Chapter 4
Tensor and Exterior Products

4.1 Tensor Product of Vector Spaces

4.1.1 Construction of the Tensor Product

Let E and F be K-vector spaces whose dimensions are finite. We construct their
tensor product E Qg F as follows.

We start with their Cartesian product. We warn the reader that we do not equip
E x F with the usual addition. Thus we do not think of it as a vector space. The first
step is to consider the set G of formal linear combinations of elements of E X F

Z A’j(xjﬁyj)a
=1

where r is an arbitrary natural integer, A; are scalars, and (x;,y;) € E X F.

The set G has a natural structure of K-vector space, where E X F is a basis. The
zero element is the empty sum (r = 0). We warn the reader that (x+x',y) — (x,y) —
(x',y) and A(x,y) — (Ax,y) cannot be simplified, and (Og,0F) is not equal to Og.
Actually, G is infinite-dimensional whenever K is infinite!

We now consider the subspace Gy generated by all elements of the form (x+
X y) = () = (), (6 y+Y) = (6,y) — (x,)), A(x,y) = (Ax,y) or A (x,y) — (x, A).
The quotient space G/Gy is what we call the tensor product of E and F (in this
order) and denote by E @k F. When there is no ambiguity about the scalars, we
simply write EQ F.

By construction, E ® F is a vector space. The class of an elementary pair (x,y)
is denoted x ® y. The elements of G can be viewed as the simplification rules in
E®kF:

Ax+x)@y=A(x®y)+x @y, x@Ay+Y) =2 (x®y)+x®y.

In particular, we have x ® O = O ® y = 0 for every x and y.
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Theorem 4.1 Let E,F,H be K-vector spaces. Then Bil(E x F;H) is isomorphic to
Z(EQF;H) through the formula

b(x,y) = u(x®y).

Proof. Ifue £ (EQF;H) is given, then b(x,y) := u(x®y) clearly defines a bilinear
map.
Conversely, let b € Bil(E x F;H) be given. Then 8 : G — H, defined by

J

B (i l,-(xj,y.,-)> = Zr,/ljb(xj’yj%
=1 =1

is linear. Because of the bilinearity, 3 vanishes identically over Gy, thus passes to
the quotient as a linear map u. 0O

Corollary 4.1 Letx € E andy € F be given vectors. If x # 0 and y # 0, then xQy #
0.

Proof. There exist linear forms ¢ € E’ and m € F' such that £(x) = m(y) = 1. Then
the map

(W>Z) = b(wa Z) = E(W)m(z)

is bilinear over E x F and is such that b(x,y) = 1. Theorem 4.1 provides a linear
form u over E® F such that u(x®y) = 1. Thus x®y #0. O

We say that an element x ® y is rank one if x # 0 and y # 0. More generally, the
rank of an element of E ®g F is the minimal length r among all of its representations
of the form

X @yr+- X QY

Given a basis #f of E a_nd a basis %_p of F, one may form a basis of £ Qg F
by taking all the products €' ® f/ where e € Hr and £/ € ZBr. This is obviously a
generating family. To see that it is free, let us consider an identity

Z/'Lijei®ff =0.
ij
Let £, and m, be the elements of the dual bases such that £, (e') = 8} and m (f/) =

5@{ . The bilinear map b(x,y) := £,(x)my(y) extends as a linear map u over E®F,
according to Theorem 4.1. We have

0=u (ZA,- €l ®ff> =) Aijlp(€)mg(£)) = Apg.
1] L]

The dimension of E ® F is thus equal to the product of dim £ and dim F:

dimE ®k F = dimE - dim F., .1)
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This contrasts with the formula

dimE X F =dimE +dimF.

4.1.2 Linearity versus Bilinearity

4.1.2.1 The Dual of a Tensor Product

If ¢ € E' and m € F’ are linear forms, then the pair (m,f) defines a bilinear form
over E X F, by

(x,y) = £(x) -m(y).

By Theorem 4.1, there corresponds a linear form 7{,, ;) over E ® F. We notice that
the map (m, £) — T0) 1s bilinear too. Invoking the theorem again, we infer a linear
map

T:F'QFE — (E®F),

defined by
[T(m@0)](x®y) = £(x) - m(y).

We verify easily that 7" is an isomorphism, a canonical one.

4.1.2.2 Z(E;F) as a Tensor Product

Given a linear map f : E — F, we may construct a bilinear form over E x F' by
(2,m) = m(f (x))-
By Theorem 4.1, it extends as a linear form over E ® F’, satisfying
x@m = m(f(x)).
By the previous paragraph, f can be identified as an element of (E ® F') =
(F"Y® E' = F ® E’. This provides a homomorphism from .Z(E;F) into F Q E'.

This morphism is obviously one-to-one: if m(f(x)) = 0 for every m and x, then
f(x) =0 for every x; that is, f = 0. It is also onto: an element

zr: vj®mj
j=1

is the image of the linear map

x— f(x):= Zm-i(x)vj.
j
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Therefore £ (E; F) identifies canonically with F Q E.

4.1.3 Iterating the Tensor Product

Given three vector spaces E,F, and G over K, with bases (€')i<j<m, (f/)1<j<n,
(g")1<k<p, the spaces (E® F) ® G and E ® (F ® G) are isomorphic through (' ®
tYeg —— e ® (I ®g"). We thus identify both spaces, and denote them simply
by EQF ®G.

This rule allows us to define the tensor product of an arbitrary finite number of
vector spaces E',...,E", denoted as E' ® --- ® E”. The following generalization of
Theorem 4.1 is immediate.

Theorem 4.2 Let E',... E",F be K-vector spaces. Then the vector space of r-
linear maps from E' x --- x E" into F is isomorphic to £ (E'®---QE";F) through
the formula

v, ) =ux' @ 0x).

4.2 Exterior Calculus

4.2.1 Tensors of Degree Two

We assume temporarily that the characteristic of the field K is not 2, even though
in general we do not need this hypothesis. Let E be a finite-dimensional K-vector
space, with basis {e!,... e"}. The linear map over G

Zki(x,-,y,-) = Zli(ynxi)

sends Gy into Gy. It thus passes to the quotient, defining a linear map 6 : xQy +—
y®x. Because o is an involution, the group Z /27 ~ {1, 0} operates over E ® E by

I-(x@y)=(x®y), o-(x®y)=(ex).
Sym*(E) := {w € EQE|c(w) = w}
the set of symmetric tensors, and
A*E):={wE€ERE|c(w)=—w}

the set of skew-symmetric tensors. These are subspaces, with obviously Symz(E )n
A%(E)={0}.1f w € E®E, we have

Sovto(w) eSym’(E), 5 (w—o(w)) € AX(E)
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and their sum equals w. We deduce
E®E =Sym?(E) ®A%(E).

Thus we can view as well A%2(E) as the quotient of E ® E by the subspace spanned
by the tensors of the form x ®x (which is nothing but Sym?(E)).

Proposition 4.1 A basis of Sym>(E) is provided by the tensors
eef ::%(ej@)ek—i-ek@ej), 1<j<k<n,
and a basis of A*(E) is provided by the tensors
ej/\ek::%(ejéaek—ek@ej), 1<j<k<n.

Proof. Clearly, the elements e/eX span a subspace S of Sym? (E), whereas the ele-
ments e/ A eX span a subspace A of A%(E). We thus have SNA = {0}. Also, these
elements together span E ® E because

e/ e =elef +e/Net,

and e/ ® e form a basis of E ® E. Therefore E ® E = S @® A, which implies § =
Sym?(E) and A = A%(E). Because the family made of elements e/e* and e/ A et
has cardinal n” and is generating, it is a basis of E ® E. Therefore the elements e/ef
form a basis of Sym?(E) and the elements e/ A ¥ form a basis of A%(E). O

As a by-product, we have

n(n+1)

dimSym?(E) = 5

We point out that

eef = efe/, e/ nef=—efnel.

4.2.2 Exterior Products

Let k > 1 be an integer. We denote T¥(E) = E ®--- ® E the tensor product of k
copies of E. We also write T¥(E) = V&, When k = 1, T!(E) is nothing but E. By
convention, we set T%(E) = K.

We extend the definition of A%(E) to other integers k > 0 as follows. We first
consider the subspace L; of T¥(E) spanned by the elementary products x! ® - - - @ x*
in which at least two vectors x’ and x/ are equal. Notice that Lo = {0} and L; = {0}.
Then we define the quotient space

AKE) :=THE) /L.
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In particular, A°(E) = K and A'(E) = E. The class of w! @ --- ® w* is denoted
w! A--- Awk. The operation A is called the exterior product of tensors. It is extended
by multilinearity.

By definition, and because

X®Y+y@x=(x+y)®(x+y) —x@x—yQy € Ly,
the exchange of two consecutive factors w* and w*+! just flips the sign:
.../\WSH/\WS/\...:_(.../\WS/\WS+1/\...).

By induction, we infer the next lemma.

Lemma 3.
wCW A AR = g(a)w! AL AWK, Vo € Sk

Theorem 4.3 [fdimE = n, then

dimAX(E) = (Z)

A basis of AF(E) is given by the set of tensors €1 \--- N ek with iy < --- < i.
In particular, A*(E) = {0} ifk > n.

Proof. Because TX(E) is spanned by the vectors of the form e/l @ --- ®@ e, AX(E) is
spanned by elements of the form e'! A --- A e's. However, this vector vanishes if two
indices i, are equal, by construction. Thus A¥(E) is spanned by those for which the
indices iy, ..., i are pairwise distinct. And because of Lemma 3, those that satisfy
ij < --- < it form a generating family. In particular, A¥(E) = {0} if k > n.

There remains to prove that this generating family is free. It suffices to treat the
case k <n.

Case k=n. We may assume that E = K". Withw = (w!,...,w") € V", we asso-
ciate the matrix W whose jth column is w/ for each j. The map w +— detW is
n-linear and thus corresponds to a linear form D over 7" (E), according to Theo-
rem 4.2. Obviously, D vanishes over L,, and thus defines a linear form A over the
quotient A”(E). This form is nontrivial, because A(e',...,e") =detl, = 1 #0.
This shows that dimA”(E) > 1. This space is spanned by at most one element
el A--- A", therefore we deduce dimA™(E) =1, and e A---Ae £ 0 too.

Case k <n. Letus assume that

Y welt A nelk =0, 4.2)
J
where the sum runs over increasing lists J = (j; < --- < ji) and the p; are scalars.

Let us choose an increasing list / of length k. We denote by /¢ the complement
of Iin {1,...,n}, arranged in increasing order. To be specific,
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I=(ir,. i)y 1€ = (ixs1s...,in).
We define a linear map S : TX(E) — T"(E) by
Se'® o) =el® - geraelg. . @e.

Obviously, we have S(L;) C L, and thus S passes to the quotient. This yields a
linear map s : A¥(E) — A"(E) satisfying
s(e/TA---Nelm) =/l A- Aot Ak A Nein,

Applying s to (4.2), and remembering that e/1 A--- Ae/n A+l A--- Aei vanishes
if an index occurs twice, we obtain

et A Ne=0.

Because e! A--- Ae” # 0 (from the case k = n above), we deduce p; = 0. This
proves that our generating set is free.
O

4.2.3 The Tensor and Exterior Algebras

The spaces T*(E) may be summed up so as to form the tensor algebra of E, denoted
T(E):
T(E)=K®E®T*(E)®--®THE)®---.

We recall that an element of 7'(E) is a sequence (x°,x',...,x%,...) whose kth ele-
ment is in T¥(E) and only finitely many of them are nonzero. It is thus a finite sum
Okt

The word algebra is justified by the following bilinear operation, defined from
TX(E) x T(E) into T*¥**(E) and then extended to T'(E) by linearity. It makes 7'(E)
a graded algebra. We need only to define a product over elements of the bases:

(ei' ®...®eik).(ej1 ®...®ejé) —dl R --Qege @ - -Qel.
When k = 0, we simply have
A.(ejl ®...®e/{) o (A{ejl)®ej2®...®ej/f.

Because of the identities above, it is natural to denote this product with the same
tensor symbol ®. We thus have

(eil ®...®eik)®(ej1 ®...®ej€) — el ®.--Reel ®---Qel.

If E # {0}, the vector space T(E) is infinite dimensional. As an algebra, it is asso-
ciative, inasmuch as associativity holds true for elements of the canonical basis.



76 4 Tensor and Exterior Products

The bilinear map B : (x,y) — x®y, from TX(E) x T*(E) into T***(E), obviously
satisfies
B(Ly xTY(E)) C Liye,  B(TY(E) X Ly) C Liiy.

It therefore corresponds to a bilinear map b : A¥(E) x A*(E) — A¥(E) verifying

B A A TN AR = XA AT

This operation is called the exterior product. From its definition, it is natural to
denote it again with the same wedge symbol A. We thus have

A A AT A AT = XA AR
Again, the exterior product allows us to define the graded algebra
AE)=K®E®A*(E)® - HA"(E).

We point out that because of Theorem 4.3, this sum involves only n + 1 terms.
Again, the exterior algebra A (E) is associative. Its dimension equals 2", thanks to

the identity
— ( > ' '

4.2.3.1 Rules

Let x,y € E be given. Because x@y+yQx=(x+y)Q (x+y) —xQ@x—yR®y € Ly,
we have
YAX=—xAY, Vx,y € E. 4.3)

When dealing with the exterior product of higher order, the situation is slightly
different. For instance, if x,y,z belong to E, then (4.3) together with associativity
give

XAYAZD) = (xAY)Az=—(YAx)Az=—yA(xAz) =yA(zAx) = (yA2) Ax.

By linearity, we deduce that if x € E and w € A%(E), then x A\w = w A x. More
generally, we prove the following by induction over k and /.

Proposition 4.2 If w € A¥(E) and 7 € A*(E), then

Aw=(=1)wAz.

4.2.3.2 A Commutative Subalgebra

The sum
Acven(E) = KB A*(E)SAYE) - -
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is obviously a subalgebra of A (E), of dimension 2"~ ! because of

n n—1
Y =21
0<k<n/2 (2k>

Because of Proposition 4.2, it is actually commutative.

Corollary 4.2 Ifw,z € Aeven(E), then wAz =z AW € Agyen(E).

4.3 Tensorization of Linear Maps

4.3.1 Tensor Product of Linear Maps

Let Eo,E, Fo, Fi be vector spaces over K. If u; € Z(E;; Fj), Theorem 4.1 allows us
to define a linear map up Q@ u; € £ (Ey Q E1; Fo ® Fy), satisfying

(uo @u1)(x®@Yy) = uo(x) @ui (y)-

A similar construction is available with an arbitrary number of linear maps u; : E; —
F;.
J

Let us choose bases {€°!,...,e"} of Ey, {e'!,... e} of Ey, {f!,... "} of
Fy, {f'1,...,£'7} of F}. Let A and B be the respective matrices of uy and u; in these
bases. Then

(o @ up) (€% @ell) = (Z“kffOk> ; <Z%f1€>
k L
= chk,'b[jf()k & fw.
kot
This shows that the ((k,/), (i, j))-entry of the matrix of uy ® u; in the tensor bases is

the product ay;by;. If we arrange the bases (" ® elj)w and (f* @ fw)k’[ in lexico-
graphic order, then this matrix reads blockwise

allB alzB a1mB

a» B

aB ... aumB

This matrix is called the tensor product of A and B, denoted A ® B.
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4.3.2 Exterior Power of an Endomorphism

Ifu e End(E), then u®@u®- - -@u =: u® has the property that u(Ly) C L;. Therefore
there exists a unique linear map A¥ () such that

Proposition 4.3 If A is the matrix of u € End(E) in a basis {e',...,e"}, then the
entries of the matrix A®X) of A¥(u) in the basis of vectors /' \--- \Ne/n are the k x k
minors of A.

Proof. This is essentially the same line as in the proof of the Cauchy—Binet formula
(Proposition 3.4). O

Corollary 4.3 [fdimE = n and u € End(E), then A" (u) is multiplication by detu.

4.4 A Polynomial Identity in M, (K)

We already know a polynomial identity in M, (K), namely the Cayley—Hamilton
theorem: P4 (A) = 0,. However, it is a bit complicated because the matrix is involved
both as the argument of the polynomial and in its coefficients. We prove here a
remarkable result, where a multilinear application vanishes identically when the
arguments are arbitrary n X n matrices. To begin with, we introduce some special
polynomials in noncommutative indeterminates.

4.4.1 The Standard Noncommutative Polynomial

Noncommutative polynomials in indeterminates X1,...,X; are linear combinations
of words written in the alphabet {X|,...,X,}. The important rule is that in a word,
you are not allowed to permute two distinct letters: X;X; # X;X; if j # i, contrary to
what occurs in ordinary polynomials.

The standard polynomial .#; in noncommutative indeterminates X, ..., Xy is de-
fined by

(X1, Xe) =Y €(0)Xo(1) - Xo (o)

Hereabove, the sum runs over the permutations of {1,...,¢}, and €(c) denotes the
signature of o. For instance, .#>(X,Y) = XY —YX = [X,Y]. The standard polyno-
mial is thus a tool for measuring the defect of commutativity in a ring or an algebra:
aring R is Abelian if .5 vanishes identically over R X R.

The following formula is obvious.

Lemmad4. Let Ay, ..., A, € M, (K) be given. We form the matrix A € M, (A (K")) ~
M, (K) @k A(K") by
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A=A +...+A¢.

We emphasize that A has entries in a noncommutative ring.
Then we have

Al = Z C%(Ail,...,Ai[)eil Ao Ael

i|<-"<i[
In particular, we have
A" =7(A,...,A)e Ao A (4.4)

The other important formula generalizes the well-known identity Tr[A,B] = 0.
To begin with, we easily have

F1(Xs(1)s - Xo(0)) = €(0) S0 X, ..., Xe), Vo €Sy.

Applying this to a cycle, we deduce

F1(Xay .. X, X)) = (=1)TLA(X0, ., X0).
Because Tr(A---AjA;) = Tr(A; - --Ag), we infer the following.
Lemma 5. If £ is even and Ay, ...,Ay € M,(R) (R a commutative ring), then

Tr % (Ay,...,Ar) =0.
Proof. 1f £ is even, we have
Tr(Ar,...,Ap) = =TS (As, ..., A, A)) = = Tr.S(Ay,. .., Ag),

the first equality because this is true even before taking the trace, and the last equality
because of Tr(AB) = Tr(BA). If 2x = 0 implies x = 0 in R, we deduce

Tr.%(Ay,...,As) = 0.
For instance, this is true if R = C. Because Tr.%(-- - ) belongs to Z[Y1,...,Y;,z], it

must vanish as a polynomial. Thus the identity is valid in every commutative ring
R O

4.4.2 The Theorem of Amitsur and Levitzki

A beautiful as well as surprising fact is that M, (K) does have some amount of com-
mutativity, although it seems at first glance to be a paradigm for noncommutative
algebras.
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Theorem 4.4 (A. Amitsur and J. Levitzki) The standard polynomial in 2n non-

commutative indeterminates vanishes over M,,(K): for every Ay, ..., Az, € M, (K),
we have

Fon(AL,. . Asy) = Op. (4.5)
Comments

o This result is accurate in the sense that .#} does not vanish identically over n x n
matrices. For instance, .%; does not vanish over the (2n — 1)-uplet of matrices
el e Teel, ... elwel,el®e? ... el ®e

e Actually, it is known that ., = 0, is the only polynomial identity of degree less
than or equal to 2n over M,,(C).

e Theorem 4.4 has long remained mysterious, with a complicated proof, until Ros-
set published a simple proof in 1976. This is the presentation that we give below.

e We notice that inasmuch as .%5, may be viewed as a list of n? elements of
Z[Y1,...,Y,,3], the identity (4.5) must be valid for matrices whose entries are
independent commuting indeterminates mio‘j withl <a<2nand 1 <i,j <n.

The theorem is thus a list of n? identities in Z [mlo]‘| I<a<2n1<i,j<n|.

Proof. (Taken from Rosset [32].)
We thus assume that K = C. As above, we form the matrix A € M,,(A(C?")) by

A=Are + - Aye”.

Because of (4.4), what we have to prove is that A% = 0,,.

The matrix A has the flaw of having noncommutative entries. However, Corollary
4.2 tells us that the entries of A2 belong to the abelian ring Aeven((Cz"). We thus may
apply Proposition 3.24 (recall that it is valid for matrices with entries in an Abelian
ring R in which mx = 0 implies x = 0 whenever m is a positive integer): in order to
prove that A% = (A%)" = 0,,, it is sufficient to prove the identities

Tr(A%*) =0, 1<k<n.

The latter follow immediately from Lemmas 4 and 5. 0O

Exercises

1. Show that the rank of an element of E ® F is bounded by min{dimE,dimF }.

2. Letu € End(E) be a diagonalizable map, with eigenvalues A1,.. ., A,, counting
multiplicities. Show that u®* and A*(u) are diagonalizable and identify their
eigenvalues.

3. Letu € End(E) be given. Show that the following formula defines an endomor-
phism over T¥(E), which we denote u®*,
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@ 0xk = W @)+ (' Qu(?) @ @xF)
+oot (@ euEd)).

a. If u is diagonalizable, show that u®¥ is so and compute its eigenvalues.
b. Show that u™* passes to the quotient, yielding an endomorphism over
AK(E), which we denote u"¥ :

A AE = WA A+ AU A AR
ok (A Aub).

c. Again, show that u" is diagonalizable if u is so, and compute its eigenval-
ues.

4. Complete the proof of Proposition 4.3.
5. Prove that .5, 1, when applied to the matrices E* for either i = 1 or j = 1 (this
makes a list of 2n — 1 matrices), where

(Eij)k[ = 611(6][7 1< ivjvkvg < n,

gives a nonzero matrix.
6. If A € M,,(k) is alternate, we define A € M,,(A (k")) by

A= Zaijei/\e-f.

i<j
We assume that n = 2m. Prove that
A" =Pf(A)e! A---Ne.

Hint: Use the expansion formula established in Exercise 25 of Chapter 3.
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