><
>>>>:

ð30:9Þ

Its reciprocal screw system is obtained by observation as follows

$r
1n ¼ ðS5n; 0Þ ð30:10Þ

The screw system of the middle leg can be listed as

$10 ¼ ðS10; 0Þ
$20 ¼ ðS20; 0Þ
$30 ¼ ðS30; 0Þ
$40 ¼ ð0; S30Þ

8>>><
>>>:

ð30:11Þ
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Its reciprocal screw system is obtained by observation as follows

$r
10 ¼ ðS10 � S30; 0Þ

$r
20 ¼ ðS20 � S30; 0Þ

(
ð30:12Þ

From the constraint screw system Eqs. 30.10 and 30.12, The four legs exert five
constraint forces on the moving platform. The five constraint forces are coplanar
and concurrent and this plane determined by constraint forces is always parallel
with moving platform. Therefore, only two of the constraint forces are linearly
independent and corresponding two translational degrees of freedom along moving
platform are constrained, i.e. v = 3. The constraint forces provided by each leg
constraint system are not coaxial, i.e. k ¼ 0.

Based on the Modified Grubler-Kutzbach Criterion, the mobility of first con-
figuration mechanism is

M1 ¼ dðn� g� 1Þ þ
Xg

i¼1

fi þ m� n

¼ 6� ð15� 17� 1Þ þ 19þ 3� 0

¼ �18þ 19þ 3 ¼ 4

ð30:13Þ

In this configuration, the moving platform has four degrees of freedom
including three rotational freedoms and one translational freedom in the direction
of radius.

As for the second configuration, the translational freedom in the direction of
radius is constrained by using variable kinematic joint [19] transforming cylin-
drical joint to revolute joint. In this configuration, the screw system of the middle
leg makes a change and can be listed as

$10 ¼ ðS10; 0Þ
$20 ¼ ðS20; 0Þ
$30 ¼ ðS30; 0Þ

8><
>: ð30:14Þ

Its reciprocal screw system is obtained by observation as follows

$r
10 ¼ ðS10 � S30; 0Þ

$r
20 ¼ ðS20 � S30; 0Þ

$r
30 ¼ ðS30; 0Þ

8<
: ð30:15Þ

From the constraint screw system Eqs. 30.10 and 30.15, The four legs exert six
constraint forces on the moving platform and only three of the constraint forces are
linearly independent and corresponding all three translational degrees of freedom
are constrained, i.e. v = 3. The constraint forces provided by each leg constraint
system are not coaxial, i.e. k ¼ 0.

Based on the Modified Grubler-Kutzbach Criterion, the mobility of first con-
figuration mechanism is
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M2 ¼ dðn� g� 1Þ þ
Xg

i¼1

fi þ m� n

¼ 6� ð15� 17� 1Þ þ 18þ 3� 0

¼ �18þ 18þ 3 ¼ 3

ð30:16Þ

In this configuration, the moving platform has three rotational freedoms.

30.4 Conclusion

A novel metamorphic parallel mechanism with two configurations used for bionic
joint design is presented. In contrast with traditional ankle joint, a constrained
translational degree of freedom is introduced and it can be activated to avoid
impact damage. The origin kinematic chain has three rotational freedoms and one
translational freedom in the direction of radius and can transform to the second
configuration mechanism which is in possession of three revolute freedoms and
equivalent to normal spherical joint. The transforming process is represented by
new incidence matrix and the motion characteristics of this metamorphic mech-
anism in different configuration are calculated based on screw theory.
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Chapter 31
Optimal Design of a New Parallel
Kinematic Machine for Large Volume
Machining

Yan Jin, Zhuming Bi, Colm Higgins, Mark Price, Weihai Chen
and Tian Huang

Abstract Although numerous PKM topologies have been invented recently, few of
them have been successfully put into production. A good topology can only provide
good performance unless its geometrical parameters are optimized. This paper
studies the dimensional synthesis of a new PKM which has shown great potential for
large volume high performance manufacturing. A new optimization approach is
proposed for design optimization, with a new performance index composed of
weight factors of both Global Conditioning Index (GCI) and actuator stroke. Max-
imizing GCI will ensure the effectiveness of the workspace, while minimizing
actuator stroke leads to reduced machine cost and increased efficiency. Results show
that the proposed optimization method is valid and effective. The PKM with
optimized dimensions has a large workspace to footprint ratio and a large well-
conditioned workspace, which ensures its suitability for large volume machining.
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Keywords Parallel kinematic machine � Dimension optimization � High
performance manufacturing

31.1 Introduction

Large volume manufacturing companies, e.g., aerospace manufacturers, are look-
ing for cost effective flexible solutions to meet the ever increasing customer
demands towards high speed and high quality [1]. Parallel kinematic machines
(PKMs) shows the huge potential to meet these requirements [2], and they have
attracted a lot of attention from universities to industries over the last three decades.
Numerous types of PKMs have been proposed in literature, but few of them have
been successfully commercialized and utilized in production [3]. The major reason
for that is the small workspace and the limited flexibility. To overcome these
drawbacks while maintaining the merits of high stiffness, speed and accuracy, the
current trend in large volume manufacturing is to utilize hybrid parallel kinematic
machines (HPKM) for five-axis machining [4–9]. Research has shown that HPKMs
can offer competitive advantages comparing to conventional CNC machines [6].
However, there is still a long way to go before putting them into productive work,
such as in large volume high precision manufacturing. The Tricept machine is by
far the most successful machine for high stiffness manufacturing, with more than
300 currently in production. But it is not stiff enough for some high precision
manufacturing tasks, such as aircraft assembly [6]. To overcome the limitations of
Tricept, Neumann [6] recently patented a novel HPKM called Exechon machine
tool, which showed a better performance comparing to Tricept. As shown in
Fig. 31.1a, an integrated HPKM Exechon system has been designed and imple-
mented, and it is constructed by a parallel kinematic architecture connected by a
two-DOF (degree of freedom) wrist at the end. Figure 31.1b shows a zoomed view
of the actual physical model with some joints depicted. This paper will deal with
dimension synthesis of the Exechon PKM (without accounting the 2-DOF wrist),
which has one translation DOF and two rotational DOF [10].

PKM design basically involves two steps, i.e., topology synthesis and dimen-
sion synthesis (optimization), both of which are very important for design of a
suitable PKM to achieve specified performance. A good topology can only provide
good performance unless its geometrical parameters are optimized. The existing
methods of dimension synthesis can be classified into two categories, i.e., objec-
tive-function based optimal design and performance-chart based design [11–20].
Defining suitable performance indices and reducing the number of design vari-
ables, as well as employing proper optimization algorithms, are still challenging
issues and have caught a lot of attention recently [21–26].

Most literature focus on design of PKMs with symmetrical architectures asso-
ciated with pure translation or pure rotational DOF, which makes ease of analysis
and dimensional optimization because the Jacobian matrix is homogeneous
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provided that all actuators are of the same type. This paper deals with a PKM with
asymmetrical architecture associated with mixed translation and rotational DOF. A
new performance function, which combines the workspace conditioning measure
and actuator efficiency, is proposed for dimension optimization. Results show that
the newly developed method is very effective and very useful for design a series of
these PKMs with disparate scales. The results also show that the Exechon PKM has
a large workspace to footprint ratio, and very good conditioning over the whole
workspace. This makes it the suitable machine tool for large volume machining,
e.g., milling in aircraft assembly.

This paper is organized as follows. Section 31.2 describes the architecture of
the Exechon PKM. Section 31.3 presents the kinematics of the PKM. Section 31.4
formulates the generalize Jacobian of the PKM. Sections 31.5 and 31.6 introduce
the workspace analysis and dimension optimization respectively. Section 31.7
concludes this paper.

Fig. 31.1 Physical model of a 5-DOF hybrid Exechon machine

Table 31.1 Optimization results of the PKM

w1 w2 k1 k2 k3 GCI Stroke

0.5 0.5 0.3701 0.5926 1.5335 0.3899 0.7335
1.0 0 0.3965 0.7557 1.5692 0.4066 0.7692
0 1.0 0.4277 0.5001 1.5062 0.3598 0.7062
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31.2 Description of the PKM

Figure 31.2 shows the parallel architecture of the Exechon in which the end-
effecter platform is supported by three legs denoted as leg1; leg2; and leg3;
respectively. Leg1 and leg3 have an identical architecture in which a universal joint
is mounted on the base, followed by a linear actuator and an revolute joint con-
necting to the moving platform. Leg2 is slightly different from leg1 and leg3 as it
has one more rotary DOF about the actuator axis. Kinematically, leg2 can be
regarded as being constructed by an spherical joint on the base, followed by the
linear actuator and a revolute joint connecting to the moving platform. At home
position, leg1 and leg3 are symmetrical with respect to leg2: Assume points Ai and
Bi ði ¼ 1; 2; 3Þ denote the attachment points at the corresponding joint centers to
the base and the moving platform respectively. The base coordinate system
O� xyz is defined as shown in Fig. 31.2a. Point O is the central point of
A1A3; x-axis is pointing from A1 to A3: y-axis is perpendicular to A1A3 and towards
A2; z-axis is obtained by right-hand rule. Similarly, the platform coordinate system
Oe � xeyeze is also defined as shown in Fig. 31.2b. Point Oe is the central point of
B1B3; xe-axis is pointing from B1 to B3: ye-axis is perpendicular to A1A3 and

towards B2; ze-axis can then be obtained by right-hand rule. Let $̂ij ðsijÞ represent a
unit screw (vector) along the jth joint of the ith leg, the geometrical constraints of
the architecture can be described as follows.

• s12; s14; s34 and s32 are parallel to each other;
• s11 and s31 are coincident;
• Actuator axes si3 ði ¼ 1; 3Þ are perpendicular to both si4 and si2;
• Actuator axis s24 is perpendicular to both s25 and s22;

Mobility analysis [10] showed that the moving platform has three DOF
including one translation along z direction and two rotations about x- and y-axes,
respectively.

(a) (b)

Fig. 31.2 Schematic diagram of Exechon PKM. a Coordinates and points. b Twists description
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31.3 Kinematics

Both the inverse and forward kinematics of the PKM was studied by Bi and Jin
[7, 10]. The inverse kinematics of the Exechon hybrid parallel-serial architecture
was also recently studied by Zoppi et al. [27]. It is found that only one unique
solution exists for the inverse kinematics of the Exechon PKM. This makes ease of
control and is regarded as one advantage of this PKM architecture as most PKMs
have multiple inverse kinematic solutions.

31.4 Generalized Jacobian

The conventional Jacobian matrix of the Exechon PKM was formulated as a 3� 6
matrix by Jin et al. [10]. The analysis shows that no singular configuration exists by
considering the physical constraints of the PKM. As the Jacobian matrix is used to
transform both the velocity and the force systems from the actuator input to moving
platform output, its condition is of great interest in design [21]. The condition index
CI of a Jacobian matrix is often used to evaluate the kinetostatic performance of a
manipulator. However, care must be taken for applying the condition index,
because the elements of Jacobin matrix have inhomogeneous units when the
moving platform motion includes both rotation and translation, i.e., no physical unit
for orientation but physical unit for position such as meter [28–31]. As the Exechon
PKM has two rotational DOF about x- and y-axes respectively, and one translational
DOF along z-axis, the conventional Jacobian cannot be used directly to evaluate its
conditioning. Therefore, the dimensionless homogenous Jacobian [30, 31] is
formulated in this section and its condition index is utilized as a performance
measure for the design optimization later on. As a result, the instantaneous kine-
matics between the twist of the moving platform $t and the joint (both active and
passive) velocity dq; is as follows.

J$t ¼ dq; ð31:1Þ

where

J ¼ Ja

Jc

� �
; Ja ¼

OA1 � u1½ �T uT
1

OA2 � u2½ �T uT
2

OA3 � u3½ �T uT
3

2
4

3
5; Jc ¼

OA1 � s12½ �T=r44 sT
12=r44

OA2 � s25½ �T=r55 sT
25=r55

OA3 � s32½ �T=r66 sT
32=r66

2
4

3
5;

r44 ¼ s12 � ðA1B1 � s11Þ; r55 ¼ OA2 � s25 � ðs24 � s25Þ þ OB2 � ðs24 � s25Þ � s25;
r66 ¼ s32 � ðA3B3 � s31Þ: J is known as the generalized Jacobian.

With the generalized Jacobian, the dimensionless Jacobian Jpa can then be
calculated by

31 Optimal Design of a New Parallel Kinematic Machine 347



Jpa ¼ Jpa0AdT
gR0

R0

ðJT JÞ�1JT
a

� ��1

; ð31:2Þ

where Jpa0 is a 3� 6 matrix where each row represents a twist of one feature point

on the moving platform. AdgR0
R0

¼ R 0
0 R

� �
where R is the orientation matrix of

platform frame relative to the base frame. The readers are referred to [30] for more
details.

31.5 Workspace Analysis

As the mechanism holds a three leg architecture, the reachable workspace of the
moving platform is formed by the intersections of the three reachable workspaces
of the three legs. An analytical method of calculating the reachable workspace of
the Exechon-PKM is introduced in [10].

31.6 Dimensional Optimization

This section deals with dimension optimization of the PKM for achieving maxi-
mum effective workspace as well as maximizing actuators efficiency. Effective
workspace is defined as the workspace which have good conditioning and is
suitable for machining tasks [32]. Conditioning index will be employed in this
paper as one measure to evaluate the effectiveness of the workspace of the PKM in
terms of velocity, statics and accuracy, as most literatures did [11–16, 20]. Little
research has considered actuator efficiency in the past. Bi and Jin [7] identified that
the active joint workspace are far lack of utilization if actuator’s displacements are
neglected in dimensional optimization. Thus the actuator efficiency has to be taken
into account.

31.6.1 Design Parameters

To determine the geometry of the PKM, following parameters need be considered.

• l1: the distance between points A1 and A3 on the base;
• l2: the distance between the center point of A1A3 to point A2;
• l3: the distance between points B1 and B3 on the moving platform;
• l4: the distance between the center point of B1B3 to point B2;
• ½Lmin; Lmax�: the motion range of actuators, i.e., the magnitude of AiBi;
ði ¼ 1; 2; 3Þ:
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Without loss of generality, it is assumed that the ratio of OeB2 and B1B3 is
l4=l3 ¼ 0:75 for making the three attachment points Bi form a relatively sym-
metrical triangle. Also assume Lmin ¼ 0:8 so that the resulted workspace volume is
close to one, which will be explained in the objective function. All other variables
are normalized by l1: Thus the three variables to be optimized are defined as:

k1 ¼ l3=l1; ð31:3Þ

k2 ¼ l2=l1; ð31:4Þ

k3 ¼ Lmax=l1: ð31:5Þ

The constraints of the three variables are as follows. 0:25� k1� 0:5;
0:5� k2� 1:0; 1:0� k3� 2:0: For these passive revolute joint axis si2; their
physical constraints are within ½�70�;þ70��: Mathematically, they can be
expressed as:

�70� � acosðsi1 � uiÞ� þ 70�: ð31:6Þ

31.6.2 Objective Function

For large volume machining, it is crucial to have a large workspace to footprint
ratio as well as good conditioning in the entire workspace. The design objective in
this paper is for minimizing actuator strokes while achieving a specified sized
(normalized) effective workspace, i.e., 1 in this case, which is defined as:

MIN : Fðk1; k2; k3Þ ¼ w1=GCI þ w2 � k3; ð31:7Þ

subject to

0:25� k1� 0:5; ð31:8Þ

0:5� k2� 1:0; ð31:9Þ

1:0� k3� 2:0; ð31:10Þ

V ¼ 1 m3; ð31:11Þ

where w1 and w2 are weight factors of the two parts of the objective function
respectively. V denotes the reachable workspace and GCI refers to the global
condition index [11], which is defined as

GCI ¼
R

V CIdVR
V dV

; ð31:12Þ
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where CI denotes the local condition index, and Lmax denotes the maximum leg
length of AiBi; and it should be minimized so as to minimize the actuator stroke.
Without loss of generality, it is assumed that Lmax ¼ Lmin þ stroke: With a given
value of Lmin; the motion range of each leg will be ½Lmin; Lmax�: Lmax is normalized
by l1: So the design objective is formulated as maximize the GCI while minimize
the actuator stroke in a specific sized workspace. The target workspace volume is
one, which means the ratio between workspace volume and the footprint area is at
least greater than two. This signifies that the space has been well utilized and it
will make ease of the installation of a number of such PKM modules for large
production systems.

31.6.3 Optimization Algorithm and Results

The complex optimization [33] is employed to search for the solution in MATLAB
environment. The optimization procedure is shown in Fig. 31.3. For each set of
ðk1; k2; k3Þ; the objective function is evaluated for obtaining the effective

Fig. 31.3 Optimization procedure of Exechon PKM
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workspace with minimized actuator stroke. The 3-D reachable workspace is divided
into a number of layers along z-axis with a resolution of Dz ¼ 0:05; and a number of
grids are then generated in each layer with a resolution of Dx ¼ Dy ¼ 0:05: The
center point of each grid is then taken as the feature point of the workspace. During
optimization process, all feature points within the workspace resulted from the
analytical method will be generated first as global known data. In computing the
objective function, each of these points is assessed by using the inverse kinematic
model of the PKM. If any constraint is violated or the Jacobian matrix is near
singular ðCI\0:05Þ; the point will be excluded out of the workspace. In this way,
the effective workspace as well as the GCI can be calculated. After a number of
repetitions, the optimal set of ðk1; k2; k3Þ can be obtained. The convergence
tolerance is set at 1e� 4 for all design variables and the object function.

Table 31.1 shows the optimization results associated with various sets of
weights in the objective function. It is observed that there is a trade-off between the
GCI and the actuator stroke for achieving a certain sized workspace. When the
optimization is conducted for maximum GCI only, the largest actuator stroke
0.7692 will be required. When the optimization is conducted for minimizing
actuator stroke only, the lowest GCI 0.3598 is resulted, and the actuator stroke is
0.7062. When both objectives are weighted equally, i.e., w1 ¼ w2 ¼ 0:5; both GCI
and actuator stroke are resulted into intermediate values (GCI = 0.3899, stroke =
0.7335). Therefore, one conclusion is drawn that the cost of increment of GCI is a
longer actuator stroke. Depending on the specific application and design con-
straints, a certain set of optimal values can be selected. The corresponding
workspace shape and global conditioning distribution can be easily obtained.
Taking the optimal set of parameter values of w1 ¼ w2 ¼ 0:5 as an example, its
workspace and conditioning atlas in base frame are shown in Figs. 31.4 and 31.5
respectively. It can be observed that the workspace is in a wedge-like shape with a
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Fig. 31.4 Workspace of the Exechon PKM
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peach like section area. The ratio of workspace volume to footprint area is about
six, which denotes a rather good space utilization. The distribution of condition
index is symmetrical about y-axis, and a large part of the central area in the
workspace ðx 2 ½�0:4; 0:4�; y 2 ½�0:5; 0:5�Þ has a rather good uniform condition-
ing, i.e., CI [ 0:4.

31.7 Conclusion

This paper is the first study of the dimensional optimization of a PKM of non-
symmetrical architecture with mixed rotational and translational DOF. For the first
time, minimizing actuators’ stoke is utilized as the design objective. A new
optimization approach is proposed for dimension synthesis of PKMs with an
objective to maximize the workspace conditioning while minimizing actuators’
stoke for achieving specified workspace volume. Optimization results show that
the optimization algorithm is effective in design with various sets of weights in the
performance function. Results also show that the PKM has a large workspace to
footprint ratio (about six). The workspace has a rather good uniform conditioning
which is suitable for large volume machining tasks. Kinematic analysis shows that
the new PKM has a simple unique solution for inverse kinematics, and no sin-
gularity in workspace. The presented research showed that this PKM has great
potential to meet the industrial demands today and future.
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Chapter 32
A Study of the Instantaneous Kinematics
of the 5-RSP Parallel Mechanism Using
Screw Theory

Ernesto Rodriguez-Leal, Jian S. Dai
and Gordon R. Pennock

Abstract This paper presents a detailed study of the instantaneous kinematics of
the 5-RSP parallel mechanism with centralized motion. The study uses screw
theory to investigate the mobility and the singular configurations of the mecha-
nism. The constraint-screw set of the platform is obtained from an analysis of the
motion-screw sets comprised by each kinematic chain. The analysis shows that the
platform has a screw motion, that is, a one degree-of-freedom motion consisting of
a rotation and a translation about an invariant axis. The motion-screw sets are also
used to obtain the Jacobian matrix of the mechanism which provides closed-form
solutions for the inverse and forward instantaneous kinematic problems. This
matrix also provides insight into the singular configurations by investigating the
constraint-screws and the motion-screws of the platform in these configurations.
Finally, two numerical examples and a motion simulation of the mechanism are
presented to illustrate the significance of the analytical results.
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32.1 Introduction

A comprehensive treatise on screw theory was published by Ball in 1900 [1]. The
theory lay dormant, however, for many years until several researchers including
von Mises [2], Brand [3], and Dimentberg [4], demonstrated the important role of
the theory in applied mechanics. The first application of the theory to the kine-
matic analysis of closed kinematic chains and spatial mechanisms is believed to be
the work of Hunt [5]. Since that time numerous researchers have used this tech-
nique to provide geometrical insight into the instantaneous kinematics of multi-
degree-of-freedom manipulators [6–8]. More recently, the theory was used to
reveal insight into the duality between kinematics and statics [9, 10] and this
opened the door into the design of novel parallel robot manipulators [11]. One of
the current applications of screw theory is to investigate the mobility of spatial
parallel mechanisms [12]. For example, Dai et al. [13] studied the screw systems
of parallel mechanisms and their interrelationships, relating the screw systems to
motion and constraints and identifying the constraints as (i) platform constraints,
(ii) mechanism constraints, or (iii) redundant constraints. Their work resulted in a
new approach to the mobility problem based on the decomposition of the motion-
screw system and the constraint-screw systems.

Another application of screw theory in kinematics is the determination of the
Jacobian matrix [7], which is fundamental to the velocity and trajectory control
planning of the mechanism. Typically, this matrix is obtained by multiplication of
the platform twist by the orthogonal product of the reciprocal screws [14]. The
identification of singular configurations is important for the design and control of
parallel mechanisms. Gosselin and Angeles [15] defined three types of kinematic
singularities in relation with the rank deficiency of the Jacobian matrices for the
inverse and direct kinematics problems, namely: (i) the inverse kinematics sin-
gularities, the (ii) direct kinematics singularities, and (iii) when the inverse and
direct kinematics Jacobian matrices are both rank deficient. An interesting method
for analyzing singularities of parallel mechanisms was proposed by Zhao et al.
[16] where the terminal constraints of the mechanism are investigated using screw
theory. This method allows the identification of singularities without the need of
Jacobian matrices and provides a better physical insight into the constraints
imposed on the platform.

The authors have proposed a new 5-RSP parallel mechanism (see Fig. 32.1)
with centralized motion in [17], i.e. that the centroid of the platform is intersected
by an invariant axis for all positions of the mechanism. This mechanism consists of
a platform connected to a base by five identical RSP kinematic chains (where
R denotes a revolute joint, S denotes a spheric joint, P denotes a prismatic joint,
and the underline denotes the active joint). The inverse and forward kinematics
were solved in [17], resulting in closed form equations. Furthermore, the paper
approached the instantaneous kinematics by differentiating the closed loop vector
equation. The mobility of the mechanism was explained by geometrical insight
supported by the position analysis and validated by numerical examples and
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motion simulations, showing that the platform of this mechanism exhibits a screw
motion, i.e. a translation along and a rotation about the Z-axis.

This paper uses screw theory for obtaining the mobility of the 5-RSP parallel
mechanism previously studied in [17], by applying the method proposed by Dai
et al. [13], revealing the type and geometry of the constraints exerted by each
kinematic chain on the platform. Furthermore, the paper presents solutions to the
forward and inverse instantaneous kinematic problems following the methods
proposed by Mohamed and Duffy [6], and Joshi and Tsai [7] for obtaining a
screw-based Jacobian matrix. The results in this paper are compared to the
velocity analysis conducted in [17], showing the conciliation of the screw-based
and the differentiation-based Jacobian matrices. In addition, the paper uses the
Jacobian matrix to identify the singular configurations of the parallel mechanism.
Finally, the platform constraint-screw sets and the motion-screw sets are
evaluated in the singular configurations in order to understand the change of
mobility.

The paper is arranged as follows. Section 32.2 is a description of the geometry
of the parallel mechanism and the notation that is adopted here. Section 32.3 is a
study of the mobility of the mechanism. Section 32.4 uses screw theory to obtain
closed-form solutions to the instantaneous kinematic problems. Section 32.5
presents the singularity analysis of the platform. Section 32.6 includes a numerical
example, where the mobility and the solutions to the kinematic problems are
compared with a motion simulation of the parallel mechanism. Finally, Sect. 32.7
presents some important conclusions and suggestions for future research on this
new class of parallel mechanism.
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Pjoint

Sjoint
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Fig. 32.1 The 5-RSP parallel mechanism
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32.2 Notation and Description of an Arbitrary Leg

Figure 32.2 is a schematic representation of leg i (i = 1-5) which is an RSP kinematic
chain. To describe the geometry of this leg several Cartesian reference fames (hence-
forth referred to simply as fames) are proposed. A global frame, denoted as G (X, Y, Z), is
attached to the base with origin at O; and a platform frame, denoted as H (U, V, W), is
attached to the platform with origin at C (see Fig. 32.1). Consider that px, py, and pz are
the Cartesian coordinates of the platform centroid C; and a, b, and c are the projection
angles about the X-, Y-, and Z-axes that express the orientation of the platform. Seven
local frames are also proposed (k = I, …, VII) where the kth local frame is denoted as kG
(kX, kY, kZ). The first local frame is originally coincident with G, then rotated by the angle
wi about the Z-axis and translated a distance a along the current IX-axis. Note that this
local frame is positioned at the location of joint ji1 (point Ai) and the angles wi are chosen
as w1 = 0�, w2 = 72�, w3 = 144�, w4 = 216�, and w5 = 288� (i.e., the joints ji1 are
placed symmetrically on the base). The second local frame is obtained by rotating IG by
the angle u around the Z = IZ-axis. Note that the unit vector si1, which represents the
axis of joint ji1, is parallel to the IIX-axis. Also note that the angleu, which is considered a
constant for all five legs, has a significant influence on the behavior of the screw motion
of the platform. The third local frame is centered at joint ji1 but is rotated by the angle hi1

around the IIX = IIIX-axis which allows the action of the joint. The fourth local frame is
translated a distance d along the current IIIY-axis and placed coincident with Bi. The
origin of the fifth, sixth, and seventh local frames are coincident with Bi but are rotated by
the angle hi2 about the IIX = IIIX = IVX = VX-axis, by the angle hi3 about the VY = VIY-
axis, and by the angle hi4 about the VIZ = VIIZ-axis, respectively. Note that hi2, hi3, and
hi4 denote the angles of rotation of joints ji2, ji3, and ji4, which represent the S joint in the
kinematic chain. Also note that the joint axes si3, si4, and si5 represent a S joint, con-
sidering that the axes intersect at Bi and are orthogonal to each other. When the frame
VIIG is translated a distance -bi along the VIIX-axis and then rotated by the angle -vi

(where v1 = 0�, v2 = 72�, v3 = 144�, v4 = 216�, and v5 = 288�) about the VIIZ-axis,
then the frame would be coincident with frame H (Note that the anglesvi are chosen here
to be the same as the angles wi). An additional rotation of frame H by the angle -c about
the W-axis would make the frame G be parallel to the frame H.

The following section presents a mobility analysis of the 5-RSP parallel
mechanism using screw theory. The individual motion of each leg will be treated
as an independent twist applying a wrench to the platform. The section shows that
the mobility of the platform can then be determined by the effect of the linear
combination of the wrench systems for all the legs.

32.3 Mobility Analysis

The leg i of the mechanism, see Fig. 32.2, contains a system of five joint screws where
joint ji1 is the only actuated joint; i.e., the remaining joints in the leg are passive. For
convenience, the joint screws will be expressed in the global frame G and can be written as
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$i1 ¼
$i1

ai � si1

� �
; $i2 ¼

si2

ðai þ diÞ � si2

� �
; $i3 ¼

si3

ðai þ diÞ � si3

� �
;

$i4 ¼
si4

ðai þ diÞ � si4

� �
and $i5 ¼

0

si5

� �
ð32:1Þ

where

ai ¼ acwi; aswi; 0½ �T; si1 ¼ cðuþ wiÞ; sðuþ wiÞ; 0½ �T;
di ¼ � dchi1sðuþ wiÞ; dchi1cðuþ wiÞ; dshi1½ �T; si2 ¼ 1; 0; 0½ �T;

si3 ¼ 0; 1; 0½ �T; si4 ¼ 0; 0; 1½ �T; and si5 ¼ cðcþ viÞ; sðcþ viÞ; 0½ �T

ð32:2Þ

To simplify the task of calculating the screw system for this leg, the S joint axes si2,
si3, and si4 are assumed to be always parallel to the X, Y, and Z-axes, respectively.

Fig. 32.2 Leg i of the 5-RSP parallel mechanism
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Substituting Eq. (32.2) into Eq. (32.1), and performing the vector operations, the
motion screw system for leg i can be written as

$if g ¼

$i1 ¼ cðuþ wiÞ; sðuþ wiÞ; 0; 0; 0; asu½ �T;
$i2 ¼ 1; 0; 0; 0; dsh1; � dch1cðuþ wiÞ � aswi½ �T;
$i3 ¼ 0; 1; 0; � dsh1; 0; acwi � dch1sðuþ wiÞ½ �T;

$i4 ¼ 0; 0; 1; dch1c(uþ wiÞ þ aswi; dch1sðuþ wiÞ � acwi; 0�T;
h

$i5 ¼ 0; 0; 0; cðcþ wiÞ; sðcþ wiÞ; 0½ �T

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

ð32:3Þ

Note that the screws $i1, $i2, $i3, and $i4 are for revolute joints, therefore, these
screws have zero pitch. Similarly, the screw $i5 is for a prismatic joint and,
therefore, has an infinite pitch. Due to the geometry of the mechanism, the angular
position of joint ji1 is the same for all five legs and, therefore, hi1 will be abbre-
viated as h1 [17]. Although this mechanism can be only actuated with one joint ji1,
it is considered a simultaneous and synchronized actuation from the five joints ji1.
Each leg of the mechanism contains an independent set of screws. Since there are
five screws per leg then there must be one reciprocal screw that complements the
six screw system for each leg [13], namely

$r
i1 ¼ �sðcþ wiÞ; cðcþ wiÞ; tan h1cðc� uÞ; Pr

i ; Qr
i ; Rr

i

� �T ð32:4aÞ

where

Pr
i ¼ tan h1½dch1sðc� uÞsðuþ wiÞ þ acðc� uÞswi�

Qr
i ¼ � tan h1½dch1sðc� uÞcðuþ wiÞ þ acðc� uÞcwi�

Rr
i ¼ dch1cusc + ccða� dch1suÞ

ð32:4bÞ

If Eq. (32.4a) is written for each leg of the parallel mechanism then the result is
the platform constraint-screw system. Taking the reciprocal screw to this 5-system,
the platform motion-screw for the mechanism can be written as

$f ¼ 0; 0; tan h1cðc� uÞ; 0; 0; �dch1cusc� ccða� dch1suÞ½ �T ð32:5Þ

This equation indicates that the platform has a single degree-of-freedom (i.e., a
screw motion) along and about the Z-axis. It has been previously presented in [17]
with the use of simulations that when the mechanism is assembled setting u = ±90�
then c = 0�. Note that in the configuration u = ±90� Eq. (32.5) reduces to

$f
1 ¼ 0; 0; 0; 0; 0; dch1 � a½ �T ð32:6Þ

This equation shows that the platform will have a single translational degree-of-
freedom along the Z-axis, which is consistent with the simulations of the mobility
discussed in [17] for u = ±90�. The following section presents the inverse and
forward instantaneous kinematics of the 5-RSP parallel mechanism using screw
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theory. The section shows the determination of the Jacobian matrix with the use of
the branch motion screw sets in order to solve the direct and inverse instantaneous
kinematics of the mechanism.

32.4 Instantaneous Kinematics

The instantaneous twist $p of the platform of a parallel mechanism can be
expressed as a linear combination of ‘ instantaneous twists [6]

$p ¼
X‘
j¼1

_qij$ij ð32:7Þ

where ‘ denotes the total number of joints per limb, and _qij represents the scalar
velocity of joint jij. Each leg is comprised of a system of five motion-screws. Since
$i1, $i2, $i3, and $i4 have zero pitch, and $i5 has an infinite pitch, the instantaneous
twist of the platform can be written as

$p ¼ _h1$i1 þ _hi2$i2 þ _hi3$i3 þ _hi4$i4 þ _bi5$i5 ð32:8Þ

The Jacobian matrix can be obtained from screw theory by locking the active
joint ji1 [7], hence the branch motion-screw system from Eq. (32.3) becomes a
four-system when $i1 is eliminated and the branch constraint-screw system will
have two reciprocal screws, namely

$r
i

$r
i1 ¼ 0; 0; 1; dch1cðuþ wiÞ þ aswi; dch1sðuþ wiÞ � acwi; 0�T;

h
$r

i2 ¼ �sðcþ wiÞ; cðcþ wiÞ; 0; � dsh1cðcþ wiÞ;�dsh1sðcþ wiÞ; Rr
i2

�Th
8><
>:

9>=
>;

where Rr
i2 ¼ dch1cusc + ccða� dch1suÞ ð32:9Þ

The passive joints can be eliminated by applying the orthogonal product to each
of the reciprocal screws in Eq. (32.9), that is

$rT
ij $p ¼ $rT

ij $i1
_h1 ð32:10Þ

Performing the orthogonal product on the right side of Eq. (32.10), using the
reciprocal screws form Eq. (32.9), gives

$rT
i1 $p ¼ dch1

_h1; and SrT
i2 Sp ¼ �dc(c� uÞsh1

_h1 ð32:11Þ

For the five legs, Eq. (32.11) result in two independent linear systems where
each system contains five scalar equations. The equations can be written in matrix
form as

Jf¼q$p ¼ Jg¼qH q ¼ 1; 2ð Þ ð32:12Þ
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where Jf¼q and Jg¼q are commonly referred to as the direct kinematics Jacobian
matrices and the inverse kinematics Jacobian matrices [7], respectively, and H is
the vector of the joint rates of the five rotational actuators. Note that the instan-
taneous twist $p can be also expressed as

$p ¼ xx; xy; xz; vx; vy; vz½ � T ð32:13Þ

The direct kinematics Jacobian matrices can be written as

Jf¼q ¼

A1q B1q C1q D1q E1q F1q

A2q B2q C2q D2q E2q F2q

A3q B3q C3q D3q E3q F3q

A4q B4q C4q D4q E4q F4q

A5q B5q C5q D5q E5q F5q

2
66664

3
77775 q ¼ 1; 2ð Þ ð32:14aÞ

where

Ai1 ¼ dch1cðuþ wiÞ þ aswi; Bi1 ¼ dch1sðuþ wiÞ � acwi; Ci1 ¼ 0

Di1 ¼ 0; Ei1 ¼ 0; and Fi1 ¼ 1
ð32:14bÞ

and

Ai2 ¼ � dsh1cðcþ wiÞ; Bi2 ¼ � dsh1sðcþ wiÞ; Di2 ¼ �sðcþ wiÞ;
Ci2 ¼ dch1cusc + ccða� dch1suÞ; Ei2 ¼ cðcþ wiÞ; and Fi2 ¼ 0

ð32:14cÞ

The inverse kinematics Jacobian matrices can be written as

Jg¼1 ¼ dch1I ð32:15aÞ

and

Jg¼2 ¼ �dc(c� uÞsh1I ð32:15bÞ

where I is the 5 9 5 identity matrix. The forward instantaneous kinematic
problem is defined as follows: for a given set of joint rates of the actuators
determine the general velocity vector of the platform (referred to as the platform
twist velocity). This velocity can be written as

V ¼ JH ð32:16aÞ

where J ¼ J�1
f¼q Jg¼q is commonly referred to as the direct Jacobian matrix. The

inverse instantaneous kinematic problem, on the other hand, is defined as follows: for
a given platform twist velocity determine the joint rates of the actuators. Taking the
inverse of Eqs. (32.16a) and (32.16b), the vector of the actuator joint rates is

H ¼ J�1V ð32:16bÞ

where J�1 ¼ J�1
g¼q J�1

f¼q is commonly referred to as the inverse Jacobian matrix
[17]. Solving Eq. (32.14a) by adding the velocity contributions from each leg
results inthe solution to the forward instantaneous kinematics problem as follows
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V ¼ vz xz½ �T; H ¼
_h1
_h1

� �
and J ¼ d

ch1 0

0 � c(c� uÞsh1

dch1cuscþ ccða� dch1suÞ

2
4

3
5

ð32:17Þ

The inverse instantaneous kinematic problem can be solved in a straightforward
manner by taking the inverse of Eq. (32.17), that is

_h1
_h1

� �
¼

1
dch1

0

0 � dch1cuscþ ccða� dch1suÞ
dc(c� uÞsh1

2
664

3
775 vz

xz

� �
ð32:18Þ

The following section will present a singularity analysis of the mechanism to
determine the configurations in which the platform will gain or lose certain
degrees-of-freedom.

32.5 Singularity Analysis

The singular positions of the mechanism can be obtained by identifying the
configurations in which the determinant of the matrix J is zero. The determinant of
Eq. (32.17) results in

Jj j ¼ �d
sh1ch1

bc(c� uÞ þ acu tan2ðc� uÞ ð32:19Þ

Therefore, the determinant is zero when: (i) h1 = 90�, (ii) h1 = 0�, (iii) h1 = 180�,
(iv) u = 90�, (v) c-u = 90�. Note that the determinant |J| approaches infinity = ?
when (vi) bc(c-u) ? acutan2(c-u) = 0. Singularity (i) occurs when all the legs
are perpendicular to the base and parallel to each other, note that for this configu-
ration c = 0�. Singularities (ii) and (iii) occur when the platform is collapsed, i.e. the
platform is folded onto the base when pz = 0 and c = atan [dcu/(a-dsu)]. Singu-
larity (iv) occurs when the joint axis si1 is tangential to the base circle, i.e. when
u = 90�. This assembly configuration has been identified in Sect. 32.3 to produce
only translation of the platform along the central axis, and can be further proved when
substituting u = 90� and c = 0� into the solution for the direct instantaneous
kinematics. Singularity (v) occurs when c-u = 90�, and finally the singularity (vi)
provides a condition that involves dimensional and assembly configuration param-
eters of the parallel mechanism in which the magnitude of the angular velocity xz of
the platform becomes infinite, disregarding the input of the active joint velocities.

Investigating the singularity configuration (i), the branch motion-screw system
for leg i {$i}, expressed by Eq. (32.2), can be evaluated in the singular configu-
ration (i) when h1 = 90� and c = 0�, leading to the branch constraint-screw of leg
i
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$r
i1 ¼ 0; 0; 1; as wi; � acwi; 0½ �T ð32:20Þ

Note that the constraint imposed by the reciprocal screw is a force that is
coaxial with the leg, i.e., parallel to the base and intersecting points Ai and Bi.
Writing the reciprocal screw for each leg of the parallel mechanism, result in the
platform constraint-screw system, whose reciprocal screw system is the platform
motion-screw system {$f} for the mechanism in the singularity (i) configuration

f$f g ¼
$f

1 ¼ 0; 0; 1; 0; 0; 0½ �T;
$f

2 ¼ 0; 0; 0; 0 ; 1; 0½ �T;
$f

3 ¼ 0; 0; 0; 1; 0; 0½ �T

8>><
>>:

9>>=
>>; ð32:21Þ

This equation indicates that the platform has three degrees-of-freedom in the
singular configuration (i) when h1 = 90� and c = 0�, where the platform is able to
rotate about the Z-axis and to experience translation along the X- and Y-axes.
Figure 32.3a shows a CAD model of the mechanism in the singularity (i)
configuration.

The singularity configuration (ii) is also investigated with the use of screw theory
when the branch motion-screw system for leg i {$i} from Eq. (32.2) is expressed for
h1 = 0� and c = atan [dcu/(a-dsu)], and the reciprocal screw to the branch motion-
screw system of leg i for the singularity (ii) configuration is written as

$r
i1 ¼ �sðcþ wiÞ; cðcþ wiÞ; 0; 0; 0; accþ dsðc� uÞ½ �T ð32:22Þ

where $r
i1 is a force perpendicular to the P joints of the platform and coplanar with

the platform, intersecting the center of the S joints. The platform constraint-screw
system {$r} is formed by the reciprocal screws of all legs, and its reciprocal screw
gives the platform motion-screw system {$f} in the singularity (ii) pose, namely

f$f g ¼
Sf

1 ¼ 0; 1; 0; 0; 0; 0½ �T;
$f

2 ¼ 1; 0; 0; 0 ; 0; 0½ �T;
$f

3 ¼ 0; 0; 0; 0; 0; 1½ �T

8>><
>>:

9>>=
>>; ð32:23Þ

Fig. 32.3 Singularity configurations
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This equation shows that the platform has three DOF in the singular configu-
ration (ii) when h1 = 0�, which apart from translating along the Z-axis, the plat-
form rotates about the X- and Y-axes. Note that the singularity (iii) produces the
same results as for the singularity (ii) from Eq. (32.23). Figure 32.3b and c
illustrate the poses when the mechanism is subjected to singularity (ii) and sin-
gularity (iii) respectively.

Section 32.6 presents two numerical examples to demonstrate that the mobility
and the solutions to the inverse and forward instantaneous kinematics presented in
Sects. 32.3 and 32.4 are correct. The section also compares the results of the
examples with a motion simulation using commercial software.

32.6 Numerical Example and Motion Simulations

Simulation 1. A CAD model of the mechanism was produced using a commercial
motion simulation software package. The model uses the dimensional parameters
a = 150 mm and d = 100 mm. Consider the two assembly configurations
u = 30�, and u = 90�, the total simulation time and the angular velocity of the
actuators ji1 are shown in Table 32.1. The results of the simulations for the initial
and final configurations of the mechanism are presented in the table.

The simulation plots for the assembly configuration u = 30� are shown in
Fig. 32.4. Figure 32.4a, c, and e show the x, y, and z coordinates of the position,
velocity, and acceleration of the centroid C versus time in solid, dashed and dotted
lines, respectively. These figures indicate that the platform can only translate along
the Z-axis, that is, the positioning along the X- and Y-axes is constantly zero.
Figure 32.4b, d, and f show the projected angles of rotation, the angular velocity,
and the angular acceleration about the X-, Y-, and Z-axes in solid, dashed and
dotted lines, respectively. These figures indicate that the platform can only rotate
about the Z-axis. This agrees with the mobility analysis presented in Sect. 32.3,

Table 32.1 Simulation parameters and results for assembly configurations u = 308 and
u = 908

Parameters Initial Final

a = 150 mm h11, h12, h13, h14, h15 (deg) 24.14 162.14
u = 30� px, py (mm) 0 0
d = 100 mm pz (mm) 86.71 64.45
Time = 5 s a, b (deg) 0 0
_hi1 ¼ 4:6 rpm c (deg) 37.17 -22.64

a = 150 mm h11, h12, h13, h14, h15 (deg) 108.47 72.47
u = 90� px, py (mm) 0 0
d = 100 mm pz (mm) 94.85 95.36
Time = 5 s a, b (deg) 0 0
_hi1-1.2 rpm c (deg) 0 0
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that is, the rotation of the platform depends on the angle u. The positioning
simulation shows that the platform can only translate along the Z-axis when
u = ±90� which agrees with Eq. (32.6), and produces identical results to the plots
shown in Fig. 32.4a, c, and e. The simulation of the projected angles, angular
velocity and angular acceleration of the platform in Fig. 32.5 show that the
rotation about the Z-axis is eliminated.
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Fig. 32.4 Position, velocity and acceleration simulation results for u = 30�
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Example 1 Consider the assembly configuration u = 60�. The total simulation time
and the angular velocity of the actuators are presented in Table 32.2, where
_h1 = 5.6 rpm (recall that due to the geometry of the mechanism, all the actuators
have the same angular position, and velocity). The behavior of the calculated linear
velocity of the platform centroid C as a function of h1 is shown in Fig. 32.6a.

Figure 32.6b shows the simulated linear velocity components of the centroid C on
the X-, Y-, and Z-axes, represented as plots in black, blue and green color, respec-
tively. Furthermore, the translational velocity of C along the Z-axis follows a cosi-
nusoidal behavior and is identical to the computed velocity shown in Fig. 32.6a.

Substituting the parameters listed in Table 32.2 into Eq. (32.17) gives the
angular velocity of the platform.

A plot of the angular velocity of the platform about the Z-axis as a function of
the angular position of the active joint h1 is shown in Fig. 32.6c. Figure 32.6d
presents the plots produced by the simulation of the angular velocity components
about the X-, Y-, and Z-axes in solid, dashed, and dotted plots, respectively.

The platform shows no angular velocity component about the X- and Y-axes as
observed from Fig. 32.6c and d, which show identical velocity profiles. Note that
the platform experiences rotation about the Z-axis, while the platform is always
parallel to the base. The position and orientation simulations verify the results of
the mobility analysis presented in Sect. 32.3.
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Fig. 32.5 Angular position,
velocity and acceleration
simulation results of the
mechanism for u = 90�

Table 32.2 Geometrical and
simulation parameters for the
direct instantaneous
kinematics with assembly
configuration u = 60�

Dimensional parameters Simulation parameters

a = 150 mm a = 150 mm
u = 60� 0� B h1 B 180�
d = 100 mm Time = 5 s
0� B h1 B 180� _h1 = 5.6 rpm

32 A Study of the Instantaneous Kinematics 367



32.7 Conclusions and Suggestions for Future Research

This paper is a detailed kinematic analysis of a novel 5-RSP parallel mechanism
with centralized motion by means of screw theory. First, the motion-screw sets
comprised by each kinematic chain are obtained. Then the paper determines the
platform constraint-screw set, which produces five independent constraints, lead-
ing a one degree-of-freedom motion consisting of a rotation about and a translation
along an invariant axis. The motion-screw sets were then used to obtain the
Jacobian matrix, which results in closed-form solutions for the inverse and forward
instantaneous kinematics of the mechanism. The Jacobian matrix was analyzed for
obtaining the singular configurations of the mechanism, namely: (i) when all the
legs are perpendicular to the base (h1 = 90�), (ii) and (iii) when the platform is
collapsed (h1 = 0�, or h1 = 180�), and (iv) occurs when the joint axis si1 is
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Fig. 32.6 Calculated and simulated plots of the linear and angular velocity for u = 60�
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tangential to the base circle, i.e. when u = 90�. The paper evaluates the constraint
and motion-screws of the platform in the singular configurations and observes that
the platform can rotate about the Z-axis. To experience translation along the X- and
Y-axes in the singular configuration (i) translate along the Z-axis; the platform will
rotate about the X- and Y-axes in the singular configurations (ii) and (iii); and the
platform will translate along the Z-axis in the configuration (iv). Numerical
examples and motion simulations are included to validate the analytical results
presented in the paper. A suggestion for future research is to perform a static and
dynamic force analysis of the mechanism for practical industrial applications.
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Chapter 33
Experimental Modal Analysis for a 3-DOF
PKM Module

Jun Zhang, Hai-Wei Luo and Tian Huang

Abstract To reveal the modal properties of a 3-dof PKM module, a wire-frame
model is proposed and relative experimental modal test is conducted. The lower
orders of natural frequencies, damping ratios are obtained and corresponding mode
shapes are classified. The modal analysis reveals two categories of vibration
modes for the PKM module. The first to the third orders of modes correspond to
the overall vibration of the module while the fourth to the sixth orders of modes
corresponding to pitch and yaw as well as their combination of the moving plat-
form. The overall vibration modes of the module are expected to be eliminated
through bolt-connection of the base and fixed frame. The moving platform
vibration modes, however, rely on the weak stiffness of spherical joints. Thus,
desirable dynamic performance of the PKM module demands delicate design for
the spherical joint with high stiffness.

Keywords Experimental modal analysis � Parallel kinematic machine � Dynamic
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33.1 Introduction

A novel 3-dof parallel kinematic machine (PKM) module was proposed to satisfy
high-speed machining of extra large component with complex geometries [1]. The
PKM module stems from the Sprint Z3 Head but adopts a topological configu-
ration of 3-RPS parallel mechanism. Urged by the requirements for quick evalu-
ation of dynamic performance, an analytical lumped-parameter dynamic model
based on substructure synthesis was proposed and the distributions of lower natural
frequencies throughout the entire workspace were predicted in a quick manner [2].
However, in this proposed model, several assumptions and approximations were
made to simplify the dynamic modeling process. These simplified representations
would degenerate the accuracy of prediction results. For example, the existence of
clearance and friction in joints, as well as the deflection of the base connecting to
the frame in real condition would change the dynamic characteristics of the PKM
system and should not be neglected [3, 4]. In addition, further optimal design of
structure and control demands explicit understand of dynamic characteristics of the
machine system.

Motivated by above concerns, an experimental modal test and relative analyses
is conducted on a prototype with the same parameters listed in Ref. [2]. With
modal parameters distinguished by the testing, the previous analytical dynamic
model can be modified with better prediction accuracy. On the other hand, the
system dynamic characteristics can be predicted and analyzed based on modal
truncation. With modal truncation, the sophisticated descriptions and approxima-
tions for component flexibility and joint nonlinearity can be avoided and make it
much easier to achieve useful dynamic results.

33.2 Dynamic Equations for PKM and Its Transformation

The structure of the proposed PKM module is depicted in Fig. 33.1, which consists
of a fixed base, a moving platform and three identical RPS limbs [1].

With the combination of substructure synthesis and finite element method, the
analytical governing equations of motion for the system can be derived as [2]

~M €~U þ ~K ~U ¼ ~F ð33:1Þ

Herein, ~M and ~K are the global mass matrix and stiffness matrix, respectively;
~U and ~F are the global general coordinates vector and external load vector,
respectively. It is worthy to point out that the matrices of ~M and ~K are time-
varying and configuration-related.

According to the modal analysis theory, Eq. (33.1) can be transformed from
physical coordinates into modal coordinates and vice versa. Generally, the PKM
module moves in given postures at velocities of moderate amplitudes. Thus, the
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parallel mechanism can be considered as a linear system in steady state. And for a
linear mechanical system, a structural damping assumption can be applied.
Therefore, the Eq. (33.1) can be expressed as the following by adding a ratio
damping matrix c

m€xðtÞ þ c _xðtÞ þ kxðtÞ ¼ f ðtÞ ð33:2Þ

where m, c and k are mass matrix, damping matrix and stiffness matrix, respec-
tively; xðtÞ and f ðtÞ are general modal coordinates and external load vector,
respectively.
The Laplace transform of the above equation is

s2mþ scþ k
� �

xðsÞ ¼ FðsÞ ð33:3Þ

The system response is

xðsÞ ¼ s2mþ scþ k
� ��1

FðsÞ ¼ HðsÞFðsÞ ð33:4Þ

where HðsÞ is transfer matrix of the system and can be written as

HðsÞ ¼
Xn

i¼1

uiu
T
i

miðs� siÞ
þ u�i u

�T
i

m�i ðs� s�i Þ

����
���� ð33:5Þ

Herein, mi, si and ui denote the ith order modal mass, round frequency and
mode vector, respectively; the superscript ‘*’ represents the conjugation of a
variable.

The element of l row and p column in the matrix HðsÞ can be expressed as

Hlp ¼
Xn

i¼1

uliu
T
pi

miðs� siÞ
þ

u�liu
�T
pi

m�i ðs� s�i Þ

�����
����� ð33:6Þ

where uli and upi denote the element of l row and p column in the ith order mode.
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Fig. 33.1 Structure of the
PKM module
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33.3 Experimental Modal Analysis for Typical Configuration

In an experimental modal analysis, by measuring applied excitations and corre-
sponding dynamic responses, the transfer function from exciting points to
recording points can be calculated, and homologous elements of transfer function
in arbitrary row or column can be obtained. Then with the technique of modal
identification and fitness, modal parameters of the system can be determined.

In this paper, the method of single input and single output (SISO) is adopted.
And to facilitate the modal testing, the LMS Test.lab system (Version 9A) is
applied. The experimental modal testing rig is demonstrated in Fig. 33.2.

Due to space limitation, the PKM module is connected to a fixed frame with
four clamp rods at each corner of the base when conducting the test. This kind of
connection, however, is quite different from real working condition in which the
base of the PKM is bolt connected. Obviously, the stiffness of clamped connection
is much smaller compared to bolt connection.

Before testing the modal properties of the system, a modal analysis model is
needed. With the help of LMS Test.lab, a wire-frame model for the PKM module
at any given configuration can be established. According to the structural features
and kinematic relationships of the PKM module, a wire-frame model with 111
nodes is established in Fig. 33.3.

The wire-frame model consists of a fixed base, a moving platform, three
identical limb bodies and block units. The connection between limb bodies and
moving platform, i.e. the three identical spherical joints in real mechanism, is
represented by three lines as shown in Fig. 33.3. For sake of clarity, the numbering
of each node is not shown in Fig. 3. The detailed node numbering is listed in
Table 33.1.

During the experimental testing, impulse excitation in three directions (x; y; z)
is applied at the node of plat:1, which represents the installing position of the
spindle. By recording the responses of each node in three corresponding directions
(x; y; z), the transfer functions of the system can be obtained. To reduce the noise
effect, the multi-average method is applied. The responses of each node (i.e.
recording position) are measured for 5 times. Rectangular windows are added to
input signals (hammer impulse) and exponential windows to response. The FRF of
node plat:1 in three directions are demonstrated in Fig. 33.4.

Limb 2

Clamp rodHammer LMS

Fixed frame

Acceleration
t ransducer

Limb 1

Moving platform

x
z

y

Limb 3 BaseFig. 33.2 Testing rig for the
PKM module
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After averaging the transfer functions of all testing points, mode results of the
PKM system can be identified and fitted in LMS Test.lab. The natural frequencies
and corresponding mode shapes as well as damping ratios of the system are listed
in Table 33.2 and the sketches for lower order natural modes are illustrated in
Fig. 33.5.

From Table 33.2 and Fig. 33.5, it can be found that the first to the third orders
of natural modes corresponding to the overall vibration of the PKM module. The
physical explanation for the overall vibration modes relies on the ‘weak’ con-
nection between the base and the fixed frame. As mentioned before, the base is
clamped to the fixed frame, which results in a ‘soft’ supporting, i.e. small stiffness
of the PKM module. Once the base and the fixed frame turns into bolt connection,
the first three orders of mode are expected to be eliminated. On such circumstance,
the present fourth to sixth orders of natural modes will become dominant. It can
also be observed that these three natural frequencies are quite near in value and all
correspond to the vibration of moving platform. The pitch and yaw as well as their
combination vibrations of the moving platform imply that the stiffness of spherical
joints is the ‘bottleneck’ in the whole parallel mechanism. The PKM module is
most likely to vibrate when the spindle is machining.

Limb body 3

Moving platform

Limb body 1

Limb body 2

Block unit 2

Block unit 3

Block unit 1

Base

x

y

z

Fig. 33.3 Wire-frame model
of the PKM module

Table 33.1 Node numbering of component in PKM module

Component name Node number Component name Node number

Moving platform Plat:1–plat:4 Limb body 3 L3_1–L3_25
Fixed base Base:1–base:8 Block 1 B1_1–B1_8
Limb body 1 L1_1–L1_25 Block 2 B2_1–B2_8
Limb body 2 L2_1–L2_25 Block 3 B3_1–B3_8
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33.4 Conclusions

In this paper, a wire-frame model for a 3-dof PKM module is established and an
experimental modal test is implemented with SISO method. Based on the proposed
model and its testing results, the modal properties such as lower orders of natural
frequencies, damping ratios and corresponding mode shapes are revealed. The
modal analyses results indicate that, except for the overall vibration modes which
can be eliminated through bolt-connection of the base and fixed frame, the most
likely occurred vibration modes for the PKM module are the pitch and yaw as well
as their combination of the moving platform. These vibration modes of the moving
platform imply that the spherical joint stiffness is the ‘bottleneck’ of the system
and is of great concern during the design stage. To achieve a desirable dynamic
performance, the spherical joint should be delicately designed for a high stiffness.
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Fig. 33.5 Lower order natural modes a 1st order b 2nd order c 3rd order d 4th order e 5th order
f 6th order

Table 33.2 Mode results of the PKM module

Frequency/Hz Damping/% Description of mode shapes

f1 = 17.92 C1 = 1.15 Pitch of PKM module (Rotate about x axis)
f2 = 18.02 c2 = 1.17 Translation in z axis of PKM module
f3 = 23.22 c3 = 1.48 Yaw of PKM module (Rotate about y axis)
f4 = 29.41 c4 = 1.27 Pitch of moving platform (Rotate about x axis)
f5 = 32.00 c5 = 1.98 Yaw of moving platform (Rotate about y axis)
f6 = 32.60 c6 = 1.61 Combining pitch and yaw of moving platform
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Chapter 34
Analysis on Motion Characters
for A 3-PRS Parallel Mechanism

Zheng Gao, Rui Su, Jianting Zhao and Hongrui Wang

Abstract The motion character of a special three degree-of-freedom (DOF)
parallel mechanism is analyzed by screw theory. This mechanism’s significant
feature is that the axis of its prismatic pair is parallel to that of its revolute pair in
the same limb. Firstly, by analysis, the mechanism’s constraint screws are
obtained, which leads to motions along the fixed-length links being restricted.
Secondly, we get the mechanism’s constraint screws’ reciprocal productions,
namely the mechanism’s free motions, which are three screw motions. After that,
a numerical example is presented to illustrate the analysis in detail. At last, we
draw some conclusions and discuss the future work.
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34.1 Introduction

Spatial parallel robot mechanism is one of the focuses of robot research field.
Compared with serial robot, parallel robots have high rigidity, high payload
capability, less cumulate error and good dynamic characteristic. The earliest
spatial parallel was used for flight simulator, and then it is designed for parallel
virtual machine tool, micro operation robot, sensor element, force feedback device
and walking robot legs.

In recent years, new research has been focusing on new type and lower-mobility
parallel robot. Because of its simple structure and low cost, lower-mobility parallel
robot has wide application prospects in industry and other fields. One of the 3-DOF
spatial parallel mechanism—3-PRS has induced great interests, it is applied on
SPRINT Z3, telescope focusing and machine tool [1–8]. This kind of 3-PRS has a
common characteristic, namely it can realize 2 rotational motion and a transla-
tional motion, the three spherical joints, which connecting the triangle mobile
platform, move in three different Euler planes, its prismatic pair axis and revolute
pair axis are perpendicular to each other [9]. However, 3-PRS parallel mechanism
whose prismatic pair axis and revolute pair axis are parallel to each other has little
study. Zhao [10] mentions a spatial parallel robot with one translational DOF and
three rotational DOFs, which adding a PS limb in the center of 3-PRS parallel
mechanism with its prismatic pair axis and revolute pair axis are parallel to each
other.

Motion character is analyzed by screw theory for a 3-DOF 3-PRS parallel
mechanism, whose prismatic pair axis and revolute pair axis are parallel to each
other, this mechanism’s mobile platform has three screw motions relative to the
base platform.

34.2 Notation of Structure and Coordinates

3-PRS parallel mechanism is composed of a mobile platform, a base platform and
three identical limbs, as it is shown In Fig. 34.1. M1M2M3 constructs the base
platform, which is an isosceles triangle with a circum circle radii r1; C1C2C3 denotes
the mobile platform, which is an isosceles triangle, too, while its circum circle radii is
r2. The base isosceles triangle and the mobile one are similar triangles. In general,
r2\r1: Aiði ¼ 1; 2; 3Þ are centers of the three sliders, which move in the directions of
guides M1M2; M2M3 and M1M3; Bi (i ¼ 1; 2; 3) are centers of the three revolute
pairs, and Ai’s translational path is parallel to Bi’s revolute axis, AiBij j ¼ a Ci is
center of the spherical pair, and BiCi is rigid body and its length is L.

Base coordinate system O� XYZ is fixed to the base platform; origin O is
located in the center of the circum circle M1M2M3; and axis X aligns with OM3;
axis Z is upwards and perpendicular to base platform, while then axis Y can be
obtained by right-handed rule. Mobile coordinate system o� xyz is fixed to the
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mobile platform, origin o lies in the center of the circum circle C1C2C3; axis x is
perpendicular to C1C2, at initial position it is in the same direction with axis X;
axis z is upwards and perpendicular to the mobile platform, while axis y can be get
by right-handed rule.

As shown in Fig. 34.2, in the fixed coordinate system O� XYZ; Mi’s coordi-
nates are

Mi ¼
r1 cos gi

r1 sin gi

0

0
@

1
A

where i ¼ 1; 2; 3; and gi is an angel between OMi and axis X; by the geometry of
the base platform, we have g1 ¼ �g2 ¼ g; g3 ¼ 0: For the mechanism can be
structured, there should have the relation of r2\ r1 cos gj j: Let b ¼ r1 cos gj j, then
Ai’s coordinates are as follows

A1 ¼
�b
y1

0

0
@

1
A A2 ¼

x2

y2

0

0
@

1
A A3 ¼

x3

y3

0

0
@

1
A ð34:1Þ

where yi is variable, and

x2 ¼ ky2 þ r1

x3 ¼ �ky3 þ r1
ð34:2Þ

k in formula (34.2) is slope of line M2M3 in the fixed coordinate system O� XYZ,
namely
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Fig. 34.1 Structure of 3-PRS parallel mechanism and its coordinates
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k ¼ 1� cos g
sin g

¼ tan a

where a � M1M2M3.
According to Ai’s coordinates and the mechanism’s geometry, Bi’s coordinates

are obtained, namely

B1 ¼
�b
y1

a

0
@

1
A B2 ¼

x2

y2

a

0
@

1
A B3 ¼

x3

y3

a

0
@

1
A ð34:3Þ

And then Ci’s coordinate can be expressed as

Ci ¼ Bi þ Lsibc ð34:4Þ

where sibc is unit vector, which denotes BiCi’s direction, i.e.

sibc ¼
cos hi cos ui

cos hi sin ui

sin hi

0
@

1
A

And hi ði ¼ 1; 2; 3Þ denotes the angle between BiCi ði ¼ 1; 2; 3Þ and the base
plane, ui ði ¼ 1; 2; 3Þ denotes the angle between axis X and BiCi’s projection on
the base plane, as shown in Fig. 34.3.
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Fig. 34.2 Top view of 3-PRS parallel mechanism
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34.3 Motion Character Analysis for 3-PRS
Parallel Mechanism

When we use kinematic screw to describe the motion of two rigid bodies con-
nected by joints, the corresponding unit kinematic screw can also be used to
express different type kinematic pair, such as revolute pair, prismatic pair and
helical pair etc. Therefore, unit kinematic screw can also be called kinematic pair
screw, which can be called KP screw for short [11].

According to the coordinate systems shown in Fig. 34.1 and the screws of each
limb shown in Fig. 34.4, we get the following expressions:

$i1 ¼ 0; si1ð Þ
$i2 ¼ si2; rbi � si2ð Þ
$i3 ¼ si3; rci � si3ð Þ
$i4 ¼ si4; rci � si4ð Þ
$i5 ¼ si5; rci � si5ð Þ

8>>>>>><
>>>>>>:

ð34:5Þ

where si1; si2; si4 express the direction vectors of corresponding kinematic pair
axis respectively, which are parallel to each other; si3 is in the direction of
BiCi; rai; rbi; rci are vectors from origin O to points Ai; Bi; Ci: Due to
mechanism’s geometry, the following equations are obtained

si5 ¼ si4 � si3 ð34:6Þ

rbi ¼ rai þ asiab ð34:7Þ

rci ¼ rbi þ Lsibc ð34:8Þ

siab and sibc denote the directions of AiBi and BiCi; while a and L are lengths of
AiBi and BiCi respectively. By linear combining, from formulas (34.5)–(34.8)
acquired the following equivalent screw systems

iB

iC

iθ

Fig. 34.3 Angles between
BiCi and base plane
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$ie1 ¼ 0; si1ð Þ
$ie2 ¼ si1; rbi � si2ð Þ
$ie3 ¼ si3; rci � si3ð Þ
$ie4 ¼ 0; Lsibc � si4ð Þ
$ie5 ¼ si5; rci � si5ð Þ

8>>>>>><
>>>>>>:

ð34:9Þ

Take each point’s coordinates into formula (34.9), and then obtain every
kinematic screw expression of each limb, also each limb’s constraint screw system
can be gained more easily as follows

$r
i ¼ sibc; rci � sibcð Þ ð34:10Þ

The constraint screw is aligned with $i3 and through the center of spherical pair,
which points out that the motion of mobile platform is constrained in the direction
of BiCi; as it is shown in Fig. 34.5.

The three linear independent reciprocal force screw sets construct the plat-
form’s constraint screw system, namely

$r ¼
$r

1
$r

2
$r

3

0
@

1
A

And cardðf$rgÞ ¼ 3, then the mechanism’s DOF [12] is

M ¼ 6� cardðf$rgÞ ¼ 3

According to the reciprocal relations between kinematic screw system and
constraint screw system, we can obtain mobile platform’s kinematic system, that is

$i ¼ Si; S0ið Þ; i ¼ 1; 2; 3 ð34:11Þ

The pitch of $i can be written as

1i$

2i$

3i$

4i$

5i$

iA

iB

iC

Fig.34. 4 Structure of one
of the limbs of 3-PRS and
its screw distribution
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hi ¼
Si � S0i

Si � Si
ð34:12Þ

And the projection of coordinate origin on each instantaneous axis is as
following

ropi ¼
Si � S0i

Sik k2 ð34:13Þ

34.4 Numerical Analysis

The following parameters are derived from the Solidworks model, as shown in
Table 34.1.

Take these parameters above into formulas (34.1)–(34.10), we can achieve the
terminal constraints of each kinematic link BiCi, and then finally obtain mobile
platform C1C2C3’s instantaneous terminal constraint matrix, as follows

$r ¼
0:69340 0 0:72055 0:41113 1:88978 �0:39564
�0:20733 0:60418 0:76940 0:47220 �4:35004 3:54318
�0:12953 �0:37746 0:91692 1:17379 0:32826 0:30095

0
@

1
A

ð34:14Þ

r
1$

r
2$

r
3$

1A

1B

1C

2A

2B

2C

3A

3B

3C

Fig. 34.5 Constraint screws in limbs of the 3-PRS parallel mechanism
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Then by formula (34.11), $r’s reciprocal production, namely the mobile plat-
form C1C2C3’s free motions, can be derived, which are

$1 ¼ k1 0:49271 �0:64015 �0:79308 1 0 0ð Þ
$2 ¼ k2 0:51188 �0:21716 �0:50535 0 1 0ð Þ
$3 ¼ k3 �0:49913 �0:40949 �0:65337 0 0 1ð Þ

8><
>: ð34:15Þ

where ki ði ¼ 1; 2; 3Þ is any non-zero const. From Eq. (34.15) we can see that the
platform’s instantaneous free motions are three screw motions, and each transla-
tion motion has three parasitic orientation motions.

By formula (34.12) and Eq. (34.15), the free motions’ pitches are derived,
which are as follows

h1 ¼ 0:38447

h2 ¼ 1

h3 ¼ �0:77441

8><
>: ð34:16Þ

At last, by formulas (34.13) and (34.15), we can obtain the projection of
coordinate origin in each instantaneous screw axis, as shown in the Eq. (34.17).

rop1 ¼
0

�0:61885
0:49952

0
@

1
A rop2 ¼

0:89513
0

0:90669

0
@

1
A rop3 ¼

�0:48535
0:59160

0

0
@

1
A ð34:17Þ

The analysis above explains that the mobile platform takes instantaneous screw
motions relatively to the base platform. Each screw pitch and unit screw axis is
shown in formula (34.16) and expression (34.17) respectively.

34.5 Conclusion and Future Work

Through motion character analysis for the special 3-PRS by screw theory, we
obtain the following conclusions:

1. For the 3-PRS parallel mechanism, whose prismatic pair’s axis paralleling to its
revolute one, its constraint screws are in the directions of the fixed-length links
and through the centers of spherical joints;

2. The mechanism’s free motions are three screw motions. As for the given numerical
example, each translation motion has three parasitic orientation motions.

Table 34.1 Geometry and kinematic parameters obtained from the Solidworks model

r1 r2 a L y1 y2 y3

2.82941 m 1.13177 m 0.405 m 0.800 m 0.57058 m 0.93176 m 1.13415 m
a g l h1 h2 h3

71:06� 142:11 37:89� 59:32� 50:30� 66:48�
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For this specific mechanism, there is still much work to do, such as:

1. The mechanism’s direct and inverse kinematics should be analyzed. However,
because the mechanism’s free motions are screw motions, therefore, the next
work firstly have to do is to derive the analytical solutions of the mechanism’s
parasitic motion;

2. Finding out if there is any reasonable application for this mechanism, which is
also the ultimate goal of mechanism research work.
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Chapter 35
Effect of Different Terrain Parameters
on Walking

Shahram Mohseni-Vahed and Yun Qin

Abstract This paper proposes an approach to analyse comprehend the effect of
different uncertain ground impedance parameters on bipedal walking. A dynamic
model of a rimless wheel in contact with an unpredictable visco-elastic terrain is
presented. The mathematical model of the rimless wheel as it makes contact with an
uneven ground has been developed based on Lagrangian dynamics. The uncertain
ground impedance parameters induce structural visco-elasticity which is represented
by a spring and damper pair in the horizontal direction and another in the vertical
direction. A numerical simulation has been performed to investigate the behaviour of
the proposed dynamic mathematical model. The results describe the effect of the
interplay among the visco-elastic parameters at the ground-leg contact point of a
legged walker and the emerging properties of interaction dynamics of walking on
different impedance parameters. The results of simulation trials highlight the
importance of the above interplay in the area of bipedal humanoid walking.

Keywords Dynamic mathematical model � Ground impedance parameters �
Interaction dynamics of rimless wheel with ground

35.1 Introduction

Over the past several years, remarkable progress has been made in the practical
implementation of legged mechanisms [1]. In early research walking robots were
designed as static machines. This type of walking robot usually consists of four or
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six legs and relies on static equilibrium being maintained during motion over many
steps [2]. Examples include the Odex series [3] and the Adaptive Suspension
Vehicle [4].

Experimental results of recent walking robots such as Whegs, Rhex, and
Mecharoach [5] apparently prove that the trial to trial variability of each robot’s
behavior cannot be explained by the neuromechanical models of their biological
origins alone. Variability of walking is an indispensable property of walking [6] to
deal with metastability of legged locomotion [7]. This evidence, as well as the
results presented here, suggest that variability is an inevitable design consideration
and is important to model and account for in legged locomotion.

The more complex case of dynamic walking machines has been introduced for
humanoid robots, where the gait control is more successful and adaptable when
actively applied. Dynamic control makes a robot potentially faster, due to com-
pensating for inertia, gravity and dynamic discontinuities caused by collisions with
the ground. In his demonstration, T. McGreey uses inertia and gravity to generate
motion [2] in ‘‘passive walking’’ machines. This was important to show that
optimization of dynamic walking should be achieved through energy efficiency
utilizing the inertia of the swinging leg to help control the stance leg. Achieving
stable dynamic walking on a bipedal robot is a difficult control problem because
bipeds can only control the trajectory of their center of mass through the unilateral,
intermittent, irregular force contacts with the ground.

Fig. 35.1 The schematic
diagram of the ground contact
model for a rimless wheel
with a hub
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A humanoid robot walking on two legs involves highly non-linear and
multi-variable dynamics. It is highly suitable for general terrain types which can be
uneven but risks tipping over. An important topic of recent research on humanoid
robots is the balance and walking stability [8]. Balance in humanoids is best
achieved through dynamic control and can be explained by the center of pressure
(CoP) or zero moment point (ZMP) [9] at the base of the foot where it touches the
ground. This point must be away from the edges of the foot and is the only means
by which the robot maintains an upright stance and generates any movement. This
only occurs during intermittent ground interactions on varying terrain, thus causing
the complexity of legged locomotion [10]. Controlling stability is highly depen-
dent on the ground type. In the presence of visco-elasticity balancing on one foot
becomes more difficult due to the foot loosing friction and/or moving to an
unpredictable position.

Walking robots typically have many degrees of freedom, which can cause a
combinatorial explosion for control systems that attempt to optimize performance
in every possible configuration of the robot. In order to analyze the walking motion
it is better to use a simpler case, where the problem of remaining upright is
negated, while the dynamics of the walking action on any terrain type is repre-
sented. Therefore this paper will discuss locomotive problems in terms of the
rimless wheel [11]. The rimless wheel is a simple planar model of walking and
consists of a central mass with several ‘‘spokes’’ extending radially outward. At
any given moment one of the spokes is pinned to the ground, and the system
follows the dynamics of a simple pendulum [12] with the foot (end of spoke)
acting as a fixed point on irregular terrain types [12, 13].

Figure 35.1 shows the rimless wheel (central body mass with eight spokes) with
the single leg in contact with an uneven terrain ground. The interaction dynamics
resulting from the ground-leg contact can generally be represented by a spring and
damper pair at each axis in the X and Y directions, simulating the ground impedance
parameters pertaining to the structural visco-elasticity of the given ground type.

In this work, a dynamic mathematical model of the rimless wheel with the ground
impedance parameters is utilized within an open loop system. Constant torque is
applied at the minimum magnitude required to produce forward motion and not allow
the body to fall backwards utilizing appropriate initial conditions for the starting step.
The results of the simulation are integral to the design of control and balancing
methods of humanoid robots during legged walking on uneven ground types.

35.2 Modeling Humanoid Locomotion in Terms
of Environment Interaction

A humanoid robot shows linear and rotational stability when all acting forces and
moments about the centre of mass (centroid) are summed to zero. Any force
experienced by the robot must be counteracted by an opposing applied force in
order to maintain stability (stop it from tipping). Physically, these opposing forces
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are created by the limbs, applying pressure from the feet onto the ground [14].
Assuming friction forces are of a high enough magnitude at the ground contact
point, the foot becomes a ‘‘fixed joint’’ of the ground-robot system from which all
opposing forces originate.

The ability to walk relies on maintaining this temporary ‘‘fixed joint’’ long
enough to affect the robot’s movements positively. If the friction between the foot
and the ground contact point is insufficient or the ground deforms and the ‘‘fixed
joint’’ is no longer ‘‘fixed’’ then control is adversely affected. Thus, considering the
ground of the environment and the ground contact made by the feet is paramount
to achieving stability of humanoid robots.

The simplest method to represent the bipedal motion of humanoid robots for
testing purposes is to use a rimless wheel. This model is considered in this work
since the sequence of steps made during walking and the interaction between the
feet and the environment are the only major concerns when modelling such a
system, and will be applicable to a subsection of more complex systems.

Passive walking using a rimless wheel accurately models the energy losses in the
system accounting for the emergence of stochasticity, dominating other parameters
such as variability in the initial launching velocity or variation of leg lengths. The RW
provides the most basic and essential features of walking, in that it samples a discrete
set of ground contact points from an infinite set of points on the ground profile.

Figure 35.1 depicts the kinematics and forces involved with passive locomotion
of the RW. The interaction between the leg and ground is modelled as shown in
Fig. 35.1, where M is the mass of the robot’s body and m is the mass of a single
leg, L is the length of a single leg, h is the angle of the leg from the horizontal
plane, a is the angle between two consecutive legs of the rimless wheel, Xgis the
deformation (visco-elastic displacement) of the ground surface caused by
the robot’s contact with the ground in the x-axis direction, yg is the deformation of
the ground surface caused by the robot’s contact with the ground perpendicular to
the surface in the y-axis direction, Kx;Ky are the ground stiffness coefficients,
respectively, and Cx;Cy are the viscosity at the contact point along and perpen-
dicular to the surface, respectively. The advantage of considering the stiffness and
viscosity along and perpendicular to the surface is that it allows understanding of
the effect of energy loss during slip and slipping reversal along the surface as well
as during compression and restitution perpendicular to the ground.

A schematic of the model is shown in Fig. 35.2. In this diagram the position and
velocity of the hub at any given time is given by

CG ¼ �xe þ ðLþ RÞcoshð ÞX þ �ye þ ðLþ RÞsinhð ÞY ð35:1Þ

v2
CG ¼ � _xe þ ðLþ RÞ _hsinh

� �2
þ � _ye þ ðLþ RÞ _hcosh
� �2

ð35:2Þ
The kinetic energy ðsÞ is given by:

KE ¼ s ¼ 8
12

m L� Rð Þ2 _h2 þ 1
2

MR2 _h2

� �
þ 1

2
ðM þ 8mÞðvCGÞ2 ð35:3Þ
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The potential energy ð#Þ is given by:

PE ¼ # ¼ ðM þ 8mÞgððLþ RÞsinh� yeÞ þ
1
2

kxx2
e þ

1
2

kyy2
e ð35:4Þ

The total dissipation energy, including the energy due to friction in the joints
(Djoints) between the motor and wheel can be written as:

D ¼ Dx þ Dy þ Djoints

where

Dx ¼
1
2

Cx _x2
e ; Dy ¼

1
2

Cy _y2
e and Djoints ¼

1
2

bh
_h2

Therefore the Lagrangian of the system is given by

L ¼ s� #

¼ 8
12

m L� Rð Þ2 _h2 þ 1
2

MR2 _h2 þ 1
2
ðM þ 8mÞ½ � _xe þ ðLþ RÞ _hsinh

� �2

þ � _ye þ ðLþ RÞ _hcosh
� �2

�½ðM þ 8mÞgððLþ RÞsinh� yeÞ þ
1
2

kxx2
e þ

1
2

kyy2
e

ð35:5Þ

The external force applied by the ground due to deformation along the ground
direction is given by

d

dt

oL
o _xg

� �
� oL

oxg
þ oDxe

o _xg
¼ 0 ð35:6Þ

Fig. 35.2 Diagram
illustrates dynamic model of
rimless wheel
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M þ 8mð Þ €xg þ Lþ Rð Þ€hsinhþ Lþ Rð Þ _h2cosh
� �

� kxxg þ Cx _xg ¼ 0 ð35:7Þ

The external force applied by the ground due to deformation perpendicular to
the ground direction is given by

d

dt

oL
o _yg

� �
� oL

oyg
þ oDxe

o _yg
¼ 0 ð35:8Þ

M þ 8mð Þ €yg þ Lþ Rð Þ€hcosh� Lþ Rð Þ _h2sinh
� �

� ðM þ 8mÞg� kxyg þ Cx _yg ¼ 0

The externally applied torque is given by

d

dt

oL
o _h

� �
� oL

oh
þ oDjoints

o _h
¼ T ð35:9Þ

M þ 8mð Þ
�
�€xg Lþ Rð Þsinhþ _xg Lþ Rð Þ _hcoshþ Lþ Rð Þ2€h

� €ye Lþ Rð Þcoshþ _ygðLþ RÞ _hsinh
�

� M þ 8mð Þg Lþ Rð ÞcoshÞ þ 4
3

m L� Rð Þ2€hþMR2€hþ bh
_h ¼ T

35.3 Simulation of Interaction Dynamics of Legged
Locomotion on Terrain

Simulation of interaction dynamics of legged locomotion on terrain Equations
(35.7)–(35.9) can be re-arranged to form the nonlinear dynamic model which can
be written compactly as

Inertia Matrix ðIÞ
M þ 8m 0 ðM þ 8mÞ Lþ Rð Þsinh

0 M þ 8m ðM þ 8mÞ Lþ Rð Þcosh
�ðM þ 8mÞ Lþ Rð Þsinh �ðM þ 8mÞ Lþ Rð Þcosh Lþ Rð Þ2þ 4

3 m L� Rð Þ2þMR2

2
664

3
775

€xe

€ye
€h

2
4

3
5

Generalised force VectorðFÞ

¼
ð Lþ Rð Þ _hcoshþ kxxg � Cx _xgÞ
ðLþ RÞ _hsinhþ kxyg � Cx _ygÞ

Lþ Rð Þ _h2 sinh� coshð Þ � _xg Lþ Rð Þ _h coshþ sinhð Þ þ M þ 8mð Þg Lþ Rð Þcosh� bh
_hþ T

2
64

3
75

ð35:10Þ
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The model can be rearranged into state-space form by defining the following state-
variables:

X1 ¼ xg; X3 ¼ yg; X5 ¼ hg

Thus

_X2ðtemð1ÞÞ
_X4ðtemð2ÞÞ
_X6ðtemð3ÞÞ

2
4

3
5 ¼ I�1 � F !yields

X2 ¼ tem 1ð Þ ¼ _xg

X4 ¼ tem 2ð Þ ¼ _yg

X6 ¼ tem 3ð Þ ¼ _hg

In order to analyze the effect of ground impedance parameters during the spinning
of the rimless wheel a simulation has been conducted. The simulation involves an
uncontrolled open loop system that has been set up with a zero initial condition for all

variables for the first step k = 1 ( _hinitialð1Þ ¼ 0;_ginitialð1Þ ¼ 0 and _yginitialð1Þ ¼ 0). The
input torque applied to the system which is within the chosen range of impedance
parameter values as shown in Eq. (35.10) below.

Cx 2 10 and 100ð Þ Ns=m½ � and Kx 2 10 and 1000ð Þ N=m½ �
Cy 2 10 and 100ð Þ Ns=m½ � and Ky 2 10 and 1000ð Þ N=m½ �

M ¼ 0:3 kg½ �; m ¼ 0:2 kg½ �; L ¼ 0:2 m½ �; R ¼ 0:1 m½ �;
T ¼ 3½N:m� and g ¼ 9:8½m=s2�

ð35:11Þ

Note: It should be mentioned that after the terminal values of the state variables at
the end of the k-th step are used, as initial conditions for setting up the variables

( _hinitial Kþ1ð Þ ¼ _h Kð Þ; _xginitial Kþ1ð Þ ¼ Lþ Rð Þ _hðKÞsinhþ _xg Kð Þ) and _yginitialðKþ1Þ ¼ ðLþ
RÞ _hðKÞcoshþ _yg Kð Þ for the next step (k ? 1).

The results of the simulation illustrate how the ground impedance parameters affect
the time duration of consecutive steps. In defining a strategy for balancing a humanoid
robot for controlled stepping action, the monitoring and control of the variables
corresponding to angular displacement (angle between legs), angular velocity, amount
of slip (x-axis) or relocation in (y-axis) will be highly important Fig. 35.3.

35.4 Conclusion

The paper has analysed the effect of uncertain ground impedance parameters on
bipedal walking. A dynamic passive model of a humanoid robot with many degrees
of freedom is presented based on a rimless wheel. The mathematical model is
derived from the energy components of the system using the Lagrangian technique.
Using numerous simulations the effect of visco-elastic parameters related to the
robot-ground interaction has been studied. The results clearly show that the vari-
ability of the terrain impedance across collisions during ground contact can lead to
complex temporal variations in the speed and temporal step patterns of the walker.
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Thus, if the controller is set-up for one set of ground impedance parameters, it may
be inadequate for the next step if the ground impedance parameters change, pos-
sibly resulting in instabilities in the balance of the humanoid robot. Hence, either
the feedback controller has to be robust to a pre-specified range of ground
impedance parameters or some form of adaptation of the contact area similar to
human walking. The design of a suitable mechanism of the foot contact area is a
challenging task and will be a topic of future work.

Fig. 35.3 (a to f) show the behavior of the rimless wheel and the ground deformation pattern
described by the variables h; _h; xe; _xe; ye and _ye over three collisions between the feet and the
ground with the impedance parameters set as stated earlier
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Chapter 36
Bi-Behavioral Prosthetic Knee Enabled
by a Metamorphic Compliant Mechanism

Shannon Zirbel, Shane Curtis, Rachel Bradshaw, Luke Duffield,
Greg Teichert, Nicholas Williams, Ron Rorrer, Spencer Magleby
and Larry Howell

Abstract Metamorphic mechanisms with two distinct behaviors were designed
using compliant mechanism theory with a potential application as a prosthetic
knee. The mechanism has discrete ‘‘locking’’ points to restrict rotation when under
a compressive load. The designs use cross-axis flexural pivots, either in inversion
or isolation, with engaging teeth to carry loads at distinct angles. Inverted com-
pliant mechanisms function by inverting the mechanism so the compliant members
are in tension when a compressive load is applied. Compliant mechanisms in
isolation provide an alternative loading pattern which redirects the load to a
passive rest. The mechanism incorporates teeth which engage during weight-
bearing in flexion at up to 60� of flexion to lock the mechanism. When tension is
applied to the device, the teeth are disengaged and the mechanism is allowed to
rotate freely. The purpose of this design is to hold compressive loads both when
un-flexed and flexed. The concept is applied in the preliminary design of a pros-
thetic knee joint. Proof-of-concept prototypes successfully demonstrate the
metamorphic behavior.

Keywords Compliantmechanisms�Compressionjoint�Prostheticknee�Cross-axis
flexural pivot �Weight-bearing in flexion
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36.1 Introduction

The objective of this work was to design a prosthetic knee using compliant
mechanisms with metamorphic motion that enable two phases of motion: swing
phase (free to rotate) and stance phase (locked and able to support high com-
pressive loads). A compliant-mechanism-based prosthetic knee concept was pre-
viously described by Guerinot et al. [1]. This past work was used as a basis for our
bi-behavioral prosthetic knee design.

36.2 Background

Two designs are presented in this work for a prosthetic knee using compliant
mechanisms with metamorphic motion. A metamorphic mechanism [2, 3] auto-
reconfigures when a specified input is changed. For the designs presented here, the
behavior exhibited when the mechanism is under a compressive load is different
from the behavior exhibited when the mechanism is under a tensile load.

The following background on current prosthetic knee designs and compliant
mechanisms in compression provide context for this work.

36.2.1 Prosthetic Knee Design Considerations

Gait has two distinct phases: swing and stance. To achieve efficient gait, the knee
prosthetic should flex slightly on heel-strike (at the beginning of the stance phase) [4].
This is referred to as stance flexion, and is one of the primary metrics identified
for this project. The following descriptions show how current prosthetic knee designs
address considerations of stability, durability, and function.

The simplest type of prosthetic knee is a single pin-joint knee [5]. The pin joint
is located slightly behind the load line for stability. It is often combined with a
simple braking system which is activated when weight is applied. This brake
provides enhanced stability in stance but would not provide sufficient resistance
when the knee is loaded with a large amount of flexion. This design provides the
least amount of stability, but is durable due to its simplicity.

The polycentric knee uses a four-bar mechanism to provide a high level of
stability in stance [6, 7]. It is designed so that the instant center of rotation is
behind the load line for the first 10–20� of rotation. An added benefit is that the
overall leg length decreases during swing so that the amputee is less likely to trip.
Some polycentric knees incorporate a mechanism to provide stance flexion; that is,
it enables the knee to flex slightly at heel-strike to absorb shock and to enable a
more natural gait. The polycentric knee has very good stability, while still being
durable.
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Hydraulic and pneumatic knees provide damping to knee motion in addition to
stable stance [6, 8]. Damping is desired to slow down the rotation of the knee as it
approaches extreme flexion and extension. Increased damping may also be desired
when weight is applied, enabling a controlled fall. These knees are less durable
and require more maintenance than the pin joint or polycentric knees, but provide
greater stability.

36.2.2 Compliant Mechanisms in Compression

Compliant mechanisms can improve performance and reduce part count, cost, wear,
and weight [1, 9]. The inherent flexibility of compliant mechanisms make them
well-suited for knee prosthetics and other devices that undergo large rotations.

Because compliant members do not generally perform well in compression,
Guerinot et al. developed two principles which provide viable alternatives to this
challenge, referred to as isolation and inversion [1, 10]. These two principles work
as demonstrated in Fig. 36.1. Compliant mechanisms in inversion function by
inverting the mechanism so the compliant members are in tension when a com-
pressive load is applied. Compliant mechanisms in isolation provide an alternative
loading pattern which redirects the load to a passive rest. The metamorphic
designs using isolation are behaviorally similar to contact-aided compliant
mechanisms [11], which change their behavior when contact is established
(as opposed to different behaviors in specific loading cases).

Compliant
Member

Compliant
Member

Passive
Rest

IsolationInversion

(a) (b)

Fig. 36.1 Compliant mechanisms can withstand compressive loads by a inverting the
mechanism so the compressive load puts the compliant member into tension, or b isolating the
compliant member away from the compressive load
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36.3 Bi-Behavioral Need

The natural knee is actively controlled by muscles. This active control allows the
knee to react differently in different phases of gait and during different activities.
Musculature enables the knee to extend. Some current prosthetics use micropro-
cessors to mimic the performance of natural knees, but the cost and maintenance
required for these systems make such prosthetics unrealistic for many potential users.

To answer this challenge mechanically, the mechanism needs to perform at
least two independent behaviors, suggesting a metamorphic design. To achieve the
desired performance, the knee needs to (a) swing freely during the swing phase of
gait and (b) support compressive loads, even when flexed. The prosthetic knee
should swing freely for 130–140� to be functionally equivalent to other prosthetic
knees. To maintain natural function, we also determined that the prosthetic knee
should have stable ‘‘locking’’ positions at discrete angles of flexion for stability,
referred to as weight-bearing in flexion. These two needs, free swing and weight-
bearing in flexion, have competing objectives in the mechanical design. Other
needs are listed in Table 36.1.

Based on our customer needs, we developed the functional specifications given
in Table 36.2. To enable natural gait, all of these functions are necessary; however,
some of them are conflicting in mechanical design. For clarity, the metrics are
defined as follows: swing completion means that the knee returns to the extended
position quickly enough to be ready for the next step; stance flexion is when the knee
flexes slightly at heel-strike to absorb some of the impact force; and weight-bearing
in flexion is the ability of the knee to support a load at discrete increments of flexion.

36.4 Metamorphic Designs

To provide the two behaviors of swing and weight-bearing in flexion, we designed
a metamorphic compliant prosthetic knee. There are two iterations of the design:
Design 1 employs the inversion principle of compliant mechanisms in compression

Table 36.1 Primary needs
ranked on a scale from 1 to 5,
where 1 is most important

Importance Customer need

1 Support weight in flexion
1 Allow for natural gait/natural knee motion
1 Compliant
1 Supports load in stance
1 Safe
1 Extremely affordable
1.5 Has a long product life
2.5 Functional for various users
3 Light weight
5 Aesthetically pleasing
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and Design 2 employs the isolation principle. Both designs are bi-behavioral
metamorphic mechanisms, allowing the knee to swing freely when no weight is
applied, and to lock when a compressive load is applied.

A model of Design 1 is presented in Fig. 36.2. The device utilizes an inverted
cross-axis flexural pivot [12–14] which is in tension when the device is under
compression (Behavior 1), and a set of cams that are in contact when the device is
in tension (Behavior 2). Design 1 employs the inversion principle, putting the
cross-axis flexural pivot in tension when the device is under a load, as is the case
during stance. The cams ensure that the knee does not collapse during the swing

Table 36.2 Functional specifications

Quantitative metric Units Marginal Ideal Qualitative metric

Stable stance deg 0 0 Can kneel
Swing (non-loaded flexion) deg 0–130 0–140 Rigid in torsion
Swing completion deg 0 60-0a Aligns in sagittal plane
Weight-bearing in flexion deg 0 0–45
Stance flexion deg 0 15
Load capability lbf 525 700
Weight lbf 4 2.5
Max knee height in. 7.5 7
Max knee lateral width in. 3 2.5
Max knee depth in. 4 3.5
Torsional strength in.-lbf 175 200
Lifetime years 3 5
Cycles at max flexion cycles 20,000 Infinite
a Swing completion should begin at 60� and continue to 0�

(b) Behavior1 (c) Behavior2

Camsin
contact

F

F F

F

Cross-axis
flexural pivot

intension

Tooth
path

Tooth
path

Tooth
path

Tooth
path

(a) Functional sketch

Cross-axis
flexures

Fig. 36.2 The two behaviors are illustrated in the context of Design 1. In Behavior 1, the cross-
axis flexures are in tension when the compressive load is applied. The teeth (in red) engage and
lock the mechanism. In Behavior 2, when a tensile load is applied from the weight of the shank,
the cams come into contact and the cross-axis flexures are slack. The teeth do not engage so the
prosthetic can rotate freely
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phase of gait. The gap between the cams is minimal so that when the flexures are
under a compressive load, there is no effect of instability from buckling. The
flexures carry a negligible compressive load because the cams come into contact
almost immediately when the prosthetic knee is under a tensile load. During
Behavior 1, the teeth engage and lock the mechanism during stance or at discrete
angles of flexion. This locking behavior is referred to as weight-bearing in flexion
and increases the stability of the prosthetic knee. During Behavior 2, the teeth do
not engage, enabling the device to swing freely. These behaviors, shown in
different phases of gait, are illustrated in Fig. 36.3.

A model of Design 2 is shown in Fig. 36.4. This design uses a cross-axis
flexural pivot and the isolation principle to withstand the compressive loads
experienced during gait. The cross-axis flexures are shifted to the back of the knee
to provide greater stability in stance. The flexures are also rotated to minimize the
depth dimension of the knee.

Design 2 is also a bi-behavioral metamorphic mechanism. Behavior 1 occurs
when a load is applied to the system. When weight is applied in extension (as in
heel-strike or while standing), hard stops come into contact instead of the teeth.

Tibia Vertical

Feet Adjacent

Toe Off Opposite Initial
Contact

Heel Rise

Opposite
toe off

Initial Contact

Terminal
Swing

Loading
Response

Mid-
Swing

Initial
Swing

Pre-
Swing

Terminal
Stance

Mid-
StanceSwing

Phase
(Free)

Stance
Phase

(Locked)

Fig. 36.3 The figure, modified from [15], illustrates the bi-behavioral metamorphic motion of
Design 1 during gait
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The hard stops take the compressive load, applying the isolation principle. When
weight is applied between approximately 20 and 60� of flexion, the flexures deflect
and the teeth engage to lock the knee. Behavior 2 occurs during the swing phase
when the weight of the shank puts the flexures into tension. The contacting sur-
faces with the engaging teeth are designed to maintain a constant gap to allow up
to 140 degrees of non-loaded flexion.

The flexures were designed using the pseudo-rigid-body model (PRBM) [9].
The geometry of the pseudo-rigid links defines the geometry of the elliptical
contacting surface, or the path along which the teeth lie.

Due to the isolation principle, Design 2 minimizes the stresses in the flexures and
is able to support large compressive loads while in extension. The design is such
that the knee can be made from two unique parts, which reduces fabrication costs.
Because the center of rotation is at the back of the knee, the knee is stable instance.

36.5 Prototypes and Demonstrations

The prototype of Design 1, shown in Fig. 36.5a, was built using a laser cutter. The
majority of the prototype is acrylic, with the exception of the cross-axis flexures,
which are made from polystyrene. Although not a complete prosthetic, this proof-of-
concept prototype is beneficial for verifying the fundamental concepts encompassed

Behavior1 Behavior 2

Cross-axis
flexural pivot
in tension
(teeth not
in contact)

F

F F

F

Cams/teeth
in contact

(a) (b)

Fig. 36.4 The two behaviors are illustrated in the context of Design 2. In Behavior 1, the cross-
axis flexures are slack when the compressive load is applied. The hard stops come into contact
and carry the compressive load. The teeth engage and lock the mechanism. In Behavior 2, when a
tensile load is applied from the weight of the shank, the cross-axis flexures are in tension and
carry the load. The teeth do not engage so the prosthetic can rotate freely
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by this design. A second prototype of Design 1, shown in Fig. 36.5b, incorporated
black silicone at the tips of the cams where the flexures are attached. The silicone tips
provide sufficient compliance to facilitate tooth engagement. The position of the
teeth was also modified to reduce bending loads on the teeth. The prototype of
Design 2, shown in Fig. 36.5c, was made from layers of polypropylene cut on a CNC
mill.

These prototypes successfully demonstrate the feasibility of achieving the two
distinct behaviors needed for the desired prosthetic knee behavior. This is a
foundational starting point for a detailed design of a prosthetic knee.

Device models included parametric finite element models (using ANSYS) of
the cross-axis flexural pivot and pseudo-rigid-body models [9], including both the
simple (pin joint) model and the four-bar model. Analytical models were also used
to evaluate the stresses on the teeth. These models were used as design tools to
determine the overall configuration and they may also be valuable in future
detailed design and analysis. Careful design is required to select geometry and
materials that will result in the desired behavior while maintaining stress
constraints.

36.6 Discussion

The present work has provided two possible designs for a compliant prosthetic
knee with metamorphic behavior. Both designs incorporate components which
could lead to increased stability and performance for transfemoral amputees.
These designs demonstrate metamorphic motion and are in the preliminary stages
in the prosthetic design.

Fig. 36.5 Prototypes of Designs 1 and 2. a The first prototype of Design 1 was made from
acrylic with polystyrene flexures. b A second prototype of Design 1 was made from acrylic with
black silicone at the tips of the cams. c The prototype of Design 2 was made from polypropylene
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The metamorphic mechanism itself has potential applications in other areas
where a locking function is needed when compressive loads are applied. This can
be as a safety response, such as in safety and arming applications, or in space
applications when high g loads are applied during launch.
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Chapter 37
A Novel Actuator with Reconfigurable
Stiffness for a Knee Exoskeleton:
Design and Modeling

Nikos C. Karavas, Nikos G. Tsagarakis, Jody Saglia
and Darwin G. Galdwell

Abstract This paper presents the design of a new inherently compliant actuator
intended for the development of a knee exoskeleton. The proposed actuator has the
ability to reconfigure the level of stiffness in order to achieve suitable torque-to-
angular displacement profiles for different human tasks and users. The design
specifications of the actuator have been obtained from motion capture and simulation
data of sit-stand-sit motion cycle. The actuator functional principle and modeling are
presented. Finally the mechatronic design of the actuator is described.

37.1 Introduction

During the last decades many researchers have developed different types of lower
limb exoskeletons and active orthosis [1]. Applications for these devices can be
categorized into three major groups: human performance augmenting exoskeletons
[2, 3], assistive exoskeletons [4, 5] and rehabilitation exoskeletons [6, 7].

As exoskeletons are devices wearable by humans, safety of interaction pre-
venting both harm and discomfort is mandatory. Conventional stiff actuation
approach imposes on the exoskeletons significant limitations related to safety
issues and the ability to interact with human. However, introducing inherent
compliance to the actuation system decouples the inertia of the motor drive from
the output link and make the output mechanical impedance to be low across the
frequency spectrum [8]. Therefore, the robotic system improves its ability to
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intrinsically absorb impacts and enhances physical human-robot interaction
(pHRI), which is a key aspect in functionality and adaptability of assistive robotic
devices [9]. From an engineering point of view improvement of pHRI can be
achieved by exploring high performance actuator technologies and dedicated
control strategies. Furthermore, compliant robots can be more energy efficient than
traditional stiff actuated systems, fact which is crucial in creating energetically
autonomous exoskeletons for locomotion [10].

The primary goal of our work is to build a compliant lower body exoskeleton to
be used as a lower limb assistive device, in order to gain the features explained
above. First step along this path is the development of a compliant knee exo-
skeleton, which will provide motion assistance both to patients with impaired legs
and healthy individuals for different motion tasks like walking, standing up-sitting
down and squatting. The realization of such a compliant exoskeleton remains a
challenging task requiring more compact, modular and high performance actuation
units. This paper presents the design of an intrinsic compliant actuator with re-
configurable stiffness which has the ability to provide the required assistive torques
to the knee joints of the wearer.

37.2 Human Leg Dynamic Behavior of Sit-Stand-Sit
Movement

Understanding the biomechanics of human lower limbs is vital in the design of
exoskeletons and orthotic devices for locomotion. Clinical Gait Analysis (CGA)
data has been used as primary basis for the design specifications of the exoskel-
etons [1, 2]. The knee exoskeleton is intended to be a device which will assist
humans in performing tasks of daily living i.e. walking, standing up and sitting
down. Sit-stand-sit motion is a very frequent task and also one of the most
demanding in terms of power, torque and range of motion [11, 12]. Thus, the
specifications for the proposed actuator have been obtained from simulation and
experimental data of the sit-stand-sit movement cycle.

In order to study the torques characteristics for standing up and sitting down in
the sagittal plane, a simulation planar model (3 DOF) of a human leg has been
developed. The anthropometric data on which the model is based has been
obtained from [13]. It has been considered a male of 82:5 kg with 1:85 m height
using the 50th percentile. Lumped mass models of the shank, thigh, pelvis and
torso were considered according to the anthropometric data in [13]. To derive the
torque characteristics of each joint of the human leg, parametric trajectories based
on data of biomechanics literature firstly were used [11, 14–16]. Figure 37.2a
shows the parametric trajectories which correspond to the standing-up motion and
the resulting torques. In order to validate these results the following experiment
took also place (Fig. 37.1): a healthy subject was instructed to repeatedly stand up
and sit down without hand assistance (worst case/highest torques), while trajec-
tories of hip, knee and ankle joints of both legs were recorded using the Vicon
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motion capture system. These trajectories, which correspond to the stand-sit-stand
motion cycle, were used as input to the simulation model in order to obtain the
torque characteristics (Fig. 37.2b). Note that Fig. 37.2 depicts also the ankle and
hip trajectories to allow full comparison of the simulation results. However, for the
actuator design only the knee trajectories have been considered.

In addition, in Fig. 37.2 it is possible to see that the task of standing up is
performed approximately over the same duration both in parametric and Vicon
trajectories. Therefore, it is reasonable to compare the two knee torque curves
obtained with different joint input trajectories fact which results that the maximum
torque of the knee joint for the task of standing up-sitting down is around 100 Nm
(omitting the high peaks in Fig. 37.2b. This torque value, which can also be
confirmed by biomechanics data in the literature [11, 14, 15], was used as torque
specification for the knee actuator design. In addition, analysis of the torque-
velocity requirements using these simulation results was conducted in order to
determine the suitable selection of the pair DC motor-harmonic drive but this
analysis is not described due to the paper length constraint. At this point authors
are not aware of any study regarding the stiffness range of human knee joint during
walking or sit-stand-sit movement. In [17] there is an attempt to specify the
characteristic stiffness of the knee in flexion and extension modes. According to
that, we adopt a suitable range of stiffness from 300 to 600 Nm/rad.

37.3 Actuation Design

37.3.1 Concept and Principle of Operation of CompAct-ARS

In the Advanced Robotics Department of Italian Institute of Technology two
compliant actuators have been developed recently. The CompAct-SEA (Serial
Elastic Actuator) [18] and the CompAct-VSA (Variable Stiffness Actuator) [19].
Both actuators, as they are, cannot be directly applied for the development of a knee
exoskeleton. The CompAct-SEA is a compact soft actuation unit which is used in

Fig. 37.1 Video frames of the standing up motion during the experiment
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Fig. 37.2 a Parametric trajectories and the corresponding torques of each joint. b Trajectories
obtained from vicon and the corresponding torques of each joint
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multi degree of freedom and small scale robotics systems such as the humanoid
robot COMAN [20]. It shows high integration density and accompanied with proper
control scheme is capable to vary the output impedance within a wide range.
However, this actuator does not fulfill the elastic torque requirements of the actu-
ation for the knee exoskeleton which is intended to be an assistive device
(see Sect. 37.2). Even in a larger scale design, the CompAct-SEA cannot achieve
the required angular deflection considering the desired stiffness and nominal torque.

On the other hand the CompAct-VSA, a novel realization of a variable stiffness
actuator, can achieve wide stiffness range (theoretically from zero to infinite), high
torque capacity and fast stiffness adjustment response. Although its compact size and
relatively light weight, CompAct-VSA still cannot satisfy the dimensional and weight
requirements of exoskeleton joints. As a consequence, a combination of both actuators
functional principles is proposed in order to optimize the aforementioned actuation
systems and to achieve the desired performance and compliant behavior. The proposed
actuator is the CompAct-ARS (Actuator with Reconfigurable Stiffness) which extends
the limitation of fixed compliance of CompAct-SEA and simultaneously reducing
significantly the size and weight in comparison with the CompAct-VSA. The
CompAct-ARS is an inherently compliant actuator with the ability to regulate off-line
the level of stiffness in a wide as needed range. Thus, this hybrid concept of compliant
actuator can satisfy the required performance (passive compliance, high torque
capacity and feasible implementation for the exoskeleton joints).

The principle of function of the CompAct-ARS is based on CompAct-VSA
principle [19], which uses a lever arm mechanism with a variable pivot axis (Fig. 37.3).
The apparent stiffness at the lever can be adjusted by changing the pivot position while
the location of the force and springs are kept fixed. The amplification ratio is the
distance between pivot and the springs over the distance between pivot and the point at
which force is applied. The main difference between CompAct-ARS and CompAct-
VSA concerning their functional principles is that in our case the pivot position
variation is manually achieved by tuning set screws and not by a second motor.

37.3.2 Modeling of CompAct-ARS

The modeling of the CompAct-ARS is based on the schematic of the lever arm
mechanism presented in Fig. 37.4. When an external torque sext is applied at the
output link, it rotates the lever arm with an angle / with respect to the pivot ðPÞ:

Fig. 37.3 Schematic of the
lever arm mechanism with
variable pivot point
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This in turns displaces the springs with stiffness ks generating a force Fs applied in
ðCÞ given by

Fs ¼ 2ksl1 tan / ð37:1Þ

where l1 is the distance form the pivot ðPÞ to point ðDÞ which is the connection
point between the springs and the lever at lever’s equilibrium position. The per-
pendicular force to the lever arm is Fs cos /: Due to the lever mechanism, a force

Fl ¼ Fs cos /
PC
AP
¼ 2ksl1 tan / cos /

l1
AP cos /

¼ 2ksl
2
1 tan /

1
AP

ð37:2Þ

is therefore applied in ðAÞ; where PC
AP is the amplification ratio and

AP ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ d2 þ 2Rd cos hs

p
ð37:3Þ

where R ¼ AO; d is the distance from the pivot ðPÞ to the center of rotation of the
joint ðOÞ and hs ¼ q� hM is the deflection of the elastic transmission defined as
the difference between the angle of the output link q and the angle of the motor hM

after the reduction drive. The resultant force FE along the perpendicular to AO is

FE ¼
Fl

cos e
¼ Fl

cosðhs � /Þ ¼
2ksl21 tan /

AP cosðhs � /Þ ð37:4Þ

Fig. 37.4 Schematic of the CompAct-ARS functional principle
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Since sin / ¼ R
AP sin hs the (37.4) becomes

FE ¼
2ksl2

1 sin /
AP cos / cosðhs � /Þ ¼

2ksRl2
1 sin hs

AP2 cos / cosðhs � /Þ ð37:5Þ

As a consequence, the elastic torque sE ¼ FER which, at the equilibrium,
counterbalances the external torque is obtained such as

sE ¼
2ksR2l2

1 sin hs

AP2 cos / cosðhs � /Þ ð37:6Þ

Assuming the deflection of the elastic transmission hs to be small and thus / to be
small the formulation of the elastic torque in (37.6) simplifies such as

sE ¼
2ksR2l2

1hs

l22
ð37:7Þ

Finally the stiffness of the elastic mechanism K ¼ osE
ohs

is formulated such as

K ¼ 2ksR2l21
l22

¼ 2ksa
2R2 ð37:8Þ

where a ¼ l1
l2

is the ratio of the lever arm.

37.3.3 Performance Analysis of CompAct-ARS

Analysis of the CompAct-ARS performance was conducted through simulation on
the basis of the model presented in Sect. 37.3.2. Initially, the behavior of the
maximum angular deflection hs achievable by the elastic transmission has been
analyzed. Basic feature of the functional principle of the actuator is that the
maximum angular deflection hs is constrained by the maximum displacement xs of
the pre-compressed springs and varies on the basis of the pivot position l1: Fig-
ure 37.5a depicts the variation of the maximum allowable passive deflection as a
function of the desired stiffness range. For comparison, the red line in Fig. 37.5a
indicates the deflection angle which will be required for a given stiffness range in
order to generate the desired maximum torque of 100 Nm estimated in Sect. 37.2.

The behavior of the elastic torque sE; formulated as in (37.7), is further
investigated through simulation and its variation with respect to the angular
deflection is analyzed. From Fig. 37.5b it is possible to see that by increasing the
spring rate the maximum elastic torque increases as well. However, the maximum
spring compression decreases which results in reducing the storable potential
energy. Thus, as a trade off the employed springs have a rate of 55 kN/m providing
a maximum elastic torque of 80 Nm. This torque value is greater than knee joints
need during gait cycle [21] and close to the maximum torque needed for standing
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up and sitting down motion. Finally the stiffness K at the elastic transmission,
formulated as in (37.8), is analyzed with respect to the variations of the pivot
position l1: In Fig 37.5c it is possible to notice that the desired stiffness range is
achieved by a pivot position variation of 4 mm.

37.3.4 Mechanical Design

The proposed actuator has been designed for physical implementation. Particular
attention was paid to optimize the size, weight and the modularity of the
mechanical assembly. As it is shown in Fig. 37.6c the CompAct-ARS is divided in
two subassemblies: (1) the motor housing including the motor and the harmonic
gear reduction drive and (2) the elastic module which contains the compliance
elements and transfer the torque of the motor (after the gear reduction) to the
output load. The actuator of the unit was formed by the combination of a
Kollmorgen RBE1810 frameless brushless motor (peak torque of 1:53 Nm) with a

Fig. 37.5 Theoretical specifications. a Angular deflection hs versus stiffness of the elastic
mechanism for different values of the spring’s rate. b Elastic torque sE versus deflection for
stiffness range 300–600 Nm/rad. c Stiffness of the elastic transmission calculated as in (37.8)
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harmonic drive CSD 25 having a gear ratio 100:1. Moreover, the actuation module
is provided with four position sensors and one torque sensor. In detail, an incre-
mental optical encoder (MicroE optical encoder with 12 bit resolution) is mounted
at the motor side, one absolute magnetic encoder (Austria Microsystems with
12 bit of resolution) monitors the position of the motor after the reduction drive
and one additional optical incremental encoder (Avago Technologies encoder with
14 bit of resolution) measures the deflection angle of the link. A potentiometer also
measures the position of the pivot point. In Fig. 37.6c are shown the two set screws
which can be manually tuned in order to vary the position of the pivot point and
therefore the level of stiffness. Figure 37.6b presents the elastic part and the
employed springs which are pre-compressed half of the maximum displacement
which is 20 mm. Finally in Table 37.1 the specifications of the actuator are
introduced.

Fig. 37.6 a CAD assembly of the CompAct-ARS. b Horizontal section view of the elastic
module. c Section view of the CAD assembly
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37.4 Conclusion and Future Work

To summarize, a compliant actuator (CompaAct-ARS), which is intended to be
adapted to form a knee exoskeleton, has been designed after the determination of
the mechanical requirements using both simulation and experimental data. This
actuator can reconfigure the level of stiffness in order to achieve the desired
torque-to-angular displacement profiles for different motion tasks and different
human operators. Moreover, a detailed analysis of the performance of the actuator
regarding stiffness variation, elastic torque and angular deflection was conducted
in order to evaluate the proposed design and select suitable actuator components
(motor, reduction drive, elastic elements stiffness).

Future work will include the design of the structural parts of the knee
exoskeleton in order to integrate the presented actuation module to the knee
exoskeleton and evaluate its overall performance.
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Chapter 38
Bio-Inspired Dynamic Model
for a Reconfigurable Multiple
Continuum Arm Robot

Rongjie Kang, David T. Branson, Emanuele Guglielmino
and Darwin G. Caldwell

Abstract This paper proposes a dynamic model utilizing continuum arms to form
a reconfigurable robotic system. The continuum arms are composed of serially-
linked parallel mechanisms inspired by octopus arm anatomy. The kinematics and
dynamics for a single continuum arm are formulated and then expanded to a
multiple arm system using a modular modeling method. Simulation results show
that this robotic system is capable of diverse locomotion patterns by changing the
configuration of the arms.

Keywords Reconfigurable robot � Continuum arm � Parallel mechanism �
Locomotion

38.1 Introduction

Conventional robots typically use fixed morphology designed for the performance
of a specific task that are not easily adaptable to other tasks. To overcome this
problem a novel type of robots, termed reconfigurable robots, have been developed
recently. A reconfigurable robot is capable of changing its morphology, and can
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therefore adapt to variable tasks and environments [1–3]. However, the recon-
figurable mechanism requires additional degree of freedom (DOF) and therefore
increases the size, weight and complexity of the structure, especially for recon-
figurable robots utilizing rigid components.

An octopus arm is an example of highly flexible manipulator in the natural
world. It can elongate, shorten and bend at any point along its length [4]. Inspired
by octopus arms, the concept of utilizing continuum arms in robotic systems has
been proposed [5]. Continuum arms inherently have a large number of DOF and
the capability to change their shapes, thus they are suitable for implementation in
reconfigurable robots.

The investigation of continuum robotic arms requires kinematically and
dynamically accurate modeling techniques. Chirikjian established a dynamic
model for hyper-redundant manipulator using ‘‘backbone curves’’ [6]. Yekutieli
et al. proposed a 2-dimensional dynamic model for an octopus arm [7]. Giri and
Kang presented 3-dimensional dynamic models respectively for a continuum
manipulator using parallel mechanisms [8, 9]. However, these are all models for a
single arm system that is not reconfigurable. This paper presents a bio-inspired
multiple continuum arm model for a reconfigurable robotic system based on
previous work presented by Kang et al. [9].

The paper is organized as follows: in Sect. 38.2 the octopus arm anatomy is
briefly introduced, in Sect. 38.3 the kinematics of the continuum arm is presented,
in Sect. 38.4 the dynamic model for a single arm is created using a modular
modeling method, in Sect. 38.5 the multiple continuum arm model is proposed, in
Sect. 38.6 the simulation results for different configurations are presented, and in
Sect. 38.7 the conclusions are presented.

38.2 Octopus Arm Inspiration

Octopus arm dexterity is based on an anatomical muscular structure composed of
three muscle types (Fig. 38.1): longitudinal (axially running along the length of the
arm), transversal (radial) and oblique muscles (diagonally surrounding the arm; not
shown in the figure) [4]. The longitudinal and transversal muscles are divided into
four groups spreading around the central connective tissue. These muscles generate
antagonistic forces to enable local areas to elongate, shorten and bend while the
oblique muscles produce torsion. Because we don’t consider radial changes or twist
motion at this time, transversal and oblique muscles are not included in the model.

38.3 Kinematic Model for a Single Arm

To model a continuum arm Kang et al. proposed to divide it into a finite number of
segments with parallel actuation mechanisms (Fig. 38.2) [9]. Each single segment
is composed of a fixed base, a moving platform, a central strut, and four
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longitudinal ‘‘muscles’’. The longitudinal muscles are considered equivalent to the
linear piston/cylinder systems that can use any form of suitable actuators. They are
attached to the moving platform with spherical joints, and to the base with uni-
versal joints. The central strut provides a kinematic constraint. It consists of a
passive prismatic joint fixed to the centre of the base, and connects to the centre of
the moving platform using a universal joint. The moving platform has two rota-
tional DOF, about axes u and v, and one translational DOF, along axis z.

Two Cartesian coordinate systems A(x, y, z) and B(u, v, w) are attached to the
base and moving platform respectively. According to Fig. 38.2a, the kinematics of
a single segment are described as:

di ¼ pþ ARB
Bbi � ai ð38:1Þ

Li ¼ dT
i di ð38:2Þ

where p = AB
*

is the position vector of the centroid B, bi ¼ BBi
*

is the position

vector of Bi, and ai ¼ AAi
*

is the position vector of Ai.
ARB is the Euler rotation

matrix, Bbi is the position vector of Bi and Li is the longitudinal muscle length. p,
di, ai are expressed in frame A and Bbi is expressed in frame B.

Fig. 38.1 Octopus arm anatomy

Fig. 38.2 Geometry of a a single segment b multiple-segmented arm
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A homogeneous matrix j-1Tj (j = 1, 2, … n) can then be defined to relate
segment j and j-1 as follows:

j�1Tj ¼
j�1Rj

j�1pj

0 1

� �
ð38:3Þ

0Tn ¼ 0T1
1T2 . . . n�1Tn ð38:4Þ

where n is the total number of segments in a single arm.

38.4 Dynamic Model for a Single Arm

This section utilizes Newton’s law and the modular modeling method to develop
the dynamic model for a single arm based on previous work by Kang et al. [9].

38.4.1 Dynamics of a Single Segment

A single continuum arm is composed of multiple segments whose dynamic
equations are formulated as follows:

38.4.1.1 Longitudinal Muscle Dynamics

The longitudinal muscle is considered as a linear piston/cylinder system. The
linear motion is:

nci � fBLzi ¼ Mpl€Li þ Cv _Li þ KsðLi � LoÞ ð38:5Þ

where nci is the control force, fBLzi the component force of joint Bi acting on the
piston and along the muscle i, Li the actual length of muscle i, Lo the initial length
of the muscle i, Mpl the mass of the piston, Cv the damping coefficient, and Ks the
stiffness coefficient.

The rotation of the longitudinal muscles is formulated in frame A as:

_Iixli þ Ii _xli ¼ di � f BLxyi ð38:6Þ

where fBLxyi is the component force of joint Bi acting on the piston and perpen-
dicular to muscle i, Ii is the inertia moment of muscle i, and xLi is the corre-
sponding angular velocity of muscle i.

To interlink several segments serially the reaction forces between the longi-
tudinal muscles and the base, FALi, are calculated by:

FALi ¼ Mcl _vli1 þMpl _vli2 � FBLi ð38:7Þ
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where FALi is the joint force on Ai, Mcl the mass of the cylinder, FBLi is the joint
force on Bi, vli1 is the velocity of the centre of mass of the cylinder, and vli2 is the
velocity of the centre of mass of the piston. The calculation of FBLi, vli1 and vli2 is
detailed in [9].

38.4.1.2 Central Strut Dynamics

The linear motion along the central strut is:

fBCz ¼ Mpl
€hþ Cv

_hþ Ksðh� hoÞ ð38:8Þ

where fBCz is the component force of joint B acting on the strut along its axis, h is
the actual height between point A and B, and ho is the initial height.

The rotation of the central strut about point A is:

TAC þ TBC þ p� FBC ¼ 0 ð38:9Þ

where TAC is the reaction torque acting on the strut, TBC is the constraint torque
due to the universal joint B, and p is the position vector of B where ||p|| = h.

Applying Newton’s law to the central strut yields:

FAC þ FBC ¼ Mpl½ 0 0 €h �T ð38:10Þ

where FAC is the reaction force acting on the strut, and FBC = fBCzp ? fBCxy is the
joint force of B acting on the strut.

38.4.1.3 Moving Platform Dynamics

The moving platform has one translational DOF along the axis of the central strut
and two rotational DOF about axes u and v given by:

Mplat½ 0 0 €h �T ¼ FCL1 þ FCL2 þ FCL3 þ FCL4 þ FCC þ Fex ð38:11Þ

X4

i¼1

Bbi � ART
BFCLi þ BTCC þ BTex ¼ BIplat½ €b €a 0 �T ð38:12Þ

where FCLi = -FBLi is the joint force on Bi acting on platform, FCC = -FBC is
the joint force on B acting on the moving platform, and Fex is the external force
such as gravity, BTCC is the constraint torque of joint B acting on the moving
platform. BTex is the external torque acting on the platform, and BIplat is the inertia
matrix.
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38.4.2 Modular Dynamic Model for a Single Arm

A modular modeling method is then utilized to develop the full multiple segment
arm model. Figure 38.3 shows the schematic of a single segment including all of
the kinematic and dynamic equations mentioned previously. This schematic can be
implemented in the MATLAB/Simulink environment. Each segment has a number
of input/output ports used to transfer forces, torques and kinematic information to
nearby segments.

To form the complete arm the individual segments are connected serially
(Fig. 38.4). The dynamic forces and torques are solved from the arm tip to the
base, while the kinematic transformation matrices are solved from the arm base to
the arm tip.

38.5 Multiple Arm Robotic System

This section combines eight continuum arm models with a body to form the
multiple arm system. A body coordinate system C(xc, yc, zc) is defined at the cen-
troid of the robot body (Fig. 38.5). The base of each arm is described in frame C by
yaw angle, wm, about axis zc and pitch angle, um, about the xc - yc plane where
m = 1, 2, …, 8 is the number of the arm.

Rotation of
limb i

Rotation of
limb i

Rotation of
limb i

 Linear 
motion

of piston i

 Linear 
motion

of piston i

 Linear 
motion

of piston i

 Linear 
motion

of piston I
Eq.(5)

i, j
Li, j Forward 

kinematics
Eq.(1), (2)

Rotation of
limb i
Eq.(6)

Moving 
platform

Eq.(11),(12)

Linear motion  
of central strut

Eq.(8)

Segment j

[di , udi , p, ug] j
[h, , ] j

fBLxyi, j

Fex, j

Tex, j

0Tj
0Tj+1

FA, j

TA, j

fBLzi, j

fBCz, j

Tc, jFc, j

Reaction 
force/torque

Eq.(7).(9),(10)

Fig. 38.3 Modular dynamic model for a single segment
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The arm motions generate reaction forces acting on the body, and the body is
considered to be rigid where its dynamics are formulated in frame G as follows:

X8

m¼1

FA0;m ¼ Mb
€X þ Cb

_X ð38:13Þ

X8

m¼1

TA0;m ¼ Ib
€U ð38:14Þ

where Mb is the mass of the body, X the position vector of the body, Cb is the
damping coefficient, Ib is the inertia matrix of the body, U is the Euler angle from
frame G to C, and FA0, m and TA0, m are the reaction forces and torques coming
from the base segments of the arms. Thus, two additional homogeneous trans-
formation matrices are applied to Eq. (38.4) for each arm to express the arm
position and orientation in frame G as:

GTn;m ¼ GTCðX;UÞCT0;mðum;wmÞ0T1;m
1T2;m. . .n�1Tn;m ð38:15Þ

.

Segment j+1Segment j

Arm base Arm tip

i, j i, j+1

......
FA , j FA, j+1 FA, j+2

TA , j TA, j+1 TA , j+2

0T j
0T j+1

0T j+2

++

++

++

++

++

++

Tex, jFex, jTex, j-1Fex, j-1 Tex, j+1Fex, j+1

Fig. 38.4 Modular dynamic model for multiple-segment arm

Fig. 38.5 Geometry of
multiple continuum arm
model
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38.6 Arm Configurations

The proposed multiple continuum arm model is capable of changing its configu-
ration to achieve diverse locomotion patterns. This section shows possible arm
configurations for a reconfigurable robotic system. Locomotion simulations for the
configurations were performed using a distributed hierarchical control architecture
presented by Branson et al. [10]. This controller converts general motion com-
mands for an arm into specific control inputs for each muscle.

38.6.1 Crawler Configuration

In the crawler configuration, shown in Fig. 38.6, three arms are placed next to each
other in front of the body and three arms are combined behind the body. These
arms are used to push or pull the body in the desired direction, and the remaining
arms are placed to either side of the body to provide direction control. This
configuration is suitable for going through height and space limited spaces.

38.6.2 Quadruped Configuration

To achieve a quadruped configuration the arms are combined into pairs with each
pair forming a single leg (Fig. 38.7). This configuration allows for locomotions
such as jumping, walking, running, and over obstacles.

38.6.3 Hexapod configuration

In the hexapod configuration, shown in Fig. 38.8, six arms are used for locomotion
and the remaining two arms are free. This configuration is capable of similar
locomotions to the quadruped robot for jumping, walking, running, and movement
over objects, while allowing for additional manipulation tasks to be performed by
the two free arms.

Fig. 38.6 Crawler
configuration
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38.6.4 Octopod Configuration

The octopod configuration is obtained by spreading the arms around the body
evenly (Fig. 38.9). This configuration provides great mobility over rough terrains.

Fig. 38.7 Quadruped
configuration

Fig. 38.8 Hexapod
configuration

Fig. 38.9 Octopod
configuration
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38.7 Conclusions

This paper applies the use of multiple continuum arms to a reconfigurable robotic
system. Continuum arms are capable of elongating, shortening and bending at any
point along their length. The use of continuum arms greatly enhances the flexi-
bility of a reconfigurable robot and allows for diverse locomotion patterns. The
presented system can be used to study morphology and control schemes for re-
configurable robotic systems based on continuum arms.
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Chapter 39
A Novel Reconfigurable Unit for High
Dexterous Surgical Instrument

Linan Zhang, Shuxin Wang, Jianmin Li, Xiaofei Wang, Chao He
and Jinxing Qu

Abstract Surgical instruments with multi-degree of freedom (DoFs) are widely
used in single-port surgery and natural orifice transluminal endoscopic surgery.
In this paper, a novel reconfigurable unit, which can be used as a basic component
of a high dexterous surgical instrument (HDSI), was developed according to an
isosceles trapezoid mechanism. Then the unit was improved and optimized to
obtain a larger rotational range. The new unit can prevent driving cable from
slackening during the moving. Two multi-joint prototypes, which are designed
based on the proposed reconfigurable unit, are developed and experimented pre-
liminarily. Experiment results show that the unit can avoid cable slack and is
suitable to be used for HDSI.
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39.1 Introduction

High dexterous surgical instrument (HDSI) is widely applied in single-port surgery
(SPS) and natural orifice transluminal endoscopic surgery (NOTES), which could
be beneficial to reduce patient trauma, postoperative pain and recovery time [1–3].
To design a HDSI, reconfigurable unit, which is a cable driving modular joint, is
often used as a basic element [4–6]. But cable slack is a key problem in the design
of the unit [7, 8]. Cable in compression tend to buckle which would result in
actuator backlash and low rigidity of the instrument [9].

Even ignoring cable’s elastic elongation, cable slack still happen in some tra-
ditional units. Take a typical wrist as an example, as shown in Fig. 39.1a, the wrist
is constructed by connecting several same traditional reconfigurable units end-to-
end. Any two adjacent units can rotate around each other. As shown in Fig. 39.1b,
h and d are the dimensional parameters of the traditional unit, l1 and l2 are the path
lengths of driving cable located on each side of the unit, and h is rotational angle of
the unit. Then the total path length of driving cable in one unit can be obtained by

L ¼ l1 þ l2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4h2 � w2ð Þ cos2 h=2ð Þ � 2hw sin hþ w2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4h2 � w2ð Þ cos2 h=2ð Þ þ 2hw sin hþ w2

p ð39:1Þ

According to Eq. (39.1), L will change with rotational angel h. So the total path
length of driving cable in a wrist changes with its motion. Therefore, cables in the
wrist of Fig. 39.1a will go slack when the wrist moves.

Many research institutions have done their research on HDSIs which can prevent
cable from slackening. Snake-like arm robot [10], flexible endoscopy instrument
[11] and continuum manipulators [12] utilize elastic material, such as NiTi alloy, to
avoid cable slack. However, comparing to an instrument which is based on module
joint, these instruments needs more power to overcome the material deformation
during moving. A Tensor arm [13] and an elephant’s trunk manipulator [14] employ
mechanism to compensate the path length change of driving cable, but it is too big
and not properly for surgical application. In actuated joint section of endoluminal
NOTES robotic system [15], path length change of cable is compensated by dis-
tributing cable crossly. However, the distributing way may increase friction between
cable and instrument. Dexterous units are designed to keep path length unchangeable
in some other robots [6, 8, 16, 17] but still under study. Only limited kinds of properly
reconfigurable unit are developed, hence designing a new reconfigurable unit, which
can prevent cable from slackening, is necessary to the design of HDSI.

In this paper, an isosceles trapezoid mechanism is used as a basic to design a
reconfigurable unit for HDSI. The development of the unit is illustrated in Sect. 39.2.
Section 39.3 introduces parameters optimization of the developed reconfigurable
unit. Two prototypes of wrist based on the developed unit are presented in Sect. 39.4
to verify the availability of the unit. Conclusions are drawn in Sect. 39.5.
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39.2 Development

The isosceles trapezoid mechanism is constructed by links. As shown in
Fig. 39.3a, it is composed of link AB, CD, GH and MN. The middle points of link
AB and CD, E and F, are also the middle points of MG and NH, respectively.
AB = CD, MG = NH, and MN = GH. So quadrilateral NGMH is constrained to
be an isosceles trapezoid by link MN and GH. Two cables are distributed on both
sides of the mechanism. Consequently, the two cables, links AB and CD construct
an isosceles trapezoid ABCD. The total path length of the driven cables L is

L ¼ BC þ AD ¼ 2EF ð39:2Þ

The length of EF changes with the movement of the mechanism, so the total
path length of cable in the mechanism is not constant. In order to eliminate the
length change of EF, link GH is replaced by link EF, as is shown in Fig. 39.2b.
In addition, to extend rotational range, the unit of Fig. 39.2b is improved and the
structure is shown in Fig. 39.2c. Link MJ is perpendicular to link AB, link NK is
perpendicular to link CD.

Let a be the length of link AB and CD, b be the length of EF, c be the length of
JK, d be the length of ME and NF, and both the distances from M to J and N to
K are e. A well designed HDSI can keep two adjacent reconfigurable units coaxial
when it is at initial position. So link EF is perpendicular to link AB and CD at
initial position. The value of c depends on b and d and it is

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b� 2eð Þ2þ4d2

q
ð39:3Þ

The equation of rotational angle h is

h ¼ 2 arctan �F �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2 þ E2 � H2

p� �.
H � Eð Þ

� �
ð39:4Þ

(a) (b)

l1

l2

w

l1

h

One unit

Fig. 39.1 Wrist based on
traditional unit. a Structure of
the wrist. b Prototype of the
wrist
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where E ¼ 2l2 þ 2bl cos b; F ¼ 2bl sin b; H ¼ b2 þ 2l2 � c2 þ 2bl cos b; l ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ e2:
p

Then the total path length of cables in the unit is equal to the sum of length
of AD and BC.

L ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ a2=4� Aa cos B

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ a2=4� Ca cos D

p
ð39:5Þ

where A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2=4þ b2 � ab cos p� bþ cð Þ

p
; B ¼ p=2þ b� h� arcsin

a sin h� bð Þ= 2Að Þð Þ; C ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2=4þ b2 � ab cos b� cð Þ

p
; D ¼ p=2� bþ h�

arcsin a sin b� cð Þ= 2Cð Þð Þ; c ¼ arctan e=d:
The total path length changes of three units with rotational angle are shown in

Fig. 39.3. The figure shows that the total path length of reconfigurable unit is
almost constant within a certain rotational range, while the path lengths of the
other two kinds of units change more quickly with rotational angle. Therefore, the
developed reconfigurable unit is the best choice.

39.3 Parameters Optimization

For the developed reconfigurable unit, the total path length of cables is almost
invariable within a certain rotational range. Large rotational range for each unit
can increase the workspace and dexterity of the instrument, so it is necessary to
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Fig. 39.2 Development of reconfigurable unit. a isosceles trapezoid mechanism. b Reconfigu-
rable unit
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optimize the developed unit. During the procedure of optimization and improve-
ment, the change of the total path length must be limited to an allowed extent. In
generally, the elongation rate of cable is usually far less than 1/1000, so the
allowed path change rate of cable is set as 1/1000 in this paper.

39.3.1 Parameter Analysis

The rotational range of the designed reconfigurable unit varies with rotational
range is

R ¼ hmax � hmin ð39:6Þ

where hmax and hmin are the maximum and minimum value of h; respectively.
h can be easily calculated by Equation (39.4).

In actual application conditions, the smaller value of a is, the less trauma
patient would have. In this paper, reconfigurable unit is designed 7 mm in
diameter. According to Eqs. (39.4) and (39.6), the rotational range R is determined
by b and d. As shown in Fig. 39.4a, the rotational range R increases with the
increasing of b and decreasing of d.

To maximize the rotational range of the unit, the variations of h with the parameters
e and d are optimized, as shown in Fig. 39.4a. The optimal rotational range is
distributed along an arc line, so the value of d can be chosen from a larger range
comparing to the unit of Fig. 39.2b. When the value of b changes, different arc lines
of optimal rotational range can be obtained. Fig. 39.4b shows the optimized arc lines.

Large value of b will result in low rigidity. With experience, the value of b had
better to be smaller than half of a. On the other hand, b had better to be maximized
to acquire a large rotational range. Therefore, the value of b is set to be b = a/2.
Furthermore, the larger the distance from point E to M (H to N) is, the easier for
manufacture and assembly. Keeping the value of d and e equal is a way to achieve
this goal. Then d and e are determined according to the Fig. 39.8. The final
optimized parameters are shown in Table 39.1. The values of c in the units of
Fig. 39.2b and c is determined by Eq. (39.3).

The curves of the total path length of cable versus rotational angle are shown in
Fig. 39.5. The rotational range of primary unit in initial design is about 87�.

Fig. 39.3 Total path length
of cables change versus
rotational angle (a = 6 mm,
b = 3 mm, d = 0.7 mm,
e = 0, h = 1.5 mm,
w = 6 mm)

39 A Novel Reconfigurable Unit 437



Comparing to the initial design, the reconfigurable unit has larger rotational range,
which is about 112�.

39.3.2 Statics Analysis

Actuator will exert force to each links of the reconfigurable unit when it is driven.
As shown in Fig. 39.2c, link MK is the weakest one of these links in engineering,
so it need to decrease. f2 and f1 are driven force of cables. f3 is the force exerted on
link MK and it can be obtained as

f3 ¼
d sin p� bð Þ
cos a� p=2ð Þ f2 � f1ð Þ ¼ k f2 � f1ð Þ ð39:7Þ

where k denotes influence coefficient of force f3: b and a can be calculated as

b ¼ 2 arctan �N �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 þM2 � P2

p� �.
P�Mð Þ

� �
ð39:8Þ

a ¼ arcsin b sin b� cð Þ þ l sin hð Þ=cð Þ ð39:9Þ

where M ¼ �2bl� 2bl cos h; N ¼ 2bl sin h; H ¼ b2 � c2 þ 2l2 þ 2l2 cos h.
The parameters of the two reconfigurable units are listed in Table 39.1. Com-

paring the influence coefficients of the two units, as shown in Fig. 39.6, it can be

Fig. 39.4 Parameters optimization. a Rotational range of the developed reconfigurable unit
structure with the change of the value of d and e (a = 6 mm, b = 3 mm). b Optimal rotational
range curves

Table 39.1 The optimized parameters of the reconfigurable unit

a (mm) b (mm) c (mm) d (mm) e (mm)

Reconfigurable unit 6 3 2.126 0.8 0.8
Primary reconfigurable unit 6 3 3.4 0.8 –
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seen that the influence coefficient of reconfigurable unit is smaller than that in
primary reconfigurable unit, which demonstrates that the reconfigurable unit has
better performance in statics.

39.4 Two Multi-Joint Prototypes Based on Reconfigurable
Unit

39.4.1 Detailed Design

According to the above analysis and optimization, a CAD model is developed, as
shown in Fig. 39.7. Two ends of the middle link are installed on circular arc
grooves of the end link and base link, respectively. Two constraint links, which are
used to connect base link and end link, constraint end link to rotate around the base
link. The end link is driven by cables which go through holes of the base link and
the end link. These driving cables are not shown in the model for clarity.

Fig. 39.5 Total path length
of reconfigurable unit versus
rotational angle

Fig. 39.6 Influence
coefficients of two
reconfigurable units
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39.4.2 Prototypes and Preliminary Experiment

According to the CAD model, a two-joint and four-joint wrists, as shown in
Fig. 39.8, are constructed connecting the proposed reconfigurable units The size of
the two wrists is magnified 5 times for easy manufacturing. Each joint is driven by

Base link

End link

Constraint
link

Middle
link

Constraint
link Shaft

Shaft

(a) (b)

d

e

Fig. 39.7 CAD model of the reconfigurable unit. a Reconfigurable unit. b Front view of the base
link and end link

Joint 1

Joint 2

Joint 1

Joint 2

Joint 3

Joint 4

(a)

(d) (e) (f)

(b) (c)

Fig. 39.8 Flexible wrists constructed by reconfigurable unit. a Initial position of two-joint wrist.
b Configuration when joint 2 is actuated. c Configuration when joint 1 is actuated. d Initial
position of four-joint wrist. e Driving four-joint wrist to left side. f Driving four-joint wrist to
right side
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two cables (0.6 mm in diameter). As shown in Figs. 39.8b and c, each joint in the
wrist is driven separately once a time. In addition, four developed reconfigurable
units construct a four-joint flexible wrist. By driving the cable, three positions of
the wrist can be obtained, as shown in Figs. 39.8d, e, and f. The preliminary
experiment results show the motion of joint i (i = 1, 2, 3, 4) will only affect the
rotations of joints from (i ? 1) to 4. For example, when only joint 2 is driven,
joint 3 and 4 will rotate accordingly, while joint 1 won’t. Both the two wrists can
move dexterously and no cable slack occurs during the moving.

The novel reconfigurable unit developed in this paper plays an important role in
HDSI. Firstly, the dexterity of instrument can be easily increased by increasing the
number of reconfigurable units. Secondly, it is easy to manufacture, assemble and
maintain the HDSI. Finally, the developed reconfigurable unit can keep path length
of driving cable almost unchanged within a certain rotational range. The dexterous
design may decrease the actuator backlash of HDSI and increase its rigidity. The
motions of the two prototypes show that the novel reconfigurable unit is suitable to
the design of HDSI.

39.5 Conclusion

In this paper, a novel reconfigurable unit, derived from an isosceles trapezoid
mechanism, can keep total path length of driving cables constant within a certain
rotational range. Under allowed elongation rate of cable, the rotational range is
enlarged after optimizing the structure. Utilizing the reconfigurable unit, two
prototypes, two-joint and four-joint flexible wrists, are developed to verify the
usability of the reconfigurable for HDSI. The result shows that HDSIs with dif-
ferent DoFs can be easily constructed by using the reconfigurable unit, and these
instruments will have high stiffness and low actuator backlash. The presented
reconfigurable unit has a good perspective of application for HDSIs. The problem
of coupled motion in these instruments needs to solve by control in future work.
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Chapter 40
Design and Kinematics Analysis of a Novel
MR-Compatible Robot for Needle
Insertion

Chaochao Cheng, Shan Jiang, Jun Liu and Jinlong Lou

Abstract The MR-compatible robot for needle insertion has attracted increasingly
attentions due to high precision in minimally invasive surgery. A robotic system for
prostate brachytherapy has been designed and is actuated by five ultrasonic motors to
realize needle orientation and insertion. The application of cable transmission leads
to a compact and dexterous mechanism, because all the motors are placed in the base
and the moving part of the mechanism becomes as light and small as possible. What’s
more, placing the motors far away from the center of the scanner will eliminate
artifacts and distortion of the MR images caused by the motors. The displacement
analysis is carried out and the reachable workspace is obtained. Jacobian matrix is
deduced in velocity mapping model for dimensional synthesis in further study.
Configuration singularities are analyzed on the basis of Jacobian matrix.

Keywords Cable transmission � Ultrasonic motor � Kinematics � MRI

40.1 Introduction

Brachytherapy is considered to be an effective treatment for prostate cancer. Real-
time imaging and adjusting needle orientation with robot assistance are two ways
to improve the precision of the surgery. MRI can provide a clear image to
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distinguish tumor size, location and extension [1, 2]. Needle insertion with
manipulator can achieve good performance by adjusting the needle orientation
according to the tissue deformation timely. So MRI-guided robot is an ideal
approach for prostate needle insertion surgeries [3]. Fischer et al. introduced a 4-
DOF hybrid robot using MR-compatible cylinders for real-time control needle
orientation under MRI guidance and performed insertion motion manually [4–6],
Patriciua et al. reported a MR-compatible automatic robot for close radiotherapy
driven by ultrasonic motor [7, 8]. To eliminate artifacts of the MR images caused
by the motors, Larson et al. developed a robotic device to perform interventions in
the breast [9]. The device is actuated by telescoping shafts with ultrasonic motors
located more than 1 m far away from the breast.

In this paper, we report a description of the architecture of a novel robot system.
Cable transmission applied in MRI-guided robot for the first time is introduced,
which leads to a lighter and more compact mechanism. Displacement analysis is
deduced and workspace is obtained. Velocity mapping model is established for
Jacobian matrix, configuration singularities are analyzed at last.

40.2 Design of the Robot System

40.2.1 Requirements Analysis

Different from conventional medical robot system, the MRI-guided needle inser-
tion robot performs insertion surgery in high magnetic field and limited space.
Firstly, most of MRI devices will generate a 0.5T–3T magnetic field which is the
main limitation to a design of the robotic system. The material, actuators and
sensors of the robotic system must be MR-compatible. The robotic system must
not disturb magnetic field and worsen the quality of imaging. At the same time,
MRI devices should not create a disturbance on performance of the robotic system
to avoid hurting the patient and damaging robotic system itself.

The space in the MRI bore for prostate brachytherapy is another limitation. The
confined size is shown in Fig. 40.1. The MRI bore diameter is approximately
0.6 m and the patient is placed on a sickbed in the supine position with legs spread
and raised. In such limited space, the mechanism must be as compact as possible.
In this paper, ultrasonic motors are used and cable transmission is adopted, which
will be introduced in Sect. 40.2.3. It leads to a light, compact mechanism with the
motors placed in the base.
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40.2.2 Detailed Design of Prototype

According to the requirements mentioned above, a novel prototype is designed.
A 3D model of our prototype is shown in Fig. 40.2. The details of the motion are
shown in Fig. 40.3.

The prototype mainly consists of four parts: the 2-dof parallel module (six-bar
linkage), the vertical height coarse adjustment module, the 2-dof rotating head module
and the insertion module. A detailed description of the prototype is given below.

 (a) (b)

Prostate

0.
6m0.

47
m

Scanner

Space for the robot 

Patient

Robot

Fig. 40.1 Space for prostate brachytherapy in MRI bore: a side view, b front view
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3
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6

2

8 9 107

14

13

12

11

Fig. 40.2 Detail of the prototype. 1-ultrasonic motor, 2-screw rod A, 3-nut platform, 4-link rods
A, 5-base, 6-motors shelf, 7-moving platform, 8-the first rotating axis, 9-rotating head, 10-the
second rotating axis, 11-lifting platform, 12-insertion module, 13-needle,14- screw rod B

40 Design and Kinematics Analysis 445



As shown in Fig. 40.2, the ultrasonic motors on the base drive the screw rod A
of the 2-dof parallel module, the moving platform is linked to the base by two
symmetrical branched chains. The chain is composed of screw rod A, the nut
platform and two parallel link rods A. The nut platform, the moving platform and
link rods A form a parallelogram to ensure that the moving platform is parallel to
the nut platform. The 2-dof parallel mechanism realizes rapid localization of the
needle in horizontal plane, which is applied in MRI-guided robot for the first time.

The lifting platform in the height coarse adjustment module can move along the
screw rod B fixed in the moving platform vertically. The height of the lifting
platform is pre-adjusted and remains unchanged during the surgery. Rotation of
the needle is adjusted by the 2-dof rotating head. The first rotation axis and second
rotation axis are perpendicular to each other. The motors fixed in the motors shelf
drive the rotating head by means of cable transmission described in Fig. 40.4b.
The needle insertion is carried out by the insertion module shown in Fig. 40.4c. It
is also driven by cable transmission. The screw rod C’s rotation is transformed into
sliding of the slider B that carries the needle. The slider A is connected to the slider
B by link rod B and it can translate rather than rotate in the slot of the base of the
insertion module. As a result, the needle inserts under the guidance of slider A and
slider B.

40.2.3 Cable Transmission

In our prototype, the motors that drive the rotating head can’t be fixed in the
rotating head itself, so does the motor driving the needle insertion. Otherwise, the
moving part will become too heavy for the motors fixed in the base to actuate.
The rotating head and the insertion module should be as light and compact as
possible to rotate and insert smoothly. But the ultrasonic motor is relatively large
in size and heavy in weight. As a result, the ultrasonic motors are fixed in the base.
Rotation and insertion are realized by cable transmission which is pioneering work
in MRI-guided robot field.

Fig. 40.4a shows the structure of cable transmission in the motors shelf.
For each dof, there should be two cables to transmit the bidirectional rotation, but
only one cable is presented for simplicity. The shaft A used to circle the MRI

y 

1T

O

x

z 

2T
3T

4R

5R

6T

Fig. 40.3 The equivalent
kinematic diagram
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compatible cable is connected to the motors by flexible coupling. The same shaft B
is connected to the rotating head shown in Fig. 40.4b and the insertion module
shown in Fig. 40.4c. The cable is circled in shaft A on one side and shaft B on the
other side. The cable is wrapped in the flexible cable sheath. The rotation of the
motors can be transmitted to the end effecter by cable transmission precisely and
the actual distance between shaft A and shaft B doesn’t affect the transmission
ratio theoretically, namely, the transmission ratio remains unchanged whether the
flexible cable sheath is taut or loose.

Application of cable transmission has many advantages. The end effecter
becomes lighter and more compact without load of the ultrasonic motors.
In addition, the motors are permitted to be placed far away from the center of the
MRI bore, which will lead to less damage to quality of imaging. The motors could
even be placed outside of the bore if the precision of cable transmission is high
enough. As a result, the range of choice of motors will be expanded from
MR-compatible motors to all kinds of motors.

(a) (b)

(c) 
19 20 2218 23 24 2521

7 8 9 10 11

12 13 1614 15 173 4 5 6 21

Fig. 40.4 Detailed design of cable transmission: a motor shelf, b rotating head, c sectional
drawing of needle insertion module. 1-ultrasonic motor, 2-motors shelf, 3-flexible coupling,
4-flexible cable sheath, 5-shaft A, 6-cable, 7-lifting platform, 8-rotating head, 9-the second
rotation axis, 10-the first rotation axis, 11, 12, 13-cable sheath, 14, 16-cable, 15, 17-shaft B, 18-
slider A, 19-link rod B, 20-cable, 21-cable sheath, 22-base of insertion module, 23-slider B, 24-
screw rod C (shaft B), 25-needle
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40.3 Kinematics Analysis

40.3.1 Displacement

Four coordinate systems are established as shown in Fig. 40.5. The N � x2y2z2

coordinate system is obtained by rotating N � x1y1z1 coordinate system around the
first rotation axis of the rotating head by h4, R1 denotes the rotation matrix. The
N � x3y3z3 coordinate system is obtained by rotating N � x2y2z2 coordinate
system around the second rotation axis by h5, R2 denotes the rotation matrix. In the
base coordinate system

p ¼ rþmþ c ð40:1Þ

where c ¼ Rc3, R ¼ R1R2, c3 ¼ ½0; 0; a5�T , m ¼ ½0; a3; 0�T , p ¼ ½px; py; pz�T ,
di denotes the length of screw rod, 2e denotes the length between two motors in he
base, r1 denotes the length of link rod, a3 denotes the height of rotating head,
r0 denotes the length of moving platform, a5 denotes the length of needle.

a5 ¼ �ðpy � a3Þ= sin h4 cos h5 ð40:2Þ

As shown in Fig. 40.5, a1 ¼ ½0; 1�T , w1 ¼ ½cos h1; sin h1�T , e1 ¼ ½0; 1�T ,
u1 ¼ ½1; 0�T , a2 ¼ ½0;�1�T , w2 ¼ ½cos h2; sin h2�T , e2 ¼ ½1; 0�T , u2 ¼ ½�1; 0�T . We
can derive the equation below according to Pythagorean Theorem,

d1 ¼ rz �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

1 � ½ðr0=2� ðeþ rxÞ�2
q

ð40:3Þ

d2 ¼ rz �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

1 � ½ðr0=2� ðe� rxÞ�2
q

ð40:4Þ
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r ¼ e eiþd1 aiþr1 wiþr0 ui =2 ð40:5Þ

Eq. (40.5) leads to

w1 ¼ ½rx � ðr0=2� eÞ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

1 � ½r0=2� e� rx�2
q

�T=r1 ð40:6Þ

w2 ¼ ½rx þ ðr0=2� eÞ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

1 � ½r0=2� eþ rx�2
q

�T=r1 ð40:7Þ

40.3.2 Workspace

On the basis of displacement analysis, the boundary points of the workspace are
determined by reduced dimension search and binary search. The reachable
workspace is obtained as shown in Fig. 40.6a.

We can conclude from Fig. 40.6 that the shape of the reachable workspace of
the robot is approximately a semi-ellipsoid (equatorial radius a = 0.3 m,
b = 0.165 m, and polar radius c = 0.5 m), and its volume is 0.1038 m3. The
average size of the prostate is 0.05 9 0.035 9 0.04 m, and the volume of
the prostate will expand by 25 percent under the impact of water-filled [10]. So the
workspace satisfies requirements of the needle insertion surgery considering both
the space in the MRI bore and the size of prostate. Given h4 ¼ p=2 and h5 ¼ 0, the
reachable workspace is obtained shown in Fig. 40.6b and the section of the
workspace is the same heart-shaped plane along y axis direction.

40.3.3 Velocity Mapping Model

As discussed in Sect. 40.3.1, differentiating Eq. (40.1) with respect to time yields

_r ¼ _p� _c ¼ _p� R _c3 � _Rc3 ð40:8Þ

where _c3 ¼ v5 ¼ ½0; 0; v5�T , _p ¼ ½vpx; vpy; vpz�T , _r ¼ ½vrx; 0; vrz�T , we can get,

v5 ¼ �ðvpy þ a5
_h4 cos h4 cos h5 � a5

_h5 sin h4 sin h5Þ=ðsin h4 cos h5Þ ð40:9Þ

Differentiating Eq. (40.5) with respect to time yields, _r ¼ _di aiþri
_hi Q wi

(i = 1, 2), so we can get

_di ¼
wT

i _r

wT
i ai

ð40:10Þ

Hence, the linear mapping relationship is established as follows,

_d1
_d2

_h4
_h5 v5

� �T¼ J � vpx vpy vpz
_h4

_h5

� �T ð40:11Þ
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J ¼

J11 J12 1 J14 J15

J21 J22 1 J24 J25

0 0 0 1 0
0 0 0 0 1
0 J52 0 J54 J55

2
66664

3
77775 ð40:12Þ

where J is the Jacobian matrix that establishes the linear mapping relationship
between the velocity of the end effecter and the velocity of the driving links,

J11 ¼
cos h1

sin h1
, J12 ¼

sin h1 cos h4 cos h5 þ cos h1 sin h5

sin h1sh4ch5
, J14 ¼

a5 sin h1ch5 þ a5 cos h1sh5ch4

sin h1sh4
,

J15 ¼
a5 sin h1ch5ðch4ch5 � ch4sh5Þ � a5 cos h1

sin h1ch5
, J21 ¼

cos h2

sin h2
, J22 ¼

sin h2ch4ch5 þ cos h2sh5

sin h2sh4ch5
,

(a)

(b) 

Fig. 40.6 Workspace of the
robot: a the reachable
workspace, b the workspace
when given h4 ¼ p=2 and
h5 ¼ 0
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J24 ¼
a5 sin h2ch5 þ a5 cos h2sh5ch4

sin h2sh4
, J25 ¼

a5 sin h2ch5ðch4ch5 � ch4sh5Þ � a5 cos h2

sin h2ch5
, J52 ¼

�1
sh4ch5

,

J54 ¼
�a5ch4

sh4
, J55 ¼

a5sh5

ch5
.

40.3.4 Configuration Singularities

Configuration singularities study is very important for mechanical design and
control. The algebraic meaning of singularities is that the determinant of the
Jacobian matrix is zero or infinity. Singularity configuration is studied according to
Jacobian matrix in this paper. They are shown in Fig. 40.7.

(a)

(b)

(c)

Fig. 40.7 Singularity
configuration of the
prototype: a singularity
configuration when
sin h1 ¼ 0, b singularity
configuration when
sin h2 ¼ 0, c singularity
configuration when
cos h5 ¼ 0:11
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1. When sin h1 ¼ 0, detðJÞ ! 1
The right link rods coincide with the moving platform, the robot will lose the
degree of freedom along the x axis direction.

2. When sin h2 ¼ 0, detðJÞ ! 1
The left link rods coincide with the moving platform, the robot will lose the
degree of freedom along the x axis direction.

3. When cos h5 ¼ 0, detðJÞ ! 1
The needle coincides with the moving platform, the robot will lose the degree
of freedom along the vertical direction.

The singularity configuration should be avoided by designing the parameters of
the robot properly and restricting the rotation angles of the ultrasonic motors in the
process of robot control.

40.4 Conclusion

A robot system of MR-compatible is designed to perform the prostate needle
insertion surgery in limited space. Cable transmission is applied in MRI-guided
robot for the first time, which leads to a compact, dexterous mechanism to perform
needle orientation and insertion. Displacement analysis is deduced and the
workspace calculated consequently satisfies the surgery requirements. Velocity
mapping model is established for deducing the Jacobian matrix, on the basis of
which configuration singularities are analyzed.
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Chapter 41
A Flexible-Waist Quadruped Robot
Imitating Infant Crawl

Cheng Liu, Xiuli Zhang, Dongdong Li and Kunling Zhou

Abstract Through investigating a 1-year-old human baby’s body and crawl
movement, an infant-sized quadruped robot ‘‘Babybot’’ is designed. The robot has
a mechanism of two passive DOFs in its waist, namely the flexible waist. The
biologically-inspired Central Pattern Generator (CPG) is employed for controlling
Babybot’s locomotion. The results of dynamic simulation show Babybot can crawl
in a natural infant-like way and the flexible waist can improve the robot’s crawling
performance.

Keywords Quadruped robot � Infant crawl � Flexible waist � Rhythmic motion �
Central pattern generator

41.1 Introduction

Infancy is an important stage in the growth of an individual. Before baby achieves
bipedal walking, crawling movement plays a key role for infant locomotion. From
the viewpoint of human evolution, upright walking human also evolved from the
four-legged crawling animals. So study in infant crawl is beneficial for under-
standing both the development of human growth and evolution.

To study infant’s development on cognitive and motion ability, there are some
existing infant-like humanoid robots [1]: The ‘‘Infanoid‘‘ [2] has been developed
mainly for imitating the infants social communication. ‘‘Pneuborn-7II’’ [3]
puts emphasis on the development of crawling behavior through a pneumatic
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musculoskeletal system. ‘‘iCub’’ [4], developed as a robotic platform for infant
study, also has the ability of crawl. However, compared to the normal infant crawl,
their crawling movements are not very flexible. Moreover, due to the large number
of DOFs, these robots need to integrate complex mechanical structure and motion
control system.

From the viewpoint of kinematics, infant’s crawling behavior is an unique
motion that human moves in a quadruped gait with both hands and legs touching
down on the ground. It means a bionic crawling infant robot could also be
designed as a quadruped robot. Quadruped robots, usually inspired from animals,
have much better mobility and stability than humanoid robot [5].

In this paper, we design a 10-DOFs quadruped robot as the foundational plat-
form and improve it with a humanoid flexible-waist mechanism. We also use the
Central Pattern Generator (CPG) to produce rhythmic crawling motion signals.
With features from both quadruped and humanoid robot, the Babybot can crawl in
a natural infant-like way.

41.2 Bionic Analysis

The infant we choose to study at is a 1-year-old boy. At that age, most infants have
already been proficient in crawl. Under our model, an infant body can be divided
into seven parts: head, main body, waist, two arms and two legs, which is very
similar to the normal quadruped robot. The key point here is to understand the role
of waist and infant baby’s special crawling gait.

41.2.1 Role of Human Waist

The waist part plays an important role in crawling performance. On the basis of
anatomy, human waist and hip have a structure as shown in Fig. 41.1.

During crawl, the skeletons of infant waist have a periodic rolling and yawing
movements accompanying with the limbs’ pitching [8]. The waist can increase the
motion range of infant’s hind body so that the legs propel body forward more
efficiently [9]. Moreover, waist, with its compliant multi-DOF structure, also has
the buffer effect when infant’s limbs touch down on the ground.

The important roles of waist have been largely ignored in former quadruped
robotic studies. Compared to the multi-DOFs waist of humanoid robot [10], most
quadruped robots have only rigid body which has no waist joint [11–13].
Researchers use more DOFs in legs to compensate the function of waist. However,
it increases the complexity of robots. Moreover, when the speed increases or the
robot fast turns around, the rigidness of trunk will cause uncoordinated motion.

There were several researchers noticing this and employing waist joint in their
quadruped robots. ‘‘ELIRO-I‘‘ [14] proves the waist-jointed walking robot is more
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stable than a single rigid body robot as the waist could provide a larger Gait
Stability Margin. Utku and Saranl’s legged robot [15] also achieves a higher
locomotion speeds and hopping height due to larger possible stride lengths
resulting from a jointed spine’s flexion. Researchers from Kyoto University and
Doshisha University [16] found that changing the roll joint stiffness of their robot’s
body can even influence the robot’s gait patterns. Their results show the potential
of flexible waist for improving the quadruped robot’s performance.

41.2.2 Infant Crawl Gait

An infant’s crawling behavior changes continuously along with its growth. Besides
the crawling speed and efficiency, the crawling posture also changes with inter-
related changes in infant’s brains, bodies and motor experience [17].

The standard infant crawling gait is a kind of diagonal gait pattern in a sequence as
left front limb and right hind limb, then right front limb and left hind limb, very similar
to quadruped animals’ walk. But a big difference here is that infant usually crawls on its
knees, so the shanks tend to rely on the ground and have no propel movement.

Adolph et al. [18] had a detailed study on infant’s crawling gaits. Generally,
infants do not crawl in a perfect diagonal gait pattern. They lifted and placed their
front limbs a few ahead than their hind limbs. This gait is shown in Fig. 41.2.

41.3 Robot Design

Unlike normal quadruped robot, our Babybot only uses six active DOFs locating
on the left and right shoulders, elbows and hips to realize the crawling movement.
The other four DOFs on knees and waist are designed as passive DOFs. This

Fig. 41.1 Skeleton structure
and DOFs of human waist
Waist is the part of the
abdomen between the rib
cage and legs. Besides the
spine, two hipbones are
combined by a cartilage,
which is named pubic
symphysis [6]. With this kind
of structure, human waist can
move in three directions:
pitch, roll and yaw, providing
human body with greater
mobility and flexibility [7]

41 A Flexible-Waist Quadruped Robot 457



design method reduces the mechanical complexity and makes the robot easier to
control. All the joints on limbs rotate in pitch direction specifically. Six active
DOFs are driven by the CPG signals. All passive DOFs are constrained by torsion
springs along their axles.

41.3.1 Mechanism of Robots Waist

Analysis in Sect. 41.2.1 shows that waist plays a very important role in crawling
movement. To make the robot crawl more like an infant, a flexible waist is
necessary

We design the waist with two DOFs respectively rotating in roll and yaw
directions. Since infant moves forward mainly via its limbs, waist is rarely used to
propel body forward. So we do not put actuators on the two rotation joints. Instead,
two torsion springs are installed around the rotating axles to limit the motion and
act as buffers. Figures 41.3 and 41.4 show the basic model of robot and its waist
joint.

Fig. 41.2 Gait footprint of standard infant crawl

Fig. 41.3 CAD model of the Babybot
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41.3.2 CPG Model for Imitating Infant Crawl

Central Pattern Generator (CPG) is the neural networks located in the spine of
vertebrates. It can automatically generate control signals for coordinating muscles’
activities in a periodic phase [19, 20]. CPG models have been proved successful
for applications in robotics [21].

We build a CPG model as Fig. 41.5 for controlling Babybot’s crawling gaits.
We use sine function to model neural oscillator, so the CPG signals are

represented as Formula (41.1). The configurations of parameters are presented in
Table 41.1.

hijðtÞ ¼ Aj sinð2pt=T þ UijÞ
hiEðtÞ ¼ AE sinð2pt=T þ UiS þ UEÞ

i ¼ L;R
j ¼ S;H

ð41:1Þ

41.4 Dynamic Simulation

The Babybot’s crawling simulation is operated in the Automatic Dynamic Anal-
ysis of Mechanical Systems (ADAMS) software. The total weight of Babybot is
about 9.7 Kg, similar to a 1-year-old baby. The feet and the knees are set as rubber
for compliant contacting with the ground. The simulation results (Fig. 41.6) show
that Babybot successfully realizes the infant-like crawl.

Fig. 41.4 Mechanism of the
flexible-waist
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41.4.1 Comparative Study for the Flexible Waist

To evaluate the flexible waist’s effects on Babybot’s crawling performance, we
conducted comparative experiments between the robot with and without the
flexible waist. From 0.5 to 8.5 s, when Babybot crawls steadily during four cycles,
the robot’s swing amplitude, the forward velocity, acceleration and the inner force
applied to the waist joint are sampled for analysis. Figure 41.7 shows the com-
parisons and below are the analysis results.

Table 41.1 CPG configurations

Parameters Meaning Values

h Joint angle Variable
T Oscillating period 2s
AS Amplitude of shoulder joints 20�

AH Amplitude of hip joints 15�

AE Amplitude of elbow joints 15�

ULS Phase of left shoulder 0
URS Phase of right shoulder �p
ULH Phase of left hip �5p=4
URH Phase of right hip �p=4
UE Phase difference between the elbow and shoulder p=2

Fig. 41.5 CPG model of robot six neural oscillators are coupled together with different phases.
Each neural oscillator generates a periodic and continuous signal used for angle control. The left
front shoulder is the reference. The right shoulder and two hip joints have phase difference Uij

with the reference. Each elbow joint has a fixed phase difference UE with the shoulder on the
same limb (L left, R right, S shoulder, E elbow, H hip)
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1. The flexible-waist robot swings in a smaller amplitude and more smoothly than
the rigid-waist robot. It shows the flexible waist can reduce the useless sway of
robot and make robot crawl more steadily and coordinated.

Fig. 41.6 Key frames from robot’s crawling video

Fig. 41.7 Crawling comparison results—Rigid waist robot blue—Flexible waist robot. a Swing
amplitude. b Velocity. c Acceleration. d Force on waist joint
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2. During four cycles, Babybot’s velocity is changing periodically. The robot
moves forward in most time, shown by the points above zero. But the robot
moves backward in short time when the points below zero. This unnatural
backward sliding impedes the robot’s crawling velocity and cause abrasion in
robot’s hands and knees. Analyzing mathematically, the number of the points
that below zero is 29.9 % of all points and the average velocity is 0.095 m/s for
rigid waist; While change to the flexible waist, the percentage significantly
decrease to 3.48 % and the average velocity increase a little to 0.098 m/s. This
indicates that the flexible waist can decrease robot’s disadvantageous backward
moving.

3. When Babybot crawls with the flexible waist, both curves of acceleration and
waist’s inner force are smoother, with less and smaller peaks than rigid-waist
crawling. In average, the inner force is 20.39 N with flexible waist while the
number is 27.19 N with rigid waist, decreasing in 25 %. This proves that the
flexible waist, with its torsion springs, can absorb reacting forces more effectively
and provide greater compliance when the robot’s limbs contact with the ground.

41.5 Conclusion

In this paper, we design a robot, ‘‘Babybot,‘‘ based primarily on human infant. It
has a quadruped-like DOF configuration, combining with a 2-DOF waist which is
usually used in humanoid robot. We build a CPG model to produce position
signals for robot’s active joints. Thereby, the robot performs an infant-like
crawling movement in dynamic simulation experiments.

Moreover, we conducted comparative experiments to evaluate the flexible
waist’s effects on Babybot’s crawling performance. The results show that the
bionic flexible waist can improve the robot’s crawling performance with a smaller
range of yaw swing, a smoother acceleration, a higher velocity with less draw
backs and a gentler internal force. This kind mechanism of flexible waist can be a
good approach for improving quadruped robot’s performance in related areas.
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Chapter 42
Design and Analysis of a Portable
Reconfigurable Minimally Invasive
Surgical Robot

Chao He, Shuxin Wang, Xiaofei Wang, Anlin Zhang
and Dongchun Liu

Abstract Minimally invasive robotic surgery has many advantages over traditional
open surgery and laparoscopic surgery, though current minimally invasive surgical
(MIS) robots have significant drawbacks, including large volume and weight. This
paper presents a new arrangement of a multi-degrees of freedom (DOF) MIS robot to
maintain portability while incorporating a reconfigurable structure to achieve
improved output force and stiffness. The performance and design of the reconfig-
urable structure are also optimized. Performance analysis shows this new recon-
figurable robot can achieve a sufficiently large workspace and output forces for MIS.

Keywords Surgical robot � Reconfigurable structure � Minimally invasive
surgical instrument � Force

42.1 Introduction

Compared to traditional surgical technologies such as open surgery and laparo-
scopic surgery, minimally invasive robotic surgery has many unique advantages in
abdominal surgery, such as improved operation quality, greater operational com-
fort, shortened surgeon training time, reduced surgical trauma, and improved
adaptability for complicated surgeries. These advantages have allowed minimally
invasive surgical (MIS) robots to become widespread over the past decade.

Plenty of MIS robots have been developed in the field of robotics research
including the Zeus robot [1], RTW robot [2], RobIn Heart (RIH) [3], da Vinci
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system [4] and the MicroHand A robot [5]. Due to the constraint at the incision
point on the abdomen of the patient, these robots can be divided into two parts as
Fig. 42.1 shows. The first part is apositioning arm outside the body. The second
part is a multiple degrees of freedoms (DOFs) instrument used for dexterity
enhancement of the whole robot.

In this kind of MIS robot, the robot arm must be arranged far away from the
incision point for the purpose of avoiding conflict between the robot arm and the
patient. Meanwhile, the small distance between the incision point and the operation
target area in the MIS usually requires a large rotational range of motion around the
incision point. These characteristics ultimately lead to a layout with significant size
and weight. Furthermore, the big and heavy active arm requires a powerful passive
positioning system which further increases the size and weight of the whole robot.
Take the da Vinci robot for example, the height is 1.8 m and the weight is 533 kg [4].
This disadvantage of this kind of configuration has been pointed out in the literature,
and much effort has been devoted to solving this problem.

One solution is adding degrees of freedoms of the instrument to endow the
instrument with positioning ability to achieve a portable design. In [6], a dexterous
instrument which can mimic the motion of a human arm is presented. In this robot,
due to extra positioning ability of the instrument, the arm can be designed to be
much smaller. However, in this kind of design, the increased moment arm between
the instrument tip and the driven joint can cause a loss in the operating force of the
instrument. Because of this, the diameter of this instrument is increased to 15 mm,
which is not suitable for a MIS application.

Numerous snake-like robots have been developed to decrease the volume and
weight of surgical robots. A lightweight snake-like robot for minimally invasive
telesurgery is reported in [7]. The CardioArm robot [8] was developed for heart
surgery. A Miniature Snake-Like robot is presented in [9]. Compared to traditional
MIS robots, these snake-like robots and MIS devices have a significant improvement
in volume and weight. However, one core weakness of the snake-like robots is their
low output force. This disadvantage further leads to low performance in stiffness and
accuracy [10].

Fig. 42.1 MIS robot containing an arm part and an instrument part
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This paper uses a reconfigurable structure to achieve a portable design and to
improve the output force and stiffness of the robot. The remaining sections of this
paper are organized as follows. In Sect. 42.2, the development of the robot will be
presented. In Sect. 42.3, the performance of the robot will be analyzed. In Sect. 42.4,
kinematics analysis of the robot will be discussed. In Sect. 42.5, simulation and
validation will be given. In Sect. 42.6, conclusions to our study will be presented.

42.2 Description of the Robot

42.2.1 Overview of the Robot

The presented robot system is a master–slave robotic system which contains a master
unit and a slave unit. Similar to other typical master–slave robotic systems, during the
operation the surgeon guides the master robot at the master unit side and the slave
robot at the patient side mimics all movements of the master robot. This paper
focuses on the design and analysis of a portable and lightweight slave robot for MIS.

As shown in Fig. 42.2, the slave unit is composed of a standard operating table
and two slave arms. These two slave arms are kinematically identical to each other
but have symmetrical structures. Each slave arm consists of two main parts: a
7-DOF passive arm and a (6 ? 1)-DOF active robot.

The 7-DOF passive arm is used for passive positioning and preoperational
adjustment of the active robot. It also provides enhancement of reachable work-
space since the workspace of the active robot is relatively limited. The base of the
passive arm is a locking mechanism which can be fixed on the operating table.
It can also slide along the guide to provide a translational DOF. The main part of
the passive arm is a lockable 6-DOF mechanism which contains two ball joints at
both ends. Turning the handle can lock both ball joints at the same time. The
length between the two ball joints is set to 210 mm to provide enough adjustment
workspace for the active robot. Benefiting from the purely mechanical structure
design, the passive arm is sterilizable and electrically safe.

During the operation all the joints of the passive arm are locked and the
(6 ? 1)-DOF active robot provides all the active movements.

42.2.2 The (6 1 1)-DOF Active Robot

Figure 42.3 shows the scheme of the (6 ? 1)-DOF active robot. The active robot
can be divided to two parts. The first part is a 2-DOF driving part outside the
abdomen which contains a translation DOF T1 and a rotation DOF R2. The second
part is a (4 ? 1)-DOF reconfigurable instrument inside the abdominal cavity
which contains rotation DOFs R3, R4, R5, R6 and an open-close DOF O-C7.
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In these DOFs, only the R2 joint and the T1 joint move outside the abdomen.
The R2 joint is a rotation about the instrument shaft and does not sweep out any
volume. Meanwhile, the T1 joint is a translation along the linear guide which is
mounted on the base of the active robot. Therefore, unlike other traditional MIS
robots, the active robot does not rotate around the incision point when operation.
This exceptional trait solves the problem of frequent conflict between robotic arms
in other MIS robots. Furthermore, avoiding moving parts with a large range of

Fig. 42.2 The slave unit applied to abdominal surgery

Fig. 42.3 The (6 ? 1) active
robot
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motion enables the whole robot to adopt a compact, lightweight and miniature
design. The length of the 2-DOF driving part outside the abdomen is 420 mm, the
width is 100 mm, and the height is 200 mm.

All the DOFs R2, R3, R4, R5, R6 and O-C7 are driven by six independent
closed-loop cables. Pre-stress mechanisms and motion transmission elements are
mounted inside the quick-exchange interface. The reconfigurable instrument can
be attached to and detached from the robot arm quickly.

In the active robot, DOFs T1, R2 and R3 provide positioning of the instrument,
DOFs R4, R5 and R6 provide orientation of the instrument, and DOF O-C7
provides open-close control of the forceps or the scissors.

42.2.3 The Reconfigurable Instrument

The reconfigurable instrument enables positioning and orientation of the instrument
inside the abdominal cavity. The front part of the instrument, which contains R4, R5,
R6 and O-C7, is the same cable-driven instrument as the MicroHand A robot, which
has been tested in vivo experiments (see here [5] for more information).

As mentioned in Sect. 42.1, when adding extra DOFs to increase the instru-
ment’s positioning ability, the moment arm of the back joint, which is the length
between the R6 joint and the R3 joint here, will increase significantly. However
the diameter of the instrument is confined by the incision hole to decrease oper-
ative trauma, which means the radius of the driving wheel of the R3 joint is
confined by the outer diameter of the instrument. The combination of these two
factors causes a decrease in the output forces and stiffness of the instrument.

In this paper, the reconfigurable concept is introduced to improve the output
force and stiffness of the instrument. Figure 42.4 shows the reconfigurable struc-
ture after unfolding. The body of the reconfigurable instrument S2 can rotate with
respect to the instrument shaft S1 as DOF R3 shows. A pin connects bar L11 and
S2 together which means L11 can rotate with respect to S2. Bar L21 is also
rotationally connected to L11 by a pin. Pin P1 is welded at the lower end of L21
and can slide along groove G1. A cable is fixed at the joint connecting L11 and
L12. The same mechanism is located in the other side of S2 symmetrically.
A geometrically identical structure is placed in the quick-exchange interface to
control folding and unfolding of the reconfigurable instrument.

As shown in Fig. 42.5, when unfolding the reconfigurable structure cables pull
backward L11 and L12 and further pull backward P1 and P2. When P1 and P2 hit the
ends of the grooves, the reconfigurable structure is locked and can be used for power
transmission of the R3 DOF. During operation, the reconfigurable structure should be
covered by a plastic cover to prevent tissue getting stuck in the retractable mechanism.

The folding procedure is the reverse of the unfolding procedure but the forces
come from a conflict between L11 and L12, and a trocar. This conflict happens
automatically when pulling the instrument out of the abdomen. The folded re-
configurable structure is shown in Fig. 42.6.
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42.3 The Optimization of Structure Dimensions

After the unfolding, the whole reconfigurable structure is locked by the pre-tension
of the cables as Fig. 42.7 shows, which means it can be considered as a fixed
structure when cables drive the R3 DOF during operation. Therefore, this recon-
figurable structure can be replaced by a line connecting point o and point p. this
line is rigidly fixed on S2.

The driving force exerted on S2 is the tension of the cable F3: Therefore, after
drawing a line perpendicular to the cable axis through the point o, the length
between point o and point p can be regarded as an equivalent driving radius Re:
This can be applied to calculate the driving toque T3 of the R3 joint as

T3 ¼ F3 � Re ð42:1Þ

Employing mathematical analysis to describe what is depicted in Fig. 42.7, the
equivalent driving radius Re can be described as

lpk ¼ lop � sinðhiÞ � dp lxk ¼ hp � lop � cosðhiÞ lpx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lpk

� �2þ lxkð Þ2
q

sinðhx1Þ ¼ rp

�
lpxtanðhx2Þ ¼ lpk

�
lxk hx ¼ hx1 þ hx2

lp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hp � rp � sinðhxÞ
� �2þ dp � rp � cosðhxÞ

� �2
q

lc ¼ lpx � cosðhx1Þ

cosðhmÞ ¼ lcð Þ2þ lp
� �2� lop

� �2
� �.

2lc � lp Re ¼ sinðhmÞ � lp

ð42:2Þ

Fig. 42.4 The unfolded
reconfigurable structure

Fig. 42.5 The reconfigurable
structure unfolding

Fig. 42.6 The folded
reconfigurable structure
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in which rp is the radius of the transmission pulley and is set to 2.25 mm because a
smaller pulley may wear the cable passing though it, lop; hi; dp and hp are
structure variables and need to be optimized.

First, consider dp and hp which present the position of the transmission pulley.
Here the initial value of lop is set in advance to 20 mm. A set of values of hi

varying from 10�to 150� is set as well. Then, changes of Re with respect to dp and
hp can be determined and analyzed. Calculation results when hi are equal to 20, 50,
80 and 150 degrees are given in Fig. 42.8.

Obviously, dp grows, the value of Re always increases. Meanwhile, dp is
restricted by the outer diameter of S1 which is 10 mm. Therefore the biggest value
of dp the structure design can afford, is chosen as 2.25 mm. If hi exceeds 50 �, the
best value of hp is around 30 mm. after that, Re increases slowly. However, too
large a value of hp causes conflict between the cable and the trocar. Hence, it is set
to be 30 mm. Then, changes of Re with respect to lop; and hi can be calculated
and are given in Fig. 42.9.

It can be seen that Re increases according to the growth of lop: However, lop

stands for the whole width of the configurable structure and a smaller value of lop

can avoid conflict between the robot and organs. Therefore, 18 mm was chosen for
Re: Considering hi separately, the impact of hi on Re can be calculated and plotted
in Fig. 42.10.

Since Re decreases faster on the left side of the highest point, 85�was chosen for
hi; to make sure Re maintains a higher value when R3 rotates to each sides.

Now, all the four structure variables have been optimized and are given in
Table 42.1. These key structure variables are used for detailed structure design.

Fig. 42.7 The diagram of the reconfigurable structure
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Fig. 42.8 Calculation results of Re

Fig. 42.9 Calculation results of Re with respect to lop; and hi

Fig. 42.10 The impact of hi on Re
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42.4 Kinematics Analysis

The initial twists of all six DOFs, a spatial frame S and a body frame T [11] are
established in the following kinematics analysis and shown in Fig. 42.11. The
O-C7 DOF is ignored since it is irrelevant to the pose of frame S.

Therefore, the forward kinematics of the active robot are given by

gst hð Þ ¼ en̂
1
h

1 en̂2h2 en̂3h3 en̂4h4 en̂5h5 en̂6h6 gst 0ð Þ ð42:3Þ

where h ¼ h1 h2 h3 h4 h5 h6½ �T is the joint variable of the active robot, ni is the
initial twist of the ith joint, and gst 0ð Þ is the initial configuration of T to S.

Table 42.1 Optimized
structure variables

lop hi dp hp

18 mm 85� 2.25 mm 30 mm

Fig. 42.11 The zero
configuration of the active
robot
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42.5 Performance Specifications

42.5.1 Workspace

Based on the forward kinematics, the reachable workspace of the active robot part
can be derived and is plotted in Fig. 42.12.

The workspace is an approximate cylinder with an outer diameter of 165 mm
and a height of 300 mm. It shows the robot has enough range of motion in the z
direction but has a relatively small range of motion in x and y directions only.
However, the workspace can already cover a typical MIS operation area. Take
gallbladder removal for example, the size of the gallbladder is less than 40 mm in
diameter and 100 mm in length [12]. The workspace can also be adjusted using
the passive arm to reach the entire abdominal cavity.

42.5.2 Output Force

The rotation range of R3 is �60�: Therefore, according to Fig. 42.10, Re varies
from 8.8 mm to 18 mm. Meanwhile, for a 10 mm traditional MIS robotic
instrument, the maximum radius of its driving wheel is 5 mm. That means the
reconfigurable structure improves the output torque of the R3 joint 0.76–2.8 times.
According to the strength of the adapted 0.5 mm stainless steel cable, which is safe
at 150 N, the output force of the R3 joint at the instrument tip is 14.8–30.3 N. This
force is big enough to be used in MIS [13].

Fig. 42.12 The reachable
workspace of the active robot
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R4, R5, R6 and R7 joints are same as joints in the ‘MicroHand A’ instrument.
They have already been shown to have enough output force for MIS [5]. T1 and
R2 have enough space to enhance the strength of transmission part since they are
outside the abdomen. Therefore they also have enough output force.

42.6 Conclusions

In this paper, a new portable reconfigurable MIS robot was presented. Five DOFs
of this robot were set up inside the abdominal cavity to avoid large range of motion
of the arm part outside the abdominal wall. This feature allows the robot to be both
portable and lightweight. The volume of the active arm of the robot is 420 mm in
length, 100 mm in width, and 200 mm in height.

The reconfigurable structure which drives the R3 DOF was optimized. Four key
structure dimensions were gained though this optimization process to be used for
the detailed design.

Performance specifications about the workspace and output force were discussed.
Relative analysis shows the robot to have enough workspace for MIS surgery. Compared
to a traditional tendon-driven joint, the reconfigurable structure improves the output torque
of the R3 joint 0.76–2.8 times. This system benefits from a reasonable DOF arrangement
and a reconfigurable structure, and all the DOF have enough output forces for MIS.
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Chapter 43
A Passive Robotic Platform
for Three-Dimensional Scanning
of Ex Vivo Soft Tissue

Jichun Li, Jelizaveta Zirjakova, Wei Yao, Kaspar Althoefer,
Prokar Dasgupta and Lakmal D Seneviratne

Abstract This paper presents a novel portable passive robotic platform for
three-dimensional scanning (3DS) of soft tissue, capable to evaluate mechanical
properties and geometry in ex vivo condition. The platform comprises six degrees of
freedom (DOF) passive robotic arm (Phantom Omni), a data acquisition system and a
set of stiffness probes for force and stiffness measurement. The performance of the
developed platform was validated by sliding indentation and uniaxial tissue inden-
tation measurements on silicone phantoms, porcine organs and human prostates. The
results show that the platform can perform effective measurements of soft tissue
mechanical properties and help surgeons to identify embedded tumours.

Keywords Robotic platform � Soft tissue � 3D scanning
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43.1 Introduction

Quantitative assessment of the mechanical properties of soft tissues ex vivo is very
important in both clinical and research fields. Firstly, mechanical property is an
import measure for surgeons to indentify the cancer since a malignant tumour is
typically stiffer than the healthy tissue [1]. Therefore, two-dimensional (2D) or
three-dimensional (3D) mechanical imaging is used as an efficient way to indentify
tumours. Secondly, validation of a novel surgical device is usually implemented in
several stages. Tests performed on ex vivo organs of animals and human being is
an important and necessary step for the evaluation of the performance of the
device. Only when the devise shows its feasibility in ex vivo conditions, it is
possible to test it during the real surgery.

Medical robots play a growing and critical role in modern medical field. Da
VinciTM Surgical System and ZeusTM Surgical System are the most well-known
medical robots. Using them, medical professionals can make smaller incisions
which results to decreased blood loss for patients, less pain, and shorter hospi-
talization period. However, an inherent problem with robot-assisted MIS system is
the complete lack of haptic or tactile feedback.

A variety of master–slave robotic systems attached with medical probes,
capable of providing haptic feedback through kinaesthetic sensing have been
developed [2–4]. For such systems driven by industrial robot, the accurate control
of the motion could be achieved. It is relatively easy solution for laboratory
experiments, as the path of the probe can be pre-programmed and the performance
is evaluated under the same conditions. However, it is an expensive and difficult
alternative for surgeons. Moreover, it does not give the possibility to detect organ
curvatures and easily change the measurement path, in order to compose an
accurate 3D representation. In addition, moving parts of the probes could reduce
the reliability and could be difficult to fabricate in mass production. From the other
side, many hand-held devices are developed to measure the mechanical feedback
of soft tissue [5–7]. Such systems showed good accuracy and feasibility. However,
they were designed to carry out local stiffness measurement and not capable of
generating 3D stiffness representation.

Imaging modalities such as magnetic resonance imaging (MRI) or computer
tomography (CT) are used to identify tissue abnormalities. However, these
techniques are expensive and require long processing time. The significant
limitation is that sometimes they are not able to distinguish between prostate
tumor and edema fluid, especially in the case of small size formation. The
optical coherence tomography (OCT) is another imaging technique which can
instantly visualize sub-surface abnormalities with micrometer resolution.
However the penetration depth of OCT is limited to 1–2 mm below the tissue
surface [8]. The elastography is a technique for generating images of tissue
elasticity by propagating mechanical waves through the investigated tissues [9].
This method is effective for detecting tumors. The limitation is that the elasticity
images are difficulty to generate in real time.
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Taking into consideration the limitations of the aforementioned devices, we
have proposed a novel portable passive robotic platform for 3DS of ex vivo soft
tissue by measuring the mechanical properties and geometry. Advantages of the
system include low cost, mobility, ease-of-use, and minimal training required.

This paper is organized as follows. In Sect. 43.2, the prototype and the basic
working principle of the system is described. In Sect. 43.3, we discuss experiments
for 3D scanning of the soft tissue based on sliding indentation and unixal inden-
tation tests. Finally, discussions and conclusions are drawn in Sect. 43.4.

43.2 Development of the Platform

43.2.1 Overview of the Platform

The schematic overview of the device is shown on Fig. 43.1. The portable robotic
platform is composed of a passive robotic arm (Phantom Omni) [10], a set of
stiffness probes for force and stiffness measurement, a data acquisition card and a
PC.

The Phantom Omni haptic device (SensAble technologies) was used for many
applications due to its properties and availability to public, for example in [11],
[12]. However, to our knowledge, it has not been used broadly combined with the
probe for soft tissue stiffness examination.

Phantom Omni is a robotic device with range of motion set by hand wrist
movements and with nominal positional resolution of 0.055 mm [10]. Three
potentiometers and three encoders read the outputs of the device—six variable
angles—three joint angles for translation and three gimbal angles for rotation. The
user is able to set any necessary trajectory of the probe, thus, making soft
tissue examination more effective. It is possible to capture the curvature of a soft
tissue and to detect hard formations more accurately.

Combining the geometry information from the Phantom Omni device and the
information about the mechanical properties of soft tissue from the probe, a three-
dimensional scanning of soft tissue can be obtained.

Fig. 43.1 Schematic model of the robotic platform—frame assignment
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The indentation probe for force and stiffness measurements is attached to the
stylus of the device. Experimental data from the probe are acquired using the
National Instruments LabView 8.0 software package and associated PCI Data
Acquisition Card (NI PCI 6034E, which is a 16-bit DAQ card).

43.2.2 Kinematics Analysis

To represent the trajectory of the probe, it is necessary to calculate 3D coordinates
of the end effecter. By applying forward kinematics equations the position of end
point can be calculated. The commonly used Denavit–Hratenberg algorithm was
used to define the position of each link in space. Coordinate frame was assigned to
each joint as shown on Fig. 43.2 Phantom Omni kinematics relationship can be
found looking onto each frame’s relative movement. The homogenous transfor-
mation matrixes Ai�1

i were used, where i define the number of the frame, base
frame is assigned to sequence number zero: For the robotic platform there are six
frames, thus i = 6 and six transformation matrixes can be defined. After each
transformation matrix is calculated, the resultant

Ai�1
i ¼

coshi �sinhicosai sinhisinai aicoshi

sinhi coshicosai �coshisinai aisinhi

0 sinai cosai di

0 0 0 1

0
BB@

1
CCA ð43:1Þ

hi—rotation angle about z axis, ai—angle about common normal, di—offset along
z axis, ai—offset along common normal.

Homogeneous matrix A0
6 is obtained. A0

6 defines the position and orientation of
the probe tip in absolute coordinates.

Fig. 43.2 Kinematics model of the robotic platform
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43.2.3 Stiffness Probe

The set of stiffness probes for force and stiffness measurement includes two probing
devices, which are discussed hereafter. In the work we have chosen to use two
measurement devices due to the different, but still important advantages of both.

We propose a novel design of a stiffness probe Pa which can measure the
indentation force and indentation depth simultaneously. As shown in Fig. 43.3a, the
proposed probe is composed of a force sensor Nano 17 (SI-25-0.25, ATI Industrial
Automation) and an image acquisition unit capable of obtaining images from the
contact area. The image acquisition unit consists of a digital camera with 12 mm
diameter and a probe with transparent round head with a diameter of 10 mm. Gen-
erally, when the probe indents towards the target soft tissue, a circular area will
appear around the point where the indentation depth happens due to the imparted
force and the round-shaped head of the probe. When increasing the indentation depth,
the diameter of the circular indentation area increases. The camera captures the
change of contact area due to indentation during probing. The contact area as
acquired from the camera images then can be converted into indentation depth
estimates. Knowing the indentation force and depth, we can obtain the stiffness of the
target tissue. To the best of our knowledge, there has not been any work that considers
measuring the indentation depth by capturing the contact area. This probe provides
user with accurate measurements of soft tissue mechanical properties. Moreover, due
to attached camera, it can be used as an endoscope during MIS. However, it is not
very suitable for rapid tissue scanning, what is often needed for surgical conditions.

The second probing device, Pb, Fig. 43.3b, is designed to slide with the
indentation over the tissue. This probe can slide over the soft tissue with relatively
good speed. Therefore, allowing quickly generating 3D stiffness representation.
The indentation ball is fixed in the plastics connector, which is attached directly to
the force sensor, in order to obtain most precise sensor readings. The indentation
depth is designed to be a constant value of 1, 2, 3, 4 and 5 mm. The probe is
controlled by user while performing the quick scanning.

43.3 Validation Experiments

43.3.1 Three-Dimensional Scanning by Sliding Indentation Test

Mechanical imaging is a new technique used for soft tissue examination [13]. It
has got many advantages over the ultrasound imaging, which is widely used in
medical applications. However, non-uniform structures and speckles on the
prostate surface create noise in ultrasound images and reduce reliability of the
representation. The prostate is connected to other organs and further segmentation
is needed to extract its image from the surrounding. As a result, full prostate
boundary is not easy to detect without prior contour specification, Fig. 43.4.
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To validate the performance of tissue abnormality identification by 3DS
method, sliding indentation tests were performed on an ex vivo human prostate,
obtained after surgery. The developed probe, Pb, was slid over the surface of the
prostate. During this process, the forces and trajectory are recorded. Then, force
feedbacks at each sampled location are combined together to generate a colour-
coded mechanical image, Fig. 43.5a. Since the image indicates the stiffness
distribution within the soft tissue, the location of the tumours can be identified. It
can be seen from Fig. 43.5a that thanks to the kinematics of the robotic device is
possible to examine small specimens of soft tissue, taking into account organ
curvature.

To show the accuracy of the platform, an experienced surgeon was asked to
palpate the specimen. The detected area is shown on Fig. 43.5b. It can be seen, that
detected tumour location corresponds to the stiff area detected by palpation.

Fig. 43.3 A stiffness probe,
Pa, based on vision and force
modalities with accurate
measurements (a) and a
stiffness probe, Pb, with
constant indentation depth (b)

Fig. 43.4 Prostate specimen
ultrasound image example
(E J Halpern, 2006)
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43.3.2 Uniaxial Indentation Tests

Tissue stiffness can be represented using the tissue’s elastic modulus through the
measurements of tissue reaction force and indentation depth [14]. The elastic
modulus of tissue can be estimated as:

E ¼ 3Fð1þ mÞ
8di

ffiffiffiffiffiffi
rdi
p ; ð43:2Þ

where F is the tissue reaction force normal to tissue surface, v is the Poisson ratio
(v = 0.5), E is the elastic modulus, di is the indentation depth and r is the radius of
the sphere head of indenter.

In order to validate the above mentioned assumption, indentation tests were
carried out on silicone phantom, porcine liver, porcine kidney and archived human
prostate using the developed probe, Pa.

Fig. 43.5 3D mechanical image of the examined prostate (a) and stiffer area detected by manual
palpation (b)

Fig. 43.6 The relation of
tissue reaction force with the
indentation depth of the
stiffness probe; the blue solid
lines are the estimations using
Eq. 43.2, the red solid lines
are the experimental
measurements
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Figure 43.6 shows the results of the experiments. It was found that Eq. 43.2 fits
the measurement well. According to Eq. 43.2, the elastic modulus of the liver,
kidney, silicone, heart and prostate are estimated as 7.9, 21.8, 30.4, 39.2 and
49 Kpa respectively. The estimated results show good agreement with existing
literatures [14–17].

43.4 Conclusions

In our work we have described the working principle and results of the passive
robotic platform for ex vivo tissue diagnosis used for three-dimensional scanning.
The platform consists of Phantom device and set of stiffness probes. It was shown,
that the setup is suitable for quantitative assessment of the mechanical properties
of soft tissue ex vivo specimen. Thanks to both positional information and
stiffness, three-dimensional and 2D stiffness maps were created. The platform is
specially created for soft tissue ex vivo examination and allows user to validate the
feasibility of the probe before in vivo tests.

The experimental results show good feasibility of the setup to generate 3D
stiffness maps for ex vivo tissue examination and to detect embedded tumours.

Uniaxial indentation tests, using probe Pa, were performed with the help of
passive robotic platform. The relation between tissue reaction force and the inden-
tation depth was found experimentally and was close to theoretical estimation.
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Chapter 44
Design and Fabrication of DNA Origami
Mechanisms and Machines

Hai-Jun Su, Carlos Ernesto Castro, Alexander Edison Marras
and Michael Hudoba

Abstract The goal of this paper is to introduce scaffolded DNA origami as a
viable approach to the design of nanoscale mechanisms and machines. Resembling
concepts of links and joints in macro scale mechanisms and machines, we propose
the concept of DNA Origami Mechanisms and Machines (DOMM) that are com-
prised of multiple links connected by joints. Realization of nanoscale machines
would pave the way for novel devices and processes with potential to revolutionize
medicine, manufacturing, and environmental sensing. The realization of nanoscale
machines and robots will enable scientists to manipulate and assemble nano
objects in a more precise, efficient and convenient way at the molecular scale. For
example, DNA nanomachinery could potentially be used for nano manufacturing,
molecular transport in bioreactors, targeting cancer cells for drug delivery, or even
repairing damaged tissue. As a proof of concept, we build a nanoscale spatial
Bennett 4-bar mechanism that can be completely folded and unfolded with a
specified kinematic motion path. The links comprise a 16 double stranded DNA
(dsDNA) helices bundled in a 4 by 4 square cross-section yielding a high
mechanical stiffness. The joints (in this case hinges) are designed using single
strand DNA (ssDNA) connections between the links. This DOMM was designed
within caDNAno, a recently developed computer-aided DNA origami design
software, and then fabricated via a molecular self-assembly process. The resulting
structure was imaged by transmission electron microscopy to identify structural
conformations. Our results show that the designed DNA origami Bennett
mechanism closely follows the kinematics of their rigid body counterparts.
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This research has the potential of opening a new era of design, analysis and
manufacture of nanomechanisms, nanomachines and nanorobots.

44.1 Introduction

A mechanism, or linkage, is a mechanical device that transforms an input motion
to some desirable pattern. They are typically comprised of a collection of inter-
connected components, individually called links that are physically connected with
joints [1]. A machine typically contains mechanisms that are designed to transform
forces and power [2]. For centuries, we have been designing and manufacturing
mechanisms and machines with various natural (biological) and engineered
materials at macro, and more recently at meso, micro and nano scales.

Nanomachines are devices in the size range of nanometers. They are expected
to lead breakthroughs in numerous applications in technology and life sciences. In
recent years, several authors [3] in the kinematics and mechanisms field have
worked on analysis and design of protein based nanomachines. They argued that a
practical and viable approach to design and fabricate nanomachines is to use
polypeptide chains as building blocks. Chirikjian et al. developed a statistical
kinematics approach for computing folding and unfolding of proteins [4]. Kaze-
rouninan models protein structures with kinematic linkage models and developed a
Matlab program called ProtoFold for predicting protein kinematics [5, 6]. On the
other hand, Mavroidis [7–9] worked on design and analysis of bio-nanorobots with
proteins and DNA.

While proteins provide an attractive material for nano-construction due to the
huge range of naturally occurring protein-based molecular machinery with a wide
variety of 3D geometries and mechanical behavior, designing specific synthetic
protein structures has proven difficult owing to the multitude of complex amino
acid interactions that govern protein folding [10]. To date, completely syntheti-
cally designed protein structures that have been realized in the lab are limited to
relatively small (*nm) and simple structures [10–13]. DNA on the other hand,
self-assembles primarily by well-understood Watson and Crick base pairing and
base stacking interactions [14, 15]. Nadrian Seeman’s pioneering work in the 1980
and 1990s founded the field of structural DNA nanotechnology [16–19]. More
recently the development of scaffolded DNA origami has enabled the contraction
of nanoscale objects with unprecedented 3D structural complexity by self-
assembly [20–22]. Figure 44.1 shows several examples of nano-structures con-
structed using scaffolded DNA origami [20, 21, 23–27] (figure adapted from [22]).

The DNA origami self-assembly process is driven by DNA base-pairing
between a long (*7000–8000) bases single-stranded DNA (ssDNA) ‘‘scaffold’’
and many shorter (*30–50 bases) ssDNA ‘‘staple’’ strands. The scaffold, which
must have a fully known base sequence, is generally derived from the M13MP18
bacteriophage virus genome [20–22]. The staple strand base sequences are
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designed to be piece-wise complementary to sections of the scaffold that may be
distant in primary sequence. That is, one staple strand may bind parts of
the scaffold that are separated by several thousand bases. During self-assembly, the
scaffold must fold into a compact structure to spatially collocate sections of the
scaffold that are complementary to a single staple strand. The loss of entropy and
repulsive charge interactions (DNA is inherently negatively charged) are out-
weighed by the cumulative base pairing and base stacking energy [15] of many
staple strands (*150–200) thereby stabilizing the scaffold into close-packed
bundles of double-stranded DNA (dsDNA). Structures are designed so that these
bundles arrange into the desired three-dimensional structure.

Owing to its promise as a viable method for functional nano construction, a series
of computer aided engineering (CAE) tools have been developed to facilitate DNA
origami design [22, 28, 29]. In keeping with current research, these computational
tools have been geared towards the design of static 2D and 3D structures. The goal of
this paper is to introduce scaffolded DNA origami as a viable approach to the design
of nanoscale mechanisms and machines comprised of multiple components with
directed motion. We introduce the design of DNA origami objects with directed
motion and discuss the implementation of these moving parts into nanoscale
mechanisms and machines. We construct a nanoscale spatial Bennett 4-bar mech-
anism to demonstrate the design and fabrication process.

44.2 Design and Fabrication Process

A linkage or kinematic mechanism is a collection of interconnected components,
individually called ‘‘links’’. The physical connections between links are called
‘‘joints.’’ Here we explore using the concepts of links and joints to design

Fig. 44.1 Examples of 2 and
3D DNA origami structures
[20, 21 23–27]. Objects on
the bottom row have been
functionalized with
streptavidin molecules
(bottom left) [24] and carbon
nanotubes (bottom right) [25]
in a pre-programmed
arrangement. Scale bars are
20 nm unless otherwise
specified
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nanoscale DNA origami machines and mechanisms (DOMM). The design of DNA
origami mechanisms follows a top-down process described as follows. First, we
design a conceptual mechanism that satisfies the desired kinematic function. This
step essentially follows the classical design process of mechanisms which includes
number synthesis, type synthesis and kinematic analysis or synthesis. Second, we
design links with a sufficiently high stiffness by utilizing scaffolded DNA origami.
This step is done in existing computer-aided DNA origami design software. Third,
we design flexible connections between the links to act as joints with specified
degrees of freedom. Finally, the design is fabricated by molecular self-assembly
and evaluated by transmission electron microscopy (TEM).

44.2.1 Kinematic Design of a Foldable Bennett 4-Bar Linkage

Our goal is to design a spatial DOMM that can be folded and unfolded in 3D by a
single actuator. Here we choose the spatial Bennett 4R (4 revolute joints) linkage
due it is capability of generating a folding/unfolding motion in space. It is well
known that this linkage has a mobility of one if its link dimensions satisfy the so
called Bennett condition [30]. In particular, we consider the equilateral case of
Bennett linkages, i.e. all links have the same length. This is also what is called the
‘‘alternative form’’ of Bennett 4R linkages by Chen [31]. It has been proven that
this alternative form of Bennett linkage can be unfolded to an open position and
folded completely into a bundle without any physical interference. Figure 44.2
shows the linkage in three representative configurations.

44.2.2 Design of Rigid Links with DNA Origami

Our next step is to design the individual links with scaffolded DNA origami. The
first step of the DNA origami design process is to approximate the desired
geometry with 2 nm cylinders that fill space in either a honeycomb- [21] or

Fig. 44.2 The Bennett 4R linkage is at the open (unfolded) position (left), pop-up position
(middle) and the closed (folded) position. All links have the same length
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square-packed [32] cross-sectional geometry. The geometry of these links must
satisfy the bennett linkage kinematic constraints. In the case of an equilateral
bennett linkage, the cross-section must be square. Another important consideration
is the link stiffness. Here we chose a square cross-section with 16 dsDNA helices
bundled in a 4 by 4 arrangement as shown in Fig. 44.3b. This satisfies both
kinematic and stiffness constraints. The desired link geometry is depicted in
Fig. 44.3a–c with dimensions. We use different length cylinders to form a jagged
edge that approximates the desired angled edge in order to minimize physical
interference upon folding of the Bennett linkage.

The second step of the design process is populating the cylinder-based structure
with scaffold and staple bases. For this step, it is useful to consider the cylinders to
be made out of constituent DNA base pair (bp) building blocks. The long scaffold
continuously weaves throughout the entire object generally contributing one base
to every bp comprising the structure. The staples contribute the other base to each
bp in the structure. Staples run along a single cylinder/helix for several bp and then
cross over to a neighboring cylinder/helix making a ‘‘u-turn’’ in the process.

L=27.8nm

20nm

35.6nm
A B

B

E

E

F
F E

A(B)

A
F

(a) (b)

(d)

(c)

(e)
(f)

Fig. 44.3 Design of rigid links with bundles of 4 by 4 dsDNA helices. Each dsDNA helix has a
diameter of 2 nm. a front view, b side view, c top view, d 3D CAD model, e scaffold and staple
pattern of a DNA link, f cross section of scaffold pattern
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The resulting u-turn cross-over geometry is termed a ‘‘Holliday Juntion,’’ and
occurs in several physiological DNA structures [33]. Several of these Holliday
junction cross-overs are spaced out along the length of the object. Collectively,
these connections stabilize the bundle geometry and provide mechanical integrity.

The computer aided DNA origami design software caDNAno was employed to
design the links for this application. caDNAno enables fast and flexible design
optimization of DNA origami scaffold and staple routing in a convenient graphical
user interface that maps a three-dimensional structure onto a 2D blueprint [29].
Figure 44.3e shows the scaffold and staple design in a 2D blueprint for a single
link next to the numbered square cross-section in Fig. 44.3f. In the blueprint, each
row represents one dsDNA helix in the cross-section. The scaffold, shown in light
blue, winds throughout the entire structure, and the staples, shown in red, make the
large majority of cross-overs that stabilize the structure (there are usually also a
handful of scaffold cross-overs that provide some stability). caDNAno projects the
link structure onto the 2D blueprint in a row by row manner. Therefore, some
helices, for example, helix 0 and helix 7, appear separated in the 2D blueprint
although they are neighbors in the 3D structure as indicated by the staple cross-
overs that connect them.

The final step of the design process is to determine the staple strand base
sequences. Since the scaffold and staples should follow Watson and Crick DNA
base-paring (A-T and G-C pairs) and the sequence of the scaffold is known, the
sequence of each staple can simply be read off of the scaffold/staple routing
scheme according to which section of the scaffold they bind to. caDNAno auto-
mates this process saving a great deal of time.

44.2.3 Design of DNA Origami Hinges

After designing the DNA origami links as shown in Fig. 44.3, the next step in the
Bennett linkage design is to connect the links with hinges. First of all, from
Figs. 44.2 and 44.3 we identify the location of kinematic joints as the edges AE
and BF of the cross section of links. To form the hinges, we use ssDNA cross-
overs between links at multiple locations spread out along the appropriate edges.
One approach would be to make these connections with staple cross-overs, which
would require that separate link structures find each other by random diffusion in
solution. While this is a feasible strategy, the coupling efficiency of links would
limit the successful assembly of Bennett linkages. Furthermore, the possibility
would exist that more or less than four links could be coupled together. Therefore,
we take the approach of using scaffold cross-overs. Essentially we will fold four
different links out of the same scaffold, and then route the scaffold to form ssDNA
connections at the hinge locations. Using scaffold based hinges ensures that
connections between links are made with 100 % efficiency and practically
eliminates the possibility of forming linkages with more or less than four links.
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Figure 44.4a shows the design blueprint for all four links joined by ssDNA
connections. Figure 44.4b depicts a cross-sectional view of the four links denoting
the positions of the hinge connections. The solid black lines indicate connections
that are made on the front side of the links, and dotted black lines indicate con-
nections that are made on the back side of the links. Two elements were taken into
account when designing the ssDNA hinge connections. First, owing to the helical
nature of DNA, the scaffold backbone rotates about the long axis as it travels along
the length of each cylinder. The ssDNA connections between links were placed at
a position where the scaffold was pointing in the appropriate direction. For
example, in the bottom most hinge connection shown in Fig. 44.4b between the
red and gray links, the connection was placed at a position where the scaffold was
pointing to the right. Second, for every link, the hinge axes converge at a point
slightly outside the link cross-section as shown in Fig. 44.4b. For example, for the
red link, the hinge axes converge at a point just above and to the right of the top
right cylinder. Since the ssDNA connections are placed slightly removed from that
point, a hinge with zero length would result in interference when the bennett
linkage folds up. Therefore, the hinge connections were designed to be 3 ssDNA
bases long (*1.5 nm). This also ensures flexibility of the hinge.

44.2.4 Fabrication Process and Prototypes

The fabrication of DNA origami structures is done by a molecular self-assembly
process which is driven by Watson and Crick DNA base-pairing [14] between the
long scaffold molecule and many shorter staple molecules. The culmination of the
design process described above is a list of staple sequences that when mixed with
the scaffold at the appropriate solution conditions, will form the desired structure
in order to maximize base pairing. The equilateral bennett linkage was assembled
with a 7,560 base long ssDNA scaffold derived from M13MP18 bacteriophage and

hinge axes

Fig. 44.4 Design of hinge joints and the Bennett mechanism with scaffolded DNA origami
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179 synthetic ssDNA staples (MWG eurofins) ranging in length from 20 to 48
bases. The self-assembly reaction was performed in a buffer solution containing
22 mm MgCl2, 5 mm TRIS, 5 mm NaCl, and 1 mm EDTA [22]. The scaffold was
put into the folding reaction at a concentration of 20 nm and the staples at 200 nm
(each of the 179 staples is at 200 nm). The 10-fold excess of staples is used to
ensure that the scaffold gets completely populated with full length staples (a small
fraction of incomplete staples may result from the staple synthesis process).

The folding reaction was prepared in a volume of 50 ll and subjected to a
thermal annealing ramp where the reaction is heated to initially melt staple-
scaffold interactions and then very slowly cooled. The structure folding results are
usually sensitive to cooling rate, and it is often helpful to try different cooling rates
as well as non-constant cooling rates to optimize folding results. Here, the folding
reaction was heated up to 65 �C and then slowly cooled down to room temperature
over a time scale of 65 h and then stored at 4 �C. Typical successful folding
reaction yields vary from *5 to 40 %. Well-folded structures can be purified away
from misfolded structures, aggregated structures, and excess staples using agarose
gel electrophoresis. Purified well-folded structures can then be imaged by negative
stain TEM. Protocols for gel purification and TEM are given in [22].

Figure 44.5 shows a TEM image of the DNA origami Bennett mechanism
prototypes. Since the Bennett linkage has mobility one, and no actuators were used
in our design, DNA origami mechanisms can be at any configuration constrained
by the kinematics of Bennett linkages (to be discussed in the following section).
For instance, Fig. 44.5a and d show that mechanisms are in the completely folded
and the completely open position respectively. And Fig. 44.5b shows that the
mechanism in a near folded position while (c) shows a pop-up configuration.

44.3 Kinematic Analysis of the Bennett Linkage

In this section, we will analyze the kinematics of the Bennett linkage. Although
many authors have worked on this subject [34], all the existing work is based on
the twist angles and normal distance between two adjacent joint axes. However
these parameters cannot be directly measured from physical prototypes of DNA
origami mechanisms. Therefore we would like derive the kinematic constraint
equation based on the angles between edges on two adjacent links which can be
easily measured from TEM images of physical prototypes.

44.3.1 The kinematic Constraint Equation

Figure 44.6a shows the schematic view of the spatial Bennett 4R linkage at the
open position. To do kinematic analysis of this linkage, we build the global
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coordinate frame at the corner A of one link. The x axis is chosen along one edge
AB of the link. The xy plane is chosen to be the plane formed by edges AB and AD
when the linkage is at the fully open position.

The length of links AB, BC, CD and DA are all defined by l. Please note that this
l is not the link length along the common normal of two adjacent axes. However
these are the actual dimensions which we can measure from TEM images of DNA
origami mechanisms. The four joint axes are along edges AE, BF, CG and DH
defined by unit vectors Si ði ¼ 1; . . .; 4Þ: And the four joint angles are defined by
hi:

We use kinematic analysis to derive the relationship between these angles.
Since it is known that h1 ¼ h3 and h2 ¼ h4; we only have to derive the relationship
between h1 and h2: This is done as follows. First, the link DA is rotating about axis
S1 by an angle h1: Hence the coordinates of point D only depend on h1. Similarly
the coordinates of point C depend only on h2: That is,

D ¼ eh1S1
� � l

0
0

8<
:

9=
;; C ¼ Bþ eh2S2

� � �l
0
0

8<
:

9=
;; ð44:1Þ

Fig. 44.5 Prototypes of DNA origami Bennett mechanisms showing a in the completely folded
configuration, b near the folded position, c in a pop-up position and d in the completely open
position
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where ehiSi
� �

are the 3 by 3 matrix defining the rotation about an arbitrary axis S1

for hi: The values of Si are given in Table 44.1
The kinematic constraint equation is obtained by equating the distance between

points D and C to length l, i.e.

ðD� CÞ � ðD� CÞ � l2 ¼ 0; ð44:2Þ

which we solve for h2 for any given value of h1 or vice versa.

44.3.2 Calculating Angles Between Edges on Links

Angles h1 and h2 cannot be directly measured from experimental TEM images.
Therefore we would like to calculate angles a and b which are the angles between
links BA and DA and AB and CB respectively.

By observing the geometry shown in Fig. 44.6b, we have

jNBj ¼ jMBj sinðh1=2Þ; where jNBj ¼ l sin
a
2

� �
; jMBj ¼ l sin g: ð44:3Þ
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Fig. 44.6 a Schematic of a spatial Bennett 4R linkage. b Relationship between angle a and
rotation angle h1

Table 44.1 Dimensions of the DNA Bennett linkage

l = 27.8 nm, g ¼ 123 �, n ¼ 57 �

S1 ¼ ð�0:544984;�0:734471;�0:404406Þ,
S2 ¼ ð�0:544984; 0:404406;�0:734471Þ
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We obtain the relationship between h1 and a as

sin
a
2

� �
¼ sin g sin

h1

2

� �
: ð44:4Þ

Similarly we can also calculate b from h2 as

sin
b
2

� �
¼ sin n sin

h2

2

� �
: ð44:5Þ

By substituting the design parameters shown in Table 44.1, we can plot h2, a
and b versus the input angle h1 as in Fig. 44.7. See Chen and You [35, 36] for
similar work on kinematic analysis of the alternative form of Bennett linkages.

44.4 Kinematic Validation of Prototypes

Our design process is based on the assumption that the stiffness of the links is
much higher than that of joints. Also we assume that the rotational stiffness of the
joint in the axial direction is much lower than in other directions. Since currently
the stiffness of the joints and links in prototypes cannot be determined physically,
the only way to verify the results is to check if the angles between links of the
DNA origami prototype follow the kinematics of the Bennett linkage described in
the previous section.

TEM images provide a 2D projection of the 3D geometry of structures
deposited on a surface. Here we assume the DNA mechanism lands so that the
plane formed by the bottom edges of two adjacent links, e.g. the xy plane formed
by edges AB and BC, is flat on the imaging surface when the linkage is at the open
position as shown in Fig. 44.6a. In keeping with this assumption, we only study
the cases when the angle b is sufficiently large. We measure the angles between
links from the TEM images, denoted by a0 and b0: Please note these are angles a
and b projected on the xy plane. Since the mechanism lands on the edges AB and

50 100 150 200 1(°)
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40
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80

100

(°)

2

Fig. 44.7 Kinematic
analysis of the Bennett
linkage. The linkage is
completely folded at h1 ¼ 0
and completely unfolded
(open) at h1 ¼ 213:4 �:
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BC, we have b0 ¼ b: By following geometry of the Bennett linkage, we can also
obtain the projected angle a0: These angles are determined as follows.

b0 ¼ b; a0 ¼ cos�1 D0 � B
l2

� �
; ð44:6Þ

where B ¼ ðl; 0; 0Þ. And D0 ¼ ðDx;Dy; 0Þ is the projection point of D onto the xy
plane which can be derived from the kinematics of Bennett linkage. We plot a0

versus b0 as the curve in Fig. 44.8.
Figure 44.8 shows the measured angles a0 and b0 from six sample prototypes

which are selected such that a0 and b0 are sufficiently large. It can be seen that
when the prototype is in the open position (see (5) in Fig. 44.8), a0 þ b0 is close to
180�:

44.5 Conclusions and Future Work

In this paper, we have introduced the concept of DNA Origami Mechanisms and
Machines (DOMM). These DOMM are formed with bundles of double stranded
DNA helices (relatively rigid) resembling links which are joined with single
stranded DNA connections (relatively compliant) resembling hinges. The design
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Fig. 44.8 Kinematic validation of physical prototypes. The curve is obtained by the kinematic
analysis. And dots represent sample prototypes
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and fabrication process of a DNA origami Bennett 4-bar mechanism was pre-
sented. We showed that physical prototypes follow the analytical kinematics of
rigid body mechanisms fairly well. We believe this process is applicable to general
DOMM. Currently we are working on the design of other kinds of kinematic joints
as well as various actuators to control the motion of DOMM. To the kinematics
and mechanisms community, this research has the potential of opening a new era
of design, analysis and manufacture of nanomechanisms, nanomachines and
nanorobots.
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Chapter 45
Multibody Modelling Applied to Origami
Carton Folding

Ferdinando Cannella, Jian S. Dai and Daniele Clari

Abstract This paper presents an application of the virtual prototyping on the
reconfigurable mechanisms and in particular, in this study, is shown a multibody
origami carton folding model. The aim of this work is to reproduce via numerical
model the D-RAPS reconfigurable multifinger robot that is in use for this kind of
application. Thanks to the trajectory matching, the authors reach model validation
only by comparing analytical and numerical results. In addition, this model permits to
investigate the carton folding deeper than via experimental tests. In fact, as example,
the contact forces between the mechanism finger and carton panel are computed.

Keywords Reconfigurable mechanism � Origami carton folding � Multibody
simulation

45.1 Introduction

In the highly competitive consumer market, new carton product models come out
frequently with fancy shapes, attractive styles and various closing methods, to
form tempting containers for consumer products, mostly in small production
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batches. Packaging industry which creates these cartons has problems in auto-
mation to the extent that manual effort is still required. This not only affects the
quality, but also leads to wrist labor injuries due to the constant twisting motion in
various carton folding processes. Examples of manual operation are commonly
found in prestigious personal care product packaging including cosmetics and
perfumery packaging, [1]. Historically, manual methods have been used because
they are able to adapt to different types of carton with changing styles. This
changing styles takes about 10 % of the work order and is called upon as assembly
lines to take the order of promotional products [2]. Though manual workers are
used for diverse and assorted cartons, dedicated machines are used for simple
cartons and are specifically designed for one specific type of cartons. Moreover,
in the confectionary market, when the carton shape is elaborate, it is possible to
compare these masterpieces to the origami, according to the complicated proce-
dure to fold them. The main characteristic of these cartons is that they are not fold
by glue, but by tuck-in operation; this requires that the cartonboard are joint each
other trough flaps and slots. Considering the complexity of this operation, every
single carton shape has different folding procedures [3]. They require, in most
cases, a change of more than 40 points [4] to fit into the same type of carton of
different dimensions, which means one specific type of cartons requires one
packaging line. Capital expenditure increases with the changeover [5] from one
type to another type of carton folding assembly lines. Thus the flexibility is lost
due to these limitations and the associated cost in the changeover. So in the last
decades the challenge for companies and research centers was to develop a
manipulation planning strategy for a new generation of packing devices, which can
deal with different types of cartons of reasonable dimensions without any manual
adjustment. Automation with reconfigurability of this kind of production remains a
challenge to technology in current carton packaging machines and raises an issue
on how to automatically handle and manipulate complex and diverse cartons of
different product models. One of the solutions was the Dexterous Reconfigurable
Assembly and Packaging System (D-RAPS), developed and used as carton folding
test rig [2, 4]. Thanks to this robot the complex analytical theories [6] and algo-
rithmic models [7, 8] on the folding process created by the computational
geometry community [9] could be proved. In order to improve this device and
using it for carton folding investigation, the authors implemented D-RAPS into
MSC.ADAMS program. In this way all multibody software advantages were
available for studying the virtual test rig model. The aim of this work is to show
these advantages compared to the previous method.

45.2 Carton Folding

The manipulation process of carton folding has to be investigated in order to
develop algorithms for the identification of folding sequences and corresponding
desired trajectories of packaging cartons; moreover this investigation is necessary
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for creating a manipulation planning strategy and to develop a generic manipu-
lation planning system for carton folding applications in multifinger robotic
packaging. As far as analysis is concerned, it is essential to simplify the complex
process into a simple one based on mathematics. In this section the problem of
complex carton folding process is reduced to conventional mechanism analysis
based on graph theory and robotics [10]. The challenge can be formulated in this
way: given geometric parameters, initial positions and orientations, target position
and orientation of various cartons, a system of multiple cooperative robotic fingers
in reachable workspace generates feasible sequences and corresponding trajecto-
ries for cartons. These cartons could be modeled as articulated objects in the
packing process. Modelling is a useful tool to describe the carton folding, so a
concept of an equivalent mechanism is proposed [11]: carton creases, which are
dominant element in carton folding, as revolute joints and carton panels, which do
not need to bend during carton folding process, as mechanism links. This study has
been undertaken using screw theory, matrix theory or graph theory [2, 12].
Moreover the assembly sequence depends on mechanical characteristic as the
creases [13], panels [14] and relative position in the final configuration. Computer-
aided process planning forms a vital link in the realization of a complexly auto-
mated manufacturing environment [15, 16]. Some authors addressed a temporary
framework for assembly sequence representation and analysis, and showed that
assembly sequence properties can be formulated and rigorously provided via
mechanical theorem [17]. According to the aim of this work, the carton is modeled
as equivalent mechanism with joint and links; afterward the kinematics (in par-
ticular the trajectories) is computed as shown in the next section.

45.3 Case Study

The origami carton chosen as case study is shown in Fig. 45.1a in flattened state,
b folded state. Firstly carton model and its mobility must be modeled as an
equivalent mechanism.

The carton is formed by a combination of different geometric shapes from
flattened to final complete pack. It is possible to figure out that the equivalent
mechanism in open loop, as shown in the Fig. 45.2a, changes its mobility during
the folding, for instance, when the panel 15 is attached to the panel 14 the structure
is different, as shown in the Fig. 45.2b. The mobility was analyzed by using the
Grübler–Kutzbach criterion [18].

Me ¼ mc þ mo ¼ b ðnc � gc � 1Þ þ gc þ go ð45:1Þ

where mc is the mobility in closed loops, mo is the mobility in open loops and is
equal to number of joints, go, in open loops, b the order of the screw system
formed by joint axes of a closed loop, nc the number of links in a closed loop and
gc the number of joints in a closed loop. The application of this equation to the
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equivalent mechanism model shown in Fig. 45.2a gives as flattened mobility result
Mf = 21. In the folding configuration state there is a mixture between closed and
open loop: the closed loop involves panels 14, 2, 1, and 4, as shown in Fig. 45.2b,
which behave as a four bar sub-mechanism and the mobility is mc = 1; the open
loop has mo = go = 14 (where mc is the mobility in closed loops, mo is the
mobility in open loops and go number of joints in an open loop). Hence
the mobility from flattened to the erectable state passes from Mf = 21 to
Me = 1 ? 14 = 15. So it can be considered a new mechanism. In order
to compute the carton folding trajectories Eq. (45.2) is used [1]. It is also the
trajectory that the multiple robotic finger tracks. The corresponding simulation is
shown in the following section, where these trajectories will be applied in the
physical carton folding with dexterous reconfigurable assembly packaging system.

Tj ¼½T1
1g 6;7ð Þ;T

1
2g 8;9ð Þ;T

1
3g 10;11ð Þ;T

1
4g 12;13ð Þ;T

2
5q 1;3ð Þ;T

2
6q 1;5ð Þ;T

3
7q 1;4ð Þ;

T4
8qð1;2Þ;T

5
9qð4;17Þ;T

5
10qð17;19Þ;T

6
11qð2;16Þ;T

7
12qð16;18Þ�

T ð45:2Þ

where Tk, j 4 9 4 transformation matrix by translating from link j to link k. Then
the motion and the configuration of the carton have been analyzed in order to find
the relationships between the carton motion and mechanism motion. The config-
uration formula of adjacent panels is based on configuration transformation
analysis of the carton motion.

Then a hereditary connectivity matrix was composed to identify the folding
sequence of a carton and its corresponding folding trajectory, in terms of the
adjacency matrix and the configuration transformation of the carton motion [1].
The folding trajectories in the simulation represent configuration transformation
between the initial configuration, process configurations and folded configuration.
The simulated test case carton in shown in the Fig. 45.3 in its flattened, half

Fig. 45.1 Origami carton in
a flattened state, b folded
state

504 F. Cannella et al.



erected and folded configuration. These trajectories were used by the authors for
studying the finger displacements in the D-RAPS robot [2, 19].

45.4 Experimental Test Rig

The D-RAPS robot is a Dexterous Reconfigurable Assembly and Packaging
System, compound by dexterous fingers. It was built in order to demonstrate that
the process time could be reduced not only during the set up, but even during the
carton folding. The manual process of packaging was investigated in order to
discover the degree of dexterity required and the procedure for folding the chosen
carton. In order to simulate the packaging processes, kinematic model of carton as
well as packaging machine components (fingers, pushers and the turn-table) need
to be developed and integrated together [19]. The kinematic model of the carton
has been well studied [20, 21], so in this work only the contact between the fingers

Fig. 45.2 a Equivalent mechanism open-loop. b Equivalent mechanism in closed-loop

Fig. 45.3 Carton folding trajectories
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and the carton was presented. This condition is reached locating various contact
points on the carton and recording the displacement of these points as the folding
of the carton takes place. The contact points on the carton can be identified by
geometrical interpretation of the folding sequences [22]. Moreover, following the
previous section, it is possible to compute the trajectories of the single finger [23].
These data are directly used to drive the fingers.

Contact points are then used to find joint displacement for each fingers’ joints.
A simulation provides many valuable information that is used for experimental
packaging-machine design as well as its control [24]: position of the fingers,
motion-data, trajectories. The data-file generated by the simulation was fed to the
controller after ensuring that both the model and the machine have geometric and
configuration equivalence, as shown in Fig. 45.4. That permitted to establish the
capability of the packaging system in performing erection and folding of cartons.

45.5 Multibody Simulation

The multi body model of D-RAPS is built in order to simulate carton folding with
numerical software. The MSC.ADAMS was used to reach this aim. First of all the
carton model, as shown in the Fig. 45.5a, and the reconfigurable mechanism are
built, as shown in the Fig. 45.5b. The origami carton was divided into two parts:
the panels and the creases. The panels and the creases have a complex behaviour
[13, 14] and they are a challenge for the virtual prototyping modelling [3, 15];
considering that the comparison is with rigid panel models [1, 10, 23], their
compliance is not take in account.

The D-RAPS mathematic model is composed by 22 different CAD parts (built
in PRO-E cad environment) assembled in ADAMS environment. As the physical
robot, the design has four fingers: two with three degrees of freedom and two with

Fig. 45.4 Two actions of the experimental carton folding process
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two degrees of freedom each. The three-degree-of-freedom fingers provide a yaw
motion at the base and pitch motions on the following two joints forming a Y–P–P
configuration. The two-degree-of-freedom fingers have only pitch motions
allowing it to move on a planar surface. Differently to the physical model, the
virtual one has sensor in each component: sensors for measuring forces on the
fingers during the contact with panels, for measuring the torque supplied by motors
or absorbed by springs during the folding. Moreover all the mechanical properties
of the model can be changed in few seconds. The carton panel trajectories obtained

Fig. 45.5 MSC.ADAMS a (top) carton model, b (down) D-RAPS multibody model
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from the equation are also the trajectories that the multiple robotic fingers track. If
the carton folding is to be achieved by the packaging machine, each movable
element of the machine needs to be connected cinematically.

This requires inverse kinematic solution of the fingers to be developed [2].
Then, the obtained joint angles are input to the multibody rotational and linear
actuators and the simulation were done. First simulation result is the sequence of
carton folding, as shown in the Fig. 45.6. Second result is the computed
displacements of panels, as shown in the Fig. 45.7. The physical finger R1 (shown
in the Fig. 45.5b) displacements are shown and compared with the numerical
finger R1 displacements; the agreement can be considered very good. Then the
creases are modeled with nonlinear spring [13] and another simulation was run.
The difference between the linear and nonlinear spring were done, as shown in the
Fig. 45.8. That shows the D-RAPS virtual model is sensitive to the spring
properties.

45.6 Conclusions and Future Work

There are perfect coincidences between the carton folding sequence of the physical
model, shown in the Fig. 45.4, and the numerical one, shown in the Fig. 45.7. That
means the motor angle input is well interpolated by the MSC.ADAMS solver.
In fact the given trajectories of fingers from the theory and these ones computed,
shown in the Fig. 45.7, are almost coincident, the error is less than 1 %, due to the
computational approximation. The last comparison is between the contact forces
measured with linear crease stiffness and nonlinear crease stiffness: the Fig. 45.8
shows that with linear spring it is necessary apply more force in order to begin and
finish the folding, but less peak force.

Fig. 45.6 Two actions of carton folding process simulation
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Considering that is easy to change the mechanical properties of D-RAPS virtual
model or to set the motor parameters, that lead to have the following advantages:
equations derived from the theory can be quickly proved; the difference between
different mechanical properties (more complex crease stiffness behaviour and
panel compliance) or carton configuration or actuator parameter can be appreciate;
measurement of torque, force, displacement, speed, acceleration, stress and strain
can be recorded; when the inverse kinematics is too complex to solve in an
analytical way, it is possible to compute it and verify the results comparing with
result of the direct one. Moreover new carton folding kinematics can be optimized
in order to find the best sizes, without any physical prototyping; that means saving
time and increasing the quality of research results. Cause of that MSC.ADAMS
was used: for having not only the kinematics, but even the dynamics of the carton
folding.

Fig. 45.7 Finger R1
displacement, X, Y and Z
mean along X, Y and Z axes
respectively

Fig. 45.8 Finger R1 and R2
contact force with linear and
nonlinear spring (simulation)
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Analysis and Design of Reconfigurable

Robots



Chapter 46
Hardware Design and Testing
of ModRED: A Modular Self-
Reconfigurable Robot System

S. G. M. Hossain, Carl A. Nelson and Prithviraj Dasgupta

Abstract Unstructured environments are challenging for conventional robots, and
modular self-reconfigurable robots (MSRs) can be deployed to overcome this
challenge. The goal of the current work was to develop a flexible, cost effective
multi-module robot system capable of self-reconfiguration and achieving various
gaits in unstructured environments. This paper discusses the communication
aspects of the Modular Robot for Exploration and Discovery (ModRED) robot
system from a hardware perspective. To ensure enhanced flexibility and local
autonomy as well as better reconfiguration, each robot module is built with four
independent degrees of freedom, and a novel docking interface provides inter-
connection of modules. The prototyping effort is described with emphasis on the
implementation of inter-module communication. The electronic hardware layout
and control system are described, and the communication system is outlined.
Finally, some preliminary testing of the developed prototype is presented.
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46.1 Introduction

Since their inception in the 1990s, a significant amount of effort has been spent
addressing the challenges of developing and improving modular self-reconfigu-
rable robots (MSRs). These robots are different from conventional robots in terms
of their design and control architecture, and the reason for such variation stems
from the difference of their applications compared to conventional robots. In the
case of well defined, structured environments such as industrial settings, robots are
used for performing specific tasks and can perform effectively and efficiently.
However, in scenarios requiring multitasking, it is more feasible to use robots
having a modular design without compromising the quality of performance. Fur-
thermore, in cases where the environment is unstructured or dynamically changing
(uncertain), conventional robots offer limited performance and MSRs are better
suited because of their capability to be programmed as ‘‘agent-based’’ systems and
their ability to adapt to such environments. An overview of the basic principles and
characteristics of MSRs can be found in [1, 2]. Both of these papers also discuss
the state of the art and challenges involved for further improvement in terms of
hardware design, controls and communication among the modules and self-
reconfiguration planning. In this paper we will primarily focus on the inter-module
communication issues for the development of our chain-type MSR system, which
will be followed by some early gait-related achievements of the developed
prototype leveraging the communication between cooperating modules.

46.1.1 MSR Design State of the Art

Performance of a self-reconfigurable robot is highly dependent on its mechanical
and electronic control design. To date, a number of different designs have been
developed and evaluated [1]. In a previous study [3], we presented some design-
related challenges such as dexterity versus self reconfiguration, actuator size
versus power, weight versus actuated DOF, etc., and our approach to address them.
A number of researchers have pursued their own approaches to solve similar
problems for advancing the state of MSR hardware design. A central part of the
hardware design of self-reconfigurable robots relates to the geometrical arrange-
ment of actuator axes and interconnections [2]. As of 2007 [1], the highest number
of active modules connected in a system was Polybot with 56 modules, developed
by Yim et al. [4], whereas Butler et al. were capable of simulating 2.2 million
modules in computer simulation [5]. The strongest actuation also was generated by
Polybot, lifting five modules in a cantilevered configuration [4], whereas the most
robust self-reconfiguration was achieved by the MTRAN II system with 14
modules [6]. Dexterity of MSRs varies; there are systems such as Polybot [7] and
Molecube [8] with one DOF, and CONRO [9], Polypod [10] and MTRAN III [11]
with two DOF. Superbot [12], which has combined features of the ATRON,
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CONRO and MTRAN robots, offers more flexibility with three DOF. More
recently, iMobot [13] demonstrated advantages of even higher DOF (four con-
trollable DOF) that ensured improved local autonomy to a single module. Based
on this literature, it appears that tradeoffs exist between lower and higher per-
module DOF designs, related to complexity and flexibility of lower and higher
extents respectively. None of the MSRs surveyed mix prismatic and revolute
DOFs in their architecture. Docking between modules is another important con-
sideration which is key to reconfiguration ability and variable morphology of these
robots. Types of docking connectors vary from magnetic devices to mechanical
locks and use a variety of actuator types [14, 15]. These kinematic and docking
issues are all coupled to selection of communication, actuation, and sensor com-
ponents in MSR design.

46.1.2 Previous Work in MSR Communication

MSRs can work in a distributed manner, requiring local autonomy of the modules
that leads to global emergent behavior, and this requires intercommunication for
various purposes such as reconfiguration and maneuvering. The robot modules
also need to exchange information, sense other modules or obstacles and have
appropriately designed navigation systems. MTRAN III [16] modules demon-
strated a centralized communication using a Bluetooth interface. Superbot [17]
modules included a master–slave controller including an RF receiver for distal
communication up to a range of one meter and an SPI bus through the docking
interfaces for communicating while the modules are connected to each other.
MTRAN II [18] used electrical communication using the module surfaces for
power supply, global communication (RS 485) and local communication between
neighboring modules. For detecting and distance-sensing of adjacent modules,
Superbot and Kilobot [17, 19] used an IR sensor-receiver array. It is obvious that
an MSR system having higher local autonomy for the modules will need higher
ranges for inter-module communication. Sensor prices can also limit scalability as
the overall expense rises significantly for multiple modules. To develop an
effective and low-cost communication system for the MSR modules, tradeoffs
between sensor performance and expense are important points to consider. In the
following sections, the aspects of the ModRED MSR system that address the
aforementioned issues are presented.

46.1.3 Development of ModRED

The motivation to build ModRED (Modular Robot for Exploration and Discovery)
was to develop a novel and inexpensive robot system with dexterity and distributed
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control architecture. The application included exploration of unstructured envi-
ronments characterized by uncertainty such as extra-terrestrial environments
including the moon or Mars. Improvement of the dexterity of an individual robot
module as well as the entire robot system was expected to be achieved by
developing four-DOF robot modules in a novel kinematic arrangement including a
prismatic DOF. The communication system design was based on an inexpensive
yet high-range RF system with an accompanying sensor array. For effective and
computationally inexpensive reconfiguration and maneuvering, a game theory and
multi-agent based coordination technique was chosen [20]. In this paper, we
discuss the mechanical design and communication system of the robot. The fol-
lowing sections cover topics from design to prototype development and achievable
gaits of the ModRED system.

46.2 ModRED Mechanical Design

The mechanical design of ModRED modules was based on four independent per-
module degrees of freedom. An architecture with higher per-module DOF was
targeted to ensure enhanced flexibility of a single module and more kinematically
capable configurations involving only a few modules. The combination of rota-
tional and prismatic DOF is a novel and promising concept that can lead towards
this target. Figure 46.1 shows the RRPR kinematic structure of a ModRED module
and its primary components.

Fig. 46.1 Dimensions and actuators for a ModRED module. The CAD model shows inner
components including motors, transmissions and docking mechanisms
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46.3 Communication and Electronics

An MSR system requires electronics to control the maneuvering of individual
modules as well as to sense the presence of other modules, exchange information
and perform as an MSR system by generating multi-module gaits. As a distributed
system, communication is extremely important for decision making and recon-
figuration. ModRED modules use a microcontroller-based computational approach
to manage the output to actuators, input from sensors and the communication
between modules. Figure 46.2 presents a schematic of the electronic system for a
module.

For computation and control purposes, an Arduino Fio (ATmega328P) micro-
controller is used for each module, characterized by 8 MHz clock speed, 1 kB of
EEPROM and 32 kB of flash memory. Eight analog input pins and 14 digital I/O
pins are available with an operating voltage of 3.3 V. Supply voltage is permitted
from 3.35–12 V. Lithium-polymer rechargeable batteries (3.7 V, 1000 mAh) are
used as power supply. These batteries are lightweight and compact, appropriate for
use in a mobile robot. Each of the robot modules is actuated by four bipolar, four-
wire stepper motors of which three are rotary steppers with gearbox reduction of
60:1 and step-angle of 1.8�. The other motor is a linear stepper actuator with
0.0417 mm of travel per step. To control these motors, stepper motor drivers are
used, which require high/low pulses from the microcontroller to change the
direction of rotation and a PWM input to energize the coils for running the motors.
The drivers are capable of supplying up to 750 mA per phase and provide per-
manent 8-step microstepping. For the docking mechanism, latching solenoids are
used to minimize the power drawn. With 12 V supply, the solenoid latches and
maintains its position without any power supply thereafter. To open the latch, a
reverse voltage of 6.5–8.5 V is required which activates a spring to take the
solenoid back to its original position. To supply bidirectional voltage to the
solenoids, L298 N H-bridges are used. Table 46.1 summarizes some important
aspects of the hardware architecture for a ModRED module.

46.3.1 Navigation and Sensing

Sensing is required for an MSR module to locate another module and to find the
interfacing orientation properly for docking. First, the module detects another
module using proximity sensors, and then to ensure proper interfacing, a tactile
(bump) sensor or a combination of tactile and proximity sensors is needed. The
robot modules are equipped with two infrared (IR) sensors for proximity sensing,
with a range of 4–30 cm and a calibrated output analog voltage of 2.5–0.4 V. To
ensure successful docking, bump switches are incorporated in the front face of the
docking bracket. These sensors can also be used for obstacle detection purposes.
For navigation, a 6-bit dual axis Hitachi HM55B compass module is used. This
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sensor is capable of detecting biaxial direction with a resolution of 64 directions
(increments of 5.625�). For navigating through unstructured environments,
elevation is another important parameter. We use a simple mercury-based tilt
switch for preliminary detection of the inclination information of the robot mod-
ule. The application of the sensors and navigation system can be visualized in
Fig. 46.3. This shows an unstructured surface where two modules are navigating,
sensing each other and identifying forward or backward inclination.

46.3.2 Wireless Communication

The wireless communication is achieved using an XBee modem that can be
connected directly to the Arduino Fio microcontroller board. The microcontroller
reads the RF input as serial data. The XBee modem includes a chip antenna of
2.4 GHz RF and 120 m (unobstructed) range with low (1 mW) transmitting power.

Table 46.1 Some important hardware features of a ModRED module

Computation Arduino Fio (Atmel ATmega328P)

Communication Wireless—2.4 GHz RF (120 m range)
Sensors Infrared (range: 4–30 cm, one mounted on the front face of each of the two

docking plates, two more mounted on the two sides of the central segment)
Tilt switch (mercury based, one sensor mounted inside each module)
Bump switch (one mounted on the front face of each of the two docking plates)

Navigation Hitachi HM55B compass module (6 bit, dual axis, one sensor per module)
Power Lithium-polymer battery
Motor Bipolar four-wire stepper

Fig. 46.2 Schematic of electronic hardware of a ModRED module. Yellow inner area:
processing and control units; outer green area: contains sensors and actuators
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46.4 Development of Gaits Using the Prototype

To maneuver through unstructured environments, a modular robot should be
capable of generating various types of gaits so that it can overcome obstacles and
navigate more optimally. Higher per-module DOF is an advantage for ModRED
modules to develop different types of locomotion gaits. Rolling, steering and
inchworm motions are developed both by individual and multiple modules. All
these gait developments with sequences of actuations have been discussed in detail
in [3]. The communication between modules plays an important role to synchro-
nize the actuators’ motion sequences to achieve functional gait. Some of these
gaits were demonstrated [21] by computer simulation of ModRED modules. For
testing of the gaits, two MSR modules have been prototyped and tested, equipped
with electronic components necessary to develop such gaits as previously enu-
merated. The single-module inchworm and single-module steering and rolling
gaits have been validated as demonstrated in Fig. 46.4. Plans to test the other gaits
discussed in [3] and to evaluate the reconfiguration capabilities are underway.

46.5 Conclusion

This paper presents fundamental aspects of ModRED MSR development. The
communication design utilizes a wide-range radio frequency system, ensuring that
the robot modules can locate and communicate with each other even over large
distances, lending itself to unstructured planetary surfaces or disaster affected
zones. The other sensors are also chosen to meet the requirements of the robot
system to reconfigure and develop various gaits. Two modules are developed to
implement node-to-node communication and sensing in its simplest form. In future

Fig. 46.3 Two ModRED modules maneuvering through unstructured terrain. The robot modules
communicate and sense using the various sensors provided
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work, the expectation is to build and test an increased number of modules which
will use more complicated communication protocols and multi-agent system
configurations. This will enable the robots to achieve more novel gaits and tech-
niques for reconfiguration. Servo actuators may also be beneficial in this respect in
conjunction with position feedback control. Such improvements will lead toward
building a flexible, robust and fully self-reconfigurable robot system to advance
the state of MSR technology.
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Chapter 47
Structures and Characteristics
in Reconfigurable Modular Robots

B. Madhevan and M. Sreekumar

Abstract Reconfigurable robot is a mechatronic device that can change its own
shape. Such robots are not only designed to perform a specific task but also to
execute multiple tasks by changing their shape and size. In order to change their
own shape, reconfigurable robots are built from multiple identical modules that
can rearrange themselves to form a large variety of structures. Based on module
specifications, the potential ability of the complete robot is determined. Further,
module specifications in turn determine the functional reconfiguration of these
robots which increases the adaptability against the change of environment. Hence,
accurate movements of module are needed, but this may be extremely difficult due
to the errors inherent within the control system. In this paper, structures and
characteristics in self-reconfigurable robots towards change in environment are
investigated. A comprehensive survey of available literature is done to identify key
challenges and opportunities in this area.

Keywords Self-reconfigurable robots � Modular robots � Mobile robots � Robot
architecture � Adaptability � Obstacle avoidance
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47.1 Introduction

Traditionally, robots use sense-think-act cycle of control. The idea is to map the
sensor input onto an internal representation of the environment [1]. Using this rep-
resentation, an appropriate action is planned and then executed. This approach is
suitable for known environments, but problem arises with real world environments at
many levels due to non synchronization of the internal model with the real world. The
planning problem in the internal model turned out to be more difficult. Even if the
planning is successful, the outcome is not as expected because the environment
changes when the robot is thinking. Within the 1980s, subsumption architecture
based robots are developed in which complex intelligent behaviour is decomposed
into many simple behaviour modules, which is in turn organized into layers. During
1990s, behavior based robots are developed and this breakthrough introduced a new
way of structuring the control systems for robots. A behavior-based control system is
composed of many task achieving behaviors. Instead of mapping sensor input onto an
internal representation, simple calculations are performed to figure out whether a
specific response to the environment is needed. The notion is that, real world prob-
lems are solved by correctly structuring the control system [2].

More recently, new ideas started to flow in the field of robotics from the area of
artificial intelligence. Self-reconfigurable robots are related to multi-robot systems
in the sense that these systems also consist of groups of more or less independent
robots [3]. The difference is that in multi-robot systems, the robots do not interact
physically. On the other hand, in self-reconfigurable robots the modules are
physically coupled. Amorphous computing systems are built from a massive
number of small elements to power these modules which are made to communi-
cate locally. This line of research is still pursued and the hope is that the problems
will reduce with improved sensor technology and increased computational power.

Apart from the introductory section, this paper is presented as follows. Sec-
tion 47.2 discuss about hierarchy of modular robots which explain different
architectures in modular robots. Section 47.3 recalls various types of self-recon-
figurable robots and in Sect. 47.4 hardware issues of self-reconfigurable robots are
discussed. Section 47.5 review control strategies for self-reconfigurable robots.
Future research aspects are presented in Sect. 47.6 which is followed by conclu-
sion and references.

47.2 Hierarchy of Modular Robots

The hierarchy of modular robots is shown in Fig. 47.1. Modular Robots is a robot
which consists of several modules. If a module breaks, it can be identified and
replaced in a relatively short time, whereas in non-modular robots the entire robot
will be replaced. In Reconfigurable modular robots, the modules are independent
and have high degree of homogeneity [4–7]. The reconfigurable modular robot is
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assumed to have a fixed shape at run-time, but in off-line it can be reconfigured
into different shapes and sizes. The possibility of changing the shape and size of
the robot increases robot’s versatility.

Dynamically reconfigurable modular robots can be reconfigured at run-time.
This happens because the modules have functionality to detect detachments and
attachments of modules at run-time, and potentially to change behavior depending
on the new configuration. Designing the module morphology and control software
for such a system is challenging (Table 47.1).

47.3 Taxonomy of Reconfigurable Modular Robots

(Fig. 47.2, Table 47.2)

47.4 Hardware Issues in Self-Reconfigurable Robots

The most important part of the hardware design for self-reconfigurable robots is
the fundamental properties of a module, especially the shape of the module and the
geometrical arrangement of actuator axes and connection. The module should be
made more functional without further complication of the hardware.

In order to find such a solution, systematic design is required. Another
important issue is the reliability of the hardware [20–23]. Major factors restricting
the size of the self-reconfigurable robots system are mechanical reliability,

Robots Modular robots Dynamic modular 
robots

Dynamic reconfigurable 
modular  robots

Self -reconfigurable 
robots

User-Reconfigurable 
Robots

Fig. 47.1 Hierarchy of modular robots

Table 47.1 Comparison of lattice, chain, and hybrid robots

Types Reconfigure Motion
generation

No of
actuators

No of
connectors

Homogeneity Symmetry

Lattice Easy Hard Many Many Homogeneous Isotropic
Chain Hard Easy Few Few Heterogeneous Anisotropic
Hybrid Easy Easy Few Few Homogeneous Anisotropic
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Fig. 47.2 A few models of modular robots
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electrical reliability, and high cost. Electrical reliability and high cost can be
resolved by mass production. However, the mechanical reliability of the mecha-
nism cannot be predicted until the system is actually constructed. Table 47.3
explains about the characteristics in self-reconfigurable robots. Few of them are

Table 47.2 Development of self-reconfigurable robots [8–19]

System Class DOF Shape Author Year

Self replicator Mobile – – John Von Neumann 1950
Mechanical SR Mobile – – Lionel Penrose 1959
CEBOT Mobile Various – Fukuda et al. (Tsukuba) 1988
Polypod Chain 2 3D Yim (Stanford) 1993
Metamorphic Lattice 6 2D Chirikjian (Caltech) 1993
Fracta Lattice 3 2D Murata (MEL) 1994
Fractal Robots Lattice 3 3D Michael(UK) 1995
Tetrobot Chain 1 3D Hamline et al. (RPI) 1996
ANAT Robot Chain – 3D Charles Khairallah (CA) 1997
3D Fracta Lattice 6 3D Murata et al. (MEL) 1998
Molecule Lattice 4 3D Kotay and Rus (Dartmouth) 1998
CONRO Chain 2 3D Will and Shen (USC/ISI) 1998
PolyBot Chain 1 3D Yim et al. (PARC) 1998
TeleCube Lattice 6 3D Suh et al. (PARC) 1998
Vertical Lattice – 2D Hosakawa et al. (Riken) 1998
Crystalline Lattice 4 2D Vona and Rus (Dartmouth) 1999
I-Cube Lattice – 3D Unsal (CMU) 1999
M-TRAN I Hybrid 2 3D Murata et al.(AIST) 1999
Pneumatic Lattice – 2D Inou et al. (TiTech) 2002
Uni Rover Mobile 2 2D Hirose et al. (TiTech) 2002
M-TRAN II Hybrid 2 3D Murata et al. (AIST) 2002
Atron Lattice 1 3D Stoy et al. (U.S Denmark) 2003
S-bot Mobile 3 2D Mondada et al. (EPFL) 2003
Stochastic Lattice 0 3D White, Kopanski, Lipson (Cornell) 2004
Superbot Hybrid 3 3D Shen et al. (USC/ISI) 2004
Y1 Modules Chain 1 3D Gonzalez-Gomez et al. (UAM) 2004
M-TRAN III Hybrid 2 3D Kurokawa et al. (AIST) 2005
AMOEBA-I Mobile 7 3D Liu JG et al. (SIA) 2005
Catom Lattice 0 2D Goldstein et al. (CMU) 2005
Stochastic-3D Lattice 0 3D Zykov, Lipson (Cornell) 2005
Molecubes Chain 1 3D Zykov, Mytilinaios, Lipson (Cornell) 2005
Prog. Parts Lattice 0 2D Klavins (U. Washington) 2005
Miche Lattice 0 3D Rus et al. (MIT) 2006
GZ-I Modules Chain 1 3D Zhang and Gonzalez-Gomez

(U. Hamburg, UAM)
2006

Odin Hybrid 3 3D Lyder et al., Modular Robotics
Research (USD)

2008

Evolve Chain 2 3D Chang Fanxi, Francis (NUS) 2008
Roombots Hybird 3 3D Sproewitz, Moeckel, Ijspeert,

BioroboticsLabaratory (EPFL)
2009
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• Dexterity of individual modules defines the flexibility of the robot.
• Motion precision, power and torque define the efficiency of the modules.
• Limits on mechanical and electrical field robustness.
• Limits on strength and precision for bonding modules.

47.5 Classification of Control Systems

The relationship between the control system and the modules of the robot deter-
mines the type of control system to be developed for reconfigurable robots. Such
control systems can be divided into three main categories as shown in Fig. 47.3a.

Locomotion is an act or the power of moving robot’s module from place to
place. Self-reconfigurable robots have the advantage of adapting their shape for
changing the locomotion pattern to fit the environment [24, 25]. Locomotion
pattern can be classified into two main categories as shown in Fig. 47.3b.

47.5.1 Open Control Platform

This section presents an open control platform (OCP) which provides interaction
among modules and supports dynamic reconfiguration and customization of
modules in real time [26–29]. Its primary goals are

Table 47.3 Electrical and mechanical characteristics of self-reconfigurable robots

Names of robot Electrical characteristics Mechanical characteristics

CPU Power Dimension Attachment method

USC/ISI, CONTRO Yes Yes 3D Mechanical, SMAa

Stanford polypod Yes No 3D Mechanical
PARC polybot Yes No 3D Mechanical, SMAa

JHU metamorphic Yes No 2D Mechanical
Dartmouth, crystalline Yes Yes 2D Mechanical
MEL, fractum Yes No 2D Electro magnets
MEL, micro-unit Yes No 2D Mechanical
RIKEN, vertical No Yes 2D Permanent magnets
PARC, telecube n/a n/a 3D Switching permanent
MEL, 3D-Unit No No 3D Mechanical
MEL, MTRAN Yes Mo 3D Permanent magnets

SMA
Dartmouth, molecule Yes No 3D Mechanical
CMU, I-cubes Yes Yes 3D Mechanical
a Shape memory alloy
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• To accommodate rapidly changing application requirements,
• Easily incorporate new technology,
• Maintain viability in unpredictable and changing environments.

The challenge addressed by the OCP is to deal with the complexity of inte-
grating these modules in a unknown environment where the robot has to take spot
decisions. Open Control Platform Design: The OCP consists of multiple layers of
application programmer interfaces (APIs) that increase in abstraction and become
more domain specific at the higher layers as shown in Figs. 47.4 and 47.5.

Each layer builds on the modules defined in lower layers. In the bottommost
‘‘core’’ layer, the OCP leverages from and extends new advances in real-time
distributed object computing which allow distributed, heterogeneous modules to
communicate asynchronously in real time. It also supports highly decoupled
interaction between the distributed modules of the system, which tends to localize
architectural or configuration changes so that they can be made quickly and with
high reliability. The middle ‘‘reconfigurable controls’’ layer provides abstractions
for integrating and reconfiguring control system modules; the abstractions bridge
the gap between the controls domain and the core distribution substrate. The
abstract interface is based on familiar controls engineering concepts such as block
diagram modules, input output ports, measurement and command signals. The
third ‘‘hybrid controls’’ layer supports reconfiguration management by making
reconfiguration strategies and rationale for reconfiguration decisions explicit and
reusable. It contains generic patterns of integration and reconfiguration that are
found in hybrid, reconfigurable control systems.

Control systems

Centralized Systems

Controlled
by a centralized host

Distributed Systems  

Based on global information

Emergent Systems

Based on local information

Gait control tables (GCT)

Cluster-Flow

Locomotion is achieved by controlling the joints  of 
the modules.

Distributed Systems

Two-level planner
Cellular Automata 

based approach

Centralized Control

Locomotion

Fixed -Shape

Locomotion is achieved through
self-reconfiguration

Distributed Systems

(GCT )/Artificial hormones

Centralized Control

Two-level planner

Centralized Control

(a)

(b)

Fig. 47.3 a Control structure for self-reconfigurable robots. b Locomotion systems for self-
reconfigurable robots
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47.6 Discussion

Self-reconfigurable robots will move robotics into new areas and avenues of
application. In addition to traditional mass production environments, self-
reconfigurable robots may become useful in real-world environments. These
environments are characterized by being unstructured, complex, and dynamic.
Self-reconfigurable robots have an advantage over fixed shape robots in these
environments because of their special abilities. These abilities include versatility,
robustness, adaptability, and scale extensibility. Because of these abilities, self-
reconfigurable robots can easily explore in an unknown environment. The robots
must move over the surface, despite its condition. It must not die even in difficult
times; a self-reconfigurable robot can change its shape and escape from such
situations. It is also capable of repairing itself. Various tasks for these robots will
be found in orbit, in the deep sea, and in areas disaster-stricken by radiation or
toxic chemicals. Most of the existing path planning algorithms concentrates on
avoiding moving and stationary obstacles within the workspace of the robot. When
moving obstacles are present, the problem becomes more complex for self-re-
configurable robots to identify their path. In order to realize the potential of self-
reconfigurable robots more research is needed in the areas of hardware and control.
The research on control needs to be focused on real-world environments.

Modeling Mid  level Supervision (Reconfigurable Control)

Low  level Supervision (Set points)

Sensors

Mobile Robot

High level Supervision

Identification Intelligent Function

Fig. 47.4 Control architecture for self-reconfigurable robots

h
hCore OCP

Real Time Distributed Computing
Substrate with dynamic Scheduling

Reconfigurable Controls API

Components, Runtime  Changes, Signals

Generic Hybrid Controls API

Reuse of generic patterns for hybrid control

Fig. 47.5 Open control
platform for self-
reconfigurable robots
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47.7 Conclusions

The structures and characteristics of self-reconfigurable robots are investigated and
presented in this paper. The structure of self-reconfigurable robot was composed of
basic motion modules, articulate modules and connection modules. Each module
has uniform standard interface. The mechanical configuration was realized through
the reassemble of different modules. Focus of future research will be on motion
coordination for self reconfigurable robots that is accurately controllable, so that it
could map and utilize all information obtained from sensors regarding the obsta-
cles and environment.
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Chapter 48
Typical 3 1 3 Gait Motion Analysis
of a Radial Symmetrical Six-Legged
Robot Based on Metamorphic Theory

Xilun Ding and Kun Xu

Abstract The locomotion of multi-legged robots has some characters similar to
metamorphic mechanisms. Assuming the constraints of the feet on the ground with
hinges, the supporting legs and the hexapod body are taken as a parallel mecha-
nism, and each transporting leg is regarded as a usual serial manipulator. In
different period there may been different equivalent mechanisms of multi-legged
robot. The locomotion of hexapod robot can be considered as a series of varying
hybrid serial-parallel mechanisms. Four typical 3 ? 3 gaits of a radial symmetrical
six-legged robot are studied in this paper based on metamorphic theory. A new
static stability workspace is proposed to establish the static stability of four gaits,
and a new method to calculate the stride length of multi-legged robots is present by
analyzing the relationship between the workspaces of two adjacent equivalent
parallel mechanisms in one gait cycle.

Keywords Six-legged robot � Metamorphic � Serial-parallel mechanism � Static
stability � Stride length

48.1 Introduction

Metamorphic mechanism was proposed by Dai and Rees at 25th ASME Biennial
Mechanisms and Robotics Conference in 1998 [1]. This kind of mechanisms can
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change their topological configuration and shapes, their effective links number and
their DOFS can hence be varied [1, 2]. Different from traditional mechanism
which only has an unchanged topological configuration, the metamorphic mech-
anisms have various topological configurations. A certain configuration of meta-
morphic mechanism has its intrinsic effective links and DOFS. Metamorphic
mechanisms have multiple configurations and they can change their configuration
to provide suitable effective links and DOFS to adapt to different tasks.

Multi-legged robots display much better adaptability to rough terrain than
wheeled robots and tracked robots because they do not need continuous support on
the ground [3]. This type of robots includes biped robots, quadruped robots,
hexapod robots and more legged ones. In nature most arthropods have six legs so
they can easily maintain static stability while they are moving. Hexapod robots
show good robustness in case of leg faults [4–8]. For these reasons, the hexapod
robot has attracted considerable attention in research community. The key problem
of multi-legged robots mostly focuses on kinematics and dynamics analyses and
gait planning.

Gait is a key factor for multi-legged robots to move on the ground, and depends
on the robot body and its structure of legs. Typical hexapod robots can be divided
into bilateral symmetrical rectangular hexapods and radial symmetrical hexagonal
ones. Rectangular hexapods have a rectangular body with six legs distributed
symmetrically on two sides [9, 10]. Hexagonal hexapods have a circular or
hexagonal body with six legs evenly distributed around [4]. 3 ? 3 gait [5], 4 ? 2
gait [6, 7], 5 ? 1 gait [8] are common periodic gaits of hexapods. Kugushev and
Jaroshevskij [11] proposed a free gait to adapt different terrain. McGhee et al. [12].
and other researchers [13, 14] also went on studying free gaits of hexapods.
Because of the special structure of hexagonal robots, Wang et al. [15, 16] proposed
insect-wave tripod gait, mammal kick-off tripod gait and mixed tripod gait, they
also studied its fault-tolerance when one or two legs were damaged.

When the multi-legged robot is moving on the ground, the system composed of
the ground, supporting legs and the robot body can be seen as a parallel mecha-
nism. Ding Xilun and Xu Kun [17] designed a novel metamorphic wheel-legged
robot and analyzed its DOF from this view. Wang et al. [15, 16] investigated the
stride size and the stability margin of hexapod robot using this method. But most
of them neglected the influence of different foothold points on walking perfor-
mance of the robot. In different periods while multi-legged robot moves on the
ground, it can have different equivalent mechanisms. Hence it is not suitable to
take the system as a single specific mechanism. The locomotion of hexapod robot
can be considered as a series of moving hybrid serial-parallel mechanisms.

Because of the similarities between the multi-legged robots and metamorphic
mechanisms, by taking NOROS robot (Fig. 48.1) built in space robot lab of
BUAA, based on metamorphic theory a new method was proposed to analyze the
movement performance of multi-legged robots in this paper. One gait cycle is
divided into several stages. Assuming the constraints of the feet on the ground with
hinges, in specific stage, the ground, supporting legs and the robot body form a
parallel mechanism, each swinging leg is taken as a series manipulator. In different
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periods the equivalent mechanisms of the system may not same. The walking
movements of multi-legged robot are the motion and transition process of these
equivalent mechanisms.

48.2 Typical 3 1 3 Gaits

The body of the NOROS robot is composed of a hemispherical shell and a
double-deck chassis. Each leg consists of five elements: foot, wheel, shank, thigh
and hip, as shown in Fig. 48.1. Shank, thigh and hip are linked together by two
parallel revolute joints, knee and hip joint. The leg is connected to the chassis by
waist joint whose rotating axis is perpendicular to the chassis. Main length
parameters of small prototype of NOROS robot, which will be used for subsequent
analysis and simulation, are listed in Table 48.1.

Wang et al. proposed 3 kinds typical 3 ? 3 tripod gaits: insect-wave gait,
mammal kick-off gait and mixed gait [16]. In fact there is another insect-wave gait,
so here the insect-wave gait mentioned in [16] is named insect-wave gait I and the
other is named insect-wave gait II. The aforementioned 4 kinds of typical 3 ? 3
tripod gaits can be divided into 2 groups according to their initial standing posture.
Insect-wave gait I and mammal kick-off gait have the same or similar initial
standing posture with six legs distribute parallel, as seen in Fig. 48.2. Their
supporting triangles are called first type supporting triangle. Their moving direc-
tions form an angle of 90�. As can be seen from the Fig. 48.2, the robot can walk
along 2 directions using each gait. Mixed gait and insect-wave gait II have the
same or similar initial standing posture with six legs even distribution, as seen in
Fig. 48.4. Their supporting triangles are called second type supporting triangle.
The moving direction of mixed gait can along the direction of any leg and the
moving direction of insect-wave gait II can along the angular bisector of two
adjacent legs. So the robot can move along 6 directions using these two gaits
(Fig. 48.3).
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Fig. 48.1 NOROS robot and its one equivalent mechanism
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At the same location the robot can change its six legs footholds to adjust its
standing posture and switch its walking gait. Thus the radial symmetrical six-
legged robot can walk along any direction, realizing zero turning radius. So the
radial symmetrical six-legged robot is omni directional mobile robot.

The locomotion of hexapod robot is considered as a series of varying hybrid
serial-parallel mechanism. One gait cycle can be divided into several different
moving stages. Figures 48.4, 48.5, 48.6 and 48.7 show the motion sequence of four
gaits. ‘‘•’’ means supporting foot, ‘‘s’’ means transporting foot, and ‘‘?’’ denote
the walking direction of robot. In the figures phase � means the initial standing
posture, phase ` and phase ´ are one moving stage in which there are three legs
lifting and swing, and other three legs supporting and kicking, so the robot body
moves forward part of one stride. Phase ˆ indicates one switching period in which
the transporting legs contact ground and the supporting legs do not lift. Phase ˜

and phase Þ are one moving stage in which the transporting legs in previous
moving stage become supporting legs and the supporting legs in previous moving
stage become transporting legs. Similar to phase ˆ, Phase þ is one switching
period. Phase ¼ and phase ½ are one moving stage in which the transporting legs
and supporting legs change to each other. Phases �–Þ compose one starting gait
cycle and phases ˆ–½ form one gait cycle in continuous walking. The two gait
cycles are not identical.

As can be seen in Figures 48.4, 48.5, 49.6 and 49.7, in moving stages there are
3 transporting legs and 3 supporting legs, so the equivalent mechanism is a hybrid
serial-parallel mechanism with 3 parallel branches and 3 serial branches. In initial
standing phase and switching period there are 6 supporting legs, so the equivalent
mechanism is a parallel mechanism with 6 parallel branches. In static stability

Table 48.1 Main length parameters of small prototype of NOROS

Body Hip Thigh Shank

Length(mm) R ¼ 150 l1 ¼ 50 l2 ¼ 120 l3 ¼ 130

iA

jAkA

lA

mA
nA

C

Insect-wave 
gait I

Mammal 
kick-off gait

Insect-wave 
gait II

Mammal 
kick-off gait

Fig. 48.2 Initial standing
posture with legs distribute
parallel

C
iA

jAkA

lA

mA nA

Mixed gait

Insect-wave
gait II

Mixed gaitFig. 48.3 Initial standing
posture with legs distribute
divergently
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3 ? 3 tripod gaits there are two type equivalent mechanisms: hybrid serial-parallel
mechanism with 3 parallel branches and 3 serial branches and parallel mechanism
with 6 parallel branches, as seen in Figs. 48.8 and 48.9. Because of the different
footholds the supporting polygons may not same, so there are some dimension
difference among the same equivalent mechanisms.
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Fig. 48.4 Sequence diagram of mixed tripod gait
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48.3 Workspace of Equivalent Mechanisms

Workspace is an important index for parallel mechanism. Geometrical methods
and numerical methods are main two types to analyze the workspace of parallel
mechanism [18–22]. Here we used the geometrical method to find the constant
orientation workspace of robot body. Because of the structure limit, there are
certain ranges of knee joint, hip joint and waist joint, as shown in Table 48.2.
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By using the forward kinematics established in previous studies we can get the
workspace of the supporting leg which has certain foothold point.

We assume that supporting triangle of mixed gait and insect-wave gait II is
equilateral triangle and the supporting triangle of mammal kick-off gait and insect-
wave gait I is isosceles triangle, and each supporting leg has equal foothold offset.
Once the supporting triangle change, the performance of the equivalent mecha-
nism also change. Figures 48.10 and 48.11 show the constant orientation work-
spaces while the footholds offset w ¼ 0; 50; 100; 150; 200; 250 mm, respectively.

Several static stability evaluation criteria have been defined in the history
research of multi-legged robots. The frequently used criteria are the stability
margin, the longitudinal stability margin and the crab longitudinal stability margin.
The static stability margin is the smallest distance from the projection of center of
gravity to the edges of the supporting polygon. According to the definition of static
stability margin we assume a virtual ball whose radius is stability margin sm and it
locates at the robotic center of gravity. When the vertical projection of this ball
completely locates in the supporting triangle, the robot movement satisfies the
static stability margin sm. So the vertical projection trajectory of the robotic center
of gravity while the vertical projection of the virtual ball tangent to the supporting
triangle form the static stability supporting triangle, as seen in Fig. 48.12.

The part workspace whose vertical projection locates in the static stability
supporting triangle is named static stability workspace, which truly represents the
performance of the mechanism. The robotic center of gravity must be in the static
stability workspace while the robot walks on the ground using static stability gaits.
Figures 48.13, 48.14, 48.15 and 48.16 show the static stability workspace while
the static stability margin sm ¼ 0 mm and sm ¼ 30 mm.

Insect-wave gait I and mammal kick-off gait have first type supporting triangle.
Figure 48.17 shows the volume curves of reachable constant orientation work-
space, 0 mm static stability margin constant orientation workspace and 30 mm
static stability margin constant orientation workspace. The three curves have the

Table 48.2 Rotation range
of leg joints

Knee joint Hip joint Waist joint

�140� � a� 40� �90� � b� 100� �65� � c� 65�

Fig. 48.10 Constant
orientation workspaces of
parallel mechanism having
first type supporting triangle
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Fig. 48.11 Constant
orientation workspaces of
parallel mechanism having
second type supporting
triangle
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Fig. 48.12 Supporting
triangle and static stability
supporting triangle

Fig. 48.13 Static stability
workspace of parallel
mechanism having first type
supporting triangle while
sm ¼ 0 mm

Fig. 48.14 Static stability
workspace of parallel
mechanism having second
type supporting triangle while
sm ¼ 0 mm
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same variation trend. At the beginning the curves ascend with the increase of
foothold offset. After the curves get their peak values they descend with the
increase of foothold offset. As seen in figure, the three curves are not close to each
other. This suggests that there is considerable reachable workspace whose vertical
projection dose not locate in supporting triangle.

Fig. 48.15 Static stability
workspace of parallel
mechanism having first type
supporting triangle while
sm ¼ 30 mm

Fig. 48.16 Static stability
workspace of parallel
mechanism having second
type supporting triangle while
sm ¼ 30 mm

Fig. 48.17 Workspace
volume curves of parallel
mechanism having first type
supporting triangle
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Mixed gait and insect-wave gait II have second type supporting triangle. Fig-
ure 48.18 shows the volume curves of reachable constant orientation workspace,
0mm static stability margin constant orientation workspace and 30 mm static
stability margin constant orientation workspace. The three curves have the same
variation trend. At the beginning the curves ascend with the increase of foothold
offset. After the curves get their peak values they descend with the increase of
foothold offset. The three curves are very close to each other. This suggests that
vertical projection of reachable workspace mostly locates in supporting triangle.

In Figures 48.19, 48.20 and 48.21, although the equivalent mechanism of
mammal kick-off gait and insect-wave gait I has larger workspace than the
equivalent mechanism of mixed gait and insect-wave gait II, their workspace
satisfied the same static stability margin are smaller. From this point of view, the
second type supporting triangle has bigger static stability margin than the first type
supporting triangle.

48.4 Stride Size of Four Gaits

The relationship between the workspace of two adjacent moving stage mecha-
nisms is determined by the robot’s movement. On the other hand performance of
the robot can be analyzed and motion planning can be made by using the rela-
tionship between the workspace of two adjacent moving stage mechanisms.

If there are not any intersections between the workspaces of two adjacent
moving stage mechanisms, as seen in Figure 48.22a, there must be not switch
period, so robot must be airborne with six foot off the ground. In other words the
robot jumps on the ground. In this case the robot can not walk using static stability
gaits. Instead, if there are some intersections between the workspace of two

Fig. 48.18 Workspace
volume curves of parallel
mechanism having second
type supporting triangle
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adjacent moving stage mechanisms, as seen in Fig. 48.22b, there can be switch
period and the robot can walk using static stability gaits. Thus, to the four gaits
aforementioned there must be some intersections between the workspace of two
adjacent moving stage mechanisms. The intersections are workspace of switch
period mechanism.

Figures 48.23, 48.24, 48.25 and 48.26 represent the vertical sections of work-
spaces. Using geometric method to analyze the vertical section we can find the
regions where the hexapod can move on the ground by static stability gaits.
The region between line 1 and line 2 is the area in which the robot can walk on the
ground using static stability gaits. If we want to calculate the maximum stride size
we must determine the height of hexapod body and the boundary of two work-
spaces are exactly connect to each other. Using this method we can deduce the

Fig. 48.19 Reachable
workspace volume curves of
two type parallel mechanisms

Fig. 48.20 0 mm static
stability margin workspace of
two type parallel mechanisms
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maximum stride size if the foothold offset and the height of robot body are certain.
In above figures, at height of line 1 the robot gets maximum stride size under this
height.

Fig. 48.21 30 mm static
stability margin workspace of
two type parallel mechanisms

Fig. 48.22 Relationship
between the workspaces of
two adjacent parallel
mechanisms of mixed tripod
gait
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λ

Fig. 48.23 Equivalent
mechanism workspaces of
two adjacent gait cycle in
mixed gait

λ

Fig. 48.24 Equivalent
mechanism workspaces of
two adjacent gait cycle in
mammal kick-off gait

λ

Fig. 48.25 Equivalent
mechanism workspaces of
two successive gait cycle in
insect-wave gait I
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According to above method and constrains, we can deduce the maximum stride
size while the foothold offset and the height of robot body are certain. Further
more we can get the possible maximum stride size while robot body is at certain
height.

Figure 48.27 shows the possible maximum stride size of four gaits. In the figure
the stride size of insect-wave gait I is the smallest, so the robot are not fit to
walking using this gait. From the figure we can see that the maximum stride size of
insect-wave gait II is the largest while the height of robot body h\165 mm. This
result agrees with the natural phenomena: the body of most insects is near to the
surface while they are walking. When the robot body h [ 165 mm mammal kick-
off gait and mixed gait have larger stride size.

λ

Fig. 48.26 Equivalent
mechanism workspaces of
two successive gait cycle in
insect-wave gait II

Fig. 48.27 Possible
maximum stride size of four
gaits

548 X. Ding and K. Xu



48.5 Conclusions

A new method has been proposed to determine the stride size of the hexapod robot.
In this method one gait cycle is divided into several different periods. In one
particular period the system is taken as a specific mechanism. If the hexapod robot
realizes moving on the ground by using static stability gaits, the workspaces of
different equivalent parallel mechanisms in neighboring moving periods must have
intersection. The maximum stride size can be obtained by analyzing the work-
spaces. This method is more suitable and precise than the other methods.

Static stability workspace is defined to establish the static stability of gaits.
Simulation results show that mixed gait and insect-wave gait II which have second
type supporting triangles have better static stability.
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Chapter 49
An Automatic Dynamics Generation
Method for Reconfigurable Modular
Robot

Wenbin Gao and Hongguang Wang

Abstract A method of automatic dynamics generation for modular robots is pre-
sented on modular level. The robot’s link parameters are got from the modules’
parameters and the Assemble Incidence Matrix (AIM) describing the module types,
assembled orientations and sequence of a given robot configuration. Adjoint
matrices are adopted to describe the forward mapping of velocities, accelerations
from frames on the (i-1) link to that of the ith link, as well as the dual adjoint matrices
are taken to describe the backward mapping of moments and forces between frames
on the i and the (i-1)th links. A mathematically consistent recursive approach for
dynamics of modular robot is got from the Newton–Euler formula in Lie Group form.

Keywords Reconfigurable modular robot � Dynamics � Lie group

49.1 Introduction

Reconfigurable Modular Robot System (RMMS) is comprised by a serious of
standardized modules with different dimensions and certain assembling styles, such
as link modules, joint modules and gripper modules. Joint modules are all-in-one
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components which can generate rotary or translational motions and communicate
with the upper controller. Manipulators with different DOFs or configurations can be
rapidly constructed by choosing proper modules and then connecting them together.
The closed-form dynamics model is widely applied in robot design, calibration and
motion optimization. However, it’s impractical to derive the dynamics manually for
every configuration of modular robot, because the number of possible robot geom-
etries is very huge. So this method that can generate the dynamics model of a given
configurations automatically is important in module robot’s researches and appli-
cations [1–4].

The researches of dynamics of modular robots mostly are based on the
Lagrangian and Newton–Euler formulation. Wang [5] and [6] proposed the
dynamics constructing method for modular robots based on Lagrangian formula.
In both of their works, the given configurations are regarded as normal manipu-
lators, which cannot be adopted to automatically generate the dynamics. Fei [7]
and [8, 9] gave the recursive methods based on Newton–Euler formula, both of
their methods can automatically generate the dynamics. Chen’s method which is
expressed in the Lie Group form is a more compact approach.

In this paper, it introduces a Modular Reconfigurable Robot Experiment System
(MRRES) and presents a modular level method for automatic dynamics generation
of modular robots based on Newton–Euler formulation in the form of Lie Group
and Lie Algebra. The links’ dynamics parameters of a given modular robot are
obtained automatically from the information of the AIM and module parameters.
Compare with Chen’s method, our method is a complete modular level approach.

49.2 MRRES and AIM

The MRRES is developed by the State Key Laboratory of Robotics in Shenyang
Institute of Automation, China. It takes a distributed control system with an
Industrial Personal Computer as the main controller and DSPs in the joint mod-
ules. The data communication is based on CAN bus. Figure 49.1 shows the
module library and a 6-DOF configuration.

As shown in Fig. 49.2a, both the revolute and prismatic joints are 1-DOF
modules. In a joint module, the input part connecting to the lower part of a given
manipulator is named as part I, and the output part connecting to the gripper
direction is named as part II. Both part I and II have their own input ports and output
ports. The Cartesian coordinates are set on the input port (subscript 0) and output
port (subscript 1) respectively to describe the position and orientation of the
output port relative to input port. The output frame of part I and the input frame of
part II are superposed when the joint is at zero position. Their z-axes are collinear
with the joint axis and their origins are set on the midpoint of the joint axis. As
shown in Fig. 49.2b–d, the Cartesian coordinate is set on each link modules, based
modules and gripper are alike, to describe the position and orientation of the output
port relative to input port.
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AIM is taken to represent module types, assembled orientations and sequence
of a given configuration of modular robots. The AIM of the 6-DOF configuration
shown in Fig. 49.1 is given in Table 49.1. The first row describes the joint
modules types and connecting sequence from base to gripper. JR, JP, JG are the
representations of the revolute joint, prismatic joint and gripper respectively.
The first column describes the possible types of the link modules. LC, LP, LR are
the representations of linear link, parallel link, A and B styles of right-angled links
separately. The other part of Table 49.1 excluding the first row and first column
above mentioned is the AIM. Each element of AIM contains three numbers. The
first one represents the orientation of the two assembled modules and the 1, 2, 3, 4
mean that the input port of a module turning 0, 90, 180, 270� about the z-axis of
output port of former module in a clockwise direction separately; The second and
third one are the numbers of the given types of joint and link modules respectively.

Fig. 49.1 Module library
and a 6-DOF configuration.
a Module library. b A 6-DOF
configuration
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Fig. 49.2 Cartesian coordinates on modules. a Revolute joint and Prismatic joint. b Gripper and
base modules. c A and B styles of right-angled links. d Linear link and parallel link
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Taking the third row and the fourth column of AIM for example, G34 (3, 3, 2)
means that the number 2 of A style right-angled links turning 180� in a clockwise
direction relative to the output port of the number 3 revolute joint.

49.3 Kinemics of Modular Robot

Based on the assembly information from AIM, the link’s information of robot can
be got from the parameters of link and joint modules (In the following, links are all
mean the robot’s links after being assembled). As shown in Fig. 49.3, the part II of
joint module (j-1), link module (j-1) and part I of joint module j consist the
(i-1)th link of the robot. And the (i-1)th joint is formed by joint module (j-1),
the body’s fixed frame of the (i-1)th link is superposed with input frame of part II
of joint module (j-1).

When all joints are at zero position, the link fixed coordinate transformation
from the i link to the (i-1)th link is

Mi�1;i ¼ Tj�1;j ¼ TII
j�1JTL

j�1TL
j�1LTJ

j IT
II
j ¼

Ri pi

0 1

� �
i; j ¼ 1 � � � nþ 1 ð49:1Þ

Where, Tj�1;j 2 SEð3Þis the homogeneous transformation matrix from the input
port of part II of joint module j to that of joint module (j-1); TII

j�1 2 SEð3Þ is the
homogeneous transformation matrix from the output frame to the input frame of
part II of joint module (j-1); JT

L
j�1 2 SEð3Þ is the homogeneous matrix describing

the orientation of link module (j-1) relative to joint module (j-1); TL
j�1 2 SEð3Þ is

the homogeneous transformation matrix from the output frame to the input frame of
link module (j-1); LTJ

j 2 SEð3Þ is the homogeneous matrix describing the orien-

tation of joint module j relative to link module (j-1); IT
II
j 2 SEð3Þ is the homo-

geneous transformation matrix from the input frame of part II of joint module j to
the input frame of part I.

The kinemics of sub-assembly (Fig. 49.3) from frame i to frame (i-1) is as
following [10, 11]

Table 49.1 AIM of the configuration shown in Fig. 49.2
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fi�1;i ¼ Mi�1;ie
Sixi ð49:2Þ

where, Si 2 seð3Þ is the ith joint screw written in the body-fixed frame of the ith link
and xi 2 R is the current position of the ith joint relative to a specified zero position.

Si can also be expressed in a 6-dimensional vector, Si ¼ ½wT
i uT

i �
T 2 R6�1; termed

twist coordinate. For revolute joint Si ¼ ½wT
i 0�T, where wi ¼ ½0 0 1� is the unit

directional vector of the joint i expressed in frame i. For prismatic joint Si ¼ ½0 ui�T;
where ui ¼ ½0 0 1� is the unit directional vector of joint i relative to frame i.

According to the Eq. (49.2), the transformation of the frame fixed on the ith link to
the inertial frame can be got from combining a series of sequential matrices, as follows

fi ¼ f0;1 f1;2 � � � fi�1;i ð49:3Þ

Then, the kinemics of a given modular robot’s configuration can be modeled
alike [11]

f0G ¼ f0;1 f1;2 � � � fi�1;i fi;G ð49:4Þ

fi;G is the transformation matrix from the frame of gripper to that of the ith link.

49.4 Dynamics of Modular Robot

49.4.1 Dynamics Parameters of Sub-Assembly

Frames, which are parallel to the input frames of link modules or each part of joint
modules, are set on the centers of masses (Marked by C in Fig. 49.2) respectively. The
vector from the origin of input frame of module to the center of mass is named as r. And
the homogeneous matrix of the frame on the center of mass relative to the input frame is

TkC
j ¼

I rkC

0 1

� �
k ¼ I, II, L ð49:5Þ

Part II of joint module j-1

Part I of joint module j
Link module j-1

IIY1
j-1

LX0
j-1

LY0
j-1

IICj-1

ICj

LCj-1

IIZ0 
j-1

IIY0 
j-1

IIX0 
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j
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j-1

IZ1
j

IY1
j

Fig. 49.3 Sub-assembly of a
given configuration
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where, L means a link module and I and II mean the two parts of a joint module
respectively.

Taking a sub-assembly for example (As shown in Fig. 49.3), the frame on the
center of mass of link module (j-1) which is expressed in the (i-1)th link frame
(superposed with input frame of part II of link module (j-1)) is

TLC
i�1 ¼ TII

j�1JTL
j�1TLC

j�1 ¼
RLC

i�1 rLC
i�1

0 1

� �
ð49:6Þ

TII
j�1; JT

L
j�1 and TLC

j are defined in Eqs. (49.1) and (49.5).
The frame on the center of mass in part I of joint module j which is expressed in

the (i-1)th link frame is

TIC
i�1 ¼ TII

j�1JTL
j�1TL

j�1TIC
j ¼ RIC

i�1 rIC
i�1

0 1

� �
ð49:7Þ

The definitions of TII
j�1; JT

L
j�1; TL

j�1 and TIC
j are in Eqs. (49.1) and (49.5).

The links’ dynamics parameters are the basic informations for constructing the
dynamics equations. Taking (i-1)th link for example, its total mass is

mi�1 ¼ mII
j�1 þmL

j�1 þmI
j ð49:8Þ

mII
j�1; mL

j�1; and mI
j are the masses of part II of joint module (j-1), link module

(j-1) and part I of joint module j respectively.
The product of the mass of the (i-1)th link and the vector from the origin of the

(i-1)th frame to that of the center of mass is

mi�1 ri�1½ � ¼ mII
j�1 rIIC

i�1

� �
þmL

j�1 rLC
i�1

� �
þmI

j rIC
i

� �
ð49:9Þ

Taking rIC
i�1 (As defined in Eq. (49.7)) which is the vector from the origin of the

(i-1)th frame to the center of mass of the part I of joint module j for example.
If rIC

i�1
¼ r1 r2 r3½ �; ½rIC

i�1� is its 3 9 3 real screw-symmetric form belonged to
the Lie Algebra of so (49.3), as follows

rIC
i�1

h i
¼

0 �r3 r2

r3 0 �r1

�r2 r1 0

2
4

3
5 ð49:10Þ

Other three dimensional vectors expressed in the brackets are alike.
The inertia of the (i-1)th link relative to the (i-1)th frame is [12]

Ii�1 ¼ IC
i�1 �mi�1 ri�1½ �2

¼ III
j�1
�mII

j�1 rIIC
i�1

� �2 þ RLC
i�iI

L
j�1 RLC

i�1

� �T � mL
j�1 rLC

i�1

� �2
þ RIC

i�1II
j RIC

i�1

� �T � mI
j rIC

i�1

� �2 ð49:11Þ

556 W. Gao and H. Wang



IC
i�1 is the inertia relative to a frame on the (i-1)th link’s center of mass which is

parallel to the (i-1)th frame; ri�1 is the vector from the origin of the (i-1)th frame
to its center of mass. III

j�1
; IL

j�1 and II
j are the inertias relative to the frames at the

centers of mass which are parallel to the input frames of part II of joint module
(j-1), link module (j-1) and part I of joint module j, respectively. RLC

i�1 and
RIC

i�1(As defined in Eqs. (49.6) and (49.7)) stand for the orientation matrixes of the
frames on the centers of mass of link module (j-1) and part I of joint module
j relative to the frame of the (i-1)th link, respectively.

49.4.2 Dynamics Based on Lie Group

This method of automatic generation of dynamics is got from Newton–Euler for-
mula based on the Lie Group and Lie Algebra [13]. The parameters of robot’s links
have been got from the modules’ parameters in Sects. 49.3 and 49.4.1. So the link
parameters used in the recursive method for dynamics are all mean the combined
parameters.

49.4.2.1 Forward Recursion for Velocities and Accelerations

Initialization:

V0 ¼ 0; _V0 ¼ ½ 0 0 g �T ð49:12Þ

Forward recursion: for i = 1 to n, do

Vi ¼ Adf�1
i�1;i

Vi�1ð Þ þ Si _xi ð49:13Þ

_Vi ¼ Si€xi þ Adf�1
i�1;i

_Vi�1
� �

þ adAdf�1
i�1;i

Vi�1ð ÞSi _xi ð49:14Þ

• Vi ¼ ½xT
i vT

i �
T is the six-dimensional generalized velocity of the ith frame,

which is expressed in the ith frame (The following three and six dimensional
vectors are all expressed in the ith frame, except for special notes). And vi

represents the velocity of the ith frame, xi represents the angular velocity of the
ith frame. If fi ¼ f0;1f 1;2 � � � fi�1;i is used to describe the location of the ith frame

relative to the inertial reference frame, then Vi ¼ f�1
i

_fi. _Vi ¼ ½ _xT
i _vT

i �
Tis the

six-dimensional generalized acceleration of the ith frame. _vi represents accel-
eration of the ith frame; _xi represents angular acceleration of the ith frame.

• Adf�1
i�1;i

which is used to transform Vi�1 and _Vi�1 from the (i-1) frame to the ith

frame is the adjoint matrix. fi�1;i is defined in Eq. (49.2), if fi�1;i is in the form as

f�1
i�1;i ¼

R p
0 1

� �
. Then Adf�1

i�1;i
¼ R 0

p½ �R R

� �
.
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• adAdf�1
i�1;i

Vi�1ð ÞSi _xi indicates Si _x
;
is linear mapping via Lie bracket. Adf�1

i�1;i
Vi�1ð Þ and

Si _xi are elements of Lie Algebra. If Adf�1
i�1;i

Vi�1ð Þ ¼ x ¼ xT
1 vT

1

� �T
and Si _xi ¼

y ¼ xT
2 vT

2

� �T
: Then, adxy ¼ x1 � x2;x1 � v2 � x2 � v1ð Þ: The matrix

representation is adxy ¼ x1½ � 0
v1½ � x1½ �

� �
x2

v2

� �
.

49.4.2.2 Backward Recursion of Forces and Moments

The equation of motion for a rigid body by Newton–Euler method is expressed as
following

FI
i ¼

mI
i

f I
i

� �
¼ Ji

_Vi � ad�Vi
JiVið Þ ð49:15Þ

• FI
i is the general inertial force of the ith link. mI

i and f I
i are inertial moment and

inertial force respectively.

• Ji ¼ IC
i � mi ri½ �2 mi ri½ �
�mi ri½ � mi � 1

� �
2 R6�6 is a symmetric positive definite matrix.

IC
i � mi½ri�2 and mi½ri� are defined in Eqs. (49.9) and (49.11).

• If adVi ¼ x ¼ ðxT vTÞT; then ad�Vi
¼ �½x1� �½v1�

0 �½x1�

� �
is the dual operator of

adVi
.

Backward recursion: for i = n to1 do

Fi ¼ Ad�f�1
i;iþ1

Fiþ1ð Þ þ Ji
_Vi � ad�Vi

JiVið Þ ð49:16Þ

si ¼ ST
i Fi ð49:17Þ

• Fi is the total generalized force transmitted from the (i-1) link to the ith link
through joint i, the first three components are the moment vector.

• Ad�f�1
i;iþ1
¼ RT RT p½ �T

0 RT

� �
is the dual operator of Adf�1

i;iþ1
(Eq. (49.13)).

• si is the ith actuator’s torque or force.

49.5 Process of Automatic Generation for Dynamics

The process of the automatic generation of the dynamics for module robot is as
following
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(1) Giving the AIM of a modular robot’s configuration;
(2) Getting the kinemics parameters of each link which is composed by parts of

two joint modules and a link module;
(3) Getting the kinemics transformation between adjacent sub-assembles;
(4) Getting the dynamic parameters of each link;
(5) Generating dynamic equations by Lie Group and Lie Algebra formulation

based on the Newton–Euler recursive method.

49.6 Conclusions

In this paper, a method for automatic generation of dynamics for modular robot is
presented. The configuration information of a given manipulator about geometry
and DOFs is described by a AIM. The robot’s link parameters are got from the
assembled modules’ kinemics and dynamics parameters based on the assembling
information from AIM. Adjoint matrix is adopted to describe the forward mapping
of velocities and accelerations from frame of the (i-1) link to that of ith. Mean-
while taking dual adjoint matrixes to describe the backward mapping from frame of
the i to that of (i-1)th. And then a clear and elegant expression of closed-form
dynamic equation is generated based on the recursive Newton–Euler algorithm in
the form of Lie Groups and Lie Algebra. This automatic dynamics generation
method can be applied to modular robot’s configuration and motion optimization,
calibration and optimal control and so on.
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Chapter 50
A Kind of Architecture and Key
Technologies for Developing Modular
Robot

Hongxing Wei, Jingtao Lei and Tianmiao Wang

Abstract Modular robot technology is of great significance for developing service
robots and promoting its industrialization. This paper presents a kind of modular
robot architecture which is composed of the Robot Operating System (ROS), stan-
dard bus and modular functional components with standard interfaces. The robot has
advantages of openness, compatibility, separated function of hardware and software.
With this robot, the paper presents the challenges for developing modular robots and
explores the uniform software platform for developing modular robots with ROS and
integration technology. With this development, this paper presents a way for inte-
grating the functional components of software and hardware into various robots.

Keywords Modular robot�Architecture�ROS�Functional component� Integrated
development environment

50.1 Introduction

Generally, robots are classified into two categories that are industrial-type and
service-type according to their functionalities. Service robot is developed to pro-
vide different services to various consumers.
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The industrial-type robots have some characteristics such as single purpose, work
in unchanged environment. In contrast to industrial robots, service-type robots have
characteristics: multiple purposes, working in complex and different environments,
interacting with people directly, completing a variety of complex operations.

It is much more complex to develope service robot than industrial robot. Devel-
oping service robots need highly flexible design method so that service robots can be
developed quickly to meet various functional needs.

The modular design method is flexible. The most advantages is that hardware or
software modules can be reused and integrated into different robots according to
various consumers’ functional needs.

Developing modular robots has become a hot topic in recent years. The core of
robotics modularity technology is developing Robot operating system (ROS),
a software platform and functional components with standard interfaces for robots.
Under the management of ROS, a number of homogeneous or heterogeneous
components are integrated into various robots by the software platform.

First of all, the architecture of modular robot should be determined. Some
architecture of modular robot has been proposed. Literature [1] presented a layered
architecture and distributed control system. Literature [2, 3] proposed a network-
based robot controller, the modular open software architecture was adopted. The
architecture of modular robot and the design method based on configuration has
been studied [4–7]. Literature [8–12] focus on developing modular robot archi-
tecture based on robot middleware technology in Japan. The driver, sensor and
controller are considered as the basic elements of robot systems, which are defined
as functional components. A variety of modular components with standard inter-
faces are integrated to different robots by middleware. These architectures had
their advantages and researched on robot modular technology from different
perspective, such as machinery, software and so on.

The architecture of modular robot should have the versatility and universality.
Some work has been carried out by us. The architecture of service robots and
middleware technology has been studied, modular robot based on the separated
software and hardware has been developed [13, 14]. A kind of architecture with
better universality of modular robot is presented in this paper, which is composed
of the ROS, standard bus structure and modular functional components of hard-
ware and software. The concept of machinery bus and the module attribute with
standard interface are proposed.

50.2 The Architecture of Modular Robot

The architecture of modular robot should reflect the relationship among compo-
nents and its functions distribution. It should determine the information flow
relationship and logical calculation structure of one or more intelligent robotics
system. In a word, the architecture of robot should describe clearly the working
principle and its modular layer of hardware and software.

562 H. Wei et al.



It is difficult to determine a general architecture for developing modular robot.
Because structures and functions of robots are much more complex than that of
computers. And the configurations of robots are various.

It is necessary to extract common features from different configurations of
robots, and present the general architecture. Firstly, robot is a kind of automated
machine with intelligent ability similar to human or biology, such as perception,
planning, acting and collaboration. Secondly, from the point of developing mod-
ular robots, the differences of external structure of robots should not be considered
first. The common characteristics, which are basic elements of various robots,
should be considered. These basic mechanical or electrical elements should be
designed as modular functional components with standard interfaces.

In general, modular robot architecture has the advantages of openness, and
modularization and standardization of functional components so that they have
characteristics of compatibility and reusability.

According to two points above, a kind of general architecture of modular robot
with separated software and hardware was proposed as shown in Fig. 50.1. It is
composed of ROS, standard buses and modular functional components of software
and hardware, which work together to achieve basic functions of perception, acting
and thinking.

The hierarchical architecture of modular robot is as shown in Fig. 50.2. The
hierarchy model from bottom to up is composed of hardware layer, the hardware
bus interface, the device driver layer, the robot main command unit, the software
bus interface, software functional module layer, application layer and user inter-
face layer. The main command unit of modular robot is composed of the robot
control unit hardware, ROS and Integrated Development Environment (IDE).
Under IDE for developing modular robots, the physical structure, the inner
topological structure, internal control structure and data exchange routing among
functional components can be established.

ROS

Robot Main Command Hardware Unit

Soft Bus

Hard Bus

Software

“Mechanical Bus”

Mechnical 
ComponentSensing

Hardware Software

Acting

Hardware Software

Thinking

Hardware

Robot Integrated Development Environment

Fig. 50.1 The architecture frame of modular robot (I)
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The architecture of modular robot clearly describes the topology relationship
between robot’s structure and function. The robot is composed of various software
and hardware functional components which are developed with the characteristics
of functional independence. This method reflects the overall concept design of
general modular robots.

50.3 The Key Technologies for Developing Modular Robot

50.3.1 The Robot Operating System

The ROS is used to organize, control and manage effectively robot’s various
resources so as to provide convenience for high-level applications. It is more
difficult to develop ROS for modular robot than that of computer. Because
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Fig. 50.2 The hierarchical architecture of modular robot (II)
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computer only deal with specific mathematical tasks, but service robots have to
operate much more complex tasks.

50.3.2 Module Functional Component Library

50.3.2.1 Module Division and Module Granularity

The configuration and functions diversity of robot lead to the difficulty of func-
tional components division, such as, the module granularity, the relationships
among layers of modules, simplified interface between the modules and so on.

The robot should be divided into reasonable layer number according to the
complexity of robot. The more layers of the modular unit, the smaller granularity,
the more assembly interface, more assembly time and lower accuracy, and difficult
to create and manage complex, thus increasing cost. Generally, the motor, sensor
with single function are looked as independent module. And various algorithm
units, mobile robot chassis unit, the operating arm and other complex modules are
looked as modular units.

50.3.2.2 Modular Functional Component Library

Various granularity modules of mechanical and electrical consist of the functional
components library. When we integrate robots by selecting various components
from library, the attribute information of functional components should be defined
clearly to be managed in IDE.

For example, logic description of the attribute information [15] for mechanical
functional components is shown in Fig. 50.3.

50.3.3 The Integration Technology in Graphical Development
Environment

Generally, robots are designed for specific tasks, various software platforms have
been developed for different robot, and these software platforms are incompatible
with one another. It is necessary to develop general software platform for devel-
oping modular robot.

50.3.3.1 Graphical Integrated Development Environment

The graphical software platform IDE shown in Fig. 50.4 for developing modular
robot was studied. The hardware and software functional components with
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relevant functions can be integrated into various robots. The functional compo-
nents have standard interface, commonality and interchangeability. In IDE, we can
not only complete the properties definition of the functional components, then
define the connection relationship between components, but also finish automatic
modeling of kinematics and dynamics. At last, the simulation and optimization of
various robot configurations can be analyzed.

50.3.3.2 Automated Kinematics and Dynamics Modeling

The kinematics and dynamics analysis for modular robot is different from the robot
with fixed configuration. It should be generated automatically when the robot
configurations are changed.

Mechanic
al Active 

Joint
I/O signal

Mechanical input

Mechanical output

Power supply

Communication

Class

           Mechanical Passive Joint Class

Mechanical input

Mechanical output

(a) (b) 
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For simple configuration such as series or multi-branching series, the kinematics
automatic modeling is obtained by the POE formulas of screw theory according to
the Assembly Incidence Matrix. For complex configuration such as parallel or
hybrid, the finite element division method based on constraint conditions of the
kinematics-pair can be used to automatically obtain the kinematics model [16, 17].

50.3.3.3 Topological Configuration Optimization

Different configurations of robots can be integrated with joint modules, link modules
and other modular functional components. The optimal configuration that meets the
given task can be determined by configuration optimization. The automated
modeling technology of kinematics and dynamics is the basis of topological con-
figuration optimization. The optimal or sub-optimal configuration of modular robot
can be determined under the IDE.

50.4 Conclusion

A kind of general architecture for developing modular robot is presented, which is
composed of ROS, standard buses and modular functional components with
standard interfaces. The architecture has some advantages of openness, compati-
bility, separated function of hardware and software. A uniform software platform
IDE for developing modular robots is presented. The modular functional com-
ponents of software & hardware with standard interfaces are integrated into var-
ious robots according to different needs.
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Chapter 51
Metamorphic Mechanism Analysis
of a Chinese Massage Robot End-Effector

Lv-Zhong Ma, Peng Fei, Jun Zhang
and Guanghong Zhao

Abstract This paper introduces a Chinese massage robot metamorphic end-
effector composed by parallel and serial mechanism, the numbers of whose driving
elements, driven elements and kinematic pairs are variable, which can work in four
different ways of Chinese medical massage techniques. In this paper, the principles
of motions, mechanism composition, motion characteristics, metamorphic meth-
ods and configuration variable changes of four common massage techniques are
analyzed. This metamorphic end-effector has been used in a National High
Technology Research and Development Supported Program in China.

Keywords Metamorphic mechanism � Chinese massage � Robot � End-effector

51.1 Introduction

Metamorphic mechanism is a hot topic in nowadays mechanism theory study. It is
characterized by an instantaneous change in configurations, which enable it afford
variable DOF or variable number of components, so that the mechanism can
perform different tasks according to the requirements. Chinese massage consists a
whole set of complex body movements, which in general include swinging, rub-
bing, fluttering, pressing, striking and movable joint methods etc. when classified
according to the movement types of the massage techniques. When classified by
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the orientations of the massage forces of each technique, there are vertical force,
planar force, rotation force, symmetrical force resultant, counter force and flexion
extension movement joint, and so on. In actual practice, massage owns character
of variability of motion forms and force orientations, so a metamorphic mecha-
nism can be used in the massage end-effector to meet the multifunction and
movement control requirements. This paper presents a metamorphic method which
can achieve fluttering, pressing, kneading and rolling techniques in detail dis-
cussion. With only one metamorphic body the massage end-effector can meet a
variety of massage techniques requirements.

51.2 An Analysis about the Principles of Traditional
Chinese Massage

Techniques are the key to Chinese massage, and play a decisive role of the
treatment effects. Common massage techniques are shown in Fig. 51.1, from left
to right: rolling, fluttering, pressing and kneading method [1]. These are the single
basic techniques, which also include rubbing, wiping, striking and pinching
methods. Single-style manipulations are often combined in a definite way to
perform certain different duplex type techniques, which can be employed in
practical therapy.

Among them, the kneading method is a soft flexible surface massage up and
down, right and left or in rotation way. Pressing is the way using the finger, palm
or gadget to press the operated position in certain rhythm, frequently works
together with kneading method. Other methods can be found in the relevant
articles. Their kinematics characteristics can be described as Table 51.1 [2]. In the
case of rolling method, forces are both needed in X, and Z-axis direction and a
rotation around the X-axis should be there altogether. How to meet the kinematics
and dynamics requirements of manipulation is the basic starting point to design the
massage robot. Meanwhile, the speed of the robot movement and rotation should
try to be uniformed and smooth, to prevent harm to humans [3].

It can be seen, for each massage techniques, the principle of its movement can
be achieved using the corresponding reciprocating or rotary motion mechanism,
such as connecting rod, crank rocker, etc., but to achieve each of these massage
techniques with an independent body, it is difficult to work as the way that

Fig. 51.1 Common massage manipulations
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massagist acts in. It is even more difficult to meet the requirements of flexibility
because different persons like different massage intensity, frequency and ampli-
tude. Furthermore if you want one robot to possess multiple functions, its
mechanical body must include several independent kinematic chains, which will
lead the system too complex and difficult to be optimized, and its accuracy and
reliability will decline, so the difficulty of design and manufactory has increased.
Therefore, in the following paragraph we will use the idea from metamorphic
mechanism, with the advanced modern control theory integrated, by changing the
body’s movable parts, original movement and the number of movable parts, to
propose a metamorphic mechanism used in the end-effector of massage robot to
meet its multi-functional, biomimetic and kinetic requirements,

51.3 Mechanism Design of the Metamorphic Massage
End-Effector and Its Functional Analysis

According to the demands of high frequency, high stiffness, high precision, low
inertia requirements of Chinese massage techniques and considering characteris-
tics of series and parallel mechanism, a metamorphic mechanism composed of a 2-
DOF 1P1R parallel mechanical body [4] and a 4R crank rocker is chosen as
executive body to accomplish the massage action, which is shown in Fig. 51.2.

The upper platform of the parallel is fixed and there are four branched-chains con-
nected with it. Two of them are driver branched-chains P-R-R, by driving the prismatic
pair P2, P4, movement along the Z-axis and rotation around the X-axis of the under
platform can be achieved. Where prismatic pair P1, P3 located are follower branched-
chains, the role is played when the movable platform only move up and down, a
follower branched-chain can improve the parallel mechanism stiffness, and when the
two active branched-chain singly take the reciprocating motion up and down (in order to
meet the massage force strength requirements), the follower branched-chains can sat-
isfy the up and down movement, also act as the pivot of the movable platform swinging.
By driving the rotation pair R5 in the component crank, a four rotation pair buildup crank
rocker fixed on the under platform can achieve the rotation around the Z-axis of the end-
effector. This body structure are high-stiffness, the movable platform of which can
swing at large angle, whose movements are also sensitive and rapid, so that the
requirements of massage operating characteristics can be met.

Table 51.1 Kinematics and dynamics characteristics of massage manipulations

Manipulation Rolling Fluttering Pressing Kneading

DOF x y z
a � �

� �
x y z
� � �

� �
x y z
� � �

� �
x y z
� � c

� �
Force exerted FZ ;FX ;MX FZ FZ FZ ;MZ

Frequency(BPM) 120–160 400–600 100–200 120–160

Note In the number of degrees of freedom, ‘‘�’’ represent the non-desired output is a constant
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When the end-effector execute the technique of pressing, fluttering or patting
(patting is the massage manipulation swinging arm up and down, using hollow
palm area to flap at the treatment position smoothly and rhythmically, exerting
forces briefly and uniformly), all rotation pairs R1, R2,…R6, R7, R8 are motion-
restricted, so the DOF of the end-effector is 1, and the number of the components is
2. The movable platform at the lower position of the end-effector move along the
Z-axis by controlling the electric cylinders P2, P4 synchronously operating in
certain rules, to achieve the above-mentioned three manipulations. When the end-
effector act as rolling method, P2, P4 synchronously operate in opposite orienta-
tions, at this moment R1, R2, R3, R4 work in relative rotation, and the DOF of the
end-effector change to 2, number of the components change to 8. Topology and the
DOF of the end-effector both changed, so the criteria of the metamorphic mech-
anism are satisfied [5]. And in the same way when the four cranks builtup crank
rocker begins to move, with the changes of the DOF and the number of the
components, it is also a metamorphic process. Meanwhile, the robot arm above can
move the end-effector along X, Y and Z-axis, targeting the end-effector’s location.
So the massage robot can achieve the four massage techniques shown as
Table 51.1. Summary of above mentioned, this end-effector is a metamorphic
mechanism whose numbers of components and kinematic pairs are changeable and
controllable. In Sect. 51.3 we will put up a comprehensive analysis of mechanism
about its configuration changes.

51.4 Configuration Description of the Metamorphic Process

Take the transition from pressing to rolling for example, when in pressing method
function, the end-effector can simply be described as Fig. 51.3, and its configu-
ration transformation matrix is

Fig. 51.2 Mechanism
diagram of the end actuator
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A1 ¼
L1 P
1 L2

� �
; ð51:1Þ

DOF ¼ 3ðn� 1Þ �
X2

f¼1

fPf ¼ 3� ð2� 1Þ � 2 ¼ 1 ð52:2Þ

When turning to the configuration of rolling method, its mechanism diagram is
shown in Fig. 51.4.

Where R (S) is the projection of S1, R5 in the plane formed by R2, R4, P2, P4, it
is overlapped in the visual angle perpendicular to the plane when the mechanism is
in the rolling configuration. Therefore, both pairs in connection with the branched-
chains where they located can be simplified to a floating support frame, that is,
frame 7 (8) float according to comparison of massage force sensor values and the
preset value, downward while massage forces too weak, upward when the force
value is too large, and keeping still if massage force in appropriate value. And its
configuration transformation matrix is

A2 ¼

L1 R 0 0 0 P 0 0
1 L2 R 0 0 0 0 0
1 1 L3 R 0 0 R S
0 1 0 L4 R 0 0 0
1 0 0 0 L5 P 0 0
0 1 0 0 1 L6 P P
0 0 0 1 0 0 L7 0
0 0 0 0 0 0 3 L8

2
66666666664

3
77777777775

ð51:3Þ

DOF ¼ 3ðn� 1Þ �
X2

f¼1

fPf ¼ 3� ð8� 1Þ � 2� 9� 1 ¼ 2 ð51:4Þ

The metamorphic process can be described as metamorphic equation,
A2 = B A1 BT, where B and BT respectively represent metamorphic matrix and its
transpose. There are already literatures existed giving detailed analysis about them
[6], so considering the length of this paper, further discussion will not be extended
about them.

Fig. 51.3 Mechanism
diagram of the pressing
method

51 Metamorphic Mechanism Analysis 573



51.5 Conclusion

Research on the metamorphic mechanism discussed in this paper is the key part of
the National High Technology Research and Development Supported Program: the
massage robot. A practical prototype instrument has been produced, shown in
Fig. 51.5. Through the prototype performance test, the massage can achieve the
desired effect.

Two Chinese national invention patents [7, 8] are also applied for and has been
authorized with the program. In the mechanical design stage, research group
members use a variety of design methods and mechanism principles for selection
and optimization analysis of the prototype. This article carries out further analysis
from the perspective of metamorphic mechanism.
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Fig. 51.4 Mechanism
diagram of the rolling method

Fig. 51.5 The metamorphic
end-effector practical
prototype instrument
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Chapter 52
Roller Skating Analysis of a Novel
Quadruped Robot with Extendable Body

Xilun Ding and Hao Chen

Abstract This paper proposes a skating locomotion mode of a novel quadruped
robot with extendable body and passive wheels. The kinematic model and skating
principle have been analyzed according to the character of the robot’s special
structure. The gaits of straight skating and steering skating are discussed in detail.
Lastly, we make some simulations to verify the skating principle and the kinematic
analysis above.

Keywords Skater robot � Quadruped robot � Kinematics � Gait planning

52.1 Introduction

Robots with passive wheels and legs are a new type of wheel-legged robots.
Compared to active wheel-legged robots, the passive wheel-legged robot has the
advantages of good mobility and energy efficiency without attaching additional
drive, steering, brakes and other devices. The research of passive wheeled robots
began in 1990s. In 1994, Shigeo Hirose and Hiroki Takeuchi from Tokyo Institute
of Technology proposed the initial concept of skater robots with passive wheels
[1]. In 1996, they established a physical skating model for a quadruped robot under
some assumptions [2]. In 1999, Gen Endo and Shigeo Hirose successfully
developed a prototype of skater robots called Roller-Walker by installing a
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rotational ankle mechanism on the quadruped robot Titan VIII [3]. In 2000, Gen
Endo and Shigeo Hirose improved Roller-Walker which achieved straight roller-
walk, rotational roller-walk, steering roller-walk and crab roller-walk [4]. In 2008,
Gen Endo and Shigeo Hirose demonstrated that adjusting leg trajectory could
provide the Roller-Walker with similar control scheme as a usual automatic
transmission of a car [5]. In 2006, Xu Geli and Lv Tiansheng from Shanghai Jiao
Tong University succeeded in designing a biped ice-skater robot on the basis of
quadruped skater robots [6].

Body extendable quadruped robot (BEQR) is a novel wheel-legged robot with
extendable body designed by the Space Robot Laboratory of Beihang University in
2007 [7]. This paper uses this robot as a platform to research its skating loco-
motion with passive wheels. A new skating mode is proposed according to the
robot’s special structure. The gaits of straight skating and steering skating will be
discussed in details. Some simulation experiments help to verify the analysis
above.

52.2 Characteristics of the BEQR

Figure 52.1 shows the structure of the robot BEQR. The body is constituted of two
separated parts which connect each other by a pair of cross bars. One end of the bar
connects the corresponding part of body by revolute joint, and the other end of the
bar connects the opposite part of body by prismatic joint. Thanks to this mecha-
nism, the body of BEQR is capable to extend or shrink according to the angle
between the cross bars.

Four mechanical legs with the same structure are installed on both sides of the
robot’s body symmetrically. The leg is constituted of hip, thigh, knee, calf, ankle
and foot (passive wheel) from top to bottom, imitating four-legged mammals. Each
leg has four active degrees of freedom, including two in the hip, one in the knee
and one in the ankle. The foot is a freely rotating wheel which has a passive degree
of freedom. When the robot is walking, its swinging leg can be seen as serial
mechanism, while the entire body can be seen as parallel mechanism with three or
four serial chains. So overall, this robot can be regarded as a spatial series and
parallel hybrid mechanism.

52.3 Kinematic Analysis

The BEQR can move on the flat ground by a special gait called gourd step in
addition to walk. Gourd step is a figure skating technology, as shown in Fig. 52.2.
The skater always keeps her feet on the ground, and repeats opening and drawing
back the legs, adjusting the forward direction of feet at the same time. The reaction
force from the ground pushes the skater forward.
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The BEQR can skate on the flat ground by using similar action. The front and
hind pairs of legs open and draw back periodically. When the legs open, the
forward directions of wheels rotate outward, so the ground will produce reaction
forces perpendicular to the forward direction on the left and right legs. The lateral
components of the reaction forces offset each other, and the superposition of
longitudinal components push the robot forward. As shown in Fig. 52.3, P
represents the forward direction of wheels, N represents the normal direction
perpendicular to P, a represents the angle between P and yaxis of the inertial
coordinate system, L represents the distance between left and right wheels, Fn

represents the reaction force acting on the wheels.
When the legs drawback, the forward directions of left and right wheels rotate

inward. The kinematics analysis is similar to the condition when legs open, as
shown in Fig. 52.4.

The angle a is an important parameter determining the wheel’s rolling forward
direction which depends on the joint angles of the leg. We establish a coordinate
system O� XYZ fixed on the ground, another coordinate system O0 � xyz fixed on
the wheel, as shown in Fig. 52.5. The angle a satisfy

tan a ¼ x � Y
x � X ð52:1Þ

Fig. 52.1 Structure of
BEQR
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X and Y are unit vectors along corresponding axes of space coordinate system
O� XYZ, x can be found by solving the forward kinematic problem of legs. The
product of exponentials 8 of the leg is

gstðhÞ ¼ g0 � e
n̂1h1 � en̂2h2 � en̂3h3 � en̂4h4 ð52:2Þ
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Here, gstðhÞ is the transformation matrix from the wheel coordinate system
O0 � xyz to the space coordinate system O� XYZ, g0 is the transformation matrix
from the hip joint to the space coordinate system O� XYZ depending on the
position and orientation of the robot’s body, niði ¼ 1; 2; 3; 4Þ is motion twist of
each joint, hiði ¼ 1; 2; 3; 4Þ is the joint angle of each joint. Eq. (52.1) can be
expressed as

tan a ¼ i1 � gstðhÞ � iT
2

i1 � gstðhÞ � iT
1

ð52:3Þ

Here, i1 and i2 are constant vectors, i1 ¼ ½ 1 0 0 0 �; i2 ¼ ½ 0 1 0 0 �
Though the forward direction of wheel cannot be controlled directly, it’s conve-
nient to calculate the required joint angles corresponding to given angle a by using
Eq. (52.3).

52.4 Straight Skating

BEQR is able to achieve gourd step through swinging its legs as common quad-
ruped robots. Furthermore, it can also extend and shrink its body to achieve gourd
step skating because of the characteristic of its variable width. The action sequence
of which is shown in Fig. 52.6.

Assuming the wheels don’t sliding completely on the ground, we can derive the
kinematics formula of the skating process, given by

_y ¼ cot a
2 � _L

€y ¼ 4Fn sin a
M

(
ð52:4Þ

Here y represents the displacement of forward direction, L represents the dis-
tance between left and right wheels, M represents the total mass of the robot. If the
trajectories of a and L are planned in advance, then the skating velocity of the
robot can be calculated through this formula. Generally, the trajectories of a and L
are set as,

Fig. 52.6 Action sequence of straight skating
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L¼Loffset þ
L0

2
ð1� cos(2p

t

T
ÞÞ

a ¼ a0 sinð2p
t

T
Þ

Here, L0 and a0 are the amplitudes of the prismatic motion and swing motion of
the wheels, Loffset is a constant depend on the structural parameters of the robot, T
is the period of cyclic motion.

Figure 52.7 demonstrates the velocity time diagram of the robot’s skating by
extending its body. It can be seen that the velocity curve of simulation is
approximately sinusoidal, which is basically coincident with our calculation result.
There are some errors at the peaks and valleys of the sinusoidal curve, because the

0 0200 , 30 , 4 ;L mm T sα= = ° =

Fig. 52.7 Velocity of straight skating
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Fig. 52.8 Steering skating
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robot moves to singular positions at these points, the ground cannot offer enough
friction to push the robot, and the wheels slide on the ground, so that Formula
(52.4) becomes invalid.

52.5 Steering Skating

Similar with straight skating, the robot repeats changing the distances the forward
directions of its feet to achieve steering skating. When steering skating, the tra-
jectory lines of the pairs of front and hind feet are not parallel with each other,
which is the difference from straight skating, as shown in Fig. 52.8.

In Fig. 52.8, Point O represents the geometric center of the robots, dashed lines
represent the trajectory lines of feet on the ground, h is the angle between the
dashed line and the transverse direction, F1 is propellant force of the front legs, F2

is propellant force of the front legs, b is the distance between front legs and hind
legs. According the above analysis, the propellant forces of legs are perpendicular
to the corresponding trajectory lines relatively. If the trajectory lines are not
parallel, the propellant forces will not pass through the geometric center of the
robot, which produces a torque to drive the robot rotate. The rotation center Q is
the intersection of two trajectories. The turning radius R is given by

R ¼ b

2
� cot h ð52:5Þ

Since the robot can only change the width of its body, it needs to move the feet
forward and backward to achieve steering skating. The distance that the feet move
is denoted by d shown in Fig. 52.7. In order to keep the steering angle h constant,
the parameter d should satisfy

d ¼ L � tan h ð52:6Þ

Fig. 52.9 Action sequence of steering skating
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Let’s take turning right for a example. First, the robot extends its body and
moves the legs in the corresponding directions. When the width of body reaches
the largest value, it begins to shrink and move the legs in the opposite direction.
Then the robot repeats these actions until finishing turning. The action sequence of
steering skating is shown in Fig. 52.9.

A simulation result of steering skating is demonstrated in Fig. 52.10. It can be
seen that the trajectory of the robot’s geometric center goes along an approximate
arc. The radius of the arc is 2049 mm, while the theoretical radius calculated by
(52.5) is 2051 mm. the error is no more than one thousandth. The simulation result
proves our kinematic analysis of steering skating.

52.6 Conclusion

In this paper, we develop a new locomotion mode for the quadruped robot BEQR.
The robot is able to skate on flat ground by a special gait called gourd step. Unlike
other skater robots, BEQR skates by extending and shrinking the body due to its
variable structure. Through this method, BEQR has the abilities of straight skating
and steering skating on the ground. Generally, these two abilities are enough to
meet basic requirements of locomotion. Then we analyze the kinematic model of
the robot and give the kinematic formula of skating. Some simulation experiments
are taken to prove our works mentioned above.

BEQR is designed as a planetary exploring robot that can move on all terrains.
Thanks to its character of variable structure, BEQR has many kinds of locomotion
modes and it can choose appropriate modes according to different environments.
In the future research, our work will concentrate on structure optimization and
energy saving in order to make the robot move more controllably and efficiently.

0 01099mm,θ 15 , 200 , 30 , 4 ;b L mm T sFig. 52.10 Body’s trajectory
of steering skating
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Chapter 53
Performance Analysis of a Quadruped/
Biped Reconfigurable Walking Robot
with Parallel Leg Mechanism

Hongbo Wang, Xing Hu, Lingfeng Sang, Zhen Xu
and Jianjun Wang

Abstract Combining the modularization and reconfigurable ideas, a quadruped/
biped reconfigurable walking robot with parallel leg mechanism is presented.
According to design requirements, structural parameters of quadruped/biped
walking robot are determined and numeric area of them and the relationship
between them are analyzed. The requirements of walking velocity and bearing
capacity of quadruped/biped walking robot are taken as measurable indexes to
analyze the dexterousness, global minimum velocity index and bearing capacity
index, and obtain the optimum numeric area of every parameter, which lay the
theoretical foundation for manufacturing of prototype.

Keywords Reconfigurable � Parallel mechanism � Performance analysis
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53.1 Introduction

With the increasing of the number of the elderly and disabled, the robots for the
elderly and disabled have been a research hotspot for the scholars at home and
abroad [1]. Among them, the primary function of walking robot for the elderly and
disabled is to help them walk freely in complex ground conditions.

The walking robots fall into three categories: legged type, wheel type and
legged-wheel type putted forward by many scholars in recent years. The leg
mechanism is the key part of walking robot, which decides the motion perfor-
mance of walking robot [2, 3]. At present, the main forms of walking robot’s leg
mechanism are convergence-divergence mechanism [4], four bar linkage mecha-
nism, parallel mechanism (PM), parallel bar mechanism, multi-joint serial
mechanism and buffered virtual spring leg mechanism. Most of walking robots for
the elderly and disabled use serial mechanism as their leg mechanism, such as:
‘‘Hubo FX-1’’ robot [5] made by Humanoid Robot Research Center of South
Korea, Hyperion4 developed by Chiba Institute of Technology [6] and the walking
chair prototype for lower limb disabled launched by Tokyo Institute of Technology
[7]. In PM as leg mechanism study, some prototypes have been already developed.
In 1992, Para-walker series robots [8] were researched by Shigeo Hirose who is a
professor in Tokyo Institute of Technology and applied PM with six degree of
freedom (DOF) into the walking robot firstly. WL-15 [9] which was the first biped
walking robot with parallel leg mechanism in the world was developed by Waseda
University in 2001, and WL-16 [10], WL-16R [11], WL-16RII [12], WL-16RIII
[13], WL-16RIV [14] were developed later. Among them, WL-16RIV also
belongs to walking robot for the elderly and disabled. Although there is no pro-
totype of walking robot with parallel leg mechanism for the elderly and disabled in
China, the mechanism theory for biped walking robot with parallel leg mechanism
was studied by Hebei University of Technology [15]. Yanshan University has also
obtained some achievement in theoretical research about the quadruped walking
robot with parallel leg mechanism since 2007 [16].

Compared with serial mechanism, it is found that PM has greater stiffness, more
stable structure and no accumulation error; it is easy to solve inverse kinematics
and to be convenient for the online real-time calculation of the robot. The bearing
capacity is the biggest advantage of PM. Therefore, PM is the best choice for leg
mechanism of walking robot for the elderly and disabled.

Based on the above analysis, this paper presents a quadruped/biped reconfig-
urable walking robot with parallel leg mechanism for the elderly and disabled. The
3-SPU PM is selected as the basic leg mechanism. The robot can realize not only
quadruped walking, but also biped walking.

In the mechanical design process, in addition to the selection of mechanical
configuration, the synthesis of dimension parameters is also very important [17].
For the selected mechanism, the combination approaches of its mechanical
dimensions are countless in terms of theory. To judge which one is the best choice,
many scholars put forward mechanism performance index to quantize mechanical
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performance and optimize mechanism design such as robot’s dexterousness,
isotropy of Jacobian matrix, velocity, acceleration, bearing capacity, inertia force,
stiffness and precision and so on [18]. For the research of mechanism performance,
Jacobian condition is often used as measurable index, but Jacobian matrix has a
relationship with position and orientation of mechanism. In a position and orien-
tation, the corresponding Jacobian matrix is a constant matrix, which is inappro-
priate to evaluate performance of mechanism in the whole workspace. The global
performance index which is putted forward by Gossolin can solve the performance
index atlas of the robot with each kind of specific mechanical dimensions in the
whole workspace [19, 20].

Based on the robot’s walking velocity and bearing capacity, the indexes of the
dexterousness, global minimum velocity and bearing capacity for quadruped/biped
walking robot are applied in this paper to obtain the performance atlases and the
change rules between the dimension and performance index of the body mecha-
nism of quadruped walking robot in the static walking and the leg mechanism of
biped walking robot in the walking.

53.2 The Design Idea of the Robot

Based on the modularization and reconfigurable ideas, the modular structure
design is made for leg mechanism of the walking robot. The structure of four legs
for the robot is the same, and each leg is a module. The 3-SPU PM, as shown in
Fig. 53.1, is the basic leg mechanism. The configuration design of the 3-SPU PM
is described in literature [21].

Under the condition of quadruped walking, the vertical rotation joint hinged with
the moving platform is locked, and the parallel leg mechanism changes into 3-UPU
(as shown in Fig. 53.2), which has three translational DOF. Four 3-UPU PMs with
3-DOF are used as four legs. When the front foot and hind foot on both sides are
combined respectively, and the vertical rotation joint hinged with the moving plat-
form is unlocked, then a biped walking robot is formed as shown in Fig. 53.3.

S

U

P

Fig. 53.1 3-SPU PM
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53.3 The Structural Parameters of the Walking Robot

The structural dimension parameters of the walking robot include the circumradius
R; r of the upper platform and the lower platform of 3-SPU PM which is basic leg
mechanism, the layout parameters m of four 3-UPU PMs on the seat, and com-
bination parameters d1; d2 of the lower platform.

53.3.1 The Circumradius of Upper and Lower Platforms
of Basic Leg Mechanism

The basic leg mechanism of the walking robot is 3-SPU PM, whose the upper
platform and the lower platform are equilateral triangles. In this research, the
circumradius of two equilateral triangles are selected as structural parameters and
the standard size of wheelchair is used to restrain the structural dimensions of
walking robot. According to requirement of parameter design in human engi-
neering, the base of seat is designed as square with a size of 690 mm 9 690 mm.
When the layout dimension m of the upper platform is minimum value, R can
reach the maximum 199.19 mm. Similarly, rmax = 200 mm, and R� r is required.

Fig. 53.2 Quadruped robot

Fig. 53.3 Biped robot

590 H. Wang et al.



53.3.2 The Layout Parameter of the Upper Platform

Four 3-UPU PMs are arranged symmetrically around the base of the walking robot
on which the layout parameter of the upper platform is m. The robot is used for
manned, therefore, the upper structure of the robot is the same as a chair. The
layout parameter m represents the distance between the center points of the two
upper platforms which are arranged on the same side of the two leg mechanisms.
As a result, there are two limit cases, which are as shown in Fig. 53.4a,b.

By analyzing the geometric relations on the above diagram, the following
relationship can be obtained:

m � 2R;m�
ffiffiffi
3
p

R;mþ
ffiffiffi
3
p

R� 690 ð53:1Þ

53.3.3 The Combination Parameters of the Lower Platforms

Figure 53.5 shows the two limit locations when the leg mechanisms are combined:
d2 ¼ 0 and d2 ¼ 3r. In the practical process of combination, 0\d2\3r is
required. The combination diagram of the lower platform is shown in Fig. 53.6.
The distance between E2E3 and H1H2, which are two adjacent edges in triangle, is
recorded as d, In addition, d� 0 mm and E1Hj j �

ffiffiffi
3
p

r
�

2 are required.
According to the geometric relations on the Figs. 53.5 and 53.6, the following

relationship is got:

0\d2\3r; 0\d2\
ffiffiffi
3
p

d1;

ffiffiffi
3
p

2
r\d1; d1 þ

ffiffiffi
3
p

d2�
ffiffiffi
3
p

r ð53:2Þ

.

m=2R

1A1D

2A 3A

2D3D

AP

DP

3m=      R

1A

2A
3A

1B

2B 3B

AP
DP

(a) (b)Fig. 53.4 The layout limit
case of the quadruped
walking robot
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53.4 The Performance Analysis of the Quadruped Walking
Robot

This section mainly discusses the performance analysis of body mechanism in the
static walking. When the quadruped walking robot (as shown in Fig. 53.7) is static
walking at any time, the swing leg is 3-UPU PM, the standing leg is 9-UPU PM. In
literature [22], the kinematics and dynamics of standing legs and swing leg are
analyzed in details. Its structural dimension parameters include circumcircle radius
R; r of the upper and lower platforms of 3-UPU parallel leg mechanism and layout
parameters m of four 3-UPU PMs on the seat.

According to the requirements of walking velocity and bearing capacity, the
performance atlases are drawn along with the determined indexes, which are
global condition performance, global minimum velocity and bearing capacity.
Among the indexes, the global minimum force is selected as bearing capacity
index.

(1) When m = 350 mm, R = 110–170 mm, r = 40–100 mm, the performance
atlases of the mechanism are obtained as shown in Fig. 53.8a–c.

1E

2E 3E

1H

2H3H

3E

1E

2E
3H

2H

1H

(a) (b)

Fig. 53.5 The two limit locations diagram. a d2 = 0. b d2 = 3r

1E

2E 3E

1d

2d

1H

2H3H

d
H

Fig. 53.6 The combination
layout diagram of the lower
platforms
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(2) When r = 60 mm, m = 220–560 mm, R = 110–170 mm, the performance
atlases of the mechanism can be obtained as shown from Fig. 53.9a–c.

We can see from Fig. 53.8a–c: when circumcircle radius of the upper platform
become bigger and circumcircle radius of the lower platform become smaller,
three performance indexes value all become greater. This result is the same as the
analysis of 3-UPU PM.

We can see from Fig. 53.9a–c: the three performance atlases are symmetrical
about r = 350 mm. When m value is in the range of 300–400 mm and R value is
in the range of 130–150 mm, the three performance indexes can be maximum.

53.5 The Performance Analysis of the Biped Walking Robot

The structure of the biped walking robot is shown in Fig. 53.10. Its structural para-
meters include circumcircle radius R, r of 3-SPU PM, layout parameters m of the four
3-SPU PMs on the seat, the combination parameters d1, d2 of the lower platform.
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According to the requirements of walking velocity and bearing capacity, the
performance atlases are drawn along with the determined indexes, which are
global linear velocity, global minimum velocity and bearing capacity. Among the
indexes, the global minimum force is selected as bearing capacity index.

Since the robot has five structural dimensions in total, it can be composed of ten
groups of mechanisms, one of which is analyzed as follows:

When m = 350 mm, R = 145 mm, r = 60 mm, d1 = 50–80 mm, d2 = 35–
80 mm, performance atlases of the mechanism are obtained as shown in Fig. 53.11.

From Fig. 53.11a–d, the following conclusion can be obtained:

(1) Performance index of linear velocity has a better performance when d1 and d2

are relatively larger.
(2) When d2 is larger and d1 is smaller, performance index of force and bearing

capacity are better. When d2 is smaller and d1 is larger, global minimum linear
velocity is better which is opposite to the changes to performance index of
force and bearing capacity.

Taking all the factors into account, the conclusion can be drawn: when R is in
the range from 130 to 150 mm, r is in the range from 40 to 55 mm, d1 is in the
range from 50 to 60 mm, d2 is in the range from 65 to 80 mm and m = 350 mm,
the synthetic performance of the mechanism is preferable.
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Fig. 53.10 Diagram of leg
mechanism
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53.6 Conclusion

(1) According to walking environment and the required number of degrees of
freedom in walking process, quadruped/biped reconfigurable parallel leg
walking robot is proposed and 3-SPU PM is selected as basic leg mechanism.

(2) According to the mechanical model, the required structural parameters are
determined, the performance index of the body mechanism in quadruped static
walking and the leg mechanism in biped walking are analyzed. The change
rules between mechanical dimensions and performance index are studied. As a
result, the size range with a preferable synthetic performance of the mecha-
nism is obtained. These efforts lay a theoretical foundation for manufacturing
of the prototype.

Acknowledgments This work was supported by the National Natural Science Foundation of
China under Grant No. 61075099.
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Chapter 54
Intelligent Fingertip Sensing for Contact
Information Identification

Hongbin Liu, Xiaojing Song, Joao Bimbo, Kaspar Althoefer
and Lakmal Senerivatne

Abstract In this paper we propose a new iterative algorithm for effective contact
information identification, allowing a fingertip equipped with 6-axis force/torque
sensor to accurately estimate contact information, including the contact location on
the fingertip, the direction and the magnitude of the friction and normal forces, the
local torque generated at the surface. The proposed algorithm is highly compu-
tational efficient and achieves an update rate of 833 Hz. The accuracy of the
proposed algorithm has been validated experimentally. The results show that the
algorithm provides precise estimation for all the identified contact properties.

Keywords Contact information identification � Force/torque sensing � Grasping

54.1 Introduction

For many applications such as health care, robotic surgery and planetary
exploration, robotic hands or grippers are often required to interact with the
environment based on the force/tactile feedback especially when vision is occluded
or lost [1, 2]. In such case, the precise real-time identification of the contact
information between the finger and the object, such as contact locations, normal
grasping force, and friction force is essential to achieve high performance control
of grasping and manipulation [1]. In addition, the accurate estimation of contact
information is important for force/tactile based object properties exploration such
as pose estimation [3, 4], object shape recognition, surface features detection [5],
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object surface texture classification [6, 7] as well as tumour localization during
minimally invasive surgery [2, 8].

The human finger has sophisticated contact sensing mechanisms, permitting
humans to be extremely proficient in manipulating object and recognizing surface
properties based on the sense of touch alone [9]. To narrow the gap between the
contact sensing capability of human and that of robots, extensive researches have
been carried out to date [10]. One promising approach for identify the contact
information is to use force/torque sensors, since this type of sensor is relative easy to
construct and mount into the fingertip. The initial analytical solution to allow a robot
fingertip identify the locations of point contacts based on force/torque sensing was
proposed in [11, 12] and implemented in [13]. In extension to earlier works, the
‘‘intrinsic contact sensing’’ method was proposed in [14]. This method can effec-
tively identify the contact location and local torque using force/torque measurements
and is easy to implement. This method has been applied in [15] for the contact sensing
of the feet of a pipe crawling robot and achieved good performance. In [16, 17], this
method was applied to identify the surface shape properties using a soft fingertip. The
limitation of the ‘‘intrinsic contact sensing’’ method is that it is strictly constrained to
low friction contacts. An iterative method for identifying contact information was
also proposed in [14]. While this method has no restriction on the contact friction
level, the algorithm needs large number of iterations to converge.

In the view of the limitation of previous works, we propose a new iterative
algorithm for contact information identification based on 6-axis force/torque
sensing and the Levenberg–Marquardt (LM) optimization algorithm. The devel-
oped algorithm allowing a fingertip to provide rich and precise contact information,
including the contact location on the fingertip, the direction and the magnitude of
the friction and normal forces, the local torque generated at the surface. Validation
tests show that the root mean square error (RMSE) of contact location identification
is 0.266 mm, RMSE error for the estimation of normal force, friction force and the
local torque are 0.0403 N, 0.0497 N, and 0.792 N mm respectively. Moreover,
comparing to the iterative method proposed in [14], the computational efficiency of
the new algorithm is significantly increased. To identify the contact information,
the algorithm of [14] needs more than thousands iterations while the new algorithm
requires less than ten iterations. In addition, the developed algorithm requires only a
single 6-six force/torque sensor and a fingertip with known surface equation.
Therefore the proposed algorithm is easy to be implemented and has enormous
potential in robotic grasping applications.

54.2 The Design of Fingertip

To study the contact information identification, a fingertip equipped with a 6-DoFs
force/torque sensor (ATI Nano17, resolution = 0.005 N) was constructed. The
fingertip is connected to the middle phalange of the ShadowTM robotic hand as
shown in Fig. 54.1.
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The fingertip is an ellipsoidal surface with radius a = 9 mm, b = 14 mm and
c = 6 mm. Point o is the center of the ellipsoid as shown in Fig. 54.2. Assume the
coordinates of the contact point is po = [x0, y0, z0]T in the o frame, since po is on
the ellipsoid surface, it holds that:

S x0; y0; z0ð Þ ¼ x2
0

a2
þ y2

0

b2
þ z2

0

c2
¼ 1 ð54:1Þ

Let c to be the origin of the force/torque sensor, and the coordinate of the
contact location in frame c is pc = [x, y, z]T. The homogenous transformation
between popc is:

Fig. 54.1 The design of the fingertip for the intelligent contact sensing

Fig. 54.2 The force/torque
sensing diagram of the
ellipsoidal fingertip
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po

1

� �
¼ RT �RT

ococ
*� pc

1

� ��
ð54:2Þ

where oc
* is [dx dy dz]

T in the sensor’s frame, Roc is the rotation matrix,

Roc ¼
cos h �sin h 1
sin h cos h 0

0 0 0

2
4

3
5

Applying the Eq. 54.2, the relationship between po and pc is:

x0ðx; y; zÞ ¼ cos hxþ sin hy� cos hdx � sin hdy

y0ðx; y; zÞ ¼ �sin hxþ cos hyþ sin hdx � cos hdy

z0 x; y; zð Þ ¼ z� dz

8<
: ð54:3Þ

Substitute Eq. 54.3 into Eq. 54.1, the surface equation with respect to the
sensor frame S x; y; zð Þ can be obtained. As shown in Fig. 54.2, the surface equation
of the fingertip force is indicated using function S(x, y, z), F = [fx, fy, fz]

T M = [mx

my mz]
T are the measurements of the force/torque sensor. It can be assumed that

the local torque q always perpendicular to the surface [14]. Hence local torque q at
a contact location pc = [x, y, z]T can be described as krSðpcÞ.

pc � Fþ q ¼ M
S x; y; zð Þ ¼ 0

�
ð54:4Þ

It can be seen from above that the contact location and the local torque can be
described using a vector x = [x y z k]T = [pc k]T. The problem of identifying x is
equivalent to solving g(x) = 0:

g xð Þ ¼

k
oS

ox
� fyzþ fzy� mx

k
oS

oy
� fzxþ fxz� my

k
oS

oz
� fxyþ fyx� mz

Sðx y zÞ

2
66666664

3
77777775
¼ 0; ð54:5Þ

54.3 Levenberg–Marquardt Method for Solving g(x)

It is assumed that the fingertip is undeformable and there is only one contact
location. To solve g(x) = 0 the contact location pc, and k, the gradient descent
algorithm was proposed in [14]. With the gradient descent algorithm, the contact
location can be iteratively updated by using the following rule:
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xkþ1 ¼ xk � kJ xð ÞT gðxÞ; ð54:6Þ

where J(x) is Jacobian matrix of g(x). The J(x) is computed as:

J xð Þ ¼ og

ox
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The parameter k denotes the learning rate. The limitation of the gradient des-
cent method is that, to guarantee the method converge, the learning rate k has to be
set to a small value (0.01). Thus the algorithm needs large numbers of iterations to
compute. Furthermore an initial guess which is far away from the solution often
significantly slows down the converging speed of the gradient descent method.
To reduce the computational cost and increase the algorithm’s robustness to the
initial guess, we proposed the use of LM method for solving the problem. First, a
positive definite function v2 is defined as Eq. 54.7:

v2 ¼ 1
2

gðxÞT gðxÞ ð54:7Þ

Estimating parameter vector x = [x y z k]T is thus the problem of minimizing
v2. The derivative of the function v2 with respect to estimated parameters is:

ov2

ox
¼ gðxÞT ogðxÞ

ox
¼ g xð ÞT JðxÞ ð54:8Þ

Applying the LM method, parameter vector x can be iteratively estimated using
the following rule:

h ¼ � JT Jþ k diag JT J
� �	 
�1

JT gðxÞ
xkþ1 ¼ xk þ h;

ð54:9Þ

where h is the perturbed step. Large value of parameter k leads to gradient descent
update while small value of parameter k leads to Gauss–Newton update. When the
current estimate is far from its real value, then the LM updating uses large k; when
the current estimate becomes close to its real value, then the value of k is adap-
tively reduced. The condition of adaptively changing k is [18]:

vðxkÞ2 � vðxkþ1Þ2 [ e1hT ½kh� JTgðxÞ�
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If the condition holds, then k is reduced by a factor of ten; otherwise, k is increased
by a factor of ten. e1 is a small positive number and was set to 10-2. Based on the
estimation of contact location, the friction force and normal force are readily
obtained without strict requirements on the orientation of the finger relative to object
surfaces. Define Q ¼ rSðpcÞ as the normal vector of the contact location, Fig. 54.2,
the inner product of the normal vector and the friction force Ft is zero, i.e.

QT � Ft ¼ QT � F� Fnð Þ ¼ 0

Let normal force Fn ¼ aQ, the scalar a can be solved as:

a ¼ QT F

QT Q
ð54:10Þ

Thus, given a contact location pc = [x, y, z]T, the normal force are:

Fn ¼ aQ

Let h to be the angle between the normal force and the resultant force, then it
holds: cos h ¼ Fn

F . The friction force can be then computed as:

Ft ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cos h2
p

cosh
Fn

54.4 Comparison of Computation Costs

The computation costs of contact information identification of using both the
gradient descent (GD)-based algorithm and the proposed LM-based algorithm are
compared. It was found that the computational efficiency of using the LM algo-
rithm is far superior to the use of GD method. To identify the contact information,
the LM algorithm needs less than ten iterations while the GD method requires
more than thousands iterations. It was observed that when the initial guess is close
to the solution, the GD needs 4,800 iterations to converge, while LM needs only
four iterations, Fig. 54.3; when the initial guess is far from the solution, the GD
needs more than 16,000 iterations to converge, while LM needs only nine itera-
tions, Fig. 54.4. Using a standard PC (2.40 GHz Intel

�
CoreTM 2 Duo processor

and 2 GB RAM), the average computation time for GD is 245 ms (4.1 Hz), for
LM is 1.2 ms (833 Hz).
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54.5 Algorithm Validation

54.5.1 Accuracy of Contact Location Identification

Validation tests have been carried out in order to validate the accuracy of the LM
based contact sensing algorithm. For validating the accuracy of the contact loca-
tion identification, 28 locations were marked on the fingertip surface, Fig. 54.5a.
During tests, a thin rod with a semispherical tip was used to touch each marked
location ten times. The identified contact locations were compared with the
ground-truth values as shown in Fig. 54.5b. The results show that the identified
contact locations match the ground-truth location in very good agreement. The
root mean square error (RMSE) the identified contact location is 0.266 mm.

Fig. 54.3 The convergence history for gradient descent method for Levenberg–Marquardt
method with good initial guess

Fig. 54.4 The convergence history for gradient descent method for Levenberg–Marquardt
method with bad initial guess
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Fig. 54.5 The test setup for validating the accuracy of contact location identification (a), and the
validation results (b); the red dots are the identified contact locations; blue * signs indicate the
ground-truth values

Fig. 54.6 The test rig (a) for validation of estimation of the local torque, (b), the normal force
(c) and the friction force (d); the solid blue line is the estimation, the red dashed line is the
benchmark value
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54.5.2 Accuracy of Normal Force, Friction Force
and Local Torque Estimation

To validate the estimation accuracy of the estimation error for normal force,
friction force and the local torque, a test rig was set up as show in Fig. 54.6a.
Another Nano17 sensor was used as the benchmark sensor. The benchmark sensor
has a flat end-surface which is perpendicular to its z axis; a thin layer of rubber was
attached to increase the surface friction coefficient. When the benchmark sensor is
in contact with the fingertip surface, the z axis of the benchmark sensor is coin-
cident with the surface normal direction. Thus the torque measured around the
z axis of the benchmark sensor, mz, is the local torque generated at the finger
surface; force measured along z axis of the benchmark sensor, fz, is the normal
force; the resultant force of fx and fy of the benchmark sensor is the friction force.

For validating the local torque, the benchmark sensor interacted with fingertip at
different locations and applied local torques with different directions. The magni-
tude of the identified local torque was compared with the benchmark measure-
ments. It was found the RMSE error of local torque identification is 0.792 N mm.
For validating the normal and friction force, the benchmark sensor slides over the
finger surface while changing the orientation. The magnitudes of the estimated
normal and friction forces were compared with the benchmark. It was found that the
RMSE error of normal force estimation is 0.0403N, RMSE error of friction force
estimation is 0.0497 N.

The above tests demonstrate that developed algorithm is highly computational
efficient and provides precise estimation for the contact location on the fingertip,
the direction and the magnitude of the friction and normal forces, the local torque
generated at the surface. The proposed algorithm is easy to be implemented and
has broad applications for the contact sensing in the field of robotics.
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Chapter 55
Conceptual Design and Kinematic
Analysis of a Five-Fingered
Anthropomorphic Robotic Hand

Pramod Kumar Parida, B. B. Biswal
and Rabindra Narayan Mahapatra

Abstract Handling of objects with irregular shapes and that of flexible/soft
objects by ordinary robot grippers is difficult. It is required that various objects
with different shapes or sizes could be grasped and manipulated by one robot hand
mechanism for the sake of factory automation and labour saving. Dexterous
grippers will be the appropriate solution to such problems. Corresponding to such
needs, we have developed an articulated mechanical hand with five fingers and
25 degrees-of-freedom which has an improved grasp capability. Since the devel-
oped hand is possible to envelope and grasp an object mechanically, it can be used
easily and widely in the factory and for medical rehabilitation purpose. This work
presents the conceptual design and the kinematic analysis of such a hand.

Keywords Multi-fingered gripper � Anthropomorphic � Kinematics � Simulation

55.1 Introduction

Hand is one of the most complex organs of the human body from the dexterity and
kinematic point of view. Most of the studies in this area refer to the categorization
and study of six grasps: cylindrical, fingertip, hook, palmar, spherical and lateral,
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as in [1, 2]. Dexterity is the first requirement for the robot hand. The multi-fingered
robot hand acts as a multipurpose gripping device for various tasks. Some
important multi-fingered hands are Utah/MIT hand [3], DLR hand [4], Shadow
Dexterous Hand [5], Robonaut hand [6], NAIST-Hand [7] and Gifu hand [8]. Such
a hand provides a promising base for supplanting human hand in execution of
tedious, complicated and dangerous tasks, more precisely than a human hand,
especially in situations such as manufacturing, space, undersea etc. These robot
hands are helpful for the patients who are partially paralyzed due to neurological
or orthopedic damages [9]. All the hands developed by previous researchers have
limited flexibility due to less number of degrees-of-freedom (DoFs) incorporated.
In order to enhance the flexibility of the hand the present work considers the
anatomy of the human hand and considers 25 DoFs and the two DoFs in the wrist
are only considered to be fixed. The human hand consists of connected parts
composing kinematical chains so that hand motion is highly articulated. All fingers
in the model have the same essential structure. Each finger has five DoFs: one DoF
corresponding to the part of carpometacarpal articulation considered as belonging
to the respective finger, two DoFs corresponding to metacarpophalangeal articu-
lation, one DoF corresponding to proximal-interphalangeal (PIP) articulation and
one DoF corresponding to DIP. The thumb has a different structure: three DoFs
corresponding to the carpometacarpal (CMC) articulation, two DoFs correspond-
ing to metacarpophalangeal (MCP) articulation, and one DoF corresponding to the
interphalangeal (IP) articulation.

The aim of the present study is to obtain a human hand model, as natural as
possible, that is capable of realizing various tasks in 3-D environment. The motion
is studied by representing the active space as a complex surface (reach envelope).
The intersections between this active space and the global reference frame planes
represent the fingertips’ trajectories. The model correctness is appreciated by
comparing these trajectories to the real ones.

55.2 Modeling of Hand

The multi-fingered robot hand acts as a multipurpose gripping device for various
tasks. Since it is designed to substitute the human hands, most anthropomorphic
robot hands duplicate the shape and function of human hands. The size of the hand
is a significant part in the research. Multi-fingered robot hand can be directly
attached to the end of an industrial robot arm or play a role in the prosthetic
applications. The structure of the fingers of human hands is almost the same and
independent, as shown in Fig. 55.1. The finger segments in human hand give us
the inspiration to design an independently driven finger segment to construct a
whole finger. The segmental lengths of the thumb and fingers are taken propor-
tionately to HL and HB with a fixed wrist.
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55.2.1 Kinematic Model

Typically the hand mechanism is approximated to have 27 DoFs, which consists of
25 DoFs at different joints of the fingers and 02 DoFs at wrist. In the present study
the wrist is considered as a fixed origin. Hence, only 25 DoFs are considered. The
thumb is modeled with five DoFs. The index and middle fingers are modeled with
four DoFs each. The ring and little fingers are modeled with six DoFs each
considering two DOFs each at CMC joint for palm arch. The Trapeziometacarpal
(TM) joint, all five Mecapophalangeal (MCP) joints and two CMC joints are
considered with two rotational axes each for both abduction–adduction and flex-
ion–extension. The Distal-Interphalangeal (DIP) joints on the other four fingers
possess one DoF each for the flexion–extension rotational axes. Figure 55.1
illustrate the human hand model while the thumb and other fingers’ parameters are
tabulated in Tables 55.1 and 55.2 respectively.

55.2.2 Anthropometry Data and Joint Limits

The estimated measurement of the members of the hand is given in Tables 55.4
and 55.5, where HL is Hand Length and HB is Hand Breadth [10]. The joints
limits of human hand are given in Tables 55.6, 55.10 [11].

55.2.3 Locating the Finger Tip

A kinematic model is developed to calculate the fingertip position. Given the joint
angles, the fingertip position in the palm frame is calculated by the kinematic

Fig. 55.1 Kinematical
model of human hand
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Table 55.1 DH table of thumb

Link (i) Link twist angle (ai-1) Link length (ai-1) Joint distance (di) Joint angle (hi)

1T 90� L1T 0 h1T

2T -90� 0 0 h2T

3T 90� L2T 0 h3T

4T -90� 0 0 h4T

5T 0� L3T 0 h5T

eT 0� L4T 0 0

Table 55.2 DH table of index and middle fingers

Link (i) Link twist angle (ai-1) Link length (ai-1) Joint distance (di) Joint angle (hi)

1F 90� L1F 0 h1F

2F -90� 0 0 h2F

3F 0� L2F 0 h3F

4F 0� L3F 0 h4F

eF 0� L5F 0 0

Table 55.3 DH table of ring and little fingers

Link (i) Link twist angle (ai-1) Link length (ai-1) Joint Distance (di) Joint angle (hi)

1F 90� L1F 0 h1F

2F -90� 0 0 h2F

3F 90� L2F 0 h3F

4F -90� 0 0 h4F

5F 0� L3F 0 h5F

6F 0� L4F 0 h6F

eF 0� L5F 0 0

Table 55.4 Segment length for metacarpal bones

Finger Metacarpal bones Link

Thumb 0.251*HL L2T

Index
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:374 � HLð Þ2þ 0:126 � HBð Þ2

q
L2I

Middle 0.373*HL L2M

Ring
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:336 � HLð Þ2þ 0:077 � HBð Þ2

q
L2R

Little
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:295 � HLð Þ2þ 0:179 � HBð Þ2

q
L2L

Table 55.5 Segment length for phalangeals

Finger Proximal Link Middle Link Distal Link

Thumb 0.196*HL L3T – – 0.158*HL L4T

Index 0.265*HL L3I 0.143*HL L4I 0.097*HL L5I

Middle 0.277*HL L3M 0.170*HL L4M 0.108*HL L5M

Ring 0.259*HL L3R 0.165*HL L4R 0.107*HL L5R

Little 0.206*HL L3L 0.117*HL L4L 0.093*HL L5L
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model. The DH method is implemented to determine the DH parameters for all the
fingers which are tabulated in Tables 55.1 and 55.2. The middle and ring fingers are
kinematically identical to the index finger. They all have four DOFs. The coordi-
nate systems are located along each joint; a global coordinate system for hand is
located in the wrist as shown in Fig. 55.1. Assuring the transfer from a reference
frame to the next one the general expression of the matrix can be written as follows:

i�1Ti ¼

cos qi � sin qi cos ai sin qi sin ai Li cos qi

sin qi cos qi cos ai � cos qi sin ai Li sin qi

0 sin ai cos ai di

0 0 0 1

2
664

3
775 ð55:1Þ

By multiplying the corresponding transfer matrices written for every finger, the
kinematical equations describing the fingertip motion with respect to the general
coordinate system can be determined as:

Px ¼ L4 c234 þ L3 c23 þ L2 c2ð Þ c1 ð55:2Þ

Py ¼ L4 c234 þ L3 c23 þ L2 c2ð Þ s1 ð55:3Þ

Pz ¼ L4 s234 þ L3 s23 þ L2 s2 ð55:4Þ

55.3 Motion Study Through Simulation

It is now possible to develop a model using Eqs. 55.2, 55.3 and 55.4. A computer
program using these equations in MATLAB-7.1 is developed to capture the motion
of the fingers. Every joint variable range as per Table 55.3, 55.4, 55.5, 55.6, 55.7,

Table 55.6 Joint limits of thumb

Joints Rotations hi hmin hmax

TM Abduction–adduction h1T 0 p/3
Flexion–extension h2T -5p/36 7p/36

MCP Abduction–adduction h3T 0 p/3
Flexion–extension h4T -p/18 11p/36

IP Flexion–extension h5T -p/12 4p/9

Table 55.7 Joint limits of index finger

Joints Rotations hi hmin hmax

MCP Abduction–adduction h1I -p/6 p/6
Flexion–extension h2I -p/18 p/2

PIP Flexion–extension h3I 0 p/2
DIP Flexion–extension h4I 0 p/3
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Table 55.9 Joint limits for ring finger

Joints Rotations hi hmin hmax

CMC Abduction–Adduction h1R 0 p/18
Flexion–Extension h2R p/90 p/18

MCP Abduction–Adduction h3R -14p/180 p/9
Flexion–Extension h4R 0 4p/9

PIP Flexion–Extension h5R 0 5p/9
DIP Flexion–Extension h6R -p/6 p/2

Table 55.10 Joint limits for little finger

Joints Rotations hi hmin hmax

CMC Abduction–adduction h1L 0 p/12
Flexion–extension h2L p/36 p/12

MCP Abduction–adduction h3L -19p/180 11p/60
Flexion–extension h4L 0 4p/9

PIP Flexion–extension h5L 0 5p/9
DIP Flexion–extension h6L -p/6 p/2

Table 55.8 Joint limits for middle finger

Joints Rotations hi hmin hmax

MCP Abduction–adduction h1M -2p/45 7p/36
Flexion–extension h2M 0 4p/9

PIP Flexion–extension h3M 0 5p/9
DIP Flexion–extension h4M -p/18 p/2
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55.8 is divided to an appropriate number of intervals in order to have enough
fingertips positions to give confident images about the spatial trajectories of these
points. By connecting these positions and the complex surface bordering the active
hand model workspace is obtained. The complex surface could be used to verify
the model correctness from the motion point of view, and to plan the hand motion
by avoiding the collisions between its active workspace and obstacles in the
neighborhood.
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55.4 Results

Using the Eqs. 55.2, 55.3 and 55.4 along with the parametric data of human fingers
presented in Tables 55.1, 55.2, 55.3, 55.4, 55.5, 55.6, 55.7, 55.8 the complex
surface described by each finger tip is generated. In all the cases each angular
range is divided into equal divisions. The simulation is realized using MATLAB.
The profile of the independent finger tips are generated spatially. However, for the
purpose of understanding and simplicity, these are presented in X–Y, X–Z and Y–
Z planes in Figs. 55.2, 55.3 and 55.4 respectively. The area profiles of the thumb,
index middle, ring and little finger tips in the 3D plane are presented in Fig. 55.5
respectively.
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55.5 Conclusion

The present work aims at developing a kinematic model of a five-fingered dex-
terous robotic hand with 25 degrees-of-freedom which may find its potential
applications in industries and other work places for manipulation of irregular and
that of soft objects. The conceptual design has been done keeping human hand’s
anatomy in mind so that it has the flexibility close to the human hand and the
kinematic behaviour is similar to that of the human hand. The model considers five
fingers that are essential for grasping and manipulating objects securely. The
joints, links and other kinematic parameters are chosen in such a way that they
represent those of a human hand. The simulation result is very encouraging for the
prototype development of the hand. The kinematic simulation is carried out to
estimate the work volume and assess kinematic constraints of the conceptualized
hand. It is expected that the proposed hand can be used for orthopaedic rehabili-
tation of human hand.
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Chapter 56
Dynamic Analysis of Cable-Driven
Humanoid Arm Based on Lagrange’s
Equation

Jianhua Wang, Xiang Cui, Weihai Chen and Yan Jin

Abstract Human beings have flexible arms and legs that can ensure them conduct
various challenging operations to work out daily requirements. Therefore,
Humanoid mechanism design become hot research areas recently. To mimic the
skeleton structure and driving scheme of a human arm, a 7-DOF cable-driven
mechanism is determined to develop. Cable-driven mechanism allows actuators
don’t have to be placed on joints that makes it possesses several advantages such
as low weight, high dexterity, and large reachable workspace compared with
traditional configurations. The forward and inverse displacement analysis issues
are conducted. In this paper, dynamic analysis of the cable-driven humanoid arm
(CDHA) is conducted based on Lagrange’s method. The dynamic model is
established by making use of twist-product-of-exponential formula and the cable
tension distribution analysis is also addressed. At last, both the dynamic model and
the algorithm are validated through several simulations in MATLAB.
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56.1 Introduction

The researches of humanoid robots become popular because of the clear superi-
ority of biological characters: dexterity, high stiffness and fault-tolerance. They
start playing a good role in manufacturing, rehabilitation, military affairs, enter-
tainments, and so on. MIT Artificial Intelligence Laboratory developed a cable-
driven humanoid hand for the famous humanoid robot named Cog [1]. Harbin
engineering university constructed a cable-driven parallel rehabilitation manipu-
lator for pelvis recovery [2]. Although kinematic analysis had been theoretically
studied, there was little dynamic modeling research being carried out for these
cable-driven mechanisms. However, a precise dynamic model is crucial to pre-
cision control for cable-driven mechanism.

Based on the skeleton structure of the human arm, an S-R-S serial configuration
is worked out [3]. Human muscle is mimicked by the scheme of cable-driven since
the driving cables are functionally similar to muscle fiber. The CDHA possesses
seven degrees of freedom, which is the minimum number of DOF with capacity of
fault tolerance. Using two paralell cable-driven mechanism to control spherical
joints and the whole becomes a hybrid serial-parallel manipulator with three
decoupled modules, as shown in Fig. 56.1. Kinematic analysis had been done by
Weihai Chen et al. [4] already based on local POE formulas.

A robot is usually a multi-body system, and the corresponding dynamic analysis
is often with regard to a complex system. Currently, there exist several dynamic
modeling methods, e.g., the Newton-Euler law [5, 6], Lagrange’s approach [7, 8],
Kane’s method [9] and some [10, 11]. However, the difficulty of use of the various
methods differs. Lagrange’s equation method provides a method for holonomic
system with disregarding all interactive and constraint forces that do not do work.
The need to differentiate scalar energy functions usually makes it complex com-
putationally. This is not much of a problem for small multi-body systems and this
method may be a good choice. Kane’s method is initially proposed by Kane [12] at
Stanford University and is improved to a computer-oriented multi-body modeling
method. Actually, Lagrange’s equation is a special case of Kane’s equation to a
holonomic system. Taking into consideration the CDHA’s structure, Lagrange’s
method is adopted for efficiency.

The objective of this paper is to build up a dynamic model of the CDHA. To this
end, two main steps are needed, i.e., the dynamic modeling of equivalent serial
structure and the cable tension redistribution analysis. Because of the negligible
quantity of the cables’ energy, a serial equivalent model without cables can be built
to simply the CDHA’s dynamic model. Therefore, the dynamic modeling work is
lightened and become friendly to computing process. Then the tension of cables can
be calculated based on tension distribution algorithm. The cables’ tension solution is
redundant and some valuation indices are set up on account of its characters.

The organization of the paper is as follows: Sect. 56.2 outlines the physical
structure of CDHA and gives an entire description of this kind of manipulator.
Section 56.3 presents the dynamic model of CDHA with Lagrange’s method.
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The torques of revolute joints are worked out and the cable tension analysis is then
conducted. General solution space of tensions including both special solutions and
null-space solutions are obtained. Then simulation validations are conducted in
Sect. 56.4. Finally, Sect. 56.5 summarizes the paper.

56.2 Sketch of CDHA

The prototype of CDHA is shown in Fig. 56.2.
The physical structure is composed of the base and the CDHA. The base is a fixed

part and all motors and control system are assembled there. The configuration of
CDHA can be simplified as a equivalent S-R-S configuration consisting of a 3-DOF
shoulder assembly, a 1-DOF elbow assembly, and a 3-DOF wrist assembly. The
shoulder and the wrist contain a similar parallel structure of four-cable-driven
spherical joint and every cable is driven by a motor for redundant control. The elbow
module is a two-cable-driven revolute joint and the two cables are driven by a single
winch with cables twining around it in opposite directions. For the introduction of
brake cables, the upper 3 modules are fully decoupled. In all, the whole is a cable-
driven hybrid serial-parallel manipulator with three decoupled modules.

The control system of the prototype includes the following components: encoders
that feedback angles of the rotational joints, a cable tension testing system, driving
mechanisms of motors, and the motion control system consisting of PMAC multi-
axis control card and a computer. All these are placed on the base except encoders.

56.3 Dynamic Modeling of CDHA

For simplification, some assumptions are listed. The inertia of cables is negligible
so that dynamic modeling can firstly be operated without the effect of cables. Then
CDHA’s dynamic model comes down to the model of a 7-R serial configuration
with seven links. Futher on, for the inertia of link 1, 2, 5, 6 are far less than link 3,
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4, 7, so the former are regarded as zero. Consequently, the dynamic model is
specified to an equivalent S-R-S model composed of link 3, 4, 7. The dynamic
analysis includes two parts as: (1) The dynamic modeling of 7-R serial configu-
ration; (2) The cable tension analysis of the decoupled modules.

56.3.1 Dynamic Modeling of Serial Configuration

Lagrange’s method [13] is an efficient method to robot systems, which gives a
visualized symbolic expression of dynamic model, as shown in (56.1):

MðqÞ€qþ Cðq; _qÞ _qþGðq; _qÞ ¼ s ð56:1Þ

where q ¼ ½q1; q2; . . .; q7�T denotes the generalized coordinate, n ¼ ½n1; n2; . . .; n7�T
denotes the corresponding forces or torques, M denotes the inertia matrix, C denotes
Coriolis matrix, and G includes the gravity and other forces acting on the joints. With
the use of screw theory, the coefficient matrixes can be acquired in a simplified form
for ease of computation [14, 15].

The kinematic variables are acquired by inverse kinematic analysis [4]. Firstly,
for the 7-R serial configuration, a linear trajectory of end-effector is planned and a
serial of pose are obtained by means of interpolation algorithm [17]. Then we can
get the values of q, velocities _q and accelerations €q of joints from inverse
kinematics.

There is no need to compute the body Jacobin of link 1, 2, 5, 6 and it is assumed
that Jb

i ðqÞ ¼ 06�7 when i ¼ 1; 2; 5; 6: Then bodies Jacobins of link i are obtained as:

Jb
i ðqÞ ¼ nþ1 � � � nþi 0 0 0 0

� �
; ð56:2Þ

where the columns are: nþj ¼ Ad�1
ðen̂jqj ���en̂iqi Tið0ÞÞ

nj ðj ¼ 1; . . .; iÞ:

Fig. 56.2 The prototype of
CDHA. (It consists two main
parts: the physical structure
and control system. The axes
of revolute joints are along
with directions of the red
lines and the blue lines stand
for cables.)
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Using the notation of adjoint transformation symbol A [15, 16], the body
Jacobin can be expressed in an explicit form [14]. Assuming Bl;B0l as the inertia of
the lth link relative to body and base frame, TlðqÞ is the pose matrix, the inertia
matrix and Coriolis matrix are obtained:

B0l ¼ AdTðT�1
l ð0ÞÞ � Bl � AdðT�1

l ð0ÞÞ; ð56:3Þ

MijðqÞ ¼
X7

l¼maxði;jÞ
ðAliniÞT Bl

0Aljnj ð56:4Þ

Cijðq; _qÞ ¼ 1
2

X7

k¼1

ðRði; j; kÞ þ Rði; k; jÞ � Rðk; j; iÞÞ _qk ð56:5Þ

where Rði; j; kÞ is the differential oMijðqÞ=oqk:

Rði; j; kÞ ¼
X7

l¼maxði;jÞ
½Ak�1;ini; nk�TAlk

T Bl
0Aljnj þ

X7

l¼maxði;jÞ
nT

i Ali
T Bl

0Alk½Ak�1;jnj; nk�

ð56:6Þ

Taking no account of other conservative forces such as frictional forces, G is
computed based on geopotential. The displacement component of gravity direction
hiðqÞ is derived from instantaneous kinematics. The Y-axis of global coordinate
system is parallel with the vertical direction. hiðqÞ can be then derived from TiðqÞ
based on the structure of transformation matrix. Assuming two vectors E1 ¼
½0; 1; 0; 0� and E2 ¼ ½0; 0; 0; 1�, then the potential energy is obtained as:

PðqÞ ¼
X3;4;7

i

migE1 � TiðqÞ � E2 ð56:7Þ

Then the expression of GðqÞ can be solved as follows:

GðqÞ ¼ oPðqÞ
oq1

oPðqÞ
oq2

� � � oPðqÞ
oq7

h iT
ð56:8Þ

To sum up,the equivalent torques acting on revolute joints can be solved as:

s ¼ s1 s2 � � � s7½ � ð56:9Þ

56.3.2 Cable Tension Analysis

Cables tensions are computed based on torques of the dynamic model. The three
modules, i.e., shoulder module, elbow module and wrist module are decoupled.
The shoulder and wrist module is alike, which is a structure of spherical joint
driven by four cables. For the similarity, shoulder module is taken for example of
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analysis. The elbow module possesses an explicit revolute joint driven by two
cables.

56.3.2.1 Shoulder Module Analysis

The physical structure of shoulder module is shown in Fig. 56.3. The matrix of

distances between rotation center and the upper cables’ joints is SP ¼

SP1
��!

SP2
��!

SP3
��!

SP4
��!h i

: The tensions unit direction matrix, i.e., the direction

matrix of cables ½ l1 l2 l3 l4 � is given as li ¼ PiBi
��!

=li; where li represent the
length of cable marked i. It can be solved by kinematic analysis. Then the Jacobin
matrix can be expressed as:

Js ¼ SP1
��!� l1 SP2

��!� l2 SP3
��!� l3 SP4

��!� l4

h i
ð56:10Þ

Based on Kinetostatic the equilibrium analysis, an equation is built as:

Js � F� S0 ¼ 0; ð56:11Þ

where F ¼ ½F1 F2 F3 F4 �T denotes the cable tension and S0 denotes torques
solved by dynamic model in the global coordinate system.

Assuming a wrench S ¼ ½ 0 0 0 s2 s3 s1 �T , then compute it in global
coordinate system with adjoint transformation. If the adjoint matrix is AdðT3Þ; S0 is
gotten as:

S0 ¼ AdTðT3Þ
� ��1

S ð56:12Þ

Without loss of generality, the cable tension vector can be solved as:

F ¼ Js
þS0 þ ðI� Js

þJsÞf ðf 2 R4�1Þ; ð56:13Þ
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equilibrium of shoulder
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where Js
þ is Moore-Pennose pseudoinverse of Js; and f is a free vector.

56.3.2.2 Elbow Module Analysis

The physical structure of the elbow module is shown in Fig. 56.4.
If the setting minimum of tension is Fm and when F6 is equal to the value, the

solution of elbow module can be expressed as followings:

F6 ¼ Fm

F5 ¼ s4=Rþ Fm

(
ð56:14Þ

56.4 Numerical Simulations

In this section, computer simulation is carried out on the CDHA by means of
MATLAB. It is to demonstrate the validity and reasonability of the dynamic
analysis. The mass values and inertial tensor matrixes of links 3, 4 and 7 are
obtained by means of ADAMS, as shown in Table 56.1 as:

Then the inertia matrix can be constructed:Bi ¼
miI3 0

0 =i

� �
ði ¼ 3; 4; 7Þ.

To conduct this simulation, three procedures are employed.

1. A linear trajectory of end-effector from point [-59.29, -389.95, 219.84] to
point [-144.27, -361.25, 414.62] is programmed using trapezoidal speed-time
planning as shown in Fig. 56.5 with a rate of 60 mm/sec and an acceleration of
40 mm/sec2. Kinematic parameters are obtained by inverse kinematics [17].
The values, velocities and accelerations of the revolute joints are also shown in
Fig. 56.5.

2. Dynamic modeling of the serial configuration of CDHA is conducted based on
Lagrange’s method. With use of screw theory, the torques of the seven revolute
joints is computed. Here we take no account of external load.

3. Cable tension analysis of the three decoupled modules is performed by means
of tension distribution algorithm. The minimum of cable tension is set as 5N,

5F

6F

R

4τ

Fig. 56.4 Kinetomatic
equilibrium of elbow module.
(The driven radius is R and
F5;F6 must be balanced with
s4 of the dynamic model.)
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which is decided by the choice of free vector f. The tensions curves of the three
decoupled model are shown in Fig. 56.6.

According to the simulation above, the dynamic modeling of CDHA is proper
and the curves of cable tension is smooth enough. The range of tensions is within

Table 56.1 Mass and inertia

Body Mass (Kg) Inertial tensor (Kg mm)

Link 3 0.959 10581:75 0 0
0 10357:98 0
0 0 4891:39

2
4

3
5

Link 4 0.472 2802:28 0 0
0 1556:47 0
0 0 1358:71

2
4

3
5

Link 7 0.685 1637:14 0 0
0 1306:15 0
0 0 1227:75
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acceptable limit, which is suitable for manipulator’s property and cable’s stress
limit.

56.5 Conclusion

For this special structure of CDHA, there are two main steps in order to conduct
the dynamic analysis. Firstly, the CDHA is evolved to a serial configuration
through an equivalent transformation based on its dynamics characteristics. Then,
the cable tension analysis is conducted. The dynamic model based on Lagrange’s
method is built by means of screw theory. Compared with the other methods, this
way is more efficient and the result of the derivation is a second-order vector
differential equation which is friendly to design controllers. With regard to the
redundant cable-driven mechanism, an algorithm for cable tension redistribution is
developed. The following simulation is illustrated to verify the paper’s train of
thought, which lays down a good theory foundation for further research on
effective control and performance improvement of the CDHA. What’s more, this
type of cable-driven manipulator is not a fixed configuration and free combination
of the two kinds of cable-driven module,i.e., shoulder module and elbow module,
can be used for cable-driven reconfigurable modular robot.
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Chapter 57
Reconfiguration of System for Waste
Collection with Robotics Methodologies

Alberto Rovetta

Abstract The collection of waste can be improved by adopting new methods of
monitoring and new strategies for economic and efficient service. Over the past
200 years there have been no particular developments. Today you can reconfigure
the systems for collecting, with the methods of robotic autonomous systems.
It uses sensors to monitor the containers. Wireless communications and Internet
are adopted to control the collection process. Statistical evaluations are performed
to optimize the costs. Green waste Project strongly has reconfigured the process of
waste collecting, with technical advantages and economic improvements.

Keywords Reconfigurable waste collection �Management of the waste collection
system

57.1 Introduction

For thousands of years, the waste material is thrown out and considered as a mass
to be deleted. Over the centuries, the collection of waste has always been open
loop. It occurred in practice without the knowledge of the amount of waste and the
possibility of recovering the material, rather than destroy it [1–12].

If the collection method is reconfigured, a more economical and rational result
may be obtained.
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Greenwaste Project was founded in 2004 with the Project Cleanwings between
Italy and China with the support of the Ministries of Environment. Wastenergy
Project continued, from 2008 to 2009, and led to a presentation in EXPO 2010
in Shanghai. BURBA Project is on development now in Europe and China.
Greenwaste Program has revolutionized the way people think and carry out the
collection of waste. Greenwaste has high level of knowledge and quality of action.
Methodologies of robotics were used, transferred with the reconfiguration in
the processes of waste collection, which today are, above all, manuals. Now they
are highly developing with autonomous robotics and innovative automation
methodologies.

57.2 Features Needed for the Reconfiguration

The robotic science also applies to the collection of waste, to have a better quality
of life, for cleaning and material recovery. The materials can be recycled cost-
effectively if the collection is done in a rational manner and without defects. The
reconfiguration of systems of waste collection is modeled on the principles of
robotics applied to autonomous systems.

The main concepts are:

1. sensorization of individual containers in any number they are
2. transmission of data from a single container to a central data collection. The

center manages the selection process of collection and transmits control com-
mands to the collection trucks

3. intelligent management of all the behaviors of the container. Timing and costs
of collection are optimized and the layout of the container on the land is
reconfigured.

The reconfiguration process changes the structure of knowledge on the behavior
of the container. The containers are filled with the passage of time for action of
users and are emptied with a certain periodicity. The first reconfiguration concept
is the rationality in a different way of collection. Instead of having a permanently
programmed collection, the collection shall be implemented according to the
weight of material in the container. The logic is to act on containers and trucks
only when the collection is necessary.

The reasons are many and varied: excess material escaping from the container,
fermentation of organic materials, and sewage smells. Greenwaste eliminates the dis-
turbing vision for the citizens of the spill and loss of material around the container with
worsening environmental conditions.

The reconfiguration requires the use of robotic methods. The first step concerns
the reconfiguration of sensorization of containers.
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57.3 Sensorization

Sensorization is performed with different systems.
The container of Fig. 57.1 is equipped with a camera inside, which controls the

posted material. The camera transmits images to an on-board processor that pro-
cesses them. A sensor measures the weight collected in the container. It transmits
it via GPRS or ZigBee to a collection center. The data is transmitted to the Control
Center for the collection.

The reconfiguration makes the selection of active systems and their self-emptying.
The ancient collection operated daily or periodically, whatever the condition of
the container, without any verification of real costs. With the reconfiguration we
are switching from an uncertain situation to a situation known and under control.

Another sensor measures the humidity and transmits the data. According to the
value of the moisture, you can predict the decay of organic material collected in
the bin. It is possible to reconfigure the order of collection; it becomes urgent for
reasons of hygiene.

A sensor measures the temperature inside the container. It manages the tem-
perature signals to inform the control center if cases under abnormal temperature
occur in service. In addition, the temperature and humidity together enable to
know what kind of putrefaction could take place, and thus can trigger the order of
collection and discharge, immediately, without waiting for long periods.

Figure 57.2 represents the bin fully equipped with intelligent sensors and
control units. The box is an intelligent actor of the system. The control box
contains a microprocessor, a battery power supply, a memory unit, and sensors of
weight and volume, a small camera that looks inside the box, a temperature sensor,
a humidity sensor.

Fig. 57.1 First ‘‘intelligent’’
bin
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All data collected substantially reconfigure the relationship between collection
units and the environment. The information on environment are numerous and
significant. The reconfiguration has raised the level of communication between the
environment and the waste collection. In the near future Greenwaste will also
propose the measurement of all parameters for measuring air quality and traffic
circulation through the surveys that the electronic box can do. Reconfiguration will
be a landmark, because the control box will become a fundamental part of urban
environment, in every case free and documentable.

The reconfiguration of the electronic box is a decisive action to achieve the
objectives of the Project Greenwaste. The main term is the human action, i.e. the
operator must move the ecological box, place it, empty it, make sure it is empty,
replace it and move to a new location.

The Fig. 57.3 shows the operator in action, and with difficulty moving the bin to
place it. Greenwaste reconfigured human action, which has become the control, and
not just manual operation. The operator now moves out of the means of transport,
placing the box in only the first phase of installation, and emptying bins according
to the data set, watching the computer data, transmitted via Internet. It can use all

Fig. 57.2 Position of sensors

Fig. 57.3 Manual waste
collection
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highly automated systems and improve performance. It can use mobile phones too.
The reconfiguration is needed for the operational project Greenwaste.

Figure 57.3 shows a bin ‘‘intelligent’’ in the first reconfiguration. It contains
basically the weight sensor, which measures the weight of the bin to detect when it
becomes filled and to be emptied. The design is innovative. The reconfiguration
requires a technical adding that changes the nature of the electronic box. The electronic
box is reconfigured and become an active element of the system. The reconfiguration
of the container becomes an active element in the system Greenwaste.

The sensorization is the basis for the entire system to be reconfigured. It is
possible to add other sensors; and to connect multiple containers side by side. For
big cities like Beijing, a statistical analysis to 20 million users can support to
schedule the waste collection. It is possible to apply the same methodology for
similar territories.

57.4 Transmission of Data

Data can be collected by hand, as is used by many cities, Municipalities, users. The
manual collection can be sent to the Technical Department of the Municipality.

The changes in the container and in the collection are related to the results of
data processing, in statistical form, with multivariate analysis.

Management via Internet allows real-time results. The reconfiguration of the
transmission is also in relation to changes in techniques and technology of today.
Today, the GPRS transmission has taken a very low cost and always decreasing
with the passage of time.

Now reconfiguration suggested leaving the solution of ZigBee for many rea-
sons. They are the inability to act on significant distances; passivity in the face of
great obstacles and/or of dense material, like concrete; relatively high cost of
boards and systems development.

GPRS is the right choice now with both 2G and 3G. Each provider of com-
munication has its own characteristics and Greenwaste must adapt to these.

The control board (Fig. 57.4), in the 2011 version, contains a GPRS module for
data transmission. The economic cost of ZigBee modules and new capabilities of
GPRS networks have created the system with GPRS. The reconfiguration has not

Fig. 57.4 Board
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been painless. We had to redesign the firmware, repeat the software, re-creating a
control board efficient and totally reliable. The advantage of the reconfiguration was
also linked to the flexibility of the board, which was designed for each implemen-
tation. It will also serve to detect different types of sensory signals. Modules can also
be interfaced with special features, simply making the appropriate interface.

The star scheme (Fig. 57.5) is an effect of the reconfiguration of the system.
Whether Greenwaste work is in ‘‘islands’’, or the bins are arranged ‘‘in line’’, it is
possible to establish a hierarchy in the collection. It relies on the management of a
local collection of data. The complexity grows: interface modules must be created
and an efficient network without any weakness must be built. Until now, the
vastness of the project has preferred to focus on broadcasting one-to-one, with a
single link for each bin. Greenwaste is ready to flexible reconfiguration for a more
economical action with the same efficiency, if it will be possible in many cases.

The map drawing (Fig. 57.6) is the actual description of a working situation,
which is now developed by the project Greenwaste. Generally it is agreed to divide
an area into Zones, easier to control. The zones are represented with a map, with
the representation of streets, squares, houses, and the provision of bins represented
by an icon. A large monitor for controlling the situation is used.

Computer monitors, mobile phones, tablets for local and remote control are
used. Handhelds connected to Internet to deliver dynamics in the area present a
great efficiency (Fig. 57.7).

Managers of the collection process are always connected to each other
(Fig. 57.8) and work via Internet and satellite networks. The costs today are very

Fig. 57.5 Star connection
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limited. Networks are used for data transmission. Generally special discounts from
companies that provide services networks are offered.

Fig. 57.6 Mapping and
zones

Fig. 57.7 Internet use

Fig. 57.8 ITC results
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57.5 Data Management

The Greenwaste Project uses a server that collects and manages all data in a single
center. The user is always connected to the server, and requires the necessary
data. The data are transmitted in an archive, in other words a file that contains the
codes, the values of the weight, volume, battery level, the energy level of the cell
where the container is placed, the date by day, hour, minute, second of every launch
GPRS. The program shows the flags that indicate the status transitions. Each user
may use its graphical interface. The results are always excellent. The reconfiguration
provides a snapshot image of the collection container and the results of the collection.

The savings in the path length is the logical first step for the total achieved savings,
step by step, from the use of waste collection, suggested by Greenwaste Project.

57.6 The Reconfiguration

Reconfiguration is also the transformation of the way of thinking regarding the
collection of waste. The waste is often recycled. The recycled waste assumes a
second life, a second economic value. Economic values are very high. Greenwaste
changes the way you approach. The ‘‘thing’’, placed in the waste, will always
retain its value.

From this point of view, waste collection is reconfigured as ‘‘the collection of
values.’’ Waste recovery is a satisfying result, without going beyond the very
nature of things (Fig. 57.9).

A second important point of reconfiguration is the educational aspect. The
Engineering provides technical values, and takes values even more complete if it
considers the most important aspects of life. The education of a child shall include
knowledge of and respect for the end use of things. Must be maintained respect for
their value, even after use. Waste collection will be appreciated as a way to make
more active the economic balance daily, between use, consumption and expenditure.

The collection of waste with Greenwaste offers savings with very high eco-
nomic values. The citizen has the highest respect for his city and its environment,
as the farmer and the mountain have for their land. This reconfiguration is a strong
spring for cultural progress, even in the collection of waste (Fig. 57.10).

57.6.1 Reconfiguration with the Methods of Robotics

A subsequent reconfiguration is born from the need to have a local application on a
real reality. It has been applied with the weight sensor in Beijing, Chaoyang
district. This data is sent over the Internet to a central control: the collection of
waste has been transformed completely (Fig. 57.11).
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57.6.2 Sensors

The weight sensor is formed, as PIC, with a strain gauge sensor, suitable for the
measurement of bending. The arrangement of the sensors and the choice is
influenced by the type of container and the system design, in accordance with the
designer of the manufacturer. The project selected four sensors arranged at the
vertices of a square. A second version has a single sensor, for very high loads.

There is a reconfiguration to make the system as small as possible. It saves the
volumes, weights, costs of assembly and transport costs of the system.

The volume sensor indicates whether the bin is full or empty. It measures visually if
the full line is blocked or free. The combination of measures of weight and volume
increases significantly the effectiveness and safety of the measurement. The reconfig-
uration of the plot of the data allows a very accurate and valid diagnostic, in front of each
type of material that is thrown in the trash. The density is a very significant parameter.

57.6.3 Application of Greenwaste in Beijing, 2011–2012

The provision of bins in Beijing as needed represents an enormous effort of recon-
figuration. In Fig. 57.12, the final island of the three bins. The reconfiguration is the
first mechanical structure. There are three metal structures, high, to protect the
containers, anchored to the floor. One block is used to prevent removal or tampering.
Container can be any type, provided its size enabling it to enter structure. Then the
system is suitable for each container and becomes versatile. This feature is measuring

Fig. 57.9 Flow chart
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weight, with all the electronic processing and transmission. The reconfiguration is
also in the economic relationship with the bin. Greenwaste system takes the existing
containers. It does not require them any change. This absence of changes in the bins is
a great economic richness of the new system Greenwaste.

57.6.4 Reconfiguration for Expo 2010 Shanghai

The bins in EXPO 2010 (Fig. 57.13) have shown the sign of the validity of the
reconfiguration of the waste collection. 31 bins were taken to EXPO in collabo-
ration with the company Aoto, producer, and were adopted. Security requirements
have limited the duration outside. The waste collection system with remote
transmission, with solar energy, has been the symbol of a project devoted to the
opportunities of this technology. The presentation was made at the level of the
European Union. The presentation in China on October 20th, 2010 in Environment
Forum in Shanghai, expressed the great potential of the reconfiguration of the bins.
The beauty and elegance of the shapes of the two containers, side by side, joined
the innovation freshness with powerful technology.

Fig. 57.10 Team work with
‘‘white collars’’
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57.7 Software

The software of Greenwaste has many different aspects (Figs. 57.14, 57.15).
The technical aspect meticulously describes all data, at any time and performs

an analysis as radiographic of the reliable system.
The user manual is accompanied by suitable use. The reconfiguration is to add

intelligent working knowledge of the system. It seems a small step, but it is

Fig. 57.11 Path selection

Fig. 57.12 PIC, Beijing
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revolutionary. It eliminates the printed paper to be delivered to the operator and
submit the data on his mobile phone. The software is the interpreter of data.
The details of the software are presented in the ‘‘User Manual of Greenwaste’’.
The diagnostic is complete. The mapping is inside Greenwaste. The software also
includes the calculation of time and space for the location of waste collection.

It was also set up a software that manages the economic point of view for the
collection. It foreshadows the optimal choice of the points in which place the bins.

57.8 Design

Reconfiguration is the best design to make use of the new form of containers, the most
acceptable on different territories. It is possible to modify the materials: steel, plastic,
fiberglass, aluminum, and composite systems. Results are beautiful, high-impact
projects, as was the case for EXPO 2010 in Shanghai. The pair of cylindrical
containers entered the history of the perfect collection of waste.

Systems have made PIC square, cylindrical, cubic, a simple under posed box,
with cameras and multi sensors complex.

The reconfiguration has also invested heavily in the interface design of the Project
Greenwaste. The main need is to be clear, transparent, and easy to understand.
Greenwaste has to be intelligible even by persons of the highest culture and minimal
culture. The clear, colorful icons are the best form of post op. Everyone recognizes
the icon. All implicit messages are sent immediately and without delay due to

Fig. 57.13 EXPO 2010,
Shanghai

640 A. Rovetta



interpretation. In particular, a unique icon makes clear communication. In Green-
waste reconfiguration of the project is given much weight to the interaction between
objects, people and goals.

Software is made in 5 languages (English, Italian, Chinese, Japanese, and
French, by now). In the GUI there is no doubt the power of icons. Here is a simple
icon that indicates that the bin is filled. Although color plays an important role, we
used own methods of traffic lights, common throughout the world: green, yellow,
and red. In this way the empty container is colored green on the monitor. The full
container is colored red. Red recalls the urgency of the collection, and calls to
collect and empty the bin with the best of times, with the most appropriate cost.

This has been the target of Greenwaste and it is active in all reconfigura-
tions. It always draws a maximum respect for the environment, quality of life and
love for the human being who lives in the environment and reaches his wellness.

Fig. 57.15 Bins categories

Fig. 57.14 Software of Greenwaste
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57.9 Construction

The methodology of assembly is linear. However, it may be subject to reconfig-
uration if highly automated machines and robots are adopted. Here is an example
of the assembly module, which has been delivered to operators. It is always
subject to reconfiguration, after evaluation of the time, cost, and the redesign of
many components, year after year.

An evolution occurred from 2010 to 2011 bins with PIC. The measuring system
is both internal and external to the container. All systems are patented and are an
example of active reconfiguration project.

57.10 The Strategy of Collection

The reconfiguration of waste collection today requires a complete and general
process. It has never been possible in past years. The diagram of Fig. 57.16 gives
an example of a complete reconfiguration of waste collection in the city of
Shanghai. The project Cleanwings was developed by the Politecnico di Milano and
the SJTU Shanghai Jiaotong University in collaboration with EPB of Shanghai
Environmental Protection Bureau.

The collection allows getting smart and planned economy to a final stage to the
incinerator, landfill and recovery of recyclable material. The wet material can be
recovered and reused as a fertilizer compound as an alternative.

The sense of robotic application deals with the closed loop, which involves
now, with Greenwaste project, the waste collection process. Sensors give their
values to the control, and the control actuates the motion process, which is made
by trucks and operators. The system changes for the effect of the closed loop, like
in robotics, and the data exert the double action of getting information and of
giving commands. The software improves and increases in its quality according to
the experience of collection, and some intelligence in the waste collection
sequence is introduced by the elements in the mechanical and electronic chain.
A robotic exploitation is also the GPRS use, which enlarges to communication of a
single element to all the environmental word. The methodologies of tests and
developments are very similar to the methodologies of robotic autonomous
systems.

57.11 Summary and Conclusions

The reconfiguration of the process of waste collecting has transformed the basic
manual action to collect the waste. It now uses a procedure with Greenwaste
refined reporting and monitoring, smart metering for cost control, planning of the
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collection. The results are revealing in terms of economic, technical and scientific
progresses. Culture and sensitivity to the process of collecting permit an evolution
towards a better quality of life.
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Chapter 58
Study on Decentralized Control
of Reconfigurable Manipulator Based
on Third-Order ESO

Yanli Du, Yanfeng Qiao, Zhiqian Wang, Mujun Xie
and Yuanchun Li

Abstract This paper presents a decentralized controller based on third-order
extended state observers (ESO) for reconfigurable manipulator with interconnec-
tion terms. Coupling interconnection terms of the joints and modeling uncertain-
ties are estimated and compensated real-timely by using third-order ESO. Using
particle swarm optimization (PSO), the parameters of ESO were adaptively
adjusted. The controller is applied to the trajectory tracking control of 4-DOF
reconfigurable manipulator. Simulation results show the effectiveness of the pro-
posed method in treatment of the interconnection terms.
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58.1 Introduction

Application of decentralized control method in reconfigurable manipulator is
more and more extensive recently. The dynamic system of reconfigurable
manipulator is represented as a set of nonlinear interconnected subsystems.
Then, local controller is designed for each subsystem so as to inhibit inter-
connection effect. Reference [1] developed a adaptive fuzzy tracking controller
for a class of uncertain nonlinear MIMO systems based on the state observer.
Fuzzy system was used to approximate subsystem dynamic model and inter-
connection terms; Ref. [2] designed a robust decentralized adaptive output-
feedback controller for a class of large-scale systems with dynamic and static
interconnections by using the MT-filter and backstepping design method; Ref.
[3] investigated the stability and stabilization problems for the fuzzy large-scale
system in which the system is composed of a number of Takagi–Sugeno fuzzy
model subsystems with interconnections; In Ref. [4], the neural network was to
approximate the uncertainties terms and the interconnection weights of the
neural network can be tuned online; In Ref. [5], a new efficient estimation
approach was proposed to estimate the perturbation from the dynamics of the
sliding surface to compensate for model uncertainties, unknown external dis-
turbances, and time-varying parameters; Ref. [6] presented a new approach to
robust quadratic stabilization of nonlinear systems within the framework of
Linear Matrix Inequalities (LMI) that recognized the matching conditions by
returning a feedback gain matrix for any prescribed bound on the intercon-
nection terms; In Ref. [7], a novel dynamic surface direct adaptive control
scheme has been presented by using multilayer neural networks for a class of
strict-feedback uncertain SISO nonlinear systems. The controller has been made
to be free from singularity problem by introducing integral-type Lyapunov
function; Ref. [8] designed a dynamic surface controller for uncertain, mis-
matched nonlinear systems in the strict feedback form based on neural network;
Ref. [9] developed a decentralized NN controller for large-scale uncertain
robotic systems. NN was used to approximate unknown functions to include the
case of both local dynamic uncertainty and nonlinear interconnections in each
subsystem.

Interconnection terms were approximated mostly by using NN or fuzzy system
in the above decentralized controllers. Adjustable parameters of these methods
were being multiple and design of its adaptive law being difficult, so develop of the
decentralized control was restricted. This paper presents a decentralized control
method based on third-order ESO for reconfigurable manipulator with intercon-
nection terms. Position, velocity, coupling interconnection terms and modeling
uncertainties of each joint are estimated by using third-order ESO. Using PSO, the
parameters of ESO were adaptively adjusted.
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58.2 Problem Description

Reconfigurable manipulator is the opening kinematics chain that is composed of
joint modules and link modules. By using Newton–Euler equation, dynamic model
of n-DOF reconfigurable manipulator is stated as:

MðqÞ€qþ Cðq; _qÞ _qþ GðqÞ ¼ s ð58:1Þ

where q 2 Rn is the joint position; MðqÞ 2 Rn�n, the inertia matrix; Cðq; _qÞ _q 2 Rn

is the vector of centrifugal and Coriolis force; GðqÞ 2 Rn, the gravity term; s 2 Rn

is the control input.
Every joint of the robotic system is served as a subsystem and its dynamic

model could be described as:

MiðqiÞ€qi þ Ciðqi; _qiÞ _qi þ GiðqiÞ þ Ziðq; _q; €qÞ ¼ si ð58:2Þ

where

Ziðq; _q; €qÞ ¼
Xn

j¼1; j 6¼i

MijðqÞ€qj þ MiiðqÞ �MiðqiÞ½ �€qi

( )

þ
Xn

j¼1; j 6¼i

Cijðq; _qÞ€qj þ Ciiðq; _qÞ � Ciðqi; _qiÞ½ � _qi

( )

þ �GiðqÞ � GiðqÞ½ � ð58:3Þ

Let xi ¼ ½xi1; xi2� ¼ ½qi; _qi�T i ¼ 1; 2; . . .; nð Þ, then Eq. (58.2) can be written as:

_xi1 ¼ xi2

_xi2 ¼ fi qi; _qið Þ þ hi q; _q; €qð Þ þ gi qið Þsi

yi ¼ xi1

8<
: ð58:4Þ

where

fiðqi; _qiÞ ¼ M�1
i ðqiÞ½�Ciðqi; _qiÞ _qi � GiðqiÞ�

giðqiÞ ¼ M�1
i ðqiÞ

hiðq; _q; €qÞ ¼ �M�1
i ðqiÞZiðq; _q; €qÞ

ð58:5Þ

The major task of this paper is to design controller for each subsystem and
makes it track the desired trajectory.
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58.3 Design of Decentralized Controller Based
on Third-Order ESO

58.3.1 Derivation of Decentralized Control Law

In Eq. (58.4), let xi3 ¼ fiðqi; _qiÞ þ hiðq; _q; €qÞ as extended state, then Eq. (58.4) is
changed into:

_xi1 ¼ xi2

_xi2 ¼ xi3 þ gi qið Þsi

_xi3 ¼ di

yi ¼ xi1

8>><
>>: ð58:6Þ

where di is the differential coefficient of xi3. The forms of third-order ESO can be
expressed as follows:

ei tð Þ ¼ zi1 � yi

_zi1 ¼ zi2 � bi1Ki1 ei tð Þ½ �
_zi2 ¼ zi3 � bi2Ki2 ei tð Þ½ � þ gi qið Þsi

_zi3 ¼ �bi3Ki3 ei tð Þ½ �

8>><
>>: ð58:7Þ

where zijðtÞ i ¼ 1; 2; . . .; n; j ¼ 1; 2; . . .;mð Þ is the estimated value of output state
of system by using ESO, bij i ¼ 1; 2; . . .; n; j ¼ 1; 2; . . .;mð Þ is the observer
parameter, which can be written as:

zi1 ! xi1; zi2 ! xi2; . . .; zim ! xim

Kijð�Þ ði ¼ 1; 2; . . .; n; j ¼ 1; 2; . . .;mÞ defined as a saturated continuous nonlinear
function:

Kijðei; a; dÞ ¼
eij jasignðeiÞ eij j[ d
ei

d1�a eij j � d

8<
: ð58:8Þ

In Eq. (58.8), 0\a\1; d [ 0. Stability analysis of third-order ESO is given by
Ref. [10], and points out that third-order ESO can make state estimation error limit
in a very small range.

Let the tracking error in the ith subsystem be:

ei1 ¼ zi1 � yri ð58:9Þ

where yri is the desired trajectory of ith subsystem and its filtered error as:

si ¼ _ei1 þ kiei1 ð58:10Þ

where ki [ 0. Notice that if si is ultimately bounded by siðtÞj j �wi, then ei1 and _ei1

are ultimately bounded by ei1ðtÞj j �wi=ki and _ei1ðtÞj j � 2wi, respectively.
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Therefore, our objective is to design a control law to ensure the filtered error si to
be ultimately bounded.

The dynamics of si is obtained from Eqs. (58.7) and (58.10) as:

_si ¼ fiðzi;KiÞ þ biðyR;iÞ þ giðqiÞsi ð58:11Þ

where fiðzi;KiÞ ¼ zi3 � bi2Ki2½eiðtÞ� � bi1
_Ki1½eiðtÞ� þ kiðzi2 � bi1Ki1½eiðtÞ�Þ; biðyR;iÞ�

€yri � ki _yri; zi ¼ ½zi2; zi3�;Ki ¼ Ki1½eiðtÞ�;Ki2½eiðtÞ�; _Ki1½eiðtÞ�
� �

and yR;i ¼ ½ _yri;€yri�.
According to Eq. (58.11), we propose a control law as follows:

si ¼
1

giðqiÞ
ð�fiðzi;KiÞ � biðyR;iÞ � misiÞ ð58:12Þ

where mi [ 0. The closed-loop system is obtained by substituting Eq. (58.12) into
Eq. (58.11):

_si ¼ �misi ð58:13Þ

This guarantees the filtered tracking error siðtÞ ! 0 exponentially. Therefore, it
follows from Eq. (58.10) that ei1ðtÞ ! 0 and _ei1ðtÞ ! 0 exponentially.

Theorem Consider subsystem dynamic model of reconfigurable manipulator as
Eq. (58.2), if decentralized control law is designed as Eq. (58.12), then trajectory
tracking error of reconfigurable manipulator system would approached zero
asymptotically.

Structure diagram of each subsystem is shown in Fig. 58.1.
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Fig. 58.1 Block diagram of the ith subsystem
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58.3.2 Training Process of PSO Algorithm for ESO
Parameters bi1, bi2, bi3

ESO parameters bi1; bi2; bi3 can be adaptively adjusted by using PSO algorithm,
training process is as follows [11]:

(1) Initialize positions and associated velocity of all individuals, scale of the
particle swarm, the inertia weight w, acceleration coefficient c1,c2, maximum
evolutional generation maxgen etc.;

(2) Evaluate the fitness value of all individuals according to the objective function;
(3) Compare current fitness value of every individual with the fitness value cor-

responding to itself best position. If the current fitness value is better, then
update current best position of every individual;

(4) Compare current fitness value of every individual with the fitness value cor-
responding to global best position. If the current fitness value is better, then
update global best position;

(5) Update position and velocity of every individual.

If the best position of i particle is Xpbest, the position of best particle is Xgbest,
the current position of i particle is Xi, then the velocity and position of every
particle is updated according to following Eq. (58.14):

Viðgenþ 1Þ ¼ w � ViðgenÞ þ c1 � randðÞ � ðXpbest � XiÞ
þc2 � randðÞ � ðXgbest � XiÞ
If Vij j[ Vmax ; Vi ¼ randðÞ

Xiðgenþ 1Þ ¼ XiðgenÞ þ Viðgenþ 1Þ

ð58:14Þ

where gen is the current evolutional generation and maximum velocity is set at
Vmax.

(6) Repeat step (2)–(6) until better fitness value is reached or predefined number
of iterations is completed.

Fig. 58.2 4-DOF
reconfigurable manipulator

652 Y. Du et al.



58.4 Simulation

In order to testify the effectiveness of the proposed method, it was applied to 4-
DOF reconfigurable manipulator in Fig. 58.2. Modular parameters and dynamic
modeling process may be referred to Ref. [12].

The desired trajectory is:

qd
1 ¼ 0:5 cosðtÞ � 0:2 sinð3tÞ; qd

2 ¼ 0:3 cosð3tÞ � 0:5 sinð2tÞ
qd

3 ¼ 0:2 sinð3tÞ þ 0:1 cosð4tÞ; qd
4 ¼ 0:3 sinð2tÞ þ 0:2 cosðtÞ

The initial position was set at q1ð0Þ ¼ q2ð0Þ ¼ q3ð0Þ ¼ q4ð0Þ ¼ 1, the initial
velocity was set at _q1ð0Þ ¼ _q2ð0Þ ¼ _q3ð0Þ ¼ _q4ð0Þ ¼ 0, the initial state of ESO
was set at:

z11ð0Þ ¼ z21ð0Þ ¼ z31ð0Þ ¼ z41ð0Þ ¼ 1

z12ð0Þ ¼ z22ð0Þ ¼ z32ð0Þ ¼ z42ð0Þ ¼ 0

z13ð0Þ ¼ z23ð0Þ ¼ z33ð0Þ ¼ z43ð0Þ ¼ 0

Using control law in Eq. (58.12), ESO parameters are a ¼ 0:5, d ¼ 0:01,
ki ¼ 2, mi ¼ 500, the scale of particle swarm is set at 20, maximum evolutional
generation maxgen = 30, c1 ¼ c2 ¼ 2, wmax ¼ 1, wmin ¼ 0:4, Vmax ¼ 1:2.
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Fig. 58.3 Trajectory tracking curve of each joint
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Trajectory tracking curves are shown in Fig. 58.3, control torque curves are shown
in Fig. 58.4.

The results shown in Fig. 58.3 indicate that tracking errors of four joints was
occurred on the initial stage owing to lack of dynamic model knowledge of sub-
system. About 0.5 s later, actual trajectory can track well desired trajectory, it is
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proved that proposed decentralized control method can ensure stability of whole
system and trajectory tracking performance.

Trajectory tracking curve of the end-effector is shown in Fig. 58.5.

58.5 Conclusion

In this paper, a decentralized control method based on third-order ESO for
reconfigurable manipulator with interconnection terms is presented. Reconfigura-
ble manipulator system is described as a set of every coupling subsystem, and the
state and interconnection terms of each joint is estimated by using third-order
ESO. Using PSO algorithm, the parameters of ESO were adaptively adjusted.
Because ESO can estimate real-timely coupling interconnection terms, so this
paper doesn’t care about the problem whether or not interconnection terms are
bounded, meanwhile, stability proving process of the decentralized controller is
simplified. The effectiveness of the proposed decentralized control method is
verified by simulating 4-DOF reconfigurable manipulator.
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Chapter 59
A Combined Backstepping Terminal
Sliding Mode Algorithm Based
Decentralized Control Scheme
for Reconfigurable Manipulators

Bo Zhao, Zhiqian Wang, Yanfeng Qiao, Keping Liu
and Yuanchun Li

Abstract A decentralized control scheme based on a combined backstepping
terminal sliding mode algorithm for reconfigurable manipulators is proposed. Based
on Lyapunov stability theory, backstepping technique and terminal sliding mode are
utilized in the first and second order of the subsystem respectively, the unknown
terms and interconnection term are approximated or compensated by neural
networks whose weights are updated with adaptive laws. For the serious chatter of the
controller with the linear sliding mode, the terminal sliding mode replaced the linear
sliding mode. In contrast, the method improves the convergence rate and the tracking
accuracy, the control signal is smoother. Finally, the simulation results show the
effectiveness of proposed scheme for different configurations with no need to modify
any parameters.
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59.1 Introduction

With the rapid development of modern industry, traditional robots which are
limited by their fixed structure seem impossible to undertake variety of unknown
or changeable tasks ranging from rescue and nuclear environment to space station.
However, reconfigurable manipulators or robots that consist of interchangeable
link and joint modules with standardized connecting interfaces are able to fulfill
the tasks excellently by changing their kinematics and dynamics parameters due to
the different environment [1].

The control strategies of reconfigurable manipulators have received great deal
of attention in recent years. A neurofuzzy control scheme based on PD control of
accurate model was developed [2] to identify and compensate structured and
unstructured uncertainties for reconfigurable manipulators. Then Li et al. [3]
proposed a computing torque control based neurofuzzy compensator for recon-
figurable manipulators to compensate structured and unstructured uncertainties.
A distributed adaptive sliding mode controller was proposed [4] for modular and
reconfigurable robots. A robot dynamics system can be divided into some
subsystems by a decomposing algorithm, and then an adaptive sliding mode
controller is designed for each subsystem to handle the modeling uncertainty. In
Ref. [5], a modular distributed control technique for modular and reconfigurable
robots was proposed that is based on joint torque sensing, a modular and recon-
figurable robot is stabilized joint by joint, and modules can be added or removed
without the need to adjust control parameters of the other modules of the robot. All
those methods were centralized control and distributed control. In practical
engineering applications, they are probably difficult to be applied due to the high
computation costs and structural complexities of centralized control and the time
delay in the information exchange process among the subsystems of distributed
control. Compared with centralized control and distributed control, decentralized
control scheme can not only effectively reduce the computational burden of
centralized control structure, but also avoid the communication time delay in
distributed control. Therefore, more and more decentralized control systems have
been proposed. Zhu and Li [6] proposed a stable decentralized adaptive fuzzy
sliding mode control scheme for reconfigurable modular manipulators to satisfy
the concept of modular software. A fuzzy logic system was introduced to
approximate the unknown dynamics, then the effect of interconnection term and
fuzzy approximation error is removed by employing an adaptive sliding mode
controller. Backstepping adaptive sliding mode control based on hierarchical
sliding mode control theory is presented [7] for a 2-DOF horizontal underactuated
manipulator and gets better adaptability and control results. In Ref. [8], a decen-
tralized adaptive iterative learning control algorithm for reconfigurable
manipulators is proposed. Learning controller was conducted by a neural network
learning component and a robust learning component to adaptively compensate the
unknown dynamic functions and interconnections.
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In this paper, a decentralized control scheme based on a combined backstepping
terminal sliding mode algorithm for reconfigurable manipulators is proposed.
In order to simplify the design of controller, backstepping technique [9] is utilized in
the first step, then based on Lyapunov stability theory, the terminal sliding mode
control which not only has strong robustness and anti-disturbance ability [10, 11] but
also can smooth the control signal [12] is used in the second step. In each subsystem,
the unknown term, uncertainty term and interconnection term should be approxi-
mated or compensated by the neural networks. The simulation results show high
tracking performance and smoother control signal.

59.2 Problem Description

The dynamics of a reconfigurable manipulator with n degrees of freedom is
described, by using Newton–Euler formulation, as [6]

MðqÞ€qþ Cðq; _qÞ _qþ GðqÞ ¼ u ð59:1Þ

where q 2 Rn is the vector of joint displacements, MðqÞ 2 Rn�n is the inertia
matrix, Cðq; _qÞ 2 Rn is the Coriolis and centripetal force, GðqÞ 2 Rn is the gravity
term, and u 2 Rn is the applied joint torque.

In the literatures of the decentralized control, each joint is considered as a subsystem
of the entire manipulator system interconnected by coupling torque. By separating
terms only depending on local variables qi; _qi; €qið Þ from those terms of other joint
variables, each subsystem dynamical model can be formulated in joint space as

MiðqiÞ€qi þ Ciðqi; _qiÞ _qi þ GiðqiÞ þ Ziðq; _q; €qÞ ¼ ui ð59:2Þ

with

Ziðq; _q; €qÞ ¼
Xn

j¼1; j6¼i

MijðqÞ€qj þ MiiðqÞ �MiðqiÞ½ �€qi

( )

þ
Xn

j¼1; j 6¼i

Cijðq; _qÞ _qj þ Ciiðq; _qÞ � Ciðqi; _qiÞ½ � _qi

( )
þ �GiðqÞ � GiðqiÞ½ �

where qi; _qi; €qi;GiðqÞ;Fiðqi; _qiÞ and �ui are the ith element of the vectors
q; _q; €q;GðqÞ;Fðq; _qÞ and u, respectively. MijðqÞ andCijðq; _qÞ are the ijth element of
the matrices MðqÞ andCðq; _qÞ, respectively. Let

xi ¼
xi1

xi2

� �
¼ qi

_qi

� �
i ¼ 1; 2; . . .; n ð59:3Þ
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Each subsystem motion equation may be presented by the following state equation

Si :

_xi1 ¼ xi2

_xi2 ¼ fiðqi; _qiÞ þ giðqiÞui þ hiðq; _q; €qÞ
yi ¼ xi1

8><
>: ð59:4Þ

where xi is the state vector of subsystem Si, yi is the output of subsystemSi, and

fiðqi; _qiÞ ¼ M�1
i ðqiÞ �Ciðqi; _qiÞ _qi � GiðqiÞ½ �

giðqiÞ ¼ M�1
i ðqiÞ

hiðq; _q; €qÞ ¼ �M�1
i ðqiÞZiðq; _q; €qÞ

The control objective is to design a decentralized controller which combined
backstepping technique and terminal sliding mode for (59.2) to make the recon-
figu-reable manipulators follow a desired trajectory, make the control signal
smoother and guarantee boundness of all variables of the closed-loop system.

59.3 Combined Backstepping Terminal Sliding Mode
Decentralized Controller Design

In this section, a combined backstepping terminal sliding mode decentralized control
design approach is given. The detailed design procedures are described as followed.

Assumption 1 The desired trajectories yid; _yid and €yid are bounded.

Step 1: Define the state tracking error of the subsystem as

ei1 ¼ xi1 � xi1d

ei2 ¼ xi2 � ai

(
ð59:5Þ

where ai is the desired virtual control as

ai ¼ _xi1d � ciei1 ð59:6Þ

where the ci is a positive constant. Consider (59.5), one can obtain that

_ei1 ¼ _xi1 � _xi1d ¼ ei2 � ciei1

_ei2 ¼ _xi2 � _ai ¼ fiðqi; _qiÞ þ giðqiÞui þ hiðq; _q; €qÞ � _ai

(
ð59:7Þ

Choose following Lyapunov function for the first order of subsystem

Vi1 ¼
1
2

e2
i1 ð59:8Þ
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Its derivative along the trajectory is

_Vi1 ¼ ei1 _ei1 ¼ ei1ei2 � cie
2
i1 ð59:9Þ

Step 2: Introduce the teminal sliding mode for the second order of the subsystems as

si ¼ ei2 þ bie
qi=pi
i1 ð59:10Þ

where pi and qi are positive odds, and 1\qi=pi
\2, bi is also a positive constant.

And its time derivative is

_si ¼ _ei2 þ bi
qi

pi
e
qi=pi�1
i1 _ei1 ¼ fiðqi; _qiÞ þ giðqiÞui þ hiðq; _q; €qÞ � _ai þ bi

qi

pi
e
qi=pi�1
i1 _ei1

ð59:11Þ

Then use the RBF neural networks to approximate the unknown term and
uncertainty term fiðqi; _qiÞ; giðqiÞ

fiðqi; _qi;Wif Þ ¼ WT
if Uif ðqi; _qiÞ þ eif eif

�� ��� e1 ð59:12Þ

giðqi;WigÞ ¼ WT
igUigðqiÞ þ eig eig

�� ��� e2 ð59:13Þ

where the Wif and Wig are the ideal neural network weights, Uð�Þ is the neural
network basis function and eif and eig is the neural network approximation errors,

e1 and e2 are known constants. Define Ŵif and Ŵig as the estimations of Wif and

Wig, respectively. f̂iðqi; _qi;Wif Þ is estimation value of fiðqi; _qiÞ, and ĝiðqi; ŴigÞ is

estimation value of giðqiÞ. f̂iðqi; _qi;Wif Þ and ĝiðqi; ŴigÞ can be expressed as

f̂iðqi; _qi; Ŵif Þ ¼ ŴT
if Ûif ðqi; _qiÞ ð59:14Þ

ĝiðqi; ŴigÞ ¼ ŴT
igÛigðqiÞ ð59:15Þ

Define the estimation errors as ~Wif ¼ Wif � Ŵif and ~Wig ¼ Wig � Ŵig. Therefore

fiðqi; _qi;Wif Þ � f̂iðqi; _qi; Ŵif Þ ¼ ~WT
if Ûif ðqi; _qiÞ þWT

if
~Uif ðqi; _qiÞ þ eif ð59:16Þ

giðqi;WigÞ � ĝiðqi; ŴigÞ ¼ ~WT
igÛigðqiÞ þWT

ig
~UigðqiÞ þ eig ð59:17Þ

where the neural output error with Gaussian activation ~Uð�Þ is given by

~Uif ðqi; _qiÞ ¼ Uif ðqi; _qiÞ � Ûif ðqi; _qiÞ ð59:18Þ

~UigðqiÞ ¼ UigðqiÞ � ÛigðqiÞ ð59:19Þ

Next, the neural network p̂ið sij j; ŴipÞ which can be expressed as following function
is proposed to compensate the interconnection term.
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p̂ið sij j; ŴipÞ ¼ ŴT
ipÛipð sij jÞ ð59:20Þ

where ŴT
ip is the estimation of WT

ip, and the weight estimation error is
~WT

ip ¼ WT
ip � ŴT

ip.

Assumption 2 The interconnection term hiðq; _q; €qÞ is bounded by

hiðq; _q; €qÞj j �
Xn

j¼1

dijSj ð59:21Þ

where dij� 0; Sj ¼ 1þ sj

�� ��þ sj

�� ��2. By defining pið sj

�� ��Þ ¼ n max
ij

dij

� �
Si. Define

approximation error

wi1 ¼ WT
if

~Uif ðqi; _qiÞ þWT
ig

~UigðqiÞui þ eif þ eigui ð59:22Þ

wi2 ¼ pið sij jÞ �WT
ipÛipð sij jÞ ð59:23Þ

wi ¼ wi1j j þ wi2j j ð59:24Þ

The decentralized controller is designed as

ui ¼ �½f̂iðqi; _qi; Ŵif Þ þ sgnðsiÞp̂ið sij j; ŴipÞ � _ai

þ bi
qi

pi
e
qi=pi�1
i1 _ei1 þ ei1 þ li1sgnðsiÞ

þ li2si�=ĝiðqi; ŴigÞ

ð59:25Þ

Theorem Consider the subsystem (59.2) with assumptions 1–2, the combined
backstepping terminal sliding mode algorithm based decentralized control scheme
is designed as (59.25) guarantees that all the variables of the closed-loop system
are bounded. With the adaptive laws as

_̂Wif ¼ Cif siÛif ðqi; _qiÞ ð59:26Þ

_̂Wig ¼ CigsiÛigðqiÞui ð59:27Þ

_̂Wip ¼ Cip sij jÛipð sij jÞ ð59:28Þ

where Cif , Cig, Cip are positive constants.

Proof Choose following Lyapunov function for the second order of subsystem

Vi2 ¼
1
2

s2
i þ

1
2

~WT
if C
�1
if

~Wif þ
1
2

~WT
igC
�1
ig

~Wig þ
1
2

~WT
ipC
�1
ip

~Wip ð59:29Þ
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Its time derivative is

_Vi2 ¼ si _si � ~WT
if C
�1
if

_̂Wif � ~WT
igC
�1
ig

_̂Wig � ~WT
ipC
�1
ip

_̂Wip ð59:30Þ

Therefore the derivative of subsystem’s Lyapunov function is

_Vi ¼ _Vi1 þ _Vi2

¼ ei1ei2 � cie
2
i1 þ si½fiðqi; _qiÞ þ giðqiÞui þ hiðq; _q; €qÞ

� ~WT
if C
�1
if

_̂Wif � ~WT
igC
�1
ig

_̂Wig � ~WT
ipC
�1
ip

_̂Wip

¼ ei1ei2 � cie
2
i1 þ si½fiðqi; _qiÞ þ ĝiðqiÞui þ ðgiðqiÞ � ĝiðqiÞÞui þ hiðq; _q; €qÞ � _ai

þ bi
qi

pi
e
qi=pi�1
i1 _ei1� � ~WT

if C
�1
if

_̂Wif � ~WT
igC
�1
ig

_̂Wig � ~WT
ipC
�1
ip

_̂Wip

ð59:31Þ

Substituting (59.25) into (59.31), one can obtain that

_Vi ¼ �cie
2
i1 � be

qi=piþ1
i1 � li1 sij j � li2s2

i þ si½ ~WT
if Ûif ðqi; _qiÞ þ ~WT

igÛigðqiÞui þ hi

� sgnðsiÞŴT
ipÛipð sij jÞ þ wi1� � ~WT

if C
�1
if

_̂Wif � ~WT
igC
�1
ig

_̂Wig � ~WT
ipC
�1
ip

_̂Wip

¼ �cie
2
i1 � be

qi=piþ1
i1 � li1 sij j � li2s2

i þ ~WT
if ðsiÛif ðqi; _qiÞ � C�1

if
_̂Wif Þ þ ~WT

igðsiÛigðqiÞui

� C�1
ig

_̂WigÞ þ siwi1 þ siðhi � sgnðsiÞŴT
ipÛipð sij jÞÞ � ~WT

ipC
�1
ip

_̂Wip

ð59:32Þ

From (59.26), (59.27), yields

_V�
Xn

i¼1

�cie
2
i1�be

qi=piþ1
i1 � li1 sij j� li2s2

i þsiwi1þ sij j
Xn

j¼1

dijSj� sij jŴT
ipÛipð sij jÞ� ~WT

ipC
�1
ip

_̂Wip

 !

�
Xn

i¼1

�cie
2
i1�be

qi=piþ1
i1 � li1 sij j� li2s2

i þ siwi1� sij jŴT
ipÛipð sij jÞ� ~WT

ipC
�1
ip

_̂Wip

� 	

þmax
ij
fdijg

Xn

j¼1

sij j
Xn

j¼1

Sj

ð59:33Þ

Notice that sij j � sj

�� ��, Si� Sj, using Chebyshev inequality, one can obtain that

Xn

i¼1

sij j
Xn

j¼1

Sj� n
Xn

i¼1

sij jSi ð59:34Þ

Combine (59.33) and (59.34),

_V�
Xn

i¼1

�cie
2
i1� be

qi=piþ1
i1 � li1 sij j � li2s2

i þ siwi1 � sij jŴT
ipÛipð sij jÞ þ sij jn max

ij
fdijgSi� ~WT

ipC
�1
ip

_̂Wip


 �

¼
Xn

i¼1

�cie
2
i1� be

qi=piþ1
i1 � li1 sij j � li2s2

i þ siwi1� sij jŴT
ipÛipð sij jÞ þ sij jpið sij jÞ � ~WT

ipC
�1
ip

_̂Wip

� 	

ð59:35Þ

59 A Combined Backstepping Terminal Sliding Mode Algorithm 663



Substituting (59.20) into (59.35),

_V �
Xn

i¼1

�cie
2
i1 � be

qi=piþ1
i1 � li1 sij j � li2s2

i þ siwi1 þ sij jwi2 þ ~WT
ipð sij jÛipð sij jÞ � C�1

ip
_̂WipÞ

� 	
ð59:36Þ

From (59.24) and (59.28),

_V �
Xn

i¼1

�cie
2
i1 � be

qi=piþ1
i1 � li1 sij j � li2s2

i þ sij jwi

� 	
ð59:37Þ

Denoting c ¼ ½c1; c2; . . .; cn�T , b ¼ ½b1; b2; . . .; bn�T , s ¼ ½s1; s2; . . .; sn�T , p ¼ ½p1; p2;

. . .; pn�T , q ¼ ½q1; q2; . . .; qn�T , l1 ¼ ½l11; l12; . . .; l1n�T , l2 ¼ ½l21; l22; . . .; l2n�T and

w ¼ ½w1;w2; . . .;wn�T , yields

_V ¼ �ce2
1 � be

qi=piþ1
i1 � sj j l1 þ l2 sj j � wð Þ ð59:38Þ

It is clear that the time derivative of V is negative outside a compact set Xs defined
by

Xs ¼ s : 0� sj j � w� l1
l2

� 
ð59:39Þ

59.4 Simulation Results

In order to verify the effectiveness and reliability of the proposed decentralized
control scheme, two different configurations of reconfigurable manipulators as
shown in Fig. 59.1 are simulated, whose dynamic model can be described by
(59.2).

The dynamic model of the configuration a is defined by

MðqÞ ¼ 0:36 cosðq2Þ þ 0:6066 0:18 cosðq2Þ þ 0:1233
0:18 cosðq2Þ þ 0:1233 0:1233

� �

Cðq; _qÞ ¼ �0:36 sinðq2Þ _q2 �0:18 sinðq2Þ _q2

0:18 sinðq2Þð _q1 � _q2Þ 0:18 sinðq2Þ _q1

� �

GðqÞ ¼ �5:88 sinðq1 þ q2Þ � 17:64 sin q1ð Þ
�5:88 sinðq1 þ q2Þ

� �

The desired trajectories of joint modules are qd ¼ ½q1d; q2d�T with q1d ¼
0:2sin(3t)þ 0:1cos(4t) and q2d ¼ 0:3sin(2t)þ 0:2cos(t). The initial positions of
joint modules are q1ð0Þ ¼ q2ð0Þ ¼ 1, and the initial velocities of joints are zeros.
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For each subsystem, the RBF neural networks are used to approximate fiðqi; _qiÞ,
giðqiÞ and hiðq; _q; €qÞ. The neural network Gaussian basis function is as:

Uj ¼ expð� X � cj

�� ��2
=2r2Þ; j ¼ 1; 2; . . .;m ð59:40Þ

Where cj; bj are the radial basis function neural networks centers and widths.
According to the proposed scheme in [7], the linear sliding mode and the

combined decentralized controller for reconfigurable manipulators should be

si ¼ ei2 þ kiei1 ð59:41Þ

ui ¼ �½f̂iðqi; _qi; Ŵif Þ þ sgnðsiÞp̂ið sij j; ŴipÞ � _ai þ ki _ei1 þ
1
ki

ei2

þ li1sgnðsiÞ þ li2si�=ĝiðqi; ŴigÞ ð59:42Þ

The controller parameters are taken as c ¼ ½8; 6�T , k ¼ ½5; 1�T , l1 ¼ ½8; 8�T ,

l2 ¼ ½5; 5�T , Cif ¼ 0:002, Cig ¼ 0:002, Cif ¼ 500. The tracking performances (TP)
of two joints are shown as Fig. 59.2, the tracking errors appear at the beginning of
process due to the lack of knowledge about the dynamical model of subsystem.
Nearly one second, the actual trajectories and the desired trajectories almost
overlap with one another. Thus, the tracking performance is satisfied. However,
the control torque (CT) has serious chatter, so we employ terminal sliding mode to
improve it.

The control law with terminal sliding mode as (59.25), and the controller
parameters are taken as Cif ¼ 0:002, Cig ¼ 0:002, Cif ¼ 500, c ¼ ½20; 10�T ,

b ¼ ½4; 4�T , l1 ¼ ½0:001; 10�T , l2 ¼ ½0:001; 10�T , p ¼ ½3; 5�T , q ¼ ½5; 7�T . Fig-
ure 59.3 show high tracking performance and the CT is greatly improved.
Therefore the simulation results illustrate the effectiveness of the proposed
decentralized control.

Now consider configuration b, the dynamic model of the configuration a is
defined by

Fig. 59.1 Configurations for simulation
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MðqÞ ¼ 0:17� 0:1166 cos2ðq2Þ �0:06 cosðq2Þ
�0:06 cosðq2Þ 0:1233

� �

Cðq; _qÞ ¼ 0:1166 sinð2q2Þ _q2 0:06 sinðq2Þ _q2

0:06 sinðq2Þ _q2 � 0:0583 sinð2q2Þ _q1 �0:06 sinðq2Þ _q1

� �

GðqÞ ¼ 0
�5:88 cosðq2Þ

� �
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q1d ¼ 0:5 cos(t) þ 0:2 sin(3t) and q2d ¼ 0:3 cos(3t)�0:5 sin(2t) are desired tra-
jectories of configuration b, other parameters are the same as configuration a.
Figures 59.4 and 59.5 show the simulation results of configuration b under the
controller with linear sliding mode and terminal sliding mode respectively. And
the same conclusion is obtained.
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Fig. 59.4 TP and CT with linear sliding mode of configuration b
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59.5 Conclusion

In this paper, a stable combined backstepping terminal sliding mode based
decentralized controller for reconfigurable manipulators is presented. Application
of backstepping technique simplifies the controller design, guarantees globally
asymptotically stable of the closed-loop system. Then a terminal sliding mode
which can smooth the control signal is used. The unknown terms and intercon-
nection term are approximated by neural networks whose weights are updated with
adaptive laws. The comparing simulation verified that the controller with terminal
sliding mode not only makes the control signal smoother, but also improves the
convergence rate and the tracking accuracy.
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Chapter 60
Underactuated Gripper That Is Able
to Convert from Precision to Power Grasp
by a Variable Transmission Ratio

Stefan A. J. Spanjer, Ravi Balasubramanian, Aaron M. Dollar
and Just L. Herder

Abstract This paper investigates the possibility of converting grasped objects from
precision grasps to power grasps using a variable transmission ratio for an underac-
tuated finger. Reconfiguration happens when the precision grasp converts to a power
grasp, because the number of contact points changes which changes the topology of the
grasp. To this effect, a variable radius pulley was designed. A simulation study is
presented to analyse grasping behaviour and a potential energy method is used to
predict the equilibrium positions of finger and object. With this method stable and
unstable equilibrium positions are determined. This is followed by an experiment to
verify the theory. This paper is a first step in dextrous manipulation with large
movements of objects using underactuated fingers.
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60.1 Introduction

There exists much research on underactuated robotic hands that show adaptive
behavior and therefore these are able to pick up different objects [1–4]. Some
underactuated hands are able to pick up objects with an enveloping grasp (power
grasp) or with a precision grasp depending on the position of the object with
respect to the hand and geometry parameters of the hand [2, 5]. With the so-called
equilibrium point method the type of grasp can be easily predicted [2].

For any grasp type, robustness is an important aspect. Robustness is defined
here as the ability to resist external forces [6].

The precision grasp is necessary for a successful grasp when objects are small
or hard to pick up. The robustness of a precision grasp is less than the robustness of
a power grasp, because the number of contact points is less. In [7] the robustness of
the precision grasp is improved by actively varying the transmission ratio of an
underactuated finger after an object is grasped. The transmission ratio is changed
such that the required friction force between finger and object is reduced to zero.
This way, the equilibrium margin for unknown disturbances is maximized. Still,
for high accelerations of hand and object the power grasp is preferred because of
its greater robustness. Ideally a hand should be able to convert from precision
grasp to power grasp after an object is grasped, because then both small and large
objects can be picked up and the desired robustness can be achieved.

The objective of this paper is to present a way to convert from precision to
power grasp. This is achieved by varying the transmission ratio in an underactu-
ated finger after an object is grasped (Fig. 60.1), which leads to motion of the
finger and object. The principle of the variable transmission ratio is the same as in
[7], but now this ratio is changed in order to break equilibrium and move the object
into the hand: by changing the radius of the proximal pulley of a finger with a
tendon-pulley mechanism the equilibrium point can be controllably shifted out-
wards (Fig. 60.1). As a consequence the distal link rotates counterclockwise and
brings the object into the palm of the hand until equilibrium is reached again.
For simplicity, we assume symmetry between the two fingers that hold the object.
The object is able to move freely in y-direction while the x-direction is prohibited.
The principle of potential energy is used to estimate stable and unstable positions
of the object in the hand [8]. Therefore, the theory used in this paper is also
applicable to other mechanisms for underactuation, for example four bar
mechanisms.

The structure of the paper is as follows. We describe the model of grasp
transition and the experiment set-up to validate this model in Sects. 60.2 and 60.3,
respectively. In Sect. 60.4 we describe the simulation results and show with the
experiment that the finger converts from precision to power grasp. In Sects. 60.5
and 60.6 the discussion and conclusion follow respectively.
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60.2 Model of Grasp Transition

This section consists of three parts: background about the equilibrium point, a
simulation model of the grasping behavior and the potential energy method.

In the model the object is fixed: for different fixed positions the equilibrium of
the finger and subsequently the potential energy are estimated. The derivative of
the potential energy is equal to the resultant force on the object. This force is zero
at points where the derivative is zero. Therefore these points are the positions of
the object where the object and finger are in force equilibrium in case the object is
not fixed. In the experiment the object is able to move in y-direction (Figs. 60.1
and 60.3) and the force equilibrium positions along this line are validated.

The finger model is based on the model in [7] and consists of a finger and an object
at different fixed positions. The finger is tendon driven and consists of two phalanges
with length l ¼ 0:1 m and thickness 2d ¼ 0:015 m, a proximal pulley with adjustable
radius rp and a distal pulley with radius rd ¼ 0:01 m (Fig. 60.1). It has two torsional
springs at the joints with stiffnesses Kp ¼ 0:001Nm and Kd ¼ 0:005 Nm and its rest
position angles are h1;ini ¼ 25� and h2;ini ¼ 45�, respectively [9]. The object is a

cylinder with radius robj ¼ 1:5 cm and its position is given by Obj ¼ xobj; yobj

� �T
.

60.2.1 Equilibrium Point

In Fig. 60.1 the equilibrium point is drawn. This is the intersection of the tendon
line and the proximal phalanx line. The sliding direction and rotation of the distal
phalanx on the object can be easily verified with use of the equilibrium point. If the
contact force produces a clockwise moment around the equilibrium point, then
the distal phalanx will rotate clockwise and vice versa. There is equilibrium if the

Fig. 60.1 Transition from
precision to power grasp
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contact force points at the equilibrium point. In this paper the projection of the
equilibrium point on the distal phalanx is called the projected equilibrium point.

60.2.2 Grasping Process

The finger contacts the object initially with the proximal or distal phalanx. Subse-
quently the finger slides along the object until equilibrium is reached or contact is lost.
In this section the grasping process is described. Friction is not included in the model.

60.2.2.1 Identifying Contact Mode

Proximal Contact

The following equations are used in case the proximal link makes first contact with
the object:

a1
cos h1;ini þ dh1

� �
sin h1;ini þ dh1
� �� �

� robj þ d
� � cos h1;ini þ dh1 � p=2

� �
sin h1;ini þ dh1 � p=2
� �� �

� xobj

yobj

� �
¼ 0

ð60:1Þ

where dh1 is the angle between object and proximal link and a1 is the contact
position on the proximal link. The required actuation force to make contact is
calculated as follows:

Fa ¼
Kpdh1

rp
ð60:2Þ

After the proximal phalanx has made contact with the object, the additional
actuation force is also calculated with (60.2) where dh1 and rp are replaced by the
angle between object and distal phalanx and rd respectively. This also results in a
contact force exerted by the object on the proximal link Fc;p. The force exerted by the
object on the distal link Fc;d is equal to zero, because the distal phalanx just touches
the object. Now the finger has contact with the object at two points. The equations
used for a further increase of the actuation force are described in Sect. 60.2.2.3.

Distal Contact

If the distal link makes contact first with the object instead of the proximal link,
then the following equations are used:

dh1 � dh2
Kd

Kp

rp

rd
¼ 0 ð60:3Þ
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l
cos h1;ini þ dh1
� �

sin h1;ini þ dh1
� �

( )
þ a2

cos h12;ini þ dh12
� �

sin h12;ini þ dh12
� �

( )

� ðrobj þ dÞ
cos h12;ini þ dh12 � p=2
� �

sin h12;ini þ dh12 � p=2
� �

( )
�Obj ¼ 0

ð60:4Þ

where h12;ini ¼ h1;ini þ h2;ini and dh12 ¼ dh1 þ dh2 and a2 is the contact location on
the distal link. The required actuation force to make contact is calculated with
(60.2). The equations used for a further increase of the actuations force are
described in Sect. 60.2.2.3.

60.2.2.2 Contact Kinematics

The contact constraints are derived according to [10]. From analysis it appears that for
double contact (proximal and distal) the constraints result in Da2 ¼ Dh1 ¼ Dh2 ¼ 0.
The contact constraints for single contact are as follows:

�Da2 �
Dh1ðrobj þ dÞl cos h2ð Þ

a2
� Dh1l sin h2ð Þ ¼ 0 ð60:5Þ

�Dh2 �
Dh1l cos h2ð Þ

a2
� Dh1 ¼ 0 ð60:6Þ

d is the thickness of the finger and Da is the difference in contact location on the
distal link.

60.2.2.3 Static Equilibrium During Contact

Distal Contact only

The quasi-static method is equivalent to the quasi-static procedure in [7]. The
following equations are used:

�JT
c DFc � KDhþ JT

a DFa ¼ 0 ð60:7Þ

K ¼ diagðKp;KdÞ is the stiffness matrix and the matrix Ja ¼ ðrp; rdÞ maps an
increase in the actuation force DFa to joint torques. The force exerted by the object

on the finger increases with DFc ¼ DFc;p;DFc;d

� �T
. The matrix Jc transfers the

contact forces to joint torques [2]:

Jc ¼
a1 0

a2 þ l cos h2 a2

� �
ð60:8Þ
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varvecDh ¼ Dh1;Dh2ð ÞT is the vector containing the difference in angles as a
result of an increment of the actuation force DFa. Because there is only contact
with the distal phalanx, the increment of the force on the proximal link DFc;p is
equal to zero (the total force Fc;p is also equal to zero). Together with (60.7) the
contact constraint Eqs. (60.5) and (60.6) are used in the quasi-static approach.
After every iteration a2, h1, h2 and Jc are updated. The iteration procedure is
stopped when the increments Da2, Dh1 and Dh2 are very small which means that
the finger has reached an equilibrium state or the procedure is stopped when
contact is lost (a2 [ lÞ.

The equilibrium point can be used to investigate how the finger will slide along
the object. If Fc;d produces a clockwise moment about the equilibrium point, then
the distal phalanx rotates clockwise and slides until Fc;d points in the direction of
the equilibrium point or until contact is lost. This is also true in case Fc;d produces
a counterclockwise moment, except that the finger rotates counterclockwise.

Two Point Contact (Proximal and Distal)

A quasi-static method is used to calculate the contact forces as a consequence of a
further increase of the actuation force. Eq. (60.7) is used again, but now without
the product KDh. The unknowns are DFc;p and DFc;d. After every iteration the total
forces Fc;p and Fc;d are updated. There are 2 options: Fc;p increases (stable) or
decreases (unstable). The finger does not move as long as Fc;p is positive. The
quasi-static procedure is stopped when Fc;p is zero or Fc;p and Fc;d are sufficiently
large. When Fc;p is zero and Fa is increased, the proximal phalanx loses contact
with the object and the finger shows caging behavior [11]: the proximal phalanx
rotates clockwise and the distal phalanx rotates counterclockwise. Single contact
by the distal link is already modeled in Sect. 60.2.2.3: Eq. (60.7) is used in
combination with the contact constraints in (60.5) and (60.6).

The equilibrium point can also be used to see if caging behavior will occur [2].
If Fc;d produces a clockwise moment around the equilibrium point, then the finger
is in a stable mode (Fig. 60.2). Caging behavior occurs when Fc;d produces a
counterclockwise moment around the equilibrium point.

60.2.3 Potential Energy

The gradient of the potential energy is equal to the resultant force on the object.
The partial derivative of the potential energy with respect to degree of freedom y is
the force in y -direction. With the potential energy method the potential energy as a
function of the object position can be obtained. For every object position the model
is simulated to determine the equilibrium state of the finger. Every time the
potential energy of this equilibrium is calculated:
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EP ¼ FaDhþ 1
2

Kp h1 � h1;ini

� �2þ 1
2

Kd h2 � h2;ini

� �2 ð60:9Þ

The total actuation force Fa is considered constant for different positions. h1;ini

and h2;ini are the rest position angles at the proximal and distal joint respectively; at
this position the torsion springs perform no work. Dh is the change in tendon
length:

Dh ¼ rp h1 � h1;ini

� �
þ rd h2 � h2;ini

� �
ð60:10Þ

For every object position the potential energy is calculated. The potential
energy can be displayed as a function of the y-position of the object. Different
energy curves can be obtained for different radii of the proximal pulley.

60.3 Experiment Set-Up

An experiment was set up to verify that the finger and object can convert from
precision to power grasp by changing the transmission ratio. The experiment was
also used to validate the end position of the object which is equal to the position of
the minimum of the potential energy curve. The parameters are the same as in the
model, only the joint stiffnesses are different: Kp ¼ 0:015 Nm and Kd ¼ 0:048 Nm.

The setup of the experiment is shown in Fig. 60.3. The same acrylic finger is
used as in [7] where music-wire springs are mounted at the proximal and distal
joint. The constant actuation force is supplied by a 1 kg weight.

Fig. 60.2 Unstable mode:
force direction leads to
caging
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The radius of the proximal pulley is adjustable by rotating a top and bottom plate
with respect to one another (Fig. 60.4). Shafts around which the tendon is routed (i.e.
the effective pulley) are located between the straight slots in the bottom plate and the
curved slots in the top plate. As the plates rotate with respect to one another, the shafts
move radially, changing the effective pulley radius. On the shafts small pulleys are
mounted. The logarithmic spiral slots are designed to have a relatively large angle
with the radial slots such that friction for adjustment of the pins is low but high
enough to make the adjustment system nonbackdrivable. The whole system is
connected to the proximal shaft with bearings, so it can rotate freely.

The start position of the finger in the experiment is the precision mode: the finger
touches the object by the distal link and is in an equilibrium state (Fig. 60.3). The
y-position of the object depends on the radius of the proximal pulley, so that the

Fig. 60.3 Experiment set up

Fig. 60.4 Variable radius
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object is located at the level of the equilibrium point. In the next step the radius is
lowered until the object starts to move. The end position of the object will be
compared with the expected minimum of the energy curve of that radius.

60.4 Results

60.4.1 Simulation Results

Figure 60.5 shows potential energy curves for different radii of the proximal
pulley. In case a curve has no extreme, it was not possible to establish contact. It is
clear that the curve with rp ¼ 0:03 m has a minimum and a maximum. The stable
minimum is the position of the object when finger and object are in power grasp
mode. Small disturbances will lead to other positions, but the object will return at
the point with minimum energy. The same curve shows also an unstable maximum
at y ¼ 0:14 m. When only the distal phalanx has contact with the object, equi-
librium will be reached when the contact force does not have a component in
y-direction. When the radius is changed, the derivative at y ¼ 0:14 m deviates
from zero which means a force develops which tends to move the object. Decrease
of the radius results in a more distal location of the equilibrium point. As a result,
the distal phalanx rotates into a power grasp.

60.4.2 Experimental Results

From the experiment it is clear that the object moves to the proximal phalanx.
Figure 60.6 shows different trials of the experiment. The start- and end positions of
the object together with the start- and end radii of the proximal pulley are depicted.
The expected start- and end positions from the simulation results are also shown.
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60.5 Discussion

The potential energy method is a simple method to estimate stable and unstable
equilibrium positions. Simulation results predict equilibrium positions well.

In Fig. 60.6 the differences between simulation and experiment in precision
grasp (average of 19 mm) are larger than the differences in power grasp (average
of 3.4 mm) for a finger with link length 100 mm and an object with radius 15 mm.
This is probably due to friction, which is not modeled and has more influence in a
precision grasp.

In finger object interaction without friction, the equilibrium of the precision
grasp is lost for an infinitesimal small proximal radius change. When friction is
included, the equilibrium point has to be shifted outside the friction cone. The
required radius change to convert from precision to power grasp increases for a
larger coefficient of friction between finger and object.

The principle of conversion between precision and power grasp is analyzed and
experimented with one finger. Because of symmetry, we assume the theory is also
valid for a gripper with two identical fingers. Then the object is also able to move
in x-direction and this could lead to asymmetric grasps. The result of radii change
for an asymmetric precision grasp is that the fingers convert at different times,
because the equilibrium points and force directions per finger are different. When
the first finger converts, the object moves and the other finger(s) follow.

The underactuated finger needs an extra actuator for the radius change of
the pulley. An advantage of this with respect to fully actuated hands is that the
finger shows adaptive behavior and no sensors are needed in the fingers to measure
the applied forces.

The potential energy method and the theory of transition between precision and
power grasp is demonstrated for a finger with a pulley-tendon mechanism. These
methods are also applicable for other types of underactuated fingers, e.g. the
equilibrium point of a four bar mechanism could be shifted through a slider that
has replaced one of the bars.

From Fig. 60.5 it appears that the minimum of the potential energy curve with
a radius of 10 mm is at the same level as the maximum of the curve with a radius
of 30 mm. A higher radius results in an even lower maximum. Other actuation
forces also result in different curves. In this paper we investigated the method to
convert from precision to power, but maybe it is also possible to convert from
power to precision. It would be very interesting to investigate this dexterous
manipulation and to see if it is possible to reposition the object at every position
in the hand.

The radii of the pulleys in Hirose’s two-fingered soft gripper with 10 pha-
langes per finger are designed such that objects can be grasped with uniform
pressure along the whole finger [1]. If we replace every pulley by a pulley with
variable radius in the soft gripper, it may be possible to pick an object with the
gripper and move it all the way back to the proximal link by controlling the
different radii.
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60.6 Conclusion

In this paper we showed an underactuated finger that is able to convert from
precision to power grasp by a change of the transmission ratio. With the potential
energy method the start position (precision grasp) and the end position (power
grasp) of the object are predicted and these are verified with an experiment. The
differences between simulations and experiment are about 19 mm for precision
grasps and 3.4 mm for power grasps for a finger with link length 100 mm and an
object with radius 15 mm.
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Chapter 61
Transparency Analysis of a Force
Sensorless Master-Slave Control by Force
Feedback Based Virtual Impedance
Controller with Time Delay

Ryosuke Horie, Kiyotoshi Komuta and Toshiyuki Murakami

Abstract In this paper, an analysis of a master-slave control by force feedback
based virtual impedance controller with time delay is conducted. Especially, the
relationship between time delay and transparency is focused on. The proposed
method consists of force feedback based virtual impedance controller of master
manipulator and perfect tracking position controller of slave manipulator. From
the controller analysis, it is confirmed that the relationship of ‘‘Reproducibility’’
and ‘‘Operationality’’ is simple in the proposed method and this makes clear
parameter design of the controller as compared with conventional method. This is
one of the remarkable points. Moreover, the proposed controller can be flexibly
applied to many kinds of time-delayed teleoperation systems because models of a
slave robot and communication time delay are not required. The validity of pro-
posed controller is verified by some simulations.
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61.1 Introduction

Haptics is one of key technologies to develop a new market in robot applications.
Many researchers have investigated haptics in recent years. Bilateral teleoperation
with master and slave robot is one of the haptic technologies. Bilateral control
enables human operators to feel haptic information occured at remote environ-
ment. This technique is expected to be used in many situations such as space,
surgery, nuclear reactor, tele-communication, and so on. Various researches
concerning bilateral control have been done in last several decades. Hannaford
constructed the ideal relationship between master and slave system based on
hybrid matrix [1] and this relationship is formulated as ‘‘Transparency’’ [2]. Then,
acceleration control on bilateral teleoperation is achieved by disturbance observer
(DOB) [3, 4]. This enables to improve robustness and transparency of bilateral
control. In addition, reaction torque observer (RTOB) has been implemented to
enable force feedback without force/torque sensors [5]. In recent years, bilateral
teleoperation has applied in multiple ways, for example, multi-degree-of-freedom
(MDOF) bilateral system [6], bilateral teleoperation using two-wheel mobile
manipulator [7] and so on. Also, evaluation indices are defined in order to evaluate
the controller quantitatively in bilateral control systems [8]. The target goals of
bilateral teleoperation are considered as following two points. One is a repro-
duction of environmental impedance in master side. The other is a realization of
small operational force. Corresponding to two goals, indices are defined as
‘‘Reproducibility’’ and ‘‘Operationality’’.

• In teleoperation systems, communication time delay between master and slave
robots is also a serious problem. To solve this problem, various researches have
been done. One of the most effective stabilization methods of time delayed
control systems is Smith predictor [9]. The method uses model of control object
and time delay. Since the method is simple and easy to implement, many
researches about the method have been studied so far. However, Smith predictor
has a serious defect. Since time delay model of the system is needed for
implementation of Smith predictor, it is difficult to implement in case that time
delay model is not accurate. Particularly in case that it is difficult to obtain
accurate time delay model (like time-varying delay case), the performance and
stability of Smith predictor seriously deteriorates. In these circumstances, the
communication disturbance observer (CDOB) was proposed to estimate un-
predicatable and varying time delay as network disturbance (ND) and to com-
pensate time delay effect [10]. However, the performance is greatly affected by
order rearrengement of transmitted data due to network conditions, since CDOB
requires slave models including integral elements.

• In this paper, a master-slave control by force feedback based virtual impedance
controller is proposed. This proposed controller will be effective if the system
includes communication delay because the transmission information of pro-
posed controller is fewer than that of conventional controller. Moreover, models
of a slave robot and communication time delay are not required. To make clear
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the difference between conventional controller and proposed controller, per-
formance analysis is conducted by using ‘‘Reproducibility’’ and ‘‘Operational-
ity’’ in this paper.

61.2 Master-Slave Control with Time Delay

First, an ideal bilateral control is simply shown. Second, two types of conventional
controllers are explained. In addition, the proposed controller is described.

61.2.1 Bilateral Control

Acceleration based force sensorless bilateral controller is constructed based on
Disturbance observer (DOB) and Reaction torque observer (RTOB). The purpose
of bilateral control is to realize a tracking control of position in master and slave
systems, and to reproduce reaction force occurred in each system. An ideal
bilateral teleoperation system would satisfy the following conditions. Here, sub-
scripts m and s denote master and slave, respectively.

Fm þ Fs ¼ 0 ð61:1Þ

xm � xs ¼ 0 ð61:2Þ

Eqs. (61.1) and (61.2) illustrate realization of ‘‘law of action and reaction’’ and
ideal position tracking of master and slave.

61.2.2 General 4ch Sensorless Bilateral Controller

Figure 61.1 shows an overview of block diagram of general 4ch bilateral controller
with time delay. This controller is well known as one of the best controller in
bilateral system. In Fig. 61.1, control parameters are set as follows.

C1 ¼ C4 ¼ Cm ¼ Cs ¼ CpðsÞ ð61:3Þ

C2 ¼ C3 ¼ C5 ¼ C6 ¼ Cf ð61:4Þ

Therefore, the acceleration references of master and slave are expressed as
follows.

€xref
m ¼ Cpðxse

�T2s � xmÞ þ Cf ðF̂se
�T2s þ F̂mÞ ð61:5Þ
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€xref
s ¼ Cpðxme�T1s � xsÞ þ Cf ðF̂me�T1s þ F̂sÞ ð61:6Þ

Equations (61.5) and (61.6) mean that position and force control are unified
through acceleration dimension. Here, DOB estimates disturbances and the esti-
mated disturbance is fed back to achieve robust bilateral control [4]. Furthermore,
RTOB provides an estimation of external force without torque/force sensor and
brings torque/force sensorless control [5]. If communication delay is zero, 4ch
controller achieves high transparency. However, in case of the system includes the
communication delay, 4ch controller includes the effect of time delay in position
feedback loop and a force feedback loop like (61.5) and (61.6). Therefore,
transparency is deteriorated by the time delay effect.

61.2.3 3ch Bilateral Controller

In Fig. 61.1, control parameters are set as follows.

C1 ¼ Cs ¼ CpðsÞ ð61:7Þ

C4 ¼ Cm ¼ 0 ð61:8Þ

C2 ¼ C3 ¼ C5 ¼ C6 ¼ Cf ð61:9Þ

The difference between 4 and 3ch controller is that the master controller does not
utilize position informations. In other words, only force control is implemented in

Fig. 61.1 Block diagram of conventional bilateral controller with time delay
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the master side. Therefore, the acceleration references of master and slave are
expressed as follows.

€xref
m ¼ Cf ðF̂se

�T2s þ F̂mÞ ð61:10Þ

€xref
s ¼ Cpðxme�T1s � xsÞ þ Cf ðF̂me�T1s þ F̂sÞ ð61:11Þ

In this controller, models of a slave robot and communication delay are not
required and 3ch controller with time delay gives better performance than 4ch
controller [11].

61.2.4 Proposed Force Feedback Based Virtual Impedance
Controller

Figure 61.2 shows the block diagram of proposed controller. Here, RTOB means
Reaction Torque Observer which can estimate the reaction torque and achieve
force/torque sensorless master-slave control. Using the proposed approach, posi-
tion and force controllers can be designed independently. The force difference of
master and slave is an input to the virtual impedance controller to generate motion
commands and they are utilized to achieve a perfect tracking performance in the
position controller. In the virtual impedance controller, the desired impedance
models Mc; Dc and Kc are defined and the difference between human input Fm and
reaction force Fs is transformed to position, velocity and acceleration command
(xc; _xc;€xc). A motion model of virtual impedance is given as (61.12).

Mc€xc þ Dc _xc þ Kcxc ¼ F̂m þ F̂se
�T2s ð61:12Þ

Using the generated motion commands (xc; _xc;€xc), the acceleration reference is
synthesized in (61.13).

€xref
m ¼ €xc þ Kpðxc � xmÞ þ Kvð _xc � _xmÞ ð61:13Þ

Here, in the DOB based controller, the acceleration control, that is, €xres ¼ €xref is
achieved from (61.12) and (61.13). In slave side, position controller is designed to
track the response of master manipulator. As well as the master manipulator,
acceleration reference €xref

s for the slave manipulator is given as follows.

€xref
s ¼ €xme�T1s þ Kpðxme�T1s � xsÞ þ Kvð _xme�T1s � _xsÞ ð611:14Þ
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61.3 Performance Analysis

In this section, performance analysis is conducted. Here, the performance differ-
ence between proposed controller, 4ch and 3ch bilateral controller is analyzed by
using ‘‘Reproducibility’’ and ‘‘Operationality’’ [8].

61.3.1 Hybrid Parameters

Figure 61.3 shows the network representation of teleoperation systems. The rela-
tionship between master and slave can be formulated by independent variables H;
called hybrid parameters [2] as follows.

Fm

�xs

� �
¼ H11 H12

H21 H22

� �
xm

�Fs

� �
ð61:15Þ

In order to realize ideal condition, following hybrid parameters should be selected.

Fig. 61.2 Block diagram of proposed controller with time delay

Fig. 61.3 Network
representation of master and
slave system

686 R. Horie et al.



H11 H12

H21 H22

� �
¼ 0 1
�1 0

� �
ð61:16Þ

61.3.2 Reproducibility and Operationality

‘‘Reproducibility’’ and ‘‘Operationality’’ are used as performance indices for Opera-
bility. First, slave force is treated as follows with impedance of environment Ze:

Fs ¼ Zexs ð61:17Þ

From (61.15) and (61.17), force in master side is represented as follows.

Fm ¼
H12H21

1� H22Ze
Ze þ H11

� �
xm ð61:18Þ

Here, Pr and Po are defined as follows.

Pr ¼
H12H21

1� H22Ze
ð61:19Þ

Po ¼ H11 ð61:20Þ

Hence, (61.18) is represented as follows.

Fm ¼ PrZe þ Poð Þxm ð61:21Þ

Pr and Po are defined as ‘‘Reproducibility’’ and ‘‘Operationality’’. Because the
reproduction of environmental impedance in master side is the most important
condition in teleoperation, Pr ¼ 1 should be satisfied. Additionaly, when Po ¼ 0 is
realized, human operator feels real environmental impedance naturally. The ideal
condition that satisfies perfect ‘‘Reproducibility’’ and ‘‘Operationality’’ is called
Transparency [2].

61.3.3 Analysis of 4ch Controller

At first, 4ch controller is analyzed. In this analysis, it is assumed that cut-off
frequency of LPF approaches infinity and ideal robust acceleration control is
achieved. Hybrid parameters of 4ch controller can be calculated as follows. Here,
T indicates round-trip delay time ðT ¼ T1 þ T2Þ:
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H11 H12

H21 H22

� �
¼

s2 s2 þ 2CpðsÞ
� �

þ Cp2 1� e�Tsð Þ
Cf s2 þ CpðsÞ 1þ e�Tsð Þ

Cf s2 þ 2Cp

� �
e�T2s

Cf s2 þ CpðsÞ 1þ e�Tsð Þ

�
Cf s2 þ 2Cp

� �
e�T1s

Cf s2 þ CpðsÞ 1þ e�Tsð Þ
C2

f 1� e�Tsð Þ
Cf s2 þ CpðsÞ 1þ e�Tsð Þ

2
6664

3
7775

ð61:22Þ

If time delay is not included in the system, hybrid matrix can be shown as
follows.

H11 H12

H21 H22

� �
¼

s2

Cf
1

�1 0

2
4

3
5 ð61:23Þ

From (61.23), perfect transparency is achieved in 4ch controller without time
delay, if force gain Cf is large enough.

61.3.4 Analysis of 3ch Controller

Next, 3ch control is explained. This controller is designed based on acceleration
control [11]. Hybrid parameters of 3ch controller can be shown as follows.

H11 H12

H21 H22

� �
¼

s2

Cf
e�T2s

�e�T1s Cf 1� e�Tsð Þ
s2 þ Cp

2
64

3
75 ð61:24Þ

‘‘Reproducibility’’ and ‘‘Operationality’’ of 3ch controller are shown as follows.

Pr ¼
e�Ts

1� Cf 1� e�Tsð Þ
s2 þ Cp

Ze

ð61:25Þ

Po ¼
s2

Cf
ð61:26Þ

In ‘‘Reproducibility’’, perfect performance cannot be achieved especially in con-
tact motion. Moreover, ‘‘Reproducibility’’ degrades if force gain Cf is large
enough in contact motion. In ‘‘Operationality’’, perfect performance is achieved, if
force gain Cf is large enough. Therefore, the relationship between force gain Cf

and transparency is trade-off in contact motion with time delay in 3ch controller. If
the system does not include time delay, hybrid matrix of 3ch controller is shown as
follows.
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H11 H12

H21 H22

� �
¼

s2

Cf
1

�1 0

2
4

3
5 ð61:27Þ

As you can see from (61.23) and (61.27), hybrid parameters of 4ch controller and
3ch controller are same values if cut off frequency is infinity and the system does
not include time delay ðT1 ¼ T2 ¼ 0 msÞ:

61.3.5 Analysis of Proposed Controller

Hybrid parameters of proposed controller can be calculated as follows.

H11 H12

H21 H22

� �
¼ Mcs2 þ Dcsþ Kc e�T2s

�e�T1s 0

� �
ð61:28Þ

The difference of performance between 3ch controller and proposed controller
is H11 and H22: In H11; since the ideal value is H11 ¼ 0; how to design the
impedance models Mc; Dc; Kc is key factor about ‘‘Operationality’’. In H22; since
the ideal value is H22 ¼ 0; proposed controller with time delay satisfies the ideal
relationship constantly. Here, ‘‘Reproducibility’’ and ‘‘Operationality’’ of proposed
controller are shown as follows.

Pr ¼ e�Ts ð61:29Þ

Po ¼ Mcs2 þ Dcsþ Kc ð61:30Þ

In ‘‘Reproducibility’’, the effect of time delay is only transmitted to the slave side.
In ‘‘Operationality’’, perfect ‘‘Operationality’’ is also achieved in the proposed
controller, if the virtual impedance gain ðMc;Dc;KcÞ is small enough. Compared
with 3ch controller, the relationship of Pr and Po is simple and this makes clear
parameter design of the controller with time delay in proposed controller. This is
an important point in this paper.

Table 61.1 Analysis
parameters

Definitions Value

Kp Position gain 400.0
Kv Velocity gain 40.0
Kf Force gain 5.0
Mc Virtual mass gain of master

impedance
0.2

Dc Virtual viscosity gain of master
impedance

0.2

Kc Virtual spring gain of master
impedance

0.0

Ze Environmental impedance 10,000 ? 20s
T1;T2 Time delay [ms] 1,000
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61.3.6 Analysis by Using Bode Diagram

Performance analysis is conducted by using Bode diagram. 4ch controller, 3ch
controller and proposed controller are compared. Parameters in analysis are listed
in Table 61.1. Figures 61.4 and 61.5 show the gain characteristics of Hybrid
parameters. From Fig. 61.4a, 3ch controller gives the best performance in low
frequency area. However, if virtual impedance gains Dc and Kc are zero, H11 of
3ch controller and proposed controller become same values. As shown in
Figs. 61.4b and 61.5a, both 3ch controller and proposed controller are same
characteristics. These controllers are better than 4ch controller in H12 and H21:
Figure 61.5b shows the gain diagram of H22: In H22; since H22 of proposed con-
troller is zero, the gain diagram cannnot be indicated. However, proposed con-
troller is better than 3ch controller in H22:

Fig. 61.4 Comparison of controller characteristics by using hybrid parameters. a Gain
characteristics of H11 b Gain characteristics of H12

Fig. 61.5 Comparison of controller characteristics by using hybrid parameters. a Gain
characteristics of H21 b Gain characteristics of H22
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Next, discussions about ‘‘Reproducibility’’ and ‘‘Operationality’’ are conducted.
Since ‘‘Operationality’’ and H11 are same meaning, 3ch controller gives the best
performance in low frequency area as you can see from Fig. 61.6a. However, if
virtual impedance gains Dc and Kc are zero, ‘‘Operationality’’ of 3ch controller and
proposed controller become same characteristics. On the other hand, proposed
controller is the best performance in ‘‘Reproducibility’’ as you can see from
Fig. 61.6b.

Thirdly, the relationship between force gain Cf (3ch controller), Mc(proposed
controller) and transparency is discussed. Here, Cf and Kf are same values. As
shown in Fig. 61.7a, b, the relationship between force gain Cf and transparency is
trade-off in contact motion with time delay in 3ch controller. In other words, if
force gain Cf is large enough, perfect ‘‘Operationality’’ can be achieved, but
‘‘Reproducibility’’ degrades in contact motion. On the other hand, Fig. 61.7a, b
denote that if virtual mass gain Mc is small enough, perfect ‘‘Operationality’’ can

Fig. 61.6 Comparison of controllers by using ‘‘Operationality’’ and ‘‘Reproducibility’’. a ‘‘Ope-
rationality’’ b ‘‘Reproducibility’’

Fig. 61.7 The relationship between force gain and transparency in 3ch controller. a Po (3ch
controller) b Pr (3ch controller)
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be achieved and ‘‘Reproducibility’’ is constant with the value of Mc: Consequently,
the relationship of Pr and Po is simple and this makes clear parameter design of the
controller with time delay in proposed controller (Fig. 61.8).

61.4 Simulation

In this section, numerical results are shown to confirm the validity of the proposed
controller. Parameters in simulations are listed in Table 61.2.

61.4.1 Simulation Results Without Time Delay

At first, simulation is conducted in the case that the teleoperation system does not
include communication delay (T1 ¼ T2 ¼ 0 ms). Figures 61.9 and 61.10 show the
results of torque response and position response respectively. As shown in
Figs. 61.9 and 61.10, the results of three types of controllers are almost the same.

Fig. 61.8 The relationship between force gain and transparency in proposed controller. a Po
(Proposed controller) b Pr (Proposed controller)

Table 61.2 Simulation parameters

Definitions Value

Kp Position gain 400.0
Kv Velocity gain 40.0
Kf Force gain 50.0
Mc Virtual mass gain of master impedance 0.02
Dc Virtual viscosity gain of master impedance 0.2
Kc Virtual spring gain of master impedance 0.0
Ze Environmental impedance 10,000 ? 20s
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Therefore, good transparency is achieved without time delay in proposed con-
troller as well as 4ch controller and 3ch controller.

61.4.2 Simulation Results with Time Delay

Secondly, simulation is conducted in the case that the teleoperation system
includes the time-varying delay (50 ms \ T1; T2 \ 150 ms). Figures 61.11 and
61.12 show the results of torque response and position response respectively. From
Fig. 61.11a and 61.12a, both ‘‘law of action and reaction’’ and position tracking
and are not achieved in 4ch controller. In other words, ideal performance cannot be
achieved in 4ch controller if the teleoperation system includes the time delay.
As shown in Fig. 61.11b, c, good torque responses can be achieved in both 3ch
controller and proposed controller. However, the results of position response are
different especially in contact motion as you can see from Fig. 61.12b, c. In 3ch
controller, position tracking is not achieved in contact motion. On the other hand,
the position tracking can be almost achieved in proposed controller. Therefore, the

Fig. 61.9 Torque response without time delay (T1 ¼ T2 ¼ 0 ms) a 4ch controller b 3ch
controller c Proposed controller

Fig. 61.10 Position response without time delay (T1 ¼ T2 ¼ 0 ms) a 4ch controller b 3ch
controller c Proposed controller
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communication delay models are not required in proposed controller. As a result,
the validity of proposed controller is confirmed as well as performance analysis in
some simulations.

61.5 Conclusion and Future Works

In this paper, an analysis of a master-slave control by force feedback based virtual
impedance controller with time delay is conducted. Compared with conventional
controllers, the relationship of Pr and Po is simple and this makes clear parameter
design of the controller with time delay. Moreover, the proposed controller can be
flexibly applied to many kinds of time-delayed teleoperation systems because
models of a slave robot and communication delay are not required. The validity of
proposed controller is confirmed by some simulations. As the future work, the
stability analysis and experimental validation should be conducted.

Acknowledgements This work was supported in part by a Grant-in-Aid for Scientific
Research(C)(22560280).

Fig. 61.11 Torque response with time delay (50 ms\T1;T2\150 ms) a 4ch controller b 3ch
controller c Proposed controller

Fig. 61.12 Position response with time delay (50 ms\T1;T2\150 ms) a 4ch controller b 3ch
controller c Proposed controller
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Chapter 62
Friction Compensation and Control
Strategy for the Dexterous Robotic Hands

Vahid Aminzadeh, Rich Walker, Ugo Cupcic, Hugo Elias
and Jian S. Dai

Abstract Friction in tendon based robot hands has been an unavoidable problem.
With introduction of more dexterous and metamorphic hands this intrinsically
non-linear and highly time-varying force has become an obstacle to achieve high
performances and required accuracy which the robot designers are aiming for. This
paper proposes a method to tackle the problem by measuring friction and applying
it in a feed forward loop. The novelty of the method is in the possibility to perform
the task automatically and on a regular basis to compensate the time varying
phenomenon.

Keywords Robotic �Robot hand � Friction measurement � Friction compensation �
Control

62.1 Introduction

Since Dr. Engelberger [1] invented the first industrial robot in the early 1960s,
there is a growing interest in robotic hand research and in the past three decades a
great variety of robotic hands have been developed. The industrial robotic hands
were strong and robust with a simple design of two or three fingers and are referred
as industrial grippers.
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With the growing interest in humanoid robotics research, anthropomorphism of
a robotic hand becomes a popular design goal, and has been proposed by
researchers in the form of NASA Robonaut Hand [2], Stanford/JPL hand [3],
Utah/MIT hand [4] and many more. These hands have been continuously devel-
oped in the past two to three decades but most of them have a common feature of
having a fixed/rigid palm. Thus, mechanisms with more functionality are needed
for secure grasping and manipulation of different and complex objects. This then
leads to DLR/HIT Hand II [5], Fluidic Hand [6], IIT hand [7], Bi-on-ics [8] and
Shadow Hand [9]. Also King’s College London has developed a new metamorphic
robotic hand which consists of a metamorphic mechanism for the palm [10].

As it can be seen there are a variety of robotic hands developed by different
institutions and companies and it can be claimed that the hardware is already
available. Nevertheless, in all the cases the control architecture fails to provide the
required autonomous manipulation for the different objects and to the best of our
knowledge there is little work regarding dexterous manipulation control strategies
([11], [12]) and these are generally theoretical studies on trajectory generation.
The majority of the control strategy literature is based on the assumption of the
existence of a relatively accurate dynamic model of the hand.

With the efforts for development of a prosthetic hand and also hands which are
supposed to be the same size of the human hand it is very difficult to place
actuators on the joints unless the fingers have low degree of freedom or the hand is
larger than the human hand. In such cases the motors are usually very constrained
due to the size and are either weak, very expensive or the fingers have very low
degrees of freedom. As a result most of the existing robotic hands need to transfer
the power from the motors (or pumps, air muscle, etc.) to the joints with the aid of
a set of tendons.

Tendons on the other hand have their own disadvantages. Most of the good
implementations of tendon operated robots require two tendons per joint. In this
case spacing problems arise for the tendons. Furthermore the two tendons are
being pulled in different directions. Furthermore tendons are in contact with sur-
faces in an almost random manner. This is particularly important when there is an
element of metamorphism which increases the complexity of the kinematic chain.

Depending on the posture of the joints and the fingers the tendons are being
deformed in different ways. Therefore the contact surfaces and the acting forces on
the tendons vary which changes the friction forces. As the hands become more
dexterous the friction forces are becoming almost impossible to predict. This
varying friction results in large inaccuracies in the dynamic model of the system
and as a result the dexterous hands do not have the same performance over the
whole range of the motion of the joints.

One might argue that by using gain scheduling and derivation of an accurate
enough model at a number of setpoints it will be possible to utilize model based
control. This might be true however this requires an offline estimation process and
will not be accurate when the model changes due to decay, etc. Furthermore it is
almost impossible to guarantee that the tendons are always taut (even in the
presence of tensioners). This will create a random delay in between the moment
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that the command for motion is being sent and the actual motion of the joint. Such
a delay makes the system identification process even more complicated and almost
impossible to perform autonomously.

The inaccuracy in control can have drastic consequences as an overshoot in the
joint motion can be strong enough to damage the grasped object and a small error
can cause a failure to hold an object. It can be argued that such errors can be
avoided by using force feedback loops, however it is still desirable to have an
extremely accurate position control.

We have proposed and implemented a method to measure friction as the largest
contributor to the non-linearity of the system. The method can be performed
autonomously in the form of an online upgrade of the friction map. This can also
compensate the time-varying of the mechanism, particularly in the harsh envi-
ronments and can be used as a measure for fault detection.

62.2 Review of Friction Models

Friction forces are created between two surfaces which are in contact due to the
irregularities and asperities at the microscopical level. The friction force depends
on a large number of factors including the surface material, temperature, etc.
A variety of models have been proposed to formulate the friction which although
very different in nature, are capable of more or less accurately estimate the friction
parameters. A summary of the classic friction models can be found in [13], [14]
and [15] which cover the basic ideas of the friction as a force opposing the motion
to the more advanced static and dynamic models.

The simplest model proposed for friction has the form F(v) = Fcsgn(v) where F is
the friction force; v is the relative velocity of the contacted surfaces and Fc is the
coulomb friction. This model has widespread application in friction compensation
due to its simplicity and in many cases ([16], [17]) it is enough for ad hoc purposes.
The friction force when velocity is zero is not defined by this equation. The main
problem with this model is the fact that it does not consider the drop in the friction
force after motion starts and assumes that the friction is constant throughout the
course of motion. In order to overcome this problem a better model can be con-
structed by considering stiction which is a larger friction force which acting on the
system when it is at rest. Also the change in the friction is continuous [15]. There are a
number of formulas describing this phenomenon and the most commonly used one is

FðvÞ ¼ Fc þ Fs � Fcð Þe� v
vsj jds sgnðvÞ þ Fvv ð1Þ

Where vs is the Stribeck velocity and ds is a free parameter usually assumed to be 2.
During the development in the field of hydrodynamics expressions were derived the
viscous frictions which are generally in the form of FðvÞ ¼ Fvv. It is also possible to
combine the viscous friction into the same equation either by FðvÞ ¼ FcsgnðvÞ þ
Fvv or FðvÞ ¼ Fv vj jdv sgnðvÞ ([15], [18]).
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62.3 Apparatus Description

Figure 62.1 demonstrates the power transmission of the Shadow hand. A Motor is
connected to a spool which the two tendons are connected to. The tendons are
passing through the tensioner which tries to keep the tendons as taut as possible
with the aid of a torsion spring. The tendons are directed through predefined paths
to the respective finger joints.

62.4 Friction Measurement

In order to measure the friction the following control loop was implemented. By
adjusting the PI controller values it is possible to obtain a relatively slow and
continuous motion throughout the range of the motion of the finger. To do so, set
the P value to the smallest value that can create a motion in the beginning of the
range (or point with lowest friction). At the next step the value of I should be set
such that it creates at the end of the range (or the point with highest friction).

The velocity setpoint has been chosen as a very low speed to guarantee that the
robot is moving in the correct part of the friction-velocity curve. In order to make
sure that the output velocity has the required specifications the velocity values
throughout the motion has been recorded and the measurements of the motor input
have begun afterwards.

The implementation of the PI controller is to guarantee the generation of motion
in the joint i.e. if the friction force is very high the value of the controller output
keeps increasing until the joint moves (Fig. 62.2).

Fig. 62.1 Power transmission (left) and kinematics of the finger of Shadow hand (right)
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One might argue that the velocity can be derived directly if the motor is
equipped with shaft encoder or tachometer. However in such a case the velocity
obtained from the shaft encoder does not necessarily reflect the actual velocity of
the joint and it is possible that the joint has motion which is not reflected in the
measurements and/or the shaft of the motor has motions (due to backlash, etc.)
which cannot be seen in the velocity measurement. For this reason it is recom-
mended to measure the velocity by differentiating the position.

On the other hand an appropriate technique should be employed for the dif-
ferentiation of the position as it can be a noisy signal. A number of methods are
proposed in the literature for differentiation of noisy signals. We employed
Kalman filter to do so, however any other method can be utilized depending on the
situation.

As it is mentioned before the tendons responsible for forward and backward
motion are different. This resulted in different friction on the forward and back-
ward motion and the corresponding frictions should be measured separately. One
might argue that by arranging the tendons to take close paths it should be possible
to record only one measurement and adjust it for both motions. This is not
necessarily correct as the tendon path would be different when they are being
pulled in different directions unless the tendons paths are also symmetrical. In any
other case formation of a hysteresis loop can impose inaccuracies into the model.

As majority of the tendons utilized in the hands (including the apparatus used
for the data in this paper) are PTFE, the friction is mainly a coulomb friction. As a
result the second term of the equation above can be omitted. If the tendon is
lubricated then the extra term needs to be estimated and considered in the feed
forward loop.

The next question was to decide which friction model best suits our purpose.
In order to do so we performed a set of tests with different velocities which are
demonstrated in Fig. 62.3.

As it can be seen in Fig. 62.3 the friction generally decreases as the velocity
increases. On the other hand any more specific relation between friction and
velocity is almost impossible to derive. One solution might be to derive a friction
map for a number of velocity set points. With this information at hand at each
point the controller can measure (or estimate) the velocity and calculate the correct
friction map. This will increase the overhead calculation and the storage space
required for the friction tables can be a problem. On the other hand if only one of
the friction maps is supposed to be chosen then the question is which one of the

Fig. 62.2 Control loop for friction measurement
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maps should be chosen. We tested all the friction maps and based on our expe-
rience we observed that the friction maps with low velocities provide better
accuracy for all the motions. On the other hand if required, it is possible to store
more than one friction map. This is particularly useful if the mechanism demon-
strate different friction maps for different velocities or configuration of hand
changes the friction values. Also it is possible to form two friction maps for very
low velocities (almost start the motion from steady state) to have an exact mea-
surement for the stiction and one with an average velocity (can be mid range of the
velocity). At the next step the velocity should again be calculated (or estimated)
and the interpolation (or extrapolation) should be employed which can increase the
overhead again.

The choice of the method depends on the system at hand. We decided to go
with only one friction map as we observed that it can slow the sampling frequency.
The obtained data has been further filtered to derive a better friction map. Derived
friction map can be saved in its entirety in the robot framework, however as it can
be seen from the Fig. 62.4 the data can be constructed with a limited number of
points. Higher number of points results in a more accurate friction map; however it

Fig. 62.4 Raw data, filtered
data and the points obtained
by least square and minimax
algorithms

Fig. 62.3 Control loop for friction measurement
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increases the memory usage. It was observed that 5 points can fully incorporate the
trend of the function and interpolation between the 5 points results in very small
error (less than 0.1 percent in majority of the cases).

A variety of the algorithms for deriving the points were considered however the
two most suitable ones were mini-max and least square algorithm. Figure 62.4
demonstrates the results of the applying above algorithms to the sets. If the data is
smooth enough it is even possible to choose the points which are spaced at equal
intervals. Figure 62.5 demonstrates flowchart of the algorithm for friction
measurement.

Start

Move the joint position to the 
beginning of the range of motion

Start recording the data for 
controller output and position

Move the joint with the minimum 
speed to the end of the range of motion

Load the PI controller

Stop recording when the end of 
range is reached

Change the direction of motion

Both directions 
are measured?

Yes

No

End

Fig. 62.5 Flowchart of the
algorithm
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62.5 Results

In order to check the performance of the friction compensation a simple PID loop
with the friction feedforward has been arranged. To check the performance of the
controller over the possible range of the motion of the joint a series of steps with
different amplitudes have been applied to the system.

As it can be seen in Fig. 62.6 the system has followed the input without a
significant overshoot. The system is capable of accurately reaching any position
demand in the whole range of the motion of the joint.

One major source of error which contributes to the difference between the input
and the output is the backlash of the tendon. The backlash detection and com-
pensation methods can be of use in further improving the performance of the
controller, however care should be taken into account when both friction and
backlash compensation are being in use.

Fig. 62.6 Position demand (left) and actual position (right) of the joint
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62.6 Conclusion

Various friction models were discussed. A new method for friction measurement
and compensation the friction for tendon based robot hands was proposed. The
proposed method was applied to Shadow robot hand and the results were
presented.
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Chapter 63
On the Task Specific Evaluation
and Optimisation of Cable-Driven
Manipulators

Darwin Lau, Kishor Bhalerao, Denny Oetomo
and Saman K. Halgamuge

Abstract Cable-driven manipulators are traditionally designed for general per-
formance objectives, such as maximisation of workspace. To take advantage of the
reconfigurability of cable-driven mechanisms, the optimisation of cable-configu-
rations for specific tasks is presented. Specifically, two types of task specific
objectives are explored, the minimisation of cable forces over a desired trajectory
and the maximisation of workspace about a desired pose. The formulation and
incorporation to the optimisation problem for both task specific objectives are
presented. Illustrated using a 3-DoF manipulator example, the results clearly
demonstrated the advantages of optimising cable configurations for specific tasks.
The potential ease of relocation in cable attachments makes task dependent
reconfiguration feasible.
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63.1 Introduction

Cable-driven parallel manipulators refer to mechanisms where the end-effector is
controlled through cables. Cables are attached to the end effector on one end and to
the actuator located at the base platform on the other. Desirable characteristics
over traditional parallel mechanisms include: reduced weight and inertia, simpli-
fied dynamics modelling and the ease of transportation. The unique property of
cable driven mechanisms is that its cables can only be actuated unilaterally
through tension and not compression (positive cable force).

Due to the potential ease in relocating the cable attachment locations (cable
configuration) on the end effector and base platform, cable-driven manipulators
can be regarded as a reconfigurable mechanism. A wide range of applications exist
for cable-driven mechanisms, such as such as manufacturing [2], rehabilitation
[13] and exoskeletons [14]. For a given application, cable configuration can be
either determined by the designer or through an optimisation process [1, 9, 2].

Naturally, the selection of an appropriate objective function is crucial in the
determination of a desired cable configuration. In [1], the workspace volume was
maximised for a two-link upper arm exoskeleton. Maximisation of tension-closure
workspace volume and Global Conditioning Index (GCI) was performed on a
cable-driven universal joint module [9]. In [12], the configuration for a locomotion
interface actuated by 16 cables was determined. The objectives involved the
maximisation of mechanism workspace volume while minimising cable
interference.

Objective functions such as workspace volume and GCI are similar to those
employed in the design of rigid link mechanisms [5]. The goal is to achieve
desirable general performance, as opposed to the efficiency of specific tasks.
To take advantage of the potential reconfigurability of cable-driven manipulators,
optimisation for specific tasks should be considered. For example, manipulators
designed with a large workspace may not be energy efficient for a prescribed
trajectory. This saving is particularly significant for highly repetitive tasks, such as
pick-and-place in manufacturing or rehabilitation treatment for stroke patients.

In this paper, objective functions to evaluate the desirability of cable-driven
manipulator configurations for specific tasks are investigated. Two classes of
objective functions are presented, one based on the minimisation of cable forces
for a desired trajectory, and the second is based on desired regions of the
manipulator workspace. It is shown how workspace properties can be efficiently
evaluated by extending the workspace analysis technique proposed in [8]. The
impact of the proposed objective functions is illustrated through the optimisation
of a 3-DoF manipulator, using a standard Particle Swarm Optimisation (PSO)
algorithm. The results highlight the potential of task specific cable arrangement
over a manipulator that is optimised for general or global performance.

The remainder of this paper is organised as follows: Sect. 63.2 presents the manip-
ulator model, inverse dynamics problem and workspace analysis. The task specific
objective functions and optimisation problem are formulated in Sect. 63.3. The results
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for the optimisation of an example 3-DOF manipulator are presented and discussed in
Sect. 63.4. Finally, Sect. 63.5 concludes the paper and presents areas of future work.

63.2 Manipulator Model and Background

Consider the model shown in Fig. 63.1, where rAi and rBi represents the cable
attachments at the base and the end effector for cable i; respectively. The vector
r0E represents the translation from the origin of the inertial frame fF0g to the
origin of the end effector frame fFEg:

The equations of motion a general n-DOF manipulator actuated by m-cables
can be expressed in the form

MðqÞ€qþ Cðq; _qÞ þGðqÞ ¼ �JTðqÞf; ð63:1Þ

where q ¼ q1 q2 . . . qn½ �T2 R
n represents the manipulator pose, M, C, and

G are the mass inertia matrix, centrifugal and Coriolis force vector, and gravita-
tional vector, respectively. The resultant of the cable wrenches is denoted by �JT f;

where JTðqÞ 2 R
n�m is the transpose of the Jacobian matrix. For a 6-DOF spatial

manipulator

JT ¼ l̂1 l̂2 . . . l̂m

rB1 � l̂1 rB2 � l̂2 . . . rBm � l̂m

� �
: ð63:2Þ

where li is the cable vector of cable i, defined as li ¼ r0E þ rBi � rAi : The cable

force vector is denoted by f ¼ f1 f2 . . . fm½ �T2 R
m; where fi is the cable force

in cable i. The allowable cable force range in cable i can be defined as

0 \ fi;min � fi � fi;max; ð63:3Þ

where fi;min ensures positive cable force and prevents cable slackness, while fi;max

provides an upper limit on allowable actuation through the cable.

Fig. 63.1 General model for
cable manipulator
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63.2.1 Inverse Dynamics Problem

For a desired manipulator trajectory qrðtÞ; _qrðtÞ and €qrðtÞ; the system dynamics
from (63.1) at time t can be expressed as a linear equation

�JT f ¼ w; ð63:4Þ

where w ¼ MðqÞ€qþ Cðq; _qÞ þ GðqÞ: The inverse dynamics problem refers to the
determination of cable forces, fðtÞ; subject to the constraints from (63.3) to satisfy
the system dynamics in (63.4). For completely and redundantly restrained cable
systems (m� nþ 1) an infinite number of solutions exist [10]. One approach to
resolve the cable force redundancy is to introduce an objective function for cable
forces [3, 7, 11]. The minimisation of the sum of the squared cable forces results in
a Quadratic Programming problem

f� ¼ arg min
f

fT Hf

s.t� JT f ¼ w

fmin� f� fmax;

ð63:5Þ

where H is a positive definite weighting matrix and f� is the cable force solution.
The cable force constraint refers to the allowable cable forces described in (63.3).

63.2.2 Wrench-Closure Workspace

The Wrench-Closure Workspace (WCW) is defined as the poses in which the
manipulator can sustain any arbitrary wrench without any upper cable force
bounds

W ¼ fq : 8q 2 R
n; 9f [ 0;�JðqÞT f ¼ wg; ð63:6Þ

where f [ 0 denotes the positive cable force constraint. Point-based evaluation
techniques to determine the WCW have been studied in [4, 6]. In [8], a hybrid
numerical–analytical approach was proposed to generate the WCW with increased
accuracy and efficiency compared to point-wise methods. In this approach, the
WCW from (63.6) is reduced to a set of univariate polynomial inequalities and
analytically solved. From this approach, the workspace is represented by a set of
linear regions defined by qr 2 R

n�1; the constant pose for n� 1 variables, and the
continuous region ðql; quÞ; where ql and qu are the lower and upper bounds for
variable q; respectively. This approach is extended to evaluate the workspace in
Sect. 63.3.2.
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63.3 Optimisation Problem and Evaluation Methods

The cable configuration optimisation problem can be expressed as

x� ¼ fr�A; r�Bg ¼ arg min
rA;rB

CðrA; rBÞ

s.trA 2A; rB 2 B
ð63:7Þ

where r�A and r�B denote the optimal cable attachment locations at the base and end
effector, respectively. The sets A and B represent the possible attachment loca-
tions at the base and end effector, respectively, and form the constraints on the
optimisation variables. The objective function, CðrA; rBÞ; represents desired
properties of the manipulator and is dependent on cable configuration. Two classes
of task specific objectives appropriate to cable-driven manipulators are presented
in this section.

63.3.1 Cable Force Characteristics

The evaluation of cable force is a direct and meaningful measure on the config-
uration’s performance in executing a desired trajectory, qrðtÞ; _qrðtÞ and €qrðtÞ; for a
time period of 0� t� tmax: Denoting a penalty function for cable forces at time t as
hðf�; tÞ; the objective function to minimise the penalty over the entire trajectory
can be expressed as

CðrA; rBÞ ¼
Z tmax

0
hðf�; tÞdt ð63:8Þ

where f� represents the cable forces from the inverse dynamics problem in (63.5).
One possible cable force penalty function at time t is

hðf�; tÞ ¼ Qðf�Þ; fmin� f� � fmax

QðfbÞ; otherwise

�
; ð63:9Þ

where Q is the function from (63.5), and fb [ fmax represents penalty cable forces
when there are no solutions for (63.5), penalising configurations in which the
trajectory cannot be executed.

63.3.2 Workspace Evaluation

Upon determination of the workspace, for example, WCW, existence of desired
regions can be evaluated. This is particularly to ensure that the designed manip-
ulator is able to operate within a specifically prescribed region for a desired task.
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By prescribing a desirability of manipulator pose q within the workspace W as
vðqÞ; the objective function to achieve maximum workspace desirability can be
expressed as

CðrA; rBÞ ¼ �
Z

W
vðqÞ dW : ð63:10Þ

One of the simplest measures of workspace is its volume, where the entire
workspace is equally weighted v1ðqÞ ¼ 1: The disadvantage in such a general
performance measure is that the maximisation of volume does not imply that the
manipulator can operate in a desired region. To accommodate for this, vðqÞ can be
constructed to favour desired regions. For example, if the desired workspace
region is the region about a manipulator pose qs ¼ fqs1 ; qs2 ; ; qsng; where qsi

corresponds to the pose variable qi; respectively, one weighting function can be

v2ðqÞ ¼
1

1þ a1ðq1 � qs1Þ
2 þ . . .þ an�1ðqn�1 � qsn�1Þ

2 þ anðqn � qsnÞ
2 : ð63:11Þ

The properties of (63.11) are v2ðqsÞ ¼ 1; v2ðqÞ� 1; and v2ðqÞ ! 0; q� qsj jj j !
1: The constant ai corresponds weighting in dimension i.

Taking advantage of the workspace generation approach proposed in [8], the
workspace desirability from (63.10) can be expressed as

C ¼ �
X
qr1

X
qr2

. . .
X
qrn�1

Z qu

ql

vðqr; qÞdq � Dqrn�1 . . .Dqr2 � Dqr1 ; ð63:12Þ

where qr ¼ fqr1 ; qr2 ; . . .; qrn�1g represents the constant variables and q is the
analytical variable. It is important to note that if the definite integral of vðqr; qÞ
with respect to q can be determined analytically, then (63.12) becomes

C ¼ �
X
qr1

X
qr2

. . .
X
qrn�1

ðVðquÞ � VðqlÞÞ � Dqrn�1 . . .Dqr2 � Dqr1 ; ð63:13Þ

where V is the definite integral of vðqr; qÞ with respect to q. It is worth noting that
for both the volume and proposed task specific workspace region function from
(63.11), VðqÞ ¼

R
vðqÞdq can be determined. Evaluation of workspace in such a

manner preserves the advantages of the workspace generation from [8], increased
efficiency and accuracy.

63.4 Simulation and Results

To illustrate and compare the different task specific objective functions, the
optimisation of a completely restrained 3-DoF manipulator driven by 4-cables is
presented. As shown in Fig. 63.2, the manipulator is constrained at the base
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through a ball joint, and the pose of the manipulator can be defined as q ¼
a; b; c½ �T; where a; b; and c are the xyz-Euler angles of rotation, respectively.

For the presented manipulator, three task specific objective functions C1 to C3

and one general measure C4 have been selected for optimisation. These objective
functions are described in Table 63.1. Trajectories are defined by a starting pose qs

and ending pose qe; assuming zero starting and ending velocities and accelerations
_qs ¼ _qe ¼ €qs ¼ €qe ¼ 0: The trajectory qðtÞ is then generated from t ¼ 0 to
t ¼ tmax by quaternion interpolation. The evaluation function for a desired
workspace region from (63.11) for the 3-DoF manipulator is

v2ðqÞ ¼
1

1þ aaða� asÞ2 þ abðb� bsÞ2 þ acðc� csÞ2
: ð63:14Þ

For evaluation function Ci; the optimal cable configuration x�i was determined
through a standard Particle Swarm Optimisation (PSO) algorithm. To allow
comparison between task specific evaluation functions, each optimal configuration
was also evaluated for C1 to C4: The results for these evaluations are shown in
Table 63.2, where the minimum value representing the optimal cost is highlighted.

The optimal cable configuration for the WCW volume x�4 is a robust configu-
ration that allows the manipulator to satisfy a wide range of tasks. The disad-
vantage of such a configuration is that efficiency for specific tasks are not
considered. For example, the a� b cross section of the WCW at cs ¼ 2p

5 is shown

Fig. 63.2 3-DOF ball joint manipulator

Table 63.1 Evaluation Function Descriptions

Function Type Description

C1 WCW
region

Function from (63.14) with weight values of aa ¼ ab ¼ ac ¼ 100 about
pose as ¼ �1;bs ¼ 0:5; cs ¼ 2p

5

C2 Trajectory qs ¼ � p
10

p
10 0

� �T
; qe ¼ p

10 � p
10 0

� �T
and tmax ¼ 1

C3 Trajectory qs ¼ 3p
10

2p
5 � p

6

� �T
; qe ¼ p

3
p
5 � p

3

� �T
and tmax ¼ 1

C4 WCW WCW volume (general performance measure as a baseline)
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in Fig. 63.3a. It can be observed that workspace does not exist about pose a ¼ �1
and b ¼ 0:5: In comparison, the workspace from configuration x�1; optimised for
the workspace region about ða; b; cÞ ¼ ð�1; 0:5; 2p

5 Þ; is shown in Fig. 63.3b, where
the workspace about the desired location is satisfied. This is particularly useful to
ensure that a manipulator is more robust to operate at a desired workspace region.

The benefits of task specific evaluations can be further observed for the mini-
misation of trajectory cable forces. It can be observed that x�4 can perform the
trajectories C2 and C3; but much less efficiently than the optimal configurations x�2
and x�3; respectively. The comparison in cable forces required to generate trajec-
tory C3 between configurations x�4 and x�3 is shown in Fig. 63.4. It is clear that x�3
from Fig. 63.4b performs the trajectory much more efficiently, with a maximum
force of approximately 20 N; compared to the maximum force of 100 N from x�4:

From the comparison, the benefits in task specific evaluation to determine
optimal cable configurations can be observed. This study suggests that it is difficult
to obtain a robust cable configuration to satisfy a wide range of tasks, while
performing them efficiently. In addition, the optimal configuration for one task
specific objective typically performs poorly for another. Due to the potential
reconfigurability of cable-driven systems, the adaptation of task specific objectives
become feasible.

Table 63.2 Comparison of Evaluation Functions

x�1 x�2 x�3 x�4

C1 2282.3 -161 -11.05 -216.7
C2 116.7 3.8 8080006.5 13.9
C3 2333536.2 1864.8 282.6 6973
C4 -35543 -29966 -2884 236321

Fig. 63.3 WCW for optimal configurations x�4 and x�1 a c ¼ 2p
5 for x�4 b c ¼ 2p

5 for x�1
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63.5 Conclusion

A study to compare the effectiveness of different task specific evaluation functions
for optimising cable-driven manipulators was presented. Two classes of tasks were
considered, minimisation of cable force to perform a trajectory, and maximisation of
a workspace region. In addition, an efficient method to evaluate the quality of WCW
was demonstrated extending from [8]. Performing optimisation on a 3-DoF cable-
driven manipulator, the results indicated the improvement and savings of task spe-
cific objectives, as compared to a robust performance measure such as workspace
volume. Future work should consider other task specific measures, such as cable
interference, and to extend this to the optimisation of multilink manipulators.
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Chapter 64
Motion Coordination Strategy
of Quadruped Robot Inspired
by the Locomotion of Animal

Hongkai Li and Zhendong Dai

Abstract Motion coordination is one of the key technologies that affect the
stability and efficiency of robot. Animals’ motion must have the advantages
reserved from long time’s evolution, which offers good prototypes for the control
of robot. In this paper, the locomotion of quadruped animal, gecko, was observed
when trotting on the level, and the trajectories of feet relative to the hip on the
same side were analyzed. Results showed that the speed of feet on stance phase
relative to the hips were the same, feet accomplished the change of moving
direction and speed during transition process between stance and swing phases.
This approach was simulated in a robot mode and used in trajectory plan of a
quadruped sprawling robot.

Keywords Motion coordination � Robot � Kinematical chain � Trajectory

64.1 Introduction

Potential solutions to engineering problems can be found in investigating how
these problems are solved in nature [1]. Over the long evolutionary periods of
species, morphological characteristics of body and limbs have been optimized to
improve the species’ motion performance, which offers good bionic inspirations
for the solution of practical motion control.
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The motion mechanism, composed of animal’s body, limbs and the contact
substrate, is variable and reconfigurable. Limb on swing phase is an open kine-
matic chain relative to the body. The limbs on stance phase together with body and
the ground form close kinematic chains. During the motion, the previous motion
mechanism is dissolved with the limb transfers from stance to swing phase, and the
new is reconfigured with the limb transfer from swing to stance phase. The inter-
coordination of limbs on stance phase and the inner-coordination of limb transfer
between swing and stance phase are significant. These also exist in the control of
robots. The motion coordination of robot should only be realized by man-made
control system. But animals can achieve that inherently. So it will be an efficient
way for the coordination control of robot to learn from animal.

Locomotion involves the harmonious activity of the entire animal, depending
especially on the coordinated action of muscles, bones, nervous system and sense
organs [2]. The movement coupling of the hindlimbs and forelimbs about intact
and decerebrate cats under different types of locomotion in several preparations
was analyzed. In pacing and trotting gaits, two basic patterns of coupling have
been found, which simplify considerably the problem of neural control of the
limbs in locomotion [3]. By training four cats locomotion on a treadmill at a
variety of speeds, Vilensky et al. filmed at weekly intervals for three weeks to
characterize the locomotor behavior variation exhibited by the cats in total cycle
and swing/stance durations with the variation of speed [4]. English recorded the
simultaneous electromyography of each limb of intact cats during repeated over-
ground stepping trials to determine the temporal spacing of step cycles. Analysis
of the coordination of step cycles of both homologous limb pairs, both homolateral
limb pairs and both sets of diagonal limbs, suggest that the step cycles of the four
limbs are coordinated according to a few frequently occurring patterns [5].
Symmetry is an typical pattern for the robot control [6, 7]. By coordinating the
limbs pairs move simultaneously, symmetrical gaits such as trotting, pacing,
bouncing was studied and used to the control of robot [8–12]. But this method
requires the control system to calculate the accurate foot points of the next step.

Motion coordination of legged robot includes inter-coordination of legs at
stance phase and inner-coordination of single leg at different motion state. The two
kinds of coordination are simultaneous with new closed kinematic chain recon-
figured and leg enters and exits the kinematic chain during the motion. Existing
work mainly concentrated on the inter-coordination of legs and rarely on the inner-
coordination and the relationship of the two kinds of coordination. As an out-
standing climber, gecko could move in three dimensional spaces, and obtained
desirable focus on behalf of its outstanding locomotion performance and biologic
characters [13–15]. In this paper, the locomotion of gecko was observed, and the
trajectories of feet tips relative to the hip were obtained by picking up the key
points from the filmed records. The motion coordination strategies of gecko were
concluded by analyzing the trajectories. At last a motion coordination method was
proposed and simulated in a gecko-like robot model.
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64.2 Trajectory of Gecko’s Ankle Joint During Trotting

Trajectories of feet relative to the body were planned for the control of quadruped
robot. Normally, the body of robot was rigid, and the relative position between the
center of body and each hip was fixed. So the trajectory of foot could also be
planned relative hip. In this part, trajectories of the two limbs on right side were
observed to study the coordination pattern when gecko trotted on the level.

For the experiment, a three-dimensional locomotion observation system was
built [16, 17]. Locomotion was filmed by the high speed camera when gecko
trotted along the channel. The spatial position of limbs could be obtained from
each recorded frames.

One of the recorded frames and the global coordinate system (Ro) which build
based on right hind rule were showed in Fig. 64.1. Four hip coordinate systems
were built on each hip paralleling to the global coordinate system.

Homolateral limbs were selected because locomotion of two limb pairs on both
sides was nearly same except for time phase when on trot gait. Here the limbs on
right side were selected. The trajectories of feet relative to the corresponding hip,
showed in Fig. 64.2, were smoothed by Savitzky-Golay method in Origin Pro 8
(Origin Lab Corp., Northampton, MA, USA) when gecko trotted straightly at
337.1 mm/s. The difference between smoothed and original data was considered to
be insignificant if significance levels of 0.05 were reached by variance analysis.

In Fig. 64.2, the solid lines are trajectories of front foot and the dashes are that
of rear foot. The duty cycle of front foot, determined by the locomotion at Z
direction in reference coordinate system, is showed at the bottom.

The flexible body of gecko can swing during motion, even at the stance phase
the position of hip joints still vary in the lateral and up-down directions. And the
curves shape of front and rear feet in each plot are nearly the same except
the attitudes. But along the moving direction (Y direction), two curves are nearly
the same even though the length difference of front and rear legs.

The curves in Y direction were divided into several segments based on duty
cycle for further analysis. S1, S4 are trajectories of rear foot at stance phase, and
S2 and S6 are that of front foot. S3 and S5 are the trajectories of rear and front foot
at swing and stance phase respectively. Linear-regression was analyzed about
segments S1, S2, S4 and S6, and the result was showed in Table 64.1. It could be
found that difference of slopes is not large, which means that the curves of each
segments should be about parallel.

It implied that feet at stance phase kept the same speed though the ecologic
difference when trotting at certain speed from the results of Y-direction. And the
distance between front and rear hip of legs on stance phase kept constant along
motion direction.

The trajectories of feet on swing phase in Y direction could be divided to three
stages. At the beginning of swing phase, foot lift off and kept moving backward at
the same speed as before. When feet totally departed from the ground, foot change
motion direction smoothly and then move forward. In the second state the foot
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moves forward at a nearly constant speed. In the last phase, foot changed motion
direction again to move backward, and ready to touch down. The foot reached the
same speed with the other feet on stance before touching down the substrate. By
this way, gecko satisfied the geometric constrains along the motion direction. In
this process, the inner-coordination of each motion stage coordinated smoothly,
and the inter-coordination of legs on stance phase was realized efficiently.

64.3 Motion Coordination Analysis of Robot

Animals have adapted to the environment strongly in morphology and motion style
after long time’s evolution. It has been a popular method for designing and con-
trolling robot to learning from nature. Generally, the structure of quadruped robot
is symmetric. Base on the mechanism of gecko’s hind limb [18], a sprawling
quadruped robot mode was brought forward (Fig. 64.3). There were four joints on
one leg. J1 and J2 composed the compound hip joint. J3 was knee joint, and J4 is
ankle joint. J1, J2 and J3 were active revolution joints and were actuated by servo
motors. Ankle joint was a passive spherical joint (J4) to improve the adaptability.
Extension springs were used to link the foot and the leg articulation to adapt the
motion passively.

In swing phase, leg is an open kinematic chain, and foot could reach any
position in its motion space freely. Legs in stance phase together with body and
contact substrate compose a closed kinematic chain, and the motion of each leg on
stance phase should be satisfied with the constraints among them to avoid the
interference among them. The transition between two motion phases is also the
moment that interference would emerge. The following would analyze the coor-
dination from kinematics.

Fig. 64.1 Coordinate system
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In Fig. 64.3, RO is the global coordinate system fixed on the ground. RHi is the
coordinate system of hip fixed on the hip joint, and the transition between the
coordinate systems of hips is constant. Vi (i = 1, 2, 3, 4) is the velocity of foot
relative to hop joint (RHi), Ai (i = 1, 2, 3, 4) is the position of foot in body
coordinates. rhi is the vector from hip joint to foot. Define r31 as the vector from A3

to A1, and rh31 is the vector between the two hips. So,

r31 ¼ rh31 þ rh1 � rh3 ð64:1Þ

Fig. 64.2 Curves of ankle joints relative corresponding hip joints

Table 64.1 Results of linear-regression analysis

Segment Slope R2

S1 -1.1971 0.9981
S2 -1.1202 0.9911
S4 -1.0542 0.9956
S6 -1.0838 0.9971
Avg. -1.1138
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The derivation of Eq. (64.1) respect to time is

dr31

dt
¼ drh31

dt
þ drh1

dt
� drh3

dt
ð64:2Þ

Here assumed that: a) the body of robot keeps parallel translation, and b) there’s
no sliding between feet and the substrate.

In Fig. 64.2, foot 1 and 3 are on stance phase. According to the assumption, r31

is a constant vector, and the positions of feet are fixed on the ground. Define vxhi,
vyhi and vzhi are the absolute speeds of hip along each arises, the following could be
deduced from Eq. (64.22),

vxh1iþ vyh1jþ vzh1k ¼ vxh3iþ vyh3jþ vzh3k ð64:3Þ

It could be considered that the body is fixed, and the feet move relative to the
body according to the rule of relative motion, then,

vxA1iþ vyA1jþ vzA1k ¼ vxA3iþ vyA3jþ vzA3k ð64:4Þ

where, vxAi, vyAi, vzAi are speeds along axis x, y and z axis in hip coordinate
systems.

From Eq. (64.4) it could be concluded that when the body of robot keeps
parallel translation, motion coordination could be realized kinematically among
legs on stance phase by equalizing the relative velocity of foot on stance phase to
the hip, and is regardless of the initial positions of contact point.

The topological structure of motion mechanism of robot was changed and
reconfigured in motion cycle. When one leg switched into stance phase, there may
be more than two legs on stance phase. With the number of the closed loop motion
chains increasing, the coordination among legs will be more complicated. If the

Fig. 64.3 Mechanism of sprawling quadruped robot
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leg converts to stance phase without the same velocity with the others legs in
stance phase, there interference will happed in the new closed kinematical chains.

Relative velocities of feet to hip should be equal to satisfy the motion coor-
dination. And this is also the requirement for the legs that is going to switch into
stance phase. This will be reached by adjusting the velocity of foot to the same
with the feet on stance phase convert switching into stance phase. When to convert
to swing phase, the foot keeps the same speed as on stance phase along forward
and lateral directions and lift off at the same time. When departing from the
substrate totally, it turns to move forward. And this strategy is also adopted by
gecko. When the motion of body is translational, the general method for inter-
coordination among feet on stance phase could be depicted as below:

vxi ¼ vxj

vyi ¼ vyj

vzi ¼ vzj

9>=
>;
ðvelocity of feet in stance phase relative to hip:

i; j ¼ 1; 2; 3; 4; i 6¼ jÞ

xi ¼ free

yi ¼ free

zi ¼ free

9>>=
>>;
ðstance coordinates in hip coordinate system:

i ¼ 1; 2; 3; 4Þ

8>>>>>>>>>><
>>>>>>>>>>:

ð64:5Þ

Interference might occur in the moment of touching. It’s difficult to satisfy all
the coordination conditions in advance for the foot that transfer to stance phase
because at least one freedom should be left touch the substrate. Normally the
condition in up-down direction would be the last to match, and impact always
happed during the touch process. Sensors and energy storage mechanisms were
always used to reduce the influence.

Motion of leg was actuated by the motors on the joints. The joints angles could
be presented as the function of coordinates of foot in hip coordination system by
inverse kinematics. After the motion of foot was schemed, the control parameters
of motors could be deduced.

64.4 Simulation and Results

According the motion robot mechanism, a robot model was built and simulated in
software ADAMS (Mechanical Dynamics Inc., Santa Ana, CA, USA). The motion
was schemed to move forward straightly based on the proposed method.

The projections of trajectory at each axis in hip coordinate system were showed
in Fig. 64.4. Foot moved to the initial position from the original position during
the first 4 s, and then transferred into stance phase. From the 4th to 12th second the
foot was on stance phase, it moved backward at a constant speed relative to body
along motion direction, and kept the same distance with hip at up-down and lateral
direction. At the 12th second, foot switched into swing phase. In the first a few
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seconds of this stage, it kept the same speed in each direction as in stance phase.
Then motion direction changed, and the foot began to move forward relative to
body. When moved to the forefront, it changed direction and moved backward,
and accelerated to the same velocity with the others feet on stance phase. The
swing phase ended at the 20th second. It entranced to stance phase after touching
the substrate, and the whole motion cycle finished.

The displacements of foot and body relative to ground were showed in
Fig. 64.5. According to the method of trajectory plan, the foot transferred between
stance and swing phased smoothly. And the body moved forward at an even speed
in the whole motion cycle.

Motion coordination of quadruped robot includes the inter-coordinate of legs on
stance phase and the inner-coordinate of single leg switching between the stance
and swing phases. The simulation results showed that the motion coordination of
legs was realized and the body could move steady based on the method proposed
in this paper.
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Fig. 64.4 Displacement of front right foot relative to body center

Fig. 64.5 Displacement of front right foot and body relative to ground

724 H. Li and Z. Dai



References

1. Espenschied KS, Chiel HJ, Quinn RD, Beer RD (1993) Leg coordination mechanisms in the
stick insect applied to hexapod robot locomotion. Adapt Behav 1:455–468

2. Manter JT (1938) The dynamics of quadrupedal walking. J Exp Biol 15:522–540
3. Millera S, Burga JVD, Mechéa FGAVD (1975) Coordination of movements of the hindlimbs

and forelimbs in different forms of locomotion in normal and decerebrate cats. Brain Res
91:217–237

4. JA, Vilensky, Patrick, MC (1984) Inter and intratrial variation in cat locomotor behavior.
Physiol Behav 33:733–43

5. English AW (1979) Interlimb coordination during stepping in the cat: an electromyographic
analysis. J Neurophysiol 42:229–243

6. Raibert M (1986) Symmetry in running. Sci. 231:1292–1294
7. Raibert MH (1986) Running with symmetry. IJRR 5:3–19
8. Raibert, MH(1986) Legged robots that balance. MIT Press, Cambridge
9. Raibert, M, Chepponis, M, Brown, HBJ (1986) Running on four legs as though they were

one. IJRA. RA-2, 70–82
10. Won, M, Kang, T, Chung, WK (2008) Dynamical balancing control for stable walking of

quadruped robot. In: 5th international conference on ubiquitous robots and ambient
intelligence, 769–773

11. Raibert, M, Blankespoor, K, Nelson, G, Playter, R,Team, tB (2008) BigDog, the rough-
terrain quadruped robot. In: Proceedings of the 17th world congress the international
federation of automatic control, 10822–10825

12. Buehler, M, Playter, R, Raibert, M (2005) Robots step outside. In: Internal symposium on
adaptive motion of animals and machines

13. Autumn K, Liang TA, Flsieh ST et al (2000) Adhesive force of a single gecko foot-flair.
Nature 405:681–685

14. Bhushan, B, Sayer, RA (2008) gecko feet: natural attachment systems for smart adhesion-
mechanism, modeling, and development of bio-inspired materials. In: Bhushan, B, Tomitori,
M, Fuchs, H (eds) Applied scanning probe methods X. Springer, Berlin, 1–61

15. Santos D, Heyneman B, Kim S, Esparza N, Cutkosky MR (2007) Directional adhesion for
climbing: theoretical and practical considerations. J Adhes Sci Technol 21:1317–1341

16. Li H, Dai Z, Shi A, Zhang H, Sun J (2009) Angular observation of joints of geckos moving on
horizontal and vertical surfaces. ChSBu 54:592–598

17. Dai Z, Wang Z, Ji A (2011) Dynamics of gecko locomotion: a force-measuring array to
measure 3D reaction forces. J Exp Biol 214:703–708

18. Zaaf A, Herrel A, Aerts P, Vree FD (1999) Morphology and morphometrics of the
appendicular musculature in geckoes with different locomotor habits (Lepidosauria).
Zoomorphology 119:9–22

64 Motion Coordination Strategy of Quadruped Robot 725



Chapter 65
Robotics Studies in Europe

Valentina Resaz, Fabrice Meriaudeau, David Fofi and Matteo Zoppi

Abstract This paper describes the organization and teaching methodologies for
mechanics and robotics related subjects in the European Erasmus Mundus master
programmes EMARO (European master in Advanced Robotics), and VIBOT
(master courses in VIsion & roBOTics). The structure of these masters is over-
viewed, the experience in designing and managing them is outlined and we point
out the common effort for a global reach of these programmes and to build a
transnational teaching architecture.

Keywords European higher education � Robotics � Computer vision � University
networking

65.1 The Erasmus Mundus Programme

In these years we are facing unprecedented global challenges that affect all aspects
of our lives and that are no more constrained by geographical borders.
The European University Association (EUA) strongly believes that European
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universities are called to face such challenges by working within a global research
community: Universities need to actively contribute to the creation of new
knowledge by educating talented individuals in being creative and capable to find
innovative solutions both to current and to new problems [1].

In this framework, Erasmus Mundus represents a truly effective and successful
answer that is able to promote the circulation of talented students and scholars in
order not only to enhance research capacity and bring new knowledge but also to
foster language/cultural knowledge and, in a wider sense, interpersonal skills.
Erasmus Mundus is a cooperation and mobility programme in the field of higher
education whose major goals are to enhance the quality of European higher
education and to promote dialogue and understanding between people and cultures
through cooperation with third-countries [2].

The Erasmus Mundus programme supports selected European master’s courses
by providing very attractive scholarships to non-European and European students
to engage in graduate study in the institutes involved in the programmes. It also
provides grants to scholars worldwide (European and non European), to conduct
teaching and research work related to master’s topics in the selected consortium
institutes.

Robotics related studies greatly benefit from the Erasmus Mundus programme
since, to effectively teach robotics, different disciplines must be integrated such as
mechanics, computer engineering, electronics, automatic control, sensors, signal
and image processing, shape recognition and 3D vision. A project able to design,
implement and manage scholar and student mobility, from and to different partner
institutions, enables a synergistic combination of several excellent research
activities, histories and expertise which significantly enrich both partners and the
consortium as a whole.

In the Erasmus Mundus framework, EMARO and VIBOT represent two
European curricula of excellence in the field of robotics.

65.2 EMARO

EMARO (http://EMARO.irccyn.ec-nantes.fr) is an integrated master course
designed to promote high-quality education in the area of advanced and intelligent
robotics [3]. The EMARO programme is driven by a consortium with multidis-
ciplinary and synergistic competences, representing excellence in robotics
research and education. The partners are: École Centrale de Nantes (ECN)-France
(coordinator), Warsaw University of Technology (WUT)-Poland, University
of Genova (UG)-Italy, Asian Institute of Technology (AIT)-Thailand, Faculty of
Science and Technology, Keio University (KEIO)-Japan, Shanghai Jiao Tong
University (SJTU)-China.

The EMARO consortium has implemented a solid academic program by a
continuous transfer of research expertise and teaching methods together with a rich
offer of specialization courses in advanced robotics. The Asian participation
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further extends EMARO visibility worldwide, particularly in the far-east. A clear
evidence of that is the large number of applications from Asian countries.

65.2.1 Curriculum Description

The interdisciplinary EMARO programme comprises Mechanics, Electronics,
Automatic Control, Computer Engineering, and Mathematics, as well as nanotech-
nology and neuroscience. The duration of the EMARO master is two academic years
corresponding to 120 ECTS credits (European credit transfer system). The language
of instruction and examination of all courses is English. Each student spends the first
year in one institution and the second year in a second, different, institution.
Successful students obtain the master degrees from both institutions.

The first year (semester 1 and 2) is offered simultaneously in the three European
institutions with the same courses (with the same programs). Its aim is to provide
the students with a solid background across the main areas of robotics: perception
(vision, sensors), cognition (computer science, artificial intelligence, neural
networks), action (actuators, motion control, cooperative control), mechanics
(kinematics, dynamics mechatronic and sustainable design), Industrial and service
applications (robot programming and group project), mathematical foundations
(modeling, simulation, and optimization). Local language and culture modules are
provided as well in order to strengthen the students’ international mindset.
Participation to summer internships and summer schools on robotics related
subjects is encouraged during the summer break (July and August).

In the second semester, particular attention is dedicated to the courses providing
skills in the mechanical sides of mechatronics and in physical integration of
robotic and automatic systems. The aim is to form engineers with both solid
practical ability and strong theoretical skills, overcoming a weakness typical of
robotics curricula. Screw theory is thought and applied to the analysis and
synthesis of mechanisms. Fundamentals of mechanical design and related tools
and methods are addressed. A group project is assigned to all students, in small
groups of two–three, in the second semester: the researchers of the hosting
institution provide the subjects and involve the students in their current research;
each assignment comprises parts of implementation, it is scheduled and considered
complete only when planned results have been achieved. Each group prepares a
report and presents their results to a committee for their evaluation.

During the third semester, the EMARO programme delivers more specialized
courses, different in each partner institution, based on the specific research
strengths available locally (Table 65.1). This customization of the program to local
excellences in the partner universities helps students preparing to the research
subjects they develop in the same institutions in the final thesis.

As the students move in a different country in the second year, all universities
organize local language and culture modules as well as a course of research
methodology, which is preparatory to the actual thesis work.
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Team works and research activities are offered in the two years of studies to
provide students with the opportunity to apply their specialized knowledge to real
problems. Practical hands-on experience on design and testing of a robotic system
teaches the students skills and tools that are necessary to investigate a research
topic.

During the fourth semester, the students carry out their Master Thesis work
under the joint supervision of tutors from two different consortium partners.
Because of the strong industrial liasons of the EMARO partners, the master
research topic can be supervised and located either in the research labs of the
partner institutions or in R&D department of an industrial company. A relevant
part of the thesis topics are related to ongoing research projects funded by the
European Commission under FP7 (NMP, ICT, Transport, Health). The students
involved in these topics are involved in the projects, participate in the advance-
ment meetings and spend periods in the partner organization further strengthening
their skills in high level research organization and management.

The official master degrees delivered are the partner national degree as listed in
Table 65.2: they are officially recognized by each local ministry and give full,
worldwide access to PhD study programs.

To exploit the full potential of the complementary areas of expertise available
in the consortium, more than 30 % of the modules in each institution are taught by
staff from the other partners. Furthermore, the EMARO academic staff every year
is enriched by scholars from outside of the consortium that are financed by the
Erasmus Mundus programme to perform teaching and research activities in the
partner institutions.

Table 65.1 Semesters 3 courses

ECN WUT UG

Modules ECTS Modules ECTS Modules ECTS

Advanced modeling of
robots

4 Biomechanics * 5 Flexible automation,* 6

Identification and
control of robots

4 Bio-robotics * 5 Systems identification* 5

Humanoid and walking
robots

4 Dynamics of multi-
body systems

5 Ambient intelligence 5

Optimal kinematic
design of robots

4 Motion synthesis in
robotics

5 Computer graphics 5

Biologically inspired
robots

4 Walking robots 5 MEMS design (micro-
robotics)

6

Ambient intelligence 4 Advanced mechanical
design

5 Software architectures
for robotics

5

Ambient intelligence 5 Hardware design
languages

5
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65.2.2 EMARO Students

EMARO is open to worldwide talented students who already hold a first university
degree in a field such as: Mechatronics, Automatic Control, Computer Science,
Electrical Engineering, Mechanical Engineering, and Applied Mathematics. The
applicants have to be fluent in English.

Since its first edition in 2008, the number of applications to EMARO has been
very high compared to the number of accepted students: 400 to 600 candidates
yearly for about 30 positions.

Even if the financial support provided by the scholarships has been every year
reduced, the number of selected students has kept constant as the number of self-
funding students has increased. The largest part of the application that EMARO
received were from India, China and Pakistan, yet the consortium has strived to
keep the presence of students of different nationality as balanced as possible by
assigning no more than 2 scholarships for each country. Figure 65.1 shows the
students distributions by continents.

Beside a strong technical skills portfolio, the EMARO graduate has an inter-
national profile, skill in foreign languages, a knack for mobility and an open
attitude toward multicultural environments. These traits are highly appreciated by
multinational companies spread around the world. The career prospects for
EMARO graduates are therefore excellent in many industrial and economical
fields as well as in the research field.

65.3 VIBOT

The VIBOT master is divided into four semesters designed and developed to
ensure a clear and structured educational progress in the field of computer vision
and robotics, fully integrated among the three universities of the consortium:

Table 65.2 EMARO official master degrees

Name of
institution

Local degree awarded Local degree awarded (translated
in English)

Ecole Centrale
de Nantes

Master automatique et systèmes de
production, spécialité automatique,
robotique, signal et images

Master in control engineering and
production systems. Speciality:
automatic control, robotics, signals
and images

Warsaw
University
of

Technology Magister, specjalność automatyka i
robotyka

Master of engineering in robotics and control
University of

Genova
Laurea magistrale in robotics

engineering
Master in robotics engineering
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• Semester 1 University of Burgundy (UB): fundamentals on image processing,
sensors and acquisition, mathematics and computer sciences (basis);

• Semester 2 University of Girona (UDG): improvements on image processing
and pattern recognition, complements on computer vision and medical imaging
and an introduction on robotics (reinforcement);

• Semester 3 Heriot–Watt University (HWU): high-level processing and methods
for real-time implementation and integration of vision and robotics
(capitalization);

• Semester 4 (research lab or company): research training in an applied or aca-
demic context (going further).

The overall objective is to start from science fundamentals and low-level image
processing and then introduce mid-level image processing, computer vision and
applications in medical imaging, ending with robotics and high-level integration so
that the main methods and algorithms in the state-of-art of computer vision and
robotics (through both a theoretical and applied point of view) are covered.

An introduction week is organized each year in September during which the
enrolled students are informed about the programme, the assessment and the rules.
The introduction week also permits new students to meet second-year students or
former VIBOT students.

65.3.1 Curriculum Description

The modules are mainly organized into lectures, tutorial work, lab work/projects
and seminars:

• Lectures are taught to give the students the basic concepts, the state-of-art,
the mathematical background and to foster exchanges and discussions with the
professor permitting hindsight and reflection;

• Tutorial work are sessions of exercises based on lectures and permitting the
students to solve theoretical problems with the help of a professor;

• Lab work/projects are practical problems given to the students to be solved
autonomously (some are supervised by invited scholars)-note that robotics
projects are prepared in France and Spain and finalized in Scotland by using the
same robotic platform;

Fig. 65.1 Student
distribution per continent in
the first three editions of
EMARO
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• Seminars are research presentations given by renowned researchers and/or
invited scholars permitting the students to go further into vision and robotics and
to be aware of the novel methods and algorithms published in the field
(Table 65.3).

65.3.2 VIBOT Students

The masters in VIsion & roBOTics (VIBOT) has been selected by the European
Commission since September 2006 in the Erasmus Mundus programme and is
regularly running since then.

The following graphs demonstrate the attractiveness of the programme. It
should be noticed that from the beginning of the programme, VIBOT enrolls more
students than Erasmus Mundus grants, which illustrates the capacity to attract
students without EM grants (sustainability) through industrial or institutional
partnerships (Fig. 65.2).

The originality and a strong point of VIBOT is that students move in cohort
from one university to the other, semester after semester. This group mobility, in
contrast with option-based mobility, permits to create an esprit de corps and a true

Table 65.3 VIBOT courses and credits

Semester 1: University of Burgundy ECTS credits

B31XA digital signal processing 5.5
B31XB introduction to image processing 5.5
B31XC sensors and digitization 5.5
B31XD software engineering 5.5
B31XE applied mathematics 5.5
B31XF french culture 2.5
Semester 2: University of Girona ECTS credits
B31XG probabilistic robotics 6
B31XH autonomous robots 5
B31XI scene segmentation and interpretation 6
B31XJ visual perception 6
B31XK medical image analysis 5
B31XL local culture 2
Semester 3: Heriot–Watt University ECTS credits
B31XM advanced image analysis 7.5
B31XN multi-sensor fusion and tracking 7.5
B31XO real time imaging and control 7.5
B31XP robotics project 5
B31XQ local culture 2.5
Semester 4 (at one partner, industry or research facility) ECTS credits
MSc project (M) 30
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class which facilitates the belonging and integration to VIBOT and leads to an
authentic VIBOT identity. Furthermore academic staff has built up valuable
experience in multi-cultural group teaching, not only through the presence of
international students but also through inclusion of international invited scholars
involved in teaching or in research activities.

65.4 EACOVIROE

The consortia of VIBOT and EMARO have joined their forces to promote a new
extended consortium, EACOVIROE (eacoviroe.org), whose aim is to enhance the
attractiveness of European master programmes related to the fields of computer
vision and robotics [4]. The specific targets of EACOVIROE are Asian students, as
the applications rate from that area in VIBOT and EMARO is particularly high.
A broad and general survey in Europe to identify masters in the field of computer
vision and robotics has been done; quality assurance procedures have been
investigated with particular attention to the hosting of Asian students (accom-
modation packs, visa procedures, residency cards, tutoring).

A web portal has been realized allowing potential students to obtain relevant
information regarding the master degree programmes in computer vision and
robotics. A web portal where companies and laboratories in the field of computer
vision and robotics can post their job opportunities has been also created. A quality
handbook has been edited which includes the best practices in Europe on Asian
students hosting. The handbook serves also as a template for other European
universities and can be downloaded from our website.

Fig. 65.2 VIBOT students and number of applications
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65.5 Conclusion

EMARO and VIBOT are examples of fully interdisciplinary integrated masters,
the realization of which has been possible only through the impulse coming from
the Erasmus Mundus programme of the European Commission; they are having a
pioneering role in the construction of the future higher education offer in the fields
of advanced technology in Europe. The number of applications to these programs
is remarkably high compared to the number of positions currently available and it
is constantly growing together with the number of self-supporting students.

The EACOVIROE project, originated from the experience of the two masters,
has shown that the high quality international teaching offer in the new technology
areas in Europe is fast increasing.

Worldwide research breakthroughs and technological improvements are
generated from global cross-fertilization between traditionally different disciplines.
The goal of the European university system is to become an active part of the global
interaction, promoting the transformation of innovation systems and technologies in
new jobs, for the promotion of local and global wellness, but also increasing the
reciprocal knowledge and understanding in the international relations to fully
achieve inclusivity and equity.

A European PhD program is in preparation on the topics of EMARO. It will
give graduate students the opportunity to start a PhD with consistent continuity
with the topics of their master studies and master thesis, in the same transnational
and interdisciplinary framework and with similar strong links with China, Japan,
Thailand and the whole East.
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Part VII
Deployable Mechanisms and Applications

of Reconfigurable Mechanisms



Chapter 66
Deployable Masts Based on the Bennett
Linkage

Hongwei Guo and Zhong You

Abstract A concept of building a deployable mast using the Bennett linkage as the
basic bay is proposed in this paper. The deployable mast is assembled by placing in series
a number of modular bays constructed using the Bennett linkages. It has one degree of
mobility. Geometrical analysis of the deployable mast has been conducted to determine
the deployment length and cross section of the mast. The effects of the Bennett linkage
parameters on the overall dimension of the mast are considered. The results show that the
concept is valid and can be easily tailored to suit practical requirements.

Keywords Bennett linkage � Deployable mast � Geometry � Parametrical analysis

66.1 Introduction

Deployable masts are one of the most crucial structural components in space
applications. Various concepts have been proposed in the past, some of which are
constructed by assembling known mechanisms, e.g., the articulated mast and VG
truss [1]. In these assemblies beam-like components are used to construct a basic
module which has a single degree of freedom, and these modules are placed one on
top of the other by repetition. They have been used in space widely for deploying and
supporting space operations for large-area space structures such as space station,
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large deployable antennae, large space mirrors, space telescope, space solar power
station and power systems due to their low cost, light weight, high stiffness, high
packaging efficiency, ease of transporting and assembling in space. Most of existing
deployable masts use scissor-like mechanisms (also known as pantographic
elements) or telescopic mechanisms. Some even involve mechanisms using spher-
ical hinges. The mast with scissor-like mechanisms is simple in structural configu-
ration but its members may experience excessive bending, whereas telescopic masts
can be very heavy. The spherical joints lead to complex manufacturing process.

In this paper we explore a concept of building a mast using the Bennett linkage,
a 4R spatial linkage where four bars are connected by revolute joints whose axes
are neither parallel nor concurrent [2]. In a century after Bennett linkage was first
reported, it has attracted huge research interests. More importantly, it was found
that the Bennett linkage could be used as the basic elements to obtain other
mechanisms. For instance, Goldberg combined a pair of Bennett linkages and
improved it to produce a 5R linkage, he also found a set of 6R linkage by com-
bining Bennett linkages [3]. Some of the other linkages with only revolute joints,
e.g., the Myard linkage, the Altmann linkage, the Bennett 6R hybrid linkage, the
Bennett-joint 6R linkage, the Dietmaier 6R linkage, the Double-Hooke’s-joint
linkage, the Schatz linkage and the Wohlhart double-Goldberg linkage are found
to be or constructed by combinations of the basic Bennett linkages [4].

In a peering paper published in 2005, Chen and You [5] outlined the possibilities
of using the Bennett linkages to form deployable surface grid-like structures as well
as towers. Here we explore the tower structures further by providing a detailed
analysis on the geometrical behavior of the tower structures with the aim to use them
as deployable masts. The effect of geometrical parameters of the Bennett linkage on
mast’s configuration is given.

The layout of this article is as follows. First, we outline the basic geometrical
relations for the Bennett linkage, including its closure equations. Then the key
geometrical parameters which define the height and expanded shape of the Bennett
linkage are introduced. In Sect. 66.3, a deployable mast is designed using a basic
modular bay consisting of a number of nested Bennett linkages. The deployment
sequence of a four-bay deployable mast is described. Section 66.4 is about
the geometrical parameters of the mast. Section 66.5 concludes the paper with
proposed future works.

66.2 The Bennett Linkage

66.2.1 Basics

The Bennett linkage is a spatial 4R over constrained mobile loop using a minimum
number of links with revolute connections, as shown in Fig. 66.1, the rotation axes
of the revolute joints are neither parallel nor concurrent.
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Bennett identified the conditions for the linkage to have one degree of mobility,
which are listed as follows.

Denote by lAB, lBC, lCD and lDA the distances and by aAB, aBC, aCD and aDA the skew
angles between revolute joints A and B, B and C, C and D, as well as D and A,
respectively. There are

lAB ¼ lCD ¼ a; lBC ¼ lDA ¼ b ð66:1aÞ

aAB ¼ aCD ¼ a; aAD ¼ aBC ¼ b ð66:1bÞ

The link lengths and skew angles must satisfy

sin a
sin b

¼ a

b
¼ k ð66:2Þ

The angle values between adjacent links, h1, h2, h3, and h4, vary when the
linkage moves but there are

h1 þ h3 ¼ 2p; h2 þ h4 ¼ 2p ð66:3aÞ

tan
h
2

tan
u
2
¼

sin 1
2 ðaþ bÞ

sin 1
2 ða� bÞ ð66:3bÞ

where h ¼ h1 and u ¼ h2. Equations (66.3a, b) are the closure equations for the
Bennett linkage.

66.2.2 Angle Output of the Bennett Linkage

If link AD is taken as a reference, h as the input angle and h4 as the output angle, h4 is
only dependent on h when a, b, a and b are given. As shown in Fig. 66.2, output angle
h4 varies with the link length ratio k and angle a. In Fig. 66.2a the a are 0, p=6, p=4,
p=3 and infinitely close to p=2 respectively. It is found that when k equals to 1, the
non-linearity of h4 vs h curves becomes more pronounced as the a increases, and the

2θ

1θ
4θ

3θ

α

β
α

β

Fig. 66.1 The Bennett
linkage
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change rates of output angle h4 increases sharply when h is closer to p if a is close to
p=2. So this characteristic of Bennett linkage can be used to design some special
mechanisms. On the other hand, for a given a (a ¼ p=4), the non-linearity of h4 vs h
curves increases when k is less than 1.

66.2.3 Dimensional Output of the Bennett Linkage

The dimension of a Bennett linkage can be defined by the relative position of the
corner hinges. If we take member AD shown in Fig. 66.1 as reference, position C
defines the size of a Bennett linkage when it is mobile. Take link DA as x axis and
revolute axis at A as z axis. Length lAC is calculated by considering DACD. The
coordinates of point C can be obtained as

xC ¼ ð1� k cosðp� uÞÞb

yC ¼
kð1þ cos h cosðp� uÞÞ � ðcos hþ cosðp� uÞÞ

sin h
b

zC ¼ b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2 � 2k cosðp� uÞ � ðxc

b
Þ2 � ðyc

b
Þ2

r

8>>>>><
>>>>>:

ð66:4Þ

The output trajectories of point C for various combination of k and a are drawn
in Fig. 66.3. For convenience b is assumed to be equal to 1. The point C moves in

0

0

0

α =

2π
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θ
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2
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4

3
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Fig. 66.2 Angle input and
output relations for the
Bennett linkage with various
k and a. a h4 vs h as a varies
when k = 1. b h4 vs h as
k varies when a ¼ p=4
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the planes from whose angles to plane xoy are equal to corresponding values of b,
and the trajectories of point C are a series of ellipses with different longer axis
and shorter axis. It will move in the plane xoz or xoy when b ¼ p=2 or b ¼ p
respectively. It is found that the coordinates yc and zc reach their maximum
synchronously when u ¼ p=2, where

yc max ¼ b sin a; zc max ¼ a cosðp� bÞ ð66:5Þ

So in some special cases, trajectory of point C becomes a circle in plane
xoz when a tends to p=2 or it is a circle in plane xoy when k = 1 and b = p. If h1 can
achieve the scale from 0 to 2p, then the trajectories of point C form a series of
integrate ellipses.

66.3 The Deployable Mast

A number of Bennett linkages can be assembled together to construct a single or
multiple layered curved grid-like deployable structures including arches or helices [4].
All of them can be folded into a small volume or even a bundle but they cover a scale
of areas after deployment. The multiple layered grid concept can also lead to the
construction of a tower structure. The latter is the focus of this paper and we adopt the
concept for the deployable masts.

The deployable mast is constructed with a number of identical mobile bays
connected one on the top of the other to obtain required the length. A bay is shown in
Fig. 66.4, it contains eight links which in fact can be identified as two types of links
marked in the red and green colors, respectively. The crossing points between links
are the locations of the revolute joints. In the bay, four Bennett linkages can be found,
which are ABCD, EFGH, AMEN and CPGQ, respectively, All of them are equi-
lateral Bennett linkages, the skew angles between adjacent revolute axes in the four
linkages are related, i.e., Bennett linkages ABCD, AMEN and CPGQ have the same
angle a and b, where b ¼ p� a, whereas the angle in EFGH is –a and -b. Note that
the Bennett linkages at each of the corners, i.e., AMEN and CPGO, have much
smaller lengths. In fact, they can be made as connection junctions with a Bennett
linkage concealed within.

0α =

/ 6α π=
/ 4α π=
/ 3α π=
/ 2α π→

sink α=

0α =

/ 2α π→

1

0.5

0

z

2
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y
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k=1

k=2

1.5 2 2.5 3

x

Fig. 66.3 Output trajectories of Bennett linkages with different k and a
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The basic bay retains mobility one, so its deployment can be control conve-
niently. In Fig. 66.4b, the basic bay has eight connection points, S, T, U, V, S0, T0,
U0 and V0, distributing on the upper and lower links, respectively, allowing the bay
to be connected with its neighboring bays. For example, at points S, T, U, V the
upper bay can be connected with the points S0, T0, U0, V0 of the lower bay. Two
new Bennett linkages are formed after the connection with adjacent bays. The
connections, once they are done, form Bennett linkages with smaller lengths.
These Bennett linkages are made identical to those at AMEN and CPGO.
A completed deployable mast with four bays and its deployment sequence are
shown in Fig. 66.5.
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Fig. 66.4 Deployable mast
bay constructed by Bennett
linkages. a The projection of
a bay of the deployable mast;
b Three-dimensional view

Fig. 66.5 Deployment
sequence of a four-bay
deployable mast
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66.4 Geometrical Analysis of the Deployable Mast

The primary geometrical parameter is the length of the mast, determined by number
of the bays N and the deployment height of the basic bay HBay. When the mast is
folded, the distance between A(E) and C(G) is the smallest, whereas that between
B(F) and D(H) is the largest. With the deployment of the mast, the distance between
A(E) and C(G) increases while that that between B(F) and D(H) decreases, the height
of the mast increases gradually. There is a moment that the mast reaches its highest
height, after that the mast height decreases, and the mast tends to fold to the other
direction where distance between A(E) and C(G) becomes the largest, meanwhile
that between B(F) and D(H) becomes the smallest. According to [6] and [7], the
distance between the diagonal points and the height of the equilateral Bennett linkage
along its symmetrical axis, HBL, can be expressed as

AC
2 ¼ 2l2ð1þ cos uÞ; BD

2 ¼ 2l2ð1þ cos hÞ; ð66:6aÞ

HBL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

2
ðcos hþ cos uÞ

r
l: ð66:6bÞ

And for equilateral Bennett linkage, the h and u satisfy the equation

tan
h
2

tan
u
2
¼ 1

cos a
: ð66:7Þ

So HBL achieves its maxima when the Bennett linkage deploys completely and
corresponding angles between links are hd and ud. It is found that hd ¼ ud and
AC ¼ BD when the Bennett linkage is fully deployed. When the equilateral
Bennett linkage fully deploys, the highest height of the Bennett linkage is

hd ¼ ud ¼ 2arctan
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1= cos a

p
; ð66:8aÞ

HBL max ¼ l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� cosð2arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1= cos a

p
Þ

q
: ð66:8bÞ

After that, the dimension of the linkage shrinks. The height and the distance
between diagonal points are dependent on length of the links l and skew angle a as
shown in Fig. 66.6, the peak heights of the Bennett linkage are denoted by the
solid points. The angle h or distance BD can been taken as input of the lowest mast
bay to deploy the mast.

The overall height of the mast bay is the sum of heights of Bennett linkages
ABCD and EFGH due to the fact that the skew angles of between adjacent
revolute axes are a and -a. Take the lengths of links in Bennett linkages ABCD
and EFGH being l1 and l2. The height of a basic bay height can be expressed as

HBay ¼ ðl1 þ l2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

2
ðcos hþ cos uÞ

r
ð66:9Þ
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Then the height of the entire mast consisting of N bays is NHBay. It is also
interesting to note that the projected cross-section of the mast is a square with side
length of l1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cos hd
p

when the mast completely deploys, as shown in Fig. 66.7.
The projected square side lengths vary as a increasing.

The mast height increase with a increasing while the side length of the mast
projected cross-section decreases, so a must be considered carefully. As we can see
that the small linkages in the mast bay do not affect its height and size, their function
is purely for connecting adjacent bays and maintaining the mobility of the assembly.

66.5 Conclusion

The Bennett linkage is a spatial mobile loop contains four links and revolute joints,
making is one of the most reliable mechanisms in comparison with those mech-
anisms consisting sliders or spherical joints. It was found in the past this linkage
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can be used as a building block to form many deployable assemblies such as
grid-like surfaces and towers. In this paper, the focus is on its utilization of
creating deployable masts. Geometrical analysis has been conducted to determine
the deployment length of the mast and the basic parameters of the Bennett linkages
which are used as basic units to form such mast. The relationships among these
parameters, which are presented in charts, can be used to select a suitable design
depending on practical requirements. The concept is modular so it provides ample
freedom to obtain desirable length for the mast.

We proposed to have smaller Bennett linkages at the corners of each bay to
facilitate connections between adjacent bays. These smaller Bennett linkages can
be treated as a connection box in which a Bennett linkage is housed. Work is still
on-going in designing such box.

In short, the proposed concept involves only revolute joints, for which lubrication
can be carried out and their performance is proven to be robust. It has one mobility
and therefore can be controlled easily. To explore the concept’s full potential, further
analysis such as the load-bearing capacity and its dynamic behavior should be carried
out. We are continuing this work and will report in due course any further progress.
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Chapter 67
Structural Synthesis of Ancient Chinese
Chu State Repeating Crossbow

Kuo-Hung Hsiao and Hong-Sen Yan

Abstract Chu State repeating crossbow is a reconfigurable mechanism which was
found in the tomb and dated back to the fourth century BC in ancient China. Since
crossbows have diversified types and were widely used in ancient China after the
Spring and Autumn Period (770–476 BC), Chu State repeating crossbow should
have many designs in different eras and regions. The aim of this work is to
synthesize mechanism structures of Chu State repeating crossbow. Based on the
analyses of crossbows, the structural characteristics and design constraints of this
device are concluded. Then, according to the concepts of generalization and
specialization subject to the concluded design constraints, seven feasible structures
of mechanism that meet the technological standards of the subject’s time period
are reconstructed.

Keywords Repeating crossbow �Structure of mechanism �Reconstruction design �
History of machinery � Chu State
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67.1 Introduction

The shooting process of crossbow includes three steps: drawing the bowstring,
placing the bolt and shooting the bolt. According to the literatures and the excava-
tions, ancient Chinese crossbows have three types including the original crossbow,
Chu State repeating crossbow and Zhuge repeating crossbow. All of them are
reconfigurable mechanisms which encounter a certain changes in its topological
structure during shooting process. An original crossbow is a weapon bow mounted on
a stock with a trigger mechanism for holding the drawn bowstring as shown in
Fig. 67.1a [1]. It generally consists of six members including the frame KF(1), the
bow KCB(2), the bowstring KT(3), input link KI(4), the percussion link KPL(5) and the
connecting link KL(6). The trigger mechanism was designed in such a way that it was
able to store a large amount of energy within the bow when drawn, but was easily
fired with little recoil when the input link was pulled. It also allowed the shooter to
aim the target for precision shooting. A repeating crossbow is a crossbow where the
separate actions of three steps can be accomplished with a simple one-handed
movement while keeping the crossbow stationary. This allows a higher rate of fire
than an original crossbow. Based on the archeological finds, the repeating crossbow
consists of six members and first appeared around 400 BC in the tomb in Hubei
Province as shown in Fig. 67.1b, [2]. The magazine fixes on the top of the stock and
contains twenty bolts, and the device is worked by moving the input link forward and
backward. Two bolts can be shot at once in the reciprocating motion of the input link.
Since the tomb belonged to Chu State during the War States Period (475–221 BC),
the device was named Chu State repeating crossbow. The Records of the Three
Kingdoms mentions another type of repeating crossbow named ‘‘Zhuge repeating
crossbow’’ and describes the strategist Zhuge Liang (181–234 AD) of the Three
Kingdoms Period (220–280 AD) as the inventor [3]. Figure 67.1c is a Zhuge
repeating crossbow with five members in the book of Treatise on Armament in the
Ming Dynasty (1368–1644 AD) [1]. The magazine contains a number of bolts and
functions as a percussion link. The function of the percussion link with the magazine
is to draw and release the bowstring to shoot the bolt. When the device is worked by
moving the input link, one or several bolts can be shot at once in the oscillating
motion of the input link. Since the types of crossbows were diversified and widely
used in ancient China, the topological structures of each crossbow should have many
designs in different eras and regions. In order to realize the development of ancient
Chinese crossbows, it is necessary to study further for accessing and understanding
the real ancient technology.

The purpose of this work is to synthesize all feasible mechanism structures of
Chu State repeating crossbow which was dated back to the fourth century BC.
In what follows, the representation of joints of ancient mechanisms is presented
first. Then, an approach for synthesizing the structures of ancient mechanisms with
diversified types is introduced. Finally, the structural synthesis of Chu State
repeating crossbow is provided.
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67.2 Representation of Joints

Since some special joints in ancient mechanisms can not be represented by
modern schematic representations, a novel representation for such joints in ancient
mechanisms is introduced here [4, 5].

The number of degrees of freedom is the number of independent parameters
needed to specify the relative positions of the pairing elements of a joint.
An unconstrained pairing element has six degrees of freedom including three
translational and three rotational degrees of freedom. And, a joint is represented as:

J
Pxyz

Rxyz

in which the superscript Pxyz denotes that it can translate as a prismatic joint (JP) in
x, y and z axes; and the subscript Rxyz denotes that it can rotate as a revolute joint
(JR) in x, y and z axes. When a pairing element connects to another pairing
element and forms a joint, a constraint is imposed and the motion of the original
member is reduced by one or more degrees of freedom. For example, joint JRx

represents that a pairing element of a joint can rotate in x-axis with respect to the
other pairing element. And, joint JPx

Ryz
represents that a pairing element of a joint

not only translates in x-axis and also rotates in y and z axes with respect to the
other pairing element.

Figure 67.2a shows a two-member mechanism with a joint from ancient
Chinese book [6]. Since the drawing is not clear, link KL is adjacent to frame KF

with an uncertain joint. Considering the type and the direction of motion of the
link, the joint has two possible types: the link rotates in z-axis only, denoted as JRz;

Fig. 67.1 Ancient Chinese crossbows [1, 2]. a An original crossbow, b Chu State repeating
crossbow, c Zhuge repeating crossbow

67 Structural Synthesis of Ancient Chinese Chu State Repeating Crossbow 751



and, the link rotates not only in z-axis but also translates in x-axis, denoted as JPx
Rz .

The x and y axes are defined as the horizontal and vertical directions in the
drawing, respectively. The z-axis is determined by the right-hand rule.

Thread and bamboo often appear as members in ancient mechanisms especially
in textile and agricultural devices. Figure 67.2b shows that bamboo KBB is adja-
cent to frame KF and thread KT from ancient Chinese book [6]. The bamboo is
firmly fixed to the frame and the thread ties the bamboo directly. The joint incident
to the bamboo and the frame is defined as a bamboo joint, denoted as JBB. Using a
thread tying a member to form a joint is rare in modern mechanisms but popular in
ancient mechanisms. The joint incident to the thread and a member is defined as a
thread joint, denoted as JT.

67.3 Design Approach

Figure 67.3 shows the process for synthesizing all feasible structures of ancient
mechanisms with diversified types [4, 7–9]. Each step of the process is explained
as follows:
Step 1. Analyses of the structures of mechanisms

By analyzing the structure of a target mechanism, its structural characteristics
are concluded including the possible number of members and incidences among
members and joints of the device. Since the development of the similar mecha-
nisms should influence each other, the structures of different devices with the same
function are usually alike. Therefore, the number of members and the structures of
joints of the relevant mechanisms can be considered. For example, ancient Chinese
crossbows have three types. One’s structural characteristics may be the other one’s
design constraints.

Fig. 67.2 Special joints in
ancient mechanisms [6]
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Step 2. Generalized chains
The second step is to identify the atlas of generalized chains with the same

numbers of members and joints subject to concluded structural characteristics based
on the concept of number synthesis [10, 11]. Generalization is to transform the
mechanism, that involves various types of members and joints, into a generalized
chain with only generalized links and joints. A generalized link is a link with gen-
eralized joints; it can be a binary link, ternary link,etc. A generalized joint is a joint in
general; it can be a revolute joint, prismatic joint, or others. Graphically, a joint is
symbolized by a small circle, and a member with i incident joints is symbolized by an
i-side shaded polygon with small circles as vertices. Some of the important atlases of
generalized chains have already been built in references [10, 11].
Step 3. Specialized chains

Specialization is to assign specific types of members and joints in the available
atlas of generalized chains, subject to required design constraints to have atlas of
specialized chains [10, 11]. Design constraints are defined based on the concluded
structural characteristics. And, a generalized chain after specialization is a spe-
cialized chain. Based on the process of specialization, all possible specialized
chains can be identified after assigning the types of members and joints subject to
the concluded design constraints for each generalized chain obtained in step 2.
Step 4. Specialized chains with particular identities

In order to represent the structure of mechanism, a right-hand rectangular
Cartesian coordinate system is defined to describe each motion axis of the joints.
By studying the target device, the function of the device is determined. In view of

Fig. 67.3 Process for
structural synthesis of ancient
mechanisms with diversified
types
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the device function, these uncertain joints can be represented by different types of
joints to achieve the equivalent function. Considering the types and the motion
directions of the uncertain joints, all possible types of the uncertain joints are
generated. By assigning the possible types of the uncertain joints to the specialized
chains obtained in step 3, specialized chains with particular identities are obtained.
Step 5. Feasible designs

According to the motion and function requirements of the device, all feasible
designs that meet the technological standards of the subject’s time period can be
obtained from the specialized chains with particular identities.

67.4 Structural Synthesis

According to the actual excavation, Chu State repeating crossbow comprises six
members including a frame, a bow, a bowstring, an input link, a percussion link and a
connecting link. The function of the connecting link is to draw the bowstring and
release the bowstring by the driving of the percussion link. However, in Zhuge
repeating crossbow, the percussion link is, instead of the connecting link, to draw the
bowstring, and the number of members of the device becomes five. Using the same
concept, the number of members of Chu State repeating crossbow should be five or
six. All feasible structures of Chu State repeating crossbow are synthesized through
the following steps to illustrate the introduced approach shown in Fig. 67.3:
Step 1. The structural characteristics of the device are:

1. It is a cam mechanism with five-member or six-member.
2. The frame (KF) is a ternary link and adjacent to a pair of binary links.
3. The bow (KBC) is a binary link and adjacent to the frame (KF) with a bamboo

joint (JBB).
4. The bowstring (KT) is a binary link and adjacent to the bow (KCB) and a

percussion link (KPL) or a connecting link (KL) with thread joints (JT).
5. The input link (KI) is adjacent to the frame (KF) with a prismatic joint (JPx).
6. The percussion link (KPL) is adjacent to the frame (KF) with a cam joint (JA).

Step 2. Since this is a device with five-member and six-joint or six-member and
eight-joint, the corresponding generalized chains are shown in Fig. 67.4.

Fig. 67.4 Atlas of some
generalized chains with five
and six members
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Step 3. There must be a pair of binary links as a bow and a bowstring. And, the pair
of binary links must be adjacent to a ternary link as the frame. Therefore, only
three generalized chains shown in Fig. 67.4a2, b3 and b6 are qualified for the
process of specialization. And, all possible specialized chains are identified as
follows:
Frame, bow and bowstring—link KF, link KCB and link KT

There must be a ternary link as the frame (KF) and a pair of binary links as the
bow (KCB) and the bowstring (KT) is adjacent to the frame. The frame, the bow and
the bowstring are identified as follows:

1. For the generalized chain shown in Fig. 67.4a2, the assignment of the frame
(KF), the bow (KCB) and the bowstring (KT) generates one non-isomorphic
result, Fig. 67.5a1.

2. For the generalized chain shown in Fig. 67.4b3, the assignment of the frame
(KF), the bow (KCB) and the bowstring (KT) generates one result, Fig. 67.5a2.

3. For the generalized chain shown in Fig. 67.4b6, the assignment of the frame
(KF), the bow (KCB) and the bowstring (KT) generates one non-isomorphic
result, Fig. 67.5a3.

Therefore, three specialized chains with identified frame (KF), bow (KCB) and
bowstring (KT) are available as shown in Fig. 67.5a1–a3.
Input link, percussion link and connecting link—link KI, link KPL and link KL

There must be an input link (KI) that is adjacent to the frame (KF) with a
prismatic joint (JPx) and not adjacent to the bowstring (KT). The percussion link
(KPL) must be adjacent to the frame (KF) with a cam joint (JA) and the remaining
one is the connecting link. Therefore, the input link, the percussion link and the
connecting link are identified as follows:

1. For the case shown in Fig. 67.5a1, the assignment of the input link (KI), the
percussion link (KPL) and an uncertain joint (J1) generates one result,
Fig. 67.5b1.

2. For the case shown in Fig. 67.5a2, the assignment of the input link (KI), the
percussion link (KPL), the connecting link (KL) and the uncertain joints gen-
erates one result, Fig. 67.5b2.

3. For the case shown in Fig. 67.5a3, the assignment of the input link (KI), the
percussion link (KPL), the connecting link (KL) and the uncertain joints gen-
erates one non-isomorphic result, Fig. 67.5b3.

Therefore, three specialized chains with identified frame (KF), bow (KCB),
bowstring (KT), input link (KI), percussion link (KPL) and connecting link (KL) are
available as shown in Fig. 67.5b1–b3.
Step 4. The coordinate system is defined as shown in Fig. 67.1b. The function of
Chu State repeating crossbow is to complete the shooting process through the
reciprocation of the input link. The uncertain joints may have multiple types to
achieve the equivalent function. Considering the uncertain joint J1, it has one
possible type: the input link rotates in z-axis with respect to the percussion link,
denoted as JRz. Considering the uncertain joints J2, J3 and J4, each of joint has two
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Fig. 67.5 Structural synthesis of Chu State repeating crossbow
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possible types. When any one of the joints is a cam joint, denoted as JA, the others
rotate in z-axis, denoted as JRz. By assigning the possible types of the uncertain
joints J1 (JRz), J2 (JRz and JA), J3 (JRz and JA) and J4 (JRz and JA) to the specialized
chains shown in Fig. 67.5b1–b3, seven specialized chains with particular identities
as shown in Fig. 67.5c1–c7 are obtained.
Step 5. Fig. 67.5d1–d7 show the corresponding 3D solid models of the feasible
designs. Fig. 67.5e shows the imitation of Chu State repeating crossbow.

67.5 Conclusions

According to the existing records, Chu State repeating crossbow with reconfigu-
ration mechanism is the earliest repeater weapon in ancient China. Since cross-
bows were popular and widely used in ancient China, the structures of Chu State
repeating crossbow should have many designs. Through the study of mechanisms
and applying the concepts of generalization and specialization of mechanisms
subject to the concluded design constraints, all feasible specialized chains are
generated. By assigning the possible joints to the feasible specialized chains, all
possible structures of Chu State repeating crossbow are systematically synthesized.
Via such an approach, the structures of ancient mechanisms with diversified types
can be reasonably obtained. And, the proposed approach not only can be applied to
Chu State repeating crossbow but also to other ancient machinery.
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Chapter 68
Duality of the Platonic Polyhedrons
and Isomorphism of the Regular
Deployable Polyhedral Mechanisms
(DPMs)

Guowu Wei and Jian S. Dai

Abstract This paper investigates the duality of the five Platonic polyhedrons via
the ray and axis coordinates of Line geometry. Then, based on the five Platonic
polyhedrons, regular deployable polyhedral mechanisms are constructed by
implanting the plane-symmetric eight-bar linkages into the edges, faces and ver-
tices of the polyhedrons. Due to the duality of the five regular Platonic polyhe-
drons, it is revealed in this paper that the dual regular deployable polyhedral
mechanisms constructed based on the dual Platonic polyhedrons are isomorphic
and the isomorphism of the dual regular deployable polyhedral mechanisms is then
for the first time presented via topology graphs and their corresponding adjacency
matrices.

Keywords Duality � Isomorphism � Deployable polyhedral mechanisms (DPMs) �
Line geometry

68.1 Introduction

It is well known that there are five regular convex polyhedrons named after the
great Greece philosopher and mathematician Plato as Platonic solids [1]. The five
regular convex polyhedrons are, namely, the tetrahedron, octahedron, hexahedron
(cube), dodecahedron and icosahedron. There are dualities in the five regular
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Platonic polyhedrons [2] such that by connecting the centres of the adjacent faces
of one Platonic polyhedron, a new dual polyhedron can be constructed turning out
to be a Platonic polyhedron each vertex and face of which correspond respectively
to a face and vertex of the original one. The tetrahedron is self-dual, the hexa-
hedron and octahedron are dual to each other and so are the icosahedron and
dodecahedron. These attractive geometrical objects have a universal appeal and
their popularity has endured for centuries. The five Platonic polyhedrons have
been widely explored and based on the regular polyhedrons, different types of
expandable polyhedral mechanisms have been presented [3–5].

In this paper, the duality of the five Platonic polyhedrons is to be interpreted
with the ray and axis coordinates representation of Line geometry. Subsequently,
by implanting a group of plane-symmetric eight-bar linkages [6] into the Platonic
polyhedrons, a family of regular deployable polyhedral mechanisms are to be
constructed. According to the duality of the Platonic polyhedrons, the isomor-
phism of the dual deployable polyhedral mechanisms is to be presented through
the topology graph and their corresponding adjacency matrices of the mechanisms.

68.2 Duality of Platonic Polyhedrons Via Line Geometry

From the kinematics point of view, the dualities of the five Platonic polyhedrons
can be represented by the duality of ray and axis coordinates of the lines along the
edges of the given Platonic polyhedrons. Herein, the duality of the hexahedron and
the octahedron is presented via Line geometry. Using the same approach the self-
dual of the tetrahedron and the duality between the dodecahedron and the icosa-
hedron can be investigated.

68.2.1 Lines in Terms of Ray and Axis Coordinates

From line geometry, the six homogeneous ray coordinates (l, m, n; p, q, r) for a
line jointing two points r1(w1, x1, y1, z1) and r2(w2, x2, y2, z2) can be given by the
six 2 9 2 Grassmann determinants [7] of the array as

1 x1 y1 z1

1 x2 y2 z2

� �
: ð68:1Þ

Based on Eq. (68.1), the three direction components (l, m, n) of the line can be
given as

l ¼ 1 x1

1 x2

����
���� ¼ x2 � x1; m ¼ 1 y1

1 y2

����
���� ¼ y2 � y1 and n ¼ 1 z1

1 z2

����
���� ¼ z2 � z1

ð68:2Þ
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And the three moments of the three direction vectors about the origin are given as

p ¼ y1 z1

y2 z2

����
���� ¼ y1z2 � y2z1; q ¼ z1 x1

z2 x2

����
���� ¼ x2z1 � x1z2;

r ¼ x1 y1

x2 y2

����
���� ¼ x1y2 � x2y1

ð68:3Þ

The line is said to be normalized when l2 ? m2 ? n2 = 1.
Alternatively, the six homogeneous axis coordinates (P, Q, R; L, M, N) for a

line can be presented as the intersection of two planes p1(A1, B1, C1, D1) and
p2(A2, B2, C2, D2) given by the 2 9 2 Grassmann determinants of the array as

D1 A1 B1 C1

D2 A2 B2 C2

� �
; ð68:4Þ

And above gives the following axis coordinates of the line as,

P ¼ D1 A1

D2 A2

����
����; Q ¼ D1 B1

D2 B2

����
����; R ¼ D1 C1

D2 C2

����
����; ð68:5Þ

and

L ¼ B1 C1

B2 C2

����
����; M ¼ C1 A1

C2 A2

����
����; N ¼ A1 B1

A2 B2

����
����: ð68:6Þ

68.2.2 Line Geometry Representation of the Duality
of the Platonic Polyhedrons

The duality of the hexahedron and the octahedron can be presented by the ray
and axis coordinates representations of the lines of the corresponding edges of a
hexahedron and its dual octahedron. Figure 68.1 shows a hexahedron and its dual
octahedron. If they are put together, the edges of the original hexahedron and the dual
octahedron form pairs of perpendicular bisectors. The six faces of the original
hexahedron are denoted as fa, fb, fc, fd, fe and ff, the six vertices of the dual octahedron
are indicated as A, B, C, D, E and F, and the edges of the original hexahedron and the
dual octahedron are respectively denoted as e1 to e12 and e01 to e012.

Assuming that the edges of the hexahedron are of unit lengths, establishing a
reference frame with the origin located at the centre O of the hexahedron (dual
octahedron), x-axis passing through centers of faces fb and fd (points O and D), y-
axis passing through centers of faces fa and fc (points O and A), and z-axis passing
through centers of faces fe and ff (points O and E), the coordinates of the six faces
of the original hexahedron can be obtained in the reference frame as
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pa
1
2 ; 0; 1; 0
� �

; pb
1
2 ; �1; 0; 0
� �

; pc
1
2 ; 0; �1; 0
� �

pd
1
2 ; 1; 0; 0
� �

; pe
1
2 ; 0; 0; 1
� �

; pf
1
2 ; 0; 0; �1
� ��

; ð68:7Þ

and if the lengths of the edges of the dual octahedral are
ffiffiffi
2
p

, coordinates of the six
vertices of the dual octahedron are

rA 1; 0; 1; 0ð Þ; rB 1; �1; 0; 0ð Þ; rA 1; 0; �1; 0ð Þ
rD 1; 1; 0; 0ð Þ; rE 1; 0; 0; 1ð Þ; rF 1; 0; 0; �1ð Þ

�
: ð68:8Þ

From Eq. (68.7), the normalized matrix presenting the 12 lines of the edges of
the hexahedron in axis coordinates can be derived as

Mo2 ¼

0 �1=2 1=2 1 0 0
1=2 0 1=2 0 1 0

0 1=2 1=2 �1 0 0
�1=2 0 1=2 0 �1 0
1=2 �1=2 0 0 0 �1
�1=2 �1=2 0 0 0 1
1=2 �1=2 0 0 0 1
1=2 1=2 0 0 0 1
�1=2 0 �1=2 0 1 0

0 �1=2 �1=2 �1 0 0
1=2 0 �1=2 0 �1 0

0 1=2 �1=2 1 0 0

2
6666666666666666664

3
7777777777777777775

e1

e2

e3

e4

e5

e6

e7

e8

e9

e10

e11

e12

; ð68:9Þ

where each row of the matrix gives the normalized axis coordinates of a line of an
edge in the hexahedron.

Similarly, based on the vertex coordinates in Eq. (68.8), the normalized matrix
expressing the 12 lines of the dual octahedron in ray coordinates can be given as

Fig. 68.1 A hexahedron and its dual octahedron

762 G. Wei and J. S. Dai



Md2¼

e01 e02 e03 e04 e05 e06 e07 e08 e09 e010 e011 e012

0
ffiffi
2
p

2 0 �
ffiffi
2
p

2

ffiffi
2
p

2 �
ffiffi
2
p

2

ffiffi
2
p

2

ffiffi
2
p

2 �
ffiffi
2
p

2 0
ffiffi
2
p

2 0

�
ffiffi
2
p

2 0
ffiffi
2
p

2 0 �
ffiffi
2
p

2 �
ffiffi
2
p

2 �
ffiffi
2
p

2

ffiffi
2
p

2 0 �
ffiffi
2
p

2 0
ffiffi
2
p

2ffiffi
2
p

2

ffiffi
2
p

2

ffiffi
2
p

2

ffiffi
2
p

2 0 0 0 0 �
ffiffi
2
p

2 �
ffiffi
2
p

2 �
ffiffi
2
p

2 �
ffiffi
2
p

2ffiffi
2
p

2 0 �
ffiffi
2
p

2 0 0 0 0 0 0 �
ffiffi
2
p

2 0
ffiffi
2
p

2

0
ffiffi
2
p

2 0 �
ffiffi
2
p

2 0 0 0 0
ffiffi
2
p

2 0 �
ffiffi
2
p

2 0

0 0 0 0 �
ffiffi
2
p

2

ffiffi
2
p

2

ffiffi
2
p

2

ffiffi
2
p

2 0 0 0 0

2
6666666664

3
7777777775
: ð68:10Þ

where each column of the matrix gives the normalized ray coordinates of a line of
an edge in the dual octahedron.

The matrices in Eqs. (68.9) and (68.10) are not square matrices, it is impossible
to obtain their inversed matrices directly. In this case, the pseudo inverse, i.e. the
Moore–Penrose inverse is employed and the normalized pseudo inverse of
Eq. (68.9) is obtained as
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This is exactly the same as Eq. (68.10) that the columns of the matrix represent
the ray coordinates of the lines of the edges in the dual octahedron.

Similarly, from Eq. (68.10), the normalized pseudo inverse of the matrix is

Md2
þ ¼

0 �1=2 1=2 1 0 0
1=2 0 1=2 0 1 0

0 1=2 1=2 �1 0 0
�1=2 0 1=2 0 �1 0
1=2 �1=2 0 0 0 �1
�1=2 �1=2 0 0 0 1
1=2 �1=2 0 0 0 1
1=2 1=2 0 0 0 1
�1=2 0 �1=2 0 1 0

0 �1=2 �1=2 �1 0 0
1=2 0 �1=2 0 �1 0

0 1=2 �1=2 1 0 0

2
6666666666666666664

3
7777777777777777775

; ð68:12Þ

it is the same as Eq. (68.9), each row of which gives the axis coordinates of a line
of the edge in the original hexahedron.

From the above analysis, it can be seen that the normalized pseudo inverse of
the matrix in Eq. (68.9), each row of which represents a line of an edge of the
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hexahedron in the axis coordinates form, gives a matrix, each column of which
represents a line of an edge of the dual octahedron in the ray coordinates form. In
the same while, the normalized pseudo inverse of the matrix in Eq. (68.10), each
column of which represents a line of an edge of the dual octahedron in the ray
coordinates form, gives a matrix, each row of which represents a line of an edge of
the original hexahedron in the axis coordinates form.

Further, from Eq. (68.9) the lines of the edges in the hexahedron can be
obtained in the axis coordinates as

l2i ¼ eT
2iMo2 ði¼ 1; 2;. . .; 12Þ; ð68:13Þ

where e2i is an 12 9 1 elementary vector with the ith element being 1 and the rest being 0.
Similarly, the lines of the edges in the dual octahedron can be obtained from

Eq. (68.10), in the ray coordinates as

l02i ¼Md2e2iði¼ 1; 2;. . .; 12Þ; ð68:14Þ

Reciprocal multiplication of Eqs. (68.13) and (68.14) gives

l2iDl02i ¼ eT
2iMo2DMd2e2i ¼ 0; ð68:15Þ

where D is give as D ¼ 0 I
I 0

� �
with 0 being 3 9 3 null matrix and I being 3 9 3

identity matrix, and Eq. (68.15) implies that each of the edges e01 to e012 in the dual
octahedron is respectively perpendicular to one of the corresponding edges e1 to
e12 in the hexahedron.

Thus, from above analysis, it is found that the duality between the hexahedron
and octahedron can be interpreted by the ray and axis coordinates representation of
the lines of the edges of the dual polyhedrons.

Similarly, using the same procedure, the duality of the tetrahedron itself, and
the dodecahedron and icosahedron can be presented utilizing the same approach. It
is also found in this research that the duality of the five Platonic polyhedrons leads
to the isomorphism of the dual deployable polyhedral mechanisms constructed
based on the five regular polyhedrons.

68.3 Construction of the Regular Deployable Polyhedral
Mechanisms (DPMs)

Figure 68.2 gives the plane-symmetric eight-bar linkage [7] that contains four
links 1, 3, 5 and 7 with two parallel joint axes at each end and four plates V0, V2,
V4 and V6 in isosceles triangle shape with two revolute joint axes being spread at
both ends of the plates by u1 and u2. The lengths of the four links 1, 3, 5 and 7 are
the same, and plates V0 and V4 are identical and so are plates V2 and V6. The
linkage is symmetric to two planes, one is the plane p in Fig. 68.2 that passes the
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centre points of V0 and V4 and is perpendicular to plates V0 and V4, and the other
one is p1 that passes the centre points of plates V2 and V6 and is perpendicular to
plates V2 and V6. Given symmetric inputs at any pair of joints in any of the four
vertices, e.g. h11 = h21 in Fig. 68.2, and imaging that the linkage is fixed at point
O, the four plates perform radially reciprocating motions along their vertex axes
(see Fig. 68.2) in such a way that plates V0 and V4 move towards O, plates V2 and
V6 move away from point O, and vice versa. The centre point O is therefore
referred to as the virtual centre of the eight-bar linkage.

In this work, it is found that by implanting a group of the above plane-symmetric
eight-bar linkages into the five Platonic polyhedral bases, a family of regular
deployable polyhedral mechanisms (DPMs) can be constructed. It is also found that
the dual deployable polyhedral mechanisms (DPMs) are isomorphic. Herein, in
order to illustrate the construction of the DPMs, the hexahedron and its dual octa-
hedron are picked up and based on them the deployable hexahedral mechanisms and
deployable octahedral mechanism are constructed in this section. The deployable
hexahedral mechanism and the deployable octahedral mechanism are isomorphic
and the isomorphism of the DPMs is to be investigated in the next section.

Fig. 68.2 A plane-
symmetric eight-bar linkage
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As illustrated in Fig. 68.3, a hexahedron has six identical square faces with 12
edges of the same length and each of the eight identical vertices contains three
edges involving three faces. Based on this hexahedron, introduce 11 identical
plane-symmetric eight-bar linkages in the faces, vertices and edges of the hexa-
hedron and ensure that the angle c of the adjacent vertex axes equal the central
angle a = 54.74� of the hexahedron, a deployable hexahedral mechanism can be
generated in Fig. 68.3. It should be pointed out that during the constructing pro-
cess, all the joint axes located at the faces of the hexahedron must be perpendicular
to the corresponding diagonals of the faces. Figure 68.4 shows two of the typical
phases of the mechanism.

Further, an octahedron consists of eight identical equilateral triangular faces,
twelve edges of the same length and six identical vertices each of which contains four
faces and four edges. Ensure that the vertex angle c of the eight-bar linkage equal the
central angle a = 54.74� of the octahedron and then implant eleven identical plane-
symmetric eight-bar linkages in a octahedral basis, a highly overconstrained
deployable octahedral mechanism of mobility one can be constructed in Fig. 68.5.

One can find that, in every configuration, the F-plates that have the same shape as
the faces of the polyhedron always form a polyhedron which is herein referred to as
virtual polyhedron that is in the same shape as the polyhedral basis. Further, as
aforementioned, the tetrahedron is self-dual, the hexahedron and the octahedron, and
the dodecahedron and the icosahedron are respectively said to be dual to each other.
Therefore from the above construction, one can find that the deployable hexahedral
and octahedral mechanisms contain the same number of plane-symmetric eight-bar
linkages. Due to the duality of the Platonic polyhedrons, one can also find that the
deployable hexahedral mechanism is dual to the deployable octahedral mechanism

Fig. 68.3 A deployable hexahedral mechanism and the eight-bar linkage
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because if we increase the sizes of the V-plates and reduce the sizes of the F-plates of
the deployable hexahedral mechanism it becomes a deployable octahedral mecha-
nism in which the V-plates in the original hexahedral mechanism become F-plates of
the octahedral mechanism and the F-plates of the original hexahedral mechanism
become V-plates of the octahedral mechanism, and vice versa. From mechanism
point of view, the topologies of the deployable hexahedral and octahedral mecha-
nisms are said to be isomorphic and so are that of the deployable dodecahedral and
icosahedral mechanisms, the isomorphism of the Platonic-polyhedron-based
deployable mechanisms is to be presented in the following section through the
adjacency matrices of their topology graphs.

68.4 Isomorphism of the Regular Deployable Polyhedral
Mechanisms (DPMs)

According to Fig. 68.4 the topology graphs of the deployable hexahedral mechanism
are given in Fig. 68.6. In the figures, the links are denoted as dots labeled by the
letters and numbers of the corresponding links in Fig. 68.4, joints are denoted as lines
connecting the links. It should be noted that in Fig. 68.6, links 1–3 are three links
around plate VA of the deployable hexahedral mechanism in Fig. 68.4, links 4–6 are
around VB, links 7–9 around VC, links 10–12 around VD, links 13–15 around VE,
links 16–18 around VF, links 19–21 around VG, and links 22–24 around VH.

Based on the Fig. 68.6, there are totally 6 ? 8 ? 8 9 3 = 38 links in the
mechanism and following the sequence as VA, VB, VC, VD, VE, VF, VG, VH, V1,
V2, V3, V4, V5, V6, and 1–24, the 38 9 38 adjacency matrix of the deployable
hexahedral mechanism can be written as

Fig. 68.4 Two of the typical phases of the deployable hexahedral mechanism
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Fig. 68.5 A deployable octahedral mechanism and two of the typical phases

Fig. 68.6 Topology graph of the deployable hexahedral mechanism
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Solving Eq. (68.16), the eigenvalues of adjacency matrix are {�
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Similarly, from Fig. 68.5, topology graph of the deployable octahedral mech-
anism can be obtained in Fig. 68.7. In Fig. 68.7, links 1–4 are four links arranged
around plate VA of the deployable octahedral mechanism in Fig. 68.5, links 5–8
are around VB, links 9–12 around VC, links 13–16 around VD, links 17–20 around
VE, and links 21–24 around VF.

According to Fig. 68.7, there are totally 8 ? 6 ? 6 9 4 = 38 links in the
mechanism and following the sequence as VA, VB, VC, VD, VE, VF, V1, V2, V3,
V4, V5, V6, V7, V8, and 1–24, the 38 9 38 adjacency matrix of the deployable
hexahedral mechanism can be written as

ð68:17Þ

Fig. 68.7 Topology graph of the deployable octahedral mechanism
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From Eq. (68.17), the eigenvalues of the matrix can be computed as {�
ffiffiffi
7
p

,
ffiffiffi
7
p

,

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð7þ

ffiffiffiffiffi
17
p
Þ=2

q
, �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð7þ

ffiffiffiffiffi
17
p
Þ=2

q
, �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð7þ

ffiffiffiffiffi
17
p
Þ=2

q
,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð7þ

ffiffiffiffiffi
17
p
Þ=2

q
,

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð7þ

ffiffiffiffiffi
17
p
Þ=2

q
, �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð7þ

ffiffiffiffiffi
17
p
Þ=2

q
, -2, -2, -2, -2, �

ffiffiffi
3
p

, �
ffiffiffi
3
p

, �
ffiffiffi
3
p

, �
ffiffiffi
3
p

,ffiffiffi
3
p

,
ffiffiffi
3
p

,
ffiffiffi
3
p

,
ffiffiffi
3
p

, �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð7�

ffiffiffiffiffi
17
p
Þ=2

q
, �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð7�

ffiffiffiffiffi
17
p
Þ=2

q
, �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð7�

ffiffiffiffiffi
17
p
Þ=2

q
,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð7�
ffiffiffiffiffi
17
p
Þ=2

q
,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð7�

ffiffiffiffiffi
17
p
Þ=2

q
,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð7�

ffiffiffiffiffi
17
p
Þ=2

q
, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0}.

Comparing the eigenvalues of adjacency matrices Ah and Ao of the deployable
hexahedral mechanism and the deployable octahedral mechanism, it is can be
found that they are the same, so that matrices Ah and Ao have the same eigenvalues
and eigenvectors, therefore, the deployable hexahedral mechanism and the
deployable octahedral mechanism constructed based on the dual polyhedrons—the
hexahedron and the octahedron are isomorphic [8]. Similarly, drawing the topol-
ogy graphs of the deployable dodecahedral mechanism and the deployable ico-
sahedral mechanism, the 92 9 92 adjacency matrices of the mechanisms and their
corresponding eigenvalues and eigenvectors can be obtained. It can be found that
the deployable dodecahedral mechanism and the deployable icosahedral mecha-
nism are also isomorphic.

68.5 Conclusions

This paper investigated the duality of the five Platonic polyhedrons utilizing the
ray and axis coordinates representation of Ling geometry, it was revealed that the
inverse or pseudo inverse of the matrix each row of which representing the axis
coordinates of the original polyhedral gives a matrix each column of which exactly
represent the ray coordinates of the corresponding dual polyhedron, and vice versa.
Then, based on the five Platonic polyhedrons, employing the plane-symmetric
eight-bar linkage, deployable polyhedral mechanisms (DPMs) were constructed
and the dual deployable polyhedral mechanisms are isomorphic. The isomorphism
of the deployable polyhedral mechanisms was for the first time represented by the
topology graphs and their corresponding adjacency matrices of the mechanisms.
The synthesis method used in the paper for the construction of the five regular
deployable polyhedral mechanisms based on the five Platonic polyhedrons can be
extended to the synthesis of more deployable polyhedral mechanisms based on the
much larger range of semi-regular of irregular polyhedrons.
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Chapter 69
A Brief Survey on Inflatable Deployment
Space Structures’ Research
and Development

Jinguo Liu and Shufeng Sun

Abstract Deployable structures are widely used in a variety of space spacecrafts
and planetary detectors. Under the size and cost limitations of space transportation
system, deployable structure usually requires large contraction ratio and high
reliability, therefore, development of deployable structures faces a series of the-
oretical and technical challenges. Space inflatable structure is a key area in space
mechanism’s research. Compared to mechanically deployable structures, space
inflatable structures have several unique advantages such as much lighter weight,
higher packaging efficiency, lower life-cycle costs, simpler design with fewer
parts, and higher deployment reliability. Inflatable structures with its irreplaceable
advantages had attracted a lot of attentions during the past decades. This paper
presents of a brief review of inflatable deployment space structures with stresses
on their recent development and applications.

Keywords Space structure � Deployable structure � Inflatable

69.1 Introduction

With the spacecraft technology’s unceasing development and wider application, the
spacecraft structure has been more and more complex. Therefore, researchers and
engineers must take all sorts of structure and mechanism to complete designated
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space missions. Deployable structure, being a kind of important structure, has
become an essential component in the spacecraft structure. Deployable mechanism
can change the main structure, secondary structure or part of the spacecraft struc-
ture from the folded state to the unfolded state. It has been widely used for variety of
spacecraft and the planetary detector in aerospace, such as, satellite antenna, large
optical mirror, spacecraft solar array, large support structure of space station,
planetary detector, and the other space structures [1–8]. Because of dimensional
constraints dictated by the finite size of the launch vehicle, large spacecraft
appendages have to be stowed during launch and then developed once on-orbit.

Currently, development tendency of the space deployable structure mainly
focus on two issues, one is to improve the traditional space deployable structure
reliability and environmental adaptability, and the other is to explore new con-
ceptual space deployable structure. Inflatable structures are expected to be widely
applied in satellite antenna, radar array, solar array deployment structures as well
as other spacecraft structures [9]. This paper will briefly review the inflatable
structure’s space application and its latest research progress with the intention to
be a beneficial reference for future studies.

69.2 Representative Inflatable Deployment Space
Structures

In the history, the most representative inflatable deployment space structures may be
the inflatable antenna experiment (IAE). To demonstrate the potential of inflatable
structure technology for large antennas, JPL initiated the IAE, as shown in Fig. 69.1.

The inflatable structure comprised two basic elements, the inflatable reflector
assembly and the torus/strut supporting structure. The reflector film was stressed to
approximately 1200 psi by the inflation pressure of 3 9 104 psi. The torus pro-
vides the rim support for the reflector assembly, and the reflector assembly will
take a spherical shape after being inflated without the torus [11] Table 69.1.

Inflatable truss structures were an ideal for providing high specific stiffness with
minimal stowed volume. Figure 69.2 shows how the mirror segments are supported
from this truss. Figure 69.3 illustrates how a large space telescope employing an
inflatable truss structure can be stowed to achieve very high packing efficiency and
Fig. 69.4 illustrates the truss structure deployment and mirror assembly sequence.

69.3 Deployment Principles of the Inflatable Space
Structures

A key technology of developing robust deployable inflatable space structures is
selecting the proper material to meet the system requirements. In most cases, we
choose the ‘‘rigidizable materials.’’ Rigidizable materials, as described in terms of
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Fig. 69.1 The deployment process of IAE [10]

Table 69.1 Main specifications of IAE

Surface
precision

Inflation
pressure

Torus/strut
diameter

Material The container
volume

RMS = 1 mm 3 9 104 psi 24/18 inches Made of 12 mil thick neoprene
coated Kevlar

14 9 28 m

Fig. 69.2 Mirror segments mount to truss nodes through kinematic mounts [12]
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Fig. 69.3 Illustration of an inflatable truss structure simply stowing around outside of instrument
module [12]

Fig. 69.4 Deployment and assembly sequence of a large space telescope utilizing an inflatable
truss support structure [12]
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gossamer structures, can be defined as materials that are initially flexible to
facilitate inflation or deployment, and become rigid when exposed to an external
influence [13]. These external influences include heat, cold, ultra-violet radiation,
and even the inflation gas itself. Rigidizable materials can be classified into several
categories according to their base materials properties [14].

69.3.1 Thermally Cured Thermoset Composites

Thermally cured thermoset composites are a kind of rigidizable materials that offer
excellent structural performance and flexibility in design. The composite consists of
a fibrous reinforcement that is impregnated with a thermoset polymer resin. The resin
can be chemically hardened, or cross-linked, when exposed to heat. The cure cycle is
dependent on the matrix material selected and can range from one to several hours.
Several heat methods have been proposed and tested, including solar illumination
of the material and resistive heating by embedded heater elements [15–17].

A construction of the antennas was made by using two parabolic membranes,
and its periphery supported by a toroidal structure. The load carrying fibers in the
gores become rigid on orbit from solar heating, after deployment by inflation, as
shown in Fig. 69.5.

69.3.2 Foam Rigidization

Foam can be not only evaluated as a method of rigidizing structures by filling their
interior cavities, but has also be used in the deployment event as the inflation
medium. Structures have been proposed to be reinforced with foam that is injected,
or with walls that are coated with a film that reacts to an outside influence once
deployed and thickened by foaming. Foam has been used as the structural material
itself, and also as a strength and stiffness augmentation device when combined
with composite laminate materials [19].

Fig. 69.5 The 12 m
diameter model of the
inflatable space rigidised
reflector antenna [18]
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69.3.3 Aluminum and Film Laminates

Aluminum laminates are a unique approach to providing a deployable rigidizable
structure. The structures can be folded into small volumes and deployed via
inflation pressure to yield a predetermined shape. The inflation pressure stresses
the wall of the structure to smooth out the wrinkles. The structure is then pres-
surized to the aluminum’s approximate work hardening stress, in its plastic
deformation range, to slightly elevate the structural properties of the laminate and
permanently remove wrinkles in the laminate. At this stress the polymer film is in
its elastic range and thus when pressure is removed, the aluminum is put in
compression. NASA Langley Research Center first developed aluminum laminates
in the late 1950s in support of the Echo program [20], as shown in Fig. 69.6. The
sphere with 100-ft diameter weighted 136 lbs. and was stowed in a 26 in. diam-
eter’s spherical container for launch. Table 69.2.

The current deployment techniques are directed at members such as tubes and
struts. Normally these members are used to move the remainder of the inflatable
system into position for inflation. Deployment methods must keep the deploying
inflatable structure within a predictable envelope, and provide a well-defined
deployment rate that is slow enough to prevent significant loads on the spacecraft.
They must also provide restraint for the structure during launch, as well as large
well-defined passages to vent entrapped gas during ascent to orbit. There are
several techniques available to satisfy these requirements [9].

Fig. 69.6 Echo I and II [9]

Table 69.2 Main specifications of Echo

Type Diameter
(m)

Orbit
altitude
(km)

Life time
(years)

Material

Echo I 30 1600 8 Made of 12 um thick Mylar coated with 2000
angstroms of vapor-deposited aluminum.

Echo II 40 1600 5 Made of Mylar coated with aluminum on the inside.
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69.3.4 Roll-out Method

This method is similar to the well known party favor. The primary difference is
that the coiled spring that provides the deployment resistance in the party favor is
replaced with Velcro@ on the top and bottom of the tube. By varying the area and
location of the Velcro@ it is possible to vary the pressure necessary to deploy the
tube, hence, its rigidity during deployment [9]. Depending on the flexibility of the
strut material, it may be necessary to provide a method to assure the vent path.

69.3.5 Mandrel Method

The feature of Mandrel method is with some venting paths to the packaged strut.
The packaged strut is beneath a mandrel which with a conical shaped lead in.
Application of pressure causes the packaged tube to be pulled over the mandrel.
The mandrel provides the directional control of the deploying strut. In addition,
friction between the mandrel and interior surface of the tube provides the resis-
tance to deployment, which in turn controls the rate of deployment and strut
stiffness during deployment [9], as shown in Fig. 69.7.

69.3.6 Fan Folded Method

Directional control for this example is provided by folding the rigidizable tube 90�
to the solar array folds. The deployment resistance is provided by the bending
strength of the tube itself which, in this case, is made of Kapon–Aluminum–
Kapton laminate [9]. The vent paths were inherent in the folded tubes by virtue of
the stiffness of the tube material.

Fig. 69.7 Mandrel method [9]
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69.4 Key Issues in Inflatable Deployment Space Structures’
Development

To develop an inflatable deployment space structure, there are many key tech-
nologies which can be generalized as follows:

69.4.1 Reflector Error Sources

Inflatable structures require unique manufacturing methods techniques because of
the thin flexible materials that are used. A desirable method is to make use of an
automated cutting system that can produce accurately cut gores with greater
precision and lower cost [9].

69.4.2 Reflector Error Sources

As discussed above, the dimensional requirements for precision space reflectors
involve accuracy beyond the customary tolerances of structural engineering. Thus,
to achieve a high precision reflector, consideration must be given to all possible
error sources. A listing of possible error sources are as follows: Material stiffness
properties and real variation, Material thickness and real variation, creep, moisture
effects, material ‘‘wrinkling’’ or creasing due to handling and packaging, fabri-
cation, analytical shape prediction, and so on [9].

69.4.3 Dynamic Characteristics and Parameter Analysis

Currently, inflation deployable structure dynamic analysis methods are mainly in
two aspects: experimental investigation and numerical simulation. Experimental
research is mainly respect for the inflatable structure characteristics, from the con-
tacting test means to the non-contact test means, but experimental studies was facing
a big problem in vacuum and microgravity. Numerical simulation can effectively
simulate structure dynamic behavior in vacuum and microgravity environment [21].

69.4.4 Potential Shape Adjustment

The major approaches for providing shape adjustment of a pressurized membrane
reflector are as follows: adjust feed position, adjust edge radial displacements,
change internal pressure, provide thermal gradient over reflector surface.
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69.4.5 Inflation Subsystem

Numerous types of inflation systems have been used for inflatable space structures.
The most used systems are using nitrogen gas and subliming powders. High vapor
pressure fluids have been used where the pressures from sublimating powders are
not adequate and using nitrogen is impractical [9]. Hydrazine systems are now
being evaluated because of their capability to give medium level inflation pres-
sures with low weight and volume when compared to nitrogen systems. Hydrazine
application issues are handing, safety and cost.

69.5 Conclusion

Space inflatable structures and related technologies are hot topics in recent space
structure researches world-widely. This field has been strongly sponsored by USA,
Russia, and ESA with a large amount of funds. A series of research results have
been achieved in USA. The Chinese scholars also have paid a lot of attentions to
this area. However, there is still a big gap for inflatable structure to be used in
aerospace in case of safety and reliability. With enough technology readiness or
technology maturity and unique benefits, space inflatable structure will be a
milestone in aerospace engineering.
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Chapter 70
A Novel Surface Deployable Antenna
Structure Based on Special Form
of Bricard Linkages

Ji Cui, Hailin Huang, Bing Li and Zongquan Deng

Abstract In this paper, a novel form of general line-symmetric Bricard linkage
(GLSBL) that can be deployed onto arbitrary non-equilateral triangular profile and
can be folded onto a bundle compact form with all the six links being parallel and
contact to each other is presented. The mobility and detailed kinematic of the
mechanism is studied. Using the novel GLSBL, a tripod mechanism using two
similar deployable special form Bricard linkages as its bases connecting to three
limbs is proposed. The tripod mechanism can be deployed onto triangular prism
profile and can also be folded onto a bundle compact form so that it can be used as
the basic building modules for the construction of large deployable trussed surface
structures. Using this module, the deployable structure that can be deployed onto a
spherical surface is presented.
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70.1 Introduction

Deployable structures are widely used in both aerospace applications and general
civil engineering applications [1, 2]. In most design, planar mechanisms such as
scissor shape mechanisms are selected as basic building elements for the con-
struction of large deployable truss structures. Spatial mechanisms are rarely used
in practical applications, the reason is probably due to the mathematical difficulty
in finding solutions which ensure that the mobility of each building element is
retained [3]. The spatial single loop mechanisms are good candidates for aerospace
applications, as they can provide very good stiffness, low packaging/expansion
ratio and easily be extended to large scale deployable networks [4]. In this paper, a
novel deployable mechanism that can be deployed from a bundle compact con-
figuration onto a large volume spherical surface structure is presented. The
mechanism is constructed by a set of tripod basic deployable modules that is using
two special forms of general line-symmetric Bricard mechanisms as its bases. The
basic module can be deployed onto triangular prism profile with its bases can be
designed into arbitrary non-equilateral triangular profile so that it can be used for
constructing arbitrary surface structure. The rest of this paper is organized as
follows: in Sect. 70.2, the novel deployable triangular prism mechanism is pro-
posed; in Sect. 70.3, the kinematic of the proposed mechanism is studied; In
Sect. 70.4, the construction of large surface deployable network using the trian-
gular prism mechanism is presented and a conclusion to this paper is given in the
last section.

70.2 Proposed of the Triangular Prism Deployable
Mechanism

As reported by Bricard [5], there are six different types of mobile linkages con-
taining six revolute joints. Of the six types, two types, i.e., the trihedral case and
the general plane-symmetric case, can be used for the deployable mechanisms that
can be folded onto a bundle compact form [6]. In this paper, we show that a third
type mobile 6R linkage, the general line-symmetric case can also be applied to
design the deployable mechanisms.

The general D–H model of 6R linkage is as shown in Fig. 70.1, for the general
line-symmetric case, the geometric constraints are given as

X1 ¼ X2; X3 ¼ X4; X5 ¼ X6

a12 ¼ a45; a23 ¼ a56; a34 ¼ a61

R1 ¼ R4; R2 ¼ R5; R3 ¼ R6

8><
>: ð70:1Þ

where Xi is the common perpendicular of zi and ziþ1; aij is the rotation angle of
axes zi and ziþ1 around Xi; Ri is the distance of link i� 1 and link i along zi, refers
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as the offset of joint i: Ref. [6] has presented the possibility of using a trihedral
case Bricard mechanism to design deployable mechanism that can be deployed
onto ‘Y’ shape profile. As shown in Fig. 70.2, it can be folded onto a bundle
compact form as shown in Fig. 70.2b. For this mechanism, one can see that the
link pairs a; fð Þ; b; cð Þ; d; eð Þ of the mechanism can be designed with arbitrary
length without changing the mobility of the mechanism, in the deployed config-
uration, three angles \AOB; \BOC and \COA are identical.

The GLSBL can also be designed to be deployable onto such ‘‘Y’’ shape
deployed profile by using the joint axis position determination method as presented
in [4]. Suppose that ABC is the required triangular deployed profile, for this case,
however, the three angles \AOB; \BOC and \COA are no longer identical
because the D–H lengths of the six links are not identical, so that the mechanism
can be designed with non-equilateral triangular profiles, but the physical link of the
six links for GLSBL can be designed with identical lengths. This is an important
property for the construction of tripod deployable module.

As shown in Fig. 70.3, AO; BO and CO are the three joint axes of GLSBL
connecting to the adjacent two parallel links. LetAG ¼ BH ¼ CI, i.e., all
the lengths of the physical links are identical. DG; GF; FI; IE; EH; HD are the
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widths of the six physical links, DG ¼ HD; GF ¼ FI; IE ¼ EH. As all the
links are designed with rectangular shape in the top view, then AG?DF;
BH?DE; CI?EF and extension lines of AG; BH; CI are concurrent at the point O
so that the point O is the center of the inscribed circle of DDEF. By changing the
widths of the physical links, one can obtains different values for the angles
\AOB; \BOC and \COA so as to realize different profile of the triangular ABC.

In order to build deployable mechanisms that can be deployed onto a surface
structures, such as spherical surface or parabolic surface, the triangular prism
mechanical modules with non-equilateral triangular base profiles are required,
because any surface can be approximated by a set of triangular profiles [1].
Fig. 70.4 shows a conceptual model of a trussed surface structure that is consisted
of triangular prism, ABC and A0B0C0 are the two bases for one module. In the
complicated surface, however, the parameters for the modules in the assembled
structure are different from each other, this fact makes the mobile assembly of
large deployable mechanism very difficult. Using GLSBL as the bases of the
prism, one can easily construct a tripod mechanism as shown in Fig. 70.5. GLSBL
and three long links forms the bases of the tripod and joints kiði ¼ 1; 2; 3Þ
connect GLSBL and the long links. For simplicity, the direction of joint kiði ¼
1; 2; 3Þ is along ziði ¼ 1; 3; 5Þ, respectively, as shown in Fig. 70.5. It can be

A

B

C

D

EF

G H

I

O

a
f

b
c

de104o

125o

131o

(b)(a)
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deployed onto a triangular prism deployed profile from a bundle compact form
with all the links being parallel and contact to each other. As we can also use the
trihedral Bricard linkage to design a non-equilateral triangular base profile with
different physical link lengths, but in the tripod mechanism, it is required that the
lengths of all physical links being identical, therefore, only the GLSBL case can be
applied to this deployable tripod mechanism.

70.3 Kinematic Analysis of the Tripod Mechanism

As shown in Fig. 70.6, DG; GF; FI; IE; EH; HD are the DH length of links, Q is
the concurrent point of the axes z2; z4; z6; P is another concurrent point of axes
z1; z3; z5. Based on Eq. (70.1), there are three pairs of the DH links are identical,
i.e., DG ¼ HD; GF ¼ FI; IE ¼ EH. Based on the geometric relations, one can
prove that the three points P; O and Q are collinear and perpendicular to MGHI.
Then we have QG ¼ QH ¼ QI; PG ¼ PH ¼ PI.

From Fig 70.1 and Fig. 70.6, one can conclude that h1 þ \DGF ¼ p; h3 þ
\DHE ¼ p; h5þ \EIF ¼ p, then we have

� cos h1 ¼ cos\DGF ¼ DG � FGþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QG2 � DG2

p
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QG2 � FG2

p� �
=QG2

ð70:2Þ

sin h1 ¼ sin\DGF ¼ DG �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QG2 � FG2

p
þ FG �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QG2 � DG2

p� �
=QG2 ð70:3Þ

Similarly
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� cos h3 ¼ cos\DHE ¼ DH � EH þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QH2 � DH2

p
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QH2 � EH2

p� �
=QH2

ð70:4Þ

sin h3 ¼ sin\DHE ¼ DH �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QH2 � EH2

p
þ EH �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QH2 � DH2

p� �
=QH2

ð70:5Þ

� cos h5 ¼ cos\EIF ¼ EI � FI þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QI2 � EI2

p
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QI2 � FI2

p� �
=QI2 ð70:6Þ

sin h5 ¼ sin\EIF ¼ EI �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QI2 � FI2

p
þ FI �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QI2 � EI2

p� �
=QI2 ð70:7Þ

From Eq. (70.2) we have

QG2 ¼ QH2 ¼ QI2 ¼ ð2DG � FG � cos h1 þ DG2 þ FG2Þ= 1� cos2 h1
� �

ð70:8Þ

Substituting Eq. (70.8) into Eqs. (70.2–70.7) yields the relations of h3; h5 and h1.
Similarly, h2 ¼ \GDH þ p; h4 ¼ \HEI þ p; h6 ¼ \IFGþ p; then

tan h2=2ð Þ ¼ �DH=PH; tan h4=2ð Þ ¼ �EI=PI; tan h6=2ð Þ ¼ �FG=PG

ð70:9Þ

From Eq. (70.9) we have

tan h4=2ð Þ ¼ EI=DHð Þ tan h2=2ð Þ; tan h6=2ð Þ ¼ FG=DHð Þ tan h2=2ð Þ ð70:10Þ

Equation (70.10) expresses the relations of h2; h4; h6. Then from D–H loop
equation, we have the closure equation:

cos h2 cos h4 � cos h3 sin h2 sin h4 ¼ cos h6 ð70:11Þ

In Eqs. (70.9) and (70.10), there are three equations what include four vari-
ables, that can also prove that the general line-symmetric 6R mechanism has only
one DOF.

In this research, it is assumed that the lateral profile of the triangular prism is
isosceles trapezoid, i.e., all the Ls s in one module are identical.
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From Fig. 70.7, one can see that

Lu ¼ 2L2 sin a=2ð Þ þ 2L1 cos c cos b ð70:12Þ

P is the concurrent point of the three axes z1; z3; z5; PM
�!

and PN
�!

are the two
vectors along z3 and z1 respectively, a ¼ \GPH;

aþ h2 ¼ 2p ð70:13Þ

L2 contains two parts, link length of Bricard Lc1; second part is length of
PG; PH; PI

Lc2 ¼ �di tan h2=2ð Þ ð70:14Þ

L1 is the width of the lateral link, c is the obliquity of the lateral link, b is the
angle of GH with respect to the radius of circumcircle of MGHI: The edges of
MGHI are 2L0 sin h2=2ð ÞL; 2L0 sin h4=2ð Þ and 2L0 sin h6=2ð Þ respectively. L0 is length
of PG. h2; h4; h6 can be derived from Eq. (70.10). Given edges l1; l2; l3 for one
triangle, the radius of its circumcircle can be given as

r2 ¼ l1l2l3ð Þ2= 2 l21l22 þ l2
2l2

3 þ l21l23
� �

� l4
1 þ l4

2 þ l43
� �� 	

ð70:15Þ

Then b can be calculated by

cos b ¼ li=2r ð70:16Þ

where li is edge of triangle, using Eqs. (70.12–70.16), one can obtain the relation
of b and h2: From Fig. 70.7b, we can obtain the relation:

cos c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cos /=cos bð Þ2

q
ð70:17Þ

where / is the angle of Lu and Ls, then we can derive the relation of Lu and h2: The
relation for the other base and the whole tripod mechanism can be derived using
similar approach.

D

uL

dL

sL

sL

uL

2L

1L

P

M N

sL

(a) (b)

Fig. 70.7 Parameters of the tripod mechanism. a The triangular prism profile, b lateral view of
the prism
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70.4 Mobile Assembly of the Large Trussed Surface
Structure

Based on the conceptual trussed surface structure given in Fig. 70.4, one can see
that in order to construct a modular trussed structure, every two adjacent triangular
prisms are sharing one common lateral profiles, in order to build a ‘‘continuous and
smooth’’ surface, the lateral profile of one module that is used to connected to the
adjacent one must be identical, therefore, as soon as the parameters of one module,
i.e., module 1 as given in Fig. 70.9 are determined, the parameters of the two
lateral links of module 2 can be determined too. Based on the kinematic analysis
as given in Sect. 70.3, the three lateral links of each tripod mechanism are not
parallel to each other, therefore, every adjacent two modules can be connected via
the common revolute joints, as shown in Fig. 70.8, u1 and u2 are the two axes of
the revolute joints used for the mobile connections. The mechanism includes two
modules still has two DOFs because no more constraints into the mechanism after
connection.

Given a required surface for the deployed configuration, one has first to employ
an efficient way for the description of the surface structure. In this paper, the
projection method is used to determine the parameters of the discretized surface.
As the basic building modules are triangular prisms, to design a module in the
structure, the first step is to design the parameters of one base, as shown in

1u

2u

Module 2
Module 1

Fig. 70.8 Mobile connection
of the adjacent two modules

'A 'B

'C

A B

C

required surface

base

n

Fig. 70.9 Projections onto
required surface
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Fig. 70.9, A0B0C0 is the triangular profile that one has to design first, in order to
determine the parameters, it is assumed that there is a planar model with a set of
identical triangular profiles, then the planar model is projected onto the required
surface, every node of the planar model will intersect with the surface in one point,
connected every two points if they are connected in the planar model, then one
obtains the discretized surface model. In order to reduce the manufacturing cost,
one has to make maximum number of identical modules in the structure, therefore,
the projection direction can be set to be along the center normal direction of the
surface, for example, M is the center of the required surface, then the normal
direction n of the surface in point M is the projection direction. This projection
makes that all the bases symmetric around the direction n are identical.

Using this method, a spherical surface structure based on the proposed tripod
mechanism as shown in Fig. 70.10a, it can be folded onto a bundle compact form
with all the links being parallel and contact to each others as shown in Fig. 70.10b.
In the deployed configuration, the bases of the tripod mechanism form two dis-
cretized surfaces, the inner one is determined via the method as shown in
Fig. 70.9. The directions of the lateral links are set to along the directions toward
the spherical centre.

70.5 Conclusions

In this paper, a novel tripod deployable mechanism for constructing large surface
deployable antenna structure has been presented. The tripod modules of the
deployable mechanism uses two similar general line-symmetric Bricard mecha-
nisms as its bases, both of which are connected by three limbs so that the
mechanism can be deployed onto a triangular prism deployed profile and can be
folded onto a bundle compact form with all the links being parallel and contact to
each other. The projection method for constructing the surface structure has also
presented in this paper, which assumed that there is a planar model with a set of
identical triangular profiles, then the planar model is projected onto the required

(b)(a)Fig. 70.10 Spherical
deployed configuration of the
mechanism. a Deployed
configuration, b folded
configuration

70 A Novel Surface Deployable Antenna Structure 791



surface, every node of the planar model will intersect with the surface in one point,
connected every two points if they are connected in the planar model, then one
obtains the discretized surface model. Using this method, a surface structure was
assembled by CAD model to show its feasibility.
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Chapter 71
Geometric and Combined Analysis
of the Color-Flipping Ball

Duanling Li, Guochao Bai, Qizheng Liao and Zhanjiang Du

Abstract A color-flipping ball can be considered as a kind of spatial mechanism.
In this paper, the geometric characteristics and combined patterns of the color-
flipping ball are presented. The equivalent schematics of the color-flipping ball
both in its initial state and its flip state are illustrated. The relationships between
the rotational angle and the scaling triangle are analyzed. From the scaling range
equation, the velocity and acceleration of the motion are analyzed, and the cor-
responding kinematic curves are obtained using Matlab. The combined analysis of
the basic element extracted from this mechanism is conducted. At last based on the
result, an example is presented to show the application of the mechanism.

Keywords Color-flipping ball � Geometric characteristic � Combined analysis �
Articulated link
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71.1 Introduction

A color-flipping ball is a transforming ball that can change colors when flipped [1].
It can be considered as a kind of spatial mechanism. Ding et al. [2] investigated
typology of the mechanism and analyzed its structure and configurations during
motion. Wei et al. [3, 4] presented a 20-bar evolved deployable ball mechanism,
then reveals the geometric constraint and radio motion characteristics and inves-
tigates the mobility and the kinematics analysis of the mechanism. The mechanism
of color-flipping ball also exhibits some characters of metamorphic mechanism [5].

Different scaling mechanisms have been studied so far. Liao [6] used inter-
connected multi-parallelograms to enlarge or shrink a planar graph by driving a
revolute pair. Most of the scaling structures with scissor-like element (SLE) have

Fig. 71.1 Three states of the color-flipping ball

3-Articulated Link    

Link

Fig. 71.2 Flip state of the
color-flipping ball

H

A B

C

G

E F

D

Fig. 71.3 Schematic of the
flip state
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been studied by Zhao et al. [7]. Li et al. [8] studied the spatial deployable mechanisms
based on the magic ball. Approaches to combine arbitrary special deployable
mechanism were also proposed. Kiper [9] analyzed the geometric parameters of the
scaling triangle and proposed a family of polyhedron.

In this paper, the scaling features of the color-flipping ball are presented during
its motion. Figure 71.1 shows three states of color-flipping ball: initial state, flip
state and final state.

71.2 The Geometric Principle of the Color-Flipping Ball

Figure 71.2 shows the flip state of a color-flipping ball. The mechanism is made up
of 8 identical 3-articulated links and 12 equal links. Its skeleton is shown in
Fig. 71.3 [10].

In Fig. 71.3, BE, EG and GB are connected in order to get a triangle EBG. Each
loop in the mechanism is a square. By the formula of degree of freedom of planar
mechanisms [11], the degree of freedom of each loop is one [12]. When one of the
links is driven, the mechanism will have a certain motion.

Each face of the hexahedron has four links and four vertices in Figs. 71.4 and
71.5. When two opposite vertices are close to each other, the other two will be far
away from each other. Each vertex of the hexahedron connects three links. When
three links connected to a 3-articulated link are close to the center, the opposite
3-articulated links will leave apart from it. Because each link of the mechanism
has equal length, four 3-articulated links join together and the others leave apart.
The material object is shown in Fig. 71.4. Figure 71.5 is the schematic at the final
state.

The hatched triangle in Fig. 71.6 is regarded as a random position during the
scaling movement. The section ACGE is selected to be fixed in the coordinate
system, as shown in Fig. 71.7.

We denote each length of the 12 links as l: When AE moves to its final position,
AE and OE coincide with each other, as well as CG and OG. a represents the
rotational angle between AE and AO.

Fig. 71.4 The color-flipping
ball in its final

71 Geometric and Combined Analysis 795



OE is equal to OG and \AOE ¼ 180� � h: From Fig. 71.6, we can see triangle
EBG in the changing process is similar to itself in a flip state, i.e., h has a fixed
value.

For triangle AOE, we have:

l=sin\AOE ¼ OE=sin a ð71:1Þ

Similarly,

EG=sin h ¼ OE=sin\EGO ð71:2Þ

H

A

F

C

O

Fig. 71.5 Schematic of the
mechanism in its final
position

H

A
B

C

E GF

D

Fig. 71.6 Schematic at a
random position

E

A G
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O

α θ

Fig. 71.7 The section ACGE
of the mechanism
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Comparing Eqs. (71.1) and (71.2) yields:

EG=sin h ¼ l sin h=ðsin\AOE � sin\EGOÞ ð71:3Þ

Suppose EG ¼ x; then

x ¼ l sin a sin h

�
sinðp� hÞ sin

p� h
2

� �� �
ð71:4Þ

Suppose k ¼ l sin h
�

sinðp� hÞ sin p�h
2

� �� �
; we have

x ¼ k sin a ð71:5Þ

a is angle between links AE and AO and x is the side length of the scaling
equilateral triangle.

Because of the symmetry of the mechanism, we know the shape will keep the
similarity during motion.

71.3 Scaling Kinematic Analysis of the Color-Flipping Ball

71.3.1 The Scaling Range Analysis of the Color-Flipping Ball

When a ¼ 0 and x ¼ 0; if ignoring the overall dimensions of the links and their
interference, the triangle will shrink to a point. That is to say, the minimum area of
the triangle is 0.

The area of the scaling triangle reaches its maximum when the mechanism is in
its final position shown in Fig. 71.8, and the corresponding side length is AH. The
maximum area of the triangle is

s ¼
ffiffiffi
3
p

4
m2 ¼ 2

ffiffiffi
3
p

3
l2 ð71:6Þ

where m the side length of tetrahedron H-AFC and

m ¼ 2
3

ffiffiffi
6
p

l ð71:7Þ

71.3.2 The Velocity and Acceleration Analysis
of the Color-Flipping Ball

The scaling velocity of the mechanism is the differential of the side length to the
rotational angle. The side length of the scaling triangle can be obtained from
Eq. (71.5). Differentiating Eq. (71.5) yields,
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v ¼ dx

da
¼ k cos a ð71:8Þ

where v is the scaling velocity between the side length of scaling triangle and the
rotational angle.

To get the acceleration, we differentiate Eq. (71.8) again with respect to a

a ¼ d2x

da2
¼ d

da
dx

da

� �
¼ �k sin a ð71:9Þ

where a is the scaling acceleration between the side length of scaling equilateral
triangle and the rotational angle.

The relationships between the scaling velocity and the rotational angle are shown
in Fig. 71.9. It shows that the scaling velocity between the side length of scaling
equilateral triangle and the rotational angle decreases as the angle increases.

Figure 71.10 shows the relationship between the scaling acceleration and the
rotational angle. We can see from Fig. 71.10 that the scaling acceleration between
the side length of the scaling equilateral triangle and the rotational angle also
decreases as the angle increases.

H

A

F

C

O

Fig. 71.8 The skeleton of
tetrahedron H-AFC

Fig. 71.9 Relationship
between the scaling velocity
and the rotational angle
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71.4 Combinational Analysis of the Color-Flipping Ball

From Sect. 71.2, we know that when two opposite vertices get close to each other, the
other two will be far away from each other. An octahedral mechanism (shown in
Fig. 71.11) can also be analyzed with the above method. We can connect the opposite
vertices with lines and finally get a closed loop. All the connected vertices will
coincide with or depart from each other at the same time. The number of the faces
should be even, which is the necessary condition to form this kind of mechanism.

Fig. 71.10 Relationship
between the scaling
acceleration and the
rotational angle

4
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2 3

6
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7

8

12 11

10

9

Fig. 71.11 Schematic of
octahedral mechanism
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Figure 71.12 shows a schematic of the mechanism with all kinematic pairs are
revolute pairs. Although the octahedral mechanism accords with the condition of
scaling, the revolute joints cannot yield the aim. Changing the revolute pairs to
spherical pairs can make it possible.

All these come to the conclusion that, if the mechanism can make a reversal
movement, the number of its faces (loop numbers) should be even. For a specific
mechanism, the kinematic pairs should be changed to ensure the rotation.

71.5 An Application in a Lifting Machine

Currently, available lifting machines can be grouped into two categories: hydraulic
lifting machine and mechanical scissor lifting machine. They all have their
application areas. This paper presents a new lifting machine which has the kine-
matic characteristics of the color-flipping ball.

71.5.1 Structure of the Lifting Machine

The mechanism has twelve links with equal length (denoted as l). Figure 71.13
shows the contract state of the machine. The three strut links M, N and L are of equal
length denoted as n: They are positioned at one-third position of OH from O. Three
bearing links are perpendicular to the corresponding strut links. The actuator is
positioned on point O. Connecting the 3-articulated links yields a tetrahedron

Fig. 71.12 A schematic
model of octahedral
mechanism
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F
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O

M

L

N

Fig. 71.13 Contract state of
metamorphic lifting machine
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H-AFC, whose side length is m. The height from H to the bottom surface AFC can
be calculated by:

d ¼
ffiffiffi
6
p

m
.

3 ð71:10Þ

The relationships between the tetrahedral length and the link length are:

m ¼ 2
3

ffiffiffi
6
p

l ð71:11Þ

Comparing Eqs. (71.10) and (71.11) yields:

d ¼ 4
3

l ð71:12Þ

Equation (71.12) gives the minimum height dmin of the lifting machine in the
contract state. The lifting machine is driven from 3-articulated link B who coin-
cided to a point O with the other three 3-articulated links E, G, D. The mechanism
will make a reverse movement. The three coincided links will separate from each
other and the driving link will move upward.

When the three bearing links are parallel, the lifting machine reaches to its
limit. The lifting distance is the length of the strut links (shown in Fig. 71.14).
At this position, hinge H is at the center of the face EGD of the tetrahedron
O—EGD which is a regular tetrahedron. The distance from B to face EGD is:
h ¼

ffiffiffi
2
p

l:
The maximum lifting distance is calculated as:

dmax ¼ hþ n ¼
ffiffiffi
2
p

lþ n ð71:13Þ

B

H

G

D

E

M
L

N

Fig. 71.14 The structure of
the lifting machine at its peak
lifting position
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71.5.2 Simulation Model of Lifting Machine

The 3-articulated links and the links of a lifting machine are modeled. The
3-articulated links are equilateral triangle with three revolute joints on each side.
There are four parts of the model: general links, bearing links, driving 3-articulated
links and coupling pins. All these parts are built and assembled.

When the links connected to the 3-articulated links are driven, the configuration
of the mechanism changes. Figures 71.15 and 71.16 present the results of the
simulation.

Fig. 71.15 The contract state

Fig. 71.16 The lifting state
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71.6 Conclusions

The schematics of the color-flipping ball both in its initial state and its flip state are
presented. The geometric characteristics of the color-flipping ball are analyzed in
this paper. The velocity and the acceleration related to the rotational angle are
analyzed and the corresponding curves are obtained using Matlab. The method of
the combined analysis is useful for searching for new mechanisms that have the
same geometric characteristics as the color-flipping ball. At last, based on the
color-flipping ball, a lifting machine is designed.
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References

1. Switch kick, http://hoberman.com/fold/Switchkick/switchkick.htm
2. Ding X, Yang Y, Dai JS (2011) Topology and kinematic analysis of color-changing ball.

Mech Mach Theory 46:67–81
3. Wei G, Ding X, Dai JS (2010) Mobility and geometric analysis of the Hoberman switch-pitch

ball and its variant. Trans ASME J Mech Robotics 2:031010
4. Wei G, Ding X, Dai JS (2011) Geometric constraint of an evolved deployable ball

mechanism. JSME J Adv Mech Des Syst Manuf 5(4):302–314
5. Dai JS, Jones RJ (1999) Mobility in metamorphic mechanisms of foldable/erectable kinds.

J Mech Des Trans ASME 121(3):375–382 (25th ASME biennial mechanisms and robotics
conference, Atlanta)

6. Liao Q, Li D (2005) Mechanisms for scaling planar graphs. Chin J Mech Eng 41:140–143
7. Zhao J-S, Chu F, Feng Z-J (2009) The mechanism theory and application of deployable

structures based on SLE. Mech Mach Theory 44(2):324–335
8. Li D, Liao Q, Yin HX (2008) On construction of spatial deployable mechanisms based on the

magic ball combination method. In: The proceeding of international mechanisms and
machine science conference, Dalian, China, pp 71–73

9. Kiper G, Soylemez E, Ozgur-Kisisel AU (2008) A family of deployable polygons and
polyhedral. Mech Mach Theory 43:627–640

10. Li D, Zhang Z (2011) A schematic representation of metamorphic links. Mech Mach Theory
46:228–238

11. Li D (2003) The mechanical analysis and application of metamorphic mechanism.
Dissertation, Beihang University

12. Li D, Dai JS (2002) Loop characteristic analysis of parallelogram combined metamorphic
mechanism. Mach Des Res 18:120–121

71 Geometric and Combined Analysis 803

http://hoberman.com/fold/Switchkick/switchkick.htm


Chapter 72
Forward Displacement Analysis
of two Foldable 3US Parallel Mechanisms

Yun Qin and Jian S. Dai

Abstract This paper investigates the foldability and the forward kinematics of the
3US parallel mechanisms. Based on the opportune arrangements of the Hooke
joints axes, two foldable configurations with anticlockwise folding and clockwise
deploying motion are presented. The forward kinematics of two configurations are
analyzed which lead to the position expressions of the platform center and the
orientation of the platform. The displacement expressions of two configurations
are further compared. Moreover, the foldable configurations with clockwise
folding and anticlockwise deploying motion are indicated to derive by mirroring
the revolution axes of the Hooke joints associated with the base in each limb.

Keywords Foldability � Parallel mechanisms � Kinematics � Hooke joint
arrangement

72.1 Introduction

The foldable mechanisms are the kind of mechanisms which can be transferred
between a folded configuration or closed compact configuration and an expanded
form or unfolded configuration which is capable of supporting loads [1–3]. The
foldable mechanisms have wide applications in the space industry as well as
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mechanical devices like instrument holders, strollers, construction site facilities
and portable exhibition structures. They may be preferred over conventional un-
foldable mechanisms due to their large-span, compact storage and high portability
[1–5].

The foldable mechanisms attract a lot attention from many researchers [6, 7].
In 1962, Pinero proposed the expandable framing for space applications [8].
In recent years, the closed-form kinematics equations of the pantograph mast,
which essentially can be seemed as a deployable structure, were presented and the
global degree-of-freedom for the mast was investigated by Nagaraj et al. [4].
Kinematics singularity and actuation of a foldable 3-DOF parallel mechanism
were discussed by Chung et al. in 2009 [9]. Kinematic path and bifurcation were
analyzed for the 6R foldable frame and the frames without bifurcation were also
designed by Chen et al. in 2009 [10].

Kinematics of the tripods (three-limbs-parallel mechanisms) have been widely
studied in the past few years [11–16] since the tripods have great advantages
compared with parallel mechanisms with full mobility in terms of less complex
structure, lower cost and easier mechanical design. Both the parallel mechanisms
with the different limb lengths [17] and the equal limb lengths [18, 19], which may
have the folding potential [20], were studied in recent years. Kiper and Söylemez
have proposed the modified Wren platforms with the ability to fold and deploy by
replacing spherical joints with dihedral angle preserving joints in 2011 [21].

Two foldable configurations of 3US parallel mechanisms are proposed in this
paper. In Sect. 72.2, the structures of two foldable configurations are presented and
the geometrical conditions of the Hooke joints axes in two configurations are
revealed. In Sect. 72.3, the positions of the extremities in three limbs are presented
followed by the forward kinematics of the first configuration. In Sect. 72.4, the
displacement analysis of the second configuration is demonstrated and the com-
parison of the forward kinematics expressions of two configurations is addressed.

72.2 The Foldable 3US Parallel Mechanisms

The 3US parallel mechanisms investigated in this paper have the full foldability,
which means, they are able to fold from the deployed configuration, as shown in
Fig. 72.1, to the fully folded configuration, as illustrated in Fig. 72.2, and deploy
from the fully folded configuration to the deployed configuration. The configu-
rations with the anticlockwise folding and clockwise deploying are addressed in
detailed in this paper.

The foldable 3US parallel mechanisms are composed of a moving platform with
the thickness a, a fixed base with the thickness b and three identical limbs with the
identical length d. Each limb connects the base to the platform by a lower Hooke
joint and an upper spherical joint. The distance between the base center O and the
Hooke joint center Ai (i = 1, 2, 3), where the subscript i refers to limb sequence
number, is denoted as rb and the distance between the platform center P and the
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spherical joint center Bi (i = 1, 2, 3) is rp. The deployable ratio of the mechanism
with the full foldability is defined as the ratio of the height of the mechanism when
it is unfolded and the height when it is fully folded, as illustrated in Eq. (72.1).

q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 � rb � rp

� �2
q

þ aþ b

aþ b
ð72:1Þ

Since the limb length of the parallel mechanism is always much bigger than the
thickness of the base and the platform, the deployable radio can achieve a high ratio.
A numerical evaluation is given as an example. If we choose the thickness a and b of
the platform and the base as 5 and 10 mm, the limb length d as 250 mm, the radius
rp and rb of the platform and base as 65 and 200 mm, the folding radio will achieve
as 15.027, which is a high ratio in industry. Besides the high deployable ratio, the
3US foldable parallel mechanism provides the high stiffness as well.

Aimed at the full foldability, the Hooke joint axes associated with the base in
three limbs are opportunely placed so that they maintain relations with the limb
length d, the distances rb and rp. The expression of the angle a, which is an interior
angle of the triangle A1B1O formed by d, rb and rp, as shown in Fig. 72.3, is
revealed in Eq. (72.2).

a ¼ arccos
d2 þ r2

b � r2
p

2rbd

 !
ð72:2Þ

Based on the axes directions of the Hooke joints, which can be essentially
considered as the combination of two revolute joints, two configurations of 3US
foldable parallel mechanisms with the anticlockwise folding and clockwise
deploying motions are proposed. Figure 72.3 offers the observations of two con-
figurations in the fully folded positions where the Hooke joint and spherical joint
centers are coplanar.

In the first configuration of the 3US foldable parallel mechanism, the revolution
axis of the Hooke joint associated with the base in the first limb is parallel to the

Fig. 72.1 Unfolded
configuration

Fig. 72.2 Folded
configuration
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base and the angle from OA1 to the axis is p
2 � a
� �

: The revolution axes of the
Hooke joints associated with the base in three limbs form an equilateral triangle.
During the folding process, the revolution axis of the Hooke joint associated with
each limb changes its position in the plane which is perpendicular to that asso-
ciated with the base. When the mechanism reaches the fully folded position,
revolution axis of the Hooke joint associated with each limb is perpendicular to the
base.

When it comes to the second foldable configuration, the axes of the Hooke
joints in three limbs are arranged as follows: the revolution axis of the Hooke joint
associated with the base in the first limb is fixed at an angle of -a with the line
OA1, where negative means the clockwise rotation; the revolution axes of the
Hooke joints associated with the base in the other two limbs and that in the first
limb form an equilateral triangle; the revolution axis of the Hooke joint associated
with each limb changes its position in the plane which is perpendicular to that
associated with the base until achieving the folded position where the revolution
axis of the Hooke joint associated with each limb is parallel to the base and
perpendicular to that associated with the base in each limb.

The Cartesian coordinate system O(x, y, z) attached to the fixed base can also be
seen in Fig. 72.3. The origin point O is located at the base center, the x-axis points
in the direction of OA1, the z-axis is perpendicular to the base and points in the
direction from the fixed base to the mobile platform, and y-axis is determined by
the right hand rule.

If the 3US parallel mechanisms are arranged so that revolution axes of the
Hooke joints associated with the base in three limb are mirrored with respect to the
line OAi (i = 1, 2, 3), the platform will undergo the anticlockwise deploying
motion and clockwise folding motion.

A2
A1 d

B1

B3
x yrb

rp

B2

O

A3

O

rb
x y

rp

d

B1

B3

B2

A2

A1

A3

(a) (b)

Fig. 72.3 Fully folded position of two configurations. a The first configuration. b The second
configuration
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72.3 Forward Kinematics of the First Configuration

In the first foldable 3US configuration, the angle between line OA1 and the rev-
olution axis of the Hooke joint associated with the base in the first limb is p

2 � a
� �

:

The upper spherical joint center in each limb can be described with respect to
the fixed coordinate system, as shown in Eq. (72.3).

pBi ¼ pAi þ di ði ¼ 1; 2; 3Þ ð72:3Þ

where, di ¼ AiBi and pAi is the position vector of the lower Hooke joint center Ai.
In order to obtain the direction of the first limb in the first configuration, the
following rotations are applied to the fixed coordinate system O(x, y, z) to get the
moving coordinate systems Aa1(xa1, ya1, za1), Aa1r(xa1r, ya1r, za1r) and Aa1s(xa1s,
ya1s, za1s) successively, where the subscribe a indicates the first configuration, as
shown in Fig. 72.4. By rotating the fixed coordinate system an angle p

2 � a
� �

about
z-axis, the revolution axis of the Hooke joint associated with the base in the first
limb is gained. Followed by a second rotation of h11, the revolution axis of the
Hooke joint associated with the first limb achieves as the inverse direction of y1r.
Then a third rotation of angle h12 about the revolution axis of the Hooke joint
associated with the first limb occurs to get the coordinate system A1s(x1s, y1s, z1s).
Positive rotation senses are selected such that the directed axes of the rotations
point away from the centroid of the base according to the right hand rule.

In Fig. 72.4, R11 and R12 denote the revolution axes of the Hooke joint asso-
ciated with the base and the first limb. sa, ca, shi1, chi1, shi2, chi2, s p

3 þ a
� �

;

c p
3 þ a
� �

; s p
6 þ a
� �

and c p
6 þ a
� �

are short hands of sina, cosa, sinhi1, coshi1,

sinhi2, coshi2, sin p
3 þ a
� �

; cos p
3 þ a
� �

; sin p
6 þ a
� �

and cos p
6 þ a
� �

; respectively. The
rotation matrix of the first limb is provided as

ARA1b ¼
sach12 þ cash11sh12 �cach11 �sash12 þ cash11ch12

cach12 � sash11sh12 sach11 �cash12 � sash11ch12

ch11sh12 sh11 ch11ch12

2
4

3
5 ð72:4Þ

z (za1)

ya1

xa1 (R11)

x

y

za1r

z
ya1r (-R12)

y

xa1 (xa1r, R11)

x

za1s

z
ya1r (ya1s, -R12)

y

xa1s

x

Aa1 (xa1, ya1, za1) Aa1r (xa1r, ya1r, za1r) Aa1s (xa1s, ya1s, za1s)

2

π α−

θa11

θa12

Fig. 72.4 Rotations of the Hooke joints in the first limb

72 Forward Displacement Analysis 809



Transferring the A1B1 from the local coordinate system Aa1s(xa1s, ya1s, za1s) to
the fixed coordinate system O(x, y, z) gives

d1 ¼ ORAa1s
Aa1s d1: ð72:5Þ

Substituting Eqs. (72.4 and 72.5) into Eq. (72.3), the position vector paB1 of the
spherical joint center B1 in the first limb with respect to the fixed coordinate
system O(x, y, z) yields as illustrated in the following equation

paB1 ¼ rb þ dsash12 � dcash11ch12 dcash12 þ dsash11ch12 �dch11ch12½ �T:
ð72:6Þ

By the same approaches, we can get the position vectors of the spherical joints
centers of the other two limbs with respect to the fixed coordinate system O(x, y, z) as

paB2

¼ ½ rb � ds p
3þa
� �

sh22þdc p
3þa
� �

sh21ch22 �dc p
3þa
� �

sh22�ds p
3þa
� �

sh21ch22 �dch21ch22�T

ð72:7Þ

and

paB3

¼ ½ rbþdc p
6þa
� �

sh32þds p
6þa
� �

sh31ch32 �ds p
6þa
� �

sh32þdc p
6þa
� �

sh31ch32 �dch31ch32 �T:

ð72:8Þ

Since the moving platform center locates on the centroid of the triangle
DB1B2B3, the position vector of the moving platform center P with respect to the
fixed coordinate system O(x, y, z) can be obtained as

paP ¼
1
3

paB1 þ paB2 þ paB3ð Þ: ð72:9Þ

It should be noticed that Eq. (72.9) includes all the possible positions of the
platform center but not all the points described in Eq. (72.9) are the positions of
platform center. This is because that position vectors paB1, paB2 and paB3 of
extremities B1, B2 and B3 are obtained by three limbs separately, which may lead
to extremities B1, B2 and B3 cannot form a triangle with the identical side lengthffiffiffi

3
p

rp in some postures. Another three distance conditions, as shown in
Eqs. (72.10–72.12), are added to remove the positions in Eq. (72.9) which disobey
the parallel arrangements of three limbs.ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

paB1x � paB2xð Þ2þ paB1y � paB2y

� �2þ paB1z � paB2zð Þ2
q

¼
ffiffiffi
3
p

rp ð72:10Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
paB1x � paB3xð Þ2þ paB1y � paB3y

� �2þ paB1z � paB3zð Þ2
q

¼
ffiffiffi
3
p

rp ð72:11Þ
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
paB2x � paB3xð Þ2þ paB2y � paB3y

� �2þ paB2z � paB3zð Þ2
q

¼
ffiffiffi
3
p

rp ð72:12Þ

where, paBix, paBiy, paBiz (i = 1, 2, 3) are three components of vector paBi (i = 1, 2,
3) in Eqs. (72.6–72.8), angles hi1 (i = 1, 2, 3) serve as input angles of the three
degrees of freedom mechanism and angles hi2 (i = 1, 2, 3) are the negative angles.
There are three Eqs. (72.10–72.12) and three unknowns h12, h22, h32, hence angles
h12, h22, h32 can be solved.

For the forward displacement analysis, the input angles h11, h21 and h31 are given,
and the problem is to find the position of the platform center as well as the orien-
tation of the platform. It is possible to describe the orientation of the platform by a
vector n which is perpendicular to the platform plane, as illustrated in Eq. (72.13).

n ¼ paB1 � paB2ð Þ � paB1 � paB3ð Þ ð72:13Þ

If the platform of the foldable mechanism is aimed at having anticlockwise
deploying motion and clockwise folding motion, the revolution axis of the Hooke joint
associated with the base in the first limb needs to be placed that the angle from x-axis to
the revolution axis is a� p

2

� �
in the first configuration. An equilateral triangle is built

up by revolution axes of the Hooke joints associated with the base in three limbs.

72.4 Displacement Analysis of Another Configuration
and Their Comparison

The revolution axes of the Hooke joints associated with the base in the second
configuration are placed in different directions compared to the first configuration.
The angle between OA1 and the axis in the first limb is -a. By the similar
approach, the position vectors of extremities Bi (i = 1, 2, 3) in the second con-
figuration are derived as

pbB1 ¼ rb þ dcash12þdsash11ch12 �dsash12 þ dcash11ch12 �dch11ch12½ �T

ð72:14Þ

pbB2

¼ ½ rb�dc p
3þa
� �

sh22�ds p
3þa
� �

sh21ch22 ds p
3þa
� �

sh22�dc p
3þa
� �

sh21ch22 �dch21ch22 �T

ð72:15Þ

pbB3

¼ ½ rb�ds p
6þa
� �

sh32þdc p
6þa
� �

sh31ch32 �dc p
6þa
� �

sh32�ds p
6þa
� �

sh31ch32 �dch31ch32 �T

ð72:16Þ

Subscript b means the second configuration. It is possible to derive numerical
evaluations of three surfaces made by all the points where extremities Bi (i = 1, 2, 3)
in three limbs can achieve based on Eqs. (72.14–72.16). Without lose generality, the
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lengths d, rp and rb are chosen the same as the values mentioned in Sect. 72.2. When
the Hooke joints in three limbs rotate freely, particularly angles hi1 and hi2 vary from
-2p to 2p, three surfaces containing all the possible positions of extremities Bi (i = 1,
2, 3) with respect to the fixed coordinate system O(x, y, z) are presented in Fig. 72.5.

Figure 72.5 provides all the possible positions of three limbs extremities based
on their free movements. After three limbs are assembled as a close chain
mechanism, the parallel arrangement exerts constraints to three limbs, so they
cannot reach all the positions in Fig. 72.5. However, all the actual reached position
of extremities Bi (i = 1, 2, 3) are included in three surfaces.

It can be seen that three surfaces of extremities Bi (i = 1, 2, 3) in three limbs
are coincident as one surface in Fig. 72.5. Since three limbs connected the plat-
form at points B1, B2 and B3, the three points build up an equilateral triangle with
the side length

ffiffiffi
3
p

rp: Therefore, in Fig. 72.5, any three points on the surface with

the identical distance
ffiffiffi
3
p

rp are the positions of extremities Bi (i = 1, 2, 3) after
assembly. An example of extremities positions is marked as a triangle in Fig. 72.5.
The center of the triangle in Fig. 72.5 is the position of the platform center P.

The analytic solutions from the input angles h11, h21 and h31 to the platform
center position and the platform orientation of the second configuration can be
derived by the same method of Eqs. (72.9–72.13).

The above analysis shows the position of the platform when the foldable
mechanisms anticlockwise folds and clockwise deploys. If the foldable 3US par-
allel mechanism is aimed at the inverse motion as clockwise folding and anti-
clockwise deploying, the angle from the x-axis to the revolution axis of the Hooke
joint associated with the base in the first limb is a. The axes of the Hooke joints
associated with the base in other two limbs and that in the first limb form an
equilateral triangle.

Fig. 72.5 Possible positions of extremities Bi in the second configuration
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Two foldable configurations have the same compositions as the base, the plat-
form and three limbs with the Hooke joints and the spherical joints. The difference
between two configurations only presents as how to place the Hooke joint axes. As
far as the relative positions between the moving platform and the fixed base are
concerned, the two folding configurations have the similar expressions in
Eqs. (72.6–72.8) and (72.14–72.16). If we changes sina to cosa and cosa to -sina
in the first limb, changes sin aþ p

3

� �
to cos aþ p

3

� �
; cos aþ p

3

� �
to � sin aþ p

3

� �
in

the second limb, and sin aþ p
6

� �
to cos aþ p

6

� �
and cos aþ p

6

� �
to � sin aþ p

6

� �
in the

third limb, the displacement expressions for the first configuration will be the same
as the second configuration.

72.5 Conclusions

Two new foldable configurations of 3US parallel mechanisms were proposed in
this paper. Aimed at achieving full foldability, the Hooke joints axes at the base in
two configurations were inclinably placed along opportune directions. The forward
displacement analyses have been addressed lead to the position expressions of the
platform center, and the orientation expressions of the platform. More precisely,
the position vectors of three extremities were analyzed at first. Considering the
geometrical conditions of three extremities, the position expressions of the plat-
form center and the vector perpendicular to the platform were obtained. In the end,
the comparison of the forward kinematics expressions in two configurations was
addressed.

Two foldable configurations with the anticlockwise folding motions and
clockwise deploying motions have been discussed in this paper. It was further
indicated that, by mirror symmetrical arrangements of the current revolution axes
associated with the base with the line connected the base centroid and the Hooke
joints center, the inverse motion as clockwise folding and anticlockwise deploying
undergoes.

Due to the advantage of compact folding and high stiffness, two configurations
proposed in this paper may have the potential applications in the aerospace
industry.
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Chapter 73
A Reconfigurable Linkage and Its
Applications in Lift Mechanism

Jing-Shan Zhao, Zheng-Fang Yan and Fu-Lei Chu

Abstract This paper proposes a reconfigurable lift mechanism which is composed
of many planar revolute jointed linkages. Theoretically all of these linkages could
be compacted to one line and then be further folded to a bundle. When working,
the bundle first spreads out to a line and then connects two ends of the line to form
a triangular closed loop so that the loop could ultimately deploy to act as a lift
mechanism. Therefore, this kind of reconfigurable lift mechanism is portable and
will be particularly used in some situations. The reconfigurable unit is first
synthesized from the mobility requirement and the release of rigid joint constraint
of the strengthened triangular frame is discussed to prove the possibility of
completely folding after utilization for the whole mechanism. Prototype test shows
that this kind of reconfigurable mechanism has very good stiffness and strength
while keeping the portable characteristics.

73.1 Introduction

Reconfiguration and deployment are new critical requirements in the modern space
engineering [1, 2]. Reconfigurable mechanisms are receiving more and more con-
cerns in both theory and engineering applications because of their high-flexibility
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Department of Precision Instruments and Mechanology, Tsinghua University,
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in configuration, redundant constraints in structure and subsequently high stiffness
and strength [3]. Structures whose shapes are formed by folding or deploying
processes are thus called foldable/deployable structures. Research and development
of such structures mainly took place from the 1960s to 1980s [4, 5]. These structures
are also called metamorphic mechanisms [3] which initially occurred in the 1990s in
a study of artifacts and their equivalent mechanisms and have now been widely
investigated from the structure representation [3, 5–10], mechanism analysis [11]
and synthesis [12, 13], kinematics [14–17], to the statics [18] and stiffness analysis
[19]. A major problem in the study of kinematic structure is that of detecting
possible isomorphism between any given chains [20].

Currently, reconfigurable polygonal frames are widely used in aerospace
structures to support antenna reflectors and solar blankets. Generally, the frame
consists of a closed loop of bars connected by revolute joints. They can have
various forms, from squares, rectangles to hexagons [21]. Recently, a compre-
hensive review of the applications was given by Gan and Pellegrino [22]. The
foldable systems for structural applications are often composed of a number of
primary units such as truss module, which might include other additional elements
to increase its stability [23]. Certain viruses having the shape of a truncated
icosahedron expand under the effect of pH change in biological media. Therefore,
biological modeling and evolution [24] was investigated for the synthesis and
configuration design of metamorphic mechanisms. The expandable polyhedral
structures consisting of prismatic faces linked along edges by hinged plates,
provides a model for the swelling of viruses [25] to simulate their finite breathing
modes. Symmetry extended mobility criteria show that the breathing motion is part
of a set of face mechanisms for many expandable polyhedral structures.

Recent needs for space structures and nonconventional structures have
propelled extensive researches on the mechanics and design of large flexible space
structures. Space structures are usually made to be lightweight and flexible [26].
Foldable plate structures often consist of units of plate joined together along their
edges by continuous hinges. These hinges allow the structure to be folded
according to an origami pattern formed by intersecting mountain folds and valley
folds [12]. Design of such linkages is usually complicated because that they are
kinematically over constraint in most cases. It is their particular arrangement of
specially designed and suitably proportioned rigid links that renders them mobile
often with a single degree of freedom [14]. The elemental module that creates the
structural typology is made up of two bars connected with each other by an inner
joint. In order to form a foldable framework, these modules are juxtaposed by
connecting the end of one with that of another. When the truss has a flat covering,
all links are absolutely equal, in a way that the inner connection in each link is
situated exactly at the midpoint of its length [23]. A simple, two-dimension
foldable structure can be made from two sets of parallel, straight rods connected by
pivots, or scissor-like hinges, at all intersection points. A scissor-like hinge is a
revolute joint whose axis is perpendicular to the plane of the structure [27].

As a modern challenging structure, the reconfigurable and portable require-
ments raise a very difficult problem in engineering. However, the merits of the
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scissor-like hinged linkage that is overconstraint in structure but has mobile
flexibility of a mechanism provide a possible frame for the particular goals. This
paper dedicates to the synthesis of a reconfigurable mechanism unit which is
composed of three planar scissor-like hinged linkages. Each mechanism unit could
be contracted to one line and then be compacted to a concrete bundle. In appli-
cations, the bundle of links should first spread out to a line and then connect the
two ends to form a closed loop and ultimately the loop stretches out to act as a lift
mechanism. Because the reconfigurable unit is a three-plane overconstraint link-
age, the lift mechanism has very good strength and stiffness.

73.2 Synthesis of a Unit Reconfigurable Mechanism

The planar linkage, A1B11C11 shown in Fig. 73.1 (left), is an RRR open chain. The
relative free motions at this instant of the revolute joint C11 with respect to the
fixed revolute joint, A1, can be first examined as follows.

73.2.1 Deployable Unit of the Mechanism

A coordinate system is established by setting the origin be at the fixed joint, A1,
x-axis be rightward along the horizontal direction and the y-axis be upward and
pass through joint C11. Suppose that the subtended angle of the minus x-axis and
link A1B11 is h1.

The screw matrix of the kinematic chain, A1B11 C11 in Fig. 73.1, can be
expressed as

SA1B11C11 ¼ SA1 SB11 SC11½ � ð73:1Þ

where SA1 ; SB11 and SC11 denote the kinematic screws of the joints A1, B11 and C11,

respectively, and SA1 ¼ 0 0 1 0 0 0ð ÞT which represents a pure rotation

around joint A1, SB11 ¼ 0 0 1 �l1 sin h1 �l1 cos h1 0ð ÞT which indicates a
rotation around joint B11, and SC11 ¼ 0 0 1 �l1 sin h1 � l01 sin h2 l1 cos h1�ð
l01 cos h20ÞT which stands for a pure rotation around joint C11, and where l1 denotes
the length of A1 B11 and l10 denotes the length of B11C11. Therefore, the terminal
constraint screw matrix of kinematic chain, A1B11C11, can be obtained by solving the
reciprocal screw equation

S
T ESs ¼ 0 ð73:2Þ

where S is a kinematic screw matrix, Ss is the terminal constraint and E ¼

0 I
I 0

� �
; in which 0 and I are zero and unit matrices, respectively.
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According to Eq. (73.2), one can obtain the terminal constraint screw matrix for
the chain A1B11C11.

S
s
A1B11C11

¼ Ss
1 Ss

2 Ss
3½ � ð73:3Þ

where Ss
1 ¼ 0 0 1 0 0 0ð ÞT which denotes force constraint passing

through the origin and being along the z-direction, Ss
2 ¼ 0 0 0 1 0 0ð ÞT

which represents a torque constraint being along the x-direction and Ss
3 ¼

0 0 0 0 1 0ð ÞT which is a torque constraint being along the y-direction.
The constraint screws represented by Eq. (73.3) are therefore called planar

constraints that are restricted by the xA1y-plane shown in Fig. 73.1. Similarly,
when another identical RRR kinematic chain is connected A1 with C11 in parallel
shown in Fig. 73.1 (right), the screw matrix of the chain can be also expressed as

SA1B12C11 ¼ SA1 SB12 SC11½ � ð73:4Þ

where SB12 ¼ 0 0 1 �l1 sin h1 l1 cos h1 0ð ÞT which denotes the kinematic
screw of joint B12. The terminal constraint screw matrix of kinematic chain,
A1B12C11, can be similarly obtained:

S
s
A1B12C11

¼
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

2
4

3
5

T

ð73:5Þ

The constraint screw system exerted on the pin C11 depends entirely on the union
of Eqs. (73.3) and (73.5). Consequently, the constraint screw matrix for pin C11 is
expressed as:

S
s
C11
¼

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

2
4

3
5

T

ð73:6Þ

Fig. 1 A planar quadrilateral linkage
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Comparing Eq. (73.6) with Eqs. (73.3) and (73.5), one can find that the two
chains, A1B11C11 and A1B12C11, provide the same constraints for pin C11 and
therefore they are two overconstraint kinematic chains. According to the reciprocal
screw theory, the free motions the pin C11 has and the constraint screw matrix for
pin C11 should satisfy that

S
s

� �T
ESF ¼ 0 ð73:7Þ

where SF denotes the screw of a free motion of an object.
The free motion screw matrix of pin C11 can be obtained by substituting Eq.

(73.6) into Eq. (73.7):

S
F
C11
¼ SF

1 SF
2 SF

3

� �
ð73:8Þ

where SF
1 ¼ 0 0 1 0 0 0ð ÞT which indicates a pure rotation around the

joint A1; SF
2 ¼ 0 0 0 1 0 0ð ÞT which represents a translation along the x-

direction and SF
3 ¼ 0 0 0 0 1 0ð ÞT which stands for a translation along

the y-direction. The real motion of point C11 will be any combination of screws
SF

1 ; SF
2 and SF

3 which can be expressed as

SF
C11
¼ S

F
C11

k ð73:9Þ

where SF
C11

represents the instantaneous screw of point C11, k = (k1 k2 k3)T and
ki = (i = 1, 2, 3) could be any real numbers the range of which is determined by
the sizes of the links shown in Fig. 73.1.

Equations (73.8) and (73.9) indicate that the lengths of link A1B11 and B11C11

do not provide any effect on the motions of the distal link connected by joint C11,
but only determine the range of its movements. Therefore the assumption l10 = l1
is adopted in the following analysis.

Now it is safe to draw a conclusion that the tip pin of a planar equilateral
quadrangle can make full degrees of freedom motions within the plane it locates.
In other words, the equivalent screw matrix for the tip pin of the planar equilateral
quadrangle shown in Fig. 73.1 (right) has the form of Eq. (73.8). The motion of an
equilateral triangle frame when its three side centers are connected with three such
planar quadrangles will be discussed next. The equilateral triangle, C12C22C32

shown in Fig. 73.2, is a platform which outputs the motion of the three complex
chains.

To facilitate the analysis of the free motion of the triangle frame coupled by
three planar equilateral quadrangle chains that are jointed at the middle of every
side, a coordinate system is set as Fig. 73.2 shows. The constraints exerted to the
triangular frame by the first equilateral quadrangle are expressed by formula (73.6)
in the coordinate system shown in Fig. 73.2. Assume that the side length of the
equilateral triangle is denoted by 2l2, the constraints exerted to the triangular frame
by the other two equilateral quadrangles can be similarly obtained:
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S
s
C21
¼

cos a 0 � sin a 2l1 sin h sin a �l2 sin a 2l1 sin h cos a
0 0 0 � sin a 0 � cos a
0 0 0 0 1 0

2
4

3
5

T

ð73:10Þ

and

S
s
C31
¼
� cos a 0 � sin a 2l1 sin h sin a l2 sin a �2l1 sin h cos a

0 0 0 � sin a 0 cos a
0 0 0 0 1 0

2
4

3
5

T

ð73:11Þ

where a ¼ p=6 for the equilateral triangle and the geometry center of the triangular
frame in the coordinate system shown in Fig. 73.2 are C 0 2l1 sin h �l2 tan að Þ:

Associating Eqs. (73.6) (73.10) and (73.11) and substituting them into Eq.
(73.7) results in

S
F
C11C21C31

¼ 0 0 0 0 1 0½ �T ð73:12Þ

where S
F
C11C21C31

represents the free motion of the triangular frame connected by the
three equilateral quadrangles at points, C11, C21 and C31. The instantaneous motion
of the triangular frame can be represented by

S
F
C11C21C31

¼ k 0 0 0 0 1 0½ �T ð73:13Þ

where k denotes the instantaneous amplitude of the translation.
Equation (73.13) indicates that the triangular frame C12C22C32 can only make a

translation along the x-axis. When the two links, B11C11 and B12C11, of parallelo-
gram linkage shown in Fig. 73.1 extend in their own central line directions to form

32C
12C

22C

11C

21C31C

11A

11B 12B

z

x

y

32C 12C

22C

11C

21C31C

z

x

C

2l

(a) Isometric view (b) Top view

Fig. 2 A triangular platform with three planar equilateral quadrangle chains (a) Isometric view
(b) Topview
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a pair of scissor-like links with the common center at joint C11, another unit
C11D12E11D11 comes into being. As shown in Fig. 73.3, C11D12E11D11 is also an
identical rhombus to A1B12C11B11. The free motions of joint E11 turn out to be
expressed by Eq. (73.8) with a similar analysis process above. So is true to the
triangular frame E12E22E32 the free motion of which is also depicted by Eq. (73.12).

The three scissor-like linkages and the triangular frame connected by them
shown in Fig. 73.4 are called one deployable unit of the lift mechanism.

73.2.2 Constraint Release and the Generalized Unit

This section will discuss the case when the three vertexes of a triangular frame
C12D22C32 shown in Fig. 73.2 are split and connected by vertically placed pin
joints. The overview of the mechanism is shown in Fig. 73.5.

To investigate the motion of the triangular frame pin jointed vertically at the
vertexes, one can first analyze the motion of any side of the frame. For the sake of
simplicity, the side C32C11C12 of the frame is discussed here. As is shown in

Fig. 73.6, C32C11C12 has three complex kinematic chains, A3
B31

B32

� �
C31C32;

Fig. 3 A two-level
mechanism

Fig. 4 A deployable unit
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A1
B11

B12

� �
C11 and A2

B21

B22

� �
C21C12 in which

B21

B22

� �
represents that B21 and B22

are parallel in the hybrid chain A2
B21

B22

� �
C21C12; the other symbols can be sim-

ilarly deduced.

Similar to Eq. (73.8), the screw matrix of the complex chain A3
B31

B32

� �
C31C32

can be expressed as

S
F
C32
¼ SC32

1 SC32
2 SC32

3 SC32
4

� �
ð73:14Þ

where S
F
C32

represents the kinematic screw matrix of the chain A3
B31

B32

� �
C31C32;

SC32
1 ¼ � cos a 0 � sin a 2l1 sin h sin a l2 sin a �2l1 sin h cos að ÞT; which

indicates a pure rotation around the joint C31, SC32
2 ¼ 0 0 0 � sin að 0cos aÞT

which represents a translation along the C22C32-direction, SC32
3 ¼

32C 12C

22C

11C

21C31C

z

x

C

Fig. 5 Triangular frame
vertically pin jointed

Fig. 6 A branch of the
quadrilateral chain
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0 0 0 0 1 0ð ÞT which stands for a translation along the y-direction and

SC32
4 ¼ 0 1 0 0 0 l2ð ÞT.

Substituting Eq. (73.14) into Eq. (73.2) produces the terminal constraints of the

complex chain A3
B31

B32

� �
C31C32:

S
s
C32
¼ SC32

s1 SC32
s2

� �
ð73:15Þ

where S
s
C32

represents the terminal constraint matrix of the chain A3
B31

B32

� �
C31C32;

SC32
s1 ¼ � cos a 0 � sin a 2l1 sin h sin a l2 sin a �2l1 sin h cos að ÞT which

denotes a force constraint perpendicular to the plane of equilateral quadrangle

A3B31B32C31; SC32
s2 ¼ 0 0 0 � sin a 0 cos að ÞT which denotes a torque

constraint about the direction of side C31C32.

Similarly, the terminal constraints of the complex chain A2
B21

B22

� �
C21C12 can

also be obtained with a process above:

S
s
C12
¼ SC12

s1 SC12
s2 �

�
ð73:16Þ

where S
s
C12

represents the terminal constraint matrix of the chain A2
B21

B22

� �
C21C12;

SC12
s1 ¼ cos a 0 � sin a 2l1 sin h sin a �l2 sin a 2l1 sin h cos að ÞT which

denotes a force constraint perpendicular to the plane of equilateral quadrangle

A2B21B22C12; SC12
s2 ¼ 0 0 0 � sin a 0 � cos að ÞT which denotes a torque

constraint about the direction of side C21C12.
The terminal constraints of C32C11C12 can be expressed in the matrix form by

associating Eqs. (73.6), (73.15) and (73.6):

S
s
C32C11C12

¼

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

� cos a 0 � sin a 2l1 sin h sin a l2 sin a �2l1 sin h cos a
0 0 0 � sin a 0 cos a

cos a 0 � sin a 2l1 sin h sin a �l2 sin a 2l1 sin h cos a
0 0 0 � sin a 0 � cos a

2
666666664

3
777777775

T

ð73:17Þ

Substituting Eq. (73.17) into Eq. (73.7) yields

S
F
C32C11C12

¼ 0 0 0 0 1 0½ �T ð73:18Þ

Equation (73.18) indicates that the frame side C32C11C12 still has one transla-
tional degree of freedom along the y-axis shown in Fig. 73.6. In addition, it can be
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found from Eqs. (73.17) and (73.18) that the frame side, C32C11C12, is subjected to
over constraints the redundant number of which is three.

In a similar way, the conclusion that the other two sides of the triangular frame
also only have the same one translational degree of freedom along the y-axis
shown in Fig. 73.6 can be drawn. Therefore, the rigid connection of the
strengthened triangular frame can be released to vertically pin jointed while not
changing the motion of the frame which is still subjected to the over constraints of
three nonparallel planes. The conclusion will also be true when two or more
deployable units are connected in series. This provides an outstanding advantage
for the portable design of the mechanism.

73.3 Structure of Completely Foldable Lift Mechanism

When the unit mechanism shown in Fig. 73.6 compacts, any vertically pined joint
of the triangular frame can be unlocked and therefore, the three equilateral
quadrangles should be stretched out to form one planar mechanism. Figure 73.7
illustrates the case when the three complex chains are untied at joint C22 and then
deployed to one plane.

If the free motions of the outspread frame C22C31C32C11C12C21C22 which forms
one beam within the xA1y-plane are further investigated, the terminal constraints
contributed to this beam by the three complex planar kinematic chains,

A1
B11

B12

� �
C11; A2

B21

B22

� �
C21 and A3

B31

B32

� �
C31; can be analyzed in a like manner

above:

S
s
C22�C22

¼
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

2
4

3
5

T

ð73:19Þ

where S
s
C22�C22

represents the terminal constraint matrix of the planar beam

C22C31C32C11C12C21C22:

Substituting Eq. (73.19) into Eq. (73.7) results

S
F
C22�C22

¼
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

2
4

3
5

T

ð73:20Þ

here S
F
C22�C22

represents the screw matrix of the full three planar free motions of
the planar beam C22C31C32C11C12C21C22. The instantaneous free motion of the
outspread frame can be expressed as

SF
C22�C22

¼ S
F
C22�C22

kC22�C22 ð73:21Þ
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where kC22�C22 ¼ k1 k2 k3ð ÞT and ki i ¼ 1; 2; 3ð Þ can be any real numbers the
range of which are specified by the sizes of the links.

Comparing Eq. (73.20) with Eq. (73.18), one can find that the free motions of
the frame C32C11C12 has changed from one translational degree of freedom along
the y-axis shown in Fig. 73.6 to the full three planar degrees of freedom. This
indicates that the free motions of a mechanism might be shifted with the change of
configurations.

To completely fold the structure shown in Fig. 73.7, the triangle frame can be
modified as Fig. 73.8 shows. The final folding sequence is shown in the left of
Fig. 73.8 and the completely folded case is shown in the right of Fig. 73.8.

The least length of the zigzag segment of each side should be

s1 min ¼ 2t cot
p
6
¼ 2

ffiffiffi
3
p

t

s2 min ¼ 2t cot
p
6
¼ 2

ffiffiffi
3
p

t

s3 min ¼ 0

8>>><
>>>:

ð73:22Þ

Therefore, to keep the possibility of completely folding of the structure shown
in the right of Fig. 73.8, the minimum length of the zigzag segment should be
2
p

3t: Corresponding to Fig. 73.4, the deployable unit mechanism connected by
the pin jointed triangular frame, which can also be untied to spread out in one
plane, is shown in Fig. 73.9.

When more deployable units shown in Fig. 73.9 are jointed one by one, a lift
mechanism comes into existence. The outspread, folded and deployed structures of
the reconfigurable lift mechanism are presented in Fig. 73.10.

The deployed lift mechanism is a three-plane overconstraint rectilinear moving
platform. Therefore, the stiffness and stability of the platform should be higher
than the existing counterparts. For the portable and reconfigurable requirements,
the actuation unit should be particularly designed. Because every level of the unit
shown in Fig. 73.10c only has linear relative motion, a hydraulic cylinder spher-
ically jointed at both ends and some accessory parts are enough to keep the linear
movement. The completely folded bundle shown in Fig. 73.10b can be taken away
in a case or in the car boot.

Fig. 7 One level of the mechanism deployed to one planar linkage
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Fig. 8 The final folding sequence

Fig. 9 A unit mechanism
jointed by a vertically pinned
frame
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73.4 Conclusions

This paper investigated a reconfigurable linkage that can be used as the unit
mechanism of a portable lift platform. The reconfigurable linkage is a planar
revolute jointed mechanism which could be compacted to one line and then be
further folded to a bundle. This provides the possibility for the portable target.
When using, the bundle of linkages should be first spread out and tied the two ends
to form a closed triangular loop, and under the actuating of the actuation unit, the
folded loop can be deployed to a lift mechanism. This kind of mechanism has a
wide adaptation in engineering and can be surely used in the situations when a
column structure must be enclosed by a lift mechanism for work. Because every
reconfigurable unit is three-plane overconstraint mechanism connected by a
strengthened triangular frame, the portable lift platform has very high stiffness and
strength in applications. The fact that all the mechanism units only have linear
relative movement provides the facility of actuator’s setting. It can be mounted
between any two adjacent levels.
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Chapter 74
Dynamic Analysis on Crank-Connecting
Rod Mechanism of Reciprocating Pumps
with Crankshaft–Bushing Clearance

Lixin Xu, Yuhu Yang, Yonggang Li and Chongning Li

Abstract The clearance appears in crankshaft pin and connecting rod bushing by
manufacturing tolerance or wear of components is the most important factor that
influences the dynamic performance and reliability of reciprocating pumps. In this
paper, a parametric dynamic model of the crank-connecting rod mechanism of
reciprocating pumps considering the crankshaft–bushing clearance is proposed
based on the multibody dynamics theory. By simulation, the dynamic response of
the mechanism with and without clearance is obtained and discussed. It is
observed that the free flight motion between the pin and bushing occurs followed
by the impact and rebound phenomenon when the mechanism moves from dis-
charging period into sucking period. The simulation result of the joint force can be
used for the strength and stiffness checking of the crankshaft.
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74.1 Introduction

The crank-connecting rod mechanism (as shown in Fig. 74.1), which can trans-
form the rotary motion of motor into the reciprocating motion of plunger piston, is
a vital component in the structure of reciprocating pumps. The dynamic response
of the mechanism directly determines the working performance and reliability of
the reciprocating pumps, which motivated researchers to investigate the dynamic
behavior of them [1–4]. In these works, the detailed dynamic models of the crank-
connecting rod mechanism were developed.

However, in the above researches no clearance between the crankshaft pin and
connecting rod bushing is considered. Actually, the clearance appears in crank-
shaft–bushing joint induced by manufacturing tolerance or wear of components is
the most important factor that influences the dynamic performance of reciprocating
pumps. Due to the existence of the clearance, the serious impact, noise and
vibration phenomenon would be caused in the motion of crank-connecting rod
mechanism.

The subject of the modeling and dynamic analysis of mechanical systems
with joint clearance, especially the representation of real joints, draw the
attention of a large mount of researchers that produced many theoretical and
experimental works [5–21]. For these works, the revolute clearance joints were
comprehensively defined. In general, there are three main modeling strategies
for mechanical systems with revolute clearance joints, namely, the massless
link approach [5–7], the spring-damper approach [8, 9], and the momentum
exchange approach [10–21]. In the massless link approach, the presence of
clearance at a joint is modeled by adding a link of zero mass that has a
constant length equal to the radial clearance. This model assumes that there is
contact between the journal and the bearing all the time, hence unable to reveal
the dynamic characteristics of separation and collision between the two contact
elements. In the spring-damper approach, the clearance is modeled by intro-
ducing a spring-damper element, which simulates the surface elasticity. This
model does not represent the physical nature of energy transfer during the
impact process. Moreover, there is a real difficulty in quantifying the param-
eters of the spring and damper elements. In the momentum exchange model,
the contact elements are considered as two colliding bodies and the contact
forces control the dynamics of the clearance joint. This model is more realistic
since the impact force model allows, with high level of approximation, to
simulate the elasticity of the contacting surfaces as well as the energy dissi-
pation during the impact.

In this paper, a parametric dynamic model of the crank-connecting rod
mechanism of reciprocating pumps considering the crankshaft–bushing clearance
is proposed based on the multibody dynamics theory. By simulation, the
dynamic response of the mechanism with and without clearance is obtained and
discussed.
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74.2 Modeling of Revolute Joint with Clearance
in a Multibody System

Two bodies i and j connected by a revolute joint with clearance [22] can be
depicted in Fig. 74.2. Part of body i is the bushing and part of body j is the journal.
The center of mass of bodies i and j are Oi and Oj, respectively. Body-fixed
coordinate systems ng are attached to the center of mass of each body, while the
XOY coordinate frame represents the global coordinate system. Point Pi indicates
the center of the bushing, and the center of the journal is denoted by point Pj.

The eccentricity vector e connecting the centers of the bushing and the journal
is calculated as

e ¼ rp
j � rp

i ¼ rj þ Ajs
0 p
j

� �
� ri þ Ais

0 p
i

� �
ð74:1Þ

where ri and rj are the vectors linking the global origin and the center or masses of
the bodies, sP

i and sP
j are vectors in the local coordinate system that link the center

of masses to the journal and bushing centers, respectively, and Ai and Aj are
matrices that transform the vectors sP

i and sP
j from the local coordinate system to

the global system.
The magnitude of the eccentricity vector is evaluated as

e ¼
ffiffiffiffiffiffiffi
eTe
p

ð74:2Þ

The unit normal vector n to the surfaces in collision between the bushing and
the journal, is aligned with the eccentricity vector,

n ¼ e=e ð74:3Þ

The penetration depth caused by the impact between the journal and the
bushing, as shown in Fig. 74.3, is evaluated as

d ¼ e� c ð74:4Þ

where c is the radial clearance, defined as the difference between the radius of the
bushing and the radius of the journal.

Connecting rod

Crankshaft

Bushing

Fig. 74.1 Crankshaft and connecting rod of the reciprocating pumps
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When the journal is not in contact with the bushing, the eccentricity is smaller
than the clearance and the penetration has a negative value. When the penetration
has a value equal or greater than zero, contact is established. Thus, when it is
greater than zero, a contact force is applied between the bodies. The contact force
vanishes when it is equal to or less than zero.

The location of contact point Q with respect to the journal and bushing can then
be expressed as

rQ
k ¼ rk þ Aks0Qk þ Rkn; k ¼ i; jð Þ ð74:5Þ

where Rk, k ¼ i; jð Þ are the bushing and journal radius, respectively. To determine
the contact force, the relative penetration velocity is also required. This is the
difference between the velocities of the contact point. The velocity of the contact
points Qi and Q j in the global coordinate system is found by differentiating Eq.
(74.5) with respect to time t

_rQ
k ¼ _rk þ _Aks0Qk þ Rk _n; k ¼ i; jð Þ ð74:6Þ

e

δ

n

t
Bushing

Journal

Q
i

j

Fig. 74.3 Penetration during
contact between the pin and
the bushing
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r P
i r P

j

ri
rj

Body i
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Fig. 74.2 Revolute joint
with clearance in a multibody
system [22]
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The relative velocities in the normal and tangential direction can then be
computed as

tN ¼ _rQ
j � _rQ

i

� �T

n ð74:7Þ

tT ¼ _rQ
j � _rQ

i

� �T

t ð74:8Þ

where t is obtained by rotating the vector n, calculated using Eq. (74.7), in the
counter clockwise direction by 90�.

After the relative penetration and velocity have been determined, the normal
contact and friction forces can be computed. The normal contact force can be
calculated by the model with hysteresis damping discussed by Lankarani and
Nikravesh [23]. The model is expressed as

FN ¼ Kd1:5 1þ
3 1� e2

r

� �
4

_d
_d �ð Þ

 !
ð74:9Þ

where _d is the relative normal penetration velocity, _d �ð Þ is the initial normal impact
velocity, er is the restitution coefficient, and K is a constant that is dependent on
the material properties of the components and their geometry. The constant K is
expressed as

K ¼ 4
3p h1 þ h2ð Þ

RiRj

Ri þ Rj

� �1=2

ð74:10Þ

and

hk ¼
1� m2

k

pEk
; k ¼ i; jð Þ ð74:11Þ

where mk, k ¼ i; jð Þ is Poisson’s ratio of the components and Ek is the elastic
modulus of the components.

In addition to the reaction forces, a friction force can be included to enhance the
model. In this work, coulomb friction is applied. The friction force is

FT ¼ lFN ð74:12Þ

where l is the coefficient of friction which can be determined through experiments
as discussed by Schmitz [24] and FN is the normal contact force.

After calculation of the normal contact force FN and the friction force FT . The
contributions to the generalized vector of forces and moments, QA in the equations
of multibody system (74.13), are found.

M UT
q

Uq 0

	 

€q

k

" #
¼

QA

c

" #
ð74:13Þ
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These forces that act on the contact points of bodies i and j are transferred to the
center of mass of bodies and an equivalent transport moment is applied to the rigid
body. As discussed by Flores [22], the forces f i and moment Ti that act on the
center of mass of body i due to the clearance joint contact can be expressed as
follows

fi ¼ fN þ fT ð74:14Þ

Ti ¼ � yQ
i � yi

� �
f x
i þ xQ

i � xi

� �
f y
i ð74:15Þ

The corresponding forces and moments applied to the body j are

f j ¼ �f i ð74:16Þ

Tj ¼ xQ
j � xj

� �
f y
j � yQ

j � yj

� �
f x
j ð74:17Þ

74.3 Crank-Connecting Rod Mechanism of Reciprocating
Pump with Crankshaft–Bushing Clearance

Figure 74.4 shows a diagram of the crank-connecting rod mechanism of recipro-
cating pumps which consists of three moving components (crankshaft, connecting
rod, and plunger). The components are connected to each other by two revolute
joints and a translational joint. For this example, the revolute joint between the
crankshaft pin and the connecting rod bushing is modeled as a clearance joint
(with a clearance size c = 0.5 mm). The dimension and mass properties for the
mechanism are shown in Table 74.1. Also, the radius and material properties for
the joint components (the pin of crankshaft and bushing of the connecting rod) are
shown in Table 74.2. In this case a steel pin and a steel bushing are used. For the

Fig. 74.4 Model of the crank-connecting rod mechanism of reciprocating pumps with
crankshaft–bushing clearance
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contact force model, a value of 0.15 and 0.95 were used for the friction coefficient
and the coefficient of restitution, respectively.

In the model, the fluid force acts on the plunger can be expressed as follows

F ¼
AP discharging

0 sucking

(
ð74:18Þ

Where A is the cross-sectional area of the plunger, P is the fluid pressure.
Variation of the fluid force acts on the plunger is shown in Fig. 74.5. In the first
half cycle of the crankshaft rotation (sucking period), the fluid force acts on the
plunger is zero. Contrarily, in the second half cycle of the crankshaft rotation
(discharging period), the fluid force reaches the maximum value. In simulation, the
crankshaft is assumed to rotate at a constant angular velocity of 300 rpm. It is
supposed that the radius of the plunger is 20 mm, and the maximum fluid pressure
on the plunger is 40 MPa.

74.4 Results and Discussion

By simulation, the dynamic response of the crank-connecting rod mechanism of
reciprocating pumps with crankshaft–bushing clearance is obtained. Figure 74.6
shows the relative motion between crankshaft pin and connecting rod bushing
centers in a complete motion cycle of crank rotation. Different types of motion
between the joint elements can be observed, namely, free flight, impact and
rebound, and continuous contact. It is interesting to observe that the crankshaft pin
and connecting rod bushing are in continuous contact condition in most of time.
When the mechanism moves from discharging period into sucking period, the free
flight motion between pin and bushing occurs as depicted from A to B in Fig. 74.6.
In this process, the crank rotation position changes from 0:21� to 4:4�. Then, the
impact and rebound phenomenon accompanied by the penetration and impact
force between joint elements is caused.

Table 74.1 Dimensions and mass parameters for the crank-connecting rod mechanism

Bodies Length (m) Mass (kg) Moment of inertia (kg•m2)

Crank 0.27 32 1.81
Connecting rod 0.7 60.5 3.12
Slider (plunger) – 12 –

Table 74.2 Material properties for the clearance joint components

Crankshaft (pin) Bushing

Young’s modulus 207GPa 207GPa
Poisson’s ratio 0.3 0.3
Radius 12 mm 12.5 mm
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Figure 74.7 shows the constraint force in crankshaft–bushing clearance joint. It
is found that the magnitude of the impact force due to collision between the joint
elements reaches 8.6968e5N. This force is far greater than the ideal value without
clearance. The simulation result of the joint force can be used for the strength and
stiffness checking of the crankshaft.

74.5 Conclusions

In the present work, a parametric dynamic model of the crank-connecting rod
mechanism of reciprocating pumps considering the crankshaft–bushing clearance
is proposed based on the multibody dynamics theory. A detailed numerical sim-
ulation is carried out to compare the dynamic response of the mechanism with and
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without clearance. According to the numerical solutions of the theoretical model,
effect of the clearance is investigated. Some conclusions can be drawn from the
investigation.

It is interesting to observe that different types of motion between the joint
elements (crankshaft pin and connecting rod bushing) can be observed, namely,
free flight, impact and rebound, and continuous contact. The free flight motion
occurs when the mechanism moves from discharging period into sucking period.
Then, the impact and rebound phenomenon accompanied by the penetration and
impact force between joint elements is caused.

Due to collision between the joint elements, a large impact force can be got in
the joint. The simulation result of the joint force can be used for the strength and
stiffness checking of the crankshaft of reciprocating pumps.
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Chapter 75
Design and Analysis of a Biphasic
Variable Impedance Actuator

Bo Han, Matteo Zoppi and Rezia Molfino

Abstract Variable impedance actuators guarantee control performance for robots
and robotic peripherals that are inherently safe to humans in their environment
especially in cooperative tasks involving human-robot interaction. This paper
presents a concept of variable impedance actuator using a combination of fluid and
gas to realize the adaptation of the impedance. For this actuator, the ranges of
variation of the impedance are studied with different initial conditions and posi-
tions of the piston in the actuator; The dynamic response characteristic is analyzed
in presence of a variable external load. A method of control of the actuator is
proposed and the performance shown while performing a testing cycle.

Keywords Variable impedance actuation � Biphasic fluid

75.1 Introduction

Impedance control can be used in a robotic system for safer interaction between
robot and environment, including unexpected impacts. Variable impedance actu-
ators (VIAs) are actuators whose impedance can be actively controlled together
with the output motion. These actuators allow the robot to behave more or less
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compliant, depending on the task, and thus allow accurate motion under loads
when required and safe human-robot interaction when expected [1–5].

A constant compliance in the transmissions between an actuator and a robot
link can be introduced to attenuate the reflected inertia of the motor and mechanics
on the driven link [3, 5]. The drawback is a reduction of performance for part of
the operative conditions since there is no optimal compliance for all tasks.

Several designs of variable impedance actuators have been proposed in the
literature, generally using systems of mechanical springs [6, 7] or other similar
elastic elements. This paper discusses a new type of VIA [8, 9] using a biphasic
medium with a gas fraction with the function of nonlinear elastic element [10, 11].
The variation of impedance comes from the variation of pressure of the gas. This
leads to a simple and robust design realizing a significant range of stiffness var-
iation. A further point of interest is that, compared to the state of the art design
principles, the use of this biphasic medium is simpler and easier to apply since
there is no need for motors and complex mechanical transmissions [12, 13].

The paper is organized as follows: Sect. 75.2 details the concept of the new
biphasic adjustable stiffness mechanism and its modeling. Section 75.3 discusses
the stiffness scope in different initial conditions of gas and also the stiffness
dynamic response characteristic. Section 75.4 proposes the control method of the
actuator and studies two cases according to specific task. Section 75.5 draws
conclusions and ongoing development.

75.2 Physical Modeling of the Actuator

A schematic of the biphasic fluid actuator is shown in Fig. 75.1. In this schematic,
the actuator comprises two chambers each containing a mass of gas segregated in a
compliant bag and a volume of liquid.

qA and qB indicate the volumes of liquid moving in/out the chambers (positive
if inlet and negative if outlet); pA and pB are the pressures in the chambers. The
liquid is used to modify the volume of the gas in the chambers and consequently its
stiffness.The volume of fluid in the chambers can be controlled using any type of
servo controlled pump and system of valves [14–16]. Sensors can be used to
transduce the values of relevant functional parameters such as pressures in the
chambers and output motion. The schematic in Fig. 75.1 represents the functioning
principle used in the actuator to achieve the variation of stiffness. The gas behaves
like a nonlinear spring. Two hydraulic servo pumps are used to move liquid inside-
outside the chambers and so drive the mobile part of the actuator, represented by
the center beam. Two pressure sensors are mounted on the chambers to measure
the instantaneous pressures of the fluid inside.

The actuator is modeled referring to the schematic in Fig. 75.1. Assumptions
are listed below. The following differential equations hold, linking the output
motion (described in this case by the displacement x of the piston) to the fluid
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pressures, pA and pB; and gas volumes, VA and VB; and environment temperature
T in the chambers, according to the equation of state of a hypothetical ideal gas:

pAVA ¼ nART ð75:1Þ

pBVB ¼ nBRT ð75:2Þ

with m the mass of the piston (meaning by piston the output link of the actuator);
S the net area of the piston (on which fluid pressures acts), being identical for both
chambers; x the displacement of the piston and _x and €x the first and second
derivative of x in the time; l a damping coefficient related to the viscosity and
dissipative properties of the fluid; R the ideal gas constant; nA and nB the numbers
of moles for the gas fractions in the chambers. Using dynamic equation and
combine with the expressions in Eqs. (75.1) and (75.2), we obtain:

m€xþ l _x� nART

VA
� nBRT

VB

� �
S ¼ 0 ð75:3Þ

where qA; qB; T ; x; are functions of the time t; VA ¼ VAð0Þ � qA þ Sx;
VB = VBð0Þ � qB � Sx: The structure of this nonlinear partial differential equation
is Uðt; qA; qB; T ; x; _x;€xÞ ¼ 0: We consider qA and qB assigned and used to com-
mand motion and stiffness of the actuator.

The gas is ideal and sealed in compliant bags respectively. The temperature
depends on the environment and should be constant if operating at low frequency.

75.2.1 Reference Case Studies

The model of the actuator is non linear and the behavior depends on its design
parameters and initial conditions. We proceed in the analysis numerically and
consider the reasonable design parameters as m ¼ 1 kg; l ¼ 20 Ns=m;
S ¼ 9:62 � 10�4 m2; initial conditions as VAð0Þ ¼ VBð0Þ ¼ 2:405 � 10�5 m3;

pAð0Þ ¼ pBð0Þ ¼ 2:5 MPa; nART ¼ nBRT ¼ 60:125 m3 Pa. The model has been
implemented in Simulink.
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Pump 2
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Fig. 75.1 The biphasic gas-
fluid variable impedance
actuator schematic
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75.3 Analysis of Stiffness Variation Under Load Induced
Displacements

When the actuator is in equilibrium under an external force, the difference between
the pressures in the two chambers is related to the value of the external force by the
geometry and the design of the actuator. In the design in Fig. 75.1, the external
force is proportional to the difference of pressure through the surface area of the
piston: F ¼ ðpA � pBÞS: In statics, for any given external force, the values of the
pressures in the two chambers may be any provided that their difference is the one
required to balance the external force.

The instantaneous stiffness K of the actuator (of the piston) is the derivative of
the external force applied to it with respect to the displacement. In our case the
stiffness is a function of the volumes of liquid moved qA and qB; Considering ideal
the gas, its expression is:

K ¼ oF

ox
¼ � ðpASÞ2

nART
þ ðp

BSÞ2

nBRT

 !
ð75:4Þ

According to Eq. (75.4), it is possible and easy to adapt the stiffness to a desired
value or to specific actuation requirements using qA and qB as control variables.

75.3.1 Stiffness Range for Different Initial Gas Constant

We study the variation of stiffness with the displacement of the piston without in/out
flows of liquid in the chambers. Figure 75.2a shows the stiffness variation with the
displacement of the piston for different initial values of the gas pressure in the
chambers. The lines are symmetrical with respect to the position of static equilibrium
of the piston with no external load applied. The stiffness is larger if the piston is closer
to the extreme position while it tends to infinite when the volume of the gas in the left or
right chamber tends to zero. As shown in Fig. 75.2 a, using the parameters described in
Sect. 75.2.1, the piston stiffness ranges from 103:28 N/m to 106:28 N/m in stable
position when the gas initial pressure is from 0:025 MPa to 25 MPa while in the
position X ¼ �0:024 m or 0:024 m; the stiffness is from 105:78 N/m to 108:78 N/m.

75.3.2 Dynamic Response to Step External Load for Different Gas
Masses

The dynamic responses with different gas constant for same initial stiffness
192.5 N/mm and actuator in two initial conditions (represented by a solid and
dashed line) are shown in Fig. 75.2b: The initial gas constant and gas mass are
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respectively four and two times larger for the dashed line than for the solid line.
With external force 2,000 N applied to the actuator between 0.2 and 0.4 s, the
change in stiffness is larger for the actuator represented by the solid line (maxi-
mum 743 N/mm) than for the actuator represented by the dashed line (maximum is
284 N/mm). Hence the initial gas constant and volume have a significant impact
on stiffness and dynamic response. For same external force applied, the maximum
transient stiffness is smaller if the initial gas volume is larger for same initial gas
pressure and actuator.

75.4 Controllability of the Actuator

As illustrated in the schematic and mathematic model, the stiffness and
displacement of the piston can be controlled through the flows of liquid in the
chambers. At this preliminary stage of the investigation of the actuator, we have
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applied a simple PID controller [17] with controlled variables qA and qB with the
aim to investigate through examples the controllability of the VIA concept pro-
posed. The measured quantities are the position of the piston and the pressures in
the two chambers. The pressures are used to calculate the current stiffness of the
actuator using Eqs. (75.1), (75.2), (75.4). Since the position of the piston depends
on qA � qB and the stiffness on qA þ qB; two PID controllers are used relating the
control flows _qA and _qB to the position error ex and stiffness error eK as follows:

_qA þ _qB ¼ Kpxex þ Kdxex þ Kixex

_qA � _qB ¼ KpKeK þ KdKeK þ KiKeK
ð75:5Þ
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From Eq. (75.5), _qA and _qB are easily expressed as functions of ex; eK and the
proportional, derivative and integral gains.

The schematic of the control is shown in Fig. 75.3. The response of the actuator
is simulated using all sets of equations presented above, grouped in a block having
_qA and _qB as input and, as output, the position x and the pressures pA and pB: A
separate block calculates K from pA and pB: x and K are subtracted to the task-
desired values at each control loop, generating the errors ex and eK used in the two
PIDs for the generation of _qA and _qB:

The simulated tasks are a triangle and an ellipse in the position-stiffness plane
of the actuator respectively. The triangular task is performed by the actuator in
simulation two times at constant velocity while the elliptical task is performed by
the actuator in simulation five times at increasing velocity (the last triangle/ellipse
at twice the velocity of the first triangle/ellipse) and both tasks (two consecutive
loops for the triangular and five consecutive loops for the elliptical) are repeated
twice: without and with an external force applied. The external force is applied
instantaneously 0.2 s after each corner of the triangle and each quadrant of the
ellipse, and removed instantaneously after 0.3 s, as clarified in Fig. 75.5a, b where
the value of the force is shown in the time Fig. 75.4.

The deformation of the gas at both sides of the piston can be visualized in the time.
Assume that the volume of gas VAðtÞ ¼ S � LgasðtÞ where S (constant) is the area of
the piston and LgasðtÞ the height of the gas at the left side of the piston supposed in a
cylindrical container with base area S. LgasðtÞ / VAðtÞ; RgasðtÞ / VBðtÞ with RgasðtÞ
the height of gas at the right side of the piston supposes in a cylindrical container of
base area S. The deformation of the gas can be described as the changes of these
heights in the time, as shown by the three curves in Fig. 75.6a, b where the two
heights are represented together with the displacement in the time of the piston
(central line). According to the time axis of Figs. 75.5a and 75.6a, Figs. 75.5b and
75.6b appear well physically consistent.
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75.5 Conclusions

The paper discusses stiffness characteristics and performance of a new type of
variable impedance actuator using a combination of liquid and gas. The actuator is
modeled under the hypothesis of ideal gas and incompressible liquid. Its operation
is simulated numerically and covers a big stiffness range implementation which
gets the advantage over mechanical springs or other similar elastic mechanism
structure. A PID control method has fulfilled the possibility to get specified
stiffness-stroke tasks.

The variable impedance actuator design proposed can replace a standard
hydraulic actuator. Thanks to its simple mechanic structure, the actuator can be
used in daily life robotics where the requirement of cost effectiveness is relevant;
and also, it’s easy to realize at micro scale. The surgical application is the one for
which the development of this actuator started [18].
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Chapter 76
H-Beam Cutting System Based on Pro/E
Model-Driven Technology

Wenbin Duan, Juliang Xiao and Gang Wang

Abstract In order to overcome the shortcomings of existing cutting methods, H-beam
cutting system was developed. This system which based on three-dimensional Pro/E
model is three-cutting-torch H-beam robot cutting machine, it can realize the position
control and the motion control of some auxiliary operations. This paper mainly describes
system’s architecture, control method and key technologies used in this system. VBAPI,
one of the redeveloping methods, is used in the model-driven technology and method
of minimum delay-time is used in the path planning. The experiment results in practice
show that: This system has well operability and applicability and can significantly
improve the efficiency and quality of H-beam cutting.

Keywords Cutting system � Nested hierarchical architecture � Model-driven �
Minimum delay-time

76.1 Introduction

Large-scale structural frameworks based on H-beam design are widely used in
various fields, such as drilling platform, supermarkets, bridges, and so on. Due to
the complexity and diversity of H-beam, for more accurately welding, H-beam
cutting system was put forward higher requirements [1]. Currently, cutting
H-beam mainly rely on manual. In order to overcome the shortcomings of manual
cutting, such as low quality, low efficiency and so on, specialized cutting equip-
ments appear. Existing cutting equipments in the domestic, however, mainly based
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on CAD graph-driven [2] or parameter-driven [3]. In this case, it is invisible to
increase workload of designers and operators. In addition, most of the cutting
equipments belong to the Cartesian coordinate and single robot system. They are
low efficiency in respect of cutting H-beams.

In response to these deficiencies mentioned above, this paper presents a cutting
system. The system adopts three-cutting-torch robots. Each robot is responsible for
cutting one side of H-beam. It can reduce the human–computer interaction greatly
and improves the cutting efficiency, quality and accuracy highly. The system has
been tested in the Offshore Oil Engineering (Qingdao) Co., Ltd. Practice shows
that it can improve the efficiency and quality of cutting effectively.

76.2 Nested Hierarchical Architecture

Now, comparing with the traditional enclosed system, the open architecture system
has more merits [2], such as interoperability, portability, interchangeability,
extendibility, etc. So, in order to overcome these deficiencies, traditional enclosed
system is changing to general open-type real-time dynamic control system gradually.

This paper, on the basis of traditional enclosed system, proposes a novel
architecture to improve deficiencies of traditional enclosed system [4]. This system is a
nested hierarchical architecture (shown in Fig. 76.1). The entire system is composed
by three subsystems (as follows below). Three subsystems are closely linked which
forming a large closed-loop control system. In the subsystem, in order to accurately
complete the work, a small closed-loop control system is formed. They constitute
double closed-loop control system. Besides, the whole system adopts the
‘‘PC ? DMC’’ open architecture, which improves deficiencies of traditional enclosed
system and makes the whole system have better interoperability and portability.

• Control system. This system is mainly in charge of receiving tasks to control
corresponding hardware. In this subsystem, touch panel and control panel are
mainly responsible for human–computer interaction. The role of PC is responsible
for resource management, task scheduling and instructions issue. Programmable
logic controllers (PLC) are utilized to control buttons on the control panel and
motion control cards (DMC) to control field devices.

• Execution system. The function of this system is mainly executing the corresponding
action in terms of the corresponding instructions or signals. Through analysis and
calculation, digital pulse signals are sent to the servo motor drivers. Then the motor
drivers drive motors rotation according to the received instructions. Speed signals and
position signals are detected by the encoders and feedback to the DMC.

• Detection system. This subsystem adopts structured light detection technology.
Structured light detector is composed by image collection card and structured
light generator. Through industrial camera, image information of real object is
real-time sent to image collection card. Through error measuring, error infor-
mation feedback to control system for correcting cutting trajectory. Eventually,
the whole system forms a correct cutting path.
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76.3 Control Algorithms

DMC [5] provided a variety of functions. The instructions of functions can be
directly used for motion control of Cartesian robots. However, three-cutting-torch
robots used in this system are planar multi-joint robots. Instructions of these
functions mentioned above can’t be used directly, they must be rewritten.

Industrial computer regularly sent the incremental pulse of the motor shafts
to DMC so as to achieve coordinated movement of the motor shafts. Joint
movement can be realized in the contour mode by send the following instructions
to DMC:

CM X,Y,Z,W Set X, Y, Z and W axis to contour mode

DT 5 Time interval is 32 ms (25 = 32)

CD dx,dy,dz,dw dx,dy,dz,dw are incremental pulse of corresponding axis

WC Wait for motion to complete

As long as sending the last two instructions continuously, robots can realize
continuous motion until a stop instruction.

Fig. 76.1 Nested
hierarchical architecture of
system
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76.4 Pro/E Model-Driven Technology

Now, graph-driven technology and parameter-driven technology are relatively
common. Model-driven technology (MDT) was used relatively less than them.
However, MDT has more merits, such as operability and intuitiveness. Aiming at
the characteristic of model, this paper proposed a MDT based on software——Pro/
Engineer (Pro/E).

VBAPI [6, 7], one of the redeveloping methods, provides a lot of classes and
methods, through these classes and methods [8] we can easily and accurately
extract path data. This method is simple and practical for new beginners.

76.4.1 Extraction of Path Data

Path extraction is a procedure of distinguishing, storing path data and preparing for
the following path generation. The processes and methods used in this procedure
are shown in the Fig. 76.2.

As shown in Fig. 76.2, extraction of path data is an important step. On the right we
list the ideas of extraction and methods used in this step. Because path data we want to
obtain are concentrated in three top surfaces of the flange plate and the web plate.
Normal vector of these three surfaces are same and normal vector in this direction are
only these three surfaces. So using the method of IpfcSurface.Eval3DData, we can
accurately extract these three surfaces. Then in turn extract the corresponding con-
tours and edges. Finally we can get data of all elements.

Set a reference point. According to the distance from this point, we can dis-
tinguish the data that we want from all. Then, these data are tagged and catego-
rized. Store them so as to facilitate the next path generation.

In the path generation phase, through discrediting and translating points on the
trajectory into pulse sequences which can be read by DMC (mentioned in the
Sect. 76.3), path program are generated.

76.5 Path Planning

The path planning is based on experience-based path, namely a viable path scheme
will be prepared based on experience. Quality and accuracy of this cutting system are
mainly determined by hardware, followed by software. For quality, fixed preheating
time and cutting speed are set to ensure the cutting quality of H-beam. For accuracy,
structured light detector is adopted in this cutting system. This equipment can
measure error and feedback to control system to correct cutting trajectory. Therefore,
in the case that cutting path and auxiliary cutting parameters are predetermined, we,
for multi-robots, can plan a collision-free, non-interference and minimum-time path
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to improve the efficiency of the cutting system. In this paper, method of minimum
delay-time [9–11] is adopted in the collision detection module. Through this method,
the cutting path can be optimized. Path planning will increase participation of three
robots, thereby reduce the whole cutting time and improve efficiency.

76.5.1 Experience-Based

Path planning is based on experience. It needs designers plan a feasible path based on
the designers’ experience. Considering the shape characteristics of H-beam, therefore,
experience-based path should consist of two parts: cutting path of the flange plate and
the web plate. In which, cutting path offlange plate is a line and cutting path of the web
plate is composed by line and arc. Details of the path are shown in Fig. 76.3.

76.5.2 Collision Detection Module

To ensure efficiency and security of system, the system imported the collision
detection module. The main purpose of the module is to ensure collision-free and
to acquire a group of minimum delay-time. Mathematical model is as follows.

Tmin ¼ F1ðtÞ þ F2ðtÞ þ F3ðtÞ þ � � � ð76:1Þ

Fig. 76.2 Processes and
methods for extraction of
path data
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where the time vector t = {t11,t12,t21,t22,t31…}, tij indicates ith robot required
delay time in the jth path sequence. T tð Þ indicates the time consumed of the whole
path. The whole cutting process is divided into several cutting stages. Therefore, in
order to optimize the cutting time, it should ensure that each stage consumes
minimum time, just as Eq. (76.2).

FðtÞ ¼ min max R1 tð Þ; R2 tð Þ; R3 tð Þð Þ þ PðtÞf g
s:t:C tð Þ ¼ 0; 8tij 2 t and t [ 0

�
ð76:2Þ

where FðtÞ indicates the time spent in each cutting stage. RðtÞ indicates the time
spent by each robot to complete their tasks. CðtÞ is the optimum constraint
function based on the collision detection results, if CðtÞ ¼ 0 there are no collisions
between robots. Otherwise, collision occurs. Besides, PðtÞ is the preheat time
given by Eqs. (76.3).

PðtÞ ¼ mðnðtÞ � 1Þ ð76:3Þ

where m, a constant, indicates the time consumed by a once preheat. n(t) indicates
the number of nonzero elements in the vector t.

A group of delay-time can be obtained by the above method. By adding these
delay-times in corresponding stage, a highly efficient path with collision-free be
obtained.

76.6 Experiment

The experiment [12] used the equipment of H-beam steel-cutting system (shown in
Fig. 76.4). To ensure the cutting quality, cutting speed was set a fixed value, 3 mm/
s. Take class A of HM588X300 for example, here, we selected the second stage of
cutting path pre-designed by us to do optimization (shown in Fig. 76.3). The paths
of robots in the second stage respectively are: No.1 robot: A21-B21-C21-A21; No.2
robot: A22-B22-C22-D22-E22-A22; No.3 robot: A23-B23-C23-A23. Each letter
represents a potential pause point. Namely, these points are likely to insert a delay
segment. Default delay-time is 0 s.

Fig. 76.3 The second stage
of cutting path
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Three robots are designed in different rotational forms, and they are installed at
different altitudes. Moreover, three robots owned their work space. Summing up
the appeal, collision phenomenon will only appear between No.2 robot’s arm and
No.3 robot’s screw.

From the Fig. 76.3 above, we can know that No.2 robot consumed the most
time. The time consumed by each segment after initial planning are as follows.
A22-B22:10 s; B22-C22:82 s; C22-D22:6 s; D22-E22:163 s; E22-A22:6 s; A23-
B23:8 s; B23-C23:114 s; C23-B23:6 s. So the total time consumed in the second
stage is 267 s. Simulate the collision of No.2 robot and No.3 robot. From the
Fig. 76.5 (left) we can know that there are two collisions. The first collision is at
4 s, and the second is at 89 s. These results are as the constraints. Then, through
Eqs. (76.2) we can obtain a group of time t = {0,0,0,0,0,18,0,0,4,0,0}. That means
at A23 No.3 robot waits for 4.0 s and at C22 No.2 robot waits for 18 s. In this way,
collision can be avoided after optimization [as shown in Fig. 76.5 (right)].

Experiment results are shown in Table 76.1. By adding 18 s delay-time, the
consumed time of cutting process reduced from 10 to about 8.5 min, which save

Fig. 76.4 Interference graph before (left) and after (right) optimization

Fig. 76.5 Cutting sample (left) and prototype of H-beam cutting system (right)
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23.3 % of time and improve the efficiency significantly. Figure 76.4 shows the
prototype of H-beam cutting system and the sample cut by this system. Therefore
we can know that the system has a high cutting efficiency and cutting quality.

76.7 Conclusion

According to some shortcomings of existing cutting system, this paper proposes a
H-beam steel-cutting system. This system with nested hierarchical architecture is
based on Pro/E MDT. Besides, the method of minimum delay-time is applied to
optimize the cutting path in the machining process. The experiment results show
that this H-beam steel-cutting system only needs few human–computer interac-
tions to complete cutting tasks. The system can improve cutting quality and effi-
ciency greatly, which has some practical significance for H-beam cutting system
and even the actual intelligent CNC system.
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Chapter 77
The Typical Box-Taking Mechanism
and Its Development Trend of Automatic
Cartoning Machine

Jujiang Cao, Lei Zhang and Long Li

Abstract Introducing the history of automatic cartoner from seventies in our
country; Introducing the typical box-taking mechanism of automatic cartoner.
Analyzing the principle and advantages of mechanisms and proposing the future
development trend of automatic cartoning machine. There is a small gap between
our country and foreign country in high-level automatic cartoning machine, some
machines have achieved the synchronization with the world’s latest technology,
but there are still gaps with foreign advanced level in the whole aspects of auto-
matic cartoning machine.

Keywords Automatic cartoning machine � Box-taking machine � Development
trend

77.1 Introduction

Automatic cartoning machine can put the medicine bottle, medicine board, creams
etc. instruction into the folding carton and complete the cover action. Some full-
feature automatic cartoning machines contain additional features, such as paste
sealing label or thermal contraction wrapping.
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Early in our country, put the drugs production into box mainly by manual.
With the development of production technology, the mechanized cartoning is
used gradually. The earliest introduction of foreign automatic cartoning machine
in our country is in the mid-seventies, but because of the quality of our pack-
aging materials and medicine box production are lower than the automatic
cartoning machine packaging requirements, so our pharmaceutical production
have to continue to use inefficient manual packaging in a very long period of
time. Until in the late 80 s, with the rapid development of the relevant technical
field of pharmaceutical production in our country, the packaging materials and
medicine box processing quality have a great step forward. Then the automatic
cartoning machine has gradually been a wide range of applications in China’s
pharmaceutical industry.

With the continuous development of pharmaceutical industry in our country,
the number of types of drugs is increasing; the pharmaceutical industries con-
stantly improve the quality of their various pharmaceutical products. Demand for
pharmaceutical packaging has also been enhanced, especially for automatic
cartoning machine requirement. Automatic cartoner can be divided into
three classes according its running speed. Category 1 for low-speed type, about
60–80 box/min; Category 2 for medium to high type, about 80–120 boxes/min;
Category 3 for high-speed type, faster than 150 boxes/min. Each Category has its
advantages, disadvantages and different purposes [1]. Although China has more
and more types of automatic cartoning machine, and they can basically meet the
demand of the domestic drug manufacturers produce a variety of different dosage
forms of pharmaceutical packaging, well-known domestic pharmaceutical
manufacturers of automatic cartoning machine, technical content of their products
compared with foreign similar products, there are still a large gap. Competitive-
ness in the market, it only got the upper hand in the lower and medium t market, in
market share, domestic automatic cartoning machine only have 30 % of market,
the remaining markets are being carved up by imports. Therefore, most of large-
scale pharmaceutical industries still use the import cartoner mainly; the cause of
this situation is that the quality of domestic high-speed automatic cartoner is a
huge problem for domestic pharmaceutical industry to solve.

Box-taking mechanism is an important mechanism in automatic cartoner, it
takes drug box out from shelf and shove it off during the process of operation, at
last, put the box on the conveyor belt smoothly in order that the medicine board
can be put into it in next station. On the whole, box-taking mechanism is a
‘‘bottleneck’’ in the cartoner; its efficiency affects the whole efficiency. Therefore,
developing a high-quality box-taking mechanism will be a sally port to solve the
problem of the high-speed cartoner.
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77.2 Typical Box-Taking Mechanism

77.2.1 Introduction of Box-Taking Movement

In order to improve the efficiency of taking box, the present box-taking Mecha-
nisms are using continuous rotary structure. Movements of taking box request
actuators have a complicated trajectory. As shown in Fig. 77.1. Rotating vacuum
suction head 1 suctioned the box out from the shelf 2, after rotate 120�, utilizing
extrusion between medicine box and block 5 to shove box off slightly. Continue
rotate 120�, and then put it in the block groove utilizing extrusion between boards
to open the box completely.

The mainly mechanism of low-speed box-taking mechanism is gear. It has the
compact structure, small size, good adaptability and low cost, the disadvantage is
not easy to adjust and the speed is low. The main mechanism of high-speed box-
taking is cam. The advantage of relatively stable operation, easy adjustment, wide
field of applications, the disadvantage is typically narrowly targeted, so demanding
for packing material and poor stability.

77.2.2 Planet Gear Style Box-Taking Mechanism

It is a common type of low-speed box-taking mechanism [2]. As shown in
Fig. 77.2 Which uses principles of planetary gear. Steering gear 7 and driven gear

Fig. 77.1 Movements of taking box. 1 vacuum suction head 2 shelf 3 block groove 4 conveyor
belt 5 block
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6 installed in the eccentric 3, the fixed gear 5, and the driven gear 6 and steering
gear 7 form planetary gear train.

When the turntable 3 is rotated clockwise, the revolution of the driven gear 6
around turntable 3, meanwhile the driven gear 6 rotates in planetary gear train,
Aspirate the driven gear 6 fixed to the sucker link, so the sucker both revolution
and rotation. Revolution controls the sucker form a circular motion and rotation
control the suction head at the specified location to achieve the specified action.

The planetary gear box-taking mechanism has simple structure and small
volume, transmission with gear and has a smooth operation. In addition, the
mechanism is easy to make and have no complicated parts, but the mechanism can
only get one box every round. When the spindle speed is faster, it will affect the
quality of the suction box, so the mechanism is only applicable to low-speed box-
taking.

77.2.3 Multi-heads Planet Gear Style Box-Taking Mechanism

Planetary gear box-taking mechanism only applies to low-speed box- taking. With
the rapid development of automatic cartoning machine, low-speed ones no longer
meet the needs of the market. In order to improve the efficiency of box-taking, the
new planetary gear box-taking mechanism was born at the moment. The new
mechanism also uses planetary theory, and develop to three suckers based on the
old planetary gear, so the mechanism can get three boxes every round, the new
planetary gear mechanism increases twofold efficiency to the old one in theory.

As shown in Fig. 77.3. When big turntable 1 rotating, shaft gear 4 and turntable
gear 5 rotates around the fixed gear I and fixed gear II respectively. Small turntable
7 revolution with the big turntable 1. Meanwhile, it rotates with the controls of

Fig. 77.2 Principles of planetary gear type box-taking mechanism 1 fixed spindle 2 fixed board 3
eccentric 4 sucker 5 center gear 6 driven gear 7 turning gear 8 drug box 9 block
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turntable gear 5. In like manner, driving gear 8 revolution with shaft gear 4 and it
also drives driven gear 9 rotation. The vacuum sucker 11 fixed with driven gear 9,
so the sucker revolute and rotate at the same time. So long as the control the ratio
transmission among gears, can control the sucker to achieve the specified action at
the specified location.

The new planetary gear mechanism with compact structure can run smoothly
and is easy to make. Which is suit for medium–high speed automatic cartoning
machine, but its disadvantage is that the quality of the mechanism is too heavy,
and it is no longer fit the requirement when we want to improve the speed of
box-taking.

77.2.4 Cam-Link Box-Taking Mechanism

The mechanism uses rotary execution path in vertical plane. It uses double cam
groove driven five-bar mechanism. As Fig. 77.4 shows, the Mechanism has four
suction heads, only analyze one of them, the rest of them have same trajectory [3].

Working principle: Cam plate 3 fixed in pedestal 2, connect Spindle 1 with
turntable 7. When spindle 1 revolving with turntable 7, five-bar mechanism rotates
with turntable 7 together. Five-bar mechanism has two degrees of freedom and
needs two input power to form precise trajectory. Rollers 6 in cam external groove
4 and cam internal groove 5 drive shaft A 11 and shaft B 12 respectively through
the linkages, and then drive two input power linkages of five-bar mechanism,
making C end point in five-bar mechanism execute the designated action in
designated position. Suction head pole 8 fixed in the C end point of five-bar
mechanism, therefore, trajectory of C point is the trajectory of suction head.

Fig. 77.3 Principles of multi-head planetary gear type box-taking mechanism. 1 big turntable 2
fixed gear I 3 fixed gear II 4 shaft gear 5 turntable gear 6 steer gear I 7 small turntable 8 driving
gear 9 driven gear 10 steer gear II 11 vacuum sucker
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Vacuum pump transfer gas to the turntable 7 through the spindle 1, the hose 9
connects turntable with vacuum suction head, the situation of box depends on the
gas on or off.

In order to improve the efficiency of box-taking, we must first solve the problem
of high-speed box-taking, multi-head sucker will be the development trends of
high-speed box-taking mechanism. A pharmaceutical factory of China newly
developed five-head high-speed box-taking mechanism shown as Fig. 77.5, which
also used a combination of cam-link to achieve high-speed box-taking action.

Fig. 77.4 Cam-link box-taking mechanism

Fig. 77.5 Five-head box-
taking mechanism
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77.3 Development Trend of Automatic Cartoning Machine

With the growing scale of China’s pharmaceutical market, the increasing of
product categories, number of pharmaceutical manufacturers and degree of
automation of production, market demand for pharmaceutical cartoning machine is
continually expanding; Automatic cartoning machine market is very promising.

In the high-end level of pharmaceutical packing machinery, it is not a large gap
between our country and foreign country, some china’s equipments have been
achieved the synchronization with the current progress of the world’s latest
technology, but there are still gaps with foreign advanced level in the whole
aspects. So when we develop pharmaceutical packaging machinery and improve
our overall level, especially needs further efforts in the following aspects.

77.3.1 Automated Design

With the deepening of GMP certification work, automatic packaging has become
an inevitable trend [4]. We need to solve testing, feedback, automatic adjustment
and a series of questions. For non-standard forms of drugs, they have different
physical forms, it also would encounter more problems when detect them, system
requirements for post-test data processing are also increasing. Therefore, to
achieve mechanical–electrical integration of the packaging machinery, it needs
electronic, mechanical, packaging industry to work together and apply the
advanced electronic technology up to the packaging industry in a timely manner.

77.3.2 Modular Design

Because there are many types of drugs, the same drug product have different
packaging forms because of different dosage, if only one type of packaging
machinery can pack one model drug, it would formed a waste of resources. If we
can make the equipments of similar packaging process become one or more
standard equipment, replacement parts need to be made to operate independently
of the basic unit of the body, that is ‘‘modular design’’, then the basic unit connects
host and become a community through the interface, and combinate the basic units
according to their own requirements in the practical application, so the device can
complete the packaging of different drugs, and reflect the good applicability and
flexibility. This ‘‘modular design’’ is an advanced design methods. Through a
combination of different modules in the system, achieve multi-functional, serial
machine. This is the future development of the trend of packaging machinery.
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77.3.3 Humanization Design

Modern packaging design, emphasized environmental protection, resource recy-
cling, emphasizing humane, people-oriented in any field, Automatic cartoning
machine as a product which reduces the strength of human labor should take into
account the human factor, this idea should through the mechanical design of every
detail, such as the machine’s overall aesthetics, environmental protection, work
surface height, the visual interface, operational safety, ease of maintenance, etc.

77.4 Conclusion

For automatic cartoning machine, the depth direction of development is faster,
more robust, higher levels of automation and control, operating more humane,
more convenient, etc. Automatic packaging machinery in China is only slightly
dominant in the low-end market, but it is at the initial position in the high-end
market, there are still gap between ours and international advanced level in R & D
funding sources, test conditions, product stability and automatic control, etc. [5].
In addition to the use of PLC control technology in domestic cartoning machine,
we must improve materials, design and all the relevant aspects of the package,
which is possible to achieve intelligent control.
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Chapter 78
A ‘Multilink Spatial Hyper Redundant’
Manipulator

Praveen Jagadeesan, Sabarish Sivaprakasham, Dinesh Kumar
and M. Madhu

Abstract Conventionally, industrial robots manipulate their end effector in a pre
defined workspace. Structures are made rigid to cater the pay load requirements.
Navigation of these arm inspired robots in cluttered environment pose a chal-
lenging task, hence the focus on the continuum robots becomes a cynosure. This
precisely defines the requirement of a redundant manipulator where in the con-
trollable degrees of freedom is more than the total degree of freedom in the work
space. Present work is focused on design of one such manipulator that can function
in a hassle milieu. This serial manipulator briefly named as multilink spatial hyper
redundant robot comprises of sixteen links and fifteen joints. With each joint
providing a prescribed degree of freedom a thirty degree of freedom is realized on
the system. The degree of freedom of the system is precisely controlled using ropes
which are driven by a rotary actuator. Kinematic approach to the configuration is
proposed. A prototype of this robot was developed for analyzing the functionality
and for future study.
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78.1 Introduction

The slave arm robot, a simulacrum of human arm has rudimental control and little
perception about the environment. Structures of these robots are designed as rigid
modules considering the payload. Advent of technologies replacing man power with
machines and demand for human safety in work environment sparked the study of
field robotics [1]. These robots necessitate a high degree of flexibility to man oeuvre
in hazardous work place which is not met by the conventional robots. Traditional
approach of developing structures that would simulate a human action needs to be
considered critically for this purpose. Several researches pertaining to the locomotive
mechanisms (reptiles), prehensile nature (Monkeys tail), grasping ability (elephant
trunk) and movement of invertebrate organs (octopus legs) were successfully studied
and these ideas translated into robotic application. For an example, a rope drive
controlled serpentine robot used in rescue operations that navigates with gait motion
has been developed previously [2]. Narrowing down the study, this paper deals with
development of a robot which has a base mounted structure precisely controlled by
actuators and exhibit a non locomotive nature unlike the above described bio
inspired robots. A non holonomic robot where in the controllable degree of freedom
less than the total degree of freedom limits the application of robots in complex
environment. For example, a continuum intrinsic type (actuator integrated with
mechanism) robot described in literature [3] operates by fluid. It relies on elastic
deformation of actuator plates that offers a multiple degree of freedom but has less
controllable degree of freedom. The current work is an inspiration of the back bone
structure that would produce a continuum motion in human. The following are the
criteria that would aptly name the robot as Multi link spatial hyper redundant robot,
identical links are manipulated in a three dimensional space with a constrained base
link. Each Joint offering prescribed degree of freedom between links which cumu-
latively offers a high degree of freedom for the entire robot. A redundancy system
where in there is more controllable degree of freedom than degree of freedom in
work space is preferred over a holonomic (controllable degree of freedom equals the
total degree of freedom) and non holonomic systems(Fig. 78.1).

The robot possesses 30 degree of freedom comprising of 15 joints and 16 links.
Links are manipulated by ropes. A rotary actuator can be used to control the rope.
The robot finds application in diverse fields where in the redundancy provides an
advantage. This manipulator can be employed in production purposes, surveillance
tasks and systems that demands redundancy in operation.

78.2 Design of Manipulator Segments

The manipulator is a serial type that comprises of links, spider joints and springs.
The end effector is fitted to the last link. Link is a cylindrical disk of diameter
60 mm with a thickness of 15 mm and as the robot is rope driven, each link is
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provided with 16 through holes, see Fig. 78.2. These holes are made on the
cylinder laid over a pitch circle diameter of 47 mm. Holes serve as a guiding
element for the ropes. The first link is provided with provisions for rigid fastening
to a plate, see Fig. 78.3. This plate enables the manipulators parts to be fitted to the
actuator pack. Every fourth link serves as anchorage for four ropes. The ropes are
placed orthogonal to one another such that two ropes control the motion of the
robot in one plane and the remaining in the other plane. Hence eight individually
controllable degrees of freedom are attained. Dummy links in between serves to
increase the length as well to provide more degree of freedom. One end of the rope
is tied to the actuator and the other end to the specifically targeted link (every
fourth link), see Fig. 78.4. The targeted links are provided with pockets for
anchorage of the ropes. Pulling a rope makes the targeted link to rest over the
bottom link making an operating angle of 20� in a plane.

Projections made on the links serve to hinge the joints. Flexibility to link is
provided with help of universal spider joints, see Fig. 78.5. Joints are housed
between two identical links and each universal joint provides two degree of freedom.

Fig. 78.2 Manipulators
dummy link geometry

Fig. 78.1 CAD simulated
model of multilink spatial
hyper redundant robot

Fig. 78.3 Manipulators first
link geometry

Fig. 78.4 Manipulators
targeted link geometry
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A centre through hole is provided on links and joints for bypassing the end effector
cables to the last link. An axial play is provided between joint and link housing to
prevent jam of the joints during motion. Four compression springs are provided
between each link assembly which aid in restoration of links to the original position.

A prototype was developed for the purpose of concept realization using rapid
prototyping technique, see Fig. 78.6. The assembly displayed in the figure consists
of nine links and eight joints. Material chosen for prototyping was nylon as its
abrasion resistance up to 5 mg/1000 cycles [4] and could be used for further
experimentation purposes. The prototype is presently available at Department of
production engineering, PSG College of technology.

78.3 Selection of Actuator and Rope

A silk braided rope of 0.5 mm diameter is used for actuating the manipulator. The
premise of selecting a silk rope is it is free from springing nature unlike steel ropes
and the prototype is of nylon. For heavy load application steel wires can be
considered. The ropes were tested for its load carrying capacity and it was found
out that the ropes are capable of carrying a 2 kg load (inclusive of factor of safety).
A rotary geared stepper motor is used for the actuation purpose. The holding
torque requirement depends upon the weight of the links and joints.

The springs are loaded perpendicular to its axis which tries to restore the
moment produced by the links. Based on the spring stiffness and the applied load,
springs yields differently and hence the xd alters proportionately. The following
equations give the holding torque and the results are considered for selection of
actuators (Fig. 78.7).

Fig. 78.5 Spider joint

Fig. 78.6 Rapid prototyped
model
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P4 ¼ xd ð78:1Þ

P8 ¼ xd ð78:2Þ

P12 ¼ xd ð78:3Þ
Actuators driving the fourth link are found to have a maximum holding torque

requirement compared to the subsequent targeted links. This is because the fourth
link bears the weight of the forthcoming links.

78.4 Kinematic Analyses

A kinematic analysis can be conveniently carried out for the manipulator using
Denavit–Hartenberg. Since the total degree of freedom in the system is thirty,
equal number of position variables is to be specified in order to locate all parts of
the mechanism. A kinematic representation of the robot is shown in Fig. 78.8.

Fig. 78.7 Forces acting on the system, K spring constant; L, total number of links; Pc, holding
torque required at the targeted link; c, targeted link (t = 4,8,12,16,..,n); d, c ? i; g, acceleration
due to gravity; m, mass of a link; xd, perpendicular distance between the targeted link and link d

Fig. 78.8 Kinematic
representation
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It can be inferred from Table 78.1 that a repeating set appears since the joints
are identical in nature. The robot is tested for its manipulation in workspace using
MATLAB, see Fig. 78.9. Joint variables are assigned to find the end effectors
position.

There exists more than one kinematic approach for this manipulator. The robot
is of continuum nature and hence the use of curvature to describe the manipulator
is an alternative approach. A position vector expressed in terms of magnitude and
angle of rotation can be taken as the DH parameters [5]. This can be arrived using
Fernet Serret formula which is a differential geometry approach. F-S parameterizes
a spatial curve by its arc length. The arc length and angle of rotation can also be
found out using simple geometrical approach.

Table 78.1 Danavit–Hartenberg for the manipulator

# a A h d

L1 -90 0 H1 0
L2 90 A H2 0
L3 -90 0 H3 0
L4 90 A H4 0
L5 -90 0 H5 0
L6 90 A H6 0
: : : : :

L28 90 A H28 0
L29 -90 0 H29 0
L30 90 A H30 0

A, length of common normal (joint offset) ; a, angle of rotation along X axis (joint twist);
h, rotation along Z axis; d, distance along Z axis between two common normal

Fig. 78.9 Motion of robot on specifying spatial coordinates
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78.5 Conclusions

A novel approach for hyper redundancy has been presented in this paper. By
manufacturing the prototype, it was confirmed that the design adhered to the
functionality of the manipulator. Kinematic realization by DH approach aid for
further studies. Future works involves practical testing of the robot with actuators
and arriving at the inverse kinematic for the proposed manipulator.
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