
Chapter 3
A Linearly Convergent Algorithm for Solving
a Class of Nonconvex/Affine Feasibility Problems

Amir Beck and Marc Teboulle

Abstract We introduce a class of nonconvex/affine feasibility (NCF) problems that
consists of finding a point in the intersection of affine constraints with a nonconvex
closed set. This class captures some interesting fundamental and NP hard problems
arising in various application areas such as sparse recovery of signals and affine
rank minimization that we briefly review. Exploiting the special structure of NCF,
we present a simple gradient projection scheme which is proven to converge to a
unique solution of NCF at a linear rate under a natural assumption explicitly given
defined in terms of the problem’s data.
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3.1 Introduction

Let E and V be finite dimensional Euclidean spaces, A : E→ V a given linear
mapping, and b ∈ V a vector of observations. Consider the feasibility problem
defined by

(NCF) Find x ∈ C such that A (x) = b,
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where C ⊆ E is a set which describes some a priori information on the unknown
element x. One natural approach for tackling NCF is via the associated minimization
problem

(NC) min

{
1
2
‖A (x)−b‖2 : x ∈ C

}
(3.1)

for some given norm in V.1

The above problem formulations are very well known and have been extensively
studied over the last several decades, in particular when C is a closed convex subset
of E, giving rise to the so-called convex feasibility problems, see the comprehen-
sive review paper [1] and references therein. Problems of this kind naturally arise
in the area of linear inverse problems which covers a wide range of data processing
problems, such as imaging sciences, optics, and astrophysics, see e.g., the classical
monograph [17] and references therein. In such situations, one has to derive an es-
timate of some physical quantity of interest (e.g., a signal or an image) from given
measurements and some a priori information described through the set C , see for
instance the in-depth review paper [12]. Furthermore, it should be noted that non-
convex feasibility problems have also been studied in the literature, see for instance,
[7,13]. In particular, the method of successive projections for closed convex sets was
extended in [13] to a class of nonconvex compact sets satisfying some hypothesis.

A current trend of research in the data processing areas (e.g., signal process-
ing, machine learning etc.), which has recently attracted a lot of attention focuses
on solving problems that can recover sparse objects. Finding the sparsest solution
of a linear system or the more general problem that consists of finding a low rank
matrix satisfying linear matrix equations are at the heart of these current activities.
These problems being generally NP hard are often solved by their convex relax-
ations. The current algorithmic, theoretical and applications literature is vast, and
we refer the reader to the excellent very recent survey papers [6] and [21] and refer-
ences therein.

In this paper, we depart from the convex relaxation approach. We focus on the
class of problems (NCF) where the constraint set C is a closed and nonconvex subset
of E, which will be defined to naturally captures sparsity features, and we propose
to solve NCF via a very simple gradient projection algorithm which under a natural
assumption on the problem’s data is proven to converge linearly to a global optimal
solution of (NC).

The paper is organized as follows. In Sect. 3.2, we define the problem and give
some examples arising in fundamental applications that naturally fit our formalism.
Section 3.3 first gives some background on the so-called restricted isometry property
(RIP), which has been central in the analysis of sparse recovery problems via their
convex relaxations. This leads us to introduce a natural extension of RIP, called Scal-
able Restricted Isometry Property (SRIP) for the class of problems under study, and
that will play a key role in the analysis of the proposed gradient projection scheme
and which here solved directly the nonconvex problem. The analysis is developed in

1 Throughout the paper, ‖ · ‖ will denote the endowed norm of the relevant Euclidean space (either
E or V).
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Sect. 3.4, where we prove that despite the nonconvex nature of the problem, if SRIP
is satisfied, the gradient projection method converges at a linear rate to a global op-
timal solution of (NC) also shown to be unique. The convergence is established both
for a constant and backtracking stepsize rules, the later being particularly useful in
applications as it does not require the knowledge of any unknown parameter. The
algorithm is useful and efficient whenever the projection map onto the nonconvex
set is easy to compute, this is shown to be the case in the context of sparse recovery
problems, for which we also derive a further interesting consequence from our main
convergence result.

3.2 Problem Statement, Motivation and Examples

3.2.1 General Problem Statement

In most practical applications, prior knowledge on some desired features of the un-
known x∈E is available, and can be quantified by some given function, e.g., a norm
like function. The motivation for the proposed definition will be described below.

Definition 3.1. S is the set of all functions ϕ : E→ R+ which are lower semi-
continuous (lsc) function satisfying the following properties:

(i) ϕ(0) = 0, (3.2)

(ii) ϕ(x) = ϕ(−x) (symmetry), (3.3)

(iii) ϕ(x + y)≤ ϕ(x)+ ϕ(y) (subadditivity). (3.4)

We are interested in the situation where ϕ ∈ S is nonconvex and we want to
solve the nonconvex feasibility problem:

(NCF) Find x ∈ Cs such that A (x) = b,

where the admissible constraint is defined by the closed nonconvex set

Cs := {x ∈ E : ϕ(x)≤ s} (3.5)

for some fixed given s > 0.
To solve NCF, we consider the related nonconvex minimization problem

(NC) min

{
f (x)≡ 1

2
‖A (x)−b‖2 : x ∈ Cs

}
, (3.6)

where ‖ · ‖ is the underlying norm of the Euclidean space V. For example ‖ · ‖2

when E = R
n and ‖ ·‖F (the Frobenius norm) when E = R

m×n. Given that NCF has
a solution, the optimal value of NC is zero and x̄ is an optimal solution of NC if and
only if x̄ is a solution to NCF.
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This formalism encompasses a wide class of problems, which has attracted con-
siderable interest in the recent literature and which has triggered the motivation of
this work, this will be briefly discussed below. We end by noting that well known
alternative ways to tackle NCF include the following three closely related problems:

min {ϕ(x) : ‖A (x)−b‖ ≤ η , x ∈ E} (η > 0, perturbed case),
min {ϕ(x) : A (x) = b, ∈ E},
min {‖A (x)−b‖2 + τϕ(x) : x ∈ E},

(3.7)

where the last formulation corresponds to a penalty approach, with a penalty pa-
rameter τ > 0 which measures the tradeoff between the error in the approximation
measured by ‖A (x)−b‖2 and the desired property of the unknown x quantified by
the function ϕ(x). Note that all these formulations remain essentially NP hard for
the choices of the nonconvex function ϕ ∈S which are described in the following
sections.

3.2.2 Motivation and Examples

We briefly describe three models of interest in applications that naturally fit as spe-
cial cases of the proposed formalism of this paper.

Example 3.2 (Compressive sensing). Roughly speaking, in the new emerging com-
pressed sensing technology we are interested in recording as much information as
possible in a signal or image x in the “cheapest” way. In other words, under suitable
conditions on the problem’s data, few measurements are enough to correctly recover
a signal, see [14] for more details.

Let E = R
n,V = R

m. Here the mapping A : R
n→ R

m can be represented by an
m× n matrix A satisfying A (x) = Ax for every x ∈ R

n (for the sake of notation
consistency with the other examples, we will often not use the “matrix” notation).
A typical approach is to select a sparse vector, namely with many zero components,
that solves a linear system of equations A (x) = b for x ∈ R

n. Let ‖x‖0 be the
l0-norm2 of x which counts the number of nonzero components of x. Given that
the observed vector b ∈ R

m and that the number of measurements is smaller than
the size of the vector x, i.e., m < n, the sparse reconstruction problem amounts to
finding an s-sparse solution (with s� n) of a nonempty linear system, i.e.,

find x ∈ R
n with ‖x‖0 ≤ s such that A (x) = b.

Clearly, this problem is a special case of our model (NCF) with S 	 ϕ(x) := ‖x‖0,
since the l0-norm satisfies all the premises of Definition 3.1.

Example 3.3 (Affine rank minimization). Let E = R
m×n,V = R

p and A : R
m×n→

R
p a linear map. The problem consists of finding a matrix x ∈ R

m×n of minimal

2 This is by some abuse of terminology, since ‖x‖0 is not a norm, as it clearly does not satisfy the
the homogeneity property of a norm.
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rank that satisfies a given system of linear matrix equations A (x) = b. This is a
fundamental problem in many diverse areas, see [21]. Recall that the rank of a matrix
is the number of its positive singular values. Thus, when x is a square diagonal
matrix with diagonal elements x j, the rank function coincides with the l0-norm of
x, and the affine rank minimization problem can be viewed as a natural extension of
the previous compressive sensing example.

Now, with ϕ(x) := rank(x), one has ϕ ∈ S since rank(0) = 0, rank(−x) =
rank(x) and rank(x + y) ≤ rank(x)+ rank(y) and the conditions in Definition 3.1
are thus satisfied, so that the problem of finding a matrix of rank at most s satisfying
A (x) = b fits our model NCF.

Note that both problems described in Examples 3.2 and 3.3 are also often tack-
led through either one of the corresponding three related optimization problems
described via (3.7).

Example 3.4 (lp-pseudo norm minimization, 0 < p < 1). Let E = R
n,V = R

m and
ϕp(x) := ‖x‖p

p =
∑n

j=1 |x j|p (0 < p < 1). The lp pseudo-norms are connected to

the l0-norm via the relation ‖x‖0 = limp→0+ ‖x‖p
p (with the convention 00 = 0).

Thus, for instance, one could try to solve an approximation of the sparse recovery
problem by solving the resulting nonconvex minimization models with ϕp(·) for
small p. This approach is well known, and it has been recently considered by several
authors, see e.g., [10] and references therein.

We now verify that ϕp ∈S . Clearly, we have ϕp(0) = 0,ϕp(−x) = ϕp(x). More-
over, it is easy to see that for any p∈ (0,1) one has (u+v)p≤ up +vp for all u,v≥ 0,
from which it follows that ‖x + y‖p

p ≤ ‖x‖p
p + ‖y‖p

p so that, as in the previous two
examples, the conditions of Definition 3.1 are satisfied and thus this problem fits our
formalism.

The last example, but now with p = 1, that results in the l1-norm ϕ1(x) = ‖x‖1 :=∑n
j=1 |x j| of x∈R

n, and which is a convex relaxation of the l0-norm,3 is of particular
interest. It leads us in the next section to first review some of the recent interesting
results in sparse recovery problems, which rely on the so-called RIP and also pro-
vide the motivation for introducing a natural extension of this notion within our
formalism, and that will play an essential role in our analysis.

3.3 A Scalable Restricted Isometry Property (SRIP)

3.3.1 Convex Relaxation and Restricted Isometry

In sparse solutions of linear systems and affine rank minimization, one faces to solve
two computationally intractable combinatorial problems [20, 21]:

3 The l1-norm of x ∈R
n is the lowest convex envelope of ‖x‖0 over the l∞ unit ball.
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(CS) min{‖x‖0 : A (x) = b,x ∈ R
n},

(AR) min{rank(x) : A (x) = b,x ∈R
m×n}.

Recent and extensive studies (see [6, 21] and their references) have shown that
under appropriate assumptions on the data, that will be discussed shortly, it is possi-
ble to solve these problems via their convex relaxations. More precisely, we replace
the l0-norm and the rank function by their tractable convex counterparts, namely
the l1-norm in (CS) and the Ky-Fan (nuclear) norm in (AR). The nuclear norm of
a matrix x ∈ R

m×n is denoted by ‖x‖∗ and is defined as the sum of the nonzero
singular values of x. It is the convex envelope of the rank function over the set
{x ∈ R

m×n : ‖x‖F ≤ 1}, see [18]. It should be noted that the idea of using the
l1-norm in the context of sparsity is not a new idea, and goes back to some works in
geophysics, see [22, 23].

The convex relaxed problems for (CS) and (AR) which provide lower bounds to
the original problems then read as two well-known problems:

(ConvCS) min{‖x‖1 : A (x) = b,x ∈R
n} (Basis Pursuit [11]),

(ConvAR) min{‖x‖∗ : A (x) = b,x ∈ R
m×n} (Trace minimization [18]).

Both problems above are tractable convex optimization problems that can be
efficiently solved by many convex minimization schemes, see for instance the fast
and simple optimal gradient based scheme recently developed in [2], and also the
recent review [3] and references therein.

The main question that has been extensively investigated in the literature is then

Main question: For which A , a sparse solution (a low rank matrix) can be
recovered? That is to say, under which conditions an optimal solution of the
original nonconvex problems (CS) and (AR) can be obtained by solving their
convex counterparts (ConvCS) and (ConvAR) respectively?

One of the first results to answer that question was for the compressed sensing l0-
minimization problem (CS) and was obtained via the concept of mutual coherence
of a matrix, which is also related the forthcoming property. For the interested reader,
we have briefly summarized some of these pertinent results in the appendix.

Another concept which plays a fundamental role in answering the main stated
question is the so-called RIP. Below, we state the definition of RIP for the general
matrix rank minimization recently introduced in [21] as a natural generalization of
the vector case which is recalled after the definition (and which can be recovered by
setting x to be a diagonal matrix).

Definition 3.5. The linear map A : R
m×n→ R

p with m < n and 1 ≤ d ≤ m is said
to satisfy the RIP with the isometry constant δd associated to A , if δd is the smallest
number such that the following holds:

(1− δd)‖x‖2 ≤ ‖A (x)‖2 ≤ (1 + δd)‖x‖2 for all x ∈R
m×n s.t. rank(x)≤ d,

where ‖ · ‖ stands here for the Frobenius norm.
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In the vector case (originally developed for compressed sensing problems, see e.g.,
[9]), the linear mapping A : R

n → R
m reads A (x) = Ax, and the RIP condition

reduces to:

(1− δd)‖x‖2 ≤ ‖A (x)‖2 ≤ (1 + δd)‖x‖2 for all x ∈R
n s.t. ‖x‖0 ≤ d.

The following two results answer the main question stated above. In the sequel
we use the terminology “x is s-sparse” for all vectors such that ‖x‖0 ≤ s.

In [9], the following result has recently been proven for problem (CS).

Theorem 3.6 ([9]). Consider problem (CS). Let b = A (x̄) for some s-sparse vector
x̄ ∈ R

n with s≥ 1. Then,

(i) if δ2s < 1, the l0 problem (CS) has a unique s-sparse solution;
(ii) if δ2s <

√
2−1, the optimal solution of the l1-problem (ConvCS) is the same as

of the l0 problem.

In a similar vein, in [21], the previous result has been extended for the rank
minimization problem.

Theorem 3.7 ([21]). Consider problem (AR). Let b = A (x̄) for some matrix x̄ ∈
R

m×n of rank s≥ 1. Then,

(i) if δ2s < 1, then x̄ is the unique matrix of rank at most s.
(ii) if δ5s < 1/10, then the optimal solution of the convex problem (ConvAR) coin-

cides with the minimum rank solution of problem (AR).

If either of the above RIP assumptions are satisfied for A , for some given d, and
with the requested upper bound on δd , we will simply write that RIP(d,δd) holds.
Also, it is useful to note that if s≤ t, then δs ≤ δt , i.e, RIP(s,δs) =⇒ RIP(t,δt).

3.3.1.1 The Good News

For both the vector and matrix cases, it has been proven that for some classes of
random matrices (e.g., with i.i.d gaussian entries), the corresponding RIP can be
proven to be satisfied with overwhelming probability. Details on these probabilistic
analysis can be found for instance in [9, 14, 21]. However, not much is known for
arbitrary deterministic matrices.

3.3.1.2 The Bad News

The RIP suffers from two major drawbacks:

1. The RIP is lacking scalability.
2. Finding/computing the isometry parameter δd can be as difficult as solving the

original NP hard problems (CS) and (AR).
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Both issues will be addressed in this paper within our general model and the
proposed algorithm. The first issue is addressed next by introducing a natural mod-
ification of RIP.

3.3.2 Scalable Restricted Isometry Property

As just mentioned, an evident drawback of the RIP assumption is its lack of scal-
ability. For example, if a linear operator A satisfies the RIP with some parameters
(s,δs), then surely 2A will not satisfy the RIP with the same parameters. This is not
the case for the notion introduced below which remedies this drawback by consider-
ing a straightforward and natural generalization of the RIP for our general problem
(NCF), and which we call SRIP.

Let ϕ ∈S , d > 0 and A : E→ V. We write SRIP(d,α) if the following holds:

SRIP(d,α): There exist νd ,μd > 0 satisfying μd
νd

< α such that

νd‖x‖ ≤ ‖A (x)‖ ≤ μd‖x‖ for every x ∈ Cd .

By its definition, if SRIP(d,α) holds for some (d,α), then α > 1 . Of course,
SRIP(d,α) might hold true for certain values of d,α and fail for others. The assump-
tion is restrictive when d is “large” and α is “small” and loose when d is “small”
and α is “large.” This is reflected in the following lemma whose simple proof is
omitted.

Lemma 3.8. Suppose that d1 ≤ d2 and α1 ≥ α2. If SRIP(d1,α1) is satisfied, then
SRIP(d2,α2) is also satisfied.

Plugging
μ2

d = 1 + δd,ν2
d = 1− δd, (3.8)

in SRIP, the relationship between RIP and SRIP (in the settings of Examples 3.2 and
3.3) is revealed through the following obvious result.

Lemma 3.9. Let β ∈ (0,1). If RIP(d,δd) is satisfied for δd < β , then SRIP(
d,

√
1+β
1−β

)
holds true.

We reemphasize that here we are concerned with solving the nonconvex model
(NCF) directly rather than relaxing it. Much like the second drawback of the RIP
alluded above (i.e., the necessity of knowing δ2s), the determination of the unknown
parameters (νd ,μd) of SRIP appears as equally difficult. However, thanks to the
proposed algorithmic framework which is developed next, we will show that find-
ing/approximating these parameters is not an issue.
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3.4 A Linearly Convergent Gradient Projection Method

3.4.1 The Gradient Projection Method for Solving Problem (NCF)

The gradient projection algorithm for minimizing a smooth function over some
closed set is very well known and due to its simplicity is particularly adequate for
solving large scale problems. However, even for convex problems, it suffers from a
slow (e.g., sublinear) rate of convergence, see [4], and references therein.

We will prove that if SRIP(2s,
√

2) holds, the gradient projection method actually
converges linearly to the solution of the nonconvex problem (NCF), which is also
shown to be unique.

Before proceeding, we recall the notion of orthogonal projection. For a nonempty
closed possibly nonconvex set C⊆E, the projection of y∈E onto C, written PC(y) is
a multi-valued map (as opposed to the convex case in which orthogonal projections
are guaranteed to be single-valued operators) defined by

PC(y) := argmin{‖x−y‖2 : x ∈C}.

Consider the basic gradient projection method for solving problem (NC):

min{ f (x) : x ∈ Cs}, where f (x) :=
1
2
‖A (x)−b‖2.

The gradient of f is simply given by ∇ f (x) = A ∗(A (x)−b), where A ∗ stands for
the adjoint map to A . The gradient projection method generates a sequence xk via:

(GP) xk+1 ∈ PCs

(
xk− 1

Tk
∇ f (xk)

)
,k = 0,1,2, . . . ,

where Tk is an appropriately chosen (inverse) stepsize and x0 ∈ E is arbitrary.
Note that applying (GP) requires to compute an orthogonal projection onto the

set Cs defined in (3.5). This set is nonempty and closed by the lower semi-continuity
of ϕ . Finding an orthogonal projection onto a nonconvex set is by itself a noncon-
vex optimization problem, and as such is not necessarily an easy one. However, as
seen below, it can be efficiently computed for the sets involved in sparse recovery
problems. Note that in both cases below the resulting projections are in general not
single valued, and when applying (GP) we can select any element of the resulting
multivalued projection in an arbitrary fashion.

• Case A. Let x ∈ R
n and ϕ(x) = ‖x‖0. In this case, the orthogonal projection

PCs(x) of x∈R
n onto the set Cs is simply a vector consisting of the s components

of x with the largest absolute values and zeros otherwise.
• Case B. Let x ∈ R

m×n and ϕ(x) = rank(x). The set of orthogonal projec-
tions PCs(x) is computed via a truncated singular value decomposition [19] as
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follows: if x = UΣVT is a singular value decomposition of x, then PCs(x) con-
sists of matrices of the form x = UΣ sVT where the diagonal Σ s includes the s
singular values with largest absolute value (otherwise zero).

3.4.2 Linear Rate of Convergence Analysis for GP

We assume that SRIP(2s,
√

2) holds. We will consider two versions of algorithm
(GP). The first one is with a constant stepsize where we assume that

Tk = T̄ ∈ [μ2
2s,2ν2

2s),

where μ2s,ν2s are as in the definition of SRIP. An evident drawback of the fixed
stepsize setting is the requirement that at least μ2s should be known. To avoid the
need for knowing this parameter, we also introduce a variant of the method with a
backtracking stepsize rule that does not require the knowledge of μ2s for computa-
tional implementation, see Remark 3.10. This backtracking procedure requires that
SRIP should hold with a parameter α which is smaller than

√
2 (but on the other

hand, can be arbitrary close to
√

2).

Gradient Projection with backtracking:

Input: ϕ ∈S , s > 0, x0 ∈ Cs arbitrary,
η > 1 – backtracking parameter,
T0 ∈ (0,μ2s) initial stepsize.
Step k(k ≥ 0):
(a) Compute xk+1 ∈ PCs

(
xk− 1

Tk
∇ f (xk)

)
.

(b) If ‖A (xk+1−xk)‖ >
√

Tk‖xk+1−xk‖, set Tk← ηTk and go back to (a).
(c) Set Tk+1← Tk.
(d) Set k← k + 1.

Remark 3.10. It is very easy to find a T0 ∈ (0,μ2
2s) without actually knowing μ2s.

For example, by taking an arbitrary v∈C2s, we get that ‖A(v)‖
‖v‖ ≤ μ2s, so we can pick

T0 ∈
(

0, ‖A(v)‖2

‖v‖2

)
.

From the definition of the backtracking procedure, we first establish the following
useful fact on the inverse step size Tk.

Proposition 3.11. For all k ≥ 0,

Tk ≤ ημ2
2s. (3.9)
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Proof. This is proved by induction on k. For k = 0 the claim is valid by the choice
of T0. Suppose that the claim is true for k and we will prove it for k + 1. If no back-
tracking steps were done in step (b), then Tk+1 = Tk and the claim is correct by the
induction assumption. Otherwise, if backtracking steps were performed during step
(b), then, in particular, γ = Tk+1

η satisfies ‖A (xk+2− xk+1)‖ >
√γ‖xk+2− xk+1‖,

which together with the fact that xk+2−xk+1 ∈ C2s and the SRIP assumption imply
that
√γ ≤ μ2s and hence Tk+1 ≤ ημ2

2s. �

We are now ready to prove our main result which shows that if SRIP(2s,
√

2/η)
is satisfied, then the function values of the sequence generated by the above algo-
rithm converges linearly to zero. For example, if η = 1.1, then SRIP(2s,1.285...) is
required to hold true instead of SRIP(2s,1.414...).

Theorem 3.12. Consider the GP method with either a constant stepsize Tk = T̄ ∈
[μ2

2s,2ν2
2s) or with a backtracking stepsize rule with parameter η and suppose that

SRIP(2s,
√

2/ξ ) is satisfied where ξ = 1 for the constant stepsize setting and ξ =
η > 1 for the backtracking scenario. Then

f (xk+1)≤ (ρ−1) f (xk), ∀k ≥ 0

with ρ < 2 given by

ρ =

⎧⎪⎪⎨
⎪⎪⎩

T̄
ν2

2s
constant stepsize

ημ2
2s

ν2
2s

backtracking.

As a consequence,

f (xk+1)≤ (ρ−1)k f (x0), for every k ≥ 0

and f (xk)→ 0 as k→ ∞.

Proof. Let

qk(x,xk) := f (xk)+ 〈x−xk,∇ f (xk)〉+ Tk

2
‖x−xk‖2. (3.10)

Then the GP method can be equivalently rewritten as

xk+1 ∈ argmin{qk(x,xk) : x ∈ Cs},

and hence, in particular, for a solution x̄ of (NCF) it holds that

qk(xk+1,xk)≤ qk(x̄,xk). (3.11)



44 A. Beck and M. Teboulle

Now, since f (x) = 1
2‖A (x)−b‖2, it follows that

f (xk+1) = f (xk)+ 〈xk+1−xk,∇ f (xk)〉+ 1
2
‖A (xk+1−xk)‖2

≤ f (xk)+ 〈xk+1−xk,∇ f (xk)〉+ Tk

2
‖xk+1−xk‖2,

where the last inequality follows from the fact that xk−xk+1 ∈ C2s (by the subaddi-
tivity and symmetry of the function ϕ ∈S ) and from the fact that the definition of
the stepsize (in the constant or backtracking settings) implies that ‖A (xk+1−xk)‖≤√

Tk‖xk+1−xk‖. Therefore, we have shown that f (xk+1)≤ qk(xk+1,xk) so that

f (xk+1) = qk(xk+1,xk)
(3.11)
≤ qk(x̄,xk). (3.12)

On the other hand,

qk(x̄,xk) = f (xk)+ 〈x̄−xk,∇ f (xk)〉+ Tk

2
‖x̄−xk‖2

≤ f (xk)+ 〈x̄−xk,∇ f (xk)〉+ Tk

2ν2
2s

‖A (x̄−xk)‖2

A (x̄)=b
= f (xk)+ 〈x̄−xk,∇ f (xk)〉+ Tk

2ν2
2s

‖b−A (xk)‖2

=
(

1 +
Tk

ν2
2s

)
f (xk)+ 〈x̄−xk,∇ f (xk)〉

=
(

1 +
Tk

ν2
2s

)
f (xk)−2 f (xk)

=
(

Tk

ν2
2s

−1

)
f (xk),

which along with (3.9) (in the backtracking setting), implies the result. �

Corollary 3.13. Suppose that SRIP(2s,
√

2) holds true. Then the sequence {xk}
generated by GP converges to the unique optimal solution of (NC), and hence of
NCF.

Proof. Let {xk} be the sequence generated by the GP method with a constant step-
size T̄ = μ2

2s and let x̄ be a solution of NCF. Then by Theorem 3.12 we have that

f (xk)≤ (ρ−1)k−1 f (x0)

On the other hand,

f (xk) =
1
2
‖A (xk)−b‖2 =

1
2
‖A (xk)−A (x̄)‖2 ≥ 1

2ν2
2s

‖xk− x̄‖2.

Therefore, xk→ x̄ and since x̄ was chosen arbitrarily its uniqueness follows. �
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The next corollary, follows immediately from Theorem 3.12, and bounds the
number of iterations required to obtain an ε-optimal solution of (NC).

Corollary 3.14. Consider the setting of Theorem 3.12. Then for k≥ 1+ log(1/ε)+C
D ,

the (GP) algorithm produces an x such that

‖A (x)−b‖2 ≤ ε,

where C := log(2 f (x0)),D := log
(

1
ρ−1

)
.

Remark 3.15. Recently, an algorithm called the iterative M-sparse algorithm was
analyzed in [5] for solving the l0 problem (E = R

n,V = R
m,ϕ(x) = ‖x‖0). This

method is in fact nothing else but the gradient projection algorithm with a constant
step size fixed and equal to 1. It was proved in [5] that if the columns of the matrix
are normalized, and ‖A‖2 < 1, this algorithm converges to a local minimum of (NC).

Our approach has focused on using SRIP to solve directly the NCF via a simple
gradient projection method. On the other hand, RIP was used to determine con-
ditions that warrant recovery of solutions for the nonconvex optimization problems
such as (CS) and (AR) by solving their convex relaxations (ConvCS) and (ConvAR)
respectively, namely, it is also needed to apply convex minimization schemes to
solve these relaxed problems and achieve the same goals. While a direct comparison
of these results is not fully transparent (e.g., in terms of complexity, the parameters
involved etc.), it is nevertheless worthwhile to make the following remarks.

Remark 3.16. In the (CS) case, if RIP(2s,δ2s) is satisfied with δ2s <
√

2− 1, then

this implies (by Lemma 3.9) that SRIP (2s,α) holds true with α =
√

1+
√

2−1
1−(
√

2−1)
=√

1√
2−1

= 1.5538..., which is less restrictive than the assumption α =
√

2 used in

Theorem 3.12. On the other hand, note that the later condition does not imply the
condition on RIP of Theorem 3.6(ii).

Remark 3.17. In the (AR) case, we can be more precise. The condition in Theorem
3.7(ii) requires that RIP should hold with δ5s < 0.1. This condition is worse than
the assumption of Theorem 3.12. Indeed, by Lemma 3.9 it implies that SRIP(5s,α)

is satisfied with α =
√

1.1
0.9 = 1.105..., which is a more restrictive than the condition

SRIP(2s,
√

2), see Lemma 3.8.

We end by showing another interesting consequence of Theorem 3.12 which is
particularly relevant to sparse recovery problems. Let us focus again on the setting of
problem (CS) in Example 3.2, that is, E = R

n,V = R
m and ϕ(x)= ‖x‖0. The support

of a vector x ∈ R
n is defined to be the set of indices of the nonzero components:

supp(x) = {i ∈ {1,2, . . . ,n} : xi �= 0}.
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Our final result shows stabilization of the support in the sense that the support of xk

is contained in the support of the unique solution of NCF from a certain iteration
of (GP).

Corollary 3.18. Consider the setting of Theorem 3.12 and let E = R
n,V = R

m and
ϕ(x) = ‖x‖0. Let x̄ be the unique solution of NCF. Then there exists k̄ such that for
every k ≥ k̄ the inclusion

supp(xk)⊆ supp(x̄)

holds true.

Proof. For every set S ⊆ {1,2, . . . ,n}, let us define:

f ∗S = min

{
1
2
‖Ax−b‖2 : xi = 0, i /∈ S

}
. (3.13)

If |S| ≤ s and supp(x̄) � S then f ∗S > 0 since otherwise, if f ∗S = 0, it would mean
by the uniqueness of x̄ that the optimal solution of (3.13) is x̄ in contradiction to
supp(x̄) � S. Let us now define the number

g = min
S

{
f ∗S : |S| ≤ s,S ⊆ {1,2, . . . ,n},supp(x̄) � S

}
, (3.14)

which is positive. Now, since f (xk)→ 0, it follows that there exists k̄ such that

f (xk) < g (3.15)

for all k ≥ k̄. Let k ≥ k̄ and let us assume in contradiction that supp(xk) � supp(x̄).
Then

f (xk)≥ f ∗supp(xk)
≥ g,

where the last inequality follows from the definition of g, which is a contradiction
to (3.15). �

Appendix

We briefly summarize some of the first results providing sufficient conditions war-
ranting recovery of sparse vectors for the compressed sensing l0-minimization
problem via the convex l1-norm problem (ConvCS). These were obtained via the
concept of mutual coherence of a matrix, see [6] for more details and references.

Definition 3.19. [11] Let A = [a1, . . . ,an] ∈R
m×n with m≤ n and with normalized

columns ‖ai‖= 1 for all i = 1, . . . ,n. Then, the mutual coherence M(A) of the matrix
A is defined by

M(A) := max
i�= j
|〈ai,a j〉|= max

i�= j
|(AT A)i j|.
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Clearly, 0≤M(A) ≤ 1. Furthermore, it has been shown that

M(A) ≥
√

n−m
m(n−1)

.

Note that the mutual coherence of a matrix is generally easy to compute even for
large matrices.

Using the mutual coherence of a matrix given in Definition 3.19, the follow-
ing sufficient condition relating (CS) to its convex relaxation (ConvCS) was proven
in [15].

Theorem 3.20. [15] Consider problem (CS) with A (x)≡ Ax. If a solution x ∈ R
n

of problem (CS) satisfies

‖x‖0 <
1
2

(
1 +

1
M(A)

)
,

then it is unique and coincides with the optimal solution of the convex problem
(ConvCS).

We note that for a special class of matrices which are the concatenation of two
orthogonal square matrices U,V , i.e., with A := [U,V], the above result has been
improved in [16] by requiring the weaker condition:

‖x‖0 <

(√
2− 1

2

)

M(A)
.

Further results in the same spirit have been derived for the noisy compressed sens-
ing, see e.g., [8].

Finally, we note that the mutual coherence of a matrix M(A) given in Definition
3.19 is closely related to RIP as shown in the following result.

Lemma 3.21. Let A = [a1, . . . ,an]∈R
m×n with m≤ n and with normalized columns

‖ai‖= 1 for all i = 1, . . . ,n. Then, with δs ≤ (s−1)M(A), the matrix A with mutual
coherence M(A) satisfies RIP(s,δs).

Proof. This follows immediately from the definition of RIP and using the
Gershgorin circles theorem (see e.g., [19]. �
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