
Chapter 16
Partial Order and Related Disciplines

16.1 Partial Order and Mathematics

It is always hard to try a positioning. Nevertheless, it may help interested readers to
find their way through the jungle of concepts, relations, and equations of this text.

Certainly, partial order has to do with graph theory in discrete mathematics, as its
visualization is a digraph and questions like connectivity or identification of articu-
lation points and of separated subsets are typical of graph theory; see, e.g., Wagner
and Bodendiek (1989) and Patil and Taillie (2004). There is also a connection to
the network domain, as partial order constitutes a directed graph, which is one of
the characteristics of networks. In our applications here, there is always a matrix,
which quantifies the multi-indicator system, the data matrix. With or without the
interim step of deriving the rank matrix, we arrive at a partial order. Once, how-
ever, the poset is derived, it may be analyzed as a mathematical object on its own
right. So the comparative structure is not only inherent in the rank matrix, but other
matrices can be found, which describe the order relation in different ways. Such
matrices together with their arithmetic are realizations of incidence algebra; see
Stanley (1986). So we have one example of relations to algebra. Another relation to
algebra is the algebra of posets, i.e., how to combine them or how to find simpler
graphs whose combination by different well-defined operations leads back to the
original digraph (Neggers and Kim, 1998). The dismantling of an empirical poset
finds its limits as to how far we can find an interpretation of the resulting simpler
digraphs. Recently, an important step was done by partitioning the attribute set,
construction of the posets induced by the indicators’ subsets, and by an appropri-
ate recombination of the posets. This procedure allows us to consider preferences
among the attributes (Rademaker et al., 2008). Another relation to algebra can be
established, when we realize that formal concept analysis is a powerful tool based
on partial order. Concepts, being ordered by inclusion and forming a lattice, can be
related to each other by two algebraic operations. Finally, formal concept analysis
can be analyzed in terms of universal algebra.

The study of linear extensions and their properties, see, e.g., Habib et al. (1988)
and Syslo (1985), is a field of combinatorics in discrete mathematics (see also
Chapter 18), which also is important in applications of partial order analyzed in
this monograph.
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16.2 Partial Order and Statistics

Welzl et al. (2002) have characterized the analysis of a data matrix with concepts of
variance, distance, and order. This monograph is dedicated to partial order analysis
(PoA) concerned with extracting ordinal information from the data matrix, when the
aim of the ranking within a multi-indicator system is known and the indicators are
appropriately oriented (Chapter 3). With statistical data processing of the day, we
are confronted with three major questions:

Table 16.1 Comparison of partial order analysis (PoA), principal component analysis (PCA), and
cluster analysis (CA)

Method Advantage Disadvantage Remark

Partial order
analysis (PoA)

Comparison of objects
is the central topic.
One of the most
important tools of
PoA is to provide a
linear order of the
objects without the
need of a weighting
of the indicators

We miss
significance
tests

An important concept is
the ordinal modeling
(Chapter 6). Its aim is
to extract that
information from the
data matrix which is
relevant for
comparisons.
However, we still miss
theoretical guidance

Principal
component
analysis (PCA)

Insight into the
structure of data
matrix. Visualization
techniques like
biplots. Test
statistics available.
Weights can be
constructed with
which
superindicators
(“pillars”) can be
constructed

No direct access
to order.
Assumes linear
models

Techniques are available
to extend ordination
technique to nonlinear
models

Cluster analysis
(CA)

Powerful access to
group items due to
their similarity. The
items may be objects
or attributes of the
data matrix

Methodological
artifacts, like
the chain effect
in single linkage
methods

Reordering can be
introduced and
visualized as within
any partitioning, there
is freedom to order
the classes of objects
according to the
partial order relations
among them; see
Mucha (2002)



16.3 Partial Order and Fuzzy Concepts 273

1. How do we assess significance of partial order results when there is uncertainty
in the data?

2. What kind of relation between partial order methods and multivariate statistics
tools can be established?

3. How can we find good exploration and visualization techniques beyond Hasse
diagram?

Ad 1: Assessing the significance of partial order results is done by simulations
and can be a good topic for future research in partial order; see in that context
Sørensen et al. (1998, 2000, 2009), Saltelli et al. (2008), Saltelli and Annoni
(2010), and Annoni et al. (2012).

Ad 2: The second question may be answered by checking what the standard
methods of multivariate statistics offer (Table 16.1).

Ad 3: Partially, this question is answered by application of statistical techniques
(Table 16.1); however, the background of this question is “data mining”
which is more closely discussed in Section 16.4.

16.3 Partial Order and Fuzzy Concepts

In Chapter 6, we applied the concept “ordinal modeling” because the order rela-
tions should not be overburdened by small data differences, which nevertheless are
ordinal interpreted. One possibility is to introduce fuzzy concepts into partial order
analysis. There are several possibilities:

(a) Instead of a hierarchical clustering, we may use a fuzzy cluster concept. This at
least avoids the hard decision of whether or not an object belongs to a cluster.
After an appropriate selection of a cluster center, partial order is applied to the
cluster centers as fictitious objects; see Luther et al. (2000).

(b) In the Kosko approach, the crisscrossing of data profiles is replaced by a fuzzy
subsethood. We have described this procedure and shown applications in this
monograph (Chapters 6 and 11). Is the Kosko measure the ideal measure to
obtain a fuzzy subsethood? What can be said about its relation to the mutual
probabilities, derived from linear extensions? Could we find better measures
than the Kosko measure which sums the indicator values? How to find optimal
α-cuts (optimal with respect to what)? The question of α-cuts is discussed by
Annoni et al. (2008). There, however, is still a need for theoretical work.

(c) An interesting alternative is provided by Fattore (2008), who does not use
the Kosko measure but the height of an object in the set of linear extensions
as a fuzzy membership function. This attractive method needs further atten-
tion, especially in its theoretical implications. It does not, however, directly
contribute to “ordinal modeling.”
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16.4 Partial Order and Data Mining

16.4.1 Overview

We come back to some of the aforementioned points: There is a limit at present in
the graphical presentation of partial order. Hasse diagrams are a wonderful visual-
ization tool for working with posets with few elements. Alternatively, one may look
for other visualization techniques, POSAC (Chapter 3), Bertin strategy, RRR, as
well as the elimination of endmembers (EoE), and the use of dominance diagrams
(Chapter 5).

16.4.2 POSAC

The idea is to project the m-dimensional attribute space due to m attributes of the
information base into a two-dimensional plane spanned by two latent order vari-
ables LOV(1) and LOV(2). The projection is done by keeping at maximum the
comparabilities found in the m-dimensional property space. The scatter plot allows
an inspection of the whole object set and is – in principle – not restricted by the
number of objects. The interpretation of the latent variables is sometimes diffi-
cult, and the computational methods lead to approximate solutions. By partial order
dimension analysis, it can be checked as to whether a two-dimensional representa-
tion is intrinsically possible. However, there are still computational problems to be
mastered.

16.4.3 Bertin Strategy

The starting point of Bertin strategy is the multicoordinate approach: The ranks of
objects and the labels of the attributes represent the rows and columns, resp., of the
Bertin matrix. An iterative procedure of row and column permutations is applied
until the matrix gets as far as possible a blocked form (see http://en.wikipedia.org/
wiki/Jacques_Bertin). The homogeneity of the block matrices is checked in order
to maximize the homogeneity within the blocks and to minimize it among the
block matrices. The complexity of this procedure corresponds to that of traveling
sales man problem, hence heuristic approaches (cluster analysis) are to be applied.
According to Welzl et al. (2002) there is, however, still need of statistical tests.

16.4.4 Rank Range Run (RRR) and Elimination
of Endmembers (EoE)

The RRR approach was introduced by Myers et al. (2006). The main steps in rank
range run (RRR) are the following:

http://en.wikipedia.org/wiki/Jacques_Bertin
http://en.wikipedia.org/wiki/Jacques_Bertin
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1. Assign ranks to each of the attributes.
2. Order the objects according to their minimum rank.
3. If there are equal minimum ranks, take the maximum rank as an ordering

property; if the maximal rank is equal, then take the median.
4. Each object is represented by a vertical line according to its minimum and

maximum rank values.
5. Locate the objects along the horizontal axis by following the order of Step 3.
6. Mark the median of the ranks for each object.

Depending on how the orientation is selected (rank = 1 for the best or the worst
value) the graphical display gives an overview about the ordinal properties with a
focus on the whole set and with less focus on a single object. The length of any line
associated with an object is associated with a degree of inequality. Here we stress
that this approach does not depend on the representation by a graph, like the Hasse
diagrams, and is suitable for data mining. Elimination of endmembers in RRR can
be seen as a purification process; see Myers et al. (2006): One may ask oneself as
to which elimination of an object with the highest rank gives the most reduction
in the rank range (EoE gets positive values) and which object with minimum rank
would give the most reduction in the rank range (EoE gets negative values). One
may plot the EoE values vs the rank range run. This kind of analysis helps to iden-
tify attributes whose improvement would give a high effect on the overall status of
an object or attributes whose status is responsible for the bad evaluation of some
objects. For an example, see Newlin and Patil (2010).

Graphical analysis tools based on partial order concepts can be further devel-
oped, mainly based on the dominance relation (Chapter 5) and the local partial order
approach (Chapter 9); see Myers and Patil (2010).

16.5 Partial Order and Network Analysis

Network is a topic in the systems analysis research because the analysis of networks
as an abstract concept can deliver important results in several fields, such as

• Biology: food webs, biochemical networks
• Sociology: social networks
• Chemistry: reaction networks inclusive of biochemical networks
• Engineering: electrical networks
• Information technology: dependency networks of, e.g., compilers
• Urban drinking water systems
• River networks
• Transportation networks
• Bridge networks
• Implication networks as provided by the formal concept analysis (see Chapters 8,

13 and 15).
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Even partial order can be considered as networks as comparative evaluation
networks.

(a) What can network analysis learn from partial order approach and (b) what
tools of network analysis can be helpful for partial order theory?

(a) Networks are vertex/node and directed edge evaluated graphs. So they fall into
the general domain of graph theory. An obvious introduction of partial order is
possible by considering the set of all subgraphs of a given graph and to order
them by the (graph theoretical) inclusion relation. In chemistry, this concep-
tualization of molecular graphs and subgraphs as posets made an important
contribution to the discovery of the relationships of chemical properties with
molecular graphs obtained from molecules. See Klein (1986) in this context and
Klein and Bytautas (2000) and Ivanciuc et al. (2005, 2006a, b) for the extended
concepts like reaction graphs and substitution graphs.

Another way to analyze a number of networks by partial order methods
comes when networks are to be compared, i.e., when the set of networks is
a poset. Then according to the aim of the comparative study, the indicators are
obtained from the characterization of networks by network invariants, such as
diameter, number of nodes, eccentricity, and centrality. In this case, networks
are considered as objects described by multiple indicators. We have not seen
this promising approach in the network analysis literature so far.

Partial order finds application in network analysis when the set of vertices
can be partitioned into two classes. In that case a Galois lattice provides useful
tools (Wasserman and Faust, 2009).

(b) A powerful use of network concepts comes into play with well-known software
graphviz to which PyHasse has an interface. The software graphviz resulted
from network analysis and its graphical representation. The software graphviz
(Gansner et al., 2009) uses many theoretical results concerning directed graphs
and allows the user to draw Hasse diagrams under different options, such as

• Rank separation,
• Merging parallel connecting lines,
• Aggregation of objects to clusters, and
• Constrain rank assignments (subgraphs may get their own location for

sources and sinks).
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