Chapter 10
Proximal Splitting Methods in Signal Processing

Patrick L. Combettes and Jean-Christophe Pesquet

Abstract The proximity operator of a convex function is a natural extension of the
notion of a projection operator onto a convex set. This tool, which plays a central
role in the analysis and the numerical solution of convex optimization problems, has
recently been introduced in the arena of inverse problems and, especially, in signal
processing, where it has become increasingly important. In this paper, we review the
basic properties of proximity operators which are relevant to signal processing and
present optimization methods based on these operators. These proximal splitting
methods are shown to capture and extend several well-known algorithms in a unify-
ing framework. Applications of proximal methods in signal recovery and synthesis
are discussed.

Keywords Alternating-direction method of multipliers - Backward—backward
algorithm - Convex optimization - Denoising - Douglas—Rachford algorithm
- Forward-backward algorithm - Frame - Landweber method - Iterative thresholding
- Parallel computing - Peaceman—Rachford algorithm - Proximal algorithm
- Restoration and reconstruction - Sparsity - Splitting

AMS 2010 Subject Classification: 90C25, 65K05, 90C90, 94A08

10.1 Introduction

Early signal processing methods were essentially linear, as they were based on
classical functional analysis and linear algebra. With the development of nonlinear
analysis in mathematics in the late 1950s and early 1960s (see the bibliographies of
[6, 142]) and the availability of faster computers, nonlinear techniques have slowly
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become prevalent. In particular, convex optimization has been shown to provide
efficient algorithms for computing reliable solutions in a broadening spectrum of
applications.

Many signal processing problems can in fine be formulated as convex optimiza-
tion problems of the form

minimize fj(x)+ -+ fin(x), (10.1)
xRN
where fi,...,f, are convex functions from RV to ]—oo,+e0]. A major difficulty

that arises in solving this problem stems from the fact that, typically, some of the
functions are not differentiable, which rules out conventional smooth optimization
techniques. In this paper, we describe a class of efficient convex optimization al-
gorithms to solve (10.1). These methods proceed by splitting in that the functions
fi, ..., fm are used individually so as to yield an easily implementable algorithm.
They are called proximal because each nonsmooth function in (10.1) is involved via
its proximity operator. Although proximal methods, which can be traced back to
the work of Martinet [98], have been introduced in signal processing only recently
[46,55], their use is spreading rapidly.

Our main objective is to familiarize the reader with proximity operators, their
main properties, and a variety of proximal algorithms for solving signal and im-
age processing problems. The power and flexibility of proximal methods will be
emphasized. In particular, it will be shown that a number of apparently unrelated,
well-known algorithms (e.g., iterative thresholding, projected Landweber, projected
gradient, alternating projections, alternating-direction method of multipliers, alter-
nating split Bregman) are special instances of proximal algorithms. In this respect,
the proximal formalism provides a unifying framework for analyzing and devel-
oping a broad class of convex optimization algorithms. Although many of the
subsequent results are extendible to infinite-dimensional spaces, we restrict our-
selves to a finite-dimensional setting to avoid technical digressions.

The paper is organized as follows. Proximity operators are introduced in
Sect. 10.2, where we also discuss their main properties and provide examples. In
Sects. 10.3 and 10.4, we describe the main proximal splitting algorithms, namely the
forward-backward algorithm and the Douglas—Rachford algorithm. In Sect. 10.5,
we present a proximal extension of Dykstra’s projection method which is tailored
to problems featuring strongly convex objectives. Composite problems involving
linear transformations of the variables are addressed in Sect. 10.6. The algorithms
discussed so far are designed for m = 2 functions. In Sect. 10.7, we discuss parallel
variants of these algorithms for problems involving m > 2 functions. Concluding
remarks are given in Sect. 10.8.

10.1.1 Notation

We denote by R the usual N-dimensional Euclidean space, by || -|| its norm, and by
I the identity matrix. Standard definitions and notation from convex analysis will be
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used [13,87,114]. The domain of a function f: RY — ]—oco, 4-0] is dom f = {x €
RN | f(x) < +oo}. IH(RN) is the class of lower semicontinuous convex functions
from RV to |—oo, 4-o0] such that dom f # @. Let f € Iy(R"). The conjugate of f is
the function f* € IH(RY) defined by

5 RN — | —oo, 4oo] t u— sup x'u— f(x), (10.2)

XERN

and the subdifferential of f is the set-valued operator
of RN = 2B v fu e RV [(Wy e RY) (y—x) 'u+f(x) < f(y)}.  (10.3)

Let C be a nonempty subset of RV, The indicator function of C is

e
R (10.4)
+oo, if x¢C,

the support function of C is

oc=1: RN — |—oo, foo] : sgléuTx, (10.5)
X

the distance from x € R" to C is d¢(x) = infyec|[x — ||, and the relative interior of
C (i.e., interior of C relative to its affine hull) is the nonempty set denoted by riC. If
C is closed and convex, the projection of x € RY onto C is the unique point Pcx € C
such that d¢(x) = ||x — Pex||.

10.2 From Projection to Proximity Operators

One of the first widely used convex optimization splitting algorithms in signal
processing is projection onto convex sets (POCS) [31, 42, 141]. This algorithm is
employed to recover/synthesize a signal satisfying simultaneously several convex
constraints. Such a problem can be formalized within the framework of (10.1) by
letting each function f; be the indicator function of a nonempty closed convex set C;
modeling a constraint. This reduces (10.1) to the classical convex feasibility problem
[31,42,44,86,93,121,122,128,141]

m
find x € () C:. (10.6)
i=1

The POCS algorithm [25, 141] activates each set C; individually by means of its
projection operator Fc,. It is governed by the updating rule

Xn+1 = PC1 o 'Pcmx,,. (107)
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When (2, C; # @ the sequence (x,),en thus produced converges to a solution to
(10.6) [25]. Projection algorithms have been enriched with many extensions of this
basic iteration to solve (10.6) [10,43,45,90]. Variants have also been proposed to
solve more general problems, e.g., that of finding the projection of a signal onto an
intersection of convex sets [22,47,137]. Beyond such problems, however, projection
methods are not appropriate and more general operators are required to tackle (10.1).
Among the various generalizations of the notion of a convex projection operator that
exist [10, 11,44,90], proximity operators are best suited for our purposes.

The projection Pcx of x € RY onto the nonempty closed convex set C C RV is the
solution to the problem

1
minimize 1¢c(y) + = ||x — y[|*. (10.8)
yERN 2

Under the above hypotheses, the function 1 belongs to Ig(RY). In 1962, Moreau
[101] proposed the following extension of the notion of a projection operator,
whereby the function i in (10.8) is replaced by an arbitrary function f € Iy (RY).

Definition 10.1 (Proximity operator). Let f € I5(RY). For every x € RV, the
minimization problem

1
minimize f(y)+ = |Jx— y||> (10.9)
yERN 2

admits a unique solution, which is denoted by prox,x. The operator prox;:
RN — R thus defined is the proximity operator of f.

Let f € Iy(RY). The proximity operator of f is characterized by the inclusion
(V(x,p) € RY x RY) p=prox,x <« x—pedf(p), (10.10)
which reduces to
(V(x,p) € RN x RY) p=prox;x << x—p=Vf(p) (10.11)

if f is differentiable. Proximity operators have very attractive properties that make
them particularly well suited for iterative minimization algorithms. For instance,
prox; is firmly nonexpansive, i.e.,

(vx € BY)(vy € RY) [[proxx — proxy|[* + || (x — proxx)  (y — prox,y)|

< Jlx—ylI?, (10.12)

and its fixed point set is precisely the set of minimizers of f. Such properties allow us
to envision the possibility of developing algorithms based on the proximity operators
(prox,)1<i<m to solve (10.1), mimicking to some extent the way convex feasibility
algorithms employ the projection operators (P, )1 <j<m to solve (10.6). As shown in
Table 10.1, proximity operators enjoy many additional properties. One will find in
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Table 10.1 Properties of proximity operators [27, 37, 53-55, 102]: @ € Iy(RY); € C RV is
nonempty, closed, and convex; x € RY

Property f(x) Prox ;X
i Translation P(x—z),zeRY 2+ prox, (x—z)
ii  Scaling o(x/p), p e R\ {0} PProx,; 2 (x/p)
iii Reflection o(—x) —prox, (—x)
iv. Quadratic ) +alxl?/24+u'x+y  proxg g ((x—u)/(e+1))
Perturbation ucRN o >0, YeR
v Conjugation 0*(x) X — Prox,x
vi Squared distance %dé (x) %(x + Pex)
vii Moreau envelope o(x) = inf o)+ 3x—y* F(x+ prox,,x)
yeR
viii Moreau complement %H AP - o(x) X —Prox (x/2)
ix Decomposition SN o(xT ) Soal 1 prox g, (x " be)by
in an orthonormal
. elhH(R
basis (be)1<k<n O € To(R)
X  Semi-orthogonal o(Lx) x+ Vv~ ILT (prox,,, (Lx) — Lx)
linear transform L€ RM*N [T =vI v>0
xi Quadratic function  7||Lx—y|?/2 (I+yLTL)y Y (x+9LTy)
LeRMN y>0,yecRY
xii Indicator function 0 if xeC Fex
lo(x) = .
+oo  otherwise
xiii Distance function ydc(x), y>0 X+ Y(Pex — x) Jde (x)
if de(x) >y

Pex otherwise

xiv Function of distance ¢ (dc(x)) proxdc(x)
. . +| - ———— | (Pex—x)
¢ € Ip(R) even, differentiable dc(x)
at 0 with q)’(O) =0 if X%C
X otherwise
xv  Support function oc(x) x—FPex
xvi Thresholding oc(x) +o(|lx]) prox,dc(x)
———(x—Pcx)
¢ € Ip(R) even de(x)
and not constant if dc(x) > max Argmin ¢

x — Pcx otherwise

Table 10.2 closed-form expressions of the proximity operators of various functions
in IH(R) (in the case of functions such as | - |?, proximity operators implicitly appear
in several places, e.g., [3,4,35]).
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Table 10.2 Proximity operator of ¢ € [H(R); 2 € R, k >0,k >0, x>0, >0,0 <@, g > 1,

7>01[37,53,55]

¢ (x) prox,x
L e (¥) Poax
wx if x<0 x—w ifx<o
i Oy =40 ifx=0 soft(p,5)(x) = { 0 if x € [0, @]
ox otherwise x—o ifx>w
i Y(x)+ 0pp g (x) proxw(soft[wm (x))
y € Ip(R) differentiable at 0 -
v'(0)=0
v max{]x| — 0,0} x if x| < @
sign(x)® ifo<|x| <20
sign(x)(|x| — @) if |x| > 2w
v Kl sign(x)p,
where p > 0and p+qxp?~! = |x|
. Kx? if x| <w/V2k x/(2k+1) if x| <w@2Kk+1)/v2K
vi
®V2K|x| — w*/2 otherwise x—ov2xksign(x) otherwise

vii x|+ 7[x[> + K|x|?

viii - @|x| —In(1+ o|x|)

. ox ifx>0
ix )
4o otherwise
—wx/4 if x>0
X
o0 otherwise

. wx 4 if x>0
Xi )
o0 otherwise

{
{
{
|
|

if x>0
xii 0 if x=0
oo otherwise
—In(x— @)+ In(—w) if x€]w,0]
Xiii {—In(@—x)+In(®) if x€]0,0]
o0 otherwise

max{|x| — »,0}

sign(x)prox |.ja /(271 et

2w)"! sign(x)(wpc\ —w?—1

/ol 021+ 40)x)
XxX—
0

p'/,

if x> o
otherwise

21 1

where p > 0 and p —xpi ' =¢"'o

p>0
such that p9t? — xp?t! = g

w(e ),
where W is the Lambert W-function

Hrtory-oP+d) ifx<i/o
Yook re) itx>1/m

0 otherwise
(see Fig. 10.2)

(continued)
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Table 10.2 (continued)

o (x) Prox,x
) xl o /2+ox if x>0 -
Xiv n(x)+tx/2+ox if x (x—a+\/|x70¢\2+41<(1+1))
too otherwise 2(1+71)
W —Kln(x)+ox+ox ! if x>0 p>0
+oo otherwise such that p3 + (Ot — x)p2 —Kp=0
i [ K@ e if x>0 250
oo otherwise such that gop? + p*> —xp =«
—kIn(x— @) — KIn(® —x) pelo,al
xvii if x €], o such that p> — (@ + @+ x)p*+
oo otherwise (QE —-Kk—kK+(0+ E)x) P = 00X — OK — OK

From a signal processing perspective, proximity operators have a very natural
interpretation in terms of denoising. Let us consider the standard denoising problem
of recovering a signal X € RY from an observation

y=X+w, (10.13)

where w € RY models noise. This problem can be formulated as (10.9), where
|- —y||>/2 plays the role of a data fidelity term and where f models a priori knowl-
edge about X. Such a formulation derives in particular from a Bayesian approach
to denoising [21, 124, 126] in the presence of Gaussian noise and of a prior with a
log-concave density exp(—f).

10.3 Forward-Backward Splitting

In this section, we consider the case of m = 2 functions in (10.1), one of which is
smooth.

Problem 10.2. Let f; € I3(RY), let f»: RY — R be convex and differentiable with
a B-Lipschitz continuous gradient V>, i.e.,

(V(x,y) eRYxRY) |VA(x) = VAW < Bllx—yl, (10.14)

where f8 € ]0,+oo[. Suppose that fi(x) + f2(x) — oo as ||x|| — +oo. The problem
isto
minimize fi(x)+ f2(x). (10.15)

XERN

It can be shown [55] that Problem 10.2 admits at least one solution and that, for
any y € ]0,4-oo|, its solutions are characterized by the fixed point equation

X = prox,, (x—yV2(x)). (10.16)
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This equation suggests the possibility of iterating

Xnp1 = Proxy, q (Xn = %Valw)) (10.17)
—_— T/
backward step forward step

for values of the step-size parameter 7, in a suitable bounded interval. This type of
scheme is known as a forward—backward splitting algorithm for, using the termi-
nology used in discretization schemes in numerical analysis [132], it can be broken
up into a forward (explicit) gradient step using the function f, and a backward (im-
plicit) step using the function f;. The forward—backward algorithm finds its roots in
the projected gradient method [94] and in decomposition methods for solving vari-
ational inequalities [99, 119]. More recent forms of the algorithm and refinements
can be found in [23,40,48, 85, 130]. Let us note that, on the one hand, when f; =0,
(10.17) reduces to the gradient method

Xn+1 :xn_'}/nvf2(xn> (10.18)

for minimizing a function with a Lipschitz continuous gradient [19,61]. On the other
hand, when f, = 0, (10.17) reduces to the proximal point algorithm

Xp1 = PIOXy, ¢ Xn (10.19)

for minimizing a nondifferentiable function [26, 48, 91, 98, 115]. The forward—
backward algorithm can therefore be considered as a combination of these two basic
schemes. The following version incorporates relaxation parameters (A,),en-

Algorithm 10.3 (Forward-backward algorithm).
Fix € €]0,min{1,1/B}[,xo € RY
Forn=0,1,...
T € [E,Z/ﬂ - 8]
Yn = Xn— YV f2(%xn)
Ay € [€,1]
Xpe1l =Xn+ ?L,,(prox%f1 Yn —Xn)- (10.20)

Proposition 10.4. [55] Every sequence (x,)nen generated by Algorithm 10.3 con-
verges to a solution to Problem 10.2.

The above forward—backward algorithm features varying step-sizes (¥, )nen but
its relaxation parameters (A, ),cn cannot exceed 1. The following variant uses con-
stant step-sizes and larger relaxation parameters.

Algorithm 10.5 (Constant-step forward—backward algorithm).
Fix € €]0,3/4] and xo € R
Forn=0,1,...
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Yn=Xn— BV fo(xn)
A € [€,3/2—¢€]
X1 :x,,—i—?t,,(proxﬂflflyn—x,,). (10.21)

Proposition 10.6. [13] Every sequence (x,)nen generated by Algorithm 10.5 con-
verges to a solution to Problem 10.2.

Although they may have limited impact on actual numerical performance, it may
be of interest to know whether linear convergence rates are available for the forward-
backward algorithm. In general, the answer is negative: even in the simple setting
of Example 10.12 below, linear convergence of the iterates (x,),cn generated by
Algorithm 10.3 fails [9, 139]. Nonetheless, it can be achieved at the expense of
additional assumptions on the problem [10, 24,40,61,92,99, 100, 115, 119, 144].

Another type of convergence rate is that pertaining to the objective values
(f1(xn) + f2(xu))nen. This rate has been investigated in several places [15, 24, 83]
and variants of Algorithm 10.3 have been developed to improve it [15, 16, 84, 104,
105,131,136] in the spirit of classical work by Nesterov [106]. It is important to note
that the convergence of the sequence of iterates (x,),cn, Which is often crucial in
practice, is no longer guaranteed in general in such variants. The proximal gradient
method proposed in [15, 16] assumes the following form.

Algorithm 10.7 (Beck-Teboulle proximal gradient algorithm).
Fix xo € RV, set zg = xp and 1y = 1
Forn=0,1,...

Yo =20 =B 'Vfar(2n)
Xnt1 = PrOXg-1,Vn

14+ /412 +1
2

It =
ty—1
Ap=1+=
Iyl
| Zn+1 = Xn +)~n(xn+1 _xn)- (10.22)

While little is known about the actual convergence of sequences produced by
Algorithm 10.7, the O(1/n?) rate of convergence of the objective function they
achieve is optimal [ 103], although the practical impact of such property is not always
manifest in concrete problems (see Fig. 10.1 for a comparison with the Forward—
Backward algorithm).

Proposition 10.8. [15] Assume that, for everyy € dom f, df1(y) # @, and let x be a
solution to Problem 10.2. Then every sequence (x,),cn generated by Algorithm 10.7
satisfies

2B lxo —x]>

Ty (10.23)

(Vn e NNA0})  fi(xn) + f2(xn) < f1(x) + falx) +
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Z0=Xp .‘

Fig. 10.1 Forward-backward vs. Beck—Teboulle: As in Example 10.12, let C and D be two closed
convex sets and consider the problem (10.30) of finding a point x.. in C at minimum distance from
D. Let us set fi = 1¢c and f> = dlz) /2. Top: The forward-backward algorithm with , = 1.9 and
An = 1. As seen in Example 10.12, it reduces to the alternating projection method (10.31). Bottom:
The Beck—Teboulle algorithm

Other variations of the forward—backward algorithm have also been reported to
yield improved convergence profiles [20,70,97, 134, 135].

Problem 10.2 and Proposition 10.4 cover a wide variety of signal processing
problems and solution methods [55]. For the sake of illustration, let us provide a
few examples. For notational convenience, we set A, = 1 in Algorithm 10.3, which
reduces the updating rule to (10.17).

Example 10.9 (Projected gradient). In Problem 10.2, suppose that f; = 1¢, where
C is a closed convex subset of RV such that {x € C| f>(x) < 1} is nonempty and
bounded for some 11 € R. Then we obtain the constrained minimization problem

minimize f(x). (10.24)
xeC

Since prox,, = Pc (see Table 10.1xii), the forward-backward iteration reduces to
the projected gradient method

Xn+1 = PC(xn - YanZ(xn))a e<hm<2/B-e. (10.25)
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/o

o

Fig. 10.2 Proximity operator of the function
—In(§ —w)+In(-@) if § €],0]
0:R— |—oo,too]: E= ¢ —In(@— &) +In(@)  if & €]0,0]

+oo otherwise.

The proximity operator thresholds over the interval [1/®, 1/®], and saturates at —eo and +ec with
asymptotes at @ and @, respectively (see Table 10.2xiii and [53])

This algorithm has been used in numerous signal processing problems, in particular
in total variation denoising [34], in image deblurring [18], in pulse shape design
[50], and in compressed sensing [73].

Example 10.10 (Projected Landweber). In Example 10.9, setting f>: x +— ||Lx —
y||?/2, where L € RM*N < {0} and y € R, yields the constrained least-squares
problem

1
minimize —|Lx—y|% (10.26)
xeC 2
Since Vfy: x +— LT (Lx —y) has Lipschitz constant B = ||L||?, (10.25) yields the
projected Landweber method [68]
Xn+1 = PC(xn + ')/nLT(y - an))a E<H < 2/||L||2 —¢& (10.27)

This method has been used in particular in computer vision [89] and in signal
restoration [129].
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Example 10.11 (Backward-backward algorithm). Consider f,g € I5(R") and the
problem

minimize f(x)+ g(x), (10.28)

x€RN

where g is the Moreau envelope of g (see Table 10.1vii), and suppose that f(x) +
8(x) — oo as ||x|| — 4oo. This is a special case of Problem 10.2 with f| = f
and f, = g. Since Vfa: x > x — prox,x has Lipschitz constant = 1 [55, 102],
Proposition 10.4 with 7, = 1 asserts that the sequence (x,),cn generated by the
backward-backward algorithm

Xpil = proxf(proxgx,,) (10.29)

converges to a solution to (10.28). Detailed analyses of this scheme can be found in
[1,14,48,108].

Example 10.12 (Alternating projections). In Example 10.11, let f and g be respec-
tively the indicator functions of nonempty closed convex sets C and D, one of which
is bounded. Then (10.28) amounts to finding a signal x in C at closest distance
from D, i.e.,
1
minimize ~d3(x). (10.30)
xeC 2
Moreover, since prox, = Fc and prox, = Pp, (10.29) yields the alternating projec-
tion method

Xnt1 = Pc(Ppxy), (10.31)

which was first analyzed in this context in [41]. Signal processing applications can
be found in the areas of spectral estimation [80], pulse shape design [107], wavelet
construction [109], and signal synthesis [140].

Example 10.13 (Iterative thresholding). Let (by)|<x<y be an orthonormal basis of
R, let (@y)1<k<n be strictly positive real numbers, let L € RM*N < {0}, and let
y € RM. Consider the ¢'-¢? problem

N
1
minimize > oglx’ by|+ Sl =y (10.32)
k=1

XERN

This type of formulation arises in signal recovery problems in which y is the ob-
served signal and the original signal is known to have a sparse representation in the
basis (bg)1<k<n, €.8., [17,20,56,58,72,73, 125, 127]. We observe that (10.32) is a
special case of (10.15) with

{fl P DD ey Oklx T By (10.33)

frrx— L —yl?/2.



10  Proximal Splitting Methods in Signal Processing 197

Since proxy s @ X 31 <<y SOfty yay) (x"by) by (see Tables 10.1viii and 10.2ii),
it follows from Proposition 10.4 that the sequence (x,),cn generated by the iferative
thresholding algorithm

N

Xn+1 = E ék,nbka where
k=1

-
{5k,n = 50Tty o) (¥n + TL " (v = L)) i (10.34)

e <% <2/|LIP-e,
converges to a solution to (10.32).

Additional applications of the forward—backward algorithm in signal and image
processing can be found in [28-30,32,36,37,53,55,57,74].

10.4 Douglas—Rachford Splitting

The forward-backward algorithm of Sect. 10.3 requires that one of the functions be
differentiable, with a Lipschitz continuous gradient. In this section, we relax this
assumption.

Problem 10.14. Let f; and f, be functions in H)(RN ) such that
(ridom f;) N (ridom f>) # @ (10.35)
and f (x) + f2(x) — oo as ||x|| — 4eo. The problem is to

mini]glize f(xX)+ fax). (10.36)
x€RN

What is nowadays referred to as the Douglas—Rachford algorithm goes back to
a method originally proposed in [60] for solving matrix equations of the form u =
Ax+ Bx, where A and B are positive-definite matrices (see also [132]). The method
was transformed in [95] to handle nonlinear problems and further improved in [96]
to address monotone inclusion problems. For further developments, see [48,49,66].

Problem 10.14 admits at least one solution and, for any y € ]0,+-oo|, its solutions
are characterized by the two-level condition [52]

{x — PO (10.37)
Prox, s,y = prox,, (2prox,, y —y),

which motivates the following scheme.
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Algorithm 10.15 (Douglas—Rachford algorithm).
Fix £ €]0,1[, 7> 0,y9 € RN
Forn=0,1,...
Xp = PrOXy s, Vn
Ay € [€,2 — €]
Yn+1 =yn+ln(Pr0nyl (2)6,, _)’n) _xn)- (10.38)

Proposition 10.16. [52] Every sequence (x,)nen generated by Algorithm 10.15
converges to a solution to Problem 10.14.

Just like the forward—backward algorithm, the Douglas—Rachford algorithm op-
erates by splitting since it employs the functions f| and f, separately. It can be
viewed as more general in scope than the forward—backward algorithm in that it
does not require that any of the functions have a Lipschitz continuous gradient.
However, this observation must be weighed against the fact that it may be more
demanding numerically as it requires the implementation of two proximal steps at
each iteration, whereas only one is needed in the forward—backward algorithm. In
some problems, both may be easily implementable (see Fig. 10.3 for an example)
and it is not clear a priori which algorithm may be more efficient.

Fig. 10.3 Forward-backward vs. Douglas—Rachford: As in Example 10.12, let C and D be two
closed convex sets and consider the problem (10.30) of finding a point x., in C at minimum distance
from D. Let us set fj = 1¢ and f, = dlz) /2. Top: The forward—backward algorithm with %, = 1 and
An = 1. As seen in Example 10.12, it assumes the form of the alternating projection method (10.31).
Bottom: The Douglas—Rachford algorithm with y=1 and A, = 1. Table 10.1xii yields prox n=Fc
and Table 10.1vi yields prox ;, : x + (x+ Ppx)/2. Therefore, the updating rule in Algorithm 10.15
reduces t0 x, = (y, + Ppyn)/2 and y, 1 = Pc(2xy — yu) +Yn — Xn = Pc(Poyn) +Yn — Xu
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Applications of the Douglas—Rachford algorithm to signal and image processing
can be found in [38,52,62,63,117,118,123].

The limiting case of the Douglas—Rachford algorithm in which A, = 2 is the
Peaceman—Rachford algorithm [48, 66, 96]. Its convergence requires additional as-
sumptions (for instance, that f, be strictly convex and real-valued) [49].

10.5 Dykstra-Like Splitting

In this section we consider problems involving a quadratic term penalizing the de-
viation from a reference signal r.

Problem 10.17. Let f and g be functions in Iy (RY) such that dom f Ndomg # @,
and let r € RV, The problem is to

1
minimize f(x)+ g(x)+ EHx— r||%. (10.39)

XERN

It follows at once from (10.9) that Problem 10.17 admits a unique solution,
namely x = prox,,r. Unfortunately, the proximity operator of the sum of two
functions is usually intractable. To compute it iteratively, we can observe that
(10.39) can be viewed as an instance of (10.36) in Problem 10.14 with f; = f and
f> =g+ |- —r||*/2. However, in this Douglas—Rachford framework, the additional
qualification condition (10.35) needs to be imposed. In the present setting we require
only the minimal feasibility condition dom f Ndomg # &.

Algorithm 10.18 (Dykstra-like proximal algorithm).
Setxo=r,po=0,90=0
Forn=0,1,...
Yn = Prox, (Xn + Pn)
Pn+1 =Xn+ Pn—Yn
Xn+1 :proxf(yn+CIn> (10.40)
Gn+1 =Yn+Gn—Xn41.

Proposition 10.19. [12] Every sequence (xp)nen generated by Algorithm 10.18
converges to the solution to Problem 10.17.

Example 10.20 (Best approximation). Let f and g be the indicator functions of
closed convex sets C and D, respectively, in Problem 10.17. Then the problem is
to find the best approximation to » from C N D, i.e., the projection of r onto CN D.
In this case, since prox; = Pc and prox, = Pp, the above algorithm reduces to Dyk-
stra’s projection method [22, 64].

Example 10.21 (Denoising). Consider the problem of recovering a signal X from
a noisy observation r = X + w, where w models noise. If f and g are functions in
IH(RN) promoting certain properties of X, adopting a least-squares data fitting ob-
jective leads to the variational denoising problem (10.39).
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10.6 Composite Problems

We focus on variational problems with m = 2 functions involving explicitly a linear
transformation.

Problem 10.22. Let f € IH(RY), let g € IH(RM), and let L € RN < {0} be such
that domg N L(dom f) # & and f(x) + g(Lx) — oo as ||x|| — +eo. The problem
is to

minimize f(x)+ g(Lx). (10.41)

xERN

Our assumptions guarantee that Problem 10.22 possesses at least one solution.
To find such a solution, several scenarios can be contemplated.

10.6.1 Forward-Backward Splitting

Suppose that in Problem 10.22 g is differentiable with a 7-Lipschitz continuous
gradient (see (10.14)). Now set f; = f and f> = go L. Then f; is differentiable and
its gradient

Vf, =L oVgoL (10.42)

is B-Lipschitz continuous, with B = 7||L||>. Hence, we can apply the forward—

backward splitting method, as implemented in Algorithm 10.3. As seen in (10.20),
it operates with the updating rule

% € [€,2/(T]|IL]|*) — €]

Yn = Xn— )/,,LTVg(an)

A € [€,1]

Xpi1 =Xn+ ln(proxynfyn —Xp)- (10.43)

Convergence is guaranteed by Proposition 10.4.

10.6.2 Douglas—Rachford Splitting

Suppose that in Problem 10.22 the matrix L satisfies
LL" =vI, where v & ]0,+o0[ (10.44)

and (ridomg) NriL(domf) # @. Let us set fi = f and f, = go L. As seen in
Table 10.1x, prox;, has a closed-form expression in terms of prox, and we can
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therefore apply the Douglas—Rachford splitting method (Algorithm 10.15). In this
scenario, the updating rule reads

Xn = Yn+ VLT (prox,ye (Lys) — Lyn)
A € [€,2— €]
Yni1 = Yn+ An (Prox, (25, — yu) —Xn). (10.45)

Convergence is guaranteed by Proposition 10.16.

10.6.3 Dual Forward-Backward Splitting

Suppose that in Problem 10.22 f = h+ || - —r||>/2, where h € I5(RY) and r € RV,
Then (10.41) becomes

1
minimize h(x)+g(u)+§|\x—r|\2, (10.46)

XERN

which models various signal recovery problems, e.g., [33,34, 51,59, 112, 138]. If
(10.44) holds, prox,, is decomposable, and (10.46) can be solved with the Dykstra-
like method of Sect. 10.5, where f = h+||- —r||?/2 (see Table 10.1iv) and f» = goL
(see Table 10.1x). Otherwise, we can exploit the nice properties of the Fenchel—
Moreau—Rockafellar dual of (10.46), solve this dual problem by forward—backward
splitting, and recover the unique solution to (10.46) [51].

Algorithm 10.23 (Dual forward-backward algorithm).
Fix € € |0,min{1,1/||L||*}[, up € RM
Forn=0,1,...
Xy = prox,, (r — L uy)
W € [€.2/|ILI* €]
Ay € [g,1]
U1 = tn+ A (PTOX, o+ (1t + YaLxn) — tty) (10.47)
Proposition 10.24. [51] Assume that (ridomg) NriL(domh) # &. Then every

sequence (x,),en generated by the dual forward—backward Algorithm 10.23 con-
verges to the solution to (10.46).

10.6.4 Alternating-Direction Method of Multipliers

Augmented Lagrangian techniques are classical approaches for solving Prob-
lem 10.22 [77,79] (see also [75, 78]). First, observe that (10.41) is equivalent to

minimize f(x)+g(y). (10.48)
xeRN yeRM
Lx=y
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The augmented Lagrangian of index y € |0, +eo[ associated with (10.48) is the sad-
dle function

Ly RV X RM x RM — ] —o0, o]

1 1
(x,3,2) = f(x) +80) + ;,ZT(Lx—y) + Z,I\Lx—yllz- (10.49)

The alternating-direction method of multipliers consists in minimizing %} over x,
then over y, and then applying a proximal maximization step with respect to the
Lagrange multiplier z. Now suppose that

L"L is invertible and (ridomg) NriL(dom f) # &. (10.50)

By analogy with (10.9), if we denote by prox? the operator which maps a point

y € RM to the unique minimizer of x — f(x) + || Lx — y||?> /2, we obtain the following
implementation.

Algorithm 10.25 (Alternating-direction method of multipliers (ADMM)).
Fix y >0, yo ERM 70 cRM
Forn=0,1,...
Xp = proxJL,f (Yn — 7n)
sy = Lx,
Ynt+1 = prox'yg (Sn + Zn)
Zn+1 =Zn+Sn — Yn+1- (10.51)

The convergence of the sequence (x,),en thus produced under assumption
(10.50) has been investigated in several places, e.g., [75,77,78]. It was first ob-
served in [76] that the ADMM algorithm can be derived from an application of the
Douglas-Rachford algorithm to the dual of (10.41). This analysis was pursued in
[66], where the convergence of (x,),cn to a solution to (10.41) is shown. Variants
of the method relaxing the requirements on L in (10.50) have been proposed [5,39].

In image processing, ADMM was applied in [81] to an ¢; regularization prob-
lem under the name “alternating split Bregman algorithm.” Further applications and
connections are found in [2,69, 117, 143].

10.7 Problems with m> 2 Functions

We return to the general minimization problem (10.1).

Problem 10.26. Let fi,...,f,, be functions in I5(R") such that

(ridomf;)N---N(ridomf,) # @ (10.52)
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and fi(x) 4+ fin(x) — +eoas ||x|| — +oo. The problem is to

minimize fj(x)+ -+ fin(x). (10.53)
x€RN

Since the methods described so far are designed for m = 2 functions, we can
attempt to reformulate (10.53) as a 2-function problem in the m-fold product space

H =RV x...xRN (10.54)
(such techniques were introduced in [110, 111] and have been used in the context of

convex feasibility problems in [10,43,45]). To this end, observe that (10.53) can be
rewritten in .77 as

minimize £ (x1) + -+ fin (m). (10.55)
(X7 yeveyXim ) EH
X =""=Xm
If we denote by x = (x1,...,X,) a generic element in 57, (10.55) is equivalent to
minimize 1p(x) + f(x), (10.56)
xeH

where

(10.57)
e x'_)fl(xl)"—"'""fm(xm)'

We are thus back to a problem involving two functions in the larger space .77. In
some cases, this observation makes it possible to obtain convergent methods from
the algorithms discussed in the preceding sections. For instance, the following par-
allel algorithm was derived from the Douglas—Rachford algorithm in [54] (see also
[49] for further analysis and connections with Spingarn’s splitting method [120]).

{D—{(x,...,x)€%|x€RN}

Algorithm 10.27 (Parallel proximal algorithm (PPXA)).
Fix € €]0,1[, y> 0, (@) 1<i<m € ]0,1]" such that

er'nzl w; =1, Y10 € RN, s Ym0 € RY

Setxo =Y 111 0Yio

Forn=0,1,...

Fori=1,....m

m

Pn= Zwipi,n
i=1
e<A<2-¢
Fori=1,....m
Lyi,n+1 =Yin+ A (zpn —Xn — pi,n)

L Xnt1 = Xp+ )vn(pn _xn>'
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Proposition 10.28. [54] Every sequence (xp)nen generated by Algorithm 10.27
converges to a solution to Problem 10.26.

Example 10.29 (Image recovery). In many imaging problems, we record an obser-
vation y € RM of an image 7 € RX degraded by a matrix L € R¥*X and corrupted by
noise. In the spirit of a number of recent investigations (see [37] and the references
therein), a tight frame representation of the images under consideration can be used.
This representation is defined through a synthesis matrix F ' € RK*V (with K < N)
such that FTF = vI, for some v € 10, +oo[. Thus, the original image can be written
as 7= F %, where ¥ € RY is a vector of frame coefficients to be estimated. For this
purpose, we consider the problem

1
minirgize §||LFTx—yH2+@(x)—l—tV(FTx), (10.58)
xXe

where C is a closed convex set modeling a constraint on z, the quadratic term is the
standard least-squares data fidelity term, @ is a real-valued convex function on RY
(e.g., a weighted ¢! norm) introducing a regularization on the frame coefficients, and
tv is a discrete total variation function aiming at preserving piecewise smooth areas
and sharp edges [116]. Using appropriate gradient filters in the computation of tv, it
is possible to decompose it as a sum of convex functions (tv;)i<i<4, the proximity
operators of which can be expressed in closed form [54,113]. Thus, (10.58) appears
as a special case of (10.53) withm = g +3, fi = 1c, fo = |LF " - —y||?/2, fs = @,
and f3,;=tv;(F"-)forie {1,...,q}. Since a tight frame is employed, the proximity
operators of f> and (f3+i)1<i<q can be deduced from Table 10.1x. Thus, the PPXA
algorithm is well suited for solving this problem numerically.

A product space strategy can also be adopted to address the following extension
of Problem 10.17.
Problem 10.30. Let fi, ..., f, be functions in Iy(RY) such that dom f; N ---N
dom f,, # @, let (@)1<i<m €]0,1]™ be such that Y- | @; = 1, and let € RV. The
problem is to

m
1 2
minimize w;ifi(x)+ < |[x—r|". 10.59
mimjze 3 o)+ =1 (1059
Algorithm 10.31 (Parallel Dykstra-like proximal algorithm).
Set xg =r, 21,0 = X05 - - +» Zm,0 = X0
Forn=0,1,...
Fori=1,....m

\‘pi,n = ProX(Zin

Xnt+1 = Zf":l W;Pin

Fori=1,....m

| Zint1 = Xnt1 +2Zin — Pin- (10.60)
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Proposition 10.32. [49] Every sequence (xp)nen generated by Algorithm 10.31
converges to the solution to Problem 10.30.

Next, we consider a composite problem.

Problem 10.33. For every i € {1,...,m}, let g; € Io(RM/) and let L; € RM*N,
Assume that

(3geRY) Ligeridomgy,...,Ly,q € ridomg,, (10.61)

that g1 (LX) + -+ + gm(Lmx) — +oo as x| — 4o, and that Q = ", L Li is
invertible. The problem is to

minimize g1 (LX) + -+ gm(Lmx). (10.62)

xERN

Proceeding as in (10.55) and (10.56), (10.62) can be recast as

minimize 1p(x)+g(y), (10.63)
xeﬁfﬁeg
)7:

where

H=RNx... xRN, G =RM x ... x RMn
L: A —9: x— (Lixy,...,Lnxm) (10.64)
89 = J=oodoo iy = g1 (y1) -+ gm(Vm)-
In turn, a solution to (10.62) can be obtained as the limit of the sequence (x,),en
constructed by the following algorithm, which can be derived from the alternating-

direction method of multipliers of Sect. 10.6.4 (alternative parallel offsprings of
ADMM exist, see for instance [65]).

Algorithm 10.34 (Simultaneous-direction method of multipliers (SDMM)).
Fix y >0, V1o € RMI,...,ymVQ ERM’”,ZLO ERMI,...,ZW,,Q € RMn

Forn=0,1,...
=0 Z;n:leT (Vi — 2in)
Fori=1,...,m
Sin = Lixy
Yin+1 = PIOXy,, (Si,n + Zi,n)
Zin+1 = Zin + Sin — Yin+1 (10.65)

This algorithm was derived from a slightly different viewpoint in [118] with a
connection with the work of [71]. In these papers, SDMM is applied to deblurring
in the presence of Poisson noise. The computation of x;,, in (10.65) requires the so-
lution of a positive-definite symmetric system of linear equations. Efficient methods
for solving such systems can be found in [82]. In certain situations, fast Fourier
diagonalization is also an option [2,71].
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In the above algorithms, the proximal vectors, as well as the auxiliary vectors,
can be computed simultaneously at each iteration. This parallel structure is use-
ful when the algorithms are implemented on multicore architectures. A parallel
proximal algorithm is also available to solve multicomponent signal processing
problems [27]. This framework captures in particular problem formulations found
in [7,8,80,88, 133]. Let us add that an alternative splitting framework applicable to
(10.53) was recently proposed in [67].

10.8 Conclusion

We have presented a panel of convex optimization algorithms sharing two main
features. First, they employ proximity operators, a powerful generalization of the
notion of a projection operator. Second, they operate by splitting the objective to
be minimized into simpler functions that are dealt with individually. These methods
are applicable to a wide class of signal and image processing problems ranging from
restoration and reconstruction to synthesis and design. One of the main advantages
of these algorithms is that they can be used to minimize nondifferentiable objec-
tives, such as those commonly encountered in sparse approximation and compressed
sensing, or in hard-constrained problems. Finally, let us note that the variational
problems described in (10.39), (10.46), and (10.59), consist of computing a prox-
imity operator. Therefore, the associated algorithms can be used as a subroutine to
compute approximately proximity operators within a proximal splitting algorithm,
provided the latter is error tolerant (see [48,49,51, 66, 115] for convergence prop-
erties under approximate proximal computations). An application of this principle
can be found in [38].
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