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Abstract

In combinatorial group testing, there are n items; each has an unknown binary
status, positive (i.e., defective) or negative (i.e., good), and the number of
positives is upper bounded by an integer d. Suppose there is some method to
test whether a subset of items contains at least one positive or not. The test result
is said to be positive if it indicates that the subset contains at least one positive
item; otherwise, the test result is called negative. The problem is to resolve the
status of every item using the minimum number of tests.

Group testing (GT) algorithms can be adaptive or nonadaptive. An adaptive
algorithm conducts the tests one by one and allows to design later tests using the
outcome information of all previous tests. A nonadaptive group testing (NGT)
algorithm specifies all tests before knowing any test results, and the benefit is
that all tests can be performed in parallel. For the above group testing problem,
nonadaptive algorithms require inherently more tests than adaptive ones.

Though the research of group testing dates back to Dorfman’s 1943 paper, a
renewed interest in the subject occurred recently mainly due to the applications
of group testing to the area of computational molecular biology. In applications
of molecular biology, a group testing algorithm is called a pooling design,
and the composition of each test is called a pool. While it is still important
to minimize the number of tests, there are two other goals. First, in the
biological setting, screening one pool at a time is far more expensive than
screening many pools in parallel; this strongly encourages the use of nonadaptive
algorithms. Second, DNA screening is error prone, so it is desirable to design
error-tolerant algorithms, which can detect or correct some errors in the test
results.

In this monograph, some recent algorithmic, complexity, and mathematical
results on nonadaptive group testing (and on pooling design) are presented.

1 Introduction

In combinatorial group testing, there are n items; each has an unknown binary
status, positive (i.e., defective) or negative (i.e., good), and the number of positives
is upper bounded by an integer d. Suppose there is some method to test whether
a subset of items contains at least one positive or not. The test result is said to be
positive if it indicates that the subset contains at least one positive item; otherwise,
the test result is called negative. The problem is to resolve the status of every item
using the minimum number of tests.

Group testing (GT) algorithms can be adaptive or nonadaptive. An adaptive
algorithm conducts the tests one by one and allows to design later tests using
the outcome information of all previous tests. A nonadaptive group testing (NGT)
algorithm must specify all tests before knowing any test results, and the benefit
is that all tests can be performed in parallel. For the above group testing problem,
nonadaptive algorithms require inherently more tests than adaptive ones. It is known
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known nonadaptive algorithm uses O(d?logn) tests. In contrast, the best adaptive
algorithm requires O(d logn) tests (see, e.g., [17]) in the worst case.

that any nonadaptive algorithm must use a number of Q(

Pooling Design. Though the research of combinatorial group testing dates back
to Dorfman’s 1943 paper [15], probably the most important modern applications
of group testing are in the area of computational molecular biology, in which one
important subject is clone library screening [3, 17,26]. In applications to molecular
biology, a group testing procedure is called a pooling design, and the composition
of each test is called a pool.

A DNA library consists of thousands of separate DNA clones. The basic task of
DNA library screening is, for a collection of probes, to determine which clone from
the library contains which probe. Given a probe, a clone is said to be positive if
it contains the probe; otherwise, it is said to be negative. In practice, to identify
all positive clones from a library, clones are often pooled together to be tested
against each probe, since checking each clone-probe pair is expensive and usually
only a few clones in the library contain a given probe. An example is when
sequenced-tagged site markers (also called STS probes) are used [46]. In practice,
there are experimental tests, for example, the polymerase chain reaction, which can
determine in a given pool whether or not there exists at least one clone containing a
given probe.

In applications to molecular biology, while it is still important to minimize the
number of tests, there are two other goals. First, in the biological setting, screening
one pool at a time is far more expensive than screening many pools in parallel; this
strongly encourages the use of nonadaptive algorithms. Second, DNA screening is
error prone, so it is desirable to design error-tolerant algorithms, which can detect
or correct some errors in the test outcomes. The reader is referred to the monograph
by Du and Hwang [17] for a comprehensive discussion of this topic.

Between fully adaptive and nonadaptive (one stage) algorithms, the so-called
trivial two-stage algorithms [36] are of considerable interest for screening problems.
Such an algorithm has two stages. In the first stage, the pools are tested in parallel,
and a set CP of candidate positives from the items is chosen based on the test
results; in the second stage, individual tests are performed on all the items in
CP to resolve the status of each item. Previous works on two-stage group testing
algorithms are, among others, [4, 14,24,36,41]. The following quotation from Knill
[36] well emphasizes the importance of such algorithms: “It is generally feasible
to construct a number of pools (much fewer than the number of clones) initially by
exploiting parallelism, but adaptive construction of pools with many clones during
the testing procedure is discouraged. The technicians who implement the pooling
strategies generally dislike even the 3-stage strategies that are often used. Thus the
most commonly used strategies for pooling libraries of clones rely on a fixed but
reasonably small set of non-singleton pools. The pools are either tested all at once or
in a small number of stages (usually at most 2) where the previous stage determines
which pools to test in the next stage. The potential positives are then inferred and
confirmed by testing of individual clones. In most biological applications each
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positive clone must be confirmed even if the pool results unambiguously indicate
that it is positive. This is to improve the confidence in the results, given that in
practice the tests are prone to errors.”

Separating Matrices. A nonadaptive group testing procedure can be represented
as a 0-1 matrix M = (m;;), in which the columns are associated with the items
and the rows are associated with the tests, and m;; = 1 indicates that item j
is contained in test i. The test outcomes can be represented by a 0-1 vector, the
outcome vector, where 0 indicates a negative outcome and 1 indicates a positive
outcome. It is not hard to verify that if a subset S of columns exactly corresponds
to all the positive items, then the outcome vector is equal to vector U(S), the union
(i.e., the componentwise Boolean sum) of all column vectors in S. Given the matrix
representation of an algorithm and the outcome vector, the process of identifying
all the positive items is called decoding. For a 0/1 matrix to be a valid nonadaptive
group testing algorithm, some separating property is often required. This monograph
focuses on two most used and studied separating properties: disjunctness and
separability.

In order to identify all positives as long as the number of positives is no more
than d, matrix M should satisfy that for any two distinct subsets S and S, of
columns such that || < d and |S>| < d, U(S1) # U(S>). A matrix satisfying
this property is called d-separable. In the definition, if the condition “|S;| < d
and |S;| < d” is replaced by “|S;| = |S2| = d,” a matrix satisfying this property
is called d-separable. If the matrix representing a nonadaptive pooling design is
d-separable (or d-separable), then theoretically based on the test outcomes one can
unambiguously identify all the up to d (or exactly d) positives. However, the actual
process of determining the positives from the outcome vector, that is, the decoding
process, could be very time-consuming. In practice, one can adopt matrices with
stronger property to make the decoding process more efficient.

For two 0-1 vectors u and v with the same number of components, if for any
component of u with value 1, the corresponding component of v is also 1, then u is
said to be covered by v. A 0-1 matrix is said to be d -disjunct if no column is covered
by the union of any d other columns. The same structure is also called cover-free
family in combinatorics [25,29, 53], and superimposed code in information theory
[22,23,34], and has been extensively studied. Obviously if a matrix is d-disjunct,
then it is also d-separable, and thus is d-separable. If the matrix M representing
a nonadaptive pooling design is d-disjunct and the number of positives is no more
than d, then the following efficient decoding procedure exists with running time
linear in the size of M: A column ¢ corresponds to a positive item if and only if
¢ is covered by the outcome vector. d-disjunct matrices are important structures in
pooling design, and there have been a lot of works on their constructions [2, 10, 20,
23-25,28,32-34,38,44,45,49,50].

A 0/1 matrix is said to be (d; z)-disjunct [22,39] if for any set D of d columns
and any column ¢ ¢ D, there exist at least z rows such that each of them has
value 1 at column ¢ and value 0 at all the d columns of D. Clearly, d-disjunctness
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is just (d; 1)-disjunctness. As mentioned above, if the matrix M representing a
nonadaptive group testing algorithm is d-disjunct and the number of positives is
no more than d, then there exist efficient decoding procedures with running time
linear in the size of M. However, when there are errors in the test outcomes, the
above decoding procedure generally does not work, and in this case, the matrix
is required to be (d;z)-disjunct, which results in a L%J-error-correcting NGT
algorithm. In this case, linear decoding that successfully identifies all positives still
exists, provided that there are no more than d positives and at most LZ_TlJ errors in
the test outcomes. d-disjunct and (d; z)-disjunct matrices form the basis of error-
free and error-tolerant nonadaptive group testing.

Main Contents. In this monograph, some recent algorithmic, complexity, and
mathematical results on nonadaptive group testing (and on pooling design) are
presented. The main contents consist of five parts. In the first part, new randomized
constructions of one- and two-stage nonadaptive group testing are presented.
Comparisons with other known constructions on the number of required tests are
also discussed.

In the second part, some complexity results for problems that are basic to
nonadaptive group testing are given. The problem to determine whether a given
matrix H is z;—separable and minimal, MIN-SEPARABILITY, is showed to be DP-
complete. Here the meaning of being minimal is that the removal of any row from
H will make it no longer d -separable. The second problem is, given a binary matrix
M and a positive integer d, find a minimum d -separable submatrix of M with the
same number of columns. The complexity of the decision version of this problem,
d -separable submatrix, is conjectured to be Zf -complete. As an evidence to support
this conjecture, the Zf -completeness of a problem which is a little more general
than d -separable submatrix is established.

In the third part, the parameterized complexities of three basic problems in
nonadaptive group testing are studied. They are, given an m x n binary matrix and a
positive integer d, to determine whether the matrix is d -separable (d -separable, or
d-disjunct). Though the three problems are all known to be coNP-complete in the
classical complexity theory, the motivation of this study is that in most applications
d is very small compared to n; it is interesting to investigate whether there are
efficient algorithms solving the above problems when the value of d is small. In this
part, the parameterized versions of the three problems, with d as the parameter, are
showed to be co-W[2]-complete. The immediate implications of the results are that,
given an m X n binary matrix and a positive integer d, a deterministic algorithm
with running time f(d) x (mn)°W (where f is an arbitrary computable function)
to determine whether the matrix is d-separable (d-separable, or d -disjunct) should
not be expected.

In the fourth part, upper bounds on the minimum number of rows required by
any d-disjunct matrix and any (d;z)-disjunct matrix with n columns, #(d, n) and
t(d,n;z), respectively, are studied. A very short proof is given for the currently best
upper bound on ¢ (d, n); the method is also generalized to obtain a new upper bound
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on t(d, n; z). In the final part, a way to transform an error-tolerant separable matrix
to an error-tolerant disjunct matrix is given; the optimality of this transformation
in some senses is also discussed. If no base is specified, then log is of base 2
throughout.

2 New Constructions of One- and Two-Stage Pooling Design

In [10] new constructions of one- and two-stage pooling design are given. For one-
stage pooling design, the focus is on the construction of disjunct matrices, which are
widely studied for various applications including the design of nonadaptive group
testing algorithms. There have been a lot of works on the construction of disjunct
matrices [2, 10,20, 23-25,28,32-34, 38, 44,45,49,50].

For two-stage pooling designs, De Bonis et al. [14] first present an asymptotically
optimal two-stage algorithm that requires a number of tests within a constant factor
7.54(1 4 o(1)) of the information theoretic lower bound d log(n/d ). Eppstein et al.
[24] improve the constant factor to 4(1 4+ o(1)) by using the concept of (d, k)-
resolvable matrices (which will be explained later), which is currently the best.
There are also probabilistic pooling designs [40,41,44] with good performance in
practice.

In the sequel of this section, two Las Vegas algorithms for constructing
d-disjunct and (d;z)-disjunct matrices are presented. For two-stage pooling
designs, an algorithm using a number of C;(1 + o(1))logn tests is presented,
where Cy; < @d ford > 1and C; — dloge as d — oo. This improves the
previously best bound given in [24] by a factor of more than 2. New probabilistic
pooling designs are also proposed. Compared to [44], the new probabilistic designs
have different type of possible errors and require much fewer tests. All the results
presented in this section are from [10].

2.1 Preliminaries

Transversal Design. A pooling design is transversal if the pools can be divided into
disjoint families, each of which is a partition of all items. The concept of g-ary
(d, 1)-disjunct matrix will be first introduced: A g-ary matrix is (d, 1)-disjunct if
for any column ¢ and any set D of d other columns, there exists at least one element
in ¢ such that the element does not appear in any column of D in the same row.

As described in [17,20], one can transform a g-ary (d, 1)-disjunct matrix M’
into a (binary) d-disjunct matrix M as follows. Replace each row R; of M’ by
several rows indexed with entries of R;; for each entry x of R;, the row with index
x is obtained from R; by turning all x’s into 1’s and all others into 0’s. Thus, the
following theorem holds.

Theorem 1 ((Theorem 3.6.1in [17])) A ty X n g-ary (d, 1)-disjunct matrix M’
yields a t x n d-disjunct matrix M with t < toq.
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Clearly, one can perform the above transformation even when the g-ary matrix
M’ is not (d, 1)-disjunct. Transversal designs are favorable in practice because
every column of the resulting matrix M has equal weight, which means that every
item is contained in equal number of pools, so that to perform the tests, one needs
the same number of copies for each item.

Two Probabilistic Lemmas. The following two lemmas will be useful later. The
first is the Markov inequality (see, e.g., Theorem 3.2 in [42]), and the second is
commonly known as Chernoff’s bounds (Theorems 4.1 and 4.2 in [42]).

Lemma 1 (Markov inequality) Let Y be a random variable assuming only
nonnegative values, then for all t > 0,

PrlY > 1] < @

where E[Y] is the expectation of Y .

Lemma 2 (Chernoff’s bounds) Let X, X1, ..., X,, be independent 0/1 random
variables, for 1 <i <n, Pr[X; = 1] = p;, where 0 < p; < 1. Let X =Y _, X;
and p = E[X] = Y"/_, pi. Then, for any § > 0,

5 1%
LOPX = (14 9u) < (q55m) -
2. PrX < (1=8)u] < e /2,

2.2 One-Stage Pooling Designs

Two efficient randomized constructions will be given for d-disjunct and (d; z)-
disjunct matrices, respectively. The constructions are based on the transversal
design.

2.2.1 A New Construction of d-Disjunct Matrices

A Las Vegas algorithm will be presented next, which for givenn, d and0 < p < 1,
successfully constructs a ¢ x n d-disjunct matrix with probability at least p, with

t < cdz(log

+ logn),
l—p

where ¢ ~ 4.28 is constant.
For givenn, d and 0 < p < 1, define ny = 2n. Let € be the unique positive root
of

In(1 +¢) = e

€ &~ 3.92 is chosen to minimize the leading constant of ¢ (see the remarks in later
part). Let
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Algorithm 1 (constructing d-disjunct matrix M, ;)

1. Construct a random g-ary matrix M, ., with each cell randomly assigned from {1,2,...,¢},
independently and uniformly.
2. Forany 1 <i < j < ng, let w; ; be the random variable denoting the number of rows r such

that the two entries M’(r,i) and M’(r, j) are equal. Then,
to

Elwijl=p (= ).
q

Create an edge between columns i and j if w; ; > (1 + €)u.

3. For each edge created in Step 2, remove one of its two columns arbitrarily. Let M” denote the
resulting matrix.

4. If M" has less than n (= %) columns, exit and the algorithm fail.

5. Using the transformation in Theorem 1, turn the first # columns of M” into a binary matrix
M5, with 1 < 19q.

1+e€ 2n —1 I
g=0+ed, 1o= dIn ==
€ 1—-p q
Please see Algorithm 1 as the algorithm for constructing d -disjunct matrices.
In Algorithm 1, at Step 3, M must be g-ary (d, 1)-disjunct since for any column
i, the union of any d other columns can only cover less than

I
a’x(l+e)u=a’x§:to

entries of column i. Therefore, if the algorithm successfully returns a matrix, it must
be d-disjunct. Moreover,

I = lq
1 2 2n —1
= (d+e d*log !
eloge 1-p

cd*(log

A

2
+ logn),
l—p

_ (+e?
where ¢ = Cloge ¥ 4.28.

2.2.2 Analysis of Algorithm 1

The analysis of the success probability and running time of Algorithm 1 will be
presented next.

Success Probability. First, the expectation of the number of edges created at Step 2
is estimated.

Lemma 3 Let m be the random variable denoting the number of edges created at
Step 2 of Algorithm 1, then E[m] < n(1 — p).
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Proof Forl <i < j < no,1 <k < to, at Step 2 of Algorithm 1, define 0/1
random variable X ,'{’J such that

X, = 1ifandonly if M'(k,i) = M'(k, j).

wi; =X+ X7+ 4+ X,
Let X'/ be the indicator random variable for the event that there is an edge between

column i and column j, that is,

|1 there is an edge between column i and column j, thatis, w; ; > (14+€)u;

X =
0 otherwise.

Since w; ; is the sum of fp-independent 0/1 random variables, the Chernoff bound,
(1) in Lemma 2, implies that

€ H
PrlX™ = 1] =Prfwi; > (1 + )] < (#) |

Notice that g = (1 + €)d, and

to = dl
0 € 1-—
Then,
It 1. 2n-—1
/LZE[W,J]Z—O:—]H " .
q € 1-p
From
In(l + ) = —<
n = ,
1+e€
it follows that (1 4+ €)!*€ = ¢, and so
e€ e
—_ — ¢ s
(14 e)tte

which implies that

( e€ )M:(e—e)imzl"—_pl _1-p

(1 + e)l+e S 2n—1"
Thus,
. . 1—
E[X™])=px" =1]< —2
2n — 1

forl <i < j <ng. Sincem =3, _;_;, X'/ and all the X"/’s are identically
distributed, and ny = 2n, it follows that



102 Y. Cheng

Efm] = (’?)E[xﬂ < (;) ) -

Clearly, m denotes the most number of columns that may be removed at Step 3.
Since E[m] < n(l — p), by applying the Markov inequality (Lemma 1), the
probability that there are less than n columns left in M” at Step 4 (i.e., the failure
probability of Algorithm 1) is at most Pr[m > n] < @ <1-p.

Running Time. The time required by Algorithm 1 is dominated by Step 2, which is

(”20) to = O(dn®1nn),

by simply counting, for all pairs of columns, the number of rows at which the
two columns have equal entry. In fact, an expected O(n?Inn) running time can
be obtained by counting along the rows.

For1l <i < j < ny, let n(i, j) denote the number of equal entries between
column i and column j in the same row. Initially, set n(i, j) = 0for1 <i < j <
no. Foreachrow r,let S;.1, S;2, ..., S denote the sets of column indices such that

Sex =1{i : M'(r,i) = k.

Clearly, the sets S, x, 1 < k < g, can be constructed in n( time. For each k, increase
the values of n(i, j) by 1 foralli < j and i, j € S,x. The expected number of

such pairs (i, j) for each S, is E[(lsg"‘)]. Since | S, k| are identically distributed for
1 < k < g, the expected running time of Step 2 is

fe19))

Notice that | S, ;| has the binomial distribution with parameters ny and 1/¢; thus,

no + qE |:(|S;1|>:| =y +q%(n(2)—no) = 0(n*/d),

and so the expected running time of Step 2, which is also the expected running time
of Algorithm 1, is ty x O(n?/d) = O(n?1nn).
Therefore, the following theorem is established.

Theorem 2 Givenn, d, and0 < p < 1, Algorithm 1 successfully constructs atxn
d -disjunct matrix with probability at least p, with

t < cd*(log + logn),

I—-p
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where ¢ ~ 4.28 is constant. The algorithm runs in expected O(n*Inn) time.

Remarks In Algorithm 1, € is chosen to minimize the leading constant of 7. It is
required that

Iy
1 <2
1+eu < 7

where u = ’;0 that is, ¢ > (1 + €)d, to guarantee that matrix M” is (d, 1)-
disjunct. To guarantee that with reasonable probability M" has at least n columns,

it is required that
ng — E[m] > n,

where E[m] = (") E[X2]. This implies that
) p

prix2=1)< "
(%)
Since
max Mo~ M _ !
oo (%) T oa—1

which can be achieved when ng = 2n — 1 or no = 2n, it should have that

Prix!'? =1] <

This can be guaranteed by

e “< 1
(I+elte) —2n—1°

(1 +€)1+e
/Lln—
o€

that is,
> 0(1)+ Inn.

By plugging in u = ’f]l = q’—z and g > (1 + €)d, it follows that

(1+e?
~p 09!t

o€

d*(0(1) + Inn).

Define
(1+¢)? (1+e)?
fle) = e = :
Jn UFQT (14+€e)In(l+¢€)—c¢

To minimize f(¢) for € > 0, from basic calculus, f’(¢) = 0 implies that
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2¢

In(1 +¢) = e

It is easy to verify that this equation has one unique positive root € ~ 3.92. Also,
the equation implies that

2 2
o) = (1+¢) _ (1+¢) .

(14+€)In(l +¢€)—¢ €
2.2.3 Error-Tolerance Case
Algorithm 1 is modified next, so that givenn, d,z > 1 and 0 < p < 1, the modified
algorithm successfully constructs a t x n (d; z)-disjunct matrix with probability at
least p, with

2
t <cd? (log 1

2

+ logn) +2(14+¢€)dz+ O (Z—) ,

- Inn
where € ~ 3.92 and ¢ &~ 4.28 are constants, and the O(-) notation hides
dependencies on p.

First a generalization of (d, 1)-disjunct matrices is given. A g-ary matrix is
(d, 1; z)-disjunct if for any column ¢ and any set D of d other columns, there exist at
least z elements in ¢ such that each of these elements does not appear in any column
of D in the same row. Clearly, by applying the same transformation in Theorem 1,
one can turn a fy X n g-ary (d, 1; z)-disjunct matrix into a (d ; z)-disjunct matrix with
n columns and at most #pg rows.

For givenn,d,z> land 0 < p < 1, let ng, € be as in Algorithm 1 . Let

€z 1+e€ 2n —1 t
g=0+ed+— =, h=z+ dlIn ,M:_O-
lnq € 1—p q

It can be verified that by this assignment,

fo—2
d b

e H_l_p
1+e)l+e)] — 2n—1

Please see Algorithm 2 as the algorithm for constructing (d ; z)-disjunct matrices.
Firstly, at Step 3 of Algorithm2, M"” must be g-ary (d, 1; z)-disjunct because for
any column i, any d other columns can only cover less than d x (1 +¢€)u = ty—z of
its entries. Therefore, if the algorithm successfully returns a matrix, it must be (d; z)-
disjunct. Secondly, when z = o(d Inn), by similar arguments, Algorithm 2 runs in
time O(dn”1nn) in the straightforward manner, and can be improved to expected
O(n?Inn) time by counting the pairs of equal entries along the rows. Thirdly,

(1+epu=

and
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Algorithm 2 (constructing (d ; z)-disjunct matrix M, ;)

Algorithm2 works in the same way as Algorithm 1 , except that with ¢ = (1 + €)d + —5=r
I—=p

andto=z+1€idln%.

I = toq
1+ ¢)? 2n —1 eloge)z?
0 L Er 121 + e)dz 4 EET
eloge 1—p log 5~
—»p

2 2 z
<cd”|log +logn | +2(14+e€)dz+ 0| — |,

1— Inn

where ¢ = U~ 408,

eloge
For the success probability, if one let m* be the random variable denoting the

number of edges created at Step 2, since

e€ M_ 1_[7
(14+e+e) — 2n—1

still holds, the same result in Lemma 3 also holds here, that is,

Elm*] < n(1 - p).

Therefore, the probability that there are less than n columns left at Step 4 (i.e., the
failure probability of Algorithm2) is at most Pr[m™* > n] < 1 — p. The following
theorem is established.

Theorem 3 Givenn, d,z> 1 and 0 < p < 1, Algorithm2 successfully constructs
at x n (d;z)-disjunct matrix with probability at least p, with

2
+logn)+2(l+e)dz+0( < )

2
t <cd? log —_
1 Inn

where € ~ 3.92 and ¢ ~ 4.28 are constants. When z = o(d Inn), the algorithm
runs in expected O(n?Inn) time.

23 Two-Stage Pooling Designs

New two-stage pooling designs, which require a number of tests asymptotically no
more than a factor of @ (the factor approaches log, e & 1.44 as d tends to infinity)

of the information-theoretic lower bound d log(n/d), will be presented next.
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This improves the previously best upper bound of 4(1 + o(1)) times the information
theoretic bound in [24] by a factor of more than 2.

For a 0/1 matrix M, let C denote the set of columns of M, recall that M is
d-disjunct if for any d-sized subset D of C, each column in C — D is not covered
by U(D), where U(D) denotes the union of the columns in D. Such matrices form

the basis for nonadaptive (one-stage) pooling designs. However, a d -disjunct matrix
d?logn
logd

with n columns requires no less than €2(
of the information-theoretic lower bound.

Instead of determining all the positives immediately, in [24] the authors relax
the property of M by introducing the concept of (d,k)-resolvable matrices,
which form a good two-stage group testing regimen. A 0/1 matrix M is called
(d, k)-resolvable if, for any d -sized subset D of C, there are fewer than k columns
in C — D that are covered by U(D). Thus, a matrix is d -disjunct if and only if it is
(d, 1)-resolvable.

For a set of n items in which at most d are positives, one can construct a “trivial
two-stage” pooling design based on a ¢t x n (d, k)-resolvable matrix as follows.
Define the first round tests according to the rows of the matrix. By identifying the
items in a negative pool (a pool with negative test outcome) as negatives, one can
restrict the positives to a set D’ of size smaller than d + k. Then, perform an
additional round of tests on each item in D’ individually. Thus, the total number
of tests of the two stages is less than t + d + k.

) rows, which is a factor of d/ logd

2.3.1 Near Optimal Two-Stage Pooling Designs
Let M, be a g-ary matrix, and let C denote the set of columns of M;. Matrix M is
said to be (d, 1; k)-resolvable if, for any d -sized subset D of C, there are fewer than
k columns in C — D that are covered by D. Here by saying a column c is covered
by D, it means that for each element of ¢, the element appears at least once in some
column of D in the same row. By applying the transformation in Theorem 1, one
can turn a ty X n g-ary (d, 1; k)-resolvable matrix into a ¢t x n (d, k)-resolvable
matrix with t < 7yq.

Let M’ be arandom fy xn g-ary (where ¢ will be specified later) matrix with each
cell assigned randomly from {1,2,..., g}, independently and uniformly. For each
set D of d columns and a column ¢ ¢ D, foreach elementc; (i = 1,2,...,f)inc,

d
the probability that ¢; appears in some column of D in the same row is 1 — (1 — é) ;

thus, the probability that every element in ¢ appears in some column of D in the

d
same row, that is, ¢ is covered by D, is [1 — (1 — é) ]’. Parameter #; is chosen
such that
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that is,
log(n — d)

e[ (1))

Let C denote the set of columns of M’. For any set D of d columns of M’, and
for each ¢ € C — D, let X, be the indicator variable such that X, = 1 if and only if
¢ is covered by D. Then,

th =

Pr[ X, =1] = !
X, = ]_n—d.
Define
Xp= ) X
ceC—D

Then, Xp is the random variable denoting the number of columns in C — D that
are covered by D. Since Xp is the sum of (n — d) i.i.d. 0/1 random variables and
E[Xp] = 1, the Chernoff’s bound implies that the probability that D covers at least
(1 +9) columnsin C — D is

e’
PrlXp = (1+8)] < At o)

Therefore, the probability that M’ is not (d, 1; 1 + §)-resolvable, that is, there exists
some set D of d columns that covers at least (1 4 §) columns in C — D, is at most

_(n el
r=\a)aTom

In order to satisfy p < 1, it suffices to assign § such that

1 $ 1+6
(=) =
e
since which implies that

py; e

. , _— 148 ¢
Notice that (1£2)!1+3 = n¢ implies (1£2) <" = n*; thus,

dlnn

Hence, by probabilistic arguments, the existence of a o x n g-ary (d, 1;1 + §)-
resolvable matrix with 7y and § as specified above has been proved.
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By applying the transformation in Theorem 1, one can turn the #) x n g-ary
(d, 1;1 + §)-resolvable matrix M’ into a (binary) ¢ xn (d, 1 + §)-resolvable matrix

M with
qlogn

log[l —(1- é)d]'

t<tyg <—

Define
X

C = , f > 1.
4(x) —log[l . )lc)d] or x

Choosing ¢ to be the positive integer that minimizes C;(x), and let C; = C4(q).
Then, t < Cylogn. Ford > 1,

3 3
<

Ci/d < Ca(3d)/d = “log[1— (1= 25)4] ~ log3

Also it is not hard to see that when d = 1, C; = C;(3) = @ indeed holds.

Furthermore, the following lemma estimates that ¢ = ©(d) and C; — d loge as
d — oo.

Lemmad For d > 1, let ¢ = ¢q(d) be the point that minimizes Cy(x) =
m for x > 1, and let C; = C4(q). Then, q(d) = ©O(d), and

limy o0 Cy/d = loge.
To prove Lemma 4, the following useful fact is proved first.

Fact1l Let f(y) = InyIln(l — ), 0 < y < 1. Then f(y) achieves maximum at
1

Yy =3
Proof of Fact 1: By symmetry, it is sufficient to show that f'(y) > 0 for0 < y
1 .
< 5. Since
, 1
Sy =—In(l-y) - Iny
y 1—y
1
= ———[(I=y)In(l —y) —ylny],

yd=y)

let

gy)=0-=y)In(1-y)—ylny,

Next it will be showed that g(y) > 0for0 < y < %
Rewrite

1
=In(l — In ——.
gy)=In(l—-y)+y T

1.
T thus,

1

1
ForO0<y < 3,In =D

> In4 since y(1 —y) <
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g(y)>In(l —y) + yln4.

Let

h(y) =1In(1 —y) + yIn4.
Notice that #'(y) = In4 — ﬁ W(y) >0for0 <y <1-— ﬁ and 7'(y) < 0
for 1 — ﬁ <y< % Thus, A(y) is monotone increasing when 0 < y < 1 — ﬁ

and monotone decreasing when 1 — ﬁ <y< % From h(0) = h(%) = 0, one can
obtain that

1
h(y) >0for0 <y < 7

Therefore, for 0 < y < 1, g(y) > h(y) > 0,and so f'(y) = ﬁg(y) >0, O

Proof of Lemma 4: Notice that if ¢; satisfies (1 — qil)d = %, then g; = ©(d) since
‘fi—] — loge as d — oo. Moreover,

Ca(q1) = q1 = O(d).

The lemma is proved by contradiction. First assume that g(d) = O(d) does not
hold, that is, for any ¢ > 0 and any dy > 0, there exists d > dj such thatg(d) > cd.
Then, since 4 > ¢ (for simplicity ¢ is used instead of ¢(d), if it is clear from the
context), as ¢ — 00,

q
Ca(q) = 7
1
—log|:1 - (1 - 5) }
N q
d
“log [1 - (1 - 3)]
%
=d
log %
= w(d);
here, a ~ b means that lim,_, % = 1. However, this contradicts since ¢ is the

point that minimizes C;(¢) and on the other hand C;(g;) = ®(d). On the other
hand, assume that ¢(d) = €2(d) does not hold, that is, for any ¢ > 0 and any
dy > 0, there exists d > dy such that g(d) < c¢d. Write

—log [1 - (1 _ é)d}

gln2

_mgl_[(l_g)ﬂ'

Ci(q) =
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d
q

. 1\ 1 d 1 1\?
SmceO<(1—§) <;forq>1,asc—>0,5>Eﬁoo,and[(l—g)] <

_d
e ¢ — 0; thus,

d
q

In2 d e71In2
Ci(q) ~ q—i > eiqIn2 = d— = w(d);
[(-3)] ‘
q
this also contradicts (here a ~ b means that lim.—o3 = 1). Therefore,

q(d) = ©(d). .
Next C; as d — oo is estimated. Since (1 — é) < %forq > 1, thus

and

it follows that

dln2

[Fim(-e)]

_d o . .
Lety =¢ ¢ ,then—q =1Iny,and C;(q) > lnydlrlﬁ' Since In y In(1—y) achieves

maximum at y = % (Fact 1), Cy(q) > dloge for g > 1, thus C; > dloge for
d > 1. On the other hand, as mentioned at the beginning of the proof, as d — oo,
4 —loge, and C4(q1) = g1 — d loge. Therefore, as d — oo, Cy — dloge. O

The above arguments showed existence of a t x n (d, 1 4 §)-resolvable matrix
with t < Cylognand 1 +6 = (1 + 0(1))1]1‘1& which implies the following

(d1Inn)>
theorem.

d

Theorem 4 Given n and d, there exists a two-stage pooling design for finding up
to d positives from n items using no more than Cylogn + d + § + 1 tests, where
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Cy = min al = =< 3 d
XGN—log[l—(l—l)] log 3

X

ford > 1,and § = (1 + 0(1))%. Moreover,

lim Cy/d =loge.
d—00

24 Probabilistic Pooling Designs

A probabilistic pooling design identifying up to d positives from »n items with high
probability will be presented next. In a probabilistic group testing algorithm, one
may identify a positive item as negative; such a wrongly identified item is called
a false negative; a negative item which is wrongly identified as positive is called
a false positive. Clearly, the algorithm correctly identifies all positives if and only
if there are no false positives or false negatives. Previous works on probabilistic
nonadaptive group testing algorithms can be found from, among others, [40,41,44].

Algorithm. Given n and d, first construct a £y X n random g-ary matrix M’ with
each cell randomly assigned from {1, 2, ..., g} independently and uniformly (where
tp and g will be specified later). Then, use the transformation in Theorem 1 to obtain
at xn 0/1 matrix M with t < tyq. Associate the n items with the columns of M,
and test the pools indicated by the rows of M. The items not in any negative pool
are identified as positives.

Analysis. Let D be the set of columns corresponding to the positives, then
|D| < d. First, it is easy to see that no positive item will be identified as negative if
there is no error in the test outcomes. For any negative item, let ¢ denote the column
associated with it, then the item is wrongly identified if and only if ¢ is covered by
U(D) in M, or equivalently, ¢ is covered by D in M’ (here the same notations ¢ and
D are used for different matrices M and M’, to denote the corresponding columns).
The probability that ¢ is covered by D, as analyzed in Sect. 2.3, is

DT

Choosing ¢ and # such that

that is,
logn + log ﬁ

Clogll— (1— D]’
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Then, the probability that there exists some negative item wrongly identified is no
more then

(n— D[ - (1 - }])dro <1-p,

which implies that with probability at least p, the above algorithm successfully
identifies all the positives. The number of pools required is no more than

t<t d (1 +1 ! )
= ) ogn (0) .
=T Mgl — =D TR T

By choosing ¢ to be the positive integer minimizing

X

Ci0) = g ==

forx > 1,

obtaining

1
t < Cy(logn + log ] ).

Theorem 5 The above one-stage algorithm, with probability at least p, correctly
identifies up to d positives from n items using no more than Cy(logn + log ﬁ
tests.

Remarks

1.

The one-stage probabilistic pooling design is also transversal. This design never
gets false negatives, while the probabilistic algorithms in [40, 41, 44] never get
false positives. The algorithm in [44] identifies up to 9 positives from 18,918,900
items using 5,460 tests, with success probability of 98.5%. For the method
proposed here, n = 18,918,900, d = 9, and p = 0.985, by choosing ¢ = 14, it
requires Cy(q)(logn + log 1#) < 408 tests, which is much fewer.

. In contrast to the two-stage d]é:sign in Sect. 2.3, this probabilistic algorithm is

explicitly given and can be easily implemented in practice. In addition, one
can extend this algorithm to two stage, by performing an additional round of
individual tests on the candidate positives identified by the first round, so that
no item will be wrongly identified. It is easy to verify that, for this extended
two-stage probabilistic algorithm, by choosing the same value ¢, and choosing
to such that [1 — (1 — %)d Jo = }l, the expected total number of tests required is
no more than Cy logn + d + 1, which is better than the deterministic two-stage
design in Sect.2.3.

2.5 Conclusion and Future Studies

New one- and two-stage pooling designs, together with new probabilistic pooling
designs, are presented in this section. The approach presented works for both error-
free and error-tolerance scenarios. The following remarks end off this section:

1. The constructions of pooling designs in Sects. 2.3 and 2.4 can also be generalized

to error-tolerance case, in a similar manner as in the construction of (d;z)-
disjunct matrices in Sect.2.2.3. The details are omitted due to the similarities.
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2. Efficient constructions (i.e., in time polynomial in n and d) of the two-stage
designs in Sect. 2.3 are not given. Up to now, no efficient construction of two-
stage pooling designs using the number of tests within a constant factor of the
information theoretic lower bound is known. In [14], the construction requires
(i) time, and in [24], the authors gave existence proof as in this section.

Azldthough once such a design is found it can be used as many times as wanted,
efficient construction is an important issue.

3. The two-stage pooling design presented in Sect. 2.3 uses the number of tests
asymptotically within a factor of Cy/d (< é for general d, and tends to
log, e ~ 1.44 as d — o0) of the information theoretic bound d log(n/d). Can
two-stage algorithms do as good as fully adaptive algorithms, that is, achieve
a factor of asymptotically 1 of the information theoretic bound? Or, how good
could it be?

4. Last but the least, efficient (i.e., polynomial time in n and d) deterministic
constructions of d-disjunct matrices with t = O(d?logn) are known [2, 50].
Regarding the leading constant within the big-O notation, the results indicate
that they are considerably larger than the result given in this section (where the
leading constant is approximately 4.28). An efficient randomized construction
of d-disjunct matrices with t = O(d?logn) and efficient decoding (in time
polynomial in #) is given in [33], and an efficient deterministic construction with
the same properties is obtained recently [45]. Improved constructions of disjunct
matrices are interesting to investigate.

3 New Complexity Results on Nonunique Probe Selection

Given a collection of n targets and a sample S containing at most d of these targets,
and a collection of m probes each of them hybridizes to a subset of the given targets,
the goal is to select a subset of probes, such that all targets in S can be identified
by observing the hybridization reactions between the selected probes and S. For
each probe p, there is hybridization reaction between p and S if S contains at
least one target that hybridizes with p, otherwise there is no hybridization reaction.
The above probe selection problem has been extensively studied recently [5, 31,
51,52, 56] due to its important applications, particularly in molecular biology. For
example, one application of this identification problem is to identify viruses (targets)
from a blood sample. The presence or absence of the viruses is established by
observing the hybridization reactions between the blood sample and some probes;
here, each probe is a short oligonucleotide of size 8-25 that can hybridize to one or
more of the viruses.

A probe is called wunique if it hybridizes to only one target; otherwise, it
is called nonunique. Identifying targets using unique probes is straightforward.
However, in situations where the targets have a high degree of similarity, for instance
when identifying closely related virus subtypes, finding unique probes for every
target is difficult. In [54], Schliep, Torney, and Rahmann proposed a group testing
method using nonunique probes to identify targets in a given sample. Since each
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nonunique probe can hybridize with more than one target, the identification problem
becomes more complicated. One important issue is to select a subset from the
given nonunique probes so that the hybridization results can be decoded, that is,
determine the presence or absence of targets in sample S. Also, the number of
selected probes is exactly the number of hybridization experiments required, and
it is desirable to select as few probes as possible to reduce the experimental cost.
In [35, 54], two heuristics using greedy and linear programming-based techniques,
respectively, are proposed for choosing a suitable subset of nonunique probes. In
[11], the computational complexities of some basic problems in nonunique probe
selection are studied, in the context of the theory of N P-completeness (see Chap. 10
in [17,19] and [30]). The complexity results in [11] will be presented in this section.

3.1 Preliminaries

The nonunique probe selection problem can be formulated as follows. Given
a collection of n targets f1,t,...,1,, and a collection of m nonunique probes
P1, P2, ..., Pm, @ sample S is known to contain at most d of the n targets. The
probe-target hybridizations can be represented by an m x n 0-1 matrix M. M; ; = 1
indicates that probe p; hybridizes to target 7;, and M; ; = 0 indicates otherwise.
The subset of probes selected corresponds to a subset of rows in M, which forms
a submatrix H of M with the same number of columns. The hybridization results
between the selected probes and S also can be represented as a 0-1 vector V. V; = 1
indicates that there is hybridization reaction between p; and S, thatis, p; hybridizes
to at least one target in S, and V; = 0 indicates otherwise. If there is no error in the
hybridization experiments, then V' is equal to the union of the columns of H that
correspond to the targets in S. Here, the union of a subset of columns is simply
the Boolean sum of these column vectors. In order to identify all targets in S, the
submatrix H should satisfy that all unions of up to  columns in H are different; in
other words, H should be d-separable. Also, as mentioned above, it is desirable to
minimize the number of rows in H.

A matrix H is said to be d -separable if all unions of up to d columns in H are
different. However, the following equivalent definition is more useful in the proofs
here. Let H be at x n Boolean matrix. Foreachi € {1,2,...,t}, define

Hi={j|1=<j<nH;=1j}.

For any subset S of {1,2,...,n}andanyi € {1,2,...,t}, write

1if H; N S # 0;

H;(S) = .
(S) 0 otherwise.

Two sets S1,82 € {1,2,...,n} are said to be separated by H if there exists
an integer i, 1 < i < 1, such that H; (S1) # H;(S2). Matrix H is said to be
d-separable if for any two different subsets Sy, S, of {1,2,...,n}, with |S;| < d
and |S>| < d, Sy and S, can be separated by H.
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3.2 Complexity of Minimal d -Separable Matrix

In nonunique probe selection, one natural problem of interests is to determine
whether a submatrix H chosen is d-separable and minimal. By minimal, it means
that the removal of any row from H will make it no longer d -separable. The problem
can be formulated as follows.

MIN-SEPARABILITY (MINIMAL SEPARABILITY): Given a t X n Boolean matrix H and

an integer d < n, determine whether it is true that (a) H is d -separable, and (b) for any
submatrix Q of H of size (t — 1) X n, Q is not d-separable.

For a given binary matrix H and a positive integer d, the problem to determine
whether H is d-separable is known to be coN P-complete ([17], Theorem 10.2.1).
Here a DP-completeness proof of problem MIN-SEPARABILITY will be presented.

The class DP is the collection of sets A which are the intersection of a set
X € NP andaset Y € coNP. The notion of DP-completeness has been used to
characterize the complexity of the “exact-solution” version of many N P-complete
problems. For instance, the exact traveling salesman problem, which asks, for a
given edge-weighted complete graph G and a constant K, whether the minimum
weight of a traveling salesman tour of the graph G is equal to K, is DP-complete
(see [47], Theorem 17.2). In addition, the “critical” version of some N P-complete
problems is also known to be DP-complete. For instance, the following problem
is the critical version of the 3-satisfiability problem and has been shown to be
DP -complete by Papadimitriou and Wolfe [48]:

MIN-3-UNSAT: Given a 3-CNF Boolean formula ¢ which consists of clauses

Cy,Cs,...,C,, determine whether it is true that (a) ¢ is not satisfiable, and (b) for

any j,1 < j < m, the formula ¢; that consists of all clauses C¢, £ € {1,2,...,m} —{j},
is satisfiable.

Although most exact-solution version of NP-complete problems have been
shown to be DP-complete, many critical versions are not known to be DP-
complete. The problem MIN-SEPARABILITY may be viewed as a critical version
of the d -separability problem. Its DP-completeness will be proved by constructing
a reduction from MIN-3-UNSAT.

Theorem 6 MIN-SEPARABILITY is DP-complete.

Proof Recall that DP = {X NY | X € NP, Y € coNP}. A problem 4 is
DP -complete if 11 € DP and, forall B € DP, B 5,‘; A. For convenience, for any
t X n matrix H, H ; is used to denote the (r — 1) x n submatrix of H with the jth
row removed. First, to see that MIN-SEPARABILITY € DP, let
X ={(H,d)|Hisatxn0/lmatrix,| <d <n, (¥j,1<j<t)H,
is not d -separable} ,

and

Y ={(H,d)| Hisat xn 0/l matrix,1 <d <mn, His d_-separable}.



116 Y. Cheng

It is clear that MIN-SEPARABILITY = X NY.Itis also not hard to see that X € NP
and Y € coNP. In particular, to see that X € NP, note that (H,d) € X if and
only if there exist 2¢ subsets S; 1, Sj2 of {1,2,...,n},for j € {1,2,...,t}, such
that, for each j, Hi(S;1) = Hi(Sj2) forallk € {1,2,...,¢t} —{j}.

Next, a reduction from MIN-3-UNSAT to MIN-SEPARABILITY will be described.

Let ¢ be a 3-CNF Boolean formula which consists of m clauses Cj, Cs, ..., Cy,
over n variables xi,xs,...,x,. For each j € {1,2,...,m}, let @, denote the
Boolean formula that consists of all clauses Cy for £ € {1,2,...,m} — {j}. From

@,a (3n + m + 1) x (2n 4 2) Boolean matrix H will be constructed, and define
d = n + 1. For convenience, the columns of H are denoted by

X={xixi|1=i=ntU{yz,
and denote the rows of H by
T={xi. 5w |1 =i <nfU{LULC; [ 1<) <m}.

Next H is defined by specifying each row of it:

1. Foreach 1 <i <mn,let H,, = {x;}, Hy, = {X;},and H,, = {x;, X;, z}.

2. Hy = ().

3. Foreach 1 < j <m,let Hc; = {x; | x; € C;}U{x; | Xy € C;} U {y,z}

(so that |Hc;| = 5).

To prove the correctness of the reduction, first verify that if ¢ is not satisfiable,
then H is d -separable. To see this, let S} and S, be two subsets of X, each of size
<n+ 1.

Case 1. S| —{z} # S»—{z}. Then, there exists v € X —{z} such thatv € S|AS).
Then, H,(S1) # H,(S>).

Case 2. S| — {z} = S» — {z}. Then, it must be true that S;AS, = {z}. Without
loss of generality, assume S, = S} U {z}. Note that | S| < n + 1 implies |S;| < n.

Subcase 2.1. There exists an integer i such that [S; N {x;,x;}| # 1. First, if
|S1N{x;,x;}| = 0forsomei, then H, (S;) = 0and H,, (S2) = 1 (because z € S).
Next, if |S; N {x;, x;}| = 2 for some i, then it must have |S; N {x;, Xx}| = 0 for
some k, because |S;| < n. Then, again H,, (S)) =0 # 1 = H,, (S>).

Subcase 2.2.|S1 N {x;,X;}| = 1foralli € {1,2,...,n}. Note that, in this case,
y & S;. Define a Boolean assignment 7 : {x1, X2, ...,Xx,} — {TRUE, FALSE} by

7(x;) = TRUE if and only if x; € S|.

Since ¢ is not satisfiable, there exists a clause C; that is not satisfied by 7. It means
that C; N S = @, and so Hc; (S1) = 0. However, Hc,(S2) = 1 since z € S5.
The above completes the proof that H is d -separable. _
Next, it will be showed that if ¢; is satisfiable for all j = 1,2,...,m, then H,
is not d-separable for all v € T. First, forv € X —{z}, let S; = {z} and S, = {v,z}.
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Then, for all rows w € X — {z,v}, H,,(S1) = 0 = H,,(S>). Also, for all other rows
weT —X, H,(S)) = H,(S>) = 1 since z € H,. So, S| and S, are not separable
by H,.

Next, consider the case v = u; for some i € {1,2,...,n}. Let

Si={xk |1 <k <nk#i}U{y},

and S, = S U {z}. It is clear that |[S;| = n and | S| = n + 1. Now the following
claim is made: S| and S, are not separable by H i -

To prove the claim, note that the rows Hy,, Hx,, for 1 < k < n, and row H,
cannot separate S; from S,, since S; — {z} = S» — {z}. Also, rows H, (S)) =
H, (S2) =1,forallk € {1,2,...,n} — {i}, because | S| N {xx, Xx}| = 1if k # 1.
In addition, forany j = 1,2,...,m, Hc, S)=1= Hc,; (S,), since y € S;. It
follows that H «; cannot separate Sy from S5.

Finally, consider the case v = C; for some j € {1,2,...,m}. Note that ¢; is
satisfiable. So, there is a Boolean assignment t : {x{, x, ..., X,} — {TRUE, FALSE}
satisfying all clauses C¢, except C;. Define

S1 = {x; | T(x;) = TRUE} U {X; | (x;) = FALSE},

and S, = S; U{z}. Then, similar to the argument for the case v = u;, one can verify
that H,,(S1) = H,,(Sz) forw € X — {z}, and forw € {u; | | <i < n}.In addition,
for any clause Cy, with £ # j, Cy is satisfied by 7. It follows that C; N S| # @ and
Hc,(S1) = 1 = Hc,(S,). This completes the proof that ﬁv is not cz-separable, for
allveT.

Conversely, it will be showed that if ¢ & MIN-3-UNSAT, then (H,n + 1) & MIN-
SEPARABILITY. First, consider the case that ¢ is a satisfiable formula. Let
T @ {x1,X2,...,X,} — {TRUE,FALSE} be a Boolean assignment satisfying ¢.
Define

S1 = {x; | T(x;) = TRUE} U {X; | (x;) = FALSE},

and S, = S U {z}. Then, similar to the earlier proof, one can verify that H cannot
separate Sy from S,. In particular, Hc, (S1) = 1forall j € {1,2,...,m}, because
7 satisfies C; and so C; N S # 0. Thus, (H,n + 1) ¢ MIN-SEPARABILITY.

Next, assume that there exists an integer j € {1,2,...,m} such that ¢; is not
satisfiable. The following claim is made: H c;is d-separable. The proof of the claim
is similar to the first part of the proof (for the statement that if ¢ is not satisfiable
then H is d-separable).

Case 1. S1—{z} # S, —{z}. Then, there exists v € X — {z} such thatv € S| AS>.
So, Hy(S1) # Hy(S2).

Case 2. S| — {z} = S» — {z}. Then, it must be true that S{AS, = {z}, and one
may assume S, = S; U {z}. It must have |S,| <n + 1 and | S| < n.

Subcase 2.1. There exists an integer i such that |S; N {x;, X;}| # 1. Similar to
the earlier proof, if |S; N {x;, x;}| = 0 forsome i = 1,2,...,n, then H,, can be
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used to separate S; from S,. If |S] N {x;,X;}| = 2 forsome i = 1,2,...,n, then
|S1 N {xx, Xk }| = O for some k, and again H,, separates S| from S5.

Subcase 2.2. |S; N {x;,x;}| = 1 foralli € {1,2,...,n}. Then, since |S;| < n,
y ¢ §). Define a Boolean assignment t : {x;, x2,...,X,} — {TRUE, FALSE} by
7(x;) = TRUE if and only if x; € S;. Since ¢; is not satisfiable, there exists a
clause Cy¢, £ # j, such that t(Cy) = FALSE. It means that C; N S| = @, and so
Hc,(S1) = 0. However, Hc,(S2) = 1 since z € S5. So, Hc, separates S| from
S>. This completes the proof that H ¢, is d-separable, and hence (H,n + 1) ¢
MIN-SEPARABILITY. O

3.3  Minimum d-Separable Submatrix

A more important problem in nonunique probe selection is to find a minimum
subset of probes that can identify up to d targets in a given sample. In the
matrix representation, the problem can be formulated as the following: Given
a binary matrix M and a positive integer d, find a minimum d-separable sub-
matrix of M with the same number of columns (problem MIN-d-SS in [17],
Chap. 10). B

For d = 1, MIN-d-SS has been proved to be N P-hard ([17], Theorem 10.3.2),
by modifying a reduction used in the proof of the N P-completeness of the problem
MINIMUM-TEST-SETS in [30]. For fixed d > 1, MIN-d-SS is believed to be
N P-hard; however, up to now, no formal proof is known. Next the decision version
of MIN-d-SS is considered.

d-SS (J—SEPARABLE SUBMATRIX): Given a ¢ X n Boolean matrix M and two integers
d,k > 0, determine whether there is a k X n submatrix H of M that is d-separable.

Recall that Zf is the complexity class of problems that are solvable in nonde-
terministic polynomial time with the help of an N P-complete set as an oracle. For
instance, the following problem SAT; is Zf -complete ([19], Theorem 3.13): Given
a Boolean formula ¢ over two disjoint sets X and Y of variables, determine whether
there exists an assignment to variables in X so that the resulting formula (over
variables in Y') is a tautology. It is easy to see that d-SS is in Zf. It is conjectured
to be X4 -complete. Here a similar problem that is a little more general than d-SS
will be considered, and its £1'-completeness will be proved.

d-SSRR (J-SEPARABLE SUBMATRIX WITH RESERVED ROWS): Given a t X n Boolean
matrix M and three integers d > 0, s, and k > 0, determine whether there is a d -separable
(s + k) X n submatrix H of M that contains the first s rows of M and k rows from the
remaining ¢ — s bottom rows of M.

Let ¢ be a Boolean formula, an implicant of ¢ is a conjunction C of literals that
implies ¢. The following problem is proved to be £ -complete by Umans [55].
SHORTEST IMPLICANT CORE: Given a DNF formula ¢ = Ty + T, + -+ + T, and an

integer p, determine whether ¢ has an implicant C that consists of p literals from the last
term 7,,.
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By a reduction from SHORTEST IMPLICANT CORE, one can obtain the following
result.

Theorem 7 d-SSRR is X1 -complete.

Proof The problem d-SSRR can be solved by a nondeterministic machine that
guesses a (s 4+ k) x n submatrix H of M which contains the first s rows of M and
then determines whether H is d- -separable. Note that the problem of determining
whether a given matrix H is d- -separable is in coN P. Thus, d-SSRR € EP

Next, d-SSRR is proved to be P -complete by constructing a polynomial-time
reduction from SHORTEST IMPLICANT CORE to it. To define the reduction, let
(¢, p) be an instance of the problem SHORTEST IMPLICANT CORE, that is, let

p=T+Tr+ - +Ty

be a DNF formula over n variables x;, X3, ..., X,, and let p be an integer > 0. Note

that each term 77, 1 < j < m, of ¢ is a conjunction of some literals. Also, T

is used to denote the set of these literals. Assume that the last term 7, of ¢ has

q literals £y, £>, ..., £,. Define a 3n + m + q) x (2n 4 1) Boolean matrix M as

follows:

1. Let the 2n + 1 columns of M be X = {xi, X1, X2, X2,..., Xy, Xu, 2} and the
3n+m+qgrowsof MbeT = {x;,X;,u; |1 <1 <njU{t; |1=j=<mj
Ule; [1 =) =¢q}

2. Fori =1,2,...,n, My, = {x;}, M5, = {X;}, and M,, = {x;,X;,z}.

3.Forj =12,....m M, ={x; | x; € T;} U{x; | x; € T;} U {z}. (Note that
M, NT; =0).

4, Thebottomq rows of M are M., = {{;,z},for j =1,2,...,4.

Letd =n+1,s =3n+ m,and k = p, and consider the instance (M, d, s, k) for

the problem d-SSRR.

First assume that ¢ has an implicant C of size p that is a subset of 7,,. Let H be
the submatrix of M that consists of the first s = 3n + m rows plus the k = p rows
M., for which £; € C. The following claim is made: H is d-separable. That is, for
any subsets Sy and S, of {x, X2, ..., X, X,, 2} of size < d, there exists a row in H
that separates them.

Case 1. S1—{z} # S, —{z}. Then, there exists v € X — {z} such thatv € S| AS>.
Then, M,(S;) # M,(S,), and so H separates S| from S,.

Case 2. S — {z} = S» — {z}. Then, it must be true that S;AS, = {z}. Without
loss of generality, assume S, = S| U {z}. Note that |S>| < n + 1 implies |S;| < n.

Subcase 2.1. There exists an integer i such that |S; N {x;,X;}| # 1. First, if
|S1 N {x;,x;}| = O for some i, then M,,(S;) = 0 and M,,(S2) = 1 (because
z € 8). Next, if | S1N{x;, X; }| = 2 for some i, then it must have |S; N {xg, X }| =0
for some k, because |S;| < n. Then, again M, (S;) = 0 # 1 = M, (S>). It follows
that H separates S from S,.
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Subcase 2.2. |S; N {x;,x;}| = 1 foralli € {1,2,...,n}. Define a Boolean
assignment t : {x,X2,...,X,} — {TRUE, FALSE} by 7(x;) = TRUE if and only if
x; € 81. This is further divided into two subcases:

Subcase 2.2.1. t satisfies the conjunction C. Since C is an implicant of ¢ =
Ty + T, + --- + T,,, T must satisfy some 7, 1 < j < m. Thus, T; € S;: For
any x; € T;, t(x;) = TRUE, and so x; € Sy, and forany X; € T}, (x;) =
FALSE, and so x; € S;. It follows that M,j (S1) = 0 since M,j NT; = @.On the
other hand, M,j (S3) = lsince z € M,j N S,. So, sz, and hence H, separates S|
from S,.

Subcase 2.2.2. T does not satisfy C. Then, for some literal £; € C, t({;) = 0.
Thus, £; ¢ S, and Mcj (S1) = 0. On the other hand, Mcj (S7) = lsincez € Mcj.
Thus, Mcj, which is arow in H, separates S; from S,.

Conversely, assume that H is a (3n +m + k) x (2n + 1) submatrix of M that
contains the first 3n 4+ m rows of M and is d-separable. Let C be the conjunction
of literals £; for which M, is a row in H. Then, obviously, [C| = k. Now the
following claim is made: C is an implicant of ¢.

Lett : {x1,Xx2,...,X,} = {TRUE, FALSE} be a Boolean assignment that satisfies
C. It will be showed that t satisfies ¢. Let

S1 ={x; | (x;) = TRUE} U {X; | T(x;) = FALSE},

and S = S; U {z}. Then, S; and S, can be separated by some row in H. Since
S> = 1 U {z}, they are not separable by arow M,, or Mx,, foranyi = 1,2,...,n.
In addition, since | S1N{x;, X;}| = 1 foralli = 1,2,...,n, they cannot be separated
by row M,,, foranyi = 1,2, ..., n. Furthermore, note that for any literal {; € C,
t({;) = landso £; € Sy and M., (S1) = M., (S2) = 1. Thus, S and S, cannot
be separated by any row M., of H.

Therefore, S| and S, must be separable by a row M,/. ,forsome j =1,2,...,m.
Thatis, M;;(S1) = 0 # 1 = M,;,(S2). Since M;; contains the complements of the
literalsin 7, T; < Sy. It follows that 7 satisfies the term 7, and hence ¢. |

34 Conclusion

In this section, the computational complexities of problems related to nonunique
probe selection are presented. The problem of verifying the minimality of a
d-separable matrix is showed to be DP-complete, and hence is intractable, unless
DP = P. For the problem of finding a minimum d-separable submatrix, it is
conjectured to be Zf -complete and, hence, is even more difficult than the minimal
d -separability problem. To support this conjecture, the problem d-SSRR, which is
a little more general than the minimum d -separable submatrix problem, is shown
to be Ef -complete. The complexity of the original problem MIN-d-SS remains
open.
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4 Parameterized Complexity Results on NGT

Given an m X n binary matrix and a positive integer d, to decide whether the
matrix is d -separable (d -separable, or d -disjunct) is a basic problem in nonadaptive
group testing (NGT). They are known to be coNP-complete in classical complexity
theory [18]. Thus, one should not expect any polynomial time algorithm to solve
any of them. However, since in most applications d < n, an interesting question is
whether there are efficient algorithms solving the above decision problems for small
values of d.

In [12] by studying the parameterized complexity of the above three problems
with d as the parameter, the authors gave a negative answer to the above
question. More formally, they studied the parameterized decision problems
p-DISJUNCTNESS-TEST, p-SEPARABILITY-TEST, and p-SEPARABILITY*-TEST
defined as follows (where A/ denotes the set of positive integers).

p-DISJUNCTNESS-TEST

Instance: A binary matrix M and d € N.

Parameter: d.

Problem: Decide whether M is d -disjunct.
P-SEPARABILITY-TEST

Instance: A binary matrix M and d € N.

Parameter: d.

Problem: Decide whether M is d -separable.
P-SEPARABILITY*-TEST

Instance: A binary matrix M and d € N.

Parameter: d.

Problem: Decide whether M is d-separable.

The main results obtained in [12] will be presented in this section; they are
summarized in the following theorem.

Theorem 8 p-DISJUNCTNESS-TEST, p-SEPARABILITY*-TEST, and p-SEPA-
RABILITY-TEST are all co-W[2]-complete.

WI2] is the parameterized complexity class at the second level of the
W-hierarchy, and co-WJ[2] is the class of all parameterized problems whose
complements are in W[2]. They will be formally introduced in the sequel.
Theorem 8 indicates that, given an m X n binary matrix and a positive integer
d, a deterministic algorithm with running time f(d) x (mn)°® (where f is
an arbitrary computable function) to decide whether the matrix is d-separable
(d-separable, or d-disjunct) does not exist unless the class W[2] collapses to
FPT (the class of all fixed-parameter tractable problems), which is commonly
conjectured to be false.
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4.1 Preliminaries

Before proving Theorem 8, the notions of fixed-parameter tractability, relational
structures, first-order logic, and the W-hierarchy of parameterized complexity
classes are formally introduced.

4.1.1 Fixed-Parameter Tractability

The theory of fixed-parameter tractability [16, 27] has received considerable
attention in recent years, for both theoretical research and practical computation.
The notations and conventions in [27] are adopted here. Let 3 denote a fixed finite
alphabet. A parameterization of £* is a polynomial time computable mapping
kK X* — N. A parameterized problem (over X) is a pair (Q, k) consisting of
aset Q C X* and a parameterization x of X*.

An algorithm A with input alphabet X is an fpt-algorithm with respect to k, if
for every x € X* the running time of A on input x is at most f(k(x))|x|?", for
some computable function f. A parameterized problem (Q, k) is fixed-parameter
tractable if there is an fpt-algorithm with respect to « that decides Q. The key point
of the definition of fpt-algorithm is that the superpolynomial growth of running time
is confined to the parameter  (x), which is usually known to be comparatively small.
The class of all fixed-parameter tractable problems is denoted by FPT.

Many NP-hard problems such as the VERTEX COVER problem [8] and the ML
TYPE-CHECKING problem [37] have been shown to be fixed-parameter tractable.
On the other hand, there is strong theoretical evidence that certain well-known
parameterized problems, for instance the INDEPENDENT SET problem and the
DOMINATING SET problem, are not fixed-parameter tractable [ 16]. This evidence is
provided, similar to the theory of NP-completeness, via a completeness theory based
on the following notion of reductions: Let (Q,«) and (Q’,«’) be parameterized
problems over alphabets X and X/, respectively. An fpt-reduction from (Q, k) to
(Q', k') is a mapping R : ¥* — (2/) such that:

1. Forall x € ¥*, x € Q ifand only if R(x) € Q.

2. R is computable by an fpt-algorithm (with respective to k). That is, there is a
computable function f such that R(x) is computable in time f(k(x))|x|°M.

3. There is a computable function g : N — A such that k'(R(x)) < g(k(x)), for
all x € %,

In the above definition, the last requirement is to ensure that class FPT is closed
under fpt-reductions, that is, if a parameterized problem (Q, k) is reducible to
another parameterized problem (Q’, ') and (Q’, k') € FPT, then (Q, k) € FPT.

4.1.2 Relational Structures

In later discussions, the conventions in descriptive complexity theory are adopted, in
which instances of decision problems are viewed as structures of some vocabulary
instead of languages over some finite alphabet.
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A (relational) vocabulary t is a set of relation symbols. Each relation symbol
R € 7 has an arity arity(R) > 1. A structure A of vocabulary t consists of a set
A called the universe and an interpretation R4 C A%V(®) of each relation symbol
R e t.Foratuplea € AR write R“Aa (ora € R*) to denote that @ belongs to
the relation R*. Here only nonempty finite vocabularies and structures with a finite
universe are considered.

Recall that a hypergraph is a pair H = (V, E) consisting of a set V' of
vertices and a set E of hyperedges. Each hyperedge is a subset of V. Graphs are
hypergraphs with hyperedges of cardinality two. The following example illustrates
how to represent a hypergraph using a relational structure.

Example 1 Let tgg be the vocabulary consisting of the unary relation symbols
VERT and EDGE and the binary relation symbol /. A hypergraph H = (V, E)
can be represented by a relational structure H of vocabulary ¢ as follows:

e The universeof His V U E.

e VERT™ :=V and EDGE™ := E.

o JH .= {(vie): veV,e € E,and v € e} is the incidence relation.

4.1.3 First-Order Logic

First the syntax of first-order logic is briefly recalled. Let 7 be a vocabulary. Atomic
first-order formulas of vocabulary t are of the form x = y or Rx;...Xxy, where
R € tis L-ary (i.e., has arity £) and x, y, xy,...,x¢ are variables. First-order
formulas of vocabulary t are built from atomic formulas using Boolean connectives
A (and), V (or), — (negation), together with the existential and universal quantifiers
J and V. The connectives — (implication) and <> (equivalence) are not part of the
language defining first-order formulas, but they are used as abbreviations: ¢ — ¥
stands for —¢ Vv ¥, and ¢ <> V¥ stands for (¢ — V) A (¥ — ¢).

A variable x is called a free variable of ¢ if x occurs in ¢ but is not in the scope
of a quantifier binding x. Write ¢(x1, ..., x¢) to indicate that all free variables of ¢
belong to set {xy, ..., x¢}. A formula without free variables is called a sentence. Let
both X and I, denote the class of quantifier-free first-order formulas. For ¢ > 0,
let X, 4 be the class of all formulas (3x; ... 3xp)e, where ¢ € I1,, and let IT, 4| be
the class of all formulas (Vx; ... Vx)e, where ¢ € %,.

For formulas of second-order logic, in addition to the individual variables, they
may also contain relation variables; each of the relation variables has a prescribed
arity. Here lowercase letters (e.g., x, y, z) are used to denote individual variables,
and uppercase letters (e.g., X, Y, Z) are used to denote relation variables. As in [27],
for convenience free relation variables are allowed to be in first-order formulas, since
the crucial difference between first-order and second-order logic is not that second-
order formulas can have relation variables, but that second-order formulas can
quantify over relations. Therefore, here the syntax of first-order logic is enhanced by
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including new atomic formulas of the form X x; ... xy, where X is an £-ary relation
variable. The meaning of formula X x ... x, is: The tuple of elements interpreting
(x1,...,x¢) is contained in the relation interpreting the relation variable X. The
classes such as X; and Il; are also extended to include formulas with free relation
variables. It is worth emphasizing again that in first-order logic quantification over
relation variables is now allowed.

4,14 W-Hierarchy

First a brief introduction to the W-hierarchy of parameterized complexity classes
is given. Roughly speaking, the W-hierarchy classifies problems according to
the syntactic form of their definitions, and the definitions are formalized using
languages of mathematical logic. The W-hierarchy can be defined in several
different ways; here the following definition based on the weighted Fagin-defined
problems is adopted.

Let ¢(X) be a first-order formula with a free relation variable X of arity s. Define
p-WD,, to be the following parameterized decision problem.
p-WD,:

Instance: A structure Aand k € N.

Parameter: k.

Problem: Decide whether there is a relation S C A of cardinality k such that
AE @(S).

Here, A = ¢(S) stands for that structure A satisfies sentence ¢(S) (or, A is
a model of ¢(S)), and S is called a solution for ¢ in structure A. The readers
are referred to, for example, Sect. 4.2 of [27], for more detailed introduction to the
semantics of first-order formulas.

For a class ® of first-order formulas, let p-WD-® be the class of all parameter-
ized problems p-WD,, with ¢ € ®. Fort > 1, define W[¢]:= [p-WD-I1,]/?*, which
is the class of all parameterized problems that are fpt-reducible to some problems in
p-WD-II,. The classes W[¢], for t > 1, form the W-hierarchy. Thus, the levels of
Wh-hierarchy essentially correspond to the number of alternations between universal
and existential quantifiers in the definitions of their complete problems. Problems
hard for W[1] or higher class are assumed not to be fixed-parameter tractable. For
instance, the INDEPENDENT SET problem is W[1]-complete, and the DOMINATING
SET problem is W[2]-complete.

For a parameterized problem (Q,«) over the alphabet X, let (Q,«)¢ denote
its complement, that is, the parameterized problem (X* \ Q,«). Let C be a
parameterized complexity class. Then co-C is defined to be the class of all
parameterized problems (Q, k) such that (Q, k)¢ € C. Clearly, FPT = co-FPT. From
the definition of fpt-reductions, it is easy to see that if class C is closed under fpt-
reductions, so is co-C. In particular, each class W[¢], t > 1, gives rise to a new
parameterized complexity class co-W[¢]. Also, it is easy to prove that if (Q, k) is
complete in parameterized complexity class C under fpt-reductions, then (Q, k)€ is
complete in class co-C under fpt-reductions.
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4.2 Proof of Theorem 8

Now the proof of Theorem 8 is ready to presented. For a binary matrix M, let Ry
be the set consisting of all rows in M, and let C), be the set consisting of all columns
inM.

Relational Structure for a Binary Matrix. Let t3) be the vocabulary consisting
of the unary relation symbols ROW and COLUMN and the binary relation symbol /.
Then, the binary matrix M can be represented by a structure M of vocabulary
M, where the universe of M is Ry, U Cyy, and the interpretations for the relation
symbols in tgys are as follows:
s ROWM := Ry.
s COLUMNM := Cy.
o M = {(r,c): r € Ry,c € Cy, and M(r,c) = 1}, which is the incidence
relation.
The proof of Theorem 8 is partitioned into the following six lemmas:

Lemma 5 p-DISJUNCTNESS-TEST € co-W/[2].

Proof Consider the following complement problem of p-DISTUNCTNESS-TEST.

p-NONDISJUNCTNESS-TEST

Instance: A binary matrix M andd € N.
Parameter: d.

Problem: Decide whether M is NOT d -disjunct.

A I1, formula nondisj(X) with a free relation variable X of arity 2 will be defined,
and p-NONDISJUNCTNESS-TEST will be showed to be equal to p-WD,p,4isj(x)
(see Sect. 4.1.4 for the definition of problem p-WD,). This implies that p-
NONDISJUNCTNESS-TEST is in p-WD-I1,, therefore is in W[2].

A binary matrix is not d -disjunct if and only if there is a set D of d columns and
another column ¢ ¢ D such that U(D) covers c. The idea here is assuming that the
solution S to X is of the form {(¢;,¢) : ¢; € D}. Therefore, X should be a binary
relation variable, and the solution S to X should have cardinality d.

Define

x1:= Ve Ve (Xeyeo > (COLUMNcy ACOLUMNcy A (¢ # ¢2))),

and define

X2 = VC3VC4VC§VC§((XC3C4 VAN XCSC6) — (C4 = 06)).
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Here y; and y, are to guarantee that the solution S to X of cardinality d has the
form {(cy,¢),...,(cq,c)}, where ¢ € Cpr,¢c; € Cy,and¢; # ¢, forl <i <d.
Define

nondisj’ (X) := ¥Yrac;3cs(ROWr — (Xcrcs A (Ircg — Ircr))).

Here nondisj’(X) is to guarantee that the solution S to X satisfies that the union
of columns in {¢; : (c¢;j,c) € S} covers ¢ (so that M is not d-disjunct). Finally,
define

nondisj(X) := x1 A x2 Anondisj’(X),

which is equivalent to a I, formula.

From the above definition, clearly if there exists a relation S € C ,%4 of cardinality
d such that M = nondisj(S), then M is not d-disjunct. On the other hand,
if M is not d-disjunct, then there exist a subset D of d columns cy,...,c; and
another column ¢ ¢ D such that ¢ is covered by U(D). It is not hard to verify
that the relation S = {(c1,¢),..., (cq,c)} satisfies M |= nondisj(S). Therefore,
M is not d-disjunct if and only if there exists a relation S of cardinality d such
that M |= nondisj(S). That is, p-NONDISJUNCTNESS-TEST is p-WD,0ndisj(x)-
Thus, p-NONDISJUNCTNESS-TEST € W[2], and so p-DISJUNCTNESS-TEST €
co-WJ[2]. O

Lemma 6 p-SEPARABILITY-TEST € co-W/[2].

Proof Consider the following complement problem of p-SEPARABILITY-TEST.

p-NONSEPARABILITY-TEST

Instance: A binary matrix M andd € N.
Parameter: d.

Problem: Decide whether M is NOT d-separable.

A formula nonsep(Y') with a free relation variable Y of arity 2 will be defined,
and p-NONSEPARABILITY-TEST will be shown to be equal to p-WD,,4,5¢p(v)-

A binary matrix is not d -separable if and only if there exist two distinct subsets
D, and D, each contains d columns such that U(D;) = U(D;,). Assume that
Dy = {c11,¢12,...,¢14} and Dy = {c21,¢, ..., 24} The idea is to assume that
the solution S to Y is of the form {(ci1, ¢21), (¢12,¢22), ..., (C14,C24)}, and so Y
should be a binary relation variable, and the solution S to Y should have cardinality
d. Define the formula nonsep(Y') such that it satisfies the following: There exists a
relation S C C3, of cardinality d such that M = nonsep(S) if and only if M is
not d-separable.

Define

x3:=VeVea(Yeica > (COLUMNcey A COLUM Nc¢y)),

x4 = VYesVeaVesVeg((Yesea A Yescs) — ((c3 = ¢s5) <> (c4 = ¢6))),

and
x5 := dc73cgVeo((Yereg A —Yeoeq)).
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Here y3 is to guarantee that the relation variable Y € C7;; y4 is to build a bijection
between the first component of elements in S and the second component of elements
in S, which guarantees that the two subsets {c;; : 3dc s.t. (c¢y;,¢) € S} and
{c2j © Fe s.t. (c,czj) € S} (which intend to be Dy and D,, respectively) have the
same cardinality; ys is to guarantee that the two subsets {cy; : Jc s.t. (c1;,¢) € S}
and {cz; : dc s.t. (¢, czj) € S} are distinct from each other. Define

nonsep’(Y) := Vr(ROWr — ((Qcrodc1 Yeroen A Irerg)

< (JeipdeizYencs A Ireiz))),

which is to guarantee that the solution S to Y satisfies that the union of
columns in {cy; : 3dc s.t. (c1;,¢) € S} is equal to the union of columns in
{c2j + Jc s.t. (c,c2;) € S}. From basic logic computation, it is not hard to verify
that nonsep’(Y) is a I1, formula with free relation variable Y . Finally, define

nonsep(Y) := y3 A ya A x5 Anonsep’(Y).

From the above definition of nonsep(X), if a relation S € CZ, of cardinality d
satisfies that M = nonsep(S), then the two subsets {c;; : 3dc s.t. (ci;,¢) €
S} and {cy; Jc s.t. (c,c2;) € S} both contain d columns of M
and are distinct from each other; moreover, their unions are identical.
This implies that M is not d-separable. On the other hand, if M is not
d-separable, then there exist two distinct subsets D, and D,, each contains d
columns such that U(D;) = U(D;). Assume that D = {ci,...,c14} and
D, = {ca1, ..., ¢4} Itis not hard to verify that the relation

S = {(011,021), (0127022), ey (Cld, Czd)}

satisfies M = nonsep(S).

From above, there exists a relation S € C2, of cardinality d such that M
nonsep(S) if and only if M is not d-separable; therefore, p-NONSEPARABILITY-
TEST i8S p-WDyonsep(r)- X3 and x4 are Iy formulas; ys is a X, formula;
nonsep’(Y) is a I1, formula; therefore,

nonsep(Y) = x3 A ya A xs Anonsep’(Y)

is equivalent to a X3 formula, which implies that p-NONSEPARABILITY-TEST
is in p-WD-X;. Here the following fact is applied: p-WD-X3 < p-WD-II,
(more generally, p-WD-X,; € p-WD-II,, for + > 1. The main idea to prove
this conclusion is not complicated; the reader is referred to, e.g., Proposition
5.4 in [27] for the proof). Thus, p-NONSEPARABILITY-TEST € W[2], and so
P-SEPARABILITY-TEST € co-W/[2]. O

Lemma 7 p-SEPARABILITY*-TEST € co-W/[2].
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Proof Since W[2] is closed under fpt-reductions, so is co-W[2]. It will be showed
next that p-SEPARABILITY*-TEST is fpt-reducible to p-SEPARABILITY-TEST.
Since the latter is in co-W[2] (Lemma 6), this implies that p-SEPARABILITY*-
TEST € co-W[2]. The reduction can be obtained immediately from the following
fact (Lemma 2.1.6 in [17]): A binary matrix M’ containing a zero column is
d-separable if and only if the matrix M obtained by removing this zero column
from M’ is d-separable.

Let (M, d) be an instance of p-SEPARABILITY*-TEST, where M is a binary
matrix and the parameter d is a positive integer. Map (M, d) to (M’, d), where M’
is obtained by adding a zero column to M. From the above lemma, (M,d) € p-
SEPARABILITY*-TEST if and only if (M’,d) € p-SEPARABILITY-TEST.
It is easy to see that this is an fpt-reduction from p-SEPARABILITY*-TEST to
P-SEPARABILITY-TEST.

Lemma 8 p-DISJUNCTNESS-TEST is co-W[2]-complete.

Proof A hitting set in ahypergraph’H = (V, E) is aset T of vertices that intersects
each hyperedge, that is, 7 N e # @ for all e € E. The classical HITTING-SET
problem is to find a hitting set of a given cardinality k in a given hypergraph H,
which is known to be NP-complete. The following parameterized hitting set problem
is W[2]-complete (see, e.g., Theorem 7.14 in [27]).

p-HITTING-SET

Instance: A hypergraph H and k € N.

Parameter: k.

Problem: Decide whether H has a hitting set of k vertices.

An ftp-reduction from p-HITTING-SET to p-NONDISJUNCTNESS-TEST will be
given, based on an idea similar to that in [18]. Let (H, k) with H = (V, E) be an
instance of p-HITTING-SET, where V = {1,...,n}, E = {e},...,en}, and each
e;, 1 <i < m,isasubset of V. Define d = k, and define an (n + m) x (n + 1)
binary matrix M with rows R; as follows (here each row is represented as a subset
of the set of all columns {1,2,...,n + 1}, in the most natural way):

R = {i}. i=1,....n
Rn+j=€jU{l’l+l}, ]=l,,m

First, assume that # has a hitting set T C V of size k. Consider the subset
S1 = T of columns of M. Since T is a hitting set of , U(SS) covers column 7 + 1.
Notice that | S| = d and column n + 1 is not in Sy, M is not d-disjunct.

Conversely, assume that M is not d-disjunct. Then, there exist a subset S; of d
columns in {1,2,...,n 4 1} and another column ¢ ¢ S; such that U(S}) covers c.
From the way the first n rows of matrix M are defined, ¢ can only be column n + 1.
Thus, column n + 1 isnotin S;. Set T = Sy, then |T| = k, and T is a subset of V.
Since U(S}) covers column n + 1, it is easy to see that 7 is a hitting set of H.



Advances in Group Testing 129

It is not hard to verify that the above is an fpt-reduction. Therefore,
p-NONDISJUNCTNESS-TEST is W[2]-complete, and so p-DISJUNCTNESS-TEST is
co-W/[2]-complete. O

Lemma 9 p-SEPARABILITY*-TEST is co-W[2]-complete.

Proof To prove the lemma, an ftp-reduction from p-HITTING-SET to
p-NONSEPARABILITY*-TEST will be given. For an instance (H,k) of
p-HITTING-SET, define matrix M in the same way as in the proof of Lemma 8, and
define d = k + 1. Next the correctness of this reduction will be shown.

First, assume that H has a hitting set 7 C V of size k. Consider the following
two subsets of columnsin M: Sy =T and S, = T U {n + 1}. Then, for 1 <i <n,
it is obvious that U(S;); = U(Sy);; forn < i < n 4 m, since T is a hitting set
of H, U(S1); = 1 = U(S»);. Notice that |S1],[S2| < d and S # S>, M is not
d-separable. B

Conversely, assume that M is not d-separable. Then, there exist two subsets S}
and S, of columns in {1,2,...,n + 1} such that |Sy|,|S2| < d, S1 # S,, and
U(Sy) = U(S,). Since U(S)); = U(S,); for 1 <i < n, it follows that

S1ﬁ{l,...,n}:Szﬂ{l,...,n}.

To have S| # S,, column n + 1 must belong to exactly one of S; and S,. Without
loss of generality, assume thatn + 1 ¢ S;andn + 1 € S,. Set T = S}, then

IT| =S| =|S|-1<d-1=k,

and T is a subset of V. From U(S)); = U(S,); = lforn <i <n+m, T isa
hitting set of H.

Therefore, p-NONSEPARABILITY*-TEST is W[2]-complete, and so
P-SEPARABILITY*-TEST is co-W[2]-complete.

Lemma 10 p-SEPARABILITY-TEST is co-W[2]-complete.

Proof  Since as proved before in Lemma 7 that p-SEPARABILITY*-TEST is
fpt-reducible to p-SEPARABILITY-TEST, and in Lemma 9 that p-SEPARABILITY*-
TEST is co-W][2]-complete, p-SEPARABILITY-TEST is co-W][2]-hard. Together
with Lemma 6 that p-SEPARABILITY-TEST € co-W[2], it is obtained that
P-SEPARABILITY-TEST is co-W[2]-complete.

4.3 Discussion
In this section, the parameterized complexity is established for the following

three basic problems in pooling design: Given an m X n binary matrix and a
positive integer d, to decide whether the matrix is d-separable (d-separable, or
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d-disjunct). It is showed that these problems are co-W[2]-complete; thus, do not
admit algorithms with running time f(d) x (mn)°M for any computable function
f. The best known algorithms for the above general problems are all in a brute-
force manner. It is interesting to investigate that whether these problems admit better
algorithms. For instance, are there algorithms with running time 7°® O (m) to solve
these problems when d is small compared to n?

5 Upper Bounds on the Minimum Number of Rows of
Disjunct Matrices

A 0-1 matrix is d-disjunct if no column is covered by the union of any d other
columns, where the union means the bitwise Boolean sum of these d column
vectors. In other words, a 0-1 matrix is called d-disjunct if for any column C and
any d other columns, there exists at least one row such that the row has value 1
at column C and value 0 at all d other columns. The same structure is also called
cover-free family [25,29, 53] in combinatorics and superimposed code [22,23,34]
in information theory. It is called a d-disjunct matrix in group testing [17, 32, 39].
A 0-1 matrix is (d; z)-disjunct [22,39] if for any column C and any d other columns,
there exist at least z rows such that each of them has value 1 at column C and
value O at all the other d columns. Thus, d-disjunct is (d; 1)-disjunct. Besides
other applications, d-disjunct and (d ; z)-disjunct matrices form the basis for error-
free and error-tolerant nonadaptive group testing algorithms, respectively. These
algorithms have applications in many practical areas such as DNA library screening
[3,6,17,43] and multi-access communications [57].

Let ¢(d, n) denote the minimum number of rows required by a d -disjunct matrix
with n columns. The bounds on #(d, n) have been extensively studied in the fields of
combinatorics, information theory, and group testing, under different terminologies.

For lower bounds, it is known that t(d,n) = Q(% [21,29,53]. In particular,

D’yachkov and Rykov [21] proved that 7(d,n) > %(1 + o(1)) logn, which is
the best lower bound so far. For upper bounds on #(d, n), it is known that ¢ (d, n) =
o 2 logn) [2,22,32,33,45,50]. In [22], Dyachkov, Rykov, and Rashad obtained
the following asymptotic upper bound on  (d, n) with a rather involved proof, which
is currently the best.

Theorem 9 (Dyachkov, Rykov, and Rashad [22]) For d constant and n — oo,
d
t(d,n) < —I[1+o0(1)]logn,
Ag

where

_ (- Pylog(1 - p* D pytog 1L
Ad_orﬁnﬁégl ,max, (1 - P)log(l p)+d|:P10gP+(1 P)logl—P:H'
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Moreover, A; — ﬁge as d — oo.
For (d; z)-disjunct matrices, let t(d, n;z) denote the minimum number of rows
required by a (d; z)-disjunct matrix with n columns. For given d and z, D’yachkov,

Rykov, and Rashad [22] studied the value of lim, - k’%, among others, and they

proved that 7(d,n;z) > c[dlzol;i” + (z — 1)d] where c is a constant.

In [13], by using g-ary (d, 1)-disjunct matrices [17,20] and the probabilistic
method (see, e.g., [1]), the authors gave a very short proof for the currently best
upper bound on #(d, n). In contrast to the previous result in [22] (Theorem 9), which
is an asymptotic upper bound, the upper bound on #(d, n) in [13] does not contain
the asymptotic term o(1). Also, the method in [13] is generalized to obtain a new

upper bound on #(d, n; z). These results will be presented in this section.

5.1 Upper Bounds on ¢(d, n)

Theorem 10 Forn > d > 1,

d+1
t(d,n) < logn,

where By = max -1 . Moreover, B; — as d — oo.

_log[l—(l—é)d} |
q dloge
Before proving the above theorem, the concept of g-ary (d, 1)-disjunct matrix
will be first introduced: A matrix is called g-ary (d, 1)-disjunct if it is g-ary, and for
any column C and any set D of d other columns, there exists an element in C such
that the element does not appear in any column of D in the same row.
As described in [17,20], one can transform a g-ary (d, 1)-disjunct matrix M to
a (binary) d-disjunct matrix M as follows. Replace each row R; of M by several
rows indexed with entries of R;. For each entry x of R;, the row with index x is
obtained from R; by turning all x’s into 1’s and all others into 0’s. The following
fact is useful in later proof, which is the same as Theorem 1 only using different
notations:

Fact 2 (Theorem 3.6.1 in [17]) A ¢t x n q-ary (d, 1)-disjunct matrix M yields a
t" x n d-disjunct matrix M’ witht’ < tq.

Now it is time to present the proof of Theorem 10.

Proof of Theorem 10: Givenn > d > 1, firstconstructarandom¢ x n g-ary (g > 1)
matrix M with each entry assigned randomly and uniformly from {1,2,...,q},
where ¢ and ¢ will be specified later. For each column C and a set D of d other
columns, for each element ¢; (i = 1,2,...,t) of C, the probability that ¢; appears
in some column of D in the same row is 1 — (1 — é)d. Thus, the probability that

every element of C appears in some column of D in the same row is [1 — (1 — é)d]t.
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M is not (d, 1)-disjunct if and only if there exist a column C and a set D of d
other columns such that the above holds. Therefore, the probability that M is not
(d, 1)-disjunct is no more than

= d)(Z)[l (-

What follows next is to try to minimize 7¢, the number of rows of the d-disjunct
matrix M’ as in Fact2, under the condition that g and ¢ satisfy

nd T — (1 - }])"]’ <1 (1

Notice that Eq. (1) implies

n —d)(Z)[l —a- }]Y’]’ <1

thus, the probability that M is (d, 1)-disjunct is greater than zero. Therefore, by
probabilistic argument, Eq. (1) implies the existence of a t x n g-ary (d, 1)-disjunct
matrix, and so a d-disjunct matrix with n columns and at most g rows.

To satisfy Eq. (1), let

_ (d +1)logn
 —log[l — (1= 1))’
Define
—log[l — (1 - 1)/)
Ba(g) = T,
q
then
_(d+1)logn
~ Bu(g)

Let go be the point that maximizes B;(q), and let B; = B;(qo) (one can estimate
that g0 = ©®(d) and B; = ®($), since the proof here can stand alone without
this observation; they are put into Lemma 11) in later part. By assigning g = qo, it
follows that

(d+1)logn (d+1)logn
t(d,n) < (tC])|q=qo = Bd(qO)g - By - .

Next estimate By as d — oo. Since (1 — é)‘f < % forqg > 1,

NN /1\7
(1__) <(_) —en
q e
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and
| _d
—log[l — (1 ——-)4] < —log(l —e 7).
q

It follows that

—logll = (1 = 1)/]
q

Ba(q) =

d
—log(1—e" 7
L Tlog—e 1)

q

1 d _d
—[-=1In(1 — .
dan[ p n(l—e 7)]

_d
Letx = e <, then —% = Inx, and

Bi(q) < Inx In(1 — x).

1
dIn2

Since In x In(1 — x) achieves its maximum at x = %, it follows that B, (g) < % for

q > 1.Thus, B; < % ford > 1.On the other hand, when ¢ satisfies (1—5)“’ = %

1
2’

In2 __ 1
d—)OO,Bd—)T——dloge. O

In

as d — oo, it is easy to see that 4 — and B;(q) = % — 182 Therefore, as

Lemma 11 Given d > 1, let g9 = qo(d) be the point that maximizes By(q) =
loall—(1—1)d
Mforq > 1. Then, as d — 00, qo(d) = O(d), and B; = By(qo) =

O().
Proof Notice that if ¢, satisfies (1 — qu)d = 1, thenq; = O(d), since & — L as
1

d — oo. Moreover, B;(q1) = i @(%). The lemma is proved by contradiction.
First assume that g9 = O(d) does not hold, that is, for any ¢ > 0 and any dy > 0,

there exists d > dj such that go(d) > cd. Then, since ‘fi—" > c,as ¢ — 00,

~loglt — (1 )]

By(qo)d =
qo
d
N —log[1 — (1 - q—o)]d
qo
log 4
= T
d

=o(1),
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here a ~ b means that lim;—o § = 1. Thus,

o))

Bi(q0) = p

However, this is a contradiction since ¢ is the maximum point of B;(g) and
Bi(q1) = O(7) with (1 — )* = 3.

On the other hand, assume that qo Q(d) does not hold, that is, for any ¢ > 0
and any dy > 0, there exists d > dj such that go(d) < cd. Then,

1\d
~logll — (1= )]
qo

, A
—In{l1 —[(1 — q—o)%]qo}d
qoln2

Bi(qo)d =

SinceO<(1—ql0)‘1°<ﬁforq0>1,asc—>0,j—0>%—>oo,and

1 4 _d
[(1——)w <e w0 — 0.
qo

Thus,
[(1 = Lympio
By(qo)d ~ —F——d
qoln2
— gl = i
In2 g
1 d _4a
— ¢ @
ln 2 qo
=o(1),
which is also a contradiction (here @ ~ b means that lim.—o 5 = 1). Therefore,
go(d) = ©(d). Then, (1 — qLo)d < 1is ©(1), and thus
e 1
Bd(‘IO)ZQ:@(_)- O
qo d

5.2 New Upper Bounds ont(d, n;z)

The above method is now generalized to obtain new upper bounds for (d ; z)-disjunct
matrices, by establishing the following theorem:
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Theorem 11 For d, z constants, and n — oo,

d+1
tdoniz) < &5
d

logn + iloglogn + 0(1),
By

—log[1—(1—7)“]
q

. Moreover, By — —— as d — oo.

where By = max > TToge

A g-ary matrix is called (d, 1; z)-disjunct if for any column C and any set D of d
other columns, there exists at least z elements in C such that each of these elements
does not appear in any column of D in the same row. Clearly, by using the same
method mentioned above, one can transform a ¢t x n g-ary (d, 1; z)-disjunct matrix
to a (d; z)-disjunct matrix with n columns and at most g rows.

Proof of Theorem 14: For given n,d, and z, similarly construct a random ¢ x n
g-ary (¢ > 1) matrix M with each entry assigned randomly and uniformly from
{1,2,...,4q}; q and t will be specified later. For each column C and a set D of d
other columns, for each element ¢; of C, the probability that ¢; appears in some
column of D in the same row is 1 — (1 — 1)¢. Thus, the probability that there exist
t —z+ 1 elements of C such that each of them appears in some column of D in the
same row is at most

! _ _ldf—z+1_ t _ _ldt—z-i—l
(t—z—}—l)[l (1 q)] _<z—l)[1 (1 q)] .

M is not (d, 1; z)-disjunct if and only if there exists a column C and a set D of d
other columns such that the above holds. Therefore, the probability that M is not
(d, 1; z)-disjunct is no more than

(n - d)(Z) (Zj 1) (1= =t

The goal is to minimize tq, the number of rows of the corresponding (d;z)-
disjunct matrix, under the condition that

nd+ltz[l_(l_é)d]t—z <1. )

Notice that Eq. (2) implies

(n— d)(Z) (Zi 1)[1 (- Cll)d]f—z+1 <1

Thus, the probability that M is (d, 1; z)-disjunct is greater than zero, which similarly
implies the existence of a ¢ x n g-ary (d, 1; z)-disjunct matrix, and a (d ; z)-disjunct
matrix with n columns and at most 7 rows.
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Let g be the point that maximizes

~log[l — (1 - 1)
- .

Ba(g) =
Assign g = qo. To satisfy Eq. (2), which is equivalent to

1
(d + 1)logn + zlogt < —(t —z)log[1 — (1 — —)“],
q0

fet d + 11
ogn
= Toall 1g1 Y +z+ 1.
~log[l — (1 )]
Then, #; should satisfy
d+ 1)logn 1
z1 @+l S —+z+ng <-—nlogll—(1-—)] (3
—log[l—(l—q—o) ] 90

Let
zloglogn

~ “logll — (1 1)d]

From Eq. (3), t, should satisfy that

151 =+ 1.

: lo d+1)
~logll = (1= )1 | ~logll — (1= )]

1 zloglogn ot
Z
logn \ —log[l — (1 — qLO)d] ?

For d and z constants (thus, ¢ is also constant), as n — oo, the minimum value
of 1, satisfying Eq. (4) is

<h &

z d+1
h=— - _Lleg_ - _Ld=0(1).
logll — (1= 1)d] °° Zlog[l — (1 — 1)d]
Thus,
(d + 1)logn zloglogn o)

~ log[l — (1— 5] " “log[l — (1 - L)7]

satisfies Eq. (2) (where the constant term z in ¢ is absorbed in O(1)). Therefore, the
number of rows of the corresponding (d ; z)-disjunct matrix is at most
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d+1
tqo = + logn + iloglogn + 0(1),
By By
where
—log[l — (1 — )]
B, = B;(qo) = max 4 -
q>1 q
Also,
B d .
v — Tloge asd — oo
as proved in Theorem 10. O
6 Transformation from Error-Tolerant Separable Matrices to

Error-Tolerant Disjunct Matrices

Let M be a 0/1 matrix. For any set S of columns of M, U(S) will denote the
union of the row indices of 1-entries of all columns in S. When S is the singleton
set {C}, by abusing the notation, U(S) is simply written as C. Matrix M is called
d-separable if for any two distinct d-sets S and S’ of columns, U(S) # U(S’). M
is called d -separable if the restrictions | S| = d and |S’| = d above are changed to
|S| < d and |S’| < d, respectively. Finally, M is called d -disjunct if for any d -set
S of columns and any column C notin S, C is not contained in U(S). These three
properties of 0/1 matrices have been widely studied in the literature of nonadaptive
group testing designs (pooling designs), which have applications in DNA screening
[17,25,32,38,39]. ~

It has long been known that d -disjunctness implies d -separability which in turn
implies d-separability [17, Chap.2]. Recently, Chen and Hwang [7] found a way
to construct a disjunct matrix from a separable matrix to complete the cycle of
implications.

Theorem 12 (Chen and Hwang [7]) Suppose M is a 2d -separable matrix. Then
one can construct a d-disjunct matrix by adding at most one row to M.

The notion of d-separability, d -separability, and d-disjunctness has their error-
tolerant versions. A 0/1 matrix M is called (d:z)-separable if |U(S)AU(S")| > z
for any two d -sets of columns of M . Itis (d; z)-separable if the restriction of d -sets
is changed to two sets each with at most d elements. Finally, M is (d; z)-disjunct
if for any d-set S of columns and any column C notin S, |C \ U(S)| > z. Note
that the variable z represents some redundancy to tolerate errors [17]. For z = 1, the
error-tolerant version is reduced to the original version.

In [17], Du and Hwang attempted to extend Theorem 12 to its error-tolerant
version, as stated in the following theorem:

Theorem 13 ([17], Theorem 2.7.6) Suppose M is a (2d;z)-separable matrix.
Then one can obtain a (d; z)-disjunct matrix by adding at most 7 rows to M.
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By Theorem 13, Du and Hwang obtained the following corollary:

Corollary 1 ([17], Theorem 2.7.7) A (d;2z)-separable matrix can be obtained
from a (2d ; z)-separable matrix by adding at most 7 rows.

Unfortunately, Theorem 13 is incorrect; thus, Corollary 1 is also incorrect, as seen
by the following counterexample. Let

1000
0100
0010
0001

M, =

It is easily verified that M, is (2;2)-separable. It will be showed next adding two
rows to M, cannot produce a (1; 2)-disjunct matrix.

Let Cy, C5, (35, and Cy4 denote the four columns of M. Suppose setting C = C;
and § = {C;},i # j. Then two rows are needed such that each containing C;
but not C;. One such row is already provided by M;. So one (1, 0)-pair is needed
in a new row. Since this is required for each pair of (i, j) with i # j, there are
4 x 3 = 12 choices of (i, j) pair, and each such pair needs a (1, 0)-pair in a new
row, or equivalently, the new rows should provide 12 such (1, 0)-pairs. However, one
new row can provide at most four (1, 0)-pairs (achieved by a row with two 1-entries
and two O-entries). So two new rows are not sufficient to provide the 12 (1, 0)-pairs
required by the (1;2)-disjunctness property.

In [9], the authors gave a correct version of Theorem 13 and obtained a
more rigorous statement of Theorem 12. Their results will be presented in this
section.

6.1 Main Results

Lemma 12 ([17], Lemma 2.1.1) Suppose M is a d-separable matrix with n
columns where d < n, then it is k-separable for every positive integer k < d.

Note that the condition d < n in Lemma 12 is necessary as seen by the following
example: Let
110
M,=1101
011

M, is trivially 3-separable. However, it is not 2-separable, as the union of any pair of
its columns is identical. Now Lemma 12 is generalized to an error-tolerant version.

Lemma 13 If a matrix M with n columns is (d; z)-separable for d < n, then it is
(k: z)-separable for every positive integer k < d.
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Proof Ttsuffices to prove M is (d —1; z)-separable. Assume that M is not (d —1; z)-
separable. Then there exist two distinct sets S and S’ each consisting of d — 1
columns of M such that |U(S)AU(S')| < z.

If|S\ S’ =|S"\ S| > 2, then there must exist a pair of columns (Cy, C) such
that Cy € S\ §" and C,, € S’ \ S. Itis easy to see that

[U(S U{C,HAU(S" ULCH| = [US ULC,HAUS)| < [U(S)AU(S))].

This violates the (d; z)-separability of M, as desired.

Now consider the case of |[S\ S’| = |S’\ S| = 1.Itis obvious that |[SUS’'| = d.
Thanks to d < n, one can take a column C of M which is in neither S nor S’. It is
easily seen that

[US U{CHAUS' U{CYH| < |US)AUS)| < z.
This contradicts the (d; z)-separability of M, completing the proof. O

Now it is ready to give a correct version of Theorem 13.

Theorem 14 Suppose M is a (2d;z)-separable matrix with n columns where
n > 2d + 1. Then one can obtain a (d; [z/2])-disjunct matrix by adding at most
[z/2] rows to M.

Proof Suppose M is not (d;[z/2])-disjunct. Then there exist a column C and
a set S of d other columns such that |C \ U(S)| < [z/2]. By adding at most
[z/2] rows to M such that each row has a 1-entry at column C and O-entries at
all columns in S, one can obtain |C \ U(S)| > [z/2]. Of course, there may exist
another pair (C’, S”) where C’ is a column and S’ is a set of d columns other than
C’, such that [C’ \ U(S")| < [z/2] in M. Then break it up by using those [z/2]
rows in the same fashion. Here what one needs to show is that this procedure is not
self-conflicting, that is, there does not exist two pairs (C, S) and (C’, S’) such that
|C \ U(S)| < [z/2], yet on the other hand C € S’ while |C'\ U(S")| < [z/2].

Suppose to the contrary that there exist two pairs (C, S) and (C’,S’) in M as
described above with | S| = |S’| = d. Define

S() = {C/}U S US/, S1 = S()\{C}, and S2 = So\{c/}

Lets = |So|,thens <2d + 1and |S;| = |S2] =s—1<2d.

Note that S # S5, but they have the same cardinality which is less than 2d + 1.
Next it will be showed that the symmetric difference of U(S;) and U(S,) is less
than z, thus violating the assumption of (2d; z)-separability.

Since the only column in S; but not in S, is C" and |C’ \ U(S")| < [z/2], it
follows that

U(S2)\ US| < [2/2]. s)

Similarly, one can obtain
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USD\ U(S2)] < [2/2]. (6)

Equation (5) along with Eq. (6) gives |U(S)AU(S’)| < z, implying that M is not
(s — 1; z)-separable. This contradicts with Lemma 13, and so the theorem is proved.
O

Corollary 2 Suppose M is a 2d -separable matrix with n columns where n>2d +1.
Then one can obtain a d -disjunct matrix by adding at most one row to M .

Proof 1t follows from Theorem 14 by setting z = 1.

Corollary 2 is a more rigorous version of Theorem 12. The following example
shows the necessity of the extra condition n > 2d + 1 in Corollary 2. Let

1101
1010
0110
0001

M;

Then Mj is trivially 4-separable, but it can be easily verified that no row can
be added to M3 to make it 2-disjunct. Similarly, any matrix with 2d columns
is trivially (2d;z)-separable, and one does not expect that adding [z/2] rows to
an arbitrary matrix with 2d columns would make it (d; [z/2])-disjunct. To see
a specific counterexample, note that M, is trivially a (4;4)-separable matrix, but
adding two rows does not make it a (2;2)-disjunct matrix — It is even not (1;2)-
disjunct as indicated at the end of Sect. 1.

Corollary 3 Suppose M is a (2d;z)-separable matrix with n columns where
n > 2d + 1. Then, for any positive integer k < [z/2], one can obtain a (d;k)-
disjunct matrix by adding at most k rows to M .

Proof The proof of Theorem 14 shows that there does not exist two pairs (C, S)
and (C’, S") such that |C \ U(S)| < [z/2], yet on the other hand, C € S’ while
|C"\ U(S)| < [z/2]. In fact, the term [z/2] can be replaced by any positive
integer k which satisfies the symmetric difference of U(S,) and U(S>) is less than
z. Therefore, for any k < [z/2], one can obtain a (d; k)-disjunct matrix by adding
at most k rows to M in the same fashion. O

The following equivalence relation is given in [17] without giving a proof. Now a
proof is given, and a stronger result is obtained by using the equivalence relation.

Lemma 14 ([17], Lemma 2.7.5) A matrix M is (d; z)-separable if and only if it is
(d; z)-separable and (d — 1; z)-disjunct.
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Proof Suppose M is (d;z)-separable but not (d — 1;z)-disjunct; in other words,
there exists a set S of d —1 columns other than a column C such that |C\U(S)| < z.
Then it is easy to see that

[U(S U{CHAU(S)| = [US ULCH\U(S)| =z,

a contradiction to (d;z)-separability. Thus, M is (d — 1;z)-disjunct and (d; 2)-
separable trivially.
Let M be (d;z)-separable and (d — 1; z)-disjunct. It suffices to show that

UX)AUY)| =z z

for any two sets X, Y of at most d columns. If |X| = |Y| < d, then
|UX)AU(Y)| > z by (d; z)-separability and Lemma 13. Assume |X| < |Y| < d,
then there exists a column C, € Y butnotin X. By (d — 1;z)-disjunctness, it must
have |C, \ U(X)| > z; hence, |U(X)AU(Y)| > z. It concludes the proof. O

By Lemmas 14 and 13, Corollary 3 is extended to a stronger version.

Corollary 4 Suppose M is a (2d; z)-separable matrix with n columns where n >
2d + 1. Then, for any positive integer k < [z/2], one can obtain a (d + 1;k)-
separable matrix by adding at most k rows to M .

6.2 Concluding Remarks

The following remarks demonstrate the optimality of the results presented in this

section.

1. The constraint k < [z/2] in Corollary 3 is necessary to make the number of
rows added to be independent of n and d. To see a specific example, consider
that M is an (n[z/2]) x n matrix such that each column has [z/2] 1-entries and
any 2 columns have no intersection. Then, M is (2d; z)-separable. Since every
column has only [z/2] 1-entries, to make M (d; k)-disjunct by adding rows, the
rows added must form a (d;k — [z/2])-disjunct submatrix when k > [z/2].
In this case, the minimum number of rows required would depend on 7, d, and
k—z/2].

2. Let N be a 0/1 matrix of constant row sum 1 and constant column sum z, and let
M be obtained from N by adding one zero column. It is easy to verify that M is
(2d; z)-separable. Since there is a zero column in M, one cannot obtain from M
a (d; k)-disjunct matrix by adding less than k rows. This shows that the bound
on the number of additional rows given in Corollary 3 is optimal in this sense.
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7 Conclusion

Some recent algorithmic, complexity, and mathematical results on nonadaptive
group testing (and on pooling design) are presented in this monograph. New
construction of disjunct matrices with even reduced number of rows remains
interesting to investigate. The complexity of the problem MIN-d-SS introduced in
Sect. 3.3 remains unsolved. On the bounds of the minimum number ¢ (d, n) of rows
of d-disjunct matrices with n columns, closing the gap between O(d?logn) and

2
1 . . . . .
Q(dlogoi") remains as a major open problem in extremal combinatorics.
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