Chapter 7
Norms

In this chapter, the field K is always R or C and E denotes K". The scalar (if K = R)
or Hermitian (if K = C) product on E is denoted by (x,y) := Y. ; %;y;.

Definition 7.1 IfA € M,,(K), the spectral radius of A, denoted by p(A), is the largest
modulus of the eigenvalues of A:

p(A) = max{|A]: A € Sp(4))}.

When K =R, this takes into account the complex eigenvalues when computing p (A).

7.1 A Brief Review

7.1.1 The (P Norms

The vector space E is endowed with various norms, pairwise equivalent because E
has finite dimension (Proposition 7.3 below). Among these, the most used norms
are the [” norms:

J

I/p
[, = <Z |Xj”> ; IIXI|oo=m?XIXj|«

Proposition 7.1 For 1 < p < oo, the map x — ||x||,, is a norm on E. In particular,
one has Minkowski’s inequality

[+ yllp < llxllp + 11yl p- (7.1)

Furthermore, one has Holder’s inequality
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128 7 Norms

11
|y < Nl p 1yl ;+?=1. (7.2)

The numbers p, p’ are called conjugate exponents.

Proof. Everything is obvious except perhaps the Holder and Minkowski inequal-
ities. When p = 1 or p = oo, these inequalities are trivial. We thus assume that
1 < p<oo.

Let us begin with (7.2). If x or y is null, it is obvious. Indeed, one can even
assume, by decreasing the value of n, that none of the x;,y;s is null. Likewise,
because |(x,y)| < ¥;|x;|[y;|, one can also assume that the x;,y; are real and positive.
Dividing by ||x||, and by [|y||,y, one may restrict attention to the case where ||x|[, =
Iyl = 1. Hence, x;,y; € (0, 1] for every j. Let us define

aj=plogx;, bj=p'logy;.

Because the exponential function is convex,

edi/Prbi/P < 164,/ + l/ebj;
p

that is,

Summing over j, we obtain
1 1 ro1 1
o) < —lxlp+ =l = —+— =1,
p P pop

which proves (7.2).
We now turn to (7.1). First, we have

[x+y[5= Z|Xk +wl? < Z\kaxk +yiP ! +Z|yk||xk +yl?
3 X %

Let us apply Holder’s inequality to each of the two terms of the right-hand side. For
example,

L/p
Y el b P < Il <Z|xk +yk|(p_1)p> ,
k x

which amounts to

Y bl b P < el ey )5
k

Finally,
-1
e+l < Cllellp =)+ 2157

which gives (7.1). O
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For p = 2, the norm || - ||, is given by an Hermitian form and thus satisfies the
Cauchy—Schwarz inequality:

[ | < [xl2lyll2-

This is a particular case of Holder’s inequality.

Proposition 7.2 For conjugate exponents p,p’, one has

R
Il = sup SR (Gl
w20 IV sz Iyl

Proof. The inequality > is a consequence of Holder’s. The reverse inequality is
obtained by taking y; = &;|x;|P~2 if p < 0. If p = oo, choose y; = &; for an index j
such that |x;| = ||x||e. For k # j, take yy =0. O

7.1.2 Equivalent Norms

Definition 7.2 Two norms N and N' on a (real or complex) vector space are said to
be equivalent if there exist two numbers c,c’ € R such that

N<cN', N <cN.

The equivalence between norms is obviously an equivalence relation, as its name
implies. As announced above, we have the following result.

Proposition 7.3 All norms on E = K" are equivalent. For example,
1
el < [1llp < 17| x]o

Proof. 1t is sufficient to show that every norm is equivalent to || - ||;.
Let N be anorm on E. If x € E, the triangle inequality gives

N@x) < YN (e,

where (e!,...,€") is the canonical basis. One thus has N < ¢|| -||1 for ¢ := max; N(e').
Observe that this first inequality expresses the fact that N is Lipschitz (hence con-
tinuous) on the metric space X = (E, || - |[1)-

For the reverse inequality, we reduce ad absurdum. Let us assume that the supre-
mum of ||x||;/N(x) is infinite for x # 0. By homogeneity, there would then exist a
sequence of vectors (x™),,en such that ||x™||; = 1 and N(x™) — 0 when m — 0.
The unit sphere of X is compact, thus one may assume (up to the extraction of a
subsequence) that x™ converges to a vector x such that ||x||; = 1. In particular, x # 0.
Because N is continuous on X, one has also N(x) = lim,,— 4+ N(x™) = 0 and be-
cause N is a norm, we deduce x = 0, a contradiction. O
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7.1.3 Duality

Definition 7.3 Given a norm || -|| on K" (K =R or C), its dual norm on K" is
defined by
R
HXH/ = sup <X,y> ,
y£0 ||y|
or equivalently
HXH/ = sup |<x7y>|
w20 [Vl

The fact that || - ||’ is a norm is obvious. For every x,y € K", one has

e | < llxl] - [yl (7.3)

Proposition 7.2 shows that the dual norm of || - ||, is || - |, for 1/p+1/g = 1. Because
p +— ¢ is an involution, this suggests the following property:

Proposition 7.4 The bi-dual (dual of the dual norm) of a norm is this norm itself:

(-1 =11

Proof. From (7.3), one has (||-|")’ < ||-||. The converse is a consequence of the
Hahn-Banach theorem: the unit ball B of || - || is convex and compact. If x is a point
of its boundary (i.e., ||x|| = 1), there exists an R-affine (i.e., of the form constant

plus R-linear) function that vanishes at x and is nonpositive on B. Such a function
can be written in the form z — R(z,y) + ¢, where c is a constant, necessarily equal
to —R(x,y). Without loss of generality, one may assume that (y,x) is real and non-
negative. Hence

Iyll" = Hs‘l‘lplgﬂy,d = (y,x).
e

One deduces

(Ixll")" = <Hyy|’|“> = 1= .

By homogeneity, this is true for every x € C". O

7.1.4 Matrix Norms

Let us recall that M,,(K) can be identified with the set of endomorphisms of £ = K"
by
A (x— Ax).

Definition 7.4 If || - || is a norm on E and if A € M,,(K), we define
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1A XII

[JA]| == su sup

Equivalently,

1]l = Sup 4]} = max flAx]
One verifies easily that A — ||A]| is a norm on M,,(K). It is called the norm induced
by that of E, or the norm subordinated to that of E. Although we adopted the same
notation || - || for the two norms, that on E and that on M,,(K), these are, of course,
distinct objects. In many places, one finds the notation ||| - ||| for the induced norm.
When one does not wish to mention by which norm on E a given norm on M,,(K)
is induced, one says that A — ||A|| is a matrix norm. The main properties of matrix
norms are

[AB|| < [[AI[1BII, (Ml = 1.

These properties are those of any algebra norm. In particular, one has ||A*|| < ||A][¥
for every k € N.

Examples

Three [”-matrix norms can be computed in closed form:

| A[[1 = max Zlaul,

1<]<n

Jj=n

]l = gg; |aijl,
j=1
[l = [|A%[l2 = p(A*A)"/2.

To prove these formula , we begin by proving the inequalities >, selecting a suitable
vector x, and writing ||A||, > [|Ax]|,/|x||,. For p = 1 we choose an index j such that
the maximum in the above formula is achieved. Then we let x; = 1, and x; = O other-
wise. For p = oo, we let xj = aj, j/|aj, j|, where iy achieves the maximum in the above
formula. For p = 2 we choose an eigenvector of A*A associated with an eigenvalue
of maximal modulus. We thus obtain three inequalities. The reverse inequalities are
direct consequences of the definitions. The similarity of the formule for ||A]|; and
||Al|, as well as the equality ||A||» = ||A*||, illustrate the general formula

. R(y*Ax) |(y*Ax)|
[A%[|,» = [|A]| , = supsup ——=——"— = supsup ———"—,
x#£0 y£0 ”x”["”y”p’ x#0 y#0 Hx||p'|\pr'

where again p and p’ are conjugate exponents.
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We point out that if H is Hermitian, then ||H||, = p(H?)'/? = p(H). Therefore
the spectral radius is a norm over H,,, although it is not over M,,(C). We already
mentioned this fact, as a consequence of the Weyl inequalities.

Proposition 7.5 For an induced norm, the condition ||B|| < 1 implies that I, — B is
invertible, with the inverse given by the sum of the series

i B
k=0

Proof. The series ¥ B* is normally convergent, because Y || B* k. where
the latter series converges because ||B|| < 1. Because M,,(K) is complete, the series
Y« B¥ converges. Furthermore, (I, — B) ¥4 <y B = I, — B!, which tends to I,. The
sum of the series is thus the inverse of I, — B. One has, moreover,

-5 < X8
LI = gy

O
One can also deduce Proposition 7.5 from the following statement.

Proposition 7.6 For every induced norm, one has

p(A) <[All.

Proof. The case K = C is easy, because there exists an eigenvector X € E associated
with an eigenvalue of modulus p(A):

pA)IX] = [[AX]| = [[AX]| < [[A] [} x]].

If K = R, one needs a more involved trick.

Let us choose a norm on C" and let us denote by N the induced norm on M,,(C).
We still denote by N its restriction to M, (R); it is a norm. This space has finite
dimension, thus any two norms are equivalent: there exists C > 0 such that N(B) <
C||B|| for every B in M,,(R). Using the result already proved in the complex case,
one has for every m € N that

p(A)" = p(A™) <N(A™) < C||A™]| < C|A[".
Taking the mth root and letting m tend to infinity, and noticing that C'/" tends to 1,
one obtains the announced inequality. 0O

In general, the equality does not hold. For example, if A is nilpotent although
nonzero, one has p(A) = 0 < ||A|| for every matrix norm.

Proposition 7.7 Let || - || be a norm on K" and P € GL,(K). Hence, N(x) := || Px||
defines a norm on K". Denoting still by || - || and N the induced norms on K", one
has N(A) = ||[PAP~!|.
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Proof. Using the change of dummy variable y = Px, we have

x| [Py
o 2 e S Y

N(4) = ||PAP~!.

7.2 Householder’s Theorem

Householder’s theorem is a kind of converse of the inequality p(B) < ||B||.

Theorem 7.1 For every B € M,,(C) and all € > 0, there exists a norm on C" such
that for the induced norm,
1Bl < p(B) +e.

In other words, p(B) is the infimum of ||B||, as || - || ranges over the set of matrix
norms.

Proof. From Theorem 3.5 there exists P € GL,(C) such that T := PBP~! is upper-
triangular. From Proposition 7.7, one has

inf||B|| = inf||PBP!|| = inf||T||,

where the infimum is taken over the set of induced norms. Because B and T have
the same spectra, hence the same spectral radius, it is enough to prove the theorem
for upper-triangular matrices.

For such a matrix T, Proposition 7.7 still gives

inf[|7| < inf{[|QTQ""|2:Q € GL,(C)}.

Let us now take Q(U) = diag(l,,u,uz,...,u"’l). The matrix Q(u)TQ(u)*l is
upper-triangular, with the same diagonal as that of 7'. Indeed, the entry with indices
(i,j) becomes p'~/1;;. Hence,

lim Q()TQ (k)™

L—o0

is simply the matrix D = diag(#;1,...,%n). Because || - ||2 is continuous (as is every
norm), one deduces

inf|[ 7] < fim |Q()TQ(w) "2 = D]z = /p(D*D) = max|tj;| = p(T).

O
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Remark

The theorem tells us that p(A) = A(A), where
A(A) = inf 4],

the infimum being taken over the set of matrix norms. The first part of the proof
tells us that p and A coincide on the set of diagonalizable matrices, which is a dense
subset of M,,(C). But this is insufficient to conclude, since A is a priori only upper
semicontinuous, as the infimum of continuous functions. The continuity of A is
actually a consequence of the theorem.

An interesting consequence of Householder’s theorem is the following link be-
tween matrix norms and the spectral radius.

Proposition 7.8 IfA € M,,(k) (with k =R or C), then

p(A) = lim [lA™|'/"

m-—oo

for every matrix norm.

Proof. Let || - || be a matrix norm over M, (k). From Proposition 7.6 and the fact that
Sp(A™) = {A™ | € SpA},

we have
p(A) :p(Am)l/m < HAm”l/m.

Passing to the limit, we have

p(A) <liminf [|A™]/'/™ (7.4)

m— oo

Conversely, let € > 0 be given. From Theorem 7.1, there exists a matrix norm N
over M,,(C) such that N(A) < p(A) + €. By finite-dimensionality, the restriction of
N over M,,(k) (just in case that k = R) is equivalent to || - || : there exists a constant
csuch that || || < ¢N. If m > 1, we thus have

[A™[] < eN(A™) < eN(A)" < c(p(A) +€)",

whence
JA™ [ < VM (p(A) +€).

Passing to the limit, we have

limsup ||A"]|'™ < p(A) +e.

m— oo

Letting € tend to zero, there remains

limsup [JA”]['/" < p(A).

m— oo
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Comparing with (7.4), we see that the sequence [JA™]|!/"

equals p(A).
O

is convergent and its limit

Comments

o In the first edition, we proved Proposition 7.8 by applying the Hadamard formula
for the convergence radius of the series } ;~z"A".

1/m

e A classical lemma in calculus tells us that the limit of ||A™]|*/™ is also its infimum

over m, because the sequence ||A”|| is submultiplicative.

7.3 An Interpolation Inequality

Theorem 7.2 (case K = C) Let || - ||, be the norm on M,,(C) induced by the norm
[P on C". The function

1/p — log||Al],,
[0,1] — R,

is convex. In other words, if 1/r=0/p+(1—0)/qwith 6 € (0,1), then

Al < llAlIZ 1Al

Remarks

1. The proof uses the fact that K = C. However, the norms induced by the || - || ,s on
M,,(R) and M,,(C) take the same values on real matrices, even although their def-
initions are different (see Exercise 6). The statement is thus still true in M, (R).

2. The case (p,q,r) = (1,00,2) admits a direct proof. See the exercises.

3. The result still holds true in infinite dimension, at the expense of some functional
analysis. One can even take different L” norms at the source and target spaces.
Here is an example.

Theorem 7.3 (Riesz-Thorin) Let Q be an open set in RP and ® an open set
in RY. Let po,p1,90,q1 be four numbers in [1,4o0]. Let 6 € [0,1] and p,q be
defined by

1 1-6 0 1 1-6 06
_|_

P p P4 q a

Consider a linear operator T defined on LP° N LP'(Q), taking values in L1 N
L (@). Assume that T can be extended as a continuous operator from LPi(Q)
to LYi(w), withnorm M, j=1,2:
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IT fllg,
M; :=sup L
T 0 11,

Then T can be extended as a continuous operator from LP(Q) to L1(®), and its
norm is bounded above by
1-04 /6
MyOm?.

4. A fundamental application is the continuity of the Fourier transform from L” (R¢)
into its dual L' (]Rd) when 1 < p < 2. We have only to observe that

(povplvqovql) = (1727+0072)

is suitable. It can be proved by inspection that every pair (p,q) such that the
Fourier transform is continuous from L?(R?) into L¢(R?) has the form (p, p’)
with 1 < p <2,

5. One has analogous results for the Fourier series. Therein lies the origin of the
Riesz—Thorin theorem.

Proof. (Due to Riesz)
Let us fix x and y in K"*. We have to bound

(3 Ax)| =

Za kX j Yk
Jik

Let B be the strip in the complex plane defined by Rz € [0, 1]. Given z € B, define
“conjugate” exponents r(z) and 7(z) by

1 z 11—z 1 z 1—z
_l’_ —

) p g @k P g
Set
Y IS B ¢ I o .
i) = 70 = yexp (5= 1) togh ).
Yj(Z) — ‘yj|71+r’/r’(2)yj'
‘We then have
r/r(R 7Y (R
IX@ g = Il 1Y @l = Il

Next, define a holomorphic map in the strip B by f(z) := (Y(2),AX(z)). It is
bounded, because the numbers X;(z) and Y;(z) are. For example,

1X;(2)| = x|/

lies between |x;|"/7 and |x;|"/9.
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Let us set M(0) = sup{|f(z)|; Rz = 0}. Hadamard’s three-line lemma (see [33],
Chapter 12, Exercise 8) tells us that, f being bounded and holomorphic in the strip,

0 — logM(6)

is convex on (0,1). However, r(0) =¢q, r(1) = p, F(0) =4/, (1) =p', r(0) = r,
F(0)=r,X(0)=x,and Y (6) = y. Hence

|(nAx)| = [£(6)] < M(6) < M(1)°M(0)'°.

Now we have

M(1) = sup{|f(2)[;Rz =1}
< sup{[|[AX (2) [l 1Y (@) [ r1y: Rz =1}
= sup{[|AX (2) [, IY ()| s Rz = 1}
< [[Allpsup{[X @) [IpIY (2)[| s Rz =1}

/ /
= Al 77 Iy l57

r/
Likewise, M(0) < [|Al, %]/ [y][2/7 . Hence
0 0 0/p+(1—-6 7 (0/p'+(1-6)/q
| AX)| < (AN AL x| /=0y O P (=6
= JAIGIANL = el Iy

Finally, (A%
»AX
1l

[[Ax]| = sup < lAlZ Al llxllr,
y7#0

which proves the theorem. 0O

7.4 Von Neumann’s Inequality

We say that a matrix M € M,,(C) is a contraction if ||Mx||; < ||x||» for every vector
x, or equivalently ||M]|, < 1. Developing in the form x*M*Mx < x*x, this translates
as M*M < I, in the sense of Hermitian matrices. Inasmuch as ||M*||, = ||M]|», the
Hermitian conjugate of a contraction is a contraction. When U and V are unitary
matrices, U*MYV is a contraction if and only if M is a contraction.

The following statement is due to von Neumann.

Theorem 7.4 Let M € M,,(C) be a contraction and P € C[X] be a polynomial. Then

1P(M)]|2 < sup{|P(2)[[z € C, |z[ = 1}.
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Proof. We begin with the easy case, where M is normal. Then M = U*DU with
U € U, and D is diagonal (Theorem 5.4). Because U is unitary, D is a con-
traction, meaning that its diagonal entries d; belong to the unit disk. We have
P(M)=U*P(D)U, whence

[P(M) 2= [P(D)]2= m}?lXIP(dj)l <sup{[P(z)| |z € C, [z = 1},

using the maximum principle.
We now turn to the general case of a nonnormal contraction. Using the square
root of nonnegative Hermitian matrices, and thanks to M*M < I, and MM* < I,,, we

denote
S=vI,—M*M, T :=+I1,—MM*.

Let us choose a real polynomial Q € R[X] with the interpolation property that Q(¢) =
v/ 1 —1 over the spectrum of M*M (which is a finite set and equals the spectrum of
MM*). Then S = Q(M*M) and T = Q(MM*). Because M(M*M)" = (MM*)"M for
every r € N, we infer MS = TM. Likewise, we have SM* = M*T.

Given an integer k > 1 and ¢ = 2k + 1, we define a matrix V} € My, (C) blockwise:

Vk - M T )

In

where the dots represent blocks 7,,. The column and row indices range from —k to .
The central block indexed by (0,0) is M. All the missing (apart from dots) entries
are blocks 0,,. In particular, the diagonal blocks are equal to 0,,, except for the central
one.

Computing the product V;*V, and using SM* = M*T and MS = TM, we find Iy,.
In other words, V; is a unitary matrix. This is a special case of normal contraction,
therefore the first step above thus applies:

1P(Vi)ll2 < sup{[P(2)[ |z € C, [z = 1}. (7.5)

Let us now observe that in the gth power of V;, the central block is M* pro-
vided that ¢ < 2k. This because V} is block-triangular! up to the lower-left block .
Therefore the central block of p(Vj) for a polynomial p with d°p < 2k is precisely

p(M).

! Compare with Exercise 12 of Chapter 5, which states that normal matrices are far from triangular.
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We now choose k > (d°P)/2, so that P(M) is a block of P(V}). We have P(M) =
ITP(V})IT* where
I=(..,00,1,,04,...).

If x € C", let X € C™ denote the vector IT*x. We have ||X ||, = ||x||2. Because IT is
an orthogonal projection, we find

[P(M)x]|2 = [[TIP(Vi)X ]2 < [P(V)X |2 < sup{|P(z)||z € C, |z] = 1}[[X[]2
= sup{[P(2)||z € C, |z[ = 1}[|x]]2,

where we have used (7.5). This is exactly

1P(M)]|2 < sup{|P(2)[[z € C, |z[ = 1}.

Exercises

1. Under what conditions on the vectors a, b € C" does the matrix M defined by
m;j = a;bj satisfy ||M||, = 1 for every p € [1,00]?
2. Under what conditions on x, y, and p does the equality in (7.2) or (7.1) hold?
3. Show that
li = ||x|e E.
Jim [l = o, Ve
4. A norm on K" is a strictly convex norm if ||x|| = ||y]| =, x #y,and 0 < 6 < 1
imply || 6x+ (1 —0)y|| < 1.

a. Show that || - ||, is strictly convex for 1 < p < eo, but is not so for p =1, ce.
b. Deduce from Corollary 8.1 that the induced norm || - || , is not strictly convex
on M, (R).

5. Let N be a norm on R”.

a. For x € C", define

Ni(x) = inf{z |O£g|N(x£)} ,
l

where the infimum is taken over the set of decompositions x = ¥, atx! with

oy € C and x* € R”. Show that N; is a norm on C” (as a C-vector space)

whose restriction to R” is N. Note: N is called the complexification of N.
b. Same question as above for N,, defined by
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@)}

10.

11.

where

) == /N ()2 + N (S 2.

c. Show that N, < Nj.
d. If N(x) = ||x||1, show that Nj(x) = ||x||;. Considering then the vector

()

x=1.],

i

. (Continuation of Exercise 5)

The norms N (on R") and N; (on C") lead to induced norms on M, (R) and

M,,(C), respectively. Show that if M € M,(R), then N(M) = N;(M). Deduce

that Theorem 7.2 holds true in M,,(R).

Let || - || be an algebra norm on M,,(K) (K = R or C), that is, a norm satisfying

|AB|| < ||A]| - ||B]|. Show that p(A) < ||A|| for every A € M,,(K).

. Let B € M,,(C) be given. Assume that there exists an induced norm such that
IB|l = p(B). Let A be an eigenvalue of maximal modulus and X a corresponding
eigenvector. Show that X does not belong to the range of B — A1I,,. Deduce that
the Jordan block associated with A is diagonal (Jordan reduction is presented in
Chapter 9).

. (Continuation of Exercise 8)

Conversely, show that if the Jordan blocks of B associated with the eigenvalues

of maximal modulus of B are diagonal, then there exists a norm on C" such

that, using the induced norm, p(B) = ||B||.

Here is another proof of Theorem 7.1. Let K = R or C, A € M,,(K), and let N

be a norm on K". If € > 0, we define for all x € K"

Ixl := X (p(4) + &) N (4%).
keN

show that N # Nj.

a. Show that this series is convergent (use Proposition 7.8).
b. Show that || - | is a norm on K".
c. Show that for the induced norm, ||A|| < p(A) +e&.

A norm || - || on M, (C) is said to be unitarily invariant if |[UAV| = ||A|| for
every A € M,,(C) and all unitary matrices U, V.

a. Find, among the most classical norms, two examples of unitarily invariant
norms.
b. Given a unitarily invariant norm, show that there exists a norm N on R”
such that
lA|l = N(s1(A),...,s.(A)),

where the 5;(A)s, the eigenvalues of H in the polar decomposition A = QH
(see Section 11.4 for this notion), are called the singular values of A.
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12. (Bhatia [5]) Suppose we are given a norm || - || on M,,(C) that is unitarily invari-
ant (see the previous exercise). If A € M,,(C), we denote by D(A) the diagonal
matrix obtained by keeping only the a;; and setting all the other entries to zero.
If o is a permutation, we denote by A® the matrix whose entry of index (j, k)
equals ay if k = 0(}j), and zero otherwise. For example, A = D(A), where id
is the identity permutation. If r is an integer between 1 —n and n — 1, we denote
by D,(A) the matrix whose entry of index (j,k) equals a if k— j = r, and zero
otherwise. For example, Dyo(A) = D(A).

a. Let @ = exp(2in/n) and let U be the diagonal matrix whose diagonal en-

tries are the roots of unity 1,®,...,®"~!. Show that
1 n—1 . )
D(A)=-) UYAU’.
@=L

Deduce that ||[D(A)]| < ||A]|-

b. Show that ||A°|| <||A]| for every o € S,. Observe that || P|| = ||1,,|| for every
permutation matrix P. Show that ||M|| < ||,;|| for every bistochastic matrix
M (see Section 8.5 for this notion).

c. If 6 € R, let us denote by Uy the diagonal matrix, whose kth diagonal term
equals exp(ik6). Show that

1 2n .
D,(A) / e Uy AU} d®.

=57 )

d. Deduce that ||D,(A)]] < ||A]l-

e. Let p be an integer between zero and n— 1, and set r =2p+ 1. Let us denote
by 7(A) the matrix whose entry of index (, k) equals a j if [k — j| < p, and
zero otherwise. For example, T3(A) is a tridiagonal matrix. Show that

1 27

T,(A) d,(0)UpAU}d0,

2 Jo
where

P
dp(é)) _ Zelke
-P

is the Dirichlet kernel.
f. Deduce that | 7,(A)|| < L,||A

, Where

! 2ﬂdeG
Ly=52 | 1dy(0)

is the Lebesgue constant (Note: L, =41~ 2logp + O(1)).
g. Let A(A) be the upper-triangular matrix whose entries above the diagonal
coincide with those of A. Using the matrix
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B 0, A(A)*
—\aA@) o, )’
show that ||A(A)||2 < L,||A||2 (observe that ||B|» = ||A(A)]]2)-

h. What inequality do we obtain for Ag(A), the strictly upper-triangular matrix
whose entries lying strictly above the diagonal coincide with those of A?

13. We endow C" with the usual Hermitian structure, so that M,,(C) is equipped
with the norm [|A[|, = p(A*A)'/2.
Suppose we are given a sequence of matrices (A ) jcz in M,,(C) and a summable

sequence ¥ € I'(Z) of positive real numbers. Assume, finally, that for every pair
(j,k) e ZxZ,

A5 ALl < Y=k, AjALll2 < v(j— k)%

a. Let F be a finite subset of Z. Let Br denote the sum of the Ajs as j runs
over F. Show that

1(BEBF)™||2 < card F|[y|{", VmeN.

b. Deduce that ||Br|]2 < ||l
c. Show (Cotlar’s lemma) that for every x,y € C", the series

yT Z ij
JEZ

is convergent, and that its sum y” Ax defines a matrix A € M,,(C) that satis-

fies
Al < Y v())-
JEZ
Hint: For a sequence (u;) jez of real numbers, the series ) ; u; is absolutely
convergent if and only if there exists M < oo such that ¥ ;cp u;| < M for
every finite subset F'.
d. Deduce that the series ) ;A j converges in M,,(C). May one conclude that it
converges normally?

14. Let || - || be an induced norm on M, (R). We wish to characterize the matrices
B € M,,(R) such that there exist & > 0 and ® > 0 with
(0<e<g) = (|I,—eB| <1-—we).

a. For the norm || - ||, it is equivalent that B be strictly diagonally dominant.
b. What is the characterization for the norm || - ||;?
c. For the norm | - ||, it is equivalent that BT + B is positive-definite.

15. Let B € M,,(C) be given.
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16.

17.

18.

19.

20.

21.

a. Returning to the proof of Theorem 7.1, show that for every € > O there
exists on C” an Hermitian norm || - || such that for the induced norm ||B|| <
p(B)+e.

b. Deduce that p(B) < 1 holds if and only if there exists a matrix A € HPD,,
such that A — B*AB € HPD,,.

Let A € M,,(C) be a diagonalizable matrix: A = Sdiag(dy,...,d,)S~!. Let || - ||
be an induced norm for which ||D|| = max; |d;| holds, where

D :=diag(dy,...,dy).

Show that for every E € M,,(C) and for every eigenvalue A of A+ E, there
exists an index j such that

A —d;l < [IS]I- IS~ - IE].

Let A € M,(K), with K = R or C. Give another proof, using the Cauchy—
Schwarz inequality, of the following particular case of Theorem 7.2:

1/2
IAll2 < [IAIL 1A )1 42,

Show that if A € M,,(C) is normal, then p(A) = ||A|2. Deduce that if A and B
are normal, p(AB) < p(A)p(B).

Let N; and N, be two norms on C". Denote by .4] and .45 the induced norms
on M,,(C). Let us define

R:= male(x), S = maxNZ(x).
x#0 Nz(x) x#0 N1 ()C)
a. Show that Hi(A) 5(4)
1 e 2
W ) TR @y

b. Deduce that if 4] = .43, then N, /N is constant.
c. Show that if 4] < A5, then N, /Nj is constant and therefore 45 = A].

(Continuation of Exercise 19)
Let || - || be an algebra norm on M,,(C). If y € C" is nonzero, we define ||x||, :=
[y .
a. Show that || - ||, is a norm on C” for every y # 0.
b. Let .4 be the norm induced by || - ||,. Show that A5 <|| - ||.
c. We say that || - || is minimal if there exists no other algebra norm less than
or equal to || - ||. Show that the following assertions are equivalent.
i. ||+ is an induced norm on M,,(C).
ii. ||| is a minimal norm on M,,(C).
iii. Forall y # 0, one has || - || = A5.

(Continuation of Exercise 20)
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Let || - || be an induced norm on M,,(C).

a. Lety,z # 0 be two vectors in C". Show that (with the notation of the previ-
ous exercise) || - ||/]| - ||; is constant.
b. Prove the equality

ey Ml = flot ™[] - |2y

22. Let M € M,,(C) and H € HPD,, be given. Show that
Lo 2
IHMH 2 < S||H"M +MH" 2.

23. We endow R? with the Euclidean norm || - ||», and M,(R) with the induced
norm, also denoted by || - ||2. We denote by X the unit sphere of Ma(R): M € X
is equivalent to ||M||> = 1, that is, to p(MT M) = 1. Likewise, B denotes the unit
ball of M (R).

Recall that if C is a convex set and if P € C, then P is called an extremal point
if P € [Q,R] and Q,R € C imply either Q=PorR=P.

a. Show that the set of extremal points of B is equal to O, (R).
b. Show that M € X if and only if there exist two matrices P,Q € O2(R) and
a number a € [0, 1] such that

a0
wer(20)e

c. We denote by # = SO, (RR) the set of rotation matrices, and by . that of
matrices of planar symmetry. Recall that O,(R) is the disjoint union of %2
and .. Show that X is the union of the segments [r, s] as r runs over % and
s runs over ..

d. Show that two such “open” segments (r,s) and (#/,s’) are either disjoint or
equal.

e. Let M,N € X. Show that ||M — N||2 =2 (i.e., (M,N) is a diameter of B) if
and only if there exists a segment [r,s] (r € Z and s € .%) such that M € [r, s]
and N € [—r,—s].

24. (The Banach—Mazur distance)

a. Let N and N’ be two norms on k" (k = R or C). If A € GL,(k), we may
define norms
N(A~x)

N (A
Al = sup TAD gy MA D)
w0 N(x) w0 N'(x)

Show that A +— ||A]|_||A~"||— achieves its upper bound. We denote by
S(N,N’) the minimum value. Verify
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0 <logS(N,N") <log8(N,N')+1logS(N',N").

When N = || - ||, we write (7 instead. If in addition N’ = || - ||,, we write
[l for |- -
b. In the set .4 of norms on k", let us consider the following equivalence
relation: N ~ N’ if and only if there exists an A € GL,, (k) such that N/ = N o
A. Show that log § induces a metric d on the quotient set Norm := 4"/ ~.
This metric is called the Banach-Mazur distance. How many classes of
Hermitian norms are there ?
c. Compute ||,]|p4 for 1 < p,q < n (there are two cases, depending on the
sign of g — p). Deduce that
" 1 1
S(eP 1) < n*, K:=|———|.
P q

d. Show that 8(¢7,¢4) = §(¢¥' ¢4"), where p', ¢ are the conjugate exponents.

e. 1. When H € H,, is positive-semidefinite, find that the average of x*Hx,
as x runs over the set defined by |x;| = 1 for all js, is Tr H (the measure
is the product of n copies of the normalized Lebesgue measure on the
unit disk). Deduce that

M.
VTr M*M < ||M||o2 := sup M)
30 (Xl

for every M € M,, (k).
ii. Prove also that
— @,
Al p.eo max A% |

where A1) denotes the ith row vector of A.
iii. Deduce that §(¢2,(%) = \/n.
iv. Using the triangle inequality for log 8, deduce that

S(07,09) = n*

whenever p, g > 2, and then for every p, g such that (p —2)(¢—2) > 0.
Note: The exact value of §(¢P, £7) is not known when (p—2)(g—2) <
0.

v. Remark that the “curves” {¢”|2 < p < e} and {¢”|1 < p <2} are
geodesics, in the sense that the restrictions of the Banach—-Mazur dis-
tance to these curves satisfy the triangular equality.

f. When n = 2, prove that §(¢',¢) = 1. On the contrary, if n > 3, then prove
S0, 0°) > 1.

g. A theorem proven by John states that the diameter of (Norm, d) is precisely
% logn. Show that this metric space is compact. Note: One may consider the
norm whose unit ball is an m-agon in R?, with m even. Denote its class by
Ny, It seems that d(¢',N,,) = 11og2 when 8|m.
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25. Given three matrices A € M, 4(k), B € M, s(k), and C € M, (k), we consider
the affine set # of matrices W € M,,x,,(k) of the form

A B
v=(es)
where D runs over M, (k). Thusn=p+randm=gq+s.

Denoting
P= ({)) 0=(10)

the projection matrices, we are going to prove (Parrott’s lemma) that
min{||W|l2[W € %'} = max{[|QW ||z, [WP|}, (7.6)

where the right-hand side does not depend on D:

WP = (é), OW =(AB)
a. Check the inequality
inf{[|W[]2|W € #'} > max{[|QW ||z, | W P]|2}.

b. Denote (D) := ||W||,. Show that the infimum of (t on # is attained.

Show that it is sufficient to prove (7.6) when s = 1.

d. From now on, we assume that s = 1, and we consider a matrix Dy €
M, (k) such that u is minimal at Dy. We denote by W, the associated
matrix. Let us introduce a function D +— 1(D) = u(D)?. Recall that 7 is
the largest eigenvalue of W*W. We denote fy its multiplicity when D = Dy.

i. If fo > 2, show that W Wy has an eigenvector v with v,, = 0. Deduce
that (Dg) < ||WP||2. Conclude in this case.

ii. From now on, we suppose fy = 1. Show that (D) is a simple eigen-
value for every D in a small neighbourhood of Dy. Show that D +—
1(D) is differentiable at Dy, and that its differential is given by

o

2
A= —=R[(QWoy)"A0Y],
113

where y is an associated eigenvector:
Wy Woy = 1(Do)y.

iii. Deduce that either Qy = 0 or QWyy = 0.
iv. In the case where Qy = 0, show that (Dg) < ||WP||, and conclude.
v. In the case where QWyy = 0, prove that u(Dy) < ||OW ||, and conclude.
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26. Let k be R or C. Given a bounded subset F' of M,,(k), let us denote by Fj the

27.

28.

set of all possible products of k elements in F. Given a matrix norm || - ||, we
denote || Fy|| the supremum of the norms of elements of Fj.

a. Show that [|F || < [|Fi[|- || Fel|-

b. Deduce that the sequence ||Fi||'/¥ converges, and that its limit is the infi-
mum of the sequence.

c. Prove that this limit does not depend on the choice of the matrix norm.
This limit is called the joint spectral radius of the family F, and denoted
p(F). This notion is due to Rota and Strang.

d. Let p(F) denote the infimum of ||F|| when || - || runs over all matrix norms.
Show that p(F) < p(F).

e. Given a norm N on k" and a number € > 0, we define for every x € k"

o

Il := Y. (p(F) + €)' max{N(Bx) | B < Fy}.
=0

i. Show that the series converges, and that it defines a norm on k".
ii. For the matrix norm associated with || - ||, show that ||A|| < p(F)+¢€
forevery A € F.
iii. Deduce that actually p(F) = p(F). Compare with Householder’s the-
orem.

(Rota & Strang.) Let k be R or C. Given a subset F' of M,,(k), we consider the
semi-group .% generated by F'. It is the union of sets Fj defined in the previous
exercise, as k runs over N. We have Fy = {I,}, 1 =F,F, =F -F,...

If .% is bounded, prove that there exists a matrix norm || - || such that ||A]| < 1
for every A € F. Hint: In the previous exercise, take a sup instead of a series.
Let A € M,(C) be given. Let 6(A) be the spectrum of A and p(A) its com-
plement (the resolvent set). For € > 0, we define the &-pseudospectrum of A

as
1

) i= o) {z € pa); 1= 4) o> 1 .

a. Prove that
oe(A)= |J o(Aa+B).

IBll2<e

b. Prove also that
0¢(A) C {z € C;dist(z; #(A)) < e},

where /¢ (A) is the numerical range of A.

Note: the notion of pseudo-spectrum is fundamental in several scientific do-
mains, including dynamical systems, numerical analysis, and quantum mechan-
ics (in semiclassical analysis, one speaks of quasi-modes). The reader interested
in this subject should consult the book by Trefethen and Embree [38].
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29. We recall that the numerical radius of A € M,,(C) is defined by

7 Norms

w(A) :=sup{|z|; z € S (A)} = sup{|x*Ax|; x € C", ||x|» = 1}.

Prove that
w(A) < [[A]l2 < 2w(A).
Hint: Use the polarization principle to prove the second inequality.

30. Let A € M,,(C) be a nilpotent matrix of order two: A2 = 0.

a. Using standard properties of the norm || - [|2, verify that ||M||3 < |

M*M||, for every M € M,,(C).

b. When k is a positive integer, compute (AA* +A*A)¥ in closed form.

that
|AA* + A*Al|> < 2% A3

c. Passing to the limit as k — oo, prove that

* * 1/2
IA]l> = A" +A%A])}>.

\MM* +

Deduce

(7.7)



	Chapter 7 Norms
	7.1 A Brief Review
	7.1.2 Equivalent Norms
	7.1.3 Duality
	7.1.4 Matrix Norms
	Definition 7.4
	Mn(
	Examples
	Hn,
	Mn(
	Proposition 7.5
	Mn(
	Proposition 7.6
	Mn(
	Proposition 7.7
	GLn(


	7.2 Householder’s Theorem
	7.3 An Interpolation Inequality
	7.4 Von Neumann’s Inequality



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




