Chapter 8
Discontinuous Dynamical Systems

8.1 Generalities

The book [39] edited by D.V. Anosov and V.I. Arnold considers two fundamentally
different dynamical systems: flows and cascades. Roughly speaking, flows are dy-
namical systems with continuous time and cascades are dynamical systems with
discrete time. One of the most important theoretical problems is to consider Dis-
continuous Dynamical Systems (DD.S). That is, the systems whose trajectories are
piecewise continuous curves. Analyzing the behavior of the trajectories, we can con-
clude that DD S combine features of vector fields and maps. They cannot be reduced
to flows or cascades but are close to flows since time is continuous. That is why we
propose to call them also as Discontinuous Flows (DF'). One must emphasize that
DF are not differential equations with discontinuous right side, which often have
been accepted as DD S [68]. One should also agree that nonautonomous impulsive
differential equations, which were thoroughly described in previous chapters are not
discontinuous flows.

Let us remind the definition of a continuous dynamical system. Denote by X
a complete metric space, with a countable base, and with p a metric function. A
dynamical system on X is defined to be a mapping ¢ : R x X — X, such that
1. ¢(0,x) = x forall x € X, (Identical property);
2. ¢t +5,x) =¢(t,¢(s,x)) forall x € X, and ¢, s € R, (Group property);
3. ¢ (¢, x) is a continuous function.
Definitely, one may expect that systems with similar properties can be defined for
processes with discontinuities. Present chapter is devoted to the problem of identi-
fication of such kind of systems, one of the most interesting and difficult problems
for impulsive differential equations.

To motivate the reader, we may propose the following simple example, where an
autonomous system with even linear elements is not a dynamical system.

Example 8.1.1. Let us study the motion of the following system
i+w?x=0,
A).C |x=xo = k$

where w, k, and x¢ are positive constants.
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Fig. 8.1 Trajectories of the system (8.1), (8.2)
Denote x; = x and x, = %x By using this substitution, the system can be
rewritten in the form:
)51 = WX, (81)
Xy = —wX1, X1 # Xo,
x; =k +x5, x1 =X, (8.2)
where k; = g A solution of the system (8.1) is x1(¢) = rsinwt and x,(¢) =

r cos wt, where r is a fixed real number.

Let us observe the behavior of solutions of the system (8.1), (8.2) in Fig.8.1.
Consider the solution x°(¢) = x(z,0, (0, xo)). The point moves along the circle ¢
until it meets the line x; = xg at the point (x¢, 0). Then it jumps and continues to
move along the arc of the circle ¢j. Then, it meets the line x; = X again and jumps.

One may examine that the solution is not continuous in the initial value. Indeed,
let us take another solution x€(¢) = x(¢,0, (0, xo — €)) of this system, which starts
at the point (0, xo — €), where € is a fixed positive real number. The solution x°(z)
jumps at the point (xg, 0) and continues along the arc c1, as explained above. How-
ever, the solution x€(¢) continues its motion along the circle ¢, without any jump.
So, as it is seen in Fig. 8.1, the distance between these two trajectories cannot be less

than ,/x(z) — k? — xo, despite the initial points of these two solutions can be chosen

arbitrarily close. This example demonstrates that the solution x°(¢) of the system
(8.1), (8.2) does not depend continuously on the initial value. Obviously, we cannot
accept the system as a dynamical system. We may remark that this type of “irreg-
ularity” in models with impacts causes many interesting phenomena, for instance,
collision bifurcation [51, 118].
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Fig. 8.2 A domain of a discontinuous dynamical system

LetG = G, where G;,j = 1,2,...,m, are disjoint open connected subsets
of R". Denote by G, an r-neighborhood of G in R” for a fixed r > 0. Let & :
G, —> R be a function from C ! (G,) and assume that the surface ' = ®~! (0) is a
closed subset of G, where G is the closure of G. Denote by I, the r-neighborhood
of I" in R”, and define a function J : I', — G, such that J(I") C G is a closed set.
We shall need the following assumptions:

(C1) VO(x) #Oforall x € T
(€2) J € C'(T,) and det[222] #£ 0, for all x € T,

where V®(x) denotes the gradient vector of ® with respect to x. Let T' = J(TI"),
(see Fig. 8.2), ®(x) = ®(J ' (x)). One can verify that I' = {x €GP (x) = O} .
Condition (C1) implies that for every xo € I' there exists a number j and a
function ¢y, (xl, e X1, X, ,xn) such that I" is the graph of the function
Xj = @xo(X1,...,X;-1,Xj41,...,Xp) in a neighborhood of x¢. The same is true
for every xo € I

Sets " and T" consist of disjoint manifolds. These manifolds are with or without
boundaries. We shall denote unions of all these boundaries as dT" and dT". One may
recommend to the reader books [58,73] to recall definitions of manifolds. It is easily
seen that restrictions J|r, J | are one-to-one functions.

Remark 8.1.1. Tt is natural to consider domains of continuous dynamical systems
as connected sets [157]. Otherwise, each region of a partition can be discussed as a
domain of a continuous dynamical system. A trajectory of a discontinuous dynam-
ical system may jump from one component to another, such that only the union of
the disjoint regions is a domain.

Lemma 8.1.1. V&(x) # 0, Vx e T
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Proof. We can write that V& (x) = V& (J~! (x)), and then the equality

_ ad aJ !
Vo (I (x) = %ly:]“(x)T(X)

implies that
Vo (J7' (x)) #0.

The lemma is proved. O

We make the following assumptions which will be needed throughout the
chapter.
(C3) feClGy),
(C4H TNl =9,
(C5) (VO(x), f(x)) #0if x € T,
(C6) (VO(x), f(x)) #0ifx e T.

Consider the following impulsive differential equation:

X' = f(x),
Ax|xer = W(x), (8.3)

where W(x) = J(x) — x, in the domain D = [G UT UT]\ [T U dT].
If¢(¢) : I — R", where [ is an interval, is a solution of (8.3), then it is required
that it belongs to PC([, 6), where 6 C [ is a B-sequence. The solution must satisfy

P'(t) = f(pQ).ift & 6, and ¢(6;+) = J(¢(0:)).¢(0;) € I $p(6i+) € T,
for each 6; € 6. Sets T" and I" may have common points with the boundary of the
domain D, and the boundary points of these sets, I' and I, do not belong to D,
as they may cause a violence of the continuous dependence on initial value. If the
boundary points are in the domain, then one needs specific additional conditions.
For instance, if x € dI", then we may request J(x) = 0.

Now, we continue with examples, where conditions (C1)—(C6) are satisfied.

Example 8.1.2. Let us consider the following system:

X} = —x1 — 3x2,

X5 = 3x1 — X2,

AXxi|xer = x1

AXz|xer = X2, (8.4)

where x = (x1, x2), and
I={(x;.x2)| xf+x3=1 x.x€eR},

I = {(x1,x2)| xZ4+x2=4, xi,x€ R}.
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Fig. 8.3 The phase portrait of system (8.4)

Assume that G = {(x1,x2)| 1 < x} +x3 < 4, x1,x2 € R}. A trajectory
of the system is seen in Fig.8.3. One can easily find that ®(x) = x? + x3 —
Ldx) = x2 4+ x2 — 4, f(x) = (=x1 — 3x2,3x1 — x2), J(x) = (2x1,2x2).
Let us check conditions (C1)—(C6). We have that V®(x) = (2x1,2x2) # 0. So,
condition (C1) is satisfied. Moreover, J, f are continuously differentiable functions

20
and det[%] =det (O 5
Finally, (V®(x), f(x)) = ((2x1,2x2), (—x1 — 3x2,3x1 — x2)) = 2(—x} —x3)
= —2# 0, forall x € I, and (VO(x), f(x)) = ((2x1,2x2), (—x1 — 3x2,3x
—xz)) =2 (—x% — x%) = -8 #£0,forall x € I". Thus, all conditions (C1)—(C6)
are fulfilled.

) =4 # 0, forall x. It is also obvious that ' (| T’ = @.

Example 8.1.3. Let us consider the following system:

x' = lx 3x
1 — 31 2,

Xy =3x1 — sz,
Axi|xer = (2cos % —1)x; —2sin %xz,

AXz|xer = 2sin %xl + Q2 cos% — 1)xs. (8.5)

where G = R?, and T' = {(x1.x2)] x1 = xa. 0 < x1}. Let us start to
check conditions (C1)—(C6). One can easily find that I' = {(x1, x2)| V3x1 =
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x2,0 < x5 ®(X) = x1 — x2,.D(x) = V3x; — x2, f(x) = (—%xl -

3x2,3x1 — %xz),J(x) = (2cosgx1 — 2singxz,2singx; + 2c08 £X2).

Consequently, we have that V&(x) = (1,—1) # 0, so, condition (Cl) is

satisfied. It is seen that J, f are continuously differentiable functions and

det[m] = det (2COS G 2sing ) = 4(cos®> Z +sin® ) = 4 £ 0, for all x. Itis
L 2sinZ 2cos Z 6 6 ’ '

also obvious that TN T = @. Moreover,

1 1 —-10 8
(7000, /() = ({1 =D =5 = 302,301 = 33) = (S0 = S ) 20,
for all x € T The inequality (V®(x), f(x)) # 0, for all x € I, can be shown
similarly. Thus, all conditions, (C1)-(C6) are fulfilled.

8.2 Local Existence and Uniqueness

Definition 8.2.1. A function x(z) € PC 1(I ,0), where I C Ris an interval, § C [
is a B-sequence of discontinuity points, is said to be a solution of (8.3) if:

(i) the differential equation (8.3) is satisfied at each + € [\f and
x' (6;)) = f(x(6;)), 6; € 6, where x”_(6;—) is the left-sided derivative;
(i) Ax(0;+) = W(x(6;)) forall 6; € 6.

Theorem 8.2.1. Assume that conditions (C1)—(C4) hold. Then for every xo € D
there exists an interval (a,b) C R,a < 0 < b, such that a solution
x(t) = x(¢,0, x0) of (8.3) exists and is unique on the interval.

Proof. Consider the following alternative cases:

(a) Assume that xo ¢ T'UT. Then there exists a number € > 0 such that B(xg, €) N
(T'UT) =@, and B(xo,€) C G, where B(xo, €) is the ball with the center at
xo and the radius €. Therefore, by the existence and uniqueness theorem [59],
x (1) exists and is unique on an interval («, b) as a solution of the system

y' = f. (8.6)

(b) If xo € T, then x(04+) € T. There exists a number ¢ > 0 such that
B(x(0+),e) N T # @ and B(x(0+),€) C G. Hence, x(¢) can be continued at
the right. Let us consider ¢ < 0 now. By condition (C4), there exists a number
€ > 0 such that B(x(0),e) N T # @ and x(¢) can be proceeded at the left.

(c) We can discuss the case xo € I" similarly to the previous one.

The uniqueness of the solution for all cases (a)—(c) follows the theorem on unique-
ness of ordinary differential equations [77] and the invertability of J.
The theorem is proved. O
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Since conditions (C1)—(C4) were verified in Examples 8.1.2 and 8.1.3, solutions
of systems (8.4) and (8.5) locally exist and are unique.

8.3 Extension of Solutions

In this section, we will prove continuation theorems. The main results claim that
every solution of (8.3) is continuable to co and —oo. In other words, R is a max-
imal interval of existence of each solution x(z,0, x9), xo € D of (8.3). That is,
x(t,0,x9) € PC(R). Ilustrating examples are given, where solutions exist on R.

Definition 8.3.1. A solution x(z) = x(¢, 0, xo) of (8.3) is said to be continuable to
aset S C R” as time decreases (increases) if there exists a moment £ € R, such
thatf <0 (£ > 0)and x(§) € S.

The following theorems provide sufficient conditions for the continuation of
solutions of (8.3).

Theorem 8.3.1. Assume that:

(a) every solution y(t,0,x9),x0 € D, of (8.6) is continuable to either oo or T, as
time increases; B
(b) there exists a positive number 0 such that

€x

>0,
SUPg(x,e) 1S (X)]]

forevery x € T and all €, > 0 with B(x,ex) N T = @.

Then every solution x(t) = x(t,0, x9), xo € D, of (8.3) is continuable to co.

Proof. Fix xg € D and let x(t) = x(¢,0, xg) be a solution of (8.3). Consider the
following two cases.

(A) If x(t) is a continuous solution of (8.3), then it is a solution of (8.6) and is
continuable to co.

(B) Let x(0;+) € T for a fixed i. We set M, = SUPB(x.e,) I/ (x)| . Assume that
there exists a number § > 0;, such that ||x(§) — x(0;+)|| = €x(g;+) (otherwise
x(t) is continuable to co). Then

4
x() = x(6i+) + /9 ()

and €x(g,+) < Mx(g;+) (§ —0i) = Mx(6;+) (i1 — 6;), where Myx(,4) > 0
(Why?). The last inequality implies that 6; 11 — 6; > 0 for all i. That is, 6; is a
sequence of B-type if 6; > 0. The proof is complete. O

In a similar manner, one can prove that the following theorem is valid.
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Theorem 8.3.2. Assume that:

(a) every solution y(t,0, xg), xo € D of (8.6) is continuable to either —oco or T, as
time decreases; B
(b) there exists a positive number 0 such that

€x

>0,
SUPg(x,e) 1S ()]

forevery x € T and all €, > 0 with B(x,ex) N T = @.
Then, every solution x(t) = x(t,0, x9), xo € D, of (8.3) is continuable to —oc.
Theorems 8.3.1 and 8.3.2 imply that the following assertion is valid.
Theorem 8.3.3. Assume that
(a) every solution y(t,0, x9), xo € D, of (8.6) satisfies the following conditions:

(al) it is continuable to either oo or I, as time increases,
(a2) it is continuable to either —oo or I, as time decreases;

(b) there exists a positive number 6 such that

€x -
SUPp(x,ex) 1 SO~

0,

forevery x € T and all €, > 0 with B(x,ex) N T = 0.
(c) there exists a positive number 0 such that

€x

>0,
Supp(x,e.) IS ()]
for every x € T and all &, > 0 with B(x,éx) N T = @.
Then, every solution x(t) = x(¢,0, x9), xo € D, of (8.3) is continuable on R.

Other sufficient conditions for the continuation of solutions of (8.3) are provided by
the following theorems.

Theorem 8.3.4. Assume that
(a) every solution y(t,0, x9), xo € D, of (8.6) satisfies the following conditions:

(al) it is continuable either to oo or I', as t increases;
(a2) it is continuable either to —oo or I, as t decreases;

(b) supp || f(x)]| < +o0.
(c) dist(T,T) > 0.

Then every solution x(t,0, x9), xo € D, of (8.3) is continuable on R.
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Proof. Fix x9 € D and let x(t) = x(¢,0, xo) be a solution of (8.3). According to
Definition 2.1.1, we shall consider the following three cases:

(A) If x(t) is a continuous solution of (8.3), then it is a solution of (8.6) and, thus
is continuable on R.

(B) Denote by .« and 6y, the maximal and minimal elements of the set {6; }, re-
spectively. Consider t > 6O.x. By the condition on J we have that x (O +) =
J(x(Bmax—)) € D and the solution x(¢) = y (¢, Omax, X (Omax+)) , Where y is
a solution of (8.6) and is continuable to co. For ¢ < 6;,, one can apply the
same arguments to show that x(t) is continuable to —oo.

(C) Consider the following three alternatives.

(c1) If the sequence {f;} has a maximal element 8., € R, but does not have a
minimal one, then by using (B), it is easy to prove that x(¢) is continuable to
oo. Let ¢ be decreasing. We have that

0;
2(Oi4) = x(6r41) + /9 Fe(s))ds. 8.7)
i+1

Denote supp, || f(x)|| = M and dist(T, I) = «. Then (8.7) implies that

w7 = (6iy1—06;). Hence, 37 (i —io) > (Gi - Gi(,), where ig is fixed. The
last inequality shows that §; — —oo as i — —oo. Thus, x(¢) is continuable
to —oo.

(c2) Assume that the sequence {6; } has a minimal element 0,,;;,, and does not have
a maximal one. Then by the arguments of (B) x(¢) is continuable to —oo. For

increasing ¢ we have that

0;

+1
¥(Br1) = x(60) + / Fx(s))ds. (8.8)

i

7 =< Oig1—0;) or 57 (i —ip) < (Gi — Gi()) , where iy is fixed. Hence, 6; —
oo as i — oo. That is, x(¢) is continuable to co.

(c3) Assume that {6;} has neither a minimal nor a maximal element. The result for
this case follows (c1) and (c3). The proof is complete. O

Theorem 8.3.5. Assume that

(a) every solution y(t,0,x9),x0 € D, of (8.6) is continuable to either oo or T, as
time increases;
(b) there exists a neighborhood S of T in D such that

(b1) dist(T, 3S) > 0;
(b2) supg || f(xX)]| < oo
(b3) NS =0.

Then every solution x(t) = x(t,0, x9), xo € D, of (8.3) is continuable to co.
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Proof. Denote d = dist(I", 0S) and M = supg || f(x)| . For a fixed i one can see
that

i +1
£Oe) =260+ [ ros

Condition (b3) implies that d < ||x(0;4+1) — x(6; +)|| < M(0;+1—06;). Thus ;11—

0; > % > 0 for all i. Further discussion is fully analogous to that of the last
theorem. o

Exercise 8.3.1. Prove the following theorem.

Theorem 8.3.6. Assume that:

(a) every solution y(t,0,x¢), xo € D, of (8.6) is continuable to either —oco or I,
as time decreases, L
(b) there exists a neighborhood S of T" in D such that:

(b1) dist(T", 3S) > 0;
(b2) supgﬂf(x)u < 00;
(b3) TNS =49.

Then, every solution x(t) = x(t,0, xg), xo € D, of (8.3) is continuable to —oc.

Using the conditions of both Theorems 8.3.5 and 8.3.6, one can formulate the
following assertion.

Theorem 8.3.7. Assume that:
(a) every solution y(t,0, x9), xo € D, of (8.6) satisfies the following conditions:

(al) it is continuable to either oo or I', as time increases;
(a2) it is continuable to either —oo or I, as time decreases;

(b) there exist neighborhoods S and S of T and T in D, respectively, such that:

(b1) dist(T, 3S) > 0, dist(T", 8S) > 0;
(b2) supgg /()] < o0
3) TNS=0,TNS =0.

Then, every solution x(t) = x(¢,0, x9), X0 € D, of (8.3) is continuable on R.

Example 8.3.1. Let us consider system (8.5) and study the extension property. The
differential equation in the system is a linear one, consequently, each solution of
this equation is continuable to oo, since maximal interval of existence is R. The first
condition of Theorem 8.3.1 is satisfied. Let us fix an initial value xo = (x?, x(z)) S
T, that is +/3x? = xJ. Then, one can easily evaluate the distance between T

and xg
0_ (0 _ _
distGro, Ty = DI - B0 V31

V2 V2 22
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Fix

V3-1

€xo = X (8.9)
X0 2\/5 ” 0“

and take any x € B (xo, €x, ), then
[x]l < €xo + [Ixol - (8.10)

Substituting (8.9) into (8.10), one can conclude that

- V3-1+22
[lx]l s [l xo]| -

Computing the norm of the function f in this ball, we get that

If ) < g [ﬁ— 1+ NE] xoll = Mx,.

By easy calculation,

e L o 3(v3-1)

Mx S[3—1+22] Il - VB2 (V3-1+2V2) -0

We can see, now, that condition (b) is valid. Thus, all conditions of Theorem 8.3.1
are satisfied, and every solution of system (8.5) is continuable to co. The continua-
tion of solutions for decreasing ¢ can be shown by using Theorem 8.3.2.

Example 8.3.2. Let us examine system (8.4). The domain of this system is D =
{(x1,x2)] 1 <x?4+x2 <4, x1,x2 €R}. Manifolds " and T are boundaries
of this ring. They are circles with radii 1 and 2, and dist(T", T") = 1, respectively.

The differential equation in (8.4) is a linear system with constant coefficients,
and one can determine that all solutions are continuable to I', as time increases, and
are continuable to f‘, as time decreases. Hence, the first condition of Theorem 8.3.4
is satisfied.

Moreover,

1 £l = V(=x1 = 3x2)2 + Bx1 —x2)2 = V10y/x2 +x2,  (8.11)

and

sup || f(x)]| = 2410 < oo.
D

Since, all conditions of Theorem 8.3.4 are satisfied, every solution of system (8.4)
is continuable on R.
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Example 8.3.3. Consider the following impulsive autonomous system:

/

x] = —2x1 — 3x2,
/

X5 = 3x1 — 2x3,

T /4
Axilxer = (2cos e 1)x; — 2sin e

AXxz|xer = 2sin %xl + 2 cos% — D)xo, (8.12)

where manifolds of discontinuity are
1 3
I' = (X],X2)| )C1=\/§X2, §<x2<§

and
r= {(xhxz)l Vxi=x 1<x< 3}_

Domain D = Rz\{({,;) (3{,;) ( \/_) (3,3\/5)}. Let us look for

sufficient conditions of Theorem 8.3.5 to indicate continuation of solutions of the
system (8.12) for increasing . The differential equation in (8.12) is a linear system
and maximal interval of existence is R, so each solution of the differential equation
is continuable to oo as time increases. Hence, the first condition is satisfied. While
dealing with other conditions, we prefer to use both polar and Cartesian coordinates.
First, let us define an auxiliary set .S in polar coordinates (see Fig. 8.4),

9 21 T T
0 — T g
Ol 5<rP<10 1273

One can easily see that ' € S and ' NS = . The distance between I' and

aS, is the minimum of the following two numbers: the distance between I and
b1

the arc y = {(p,0)|p = _o 15 < 0 < 7} the distance between F and the line

£ = {(p, 9)|E <p< %,9 = 7} One can find that dis«(T', y) = 0. Next, let us

write the equation of the line in Cartesian coordinates as
{= {(Xl,XZ) | X1 = X2, X1,X2 € R+} .

To find dist(T, £), it is sufficient to find out the distance between the line £ and the
points A (‘f 1) and B (i é)

272 ’2

3

S

N|w

dist (L, A) = = ‘/5_1, dist (L, B) = ) ‘ = 3‘/__3.

VIT+1 232 ’ T+1 2J2

N|

o4
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\X2

> X4

Fig. 8.4 Manifolds T, 1:, and an auxiliary set S

Then, distance between I" and the surface 9 is

1
dist(T3S) = —-.

Now, we take the norm of the function f(x),

If (Il = V4 +9y/x{ +x3.

Since
9 21
E < X% —+ X% < E’
214/13
sup || f(x)[| = T
S

Thus, all conditions of Theorem 8.3.5 are satisfied, and every solution of system
(8.12) is continuable to co.

Exercise 8.3.2. Prove, by using Theorem 8.3.6, that all solutions of system (8.12)
are continuable to —oo.
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8.4 The Group Property

In the previous sections of the chapter, we have dealt with existence and uniqueness
of solutions of the system (8.3), and furthermore, we have given the conditions that
are sufficient for all solutions of (8.3) to be continuable on R.

Now, we may discuss the group property, which is one of the most significant
properties of dynamical systems and one of the most difficult for the present dis-
cussion. Next example shows that even in a simple case the group property can be
violated.

Example 8.4.1. Let us consider the system (8.4), where we only replace the set G
byanewone G = {(x1,x2)] x7+x3 >1, xi,x2 € R}.Todemonstrate that the
group property is not valid for all solutions, we use Fig. 8.5. Consider a trajectory,
which starts at xo and reaches the point P at some positive moment . Moving back
it could not return to xg, for decreasing ¢, because of the discontinuity set . That
is, equality x(—t,0, x(z,0, x9)) = x¢, which is a consequence of the property is
not true for all moments of time. Hence, the property is not valid for the system. It
is obvious, also, that uniqueness of solutions is not true in this case, and it is not
surprising, as it is known that the group property and the uniqueness are strongly
related to each other.

The last example shows that specific conditions to guarantee the group property
should be found.
The following condition is one of the most needed in this chapter.

(C7) (a) for every x € T there exists €, > 0 such that sign®(x) is a constant
function in [B(x, €x) N G]\T';
(b) for every x € T there exists €, > 0 such that sign®(x) is a constant
function in [B(x, €x) N G]\T.

ol

Xo

X4

Fig. 8.5 The trajectory of Example 8.4.1
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Lemma 8.4.1. Assume that (C1)~(C7) hold and y(t) : (—o,0) > R", & > 0, isa
solution of (8.6). Then y(0) ¢ T" and y(0) ¢ T".

Proof. Assume, on the contrary, that y(0) = yo € I'. We have that
D(y(1)) = P(y(1)) — ®(yo) = (VP(y0). y(t) — yo) + o(lly () — yol|) =

(Vo). f(yo)t + o(t]))+o (|| f(yo)llt+o(|z])) = (VO(y(0). f(y(0)) t+o(]t]).

By condition (C7) function sign®(y(¢)) has a constant value for sufficiently small
|7|, and by condition (C4) the value of (V®(y(0)), f(y(0))) is not zero. This con-
tradiction proves our lemma for I'. The proof for I' is similar. O

Lemma 8.4.2. Assume that (C1)—(C7) hold. Then x(—t,0, x(t,0, x9)) = x¢ for all
xo € D,t € R.

Proof. Consider ¢t > 0. If the set {0;} is empty, then the proof follows immediately
the assertion for continuous dynamical systems [39]. One can see that it remains
to check the validity of x(—#6;,0,x(6;+)) = x(6;) for all i, and the condition
x(—61,0,x(01,0, x9)) = xo. The first one is obvious because of invertability of J.
Let us consider the second one. Denote x(¢) = x(z,0, xo), X(t) = x(¢,0, x(61)).
Since x(6;) € T, then by (C4), the solution X moves along the trajectory of (8.6)
for decreasing ¢, and it cannot meet rifr > —0;. Indeed, assume on the contrary
that there exists moment 6, —0; < 6 < 0, where X intersects . Then x(0+) =
x (6 + 681). We have obtained a contradiction to Lemma 8.4.1 since x(¢ + 6 + 01) is
the solution of (8.6) in a neighborhood of # = 0. If # < 0, the proof is very similar
to that of # > 0, and the proof with # = 0 is primitive. The lemma is proved. O

Let us continue with the following auxiliary result.
Consider a solution x(z) : R — R” of (8.3). Let {¢;} be the sequence of dis-
continuity points of x(¢). Fix § € R and introduce a function ¥ (¢) = x(¢t + 6).

Lemma 8.4.3. The sequence {Gi -0 } is a set of all solutions of the equation

Sy (1)) = 0. (8.13)

Proof. We have ®(y((6; — 0)) = ®(x((6; — 0) + 0)) = ®(x(6;)) = 0. Assume
that = ¢ is a solution of (8.13), then ®(x(¢ + 0)) = ®(Y¥(¢)) = 0. That is,
¢ + 0 is one of the numbers {6;}. Let ¢ + 6 = 6;, then ¢ = 6; — 6. The lemma is
proved. O

Lemma 8.4.4. If x(¢) : R — R” is a solution of (8.3), then x(t + 0), 0 € R, is
also a solution of (8.3).

Proof. From Lemma 8.4.3, it follows that ¢ = x (¢ + é) is a continuous function on
the interval (6;—6, 6;41—0].i € Z.Fixi € Z, and considert € (6; — 0, 6;41 — 6].
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We have that 7 + 6 € (6;, 6;11] and one can verify that ¥’(t) = f(¥(¢)). That is,
(8.3) is satisfied by x (¢ + 6).

For fixed i, we have that ¥ ((6; — 0)+) = x(6;+) = J(x(6;)) = J(¥ (6; — 0)).
Thus, one can see that the jump equations in (8.3) are also satisfied by x (¢ + 6), and
this completes the proof. O

Lemmas 8.4.2 and 8.4.4 imply that the following theorem is valid. The proof of
this theorem is similar to that of continuous dynamical systems [157].

Theorem 8.4.1. Assume that conditions (C1)—(C7) are fulfilled. Then
X(lz,x(ll,)(())) =X(I2+l1,Xo), (8.14)

forallti,t, € R.

Remark 8.4.1. Since x(0,x9) = Xo, one can conclude on the basis of Theorem
8.4.1that x (¢, x9),t € R, x9 € D, defines a one-parameter group of transformations
of D into itself.

Exercise 8.4.1. Verify that condition (C7) is fulfilled in Example 8.1.2, and it is not
correct in Example 8.4.1.

8.5 Continuity Properties

A dependence of solutions on initial values is a very effective method to investigate
various problems of dynamical systems, and we deal with the continuous depen-
dence in this section. It is assumed that all considered solutions are continuable
on R. The next example demonstrates that the continuity property should be dis-
cussed very carefully when one is busy with nonfixed moments of discontinuity.

Example 8.5.1. Consider the autonomous system

x; =0,

x5 =0,

AX“er‘ =0,

AxX)|xer = —1, (8.15)

where I' = {x € R? : x; = x,}. Take solutions x¢(¢) = x(¢,0, (3,3)), and
x(1) = x(t,0,(xy,x3)),xy > 3,x5 < 3, and consider them for increasing .
One can easily see that the more points (x,, x7) and (3, 3) are close, the more the
distance ||xo(t) — x(¢)||,t > 0, is close to 1.

Fix a point xo € T'\dT, and denote by B(xg, r) an open ball with the center at x,
and the radius r > 0. By condition (C5), if r is sufficiently small, the ball is divided
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by the surface T" into two connected and open regions. Denote by b (xq,7) the
region, which x (¢, 0, x¢) enters as time decreases. Let ¢ ¥ (xo,7) = (TN B(xo,7))U
bt (xo.7). If xo & T, then ¢ (x9,7) = B(xo,r), where the radius r so small
that B(xo,r) N ' = @. Similarly, if xo € f\af denote by b~ (xp, r) the region,
which x (¢, 0, xo) enters as time increases. Then write ¢~ (xo, r) = (I N B(xg. 7)) U
b~ (xo,r). We set also ¢ (xo, r) equals B(xo,r), where the radius r so small that
B(xo,r)NT =@, if xo & T.
Let x°(¢) : R — R”, x°(¢) = x(z,0, x¢), be a solution of (8.3).

Definition 8.5.1. The solution x°(¢) of (8.3) B-continuously depends on xq for
increasing ¢, if to any € > 0 and finite interval [0, ], 0 < b, there corresponds § > 0
such that any other solution x(¢) = x(t, 0, x) of (8.3) lies in the e-neighborhood of
x°() on [0, ], if X € ¢ (xg,§).

Definition 8.5.2. The solution x°(r) : R — R” x°(¢) = x(z,0,xq), of (8.3)
B-continuously depends on xq for decreasing ¢, if to any € > 0 and finite interval
[a,0],a < 0, there corresponds § > 0 such that any other solution x(¢) = x(¢, 0, X)
of (8.3) lies in the e-neighborhood of x°(¢) on [a, 0], if X € ¢ (xo, §).

Definition 8.5.3. The solution x°(r) : R — R”,x%(¢) = x(,0,xq), of (8.3)
B-continuously depends on xg if it continuously depends on the initial value for
both decreasing and increasing ¢.

Theorem 8.5.1. Assume that conditions (C1)—(C6) are satisfied. Then each solution
x°(t) = x(1,0,x0), xo € D, of (8.3) continuously depends on xg.

Proof. We consider a particular case with a finite interval [0, 5], and the points
of discontinuity 6;,i = 1,...,m, of the solution x%(¢) in the interval such that
0<6 <--- < 6, <b. Moreover, we assume that 1 = 0, and ¢ = b are not the
moments of discontinuity. All other cases can be considered similarly.

Fix a positive number «. Let F, = {(¢, x)|t € [0, b], Hx —xo(t)H < a}, Gi(a),
i = 0,1,2,....,m + 1, be «a- nelghborhoods of points (0, xg), (6;,x(6;)),
i=1,2,...,m, (b,xo(b)) in R x R”, respectively, and G_i(a), i=1,2,...,k, be
an «-neighborhood of the point (Gi, x°(6; +)) . Write

G = Fy U (U Gi(@)) U (UL, Gi(@)) .

Take « sufficiently small so that G¥* C R x D. Fix€,0 < € < a.

1. In view of the continuity of solutions [77], there exists Sm, 0< Sm < €, such that
every solution x,, (¢) of (8.6), which starts in G, (8,,), is continuable to ¢ = b,
does not intersect I, and

||xm(t) — xo(t)H <,

for all ¢ from the common domain of x,,(z) and x°(z).
2. By continuity of J there exists 0 < 8, < €, such that (x, x) € Gp(8m) implies
k,x + J(x)) € G (6m) N D.
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3. The continuity theorem yields that there exists Sm__l,O < gm_l < €, such that a
solution x,,_1(t) of (8.6), which starts in G,_1 (8,m—1), intersects T in G, (8,,)
(we continue the solution x,,—1(¢) only to the moment of the intersection) and
|| Xm_1(t) — x°(t) H < € forall # from the common domain of x,,_1 (¢) and x°(¢).

Continuing the process form —2,m —3,..., 1, one can obtain a sequence of fam-
ilies of solutions of (8.6) x; (¢), and corresponding numbers §;,68;,i = 1,2,...,m.
Finally, we find a number §,0 < § < ¢, such that each solution x¢(¢), which starts
in Go(8) intersects I' in G{(8;), if ¢ increases, and satisfies ||xo(¢) — x°(¢)|| < €
if ¢ is from the common domain of x¢ () and x°(¢). Thus, if one chooses a solu-
tion x(t) = x(¢,0,x),x € Go(5), of (8.3), then it coincides over the first interval
of continuity, except possibly, the §;-neighborhood of 6, with one of the solutions
Xo(?). Then on the interval [01, 65] it coincides with one of the solutions x; (¢), ex-
cept possibly, the §;-neighborhood of ; and the §,-neighborhood of 8,, etc. Finally,
one can see that the integral curve of x(¢) belongs to G¢, it has exactly m meeting
points with T, 91.1, i=1,2,...,m, 91.1 — 9i| < € for all i, and it is continuable to
t = b. The theorem is proved. O

8.6 B-Equivalence

In this section, we construct an auxiliary system of differential equations with im-
pulses at fixed moments, a B-equivalent system, for equations (8.3). One have to
emphasize that B-equivalence plays less general role for autonomous impulsive sys-
tems than for nonautonomous equations. In this part of the manuscript, we specify
a B-equivalent system around a solution of equations (8.3).

First, we need to introduce two maps, which will be used throughout the rest of
the chapter. Fix k € R. Denote by x(¢) = x(t, k, x) a solution of (8.6), T = 7(x)
the moment of the meeting of x(¢) with the surface T'.

Lemma 8.6.1. 7(x) € C.

Proof. Differentiating ® (x (7, k, x)) = 0, and using (C5) one can get that

AP (x (7,6, x)) 0P (x (7,4, x)) dx() 0D (x (7K, X))
ot N 0x dr li=c 0x

S (x (.6, x)) #0

Now, the proof follows immediately the implicit function theorem. O
Corollary 8.6.1. t(x) is a continuous function.

Let x; = x(¢,7,x(7)) + J(x(r)) be another solution of (8.6). Define the map
W(x) = x1(k).
Similarly to Lemma 8.6.1, one can show that the following assertion is valid.
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Lemma 8.6.2. ¥(x) € C!

Consider a solution x°(¢) : [a,b] > R",a < 0 < b, of (8.3). Assume that all
discontinuity points 0;,i = —k,...,—1,1,...,m, are interior points of [a, b]. That
is,a < 0_j and 6,, < b.

The following system of differential equations with impulses at fixed moments,
which are points of discontinuity of x°(¢), is very important in the sequel:

=1,
Ayli=g, = Wi(y(6:)). (8.16)

The function f is the same as in (8.3) and maps W;,—k < i < m, will be de-
fined below. There exists a positive number r, such that r-neighborhoods G; (r) of
(0;,x°(8;)) do not intersect each other. In view of (C5), one can suppose that r is
sufficiently small so that every solution of (8.6) which starts in G; (r) intersects T’
in G;(r) as t increases or decreases.

Fixi = —k,...,m and let £(t) = x(¢,6;,x),(0;,x) € G;(r), be a solution
of (8.6), T, = t;(x) the meeting time of £(¢) with I" and ¥ (¢) = x(¢,7;,&(x;) +
J(&(z;)) another solution of (8.6). One should mention that |z;(x) — 0;| = O(r).
Denote W; (x) = ¥(6;) — x. One can see that

17 17 0;
Wi = [ feends + s+ [ reondn + [ wends @17

is a map of an intersection of the plane t = 6; with G;(r) into the plane t = 6;.
The functions W;,—k < i < m, are obtained by using the map ¥, which has
been defined above in this section. Hence, Lemma 8.6.2 implies that all W; are
continuously differentiable maps.

Let us introduce the following sets: F, = {(z,x)|t € [a,b], | x —xo(t)H <r},
and G;(r), i = —k,...,m, an r-neighborhood of the point (6;, x°(6;+)) . Write

G" = F, U (U_,Gi(r) U (U _,Gi(r)).
Take r sufficiently small so that G" C R x D. Denote by G(h) a h-neighborhood
of x°(0).

Definition 8.6.1. Systems (8.3) and (8.16) are said to be B-equivalentin G” if there
exists 4 > 0, such that:

1. for every solution x (¢) of (8.3) such that x(0) € G(h), the integral curve of x ()
belongs to G” and there exists a solution y(z) = y(z,0, x(0)) of (8.16) which
satisfies

x(1) = y(t),1 € [a, b\ U, (17, 6], (8.18)
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where 7; are moments of discontinuity of x(¢). Particularly:

y(ai)7 1f01 <7,
b)) = .
*(@) { y(6;"), otherwise,
) — X(Tl')7 ifgizfj,
y(@) = { x(z;7), otherwise.

(8.19)

2. Conversely, if (8.16) has a solution y(¢) = y(¢, 0, x(0)), x(0) € G(h), then there
exists a solution x(t) = x(¢, 0, x(0)) of (8.3) which has an integral curve in G",
and (8.18) holds.

The following assertion follows immediately (8.17).

Lemma 8.6.3. x°(¢) is a solution of (8.3) and (8.16) simultaneously.

Theorem 8.6.1. Assume that conditions (C1)—(C6) are fulfilled. Then systems (8.3)
and (8.16) are B-equivalent in G” if r is sufficiently small.

Proof. Assume that » > 0 is small so that W;, i = —k,...,—1,1,...,m, are
defined. Let us check only the first condition of Definition 8.6.1 because that of the
second one is analogous. Theorem 8.5.1 implies that there exists a small 7,0 <
h < r, such that if ||X — x¢|| < & and X € D, then the solution x(¢) = x(¢,0, X)
belongs to G”. Assume that £ is sufficiently small so that x(¢) has exactly m +
k moments of discontinuity t = t;,i = —k,...,—1,1,...,m. Without loss of
generality, we suppose that §; > 7; for all i. It is obvious that we need only to prove
the theorem for [0, b], because for [, 0], the proof is similar. Consider the solution
y(t) = y(¢,0,x(0)) of (8.16). By the theorem on existence and uniqueness [77] the
equality

x(1) = y(@) (8.20)
is valid on [0, 7] . Since (1, x(71)) € G" we see that

01
y(6i+) = y(m1) + F(y(s))ds + W; (y(61)) (8.21)

1

is defined and
01
x(6h) = x(t1) + J(x(11)) + f f(x(s))ds. (8.22)

Using (8.20)—(8.22) one can obtain that

01 7]
Y611 = x(m) + f FOr(s)ds + /9 FO(s)ds+

01
J(y(r1)) + S(x(s))ds = x(61).

13l
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Now, defining x (¢) and y(¢) as solutions of (8.6) with a common initial value x (6),
one can see that x(t) = y(t),t € (0, 12]. Continuing in the same manner for all
t € [0, b] one can show that y(¢) is continuable to ¢ = b and (8.18) holds. Moreover,
it is easily seen that for sufficiently small %, the integral curve of y(¢) belongs to
G, . The theorem is proved. O

8.7 Differentiability Properties

Let us consider derivatives of functions 7;(x), W;(x),i = —k,...,—1,1...,m
which were described in Sect. 8.6. We start with derivatives of 7;(x). One should
emphasize that t;,i = —k,...,—1,1...,m are maps, which are defined by
the map 7 in Sect.8.6 with k = 6;,i = —k,...,—1,1...,m. The equalities
®(x(7i (x))) = 0 imply that

8x (9)

D (x°(6:) f(x°(01)dwi + Z P (x°(6)

k=1

dxk—O

Using the last expression, one can obtain that
9x°(6;
07 (x°(6)) _ . (x°(6))) xax(j )
dx D (x0(6:)) f(x°(6:))

(8.23)

Similarly, for W; the following expression is valid:

(0 (H: .
ACOD _ p0m W ey fai) [T
Xj 8 ax]'
Thus, formulas (8.23) and (8.24) provide evaluations of the derivatives.

It is known that x°(¢) : [a, b] — R” is the solution of (8.3) and (8.16). Moreover,
systems (8.3) and (8.16) are B-equivalentin G" and there exists § € R, § > 0, such
that every solution which starts in ¢ ¥ (xg, r) is continuable to t = b. Without loss
of generality, assume that all points of discontinuity of x°(¢) are interior points of
[a, b]. Denote by x/ (t),j =1,2,...,n, solutions of (8.3) such that x/ 0) = xo +
fe; = (x9,x9,.. .,x?_l,x;’ + S,X?H, ..., x0), £ € R, and let 6/ be the moments
of discontinuity of x/(¢). By Theorem 8.5.1, a solution x/ (¢),j = 1,2,...,n, is
defined on [a, b] if xo + &e; belongs to ¢ (xg,§) and ¢~ (xo, §) with sufficiently
small 8.

Definition 8.7.1. The solution x°(z) is B-differentiable with respect to x?, j =
1,2,...,n, on [a,b] if for all xo + &e;, which belong to ¢™ (xo,§) and ¢~ (xo, §)
with sufficiently small § it is true that:
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A) there exist constants v;;,i = —k,...,—1,1,...,m, such that

07 — 0 = vijE + o(£)): (8.25)

L —_—

B) forallz € [a,b]\ UT__, (6;, Gl.j], the following equality is satisfied:

x/ (1) = x°(t) = u; (1) + o(I€]), (8.26)

where u; (t) € PC([a, b], 0]).

The pair {u;, {v;;};} is said to be a B-derivative of x°(¢) with respect to x? on

[a, b].
Lemma 8.7.1. Assume that conditions (C1)—(C6) hold. Then the solution x°(t) of
(8.16) has B-derivatives with respect to x?, j = 1,2,...,n, on[a,b]. Moreover,
u; is a solution of the linear system

du _ 0
= L O,
Aul—g, = Wix(x°(0;)u(6;), (8.27)

with u(0) = e;, and constants v;j = 0, foralli.

Proof. We shall prove the lemma with respect to x?. Let y1 (1) = y(z,0, xo + £e1).
By the theorem on differentiability with respect to parameters [77] we have that
yi(t) — x°%t) = u1 ()& + p(§), p(€) = o(|€]). for all ¢ € [0, §;]. Particularly,
y1(61) = x°(61) = u1(01)€ + p(|€]). Then y1(61+) — x°(614) = Wi(y1(61)) —
Wi(x%(61)) = Wix(x°(01)[u1 (01)§ + p(§)] + p1(£). Since p1 = o(|£]), we have
that y1(014) — x°(014+) = u1(01+)E + p1(£), where 5; = o(|€]). Denote by
U(t), U(6,) = Z, the fundamental matrix of the system u’(t) = fv(x°(¢)). Using
the theorem from [60,77] one can obtain that for all ¢ € (61, 6] the following rela-
tion is true y1 (1) —x°(t) = U@)(y1(61+) —x°(01+) +p(y1(61+) = x° (61 +)) =
U®)uy(0m+)E + p2(8) = ur(t)é + p2(€), where po = o(|€|). Continuing the
process we can prove that (8.26) is valid. Formula (8.25) is trivial. The lemma is
proved. O

Theorem 8.7.1. Assume that conditions (C1)—(C6) are satisfied. Then the solution
x0(t) of (8.3) has the B-derivative with respect to x?,j =1,2,...,n, on|a,b].
Moreover; the derivative (u;(t),{vi;}) is a solution of the variational system

o
Ao, = Wi (66,
Oy u(b;)

a7

(8.28)

Vij = —

with u(0) = e;.
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The last theorem follows immediately Theorem 8.6.1, Lemma 8.7.1, and formulas
(8.23), (8.24).

Remark 8.7.1. Higher order differentiability of DDS is considered in [3].

8.8 Conclusion

Let D C R” be a set, which is described for system (8.3) in the introductory part of
this chapter.

Definition 8.8.1. A B-smooth discontinuous flow is amap ¢ : R x D — D, which
satisfies the following properties:

(I) The group property:

(i) ¢(0,x) : D — D is the identity;

(i) ¢, ¢(s,x)) = ¢ (¢t + s,x) is valid forallz,s € Rand x € D.
(D) ¢(t,x) € PC'(R) for each fixed x € D.

(II) ¢ (¢, x) is B-differentiable in x € D on [a,b] C R for each a, b such that the
discontinuity points of ¢ (¢, x) are interior points of [a, b].

Remark 8.8.1. One can see that system (8.3) defines a B-smooth discontinuous flow
provided that (C1)-(C7) and the conditions of one of the extension theorems are
fulfilled.

Let us weaken the smoothness condition to obtain the definition of a discontinu-
ous flow.

Definition 8.8.2. A B-flow isamap ¢ : R x D — D, which satisfies the property
(D of Definition 8.8.1 and the following conditions:

(V) ¢(t,x) € PC(R), for each fixed x € D, and ¢(6;,x) € T, ¢(0i+.x) €T
for every discontinuity point.
(V) ¢(t, x) is B-continuous in x on each finite and closed interval.

Remark 8.8.2. Comparing definitions of the B-differentiability and the
B-continuity, one can conclude that every B-smooth discontinuous flow is a
B-flow.

Exercise 8.8.1. Use the discontinuous dynamics to arrange a partition of D.

8.9 Examples

Example 8.9.1. Consider the following impulsive differential system:

Xy = ax; — Bxa,

/
Xy = Bx1 + axz,
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AXi|xer = (\/§+ Dx; —xz
Axalxer = x1 4+ (V3 + Dxa, (8.29)

where I' = {(x1,x2)|x2 = %xl,xl > 0}, = {(x1,x2)|x2 = ‘/7§x1,x1 > 0},
constants «, B are positive. One can see that ®(x) = x; — %xl, f(x) = (ax; —

Bxa, Bx1 + axz), J(x) = («/gxl — X2,X1 + \/gxz). We assume that

D:R2\|:

1 3
(Xl,X2)| 5)(1 < X < %Xl, X1 > 0} @] (0, 0):| .

One can verify that the functions and the sets satisf~y (C1)—(C7). Let us check if the
conditions of Theorem 8.3.3 are fulfilled. Fix x € I". Then dist(x, ') = %||x|| and

LS = V(@x1 — Bx2)? + (Bx1 + ax2)? = Va2 + B2||x]|.

Thus

1 3
sup |1l = Ve + (x|l + SlIxID) = 5 Va2 + B2Ix]l,

B(x,ex)

and
€x 2

inf =
['x(0,00) SUPB(x,ey) A1 3/a? + ,32

Hence, all conditions of a discontinuous flow are fulfilled.

> 0.

Example 8.9.2. Consider the following model of a simple neural nets from [123].
We have modified it according to the system (8.3).

Xll = X2,

xy = —p%x1,

p'=—yp+x1+ B,

Ap|(x,p)er = —p, (8.30)

2 ~
where I' = {(x1,x2,p)|p =1, x% + Z—ﬁ <1}, T ={(x1,x2,p)] p=0, x% +

2
% <1}, @(x) = p—r.f(x) = (x2, —B>x1,—yp +x1 + Bo), J(x) = (x1,%2,0),
B,y,r > 0, are constants and By > yr + 1. We assume that D = {(x1, x2, p)|0 <
2
p<rxi+ % < 1}. The variable p is a scalar input of a neural trigger and x, x5,

are other variables. The value of r is the threshold. One can verify that the functions
and the sets satisfy (C1)—(C7) and the conditions of Theorem 8.3.4. That is, the
system defines a B-smooth discontinuous flow.
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Example 8.9.3. Let us consider the following system

xX] = ax; — Bxa,

Xé = Bx1 + axz,

Axi|xer = (1 4+ k)xy,

Axalxer = (1 + k)xz, (8.31)

where T' = {(x1,x2)|x2 + x2 = r}, T = {(x1,x2)| x? + x = kr}, a, B,k are
constants such that &, § < 0,1 < k. Assume that D = R2. One can see that all
conditions (C1)—(C6) are valid for the system. But (C7) is not fulfilled. It is easy to
see that a solution x(z, 0, x¢) of (8.31), which starts outside of l:, does not satisfy
the condition x(—¢,0, x (¢, 0, xg)) = xo for all £. Thus (8.31) does not determine a
discontinuous flow.

Notes

Apparently, T. Pavlidis [123,124], was the first, who formulated the problem of con-
ditions for autonomous equations with discontinuities, which guarantee properties
of dynamical systems. Papers [123, 124, 135, 136] contain interesting practical and
theoretical ideas concerning discontinuous flows. These authors formulated some
important conditions on differential equations, but not all of them were used to prove
basic properties of discontinuous flows. Some ideas on the dynamical properties can
be found also in [54,87,95,111].

The chapter embodies results that provide conditions for the existence of a dis-
continuous flow and a differentiable discontinuous flow. Concepts of B-continuous
and B-differentiable dependence of solutions on initial values are applied to de-
scribe DD S and to obtain conditions for the extension of solutions and the group
property. Since DF have specific smoothness of solutions we call these systems
B-differentiable discontinuous flows. The results are due to [1]. Since some con-
ditions of the chapter are sufficient, but not necessary, one can develop them, but
we are confident that B-continuity and B-differentiability of a motion cannot be
ignored in the future investigations. It is obvious that results of the chapter can be
extended for smooth of higher order and analytic discontinuous dynamics.
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