Chapter 3
SLP models with recourse

For various SLP models with recourse, we present in this chapter properties which
are relevant for the particular solution methods developed for various model types,
to be discussed later on.

3.1 The general multi-stage SLP

As briefly sketched in Section 1.1 an SLP with recourse is a dynamic decision model
with T > 2 stages, as illustrated in Fig. 3.1,

Fig. 3.1 Dynamic decision structure.

where for feasibility sets, emerging stagewise during the horizon .7 = {1,2,---,T},
%I(xlf"7x171;€2;"'7§l‘)a (S y?

we take successively

—  afirst stage decision x; € #; C IR™; then, after observing the realization of a
random variable (or vector) &,

—  asecond stage decision x3(x1; &) € %o (x1; &) C R"™; then after observing the
realization of a further random variable (or vector) &3,
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192 3 SLP models with recourse

— a third stage decision x3(x1,x2;&,&3) € Ba(x1,x2:&2,E3) C R™; and so on
until, after observing the realization of &r, finally
—  aT-th stage decision

xr(xi, - xr—1360,-+- 1) € Br(xr,--- . xr—1380,- -+, &r) CIRM.

Here the feasibility set B, (xy, -, x—1;&, -+, &) for x; is given by (random) linear
constraints, depending on the previous decisions x1, - - -, x;—1 and the observations of
Eyyeoe Er

For each stage ¢ the decision x;(x1,---,x—_1;&,--+,&) involves the #-th stage
objective value ¢ (&, -+, &) x (x1,- -, x—1:&, -+, &), and the goal is to minimize
the expected value of the sum of these T objectives.

More precisely, with any set Q # 0, some c-algebra ¢ of subsets of Q and
a probability measure P : ¢ — [0, 1], the general model may be stated as follows:
Given the probability space (2,%, P), random vectors & : Q — IR'*, and the prob-
ability distribution IP¢ induced by & = (&, ENT: Q — R, R=ry+---+rr,
on the Borel o-field of RR, with §; = (£],---,&T)T being the state variable at stage
t, the multi-stage stochastic linear program (MSLP) reads as

T
min{c{xi +B Y ¢/ (§)x (&)}

=2
Arrxy = by
' 3.1
An(&)x + ZAtr(Ct)xr(Cr) =b(§) as.,t=2,---.T,
=2

x1 >0, xz(Ct)ZO as.,t=2,---,T,

where x, : R27"™" — R™ is to be Borel measurable, implying that x,((+)) :
Q — R™ is F;-measurable, with % = () C ¥, the c-algebra in Q gener-
ated at stage r by {{'[M] | M € B2} With { = & = const and there-
fore # = {0,Q}, it follows that % C %4 for t = 1,---,T — 1, such that
F =A{F, P, -, Fr} is a filtration. With x,({(-)) being % -measurable for
t=1,---,T, the policy {x,({(:));t =1,---,T} is said to be .F-adapted or else
nonanticipative.

The & : Q — IR'* as random vectors defined on the probability space {Q2,¥4, P}
are obviously ¢-measurable. According to the definition in (2.6) on page 73, we
say that & € £7 1= £2(Q,%,IR") if, in addition, the & are square integrable,

ie. if / |& (@)]|*P(dw) exists. In particular, for any arbitrary .%;-simple function
o

(@) =YK g xu (@) with g; € R, yu.(0) = 1 if © € M; and yp, (@) = 0

otherwise, M; € .%;, M; NM; =0 for i # j, and UlelM,- = Q, it obviously follows

that % € Z2(Q,R").

Assumption 3.1. Let

L L= LAQY R
- Aie(),bi ("), ¢ (+) be linear affine in & (and therefore F;-measurable), where
A (+) is a my X ne-matrix.
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Due to this assumption, also the elements of A,7(-),b;(+),c;(+) are square-integrable
with respect to P. Hence, requiring that & € 92”,% V¢ holds, Schwarz’s inequality (see
e.g. Zaanen [353]) implies in particular that B[] (&)x;(&)], ¢ =2,---, T, exist, such
that problem (3.1) is well defined.

Sometimes the following reformulation of (3.1) may be convenient: Given

—  aprobability space (2,¥,P);

- %,t=1,---.T, being c-algebras such that % C ¢4 Vt and .%; C % for
t=1,---,T—1(e {% |t=1,---,T} being a filtration);

- ZF :={%#,- -, Fr}, where possibly, but not necessarily, 1 = ¥;

— X, a linear subspace of fnzt (with respect to (2,%,P)), including the set of
Z,-simple functions;

— M, the set of .%;-measurable functions 2 — IR™ and hence, X; "M, being a
closed linear subspace of X;;

then problem (3.1) may be restated as

T
minIE { Z el x }
t=1

t
ZAthr - b[ a.s. (3.2)
=1 t=1,---.T,
x; >0 a.s.
X € Xt li
with A7, b, ¢, assumed to be .%;-measurable for 1 <7 <¢,r=1,---,T, and to have

finite second moments, as implied by Assumption 3.1. (remember: % = {0,Q},
such that Ay, by, are constant).

Following S.E. Wright [347] various aggregated problems may be denved from
(3 2) by using coarser information structures, chosen as subfiltrations F = {f/"‘,}
,% C Jt+1, such that ﬁ, C %, Vt, instead of the original filtration .# = {%},
Ty C Fryg, t=1,- —1.

Denoting problem (3 2) as P (7, ), we then may consider

—  the decision-aggregated problem & (ﬁ ,F),

T
min [E { Z Cr Xy }
=1
t

ZA[fxT = bt a.s. (33)
=1

t=1,---.T,
x>0 a.s.

X € X,ﬂﬁz

where 1\71, is the set of .%;-measurable functions Q — IR", thus requiring that
x=(xf,--,x5)Tis F -adapted;
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—  the constraint-aggregated problem P (F ,.F )

T
min IE { Z Ctxt}
t=1

t
IE{ZAmxT ﬁ,} - ]E{b, fi,} as. 3.4
=1 t=1,---.T,
x>0 a.s.
X € XthZ‘

i.e. x is F-adapted as in (3.2), and the constraints are stated in conditional
expectation given .%;
—  and the fully aggregated problem 32( , ) defined as:

minIE {ZE[c, | ﬁ,]x,}

t=1
t
E{ZAITXT 9}} = E{b[ 5‘7} a.s. Vt (35)
=1
x>0 a.s. Vt

x € X,NM, Vr.

Observe that by Assumption 3.1. the expected values

t
IE{ZAmxT} and E{b}
=1

exist and hence, the conditional expectations in (3.4) and (3.5),
t —_ —_
E{ Y Aiexe| 7 b and E{bl %} ,
T=1

are a.s. uniquely determined and ﬁ-measurable due to the Radon-Nikodym theo-
rem (see e.g. Halmos [131]).
Denoting for the above problems (%, %), 9( VF), P(F, ) P(F,F)

—  their feasible sets by B(.%,.F), %’(ﬂ, 7), %(ﬂ, 9) and B(F ,9) and
—  their optimal values by inf(Z(.%,.%)), mf(e@(,?,,?)), inf(2(Z#, ﬁz)) and
inf(2(F,.7)),

respectively, and with the usual convention that inf{@(x) | x € B} = oo if =0, the
following relations between the above problems are mentioned in S.E. Wright [347]:

Proposition 3.1. For the feasible sets of the above problems hold the inclusions
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B(F,F)2B(F,T) BF,F)CBF,TF)

Z
BF.F)CBF.F) BF.F)2BF.F),
implying for the corresponding optimal values the inequalities
inf(2 (7, 7)) < inf(2(F,F)) < inf(P(F,F))
inf(2(F,.7)) <inf(P(F,%)) < inf(P(F,F)).
Proof: The above inclusions result from the following observations:

B(F,F)2 35’((;\\7 F): Any {x,; } € c%’(é'\, 7 ) satisfies the constraints of (3.3) and

hence in particular the conditions x; € X; ﬂ[\71, Vt. Since 5‘? C .%, Vt, we then have
X; € Xt ﬁMt Vl‘, such that {x,} S %(y,y)

B(F,F)B(F, %: Any {x;} € B(.F,.F) is F-adapted and satisfies all other
t
constraints in (3.2), in particular the random vectors Z A;rx¢ and b;, measurable
7=1
w.r.t. %, coincide almost surely, such that for any sub—c—algebras .%; C .%; their

t
conditional expectations IE { Z Aexe | F } and [E {b, F }, being a.s. uniquely
=1

determined and .%;-measurable as mentioned above, coincide a.s. as well. Hence we

oy

have {x,} € #(Z,.7%).
The two remaining inclusions,

B(F,F)CB(F,F) ad B(F,T)2B(F,F),

as well as the inequalities for the optimal values, are now obvious. O

Remark 3.1. Concerning the fully aggregated problem (3.5) we have the following
facts:

o If .Z is infinite, i.e. at least one of the 6-algebras % = o(§), t=1,---,T,
is not finitely generated (equivalently, at least one random vector §; has not a
finite discrete distribution), and T is finite, then @(i <§) with finitely many
constraints and variables is clearly simpler to deal with than P (F , F);

e  for a sequence {JZZ\V } of (finite) filtrations with successive refinements, i.e.
3/‘\?’ C ﬁ”l Vt, under appropriate assumptions, e.g. for a corresponding se-
quence of measures P, on @ converging weakly to P (see Billingsley [20]),
we may expect convergence of the optimal values of (3.5) to that one of (3.2);

e according to Prop. 3.1., in general there is no definite relationship between the
optimal values of (3.5) and of (3.2), as remarked for instance by Wright [347]
(p- 900); however there are special problem classes—in particular in the two-
stage case—and particular assumptions for the multi-stage case implying that
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inf(@(ﬁ ﬁ\\)) yields a lower bound for inf( 2 (F,.F)), which can be used in
designing solution methods, as we shall see later. O

First we shall deal with two-stage SLP’s. Under various assumptions on the model
structure and the underlying probability distributions, we shall reveal properties of
the recourse function and its expectation which turn out to be useful when design-
ing solution methods. Unfortunately, not all of these results can be generalized to
corresponding statements for multi-stage SLP’s in general.

3.2 The two-stage SLP: Properties and solution appraoches

In the previous section, for the 7-stage SLP we had the following general proba-
bilistic setup: On some probability space (£2,%,P) a sequence of random vectors
&:Q —R" t=2,---,T, was defined, such that & = (&],---,ET)T induced the
probability distribution Pz on the Borel o-field of IR™>"*'7. Then the random
vectors & = (E],--+,ENT, t =2,---,T, implied the filtration F = {F, -+, Fr}
in ¢ with .% = o({;). Restricting ourselves in this section to the case T = 2 allows
for the following simplification of this setup.

Assume some probability space (2,.7,P) together with a random vector & :
0 — R’ to be given, such that % = ¢(&). Then & induces the probability measure
IP: on IB’, the Borel o-algebra in IR”, according to P¢ (B) = P({ ! [B]) VB € B'.

Besides deterministic arrays A € IR™*"_ b € R™, and ¢ € IR™, for the first
stage, let the random arrays T(&) € R™*™, W(&) € R"™*"2, h(&) € R™, and
q(&) € R™, be defined for the second stage as:

TE) =T+Y, T/E;; T, T/ € R™*™ deterministic,
=1
r
W) =W+ Z W/E; s W, W/ € R"™*"™ deterministic,
I ‘ (3.6)
h(E) =h+Y K& h, b/ € R™ deterministic,
=1

"
q(&) =q+ Y 4’&: g, ¢/ € R™ deterministic.
=1

Then, with & € %2 due to Assumption 3.1. and according to (3.2), the general two-
stage SLP with random recourse is formulated as

minEg {c"x+4"(§)y(&)}
Ax =b
T(E)x +W(&)y() =h(S) as. (3.7)
X >0
(&) >0 a.s
y() EYNM,
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where Y—corresponding to (3.2)—is a linear subspace of 92”,32 (with respect to
(Q,.#,P)), including the set of .#-simple functions; and M is the set of .Z-
measurable functions Q2 — IR™. To avoid unnecessary formalism, we may just
assume, that Y = .ijz which obviously contains the .% -simple functions and satis-
fiesY C M.

Hence problem (3.7) is equivalent to

minEg {¢"x+¢"(§)y(€)}
Ax =b
T(E)x +W(E)y(E) =h(E) as. (3.8)
X >0
y(&) >0 a.s
y() €Y

A brief sketch on modeling situations leading to variants of the general two-stage
SLP (3.8) is given in Chapter 1 on page 4.

Remark 3.2. Instead of the constraints {Ax = b, x > 0} in (3.8) we also could
consider constraints of the form {Ax < b, | <x <u} asin (1.1) on page 1, and the
constraints {W (E)y(&) =h(E) —T(E)x, y(&) > 0a.s.} of (3.8) could be replaced
as well by {W(E)y(E) < h(E) =T (E)x, [ < y(E) < ii a.s.}. However, in order to
have a unified presentation, for two-stage programs we stay with the formulation
chosen in (3.8). O

Except for particular cases where it is stated explicitly otherwise, instead of (3.6)
we shall restrict ourselves to W(-) = W, i.e. to fixed recourse. In general, problem
(3.8) contains implicitly the recourse function

Q(x:T(8):h(E) W(§),q(8)) :=infqg" (§)y(6)

T(E)x +W(E)y(&) =h(E) as. (3.9)
y&) >0 as
y() ey

To simplify the notation, we shall enter into the recourse function Q(x;-) of (3.9),
in addition to the first stage decision variable x, only those parameter arrays be-
ing random in the model under consideration. For instance, Q(x; T (§),h(£)) indi-
cates that T'(-), h(-) are random arrays defined according to (3.6) whereas W(-) =
W, q(-) = g; and Q(x; h(&)) stands for &(-) being a random vector due to (3.6) and
T()=T, W(-) =W, q(-) = q being deterministic data.

Furthermore, in applications of this model, the selection of a decision £ feasible
for the first stage constraints Ax = b, x > 0, appears to be meaningful only if it
allows almost surely to satisfy the second stage constraints W(&)y(&) = h(E) —
T (€)%, y(&) > 0 as., since otherwise, according to the usual convention, we should
get for the recourse function



198 3 SLP models with recourse

O(£T(8),h(5),W(5),4(5))
= inf{g"(§)y(&) IW(E)y(§) = h(§) ~T(E)2, y(§) > 0as} =+

yeyYy
with some positive probability. This implies

- either 2(%) := B¢ [Q(5T(8),h(E), W(§),4(8))] = +2°,
—  orelse the expected recourse 2(£) to be undefined if with positive probability
O&T(E),h(E),W(E),q(E)) = —oo results simultaneously.

Clearly in anyone of these situations X is not to be chosen since neither an infinite
nor an undefined objective value corresponds to our aim to minimize the objective
of (3.8). Hence, in general we may be faced with so-called induced constraints on
X, meaning that we require

feK:={x[xeR"; Q(x;T(5),h(§),W(§),q(§)) < +eoas.}.

For £ = supp IP:—the support of IP¢, i.e. the smallest closed set in IR" such that
IP¢(Z) = I—being an infinite set, K is described in general by an infinite set of
constraints, which is not easy to deal with. If however X is either finite, i.e.
{E!,... EP}, or else a convex polyhedron given by finitely many points as
conv{E! ... EP} (see Chapter 1, Def. 1.3. on page 10), then the induced constraints
imply x € K with

and, with &) := {x | Ax=10b, x > 0} C R™, the first stage decisions have to satisfy

x € 1 NK. A more detailed discussion of induced constraints may be found in
Rockafellar—Wets [285] and in Walkup—Wets [340] (see also Kall [154], Ch. III).

3.2.1 The complete fixed recourse problem (CFR)

If for a particular application it does not seem appropriate, that the future outcomes
of £ affect the set of feasible first stage decisions, given as

By ={x|Ax=10b, x >0}, (3.10)
we might require at least relatively complete recourse:
Ve By = {y | W(E)y=h(E) ~T(E)x, y >0} #0 as.. (3.11)

Due to the Farkas lemma, Chapter 1, Prop. 1.13. on page 15, condition (3.11) is
equivalent to:

Vx€ % holds: [WT(E)u<0= (h(§)—T(&)x)"u<0 as.].
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Hence the requirement of relatively complete recourse is a joint restriction on %)
and on the range of h(&),T(&),W (&) for & € E, simultaneously, which may be
difficult to verify, in general.

Therefore, in applications it is often preferred to assume complete fixed recourse
(CFR), which requires for W (&) = W the following condition:

{z]z=Wy, y >0} =R"™. (3.12)

If this condition is satisfied, then for any £ feasible according to an arbitrary set of
first stage constraints in (3.8), and for any realization & of the random vector &, the
second stage constraints in (3.9) are feasible. Furthermore, complete fixed recourse
is a condition on the matrix W only, and may easily be checked due to

Lemma 3.1. A matrix W € R™*"™ satisfies the complete recourse condition (3.12)
if and only if
- rank(W) = my, and

- for an arbitrary set {W; ,W,,,--- ,W,-mz} of linearly independent columns of W,
the linear constraints

Wy =20
yikzl,kzla”',m27 (3.13)
y=>0

are feasible.

Proof: Assume that W is a complete recourse matrix. Then from (3.12) follows that
rank(W) = my necessarily holds.

Furthermore, for some selection {W; ,W,,,--- 7Wim2} of linearly independent
columns of W, let

3
)

t=—YW,.
k=1

By our assumption on W, we have {y | Wy =2, y > 0} # 0. Hence, with the index
set {j1, -+, jny—m, } chosen such that

{i17i27'"7imz}m{j1;'”7jn2—m2} =0
and {ilaiZ,'"aimz}U{jla"'vjnrrnz} = {1,---,n2},

there exists a feasible solution y of

my ny—my
ZWikyik + Z W3, =2
k=1 =1
my
= _ ZWik
k=1
)A/i 2 07 i= yt oty ho.

Hence, with
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yy = )7v+1aV:i17i27"'7im27
vV — A . . .
Yv, V:Jh]2a"'7]n27m27
the constraints (3.13) are necessarily satisfied.

Assume now that the conditions of this lemma hold. Choose an arbitrary 7 € IR"2.
Then the linear equation

my

Z Wiy, =2

k=1
has a unique solution {J;,,--- Vi } If 3, > 0fork=1,---,my, we have a feasible
solution for the recourse equation Wy = z. Otherwise, set ¥ := min{y;, ,- - s Vim, }<0.

Let y be a feasible solution of (3.13). Then for

),}\ _ yV_WV7v:il7i27"'>iMQ7
v = ~ L. .
—Yyv, v:.lla.]27"'a.]nz—m2a

follows
np—my

Wy = ZWzkyzﬁ Z W9

ma na—mp

= Wi ( O+ Z Wi, (=v9))
k=1 \W—’ ——
>0 >0

)
= Z_YZ W3,
r=1

——
=0

such that j is a feasible solution of Wy =7z, y > 0. O

Hence, to verify complete fixed recourse, we only have to determine rank(W)
and—if rank(W) = m; is satisfied—to check the feasibility of (3.13) by apply-
ing any algorithm for finding a feasible basic solution of this system, as e.g. the
method described in Section 1.2.4 on page 19. Throughout our discussion of two-
stage SLP’s we shall make the

Assumption 3.2. The recourse matrix W satisfies the complete fixed recourse con-
dition (3.12).

Even for the complete fixed recourse case if, with € being the polar cone of
% = {y| Wy =0,y >0}, it happens that

En{é|-q§)ee #E,

then, due to Prop. 1.6. in Chapter 1 (p. 11) {& | —q(&) € €} # 0 is closed, such
that the definition of the support & implies P¢ (Z N{& | —q(&) € €7}) < 1.

Hence, with £y = £\ {£ | —q(&) € €}, by Prop. 1.7. in Chapter 1 (p. 12) fol-
lows Q(x; T(&),h(§),q(&)) = —oofor & € & with probability P« (Zo) > 0, yielding
2(x) = —oo Vx € A.
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Therefore, for allowing the objective of (3.8) to discriminate among various first
stage feasible solutions, we need to assume that —q(&) € €* V& € E, i.e. using the
Farkas lemma (Chapter 1, Prop. 1.13. on page 15) we add to Assumption 3.2. the
further

Assumption 3.3. The recourse matrix W together with q(-) satisfy
{u|WTu<q(&)} £0VE € =, (3.14)

Observe that due to (3.14) the requirement that —q(&) € €7 VE € Z is equivalent to
dual feasibility of the recourse problem, a.s.

Lemma 3.2. Given Assumptions 3.2. and 3.3., for any x € R there exists an opti-
mal recourse y(-) € Y such that Q(x; T (E),h(E),q(E)) = q" (E)y(&).

Proof: Due to Assumptions 3.2. and 3.3. the LP
h(&) —T(&)x (3.15)
0

is solvable forall £ € =. Let BY) v =1,---,K, denote all bases out of W (i.e. all the
regular my X mp-submatrices of W). Partitioning W into the basic part BY) and the
nonbasic part N*) and correspondingly restating (&) = (g4 (€),qyw (€)) and
¥ = (Ygw), Yy )» we know from Prop. 1.3. in Chapter 1 (p. 9) that with the convex
polyhedral set

1

= {E| B (h(E) = T(E)x) > 0, ¢hy (E)BM N —g", (£) <0}

-1

$(8) 2= (31 (6) = B (h() = T(E)2), vy (§) = 0) solves (3.15) for any £ €

&ty Furthermore, from (3.6) follows y(-) € .Zj,zz(,gafv,]Br7]1{”2) for v=1,---.K.
K

Since—due to the solvability of (3.15) for all £ € E—we have that U oty D &,

v=1
K

this inclusion also holds for U d:, with the sets 42%:, being defined as szl = &/ and
v=1
JZfAv:ﬁfv\U,vi;llﬂu forv=2.-- K.
Therefore, {ZN.e% | v=1,---,K} is a (disjoint) partition of Z with y(-) accord-
ing to

¥(8) 2 (0 (6) = B

-1

(&) =T (E)0). ) (8) =0) for & €
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a solution of (3.15), being piecewise linear in & and hence belonging to Y, and

yielding Q(x:T(§),h(£),q(&)) = 4" (§)y(€). 0

The above convex polyhedral sets <7, depend, by definition, on x, and so do the
pairwise disjoint sets ay, which we may indicate by denoting them as Jva(x) Then
for some given x(), i = 1,2, and any & € Z there exist v; € {1,---,K} such that
& € o, (x1V) and hence

= aw(é) +d(vi)T(§>x(i) )
= (3.16)
where avi(é) = 6];<V,)(§)B(Vi) h(&) € L
and —d)(&) = (¢%,, (£)B)'T(E)T e L!

T
Since, due to the simplex criterion, () = B() ™' qgvy(§),i= 1,2, are dual

feasible with respect to (3.15), it follows for i # j

, (§) +a " (E)x) = (h(§) T ()x)Tul)
< (h(&) = T(&)xD)Tuvi)
= (ij(é)+d(v_/)T(<§)x(j) (3.17)

= Q(U:T(8),h(£).4(8)).

Now we are ready to show that (3.8) under appropriate assumptions is a mean-
ingful optimization problem.

Theorem 3.1. Let the Assumptions 3.2. and 3.3. be satisfied. Then the recourse
Junction Q(x;T(5),h(§),q(S)) is

a)  finitely valuedVx € $,, & € &,

b) convexinxVE € E, and

¢)  Lipschitz continuous in x V& € E with a Lipschitz constant D(§) € £

Proof:
a) The LP defining the recourse function Q(x;T(§),h(E),q(&)) is given by
(3.15) as

min{g" (§)y | Wy = h(E) =T (§)x, y = 0},

which due to Assumption 3.2. is primal feasible for arbitrary x € IR"! and & €
R’, and according to Assumption 3.3. is also dual feasible V& € E; therefore
it is solvable for all x € %, and for all £ € Z, such that

O(x:T(E),h(&),q(&)) is finitely valued Vx € &) and VE € E.

b)  Hence for an arbitrary & € Z and some x(1), x®) € 2, there exist y) for i =
1,2 such that
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Then for ¥ = Ax(") 4 (1 — 1)x(®) with some A € (0,1) it follows that

5=y 4 (1 =2)y? is feasible for Wy =h(E)—T (€)%, y > 0.

A

(5T (E),n(&),q(8)) < q"(&)5 =g (E)yV + (1-1)g" (E)?,

showing the convexity of Q(x; T (€),h(€),q(€)) in x.
c¢) For any two xM =+ x@ and any & € E, according to (3.16) there exist v; €

{1,---,K}, i= 1,2, such that
0T (&), h(E).(€)) = o4y (&) +d™" (£)a?,
and due to (3.17) holds

[0, (€) +d™ T (E)x@] = [ay, (&) + 4™ (£)x V)]
— a7 ()@ —x()
< QU@ T(E),h(E),q(E)) — 0V T (), h(E),q(E))
< [0, (&) +d™ T (E)xD] — [, (£) + ™) (£)x)]
— a0 (E)(x® —x)y,

such that

OGP T(&),1(8).4(&)) — (VT (§),h(8).4(8))]
( il

T
< 4V @ _ | < 40 @ _ 0y
g{llag}\ (&) (@ —x)] H{lﬁg}\l EMEE =)

Hence, with D(&) = max [|d")(€)|| € L'—due to (3.16)—follows the

ie{l,-,K}
proposition. a

Due to Chapter 1, Def. 1.10. (p. 54) a vector g € IR" is a subgradient of a convex
function ¢ : R" — IR at a point x if it satisfies

gl (z—x) < 0(z)—o(x) Vz,

and the subdifferential d@(x) is the set of all subgradients of ¢ at x. In particular for
linear programs we have

Lemma 3.3. Assume that the LP
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min{c"x | Ax=b,x >0}

is solvable Vb € R™. Then its optimal value @(b) (obviously convex in b) is sub-
differentiable at any b, and the subdifferential is given as d¢(b) = argmax{b'u |
ATu < ¢}, the set of optimal dual solutions at b.

Proof: For a given b let il € argmax{gT | ATu < c}, such that o(b) =bTi. Hence
it is also feasible for the LP @(b) = max{bTu | ATu < ¢} for an arbitrary b such that
bTi < ¢(b) holds. Hence

2"(b—b) < o(b)—o(b)

showing that argmax{bTu | ATu < ¢} C do(b).
Assume now that g € d(b) for some b. Therefore, for any b holds

g (b—b) < o(b)— ().

With £ € argmin{cTx | Ax=b, x>0} and x) = £+ ¢;(>0),i=1,---,n, (e; the i-

7

th unit vector), by our assumption, for all b() = ( ), the LP’ s ob (’)) =min{c x|
Ax = b, x>0} are solvable. Obviously we hav qo( b < ¢Tx\ such that

gTAe; = gTA(D) — ) = ¢T(b1) — D)

< o(b) — T<p@>

<) —Tg=cTe;, i=1,---,n,

implying ATg < ¢, the dual feasibility of g. Then, due to the weak duality theorem
(Chapter 1, Prop 1.9,  page 13), we have gTb (p( ) < 0. Assume that with some
o < 0 holds g™ — @(b) < a. For b = 0 obviously follows @(b) = 0 such that the
subgradient inequality, valid for all b, yields

0=2¢"0—9(b)<g"b—o(b)<a<0.

This contradiction, implied by the assumption g7h — @(b) < a < 0, shows that
g'h = ¢(b) and hence d(bh) C argmax{hTu |ATu <c}. O
Now we get immediately

Theorem 3.2. Let the Assumptions 3.2. and 3.3. be satisfied. Then the recourse
function Q(x;T(&),h(&),q(§)) is subdifferentiable in x for any § € E. For any %
holds (the subscript at d indicating the variable of subdifferentiation)

AQ(&T(8),h(5),4(5)) =
={-T"(&)a|a € argmax{(h(§) —T (&)%) u| WTu <q(£)}} VE€ E.

Proof: For an arbitrary € € & define b(x;€) := h(&) — T (€)x. Introducing

Y(b(x:6):8) == Q(xT(§),h(&),4(8))
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=min{g" (E)y | Wy =b(x;E),y >0},

from Lemma 3.3 follows for the subdifferential of y(-;&) at b(%;&)

Oy (b(£:€):&) = argmax{b" (£:&)u | W'u < q(&)}.

Then from Prop. 1.25. in Chapter 1 (p. 55) we know that

%Q(&T(8),h(£),q(8)) = —T () y(b(£:£):€)
= —T"(&)argmax{b" (£:&)u | WTu < q(&)}.

O

Theorem 3.3. Since & € 2 (i.e. £ square-integrable with respect to P ¢), the ex-
pected recourse 2(x) is

a) finitely valued Nx € %, and
b) a convex and Lipschitz continuous function in X.

Hence, (3.8) is a convex optimization problem with a Lipschitz continuous objective
function.

Proof:

a) Let £ € R™ be fixed. Due to Assumptions 3.2. and 3.3., for any & € & there
exists an optimal feasible basic solution of the recourse program (3.15), i.e.
there is an (my X my)-submatrix B of W such that

B~'(h(&)-T(E) >0 and }
O(%:T(&),h(E),q(€)) = qs(E)"B " (h(E) ~T(E)3) |

where the components of the m; —subvector gg(&) of g(&) correspond to the
columns in B selected from W, as mentioned in Chapter 1, Prop. 1.2. (p. 9).
Together with the simplex criterion, Prop. 1.3. in Chapter 1 (p. 9), such a
particular basis is feasible and optimal on a polyhedral subset Zp C X, a so-
called decision region (also: stability region).

According to (3.6) and (3.18), the recourse function Q(£;T(&),h(&),q(&)) is,
in general, a quadratic function in & for & € Eg, such that, due to the assump-

tion that & € Ly, the integral /_ O(%T(8),h(&),q(E))Pe(dE) exists. By the

(3.18)

=B
Assumptions 3.2. and 3.3., the support = is contained in the union of finitely
many decision regions, which implies that also

2(3) = [ QW&T(E).M(E),a(§)P5(dg) exists

b)  In Theorem 3.1., for any & € &, the recourse function Q(x;T(§),h(&),q(&))
has been shown to be convex and Lipschitz continuous in x, with a Lipschitz
constant D(&) € Z.
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Hence the convexity of 2(x) = /, 0(x;T(&),h(&),q(§))Pg(dE) is obvious.

And for any two x(!) and x(2) we have

| 2(:1) - 2(?)|
/E{Q(x(”;T(é)ah(é),q(é))Q(xm;T(é)vh(é),q(é))}ﬂ’g(dé)‘
</ Q(x(”;T(é)ﬁ(é),q(é))—Q(xm;T(é),h(é),q(é))‘IPg(dé)

< [ D(E)Ix —x P (ag) = DIV 2|

<

with the Lipschitz constant D = [z D(§)P¢ (d§). O

Corollary 3.1. Given that the random entries (&) and (h(&),T (€)) are stochasti-
cally independent, then with & € £} (instead of & € £? as before), the conclusions
of Th. 3.3. hold true, as well.

Proof: Only the existence of 2(x) = [z Q(x;T(§),h(&),q(E))P¢(dE) has to be
proved, which follows, with & € .Z!(Q,R"), from the independence of ¢(&) and
(h(€),T(&)) according to

| 0UT(&).M(E). &) (d) =
= [ an(&)B (hE) ~T(€)0Pe )

- ( L qB<5>Pg<d5>)T ( |- T(é)x)IPg(dcf)) :

=B

Remark 3.3. In Theorem 3.2. the subdifferential of the recourse function at any X
under the Assumptions 3.2. and 3.3. was derived as

LO(ET(E),h(E).q(E)) =
— {(~T7(&)it | @ € argmax{(h(€) — T(E)H)u | WTu < (£)}} VE € Z.

It can be shown, that then 2(-) is subdifferentiable at £ and

22(5) = [ 90T (E),h(E).q(6)Pe(dd), (3.19)
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where this integral is understood as the set { / G(& IPé } for all functions

G(-) being measurable selections from d,Q(%;T(-),h(-),q(+)) such that the integral
16| Pg(ag) exists

Finally, 2(-) is differentiable at % if and only if oxQ(%; T (-),h(-),q(+)) is a singleton
a.s. with respect to IP¢.

To prove statements of this type involves several technicalities, like the existence
of measurable selections from subdifferentials or equivalently, from solution sets
of optimization problems, integrability statements like Lebesgue’s bounded con-
vergence theorem, and so on. Under specific assumptions, these problems were
considered for instance in Kall [152], Kall-Oettli [170], Rockafellar [280] (see
also Kall [154]), and the general case is dealt with in Ch. 2 of Ruszczyrnski—
Shapiro [295], where a sketch of a proof is presented.

Due to the fact that (sub)gradient methods will—in general—not be a central
part of our discussion of solution approaches for recourse problems later on, we
omit a proof of the interchangeability of subdifferentiation and integration, as stated
in (3.19). ]

3.2.1.1 CFR: Direct bounds for the expected recourse 2(x)

Finally, assume that g(£) = g, i.e. g(-) is deterministic. Then we have

Proposition 3.2. Given the Assumptions 3.2. and 3.3. (the latter one now reading
as {u| WTu < g} #0), Q(x;T(-),h(")) is a convex function in & for any x € R™.

Proof: According to (3.6) for any fixed x € IR the right-hand-side of the LP
QT (£),h(§)) :=min{g"y | Wy=h(§) =T (§)x,y >0}
is linear in &, which implies the asserted convexity. a

In this case we have a lower bound for 2(x), frequently used in solution methods,
which is based on Jensen’s inequality [148]:

Lemma 3.4. Let £ € R” be a random vector with probability distribution IP¢ such
that B¢ [§] exists, and assume @ : R" — R to be a convex function. Then the
following inequality holds true:

¢(Eg [6]) < [p(S)]- (3.20)

Proof: Due to Chapter 1, Prop. 1.25. (p 55), at any é € IR’ there exists a nonempty,
convex, compact subdifferential 8(p(§) Hence for any linear affine function £(-) out
of the family .Zé for some é € R with
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Le={10) 1) = 0(§) +85(§ ), 8: €99(E)}, SR,
the set of linear support functions to ¢(-) at é , we have the subgradient inequality

(&) =0 +gi(E -8 <) VEeR"

By integration with respect to IP¢ follows

Ee [(§)] = (B¢ [£]) = 9(S) + 8} (Be [§] - &) < e [9(&)]
such that £(IE¢ [€]) yields a lower bound for ¢ [@(&)].

Since B¢ [] € R, due to the subgradient inequality, at any & € R’ holds
(B [€]) = 9(€) + 8} (B €] - &) < (B¢ [£]) Ve() € ;.

Hence, in {.,27; JEe IR"}, the set of all possible linear support functions to ¢(-), we
get o
argmgx{g(Eg [ED () €L, E e R} =[]

Therefore, among all linear support functions to ¢(-) we get the greatest lower
bound for E¢ [@(&)] by choosing & = E¢ [&], i.e. £(§) = ¢(Eg [€]) 4—ngEg [5](5 —
B¢ [£]), yielding

U(Eg [6]) = ¢(B¢ [§]) < B [9(8)
O

Whereas under the assumptions of Lemma 3.4 we know for sure that the in-
tegral [-@(&)P¢(d&) is bounded below, it cannot be excluded in general that
E¢ [@(&)] = +oo holds. In contrast, under our assumptions for Prop. 3.2. we know
from Cor. 3.1. that 2(x) = E¢ [Q(x;T(§),h(&))] is finite for all x € R". From
Prop. 3.2. and Lemma 3.4 follows immediately the Jensen lower bound for the ex-
pected recourse:

Theorem 3.4. Given the Assumptions 3.2. and 3.3., with E =B [E], the expected
recourse 2(x) = B¢ [Q(x;T(&),h(E))] is bounded below due to

0(x;T(8),h(S)) < 2(x). (321

Observe that in this case the lower bound for the expected recourse is defined by
the one-point distribution Py, with P, ({n | n = §}) = 1, which does not depend
on the particular recourse function, since

[ QU (m). )Py (dm) = QT (§).h(E)) < 21



3.2 The two-stage SLP 209

holds true for any function Q(x; T(-),h(-)) being convex in &.

Concerning upper bounds for the expected recourse, the situation is more diffi-
cult. The first attempts to derive upper bounds for the expectation of convex func-
tions of random variables are assigned to Edmundson [83] and Madansky [210].
Hence, the basic relation is referred to as Edmundson—Madansky inequality (E-M):

Lemma 3.5. Let T be a random variable with suppIP; C [at, B] C R such that the
expectation & = B [1] € [o, B]. Then, for any convex function v : [a, ] — R
holds

E[y(7)] < E¢[y (7)), (3:22)

where 7T is the discrete random variable with the two-point distribution

Pa((tlt=a)) = b b Paele=pn =52 e

Proof: With A; = % we have L;a+ (1—A;)B =1 V7 € [a,PB] and A; € [0,1].

Due to the convexity of y follows

¥(1) = y(Aro+ (1= Ac)B) < Acy(a) + (1= A)w(B) V7 € o, B]
and therefore, integrating both sides of this inequality with respect to IP,

B—u

Bely(2)] < g V(@) + g W(B) = Bely(2)].

3.2.1.2 CFR: Moment problems and bounds for 2(x)

It is worthwhile to observe the following relation to the theory of moment problems
and semi-infinite programs.

Under the assumptions of Lemma 3.5 consider, with & the set of probability
measures on [, 3], as primal (P) the problem

oo { [Tvepag)| [[epag-n [Tpag-1} a2

a so-called moment problem, and as its dual problem (D)
inf {y1+uy2 [y1+8y2 > w(&) V¢ € [e, Bl}, (3.25)
ye

the corresponding semi-infinite program.
Since, as required by the constraints of (D), a linear affine function majorizes
a convex function on an interval if and only if it does so on the endpoints, (D) is



210 3 SLP models with recourse

equivalent to

mﬁélz{yl +uy2 | yi+oy2 > y(a), yi+By2 > w(B)}.
ye

Due to the fact that oo < u < 8 this LP is solvable, and hence so is its dual (P),
which now reads as

;gg;;{w(a)pﬁw(ﬁ)pﬁ | pa+ppg =1, apa+PBpg = pa,pp >0}

and has, as the unique solution of its constraints, the distribution of 7 as given in
(3.23). It is worth mentioning that in this case the solution of the moment prob-
lem (P), i.e. the E-M distribution yielding the upper bound, is independent of the
particular choice of the convex function v : [o, B] — IR.

Suppose now that we have a random vector & € IR". Then, as mentioned in Kall—
Stoyan [171], Lemma 3.5 can immediately be generalized as follows:

Lemma 3.6. Let suppPe C & =[] [, Bi] C R" and assume the components of
& to be stochastically independent. With L = g [E] € E let Py, i=1,---,r1, be the
two-point distributions defined on [0y, B;] as

Py, ({0 | 0 = 05}) = g;:gg; By n=ph=F—y . (20

Then for the random vector 11 € R with the probability distribution given as
r
Py =Py xPp,x---xPy on &=]]loBi] (3.27)
i=1

it follows for any convex function ¢ : £ — IR that

E: [9(8)] < Eqle(n)]. (3.28)

Proof: With P, the marginal distribution of P¢ for & € [a;, 3], the assumed
stochastic independence of the components of & implies that

IP&ZIP&I XIP&ZX“-XIPgr.

Hence the asserted inequality (3.28) follows immediately from Lemma 3.5 by in-
duction to r, using the fact that the product measures IP¢ and IP;, allow for iterated
integration, as known from Fubini’s theorem (see Halmos [131]). O

Also in this case we may assign a moment problem, with &7 the set of all product
measures on = = []/_; & =1, o4, Bi], stated as (P)

sup {/:¢(5)P5. (dE)) P, (dE)) Jz, &iPe (d&) = i, Vi},

R AVE Jo Po(dE) =1, 329
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and its dual semi-infinite program (D)
r
inf 3 ) OF +u2) [ 1485 > Gi(&) V& € Zivi (3.30)
yeR™ =1
where with & /Z; :=E| X -+ X E;_| X Eip X+ X B,
¢:(&i) =
[ o 0617 8P (@81) Py (48P, (d) - P (48)

is obviously a convex function in &;. Therefore again, the constraints of (D) are
satisfied if and only if they hold in the endpoints @; and f3; of all intervals =;. Hence
(D) is equivalent to

o, {m o) |3+ b > (@), o4 ok > Br(B) w}7
ye

which due to y; € [oy, ] is solvable again and hence so is its dual, the moment

problem
max {

st oph, +ﬁ,~p;3i = Wi, Py, +p;3i =1Vi.

M\

((Pl(az)poc, + (Pl(ﬁt)pﬁ )}

1

Since the only feasible solution of its constraints coincides with the two-point mea-
sures (3.26), the product measure (3.27) solving the moment problem (P) is inde-
pendent of the particular convex function @, again.

For later use we just mention the following fact, which due to the above results
is evident:

Corollary 3.2. Let supplPe C E =[]/_ [, Bi] C R" with u = B¢ [§] and assume
the function @ : & — R to be convex separable, i.e. p(&) = Z ©i(&). Then, with

i=1

the distributions TPy, given in (3.26), it follows that

r

I, ZEé (&) Z [oi(m)] (3.31)

We shall refer to (3.22), (3.28) and (3.31) as the E-M inequality. For the expected
recourse we then get the E-M upper bound:

Theorem 3.5. Assume that the components of & are stochastically independent and
that suppIPe C & =[]7_;[ou, Bi] with u = B¢ [] € E. Given the Assumptions 3.2.
and 3.3., with the E-M distribution defined by (3.26) and (3.27) the expected re-
course 2(x) = B¢ [Q(x; T (E),h(§))] is bounded above according to



212 3 SLP models with recourse

2(x) <y [Q(x:T(n),h(n))]. (3.32)

According to Lemma 3.6 and Cor. 3.2. we have the E-M inequality for multi-
dimensional distributions either for random vectors with independent components
or for convex integrands being separable. However this upper bound does not remain
valid for arbitrary integrands and dependent components, in general, as shown by
the following example:

Example 3.1. Let & be the discrete random vector in R? with the

distribution of & :

realizations:  (0,0) (1,0) (0,1) (1,1)
probabilities: 0.1 0.2 0.1 0.6

yielding the expectation & = (0.8,0.7). This implies the

marginal distributions of & and &,:

realizations: 0 1
probabilities Pg : 0.2 0.8
probabilities IP¢, : 0.3 0.7

being obviously stochastically dependent. Using these marginal distributions to
compute the E-M distribution according to Th. 3.5., we get the

E-M distribution of n:

realizations: (0,0) (1,0) (0,1) (1,1)
probabilities: 0.06 0.24 0.14 0.56

with the expectation ) = (0.8,0.7). Then for any convex function ¢(-,-) such that
9(0,0) = ¢(1,0) = ¢(0,1) =0 and ¢(1,1)=1

we get g [9(E)] = 0.6 and Eyy [@(n)] = 0.56. Hence, in this case, with the E-M
distribution (3.27) as derived for the independent case, the E-M inequality (3.28)
does not hold. a

To generalize the E-M inequality for random vectors with dependent components
and suppP¢ C E = [];_,[04, ], and for arbitrary convex integrands, according to
Frauendorfer [102] we may proceed as follows:

Assume first that for some & € E we have the random vector { with the one-point
distribution IP; ({{ | £ = &}) = 1. Obviously the components of { are stochastically
independent, and for 1;(&;) with the two-point distributions
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Bi—&
P {mi[ni=a}) = ﬁ: ll
£ (3.33)
P {ni|mi=Bi}) = ﬁ;—ai'
holds
17,(5, [ ] é’l = ]E§, [Cz] (3.34)
Hence for the probability measure
p
Pre) =P X Prag) X xPrg) on E=] l[ai,BiL (3.35)
=
defined on the vertices v¥ of £, v =1,---,2", we have the probabilities
H ) H &i—o
el Bi—ai g Bi—a 7

where I, = {i | v} = a;} and Jy = {1,---,r} \ I, (with [J{-} = D). Thus we get
ic0
immediately

Lemma 3.7. For any convex function ¢ : £ — R, Jensen’s inequality implies

P(EC)=0(&) < [ o(n(&) Py (dn)

o (3.36)
= Y 00" )Pyg ()
v=l1
Hence, with the probability measure Q defined on the vertices v¥ of = by
/ P, ng (dE)
(3.37)
(x.
—/H e | s N
= lEIv 1 16] 1
we get the generalized E-M inequality
2r
E: [9(§)] < ) o(")Q(M"). (3.38)
v=1

Remark 3.4. Observe that for stochastically independent components of &, due to
(3.37) we get for the generalized E-M distribution

H s )

1
telv — O ieJy Mt o
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such that in this case @ coincides with the E-M distribution Py, for the independent
case as derived in (3.26) and (3.27). O

Hence Theorem 3.5. may be generalized as follows:

Theorem 3.6. Assume that suppIPe C Z =T[/_; [0y, B] such that also p = B¢ [€] €
= . Under the Assumptions 3.2. and 3.3. and with the generalized E-M distribu-
tion Q as defined in (3.37), according to (3.38) the expected recourse 2(x) =
B¢ [Q(x;T(&),h(8))] is bounded above as

%) < [ oWaT(m).h(m) Qan)
o (3.39)
= Z’] O(x;T(W), k() QMW).

Forany A C {1,---,r} letma (&) := [ ] & and denote the joint mixed moments of
keA

(& |keA)as ::/_ﬁA(é)IPg(dé)forallAC{l,---,r} (with 7ip(E) = 1 and
Ho=1). )
Then we have, for any vertex vV of Z, that ni4 (v) = H oy - H B, and

keANly keANTy
from (3.34) and (3.35) follows

/_ ma (M)Pye)(dn) = Z mA(W) Ppe(vY),  (3.40)

JE

such that (3.37) and (3.40) imply

2 2

Y a()QMY) = [} g (V)P ) (V)P (dE)

= o= (341
= | mp(§)Pg(dE) =

6]

Hence the upper bound distribution @ of Lemma 3.7 preserves all joint moments
of the original distribution IP¢, suggesting to consider, for & being the set of all
probability measures on X, the moment problem (P)

V(P):=

s { [o@mae)| [ &Pus) =mvaciin) 6

For the dual of this problem we assign the variables yo to A =0 (up = 1) and y, to
any nonempty subset A C {1,---,r}. This yields the semi-infinite program (D)
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o(D): 1nf{>’o+ ) HAyA’yO-i- Y i (E)ya > (&) VE € ~}~ (3.43)
A#0 AF0

Requiring the constraints of (D) to hold only at the vertices of = yields the mod-
ified problem (D)

5(D )—lnf{y0+zuA)’A‘YO+ZmA ya > oY), —1,“',2r}
AZ0 AZ0

and its dual (P), the moment problem searching for a measure IP in Pz, the set
of probability distributions on the vertices of =, becomes

Y(P):= sup {Z(p )Py

extE

Zm,\ )pv =pa YA C{1,-- r}}

Due to (3.41) the upper bound distribution @ of Lemma 3.7 is feasible for this mo-
ment problem (P). Furthermore, since the matrix of the system of linear constraints
of (P), i.e.

H:=ms(v); v=1,---2"  AC{l,---,r}),

is regular, as shown in Kall [157], the generalized E-M distribution @ is the unique
solution of (P) and independent of ¢. Finally, according to linear programming du-
ality and since Pz C & we have

8(D) =y(P) < y(P).

On the other hand for any £ € Z, given the regularity of H, the linear system

ZmA CIV A(é)aAC{l""J} (3.44)

has the unique solution {gy (&) =Py (v'); v =1,---,2"} due to (3.40), being
continuous in £. Then for any IP feasible in (P) follows

VA C{l,---,r}: s —/m/\ P(d§)

Hence {§y; v =1,---,2"} is a probability distribution on the vertices of £ which is
2r
feasible for the moment problem (P). Since (3.44) also includes Z vay(&) =€,

v=1
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by the convexity of ¢ follows for the objective of (P)

or

.
Y 00" = [ 3 00")av(©P (@) > [ o(6)P(ae).

v=l1

Therefore we have
Y(P) = y(P) = y(P) = v(P),

such that the generalized E-M distribution @ solves the moment problem (P), and
as shown in Kall [157], it is the unique solution of (P).

Remark 3.5. In the above cases we could reduce particular moment problems (P),
as e.g. (3.42), stated on 2, the set of all probability measures on some support £, to
moment problems (P) on 24, some sets of probability measures with finite discrete
supports E; C E, such that a solution of (15) was simultaneously a solution of (P).

This observation is not surprising in view of a very general result, mentioned in
Kemperman [181] and assigned to Richter [276] and Rogosinski [289], stated as
follows:

“Let fi,--,fy be integrable functions on the probability space (2,%,P). Then
there exists a probability measure P with finite support in Q such that

[ f@pto) = [ j@Pe), i=1,-.n.
JQ JQ

Even card (supp P) < N + 1 may be achieved.”

Hence we can take advantage of the theory of semi-infinite programming. With

S, an arbitrary (usually infinite) index set, and
a:S— R, b:S— R, c € R" arbitrary,

the problem
v(P) := inf{cTy | a(s)y > b(s) Vs S}

is called a (primal) semi-infinite program. Its dual program requires, for some s; €
S,i=1,---,q > 1, to determine a positive finite discrete measure [L with [L(s;) = x;
as a solution of the generalized moment problem

q q
v(D) = sup{Zb(si)xi | Za(si)xi =c,x;>0,5€8,q> 1} .
i=1 i=1

Whereas weak duality, i.e. v(D) < v(P), is evident, a detailed discussion of state-
ments on (strong) duality as well as on existence of solutions for these two problems
under various regularity assumptions may be found in textbooks like Glasshoff—
Gustafson [126] and Goberna—Ldpez [128] (or in reviews as e.g. in Kall [158]).
Moment problems have been considered in detail in probability theory (see
e.g. Krein—Nudel’'man [196]) and in other areas of applied mathematics (like e.g.
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Karlin—Studden [176]), and a profound geometric approach was presented in Kem-
perman [181].

In connection with stochastic programs with recourse moment problems were
investigated to find upper bounds for the expected recourse, also under assumptions
on the set E containing suppIP¢ and moment conditions being different from those
mentioned above.

For instance, for a convex function ¢, £ being a (bounded) convex polyhedron,
and the feasible set of probability measures & given by the moment conditions

/:§IP(d§) =& (= E¢ [&]), the moment problem sup [¢(§)P(d§) turns out

61@ J KB
to be the linear program to determine an optimal discrete measure on the vertices

of E where, in contrast to the above E-M measures, the solution depends on @ in
general (see e.g. Dupacovd [74, 75]).

Furthermore, for a lower semi-continuous proper convex function ¢ and E being
an arbitrary closed convex set, and again with

~{r| [epwr~¢}.

the moment problem sup [ @(&)P(d&), considered by Birge—Wets [28], am-
Pcp’E
ounts to determine a finite discrete probability measure IP on extE and a finite

discrete nonnegative measure V on extrc = (with rc X the recession cone of E, see
Rockafellar [281]), which for infinite sets extE and extrcE appears to be a dif-
ficult task, whereas it seems to become somewhat easier if X is assumed to be a
convex polyhedral set as discussed e.g. in Edirisinghe—Ziemba [81], Gassmann—
Ziemba [122], Huang—Ziemba—Ben-Tal [144]). Also in these cases, the solutions of
the moment problems, i.e. the optimal measures, depend on @, in general. For the
special situation where @ is convex and Z is a regular simplex, i.e.

Z=conv{y0 vl - v} C RS, rank(v! =002 =0 v 0 =1

mentioned in Birge—Wets [27] and later investigated and used extensively by Frauen-
dorfer [103], the moment problem under the above first order moment conditions
has the unique solution of a regular system of linear equations, independent of ¢
again.

Finally, for E = R" with / EP:(dE)=p and/ €I P (dE) = p, (with || - |

the Euclidean norm) moment problems with the nonlinear moment conditions

|EP@e) = and [ |EPPW@E) ~p

have been discussed, first for simplicial recourse functions @ by Duld [73], and
then for more general nonlinear recourse functions in Kall [159]. In these cases,
the solutions of the moment problems depend on @, in general. Under appropriate
assumptions on the recourse functions these moment problems turn out to be non-
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smooth optimization problems, solvable with bundle-trust methods as described in
Schramm—Zowe [299], for instance.

We have sketched possibilities to derive upper bounds for the expected recourse
using results from the theory on semi-infinite programming and moment problems.
Similarly, the theory on partial orderings of spaces of probability measures, as de-
scribed in Stoyan [313] and Miiller—Stoyan [237], could be used. Attempts in this
direction may be found e.g. in Frauendorfer [103] and in Kall-Stoyan [171]. O

3.2.1.3 CFR: Approximation by successive discretization

Assuming that, for the given random vector &, we have suppIP C & =[T;_ [, Bi],
due to Jensen and Edmundson-Madansky there follow for any convex function ¢
and & = E¢ [£] the bounds

0(6) <Eclp(®) <Bylo(n) = [om@am), (345

where 1 has the discrete distribution @ defined on the vertices of =, as described
in Lemma 3.7. Hence these bounds result from finitely many arithmetic operations

provided the joint moments p14 := /_n?,\(é)]Pé(dé) = IE¢ [mip (§)] are known for

all A C {1, ---,r}.

The following observation is the basis of a method of discrete approximations
(of the distribution) to solve complete recourse problems.

Assume that,with half-open or closed intervals Zj as the cells, a partition 2~ of
the interval X is given satisfying

K
2 ={E; k=1,-- K}, suchthat 5, NE, =0, k# ¢, and | JE =EZ. (3.46)
k=

Then there follows

Lemma 3.8. Under the above assumptions holds, with m, = ]Pg (Ey), for the lower
bounds of B¢ [¢(&)]

BS)
o
IN

gl

(e [§ | & € E)

~
Il
=

(3.47)

IA
M=

mEe [9(8) | § € Ex
[9(8)]

whereas for the upper bounds we get the inequalities

Il
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B¢ [9(8)] = kE!; [0(&) | € € ]
/ n)Qu(dn) (3.48)
)R

(dn),

IN

||M>:HM>:

IN

(

[X]

where Q. is the E-M distribution on &y yielding p% = ¢ [ina (§) | 5 € & for all
AcC{l,--,r}andk=1,--- K, and Q is the E-M distribution on E as described
in Lemma 3.7.

Proof: For any IP¢-integrable function y : £ — IR”, p € IN, we have the equality

Z mBe [W(E) | € € 5] = Eg [w(E)]. (3.49)

K
Hence, with y the identity, we have Y m B [ | & € E;] = £. Then, the convexity

of ¢ implies the first inequality of 16(3{47), whereas the second one follows from
the fact that Jensen’s inequality holds true for conditional expectations, as well (see
Pfanzagl [253]).

The first equation in (3.48) follows from (3.49) with y = ¢. The following in-
equality holds true due to the fact, that the E-M inequality is valid for conditional
expectations, as well. For the probability measure @y, holds for all A C {1,---,r}

[ A (E)RuaE) = b =B [0 (8) | £ € 5, k=1, K.

such that with v = n, due to (3.49)

minip () Qy(dE) = Z mIBg [ma(8) | § € Ei] = B [ma(8)] = pa -

Zk

™=

K

Hence, the probability measure Z . Qy, is feasible for the moment problem (3.42)
k=1

which is solved by @, thus implying the last inequality of (3.48). a

Hence, with any arbitrary convex function ¢ : £ — IR on the interval £ C R/,
for any probability distribution IP¢ on & and for each choice of a partition 2~ =
{Ek; k=1,---,K} of £, we have bounds on [E¢ [¢(&)] by

— adiscrete random vector 1 with distribution Py, ,. yielding

LomPa, (@n) <Eglo(@)).

the Jensen lower bound due to (3.47), and
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— adiscrete random vector 1 with distribution @, yielding

B [p(§)] < [ oy, (dn),

the (generalized) E-M upper bound according to (3.48) (with the measure
K

Q,, = Z m @y, in the above notation).
k=1

Let a further partition # = {Y;; [ = 1,---,L} of E be a refinement of 2", i.e. each
cell of 2 is the union of one or several cells of ¢/, then as an immediate conse-
quence of Lemma 3.8 follows

Corollary 3.3. Under the above assumptions, the partition % of E being a refine-
ment of the partition 2" implies

/Ew(n)IPw(dn)S/E<p(n)IPngy(dn)§IEg [0(8)]

and

Bz [p(©) < [ oQy, @) < [ oy, @n)

and hence an increasing lower and a decreasing upper bound.

Proof: Since % is a refinement of 2, for % £ 2  there is at least one cell &y

of 2 being partitioned into some cells X 1,---, X, of %, such that s; > 1 and

| X,v = E. Observing that with py,, = P (1) holds

E (618 € &= przkvEg[éléeTzkv}

Sk
due to Z Div = T the convexity of ¢ implies
v=1

CHIIEEVER S W LX)

1
7r

Therefore, this increases in (3.47) the k-th term

np(Be € 1E€E]) to Y puvo(Be €] & € il

v=1
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In a similar way, the monotone decreasing of the upper bound may be shown, fol-
lowing the arguments in the proof of Lemma 3.8. a

Hence, refining the partitions of & successively improves the approximation of
E¢ [@(&)], by the Jensen bound from below and by the E-M bound from above.
Defining in some partition 2" = {&; k=1,---,K} of Z the diameter of any cell
Epe 2 as

diam E; := sup{[|§ —n|| | £, n € &}

and then introducing the grid width of this partition 2~ as

grid 2 := fnax diam &y

=1,

we may prove convergence of the above bounds to IE¢ [@(&)] under appropriate
assumptions (see Kall [153]).

Lemma 3.9. Let suppPe C & =[[7_ [, Bi] and ¢ : £ — R be continuous. As-
sume a sequence { &'V} of successively refined partitions of E to be given such that
lim grid 2™ = 0. Then, for {PPy,,., } and {QM,V } the corresponding sequences of

V—roo
Jensen distributions and E-M distributions, respectively, follows

hm/(p )P, (dE) —hm/(p R, (dE) /(p )P (dE).

V—poo

Proof: Due to our assumptions ¢ is uniformly continuous on = implying
Ve > 030 > 0suchthat |@(&)—@(n)|<eVEneZ: ||E—n| <.

According to the assumptions on { £V} there exists some V(J¢) such that
grid 27V < 8 Vv > v(&). Hence for v > v(&) and any cell _,:’ € 2 holds
l9(&) —o(n)| <& VE,n € EY. The Jensen distribution Py, assigns the proba-
bility 1y = P¢ (£)) = /_v P (d€) to the realization & = B¢ [€ | € € Z}]. Hence

o

“k

we get
[ 0&)Py,., (@8) - [ o&)Py(at)|
f\Z/_v (&)~ 0(&)Pe ()
<Z/7 )\IPéd§<Ze7rk—s
such that | @(&)Py,, (d2) — / 0(&)P;(dE).
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The convergence of the E-M bound may be shown similarly. O
This result gives rise to introduce the following convergence concepts:

Definition 3.1. A sequence of probability measures IP};’ on B’ (the Borel 6-algebra

on IR') is said to converge weakly to the measure IP¢ if for the corresponding dis-
tribution functions F, and F, respectively, holds

lim F, (§) =F(&) for every continuity point & of F.

V—oo

Definition 3.2. Let {y; y,, v € N} be a set of functions on R'. The sequence
{wy, v € N} is said to epi-converge to Y if for any & € R"

—  there exists a sequence {1y, —> £} such that limsup y, (1) < w(§),
V—o0

—  for all sequences {ny — &} holds y(§) < li‘lginfy/v(nv).

Lemma 3.9 ensures that the sequences of measures {IPp,.,} and {Q,,,}
converge weakly to IPg, as shown in Billingsley [20, 21]. Under the Assump-
tions 3.2. and 3.3., for the recourse function Q(x;T(&),h(§)) (with & € &, the
above interval) and for any sequence of probability measures IP%’ on E converg-
ing weakly to IP¢, it follows that the approximating expected recourse functions

2V(x) = /_ Q(x;T(é),h(é))IPg(dé) epi-converge to the true expected recourse

2(x) = /_Q(x;T(é),h(é))IPg(dé), as has been shown e.g. in Wets [343]; re-

lated inveétigations are found in Robinson—Wets [279] and Kall [156]. The epi-
convergence of the 2V has the following desirable consequence:

Theorem 3.7. Assume that {2V} epi-converges to 2. Then, with some convex
polyhedral set X C IR", for the two-stage SLP with recourse we have

lim sup[i§f{ch +2V(x)} < ig{lf{ch +2(x)}.

V—roo

If
gV e argn}(in{ch—i-,@v(x)} VveN,

then for any accumulation point % of {%"} it follows that
T+ 2(%) = n}(in{ch +2(x)};
and for any subsequence {£V<} C {®V} with ’}1330 £V = £ we have
T2+ 2(3) = lim {2V + 2(2V)}.

A proof of this statement may be found for instance in Wets [343] (see also
Kall [155]).
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Due to this result discrete approximation algorithms (DAPPROX) for the solution
of two-stage SLP’s with recourse may be designed, based on successive partitions
{ZV} of £, yielding lower bounds

2tpx) = [ QUaT(E)HE)Py, (@) (350

and upper bounds

Pbax) = [ 0T (E).H(ENQy,, (@) (351)

o)

for 2(-) =E¢ [Q(:T(§),h(E))] due to Jensen and Edmundson-Madansky, respec-
tively. In other words, a solution of

¥i= n}(in{ch—i-Q(x)} (3.52)

may be approximated by an approach like

DAPPROX: Approximating CFR solutions

With £ an interval and suppIP¢ C =, let 2 I':= {Z} be the first (trivial) partition of
= and IP%_ - (Qn% , the corresponding Jensen— and E-M - distributions determin-
ing, due to (3.50) and (3.51), the approximating expected recourse functions ,@}‘B (x)
and 2} p(x).

With v =1 iterate the cycle of the following steps I.-III. until achieving the
required accuracy € > 0 of an approximate solution.

L Analyze the approximating problems
a) Yip = rr}(in{ch+ 9/p(x)} and b) Jyp:= n}(in{chJr ()}

{Observe that, since Py 2y and Qn v are finite discrete distributions,
problems a) and b) are LP’s with decomposition structures.}

IL. If the prescribed accuracy is achieved, stop the procedure; otherwise, go
on to step II1.
{As an example, with a solution £¥ of problem 1.a) and its optimal value
Py, the error estimate Y— 9y < T8+ 2)) 5 (£Y) — 1} =: 8 might be used
to check whether 8Y < &, if this corresponds to the required accuracy.}

III.  Toimprove the approximation, choose a partition .2 ¥*! as an appropriate
refinement of Z™V. With the corresponding Jensen— and E-M - distribu-
tions Py ., and @y ., . defining 241 (x) and 2} (x) due to (3.50)
and (3.51), let v := v + 1 and return to step L. above.
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{As mentioned above, due to the finite discrete Jensen— and E-M — distributions
the problems 1.a) and 1.b) generated in each cycle are LP’s with decomposition
structure as shown in (1.10) on page 4. For the error estimate mentioned at 1I.
the LP 1.a) has to be solved, suggesting to apply an appropriate decomposition
algorithm. In general and due to many experiments, QDECOM (see p. 47) can be
considered as a proven reliable solver for this purpose. Nevertheless, keep in mind
Remark 1.2. (p. 48).} ]

Obviously, this conceptual description of DAPPROX gives rise to quite a va-
riety of algorithms, depending on various strategies of refining the partitions. For
instance, the selection of the particular cells to be refined is relevant for the effec-
tiveness of the method. Or for a cell E,f € 2V to be refined, in order to maintain
the assumed interval structure of the successive partitions, through this cell we need
a cut being perpendicular to one of the coordinate axes; but which coordinate axis
is to be preferred, and where is the cut to be located? These and further strategies,
playing a significant role for the efficiency of DAPPROX—solvers implementations,
will be discussed later in Section 4.7.2.

Exercises

3.1. Consider the two—stage SLP

3
max{2x; +x2+ ¥ prg"y}

k=1
X1 +x <10
x 420 -y 4l oyl —

a x4+ 43 P =nd k=123,

xj7yslk>20 vjakav

with g = (=2,-3,-2)T, i) = (5,4)T, B = (3,5)T, h®) = (2,2)T.

(a)  Has the problem the (relatively) complete recourse property?
(b)  If not, determine the induced constraints for (xj, )cz)T (see page 198).
(c)  Compute the first stage solution and its first stage objective of the problem.

You may verify your answers to items (a) and (c) using SLP-IOR.

3.2. Change the recourse matrix W of exercise 3.1 to the new recourse matric

~ -1 1 —1
W= ( 23 5) ’
(a)  check the complete recourse property;

(b)  compute the first stage solution (including its objective) and compare it to the
result of exercise 3.1.
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You may use SLP-IOR to confirm your answers.

3.3. Let the function y : [—1,1] x [0,2] — IR be defined as w(&,n) := @(&) +

. — for —1 < s
6(n) with ¢(&) :== {O g-i—é foi 1 <§€_ 2 | 4 and 0(n) := 2n. Assume & and

1
n to be independent random variables with the densities g¢ () = 3 for § € [-1,1]
675
1—

// (&, m)dEdn

:/ o(& d§+/ 0(1)dn = 0.781250 + 1.373929 = 2.155179.
—1 0

and hy (§) = . Due to the independence of £ and 1 holds

(2)  Compute (§,7) = E[(§,n)] and Jensen’s bound y(§,7) = ¢(&) +6(7).
(b)  Compute the E-M upper bound of IE[y(&,n)].
(c)  Subdivide the support = = [—1,1] x [0,2] into two rectangles,

(c1) either by dividing the &-interval 1(6) = [—1,1] at & into 11(5) and 15'5)
(c2)  or by dividing the n-interval /(M = [0,2] at 7] into 1571) and Iz(n).

Compute alternatively the two new Jensen bounds of E[y(&,n)], as either

b ==Pe(11*)) p(Be[& | 1Y)+ Pe (1)) - (B € | 1)) + 6(TEy ),

or else

lbjy = (B [E]) + Py (1) - 0By 0 | 1) + Py (15) - 0(Eq[n | 7).
(d) How do the new Jensen bounds lb| g and [b;; compare to the first bound

l//(é_ ,7), and how much does the above error estimate decrease at best?

3.4. Concerning the moment problem (3.24) and its dual, the semi-infinite program
(3.25), it was claimed, that

(a)  alinear affine function majorizes a convex function y(-) on an interval, if and
only if it does so at the endpoints of the interval;

(b)  due to the relation a < u < f8 (with the natural assumption that o < f3) the
LP corresponding to (3.25) (due to (a)) is solvable and hence its dual, the LP
equivalent to the moment problem (3.24), is uniquely solvable.

Show that these claims hold true.

3.5. Let F be a convex function on a convex polyhedron % = conv {z(l), e ,z(k)},
the support of some distribution P, with expectation EX[(] = u € . There is a
lower bound for F = [, F (z)IP¢(dz) given by F(u) due to Jensen, and as mentioned
on page 217 referring to Dupacové, an upper bound can be determined by solving
an LP, which maximizes EX[F] on the class P of dicrete distributions on the vertices
of A, satisfying the moment conditions Y, p; - 2 = =W, Y;pi=1, pi>0Vi
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As an example, define B := {€ | & +2& <10, 2& +& <8, & > 0}. Assume
some distribution IP¢ on % with first moments u = E[£] = (2; 2)T. Finally define

on % a function F (&) = ETME +cTE with M = (; 3) and ¢ = (—18; —46)T.

(@) Is F(&) aconvex function on & (and why)? If so:

(b)  Compute the Jensen lower bound of EX[F(&)] re IP.

(c)  Find an upper bound of EX[F(§)] re IP¢ as an LP-solution as described
above.

3.6. Consider the recourse problem

min, {cTx+ E[Q(x; £,1)] |Ax < b, x >0} where
Q(x:&,m) :=miny {¢"y Wy =h(§,n) —Tx, y >0} with

the data: ¢ = (3,5)T; b= (18,18)T; ¢ = (2,3,2,)T; h = (124+&,22+1)T; the

13 111 -3 22 .
arraysA—<32>,W—<21_4 ) ),T—(53>,andtherandomvar1ables

& and n, with & distributed with density @({) = A -e~*¢ /(1 — ¢%*) (exponential,
conditional to the interval [0,9], or else truncated at the confidence interval of p =
0.95), and 7 distributed as % [—10, 10] (uniform).

(a)  Is this problem of complete fixed recourse?

(b)  Compute on the support & = [0,9] x [—10,10] of (§,n) the lower (Jensen)
and upper (E-M) bound for the optimal value and the resulting error estimate.

(c)  Compute (e.g with SLP-IOR) the corresponding bounds for partitioning the
support = into two (dividing the n-interval) and four subintervals (dividing
the £— and the 1-interval once, each).

3.2.2 The simple recourse case

For the special complete recourse case with g(&) = (¢ ,¢~ )T and W = (I,—1I),
we get the generalized simple recourse (GSR) function

. T _T _
Q%x,&):=ming" y" +q 'y

Iy+ — Iy~
vt v

h(E) — T (E)x (3.53)
0.

IVl

Given that & is a random vector in RF such that Ee [£] exists, we have the
expected generalized simple recourse (EGSR)

29(x) := B¢ [0%(x,&)], (3.54)

yielding the two-stage SLP with generalized simple recourse (GSR)
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min{cTx+ 2% (x)}
Ax=0b (3.55)
x>0.

Before dealing with GSR problems, it is meaningful to discuss first the original
version of simple recourse problems, as first analyzed in detail by Wets [342].

3.2.2.1 The standard simple recourse problem (SSR)

In contrast to (3.53) it is now assumed in addition that 7(§) = T. Then it is obvi-
ously meaningful to let 2(&) = £ € IR™ such that instead of (3.53) the standard
simple recourse (SSR) function is given as

Q(x:§) := min g+ y* 4+ g7y
Iy Iy =&—-Tx (3.56)
v y =20
This implies the expected simple recourse 2(x) = ¢ [Q(x;§)].
Obviously, problem (3.56) is always feasible; and it is solvable iff its dual pro-
gram
max (& — Tx)Tu
u< g* (3.57)
uz—q

is feasible, which in turn is true iff g+ 4 ¢~ > 0. Considering (3.57), we get imme-
diately the optimal recourse value as

0(x,8) = %[(6 Tx)i|"q +Zé Tx)| q; (3.58)

i=1

where, for p € R,

[p]+:{Pifp>O and [P]_:{ap if p <0

0 else else.
This optimal recourse value Q(x, &) is achieved in (3.56) by choosing
=[(€—Tx)]" and y; =[(§-Tx)]", i=1,--,m. (3.59)

Introducing x := Tx, we get from (3.59) the optimal value of (3.56) as

my

=Y o 16— +ar l6-xl)
- 22 0i(1,&)

i=1

(3.60)
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with

Oi(xin&)=q & —xil" +a; [&—x]
=min{q; y; +q;y; |y —yi =&—xi yi.yi >0}, (3.61)

Hence the recourse function Q(x,&) of (3.56) may be rewritten as a function
O(x,&) being separable in (y;,&;), implying the expected recourse 2(x) to be
equivalent to a function 2()), separable in x; (see Wets [342]), according to

_ my
2(x) =Y 2i(x), where
i=1

(3.62)
e@i(li) = ]Eé [Ql(%laél)} = ]E.’;, [Ql(%ugl)} ’ = la' My,
such that (3.55) may now be rewritten as
my .
min{cTx+ Z 2i(xi)}
i=1
Ax =b (3.63)
Tx —x =0
X >0

with

In this case, as indicated by the operator [E¢, to compute the expected simple
recourse we may restrict ourselves to the marginal distributions of the single com-
ponents &; instead of the joint distribution of & = (&;,- -+, &x,) . From (3.61) obvi-
ously follows that Q,-(~, &) is a convex function in y; (and hence in x) for any fixed
value of &;. Hence, the expected recourse 32() is convex in J; as well.

If IP¢ happens to be a finite discrete distribution with the marginal distribution
of any component given by p;; = Pz ({§ | & = E,-j}), j=1,--- k;, then (3.63) is
equivalent to the linear program

my ki
min{c™x+ Y Y pij(q v+ 47 vi;)}
i=1 =1
Ax =b
o = (3.64)
Vi =y = Gij— % Vi, J
X, y;‘;; yz_j Z 0

which due to its special data structure can easily be solved.

If, on the other hand, IP;; or at least some of its marginal distributions IPgi are
of the continuous type, the corresponding expected recourse QV,() and hence the
program (3.63) may be expected to be nonlinear. Nevertheless, the simple recourse
functions Q;(;, &) and their expectations 2;( ;) have some special properties, ad-
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vantageous in solution procedures and not shared by complete recourse functions
in general. To point out these particular properties we introduce simple recourse
type functions (referred to as SRT functions) and discuss some of their properties
advantageous for their approximation.

Definition 3.3. For a real variable z, a random variable & with distribution TP,
and real constants o, 8, Y with a.+ B > 0, the function @(-,-) given by

0z,8)=a-[E—2 " +B-[E—2 —71

is called a simple recourse type function (see Fig. 3.2).
Then, E¢ [€] provided to exist,

oo
—o0

P(2) := e [9(z,6)] :/ (a-[E—2"+B-[E—2 )Pg (dE) —v

is the expected SRT function (ESRT function).

A
©®(z,€)

Fig. 3.2 SRT function.

Obviously, the functions Q;(x;, &) and Qvi(x,-) considered above are SRT and
ESRT functions, respectively; however, SRT functions may also appear in models
different from (3.61)—(3.63), as we shall see later.

From Definition 3.3. follows immediately

Lemma 3.10. Let ¢(-,-) be a SRT function and ®(-) the corresponding expected
SRT function. Then

©(z,+) is convex in & for any fixed 7 € R,
(-, &) is convex in 7 for any fixed & € R;
o  P(.)isconvexinz
Since (3.61)—(3.63) describes a particular complete fixed recourse problem, we
know already from Section 3.2.1 that, & provided to be integrable and g™ + ¢~ > 0,
the functions Q;(y;,&;) and Qj( xi) are SRT and ESRT functions, respectively.
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Assuming 1= IEg [€] to exist, Jensen’s inequality for SRT functions obviously
holds:

oz, 1) = 9(z,Be [E]) <Eg [9(z,8)] = D(2).

Furthermore, for & being integrable (with Fg the distribution function of ), the
asymptotic behaviour of the ESRT function may immediately be derived:

Lemma 3.11. For
P(z) := B [(z,6)]
— [ (@ e-a 4B E—d )R )~y
Ao [e-aur @5 [ -glare @} -y
holds:
D(z) - @z, u)=P(z)—[a- (U—2) =Y —0 as z— —o
and analogously
B(2) ~ ple ) = B(2) (B (e~ 1)~ 7] — 0 as £ oo,
In particular follows:

Pe (£ <a)=0 o-(L—2)—y=9(zn) forz<a
'f{]P2<5>b>=o then @(Z){ - % ¢zu :

Hence we have, as mentioned above,
Oz, 1) < P(z2) Vz
and, furthermore (see Fig. 3.3),
a:=infsuppPz > —c0 = @(z) = @(z,1) Vz < a
b:=supsuppIPg < +oo = P(z) = @(z,1) V2> b.

Consider now an interval I = {§ | a < § < b} 2 suppIP —implying at least one
of the bounds a, b to be finite—with IP¢ (I) > 0. Then Jensen’s inequality holds as
well for the corresponding conditional expectations.

Lemma 3.12. With y; = E¢ [ | § € 1] and
D (z) = Eg [9(z,8) | € €1, for all z € R holds

1 b
Ole) < Py =57 [ 9(e8)F 6).

As shown in Kall-Stoyan [171], in analogy to Lemma 3.11 follows also
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D(z)

! il

a o(z,W)

= 4-=-=-===
N

Fig. 3.3 SRT and expected SRT function (suppP¢ bounded).

Lemma 3.13. For any finite a and/or b, for I = (a,b] holds

_ [ouy) forz<a
Q@) = {‘P(Z,Hl)fOrsz.

If in particular J := suppIP¢ = [a,b] is a finite interval, then Lemma 3.11 yields
D(z) = Pyy(z) = @(z,uyy) = @(z, ) forz<aorz>b, (3.65)

and for z € (a,b) Jensen’s inequality implies @(z, 1) < P(z). To get an upper bound
for z € (a,b) and hence an estimate for ®(z), the E-M inequality may be used:

b—pu b—py

D) = D) < o o)+ 52 pleh) = T gz )+ EE

b_a (p(zﬂb)

Analogously, for an interval I = {& |a < § < b} 2 suppP¢ and z € int] follows

b—py

Hyp—a
by P@a)t

Oz, 1)) < Pp(z) <

If ¢(z,-) happens to be linear on I, the lower and upper bounds of these inequalities
coincide such that @;(z) = ¢(z,14);) Vz. If, on the other hand, ¢(z,-) is nonlinear
(convex) in I, the approximation of @;(Z) for any Z € (a,b) due to (3.66) can be
improved as follows: Partition I = (a,b] at a; := Z into the two intervals I} := (ag,a]
and I, := (ay,az], where ap :=a and ap := b. Observing that, with 7, = IP¢ (I) and
pv =Pe(ly), v=1,2, we have ,u‘,1 j - My, = Myp as well as for arbitrary

IP¢ -integrable functions y/(-) the relatlon

Ee [w(§)|a§el]=%-E5 [W(é)léellH%'Eg [w(&)[E€n], (3.67)
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Lemma 3.12 implies
Lemma 3.14. Due to the convexity of ¢(z,-), we have

a)  forarbitrary z € (ag,a;)

P1 P2
oz, 1) = oz, ot + - )
P1 P2
< —. Z, + - Z,
< Z’ oz, 1) . o oz, 1p,) G68)
1 2
< —.9 L))
- n'l Ill (Z) + 7.[[ ‘12 (Z)
b)  forax € {ao,a1,a}
D, (ax) = @(ax, Lyz,) forv=1,2
2 2 (3.69)
Pyla) = ¥ 2y a0) = ¥ ol )
v=1 " vl

Proof: The above relations are consequences of previously mentioned facts:

a) The two equations reflect (3.67), the first inequality follows from the convexity
of ¢(z,-), and the second inequality applies Lemma 3.12.
b) The first two equations apply Lemma 3.13, the last equation uses (3.67) again.

O

Based on Lemmas 3.12-3.14, similar to the general complete recourse case, approx-
imation schemes with successively refined discrete distributions may be designed.

3.2.2.2 SSR: Approximation by successive discretization

. . « P1 P2
Eq. (3.68) yields with ¢ (2, kyy,, bip,) = 7-@(z i) + - 0(2 ipy) < Py (2) an
increased lower bound of @;(z) as

@(z, pp) for z € (—oo, i, ) U (g, ,0)

* Pi P2 P1 p2
0" (2, My My, {(mﬁ T 0‘)2 7171 Buy, + 7171 Ol V} (3.70)

for z € (W, 1p]

and instead of the general upper bound (3.66) of @, (z), with 2 = a; (3.69) yields the
A Pr . P2 . ~ .
exact value @ ;(£) = ;[(P(Z,N\I] )+ E‘P(Zaﬂ\h) = Q" (%, lyr,, U1, (see Fig. 3.4).
If, on the other hand, the partition I = (ag,a;] U (ay,az] =1} UL is given, from

Lemma 3.13 and 3.14 together with (3.67) follows
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2=

Fig. 3.4 Expected SRT function: Increasing lower bounds.

@D‘,(z):%(p(z,y‘,l)—i—%(p(z,u‘,z) forz<ay orz>ay orz=ay; (3.71)

hence @(z) > %(p(z,/.t‘ll) + %(p(z,u‘lz) may occur only if z € int]; Uintl,
1 1

which implies that @, (z) > @(z,1y;,) for z € intly with v =1 or v = 2. Then
we may derive the following rather rough error estimate:

Lemma 3.15. For z € intly, v = 1,2, we have the parameter-free error estimate
Ay (z) satisfying

1 dy —dy—]

0<Av(2):= Py, — @z, 1) < 5 (@ +B) ——

Proof: Using the relations @(z, iy, ) = &t[u|s, —2] " + B[, —z]~ — y from Defini-
tion 3.3. as well as the relations

Dy, (av-1) = ¢(ay—1,1,) and Py, (av) = @(av, )
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from Lemma 3.14, and furthermore the convexity of @;, according to Lemma 3.10,
we get for z = Aay_1 + (1 — A)ay, with 1 € (0,1)

Av(z) = Py, (2) — @(z, 1pp,)
<A<I>Uv(av )+ (- )‘P\I‘,(av) q)(z7l'l‘|1v)
_MD‘,V(av )+ (1=2)Py, (ay)

.U\IV—Z -7 ?fz<y|,v
Bz—py,) =y ifz> pyp,

= AMo(uy, —av—1) =¥+ (1 =24)[B(ay — pyp, ) =]

{ N\IV—Z —ylifz<py,
Bz—pyp,)—vifz>pyp, .

Assuming

ay — —dy_
DRI g g < By T vt

<y, = A >
ay —ay—1 ay —day—1

it follows that
Ay(z) < Ma(ﬂuv —ay-1) =Y+ (1—-2)[B(av - Hi,) -7

—lo(uyy, —Aay—1 — (1= 2A)ay) — 7]
= (1-2)(a+B)(ay—puy,)

Uy, —av-1
< (a -
< PR e By - )
. . ay—1+ay
the maximum of the last term being assumed for |5, = — such that
1 —day-1
A o
W@ < 5 (a4 B) 2

For z > p;, the result follows analogously. O

Taking the probabilities py associated with the partition intervals I, into account
yields an improved (global) error estimate:

Lemma 3.16. Given the interval partition {I,; v = 1,2} of I and z € Iy, then the
(global) error estimate A(z) satisfies

e )T

N =

2
0<A(x)=Pl2) Z

:1\‘5

o(z,1,) <

for z €intly, whereas for z ¢ (intl; Uintl) we have A(z) = 0.
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Proof: For z € Iy Lemma 3.13 yields @, (z) — ¢(z, s, ) = 0 for v # K hence from
Lemmas 3.14 and 3.15 follows for z € int /[y

1 pi ax —ag—1
< - (a
2 (B et
and for z ¢ (int/; Uintl) from (3.71) follows that A(z) = 0. O

my

Due to (3.60) and (3.63) the simple recourse function Q(x,&) = Z Q (xi, &)

as well as the expected simple recourse function Q ZQ (xi) are sepa-

rable, and their additive components Q(i)( %, &) and o )( ,) are SRT and ESRT
functions, respectively. Therefore, the properties derived for these functions allow
for modifications of the discrete approximation algorithms of the type DAPPROX,
as described on page 223 for the more general complete recourse case. This leads
for the standard simple recourse case to special algorithms (named SRAPPROX),
being more efficient than the general DAPPROX approach since, for an interval
10> suppP¢,, at any partitioning point él = g € int1 ), instead of the E-M up-

per bound of o
computed.

I (A) its exact value is—due to (3.71) and Lemma 3.14—easily

SRAPPROX: Approximating SSR solutions

my X . . .
Assume that supp P C Z:= Hl(’) for some intervals /() = (@D,pD], i=1,--- my.
i=1
For each component &; of £ choose as a first partltlon P {1 } corresponding
for £ C IR™ to the first partition 2" = {.2°(1) x 273 x ... x 2 (M)}, For the triv-

ial discrete ditribution 7 = P ({& € 1\"}) = 1 Vi, with lf“ = (aV,a"] = 1)
and with 00 (x;,&) = ¢ [& — x|" +¢q; [& — 1]~ due to (3.61), it follows for
My = Be (6] &€ 1@] that 01V (Xiv/vlmi)) < éﬁ?g (1) =B, [0i(x:,&) | & Elfi)].
With K; = 1 Vi iterate the following cycle:

L. Find a solution (£, §) of
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my K;

min{ch—i- Z Z ﬂin(i) ()(,',,u‘[(,-)) |Ax=b,Tx—y =0,x>0}.

i=lv=1

Ify; & Ul‘fi:lintl‘(,i) forallie {1, ---,my}, then (£, %) solves problem (3.63)
due to Lemma 3.13 and (3.67) and hence stop; otherwise continue.
I With1{) = (a? | ,a(v”)], vl K letA = {i| i € int_lé? for one v;}.
For i € A split up I\(,i,) as I‘(,? = (agfi)_l,f(,'] U ()Zi,a(vli)] =: g)l UI‘(,Z)2 and de-
termine the conditional expectations By = B (& | &€ If,l)]], j=1.2.
ViJ "

Due to Lemma 3.14 this implies for QNT% (%) a lower bound ES,’;_) and the

Vi

exact value, respectively, to be given as

with pij = Pg,({& €10:}), j=1,2.

If for 80) := ,, - (éjﬁﬁo (1) — € follows that 5) < & Vi € A with € a
prescribed tolerance, then stop with the required accuracy achieved;
otherwise continue with A := {i € A | §() > ¢}.

IIl.  For (some) i € A extend 2" () to the new partition Z'() by splitting up

the interval I‘(,f) into the two subintervals I‘(,f)] with 7y, j := p;j, j= 1,2, and

adjust K; := K; + 1. With the new data Iéf)J7 Ty, ull(,-) (for j =1,2) and
vij
K;, update the extended partitions to 2" () := % () and return to step L
O

This conceptual algorithm does, in contrast to DAPPROX, leave no choice of

where to split an interval 1\(,? , i € A, as long as the true value ,@T;}@ (%), and thus
Vi

also the exact value of 2() (Xi), are of interest. On the other hand there are various

strategies for the selection of components i € A, for which the respective subinter-

vals 15? are splitted up. A detailed description of an executable version of SRAP-

PROX, including the presentation of the implemented algorithm, can be found in

Section 4.7.2 of the next chapter.



3.2 The two-stage SLP 237
3.2.2.3 The multiple simple recourse problem

The simple recourse function (3.56) was extended by Klein Haneveld [188] to the
multiple simple recourse function. Here, instead of (3.61), for any single recourse
constraint the following value is to be determined:

K K
v(z.€) :min{Zqu;?Jr Zq;yk‘}
k=1 k=1

K K
+ - _
Y Xy =62 (3.72)
k=1 k=1 N
y’i S U — Ug—1 ; kzl,"',K_17
Ve < b=l
y[-:myk_ Zoa k:]aKa
where
uy=0<u; < - <ug_
Iy =0<l <+ <lg_q,
and

+ + - - —
Qk qufl’ Qk qu717 k_27"'aKa

with ql+ > —q, and g% +qx > 0 (to ensure convexity and prevent from linearity of
this modified recourse function).

According to these assumptions, for any value of 7 := & — z it is obvious to
specify a feasible solution of (3.72), namely for any x € {I,---,K} (with ugx = oo
and [g = o)

Yo =up—up—y, 1 <k<x—1

Y = T—lUx—1
T € [ug—1,ux) => Vi =0 Vk > K
yk_: k:17...7](;

Ve = b —ho1, 1<k<x—1
Ve = T— Ik
v, =0 Vk> k.

TE (71,07[,(71] —

Furthermore, this feasible solution is easily seen to be optimal along the following
arguments:

— Due to the increasing marginal costs (for surplus as well as for shortage), as-
suming T € [ux_1,ux) and y, = 0 Vk, it is certainly meaningful to exhaust the
available capacities for the variables yy,---,y,_1 first. The same argument holds
true if T € (—Iy, —lc—1] and y;” = 0 Vk.

— Assuming a feasible solution of (3.72) with some y,fl as well as some Voo Si-
multaneously being greater than some & > 0, allows to reduce these variables to
)7; = y,j1 — & and )7,:2 =i, — 0, yielding a new feasible solution with the objec-
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tive changed by (—8) - (q,f1 +4q;,) with (q,:rl +4;,) > 0 due to the assumptions.
Therefore, the modified feasible solution is at least as good as the original one as
far as minimization of the objective is concerned.

Hence, for T = & —z € [ux_1,ux) with Kk € {1,---,K} we get

K K
y(z,€) = {Z IYHquyk}

k=1 k=1
—1
= ) a4 (i — 1) + g (T—u—1)
k=1
k-1 K—2
= qkuk qu+1“k+qk( —Ux_1)
k=1 k=0
K—2
= (q/j*qzﬂ)ukJrCI}i]qu *uno+q“,:(rfu,<,1)
k=1
K—1
= Y (af —afi)m+git with u=0, gf =0.
k=0

Defining N . .
0‘03:‘]1 ) ak::qk+1_qkak:17”'aK_17

it follows immediately that

k
=Y oy for k=1,---.K
v=1
such that
Kk—1 Kk—1 Kk—1 K—1
— Z Oy Uy + Z Oy T= Z (Xk(Tfuk) = Z (Xk[Tfuk]-’—
k=0 k=0 k=0 k=0
Analogously, for =& —z € (I, —lx_1] with k € {1,---, K} we get
K-1
&)=Y Bilr+i]~
k=0
with o :=q; , Br :=q; ., —q; k= 1,---,K— 1, such that in general
K—1 K-1
= Z Otk[T—uk]Jr—‘r Z ﬁk[f—‘rlk]7
k=0 k=0

Due to the assumptions on (3.72), we have o + By > 0 as well as
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K—1
0 >0, Be>0,Vke{l,--,K—1} and Y (o4+Be) =g +qx > 0.
k=0

Hence, whereas the SRT function
0(z8)=a-[E—2 +B-[E—2 —v

according to Definition 3.3. represents the optimal objective value with a simple re-
course constraint and implies for some application constant marginal costs for short-
age and surplus, respectively, we now have the objective’s optimal value for a so-
called multiple simple recourse constraint, allowing to model increasing marginal
costs for shortage and surplus, respectively, which may be more appropriate for par-
ticular real life problems.

To study properties of this model in more detail it is meaningful to introduce
multiple simple recourse type functions (referred to as MSRT functions) as follows.

Definition 3.4. For real constants {0y, Bi,ux,lp;k = 0,--+ K — 1} and vy, such that
o+ Bo > 0and

K—1

0 >0, B >0 fork=1,--- K—1 with Y (ox+p)>0,
k=0

uw=0<u <---<ug_1,

o =0<l <---<lg_1,

the function y(-,-) given by

K—1
¥(z8) =Y {ow-[§ —z—w " +B-[E—z+U]"}—v
k=0
is called a multiple simple recourse type function (see Fig. 3.5).

¥(z) = B [w(z,6)]
o K—1

= [w];){ak'[g —z— ]+ B [§ —z L] dF: (§) —y

is the expected MSRT function.

Remark 3.6. In this definition the number of “shortage pieces” and of “surplus
pieces” is assumed to coincide (with K). Obviously this is no restriction. If, for
instance, we had for the number L of “surplus pieces” that L < K, with the trivial
modification

=L 1+1,B=0 for k=L,---, K—1

we would have that
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K—1 L—1
v(8) =Y o[ —z—w]"+ Y B[ —z+h] Iy
k=0 k=0

K—1
= Y {o-[E—z—w] " +B-[E—z+U]"} 7.
k=0

Fig. 3.5 MSRT function.

For the expected MSRT function we have

-

k
Kl{ock/:uk(é —z—uy) dFg (é)Jer/joo k(Z*lkfé)ng (é)}

k=0
K—1 o K—1 2

=Y o[ =R m+u)+ Y B [ = Qdr(E—1)
k=0 < k=0 i
K-1 ) K-1 oo

~Yoa| E-otarGruw+ LA [ (G- drE-1),
k=0 k=0

using the substitutions N =& —uy and { = § + I (and § =1 and § = { in the last
expression).
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The last one of the above relations for ¥(z) + 7, i.e.

+y= Zak/ 2) " dFs (&4 ui)
(3.73)

+Zﬁk/ 2)" dFe (&~ 1),

indicates a formal similarity with an expected SRT function using a positive mixture
of the distribution functions Fg (§ +uy) and Fg (§ — k), k=0, -+, K — 1,

K—-1 K—1
=Y ol (E+wm)+ ) BiFe (6 1)
k=0 =0

Due to Definition 3.4., H(-) is monotonically increasing, right-continuous, and sat-
isfies

K—1
H(&) >0VE, élim H(E)=0, and 51imH(§): Y (o +PB) >0
B e k=0

K-1
such that standardizing H(-), i.e. dividing by W := Z (o + Br), yields a new dis-

tribution function as the mixture

K—1 K—1

Y ouFe (+u)+ Y, BiFe (& 1)
k=0 k=0

W w

(3.74)

Assuming now that ¥(-) may be represented as an expected SRT function using the
distribution function G (-) we get, with constants A, B and C to be determined later,
using the trivial relations p™ = p+p~ and p~ = —p + p ™, and writing [ instead
of [%_ for simplicity,

W) +C=A[(E~2)" dG(E)+ BI(E 9 dG(E)
-4 {Kzlak/@—z)*d@ <&+uk>+'<zlﬁk/<é—z>+d&<c——zk>}
w k=0

k=0

{Zak/ —2)" dFg (§ +wy) JrZﬁk/ ng(glk)}
{Z / —2)"dFe (& +u) +Zﬁk/ —2)dFg (& — 1)

+2Bk/ 2) " dFg (€ — )}
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S

K—1 K—1
+ {Z Otk/(z—é)ng Etu)+ Y, ﬂk/(é —2) dFe(§E— k)

k=0 k=0

K-1
+ Y o [ (&2 ar (éw)}
k=0

A K—1
W { Y O‘k/@ —2)"dF: (E+u)+ ) Bl +h—2)

k=0 k=0

+Z/3k/ ng(ilk)}

g\m

{Zak Z— [+ uy) +Zl3k/ —2)" dFg (& — )
+ Z Oék/(é—z)+dF§ (§+uk)} .
k=0

Hence we have

Y(z)+C=
A +B B
W Z{ / —Z dF§(€+uk)+ﬁk/(é—Z) ng(é—lk)}
A — B K—1
WZ U+ 1 —2) +*ZO£]¢ — U+ ).
K—1
To get coincidence with equation (3.73) we ought to have, with Wy, = Z o and
k=0
K—1
Ws=Y B
k=0
A+B
ats_ 1 and
A K—1 B K—1
W WB(“*Z)+ Z ﬁklk +—= Wa(Z*ﬂ)+ Z ogu; | =C.
W k=0 w k=0

To assure that the left-hand side of the last equation is constant (in z), we have the

condition
A-Wg—B-Wu =0,

which together with A + B = W = Wy + Wj implies that
A=Wy and B=Wp,

such that
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K—1 K—1
Wo Y. Bilc+Wp Y oy
k=0 k=0
w
Hence, for the multiple simple recourse problem (with one recourse constraint)

C=

min{cTx+¥(z)}

Ax =b

Ty —z—0 3.75)
X >0

we have derived in an elementary way the following result, deduced first in Van
der Vlerk [334], based on a statement proved in Klein Haneveld—Stougie—Van der
Vlerk [189]:

Theorem 3.8. The multiple simple recourse problem (3.75) with the expected MSRT
function

W) = (3.76)
K-1 K-1
— Y o[-t ar G ru)+ ¥ B[ (-2 dF G-
k=0 k=0

W(z) = 377
K-1 K—1
(2 ak> [E-2raGE)+ (2 ﬁk) [E-2d6E)-c
k=k k=k
using the distribution function

K-1 K-1
Y ouwFe (§+u)+ Y, BiFe (&)
G (&) = =0 _ k=0 (3.78)
Y (0w +Br)

k=0

and the constant

K-1 \ k-1 K-1 \ K-1
(Z Olk> Z ﬁklk—F (Z ﬁk) Z O Uy
o= \i=0 =0 =0 k=0
K—1 :

Y (0w +Br)

k=0

(3.79)

As shown in Van der Vlerk [334], if Fé represents a finite discrete distribution
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N
{(éwpv); V:L"',N} with pV>0\v/v7 vazlv (380)

v=1

then G corresponds to a finite discrete distribution with at most N - (2K — 1) pair-
wise different realizations (with positive probabilities). This distribution, disregard-
ing possible coincidences of some of its realizations, according to (3.78) and (3.80)
is given by the following set of realizations and their corresponding probabilities

é\/a nvozw,)/ﬁ())l)\’;‘/:l’“_,lv; (K:O)s
o
&y —uy, Ty = K;’v;v:L...’N; k=1, K—1;

(3.81)
5v+lp(7 ﬂ\jr,( - ﬁK/}{jv; Vzl,"',N; Kzl,,K—l;

K—1
withy= Y (o + ).
k=0

3.2.2.4 The generalized simple recourse problem (GSR)
GSR functions according to (3.53) on page 226 are defined as

. T _T _
Q%x,&):=ming" y" +q 'y

Iyt — Iy

v, y-

h(G) —T(G)x
0

IVl

In contrast to (3.60) and (3.62) on page 227, neither GSR functions nor the corre-
sponding EGSR functions .2¢(x) := E; [Q%(x,&)] can be converted in a similar
manner into separable functions in ();,&;) and in (y;), respectively.

Requiring Assumption 3.3., and hence in this case presuming that g™ +¢~ > 0,
implies problem (3.53) to have the optimal value

0%(x,8) = Y 0 (1.£)  with
i=1
07 (x,&Y) = g/ [(mi(x,EN)" +g; [(mi(x, D)), i=1,- m2,
where 1)(x, &) = h(E) — T (&)x, and &) is the subvector of & with those components

(of &) affecting (h;(§) — T;(€)x), the i-th row of (h(E) — T (&)x).
Observing that

Mi(x,8) = [Mix,§)I" = [Mi(x, &)]” = [mi(x. )] = mi(x, &) +[mi(x, §)]”

(3.82)
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and denoting by IE 30 integration with respect to the marginal distribution IP ¢
W, it follows with g = g* +¢~ and (h,T) = E¢[(h(§),T(&)], that
my i my
2%(x) = Be[Q%(x,8)) = Y Ee[0F (v, §)] = ), 20 (x) (3.83)
i=1 i=1

where
28 (x) = B [0F (x,§ )]
= G/ B [[(m0x £ | +07 Bgeo [[(mi(x. 60
= ¢/ B [(mi(x,§D)]
4 By [[(mir, 6] | + 7 B [[miCx,£0)]7]
= g/ (b= Tx) + 3By |[(m(x £V

As shown in Corollary 3.1. (p. 206) the expected recourse QZG (x) is a convex func-
tion Vg > 0, and hence also I {[(n,( L& ))]’} is convex in x.

By defining SV (x) := {&£() \ ni(x, E@) < 0} for arbitrary x € R”, it follows

Bea [0 6] = [, il 6)Pg (ag)
= ! (é))IPg<f>(d§(i))
and, with fixed %, arbitrary x, and with 5t (x) the complement of SU) (x), for

L) = [ o) Peaac?)

—1i(x,§ V) Py (dE)

S0 (x)NSsW (x)

+/ i EDYP (dED (3.84)
S(i)(i)ﬂg(l)(x) n (X é ) .5()( é )

<0

= /Sm(x)—m(x,ij("))IPw(dé@):Ew [[(ni(x,éﬁ))]* .

Hence, the function
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Li(x:5) = / —nf<x,5<f>>195<f><dé<">>
= / )x—hi(EV) P . (dE ) (3.85)

_{/S“)(X)T(é() g @t )} /sm(x)hi(é(i))]})é(")(dai))

is a lower bound for IE {[(n,( LE)- } , due to (3.85) linear affine in x, and sharp
(i

: ; E‘*T,‘X)#’ﬁil/i(x;f) 386
< qf (i~ T) 3B [0 D)) | = 280 [ OF

Furthermore .%;(¥; %) = 29 (%), since L;(¥;%) = Esi {[(ni(i,é(i))]_} , such that

2 (x) = 20 (%) >
> Zi(x; %) — Z(X:%)
= ¢ Ti(®—x) +q;{Li(x;¥) — Li(%:%)} (3.87)

~{aTera [, HE P |-
thus yielding a linear support function of ,@lG () at X as
Zi(x: %) = 20 (%) + gi(D) (x — X) = L(%:5) + &i() (x — %) (3.88)
with g;(¥) a subgradient (row vector) of 2¢(-) at £ given as
8i(%) :=—q{Ti+g /S(i)m TED) P (dEY) € 0.20 ().
Assume the first stage feasible set

P :={x|Ax=b, x>0}

to be nonempty and compact. As mentioned above QZG(), and thus also the related
EGSR function 2¢(-) = Zf"zl QG( -), are convex functions and hence, according to
Prop. 1.24. (p. 54), continuous. Therefore, ® := min,¢ 2, 20 (x) exists.

Then problem (3.55) (see p. 227) can be written as

min{c'x+2%(x) | x € %}
or equivalently as

min{c’x+0 |xe %, 2°(x) - O <0}. (3.89)
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Obviously, ® > ®, and a fortiori @ > O — ¥ with some 7y > 0, holds for all (x,®)
being feasible in (3.89). On the other hand, to add the constraint @ < © + ¥ has no
impact on the solution of problem (3.89). Thus

Ti={(x",0) |xe%,0-y<O<O <O+ C R,
instead of % C IR", is nonempty and compact again. Hence with z := (xT,0)T, the
contraint function F(z) := 2% (x) — @ (convex in z as well), and with the objective

d"z:=(cT,1)z = c"x+ O, the program (3.89) has the same set of solutions as

min{d"z|z€ #", F(z) <0}. (3.90)
Finally, since .2¢(") Z QG due to (3.83), from (3.88) follows obviously that

Z gi(%) € 0.26(%) at any arbitrary %, such that the function F(-) has at any

7= (~T @) a subgradient (row vector), given as

f(Z) = (g(f),—l)

= (;gi(£)7_1> 3.91)

= (ﬁ{—qﬁTﬁqi/sm(g)7}(5@)195@ (dg(f>)},—1> € OF(2).

i=1

With these requisites the following procedure can be formulated:

GSR-CUT: Approximating GSR solutions by successive cuts

Find a solution £ of the LP min{cTx | x € %, }.
With 4(1) := £ and J := 1 go to Step L.
. Find a solution (£T,@)T of the LP

min{c"x+ O}

x € %
my (3.92)

ZZ(x,ﬁ(j)) < 67 ]: 17"'7*’;

Im If
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stop (in practice: if A < € with a prescribed tolerance &, stop);
else, with J :=J+1 and av) = X, return to Step I..

0O

Remark 3.7. The following observations on the above procedure GSR-CUT may
be useful:

1) Due 10 (3.87), the Z;(x; il ')) are linear support functions of 99(x) at V),
and their gradients V. %(x; ) coznczde due to (3.88) with the subgradients
of 29 (aV)) given as g;(a\V) ) € 029 (a\).

2) It follows immediately that, due to (3.91),

my
Z"%‘(x Al —
i=1

is a linear support function of F (z) = 2°(x) — © at z< ‘) ( ¢ T OUNT, and
since by (3.92) obviously holds V) = = max<j<; 2(zV )for all J, from
the compactness of %1, the continuity of 2°(-) as well as the uniform bound-
edness of the subgradients g(-) € d 29(-) (see the proof of Prop. 1.29., p. 61),
follows the existence of an appropriate compact (polyhedral) set 8+ C R"*!
such that 2V) € B+ for all solutions of (3.92) generated within the above it-
eration. In other words, in the above iteration we deal simultaneously with
problem (3.89) as well as with problem (3.90).

3)  The standard convergence statements—convergence of Oy = ¢ T2 4+ O, the
optima of (3.92), to the optimal value of (3.89), and any accumulation point of
iterates {2(1) }, generated by (3.92), being a solution of (3.89)—follow imme-
diately from Prop. 1.29. (p. 61), observing that procedure GSR-CUT is just the
application of Kelley’s cutting plane method (on page 61) to problem (3.90).

4)  In (3.92) the evaluation of Zi(x;aY)) = ¢ hi — (¢ Ti)x +g;Li(x;aY)) re-
quires according to (3.6) (p. 196) for h; and T; the expectations IE,;(i) (€ (i)]
and due to (3.85) in particular the computation of the integrals

{/S(’”(ﬁm) (e Py (4 (i))} and {_ /Sm (@) (V)P (dé(i)>} .

Since in general for multivariate distributions of continuous type (described
by densities) there is no algebraic formula for these integrals, they need to be
approximated by some simulation approach, e.g. an appropriate variant of the
Monte Carlo method. .

For a ﬁnite discrete distribution ]Pg(,-)(ém =E0v) = ps,l), v=1,--,NO,

the sets SO () := {EW | n;(a),ED) < 0} are replaced by the index sets
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NG '
KO (@0)) = {v | i(a0), DY) < O}, thus yielding By o[£V = Y. plED”
v=l1

and

LleaV) = gihi— (g Tox+g, Y, pPWm(EDY) — TEDV)x).

vek @ (ali)
O
Exercises
3.7. Consider the following two simple recourse problems:
min{cTx+E[g"y({)]} with ¢=(3,1,2,4)T, ¢=(2,1,1,3,2,1,2,1)T
. 2135 32
Ax <b with A:(3432>, b:(35>
2032 25+&
_ ) . 13502 | 15+&
Tx + Wy(§) = h({) as. with T = 0240 | ()= 1748 (3.93)
2103 23+&,
xy(¢) >0 as
where § with independent components has either a uniform or a normal distribution as
U A{[-5,5] x [=7,7] x [-3,3] x [-8,8]} or
A4{(0;2),(0;1.5),(0;2.2),(0;1.7)} with truncation probabilities of 0.999, each.

Solve both problems using SLP-IOR, applying SRAPPROX as well as DAPPROX.

(a)

(b)

For each of the two problems compare, as indicators for the efficiency of
the two solvers, the number of iterations as well as the number of splits (or
subintervals, respectively) used by SLP-IOR to get the solutions with the pre-
set accuracy.

How do you explain the difference with respect to the above indicators, in
particular the remarkable discrepancy of the numbers of splits/subintervals?

3.8. For the SRT function ¢(z, &) := o[ —z] T+ B[€ —z], &+ B >0, and the cor-
- Z
responding ESRT function &(z) = a(§ —z) — (o + ﬁ)/ (& —2)P¢(dE) assume

—o0

the distribution IP¢ to be bounded to the interval [a,b].

(a)

Z
Show that then the integral ¥(z) := / (z—&)P¢(df) may be computed

with ©(z1,22,23) :=Z3+/ (z2+a—8)P¢(dS) as
E<a+zp

Y¥(z) := min®(z;,22,23) subject to: (3.94)
~n+tntn=1-&u>E-a,n<b-a, (z1,22,23) >0 | ’
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(b)  How does ¥(z) and hence the ESRT function &®(z) look like, if IP¢ is given
as % {[a,b]}?

3.9. Assume for (3.93) of Exercise 3.7 the uniform distributions mentioned for the
right-hand sides h;(;) and formulate problem (3.93) according to the result of the
previous exercise as a quadratic program. If you have access to any convex pro-
gramming software package, than solve the quadratic program and compare the
solution with that one you have got with SLP-IOR applying SRAPPROX (and/or
DAPPROX).

3.2.3 CVaR and recourse problems

Assume the result of some process to be a loss, modelled as a random variable
¥ € & with a distribution function Fy(z). As mentioned in Section 2.1, an exam-
ple from finance could be a portfolio optimization problem with ¢T(&)x as random
return of a portfolio x € IR” (usually represented as the mixture of different assets)
compared to i(&), the random return of some benchmark portfolio. In this case ¥ :=
(tT(&)x—h(&)) is considered as loss if ¥~ > 0. With the a—VaR (value at risk) Vg,
defined in Section 2.3 (p. 137) as Vg := Vo (9) :=min{z | F3(z) > a}, a € (0,1),
the a—CVaR (conditional value at risk) v§, := v5 (19 )was introduced in Section 2.4.3
(p- 152) as

Ve (9) == vy + LEﬁ[(ﬁ —Vg) '] = min {z—l— LIElg[(ﬁ —z)+]} . (3.95)
- z -«

It is well known, that—in spite of the naming—for the «—CVaR holds the inequality
Vi (%) > Ey[0 | O > vy, where equality can only be ensured for continuous distri-
bution functions Fy(-). Nevertheless, v§(®) is widely used in finance applications
as risk measure. Whereas the VaR v (1) is by definition the (smallest) threshold for
a realization 9 not being exceeded with a probability of at least ¢, for continuous
distributions the «—CVaR v (¥) is then the conditional expectation of ¥ given that
® > 8. Moreover, due to Prop. 2.48. the —CVaR satisfies the axioms for coherent
risk measures presented in Artzner, Delbaen et al. [7], which is in general not true
for the ¢x—VaR. A more detailed discussion of the concept of CVaR can be found in
Rockafellar—Uryasev [283].

Due to (3.95), computing the —CVaR v§ (%) can be considered as solving a
single-stage stochastic program. However, v (1) can also be considered as the op-
timal value of a particular two-stage stochastic program with simple recourse.

Proposition 3.3. The a—CVaR as defined in (3.95) is the optimal value of the SSR
problem

Vo = min(z+Ey [0(z9)], (3.96)

where
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1
: = mi _ > > .
0(z; ) n}]m{l—an Z+T119,170}

Proof: Obviously holds

(ﬁ—zﬁ:rr;;n{n In>0-z,1>0}=(1-a)0(z;9),

thus yielding the proposition and allowing for the interpretation, that after the first-
stage decision on z a realization of ¥ has to be observed before taking the second-
stage decision on 1. |

Assuming now that, instead of ¥ : Q — IR, arandom vector £ : Q — = C IR/ is
given with & = supp &, and f(x,€) : X x E — R is defined as decision-dependent
(loss) function, where

— X CcIR"is aclosed convex set of feasible decisions,
- f(-,&) is continuous in x V& € &,

—  f(x,-) is E&~measurable Vx € X, and

Ee[|f(x,8)]] <o VxeX.

With the distribution function @(x,z) :=TP({& | f(x,€) < z}) the @—VaR of f(x,&)
is vg(x) = min{z | @(x,z) > a}, yielding in analogy to (3.95) the a—CVaR of
f(x,8)as

v =min Lot w8 -2

If in addition to the above assumptions f(-,£) is convex in x V& € E, then it follows
that v§ (x) is convex in x as well. In this case Prop. 3.3. is modified to

Proposition 3.4. For f(-,&) convex V& € E the a—CVaR denoted as v§(x) is a
convex function in x, computable as the optimal value of the convex CFR program

Ve(x) = min{z+ Be[Q(x,:¢)]

ith ;€)= mi ! > >0 G5
Wil Q(xvz’é) - }}él]g{l_an Z+n—f(x7§)7n_ }7
or equivalently, the optimum of
1
A% = i +Eg | —— ,25
6 (x) ZeRﬂﬁ}g_)egﬂ {z £ {1 _an(x z 5)”
(3.98)
2+ n(x,z2:8) = f(x,6) as
nx,z;6) 20 a.s

Proof: Introducing x as a parameter and replacing & by f(x;&), (3.97) follows im-
mediately from (3.96). The integrability of f(x;&) with respect ot & implies the well
known fact, that for each (x,z) there exists an 1(x,z;-) € -} such that (x,z;€) =
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(1 —a)Q(x,z;€) a.s. Finally, the convexity of Q(x,z;€) in (x,z) V& € E follows
trivially from (3.97), implying the convexity of IEg[Q(x,z;&)] in x for any fixed z
and thus the convexity of v§(x) in x. O

To be more specific, assume that X := {x | Ax = b, x > 0} # 0 is compact, and
that the loss function is defined as f(x, &) := A (h(&) — T (&€ )x) with some coefficient
A > 0. As an interpretation, think of a linear production function, transforming a
vector x of input factors with a random vector (&) of productivities into a random
output ¢T(&)x; on the other hand let 4() be a random demand to be covered by that
output, such that, given that h(&) —tT(&)x > 0, the above loss function f(x,&) is
just proportional to this excess demand.

Different types of models may be set up in this situation, as for instance:

1) In addition to the linear constraints of an LP a further constraint, restricting
1
the G-CVAR V(1) =V (5, &) = min {z + 1L e[(/(.8) )] | of
z _
the above loss function, may be inserted yielding the model

mincTx

s.t. Ax=1D>b
Ve (x) <y
x>0,

which according to (2.152), (2.153) on pages157/157 coincides with the con-
vex NLP

mincTx

s.t. Ax=0>b

b B [AGE) - T(E) -] < ¥

-«
x>0,
a single stage problem.
2)  Extending instead the linear term of an LP’s objective by adding the a—CVaR
v (x) ;== v5(f(x,&)) of the loss f(x;€&) yields the NLP

min{cTx+ v§(x)}
st. Ax=>
x>0,

which due to Prop. 3.4. can be restated as
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3)

min{c"x+z+Ee[Q(x,2:§)]}
Ax=0>b
xeR,zeR
where

1 (3.99)

0(x,z;8) == %’%{1_05”

cHn > ) n 20}

neR | 1 —«

_ min{ln]w@mm WERE

a particular two-stage generalized simple recourse SLP with the first stage
variables x € IR" and z € R and the recourse variable 1) (which, as mentioned
above, can be chosen for each (x,z) as a function 1 (x,z;-) € 92”1‘ ); in (2.150)
on page 156 this model was derived for the special case of a finite discrete
probability distribution.

Solution methods of the GSR-CUT type were considered for this problem by
Klein Haneveld and van der Vlerk [191] and by Kiinzi—Bay and Mayer [198],
assuming & to have a finite discrete distribution; since in this case (3.99) is
a special LP with decomposition structure, in accordance with Remark 1.2.
(p. 48) the main concern of the authors was to find appropriate cut generation
strategies for the corresponding decomposition algorithm to be as efficient as
possible.

Due to the above discussion on general GSR-Cut procedures, for continuous
distributions the cutting plane methods described on page 247 can be designed
to solve (3.99) as well.

For the two-stage model (3.99) it is assumed that the first-stage decision on
x implies the deterministic first-stage outcome c'x, and that the loss f(x,§),
given the first-stage decision x, is the random second-stage outcome deter-
mined by the realization of & (unknown when deciding on x). To take into
account the risk (due to the random loss f(x,&)), this model aims at determin-
ing a minimizer X for the overall objective given as the sum of the first-stage
outcome ¢ x with the ®—CVaR of the second-stage outcome f(x,&).
Another two-stage model is based on the following view: With a convex poly-
hedral set X C IR} of feasible first-stage decisions x, causing cTx as the de-
terministic part of of the first-stage outcome, and with a very general recourse
function

Q(x:&) = nl;n{qT(é)y | T(E)x+W(E)y=h(&),y>0},  (3.100)

as the random part of the first-stage outcome, the overall first-stage objective
is defined as

fx:8) i=c"x+0(x;&).

Now the decision maker wants to find any £ € X which minimizes some mix-
ture of the mean of this outcome and some risk measure of it, e.g. the a—CVaR
of f. Thus, observing that due to Prop. 2.48. (page 177) the —CVaR is trans-
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lation invariant, with some A > 0 the problem to solve would be

min (B [£(x:&)] + AVE (f(x:€))} =

xeX

= min{(1 4 A)c"x+ B [0(x: €)] + AV5(0(x;€))}.

xeX

This can be rewritten as the two-stage SLP

1
min, [(142)cTx+ Bl @]+ 2 (n+ 12 Belo@)] )|

xeX,neR
) ey, 0() e (3.101)
WENE) = hE)-TEx  as

06) > g EnE) -1 as.

y(&)>0 as.

0(&) >0 as.

with first-stage variables (x,7) and second-stage decisions (y(&),0(§)), or
more precisely y(&), since due to the objective of (3.101) automatically
0(&) = (¢T(&)y(E) —m)* a.s. will result. At present, it seems unlikely to
find an efficient solver for the above problem in this generality for continuous
distributions IP¢. Obviously one might think of approximating solutions via
constructing sequences of discrete distributions IPE, weakly converging to IP ¢
and thus taking advantage of known results on the use of epi-convergence in
optimization, as presented for instance in Pennanen [251, 252], Robinson and
Wets [279], Wets [343], and Kall [156]. However, since in this generality the
recourse function Q(x; &) is not convex in &, neither Jensen’s inquality nor the
Edmundson—Madansky inequality apply. Hence, there seems to be no efficient
tool to check the approximation error (as e.g. in DAPPROX) and thus to ver-
ify a prescribed accuracy during such an iterative procedure. Obviously this
would change substantially, if for the recourse (3.100) holds ¢(§) =g € R™
and W(&) =W, a constant (m; X np)-matrix, thus allowing for an approxima-
tion via successive discretization.

In the general case the situation becomes much better manageable for finite
discrete distributions of & given by P¢(§ = &) = p;, i = 1,---,N. Then
(3.101) reads as

N 1 N
. 14T g Ty A . 0;
nin, (14+24)c x+i;1?z gi yit+ ("ﬂ—a;pl i

xeX,neR
Wiyi = hi — Tix i=1,---
6, >qi'vi—mn =1,
iz 0 i=1,--
6, >0 i=1

(3.102)

Zzzx
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This model, a linear program with decomposition structure, was recently an-
alyzed by Noyan [246], providing two variants of appropriate cuts within de-
composition procedures for solving this problem efficiently.

3.2.4 Some characteristic values for two-stage SLP’s

Among various paradigms of modeling two-stage stochastic linear programs we
have discussed so far the general (two-stage) stochastic program with recourse with
the optimal value RS given due to (3.8), (3.9) as

RS := min {"x+ B [Q(x: T(§),h(&),W(&),4(§))]}

st.Ax=0>b
x>0,

(3.103)

where

Q(x:T(8),h(§),W(&),q(8)) :=infq" (§)y(&)

q
st. W(E)y(S) = h(G) —T(5)x as.
y(&) >0 a.s.
()

withY = 92””22. Asin (3.6), we assume that the random parameters in these problems
are defined as linear affine mappings on £ = IR” by

m IV

Y

T() =T+ Z T/&;; T, T/ € R™*™ deterministic,
=1
W) =W+ Y W/E:; W, W/ € R™*"™ deterministic,
j=1
r
&) =h+ Z W&, h, b/ € R™ deterministic,
j=1

P
q(&) =q+Y d'¢;; 4, ¢/ € R™ deterministic.
=1

Remark 3.8. Whereas by the modeling paradigm of problem (3.103), the second
stage decision on y(&) is to be taken after observing the realization of &, and know-
ing the first stage decision on x, which was taken before having knowledge of the
realization of E—one possible interpretation being (see Fig. 3.1, p. 191) that, in
time, the decision on the first stage variables x is taken before the observation of a
realization of &, and the second stage variables y(&) are determined afterwards—
other paradigms could be either to replace the random vector & in advance by its
expectation &, thus yielding the expected value problem (3.104), or else to delay the
first stage decision until a realization of & is known, such that now the second stage
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decision y(-) as well as the first stage decision x(-) depend on &, which leads to the
wait-and-see model (3.105). O

As just mentioned, replacing the random vector & by its expectation é_ =g [£],
yields instead of RS the optimal value EV of the expected value problem,

EV := rgiyn{ch+ q"(&)y}

S.t. _Ax = b _ (3.104)
T(E)x +W(E)y = h(&)
X, y>0.

Except for the first moment &, this model does not take at all into account the distri-
bution of &. Hence the solution will always be the same, no matter of the distribution
being discrete or continuous, skew or symmetric, flat or concentrated, as long as the
expectation remains the same. In other words, the randomness of & does not play an
essential role in this model.

In contrast to the recourse model (3.103), in the wait-and-see model both, the
decisions on the first stage variables x and the second stage variables y, are taken
simultaneously only when the outcome of & is known, with the optimal values of
the family of LP’s

VEEEiyE)i=  min{clx+q"(E)y)

S.t. Ax =b (3.105)
T(E)x +W(&)y = h(¢E)

X, y>0
the so-called wait-and-see value WS is the expected value
WS :=Ee [y(§)]. (3.106)

Finally, with the first stage solution fixed as any optimal first stage solution %
of the EV problem (3.104), we may ask for the objective’s value of (3.103), the
expected result of the EV solution

EEV =
= T8+ B [miny{q"(§)y | W(E)y =h(E) —T(§)%,y > 0}].  (3.107)

Observe that, in contrast to the values RS, EV, and WS, the value EEV may not be
uniquely determined by (3.107): If the expected value problem (3.104) happens to
have two different solutions £ # X, this may lead to EEV (%) # EEV (%).

For the above values assigned in various ways to the two-stage stochastic pro-
gramming situations mentioned, several relations are known which, essentially, can
be traced back to Madansky [211].

Proposition 3.5. For an arbitrary recourse problem (3.103) and the associated
problems (3.106) and (3.107) the following inequalities hold:
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WS <RS<EEV. (3.108)

Furthermore, with the recourse function Q(x;T(&),h(&)), allowing only for the
matrix T (-) and the right—hand-side h(-) to contain random data, it follows that

EV <RS<EEV. (3.109)

Proof: Let x* be an optimal first stage solution of (3.103). Then obviously the in-
equality

NE) < T+ QT (8),h(E), W(E),q(8)) VE€E

holds, and therefore

WS =B [¥(&)] < {c"x" + Ee [Q(*:T(&),h(§), W (£),4(§))]} = RS.

The second inequality in (3.108) is obvious.

To show the second part, for any fixed X the recourse function

Q% T(§),h(§)) = min{g"y | Wy =h(§) —T(§)%, y > 0}

is convex in €. In particular, for the optimal first stage solution x* of (3.103) follows
with Jensen’s inequality and the definition (3.104) of E'V, that

h(8))]

RS = ch*+1|«:5[ (5 T(E),
h(&))

X+ O(x%; T(é)
2 EV

which implies (3.109). O

Proposition 3.6. Given the recourse function Q(x;h(&)) (i.e. only the right—hand—
side h(-) is random) it follows that

EV <WS.
Proof: For the wait-and-see situation we have

Y(&) = min{c"x+¢"y | Ax=b, Tx+Wy = h(§); x,y > 0},
)C,y

which is obviously convex in £. Then by Jensen’s inequality follows
1E) =EV <E¢ [v(§)] =WS.
O

For more general recourse functions the inequality of Prop. 3.6. cannot be ex-
pected to hold true; for a counterexample see Birge—Louveaux [26].
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Furthermore, in Avriel-Williams [9] the expected value of perfect information
EVPI was introduced as
EVPI:=RS—WS (3.110)

and may be understood in applications as the maximal amount a decision maker
would be willing to pay for the exact information on future outcomes of the random
vector £. Obviously due to Prop. 3.5. we have EVPI > 0. However, to compute
this value exactly would require by (3.110) to solve the original recourse problem
(3.103) as well as the wait-and-see problem (3.106), both of which may turn out to
be hard tasks. Hence the question of easier computable and still sufficiently tight
bounds on the EVPI was widely discussed. As may be expected, the results on
bounding the expected recourse function mentioned earlier are used for this purpose
as well as approaches especially designed for bounding the EV PI as presented e.g.
in Huang—Vertinsky—Ziemba [143] and some of the references therein.
Finally, the value of the stochastic solution was introduced in Birge [22] as the
quantity
VSS:=EEV —RS, (3.111)

which in applications may be given the interpretation of the expected loss for ne-
glecting stochasticity in determining the first stage decision, as mentioned with the
EV solution of (3.104). Obviously it measures the extra cost for using, instead of the
“true” first stage solution for the recourse problem (3.103), the first stage solution
of the expected value problem (3.104). Also in this case Prop. 3.5. implies V.SS > 0.

If in the Problem at hand there is no randomness around, in other words if with
some fixed § € R" we have IP¢ (§ = &) = 1, then obviously follows EVPI =V SS =
0. In turn, if one of these characteristic values is strictly positive, it is often consid-
ered as a “measure of the degree of stochasticity” of the recourse problem. However,
one must be careful with this interpretation; it should be observed that examples can
be given for which either EVPI =0 and VSS > 0 or, on the other side, EVPI > 0 and
VSS = 0 (see Birge—Louveaux [26]). Hence, the impact of stochasticity to the EV Pl
and the VSS may be rather different. Although these values are not comparable in
general, there are at least some joint bounds:

Proposition 3.7. With the recourse function Q(x; T (§),h(&)), allowing only for the
matrix T (-) and the right—hand-side h(-) to contain random data, the value of the
stochastic solution has the upper bound

VSS<EEV —-EV. (3.112)

With the recourse function Q(x;h(&)), i.e. with only the right—hand-side h(-) being
random, the expected value of perfect information is bounded above as

EVPI<EEV —EV. (3.113)
Proof: Due to (3.109) in Prop. 3.5., we have RS > EV and therefore

VSS=FEEV —-RS<EEV —-EV.
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From Prop. 3.6. we know that with the recourse function Q(x;(€)) holds EV <
WS. Hence, together with Prop. 3.5. we get

EVPI=RS—WS<EEV —-EV.
O

The above bounds are due to Avriel-Williams [9] for the EV PI and Birge [22]
for the VSS.

In the literature, you may occasionally find statements claiming that the bounds
given in (3.112) and (3.113) hold true without the restrictions made in Prop. 3.7..
There are obvious reasons to doubt those claims. Concerning VSS the above argu-
ment for (3.109) using Jensen’s inequality fails as soon as we loose the convexity
of the recourse function in & for any fixed %. For the EV PI we present again the
following example (as mentioned in Kall [154]):

Example 3.2. WithX =R, letc=2, W = (1,—1), ¢=(1,0)T and
1
Pe{(TW,n1)) = (1,2)} = P {(T?),h?) = (3,12)} = X
Then we have T =2, h =17 and

7
EV =min{2x+y; | 2x+y;1 —y2=7; x>0,y >0} =7 with;?:i.

With
(% TW,hV) =min{y; | y1 —y2 =2—%,y>0} =0
y
and 3
Q7@ 1) = min{y; |y1 —y2 =12-3%,y >0} = 5
y
follows
7 13
EEV=2--4---=1775
2722

and hence EEV — EV = 0.75. On the other hand we get RS as optimal value from

min{2-x+0.5-y{" +0.5-y%}

1-x+1~y(11)—1-yé]) = 2
x,yW,y@ >0,

yielding RS =7 with x* = 2, y§2> = 6. To get the WS we compute
Yii=min{2-x+y | 1l-x+1-y—1-y, =2, x,y >0} =2

and
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Y:=min{2-x+y; |3-x+1-y;—1-y,=12; x,,y >0} =8
vielding WS =0.5-2+0.5-8 =5 such that

EVPI=RS—WS=2>FEEV —-EV =0.75.

O
3.3 The multi-stage SLP
According to (3.1) on page 192 the general MSLP may be stated as
T
min{clTxl +E Z C;F(é',)xl(C,)}
t=2
Aqx =b
(3.114)

An(G)x + ;A,T(C,)xf(é}) =b(§) as.,tr=2,---,T,

x>0, x(§) >0 as.,t=2,---,T,

where on a given probability space (2,%,P) random vectors & : Q — R
are defined, with & = (&,---,&f)" inducing the probability distribution IP¢ on
R?T7 and § = (EF,---,&D)T the state variable at stage 7.

Remark 3.9. Not to overload the notation, for the remainder of this section, in-
steadofé = (égaaég)’r and § = (égv"'aétT)T’ we shall write é = (‘S%”'aéT)
and § = (&,---,&), understanding that & = (&,---,&r) € R?TTT and § =
(&, &) e R2TT ) as before. O

Furthermore, the (random) decisions x,(-) are required to be .%;-measurable,
with % = o(§) C ¥. Since {#1,---,.Fr} is a filtration, this implies the nonan-
ticipativity of the feasible policies {x;(-),---,xr(-)}. Finally, Assumption 3.1.,
page 192, prescribes the square-integrability of &(-) w.r.t. P fort = 1,---,T, and
Az(+),bs(+), ¢ (+) are assumed to be linear affine in ;. In addition, we have required
the square-integrability of the decisions x;(-).

Obviously, for £ having a non-discrete distribution, to solve problem (3.114)
means to determine decision functions x,(-) (instead of decision variables) satisfy-
ing infinitely many constraints, which appears to be a very hard task to achieve, in
general. The problem becomes more tractable for the case of & having a finite dis-
crete distribution, a situation found or assumed in most applications of this model.
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3.3.1 MSLP with finite discrete distributions

T

Leté:Q — RE R= Z ¢, be a random vector with a finite discrete distribution,
t=2

having the realizations &',E2,--,ES with the probabilities 1,2, -, gs, respec-

tively.

Anyone of these realizations is also denoted as a scenario E S = (525 ,,E;)
with the probability IP¢{& = E‘} =g, 5 €. :={l,---,S}. Then the time dis-
crete stochastic process {{;; t = 2,---, T} with discretely distributed state variables
£ may be assigned to a scenario tree as follows:

—  The (deterministic) state of the system at stage 1 is assigned to node 1, the
unique root of the tree.

—  Among all scenarios £%,s = 1,---,S, there are a finite number k, having
pairwise different realizations {; of the stage 2 state variables, denoted as
4 () EF M =2,....14 ko, and assigned to the nodes numbered as n =
2,--+,14+ky =: K. Here p(n) refers to the first of the scenarios £, s =1,---, 5,
passing through the particular state {;'. Node 1 is connected by an arc to each
of the k> nodes in stage 2 due to the fact, that the corresponding states in stage
2 are realized by at least one scenario.

—  Having assigned, according to all scenarios, up and until stage ¢ < T the nodes
and arcs to all states and 1mplled transitions between consecutive states (i.e.
glven a scenario 5 S = (52, ét 1,5, - éT) implies a transition from state
Ct 1= (52, : 5, 1) to ¢ = (§2, : ét ) at least once), we consider for each
scenario 55 the state Cz+1 = (&, §z+1) Agaln 1n stage t+1 there is a

finite number k; 11 of different states denoted as Z_fl Tl 7n =K+1,--- K +
ki1 =: Ki11, and assigned to the nodes K; + 1,---,K; + k;1 =: K;41 (with
p (n) referring again to the first scenario passing through this particular state).
Finally, we insert the arcs from stage ¢ to stage t + 1 according to the implied
transitions.

With this scenario tree, representing graphically the possible developments of the
stochastic process {&,---,&r} over time, we may combine probabilistic informa-
tion to get a complete description of the process (see Fig. 3.6).

To this end, we may identify theA leaf nodes of the tree (the stage T nodes)
Kr_1+1,--- Kr with the scenarios £*, s = 1,---,S, and assign to these nodes the
probabilities g, of the respective scenario. Hence we have first the probabilities to
reach the leaf nodesn =Kr_1+1,---, K7 as p, = qu—g; -

For all other nodes, i.e. for n < Kr_;, we then compute the probabilities p, to
pass through these nodes: Given node n, by the above construction of the scenario

tree we know the stage 7, of this node as well as its corresponding state Z_,:,f (n),
then with 7 (n) = {s | {} = C,f(">} we have {° | s € “(n)}, the set of scenarios
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passing through this state, called the scenario bundle of node n, and we get p,,, the
total probability of this scenario bundle, as p, = Z qs-

se(n)

<.40 ®\@ *

07

Fig. 3.6 Four-stage scenario tree representing a stochastic process.

After the above description of a scenario tree it seems to be meaningful to introduce
the following collection of specific variables and sets for discussing various issues
on scenario trees. These entities have shown to be useful when dealing with rather
complex problems defined on scenario trees, like e.g. multi-stage SLP’s with finite
discrete distributions, as to be discussed next. There we shall make use of the fol-

lowing

Notation for scenario trees:

(N, )

rooted tree with nodes .4/~ C IN (n = 1 the unique root),
and 7 the set of arcs.

The nodes n € .4 are assigned to stagest = 1,---,7,
with n = 1 in stage r = 1, and with k; > 0 nodes for

T
t=2,---,T,and |A| = 1+Zkf'
=2
The arcs in &7 connect selected nodes of stage ¢ and
staget+1,t=1,---,T — 1, such that each node in
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qs, s €S
ty

p(n)

En
()N
hn

Hm)Cc N
S (n)

Pn

Cn) N
Y(n) AN
Y(n) N
qn—m

some stage t < T has at least one immediate successor,
and each node in some stage ¢ > 1 has exactly one
immediate predecessor.

Any path ny,---,ny, withny = 1,1, =t fort > 2,

and (n;,m11) € o fort =1,---,T — 1, corresponds
one-to-one to the scenario ES, se S ={1,---,8},
identified with the leaf node nr .

gs=P:{E = 8 51, the probability of scenario E §, and
hence the probability to reach the leaf node identified
with this scenario;

the stage of node n € 4

the smallest s € . such that scenario E P(") passes
through the state Z,; assigned to node n;

Z_,:" = Z,i)("), the state in stage #, uniquely assigned to n;
the set of nodes in stage r with |2(¢)| = ky;

parent node (immediate predecessor) of n € A", n > 2;

set of nodes in the unique path from n € .4 through the
successive predecessors back to the root, ordered by
stages, the history of n (including n);

S (n)={s| Etfl = E,f“”}, the index set identifying the
scenario bundle of node 7;

Pn= Z gs, the probability to pass node n;
se.?(n)

the set of children (immediate successors) of node 7;

the future of node n along scenario E S s5e S (n),

including node #, i.e. the nodes n;, =n,---,nr
provided the path {ny,---,n,,---,nr} corresponds to

scenario &* (hence %;(n) =0 if s ¢ . (n));

the future of n € A", ¥(n) = U Gs(n);
se.(n)

Gn—sm = P i € % (n), the conditional probability to
p

n
reach node m given node n (provided that p, > 0).

To keep the following problem formulations simple, we introduce

Assumption 3.4. For any MSLP with a finite discrete distribution of the scenarios

& holds

g =PH{E=E"} >0 Vse.7. (3.115)
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By construction the following facts are obvious:

— Through each node passes at least one scenario, i.e. .#(n) Z0Vn € A ;
— given any stage ¢, each scenario passes through exactly one node in stage ¢, i.e.
U ()= and S (n)N.S(m)=0Vn,me (1) :n#m.
neg(t)

Hence, it follows in general that

Y p=1t=1,-T, (3.116)
neg(t)

and due to Assumption 3.4. holds

pn= Y qs>0VYne.N. (3.117)
se.s (n)

For the general MSLP (3.114), the decisions x;(;) in stage ¢ are required to be
F-measurable with % = o(§;) C 4. For £ having a finite discrete distribution,
o(&) is generated by the k, atoms Cfl[af(")}, n=K, | +1,---,K;. Then x,(-) has
to be constant on each of these atoms or equivalently, to each node n we have to
determine the decision vector x, := x,"(g"). Observing that the expected values

K, N
IE [c¢](&)x(&)] may now be written as Z pnca (&™)xp, problem (3.114) for a
n=K;_1+1
discrete distribution reads as

min 3 pinc, (6" )
meN
Y A (§)%n = b, (E") Vne N (3.118)
Xm > 0 Vme N

with p; =1 and CE(EI) =c1, Ay (Zl) =Aq, by, (21) — by being constant.
With an obvious simplification of the notation problem (3.118) may be rewritten
equivalently as

min Z pmc;l;” (m)xm

meN
Z Aty ()X = by Vn € N (3.119)
meA (n)
Xp >0 VYme N .

As the dual LP of (3.119) we have
max Z bru,
neN
Y AL, (Wun < pwey, (m) Vme AN .

ne¥ (m)

(3.120)
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Remark 3.10. If in particular, ¥n € A\ {1} and for each node m € 7 (n) : t,, <
ty — 1, we have that A,,,,,(n) = A1, ({") = 0, then with Wy := Ay and

T, :=Ay,—1(n) and W,:=A4,, (n) Yne &/ \{1}
problem (3.119) reads as

min Z pmcgn (m)xm
meN
Wixi = b (3.121)
Tixp, +Woxy, = b, Vne N\ {1}
X, > 0 Vne .

Hence we have the same problem structure as assumed when discussing the nested
decomposition in section 1.2.7 of Chapter 1, in particular the structure of problem
(1.29) on page 33.

The general MSLP problem (3.114) can always be transformed to an equivalent
problem where A;rz = 0 holds for © <t — 1, thus assuming the following staircase
form

T
min{c{x;+E ) o (&)z(6)}
=2
Wiz — b (3.122)

T(&)z—1(8-1) +Wi(&)z (&) = bi(&) as,t=2,---.T,
x>0, (&) >0 as,t=2,---.T,

formally corresponding to (3.121), where now z; is an ny + ...+ n,—dimensional
variable and T; and W; have m; +n1 + ...+ n; rows. For specifying the transforma-
tion which maps (3.114) into (3.122) we will employ double indices. The transfor-
mation is as follows. Let

(&) = (@1(&)s - za-1(8),200(8))

with z; ¢ being an n.—dimensional variable, T =1,...,t, and with z;; corresponding
to x; in (3.114). The matrices are defined as follows. Let W) = Ay 1. For 1 <t <T

we define
Ai(&) - A—1(G)

1
(&) =

and
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O 0 At,t(Ct)
—1I 0
VVI(CI) = .
10

and fort =T let

Tr(Cr) = (Ara(&r), .- Arr—1(8r)) and Wr(Cr) =Arr(8r).

Loosely speaking, the auxiliary variables (z,...,24—1) serve for “forwarding”
the solution to later stages. As an example let us consider an MSLP with T = 4 and
let us drop in the notation the dependency on ;. The original structure is

A11X1 = bl
Azix1 +Axnx; =b
Azix1 +Azxy +A33x3 = b3

Apx) +FApxy +Apx3 +Asaxs = by

which transforms into

Aq1z11 = by
Az1z11 +A2222 = b
11 | —221 = 0
Aziza1 +A322 +A33233 = b
221 —Z31 = 0
222 —232 =0
Anzzr HAwzzr +A3z33 | FAszas | = bs

In the literature, multi-stage SLP’s are often presented just in the so-called stair-
case formulation (3.121). Although problems of this form, at the first glance, look
simpler than problems in the lower block triangular formulation like (3.119), this
does not imply a computational advantage in general. Indeed, if the staircase for-
mulation results from the above transformation of (3.114) into (3.122), then the
numbers of variables and of constraints are increased. O

3.3.2 MSLP with non-discrete distributions

In Section 3.2.1 we have discussed two-stage SLP’s with complete fixed recourse
and with bounded distributions, i.e. with suppIPz C = = [];_;[a;, 3. In particu-
lar, we considered the recourse function Q(x; T(&),h(§)), which according to our
notation (see page 197) implies for the second stage problem (3.9) that only 7'(+)
and A(-) (or some elements of these arrays) are random. In this case, we could
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apply Jensen’s inequality to get in Theorem 3.4. a lower bound for the expected
recourse 2(x) = /_Q(x;T(ﬁ),h(i))IPg(dé) as Qi T(§),h(§)) < 2(x), where

& .= E; [£]. In other words, introducing the Jensen distribution IP;, as the one-
point distribution with Py {n = IE¢ [§]} = 1, the Jensen inequality can formally be
written as

EQ(x;T(n),h(n))IPn(dn) < 2(x).

On the other hand, we have derived particular discrete probability distributions
Q,, on the vertices v of E, the E-M distribution for stochastically independent
components of £ in Lemma 3.6 and the generalized E-M distribution for stochas-
tically dependent components of £ in Lemma 3.7, respectively, which were shown
to solve two special types of moment problems. According to Theorems 3.5. and
3.6., using these distributions the E-M inequality provides an upper bound for the
expected recourse as

2 < / Q5T (m). (M) Qy (d)

ZQxT ") Qy ().

For any disjoint interval partition 2" = {&; k= 1,---,K} of Z, we apply
Jensen’s inequality for the conditional expectations, meaning to introduce on the set
of conditional expectations {§; := E¢ [§ | § € &¢] [ k= 1,---,K} the correspond-

ing discrete distribution Py, , defined by Py, {&} = Pe{Z}, and to compute
/HQ(x; T(n),h(n))Py, (dn) to get a lower bound for 2(x). Similarly, we apply

the E-M inequality using the distribution @, Z Pe{Z}- Qn_ , where Qn_

is either the E-M distribution or else the generallzed E-M distribution solving the
corresponding conditional moment problems, conditioned with respect to the cell
5, € 2. This way, according to Lemma 3.8 we get an increased lower bound as
well as a decreased upper bound.

For any sequence of appropriately refined interval partitions {27V} the corre-
sponding sequences of discrete distributions {IPy, ., } and {Qn’w} of Jensen dis-
tributions and E-M distributions, respectively, are shown in Lemma 3.9 to converge
weakly to the original distribution IP¢. For the corresponding sequences {2"} and

{é"} of Jensen lower bounds and E-M upper bounds, respectively, of the expected
recourse function 2, this implies epi-convergence of both sequences to 2. This
convergence behaviour, however, provides due to Theorem 3.7. promising condi-
tions to design approximation schemes for the solution of two-stage SLP’s with
complete fixed recourse.
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The question arises whether we may expect a similar approach to be applica-
ble for the solution of multi-stage SLP’s with more than two stages. To get a first
impression let us take a look at a rather simple three-stage example.

Example 3.3. Consider the complete fixed recourse problem

V*i=min{2x + Ely1 (&) +2y2(&2)] + Elz1 (&2, &) +22(82, &)}

s.t. x +y1(&) — (&) = &
x +y1(8&) = y2(8) + 21(82,8) — 22(82,8) = &
X, V1,¥2,21,22 2 0

with § = (&,&)" having the (joint) probability distribution P on supplPy :=
E =10,1] x [0, 1], given by the density

I+efor 0<&,65<05

1+ € for 05§§2,§3§1
f(€2,§3): 1 —¢€ for 0S€2<0.5<53§1

l—efor 0<&<05<E<1

0 else,

where € is some constant such that € € (—1,+1).

1 /
1+¢e
-3 _ /
27, 1-¢ ) ,
, I +¢
/
/]
/
l+e ~
-3 7
= / 1—¢
1 /
sy l+e
/
0 _2 1
Fig. 3.7 supplP; = £% x 5% = E% x (E} U E3) with density f(&,&3).

For the marginal distribution of & we obviously get the marginal density as
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1 for & € [0,1]
0 else,

f(&) = /Olf(§27§3)4<§3 = {

such that the corresponding distribution P, is % [0,1], the uniform distribution on
the interval [0,1]. According to the definition of f(&,,&3), for &3 follows the same
marginal distribution. _

Considering, for instance, the interval & := {[0,0.5] x [0,0.5]} C R?, we get

E / f(¢ 1 +e),
whereas for the marginal distributions in % |0, 1] follows

P¢, ([0,0.5]) - P, ([0,0.5]) = 1
Hence, for € # 0 the random variables & and &3 are dependent.

Due to the objective of our recourse problem, for any given first stage solution
x > 0 the second stage solution y;(&,),i = 1,2, minimizing the second stage objective
v1(&) +2y2(&), has to satisfy the rules

) SH<x=y1(&)=0,0n&)=x-&
b) &L>x=y1(&)=8&—xn(&)=0

Minimizing the third stage objective 71(&,E3) + 22(&2,E3) then yields, for both of
the cases a) and b) above,

x4+y1(82) —y2(&) £ & = 21(82,8) =& — &, 22(62,83) =0
x+y1(8) —32(8) > & = 21(62,8) =0, 22(&,83) =& — &3

Observe that a first stage decision x < 0 is not feasible. On the other hand, x > 1
cannot be optimal, since this would increase unnecessarily the overall objective,
more precisely the first stage cost 2x plus the expected second stage cost Ely; (&) +
2y2(&,)] due to a) by at least 2(x— 1)+ 2IE[(x — & )] > 4(x — 1). Hence we compute
the objective value, for 0 <x <1, as

x) = 2x+/§::0 €2 d§2+/ 52— d§2—|—
+ 16 - &lf(&&)dEdts

_ ingxz_x+%+ 16— &l &),

For the last integral we get
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1 al
/E|§3 —&2|f(&2,83)dErdEs = /é =0/ (& —&2) f(62,83)dErd s

3=6

A
+/310 /2153 (62753)f(§27§3)d62d63,

B

where A = B for symmetry reasons (see Fig. 3.7). For A, the integral taken over the
triangle above the line & = &, in Fig. 3.7, we get by integration of (& — &) f(&2,&3)
1 1 1 1 2—¢

] |
Ac (148 — 4 ~(1—€)=+ ~(1+£&)— —
slte) g ta(=egtste)sy =

2—¢
such that A+ B = and hence

Obviously, m>igV(x) is achieved at X = 0 such that the optimal value of our problem
x>

turns out to be
V*=minV(x) = 5;8
x>0 6
Let us now discretize the distributions of & in stage two and { = (&,&)7 in
stage three by choosing the partitions 2 of E* and X3 of % x E3, respectively,
as follows:

Stage 2: 2% = {E2} yielding for &, the realization

& =B (] = 5 with pr=P({& € [0,1]}) = 1;

1 1
Stage 3: 273 = {52 X {O, 2) L B2 % [27 1] } yielding for & the realizations

G=Ealgeniaeol)|-Blaaelo])]-

AW A=

Esz—E[ﬁslézG[O,l],ése Bl” _ E{§3|§3e Bl” _

v (o))
v ({1 ))-

Then the discretized problem reads as

with
and

= N =
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— . 1 1
V= mln{2x+y1 +2y + = (2l +2) + (z%—i—z%)}

2 2
1
St X +y1—y2 = 5
1_ .1 1
X+y1—y2 +71— 2, :Z
2 23
X +y1—y2 - =g
0.

1 1 .2 2
X,¥1,¥2,21,%29,%31,%3 >

— 3
Also in this case the optimum is achieved for ¥ = 0 with V = 1 Comparing this

—&
value with the optimum V* = of the original problem, we see that

1
<V*ife<
= 2

v 1
>Vriife>—.
2
In conclusion, even for a rather simple situation like three stages, randomness in the
right—hand-sides only, and complete fixed recourse, we cannot expect in general
to get a lower bound of the optimum by discretization of the distributions in an
analogous manner as in the two-stage case. a

This example as well as the following considerations are essentially based on
discussions related to an idea, originally due to S. Sen, concerning refinements
of discretizations in order to improve discrete approximations for MSLP prob-
lems. The outcome of these endeavours was reported in Fisek—Kall-Mayer—Sen—
Siegrist [108].

Obviously, with appropriate successive refinements of partitions .2/ of the sets
[E2x.--x ED suppPy,, t =2,---,t; v=1,2,---, we may expect weak conver-
gence of the associated discrete distributions {anl %vt} and hence epi-convergence
of the related objective functions of the general MSLP (3.114), as shown by Pen-
nanen [251, 252]. Thus Th. 3.7. (page 222) suggests that a solution could be ap-
proximated by this kind of successive discretization of the distributions. However it
seems difficult to control this procedure since, in difference to the two-stage case,
for the general MSLP we do not have error bounds on the optimal value. According
to Ex. 3.3., even for the much simpler problem



272 3 SLP models with recourse

T

min{c{x; +E ) o' x ()}
=2

Aqrx = b

' (3.123)
Anxy + ZAmxr(Cf) = b(§)as,t=2,---T,
=2

x>0, (&) > 0 as,t=2,---T,

with complete fixed recourse and only the right-hand-sides being random, we can-
not expect to get at least lower bounds, in general.

Nevertheless, we shall discuss first, for the purpose of defining a fully aggregated
problem instead of the MSLP (3.114), how an arbitrary finite subfiltration f and
the corresponding scenario tree can be generated. Again, we assume the supports
of the stagewise distributions to be bounded. Hence there exist intervals &' C IR
such that suppIPg, C ', t =2,---,T. Then we proceed as follows:

Subfiltration and the corresponding scenario tree

— With QW) := Q and 7, := {Q,0} define 4] := {1}.
—  Forthestagesv=1,---,T — 1 repeat:

Let e/’/v+1 =0.

Then for each node n in stage v (i.e. t, = v) and some r, > 1:

Define a finite set C, of children of n such that |C,| = r, and, for any m with
m#n, ty, =t, =V, that C,, NC, = 0 as well as C, N A, = 0 Vu < v holds.
Furthermore, let A4, := A4511 UG, and associate individually with the set

C, = {kim, e ,kﬁ?} a partition of ZV*! into subintervals as
n
ZvH Ekv(j)l . (3.124)

=1 "

—  To generate the subfiltration, fort =2,---, T repeat:

For each n € 4 and h, € A4;_y, its unique parent node, and =/ the subin-
terval corresponding to node 7 in the partition of =’ associated with Cj,, let
QW = Q) N g [E,

Define the subfiltration .7 by .7, 1= 6{Q® |n € A}, t =2,---,T, with
o{Q2" | n e 4} the c-algebra generated by the sets Q") n e ..

—  The defining elements of the discretely distributed stochastig process corre-
sponding to the above finite subfiltration, i.e. the realizations {" at node n and
their probabilities p,, may be assigned to the nodes as follows:

Foranyne A4\ {1} let #(n) = {¢; =1,---,4,,_1,¢, = n} be the history of
node n. By the above construction, each node ¢, € .7 (n) corresponds uniquely

to a particular subinterval El“/, of V. Then for the discrete process we choose

the state E” at node n and the corresponding probability p, as
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=BG, 16, e, =
n=Pg ({Ctn elly_, E[Vv}) :

Using this discrete process we may then replace the general MSLP (3.114), defined
with respect to the filtration .%, by the fully aggregated problem with respect to the
subfiltration ;‘\, as represented by the LP (3.118).

Whereas, according to Ex. 3.3., for problem (3.123) we cannot expect to achieve
lower bounds for the optimal value by discretization of the underlying stochastic
process in general, the situation will be better if Assumption 3.1. is modified as
follows:

(3.125)

Assumption 3.5. Let

—  only the right—hand-sides b; be random (and linear affine in {;);

—  the distributions of & be bounded within some intervals £' C R",
i.e. suppPe, C EY,

—  the random vectors &, -- -, Er be stochastically independent;

—  the Ay be complete fixed recourse matrices Vit.

With o (n) = {¢; = 1,---,4;,1,4;, = n} the history of node n as before, the as-
sumed stochastic independence of &, ---,&r implies the distribution (3.125) to be
modified to

" =E[g, 16, €T, &,
€2|€V€H[a :21"'7tn
=1
'éfn|€ve“(av*2"'atn
E& & ez (3.126)

E[&, | &, € :Zl ]

In
pu =Py, ({6 M2 }) = [ Pe (B2
v=2
Hence we replace problem (3.123) by the fully aggregated problem

min Z pmcgnxm

meN
Z Atntm'xm = btn(zn) vn c </V (3.127)
meH (n)
Xm >0 Vme N

using the distribution (3.126). Then we get
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Lemma 3.17. Let problem (3.123) satisfy Assumption 3.5.. Then for any subfiltra-
tion F constructed as above, the optimal value of the aggregated problem (3.127)
is a lower bound of the optimum in (3.123).

Proof: Tt is well known that problem (3.123) can be formulated as a recursive se-
quence of optimization problems (see Olsen [247] and Rockafellar—Wets [286]). For
this purpose we use the following notation:

7 :={x1,- -+, x } for the sequence of decision vectors up to stage 7;

G :=(&,---,&) for the state variable at stage f, as before;

¢ for any realization of {;;

E! C E' for node n in stage r due to (3.124), and " := E[&, | & € &!).
Now the above mentioned recursion may be formulated as follows:

Let &7 (zr; ZT) =0 Vzr, ZT~ Determine iteratively fort =7,7 —1,---,2, and for
all nodes n in stage #, = ¢, using the assumed stagewise independence by applying
Fubini’s theorem (see Halmos [131]),

Vt(ZFl;Cz) = H}in{C;TXt+¢’t+1(Zt;Ct)}
1
A t—1
S.t. Al[xt b[ Z AthT7 Xt = >0

R 3.128
D (zr-1:G-1) = Eln(z-1:G) | G- =G] ( :
= Belrn(z-1:6-1,6)] ~

= Y P (E)Eg[ra-1:6-1,&) | & € 5y,

VEChn

which finally yields

r HEH{CTM + Do (x1581)}

st. Apix1 =b1(6) =by, x1 >0,

the optimal value of (3.123), with | being the realization of £; = const due to the
fact that in the first stage there is only one (deterministic) state. The notation “IE¢ ”
just indicates that the integral is taken with respect to IP¢, only.

If &41(z, Z‘,) is jointly convex in (z, E,), as is trivially true for &7, then it
follows immediately, that

”t(Zt—UCt) = H)lcin{C;er + (thrl(Zt;Ct)}
t

t—1
S.t. Anxt bt Cf ZAM’-XT7 Xt = >0
7=1
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is jointly convex in (z_1; Z,) (recall that b,(a) is linear affine in Z,). Thus, from
(3.128) follows that

B (z-1:6-1) = By [ri(z-1:6-1,&)]

is jointly convex in (z;—1; EH) as well. Hence, by Jensen’s inequality holds

r(z-1:6-1,B[&]) < E!;, [ri(z-1:6-1,8)] = Pr(z-1:6-1) - (3.129)
In analogy to (3.128), for the discretized problem (3.127) with ¥, = 0 we define
fort =T,T —1,---,2, and for all nodes n in stage #,, = ¢, the recursion
qr(Zt—l;Ct—I;Etn) = H}Cin{C;Txt +IE+1(Zt§Ct—17E;n)}
1—1
s.t. Ayx, = bt(Ct l;éz ZAITXT; x>0 (3.130)
=1
H(z-1:6-1) = Z Pé(zg)ql(z,,l;g,l,étv),
VEChn

we’ll get
q1 = H;}H{C’lrxl + %(xl; Cl)}

st.Anx1 =b1(§1)=by, x1 >0

as the optimal value of (3. 127)

Provided that ¥ (z; C,) < Dy (z5 C,) as it is obviously the case for ¢t = T,
we conclude from (3.128) and (3.130), using Jensen’s inequality (3.129) (for condi-
tional expectations), that

qt(ztfl;thlvétn) < rf(zlﬂ;é’t—l,’:,")
< Bg n(a-1:6-1,8) | & € E)

and hence
lIIt(Zt—l;Ct—l) = Z ]P@(EC)ql‘(Zt—l;Ct—l,Etv)
VEChn
= Z IP@ E E-St rt(zt I Ct 1,§I)|§t€EH
VECh”
= D (z-13G-1),
such that finally

g1 := min {c{x; +¥(x15¢1)} < min{c]x; + Pa(x1581)} =11y
X|ER X\ ERB



276 3 SLP models with recourse
with & := {x1 |A11X1=b1(C1)Eb1,X120}. ]

As seen above, with Assumption 3.5., and observing Assumption 3.4. when gen-
erating a finite subfiltration # and the corresponding scenario tree for problem
(3.123), as described on page 272, we get the fully aggregated problem (see (3.127))

: T
min Z PmCyy Xm
meN

Z Ay Xm = by Yne N (3.131)
me (n)
Xm >0 Vme N

with b,, = b,n(Z") and p, >0Vne 1.
As the dual LP of (3.131) we have
max Z bgun
neN
Z Aglrm“n < Pmey, Yme N .

ne¥ (m)

(3.132)

With the substitution u,, = p, 7, (3.132) is equivalent to
max Y’ b m,
neN
Y dmanAl, T < i, VmE N

ne¥ (m)

(3.133)

with ¢;,_, the conditional probability to reach node n given node m.
For {%,,7,} to be a primal-dual pair of optimal solutions, according to Chapter
1, Prop. 1.12., the complementarity conditions

(= Y, GmonAly, R) 8n =0 Vme N (3.134)
ned (m)

have to hold (with g, = 1).

Discretization under special assumptions

Under Assumption 3.5. on problem (3.123) and Assumption 3.4. on the discretized
distributions (implying positive probabilities for all scenarios generated) we shall
discuss now, how a successive refinement of the partitions and hence a correspond-
ingly growing scenario tree can be designed, such that the approximation of (3.123)
by the generated problem (3.131) is improved.

To begin with, let 7 be the coarse subfiltration with each 2 being generated
by the elementary events {£-![Z ] 0|t=1,---,1} i.e. by {Q, (D} Then for node

n=tholds t, =n =1 and E/» = E', such that by (3.126) follows C” = C’ E[&],
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yielding the aggregated problem

T
min Z CrXy
t=1
1 R (3.135)
ZA,TxT =b(") Wt
=1
Xt 2 0 Vt.
The corresponding basic scenario tree is shown in Fig. 3.8.
O—O0=---0 o o O---=0
1 2 t-1 t t+1 t+2 T

Fig. 3.8 Basic scenario tree.

In the coarse subfiltration, ., was generated by {Q2,0} Vr € {1,---,T}. Let this sub-
filtration be refined into .# by partitioning =’ for a particular ¢ > 1 into two subin-
tervals Z{, Z} (whereas in all other stages the trivial partitions {Z°, s # ¢ }remain
unchanged). Then it follows that

. {Q2,0} fors <t
F, is generated by { {Q,&[E),&7[E],0} fors =t
{@.&7"(5]],6 (55,6, '[£°],0) fors > 1.

The modification of the scenario tree, corresponding to splitting node n =, is shown
in Fig. 3.9.

t t+1 t+2 T
/o o O-=-=-0A
O——O0---0
1 2 t-1\0 o) O---0B
t t+1 t+2 T

Fig. 3.9 Basic scenario tree: First split.

Obviously we have now two branches from stage ¢ onwards, corresponding to
the subintervals = and =} of the partition of Z’. Denoting the nodes of the two
scenarios as (t,A),r = 1,---,T, and (¢,B),t = 1,---,T, the respective components
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CT(&A) of {A) g =12.....T, are, due to (3.126), determined as

gl E[&] for T #1¢
T EE|&eE forT=1,

and analogously for 2(573), s=2,---,T, follows

LB _ E[&] for T #1¢
T\ Eg & eE] fort=1.

The corresponding node probabilities are

1 ifs <t d 1 if s <t
Py =\ Py () it s> 1 MOPEB T\ Py (53) if s> 1.

Hence the new aggregated problem is

mln{ZC X(1,A) +ZC [ X(¢,A) T P(z,B)X (rB)]}

/\

ZASTX TA) = = by (C )
(3.136)

ZA51X(T7B) = bS(Z(S’B)) Vs>t
7=1
X(s,B) = X(s,A) Vs <t

X(sA)X(s,8) > 0 Vs,

Assume now that .7 = (4, 4) is the scenario tree associated with problem
(3.131). To split in this tree some node i > 1 into the nodes i; and i, or equiv-
alently to subdivide the corresponding :t’ C E' into two subintervals ”l’; and = ”t’
(observing Assumption 3.4.), we have to run the following node splitting procedure

Cut and paste

S1  Partition Z; " into ~f; and &} compute

Di, = ]Pé( V) v=1,2,

=Py 12 with i = P (E)),

pi’

bi, = B, [bi(&) | & € Z], v = 1,2, with bi(&,) := b, (C,&,).
such that ry +r, = 1 and r\b;, +r2b;, = b;.

S2  Let 91 = (M, ) with M C A, & C o/ be the maximal subtree of
T = (N ,o/) rooted atnode i € 4.
Let % = (M3, 9%) be a copy of 7], with its root denoted as j & .4 and all
other node labels modified such that 45N A =0, @H N = 0.
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Assign to the nodes of .75 the same quantities as associated with the corre-
sponding nodes of 7.

S3  With (i) the history of node i in .7, and .5 (n) the history within .7, for
n € Ay, v = 1,2 respectively, update the values of the subtrees .7} and % as
follows:

T Set bgl) :=bj,, and for n € ¢(i) \ {i}, the future of i in .77, let
b = by, (&™), with {" computed according to (3.126), with the his-
tory of n being composed as {77 (h;),i,7¢(n)};
multiply the node probabilities by r;.

P Set b§2> =bj,, and form € 4(j)\ {j}, the future of j in %, let

bg,% )= b,m(z’”), with Z’" computed according to (3.126), with the
history of m being composed as {Jf(hi),j,j?g(m)}, implying that
bf,% ) equals the right-hand-side for the corresponding node in .41;
multiply the node probabilities by r,.

(Observe that 7 (h;) = 7 (h;) will be enforced in step S4.)

S4  Introduce a new edge from the parent node /; of i to the node j, the root of
T, thus pasting % to .7 and yielding the new tree.

Tt = (N, "), with
N T = NUMN and
AT = UahU{(hj)}.

In Fig. 3.10 one cycle of this procedure is illustrated.

o o o o
/o o o o
- ]
o O o~ le) o
1 2 hl-\

Fig. 3.10 Cut and paste.

It is easy to see that with the above procedure of cut and paste the optimal values
of the related primal LP’s are non-decreasing.

Proposition 3.8. With V being the optimal value of the fully aggregated problem
(3.131) corresponding to the scenario tree 7, and V™ being the optimal value for
the corresponding LP on I as generated by cut and paste, it follows that V'™ >V .

Proof: Let {u,, n € 4} be a solution of the dual program (3.132) associated with
7. To each node n € 45 assign the vector u, as determined for the corresponding
noden € . .



280 3 SLP models with recourse
Now define for n € .4, with ry, from step S1,
ru, ifn € M
U, == < ru, ifne M

uy else.

In order to show that {u,, n € 4"} is a feasible solution to the dual program
(3.132) associated with .7, we have to distinguish the following cases:

1) meM
A;‘rtm Z[n - ( Z Aztm Mn>
ne¥ (m) ne¥ (m)

< F1PmCry = PmCiy,

with p,, as defined in step S3 for m € 1.
2) me.M

The analogous argument holds, with r, instead of r; .

3 me N\ (MUM) = AN

T ~ _
Z Atntmuni

ne (m)
T
= Z Ayt Ui+ Z (ri+r 2)Atntm Un
neq (m)NAN ne¥ (m)N.M
S pmc[m '

Hence, {u,, n € A"} is feasible for the dual program (3.132) corresponding to .7
and, with the right-hand-sides b,, updated according to step S3, yields the objective

value _ | )
Y b= Y blug+ Y (nbl) b)) Tu
neN+ neAN meM
= Z blu,.
neN

This shows that the objective of the feasible solution {u,, n € A4} for 7 coin-
cides with the optimal value for .7, such that V™ > V obviously has to hold. O

Corollary 3.4. Let V be the optimal value of problem (3.123). If Assumption 3.5.
is satisfied, then each method, splitting succesively any nodes (except the root) in
the scenario tree according to the cut and paste procedure, converges to a value
V<V,

Proof: Under the given assumptions, the optimal objective values of the aggregated
problems are

— monotonically nondecreasing according to Prop. 3.8., and
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— they are lower bounds of the optimal value of (3.123) due to Lemma 3.17. O

Although this cut and paste procedure seems to have a promising behaviour, we are
still left with two open questions:

1)  Isthere any criterion (even a heuristic one, maybe) for deciding on the next
node to be split?

2)  Given this criterion, may it happen that for the limit V* in Corollary 3.4.
holds V* < V?

As to the first question, for a fixed node n > 1 let {£,, | m € 5 (n) \ {n}} and {#,, |
m € ¥4 (n)} be parts of solutions of (3.131) and (3.133), respectively, and consider
the LP

©y(by) := min(c,, — Z ‘IerAg,,z,, frm)Txn

me¥ (n)
ApXn =bp— Y, Ayt (3.137)
me A (n)\{n}
x, > 0.

Since {%; k € A} solves (3.131), in particular £, is feasible in (3.137). Further-
more, the {fy; £ € 4} being optimal in (3.133) and £, > 0 due to (3.137), we
conclude, observing (3.134), that

0< (Ctn - Z Qn%mA;l:ntn ﬁm) =0,
me¥ (n)

showing that £, with the optimal value ¢©,(b,) = 0 solves the LP (3. 137). Using
(3.126) we have that C" = (Ch” E[&, | &, € E"]). Replacing b, = b,n(é_f") by the
random by, (&, ) := b, (C ,&,), it is obvious that the optimal value

(pn(zn(gtn)) = min(cl,, - Z qnﬁmAzm[" TCm) Xn

me% (n)
ApXn =bu(&)— Y. A fm (3.138)
me A (n)\{n}
x, > 0.

1s a convex function in &,ﬂ, such that due to Jensen

E (@, (ba(§,)) | &, € Zi] > u(ba(B(&, | &, € Z17])
@u(by, (C", E[&, | &, € E])
= u(by, (§"))
= (Pn(bn) = 0,

and we have the lower bound I, = 0 for IE[@,(b,(&,)) | &, € E™]. On the other
hand, according to Lemma 3.7 (on page 213), we can determine the E-M upper
bound u, for [, (b,(&,)) | &, € E]. If, with some prescribed tolerance A > 0,
the splitting criterion
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Uy —1, > A (3.139)

is satisfied, we may decide to split node n as described in the cut and paste proce-
dure, in order to increase the lower bound and thereby to improve the approximative
solution. Observe however, that this criterion (i, — [, > A) to increase the lower
bound and thereby to improve the solution in a particular node, is based on a heuris-
tic argument. But it is one positive answer to the first question, at least. Moreover,
test runs with this criterion did work out surprisingly well.

To come to the second question, consider the following example:

Example 3.4. Assume the following problem to be given:

min{x; +x + E[y; +y2 +z1 + 2]}

X1 — X2 =0
x1+2x2 4+ 3y1 =3y =&
xi+30+ yi—-ntdu—4n==5

Xis Vi Zi > 07

where & ~ % [0,6] and &3 ~ U [1,1.5], with % being the uniform distribution. The
fully aggregated problem with IE[&] = 3 and E[&3] = 1.25 as right—hand-sides is
easily seen to have the optimal solution

PN - T 1
(%182, 91.92.21.22) = (0.0, 1,0, 5.0)
with the optimal value
Vo 17
16

and the dual solution
sr_ (111
T \47474 )

Considering problem (3.138) for n = 2, we find that @(Zz(g,z)) =0 for & €10,6),
i.e. @y is linear on E* implying that uy — I, = 0. Analogously %(Z3(§t3)) =0 for
& € [1,1.5] such that also @s is linear on E* and therefore uz — I3 = 0. Hence the
above splitting criterion (3.139) cannot be satisfied, and the procedure would stop
with the above solution, with V* =V.

However, subdividing E* = [0,6] into the intervals [0,3) and [3,6] and solving
the corresponding LP, would yield the optimal value

18

Vi=—>
16

v,

and the same result would be achieved with splitting, instead of E?, the interval
&3 =[1,1.5] into [1,1.25) and [1.25,1.5]. i

Hence, in this example the procedure, using the above splitting criterion (3.139),
had to be finished with u,, —,, = 0 for all nodes n > 1, although there was a substan-
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tial difference V — V* > 0. This fact could (and can in general) only be discovered
by analyzing (sub)sets of nodes simultaneously in detail. In other words: For the
approach using the splitting criterion (3.139) so far there is not known any sim-
ple stopping rule stating the (near-)optimality of the present iterative solution for
problem (3.123).
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