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1 Introduction

A branch of an algebraic or analytic plane curve can be parametrized by expressing
both the variables as power series in a parameter; we call this the MT (= Maclaurin—
Taylor) expansion. In case of zero characteristic, by Hensel’s Lemma or by
Newton’s Theorem on fractional power series expansion, one of the variables
can be arranged to be a power of the parameter, and then certain divisibility proper-
ties of the exponents in the expansion of the other variable lead to the characteristic
terms whose importance was first pointed out by Smith [34] and Halphen [23] as
noted in Zariski’s famous book [35].
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In my 1967 paper [4] I showed that, as long as the variable which is a power of
the parameter is nontangential, the characteristic terms remain invariant. This I did
by first showing that if I flip the variables, then the characteristic terms change by
a definite inversion formula whose proof essentially depends on the binomial the-
orem. This will be reviewed in Sect.4. In Sect.5, I shall relate this to quadratic
transformations and establish the invariance of another type of characteristic term,
namely, the first exponent whose coefficient is transcendental over a certain subfield
of the ground field. While doing this, I shall reorganize the NT (= newtonian) ex-
pansion into the ED (= euclidean) expansion, which is a generalized form of the so
called HN (= Hamburger-Noether) expansion. The reorganization will partly make
things work even in the mixed characteristic meromorphic case.

As basic references for this paper, the reader may profitably consult my Rambling
Article [5], Tata Notes [6], Engineering Book [9], and Algebra Book [12].

After fixing the notation in Sect.2, a host of Remarks and Lemmas will be
collected in Sect.3. These deal with Euclidean Sequences (3.1), Characteristic
Sequences (3.2), Binomial Lemmas (3.3) and (3.4), Special Subfields (3.5), Gap
Lemmas (3.6) and (3.7), Valuation Expansions (3.8) and (3.9), and Uniqueness of
Power Series Rings (3.10).

In Sect. 6, I shall show how the above mentioned first transcendental coefficient
is related to a generator of the residue field of the branch. Moreover, the generator
can be chosen so that the said coefficient is a polynomial in it. This leads to an
algebraic incarnation of the topological theory of dicritical divisors which I shall
describe. In Sect. 7, I shall relate field generators to dicritical divisors.

In Sect. 8, I shall preview Part II which will include various topics from algebraic
curve theory such as the conductor and genus formulas of Dedekind and Noether,
and the automorphism theorems of Jung and Kulk. In Part II, I shall also relate all
this to the Jacobian problem which conjectures that if the Jacobian of # polynomials
in n variables over a characteristic zero field equals a nonzero constant, then the
variables can be expressed as polynomials in the given polynomials; see [13—15].

As hinted in the Note following Lemma (3.4) of Sect. 3, Newton’s Binomial The-
orem For Fractional Exponents is the real heart of this paper. I was very lucky in
having studied this in the hand-written manuscript of my father’s book [1] two years
before it was published when I was 11 years old. Very relevant is the following com-
ment which he makes on page 235 of his book:

From

(a+b)"=d"+---

we get the standard form

by writing 1 for a and x for b; the standard form is simpler and is more convenient to
use; all problems regarding binomial expansions can be solved by using the standard
form.

Coming to the idea of Inversion in the title of this paper, let me repeat from
page 194 of my Engineering Book [9] the following quotation from page 323 of the
chapter on Abel in Bell’s Men of Mathematics [17]:
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Instead of assuming that people are depraved because they drink to excess,
Galton inverted this hypothesis ... For the moment we need note only that Galton,
like Abel, inverted his problem — turned it upside-down, and inside-out, back-end-
to and foremost-end-backward ... ‘you must always invert,” as Jacobi said when
asked the secret of his mathematical discoveries. He was recalling what Abel and
he had done.

On page 309 of the chapter on Abel, Bell says: One of his (= Abel’s) classics
in this direction is the first proof of the general binomial theorem, special cases of
which had been stated by Newton and Euler.

In other words, Bell disagrees with my viewpoint that Newton stated and proved
the most general form of the Binomial Theorem.

In this connection, let me repeat what I said on page 417 of my Ramblings Ar-
ticle [5]: Generally speaking, from Newton to Cauchy, mathematicians used power
series without regard to convergence. They were criticized for this and the matter
was rectified by the analysts Cauchy and Abel who developed a rigorous theory
of convergence. After another hundred years or so we were taught, say by Hensel,
Krull, and Chevalley, that it really didn’t matter, i.e., we may disregard convergence
after all! So the algebraist was freed from the shackles of analysis, or rather (as in
Vedanta philosophy) he was told that he always was free but had only forgotten it
temporarily.

Now one good way to study the rest of this paper is to INVERT it by first reading
the last section called EPILOGUE, which is sort of an extended Introduction or a
Birds Eye View of the entire paper. Another idea is to start with Sect. 4 and refer
to Sects.2 and 3 as necessary. More precisely, start by reading definition (ee) of
a valuation sequence given at the beginning of Sect.4. Our goal in Sect. 4 is to
show that the newtonian expansion of the first two terms of that sequence partly
determines the newtonian expansion of any two consecutive terms.

2 Notation

We shall mostly follow the notation and terminology of my Kyoto paper [7] and my
books [9, 12]. In particular: N = the set of all nonnegative integers, Ny = the set of
all positive integers, R=RU {Zo00}, and R* = the set of all nonzero elements in
aring R. The GCD of a set of integers .S is the unique nonnegative generator of the
ideal SZ in the ring of integers Z generated by S; if the set S contains a noninteger
then GCD(S) = oo. A set of integers J is bounded from below means for some
integer e we have e < j forall j € J, and we write min J for the smallest element
of such a set, with the convention that if J is the empty set @ then min J = oco.

To fix some more notation: Recall that a quasilocal ring is a (commutative with
identity) ring R having a unique maximal ideal M(R); we let H(R) stand for its
residue field R/M(R), and by Hg : R — R/M(R) we denote the residue class
epimorphism; note that then H(R) = Hg(R). By a coefficient set of R, we mean
a subset kK of R with 0 € k and 1 € k such that Hg maps k bijectively onto
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H(R). By a coefficient field of R, we mean a coefficient set k of R such that k is
a subfield of R. For any subfield K of R, we note that Hg maps K isomorphically
onto the subfield Hg(K) of H(R) and we let trdegx H(R) and [H(R) : K] stand
for trdeg g, (k) H (R) and [H(R) : Hr(K)], respectively. Given an element z in an
overring of R, we say that z is residually transcendental over K at R to mean that
z € R and HR(z) is transcendental over Hg (K).

Recall that a field extension L/K is algebraic (resp: finite algebraic, transcen-
dental, simple transcendental, pure transcendental) means [K(w) : K] < oo for all
w e L (resp: [L : K] < oo, trdeggL > 0, trdegg L. = 1 and L = K(¢) for
somet € L,trdeggl. = v € Nand L = K(t1,...,t,) for some t1,...,t, in L).
Recall that an affine domain over a field is a domain which is a finitely generated
ring extension of that field. The characteristic of a field K is denoted by ch(K).
The dimension dim(R) of a ring R is the maximum length n of a chain of prime
ideals

in R.

A noetherian quasilocal ring R is called a local ring. The smallest number of
generators of M(R) is called the embedding dimension of R and is denoted by
emdim(R). We always have emdim(R) > dim(R) and R is regular means equality
holds; a regular local ring is always a domain. A DVR is a one-dimensional regular
local domain; Alternatively, a DVR is the valuation ring of a real discrete valuation
in the following sense. A valuationis amap W : L — G U {oo}, where L is a field
and G is an ordered abelian group, such that for all u, v’ in L we have W(uu') =
W) + W) and W(u + u') > min(W(u), W(u')) and for any u in L we have:
Wu) =00 < u=0 WeputGy = W(K*)and Ry = {ue K: W(u) > 0} and
call these the value group and the valuation ring of W. Now Ry is a ring with the
unique maximal ideal M(Rwy) = {u € K : W(u) > 0}. Thus Ry is a quasilocal
ring. If G = Z then W is said to be real discrete.

A quasilocal ring V' dominates a quasilocal ring S means S is a subring of V
with M(S) C M(V), and then: restrdegs V" denotes the residual transcendence de-
gree of V over S, i.e., the transcendence degree of H (V) over Hy(S); we say
that V is residually rational over S to mean that H(V) = Hy(S); we say that
V is residually algebraic (resp: residually finite algebraic, residually transcendental,
residually simple transcendental, residually pure transcendental) over S to mean that
the field extension H(V')/Hy (S) is algebraic (resp: finite algebraic, transcendental,
simple transcendental, pure transcendental). Given any subring A of a quasilocal
ring V, upon letting S to be the localization of A at the prime ideal A N M(V), we
put restrdeg4 V' = restrdegg V' and call it the residual transcendence degree of V/
over A, and we say that V is residually rational (resp: residually algebraic, resid-
ually finite algebraic, residually transcendental, residually simple transcendental,
residually pure transcendental) over A to mean that V' is residually rational (resp:
residually algebraic, residually finite algebraic, residually transcendental, residually
simple transcendental, residually pure transcendental) over S.
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For any local domain R and any z € R*, we define ordgz to be the largest
nonnegative integer e such that z € M(R)¢; if z = 0 then we put ordgz = oo. If R
is regular then we extend this to the quotient field QF(R) of R by putting

ordg(x/y) = ordgrx —ordgry

for all x, y in R*; if dim(R) > O then this gives a real discrete valuation of QF(R)
whose valuation ring V' dominates R and is residually pure transcendental over R of
residual transcendence degree dim(R) — 1. See (Q35.5) on pages 559-577 of [12].

Given any subring K of a domain L, by the transcendence degree of L over K we
mean the transcendence degree of QF(L) over QF(K), and we continue to denote it
by trdegx L; note that by convention, if trdegx L = oo then (trdegg L) — 1 = oo.
Given any subring K of a field L, by D(L/K) we denote the set of all valuation
rings V with QF(V) = L such that K C V, and by D(L/K) we denote the set of
all V e D(L/K) such that trdeg g, (k) H (V) = (trdegg L) —1; we call these V' the
valuation rings and prime divisors of L /K respectively. Note that if L is a finitely
generated field extension of a field K then every member of D(L/K) is a DVR;
moreover if trdegg L = 1 then L is the only member of D(L/K) which does not
belong to D(L/K).

Given any affine domain A4 over a field K with QF(4) = L, by 71(4/K) and
I(A/K) we denote the set of all V € D(L/K) and V € D(L/K), respectively,
such that A ¢ V; we call these V the infinity valuation rings and infinity divisors
of A/K respectively. Note that all members of D(L/K), and hence all members
of 1(A/K), are DVRs. Also note that if trdegg L. = 1 then I(A/K) is a nonempty
finite set, and for every V € D(L/K) we have [H(V) : K] € N. Let us recall
that DD = Dedekind Domain = normal noetherian domain of dimension at most
one. Note that the localizations of a DD at the various nonzero prime ideals in it are
DVRs whose intersection is the given DD. Note that a domain is a PID iff it is a
DD as well as a UFD. Also note that a domain is a PID iff it is a notherian UFD of
dimension at most one. Let us say that a domain is proper to mean that it is not a
field. In particular, a proper PID is a PID which is not a field.

Given any local domain R, by D (R)% we denote the setof all V € D(QF(R)/R)
such that V' dominate R, and we let D(R)? denote the set of all V € D(R)? such
that restrdegrV = dim(R) — 1; we call these V the valuation rings of QF(R)
dominating R and prime divisors of R respectively; note that then for every V €
D(R)? we have restrdegrV < dim(R), and for every V € D(R)? we have that V/
is a DVR.

The habitat for most of the Remarks and Lemmas of the next section will be a
DVR V with its quotient field QF(V) = L, its completion V', a coefficient field
K, and a uniformizing parameter 7', i.e., an element of V' of order 1. Note that V
can be identified with the power series ring K[[T']] and L with a subfield of the
meromorphic series field K((7")). For any

y=y(T)=Y_ AT € K(T)) with 4; €K
i€Z
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we define the T-support Suppr y(T) of y(T) to be the setof all i € Z with A; # 0,
and then we define the 7'-order and T -initial-coefficient of y(7') by putting

ordr y(T') = min Suppz y(T')

and
incory(T) = A, where e = ordry(T)

with the understanding that if y(7") = 0 then ord7 y(T') = oo and incor y(T') = 0;
note that in case of V = K[[T]] we have ordyy = ordry(T) for all y € L. By
a special subfield S of K((T)) we mean either the null ring S = {0} C K ora
subfield S of K((T")) such that:ifa € S N K> and b € K> with b? = a? for some
p € Zandg € Ny thenb € S;if § C K then we may call S a special subfield
of K. Observe that if k is any special subfield of K then k as well as k((T)) are
special subfields of K((7)); by convention, if k = {0} then k((T')) = {0}. We put

the smallest special subfield k& of K
subry(T) = {suchthat 4; € S foralli € Z
(with the note that k = {0} < y(T) = 0)

We call subr y(T') the T -subfield of y(T').

As a weaker version of algebraic closedness, we say that a field K is root-closed
to mean that foreverya € K andn € Ny wehave X" —a = (X —ay)...(X —ay)
for some ay,...,a, in K. Both the notions of a special subfield and a root-closed
field are inspired by root extraction, i.e., the finding of square-roots, cube-roots, and
so on. The process of root extraction also inspires the concept of a quasiroot-closed
domain which we shall introduce in Remark (3.10).

3 Remarks and Lemmas

We start off by codifying the euclidean algorithm (= method of long division) of
finding the GCD of a pair of integers.

Remark on Euclidean algorithm (3.1). By a euclidean sequence pair, we mean a

pair ((e;)o<;<i. (Pj)o<j<i) of sequences of integers e; € Z and p; € Z with
[ € Ny such that:

e1#0=py=0# p;for2 <j <lwithp; >0for3 <j <, (1)

ej_1=pjej+ejr1withO<ejig <lej|forl <j<Il-1, (2)

le;| > |e;] = GCD(eg, e1) = GCD(ey, ..., e;) forl < j <1 —1, 3)

=14 =0 mod (e1). “4)
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The usual euclidean algorithm implies that any pair of integers (ep,e1) with
e1 70 can be embedded in a unique euclidean sequence pair ((e o<j<i
(pj)05j<1) which we call the euclidean extension of (eg, 7).

To apply this construction to orders of elements, let V' be a DVR with

V C V = the completionof V and QF(V) =L C L = QF(V)

and let K be a coefficient set of V.
By a (V, K)-protosequence we mean a sequence

(zj,ej, i AT (V) e . 2] hvez,0<j<i+1
where
((ej)o<j<t- (Pi)o<j<i)

is a euclidean sequence pair and

zj € L* withordyz; = e for0 < j </,

) (@)
andz; 1 = zf’zﬂ_l forl<j<l-1
and
Z1+1 € L withordyzy41 = ¢4 and p; = pj41 € Z U {oo}
and z; € L with ordyz] = e} ©)
suchthatz;11 =04 py =004 77 =0
and z;4+1 # 0 = (ej—1/e1) < pi(er/ler]) with 0 < ej41 < |eg]
and
A} (v) € K forall v € Z such that
=0 ifv<(e-1/lel) (7)
AT #£ 0 ifv = (e—1/ler])
=0 ifv> pi(e/ler]) and z;41 # 0
such that in L we have
0 if z =0
=z Z A;k(v)z})(lel\/ez) =1 . I+1 )
(e1-1/lerD <v=<co g e iz #0.

Any pair of elements (z9,z1) in L with ordyz; # 0 can clearly be embedded in a
unique (V, K)-protosequence

(zj.ej.pj AT (V). €] 2] vezo<j<i+1

which we call the (V, K)-protoexpansion of (zg,z1).
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To contrast the above expansion (8) with the usual expansions in terms of a
uniformizing parameter 7 of V', we note that

for 0<j <Il+1

there exist unique
Aj(v) e Kforallv € Z
with A;(v) = O0forv <e; )
andife; € Zthen A;(e;) # 0

such that

ej<v<oo

In case zp, z1 belong to V', we may visualize x = z;(T),y = zo(T') as giving
a parametrization of a branch of a curve in the (x, y)-plane centered at the point

(z1(0), z0(0)).

To continue our construction by a (V, K)-presequence we mean a sequence

(zij» €ijs Pijs Ay (V)5 €y Ziniy Ivez0< <l +1,0<i <k With k€ € N

where
(zij» €. Pij» A?;(i)(v)’ e;(i)’ Z?;(i))VGZ,OSjSl(i)+1

is a (V, K)-protosequence for 0 < i < x with

(Ziiy 2it6)) = @i+1,0,2i+1,1) for 0 <i <« (11)

and
e l(kK)+1 = 0. (12)

Now given any pair of elements (zg, z1) in L™ with ordyz; # 0, clearly there exists
a unique (V, K)-presequence

* * *
(zij» €ijs Pip» Ay (V) €y Zaggiy v ez, 0= <1 +1,0=i <«

with (200, z01) = (20, 21), and we call this the (V, K)-preexpansion of (zo, z1)-

In a moment we shall relate the above expansion with the characteristic terms
coming out of Newton’s fractional power series expansion. To do this we start off
with a string of definitions in the following Remark.

Remark on GCD dropping sequence (3.2). A GCD sequence is a system d consist-
ing of its length 2(d) € N and its sequence (d;)o<i <h(q)+2 Where do = 0,d; € N,
for 1 <i <h(d)+1,d; € di1Zfor 0 <i < h(d), and dj(ay42 € R. A charseq
(= characteristic sequence) is a system m consisting of its length s(m) € N and
its sequence (m;)o<i<h(m)+1 Where mo € Z*, m; € Zfor1 < i < h(m), and
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Mpym)+1 € R. Given any charseq m with h = h(m), its GCD sequence is the GCD
sequence d = d(m) obtained by putting 2(d) = h, and d; = GCD(my,...,m;i—_1)
for 0 < i < h + 2; its reciprocal sequence n(m) is the sequence n = (1;)1<i<h+1
obtained by putting n; = dy/d; for 1 < i < h + 1; its difference sequence is the
charseq ¢ = g(m) obtained by putting i(q) = h with ¢; = m; for 0 <i < 1 and
qi = m; —m;_q for2 < i < h + 1; note that clearly d(q) = d(m). Given any
charseq ¢ with i = h(q) and d = d(q), its inner product sequence is the charseq
s = s(g) obtained by putting h(s) = h with so = go and s; = }_,_;; q;d; for
1 <i < h+ 1, and its normalized inner product sequence is the charseq r = r(q)
obtained by putting 4(r) = h withrg = sp and r; = s;/d; for1 <i <h + 1. Note
that then d(r) = d(q).

Let us also note that if my1; = oo then gp11 = Sp1 = rpy1 = dpyp = 00
by the infinity convention according to which: for all ¢ € R we have co £ ¢ = oo
and —oo & ¢ = —oo, for all ¢ € Ry = the set of all positive real numbers we have
ooc = 00/c = 0o and —ooc = —oo/c = —o0, and we have co 4+ 0o = oo.

It is worth observing that any one of the four sequences m, g(m), s(q(m)),
r(g(m)) determines the other three.

Given any charseq m, by the characteristic pair sequence of m we mean the
sequence (71, (m), 1 (m))1<i<h(m) defined by putting 7m; (m) = m;/d;+1(m) and
ni(m) = di(m)/di+1(m) for 1 < i < h(m); we call m(m) = m;(m)1<i<n(m) the
derived numerator sequence of m, and we call n(m) = n;(m)1<i<n(m) the derived
denominator sequence of m.

A charseq m is upper-unbounded means mp ()41 = 00.

For any set of integers J which is bounded from below and for any nonzero
integer /, we define the GCD-dropping sequence m = m(J,[) of J relative to [ by
saying that m is the unique upper-unbounded charseq with my = / and m; = min J
such that for 2 < i < h(m) + 1 we have

m; = min{j € J : j is nondivisible by GCD(my, ..., m;_1)}.

If F(X,Y) is a monic polynomial of positive degree N in Y with coefficients in
the univariate meromorphic series field K((X)) over an algebraically closed field K
with N # 0 mod (ch(K)) such that F is a power of a monic irreducible member
of K((X))[Y], then by Newton’s Theorem on fractional meromorphic series expan-
sion, we can factor

FrV, )= [] ¥ —=ni(D)] with 5,(T) € K(T)).
1<i<N

Clearly Supprn;(T) is independent of i; we denote this common support by
Supt(F) and call it the newtonian support of F. We define the newtonian charseq
m(F,1) of F relative to a nonzero integer [ by putting m(F, 1) = m(Supt(F),[).

In [4], we had assumed F(X,Y) € K[[X]][Y] and [ = N. In Sect. 4, we shall
now reprove the assertions of [4] for the somewhat more general case of F(X,Y) €
K((X))[Y]and! = £N.
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First binomial lemma (3.3). Let us consider the univariate meromorphic series field
K((T)) overafield K.Lety € K((T))* and z € K((T')) be such that

ordry =v <w = ordrz
with . .
incory =1 and incorz = ¢.
Then for any n € Z we have

(y +2)" =y +7 where y = y" € K((T))* and 7 € K((T))
with incory’ =1’ and incor? = ¢’

are such that subry’ C subry

with ordry’ =nv=v <w = m—1)v+w < ordr? ®)
and w —Vv =w—v with n ="

andifn £ 0 mod (ch(K)) then ord7z = w' with ¢’ = ntn™~1.

Moreover, assuming n % 0 mod (ch(K)), we have that:

ifordr(y —nT") =w (1)
then ordr (y' — n'T") = w'
whereas
if y € K(T%)) and w/d ¢ 7Z for some d € N @9
then for that d we have y’ € K((T%)) and w'/d ¢ Z
while
if y € k((T')) and ¢ ¢ k for some subfield k of K 3*)
then for that k we have y’ € k((T")) and incorz’ & k.

Proof. (1*)—(3%*) follow from (e). So it suffices to prove (). If n € N then we are
done because by the binomial theorem we have

/ L W _ n—1 n
z = Z (l,)zy = nzgy +--t+ 2z
1<i<n

If —n € N; then we are done by applying the geometric series identity to the
previous case. In greater detail, if —n € N then by the previous case we can write

(y+2"=y+2 where y=y™ € K(T)" and Ze K(T))

with

incory =7 and incorz = ¢
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are such that subry C subry with

ord;ry =—nv=v<w=(—n—1)v+w<ordrz
and
W—v=w—v with =n"

and

if %0 mod (ch(K)) then ordrz =w with & = —nln "L
By the geometric series identity (1 + X)™' =1 — X + X2 — ... we get

O+ =y A+ @M T =y Iy Y
and

e Uy TR G A VR W R A VAR
with subry ! C subry, and therefore the desired result follows by taking

-1

y =3 and 7 =-2y5 242y > —....

Second Binomial Lemma (3.4). Let K be a root-closed field and let us consider the
univariate meromorphic series field K((7")). Let y € K((T))* and z € K((T')) be
such that
ordry =v <w = ordrz
with
incory =1 and incorz = ¢.

Letn = p/q where p and ¢ are integers with ¢ > 0 and GCD(p, ¢) = 1 such that
q # 0 mod (ch(K)) and pv = 0 mod (q). Then mantrawise (= briefly sugges-
tivewise) we have (o) of (3.3), i.e., bhashyawise (= precisely detailwise) we have
that:

there exists y’ € K((T))* with (y')4 = y? and subry’ C subry

and for any such y’ there exists 7 € K((T))* such that

upon letting x = y’ + 7/ with incory’ = 7’ and incorz = {’

we have x4 = (y + 2)? ()
with ordry’ =nv=Vv <w = m—1)v+w < ordr?

and w —Vv =w—v with ()7 =n?

andif p Z#0 mod (ch(K)) then ord7z = w' with ¢¢' = p&n'/n.

Moreover, assuming p % 0 mod (ch(K)), we have (1*)—(3*) of (3.3).



104 S.S. Abhyankar
Proof. (1*)—(3%*) follow from (F). So it suffices to prove (). Since the field K is
root-closed, we have £§9 = n? for some § € K. Applying Hensel’s Lemma to
Y? — (1 + X)? we get an identity in K[[X]] saying that

(A1 4+b1X +bX*+...) =1+ X)? with by,by,... inK. (1)
Differentiating both sides with respect to X and then putting X = 0 we get

qb1 = p. (2)

Substituting X = yn~'T™" — 1 in (1) and letting

Y =6 4bi o T = 1)+ by ' T = 1) ... ) T@a

we get y' € K((T))* with (y")? = y? and subry’ C subry.
Now let y’ be any element of K((7))* such that

() = y? and subyy’ C subry. 3)
Then letting incory’ = 1’ we clearly get
()" =n". )
For any x € K((T')) we have
XM=+ & (x/y) =1+ @/y)”

which follows by dividing the LHS by (3), and hence substituting X = z/y in (1)
and letting
x =y (1 +b1(z/y) + b2(z/y)* +...)

we get x € K((T))* such that x4 = (y + z)? and

x—y' =y (bi(z/y) + ba(z/y)* + ...). (5)

Now letting 7 = x — y’ and incorz’ = ¢’, by (3)—(5) we see that 7/ € K((T')) and
x =y’ + 7 with

ord7y ' =nv=Vv <w =m—-1)v+w<ordrZ and w —V =w—v
and

if p#£0 mod (ch(K)) then ordr? =w' with g¢’ = p{n'/n.
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Note. Lemma (3.3) was not used in Lemma (3.4). So the former was reproved in
the latter. The former used the Binomial Theorem for integer exponents, while the
latter used the Binomial Theorem for fractional exponents in disguise. Removing the
disguise, Mantrawise, Lemma (3.4) follows by saying that by the Binomial Theorem
for fractional exponents we have

4" =y"(1+n(y/2) + nn—1)/2)(y/2)*> +...)

and so we are done by taking y' = y" and 77 = (y + 2)" — y’; but care has to
be taken when ch(K) # 0. In spite of what was said in the Introduction, we shall
not directly use (3.4), i.e., we shall not explicitly use the Binomial Theorem for
fractional exponents, but really it is lurking everywhere!!

Remark on special subfields (3.5). The essence of the above two Binomial Lemmas
(3.3) and (3.4) is the Invariance of the Gap, i.e., the equation w’ —v' = w—v, which
underlies all the claims of [4] as well as their generalization in the present paper.

Now consider the univariate meromorphic series field K((7')) over a field K.

The two cases (2*) and (3%) of (3.3) and (3.4) can be unified by introducing the
notion of the (7, S)-gap v of y(T) = T o_; <o Ai T' with A; € K and Ao # 0,
where S is any subfield of K((T)), by putting v = min{i € N : A4;T" ¢ S}, in
case (2*) we take S = K((T'%)) and in case (3*) we take S = k((T)). To include
the ordinary gaps as in case (1%), like the gap of length 4 between T and T? in
T + T35+ T®+ ..., wehave to allow S to be the null ring, which is not a subfield
of K((T')) under the usual convention. This is why we introduced the notion of a
special subfield.

More generally, we define a quasispecial subfield S of K((T)) to be either the
nullring S = {0} C K((T)) or a subfield S of K((T)); if S C K then we may
call S a quasispecial subfield of K. Now let S be a quasispecial subfield of K((T)).
Givenany y = y(T) € K((T))™ let

y(T)=T°¢ Y AT with ordr,(T) =e and 4; € K with Ag # 0

0<i<oo

and
min{i e Ny : ;T ¢ S} if § = {0}
min{i e N: A;T' ¢S} if S # {0}

with the convention that the minimum of the empty set of integers is co. We define
the (7, S)-gap and the (T, S)-coefficient of y(T) by putting

A, ifv# o0

gapr,sy)y(T) =v and coef(r s)y(T) = .
0 ifv=oo.
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We are particularly interested in the following cases (1%), (2%), (3%) of a quasispecial
subfield S of K((T)); note that in each of these cases S is a special subfield of
K(T)).

S ={0}; (1‘1)
note that then v = ordr (y(T)T ¢ — Ao).
S = K((T?)) where d € Ny ; %
note that then v = min(Suppz (y(T)T~¢ — Ay) \ dZ).
S = k((T)) where k is a nonnull special subfield of K;
min{i € Ny : A; €k} if Ag € k (3%

note that thenv =
if Ag € k.

To prepare for proving the next Lemma (3.6), let S' be a quasispecial subfield of
K((T)) and let y(T),z(T),x(T) in K[[T]]* be such that

yT)=T Y AT with ordry(T) =1 and gapr.5)y(T) =v

0<i<oo

and
AT)=T Y  B;T/ with ordrz(T) =1 and gap(r,s)2(T) = w
0<j<oo
and
x(T)=y@T)=T Z C;T" with ordrx(T) =1 and gap(r.s)x(T) = 7
0<l<oo

where A;, B, C; are in K with

Ao #0# Bo # 0# Co
and where we note that now e = 1. For 0 </ < oo we clearly have

i+1
qr! = Z A;T' x the term of T-degree [ — i in Z B;T’

o<i<l 0<j<l—i
and hence

or! = AoBiT! + BoAiT + Yoo AiT Dy if 1 #0 o
AoBo if1 =0
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with . '
Dy=> M, [] B;TH (II)
0<j<l—i
where 3* indicates summation over all (Ao, ..., A;_;) € NV7i*+1 for which
Yo ja=1—i (111
0<j<l—i

and M, is the multinomial coefficient

(i +1)!

My =T
S PR P

We shall now prove the following assertions:

(HIf0 <i <! < oowith! < min(v,w) then A;T'D; € S.

(2) T = min(v, w).

B)Ifv<wthenm =vand C,T" — ByA,T" € S.

@ Ifw<vthenm =wand C,,T" — A¢B,,T" € S.

(5)Co— AgBy =0¢€ S.

6)If0 #v=w7# ocothen C,T" — (49 B, T" + BoA,T") € S.

(M Ifx(T) =T thenv =wand AgBy = 1.

@) Ifx(T)=Tand 0 # v =w # oo then AgB,T" + BoA,T" € S.

av)

To prove (1) let 0 < i < < oo with/ < min(v,w). Since 0 < i <[ < v, we
get A;T" € S.If S = {0} then A; T’ = 0 and hence 4, 7' Dy =0 € S.If S # {0}
then 1 € S and because i < [ < w, every term in each product involved in (II)
belongs to S, and hence again 4, 7' D; € S.

To prove (2) let 0 < I < min(v, w). Then AoB;T! € S and BoA;T! € S, and
hence by (I) and (1) we get C;T! € S. It follows that 7 > min(v, w).

To prove (3) let v < w. If v # 0 then A¢B,T" € S and hence by (I) and (1) we
get C, TV — BoA,T" € S;but By € S* with A, T & S and therefore C, T & S,
consequently by (2) we see that 7 = v. If v = 0 then Ay ¢ S with By € S and
hence by (I) we get Co — BoAg = 0 € S with Cy & S and therefore 7 = 0 = v.

To prove (4) let w < v. If w # 0 then By A,, T" € S and hence by (I) and (1) we
get C,, TV — A9 B, T" € S;but Ay € > with B,,T" ¢ S and therefore C,,T" & S
consequently by (2) we see that 7 = w. If w = 0 then By & S with Ag € S and
hence by (I) we get Co — Ag By = 0 € S with Cy & S and therefore 7 = 0 = w.

By (I) we obviously get (5). By (I) and (1) we see thatif 0 # v = w # oo then
C,T'— (AoB,T" 4+ BpA,T") € S, which proves (6).

If x(T) = T then m = oo with Cy = 1, and hence by (3) and (4) we getv = w
and by (5) we get A9 Bo = 1, which proves (7).
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Ifx(T) = Tand 0 # v = w # oo then 1 = oo, and hence by (6) we get
AoB,T" + BygA,T" € S, which proves (8).

Gap Lemma (3.6). Consider the univariate meromorphic series field K((7")) over a
root-closed field K. Let y(7T') and z(T) in K((T"))* with

ord7 y(T) = e # 0 # € = ordrz(T)
be such that

yTI)=T° > AT and «(T)=T¢ > B;T/

0<i<oo 0<j<oo

where
A; and B; arein K with Ay # 0 # By.

Assume that e # 0 mod (ch(K)) and € # 0 mod (ch(K)). Then by Hensel’s
Lemma, there exist Y(T') and Z(T) in K[[T]]* with

ordry(T) = 1 = ord7z(T)

such that
Y(T) = y(T) and Z(T)¢ = z(T)
and . .
YI)=T > AT and AT)=T » BT’/
0<i<oo 0<j<oo
where

A; and B; arein K with A§ = Ag # 0 # By = B§.
Given any special subfield S of K((T)) let

gapr.5)y(T) =v with gap (7)) =7
and
gap(r.5)dT) =w with gap 2(T) = W.
Assume that
v#0#w.
Then A
v =7 with COCf(T’S)y(T) = (Coef(T,S),‘)?(T)) eAg—l (1)

and
w=w with coefr 5z(T) = (coef(T,S)/z\(T)) e/l?f)_l. 2)
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Moreover, R
if @(T))=T then v=w and AoBo =1 3)

and
if Y@(T)=T and oo #v=w# oo then

- ~ “4)
(coef(r,5y2(T)) e AGT" + (coef(r,5)y(T)) eBET" € S.

Proof. (1) follows from (3.3) by noting that v > 0 and taking

movowy)=|elV+1.T Y 4T .T Y AT

0§i</v\ v<i <00
and (2) follows from (3.3) by noting that w > 0 and taking
(movowy.2) = e Lw+ 1T Y BT T Y BT
05i<7‘7 $5i<oo
By (3.5)(IV)(7), we see that
if G(T))=T then V=% and AgBo =1 ()
and by (3.5)(IV)(8) we see that

if Y@(T)=T and v=w # co then

” R A - R - (//)
(COCf(T,S)Z(T)) AoT" + (COCf(T,S)y(T)) BoT" € S.
Now, in view of (1) and (2), by (') we get (3), and by (") we get (4).

Remark on gap lemma (3.7). We shall now paraphrase (3.6) by using the language
of DVRs.

So let VV be a DVR with
V CV =the completionof V' and QF(V) =L C L= QF(/I)).
Let 7' be a uniformizing parameter of V. Assume that ch(L) = ch(H(V)) and let
K be a coefficient field of V. Note that then V' = K((T")). Assume that H(V'), and
hence K, is root-closed.
Givenany y = y(T) € K((T))* andz = z(T) € K((T'))* let
ordry = e with incory = A and ordrz = € with incorz = B.

Since K is root-closed, we can choose

Ae KX with (A=A and B € K* with (B)¢ = B.
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Assuming e % 0 mod (ch(K)), with the chosen A, by Hensel’s Lemma there
exists a unique y = y(T) € K((T))™ such that

()¢ =y and ordry =1 with incory = A.

Clearly 6(T) — 0(y(T)) gives an automorphism K((T)) — K((T')) and hence
there exists a unique Z = Z(T') € K((T"))* such that

20(T)) = «T).

We call z = Z(T') the (V, K, T')-expansion of z in terms of y relative to A, or briefly
we call z = Z(T') the (V, K, T')-expansion of (z, y, A). Concerning the dependence
of this expansion on A, let us note that

if A* is any other member of K with (4*)¢ = 4

then w = Z*/Z is an e-th root of 1 in K

and for the (V, K, T)-expansion z* of (z, y, A*) ®)
we have 2*(T') = Z(wT)

and hence Supp7z*(T) = Suppz(T).

Assuming e #0 mod (ch(K)) but without assuming any condition on e,
with the chosen A, in view of (b) we may put

m(z,y,V,K) = m(Supprz(T), e)

(because Supprz(T) is independent of 2) and call it the (V, K)-charseq of (z, y).
Also assuming € # 0 mod (ch(K)), with the chosen B, by Hensel’s Lemma
there exists a unique 7 =Z(T') € K((T))* such that

() =z and ordrz= 1 with incorz = B.

Clearly 6(T) — 6(Z(T)) gives an automorphism K((T)) — K((T')) and hence
there exists a unique y = J(T) € K((T))* such that

Y(ET) = y(D).

Note that now 7 = 3(T') is the (V, K, T)-expansion of (y. z. B).
Again clearly there exist unique z(7") and y(7') in K((T)) such that

d@EM) =AT) and y'ET)) = I(T). (o)
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Substituting the first equation of () in its second, we get

Y @) =3(1)

and hence
Yy =1 (1)

Raising the second equation of (e) to the e-th power and the first to the e-th power
we get
YT =F(T) and ZN(T) = T). 2)

By the first equation of (e) we get
ordrz/ (T) =1 with incorz’(T) = B/4 3)
and by the second equation of (e) we get
ordry™(T) =1 with incory™(T) = 4/B. (4)
Now we claim the FIRST INVERSION THEOREM which says that:

Given any special subfield S of K((T)),
upon letting gap(r,s)¥(T) = v and gap(r,5)2(T) = w,
we have the following.
(1*)Ifv #£ 0 £ wthenv = w. @D
(2* If oo # v # 0 # w # oo then
(coef(r,5)Z(T)) e AT + (coef(r,5)¥(T)) € BETeT” € S.
(3" If S = K((T?)) for some d € Ny then 0 # v = w # 0.

Namely, in view of (1)—(4), by (3.6)(3) and (3.6)(4) we obtain (1*) and (2%)
respectively. If S # {0} then by definition v # 0 # w and hence by (1*) we
get (3%).

Next we claim the SECOND INVERSION THEOREM which says that:

Upon lettingm = m(z, y, V, K) and m’ = m(y,z, V, K)

we have 0 # h(m) = h(m’) #0

and e = mo = m’} with e = my = m,
ande—e=m;A—efor2§/L§h(m)+l (Im
and dq(m) = |e| with d1(m’) = |¢|

and dy(m) = dy(m’) = GCD(e, €)

and d,,(m) = d, (m’) for2 < u < h(m) + 2.
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Namely, everything is obvious except the assertion /2 (m) = h(m’) together with the
assertions that for 2 < u < h(m) + 1 we have

my —e=m, —e and dyy1(m) = dy+1(m').

Clearly the assertions about i(m) and d;,41(m) follow from the assertion about
my, — €. By induction on p let us prove that for 1 < u < h(m) + 1 we have

— I
my —€=m, —e.

For p© = 1 this is line 3 of (IT). To go from w to u + 1 can be achieved by taking
d = dyii1(m)

in (I)(3*). This completes the proof of (II).

Remark on valuation protoexpansions (3.8). To merge Remarks (3.1), (3.2), and
(3.7), let V be a DVR with

V C V = the completionof V and QF(V) =L C L = QF(V).

Let T be a uniformizing parameter of V. Assume that ch(L) = ch(H(V)) = 0and
let K be a coefficient field of V. Note that then V = K ((T)). Assume that H(V),
and hence K, is root-closed.

Given any pair of elements (zg,z1) in L™ with ordyz; # 0, by (3.1) and (3.7)
there exists a system

(zj.ej. pj  AF ), ef 2 A (v), A, A (), mY 2 ven 0 <i41

where
(zj.ej.pj AT (V). €] 2] vez0<j<i+1

is the (V, K)-protoexpansion of (2o, z1) as described in (3.1)(1)—(3.1)(8) with 4 ; (v)
as in (3.1)(9) and (3.1)(10), and

for 0<j<l+1
we have

A; e KX with (4,)%/ =incorz; ifj #1+1,
A; e K*with (4,)¢/ =incorz;, ifj =1+ landz #0, (1)
A;j=0ekK if j=I+1landz,, =0,
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and
m(zj,zj+1.V, K) ifl #£j#1+1
) — m(zj,zj+1.V, K) if j=landz;41 #0 )
m(z;‘._l,zj_l,V, K) ifj=[l+1landzj4+1 #0
m(@,1) ifl<j<l+4+1landz4; =0
and y ~
Zj=%(1)=)Y_ A;()I" with 4;(v) € K 3)
VEZ

is the (V, K, T')-expansion of (Zj,Zj+1,Zj+1) incase [ # j # [ + 1, and in the
remaining cases:

if j=/landz;41 #0 @
then (3) is the (V. K, T)-expansion of (2,211, Aj+1)
and
ifj:l+1andzl+1750 (5)
then (3) is the (V, K, T')-expansion of (z}f_1 JZj—1, //Ij_l)
and
ifl <j <[+ 1andz4+; = 0thenin (3) we take ©)
;=2 (T)=0=A;(v)forallv € Z;

we call such a system a mixed (V, K, T))-protoexpansion of (zg, z1). It follows that

if 7741 # Othen e} = pe; + 141 = m;l—l)

0 ife; >v#0 mod (e) o
and A (v) = § A*(v/|e]) ifef >v =0 mod (e)
/LH(U —pre) ifef <v;
In view of (3.1)(5),
for 0<j<l-2
upon letting
/fj+2(v) € K for all v € Z such that
/fj+2(v) =0forv <e;4,and /Ij+2(ej+2) #0 (15
J

and %12 = 2j42(T) = X0 ) cyoo Ajr2(W)TY

is the (V, K, T')-expansion of (242,241, ﬁjﬂ)

we have 5 ~
Ajjo(v+ejin)=Aj(v+ej)forallveZ 2,
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and hence

upon letting mY+2 = m(z;42.2j4+1. V. K)
we have 0 # h(mY)) = h(mU+2) £ 0

andej i = mgj) = rhf)H_z) ande; = m' with ejyr = nﬁgﬂ_z)
andmf{)—ej :nﬁffﬂ)—ejﬂ forl <pu <hmW)+1 3;)

and di(mY)) = dy (M) = |ej 14|
and do(mY)) = da(mV+?) = GCD(e;, ej+1) = GCD(e,+1,€)+2)
and d,,(mY) = d,,(mY*?) for 1 < pu < h(mWY)) + 2.

and, in view of (3;), by taking (z, ¥) = (zj+1,2j+2) in (2.7)(II) we see that

0# h(m(j)) = h(m(j“)) £0
ande;i; = mgj) = mYH) ande; = m' with ejio = mng)
andmf{)—ej :mg+1)—ej+1for2§,u§h(m(j))+1 @)
and dy(m)) = |e; 11| with d; (mU+V) = |e; 4s] /
and do(mY)) = day(mV+V) = GCD(e;, ej+1) = GCD(e,+1,€;+2)
and d,,(mY) = d,,(mY+Y) for2 < pu < h(mW)) + 2.
Now (40) + -+ (4-1) =
for0 < j <I—1wehave0 # h(m©®) =h(mP) £0
and e = m(()o) and eg = mgo) withe;11 = mgj) ande; = mgj)
andm,(f)—eo =mg)—ej for2 < pu < h(m®) 4+ 1 O
and dy(m©) = |e;| with d; (m)) = |e;j 1]
and da(m©®) = dy(m)) = GCD(ep, e1) = GCD(e;,e;11)
and dM(m(O)) = du(m(j)) for2 < pu < h(m©®) 4 2.
Moreover, in view of (2)—(7) we see that
if 741 # 0 then A(mY*D) = (M=) —1
and e; = mgH) = mg_l)
and pje; + ej41 = mYH) = mg_l) withe;_; = mgl_l)
and m,(fﬂ) = mﬁli) for2 <p < h(m(H'l)) +1 an

and d;(m*V) = |¢;|

and d;(m?V) = |ej| = da(m"~V) = GCD(ey, e1-1)

and dy(m"*V) = d3(m?~V) = GCD(e;. €141)

and dy (m*V) = dyy 1 (mD) for2 < p < h(m*0) 4 2.
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Preamble for next lemma. Having dealt with case (3.5)(2%), turning to case
(3.5)(3%), let

S = k((T)) where k is a nonnull special subfield of K,

€ = an unspecified member of k>

(0 is called Abhyankar’s nonzero and may be read as 6),

4’ = an unspecified member of k 8)
(0’ is called Abhyankar’s constant and may be read as 6’),

gap(r.5)2; (T) = v, with coef(r.5)Z;(T) = Aj for0 < j <1

with the understanding that if z;; = 0 then v; = oo and A =0,

and let

4 = 2 AFg VY e Kl ©)
(er—1/lesN=v<@i—1+e;—1)les |1
and

D=z —Z}L € L with ordyz) = e} (10)

and let
G=2(T) = A)()T" with A)(v) € K (11)

VEZ

be the usual expansion in K((7")) and

if z'l’ #0
then let ) = zl(T) be the (V, K, T)-expansion of (zl,zl Ap) (12)
and let gap(7, 5y, NT) = vl with coef(T,S)zl (1) =

Finally let
B =gy /ST e X with ordy 2 = e (13)
and note that then
e'l’b =e¢. (14)

With the above notation at hand, we shall now prove the:

Coefficient lemma (III). We have the following.

(1%) If A; € k and vo > O then for0 < j <[ we have 4; € k, and for 0 < j <
I —1wehavev; =vowith A; =6 Ay +96'.

(2%) 241 #0 <& m(l D # 00 = m(l V- = prer +eit1.

(3*) If Al € kandv;_; = cothenv; = coand A; 1 € k withZ;_1(T) € k((T))
and A7 (v) € k forallv € Z.

(4%) If 4, e kand vi_y +m{™ > m{™ then z;,, # 0 with 4,4, € k and

v1+m2 D— +m§l Dwith 4, =04, +0'.
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(5%) IfAl € kandv;_ 1+m(l D < mg D thenzl #* Oandvl = 0 with A" Ay
andel =vi_1+e—1 =0 mod (e)).

(6%) If Al € k and vj_; # oo with vj_; + m(l D= 51—1) then zj4+; # 0 # Z'l’
andvl —Ow1thA" Aj_ 1andel =v_1 +e—1 #0 mod (¢).

(7%) If Al € k and vy = 0 then incorzo =0 Ag € K \ k and

1nc0TZ',’b

=0 AL with E = (=1)!*1(e,/e)) € 2.
incorz;

Prenote. In the statements as well as proofs of (1¥)—(7*), some quantity such as
v;—1 may take the value oo, and then the reader is advised to follow the infinity
convention described in the second paragraph of (3.2).

Note. In the following proofs of (1#¥)—(7%*), we shall frequently invoke two obvious
but very useful principles which in the context of (8) may be stated thus. The MP
= MULTIPLICATIVE PRINCIPLE says that if A j+1 € k and Z# € L is such that
&= -GZjZfH with p € Z then: z* # 0 and upon letting z#(T) be the (V, K, T)-

expansion of (zﬁ, 241 A j+1) and putting
gap(r.5)2 (T) = v* with coef(r )z} (T) = A*
we have
v =v; with A¥ =6 A; and: if v; > 0 then {incorz, incorz,} C k.
The AP = ADDITIVE PRINCIPLE says that if 4 j+1 € k and z* € L is such that

M =zj—214fj(v)'2j‘7+l where 0 € Z with 6 <v; +e¢;

v<6

and where Zj+1 =7Z;+1(T) € K((T)) is such that
e

+1 . ~ n
21 =2j+1 and incorZjy1 = Aj

then: z# = 0 and upon letting ordvzmi = ¢* and upon letting 7*(T') be the
(V, K, T')-expansion of (zm*,zjﬂ A,+1) and putting

gap(T,S)E##(T) = v with coef(T,S)ZW(T) = A%

we have B B
LIPS v; +e; with AW = Aj.



Inversion and Invariance of Characteristic Terms: Part I 117

Proof of (1*). In view of an obvious induction, it suffices to show that, given any
integer j € {0,...,/ =2} with A;1; € k andv; > 0, we have {A;, A 42} C k
and v; = vj4q with A; = 0 A4 +0 . Now for any j € {0,...,] — 2} with

o~

Ajy1 €kandv; > 0,by (2;) and MP we see that
{Zj, 2j+2} C k and gap(r,5)%j+2(T) = v; with coef(r,5)%+2(T) = 9 A4;
and by taking (z, ¥) = (zj+1,2j+2) in (3.7)(I) we see that
gap(r,$)Zj+2(T) = vj41 with coef(7,5)Zj12(T) =0 Aj11 +6'

and by combining the above two displays we get {//Ij, 2j+2} Ckandv; = v
with AJ' = '9Aj+1 +'9'/.

Proof of (2*). In view of (2), this follows from (3.1)(6) to (3.1)(8).

Proof of (3*). In view of (1)—(7), this follows from (3.1)(6) to (3.1)(8) together
with (3.7)(D).

Proof of (4*). Assuming Zl €ekandv;_; + mgl_l) > mg_l), by (2*) we have
21 € k with ;51 # 0 and mg_l) = pre; + ej41q F# oo. (0%

To prove that

21“ € kandv; + mg_l) =vi_1+ m&l_l) with 4] =0 A;_, (69

we proceed thus. In view of (3.1)(8), by (0) we have
A; € k with 74 #0andz) =z z/41. (1%

LetZy = 27 (T) be the (V, K, T')-expansion of (7}, z7, 21) and let
1 1 1
gap(r,5)z; (T) = v} with coef(r,5)z (T) = A]. 2%

Clearly
ordyz_y = mi{™P (3%

and by (0%) and (1%) we see that

ordyzf = md . @
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In view of (3.1)(8), by (2*)—(4%) and AP with z; = z;_; and z# = z} it follows that
v+ mgl_l) =v_1+ m(ll_l) with /f}" = A;_q. (5%

Let Z;+1(T) be the (V, K, T))-expansion of (z;41, 27, Zl) and let
gap(r,5)%1+1(T) = V141 with coef(r.)2111(T) = Aj41. (6%

By (5%) we see that v/ > 0, and hence by (1%), (6%) and MP with (Zﬂ,Zj, Zj4+1) =
(2] 2141, 21) we get

Ajgy €k and ¥y = vi with Ajy; =9 A7, (7%
In view of (6%) and (7%), by taking (y.z) = (z7.z741) in (3.7)(I) we see that
Vg1 = v with Ao =0 A4; +6. (8h

Combining (5%), (7%) and (8%) we get ().

Proof of (5*). Assuming 2; € kandv;_; + mgl_l) < mg_l), in view of (9)—(12)

and (3.1)(6)—(3.1)(8), by (2*) we see that
z'l’ # 0 with e'l’ =vi_1+e_1=0 mod (¢)

and hence, in view of (9)—(12) and (3.1)(6)—(3.1)(8), by AP with z; = z;_; and
M= z'l’ we see that
v'l’ = 0 with /f;’ =A;_,.

Proof of (6*). Assuming 21 € k and vj_; # oo withvj_; + mgl_l) = mg_l), in
view of (9)—(12) and (3.1)(6)—(3.1))(8), by (2*) we see that

241 # 0 # z}’ with e;’ =v_1+e—-1#%0 mod (¢)

and hence, in view of (9)—(12) and (3.2)(6)—(3.2)(8), by AP with z; = z;_; and
M= z'l’ we see that
v'l’ = 0 with /f? =A;_,.

Proof of (7*). Assuming Zl € k and vy = 0, we clearly have

incorzo =9 Ag € K \ k. (0
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To prove the equation

1nc:0Tz'l’b

=0 AL with E = (=1)'T'(e1/e)) € 2" ()
incorz

we define the euclidean postextension of the integer pair (eg, e1) with e; # 0 to
be the sequence pair ((e;)oijfl+1, (P})osjgl) obtained by putting e;. =ejor0

accordings as 0 < j <lorj =141, and p;. = p; or e;_1/e; accordings as
0<j <l—1orj =I.Note that now

e;-_l = p}e} +e;Jrl forl <j <I. (1)
Given any integers eg, €7, let us define integers e;, ..., ¢/, | by requiring that
ey =piei+el forl <j <L 2"

Let M; = (Z;’,_l Z,’,)forl <j<l+1l,and N; = (1 -7 )forl <j <l
=1 €
Then

M;N; = M;1 with det(N;) = —1 forl1 < j <! (3)
and hence
det(M;41) = (—1)" det(M,). )
Clearly det(M;+1) = ej, e, and if (eg,ef) = (1,0) then det(M;) = —e;.
Therefore
if (eg.e}) = (1,0) then e}, = (=1)'*'(e1/e). (5)

Let the sequence (z;)o<;</+1 be defined by putting Z; = z; or z—1/ zf’ according
as0<j <lorj=1[1+1.Then

4y = @), forl<j <L (6"

Assuming A € K* to be such that incoTz’j =9 A% for 0 < j < 1,by (1), (2),
and (6') we see that
incorz; =6 A%

for0 < j <[ + 1; consequently by (5") we conclude that
if (eg,e]) = (1,0) and A € K* is such that

incorz; =6 A% for0 < j < 1, (7
then incorz), | =6 AL with E = (=1)'T'(e1 /e;) € Z*.



120 S.S. Abhyankar
By (13) and (14) we have

incorz?b

. / _
lnCOTZl_H = M

and hence by taking A = Ao in (7') we get ().

Remark on valuation preexpansions (3.9). For further merging of Remarks (3.1),
(3.2), and (3.7), let V be a DVR with

V CV =the completionof V' and QF(V) =L C L= QF(f/\).

Let T be a uniformizing parameter of V. Assume that ch(L) = ch(H(V)) = 0and
let K be a coefficient field of V. Note that then V = K ((T)). Assume that H(V),
and hence K, is root-closed.

Given any pair of elements (zg,z1) in L with ordyz; # 0, by (3.1) and (3.8)
there exists a system

@i €is Piis Ay (V) €5y 2y A1)y Ay Ay (), m ™ Zg) e 0 <1y +1,0i <
such that
(zij» €ij» Dij» A;(i)(v)’ e;(i), Z?}(,‘))vez,osjsl(i)+1,051‘5:(

is the (V, K)-preexpansion of (zg, z1) and
(zyj» €3> Pijs Ay (V) €y Ziys A (V) Ay, Ay(v), miD, Zij)ver,0<j<l()+1

is a mixed (V, K, T)-protoexpansion of (z;jg,zi1) for 0 < i < k; in analogy with
a mixed protoexpansion, we call such a system a mixed (V, K, T')-preexpansion of

(20, 21)-
Let us record that, for 0 <i < x € N, by (3.1)(1)—(3.1)(5) we now have a pair
of sequences

((ei)o<j<irs (Pi)o<j<1))
of integers e;; € Z and p;; € Z with [(i) € Ny such that:

(1) pio =0 # ey,

(2) ej,j—1 = pjje;j + e j+1 with pj; #0< eij+1 < |€U| forl <j <I@i)—1,
(3) lejl > leu)| = GCD(eio, €i1) = GCD(ejo, - .., €igy) for 1 < j <1(i) —1,
@) I(i)=1<% ejp=0 mod (e;),

(5) zij—1 =2, 2 j+1for1 < j <I(i)—1.

Let us also record that (3.1)(6)—(3.1)(12) and (3.8)(1)—(3.8)(7) hold with obvious
modifications. Note that (3.1)(11) is used in proving (II) below.
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Now rewriting (3.8)(I) and (3.8)(II) in terms of the difference sequence g (m)
defined in (3.2) we respectively see that

for0<j <I(i)—land0<i <«
we have 0 # h(m@9) = h(m)) £ 0
and ¢;; = mgo) and e;g = mgio)
withe; j41 = mgj) and e;; = mgij)

and qu(m(io)) — qu(m(ij)) for2 < p < h(m(io)) +1

and dy (mU%) = |e;1| with dy(m) = |e; j11]

and da(m9) = dy(m)) = GCD(e;9, €i1) = GCD(eyj, €1, j+1)

and d,,(m9) = d,,(m) for2 < u < h(m") 42

@

and

for0 <i <«
we have h(m U T1:9) = h(m@GHO-D) _ 1
m(()i+l,0) _ mg,l(i)—l)
§i+1,0) _ mg,l(i)—l)

@,1()—-1)
1

and e; 41,1 = =€)

and e 1,0 = m = Pii)ei) T €ili)+1
and e; j;)—1 = m
and ¢, (m+19) = g, (MO for2 < p < h(mU+19) 4 1
and di (mH10) = Jej 41,1

and dy (m D7) = |ey)| = da(m@O=V) = GCD(eiy. er.16)-1)
and da(m*19) = dy(m@HO=V) = GCD(e;+1,0, €i+1,1)

and d,, (m10) = d,, 1 (MG O=D) for 2 < pp < h(m+19) 42,

ey

Combining (I) and (II) we get the concise THIRD INVERSION THEOREM
which shows the power of the difference sequence and which says that:

for0<j <I(i)—1and0<i <«

we have h(m)) = h(m©) —;

and go(mW)) = eij+1 =ordyz; j+1 withz; j4+1 € L™ am
and ¢, (m#)) = e; = ordyz; with z; € L™

and qu(m(ij)) = qul.(m(oo)) for2 < pu < h(m@) + 1

and dy (m) = d;y.4:(m©) for 2 < p < h(m@) 4 2.

Remark on root-closed fields (3.10). The concepts of root-closed fields and special
subfields, as well as Newton’s Binomial Theorem for fractional exponents, all lead
to the idea of root extraction, which in turn inspires the following generalization (I)
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of a 1936 result of F. K. Schmidt, where we use the terminology according to which:
By a quasiroot-closed pair we mean a pair (R, I) consisting of a domain R and a
nonzero ideal 7 in it such that

for every a € I we have b)) = (1 + a) for some b, € R

for infinitely many n € N,..

By a quasiroot-closed domain we mean a domain R such that (R, I') is a quasiroot-
closed pair for some nonzero ideal I in R. By N (R) we denote the normalization
of a domain R, i.e., the integral closure of R in QF(R).

(I) Let (R, I) be any quasiroot-closed pair.

(1) Then for every DVR V with QF(R) = a subfield of QF(V') we have R C V.

(2) More generally, for every noetherian domain W with QF(R) = a subfield of
QF (W) we have R C N(W).

(3) Moreover, if R is noetherian and W is any quasiroot-closed noetherian domain
with QF(R) = QF(W) then N (R) = N (W).

(4) Finally, if R is a DVR then for every normal noetherian domain W with
QF(R) = QF(W) # W wehave R = W.

Proof of (1). If R ¢ V then for some x € R we will have ordy (x) = —q with
q € Ny. Since I # {0}, we can take 0 # y € I. Upon letting a = yx™ for large
m € Ny we geta € [ and ordya = —p with p € N;. Clearly ordy (1 +a) = —p.
Now taking n > p, the equation b}, = (1 + a) implies ordyb, = p/n ¢ Z which
is a contradiction. Therefore, R C V.

Proof of (2). Follows from (1) by noting that by Theorem (4.10) on page 118 of
Nagata [28] A (W) is the intersection of all DVRs V with QF(W) = QF(V) and
W cCV.

Proof of (3). By (2) we get N(R) C N (W) with N(W) C N(R) and hence
N(R) = N(W).

Proof of (4). Follows from (2) by noting that there is no subring strictly between a
DVR and its quotient field.

Recall that a quasilocal domain R is henselian means it satisfies the following
condition: If f(Y) is any monic polynomial of degree n > 0 with coefficients in
R such that, letting f(Y') denote the polynomial obtained by applying Hg to the
coefficients of f(Y), we have f(Y) = g*(Y)h*(Y) where g*(Y) and h*(Y) are
monic coprime polynomials in H(R)[Y], then there exits unique monic g(¥) in
h(Y) in R[Y] such that £(Y) = g(Y)h(Y) with g(¥Y) = g*(¥) and h(Y) =
h*(Y). In order to apply (I) to this case, by taking

f¥)=Y"—(1+a) and n 0 mod (ch(H(R))
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we see that:

(II) If R is a henselian quasilocal domain which is not a field then (R, M(R)) is a
quasiroot-closed pair.

By (I) and (II) we get the following:

(II) If R and S are henselian local domains with R # QF(R) = QF(S) # S then
R=S.

In this connection, referring to [12], we note that:

(IV) Every complete local domain is henselian. The r-variable power series ring
K[[X1,...,X,]] over a field K with r € Ny is an r-dimensional complete local
domain which is normal and unequal to its quotient field K((X1, ..., X;)).

By (IIT) and (IV) we see that:

(V) If r and s are positive integers and K and L are fields for which we
have K((X1,...,X;)) = L((Y1,...,Ys)), then we have K[[X1,...,X,]] =
L[[Y1,....Ys]]andr = s.

4 Newtonian Expansion

In Remarks (3.1) and (3.9), we organized the valuation data in k¥ + 1 blocks
of sizes 1(0),/(1),...,I(k). Now we shall reorganize it in a single sequence of
length /(0) + I(1) + --- + I(k). To be more precise, the blocks were of sizes
[(0) + 2,...,1(k) + 2 where the last two members of a block essentially coincided
with the second and third members of the next block. Likewise the reorganized sin-
gle sequence will more precisely be of length [(0) +---+/(x) —« + 1. In Sect. 5, we
shall give a brief review of quadratic transformations and discuss invariance prop-
erties of newtonian characteristic sequences. In PART II, we shall revisit Newton’s
polygonal method and thereby deduce certain integral dependence properties of the
coefficients of fractional power series expansions.
Let V be a DVR with

V C V = the completionof V and QF(V) =L C L = QF(V)

and let K be a coefficient set of V. In (3.1) we have defined what we mean by a
(V, K)-presequence

(zij» €ij» Pij» A;(i) (v), e;(l.), Z;(i))vGZ,OSjsl(i)+1,05:‘5/(. (o)
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Note that then
k € Nwith I(x) € Ny,

2<li(i)eNyfor0<i <k,
zj € L with ordyz; = ey, (1)

z;(i) € L with ordvz;(i) = e;']‘(l.),

pij € Z U {oo} with A;’;(i)(v) €K,

where the quantities z;;, zi”;(i), Dij» Ai”;(i)(v) satisfy the conditions described in (3.1).
In particular we have ordyzgo = ego € Z with ordyzg; = eg1 € Z*. Moreover,
having noted that the pair (zg9, Zo1) uniquely determines (o), we have called (o) the
(V, K)-preexpansion of (299, 201)-

Now we define a (V, K)-sequence to be a sequence

(zj.ej pj, Bj(v),€(i),1(j))vez0<j<r0<i<c (o0)
where
k € Nwith A = €(k) € N4,
€(i)eNgfor0<i <k, (1%
€(i)y<e@+1)for0<i <k,
and
) max{i : 1 <i <k 4+ 1withe(@ —1) <j} if j >¢€(0)
W)= 2%
0 if j < €(0)
and
zj € L* withordyz; =e; € Zfor0 < j <A,
e1 #0<ejy; <lej|forl <j <A,
pj € Zfor0 < j < A with py = oo, ;
(3
po=0%# p;for2<j <Awithp; >0for3 <j <A,
Bj(v)e Kfor0<j <Aandv € Z,
Bo(v) =0forallv € Z,
with
e 0OinL ifj=A
Zjo1 — Z Bj(V)Z;(‘EJl/EJ) — J (41)

(ej—1/lej=v<oo Zj/Z/'H ifl=j<2
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are such that

ifjef{l,....,A} \ {€(0),....e(k)}
then B;(v) =0 forallv € Z (5
ande;_1/e; € Zwithe;_1 = pje; +e;41,

andzj 1 =2} zj41,

and
if j € {€(0),...,e(x)}
thene;_/e; € Zwithej_1/e; < p;(e;/le;l).
=0 ifv<(ej_1/le]) (6%
and Bj(v) { £ 0 ifv = (ej_1/lej])
=0 ifv>p;(e;/le;])and j # 4,

and we make the convention that
e(-1)=0 and ek +1)=occ. (7%

Any pair of elements (zg,z1) in L with ordyz; # 0 can clearly be embedded in a
unique (V, K)-sequence (ee) which we call the (V, K)-expansion of (z¢, 21)-

Note that if (z90,201) = (20,z1) then (e) and (ee) determine each other by the
relations

A=10)+---+1(k)—«k,
€@)=10)+---+1@G)—ifor0<i <k,

zj = zoj for 0 < j < €(0), 2N
2j =2, j+1—e-n forl <i <xande(@ —1) < j <e(i),
pj = poj for0 < j < €(0),
Pj = Dij+1-ei-1n forl <i <wande(i —1) < j < e€(i),
and
Bi(v) = A;(i)(v) forl <i <kandj = e€(i), ah

Z?/ZJ'H = z;(i) forl <i <k andj = €(i).

Descriptive Note (87). In a more descriptive manner, the i -th row of (e) as a “matrix”
looks like
Zi0sZils -5 i, 1(3)+1
and a slight trimming converts it into the i-th = (-th subsequence of (ee) which
looks like
Ze(i—1)>Ze(i—1)+15 - - - 5 Ze(i)—1
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with the convention (71) that e(—1) = 0; namely, for i = 0, delete the last two
terms of the i -th row whereas, fori > 0, delete the first and the last two terms of the
i-th row. Moreover, at the €(i)-th spot of (ee) with 0 < i < k we put the following
expansion with nonempty support:

Ze(i)—1 = (Z Be(i)(V)Z:(i)) + fo,-()i)ze(i)ﬂ-
v

In (ee), the basic sequence is (z;,e;, p;, Bj(V))vez,0<j<a. The remaining two
quantities €(i) and t(j) are determined by the basic sequence thus. The €(i) are
those values of j at which the support of the function v — B (v) is nonempty; we
label the €(7) so that they increase with i. The ¢(j) are the counters to locate €(i). In
other words, if j = 0,1,2,..., A are the markers of the train stations as we march
along the basic sequence, then €(i) is the label of a crowded station (say, a junction),
andfor0 < j < Awehave((j) =i & €(i — 1) < j < €(i), i.e., we have

€(yj)—1) =j <el()))
with the convention (7%) that e(—1) = 0 and e(k + 1) = oco. With this convention

we can write

e(-1)=0<e(0) <e(l) <---<ek) =A<o0o=c¢€(k +1).

Definition. Let 7" be a uniformizing parameter of V. Assume that ch(L) =
ch(H(V)) = 0 and K is a coefficient field of V. Note that then V = K (T)).
Assume that H(V'), and hence K, is root-closed. Given any pair (29, z1) in L™ with
ordyz; # 0, in view of (3.7) and what we have said above, there exists a system

(Zj’e] pjaB (v), (@), L(]) AJ(V) Aij (v), m ij)veZ,0<]</\ 0<i<k

=/ =SAVEIS

(eoe)
such that (ee) is the (V, K)-expansion of (z¢, z1) and
for 0<j <A
we have R R
Aj € K™ with (4;)®/ = incorz; (1)
and _
m =m(zj.zj41.V. K) 2)
and
Aj(v) e Kforallv € Z 3)
with A;(v) =0forv <e;jand Aj(e;) #0
and 3
Aj(v) € Kforallv € Z @
with A;(v) = 0forv < ejand A;(e;) # 0
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such that
=z(T)= ) AW (5)

ej<v<oo
is the usual expansion of z; in K((7T")) and

=M= Y AWwT (6)

ej<v<oo
is the (V, K, T')-expansion of (z;,z;j+1, ZJ-H) with the proviso that

if j = Athenm) =m(@,1)

- (7
andz; =7;(T) =0=A;(v) forallv € Z;

we call such a system a mixed (V, K, T')-expansion of (zo, z1)-

Since (o) and (ee) determine each other, referring to (3.2) for notation, (3.9)(III)
may be paraphrased as the:

First invariance theorem (I). For0 < j < A — 1 we have

h(m(j)) = h(m(O)) —u(j)

and qo(mY)) = ;41 = ordyz;4+1 withz;41 € L>
andql(m(j)) =e; = ordyz; withz; € L™

and g, (m9) = g4y (m®@) for2 < < h(m)) + 1
and d;, (M) = dyy iy (m®) for2 < pu < h(mV) 4 2.

Moreover, we have
hm®Py = hm®@) —1(2) =0 with (X)) =« + L.

Preamble for next theorem. Referring to (3.5) for notation, having just dealt with
case (3.5)(2%), turning to case (3.5)(3%) let

S = k((T)) where k is a nonnull special subfield of K,

© = an unspecified member of k>

(-6 is called Abhyankar’s nonzero and may be read as 6),

-0’ = an unspecified member of k 8)
(0 is called Abhyankar’s constant and may be read as 6'),
gap(r.s)Z; (T) = v; with coef(r,5)Z;(T) = A for0 < j < A

with the understanding that vy = oo and A, =0
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and
forl </ <A
let
(er—1/lesN=<v<@i—1+e;—1)le; |71
and
Z? =271 —Z}- € L with OrdVZ? = e’; (10)
and let
G=2(T) =Y AT with A}(v) € K (11)
VEZ

be the usual expansion in K((7")) and

if z'l’ #0
then let 2 = 2(T') be the (V, K, T)-expansion of (2, z;, A (12)
and let gap(7, 5y2) (T) = v with coef(r,5)2(T) = A?

and finally let
2" € L with ordyzl” = el (13)
and
z;’bb € L with ordvz',’bb = e?bb (14)
be defined by putting
0 if ej_ Z
&= o erre ife 1/er ¢ (15)
21/ ifej—1/ej € Z
and
0 ifz) =0
2P =10 ifz) #0ande)/e; & Z (16)
b, (eh—er)/es if 2> £ 0 and e 7
7/7 ifz; #0and e} /e; €
and let
F =T =) APWTY with 4 (v) € K (17)
VEZ
and
G =" =Y AP )T with 47" (v) € K (18)
VEZ

be the usual expansion in K((T)).
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With the above notation at hand, we shall now prove the:

Second invariance theorem (II). For 0 < j < A — 1 we have the following.

(1%) IEZJ-H €k withv; > 0and [ = e((j)) with v, + m™D > MY then:
A; € k and vy = vj with A;_; = 9 A4; + 0 and we have | < A with
Ayrekandy, =v; +m ™ —mI™ S owith 4, =0 4, +0'.

(2) I 4 41 € k withv; > 0and | = €((j)) with v + m™Y < m{™Y then:
A; € k andvj_y = v, with A;_; = © A; + 6 and we have z'l’ # 0 and
v'l’ = 0 with "I? = A;_; and e'l’ =vi_1+e—1 =0 mod (e).

(%) IfAj41 € k with oo # v; > 0and I = €((j)) withv; + m(ll_l) = m;l_l)
then: 4; € k and vj_; = v; with Aj_; =6 A; +0 and] — A # 0 # 2
and we have V? = 0 with /I'l’ = A;_; and 65’ =v_1+e—-1 #0 mod (¢).

(3**) Notation. For stating the following generalization (4%)—(6%) of
(1*)—(3*) we introduce the quantities u(j), w*(j), and wu(j, j’) thus. We
put

()

w(j) = max{u € {1,....h(m¥) + 1} : vi +my’ > mf[)}

and we note that if v; = oo then u(j) = h(mY)) + 1, whereas if Vv # 00

then j4(/) is the unique integer with 1 < j(j) < h(m?) such that

) )

)
mu(j) <vi+my <m

w(j)+1°
If v; = oo then we put u*(j) = oo, whereas if v; # oo then we put
*oN o) _ )
w(j)=v; +my m i
For j < j' <A —1weput
p(j. j) =) =) +1
and we note that then p(j, j) = 1 and hence u*(j) = v; +mff()j j)_m;(j()j)'
The proofs of (4*)—(6%*) will be by induction on p(j, j’) starting with the
ground case of u(j, j') = 1,

i.e., the case when

(=) and €@(j)—1D=j =) <e(().
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(4%)

(5%)

(6%)

(6%%)

(7%)

S.S. Abhyankar

If Eﬂ_l € k with u*(j) = oo then for j < j* < A — 1 we have
{Aj),Ajpy1} C k with vy = vy = oo and Z,/(T) € k((T)) with
Bjy1(v) e kforallv e Z.

IijH € k with oo # u*(j) > 0 then, letting [ = €(¢(j) + n(j) — 1), for
j<j <l—lwehave{A; Ajp 1} Chkandl < pu(j.j)<p(.l—1)=

p(j) with (/. J)+M(])— 1+M(1)and0<>7éu (J’)—M (j)>0
W1thA 7 =6 A; + 6, and moreover: zl # 0 and vl = 0w1thA = A;

and el =v;_1 +e—1 =0 mod (e;), and finally: A e K\k and

1nc:oTzrl"’b

=04 =04, +0"

incorz;

If 41, € k with £*(j) = 0 and u(j) # 1 then, letting [ = €(i(j) +
p(j)=2),forj < j' <l—1wehave {A;, A;r41} Chkand 1 < p(j, j') <
pn(,l =1 = p(j) = Vwith u(j, j') + (') = 1 + p(j) and p*(j') =
pw*(j) = 0with A;r = -GAJ + 0, and moreover: Al € kandvi_y = v;
w1thAl 1 =0A; +0 and/ — X # 0 # 2 and V) = 0 with A} = 4,
and el =v_1+e—1 #0 mod (e).

Notation. To facilitate stating claim (7%), we supplement the definition of the
derived denominator sequence 71; (1)1 <; <n(m) of a charseq m with 2(m) > 0
given in (3.2) by introducing its signed version

nt (m) = (=1)" ™7, (m)

where the positive integer n'?(m) is defined thus. Let ((e(-i) o<j<I@)

(p h )0< j <l<l>) be the euclidean extension of (eO e )) where
(0, e0) = {(ql (m).di(m)) if2<i < h(m)
(q1(m),qo(m)) ifi = 1.

Now (paying special attention to the j = 0 case) we put

1D 41 iftel? >0

by —
n;(m) = /@) if e < 0.

If Aj11 € k with j*(j) = 0 then, letting [ = €(1(j) + p(j) — 1), we have
Aj S K\k and

1ncoTz?b

=0(4; +6)F with E =n);m") e 2.
incorz;
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Note. In proving Theorem (II), we shall be using the following Reincarnated
Version of Lemma (3.8)(III). The said Reincarnated Version says that the Origi-
nal Version remains valid when for 0 < j < A — 1, upon letting [ = €(¢(j)),
we substitute the subsequence (z;,zj+1....,2;) and its associated quantities
(ej,...,er),... for the sequence (zo,z1,...,2) together with its associated quan-
tities considered in (3.8). Note that in the said substitution we put A7 (v) = B;(v).

Reincarnated coefficient lemma (III). For 0 < j < A — 1, upon letting [ = €(¢()),
we have the following.

(1%) If A;4; € k with v; > 0 then for j < j' < [ we have A € k, and for
j<j <l—1lwehavev, =v; withAd;; =6A4; +6"

(2%) l<k<:>l—k750¢>m(l D#ooém(l U—p;e;—i—e;H.

(3*) If Al € k and v;_; = oo then v; = oo and A1+1 € k withz;_(T) € k((T))
and B;(v) € k forallv € Z.

4% If 21 € k and vj_; + m(l_l) > mg_l) then / < A with 21“ € k and
v +mg D +m(11 Dwith Ay =04, +6'.

(5%) IfA; € k and v;_ 1+m(l D < mg D thenz) # 0andv) = O with AY = 4;_;
and el =vi_1+e—-1 =0 mod (¢).

(6%) If 21 € k and vj_; # oo withvj_; + mgl_l) = mg_l) then! — A # 0 # z'l’
and V? = 0 with /I'l’ = A;_, and 65’ =v_1 +e—1 #0 mod (¢).

(7%) If 4,41 € k and v; = 0 then incorz; =0 A; € K \ k and

1n<:0Tz5’b

=9 A% with E = (=1)'"""V(ej11/e)) € Z*.
lnCOTZI

Proof of (I1)(1%). Nowifﬁ,H € kwithvj > 0and/ = €((j)) withvj+m§l DS

mg Y then by (II)(1*) we get A; € k with v,_; = =v; and also v;—; + m(l D>

g D with Al =04, j 46" and hence by (IIT)(4*) we conclude that /| < A with
ZlHekandvl:vj—i—mY n_ ;l 1)>Owith/11:-9/11_1+9’.

Proof of (I)(2*).Nowif A; 1 € k withv; > Oand ! = e(t(j)) withv; +m' ™ <
mg D then by (IID(1*) we get Al € k withv;_; —{—m(l D~ m(l D and vi_ 1 =v;
with A;_, = GA +-6’ and hence by (IIT)(5*) we conclude that zl # 0 and vl =0

with A = A;_; and
e;’ =vj_1+e-_1=0 mod (¢).

Proof of (Il)(3*). Now if ZJ_H € k with oo 75 v; > 0and ! = €(u(j)) with
17 +m§l D - g Y then by (IID(1%*) we get Al € k with v;_; +m(l D - g—l)
and v;_; = v; with A, = -GA + -6’ and hence by (III)(6*) we conclude that

I—A;éo;ézgandv';=0with/f§:fil_1 and

e;’ =v_1+e—-1 %0 mod (e).
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Proof of (II)(4*). Assuming ZJ-H € k with u*(j) = oo, and given any j’ with
Jj < j’ < A—1,byinduction on u(j, j') we shall show that {//Ij/, 21'/4_1} C k with
vjrgr = vjr = ooand z;,(T) € k((T)) with Bj/41(v) € k for all v € Z. In the
ground case we are done by (II1)(1*) and (II1)(3*). So let i(j, j') > 1 and assume
true for all smaller values of w(j, j'). Now letting j; = €(t(j)) and j” = j; — 1
wehave j < j”" < j"+1 = j; < j < A—1with (i) u(j,j”) = 1 and
) 1(j1, j) = n(j, j') — 1. In view of (i), by (II(1*) and (II)(3*%) we get (iii)
21-1 +1 € kand (iv) u*(j1) = oo. In view of (ii) to (iv) we are done by the induction
hypothesis.

Note on proofs of (II)(5*)—(I1)(7%*). In the following arguments we may tacitly use
(I) together with the fact that for 1 < j < A — 1 we have mgj ) = go(mY)) and
m? = q(mD) + -+ g (mD) for 1 < pu < h(m?) + 1. This is particu-
larly relevant for comparing () and wu(j’) with j # j’. Similarly for p*(j) and

w*(j).

Proof of (II)(5%). Assume that //Ij+1 € k with oo # u*(j) > 0, and let us put
I'=e(()+n()—1.

In case of u(j) = 1 everything follows from (IIT)(1*) and (II[)(5%*).

In the general case, given any j’ with j < j’ <[ — 1, by induction on w(j, j)
we shall show that {er,zj/ﬂ} Ckand 1l < u(j,j) < p@,l =1 = pn@j)
with 12(j. j') + n(j) = 1+ pu(j) and oo # p*(j') = p*(j) > 0 with 4, =
9 A; + 0. In the ground case we are done by (II)(1*). So let i(j, j’) > 1 and
assume true for all smaller values of (J, j'). Now upon letting j; = €(¢(j)) and
J"=ji—lweseethatj < j”" < j"+1=j; <j <A—1with(Q) u(j,j") =1
and (i) u(j1, j') = pn(j, j’) — 1. Assuming u(j) > 1, in view of (i), by (IIT)(1*)
and (IIT)(4*) we also conclude that (iii) 21-1 +1 € k and (iv) oo # u*(j1) > 0 and
) t(j1) + 1(j1) = t(j) + p(j). In view of (ii) to (v) we are done by the induction
hypothesis.

In view of what we have proved in the above paragraph, by (III)(5*) we get the
“moreover” and the “finally.”

Proof of (I1)(6%*). Assume that 2j+1 € k with u*(j) = 0and u(j) # 1, and let us
put! = e€((j) + pn(j) —2).

Incase of u(j) =2 everything follows from (IID)(1*) and (IIT)(6*).

In the general case, given any j "with j < j’ <1—1,byinductionon u(j, j') we
shall show that {AJ ,A] 41y Chand 1 < pu(j, j') < p(j,l —1) = u(j) — 1 with
(. j) +u() =1+ u(j) and p*(j') = u*(j) =0with A =6 A; +6'.
In the ground case we are done by (II)(1%). So let u(j, j') > 1 and assume true
for all smaller values of w(j, j'). Now upon letting j; = €(¢(j)) and j” = j; — 1
weseethat j < j” < j" 4+ 1 =j; < j < A—1with (@) u(j,j”) = 1 and
() u(j1,j") = p(j,j’) — 1. Assuming pu(j) > 2, in view of (i), by (IIH)(1*)
and (IIT)(4*) we also conclude that (iii) A;,+1 € k and (iv) u*(j1) = 0 and (v)
t(j1) + n(j1) = ¢t(j) + p(j). In view of (ii) to (v) we are done by the induction
hypothesis.
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In view of what we have proved in the above paragraph, by (III)(6*) we get the

“moreover.”

Proof of (11)(7*). This follows from (I)(6*) and (II)(7*). In greater detail, the case

of u(j) = 1is done by (IIT)(7*). So assume that p(j) # 1 and let
(z.2)) = (2).z) where L =e€@(j)+ p(j)—2)

and let
(pr elja Pflﬁ BIJ (v).€'(). L/(J))VEZ,OfJf)V,OSiSK’
be the (V, K)-expansion of (zp, z}). Also let

(). €y. Py By (v), €).' (), Ay (v), Ay, .. Dvez0<d <, 05i <k’

be the mixed (V. K, T')-expansion of (z;, z;), and let
Vi AL (@)
have the corresponding meanings. Then assuming
Ajrr ek with p*(j)=0
by (II)(6*) we see that
Ay=0A4;+0" with ey#0 mod (e})

and R
A} €k with vy =0.
In view of (i) and (ii), upon letting
I"=€((0)
and applying (IIT)(7*) with j = O to the “primed” system we see that
incorzy =0 Ay € K\ k

and "
incor (z),)
incoTz},

Now clearly

b _ _pPL
ZL —ZL IL+1-

In view of (vi), upon letting

I'=e@(y)+n()-1D

=0 (Ay)E" with E' = (—1)""*1(e}/e)) € Z*.

")

(o)

(e00)

®

(i)

(iii)

(iv)

v)

(vi)

(vii)
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we see that
Z;/ =z and (Z},)bb = le;b with E' = ni’f(j)(m(j))_

By (i)—(vii) we conclude that B
Aj e K\k @i*)

and
bb

eors O (4; +0)E with E =nb,mY) ez (ii*)
mcorz;
Note on the proof of (II)(7*). To get a clearer picture of the above proof remember
that, as explained in the Descriptive Note (8%), the (V, K)-sequence (ee) is obtained
by straightening the (V, K)-presequence (), and while doing this we drop the first
element of each row, except the first; the dropped element is reinstated by the con-
cept of z;’ where we observe that z'l’ = zf 'z141. Also remembering (3.1)(8) and
(3.1)(11) we observe that

incoTz?b

———— = Aj(e;—1/|er]) = the first coefficient of the summation in (3.1)(8).
incorz;

At any rate, (ee’) is obtained by chopping off the initial 0 < j < L — 1 piece of
(ee) and replacing the chopped off piece by ZIZ = zi" Z1+1. Finally observe that the
Jj = 0 case of (II)(7*) requires special treatment which is taken care of in (I[)(6%*).

5 Quadratic Transformations

For details referring to [2, 3, 9-11] in general, and specifically to (Q35.8) on
pages 569-577 of [12], let us recall some basic facts about QDTs = Quadratic
Transformations.

Recall that, spec(S) denotes the set of all prime ideals in a ring S. If S is a
domain then the modelic spec 2U(S) = the set of all localizations of S at various
prime ideals in S, and if J is an ideal in S then the modelic blowup

ws. )= | BESIx)
0#£xeJ

where Jx~! = {yx~! : y € J};if S is quasilocal then the dominating modelic
blowup 20(S, J)? = the set of all those members of 20(S, J) which dominate .
Let R be a positive dimensional local domain. By a QDT of R we mean a member
of Q0(R, M(R))?. For any QDT S of R we have 0 < dim(S) < dim(R) with
dim(R)—dim(S) = restrdegg S, and S/ M (S) is a finitely generated field extension
of R/M(R). We have dim(S) = 1 for at least one and at most a finite number of
QDTs S of R. If R is regular then every QDT S of R is regular, and dim(S) = 1
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for exactly one S which then coincides with the valuation ring of the real discrete
valuation ordg mentioned in Sect. 2, and hence in particular it is residually pure
transcendental over R. Some QDT of R coincides with R iff R isa DVR. If V is
any valuation ring dominating R then V' dominates exactly one QDT S of R, and
we call S the QDT of R along V.

A QDT of a positive dimensional local domain R may also be called a first QDT
of R; by asecond QDT of R we mean a first QDT of a first QDT of R, ... ,bya j-th
QDT of R we mean a first QDT of a (j — 1)-th QDT of R. We declare R to be the
only zeroeth QDT of R. By a QDT sequence of R we mean a sequence (R )o<j<oco
with Rp = R such that R; isafirst QDT of R;_; for0 < j < oo.

If V is any valuation ring dominating a positive dimensional local domain R
then, for any nonnegative integer j, there is a unique j-th QDT R; of R which is
dominated by V' and we call it the j-th QDT of R along V'; we call (R;)o<j<co the
QDT sequence of R along V. To get a concrete set of generators of M (R ) for all
Jj » we proceed thus.

Definition (ff). Let V' be the valuation ring of a valuation W : L. — G U {o0} of a
field L and let K be a coefficient set of V. Let
L={zeL:W() =0oroo}.

Given any (z9,...,z;) € L*T1 \ZTH where T is a positive integer, we shall define
its QDT sequence (0%) along (V, K). The reader may prefer to first study the 7 = 1
case starting in Note (III*). Now clearly there exists a unique sequence

(2oj---»2¢j,€C0js---sCrjr 1 (J))o<j<oo (0%
with (290, - - . , 2z0) = (20,...,2¢) and
(20j+ -+ Z2j2COjr - Cejr (7)) € (LN x K¥H < {0,... . 7}

for0 < j <oosuchthatfor0 < j <ooand 0 <¢ < t we have

2t Withctj =1 ift = [(])
21 = {7 witheyj = 0 ifr #1(j)and W(z;) #0 (1%
Zj—cj € M(V) withe; 20 ift #¢(j)and W(z;) =0

where
thljj)j if0 < Wzi(jy)) = Wizj)
S i W) < 0> Wizy)
w = Uj;é’)j if Wizy) <0< Wizp,) 2%
Tt W) <0< W)l = Wiay)
%j if 0 = W(zij) < [W(ze(jy))l
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and where, upon letting
() =40 <1 < T 0# Wizy) # 00

1**(j) = max(*(j))
171(j) ={t €1*(j) : 0 < W(z;) < oo}

(3%
t3(j) =max{t € t3(j) : Wl(zj) < Wizwj) V1 €ti(j)}
12(j) =At€t*(j) 1 =17 (J)}
12*(j) = max{t € 12(j) : |[W(zj)| < |W(zj)| V1" €12())}
with the understanding that if #3 (j) = @ then t}*(j) = 0 = t**(j), we put
1) = 12%(j) () # 9 @)

() i) = 0.

Noting that for all j € N we have 0 # W(z;(j);) < 0o, for 0 < ¢ < v we put

1 if0 < Wizgy,) < Wizj)

1L if Wizy,) < 0> Wi(zy)

n(t.j) = =1 if W(zj) <0< W(z),;) &H
=1 if W(ze(jy;) <0 < [W(zej)) < Wizj)

0 if0=Wi(z)) < |W(zi)))l

and we observe that zf((]t)j) is the denominator in each line of (2%).
Let us define the flipping set ®* of (0%) by putting

o = the setof all j € Ny such that 7(j — 1) # 1(j). (6%)

<u<1\}=cl>ﬂwith

1
pw) < p(u+ 1) wheneverl <u<u+1< % where A = 00 or card(®%) + 1
according as the cardinality card(®*) is infinite or finite.
Let us define the translation set ¥# of (0%) by putting

Let p(u) L<u<h be the unique sequence such that {p(u) :

the set of all j € N such that

wh = [foreveryt € {0,..., 7} with z;; # 0 we have )
s e V\ M(V) forsomen(t, j) € Z
()i

and let us note that this defines n(z, j) uniquely. Let u(i),_, ~ be the unique se-
quence such that {p(u(i)) : 0 < i <&} = ®% N W* with u(i) < u(i + 1) whenever
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0<i<i+1<X&wherek = oo or card(®* N W#) according as the cardinality
card(®* N W#) is infinite or finite.
We call (0%) the QDT sequence of (o, . . . ,z¢) along (V, K) and we call

(@(0, /). ... 7w(z. ). p(u). u(i)) (8%)

—~ o~
0<j<00,1<u<A,0<i<k

the supplement of the QDT sequence.

Note (I*). The proofs of the following Lemmas (I) and (II) are straightforward.
Lemma (IT) deals with a situation when (zo;, . . ., z¢j) are generators of the maximal
ideal M(R;) of a local domain R; dominated by V; in that situation clearly j
belongs to N where N# = {j e N: W(zj) > 0for0 < ¢ < t}. Note that if
j € N* then only the first line of (2#) is relevant. Also note that:

(i) j € N¥ for a certain value of j implies j € N¥ for all bigger values of ;.
(ii) t3(j) # O for a certain value of j implies 17 (j) # @ for all bigger values
of j.
(iii) If W is real, i.e., if the value group Gy is order isomorphic to an additive
subgroup of R then j € N¥ for all sufficiently large values of ;.
(iv) If j < j* in NU {oo} are such that 1(j) = #(j’) forall j < j’' < j* then
2(j)j = Z(j)j» Whenever j < Jji<j*.

Finally note that by definition
[W(z)| = W(z) or —W(z) according as W(z) > 0 or W(z) < 0.

Lemma (I). Let j € ®* and j < j* € Ny U {oo} be such that for all j' € N with
j < j' < j*wehave j' & O and if j* # oo then we have j* € ®F. Then we
have the following.

(L1) Forall j* € Nwith j < j' < j* wehavet(j') = t(j) and z;(jryj» = z¢(j);-
If j* # oo then we have 1 (j*) # t(j).

(I2) If j* = cothenwe have | < A < coand p(A—1) = j.If j* # oo thenfora
unique integeru with 1 <u < u+1 < % we have pw)=j <j*=pu+l).

(I.3) Assume j & W Then for 0 < i < K we have j # p(u(i)). Moreover,

either: for all t € {0,...,7} \ {#(j)} we have z;; = 0, or: for some ¢t €
{0,.... T} \{1(j)} we have z;; # O with z;; /2] ;) . ¢ V\M(V) foralln € Z.

In the “either” case, for all # € {0,...,7}\{¢(j)} and for all j/ € N with
J < j' < j*, wehave ;s = 0 = z;. Furthermore, for every ¢ of the “or”
case and for all j’ € Nwith j < j' < j*, we have

¢;jr =0 with w(t,j')=m(t, j) and Ztj = Z;T((;)’?)(j _j)th/.

(1.4) Assume j € W# Then j = p(u(i)) for a unique i with 0 < i < k. Moreover,
if j* = cothenforanyt € {0,...,t}\ {¢(j)}, whereas if j* # oo then for
t =1t(j*), forall j/ € Nwith j < j’ < j* we have
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2j— Z CZUZZT((;%_)(U—J-FU — Z;T((jtij)(l _J)th/ with n([’j/) — T(([,]) (l)
j=v<j’

which may be viewed as a Taylor Expansion with Remainder discussed in
(9.5). If j* = oo then (i) gives rise to the equation

JYw—j+1 ..
Lij = Z sz;r((;)j_)(v ith (i)

J=v<j*

which may be thought of as an infinite Taylor Expansion discussed in (9.2),
with a suitable interpretation of the equality; see (9.3) for the case when V is
a DVR.

(I.5) Assuming j € W¥ and letting v = {v € N : j < v < j* withc,, # 0}
we have the following. If j* = coandt € {0,...,t} \ {#(j*)} then letting
V] <<V, 0rvy < vy <... be the finitely many or infinitely many values
of v € V and putting vo = j — 1 we have

n(t, vy + 1) = Vy41 — Vy

for0 < v < wor0 < v < oo respectively. If j* # oo and t = 1(j*) then
letting v; < --- < v, be the values of v € V and putting vp = j — 1 we have

n(t, vy + 1) = Vy41 — Vy

for0 <v < w.

Sketch proof of (I.5). Letting
X =z(); and (N(q).Z(q)) = (n(t.q).z1q)
for all ¢ € N, we have
Z(q) = C@XND + XN D Z(q + N(q)) where 0# C(q) € K. [a]
Comparing [vg + 1] and (i) with j' = v + 1 we see that
N@wo+1) =v; —vp and C(vg + 1) = ¢,

with

Z(o+ 1) = cp, XV + XVITVOZ (01 + 1).
Substituting [v; + 1] in the last equation and comparing the resulting equation and
(i) with j' = v, + 1 we see that

Nwi+1)=vy,—v; and C(v1 + 1) = csv,
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with
Z(wo+ 1) = o, XV + ¢, X2V + X2V Z (v + 1),

And so on. Thus by induction on v we get

Nw,+1)=v41—v, and C(v, + 1) = ¢y,

with
Z(Wo+1)=crypy X704y X V27 e orepy X AT XA Z (0,4 41)

for all relevant values of v.

Lemma (II). Assume that V' dominates a positive dimensional local domain R for
which M(R) = (20, ...,2:)R. Let (R})o<j<oco be the QDT sequence of R along V.
Then we have the following.

(IL1) If n € Nis such that K contains a coefficient set K; of R, for0 < j < n,
then for 0 < j < n we have

{coj,....crj} € K; = KNR; and M(R;) = (z0j,---,2cj)R;.

(I1.2) If V is a DVR then xe N and for all integers n > X we have t(n) = t(jt\).
If V is a DVR and QF(R) = QF(V) then xe N4 and for all integers n > x
we have £(n) = (1) and W (Z;¢uyn) = 1.

(IL.3) If R is regular of dimension 7 + 1 and V is a prime divisor of R then there
exists a unique positive integer n such that for all integers 0 < j <n < u
we have R; # R, = R, = V and dim(R;) > dim(R,) = dim(R,) = 1.
Moreover, R is residually pure transcendental over R,_; of residual tran-
scendence degree dim(R,—_1)— 1. Finally n is the essential length of the QDT
sequence (R )o<j<oco in the sense of Note (II**) below.

(II.4) If R is one dimensional and V is a prime divisor of R then V is residually
finite algebraic over R and there exists n € N such that for all integers 4 > n
we have M(V) = M(R,)V with V/M(V) = R,/ M(un).

Note (II*). For (I11.3) see Proposition 3 of [2] and its proof. The first part of (I.4) is
proved in Theorem 1(4) of [2], and the rest of (II.4) follows from it by (II.2). It may
be tempting to think that (I.4) implies V' = R/, for large 1, but Example (E3.2) on
page 206 of Nagata [28] shows this to be untrue.

Note (IT*). Given any positive dimensional local domain R and any QDT sequence
(Rj)o<j<oco Of R, by the essential length of the QDT sequence we mean the unique
n € NU {oo} such that if n = oo then for all j € N we have R; # R4, whereas
if n € Nthen forall j € Nwith j <n wehave R; # R;1 and forall j € N with
J > nwehave R; = R;11. Notethat R; = R iff R; isa DVR.
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Lemma (III). Assume that T = 1 and V dominates a two dimensional regular
local domain R with quotient field L and M(R) = (z0,z1)R. Let (R)o<j<oo be
the QDT sequence of R along V. Then we have the following.

(IIL.1) The essential length of the QDT sequence (R;)o<o<co is finite or infinite
according as V' is residually transcendental or algebraic over R.

(IIL.2) If V is residually transcendental over R then V is a prime divisor of R.

(II1.3) Assume that V' is residually algebraic over R. Then the value group Gw
is order isomorphic to either (i) the set of all lexicographically ordered
pairs of integers or (ii) the additive group of all integers or (iii) a non-
cyclic additive subgroup of Q or (iv) an additive subgroup of R of the form
{a1m +asmy : (ay,as) € Z2} for some positive real numbers 71, 7, which
are linearly independent over Q. In these cases, we shall respectively say
that V' is nonreal discrete or real discrete or rational nondiscrete or irrational.
Now assume that K contains a coefficient set K; of R; forall j € N. Then:

(i*) card(®¥) # oo # card(W*) iff V is nonreal discrete;
(ii*) card(®*¥) # oo = card(W#) iff V is real discrete;
(iii*) card(®¥) = oo = card(W*) iff V is rational nondiscrete;
(iv¥) card(®) = oo # card(W#) iff V is irrational.

Proof. In view of Lemma (II) this follows from [2, 3].

Note (IIT*). In the next two Lemmas we continue to give special attention to the
7 = 1 case. Here we make some definitions for that case. For any nonnegative
integer j we let ¢/(j) be the unique member of {0, 1} different from #(;). By the

quadratic expansion of any (z9,7;) € L? \ZZ along (V, K) we mean the sequence

(20217, Coj,c1j- (7). 1" ())o<j<oo (9%

where (zo;, 215, Coj» €17, 1(J))o<j<oo is the T = 1 version of (On); moreover, by the
supplement of the quadratic expansion we mean the T = 1 version of (8%), i.e.,

(70, j). (1, j). p(u), u(@)) (10%)

. - LA
0<j<00,1<u<A,0<i<k

Since the euclidean algorithm played a crucial role in it, the (V, K)-expansion

(zj.ej,pj, Bj(v).€(i),1(j))vez,0<j<r,0<i<« (o0)
introduced in (4.1) is called the euclidean expansion of (z¢,z1) along (V, K), and
(eee) is called the mixed euclidean expansion of (zo, z1) along (V, K, T'). In Lemma
(IV) we shall give a stand alone description of the quadratic expansion. In Lemma
(V) we shall restate the t = 1 case of Lemma (I). In Part II, we shall compare the
quadratic expansion with the euclidean expansion.

Lemma (IV). Assuming t = 1, for the quadratic expansion (9%) of (z0,z1) along
(V, K) with (zo;,z1/) € L? \szor 0 < j < oo, we have the following.
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(IV.1) Recalling that for every j € N we have (zo/,21,;) € L%\ ZZ, we can para-
phrase the characterizations (3%)—(5%) of #(j) and n(¢, j) by saying that
t(j) € {0, 1} with z;(;); ¢ L and with 7(¢(j), j) = 1 with n(t'(j), j) €
{0, 1, —1} satisfy (1)—(8) stated below.

(1) If0 < W(z1;) < W(zo;) then t(j) = 1 and 7(¢'(j). j) = 1.

(2) If0 < W(zo;) < W(z1;) then t(j) = O and w(¢'(j). j) = 1.

(3) If W(z1;) < 0 > W(zo;) then t(j) = 1 and 7 (¢'(j). j) = 1.

(4) If W(z1j) > 0> W(zo;) thent(j) = L and 7(t'(j), j) = —1.

(5) If Wiziy) < 0 < —W(zy;) < W(zy) then 1(j) = 1 and 7(t'(}), /)
=—1.

(6) If W(z1;) < 0 < W(zoj) < —W(z1j) thent(j) = 0 and 7(t'(j), j)

(D) W) # 0 = Wizop) then 1(j) = 1 and 7(¢'(}). ) = 0.
(8) If W(z1)) = 0 # W(zoy) then 1(j) = 0 and 7(¢'(}). j) = 0.

(IV.2) Next the definitions (1¥) and (2%) can be paraphrased by saying that for
0<j <ooand0 <t <1 we have

Zt,j+1 = {2 with¢;; =0 ift =¢'(j)and W(z;) #0
Zij—cj € M(V) witheyj #0 ift =1¢'(j) and W(z;) =0

where
2tj
w(t,j) "
t(j)J

(IV.3) To paraphrase definition (6*) of the flipping set ®, recalling that

=

®F = the setof all j € Ny such that7(j — 1) # 1(j).

and R
A = card(®*) + 1 € Ny U {o0}

we supplement the definition of p(u) L <u=3 by the convention

p(=1)=p0)=0
and we note that now the members of ®# U {0} are labelled as
p(=1) = p0)=0< p(l) < p2) <... if A = oo

and

p(~1)=p0)=0<p(l)<--<p(h—1)  ifieN;.
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(IV.4) To paraphrase definition (7%) of the translation set W#, recalling that

the set of all j € N such that
wh = Jforeveryt € {0, 1} with z;; # 0 we have
,f(t[’,) € V \ M(V) for a (unique) n(t, j) € Z

(i

and
% = card(®* N ¥*) e NU {0}

we supplement the definition of u(i),_, _~by the convention

0<i <«
u(-1) =0

and we note that now we have the integer sequences
u(=1)=0<u(0) <u(l) <... if K =00

and
u(=1)=0<u(0) <---<ulk—1) if ceN

while the members of (®* N W#) U {0} are labelled as
pu(=1)) =0 < p(0)) < pu()) <...  if € =00
and
pu(=1)) =0 < p(0)) <--- < pu(®—1))  if *eN.

Lemma (V). Assume t = 1. Let j € ® and j < j* € Ny U {oo} be such that
forall j' € Nwith j < j' < j* we have j' & ®*, and if j* # oo then we have
j* € ®*. Then we have the following.

(V.1) Forall j' e Nwith j < j" < j* wehavet(j') = t(j) and z;(j7) ;7 = z(j);-
If j* # oothenwehavet(]*) =t'(j).

(V.2) If j* = oo then we have 1 < %< ooandp()t— 1) = j.If j* # oo then
for a unique integer u with 1 <u <u+1< % we have pu)=j < j*
pu+1).

(V.3) Assume j & W¥# Thenfor0 <i <« we have j # p(u(i)). Moreover, either:
() = 0, 0r: 2y # 0 with Zl/(/)]/zt(j)j ¢ VM) foralln € Z. In
the “either” case, for t = #’(j) and for all j/ € Nwith j < j' < j*, we
have ¢;;» = 0 = z;;». In the “or” case, for ¢ = ¢'(j) and for all j' € N with
Jj <j' < j* wehave

¢y =0 with 7(t,j")=n(t,j) and z; = zf((;)’?)(j _j)th/-
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(V.4) Assume j € W# Then j = p(u(i)) forauniquei with 0 < i < K. Moreover,
if j* = oo then fort = t'(j), whereas if j* # oo then fort = ¢(j*), for all
j' € Nwith j < j’ < j* we have

2 Z Ctvzﬂ(t,j)(v—j+l): 7, ))'=))

0 10, 2z with 7(t, j') = (1. j)

j=v<j’
@)
which may be viewed as a Taylor Expansion with Remainder discussed in
(9.5).If j* = oo then (i) gives rise to the equation

JYw—j+1 ..
Lij = Z sz;r((;)j_)(v ith (i)

J=v<j*

which may be thought of as an infinite Taylor Expansion discussed in (9.2),
with a suitable interpretation of the equality; see (9.3) for the case when V is
aDVR.

(V.5) Assuming j € W* and lettingV = {v e N: j < v < j* with¢;, # 0} we
have the following. If j* = oo and t = ¢/(j*) then letting v; < --- < v, or
V] < vz < ... be the finitely many or infinitely many values of v € vV and
putting v = j — 1 we have

n(t, vy + 1) = Vy41 — Vy

for0 < v <wor0 < v < oo respectively. If j* # oo andt = ¢(;j*) then
letting v; < -+ < v, be the values of v € V and putting vop = j — 1 we have

n(t, vy + 1) = Vy41 — Vy

forO <v <w.

Note on inversion and invariance (VI). The three Inversion Theorems of Sects. (3.7)
and (3.9), the two Invariance Theorems of Sect. 4, and the above quadratic trans-
formation Lemmas (I)-(V) of this section are refinements of the results of my
papers [2,4]. More about all this in Part II.

6 Dicritical Divisors

The concept of dicritical divisors arose in the topological study of a map C> — C
given by a polynomial f € k[X,Y] \ k when k is the field of complex num-
bers. The term dicritical divisor seems to have been introduced by Mattei and
Moussu [27], and was then used by Artal-Bartolo [16], Eisenbud—Neumann [21],
Fourrier [22], Le—Weber [26], Neumann [29], Rudolph [31], and others. On the
other hand, Pierrette Cassou-Nogues [18, 19] and Neumann—Norbury [30] use the
alternative term horizontal divisors.
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In Definition (6.1) we introduce the algebraic incarnation of dicritical divisors.
In Note (6.2) we pay a heuristic visit to the original topological version.

The dicritical divisors may be viewed as a nonempty finite set of univariate poly-
nomials strategically (and quite algebraically) located inside the belly of a randomly
chosen bivariate polynomial. It is certainly amazing that, until 1980, no endoscopic
examination of bivariate polynomial bellies (=affine plane curve bellies) revealed
their existence. We have stressed “and quite algebraically” to indicate that in our
treatment we do not use any topology or analysis which, under the pretext of geo-
metric viewpoint, only muddies the water. Of course, it may be admitted that one
person’s clarity can be another person’s muddying of waters and vice versa. Posi-
tively speaking, muddying may amount to stirring!!

In Note (6.6) I shall introduce the dicritical divisor theory of local rings and
compare it to the analogous theory of quasirational and nonquasirational surface
singularities coming out of my papers [2, 8].

Preamble for (6.1)—(6.4). Let us consider the bivariate polynomial ring B = k[X, Y]
over a field k and let L = k(X,Y) = QF(B) where QF(B) denotes the quotient
field of B. Given any

f=f(X.Y)eB\k

of (total) degree N, by By we denote the localization of B at the multiplicative
set k[ f1*, and we note that then B is the affine domain k( f)[X, Y] over the field
k(f) with QF(Bs) = k(X,Y) = L and we have trdegi(r)L = 1. Now a local-
ization of a UFD is a UFD, and irreducibles in the localization are essentially the
same as irreducibles in the original UFD except that the localization has more units.
Consequently By is a one-dimensional UFD and hence it is a DD as well as a PID.
It follows that B is the affine coordinate ring of an irreducible nonsingular affine
plane curve over k( f).

Note that D(L/ k) is the set of all valuation rings V with QF(V) = Landk C V
such that trdeggy H(V) = 1 where Hy : V. — H(V) = V/M(V) is the residue
class epimorphisms; moreover, every member of D(L/k) is a DVR, and I(B/ k) is
the set of all V' e D(L/k) with B ¢ V. Also note that D(L/k(f)) is the set of all
valuation rings V' with QF(V) = L and k(f) C V # L; moreover, every member
of D(L/k(f))isaDVR,and I(Bs/k(f))isthesetofall V e D(L/k(f)) with
BrgV.

Definition (6.1). Forevery V € D(L/k(f)) we put
deg(V) =deg, V =[H(V) : k(f)] € Ny

and we call this the f-degree of V, or briefly the degree of V. Moreover, for every
V e I(By/k(f)) weput

ind(V) = indyV = —min(ordy X, ordyY) € Ny
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and we call this the f-index of V, or briefly the index of V. Finally we put

the set of all V' € I(B/k) at which

f is residually transcendental over k

I(B/k, f) =

and we observe that
I(B/k, f) = 1(By/k(f)) = anonempty finite set. (1)

Now labelling the distinct members of I(B/k, f) as Vi,..., Vy,, we call them the
dicritical divisors of f (in B).In Part IT we shall show that by the “sigma-eeye-feye”
formula from extension theory of DVRs we have

Z ind(V;)deg(V;) = N (o)

1<i<m

and, if k is algebraically closed and is of characteristic zero, then for 1 <i <m

H(V;) = Hy, (k(t;)) for some t; € V; so that Hy, (f) = Hy, (P;i (1))
where P;(Z) € k[Z] \ k is a univariate polynomial (o0)
whose Z-degree equals deg(V;)

In the proof we shall use Newton’s fractional power series expansion. In Part II we
shall also show that the characteristic zero hypothesis can be removed by replacing
Newton expansion by Hamburger-Noether expansion. Note that the integers m and
deg(V1),...,deg(V;,) depend only on f as a element of the ring B and not on
the particular generators X, Y of that ring, but the integers ind(V7), ..., ind(V},) do
depend on X, Y, as will be shown in Example (6.5).

Note (6.2). Momentarily assuming k to be the complex number field C, the dicriti-
cal divisors may be “heuristically explained” thus. The polynomial map C?> — C!
which is given by (a.b) + f(a.b) can be extended to a rational map P? — P!
of the complex projective plane to the complex projective line. But as a “rational
map” it may have points of indeterminacy. We get rid of these by “blowing up” P2
to get a compact complex nonsingular surface W on which the map f extends to
a well defined map ¢ : W — P!, Just as P2 is obtained by adding one projec-
tive line (called the line at infinity) to C2, the surface W is obtained by adding a
finite number of projective lines P}, ..., P} to C2. Consideration of connectivity
tells us that, depending on the particular line P;!, the restriction of the map ¢ to P!
maps it either onto the entire target line P! or to a single point of it, i.e., it is either
surjective or constant. Those P;' for which it is surjective are called dicritical divi-
sors. By suitably relabelling, we may assume that P!, ..., P}l are dicritical while
Pl .., P! are not. It can be shown that m is positive. Moreover, it can also

m+1°"

be shown that by deleting a suitable point from a dicritical Pi1 and also deleting a
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suitable point from the target P, the resulting map C; — C! is given by a univari-
ate polynomial P;(Z) of some degree d;; note that d; is the degree of the ramified
covering Pl.1 — P, By rotating the axes, i.e., by making a homogeneous linear
transformation, we may assume that f is monic of degree N in Y. It turns out

that then
Z e,-d,- =N

1<i<m

where the positive integer e; is the ramification index coming out of the Dedekind
Domain theory which is the same thing as the Riemann Surface theory.

As a side remark recall that f is a field generator means k( f, g) = k(X,Y) for
some rational function g € k(X, Y); it turns out that if the polynomial f is a field
generator then the complementary generator g can be chosen to be a polynomial iff
d; = 1 for some dicritical Pl-l. Without assuming f to be a field generator, how do
we show that the dicritical divisors are independent of the particular blow up W and
how do we algebracize them?

To consider the independence, let ¢ : W = P! be any other blow up, and label
the projective lines in W \ C? as Fi, .. P Pm+1, . ,Fl so that the first 77
are dicritical while the remaining ones are not It can be shown that there exists a
blow up . ¢ : W — P! together with maps 6 : W — W and 6 : W — W such that
¢ 0 = ¢ = ¢ 0. Label the projective lines in W\C? as P!, .. P1 P1 ,...,P;llv
so that the first /72 are dicritical while the remaining ones are not It can be shown
that 7 = 7 = m and after suitable labelling, for 1 < i < m, we have 9(/13}) = P!
and §(P)) = P, with induced bijections P! - Pland P! — P;.

Now let us proceed to the algebraization which will actually reprove the indepen-
dence. Recall that: for any finitely generated field extension L of a field K we have
put D(L/K) = the set of all prime divisors of L /K, i.e., the set of all DVRs V' with
quotient field QF(V) = L such that K C V and trdegg H(V) = (trdegg L) — 1
where H(V) = V/M (V) = the residue field of V; for any affine domain 4 over K
with QF(A4) = L we have put /(A/K) = the set of all infinity divisors of A/ K, i.e.,
the setof all V' € D(L/K) such that A ¢ V. Henceforth, we consider the bivariate
polynomial ring B = k[X, Y] over a field k and we let QF(B) = L = k(X,Y)
and we put 1(B/k, f) = the set of all those members V' of I(B/k) for which f is
residually transcendental over k. Let V; be the local ring of Pi1 on W. Then clearly
Vi e I(B/k)forl <i <n,andwehave: V; € I[(B/k, f) & 1<i<m.

It can also be shown that /(B/k) = the totality of the local rings of the projec-
tive lines on various blow ups of P2 which are in the complements of C2. At any
rate, I(B/k, f) is a nonempty finite set which we have defined without any aid of
blowing ups, and this is our algebraic definition of dicritical divisors of f. Since
I(B/k, f) does correspond to the geometrically defined dicritical divisors on any
blow up of P2 on which the rational map P2 — P! becomes well-defined, this
reproves the independence in a more succinct manner; the geometric proof sketched
in the paragraph before last was rather fuzzy at best. This is the beauty of the ap-
proach by “models” which are collections of local rings and so on; for details see
the Algebra and Geometry books [9, 12].
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Now the I(B/k, f) from surface theory coincides with the /(B y/k(f)) from
curve theory, where we have put By = k(f)[X, Y]. Note that B ¢ can be identified
with the affine coordinate ring of the generic curve f* = 0 where we take an in-
determinate u over k and put f# = f — u. Substituting f for u, this generic curve
acquires the confusing equation f = f. The confusion (like the Maya covering the
Brahma) can be removed by using two sets of variables giving f(X,Y) = f(X,Y).
Indeed, experience shows that such f = f arguments provide exceptionally power-
ful tools! Although the curve f = 0 may be reducible and may even have multiple
components and may be full of singularities, but miraculously the curve f# = 0 is
irreducible and nonsingular. The best way to see this is to realize B¢ as the local-
ization of B at the multiplicative subset k[ f]* = the set of all nonzero elements in
k[ f]. Of course, the nonsingularity of f¥ is only at finite distance, i.e., in general it
will have singularities at infinity.

In any case, I(B s/ k(f)) is nothing but the set of all branches of f* at infinity.
To deal with them we put F(X,Y) = f(X~!,Y)and F¥*(X,Y) = F(X.,Y) —u.
Now

F(X,Y)=YN + Z A;(X)YN™I where A;(X) € k(X) C k((X)).
1<j=<N

The branches of f# at infinity are the branches of F¥ which in turn are the irre-
ducible factors in k(u)((X))[Y] written as

Frx.y)y= ] Fxy) with FFxy)y=vY¥ + Y abooyNic/

1<i<m 1<j=<N;

where Ag.(X ) € k(u)((X)). Yes, it is not an accident that this is the same m as the
number of dicritical divisors Vi, ..., V;,. Indeed, after suitable labelling, there is a
natural isomorphism o; of V; onto the DVR Vl.T given by the branch Fl.n.

Basically, assuming k to be an algebraically closed field of characteristic zero,
we shall end up finding tj in an algebraic closure of k(u) such that H (ViT) = k(tj)
andu = P; (tl.T) where P;(Z) € k[Z] is the univariate polynomial of degree d; we
spoke of in the first paragraph of this Note. Upon letting t; = o' (") we would
then get #; € V; such that H(V;) = k(t;) and f = P;(t;).

To find tl.T we use Newton’s polygonal method to solve the equation Fl.n (X,Y)=0
and thereby expand Y as a fractional meromorphic series ¥ in X, and also to expand
X as a fractional meromorphic series X in Y. Now we use the inversion formula
given in [4] to compare these two expansions. Details in Part II.

Philosophy (6.3). The importance of polynomials derives from the fact that they
can be viewed as functions in two different ways. To the algebraist, a bivariate poly-
nomial

f=fX.Y)= > ayX'Y/ €k[X.Y]\k with a;eck
i+j<N
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of (total) degree N is a function N> — k given by (i, j) > a;. To the analyst, who
prefers his field to be the complex number field C, it is a map C> — C given by
(o, B) — f(a, B). Finally, to the geometer, who is an animal linking the analyst
with the algebraist, it defines a plane curve C : f(X,Y) = 0; if k is algebraically
closed then the points of C belong to k?; if k is not algebraically closed then it is
better to let the points of C live in spec(k[X, Y]).

Before he proceeds to “compactify” C? and C, the analyst thinks of the “fibers”
of the map C2 — C above various values ¢ of f, and then he may perform catas-
trophic tortuous surgery, and so on.

In place of this, as algebraists (or algebraic-geometers) we take an indeterminate
u over k(X,Y) and think of the “generic curve” f# = 0 where

= r{X.Y) = f(X,Y) —u € k(u)[X,Y].

By “identifying” u with f, i.e., by the shocking (= absurd sounding but surprisingly
correct and extremely useful) equation f = f, we can take By to be the affine
coordinate ring of f*. As noted above, B # is a PID and hence f # is an irreducible
nonsingular affine plane curve. Instead of saying that we can take B ¢ to be the affine
coordinate ring of f#, let us be more pedantic and set up an isomorphism between
the two. Now the affine coordinate ring Bﬁ, of f*is given by

Hy: BY = k()[X.Y] > k(u)[X*.Y¥] = B,

where H ¢ is a k(u)-epimorphism which sends (X,Y) to (X #.Y#) and for whose
kernel we have
ker(Hs) = f*B".

Taking indeterminates (X,Y) over k(X,Y), we view B as an affine coordinate
ring by considering the k( f')-epimorphism

Hy:By=k()IX.Y]—>k(f)X.Y]= By
which sends (X, Y) to (X, Y) and for whose kernel we have
ker(H s) = (f(X.Y) — f(X.Y))B.
Also we have an obvious k-isomorphism
Hy: B* = k(X Y] > k()[X.Y] = B,
which sends (u, X, Y) to (£, X,Y). Now the said isomorphism

T . (— ;g #y . #
Hys(= I'eStI‘ICtIOIlOfo).Bf—>Bf
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is the unique isomorphism such that H fﬁ f H f = Hy,i.e., such that the obvious
rectangle

E s (=restriction of H‘g-) "
By =k(f)[X.Y] B = k(u)[X*, Y¥]

ﬁ,T H/I

By =k(f)[X.Y]

B¥ = k(u)[X.Y].

commutes. Moreover, the said isomorphism extends to an isomorphism
HY% . L =QF(Bs) = k(X.Y) — k(u)(X*.Y*) = QF(B%) = L,

of the function fields.
To distinguish between By/k(f) (resp: L/k(f)) and Bi,/k(u) (resp:

Lﬂf /k(u)) we may call them the affine coordinate ring (resp: function field) of
the intrinsic generic curve and the extrinsic generic curve, respectively.

The affine coordinate ring B sx of f is given by the k-epimorphism

Hypp:B=k[X,Y]| = Bsr =k[x,y] = Bgix Ck(x,y) =Lyx
which sends (X, Y) to (x, y) and for whose kernel we have
ker(Hf,k) = fB

where L 7y is the total quotient ring of B s, which means the quotient field if f is
irreducible (in B).

Assuming f to be irreducible, I(Byx/k) is a nonempty finite subset of
D(L zj / k) which is a set of DVRs; for every V € D(L rx/ k) we put

degsr (V) =[H(V) : k] € Ny

and we call this is the (f; k)-degree of V; for every V € I(B s/ k) we put

ind sz V = —min(ordy x, ordy y) € Ny

and we call this the ( f, k)-index of V.
Note that, without assuming f* to be irreducible, forevery V € D(L/k(f), upon
letting Vi = Hf,(V), we have

Vie D(L% k) with  deg(V) = deg sz () V*
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andif V € I(By/k(f)) then we have
VEe I(B% k() with ind(V) = indz g VE.

Remark on infinity (6.4). Continuing the discussion of (6.3), without assuming f

to be irreglucib]e, to gake care of ppir}}s at infinity, we introduce two different incar-
nations f = f(X,Y)and f = f(X,Y) of f thus.
We write

fX.Y)= )" f(X.Y) with fi(X.Y)= Y a;X'Y/

0<I<N i+j=I

where f; is either zero or is homogeneous of degree /. We call fy = fn(X,Y) the
degree form of f which we denote by defo( f) or . Now we let

(X,Y)=(1/X,Y/X) and B =k[X,Y]

with
fx.Y)y=xNra/x.v/Xy= > XN7f{.Y)ek[X.Y]
0<I<N
and T .. T
(X.Y)=(X/Y.1/Y) and B =k[X, V]
with

FERY)=YVfX/Y.yv)y= > YN f(X.1) ek[X. V]
0<I<N

and we note that f and f are polynomials of degree N.

Let Lo consist of X together with all irreducible homogeneous polynomials
in k[X,Y] \ k which are monic in Y. We call L the line at infinity (over k). If
Q € Loo \ {X}is of degree 1 then Q = Y — BX where 8 € k and with Q we
associate the triple (1, 8,0) € k3 by putting Q(1,8,0) = Q. With X associate
the triple (0, 1,0) by putting Q(0,1,0) = X; note that Q(1,0,0) = Y. Thinking
of the usual projective line (over k) as consisting of all triples (c, 8,0) € k3 such
that if « # O then @ = 1 and if @ = O then 8 = 1, the mapping which sends
(a, B8,0) to Q(x, B,0) gives a bijection of the said line onto the set of degree 1
points of L. For any Q € Lo, we let e(f, Q) be the largest nonnegative integer
such that Q¢ divides £+ in B; we call e( . Q) the exponent of Q in f. Clearly
{0 € L : e(f, Q) > 0} is a nonempty finite set and labelling its distinct members
which are different from X as {Q1,..., O} and letting Q¢ = X we have

fr=#o H 0 with e =e(f. Qi)

0<i=<p
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and hence, as a case of Bézout’s theorem, we get the obvious equation

Z eidi =N with di = deg(Ql)

0<i<p

which says that f and Lo, meetin N points counted properly.

Recall that for any finite number of elements x1, ..., X, in an overfield of k we
have defined
Wk:x1,....xr) = ¥ B(k[x1/x.. ... % /x;])

1<j<r with x ; #0
and for any subset J of a domain S let us put
U(S,J) ={R €D(S) : JR # R}.
Also recall that any V € D(L/k) dominates a unique member of 20(k; x1, ..., x;)
which is called the center of V on 20(k; x1,..., x;).
We define the projective plane and the projective line over k by putting

P? =W(k; X,Y,1) with Pl =(k;X,1)

and we define the affine plane and the affine line over k by putting
A2 =0(B) with A = B(k[X])
and we define the projective point and the affine point over k by putting
Pi = Ay = 1k}

and we note that then . .
’P,? =Y(B) UV(B) UB(B)

and by putting
AL =0(B,(XB)) with A =0(B,(X,V)B)
we have the disjoint unions

Pe=A [ JA [ A with Pp=A ]]AL

Informally speaking, /(2 is the set consisting only of the local ring of the origin
in the (X, Y)-plane, and so we may identify Ag with Ag. Again informally speak-
ing, Al is the line X = 0 in the plane V(B); formally speaking, to identify A}
with the X-line A} = U(k[X]), considering the k-epimorphism B — k[X] given
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by (X , Y) > (0, X), and remembering the commutativity of epimorphism and lo-
calization, we note that R > R/(X R) gives a bijection A} — A}. Thus B is the
preferred chart to study the line at infinity in P2, i.e.,

P\ Ay = A [ [ AP

To match this line at infinity with L, first we define the local ring R(L ) of L
by putting

R(Lx) = By

and noting that this is the unique one-dimensional member of A}c; it can also be
characterized as the DVR R, of L/k for which

ordg. g = —deg(g) forall g € B.

Next we define the local ring R(Q) of Q € L by putting

B s ifQ =X

By where M = (X, Q/X%@)B if O £ X

R(Q) =

and we note that Q — R(Q) gives bijections {X } — Ag and Lo \ {X} — A}c To
complete the picture, we define the local ring R(Q) of any Q € spec(B) by putting
R(Q) = Bg
so that Q + R(Q) gives a bijection spec(B) — AZ. Thus,
O+ R(Q) givesabijection SPZ — P?
where by definition
the spectral projective plane SPk2 = spec(B) ]_[ Lo ]_[{Loo}.
Moreover, for any (a, B, 1) € k3 we put
Q(a,B,1) = (X —a,Y — B)B € spec(B)
and we note that then

(o, B,7) =~ R(Q(x, B,y)) gives a bijection Usz — Rsz
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where by definition

the set of all («, B, y) € k3
such that: if y # O theny = 1,
ify=0#athena =1,
ify=0=cathen g =1,

the usual projective plane Usz =

and

the set of rational points of P2,
the rational projective plane Rsz = 4 1i.e., 2-dimensional members of 73,3

which are residually rational over k.

To summarize, we have maps

2 _© 2 _ R 2 wi ' = RP?
UP; SP; P? with  im(QR) = RP;

where the first injective map is (o, 8, ) = QO(«, B, y) and the second bijective map
is O — R(Q).

Let us observe that I(B/k, f) C I(B/k) \ {Rw}, and moreover the center of
any V € I(B/k) \ {Roo} On ’P,? is the two dimension regular local domain R, with
quotient field L and [H(R) : k] < oo, described thus:

() R = k[x, y]; withx € M(R) \ M(R)? where

(x,y)=(1/X,Y/X)or(x,y) =(1/Y,X/Y) accordingas X € Vorx e V

and J is the maximal ideal in k[x, y] generated by x and a nonconstant irreducible
monic polynomial {(y) € k[y]. Furthermore, if V € I(B/k, f) then V is a dicriti-
cal divisor of f in R with fx" € R and we have

Fn(1,y) € L(y)k[y] or Fn(y,1) € C(y)k[y] accordingas X &€ V orx € V.

By Lemma (II) of Sect.5, it follows that if V' € I(B/k, f) then the relative
algebraic closure k&’ of k in H(V) is a finite algebraic extension of k and H(V) is a
simple transcendental extension of k’; we say that f is residually a polynomial over
B relative to V to mean that f € V and Hy (f) € k'[t] \ k' for some t € H(V)
with H(V) = k' ().

Further discussion in Part II.

Example (6.5). To indicate the dependence of N and m on f, let us write N s and
m y for them. Then clearly m s and deg s (V1), ..., deg s (Vi) depend only on f* as
an element of B and not on the particular generators X, Y of B. This can be para-
phrased by letting Autg (B) be the group of all k-automorphisms of B and saying
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that for every 7 in Aut, (B) we have that: (i) mo(r) = ms; (i) T(V;)1<i<m are the
dicritical divisors of 7(f); and (iii) deg,(s)(z(V;)) = degs(V;) for 1 < i < m.
Let us call f aring generator to mean that B = k[ f, g] for some g in B. Then it is
clear that f is aring generator iff N;(r) = 1 for some t in Auty (B). Therefore by
(6.1)(e), it follows that:

S is aring generator & my = 1 = degy (V1) = inds (V1) = Ny.

Now to exhibit the dependence of ind s (V;) on X, Y, it suffices to take f to be the
ring generator ¥ — X with any N € Ny and noting that ind s (V1) =Ny =N
but ind;(£)(t(V1)) = N¢(r) =1 where 7 in Autg(B) is given by (X,Y)
(X,Y + XN).

Note (6.6). Let R be a two dimensional regular local domain. Now given any
z € QF(R)*, by a dicritical divisor of z in R we mean a prime divisor V' of R such
that z is residually transcendental over R relative to V. By Lemma (II) of Sect.5,
we know that the residue field K* = H(V') of any prime divisor V of R is of the
form K* = K’(t) where the finite algebraic field extension K’ of K = Hy(R)
is the relative algebraic closure of K in K* and the element ¢ is not algebraic over
K’. Assuming z € QF(R) to be residually transcendental over R relative to V, after
writing
P(@)

& =50
where P(t), Q(t) are nonzero members of K’[t] having no nonconstant common
factor in K'[¢], we define the relative polar degree rpdeg(y )z of z relative to (V, t)
to be the number of distinct nonconstant irreducible monic factors of Q(¢) in K'[¢].
Note that

max(deg, P(t),deg, O(1))

is a positive integer which is independent of ¢ as long as K* = K'(t); we denote this
positive integer by resdeg(y, gyz and call it the residue degree of z relative to (V, R).
We also define the polar degree pdegy z of z relative to V' to be the minimum of
rpdeg(y)z taken over all ¢+ € K* with K* = K'(t). We say that z is residually
a polynomial over R relative to V' to mean that pdegyz = 0, i.e., to mean that
Hy (z) € K'[t]\ K’ for some t € K* with K* = K'(t); note that for any such ¢ we
have resdeg(y, )z = deg, P(t); moreover if ¢ and P’(¢’) are any other such values
of t and P(¢t) then P'(¢t') = aP (bt + c) for some a, b, ¢ in K/ witha # 0 # b.
(T*) As an analogue of (6.1)(F) we note that any z € QF(R)* has at most a finite
number of dicritical divisors in R. Moreover, this number is zero iff either z € R
or 1/7 € R. [To see this, first observe that if z has a dicritical divisor in R then
obviously z ¢ R and 1/z € R. So henceforth assume that z ¢ R and 1/z & R. Now
R is normal because it is regular, and hence by the bracketed proof on pages 75-76
of [3] we find an epimorphism 4 : R[z] — H(R)[Z] with indeterminate Z such that
h(z) = Z and h(x) = Hg(x) for all x € R. It follows that M (R) R[] is a prime
ideal in R[z] with (M(R)R[z]) N R = M(R). Let S be the localization of R[z] at
M(R)R][z] and let T be the integral closure of S in QF(R). By Lemma (T54) on
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page 268 of [12] we have dim(S) = 1 and hence by Theorem (4.10) on page 118 of
Nagata [28] we see that

T=Vin---NnV,

where e is a positive integer and V71, . . . , V, are pairwise distinct DVRs with quotient
field QF(R). Clearly V1, ..., V, are exactly all the dicritical divisors of z in R.]

Given any F, G in R*, by a dicritical divisor of (F, G) in R we mean a dicritical
divisor of F/G in R. The above terms relative polar degree rpdeg, residue degree
resdeg, polar degree pdeg, and residually a polynomial, are now applicable with z
replaced by (F, G).

Geometrically speaking, we may visualize R to be the local ring of a simple point
of an algebraic or arithmetical surface, and think of z as a rational function at that
simple point, and (F, G) as the pencil of curves F = uG at that point. Let us call
the pencil special to mean that G equals a unit times a power of a regular parameter,
i.e., GR = x™R for some x € M(R)\ M(R)? and m € N.

By (6.4)(}) we see that a bivariate polynomial f € B\ k gives rise to a special
pencil in each relevant R, and hence the following Local Ring Proposition LRP
would imply the following Polynomial Ring Proposition PRP.

LRP says that if (F, G) is any special pencil in a two dimensional regular local
ring R then F/G is residually a polynomial over R relative to any dicritical divisor
V of F/G in R.

PRP says that if f is any nonconstant member of a bivariate polynomial ring
B = k[X,Y] then f is residually a polynomial over B relative to any dicritical
divisor of f in R.

Let A be a two-dimensional affine domain over an algebraically closed field and
let R be the localization of A at a maximal ideal. Now (1*) says that if R is regular
then, for any rational function

z=F/G

with F # 0 # G in R, z has only a finite number of dicritical divisors in R;
morover, if the pencil (F, G) is special then z is residually a polynomial over R
relative to every dicritical divisor of z in R. In view of the results of [2, 8], it can
be shown that all except a finite number of prime divisors V' of R are residually
simple transcendental over R; moreover, if R is regular then the said finite number
is zero. This is the analogue from the theory of quasirational singularities we spoke
of in the preamble of this section. Thus a (possibly singular) point of a surface in the
quasirational theory is replaced by a rational function at a simple point of a surface
in the dicritical theory.

Needless to say that a simple point in the former theory is replaced by a special
pencil in the latter theory. Likewise, residually simple transcendental in the former
theory is replaced by residually a polynomial in the latter theory.

As a final philosophical comment, I wish to observe that the LHS I(B/k, f)
of the equation (6.1)(}) represents points at infinity of the projective plane while
its RHS I(By, /k(f)) represents the branches at infinity of a generic plane curve.
Thus the LHS stands for the projective viewpoint while the RHS stands for the
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meromorphic viewpoint. Although, in [6, 7, 13—15], I have been beating the drums
of the meromorphic viewpoint, it has suddenly dawned on me that the difference
between these two methods is merely a matter of semantics!!

More discussion in Part II.

7 Field Generators

Consider the bivariate polynomial ring k[X,Y] over a field k. A polynomial
f(X,Y) € k[X,Y] is a field generator means for some g = g(X,Y) € k(X,Y)
we have k(X,Y) = k(f, g); here the complementary generator g may or may
not be a polynomial. In his 1974 Purdue Ph.D. Thesis [25], Jan gave an example
of a field generator which has no complementary polynomial field generator. In
Theorem (7.6) I shall give a criterion for the existence of a complementary poly-
nomial field generator. Recently, Pierrette Cassou-Nogues [18, 19] ascribed this
criterion to Russell [32,33], and she used it to revisit Jan’s example. However, I
shall give a short, almost obvious, proof of (7.6) which is completely independent
of the rest of this paper. The criterion (7.6) can be paraphrased by saying that a field
generator f has a complementary polynomial field generator iff f has a dicritical
divisor of degree 1.

Note that if a polynomial f is a field generator then the generic curve f = u,
where u is an indeterminate, is a curve of genus zero having a rational place over
k(u), and conversely. In Example (7.7), I shall discuss the circle to illustrate this
fact. It was conjectured by me and proved by my student Jan in his Thesis [25] that
a field generator has at most two points at infinity. Without assuming f to be a field
generator, in Part I I shall generalize this by giving a bound on the number of points
at infinity of f in terms of the genus of f = u.

Preamble for (7.1)—(7.5). Let L be a finitely generated field extension of a field K
with trdegg L = €. Let A be an affine domain over K with QF(A) = L where
Q F(A) denotes the quotient field of A. Note that D(L/K) is the set of all valuation
rings V with QF(V) = L and K C V such that trdegg H(V') = € — 1 where

Hy :V — H(V) =V/M(V)

is the residue class epimorphisms and we are identifying H(K) with K; moreover,
every member of D(L/K) is a DVR, and I(A/K) is the setof all V € D(L/K)
with A ¢ V.

Lemma (7.1). Assume that L = K(x) where x is transcendental over K. Let V be
the (1/x)-adic valuation, i.e., let V be the localization of K[x] at the prime ideal
generated by 1/x. Then V € D(L/K) with H(V) = K.

Proof. Obvious.
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Lemma (7.2). Assume that L = K(y) where y is transcendental over K. Let V €
D(L/K) be such that H(V) = K. Then L = K(x) for some x € L such that V
is the (1/x)-adic valuation. Moreover, if K is infinite and Vs, . . ., Vy, are any finite
number of members of D(L/K) \ {V}, then x can be chosen so that we also have
xg€MVa)U---UMWVy).

Proof. If V is the (1/y)-adic valuation then taking z = y we see that L = K(z)
and V is the (1/z)-adic valuation. If not then V' must be the localization of K[y] at
the prime ideal generated by y — a for some @ € K, and taking z = 1/(y — a) we
see that L = K(z) and V is the (1/z)-adic valuation. Now without the “Moreover”
it suffices to take x = z. With the “Moreover” we clearly have z € V, U --- U Vj,
and, since K is infinite, for all except a finite number of ¢ € K we must have

z+cdMOVy)U---UMVy)
and it suffices to take x = z + c.

Lemma (7.3). Assume that L. = K(x) where x is transcendental over K. Let V
be the (1/x)-adic valuation and assume that V. € I(A/K). Let {V,,...,Vy} be
the distinct elements of 1(A/K) \ {V}, and note that for 2 < i < m we clearly
have K[x] C V; and V; is the localization of K|x] at the prime ideal generated
by an irreducible element x; in k[x]. Now assume that A is a UFD. Then A is a
proper PID, and A is the localization of K|[x] at the multiplicative set consisting of
all monomials in x5, . .., Xm. Moreover, if x & M(V,) U --- U M(V,y,) then clearly
x is an irreducible element in A.

Proof. To see that A equals the said localization, note that A is normal because it is
a UFD, and hence A4 is the intersection of all the members of D(A/K) \ I(A/K),
but this intersection clearly equals the said localization.

Lemma (7.4). Assume that € = 1 and L = K(x) for some x € A. Then H(V) =
K for some V € 1(A/K).

Proof. Take V to be the (1/x)-adic valuation and apply (7.1).

Lemma (7.5). Assume that € = 1 and L = K(y) for some y € L. Also assume
that, K is infinite, A is a UFD, and H(V) = K for some V € I(A/K). Then A is
a proper PID and L = K(x) for some irreducible x € A.

Proof. Take {Va,...,Vin} = I(A/K) \ {V} and apply (7.2) and (7.3).

Preamble for (7.6). Consider the bivariate polynomial ring B = k[X, Y] over a field
k andlet L = k(X,Y) = QF(B) = the quotient field of B. Given any

f=f(X,Y)e B\k,

by B we denote the localization of B at the multiplicative set k[ f]*, and we note
that then B is the affine domain k(f)[X, Y] over the field k( /) with QF(Bf) =
k(X,Y) = L and we have trdegg(s)L = 1. Note that a localization of a UFD is a
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UFD, and irreducibles in the localization are essentially the same as irreducibles in
the original UFD except that the localization has more units. Hence we get:

Theorem (7.6). In the above setup we have the following.

(1) If L = k(f,g) for some g € B, then HV) = k(f) for some V €
I(By/k(f)).

(2) If L = k(f.1) for somel € L and H(V) = k(f) for some V € I(By/k(f),
then L = k(f, g) for some g € B.

Proof. Taking (K, L, A) = (k(f),k(X,Y), By), (1) follows from (7.4). Likewise
(2) follows from (7.5) after noting that the irreducible x € By when multiplied
by a suitable » € k[f]* produces an irreducible bx € B and we obviously have

k(f.bx) = k(f.x) = L.

Example (7.7). We illustrate the above theorem by showing that the circle is a field
generator over C but not over R. The underlying obvious fact behind this is that
f is a field generator of L = k(X,Y) iff the general curve f# = f(X,Y) —u,
where u is an indeterminate, is of genus zero and has a rational place over k(u),
ie,alV € D(Lﬁ, /k(u)) which is residually rational over k(u); here Lﬁ, is the

function field of f*, i.e., the quotient field of the residue class ring of k(u)[X, Y]
modulo the ideal generated by f*. For the circle f = X2 + Y2 — 1 withk = R, if
/* had a rational place then we can find a nonzero triple (a(u), b(u), ¢ (1)) in k[u]
such that

a(u)® + bw)? = c(u)?® + uc(u)?.

Since the equation x%+ y2 = 0 has no solution in R other than (0, 0), it follows that
if (a(u), b(u)) # 0 then the LHS of the above equation is a nonzero polynomial of
even degree. But if ¢(u) # 0 then the RHS of the equation is a nonzero polynomial
of odd degree. Therefore, the circle is not a field generator over R. Over k = C it is
a field generator because k(f, X +iY) = k(X,Y).

8 Preview of Part I1

As said in the Introduction, Part II will include various topics from algebraic curve
theory such as the conductor and genus formulas of Dedekind and Noether, and the
automorphism theorems of Jung and Kulk. In Part II, T shall also relate all this to
the Jacobian problem which conjectures that if the Jacobian of n polynomials in n
variables over a characteristic zero field equals a nonzero constant then the variables
can be expressed as polynomials in the given polynomials; see [ 13—15]. As indicated
in the preamble of Sect.4, in Part II, I shall revisit Newton’s polygonal method.
As said at the end of Sect. 5, in Part II, I shall say more about the Inversion and
Invariance Theorems and about quadratic transformations. As said in Sect. 6, in Part
IL, T shall discuss Dicritical Divisors some more. Finally, as said in the beginning



Inversion and Invariance of Characteristic Terms: Part I 159

of Sect. 7, in Part II, I shall give a bound on the number of points at infinity of an
algebraic plane curve.

9 Epilogue

Let me close with a chatty survey of the paper which can also serve as an alternative
Introduction.

9.1 Trigonometry

In high-school we learn the expansion

x3 X x

1 f— —_— — — — — o e ~i
sinx = Xx 3!—{-5! 7!-{- =X Z a; x

_1)i/2 . .. . .
where a; = 0 or % according as 7 is odd or even. The fact that in the expansion

of sin x there is no x? term but there is an x> term, may be codified by saying that
sin x has a gap of size 2, i.e., 2 is the smallest positive value of i for which a; # 0.
Now
X
sin X =X + 3 +

and so the inverse function has a gap of the same size 2.

It was around 1665 that Newton gave the above two expansions and Gregory
gave the expansion

tan 1x—x——+x——x—+
3 5 7
and from this it follows that
x3
tanx=x+?+...

but the full expansion of tan x is rather complicated and was obtained by Bernoulli
only in the next century. At any rate the size of the gap in tan x as well as tan™! x
is again 2. All these formulas can be found in Chrystal’s Algebra [20] published
in 1886 and Hobson’s Trigonometry [24] published in 1891. I was lucky to have
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studied these two excellent books towards the end of my high-school years at the
suggestion of my father. After hundred years, they are still being reprinted and I
highly recommend them to all students of mathematics.

Renaming the above type of gap as absolute gap, given any positive integer d, let
us define the d-gap to be the smallest value of i which is nondivisible by d and for
which a; # 0. Then in all the above examples, the value of the d-gap is 2 for every
d > 2. As an example of a function with 3-gap 7, we can consider the power series

x+xt T+ = xS,
To illustrate yet another type of gap, consider the power series
x(1+x2+x2+0x° +02x +x7+...)

where 0 is a transcendental number. This has a transcendentality gap of size 5, i.e.,
after factoring out x, the smallest power with transcendental coefficient is x°.

Formalizing all this, in (3.5) we were led to the definition of the (7, S)-gap v of
a nonzero meromorphic series

y(T)=T° Y AT" with ordry(T) =¢ and 4; € K with Ag # 0

0<i<oo

over a field K, where S is a subfield of the meromorphic series field K((7)) and
v =min{i € N : A;T! ¢ S}. For the definitions of meromorphic series, ord, field,
etc., see pages 25-32 and 67-88 of [9], or pages 1-39 of [12]. In particular see the
first paragraph of Sect. 2 for the symbols N, N, Z, and so on.

In the above examples we wrote x for 7', and let e = 1. In the d-gap case we take
S = K((T%)), and in the transcendentality gap case we take S = k((T')) where k
is an algebraically closed subfield of K. In the absolute gap case we take S to be the
null ring {0} although technically speaking it is not a subfield.

Assuming e = 1, let z(T) € K((T)) be the inverse of y(T), i.e., ordrz
(T) = 1 with y(z(T)) = T; note that if y(T) = sin T then z(T) = sin"! T, and
if y(T) = tan! T then z(T') = tan T. In (3.5)(IV)(7) we show that the (T, S)-gap
of z(T') equals the (7', S)-gap of y(T'). We prove this gap invariance by relating the
coefficients of y(T') and z(T'). Applying the said relating of coefficients to tan™! x
we can recover the Bernoulli expansion of tan x.

Actually, in (3.5) we prove something which is more general than gap invari-
ance. Namely, for any z(T) € K((T)) with ord7rz(T) = 1, without assuming
¥(z(T)) = T but considering the composition x(7') = y(z(T)), by using the multi-
nomial theorem

!
(X1+...+Xr)"=2%xil...Xﬁ’ with r and n in N (1)
1. 0!
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where the summation is over all ¢ = (f1,...,t,) € N witht; +--- + ¢, = n,
we express the coefficients of x as polynomials in the coefficients of y and z. As a
consequence we show that the (7', S)-gaps v, w, w of x, y, z satisfy the relations

7w > min(v, w)
V<W=ST =V 2)

w<y=1m =W

The r = 2 case of (1) is Newton’s Binomial Theorem for positive integer expo-
nents which he obtained around 1665. Soon after he generalized it to fractional
exponents which led him to his famous theorem on fractional meromorphic se-
ries expansion of algebraic functions. For Newton’s Theorem and the related result
called Hensel’s Lemma see pages 89—-108 of [9].

In (3.6)(1) and (3.6)(2) we prove some properties of the (7, S)-gap by using the
Binomial Lemma (3.3). It should be stressed that in this usage the full force of (3.3)
has to be brought into play including the information about the relationship between
the initial coefficients of the various meromorphic series.

9.2 Taylor Expansion and Valuations

A power series

f(T)= > oT" €K[[T] with o; € K (1)

0<i<oo

over a field K is a meromorphic series without negative degree terms, i.e., with
ordr f(T) > 0. Differentiating both sides i -times and then putting 7 = 0 we get

@0
o = S i!( ) @)

where @ (T') denotes the i -th T-derivative of f(T'). Formula (1) with the value of
«; as in Formula (2), is called the Taylor expansion of f (7). Sometimes it is called
the Maclaurin expansion. Maclaurin and Taylor were disciples of Newton. We can
use this to deduce the expansions

o x3  x® q 1 x2 Xt
s1nx—x—¥+§— and cosx = —E-i-m—
from the identities
dsinx dcosx

= cosx with = —sinx and sin0 =0 with cos0 = 1.
dx dx
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The definitions of sinx and cosx give the last two identities while the first two
follow from the equation sin? x + cos? x = 1 by implicit differentiation.

For further commentary on Taylor Expansion see pages 104—105 of [9]. There,
and on pages 3943 of [12], you will also find the definition of a (real) discrete
valuation of a field L as a surjective (= onto) map W : L — Z U {oo} such that for
all u, v’ in L we have W(uu') = W(u) + W(u') and

W+ u') > min(W(u), Wt')) (1)

and for any u in L we have: W(u) = co <& u = 0. Replacing Z by any ordered
abelian group and deleting the adjective “surjective” we get the definition of a (gen-
eral) valuation. Note that

W) < Ww') = Wu+u) =W

W) <Wu) = Wu+u)=Wau) @
Writing v, w, & for W(u), W(u'), W(u + ') and then comparing (1) and (2) with
(9.1)(2) we observe an analogy between valuations under sums and gaps under com-
positions. See pages 65-70 of [9] for the fact that, in case G is subgroup of R, (1)
and (2) may be reformulated by saying that sometimes the usual triangle inequality
can be replaced by a stronger inequality which requires all triangles to be isosceles.
For any W we put Gy = W(K*) and Rw = {u € K : W(u) > 0} and call
these the value group and the valuation ring of W. Now Ry is aring with the unique
maximal ideal M(Rw) = {u € K : W(u) > 0}. Thus Ry is a quasilocal ring to
which the second paragraph of Sect. 2 is applicable. More generally, by a valuation
ring of a field L we mean the valuation ring of some valuation of L. Finally, by a
valuation ring we mean a valuation ring of some field. It can be shown that a ring V
is a valuation ring iff V' is domain such that: x £ 0 # y in V = either x/y € V or
y/xeV.
This would be a good time to read the rest of Sect.2. An ambitious reader may
also gradually look up the material on pages 43-201 of [12].

9.3 Discrete Valuation Rings or DVRs

As a supplement to the reading of Sect. 2, let us add some details about DVRs =
discrete valuation rings.

We defined a DVR to be a one-dimensional regular local domain. If V' is any
DVR then u > ordy u gives a discrete valuation of the field QF(V') whose valuation
ring coincide with V. Conversely, the valuation ring Ry of any discrete valuation
W of afield L is a DVR and for all u € L we have ordg,,u = W(u). As another
characterization of a DVR we note that a domain V is a DVR iff V' is a PID such
that V has exactly a nonzero prime ideal P and P°, P!, P2 P3 ... are exactly
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all the distinct nonzero ideals in V. As yet another characterization of a DVR we
note that a domain V is a DVR iff V' is a DD with exactly one nonzero prime ideal,
where DD = Dedekind Domain = a normal noetherian domain of dimension at most
one. Here noetherian ring means a ring in which every ideal is finitely generated.
Normal domain means a domain which is integrally closed in its quotient field, i.e.,
every element of its quotient field which is integral over it (i.e., satisfies a monic
polynomial equation over the domain) over the domain belongs to the domain. We
note that the valuation ring of any valuation is normal.

Recall that a multiplicative set in a domain E is subset M of E* with 1 € M
such that the product of any two elements in M belongs to M, and the localization
Ey of E at M is defined by putting Epy = {u/v : u € Eandv € M}; note
that Ejs is a subdomain of QF(FE), and if E is noetherian (resp: UFD) then Ejy is
noetherian (resp: UFD). In case M = E \ P for a prime ideal P in E, we may write
Ep in place of Eg\ p}; note that Ep is a quasilocal domain with M(Ep) = PEp.

A typical example of a DVR V' is provided by taking a UFD E and letting
V = E,g where p is a nonzero nonunit irreducible element in E. For instance,
take £ = Z and let p = a prime number, or take E to be the polynomial
ring K[X1,...,X,] in a finite number of variables over a field K and p =
p(X1,...,X,) = anonconstant irreducible polynomial, or take E to be the power
series ring K[[X1,...,Xy]] in a finite number of variables over a field K and
p = p(X1,..., X,) = anonzero nonunit irreducible power series.

In the one variable power series case, K[[X]] is itself a DVR. In the one variable
polynomial case of £ = K[X], forevery a € K, the localization E, = E(x_g)f is
a DVR. Moreover,

Eeo = K[1/X]a/x)k11/x]

is also a DVR; this is the valuation ring of the discrete valuation W of K(X) with
W(X) = —1 which we call the (1/X)-adic valuation of K(X). If K is algebraically
closed, then Eo together with (E,),cx are exactly all the distinct DVRs with
K C V and QF(V) = K(X). In case K is not algebraically closed, we have to
replace (E4)qek by (EpE) with p varying over all nonconstant monic irreducible
polynomials in X over K.

Let V be a DVR with quotient field L, let Hy : V. — H (V) be the residue class
epimorphism, let 7" be a uniformizing parameter of V', and let k be a coefficient set
of V. The passage from Q to R suggests the definition of the completion V of V
together with the quotient field L of V thus. A sequence ¥ = (¥;)1<i<oco in L is
Cauchy means for every € € N there exists N. € N such that for all i > N, and
J > Ne we have ordy (y; — y;) > €. This is equivalent to the Cauchy sequence

= (¥})1<i<oo if for every € € N there exists M € N such that forall i > M,
we have ordy (y; — y;) > €. Now L may be defined to be the set of all equivalence

classes of Cauchy sequences. Moreover 74 may be defined to be the set of those
members of L which contain a Cauchy sequence consisting of elements of V. Sums
and products in L in an obvious manner. This makes L an overfield of L and v
an overdomain of V in such a manner that L is the quotient field of V. Now V is
a DVR and for all x € L we have ordyx = ordf;x. Given a sequence 21,22, . . .
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and an element z in L we say that z; tend to z, in symbols z; — z, to mean that
ord;(z — z;) — o0, and we put 0y _; oo % = z to mean that ), _;_;zj — z.

Taking any uniformizing parameter T and coefficient set k of 17, by mimicking
the idea of Taylor expansion, we can show that any z € L> with ordpz = e can

uniquely be expressed as

e<i<oo

where a; € k with a, # 0; we may call this the Taylor expansion of z in k((T));
we can extend the sum to the left of e by putting a; = 0 for all i < e; if z = 0 then
we can take a; = O for all i € Z. If k is a coefficient field then k((7")) is the usual
power series ring.

Let us sketch a proof of the observation made in Sect. 2 to the effect that if A4 is
an affine domain over a field K such that the transcendence degree of the quotient
field L of A over K is 1, then /1(A/K) is a nonempty finite set where /(A/K) is
defined to be the set of all DVRs V with QF(V) = L such that A ¢ V. For any
x € A, let J(x) be the set of all DVRs V with QF(V) = L such that x & V. If x is
algebraic over K then clearly J(x) is empty. If x is transcendental over K then J(x)
is a nonempty finite set because now L/ K(x) is a finite algebraic field extension and
the members of J(x) are the valuation rings of the extensions to L of the (1/x)-adic
valuation of K(x). We can write A = K|[xy,..., x,] where x1, ..., X, is a finite set
of elements in A at least one of which is transcendental over K. It only remains to
note that /(A/K) = U;<j<nJ(x;). Geometrically speaking, A represents the affine
coordinate ring of a curve C in A% = the affine n-space over K, and I(A4/K)
represents the set of branches of C at infinity. Recall that

the set of all DVRs V
I(A/K) C D(L/K) = )5 °
with K C V and QF(V) = L.

D(L/K) represents the set of all branches of C, and D(L/K)\ I(A/K) represents
the set of all branches of C at finite distance.

To talk more about the branches of C in case n = 2 and K is algebraically
closed, let f(X,Y) be the bivariate irreducible polynomial in K[X, Y] such that
f(x,y) = 0 where (x,y) = (x1,x2). Note that f(X,Y) is unique up to multi-
plication by a nonzero element of K, and f(X,Y) = 0 is an affine equation C.
To use homogeneous coordinates, let F(X,Y, Z) = Z% f(X/Z,Y/Z) where d is
the degree of f. Now a point of C at finite distance is of the form (a, b, 1) where
a,b in K with f(a,b) = 0, and at infinity it is either of the form (a, 1, 0) where
a € K with F(a,1,0) = 0 or of the form (1,0, 0) with F(1,0,0) = 0. Let I, be
the set of all those members V' of I1(A/K) for which ordyy < ordyx and let I
be the set of all the remaining members of /(A/K). We define the center of any
V e D(L/K)onC thus: if V & I(A/K) then it is the point (@, b, 1) of C such that
ordy(x —a) > 0 < ordy(y — b);if V € I, then it is the point (a, 1, 0) of C such
that ordy ((x/y) —a) > 0;if V € I, then it is the point (1,0, 0) of C. It can be
shown that every point of C is the center of at least one and at most a finite number
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of branches of C. For V€ D(L/K) \ I1(4/K) and its center (a, b, 1) on C, taking
a uniformizing parameter 7 of V', we get the Taylor expansions

x=z(T) € K[[T]] and y =z(T) € K[[T]]

with z;(0) = a and z9(0) = b. We call this a parametrization of C at the point
(a,b, 1). It elucidates the material in the short paragraph of (3.1) just before the
definition of (V, K)-presequence.

9.4 Newton Expansion and Hamburger-Noether Expansion

Having elucidated a part of (3.1), let us elucidate parts of (3.2) and (3.7). So consider
x =2z1(T) € K(T)) and y =2z(T) e K(T))

with
ordrz1(T) =€ € Z* and ordyzo(T) = e € Z*

where K is an algebraically closed field of characteristic zero. Following Newton,
we can expand y in terms of x by first taking an e-th root §(7') of x, i.e.,

8(T) € K((T)) with §(T)¢ = z1(T)
and then rewriting y in terms of it as
y=n(T) e K(T)) with n(8(T)) = zo(T)

Let J be the T-support of n(7). The charseq (= characteristic sequence) m(J, €)
is, roughly speaking, a record of the members of J where the GCD with € drops.
This is introduced in (3.2) and studied in (3.7). Here the main tool is the concept of
d-gap mentioned in (9.1).

We call n(T') the Newton expansion of zg in terms of z;. In (3.1) we replicate
this without taking roots, and call it the (V, K)-preexpansion which we develop
further in (3.8), (3.9), and (4.1) where it culminates into the Valuation Theoretic
expansion, i.e., the (V, K)-expansion; here V is a certain DVR. The avoidance of
roots motivates items (6)—(8) of (3.1).

The Valuation Theoretic expansion is a generalized version of the so called
Hamburger-Noether expansion. The Mixed Valuation Theoretic expansion, i.e., the
(V, K, T')-expansion of (4.1) is a mixture of the Newton expansion and the Valuation
Theoretic expansion.

Let us now further describe the organization of these numerous expansions.

In (3.1) we introduce the (V, K)-protoexpansion as a simple sequence, and the
(V, K)-preexpansion as a double sequence consisting of several sequences each of
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which is a (V, K)-protoexpansion. In (3.1) we reorganize the (V, K)-preexpansion
as a simple sequence which we call the (V, K)-expansion. This reorganization is
something like reorganizing an m by n matrix (a;;) as the simple sequence

ail,...,1m,421,-..,a2n, .-, aAml, ..., Amn

of length mn. Actually, the rows of the (V, K)-preexpansion may have different
lengths. Namely, the i-th row looks like z;o, ...,z 1(;)+1 and has length /(i) + 2.
We chop off its first term and then the first two terms of the chopped off version co-
incide with the last two terms of the previous row, i.e., (Zj—1.71(—1)s Zi—1,/(i—1)+1) =
(zi1,2i2), and so we glue the two rows at the coincidental terms. Doing this for all
except the first row, the (V, K)-preexpansion converts into a single sequence which
we call the (V, K)-expansion.

In (3.8), (3.9), and (4.1), we inject some newtonian expansions into the (V, K)-
protoexpansion, the (V, K)-preexpansion, and the (V, K)-expansion, and then we
call the resulting object the mixed (V, K, T')-protoexpansion, the mixed (V, K, T)-
preexpansion, and the mixed (V, K, T')-expansion, respectively.

9.5 Taylor Series with Remainder

The Taylor formula (9.2)(1) may be truncated at some value of i, say i = j, and then

the last term o/; need not equal f(j.—),(o). The resulting formula is called Taylor series
with remainder. This is illustrated 'by the crucial formula (3.1)(8) which explains
the avoidance of roots mentioned in (9.4). Note that in (3.1), the quantity p; is not
defined until items (6)—(8), and in case of z;4; # 0, the summation in (8) terminates
atv = py(e;/ler)), i.e., (8) is reduced to the equation

2 = Z A;k(v)z})(lel\/ez) +Z7 with Z}k — Z;’lZl+1-
(e;—1/lerl)=v=p;(e;/le;)

Also note that in (3.1) we have ¢; > O and p; > O forall j > 1 and hence, in case
of [ # 1, items (6)—(8) become more transparent by putting |e;| = ¢;. Finally note
that formula (4.1)(4%) is another incarnation of (3.1)(8).

To illustrate (3.1)(8) by an example, consider the DVR V = K|[[T']] having uni-
formizing parameter T with coefficient field K, and let

g=T3andz_; =T+ T2 with0 < u < 3.

gy = G+ 4z withsy =54, =0& p; =00 ifu=0
2+ withzf =274 &z41 =T & (pr.ej+1) = (3,2) ifu#0.
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Let us now further comment on the formation of the mixed (V, K, T')-expansion
we talked about in (9.4) above. In (3.8) we consider the sequence

(zo. 21, .-, 21,2141, 21)

of meromorphic series in K((7)), and we expand each term of the sequence relative
to the next term in the newtonian manner, i.e., as a (V, K, T')-expansion. For the last
two pairs, this is possible only if z;41 # 0. The flipping of z;4; and z; in the end
of the sequence is meant for connecting it smoothly to the next sequence of the
presequence as achieved in (3.9). Think of two wagons of a railway train being
connected at the smooth round buffers. Thus in (3.8), we are constructing a perfect
wagon which in (3.9) gets joined to other wagon to form a whole train. In (4.1),
the whole train is thought of as a single very long wagon which is called the mixed
(V, K, T')-expansion.

9.6 Polynomials and Power Series

The field K(Xq,...,X,) of rational functions over s field K does not deter-
mine the polynomial ring K[Xy,..., X,] as can be seen by noting that clearly
we have K[1/Xq,...,1/Xy] # K[Xi1,...,X,] but K(1/X4q,...,1/X,) =
K(X4,...,X,). However, the quotient field K((Xy,..., X,)) of the power se-
ries ring K[[X1, ..., X,]] does determine the said ring. See (3.10).
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