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Preface

We dedicate this volume to Professor Parimala on the occasion of her 60th birthday.
It contains a variety of papers related to the themes of her research. Parimala’s first
striking result was a counterexample to a quadratic analogue of Serre’s conjecture
(Bulletin of the American Mathematical Society, 1976). Her influence has contin-
ued through her tenure at the Tata Institute of Fundamental Research in Mumbai
(1976-2006), and now her time at Emory University in Atlanta (2005—present).

A conference was held from 30 December 2008 to 4 January 2009, at the Uni-
versity of Hyderabad, India, to celebrate Parimala’s 60th birthday (see the confer-
ence’s Web site at http://mathstat.uohyd.ernet.in/conf/quadforms2008). The orga-
nizing committee consisted of J.-L. Colliot-Thélene, Skip Garibaldi, R. Sujatha,
and V. Suresh. The present volume is an outcome of this event.

We would like to thank all the participants of the conference, the authors who
have contributed to this volume, and the referees who carefully examined the sub-
mitted papers. We would also like to thank Springer-Verlag for readily accepting to
publish the volume. In addition, the other three editors of the volume would like to
place on record their deep appreciation of Skip Garibaldi’s untiring efforts toward
the final publication.

We are grateful for the support and the hospitality of the University of Hyder-
abad, especially the members of the Department of Mathematics and Statistics. We
would like to thank the office staff of the Department of Mathematics and Statistics
and the other staff of the University responsible for providing administrative and
logistical support.

We are also extremely grateful to the University Grants Commission, India and
the National Board for Higher Mathematics for financial support.

Paris, France J.-L. Colliot-Thélene
Atlanta, USA Skip Garibaldi
Mumbai, India R. Sujatha
Hyderabad, India V. Suresh

December 2009
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Multiples of forms

Eva Bayer-Fluckiger

To my friend Parimala

Summary The aim of this paper is to survey and extend some results concerning
multiples of (quadratic, hermitian, bilinear...) forms.

Introduction

Let k be a field of characteristic # 2. Let ks be a separable closure of k, and set
I = Gal(ks/k). Let cd(I;) be the 2-cohomological dimension of Iy. It is a clas-
sical question whether it is possible to characterize quadratic forms over k up to
isomorphism via some cohomological invariants. For instance, it is well-known that
if cdy (I;) = 1, then two quadratic forms are isomorphic if and only if they have the
same dimension and discriminant.

The same problem is relevant for hermitian forms over division algebras,
G-forms (where G is a finite group), systems of quadratic or hermitian forms, etc.

Such a direct comparison does not seem to be possible for fields of arbitrary
cohomological dimension. For this reason, the following weaker question was pro-
posed in [2, 8.5] (in the context of trace forms of Galois algebras). Let I be the
fundamental ideal of the Witt ring of k, let d be a positive integer, and let ¢ € I¢.
Can we compare ¢ ® g and ¢ ® ¢’ in terms of some cohomological invariants ?

This question was mostly studied for hermitian forms over division rings with
involution and for trace forms of Galois algebras (see for instance [2—4, 7]). This
paper will survey and slightly extend these results. For instance, we will show the
following

E. Bayer-Fluckiger
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4 Eva Bayer-Fluckiger

Theorem. Suppose that cdy(I;) < d, and let G be a finite group that has no quotient
of order 2. Let q and q' be two G-quadratic forms defined on the same k|G|-module,
and let ¢ € I, Then

PRI~ PRq.

1 Multiples of Quadratic Forms

1.1 Galois Cohomology

Let ks be a separable closure of k, and set I}, = Gal(ks/k). For any discrete I}-module
C, set H'(k,C) = H'(I},,C). We say that the 2-cohomological dimension of I}, is at
most d, denoted by cdy(I}) < d, if H!(k,C) = 0 for all i > d and for every finite
2-primary Iz-module C.

Set Hi(k) = H'(k,Z,/2Z), and recall that H' (k) ~ k* /k*2. For all a € k*, let us
denote by (a) € H!(k) the corresponding cohomology class. We use the additive
notation for H' (k). If ay,...,a, € k*, we denote by (a;)U---U (a,) € H"(k) their
cup product.

If U is a linear algebraic group defined over k, let H'(k,U) be the pointed set
H'(I;,U(ky)) (cf. [11], [12, Chap. 10]).

1.2 Quadratic Forms

All quadratic forms are supposed to be nondegenerate. We denote by W (k) the Witt
ring of k, and by I = I(k) the fundamental ideal of W (k). For all ay,...,a, € k*, let
us denote by ((ay,...,a,)) = (I,—a;) ® ---® (1, —a,) the associated n-fold Pfister
form. It is well known that /" is generated by the n-fold Pfister forms. The following
has been conjectured by Milnor

Theorem 1.2.1 (cf. Orlov-Vishik—Voevodsky [8]). For every positive integer n,
there exists an isomorphism

e, 1"/ — H" (k)

such that
en({{ar,...;an))) = (@) U---U(ay)
forall ay,...,a, € k*.

It is easy to see that the above theorem has the following consequences (cf. [3]):

Corollary 1.2.2. Suppose that cd,(I},) < d. Let g and g’ be two quadratic forms with
dim(q) = dim(q’), and let ¢ € I. Then ¢ @ g~ ¢ @4/
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For every quadratic form g, let us denote by disc(g) € H' (k) its discriminant.
Recall that if n = dim(g), then disc(q) = (—1)""~1)/2det(q).

Corollary 1.2.3. Suppose that cd, (I},) < d. Let g and g’ be two quadratic forms with
dim(q) = dim(q’), and let ¢ € 197", Then

dRq~¢Rq ifand onlyif eq_;(¢) U (disc(q)) = eg_1(¢) U (disc(q')) € H (k).

For any quadratic form ¢, let us denote by w2 (g) € Bry(k) the Hasse—Witt invari-
ant of q. Recall that if ¢ > (ay,...,a,), then wy(q) = [1;< j(ai,a;), where (a;,a;) is
the quaternion algebra over k determined by a; and a;. We can extend the previous
results as follows:

Corollary 1.2.4. Suppose that cdy(I}.) < d. Let q and ¢’ be two quadratic forms.
Suppose that diim(q) = dim(q') and det(q) = det(q’). Let ¢ € 172, Then

d®q~¢®q ifand only if eg_2(9) Uwa(q) = ea_a(d) Uwa(q') € H (k).

Proof. Let Q = g® (—¢'), and let dim(q) = dim(q') = m, det(q) = det(¢') = d,
Then det(Q) = (— )"’d2 (—1)™ in k* /k*2, hence disc(Q) = (—1)"(—=1)" = 1.
This implies that Q € I,

As Q € I?, e5(Q) is defined. We have e»(Q) = wa(g) + wa(q'). Indeed, we
have wa(—¢') = wa(q/) + (=1, (=1)"""2a""1), and w(Q) = w2 (g) +wa(¢') +
(d ( 1)"d). Usmg this, a computation shows that w(Q) = wa(q) + wa(q') +
(=1, (=1)"m=1)/2)_On the other hand, we have e2(Q) =w1(Q) if m=0,1 (mod 4),

e2(Q) =wr(Q)+(—1,—-1)if m=2,3 (mod 4). Therefore, we get e2(Q) =wa(q) +
Wz(f] ). U

Let ¢ € I972. Then ¢ ® g ~ ¢ ® ¢ if and only if ¢ ® Q is hyperbolic. This is
equivalent to ey »(¢)Uez(Q) =0, hence to ey »(0) Uwa(q) = eq_2(9) Uwar(q').

2 Hermitian forms over Division Algebras with Involution

Let D be a division algebra over k. An involution of D is a k-linear antiautomor-
phism ¢ : D — D of order 2. Let K be the center of D. We say that (D, o) is a
division algebra with involution over k if the fixed field of ¢ in K is equal to k. If
K =k, then o is said to be of the first kind. After extension to kg, the involution ¢
is determined by a symmetric or a skew-symmetric form. In the first case, o is said
to be of orthogonal type, in the second one, of symplectic type. If K # k, then K is a
quadratic extension of k and the restriction of ¢ to K is the nontrivial automorphism
of K over k. In that case, the involution is said to be of the second kind, or a unitary
involution, or a K /k-involution. Details on algebras with involution are in Chap. 8
of Scharlau’s book [10].

Let (D, o) be a division algebra with involution over k. A hermitian form over
(D, 0) is by definition a pair (V, k), where V is a finite dimensional D-vector space,
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and 4 : V x V — D is hermitian with respect to 6. We say that (V, k) is hyperbolic
if there exists a sub D-vector space W of V with dim(V) = 2dim(W) and such that
h(x,y) = 0 for all x,y € W. This leads to a notion of Witt group W(D, o) (see for
instance [10, Chap. 7, Sect. 2]). Note that the tensor product of a quadratic form over
k with a hermitian form over (D, ¢) is a hermitian form over (D, ¢), hence W (D, o)
is a W(k)-module.

Let (V,h) be a hermitian form over (D, 0), as above. Let n = dimp(V'), and let
H be the matrix of i with respect to some D-basis of V. Let us denote by Nrd :
M, (D) — k the reduced norm. The discriminant of h is by definition disc(h) =
(= 1) =D2Nrd(H) € k* /k*2.

Let (D, o) be a division algebra with involution over k. Let us denote by J the
sub W (k)-module of W (D, 6) consisting of the hermitian forms (V, ) with dimp (V)
even. Suppose that cd, (I;) < d. The following is proved in [3, Sect. 2]:

Theorem 2.1.1.

(a) We have I1J = 0.
(b) If  is of the second kind, then IY~'J = 0.
(c) If © is of the first kind and of the symplectic type, then I9~2J = 0.

Part (a) was proved by Chabloz in [7].
The following three results follow from theorems of Parimala, Sridharan and
Suresh [9], and of Berhuy [6], and are proved in [3, Sect. 2]:

Theorem 2.1.2. Suppose that D is a quaternion algebra, and that ¢ is of the first
kind and of the orthogonal type. Suppose that cdy(I;) < d. Let h € J, and let ¢ €
1971 Then ¢ ® h is hyperbolic if and only if eq_1(¢) U (disc(h)) = 0.

Corollary 2.1.3. Suppose that D is a quaternion algebra, and that o is of the first
kind and of the orthogonal type. Suppose that c¢dy(I}) < d. Let h and h' be two
hermitian forms over (D, &) with dim(h) = dim ('), and let ¢ € 197", Then ¢ @ h ~
9 @ I if and only if eq_1(9) U (dise(h)) = eq—1(6) U (disc()).

Let us denote by J, the sub-W (k)-module of J consisting of the classes of the
hermitian forms & such that disc(k) = 1. Then we have (cf. [3, Sect. 2]):

Corollary 2.1.4. Suppose that D is a quaternion algebra, and that & is of the first
kind and of the orthogonal type. Suppose that cd (I}) < d. Then 197, = 0.

Let i be a hermitian form over a quaternion algebra D endowed with an invo-
lution o of the first kind and of orthogonal type. Suppose that # € J,. Then one
can define the Clifford invariant € (h) € Bry(k)/(D), cf. [5, Sect.2]. We have the
following:

Theorem 2.1.5. Suppose that D is a quaternion algebra, and that ¢ is of the first
kind and of the orthogonal type. Suppose that cdy(Iy) < d. Let h € Jp, and let ¢ €
1972, Then ¢ @ h is hyperbolic if and only if eq_»(¢) U (h) = 0.
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Proof. By Berhuy [6, Th. 13], it suffices to show that e;_»(¢) U%'(h) =0 if and
only if e, p(¢ ® h) = 0 for all n > 0 (see [6, 2.2] for the definition of the invariant
enp). As cdy(I) < d, we have e, p(¢ @ h) = 0 for n > d, so it suffices to check that
eq—2(¢)UE (h) =01is equivalent with e, p(¢ ® h) =0foralln=0,...,d. Let k(D)
be the function field of the quadric associated to D. Then D® k(D) ~ M, (k(D)), and
hi(p) corresponds via Morita equivalence to a quadratic form g, over k(D). Note that
e2(gqn) = € (h). Similarly, the hermitian form (¢ ® h),(p) corresponds to a quadratic
form gy, over k(D), and we have g44 ~ ¢ @ g

Forall n =0,...,d, we have by construction that e, p(¢ ® i) = 0 if and only if
en(qen) = 0 (cf. [6, 2.2]). But gy, ~ ¢ @ gj, hence

en(qon) = en(® @ qn) = en—2(9) Uea(qn) = en—2(9) UL (h).

Ifn <d,thene,_»(¢) =0as ¢ € I"2. We have es(qgn) = ea—2(9)U(€ (h)). Hence
en(gen) =0forall n > 0if and only if e4_»(¢) U% (h) = 0. This concludes the proof.
O

Let us denote by J, the sub W (k)-module of J, consisting of the classes of the
hermitian forms & such that €' (h) = 0.

Corollary 2.1.6. Suppose that D is a quaternion algebra, and that o is of the first
kind and of the orthogonal type. Suppose that cd, (I}) < d. Then 19723 = 0.

Proof. This is an immediate consequence of 2.1.5. a

3 Galois Cohomology of Unitary Groups

Let k be a field of characteristic # 2. Let A be a finite dimensional k-algebra, and
let 0 : A — A be a k-linear involution. Let Uy be the linear algebraic group over k
defined by

Us(E)={x€Ag |xo(x) =1}

for any commutative k-algebra E. The group Uy is called the unitary group of (A, o).
Let us denote by Uy the connected component of the identity. Let ¢ be a quadratic
form of dimension n, set Ay = M, (k) ®; A, and let 6y : Ay — Ay be the involu-
tion given by the tensor product of the involution on M,,(k) induced by ¢ with the
involution ©.

Recall that kg is a separable closure of k, that I; = Gal(ks/k), and that for any
linear algebraic group U, we use the standard notation H' (k,U) = H'(I;,U (k))
(see [11, 12] for basic facts concerning nonabelian Galois cohomology). With the
notation as above, we have natural maps H' (k,U}) — H'(k,Us) and H! (k,Us) —
H! (k,Uyp).

Let R4 be the radical of the algebra A, and set A = A/R4. We have

A Ay X X AgX (Agpr X Afy ) X oo X (A X A},
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where A; is a simple algebra foralli = 1,...,m, with 6(4;) = A, fori=1,...,s and
0(A;) =Ajfori=s+1,...,m. Let a; be the index of A;.

Theorem 3.1.1. Suppose that cd,(I},) < d.

(i) Let ¢ € I4. Then the map H' (k,Us) — H' (k,Uy ) is trivial.
(ii) Let ¢ € I~. Suppose that if o; is orthogonal and i = 1,... s, then a; = 1. Then
the composition H' (k,U}) — H'(k,Us) — H' (k,Uy) is trivial.

Proof. The projection A — A induces a bijection of pointed sets H'(k,Uy) —
H'(k, Uy). Let F; be the maximal subfield of the center of A; such that o is F;-linear
ifi=1,...,s, and let U; be the norm-one group of (4;,0;). Fori =s+1,...,m, let
F; be the center of A;, and let U; be the norm-one group of ((A; X A;),0;). Then U is
a linear algebraic group defined over F; for all i = 1,...,m. We have a bijection of
pointed sets
H'(kUs)— ] H'(F.U).
i=1,...

,m

Ifi=s+1,...,m, then U; is a general linear group, hence H' (F;,U;) = 0. Hence we
have a bijection of pointed sets H' (k,Us) — [~ H'(F;,U;). Foralli=1,...,s,
the simple algebra A; is a matrix algebra over a division algebra with involution D;.
The group U; is the unitary group of a hermitian form 4; over D;, and it is well-
known that H!(F;,U;) is in bijection with the isomorphism classes of the hermitian
forms over D; of the same dimension as A;.

Let Ry be the radical of Ay. The map f : H'(k,Us) — H'(k,Us) induces f :
H'(k,Uz) — H' (k,Uz), and

fi: H'(F,U)) = H' (F, Uy, (a)

forall i =1,...,s. The image of the isomorphism class of the hermitian form £} is
the hermitian form ¢ @ A..

If ¢ €19 then by 2.1.1 (a) ¢ @ h; ~ ¢ ® K’ for every hermitian form h} with
dim(h}) = dim(&;). This implies that f; is trivial foralli = 1,...,s, hence f is trivial.
Therefore f is trivial, which proves (i).

Let us prove (ii). Let us denote by f’ the composition H' (k,U}) — H' (k,Us) —
H'(k, Uy). Let U/ be the connected component of the identity in U;. If o; is unitary or
symplectic, then U; = U] If 0; is orthogonal, then by hypothesis a; = 1, so H' (F;, U;)
is in bijection with the isomorphism classes of the hermitian (actually, quadratic)
forms over D; = F; of the same dimension and same discriminant as A;.

Let us denote by f{ the composition H'(F;,U}) — H'(F;,U;) — H" (k,Up,(a,))
for all i = 1,...,s. Suppose that ¢ € I9"!. Then 2.1.1 (b) and (c) imply that f]
has trivial image if o; is unitary or symplectic. If o; is orthogonal, then we have
d; = 1, therefore by 1.2.3 the map f/ is trivial. This implies that f” is trivial, and this
completes the proof. O
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4 Systems of Quadratic and Hermitian Forms

Let V be a finite dimensional k-vector space, and let S = {qy,...,q,} be a system of
quadratic forms, q; : V x V — k. We say that two systems S and §' = {q¢],...,q,.} are
isomorphic if there exists a k-linear isomorphism f : V — V such that ¢/(fx, fy) =
qi(x,y) forallx,y € Vandforalli=1,...,r.

Let K be a quadratic extension of k, and let W be a finite dimensional K-vector
space. Let us denote by x +— X the involution of K given by the unique nontrivial
k-automorphism of K. We can then consider systems of hermitian forms X =
{h1,...,h}. We say that two systems X and X’ = {hy,...,h,} are isomorphic if
there exists a K-linear isomorphism f : W — W such that A(fx, fy) = hi(x,y) for
all x,ye Wandforalli=1,...,r.

Let ¢ be a quadratic form over k. Then the tensor product ¢ ® S of ¢ with a
system of quadratic forms is a system of quadratic forms, and the tensor product
¢ ® S of ¢ with a system of hermitian forms is a system of hermitian forms.

Theorem 4.1.1. Suppose that cd,(I},) < d.

(i) Let S and S’ be two systems of quadratic forms, and suppose that S and S’ are
isomorphic over ks. Let ¢ € 1. Then ¢ @S~ ¢ ® .

(ii) Let X and X' be two systems of hermitian forms, and suppose that X and X' are
isomorphic over ks. Let ¢ € 1! Then ¢ X ~ ¢ @ X.

Proof. Write A(S) for the set of all (e, f) € End(V) x End(V) such that g;(ex,y) =
gi(x, fy) foralli=1,...,r and write A(X) for the set of (e, f) € End(W) x End(W)
such that h;(ex,y) = hi(x, fy) forall i = 1,...,r. These are the algebras associated to
the systems S and X, cf. [1]. They are endowed with involutions defined by (e, f) —
(f,e), and the automorphism groups of the systems can be identified with the unitary
groups of these algebras, see [1] for details.

The isomorphism classes of the systems of quadratic forms that become isomor-
phic to S over kg are in bijection with H ! (k, UA(S)). Hence (i) follows from 3.1.1(1).

The isomorphism classes of the systems of hermitian forms that become isomor-
phic to X over ks are in bijection with H! (k,U, A(x))- As the forms are hermitian with
respect to the nontrivial involution x — X, the decomposition of the algebra A(X) as
in Sect. 3 has no orthogonal components. Therefore, the hypothesis of 3.1.1(ii) are
satisfied, and this implies part (ii) of the theorem. ad

5 G-Quadratic Forms

Let G be a finite group, and let us denote by k[G] the associated group ring.
A G-quadratic form is a pair (M, q), where M is a k[G]-module that is a finite di-
mensional k-vector space, and g : M x M — k is a nondegenerate symmetric bilinear
form such that

q(gx,gv) =q(x,y) forallx,y e M andall g €G.
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We say that two G-quadratic forms (M, q) and (M',q) are isomorphic if there exists
an isomorphism of k[G]-modules f : M — M’ such that g(f(x), f(y)) = ¢'(x,y) for
all x,y € M. If this is the case, we write (M,q) ~g (M',q'), or g ~¢ ¢ .

If ¢ is a quadratic form over k, and g a G-quadratic form, then the tensor product
¢ ® q is a G-quadratic form.

For any G-quadratic form (M, q), let

A=AM,q) = {(e,f) € Endyg)(M) x Endyg) (M) ff(ﬁxe’y& = q(x,fy) for all}

be the associated algebra (cf. [1]). Then the unitary group Uy can be identified with
the group of automorphisms of (M,q), and the set of isomorphism classes of G-
quadratic forms (M, q') is in bijection with the set H' (k,Uy).

Theorem 5.1.1. Suppose cdy(I}.) < d. Let (M,q) and (M,q') be two G-quadratic
forms.

(i) Let g €19 Then p @q~ ¢ 24
(ii) Suppose moreover that G has no quotient of order 2, and let ¢ € I?"!. Then
PRqg~=9®q.

Proof. Part (i) follows immediately from 3.1.1(i). In order to prove part (ii), note
that as G has no quotient of order 2, the group G has no nontrivial orthogonal char-
acters, hence Uy = U}. Therefore, 3.1.1(ii) implies part (ii) of the theorem. a
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Saltman based his analysis on four observations: First, that while K is the func-
tion field of the curve Xq, over Qp, it is also the function field of a regular model
X of that curve, over Z,; second, that associated to every o € HZ(K) is a divi-
sor Dy C X, which may be assumed to have normal crossings; third, that purity
holds for all such X; and fourth, that the unramified Brauer group Hﬁr(K ) is trivial.
The goal in splitting, then, is to construct a field extension L/K over which « is
unramified:

dw(or) =0 forallwe V(L).

In particular, we avoid the construction of an explicit model for X;, over which «
would have zero ramification divisor. Constructing L turns out to be tricky, mainly
due to the prospect of divisors in the ramification locus of o7, on any (hypothetical)
model of X; that are centered on closed points of X. The general strategy is to use
local equations for Dy, to construct an element f € K, set L = K(f 1/ "), compute the
residue of oy at all w using a local structure theorem (this uses purity), and adjust
f accordingly, if necessary. The methods are extremely valuation-theoretic. If we
can manage oy, = 0 and ind(c) = n is prime, we have cyclicity, by a theorem of
Albert.

It is possible to see why the index should divide the square of the period; in light
of the triviality of H2(K), it is traceable to the dimension of X (see also the excel-
lent summary of [S1] in the review [C-T2], which includes additional citations and
context). The existence of a radical splitting field in prime degree is not apparent,
even locally, and the proof is quite technical.

Examples. The following two examples illustrate the approach. Write
K* — HY(K,u,) via a— (a)

for the Kummer homomorphism, suppressing the n because it is always implicit.
We write a - b for the cup product of cohomology classes a and b, but we write

(a,b) £ a-(b) e HP(K, 1, ")

when a € HPV (K, 1?" ")) and b € K*, especially when a € H' (K, Z/n).

Suppose o = (6,7) for @ € H'(K,Z/n) and & € K*, and let L = K(n'/").
Since (7)r = 0, we compute oz, = (0,7), = 0, so L splits o. More difficult: Sup-
pose o = (6, m) + (01, 7), where div my and div 7r; are prime divisors on X,
and 6; € Hrllr(K,Z/n). Let L = K((ﬂo?’fl)l/n). Since (mom )L =0 = (mo)r + (71)L,
oy = (—9() + 91,77,'1)L. Ifwe V(L), then

(o) =w(m)(—00 + 1) ()

If w’s center on X has codimension one, then it is easy to show w(m;) =0 (mod n).
However, if the center is a closed point, in general w(m;) # 0, and since we cannot
expect (— 6+ 01) () to be zero, the strategy fails in general. We try to salvage it as
follows. Let wy be a discrete valuation on L extending the valuation vy on K defined
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by m, and let o(wp) = 0, (6) be the value of o at wo. Then o(wp) is defined over
K(vo), and we can prove

dw(0g) = w(m) dyy 5, (0t(wo))

where 7 is the valuation induced by the image of 7y in x(vo). If we could zero out
o(wg), we could solve the problem for all w. This strategy turns out to be viable.
If o has prime degree, then o (wy) is cyclic, and the parameter part of o(wg) varies
with f = mym;. Finding an “anti-parameter” u € K, we zero out o.(wy) by replacing
S with uf. But now, div uf may no longer match D, and if (divu) N Dy is not
empty, there is a problem.

In general, there are other, more serious problems. Dy, may not be principal in
the first place, forcing us to contend with the extra “rogue” components in any div f.
If Dy, has more than one nodal point, there is a globalization problem. In the end we
produce f by a type of successive approximation, and at each stage we must check
that the earlier stages have not come undone.

1 Discrete Valuations

Let X be an integral noetherian scheme, and let K be a field containing the func-
tion field F(X) of X. If v is a discrete valuation on K, let O, C K denote the cor-
responding discrete valuation ring, p, C O, the prime ideal, and x(v) the residue
field. SpecK is an open subset of SpecO,, so SpecK — X induces a rational map
SpecO, --» X. We say v has a center on X if this is a morphism, and then denote
by x, the image of the closed point Spec k(v). Thus, v has a center on X if there is a
point x, € X such that Oy, C O, and m,, = p, N Oy 4, (see [Liu, Def. 8.3.17]). We
then say v is an X -valuation of K. Denote the set of all normalized X -valuations of
K by
Vx (K).

If S is a fixed base, or by default if S = SpecZ, write V(K) instead of Vg(K). Sim-
ilarly, we write V,(K) for those centered on x, and V (X) for the discrete valuations
on F(X) that have codimension-one center on X. Substitute x(x) and A for x and X
when x = Spec k(x) and X = SpecA. If x, belongs to the set X () of codimension-
one points on X, we have a prime divisor

df T
D, = {x}.

Remark 1.1. If v € Vi(K), then k(x) C k(v), and v € Vo, _(K) for all z € {x}. If

¢ : Y — X is a morphism of integral schemes, then Vy(F(Y)) C V() (F(Y)) for all
y €Y, and conversely, if ¢ is proper then Vy (F (Y)) = Vx(F(Y)).

Lemma 1.2. Suppose A = (A, m,k) is a two-dimensional regular local domain with
fraction field K, and m = (o, m;). Suppose f € A, L = K(f'/"), and v € V(K)
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extends tow € V(L). Then w|x = e(w/v)v, and e(w/v) = n/ ged(v(f),n). In partic-
ular, if v(f) € (Z/n)*, then v is totally ramified in L.

Proof. Since p,NA =m, k C x(v), both v and w are normalized; so e(w/v) = [Z:
w(K*)]. After replacing f by a prime-to-n power of f if necessary, we may assume
v(f) = m divides n. At the completions

e(w/v)
[Ly : K

w= voNL,/k,

so w|k = e(w/v)v. Over K,, we write f = m/"u, where v(u) = 0. The polynomial
T™ —u is separable over k(v), and K, (u'/") is unramified by Hensel’s lemma.
Then 7%/™ — y!/ ", is an Eisenstein polynomial over Kv(ul/ ™), and since L,, =
K, (/™ (u/™ 7)™, we conclude e(w/v) = n/m. O

2 Residue Map

The material in this section is standard; see [C-T, GMS] or [GS] for additional back-
ground. Let X be a scheme, and let n be invertible on X, meaning that » is prime to
the residue characteristic of k(x) for all x € X. We write

HY(X) £ HY (Xe, 1, 7")
If f:Y — X is a map of schemes, then *Z/n = Z/n and we have a restriction map
resyy : HY(X) — HY(Y).

If o € HY(X), we will sometimes write ay instead of resx)y (), and if X = SpecA
and/or Y = SpecB, we write HY(A) and og.

Let K be a field, and let v € V(K). Suppose n is prime to chark(v). By [C-T,
3.10, p. 26], for any r € Z and ¢ > 1 we have an exact sequence

0 — H?(0,) — HY(K) & H ! (k(»)) — 0 @.1)
such that if 7, € O, is a uniformizer and 6 € H?~! (Oy), then
8V(6 : (ﬂv)) = GK(V). (2.2)

The map 9, is called the residue map, the images are called residues, and a € HY(K)
is said to be unramified at v if d,(o) = 0.

Definition 2.3. If « € HY(K) and T = X, A, etc., the ramification locus of o with
respect to T is the set

divr(a) £ {vev(T):d,(a) £0}.
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The ramification locus or ramification divisor for o on X is
df .
Dy = {Y.D,:vedivx(a)}.
v

Diagrams 2.4. If L/K is a finite separable extension and w € V (L), then for v = w|g
we have a commutative diagram

0 — H90,) —— HIL) —*  HI(k(w)) — 0

T T TE(W/ V) TeS (1) (uw)

0 — HY0,) —— HIK) —2 H(k(v)) — 0.

Let K, denote the completion of K with respect to v, and let O, be the valuation

ring of v on K. Then the inflation map H%(k(v)) — H4(O,) is an isomorphism, and
we have a commutative diagram

0 —— HY(k(v) —— HY(K,) —2— H'(k(v)) —— 0

I I H

0 — HY0,) —— HIK) —2— H"'(x(v)) —— 0

If m, € K, is a uniformizer, then any o € H?(K,)) may be expressed as
oa=a’+(6,,m)
where a® € HY(x(v)) and 6, = 9, () € H9~'(x(v)) are defined over O, via infla-

tion. The element o°, of course, depends on the choice of x,. If o« € HP(K,,) and
B € HY(K,), then by (2.2) we have the formula

(- B) = o0, (B)+ (=1)"0 () - B+ () - 9u(B)- (1) (2.5)
interpreted over K.

Value of a class 2.6. Suppose oo € HY(K), L/K is a finite separable extension,
weV(L), and 6, = d,, (o). Define the value of o at w to be

o,  if6,=0
o(w) = o
OCLW(QW) if q= 2

where L,,(6,,)/L,, is the cyclic extension defined by the inflation of the character 6,,
from k(w) to L,,. Note in any case o(w) is defined over k(w)(6,,).
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3 Surfaces

We state some well-known facts and definitions. See [Liu, Lbm, Si] for additional
background and proofs.

Definition 3.1. Let S be a Dedekind scheme.

1. A projective curve over a field k is a subscheme of P}’ for some m > 0, whose
irreducible components are one-dimensional.

2. A projective flat S-curve X is a 2-dimensional, integral, projective, flat S-scheme.

3. An arithmetic surface X — S is a regular projective flat S-curve.

Remarks 3.2. If X — S is an arithmetic surface, then for each closed point z € X (2),
A = Oy ; is a two-dimensional regular noetherian local domain, which is factorial by
Auslander-Buchbaum’s theorem ([Mat, 20.3]). If S is excellent, then X is excellent,
and A is excellent. Since X — S is proper, V(K) = Vx(K) by the valuative criterion
for properness.

If X is a normal projective flat S-curve, and S is a one-dimensional Dedekind
scheme, then the generic fiber Xk is a nonsingular integral curve over K, and each
closed fiber X;, s € S, is a projective curve over k(s) ([Liu, 8.3.3]). If X — S is
arithmetic, then each X; — x(s) is a local complete intersection ([Liu, 8.3.6]), hence
X has no embedded points. X is generally not reduced. Every effective irreducible
divisor D C X is either a component of some X (D is vertical), or the closure of a
closed point x € Xk of the generic fiber (D is horizontal).

Intersections on an arithmetic surface 3.3. See [Liu,Lbm]. Let X be an arithmetic
surface. Since X is normal, every prime (Weil) divisor defines a discrete valuation
v € V(X), via the local ring of its generic point. If f € K, then

div f =Y v(f)Dy,
)

V(X

the sum being finite since X is noetherian. If D and E are two effective divisors with
no common irreducible components, the intersection multiplicity (D-E), at a closed
point z is defined to be

df
(D . E)z = lengthox,z OX,z/(ID,z +IE,z)

where Ip and Ig are the ideal sheaves, and the subscript z means “localized at z”. If
D is prime and g € K is a local equation for E at z, then (D E), = vz(g), where vz
is the valuation on D induced by z.

Definition 3.4 (Normal crossings). An effective divisor D on a regular noetherian
scheme X has normal crossings at z € X if X is regular at z, and for some system
of parameters fi,..., f, for Ox ., there is an integer 0 < m < n and integers ry, ...,
rm > 1, such that Ip ; is generated by flr ... fim We say D has normal crossings on
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X if it has normal crossings at every point. If D has normal crossings, we will also
say that the set {v;} of discrete valuations centered on the generic points of D has
normal crossings.

This definition, from [Liu, 9.1.6], is different from the relative version in [SGA1,
XIII, 2.1.0]. We obtain that version by replacing “normal crossings” by “strictly
normal crossings” and “smooth over” by “regular”’. A normal crossings divisor need
not be reduced, but its irreducible components are nonsingular, and meet each other
transversally, meaning their local equations form part of a system of parameters at
each intersection point.

Existence of a Model 3.5. Let S be an excellent one-dimensional affine Dedekind
scheme, with function field F, and let K be a field extension of F of transcendence
degree one. Then there exists a normal connected projective curve Xr with function
field K, and a normal projective flat S-curve X with generic fiber Xr. If F is perfect,
Xr is smooth over F.

In fact, there is a category equivalence between normal connected projective
curves over F' and function fields of transcendence degree one over F, where the
morphisms between curves are dominant morphisms ([Liu, 7.3.13]). For curves,
normal and regular are the same, and if F is perfect, regular and smooth are the
same ([Liu, 4.3.33]), so XF is smooth if F is perfect. The rest is stated in [Liu,
10.1.6].

Strong Desingularization 3.6. Let X be a two-dimensional, excellent, reduced,
noetherian scheme. Then X admits a desingularization in the strong sense, i.e., a
proper birational morphism f : X' — X with X' regular, and f an isomorphism
above every regular point of X. In particular, this holds for X a projective flat
S-curve over an excellent Dedekind scheme. If S is affine, X' — S is then an arith-
metic surface.

This is a theorem of Lipman ([Liu, 8.3.44]). To prove the last statement, note that
since f is birational, X’ is integral, and X — S is flat, the induced map X’ — S is
flat, since X’ dominates S ([Liu, 4.3.9]). Since S is affine, f is projective by [Liu,
8.3.50], and since the composition of projective morphisms is projective, X' — S is
an arithmetic surface.

Embedded Resolution 3.7. Let X — S be an arithmetic surface over an excellent
Dedekind scheme, and let D be a divisor on X. Then there exists a projective bi-
rational morphism f : X' — X with X' an arithmetic surface, such that f*D has
normal crossings.

This is [Liu, 9.2.26]. We will need the following lemma from the proof.

Blowup Lemma 3.8. Suppose X — S and D are as in the statement of Embedded
Resolution (3.7), f : X' — X blows up a closed point z € X, and D has normal cross-
ings at z. Then X' — S is an arithmetic surface, and f*D has normal crossings at
every point of the exceptional fiber E. Moreover, E meets the irreducible compo-
nents of the strict transform D in at most two points, and these points are rational
over K(z).
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One of Saltman’s basic observations is that the ramification locus of a Brauer
class on an arithmetic surface can be conditioned to have normal crossings.

Existence of Surfaces 3.9. Let S be an excellent one-dimensional affine Dedekind
scheme, and let s € S be a closed point. Suppose F = F(S), and K is a field of
transcendence degree one over F. Then for any o € H? (K), there exists an arith-
metic surface X — S with function field K = F (X)) and fiber X;, such that the union
Dy UX; has normal crossings on X.

Proof. By Existence of a Model 3.5 there exists a normal projective flat S-curve
X" — S with function field K. Therefore by Strong Desingularization 3.6, there ex-
ists an arithmetic surface X’ — § with function field K. Suppose o € H>(K). Then
by Embedded Resolution (3.7), there exists an arithmetic surface X — S and a pro-
jective birational morphism f : X — X’ such that f*(D/, UX/) has normal crossings,
where D, is the divisor of o on X”. Since the irreducible components of f* (D}, UX])
equal those of Dy UXj, this proves the result. a

4 Unramified Brauer Group and Arithmetic Surfaces

By definition, if K is a field, S = SpecR is a base, and V(K) is the set of discrete
S-valuations on K,
df
Hy (K/R) < (1) H*(O,).
V(K)

We write H2,(K) if the sum is over all discrete valuations on K.

Purity for curves 4.1. Let C be a smooth integral projective curve over a field &,
with function field F. Then

H?(C) = Hy, (F /).

This is proved in the affine case for the Brauer group in [Ho, Th.], and extended
using the fact that Br is a Zariski sheaf, as in [S1, Th. 1.4].
Let X be a two-dimensional regular noetherian scheme. Then by [GB, II, 2.7],
Br(X) = H3(X,G,,). Let
x) L, H2(X,Gy)
denote the n-torsion subgroup, where n is as in Sect.2. For any regular quasi-
compact integral scheme X with function field K, the natural map H?*(X,G,,) —
H?(K,G,,) is injective [M, I11.2.22]. Thus we may view i’ (X) as the image of
H2(X) in H*(K). Since H?(X) — H?(K) factors through H>(0,) for any v € Vx (K),
we have
A (X)c () HYO,).
Vx (K)
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Using Auslander—Goldman’s theorem [AG, Prop. 7.4] and the fact that Br is a
Zariski sheaf, it is not hard to prove the following ([GB, II, Prop. 2.3], or [S1,
Th. 1.4]).

Purity for Surfaces 4.2. If X is a regular integral noetherian surface, then

A (X)= () HXO,).
V(X)

IfX is projective over S = SpecR, then H*(X) = H2.(K/R).

We will use purity for surfaces in two ways, first to show that when § = SpecZ,,,
to split o € H?(K) it is sufficient to construct a finite separable extension L/K over
which dy, (o) =0 for all w € V(L) (Theorem 4.5); and second, to prove a local
structure theorem for H?(K), which provides the computational foothold we need
in order to construct such an L locally.

Lemma 4.3. Let S be a henselian local scheme, let Y — S be a proper S-scheme,
and let Yy — Sy be the closed fiber. Then for all g > 0,

HI(Y) = HY(Xp).
This is a corollary to the proper base change theorem ([GB, 111, 3] or [M, VL.2.7]).

Lemma 4.4. Let Yy be a normal crossings divisor on an arithmetic surface Y,
and let {D;} denote Yy’s irreducible components. Then the natural map H?(Yy) —
@, H2(D;) is injective.

This is [S1, Lemma 3.2], and it is also in [GB, III]. The following fundamental
result is [S2, Th. 0.9].

Theorem 4.5. If L is the function field of a p-adic curve, and n is prime-to-p, then
H2,(L) = 0. Thus if oy, € H*(L), and (o) = 0 for all w € V (L), then oy, = 0.

Proof. LetS = SpecZ,. By Existence of Surfaces (3.9) there is an arithmetic surface
Y — § with function field L, such that the closed fiber ¥ has normal crossings.
Every discrete valuation on L has a center on S, so H2,(L/Z,) = H2,(L). We then
have H2,(L) = HZ(Y ) by Purity for Surfaces (4.2), and H?(Y) = H?(Y,) by Lemma
4.3. Therefore since H>(Y) — HZ(Y) is surjective, it suffices to show H?(¥,) = 0.
The second statement then follows immediately.

Let k =IF,. Yy is projective over k by [Liu, 8.3.6(a)], and since Yy has normal
crossings, the irreducible components C of Y are regular and projective over k, and
H?(Yy) C @H?(C) by Lemma 4.4. Let F = k(C). Since k is finite, V;(F) = V(F) is
the set of all normalized discrete valuations on F, and C is smooth over k by [Liu,
8.3.33]. Therefore, by Purity for Curves (4.1),

H*(C) = () H*(0,)
V(F)
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On the other hand, by Class Field Theory we have an exact sequence

0— H?(F) — @ H'(x(v)) —» H! (k) - 0
V(F)

(see [M, II1.2.22(g)] and [GB, III, Remark 2.5b]). We conclude H?(C) = 0 by (2.1),
hence H?(Yy) = 0, as desired. O

5 Modified Picard Group

We briefly summarize [S2, Sect. 1], which shows how, on an arithmetic surface over
a complete discrete valuation ring, we can represent a divisor class whose restriction
to the closed fiber is an n-th power by a divisor that is itself an n-th power, while
avoiding a fixed finite set of closed points. The results of this section will not be
applied until the very end.

Let X be a projective scheme with no embedded points over an affine scheme.
This hypothesis applies to an arithmetic surface over an affine Dedekind scheme, or
one of its closed fibers. Let z = {z;}; C X be a finite set of closed points, and let
1 :z — X be the closed immersion so that 1,0} = @, 1;.k(z;)*. Let ;0% denote the
sheaf of units with value 1 at each z;, defined by the exact sequence

l— 0y — Oy — 1.0 — 1.

Let Kx denote the (quasi-coherent) sheaf of total fractions of X. We have a commu-
tative diagram

Ky/:Ox —— 1

Ky
I
K

K;/Op —— 1

Set
DivX = H(X,K};/O%) PicX = H'(X,0%)
 DivX = H(X,K} /.0%)  PicX = H'(X,.0%)
:DivX = H(X,K};/,0%) is the set of {(U}, f;)} such that not only is f;/f a unit

on U;jNUy, but (f;/fi)(z) = 1 for each z € zN (U; N Uy). By definition, we have an
exact sequence

1 — 1,0} — Kj/:0x — Ki/Ox — 1. (5.2)
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Since 1,07 and Ky are flasque, by (5.1) we have an exact diagram

H'(X,Ky) —— . DivX —— _PicX —— 1

H l l

H’(X,K}) —— DivX ——— PicX —— 1

l l

1 1

Let . Div'X < DivX and Div'X < DivX denote the groups of divisors whose sup-
port avoids z. By [S2, Prop. 1.5], the map . Div'X — Div'X is onto, hence we have

K* —— DWV'X —— PicX —— 1

H | l

K* —— Div'X —— PicX —— 1 (5.3)
1 1

where (K* < HO(X ,Ky) is the inverse image of the subgroup Div'X < DivX
in H°(X,K}). These are the meromorphic functions whose values at z € z are
invertible.

The long exact sequence associated to (5.2) induces a split exact sequence

1— @Zx(z,»)* — ;Div'X — DivX — 1.

The injection splits via the evaluation map, which is well defined since (f;/ f¢)(z) =
1 for all z € zN (U; N Uy), whenever {(Uj, fj)} € ; Div' X. We obtain

PicX = ((€D,x(@)") @DiVX) /K (5.4)

where f € (K* maps to the pair ((f(z:));, {(X,f)}). This is [S2, Prop. 1.6]. Thus,
¢ PicX comprises the classes of divisors on X whose support avoids z, paired with a
tuple of nonzero values at each z € z.

Proposition 5.5. Suppose S = SpecR for a complete discrete valuation ring R, and
X — S is an arithmetic surface such that Xy has normal crossings. Let n be a number
invertible on X. Then the canonical map induces an isomorphism

:PicX/n = ;Pic((Xo)red)/n.
This is [S2, Prop. 1.7]. The proof uses standard algebraic geometry facts and an

elementary version of Grothendieck’s Existence Theorem [Liu, 10.Exercise 4.4]. If
z =&, we obtain Pic X /n ~ Pic(Xp)red/n, which is [S2, Th. 1.2].
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6 An Exact Sequence for Local Surfaces

Standing setup 6.1. We need to consider splitting at the three types of closed points
that may occur when D has normal crossings on an arithmetic surface. We say z is
a distant point of D if it does not belong to D, a curve point of D if it belongs to
exactly one component of D, and a nodal point of D if it belongs to two. We will
use the following notation for the rest of the paper.

S = SpecR is an excellent one-dimensional affine Dedekind scheme.

X — S is an arithmetic surface with function field K = F(X).

Xy is a closed fiber of X — S.

zis a closed point on X .

A = (A, m,k) is the local ring Ox ;, a two-dimensional excellent regular noethe-
rian local ring with fraction field K.

My, 7y are two (regular) primes of A generating m.

vo,v1 € V(A) are the discrete valuations corresponding to 7, 7Tj .

n is a number relatively prime to char k(x) for all x € X.

o € H*(K) = H*(K, ).

6, = d,(a) € H'(k(v)) for each v € V(K).

Dy, is the ramification divisor of & on X.

Dz =DgU (XO)red~

If D¢ has normal crossings and o ramifies on A, then div4 (o) = {vo} if z € Dy,
is a curve point, and diva (&) = {vo,v1 } if z € Dy is a nodal point.

The excellent hypothesis on R induces excellence on A and X, and this is needed
for Lipman’s embedded resolution theorem, to produce an arithmetic surface on
which ¢ ramifies at at most two normal crossings divisors.

Assume Setup 6.1. There is an exact sequence

0— H*(4) — H*(K) — P H'(x(v)). (6.2)
veV(A)

Exactness at H>(K) is Purity for Surfaces 4.2, and at H>(A) it is [AG, Th. 7.2].

6.3. Assume Setup 6.1, and suppose v € V(A), p =p,NA,and R, =A/p C k(v). Let
z be the closed point of SpecA, and 7 its image on SpecR,. Let R, denote the nor-
malization of R, in x(v), a one-dimensional semi-local normal noetherian ring. Let
ny,...,ng denote the primes of R, extending the image m of min R, let wy,...,wy
denote the corresponding discrete valuations on k(v), let R; be the localization of
R, atn;, and let k; = R;/n;. Define

d
av,z d:f Z COI‘ki‘k Oawi : Hq(K(V)) _ qul (k)
i=1
0. LY due: HI(k(v) — HI (k)
V(4) V(A)
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Let m; = |Uy(k;)| and fix a primitive n-th root of unity §,. Then
HO(k) = (k) = Hom(u, 1 2,/2)
is generated by the element {; defined by £ (8,) = 1/m;.

Theorem 6.4. Let A be a two-dimensional excellent regular noetherian local ring
with residue field k and fraction field K. Then the following sequence is exact.

0— H2(A) - HX(K) — @ H'(xk(v)) > HO(k) — 0.
veV(A)

Exactness at the direct sum is [S3, Th. 5.2, Th. 6.12], and the rest is (6.2).

7 Computations

Suppose K is the function field of a p-adic curve, n is a number not divisible by
p, and a € H*(K). By Existence of Surfaces (3.9), there is an arithmetic surface
X — § = SpecZ, with function field K. To split o« we will construct a finite separa-
ble extension L/K over which d,,(cy.) = 0 for all w € V4 (L), for all two-dimensional
local rings A = Ox , on X. Since each w € V(L) has a center on X, we obtain
dw(ar) =0forallw € V(L), so oy = 0 by Theorem 4.5.

To carry out this program we will lift z-unramified elements of H' (xc(v)) (in
Theorem 6.4) to H! (A) € H!(K), in order to compute & and oy, explicitly. In general
such lifts do not exist, as shown by the classic Wang counterexample [AT, Chap. X].
Therefore, we are led to impose the following.

Hypothesis 7.1. Assume Setup 6.1, and D, has normal crossings at z. Then (a) u, C
A, where r = |9,(6,,)|, and (b) the map H' (A) — H'(A/(m)) is onto, fori =0, 1.

Proposition 7.2. In Setup 6.1, assume Dy, has normal crossings at z. Then Hypoth-
esis 7.1(b) holds if W, C K, or if n is prime. In particular, if ,, C K, or if n is prime
and d;(6,,) = 0, then Hypothesis 7.1 holds.

Proof. Suppose U, C K. Then u,(K) = u,(A) since A is integrally closed. Let R; =
A/(m;). Since w, is contained in A and R;, we have H' (A) ~ H' (A, u,) and H! (R;) ~
H'(R;, 1), and since A and R; are factorial, H'(A) — H'(R;) is equivalent to the
Kummer map A*/n — R} /n. This map is onto since A is a local ring: If u € A and
it € R}, then iv = 1 in R} lifts to uv = 1 — x for a nonunit x € A, and since A is local,
uv is a unit, hence u € A*. Therefore (7.1) holds.

Suppose 7 is prime. Let R; be as above. Let A — A’ and R; — R} be the étale
base changes with respect to Z[T]/(1+T +---+T""!). Then A’ is normal by
[M, L1.3.17], so it is a product of normal domains ([Mat, p. 64]), each an excel-
lent two-dimensional regular noetherian semilocal ring. Similarly R/ is a product of
excellent one-dimensional normal noetherian semilocal domains. The map A" — R}
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is onto by base change. We claim H'(A’) — H'(R!) is onto. Since A’ and R/ are
factorial, and each contains n-th roots of unity, we have compatible isomorphisms
H'(A") ~ (A")*/n and H!(R)) =~ (R)*/n, and it suffices to show (A')* — (R})*
is onto. It then suffices to show every nonunit of A" maps to a nonunit R;. But
A’ — A’ ®4 A/p is surjective by base change, and pA’ C mA’ is contained in ev-
ery maximal ideal of A, since A — A’ is étale. Thus each nonunit of A’ maps to a
nonunit of A’ /pA’, so (A")* — (R})* is onto, which proves the claim.

If 6; € H'(R;), then corores(6;) = (n—1)6;. Let 8’ € H' (A’) map to 6/ = res(6;).
Then cor(8’) € H'(A) maps to (n — 1)6; by the compatibility of corestriction and
base change, and since n — 1 is invertible (mod n), we conclude 6; has a preimage
in H'(A). Therefore H' (A) — H'(R;) is onto. Therefore (7.1(b)) holds. O

The next result gives us our main computational foothold, the second main ap-
plication of Purity for Surfaces (4.2).

Local Structure Theorem 7.3. Assume Hypothesis 7.1. Let !, be as in (6.3), with
m = |, (K)|. Then there exist elements o° € H>(A) and 6; € H' (A) such that

o= a’+ (6, m) + (61,7m1) + (sC,, - (1), 7o)

where sC = 0y, z(0y,) = —0y, 2(6y,), for 6,;, = d,,(@). If z is a curve point of D,
6, =0ands=0.

Proof. Since {vo,v;} has normal crossings, we have d,, z(6,,) + 9y, z(6,,) = 0 by
Theorem 6.4, hence dy, :(6,,) = —0dy, z(6y,) = s{,,, for some 0 < s < m. Of course,
if z is a curve point for o then 6,, =0 and s = 0.

Since {vg,v;} has normal crossings, v; defines a discrete valuation on k(vg)
with residue field k. Let R; = A/(m;). By Hypothesis 7.1, u, C A, where r = |s{|.
The choice of m; then determines a splitting HO(k,u,”') — H'(x(vo),Z/r) <
H'(x(vo),Z/n) of (2.1), so that 6,, = 0y, + &, - (1) for some 6, € H'(Ry). Since
H'(A) — H'(R;) is onto by (7.1), 0;,, lifts to some 6y € H'(A). Choose 6, similarly,
and set

B = (60,70) + (61,71) + (s&p, - (m1), o).

Then d,(a) = 9,(B) atall v € V(K) by (2.2), so a° = o — B is in H>(A) by Purity
for Surfaces (4.2). a

Lemma 7.4. Assume Hypothesis 7.1. Then in the notation of Theorem 7.3, for each
veV(K),

(o) = [4(90"‘547:1 (m))+b(61 — &, - (m1)) + absC, - (—l)} )

where the terms are interpreted in K, a = v(m), and b = v(my). If v € V;(K), then
0, factors through k.

Proof. Since we assume (7.1) we can apply Theorem 7.3. Using (2.2) and formula
(2.5), we compute directly over K,
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(o) = [abo + b0 + 0, (sCy, - (m1) - (70))] ()
= [abp + b0y + 5, - (a(m1) — b(mo) + ab(—1))]i(v)-
If v € V,(K) then k C x(v) by (1.1), and since the terms in 0, () are originally
defined over A, over k(v) they are defined over k. Thus 9, factors through k. O

The following simple computation gives us the main tool we need for splitting
o’s residues.

Lemma 7.5. Assume Hypothesis 7.1, and
o= 0o+ (6, m) + (61, m) + (55, - (m1), 70)
as in Theorem 7.3. Suppose
L=K(s'/")

where, if z is a nodal point of Dy, f = ungo nf‘ € A, for some u € A* and numbers
¢;i > 0; and if 7 is a curve point of Dy, so 6 =0 and s =0, then f = uonso, with
co > 0 and ugy € A not divisible by my. Then when z is a nodal point of D,

cot, = [CQOCO — (90,14) + (—Cleo +coBp + (SC;:, . ((u) —I—Cl(—l)),ﬂ'])]L
—crog, = [—c10° + (01,u) + (=160 + cob + (s&,, - ((u) +co(—1)),70)]1

and when z is a curve point of D¢, cooy, = (co0® — (6o, up) )L

Proof. The first part is proved by substituting the relations (f) = ((#) + co(7o) +
c1(m))r =0 and (7) - (—m) = 0 into the given expression for ¢g. All of this is
formal, so the last part is immediate. O
Corollary 7.6. Assume the situation and notation of Lemma 7.5, and let w € V4 (L).
Then:

a. If 7 ¢ Dg then 9, () = 0.

b. If 7 € Dy, is a nodal point,

codw(0t) = w(mr) (=100 + cobr + 58, - (1) + c1(=1)))e()-

If 7 € Dq is a curve point, then cooy, (0t) = —w(u0)(600) c(w)-

c. If 7 € Dy, is a nodal point and co,c) € (Z/n)*, orif z € Dy, is a curve point and
co € (Z/n)*, then dy(a) = 0 whenever w has codimension-one center on A.

d. If z € div f is a curve point and co € (Z/n)*, then d,,(a) = 0.

e. Suppose 7 € Dy, is a nodal point, co,c1 € (Z/n)*, w; extends v; for i = 0,1,
¢160(z) = c001(z), and s = 0. Then

a(wo)(2) = o° — (g Bo(2),u) = & — (c7 ' 61 (2),u) = ex(w1)(2).

f- Suppose z € Dy is a nodal point, cy,c € (Z/n)*, and w; extends v; for i = 0, 1.
Then oy,, = o(w;) is defined over k(v;) fori=0,1, and

co- Oy z(0(wo)) = —c1 -9y, (0t (wr)).
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Proof. In (a), if z € Dy, then d, (o) = 0 for all v € V(A) by definition, hence o €
H?(0,) for all v € V(K) by Purity for Surfaces (4.2), hence d,,(ct) = 0 by (2.4). Part
(b) is immediate by Lemma 7.5 and (2.2).

In (c), let v € V(K) be the normalized valuation corresponding to w|g, and as-
sume v € V(A). If z is a nodal point of Dy, then f = um,’x;", and by Lemma 1.2,
w(my) =e(w/v)v(m ) and e(w/v) = n/ gcd(v(f),n). Since v € V(A), v(m;) equals 0
or 1, and in the latter case v(f) = c¢; € (Z/n)*, so e(w/v) =0 (mod n). Therefore,
w(m) =0 (mod n). If z is a curve point of Dy, then f = uom,", and since 7 does
not divide ug and v € V(A), we compute similarly w(up) = 0( mod n). In any case
codw(at) =0, and since ¢ € (Z/n)*, we conclude d,, (o) = 0 by (b).

In (d), if z is a curve point of div f then Dy = div my, 6 =0, s =0, and ug is a
unit of A. Since ¢ € (Z/n)* this implies d,(ct) = 0 by (b). Part (e) is immediate by
Lemma 7.5 and (2.2).

In (f), each w; /v; is totally ramified of degree n by Lemma 1.2, hence k(w;) =
k(vi), and oy, = c(w;) by definition, since dy, () = 0 by (2.4). Using the compu-
tation of cooy, and —cjoy in (7.5), we find the computation of d,, z(a(w;)) is now

simple, and we obtain cg dy, z(¢t(wp)) = —c1 0y, z(ct(w1)). Note (—1) has order 2,
so if n is odd, then s{ - (—1) = 0, and if n is even, then both ¢y and ¢; are odd, so
(co+c1)sC - (—1) =0 in any case. O

The following elementary lemma, which appears as [S1’, Lemma], was supplied
by Colliot-Thélene.

Weak Approximation Lemma 7.7. Let X be an arithmetic surface over an affine
scheme, let D be an effective divisor, let py,...,pr be closed points on X not on
D, and let qy,...,qs be closed points on D. Then for any a; € x(p;)*, there exists
f € F(X)* such that

(i) div f = D+ E, where D and E have no common components and E does not go
through any of the p; or q;.
(ii) f € Ok, for each p;, and the image of f in k(p;)" is ai.

Global Splitting Lemma 7.8. Assume Setup 6.1 and U, C K. Then there exists a
field extension L/K of degree n*> such that d,,(cq) = 0 for all w € V(L).

Proof. Since U, C K, (7.1) holds, by Proposition 7.2. Since every w € V(L) has
a center on X, by Purity for Surfaces 4.2 it is enough to construct an L such that
dw(a) =0 forall we V4(L), forall A = (A,m;, k(z)). Apply Lemma 7.7 to choose
f € K such that

div f =Dy + D¢

where D, contains none of the (finitely many) self-intersection points of D,. Let L
be an extension containing K(f 1/ ™), w € V4(L). By Corollary 7.6(a), (c), and (d),
we may assume z lies on D, on more than one irreducible component of div f, and
that w € V,(L). By Lemma 7.5, O (41/ny has the form

aK(fl/”) =0p+ (A,, nO)
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where o and A are defined over A. Since A contains the n-th roots of unity, A =
& - (ug) for some u, € A* by Kummer theory. By Lemma 7.7, there exists g € K*
such that g € A and g = u, (mod m;), for each z. Let

L=K(f'"g"").

We compute dy,(0) = w(7) Ai(y)- Since w € V;(L), k(z) C k(w) by (1.1). Since 4
is defined over A, its restriction to x(w) factors through k(z), and by construction
Ag(w) = 0, since (i) () = 0. Therefore, d,,(a) = 0 for all w € V(L). O

Period-Index Theorem 7.9. Suppose K has transcendence degree one over a
p-adic field, and o € Br(K) has prime-to-p period. Then ind(o) divides per(ct)?

Proof. Recall ind(o) is the smallest degree of any separable splitting field, and
per(ct) is the order of o in Br(K). Suppose o € H(K) has period n. If u, C K and
L is as in Lemma 7.8, then og, = 0 by Theorem 4.5. If n is prime, then K(u,)/K has
prime-to-n degree, and we obtain the result by the standard restriction-corestriction
argument. In the general case, we induct on the prime degree case. For if g is a prime
dividing n, and got, which has period /¢, has index dividing (1n/q)?, then there is a
separable extension F /K of degree (1/¢)?* such that gar = 0, hence o has period
g, so by the base case there is an extension L/F of degree ¢* splitting o, and now
L/F has degree n°. O

8 Program for Splitting in Prime Degree

Assume o € H?(K) has prime index g. By a theorem of Albert, ¢ is cyclic if it is
split by a field extension of the form L = K(f 1/q ), for f € K. Therefore by Theorem
4.5, if K is the function field of a p-adic curve, then to show « is cyclic it is enough
to find an f such that d,,(ct) = 0 for all w € V(L). In this section, we produce a
blueprint for constructing such an f.

Semiramified case 8.1. We say o is semiramified at v if o, is semiramified, i.e.,
ok, = (6y,m,) # 0 for some uniformizer 7, € K, where 6, = infy(, g, (dy(c)). We
will usually suppress notation for the inflation map in this context. Since a(v) =

O‘KV(GV)’
ind(ox, ) = |6y] ind(c(v))

by Nakayama-Witt’s index formula. Thus if ind(a) = |6,| # 1 then o(v) =0, and o

is semiramified at v. For example, when ind(¢) is prime, ¢ is semiramified at each
v € divg (o).

Lemma 8.2. Assume Setup 6.1. Suppose oo € H>(K) is semiramified at v € V (K),
L=K(f'/"), and v(f) = c. If w extends v to L, then ¢ - oy,, = (—6,,u) where 6, =
(), and u € O} is defined by f = un, for a uniformizer m, in O,.
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Proof. Since o is semiramified at v, ag, = (6,,7,) for a uniformizer n, € O,.
Since v(f) = ¢, f = unt for some u € Of. Then (f)L =0 = ¢(mw,) + (u), so
cog, = (—6y,u). O

Remark 8.3. In Saltman’s terminology ([S2, p. 821]), o.(w) is split by the ramifica-
tion whenever L/K is v-totally ramified and ot(w) € H?(x(v)) is split by x(v)(6,).
Since we are calling the images of d, “residues” instead of “ramification”, we would
say instead that o.(w) is split by the residue. When o is semiramified at v, the values
of o are split by the residue at all v-totally ramified L/ K. This happens, for example,
whenever o has prime index and D, # @.

Nodal points 8.4. Assume Hypothesis 7.1. In the notation of Theorem 7.3,
o =0+ (60,m)+ (61,m1)+ (s¢, - (m1), mo).
If L=K(f'/") for f = umpm{ and u € A*, with ¢ € (Z/n)*, then by Corollary 7.6(b),
() = w(m)(=cO0+ 01 +5G, - (1) +c(=1))ic(w)-
Ifx,=z€X®, thenk C K (w), and the term of interest is

—c60(2) + 61 (2) +58,,- (@) +-¢(=1))

where if 6, = d,, (o), we have s = 0y z(0,,) = —dy, 2(6y,). If s =0, then 6,,(Z) =
6:(z) € H' (k). This guides the following classification scheme:

Definition 8.5. Suppose that z is a nodal point for ¢, and diva () = {vg,v1} has

normal crossings. In the notation of (8.4), we say that, with respect to Dy, z is a

1. Cold point if s # 0.

2. Cool point if s = 0 and (6y(z)) = (61 (z)) = 0.
3. Chilly point if s =0 and (6y(z)) = (6 (z)) # 0.
4. Hot point if s =0 and (6y(z)) # (61(2)).

If z is a chilly point, the coefficient of z with respect to vg is the number ¢ such that
01(z) =c6y(z).

The next lemma shows that when o is semiramified we can ignore hot points.

Lemma 8.6. Assume Hypothesis 7.1 and the notation of (8.4), and suppose s = 0.
Let v; denote a discrete valuation extending vz from k(vo) to x(vo)(6y,). Then

A= (t(vo)) = 61(2)x(ey(2))-
In particular, if o is semiramified at vy and vy, then (6y(z)) = (6;(z)).

Proof. Note x(vg) has a discrete valuation vz induced by v; since {vg, v} has nor-
mal crossings. Since 6, is vz-unramified, any extension v; from x(vo) to k(vo)(6y,)
measures vz(7) = 1, and by definition, the residue field of x(vo)(6,,) with respect
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to vz is k(6p(z)). Since we assume (7.1), we can invoke Theorem 7.3, which implies
ovo) = (a° + (64, nl))K(VO)(GV())’ where 6; = 0 if z is a curve point for D. We then
compute directly d,.(0t(vo)) = 01(2)k(gy(2))> as desired. If o is semiramified at vo
and vy, then a(vy) = o(v;) = 0, hence 0;(z) € (6y(z)) and 6y(z) € (6;(z)), hence
(60(z)) = (61(2))- O

Definition 8.7. A chilly loop for « is a (reducible) component of D, that forms a
simple closed curve whose intersection points are chilly points for o.

Chilly loops present the following obstacle. Suppose D = ¥./* | D; is a chilly loop,
where each D; is prime. Let ¢;; be the coefficient of z;; = D; N D; with respect
to v; so that 6;(zi;) = cij 0;(zij). If L =K(f'/") where vi(f) = ¢; € (Z/n)* and
¢j/ci = cij, then we compute dy,(o) = 0 for all w € V. (L) by Corollary 7.6(b). But
then proceeding around the loop we find [I; (mod n)¢ij = 1. There is no reason to
expect such a relation from a general set of residues {6;}, so such an f does not
exist in general. We then resort to the strategy of zeroing out the values o(w;), or at
least showing they are unramified, cf. Proposition 8.11(C) below. However, we find
this strategy is also blocked, by the same compatibility problem! The solution is to
eliminate chilly loops, as follows.

Definition 8.8. Let D} = Dy U (Xo)rea- We say Dy, is well-conditioned if Dy, has
normal crossings, no cool points, no chilly loops, and no hot points; and D}, is well-
conditioned if Dy, is well-conditioned and D} has normal crossings.

Lemma 8.9. Assume o € HZ(K) has prime period, and is semiramified at every
v € divg (o). This holds, for example, if o has prime index. Then there exists an
arithmetic surface X with function field K on which D, is well-conditioned.

Proof. By (3.9), there exists an arithmetic surface X on which D, has normal cross-
ings. Since a is semiramified at each v € div4 (), D¢ has no hot points by Lemma
8.6. Since D, has finitely many irreducible components, there can only be finitely
many cool points or chilly loops.

Let f: X — X be the blow-up centered at z, and let v € V,(K) be the valuation
defined by the exceptional divisor. Then by Lemma 3.8, X is an arithmetic surface,
isomorphic to X away from z, and D, C X has normal crossings.

Suppose z = Do N Dy is a cool point with respect to Dy,. Since per(o) is prime,
Hypothesis 7.1 holds, by Proposition 7.2. Since v is centered on z, by Lemma 7.4,
we compute d,(a) = v(mp)6o(z) + v(71)01(z) = 0, by the definition of cool point.
Since Dy and D intersect transversally, they do not intersect on X, so the cool point
zis transformed into two curve points on X. In this way, we eliminate all cool points
with finitely many blow-ups.

Suppose z = Do N D is a chilly point in a chilly loop, with coefficient ¢ with
respect to vo. Again Hypothesis 7.1 holds. Since v is the valuation of the exceptional
divisor, v(mp) = v(m) =1, and d,(a) = 0p(z) + 61 (z) = (c+1)6p(z) by Lemma
7.4.If ¢+ 1 is a multiple of n, then d,(a) = 0, and we have replaced z with two
curve points on X. Otherwise we have replaced z with two chilly points, and one
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has coefficient ¢ + 1. Since n divides ¢ 4 r for some r, with enough iterations we
break the chilly loop. In this way we will eliminate all chilly loops, and produce an
arithmetic surface on which D, is well-conditioned. ad

Local Parallel Transport 8.10. Assume Setup 6.1, and n = ¢ is prime. If 9,(6,,) =
qu* # 0, and u, ¢ A, then Hypothesis 7.1 does not hold, and the local structure
theorem (7.3) fails. However, we can still apply the results of Sect. 7 to this situation,
using local parallel transport by the base extension defined by a primitive g-th root
of unity {,.

Let K’ = K({;), and let B be the normalization of A in K. Then A — B is a
finite étale extension, and the localizations of B at its maximal ideals are (regular)
two-dimensional local rings A’ = (A, m’, k") dominating A. Fix one.

If veV(A) extends tov' € V(A"), and wy,...,w, are discrete valuations on K (v)
corresponding to z as in (6.3), then k(w;) ®4 A" = k(w;) @ k" is the product of the
residue fields of w;’s extensions to k(v'). Since A — A’ is unramified, we construct
from this data, (2.4), and (6.4), a diagram (for n = q)

d, a,
0— HX(A") - H2(K) 20 @ H! (k(v)) —Z HO(K) — 0
VeV (Al)
7 7 T ®rese) x(v) T resy

0— H2(4) — B (K) 22 @ H (x(v)) —%— H(k) — 0
veV(A)

Since g is prime, the field extensions have prime-to-g degree, hence the vertical
restriction arrows are injective by the standard restriction-corestriction argument.
Moreover, since A — A’ is flat, each v/ € V(A’) lies over some v € V(A), so that
the residues of o = resg /() at the v/ € V(A’) are exactly those restricted from
residues of o at v € V(A). Since m’ = mA’ = (my, 1), D, has normal crossings at
7 = Spec(k’) on Spec A’, and Hypothesis 7.1 holds for &’ on A’ by Proposition 7.2.
Thus the classification of 7 in Definition 8.5 is identical to that of z, should z be a
nodal point of Dy,.

Note the splitting of residues at z can now be computed at 7. For if L/K is a finite
separable field extension of degree g, L' = L&k K’, and d,s (07,) =0 forw’ € V(L')
extending w € V(L), then d,, (o) = 0 by (2.4), the injectivity of the restriction, and
the fact that L' /L is unramified. If L/K is vo-totally ramified, wj, € V(L) extends
vo to L’ and restricts to wy and v, on L and K’, then L'/K’ is v{-totally ramified,
o(wp) and o' (w;)) are defined over x(vp) and K (v;)), respectively, and o (wy) =
TS (10) (1)) (e(wp)) by the compatibility of restriction maps. Then, since restric-

tion commutes with the residue map (2.4), 8%’2/ (o' (wg)) = resg (v z(0t(wo)).
Proposition 8.11. In Setup 6.1, assume o € H>(K) has prime period n, D, is well-

conditioned, and Dy, = Y; D;, where I indexes the prime divisors D;. Suppose L =
K(fY/"), where f € K satisfies

A. div f = ¢;Dg + D¢, where c; = (¢;)1, for ¢; € (Z/n)*, and D¢ contains no com-
ponents or nodal points of Dy,
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B. If (Di-D¢); # 0 (mod n) for some i € I, then 6,,(z) = 0.
C. 9y, z(ct(wi)) = 0 whenever z is a nodal point of Dy, on D;, and w; € V(L) extends
Vi.

Then oy, € Ha,(L/R).

Proof. Assume f satisfies (A), (B), and (C), and set A = Oy . If z is a cold point and
A — A’ is as in (8.10), then the hypotheses transfer to A’ by local parallel transport,
and the conclusion, which is verified locally, descends back to K. Therefore we may
assume [, C K, so that Hypothesis 7.1 holds, by Proposition 7.2. Let w € V4 (L), and
let v be the normalized valuation corresponding to w|k. By Purity for Surfaces (4.2),
it is enough to show d,,(o) = 0, and invoking (A), we may assume by Corollary
7.6(a), (c), and (d) that z € Dy, w € V,(L), and z lies on more than one component
of div f.

Suppose z is a curve point of D, so diva(a) = {vo}. By (A) we have f = uom’,
where ¢g € (Z/n)*, and up € A is not divisible by my. Since k C x(w), cody(0t) =
—w(up)6y(z) by Corollary 7.6(b). If w(ug) # 0 € Z/n, then 6y(z) = 0 by (B), so,
since ¢y € (Z/n)*, d(a) =0.

Suppose z is a nodal point of Dg, so diva(a) = {vo,v1 }. By (A), f = umy’ny",
where u € A* and cg,c1 € (Z/n)". Since v € V,(K), a(wo) = o, by Corollary
7.6(), hence dy(a) = ¢y ' w(m)dy,z(ct(wo)) by Corollary 7.6(b). Therefore,
dw(a) =0by (C). O

9 Splitting in Prime Degree

For any o € HZ(K ) of prime index relatively prime to all char k, there exists an
arithmetic surface X — § on which «’s ramification locus is well-conditioned, by
Lemma 8.9. Proposition 8.11 provides us with a blueprint for splitting the residues
of such a class, under Hypothesis 7.1. We want to produce an element f € K* satis-
fying

A. div f = ¢;Dy + D¢, where ¢; = (¢;)y, for ¢; € (Z/n)*, and D, contains no com-
ponents or nodal points of Dy,.

B. If (D;-D¢), # 0 (mod n) for some i € I, then 6,,(Z) = 0.

C. 0y, z(0(w;)) = 0 whenever z is a nodal point of Dy on D;, and w; € V(L)
extends v;.

We now carry out the program when K is the function field of a p-adic curve. The
following lemma is the technical heart of the computation (see [S2, Th. 4.6]).

Lemma 9.1. Suppose n = q is prime, per(a) = g, X is an arithmetic surface on
which D}, is well conditioned, and a. is semiramified at all v; € divx (o). Then there
exists an f € K satisfying (A) and (C), such that o.(w;) = 0 whenever z is a nodal
point on D; C Dy C X. Furthermore, D¢ (as in (A)) contains no components or
nodal points of D}, (not just of D).
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Proof. Note the arithmetic surface X — S on which D, is well-conditioned exists
by Lemma 8.9. By Lemma 7.7, we may choose f so thatdiv f = ¢;Dy + D¢, where
D¢ contains no component points or nodal points of D$, and ¢; = (¢;); is any set of
coefficients, which we take to be in (Z/g)*. Thus f satisfies (A).

It is more difficult to satisfy (C). We will zero out the values o (w;), though later,
in satisfying (B), we will be content to leave them unramified. Since D, is well-
conditioned, it has no chilly loops, so we may assign ¢; € (Z/q)* to each component
D; of Dy, such that if z = D; N D; is a chilly point, then c; /c; is the chilly point
coefficient with respect to v;.

Define D to be the union of irreducible components of Xy that are not part of Dy,
s0 D, = Dy + DT. We call irreducible components of D, isolated if they contain
no nodal points of D;}. To each isolated component of D, we assign a (curve) point,
and call this an isolated-component point. Define the following sets of closed points,
abusing notation in the obvious way.

L] e/V = Da n Da.
e & =(D"NDT)U {isolated-component points of D™ }.
e 2= (DyND") U {isolated-component points of Dy, }.

We use vo and v; as general elements of divx(c). Since per(o) is prime and o is
semiramified at vy, the residue 6,, has order g. By Lemma 8.2, the value of ¢ at an
extension wo of vy to L = K(f/4) is

awo) = (—cg ' Byst0) € H2(x(vo))

for 1y € Oﬁo defined by f = tonvc(?, for some uniformizer m,, € O,,. If t € K is in
Oy, the value over L' = K((f/1)"7) is a(wp) = (—cq '6vyst0/t), where wh is an
extension of vy to L'. To prove the lemma we will find a ¢ € K with (¢;/¢) = 0 for
each i € I, zeroing out each o (w;), while maintaining (A). There are two steps.

Step 1.Ifz € D;, we say t; € x(v;) ort; € Oy, is aunit at z when t; € Op, -. We claim
that in the expression for o/(w;), we may assume

a. thet; are units atall z € A4 U2 and
b. f;=7f;in k= x(z), forz € .4 on D;NDj.

We show that (without modifying f) we may assume #y € k(vp) in each a(wy) is
a unit at z € Dy whenever z € 4/ U 2. For such z, let I = k(vo)(6y,), Iz = [ @y
K(v0)z, and let N = Nj/yc(y)> and N; = Ny /(). denote the norms. Note //x(vp) and
I,/ x(vo)z have degree g, and I, may not be a field. If we can find u, € I, such that
v:(N;(uz)) = —vsz(to), for each z, then by weak approximation there exists a u € /
such that vz(N(u)) = vz(N;(u;)). Replacing 1y by #, = N(u)ty, we obtain vz(1) =0,
and since £, /to is a norm from Kk (v9) (6, ), (—¢g ' Oug20) = (—co 64y, 1)), as desired.
Therefore, it is enough to find the u;.

Suppose z € Dy is in .4". By considering the vz-values of the group of norms
from the prime-degree extension I/x(vg), we see that finding u; is trivial unless
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6y, is z-unramified and vz(t9) € (Z/q)*. Therefore we are finished at cold points,
since for them 6,, is Z-totally ramified. At chilly points, we compute directly
Oy z(0(wp)) = —cg 'v2(10) By, (2). But ax(wo) = az,, by Corollary 7.6(f), and since
s =0and —c10p(z) 4+ o601 (z) = 0 by the choice of the ¢;, by Corollary 7.6(b) we
have d,, z(ot(wp)) = 0. Since 6,,,(Z) is nontrivial (definition of chilly point), we con-
clude vz(fo) = 0 (mod g). Therefore there is no problem at chilly points, and we
have u, forallz € 4.

Suppose z € Dy is in 2. By the choice of f, D, avoids z, so f has only one
irreducible component going through z, and since by definition f = fom,}, again
vz(tp) =0 (mod ¢), and there is no problem. Thus each ¢; is a unitat all z € A4 U 2,
and we have (a).

Suppose z € A is on DyN Dy. Since ty and #; are units at z, each has an
image 7; in k(z). We show that we may assume fy = ;. If z is a chilly point,
then ¢16p(z) = o6 (z), so o(wo)(z) = (x(wl)(z) by Corollary 7.6(e). That is,
(—06190(1),50) = (—c;'61(z),11). Since ¢ '61(z) = ¢; ' 60(2), o and #; differ by
a norm from x(z)(6y(z)) to k(z). If z is a cold point, then by Corollary 7.6(f) (ap-
plying (8.10) if necessary),

co- Oy z(0(wo)) = —c1 -9y, (0t (wr)).

We have coot(wo) = (—6yy,t0). Writing 6,, = 6, + s, - (m1) over k(z)(vo)z, and
noting that vz(fo) = 0 by (a), we compute

o avo,Z( ( )) = sCm (IO)K(Z

and similarly —c1 -y, z(e(w1)) = s, - (1) (o) - Since s, has order ¢, we conclude
fo=1 (mod x(z)9).In any case, whether z 1s a chilly or cold point, using (standard)
weak approximation we may adjust #o by a norm from & (vo)(6y,) to x(vo) so that
fo = f; simultaneously at each z € 4" on Dy. We may apply the same procedure on
D, without affecting the result on Dy, and by induction we may arrange so that the
f; are all equal, at all z € .#". This proves (b), and completes Step 1.

Step 2. Next we produce a r € K* whose image in x(v;) is defined and equals #,
and such that div(f /) satisfies (A), for D, First we reduce to ring theory. By [Liu,
3.3.36], if X is a quasi-projective scheme over an affine scheme S, then any given
finite set of points of X is contained in an affine open subset of X. Thus we have an
affine open subset U C X with affine ring T that includes all points of A4 U2 U 2.
The poles and zeros of the #; on D; are notin 4/ U XU 2: by Step 1, 1; € OI*J,»,Z for
allze D;N (A UL), and D;N L = &. Therefore, taking a distinguished open set if
necessary, we may assume U excludes these poles and zeros, hence that 7; € O,
for each i € I. Note .4 U & U 2 contains a closed point from each component of
D, so U contains the generic point of each component of D,.

Let {p;}; denote the set of prime ideals of T corresponding to the irreducible
components of Dy, and let {m;}; denote the set of maximal ideals corresponding
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to the closed points z; € &. These are either nodal points of DT, or isolated-
component points on DT Then, for notational convenience, set

o p; ifiel
Y=V ifiel.

To go along with the t; € (T'/q;)* (i € I), for each j € J let t; € (T /q;)* be any
(nonzero) element. We claim there exists a t € T such that 7 =#; (mod g;) for each
i € IUJ. Since then 7 is nonzero in k(z) foreach z € A4"U U2, div ¢ contains none
of these points, and none of D{;’s irreducible components. Then div(f/t) satisfies
(A) with respect to D, and if L' = K((f/1)"/9),

o(wj) = (—¢; 6y, 11/t) = (=¢; '6,,1) = 0

where w/ is an extension of v; to L = K((f/t)'/?). Thus the claim will give us (C).
We prove the claim, as in [S2, Prop. 4.5]. Order /U J, and set a = ﬂ?;l qi, the

ideal of the scheme ! V(q;). The map (a,b) — a — b defines an exact sequence
0—T/(angy) — T/adT/q, — T/(a+q,) — 0.

We sketch this argument. The sequence is easily seen to be a complex, and the
injectivity and surjectivity are immediate. To prove exactness in the middle, we
may assume T = T, for some maximal ideal m, and then T is factorial, since X
is regular. If a 4 q, = T, the result follows by the Chinese Remainder Theorem. If
a+q, # T then all of the g; for i < n are (regular) principal primes, so a = (x¢) and
g, = (y) for some ¢ > 0 and primes x and y, and since D, has normal crossings,
m = (x,y). If the pair (¢ + a,b + q,) maps into the ideal (x°,y) then we may assume
b=ux? forsomed >0andu € T*,and a = uxd+sye, fore > 0ands € T, and then
(a+ a,b+q,) is in the image of # = ux? + sy, proving exactness in the middle.
Now induct on the cardinality of /U J, the base case n = 1 being trivial. Assume
there exists a#’ € T such that’ =1 (mod ¢;) fori <n—1in1UJ.If g, = m,, i.e.,
V(qn) =z, € &, orif q, = p,, for an isolated component D,, (of Dy), orif V(a) = &,
then V(a+q,) = @, and since T/ (a + q,) = 0, by exactness of the above sequence
there exists a t € T mapping to (¢,t,) € T/a&® T /qn, and then t =¢; (mod gq;) for
each i <n.If q, = p, and V(a + q,) # &, then since Dy has normal crossings,
V(a+q,) is a finite subset of A", If z € D; N D, is one of these points, thent; =1,
(mod m;) by Step 1. Therefore (', 1,,) maps into each m, containing a+qy,. Again by
the normal crossings hypothesis it follows that (#',1,) maps to zero in T /(a + q,),
and by exactness again we find r € T mapping to (¢#',1,) so that z = 1; (mod q;)
for each i < n. By induction, there exists ¢ € T such that t = (mod q;), for each
i € IUJ, as claimed. This completes the proof of Lemma 9.1. O

Problematic curve points 9.2. We call the z € D¢ N D, which appear in (B), prob-
lematic curve points. If we choose f € K as in Lemma 9.1, then we have (A) and
(C). There is no reason why (B) should follow, though we have the following.
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Proposition 9.3. Assume the hypotheses of Lemma 9.1, f € K satisfies (A) and (C),
X is as in Lemma 9.1, and Dy C Dy, is an irreducible component. If z € Do N Dg is
a problematic curve point, then either 6,,(Z) =0 or (D - D), is a multiple of q.
Proof. Write f = uom”, where up € O}, and set L = K(f'/4). Since co € (Z/q)*
by (A), and 6,, has order g, o, = o (wp) and k(wg) = k(vg) by Corollary 7.6(f).
By Lemma 7.5, co at(wg) = co ® — (6o, up), hence

€0 dvyz(at(wo)) = —vz(uo)6o(z) = — (Do D) 6o(2).
Since dy, z(0(wp)) = 0 by (C), either 6y(z) =0 or (Dg - D¢ ). is amultiple of g. O

We still do not have (B): (Dg - D¢ ), being a multiple of g only helps if D¢ has
only one irreducible component passing through z; as it stands, D¢ could have up to
q distinct components all intersecting at z. To resolve this problem we will invoke
Proposition 5.5, and for this we now take S = SpecR, where R = Z,,.

Proposition 9.4. Assume the hypotheses of Lemma 9.1 with X — S = SpecZ,,, as in
Lemma 9.1. Then there exists an f € K satisfying (A), (B), and (C).

Proof. Let z denote the set of all nodal points of D, and write Z for the image of
z on Xp. Choose f as in Lemma 9.1, and write div f = ¢;Dg 4+ De. We will show
that if z € Dy N De and (Do - D¢ ), is a multiple of ¢, then we may assume D, is a
g-multiple at z. Then f satisfies (B) by Proposition 9.3.

By Lemma 9.1, D, contains no irreducible component of Xj, so all of its compo-
nents are horizontal. Since S is henselian, by [Liu, 8.3.35] there exists a divisor Dgooq
that is the sum of horizontal divisors, with correct multiplicities, cutting out exactly
those points of D¢ M (X )req of multiplicity not divisible by g. Let Dyag = De — Dgood-
The restriction (Dpaq)o to the closed fiber is an effective divisor that has multiplicity
q; we want to replace Dy,g with an effective divisor that has multiplicity q.

Since Dyyq avoids z, by (5.3), it has a preimage ;Dyp,q in ¢ Div' X. Let 2Opad denote
the image in ;PicX, again using (5.3). Since the image of ;8paq in z Pic(Xp)req is a
g-th power, 50 is ;8paq by Proposition 5.5. Thus by (5.4), there is an element g € .K*
such that div g = g+ ;E — ;Dypyq, for some (E € gDiv’X. By (5.3), we then have

divg = gE — Duad

in Div'X <DivX. By (5.4) and the definition of .K* < K*, E avoids z, and g(z) €
K(z)* for each z € z. Now

div fg = ¢/Dq +Dg00d+ gE

where Dgooq intersects Dy only at curve points of multiplicity not divisible by g.
We show that fg satisfies (A) and (C). The values of the ¢; modulo g are unchanged
by gE, even if E contains (isolated) components of Dy. Since Dgooq coOntains no
components of D, by construction, we have (A). Let L' = K((fg)'/9), and suppose
zis anodal point of Dy on Dy. Let w6 be an extension of vg to L'. There is no reason
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why a(wj) should be zero, but computing as in the proof of Proposition 9.3, we
set ugy = guo € O}, coor(wyy) = coa® — (6o, 1), and cody, z(ax(wy)) = —vz(ug) 60 (2).
Therefore since g(z) is in k(z)*, vz(ugy) = vz=(up) (mod g), hence 9, (o (w()) =0,

and we have (C). In light of Proposition 9.3, we now have (B). O

Theorem 9.5. Let K be the function field of a p-adic curve, and let A be a K-division
algebra of prime index q # p. Then A is cyclic.

Proof. This is [S2, Th. 5.1]. Let o € H(K) be the class of A in Br(K). Since
ind(o) = g is prime, o is semiramified at all v € divg (o) by (8.1). Let X — S =
SpecZ,, be any arithmetic surface on which D, is well-conditioned, as in Lemma
8.9. By Proposition 9.4, there is an element f € K satisfying (A), (B), and (C). Let
L=K(f'/4). Since f satisfies (A), (B), and (C), o € H2 (L) = (1) H*(O,) by
Proposition 8.11. Since L is the function field of a p-adic curve, a7 = 0 by Theorem
4.5. Finally, since A is split by a radical extension of degree g, A is cyclic by a the-
orem of Albert [S2, Prop. 0.1]. O

Finally, we have the following geometric criterion for a Brauer class to have
prime index.

Corollary 9.6. Let K be the function field of a p-adic curve, and let o, € Br(K) be an
element of prime period q # p. Let X — SpecZ, be an arithmetic surface on which
Dy, has normal crossings. Then ind(ot) = q if and only if Do has no hot points.

Proof. This is [S2, Cor. 5.2]. If ind(at) = ¢, then o is semiramified at all v; €
divy (o) by (8.1), and D, has no hot points on X by Lemma 8.6.

Suppose per(¢) = ¢ and Dy, has no hot points on X. We do not introduce hot
points if we blow up X to remove cool points and chilly loops, by the proof of
Lemma 8.9, or to establish normal crossings on the closed fiber. Thus we may as-
sume D{; is well-conditioned. We claim that o is semiramified at each v; € divx (o).
Then the proof of Theorem 9.5 applies directly, and we are done. If v € divy (),
then, writing ak,, = 0t + (6, ) with 0 € H?(x(vo)) as in (2.4), we compute

ind(0rk,, ) = [6so| ind((@0) o) 6,

We must show Kk (vp)(6y,) splits o.

If Dy is horizontal, then x(vy) is a p-adic field, and since 0,, has order g, it
splits o by (Hasse’s) local field theory, and we are done. If Dy is vertical, then it
is a smooth projective curve over a finite field k, and it suffices to show x(vo)(6y,)
splits o at all z € Dy, by the local global splitting principle, as in the proof of
Theorem 4.5. Again by local field theory, this is only an issue if 8, is split at the
completion k(vg):;. However, in that case we have s = 0, and since there are no hot
points, we find dy, z(0t(vp)) = 0 by Lemma 8.6. Since the residue field of x(vo); is
finite, we conclude () (,), = O by the split exact sequence for a completion in
(2.4). Therefore oy is split by 6,, at each z, hence k(vy)(6,,) splits o, and o is
semiramified at vy. a
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Serre’s Conjecture II: A Survey

Philippe Gille

Dedicated to Parimala

Summary We provide a survey of Serre’s conjecture II (1962) on the vanishing of
Galois cohomology for simply connected semisimple groups defined over a field of
cohomological dimension at most 2.

1 Introduction

Serre’s original conjecture II (1962) states that the Galois cohomology set H' (k, G)
vanishes for a semisimple simply connected algebraic group G defined over a perfect
field of cohomological dimension < 2 [52, Sect.4.1] [53, I1.3.1]. This means that
G-torsors (or principal homogeneous spaces) over Spec(k) are trivial.
For example, if A is a central simple algebra defined over a field k and ¢ € k*,
the subvariety
X := {nrd(y) = c} C GL;(A)

of elements of reduced norm c is a torsor under the special linear group G = SL(A)
which is semisimple and simply connected. If cd(k) < 2, we thus expect that this
G-torsor is trivial, i.e., X;(k) # 0. Applying this to all ¢ € k¥, we thus expect that
the reduced norm map A* — k* is surjective.

For imaginary number fields, the surjectivity of reduced norms goes back to
Eichler in 1938 (see [39, Sect.5.4]). For function fields of complex surfaces, this
follows from the Tsen-Lang theorem because the reduced norm is a homogeneous
form of degree deg(A) in deg(A)?-indeterminates [53, I1.4.5]. In the general case,
the surjectivity of reduced norms is due to Merkurjev—Suslinin 1981 [59, Th. 24.8],
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and this fact essentially characterizes fields of cohomological dimension < 2 (see
below).

One can discuss the conjecture with respect to the group classification or with
respect to fields. With respect to groups, the main evidence for the conjecture
is provided by classical groups, for which the result was established by Bayer—
Parimala (1995, [4]). With respect to fields, evidence for the conjecture was pro-
vided by imaginary number fields (Kneser [39], Harder [35], Chernousov [9], see
[50, Sect. 6]) and more recently by function fields of complex surfaces. Over the lat-
ter fields, the result for exceptional groups with no factors of type Eg was pointed out
in 2002 in the paper [15] by Colliot—-Thélene—Gille—Parimala. It was completed in
2008 for all types by He—de Jong—Starr [37], who used deformation methods. This
result has a clear geometric meaning. If G/C is a semisimple simply connected
group and X a smooth complex surface, then a G-torsor over X (or a G-bundle) is
locally trivial with respect to the Zariski topology (see Sect. 6.6).

There are previous surveys on Galois cohomology discussing this topic. Tits’
lectures at College de France in 1990-1991 discuss the Hasse principle and group
classification [63]. Serre’s Bourbaki seminar [54] deals among other things with
progress on the conjecture up to 1994; see also Bayer’s survey on classical
groups [2]. For function fields of surfaces, see the surveys by Starr [58] and by
Lieblich [41].

For exceptional groups (trialitarian, type Eg, E7 and Eg), the general conjecture
is still open despite some progress [11,15,17,28].

We take this opportunity to point out that Serre’s conjecture has some analogy
with topology. Indeed, if G is a semisimple simply connected complex group, we
know that 7 (G) = m,(G) = 0, hence G is 2-connected. Then for every CW-complex
of dimension < 2, the G-bundles over X are trivial (cf. [60, Th. 11.34]).

2 Fields of Cohomological Dimension < 2

Let k be a field and / be a prime. Recall that k is of /-cohomological dimension
cd; (k) < d if H'(k,A) = 0 for every finite [-primary Galois module A and for all
i >d -+ 1. We know that it is equivalent to the vanishing of H4*!(L,Z/IZ) for any
finite separable extension L /k.

Examples 2.1. Recall the following examples of fields of cohomological
dimension 2.

(1) Imaginary number fields;

(2) Function fields of complex surfaces;

(3) Merkurjev’s tower of fields F., namely an extension of C(Xj,...,X2,) such
that the u-invariant is u(F..) = 2n. Every (2n + 1)-dimensional quadratic form
over F,, is isotropic, but the form (X;,Xp,...,Xp,) remains anisotropic over
F... Furthermore, the tensor product of the quaternion algebras (X»;_1,X»;) for
i=1,...,nis adivision algebra over F.. [44], [45, Th. 3].
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The third example shows that central simple algebras and quadratic forms are not
in general low dimensional objects. We already mentioned the following character-
ization which uses Merkurjev—Suslin’s theorem [47].

Theorem 2.2. [59, Th. 24.8] Let | be an invertible prime in k. The following are
equivalent:

1. cdj(k) <2.

2. For any finite separable extension L/k and any I-primary central simple
L-algebra A/L, the reduced norm nrd : A* — L* is surjective.

3. For any finite extension L/k and any l-primary central simple L-algebra A /L, the
reduced norm nrd : A* — L* is surjective.

We added here the easy implication (2) = (3) which follows from the usual
transfer argument. We say that k is of cohomological dimension < d if k is of
I-cohomological dimension cd; (k) < d for all primes /.

If & is of positive characteristic p, we always have cdp(k) < 1; this explains the
necessary change in the following analogous statement.

Theorem 2.3. [27, Th. 7] Assume that char(k) = p > 0. The following are
equivalent:

1.H ; (L) = 0 for any finite separable extension L/k;
2. For any finite separable extension L/k and any l-primary central simple
L-algebra A/L, the reduced norm nrd : A* — L* is surjective.

Here H ; (k) is Kato’s cohomology group, defined by means of logarithmic differ-
ential forms [38], see [32, Sect. 9]. We shall say that & is of separable p-dimension
<dif Hg“ (L) = 0 for all finite separable extension L/k, this defines the separa-
ble dimension sd, (k) of k. For [ # p, we let' sd;(k) = cd;(k). If k is perfect, then
H},(L) = 0 for every finite extension L/k and for every i > 2. Hence if k is perfect
and of cohomological dimension < 2, k is of separable dimension < 2.

Examples 2.4.

(1) The function field of a curve over a finite field is of separable dimension 2.

(2) The function field ky(S) of a surface over an algebraically closed field ko of
characteristic p > 0 is of separable dimension 2.

(3) Given an arbitrary field F, Theorems 2.2 and 2.3 provide a way to construct a
“generic” field extension E /F of separable dimension 2, see Ducros [19].

We can now state the strong form of Serre’s conjecture II. For each simply con-
nected group G, Serre defined the set S(G) of primes in terms of the Cartan-Killing
type of G, cf. [54, Sect.2.2]. For absolutely almost simple groups, the primes are
listed in Table 1.

! Kato defined the p-dimension dim, (k) as follows [38]. If [k : kP] = o, define dim, (k) = co. If
[k kP] = p" < oo, dimp (k) = r if H;‘H (L) = 0 for any finite extension L/k, and dim, (k) = r+ 1
otherwise.
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Table 1 S(G) for absolutely almost simple groups

Type 5(G)
A, (n>1) 2 and the prime divisors of n+ 1
B, (n>3), C, (n >2), D, (non-trialitarian for n = 4) 2
Gy 2
trialitarian Dy, Fy, Eg, E7 2,3
Eg 2,3,5

Conjecture 2.5. Let G be a semisimple and simply connected algebraic group. If
sd; (k) < 2 for every prime | € S(G), then H' (k,G) = 0.

In the original conjecture, k was assumed perfect and of cohomological dimen-
sion < 2. In characteristic p > 0, Serre’s strengthened question furthermore assumed
that [k : kP] < p? if p belongs to S(G) [54, Sect. 5.5]. Known results do not seem to
indicate that this restriction is necessary.

So Conjecture 2.5 is indeed stronger than the original one. Theorems 2.2 and 2.3
show that the conjecture holds for groups of inner type A and that the hypothesis on
k is sharp.

3 Link Between the Conjecture and the Classification of Groups

The classification of semisimple groups essentially reduces to that of semisimple
simply connected groups G which are absolutely almost simple [40, Sect. 31.5][61].
This means that G X ks is isomorphic to SL,, s, Spiny,, . | 5, SP2,, &> SPiNy,, 4 .-

Let G/k be such a k-group and let G — G,q be the adjoint quotient of G. Denote
by GY its quasi-split form and by ng its adjoint quotient. Then G is an inner twist
of G4, i.e., there exists a cocycle z € Z! (k/k,GY,(k;)) such that G = .GY. We then
identify G and ;G4.

The other way around, we know that there exists a unique class vg = [a] €
H'(k,Gyq) such that G4 = ,G [40, 31.6]. We denote by 7% € Z! (k,-G1,) the op-
posite cocycle of z, it is defined by ¢ — z5! € ;G(k;).

We have G7 = .op (;G7). Hence the image of v under H' (k, Goq) = H' (k,.G,4)
is nothing but [z°P]. We have an exact sequence

1 —>Z(G) > G— Gy — 1

of k-algebraic groups with respect to the fppf-topology (faithfully flat of finite
presentation, see [18, III] or [56]). This gives rise to an exact sequence of pointed
sets [5, app. B]

1= Z(G)(k) = G(k) = Gaa(k) 5H} (k. Z(G)) —

0
- Hflppf(ka G) - Hflppf(ka Gad) —= H]%ppf(kvz(G)) 3.1
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The homomorphism ¢ is called the characteristic map and the mapping d is the
boundary. Since G (resp. G,q) is smooth, the fppf-cohomology of G (resp. Gaq)
coincides with Galois cohomology [55, XXIV.8], i.e., we have a bijection
H'(k, G)LH}ppf(k, G). Following [40, 31.6], one defines the Tits class of G
by the following formula

6= — 50("0) € H}gpnf(k’Z(G))'

By the compatibility property” under the torsion bijection 1, [33, IV.4.2],

[
H'(k,Ga) —— H},,/(k,Z(G))

T{z ?+80q([z])lz

3G,
Hl (k7 GZd) —d> H%ppf(k7Z(Gq))7
we see that G = 8¢s([z]) which is indeed Tits definition [63, Sect. 1].

Proposition 3.2. Assume that H' (k,G) = 1.

(1) The boundary map H' (k,G,q) — H%Wf(k,Z(G)) has trivial kernel.
(2) Let G' be an inner k-form of G4. Then G and G' are isomorphic if and only if
I =1g.

Proof. (1) follows from the exact sequence (3.1). For (2), let 7 € Z'(k, G!)) be a
cocycle such that G’ = ,G. We assume that tG = t. Hence 84 ([z]) = 8gq([7]) €
H%P (K, Z(G?)). The compatibility above shows that

7. 1([]) € ker(H' (k,Gua)) — H},, (k. Z(G))).

By 1), we have 7, !([/]) = [1] € H'(k,Gu), hence [z] = [/] € H'(k,G,q). Thus G
and G’ are k-isomorphic. O

In conclusion, Serre’s conjecture II implies that semisimple k-groups are clas-
sified by their quasi-split forms and their Tits classes. For more precise results for
classical groups, see Tignol-Lewis [42]. The classification is of special importance
in view of the rationality question for groups (Chernousov—Platonov [13], see also
Merkurjev [46]) and then also for the Kneser-Tits problem (Gille [31]).

4 Approaches to the Conjecture

We would like to describe a few ways to attack the conjecture and their limitations.
This is somehow artificial because in practice we work with all tools.

2 Note that Z(G) = Z(GY) since G, acts trivially on Z(GY).
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4.1 Subgroup Trick

Let Us Explain it within the following example due to Tits [64]. Let G/k be the split
semisimple simply connected group of type

(0]

Es I

o 03 0Oy 0O5 Op

Assume that k is infinite. Let z € Z! (ks /k, G) and consider the twisted group G’ = ,G.
Since ¢t = 0, the 27-dimensional standard representation of G of highest weight @¢
descends to G’ by [62]. We then have a representation p’ : G’ — GL(V'). The point is
that G’ has a dense orbit in the projective space X = P(V), so there exists a k-rational
point [x] in that orbit. The connected stabilizer (G',)° is then semisimple of type Fj
[22,9.12]. Assuming that Conjecture 2.5 holds for groups of type Fy, it follows that
(G.)? is split. Hence G’ has relative rank > 4 and a glance at Tits’ tables [61] tells
us that G’ is split. It is then easy to conclude that [z] = 1 € H!(k,G).

The subgroup trick (and variants) was fully investigated by Garibaldi in his Lens
lectures [22]. The underlying topic is that of prehomogeneous spaces, namely pro-
jective G-varieties with a dense orbit.

Unfortunately, this trick works only in few cases. Tits has shown that the gen-
eral form of type Eg is “almost abelian” namely has no nontrivial other reductive
subgroups than maximal tori [64]. Together with Garibaldi, we have shown that the
general trialitarian group is almost abelian [23].

4.2 Rost Invariant

In this case, the idea is to derive Serre’s conjecture II from a more general set-
ting. The Rost invariant [25] generalizes the Arason invariant for 3-fold Pfister form
which (in characteristic # 2) attaches to a Pfister form ¢ = ({(a, b, c)) the cup-product
e3(¢) = (a)U(b)U(c) € H?(k,Z/2Z). We now see it as the cohomological invari-
ant H' (k,Sping) — H?>(k,Z/2Z(2)). More generally, for G /k simply connected and
absolutely almost simple, there is a cohomological invariant

e H' (k,G) — H?(k,Q/ZZ(2))

where the p-primary part has to be understood in Kato’s setting [25]. If this invariant
has trivial kernel, then H' (k, G) = 1 for G/k satisfying the hypothesis of Conjecture
2.5. This is the case for Sping by Arason’s theorem, namely the invariant e3(¢)
determines ¢.
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4.3 Serre’s Injectivity Question

A special case of a question raised by Serre in 1962 ([52], see also [54, Sect. 2.4]),
is the following.

Question 4.1. Let G/k be a connected linear algebraic group. Let (k;)i—1.__, be a
Samily of finite field extensions of k such that g.c.d.(|[k; : k) = 1. Is the kernel of the
map

H'(k,G)— [] H'(k,G)

i=1,..,r

trivial ?

Remarks.

(1) The hypothesis of connectedness is necessary since there are counterexamples
with finite constant groups [34,49].

(2) The question was generalized by Totaro [65, question 0.2], see also [24].

(3) If k is of positive characteristic p, there exists a complete DVR R with residue
field k and field of fractions K = Frac(R) of characteristic zero, and an R-group
scheme G with special fiber G. An answer for Gk to Serre’s question yields an
answer for G. A fortiori and without lost of generality we can assume that the
extensions k; /k are separable.

We shall rephrase the question in terms of “special fields”.

Definition 4.2. Let / be a prime. We say that a field k is [-special if every finite
separable extension of k is of degree a power of /.

The subfield k; of k consisting of elements fixed by a p-Sylow subgroup of
Gal(ks/k) is I-special. We call k; a co-I-closure of k. If we restrict Serre’s ques-
tion to finite separable extensions k;/k and consider all cases, it can be rephrased by
asking whether the map

H'(k,G) - []H" (k,G)
1

has trivial kernel for / running over all primes. If the answer to this question is yes,
then Conjecture II becomes a question for /-special fields for primes / in S(G).

Here are the few cases where a positive answer to Serre’s question is known:
unitary groups (Bayer—Lenstra [3]), groups of type G, quasi-split groups of type
Dy, Fy, Eg, E7 [11,21,26].

If we know that the Rost invariant has zero kernel, then we easily deduce that
the answer to Question 4.1 is yes. Thus we can answer Serre’s question for groups
of type G», and quasi-split semisimple simply connected groups of type Dy, Fy, E,
and E7.
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S Known Cases in Terms of Groups

5.1 Classical Groups

Recall that a semisimple simply connected group is called classical if its factors are
of type A, B, C, or D, and there is no triality involved.

Theorem 5.1. Let G be an absolutely almost simple and simply connected classical
group over a field k as in Conjecture 2.5. Then H' (k,G) = 1.

If k is perfect or char(k) # 2, this is the original Serre’s conjecture II proven by
Bayer—Parimala [4]. The general case is a recent work by Berhuy—Frings—Tignol
[5]. Its proof is based on Weil’s presentation of classical groups in terms of uni-
tary groups of algebras with involutions [66]. This proof is characteristic free; in
particular, it provides a somewhat different proof of Bayer—Parimala’s theorem.

Possibly the trickiest case is that of outer groups of type A, namely unitary groups
of central simple algebras equipped with an involution of the second kind. The proof
in the number field case (which uses Landherr’s Theorem) is already difficult, see
[39, Sect.5.5].

5.2 Quasi-split Exceptional Groups

For such groups, the best approach is by investigating the Rost invariant.

Theorem 5.2. Let G/k be a quasi-split semisimple simply connected group of
Cartan-Killing type Ga, Fy, Dy, Es, or E7. Then the Rost invariant H'(k,G) —
H3(k,Q/Z(2)) has trivial kernel.

Here the field k is arbitrary, but proving the theorem boils down to the charac-
teristic zero case by a lifting argument [27]. For the cases G», Fy, see [4] or [54].
As pointed out by Garibaldi, the D4 case is done in The Book of Involutions but not
stated in that shape. We need to know that a trialitarian algebra whose underlying
algebra is split arises as the endomorphism of a twisted composition [40, 44.16] and
to use results on degree 3 invariants of twisted compositions (ibid., 40.16). For type
E¢ and E7, this is due independently to Chernousov [11] and Garibaldi [21].

Thus Conjecture 2.5 holds for quasi-split groups of all types except Eg; we have
an independent proof which is quite different since it is based on Bruhat-Tits theory
[28]. For the split group of type Eg denoted by Eg, the Rost invariant in general has
a nontrivial kernel [30, appendix]. In characteristic 0, Semenov recently constructed
a higher invariant

ker[H'(k,Es) — H’(k,Q/Z(2))] — H’(k,Z/2Z)

which is nontrivial since it is so already over the reals [57, Sect.8]. Semenov’s
invariant has trivial kernel for two-special fields.
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By means of norm group of varieties of Borel subgroups, the case of quasi-split
groups is the input for proving the following.

Theorem 5.3. [28, Th. 6] Let G/k be a semisimple simply connected group which
satisfies the hypothesis of Conjecture 2.5. Let I C G be a finite central subgroup of
G. Then the characteristic map

(G/u)(k) — Hj,, (k. p)
is surjective.

Flat cohomology (see [56], [5, app. B] or [33]) is the right object if the order of
is not invertible in &, it coincides with Galois cohomology if this order is invertible.
By continuing the exact sequence of pointed sets

L (k) = G(k) — (G/H)(K) — H} (ko 1) — Hpp (k).

we see that H} (k1) — H}, «(k,G) is the trivial map. In other words, the center

of G does not contribute to H' (k,G). [The reason why we can avoid the type Eg is
that such groups have trivial center.]

5.3 Other Exceptional Groups

Theorem 5.4. [11,28] Let G/k be a semisimple group satisfying the hypothesis of
Conjecture 2.5. Then H' (k,G) = 1 in the following cases:

1. G is trialitarian and its Allen algebra is of index < 2.
2. G is of quasi-split type ' Eg or >Eg and its Tits algebra is of index < 3.
3. Gis of type E7 and its Tits algebra is of index < 4.

Furthermore, those groups are quasi-split or isotropic respectively of Tits indexes

o
(04 Oy 03

E@—@:&:

Ol
(05}

(05}
) é &@ b [ )

07 Og O5 O4 O3 0O 07 Og O5 O4 O3 0O
where case (a) (resp. (b)) is that of Tits algebra of index 2 (resp. 4). One more
reason why other exceptional groups are not easy to work with is because they are
anisotropic.
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Corollary 5.5. [15] Let G/k as in Theorem 5.4. For every separable finite field ex-
tension L/k, assume that every central simple L-algebras of period 2 (resp. 3) is of
index < 2 (resp. 3). If G is trialitarian or of type E7 (resp. Eg), then H' (k,G) = 1.

This is the case for function fields of surfaces as pointed out by Artin [1], thus
Corollary 5.5 holds for these fields. In the paper [15] with Colliot—Théléne and
Parimala, we exploited Serre’s conjecture II for the study of arithmetic properties
in this framework by proceeding with analogies with Sansuc’s paper [51] in the
number field case. On this topic, see also the paper by Borovoi and Kunyavskii [7].

6 Known Cases in Terms of Fields

6.1 [-Special Fields

(a) If I =2,3,5 and k is an [-special field of separable dimension < 2, Conjecture
2.5 holds for the split group of type Eg, see [10] for / = 5 and [28, Sect. IIL.2].

(b) If I =3 and k is an [-special field of characteristic # 2 and separable dimension
< 2, then Conjecture 2.5 holds for trialitarian groups. For [ = 3, this follows
from Theorem 5.2.

In both cases, a positive answer to Serre’s injectivity question would provide
Conjecture 2.5 for those groups.

6.2 Complete Valued Fields

Let K be a henselian valued field for a discrete valuation with perfect residue field x.
A consequence of the Bruhat-Tits decomposition for Galois cohomology over com-
plete fields is the following.

Theorem 6.1. (Bruhat-Tits [8, Cor. 3.15]) Assume that K is of cohomological dim-
ension < 1. Let G/K be a simply connected semisimple group. Then H'(K,G) = 1.

Note that the hypotheses imply that K is of separable dimension < 2. Serre asked
whether it can be generalized when assuming [k : k”] < p [54, 5.1]. The hypothesis
[k : k7] < p alone is not enough here because K = F,((x))((y)) is of separable
dimension 3 and is complete with residue field F,((x)).

But if K is separably closed and [k : k] < p, then K is of separable dimension 1
and enough cases of the vanishing of H'(x((x)),G) have been established in view
of the proof of Tits conjectures on unipotent subgroups [29]. The general case is
still open.
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Note also that the conjecture is proven for fraction fields of henselian two dimen-
sional local rings (e.g. C[[x,y]]) with algebraically closed residue field of character-
istic zero [15]. For the Eg case, a key point is that the derived group of the absolute
Galois group is of cohomological dimension 1 [17, Th. 2.2].

6.3 Global Fields

The number field case is due to Kneser for classical groups [39], Harder for excep-
tional groups except the type Eg [35, I, II], and Chernousov for the type Eg [9], see
[50]. The function field case is due to Harder [35, III].

6.4 Function Fields

He, de Jong, and Starr have proven Conjecture 2.5 for split groups over function
fields in a uniform way and in arbitrary characteristic.

Theorem 6.2. [37, Cor. 1.5] Let k be an algebraically closed field and let K be the
function field of a quasi-projective smooth surface S. Let G be a split semisimple
simply connected group over k. Then H'(K,G) = 1.

For cases other than Eg, the conjecture had been establised by case by case con-
siderations [15]. Hence Conjecture 2.5 is fully proven for function fields of surfaces.
The proof of Theorem 6.2 is based on the existence of sections for fibrations in ra-
tionally simply connected varieties.

Theorem 6.3. [37, Th. 1.4] Let S/k as in Theorem 6.2. Let X /S be a projective
morphism whose geometric generic fiber is a twisted flag variety. Assume that
Pic(X) — Pic(X xg K) is surjective. Then X — S has a rational section.

The assumption on the Picard group means that there is no “Brauer obstruction”.
By application to higher Severi-Brauer schemes, this statement yields as corollary
de Jong’s theorem “period=index” [36] for central simple algebras over such fields;
see also [14].

It is the first classification-free item in this survey.

6.5 Why Theorem 6.3 Implies Theorem 6.2

We take the opportunity to reproduce here our argument.

Lemma 6.4. Let G/F be a semisimple simply connected group over a field F. Let
E/F be a G-torsor.
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(1) Pic(E) = 0 and we have an exact sequence
0 — Br(F) — Br(E) — Br(E xr F).

(2) Let P be an F-parabolic subgroup of G and let E | P be the variety of parabolic
subgroups of the twisted F-group E(G) of the same type as P. Then we have an
exact sequence

0 — Br(F) — Br(E/P) — Bt(E/P x5 Fy)
and an isomorphism Pic(E | P)—= Pic(E /P x . Fy)?@(F5/F),

Proof. (1): We have H'(F, (F;)*) = 0 and Pic(E x r Fy) & Pic(G x  F) = 0 since G
is simply connected [20]. The first terms of the Hochschild-Serre spectral sequence
HP(Gal(Fy/F),H1(E xF Fy,Gy)) = H't9(E, G,,) show that Pic(E) = 0 and that
the sequence 0 — Br(F) — Br(E) — Br(E xr F) is exact.

(2): The morphism E — E/P (i.e., the twist of G — G/P by the torsor E) gives
rise to a map Br(E/P) — Br(E). We claim that this map is injective. Since the
generic fiber of E — E /P is isomorphic to P Xy F(E/P), the map Br(F(E/P)) —
Br(F(E)) is an injection by the specialization trick [32, lem. 5.4.6]. But Br(E/P)
injects in Br(F (E/P)), hence the claim. We look at the commutative diagram

0

l

0 —— Br(F) —— Br(E/P) —— Br(E/P xrF,)

ll l !

0 —— Br(F) —— Br(E) —— Br(E xrkF).

Since the bottom sequence is exact, we get by diagram chasing that the up-
per horizontal sequence is exact as well. The second isomorphism Pic(E/P) =
Pic(E /P x p F;)?“(F/F) comes from the Hochschild-Serre spectral sequence. O

For complete results on Picard and Brauer groups of twisted flag varieties, see
Merkurjev—Tignol [48, Sect. 2].

Proposition 6.5. [37, Th. 1.4] Let S/k be as in Theorem 6.2. Let G /K be a semisim-
ple simply connected K-group which is an inner form and let P be a K-parabolic
subgroup of G. Then the map H' (K, P) — H'(K,G) is bijective.

Proposition 6.5 implies Theorem 6.2 by taking a Borel subgroup of G because
H'(K,B)=1.

Proof. Injectivity is a general fact due to Borel-Tits ([6], théoréme 4.13.a). Let E /K
be a G-torsor of class [E] € H'(K,G). After shrinking S, we can assume that G/K
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extends to a semisimple group scheme G/S, P/K extends to an S-parabolic sub-
group scheme P/S and that E /K extends to a G-torsor E/S [43]. By étale descent,
we can twist the S-group scheme G/S by inner automorphisms, namely define the
S-group scheme E(G)/S. We then define V/S := E/P, i.e., the scheme of parabolic
subgroup schemes of E(G)/S ([55], exp. XXVI) of the same type as P. The mor-
phism 7: V — X is projective, smooth and has geometrically integral fibers. Set
V =V x5 K; this is a generalized twisted flag variety. Since G is assumed to be an
inner form, Pic(V X g Kj) is a trivial Zal(K;/K)-module. By Lemma 6.4.2, the map

Pic(V) — Pic(V xk K;)

is onto. Thus the composite map Pic(V) — Pic(V) — Pic(V xk K;) is onto. Theorem
6.2 applies and shows that V' (K) # 0. Thus the torsor E admits a reduction to P ([53],
Sect. L5, proposition 37), thatis [E] € im (H' (K,P) — H'(K,G)). We conclude that
the mapping H' (K, P) — H'(K,G) is surjective. O

The Grothendieck-Serre conjecture on rationally trivial torsors was proven by
Colliot-Thélene and Ojanguren for torsors over a semisimple group defined over
an algebraic closed field [16]. Thus He—de Jong—Starr’s theorem has the following
geometric application.

Corollary 6.6. Let S/k be a smooth quasi-projective surface. Let G/k be a (split)
semisimple simply connected group. Let E /S be a G-torsor. Then E is locally trivial
for the Zariski topology.

7 Remaining Cases and Open Questions

Here are some of the remaining cases and open questions.

e Provide a classification free proof for the case of totally imaginary number
fields, at least in the quasi-split case.

e The first remaining cases of Conjecture 2.5 are those of trialitarian groups,
groups of type Eg over a 3-special field, groups of type E7 over a 2-special field, and
groups of type Eg.

e What about higher mod 3 cohomological invariants of Eg?

e Let K be the function field of a surface over an algebraically closed field. Are
K-division algebras cyclic? Is it true that cd(K,;) = 1 where K, stands for the
abelian closure of K?

In the global field case, class field theory answers both questions positively. This
question on K, is due to Bogomolov and makes sense for arbitrary fields. As no-
ticed by Chernousov, Reichstein, and the reviewer, a positive answer would provide
a positive answer to Serre’s conjecture II for groups of type Eg [12].

e For the Kneser-Tits conjecture for perfect fields of cohomological dimension
< 2, there remains only the case of a group with the following Tits index, see [31,
Sect. 8.2]:
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Field Patching, Factorization,
and Local-Global Principles

Daniel Krashen

Summary The method of field patching has proven useful in obtaining results on
Galois theory, central simple algebras, and quadratic forms. A crucial ingredient for
this was proving certain “factorization” results for connected, rational linear alge-
braic groups. In this paper, we explore other possible applications of field patching
by examining the relationship between factorization results and local-global prin-
ciples, and also by extending the known factorization results to connected, retract
rational linear algebraic groups.

1 Introduction

The goal of this paper is twofold — first to give an introduction to the method of
field patching as first presented in [HH], and later used in [HHKO9], paying special
attention to the relationship between factorization and local-global principles and
second, to extend the basic factorization result in [HHKO9] to the case of retract
rational groups, thereby answering a question posed to the author by J.-L. Colliot-
Thélene.

Throughout, we fix a complete discrete valuation ring 7 with field of fractions
K and residue field k. Let ¢ € T be a uniformizer. Let X /K be a smooth projective
curve and F its function field.

Broadly speaking, the method of field patching is a procedure for constructing
new fields Fz which will be in certain ways simpler than F, and to reduce problems
concerning F to problems about the various F;. Overall, there are two ways in which
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this is done. Let us suppose that we are interested in studying a particular type of
arithmetic object, such as a quadratic form, a central simple algebra, etc.

Constructive Strategy (Patching)

This consists in showing that under suitable hypotheses, algebraic objects defined
over the fields Fz which are “compatible,” exactly correspond to objects defined
over F (see Theorem 3.2.3). One may then use this idea to construct new examples
and counterexamples of such objects by building them “locally.”

Deconstructive Strategy (Local-Global Principle)

We say that a particular type of algebraic object satisfies a local-global principle if
whenever an object defined over F becomes “trivial” when scalars are extended to
each Fg, it must in fact have been trivial to begin with (see Sect. 2.2).

In this paper, we will not focus on these applications, which are discussed for ex-
ample in [HH,HHK09,HHK,CTPS]. Instead, we focus on elucidating and extending
the underlying methods used.

2 Patches and Local-Global Principles

2.1 Fields Associated to Patches

The fields F; are not canonically defined — they depend on a number of choices,
beginning with the choice of a model for X over T.

Definition 2.1.1 (models). A model g)r the scheme X /K is defined to be a con-
nected normal projective P}.-scheme X such that

1. The structure morphism f : X — ]PT is finite,
2 Considered as a T-scheme, the generic fiber X is isomorphic to X,
3. The reduced closed fiber X}/ Xd js a normal crossings divisor in X,

4. f~1(e0) contains all the singular points of the reduced closed fiber )?,ged.

Given a model X (we will generally suppress the morphism f : X — PL from the
notation), we let S(X) denote the set of closed points in f~!(eo) and % (X) denote
the set of connected (or equivalently, irreducible) components of )/(\,ged \S ()? ). These
sets play a critical role in what follows.

Warning 2.1.2. In other sources such as [HH, HHK09, HHK], X is not given the
structure of a IP’IT-scheme, but rather the structure of a 7 scheme together with a
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distinguished set of closed points S. In this context, one is allowed more general
sets S. The reader must keep in mind that a model X comes with the extra structure
of a morphism to P! throughout!

It is perhaps a bit odd to include the finite morphism to ]P’IT as part of the def-
inition of a model — by comparison, in [HH], it is only assumed that one should
start with a projective T-curve with a set S of closed points such that there exists
a finite 7-morphism to a curve with smooth reduced closed fiber and such that the
set S is the inverse image of a set of closed points under this morphism. We include
the morphism to ]P’IT as part of our definition simply as a matter of convenience of
exposition. The following lemma shows that it is not much of an extra assumption,
however:

Lemma 2.1.3 ((HH, Prop. 6.6]). Suppose Xisa projective T-curve and S C Xa
finite set of closed points. Then there exists a finite morphism f : X — P! such that

SC (o)

For the remainder of the section, we will suppose that we are given such a model
X,and welet F = F (X) be its function field. Given any nonempty subset of points
Z C X, we define

Rz={fcF|foralPcZand f € O ,}.
We will define fields associated to two particular types of subsets Z:

Definition 2.1.4 (Fields associgted to closed points). Let P € X be a closed point.
We define Rp = R{ P} = ﬁg‘ p» Rp its completion with respect to its maximal ideal,

and Fp the field of fractions of ﬁp.

Definition 2.1.5 (Fields associated to open subsets of )?kred). Let U C )?,ged be a
nonempty irreducible Zariski-open affine subset of the reduced closed fiber which
is disjoint from the singular locus of X,ged. We let Ry be the completion of Ry with

respect to the ideal Ry, and Fy the field of fractions of ﬁU.

Note that there are natural maps F C Fy, Fp for any such P and U, as well as
inclusions Fy — Fy and Fy — Fp, whenever V C U or P € U, respectively.

2.2 Some Local-Global Principles

We may now give some examples of local—global principles. For these, we assume
that X /K is a smooth projective curve where K is a complete discretely valued field
with valuation ring 7', and that we are given a model X — P'. We let F be the
function field of X.
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Theorem 2.2.1 (Local-global principle for the Brauer group [HH, Th. 4.10]).
Let Br(+) denote the Brauer group. The natural homomorphism

Br(F) = (TTpesr BrFr) ) < (Tyeq g BrFv))
is injective.

We give a proof of this result on the next page. In fact, we will see later, using
patching, that this may be extended to a three term exact sequence by adding a term
on the right (see Theorem 3.3.1).

Theorem 2.2.2 (Local-global principle for isotropy [HHKO09, Th. 4.2]). Sup-
pose q is a regular quadratic form of dimension at least 3, and char(F) # 2. If qF,
and qg, are isotropic for every P € S()?) and U € 02/()?) then q is also isotropic.

The proof is given below. See also Theorem 3.3.2 for a related result.
Both of these principles in fact, may be regarded as special cases of either of the
following results, the main new results of this paper:

Definition 2.2.3. Suppose H is a variety over F and G is an algebraic group which
acts on H. We say that G acts transitively on H if for every field extension L/F, the
group G(L) acts transitively on the set H(L).

The following result generalizes [HHKO09, Th. 3.7] by weakening the hypothesis
of rationality to allow for retract rational groups as well:

Theorem 2.2.4 (Local-global principle for varieties with transitive actions).
Suppose G is a connected retract rational algebraic group defined over F, and H is a
variety on which G acts transitively. Then H(F) # 0 ifand only if H(Fp),H (Fy) # 0
forall P e S(X) and U € % (X).

This theorem follows quickly from Theorem 5.1.1, and its proof may be found
just after the statement of this theorem on page 69. The proof of this in the case
of retract rationality will occupy a good portion of this paper. Along the way, we
will explore the connections between these local—-global principles and the notion of
“factorization” for the group G. The following corollary is particularly useful.

Corollary 2.2.5. Suppose G is a connected retract rational reductive group over F
and H is a projective homogeneous variety for G. Then H (F) # 0 if and only if
H(Fp),H(Fy) #0forallP € S(X)andU € % (X).

Proof. This follows from the fact that the action of G(F) on H (F) is transitive. This
in turn in a consequence of [Bor, Th. 20.9(iii)]. a

From these theorems (or even the versions assuming only rationality of G from
[HHKO09]), we may prove the above local-global results concerning the Brauer
group and quadratic forms.



Field Patching, Factorization, and Local-Global Principles 61

Proof (of Theorem 2.2.1). Let o € Br(F) and suppose o, = 0, o, = 0 for every
PeS(X),U € % (X). We need to show that o = 0.

Let A be a central simple F algebra in the class of a and let H be the Severi-
Brauer variety for A. Note that this is a homogeneous variety for the group GL(A)
which is rational, connected, and reductive. Recall that for a field extension L/F,
H(L) is nonempty exactly when A ®F L is a split algebra — that is to say, o, = 0.
But since of,, 0, =0, we have H(Fp),H (Fy) # 0 for every U, P. Consequently,
by Corollary 2.2.5, it follows that H(F') # 0 and so o = 0 as desired. O

Proof (of Theorem 2.2.2). Let g be a quadratic form over F' satisfying the hypothe-
ses of the theorem. We wish to show that g is isotropic. Let H be the quadratic
hypersurface of projective space defined by the equation ¢ = 0. Recall that this is a
homogeneous variety for the group SO(g) which under the hypotheses is a rational,
connected, reductive group (see [KMRT, p. 201, exercise 9]). As above, we immedi-
ately see that since H(Fp), H(Fy ) are nonempty for each P € S(X) and U € % (X),
we have by Corollary 2.2.5, H(F) #  as desired. O

3 Patching

The fundamental idea of patching is that defining an algebraic object over the field
F is equivalent to defining objects over each of the fields Fp for P € § (}/(\ ) and Fy for
Uew ()? ), together with the data of how these objects agree on overlaps. This will
be stated in this section in terms of an equivalence of categories. We will simply
cite the results of [HH] Sects. 6 and 7 for the most part, but we focus more on the
equivalence of tensor categories, and explore how to produce other examples of
algebraic patching.

Suppose we are given a model X for a curve X /K. Given a point P € S(X),
the height 1 primes of Rp which contain ¢ correspond to the components of )?,ged
incident to P. Each such component is the closure of a uniquely determined element
Ue%(X).

Definition 3.0.1 (Branches, and their fields). Given such a height 1 prime & of
Rp, corresponding to an element U € % ()? ), a branch along U at P is an irreducible
component of the scheme Rp / PRp. Alternately, these are in correspondence with
the height one primes of Rp containing ZPRp. Given such a height 1 prime £, we
let i?\!g be the t-adic completion of the localization of k\p at @, and Fy, its field of
fractions. We let Z(X) denote the set of all branches at all points in S(X).

The fields Fp and Fy come equipped with natural inclusions into F, which we
now describe. We note that the natural inclusion Rp — R,  induces an inclusion of
fields Fp — Fy,. Further, we note that EKO is a 1 dimensional regular local ring, and
hence a DVR, whose valuation is determined by considering the order of vanishing
along the branch corresponding to . In particular, considering the inclusion F' C
Fp C Fy, we find that all the elements of Ry, cannot have poles along any branch
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lying along U, and in particular, we see we have an inclusion Ry C RJO Since the
t-adic topology on R  1s the same as the @-adic topology, we further find that R 18
t-adically complete, and we therefore have an induced inclusion Fyy — Fi,.

3.1 Patching Finite Dimensional Vector Spaces

Definition 3.1.1 (Patching problems). A patching problem is a collection Vg for

& e S(X)U (X), where Ve is a finite dimensional F vector space together with
a collection of isomorphisms ¢, : Vp ®F, Fyy — Vy ®F, Fy, of Fy, vector spaces for
every branch @ at P on U. We denote this problem by (V, ¢).

We define a morphism of patching problems f : (V,9) — (W, y) to be a collection
of homomorphisms fz : Vg — W such that whenever g is a branch at P lyingon U,
the following diagram commutes:

fpOF,
Vp QFp F(@ # Wp QFp F(@

o |-

Vo @5, Fy ——— Wy @5, Fy
fu®Fg

We see then that patching problems naturally form a category, which we denote
by ZZ(X,S). In fact, this category has a ®-structure as well defined by (V,¢) ®
W, y)=(VeW,p®y) where (VOW)e = Ve ®p, Wg and

(0@ W)y (VOW)p©F, Fy— (VO W)y @, Fy

is given by ¢, ®F,, Yy, via the above identification. One may also verify that this
monoidal structure is symmetric and closed, see [ML, VIL.7].

Definition 3.1.2. If V is a vector space over F, we let (\7,11) denote the patching
problem defined by Vp = Vf, and Vyy = Vf, and where I, is induced by the natural
identifications

(V®F Fp) @Fp Fp =V = (V @r Fu) @, Fp.
Theorem 3.1.3 ([HH, Th. 6.4]). Consider the functor
Q: Vectyy (F) — PP (X,S)

from the category of finite dimensional F-vector spaces to the category of patching
problems defined by sending a finite dimensional vector space V to the paiching
problem (V. 1). Then Q is an equivalence of categories.



Field Patching, Factorization, and Local-Global Principles 63

3.2 Patching Algebraic Objects

Definition 3.2.1. A type of algebraic object (generally abbreviated to simply a
“type”) is a symmetric closed monoidal category 7. If .7 is a type and L a field,
then an algebraic object of type .7 over L is a strict symmetric closed monoidal
functor (see [ML, Sects. VII.1, VII.7] and [Hov, Sect. 4.1] for definitions) from the
category .7 to the category of finite dimensional vector spaces over L (with its natu-
ral symmetric closed monoidal structure). Morphisms between algebraic objects of
type 7 are defined simply to be natural transformations between functors. We let
Z (L) denote the category of such objects.

Note that .7 in fact defines a (pseudo-)functor from the category of fields to the
2-category of categories (see [Gra] for definitions).

Despite the formality of this definition, one may observe that one may interpret
an algebraic object of a given type .7 to be given by a vector space, or a collection
of vector spaces, together with extra structure encoded by perhaps a collection of
morphisms between various tensor powers of the vector spaces satisfying certain
axioms, and where morphisms between these objects are given by collections of
linear maps satisfying certain compatibilities with the extra structures given. For
example, we might consider:

Lie algebras,

Alternative (or Jordan) algebras,

Operads,

Central simple algebras,

Quadratic forms, where morphisms are isometries,
Quadratic forms, where morphisms are similarities,
Separable commutative or noncommutative algebras,
G-Galois extensions of rings in the sense of [DI],
and so on...

In these cases, the category 7 in question is simply given as the symmetric closed
monoidal category generated by some set of objects (corresponding to the underly-
ing vector spaces of the structure) and some morphisms (defining the structure of
the algebra or form), such that certain diagrams commute which define the structure
in question. For example, a central simple algebra is a vector space A together with a
bilinear product A ® A — A, and F-algebra structure ' — A such that the canonical
“sandwich map” of algebras

A®A%® — Hom(A,A)

is an isomorphism, see [DI, Chap. 2, Th. 3.4(iii)]. In this case, the category .7 is
generated by a single element ¢, a morphism a ® a — a and 1 — a (where 1 is the
unit for the monoidal structure), and such that the natural map ¢ ® a — Hom(a, a)
(where the Hom is defined by the closed structure) has an inverse.

To see quadratic forms and isometries in this way, one may simply let the
category .7 be generated by a single element v a morphism v® v — 1, assumed to
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commute with the morphism switching the order of the v’s. In the case of similarities
instead of isometries, one may add a new object ¢, and replace v ®v — 1 with a mor-
phism v® v — /. To force £ to correspond to a 1-dimensional vector space, one may
then add to this category an inverse to the natural morphism 1 — ¢® ¢* = Hom(¢, ¢).

Definition 3.2.2 (Patching problems). Let .7 be a type of algebraic object. A pat-
ching problem of objects of type 7 is a collection A¢ for § € S ()? Y% ()? ), where
Ag is an object of type 7 over Fg, together with a collection of isomorphisms ¢y, :
Ap®p, Fp — Ay ®F, Fp in 7 (Fp,). We denote this problem by (A, ¢).

Just as with vector spaces, we may define morphisms of patching problems of
objects of type .7, and again find that these form a tensor category, which we de-
note 222 (X). Again as before, if A is an algebraic object of type 7 over F, we
may form a natural patching problem (A,1), and obtain a functor from .7 (F) to

PPz (X).
Theorem 3.2.3. Consider the functor
Q7 : T (F)— PP7(X)

defined by sending an algebraic object A to the patching problem (A,l). Then Q4
is an equivalence of categories.

Proof. Since we have an equivalence of categories ¥ectrq (F) = 22 (X) by
Theorem 3.1.3, it is immediate that this equivalence also induces an equivalence
of functor categories

T (F)=Fun(7, Vectq (F) 2 Fun(T, 2P (X)) = PP 7(X).
One may now check that this gives the desired equivalence. ad

Remark 3.2.4. It would be interesting to know if one could extend this to equiva-
lences of other kinds of objects. In particular, infinite dimensional vector spaces,
finitely generated commutative algebras, or perhaps even to (some suitably re-
stricted) categories of schemes. None of these fall under the definition of an al-
gebraic object given above, and it is therefore not at all clear if the conclusions of
Theorem 3.2.3 will still hold.

3.3 Central Simple Algebras and Quadratic Forms

For the following results, we suppose we are given X a normal, connected, projec-
tive, finite PL.-scheme. The machinery of patching gives the exactness of various
exact sequences relating to field invariants derived from algebraic objects, such as
the Brauer group Br(F') and the Witt group W (F) of quadratic forms over F.
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Theorem 3.3.1 (see [HH, Th. 7.2]). We have an exact sequence:

0— Br(F)— (H%S@ ) (HUG% r(Fy ) - I_LOE #x) Br(Fp)-

Proof. Exactness on the left was noted in Theorem 2.2.1. To see exactness in the
middle, suppose we have classes ap, oy such that (0w )r,, = (otp)F,, Whenever @ is
a branch at P on U. Since there are only a finite number of points and components,
we may choose an integer n such that each of the Brauer classes oy, op may be
represented by central simple algebras Ay, Ap of degree n. Now, by hypothesis, for
each branch @ as above, we may find an isomorphism of central simple algebras
0w : (Ap)F, — (Au)r,. But this gives the data of a patching problem for central
simple algebras, and therefore, we may find a central simple F-algebra A such that
Ap, = Ap and A, = Ay as desired. O

Theorem 3.3.2. We have an exact sequence:

= (Toesery W) % (Toe iy W) = T sy W)

Proof. The proof is very similar to the last one. Suppose we have Witt classes ap,
oy such that (o )r, = (0p)r,, whenever & is a branch at P on U. Since there are
only a finite number of points and components, we may choose an integer n such
that each of the Witt classes oy, ap may be represented by quadratic forms gy, gp
of the same dimension n. Now, by hypothesis and Witt’s cancellation theorems, for
each branch @ as above, we may find an isometry ¢, : (qp)r, — (qu)F,p- But this
gives the data of a patching problem for quadratic forms, and therefore, we may
obtain a form ¢ over F such that the class o of g in W(F) has the property that
Ofp, = Olp and OF, = 0y. O

‘We note that exactness on the left is discussed in Theorem 2.2.2.

3.4 Properties of ﬁp, ﬁU, Fp, Fy

Let us now gather together some fundamental facts which we will need in the sequel.

Lemma 3.4.1 ((HH, Lemma 6.2]). Suppose Y > Xis a finite morphisms of projec-
tive, normal, finite ]P’IT-schemes. Then the natural inclusions of fields yield isomor-
phisms:

Fp®p ) =[1Fr. Foopg, =[1Fr, Fo®pg =[1Fy

where P’ (resp. U', §) range over all the points (resp. components, branches) lying
over P (resp. U, ).
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Lemma 3.4.2 ((HH, Lemma 6.3]). LetX bea projective, normal, finite IE”IT-scheme.
Then the natural inclusions of fields yield an exact sequence of F = F(X)-vector
spaces:

O=F—{ I Fe) x| II A )~ II Fo
PeS(X) Ue (X) e BX)

Lemma 3.4.3. Let 0,20 C M be t-adically complete T-modules, and suppose that
U /150 + 25 /120 = /18l Then B+ 20 = 4.

Proof. Suppose u € 4. Let vg = wy = 0. We will inductively construct a sequence
of elements v; € U and w; € 20 such that v; — vy € !0, w; — w1 € t'20, and
vi+w; —u € t'l. By completeness, these will converge to elements v € U and w € 20
such that v+w = u.

Suppose we have constructed v;, w; satisfying the above hypotheses. Since u —
v, w; € 14, we may write u — v; —w; = t'r. By hypothesis, we may write r =
V +w +1tr for some Vv € U, w' €20, and ¥ € Y. Setting v;y | = v; +1V and wiy | =
w; +t'w’ completes the inductive step. a

Lemma 3.4.4. Considering P}, we have §A1 + R = IQKO, where 0 is the unique
branch at oo.

Proof. Using Lemma 3.4.3, we only need to check that Ry1 + R.. = Ry, where
EAI gk\Al/IﬁAl, Ewgk\w/tk\w, and E!ggk\!g/l‘k\[g

But we may compute that Ry 1 = k[A}], R = ﬁpl ,and Ry, = frac(ﬁpl _)- Writing x
for the coordinate function on the affine part of the k-line, we may exphc1tly identify

Ry =klx], Ro=k[x"']], and R,=k((x™")),

and the result follows. O

4 Local-Global Principles, Factorization, and Patching

Let X — P! be a model for X /K, and let G be an algebraic group defined over F.

4.1 Local-Global Principles for Rational Points

Definition 4.1.1. We say that factorization holds for G, with respect to X , if f/(\)r
every tuple (gp) pe(x) there exist collections of elements gp for each P € § X)

and gy foreachU € % ()? ) such that whenever  is a branch at P on U we have
8p = 8P8U

with respect to the natural embeddings Fp, Fy — Fp,.
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Definition 4.1.2. We say that the local-global principle holds for an F-scheme V,
with respect to a model X if V(F) # 0 holds if and only if V(Fp),V(Fy) # 0 for
every P S(X) and U € % (X).

Definition 4.1.3. Let G be an algebraic group over F' and H a scheme over F. We
say that H is a transitive G-scheme if G acts transitively on H (see Definition 2.2.3).

Proposition 4.1.4. If factorization holds for a group G, then the local-global prin-
ciple holds for all transitive schemes over G.

Proof. We essentially follow the proof of Theorem 3.7 in [HHKO09]. Suppose have
a group G such that factorization holds for G, and a transitive G-scheme H. Suppose
we are given points xp € H(Fp) and xy € H(Fy ) for all P and U. We will show that
H(F)#0.

By transitivity of the action, whenever & is a branch at P on U, we may find
an element g, € G(Fyp) such that g, (xp)F,p = (xv)F,- By hypotheses, we may
find elements gp € G(Fp) and gy € G(Fy) for every P and U such that g, = gpgu
whenever £ is a branch at P on U. In particular, by replacing xp by g;lxp and xy
by guxy, we may assume that our points satisfy (xp)r,, = (xv)F,-

Now, consider these points as morphisms

xp:Spec(Fp) — H, xy:Spec(Fy) —H, xgp:Spec(Fy) —H

where x, is the composition of either xp or xy with the respective maps Spec(Fj,) —
Spec(Fp),Spec(Fy ). We claim that the scheme theoretic image of these maps con-
sists of the same point in H, for all P, U, and . To see this, note that if @ is a
branch at P on U, then the commutativity of the diagram

Spec(Fp)

Spec(Fy)

/N

X K H
=
Spec(Fy)

shows that the image of each of the morphisms xy, xp, x, are the same. But since the

closed fiber )?,ged is connected, it follows that we may inductively show the image of
all the morphisms corresponding to points, components or branches must coincide.
Let x be the residue field of this image point & € H. Then we have field maps

Fgo

/N

Fp
\ K
Fy /
Using Lemma 3.4.2, we find that we obtain a map k¥ — F which one may check

must be a homomorphism of fields. Therefore, we obtain a morphism Spec(F) — H
mapping onto the point 4 and so H(F') # 0 as desired. O
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4.2 Local-Global Principles for Algebraic Objects and Torsors

Definition 4.2.1. We say that the local-global principle holds for an algebraic ob-
Jject A (of some given type) if for any algebraic object B (of the same type), we have
A = B if and only if Ap, = Bp, and Ap, = By, for all P and U. We say that the
local—global principle holds for a particular type of algebraic object if it holds for
all algebraic objects of this type.

Proposition 4.2.2. The local-global principle holds for an algebraic object A’ if
and only for every patching problem (A,9) of algebraic objects such that Ap =
(A)Ep and Ay = (A", for all P and U, the isomorphism class of (A, ¢) is indepen-
dent of ¢.

Proof. Suppose that the local-global principle holds for A, and let (A, ), (A, y)
be two patching problems, such that Ap = (A")g, and Ay = (A’)g, for each P,U.
Since we may patch algebraic objects, we may find algebraic objects By,B, over
F whose patching problems are equivalent to (A, @), (A, y), respectively. Since
(B1)ry = AR, = (B2)R, and similarly for Fp, we find that by the local-global princi-
ple, B1 =2 B,. Therefore their associated patching problems are isomorphic, implying
(A,0) = (A, y) as desired.

Conversely, suppose that (A,¢)’s isomorphism class is independent of ¢ for
every patching problem. Suppose we are given A’, B’ be algebraic objects over F
with associated patching problems (A, ¢) and (B, ) respectively. Suppose further
that (A")g, = (B')r, and similarly for Fp. Since Ay = (A')g, = (B')r, = By and
Ap = (A')p, = (B')F, = Bp for all U, P by definition, we may change v via these
isomorphisms to find (B, w) = (A, y’) for some y'. But therefore by hypothesis,
(A,9) = (A,y') = (B,y). Since patching gives an equivalence of categories, we
further conclude A’ = B', completing the proof. O

Remark 4.2.3. Let .7 be a type of algebraic object, and A is a particular object of
type 7. Let 74 denote the subclass of objects that are isomorphic to A (more pre-
cisely, 7 is the sub-pseudofunctor of .7 that associates to every field extension
L/F the category of algebraic objects of type .7 over L that are isomorphic to the
object Az). Then 7, satisfies the hypotheses of patching — i.e., we have an equiva-
lence of categories between the category & & 7, (X) and .74 (F) — if and only if the
local—global principle holds for A. Note that in general .7 is not a “type of algebraic

object,” described by some monoidal category in the sense described above.

Definition 4.2.4. Let G be an algebraic group over F. We say that the local-global
principle holds for G if for oo € H'(F,G), with o,, o, trivial for each P, U, we
have o trivial.

Note that since elements of H' (F,G) correspond to torsors for G, we see imme-
diately that the local—global principle will hold for G if and only if the local-global
principle holds for all G-torsors, in the sense of Definition 4.1.2. Since G-torsors are
transitive G-schemes, from Proposition 4.1.4, we immediately obtain:
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Proposition 4.2.5. Suppose G is a linear algebraic group defined over F, and sup-
pose that factorization holds for G with respect to X. Then the local global principle
holds for G.

Proposition 4.2.6. Suppose A is an algebraic object of some type 7, whose auto-
morphism group is the linear algebraic group G. Then the following are equivalent:

1. The local-global principle holds for A.
2. The local-global principle holds for G.
3. Factorization holds for G.

Proof. Since G is the automorphism group of A, by descent (see [Ser, X.Sect.2,
Prop. 4]), we may identify H' (L, G ) = Forms(Ay ), the pointed set of twisted forms
of Ar. In particular, it is immediate from the definition that the local-global principle
for A is equivalent to the local—global principle for G.

Suppose we have a local-global principle for A, and consider a collection of
elements g, € G(Fj,). Consider the patching problem (B, ¢) where Bp = Ap,, By =
Ap,, and ¢, = gp. By the local-global principle, this is isomorphic to the patching
problem (A, ). By definition, we may find an isomorphism / : (B,I) — (B,¢). Let
gp= h;l and gy = hy. By definition of a morphism of patching problems, we find
that g, = gpgu, and that gp € Aut(Bp) = G(Fp) and gy € Aut(By) = G(Fy) as
desired.

Conversely, suppose we have factorization for G. In this case, it is immediate
from Proposition 4.2.5 that the local global principle must hold for G, completing
the proof. ad

Remark 4.2.7. Theorem 4.2.6 raises the question of whether it would be possible
to show the equivalence of the local-global principle for a group G and factoriza-
tion for this group without the presence of an algebraic object with G as its au-
tomorphism group. This would give a converse to Proposition 4.2.5. In turn since
G-torsors are, in particular, transitive G-schemes, one would then also obtain a con-
verse to Proposition 4.1.4.

5 Factorization for Retract Rational Groups

5.1 Overview and Preliminaries

The goal of this section will be to prove the following theorem:

Theorem 5.1.1. Suppose X is a connected normal finite ]P’IT-scheme, with function
field F and let G be a connected retract rational algebraic group over F. Then
factorization holds for G with respect to X.

Using this theorem, we may easily proceed to the proof of the local global prin-
ciple for schemes with transitive action stated earlier in Theorem 2.2.4. If G is a
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connected retract rational group over F, then by the theorem, factorization holds for
G with respect to X. But then by Proposition 4.1.4, the local-global principle must
hold for transitive G schemes, as desired.

The proof of this theorem will occupy the remainder of the section. Our strategy
will be to reduce this to a more abstract factorization problem, arising from the
case when X = PP).. Overall, the proof stategy is roughly parallel to that followed in
[HHKO09], where retractions of open subsets of affine space take the place of open
subsets of affine space.

Definition 5.1.2. Suppose we have commutative rings F' C F|,F, C Fy, and an al-
gebraic group G over F. We will say that factorization holds with respect to G, F,
Fi, F», Fy if for every go € G(Fp) there exist g € G(F) and g, € G(F,) such that
80 = 8182-

Note that here we are omitting from the notation the homomorphism G(F;) — G(Fp)
for i = 1,2. Suppose X is a connected, normal, finite IE”IT-scheme. In this case, we

~

set F' = F(X), and we let

Fl:HPeS(;?)FP’ FZZHUE%()?)FU’ and FO:H;oe@(?)FJ@'

Remark 5.1.3. It follows immediately from the definitions that factorization holds
for the group G with respect to X in the sense of Definition 4.1.1 if and only if
factorization holds for G, F, F}, F», Fy in the sense of Definition 5.1.2 where F, Fj,
F,, Fy are as above.

Back to the somewhat more abstract setting, suppose that F' is some field, and
let L be a finite dimensional commutative F-algebra. Recall that if G is a linear
algebraic group scheme, we may define its Weil restriction, also referred to as its
corestriction or transfer, as the linear algebraic group with the functor of points
defined by:

R;/rG(R)=G(R®rL)

where R ranges through all F-algebras, see [Gro62, Exp. 195, p. 13] for the defini-
tion and Exp. 221, p. 19 of ibid. for proof of existence. We note that the corestriction
in fact comes from a Weil restriction functor from the category of quasi-projective
L-schemes to the category of quasi-projective F-schemes, and that this functor takes
open inclusions to open inclusions, and takes affine space to affine space (of a differ-
ent dimension). In particular, it follows that the corestriction of a rational (or retract
rational) variety is itself rational (resp. retract rational).

We note the following lemma, which is a consequence of the definition of the
corestriction in terms of the functor of points given above.

Lemma 5.1.4. Let F be a field, and suppose we are given rings F C F|, F, C Fy, and
a finite dimensional commutative F-algebra L. Let G be a linear algebraic group
over L. Then factorization holds for G, L, LQf Fi, L&r F», LQ Fy if and only if it
holds for Ry jr G, F, Fi, B, Fy.
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Lemma 5.1.5. Suppose that we are given a morphism of connected projective nor-
malﬁnzte ]P’T -schemes f : Y —X. Let L be thefunctlonﬁeld on and F theﬁmctzon

field OfX. Then factorization holds for G, Y if and only if it holds for Ry /p G,X.

Proof. This follows immediately from the universal property of the Weil restriction,
together with Lemma 3.4.1. a

Lemma 5.1.6. Let F be the function field of JP’IT. Suppose that for every connected
retract rational group G over F, factorization holds for G with respect to PIT (as in
Definition 4.1.1). Then for every normal finite ]P’IT-scheme X with Sfunction field L,
and every connected retract rational group H over L, factorization holds for H with
respect 1o X.

Proof. This follows immediately from Lemma 5.1.5. a

As a consequence of this, in order to prove Theorem 5.1.1, we may restrict to
the setting where F is the function field of IE“T, and where F| = F.., F, = F Al and
where FO =F o 1 is the field associated to the unique branch & along Al at oo, We let
Ro =R 0, 0 = Rw, and 20 = R Al For convenience, in the sequel we will often refer
to the following hypothesis for factorlzatlon

Hypothesis 5.1.7 (see [HHK09, Hypothesis 2.4]). We assume that the complete
discrete valuation ring Ry contains a subring 7" which is also a complete discrete val-
uation ring having uniformizer ¢, and that F, F; are subfields of Fy containing 7. We
further assume that U C F ﬂﬁo, WCh ﬂﬁo are t-adically complete 7-submodules
satisfying U + 20 = Ro.

Lemma 5.1.8. With respect to the scheme PL consider F = F(P}), Fy = Fp, Fi =
k., Fr, = FA}C’ Ry =Rp, V=R, W= RA){. Then these rings and modules satisfy
the Hypothesis 5.1.7.

Proof. The completeness of 2,20 is satisfied by definition. The fact that 20 + 20 =
R follows from Lemma 3.4.4. O

5.2 Retractions: Basic Definitions and Properties

Before attacking the problem of factorization directly, it is necessary to collect some
facts concerning retractions and retract rational varieties. Retract rational varieties
were introduced by Saltman in [ASS].

Definition 5.2.1. We say that a variety Y is a retraction of a variety U if there exist
morphisms i : Y — U and p : U — Y such that pi = idy. We say that it is a closed
retraction if i is a closed embedding.

Remark 5.2.2. In the case of a closed retraction, we will occasionally abuse notation
by simply regarding i as an inclusion.
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Definition 5.2.3. We say that Y is a rational retraction of U if there are rational
mapsi:Y --»U and p : U --» Y such that pi = idy on some open set on which pi
is defined.

Definition 5.2.4. We say a variety Y is retract rational if it is a rational retraction of
A" for some n.

In [Sal], the property of a variety being retract rational was reinterpreted in terms
of lifting of torsors. Our methodology goes in a (a priori) different direction, focus-
ing on the local geometry of retract rational varieties from the point of view of adic
topologies.

Lemma 5.2.5 (Rational retractions shrink to retractions). Suppose Y is a ratio-
nal retraction of U via rational maps i,p. Then we may find dense open subsets
Yo CY and Uy C U such that i, p make Yy a retraction of Uj.

Proof. We may find open subsets Y C Y and U C U such that i, p restrict to mor-
phisms on these sets, i.e., we have:

7]

We choose Y’ =i~ !p~'¥Y C Y. We note that the hypothesis implies that p is domi-
nant, and that the image of the generic point of Y under i lies in U, from which one
then concludes that Y’ is not empty. As pi is defined on Y’, by definition we may
find Yy C Y’ such that pily, = idy,. Let Uy = p~!(Yp). Then we have pi(¥y) C ¥, and
s0 i(Yy) € p~'(Yy) = U. Since p(Up) C Y, by definition, we have constructed the
desired morphisms. a

Lemma 5.2.6 (Retractions shrink to closed retractions). Suppose Y is a retrac-
tion of U via morphisms i, p. Then we may find dense open subvarieties Yo C Y and
Uop C U such that Yy is a closed retraction of Uy via the restrictions of i, p.

Proof. Since we may identify Y with the image of i, it follows that Y is locally
constructible in U [EGA 4-1, p. 239 (Chevalley’s theorem)]. By [EGA 3-1, p. 12],
it follows that Y is the intersection of a closed and an open set in U. By setting U
to be this open set, and Yy =Y NUj it follows that Y} is closed in Uy. Now it is easy
to see that the restrictions of i, p exhibit Y¥; as a retraction of Uj. O

Corollary 5.2.7 (Rational retractions shrink to closed retractions). Suppose Y
is a rational retraction of U via rational maps i, p. Then we may find dense open
subsets Yo CY and Uy C U such that i, p make Yy a closed retraction of Uy.

Proof. This follows immediately from Lemmas 5.2.5 and 5.2.6. ad

The following lemma gives us a first hint that retractions inherit some of the
geometry of the larger spaces.
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Lemma 5.2.8 (Retractions of smooth schemes are smooth). Suppose Y is a re-
traction of a smooth scheme U. Then Y is smooth.

Proof. This follows from the formal criterion for smoothness (see for example
[EGA, Sect. 17] or [Ill, Sect.2]). From this formulation, in the language of [IlI],
we must show that if Sy — S is a thickening, and f : So — Y is a morphism, then we
must be able to find a cover {V;} of § and morphisms g; : V; — Y extending f|s ;.
To see this, we first use the smoothness of U to find g; : V; — U extending io f|s,nv;.
Now we set g; = p o g;. We then have

gilsonv; = P o &ilsonv, = poio flsyw; = flsynw;
as desired. O

Lemma 5.2.9 (Standard position for retractions). Suppose Y is a d-dimensional
variety which is a closed retraction of an open subscheme U C A". We also suppose
that O is in Y (with respect to the inclusion of Y in A"). Then we may shrink U
and choose coordinates on U so that Y smooth and is the zero locus of polynomials
flyeooy fn_a with

fi=xi+P

where the x;’s are the coordinate functions on A" and P; is a polynomial in the x;’s,
each of whose terms are of degree at least 2.

Further, we may alter i and p defining the retraction so that the morphism ip :
U —Y — U is given by

('xla"'vxn)'_)(M1+Qla---7Mn+Qn)

where
Mo — 0 f1<i<n—d
T lx o ifn—d<i<n

and Q; is a rational function in the variables x;, regular on U, such that %Q; 0 =0
J

foralli,j.

Proof. For purposes of skimmability, we have placed this proof at the end of the
section. 0

5.3 Adic Convergence of Taylor Series

The basic strategy for factorization will be to produce closer and closer approxi-
mations to a particular factorization. In order to carry this out, it is necessary to
discuss notions of convergence and approximations in the adic setting, paralleling
the discussion of [HHKO09, Sect. 2].

Suppose Fy is a field complete with respect to a discrete valuation v with uni-
formizer 7, and let |a| = e~"(%) be a corresponding norm. Let A = Fy[xy,...,xy], m
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the maximal ideal at 0, Ay, the local ring at 0 and A = Fy[[x1,...,x]] the complete
local ring at 0. For I = (iy,...,iy) € NV, we let |[I| = ¥;i;. Define for r e R, r > 0

1/4\,- = {Z(IUCI
1

lim |az|rl =0
]

and for f = Y ax! € A,, we set

|f|r = Sup|al|rm'
1

We give A"(Fj) a norm via the supremum of the coordinates
(@1, .ay)| = max{|a}

and we let D(a,r) be the closed disk of radius r about a € A"(Fy) with respect to
the induced metric. We note that since the values of the metric are discrete, this disk
is in fact both open and closed in the ¢-adic topology.

We note the following elementary lemma:

Lemma 5.3.1. Suppose a € D(0,r), and f,g € Ay. Then:

I f+gfgcA,
2. |f +glr < max{[f], gl }-
3. For every real number M > 0, the group

{f €A |Iflr <M} CA,

is complete with respect to the filtered collection of subgroups m' ﬂ;\\r.
4. |f]r is finite.
5. 1fglr < IS8l

6. if ' <r, then |f| < max{|£(0)], Z|],}.
7. f(a) is well defined (i.e. is a convergent series).

8. |f(@)| < |flr, and if f(0) = O then |f(a)| < |fl/lalr".

Lemma 5.3.2. Suppose f is in Aw. Then for all € > |f(0)| with € > 0, there exists
r> 0 such that f € A, and |f|, < €. Further, for any § > 0 we may choose r < 6.

Proof. Write f =g/h, g,h € A with h ¢ m. Since A/m is a field, we may find ¥’ € A
with hi' — 1 = —b € m. Therefore, in A, we have f = gh'(3.b'). Since g, /', b are
polynomials, they are in A, for any r. Further, by Lemma 5.3.1(6), we may reduce r
so that |gh’|, < |f(0)], and since b(0) = 0, we may also ensure |b|, < 1. In doing this,
note that we may also ensure that r < §. We note that by Lemma 5.3.1(5), |b'|, < 1.
Now, by Lemma 5.3.1(3), it follows that | Y,b'|, < 1. Therefore, | f|, = |gh’ 3. b|, < €
as desired. O

Lemma 5.3.3. The t-adic topology on AN (Fy) is finer than the Zariski topology.
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Proof. Tt suffices to show that if p € A¥(Fy) and f is a polynomial not vanishing
on p, we may find a disk about p on which f is nonvanishing. Without loss of
generality, we may apply a translation and assume that p = 0. Let g = f — f(0).
By Lemma 5.3.2, since g(0) = 0, we may find an r > O such that f € X, and such
that |g|, < | £(0)| (using € = [£(0)|). In particular, if a € AN (Fy) with |a| < r, we
have |g(a)| < |g| < |f(0)] by Lemma 5.3.1(8). Therefore, for such an a, f(a) =
g(a) + f(0) # 0. Therefore, f does not vanish on a disk of radius r about the origin
as desired. O

Proposition 5.3.4 (Linear approximations and error term). Suppose [ € A, for
r < 1. Write
f=co+L+P, where P(x) = Y cyx’,
[v[>2
and L is a linear form with coefficients in Fy and all ¢, € Fy. Suppose |[L+ P|, < 1.
Let 0 < & < |t|r?, and suppose a,h € AN(Fy) with |h|,|a| < €. Then

\f(a+h) = fla) = L(R)| < |t]|R].

Proof. This proof is a very slight modification of Lemma 2.2 in [HHKO09]. Choose
a real number s so that we may write || = €|¢|*. We may rearrange the quantity of
interest as:
fla+h)—f(a)—L(h) = Z cy((a+h) —a").
lv[>2
Since the absolute value is nonarchimedean, it suffices to show that for every term
m = cyx" with |[v| > 2 we have

|m(a+h)—m(a)| < 8|t|s+1.

For a given v with |v| > 2, view the expression (x+x')¥ —x" as a homogeneous
element of degree j = |v/| in the polynomial ring Fy[x, ..., xy,X],...,x)]. Since the
terms of degree j in x1,...,xy cancel, the result is a sum of terms of the form A¢
where A is an integer and £ is a monomial in the variables x,x” with total degree d
in x,...,xy and total degree d’ inx|,...,x), such thatd +d' = jand d < j. Hence
d’' > 1. Consequently, for each term of this form,

a,h)| < |0(a,h)| < e(elt]) = elle]™ < el|e]s.
Al(a,h)| < |l(a,h)| < &’ 5)d
Since (a+h)” —a" is a sum of such terms, and the norm is nonarchimedean, we
conclude [(a+h)¥ —a”| < &/t]*.
Since m = cyx", it follows that
Im(a+h) —m(a)| < |ey|e/|t]* < riel|ef.
Now & < [t]r?, so &/=1 < [¢]/=1#%/=2. Since |t| < 1, < 1, and j > 2, we have

/1 < |t|j71rj+j72 < |t|rj.
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Rearranging this gives the inequality (£/r)/ < e|t| and so (g/r)/|¢|* < elt]**!.
Therefore o
m(a+h) —m(a)| < r /el |t* < el = |t]|Al,

as desired. O

Lemma 5.3.5 (Local bijectivity / inverse function theorem). Suppose f: U — V
is a morphism between Zariski-open subschemes of A%O containing the origin and
such that f(0) = 0. Suppose further, that after writing the coordinates of f as power
series in A, we have =1y, fa) with f; = x; + Q; and Q; consisting of terms
of degree at least 2. Then we may find t-adic neighborhoods U' C U(Fy) and V' C
V(Fy) of O such that f maps U’ bijectively onto V'. Further, we may assume that U’
and V' are disks about the origin of equal radii.

Proof. By Lemma 5.3.2, since f(0) = 0, we may find 0 < r < 1 such that f € Xr
and |f|, < 1. Choose € < |¢|r? as in the statement of Proposition 5.3.4 and such that
Dy(e) C V(Fy) and Dy(g) C U(Fy). Let V/ = Dy(g) C V(Fy) and U’ = Dy(€) C
U(Fp). We claim that for b € U’, we have |f(b)| < € and so f(b) € V'. To see this,
we note that Q; € A, and |Qi|» < 1, and hence we may apply Proposition 5.3.4 (with
0 linear and constant term) to see that |Q;(b)| < |¢||b| < |b| = max{|b;|}. By the
nonarchimedean property, this gives

1£(8)| = max{|i(B)]} = max{|b; + Qi(b)|} < max{|Bl.|Q:(B)]}
= max{[b;} = [b.

We consider first surjectivity. Note that both U’ and V' are both closed and open.
Since they are closed in a complete metric space, they contain all limits of their
Cauchy sequences. Let a € V’, and let by = 0. We will inductively construct el-
ements b; € U’ such that |f(b;) —a| < €|t|'. In particular, since |a| < &, we have
|f(bo) —a| = |a|] < €. Assuming we have constructed b;_1, we let h = a — f(b;_1),
and note 1| < glt|~! by hypothesis, and |b;_;| < € since b;_; € U’. Therefore, by
Proposition 5.3.4, we have

|f(bio1+h) = f(bioy) —h < |t| k] < glt]'.
By setting b; = b;_1 + h, we find that, since f(b;_1) +h = a, we have
|f(b:) —a| = |f(biy + 1) —a| = | f(bi—y +h) — f(bi1) — h| < [t]|h] < €]t|f

as desired. Since b; is a Cauchy sequence, using the completeness of U’, we may set
b =1limb; € U’ and we find by continuity that f(b) = a as desired.

Next, we consider injectivity. Suppose a,b € U’, let h = b — a and suppose h # 0.
We need to show that f(a) # f(b). Since the valuation is nonarchimedean, we have
a,h<e.LetE = f(a+h)— f(a) —h. Then we find |E| < |h||¢| by Proposition 5.3.4.
But this means in particular that |E + k| = |h| by the nonarchimedean triangle in-
equality. Therefore
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[f(b) = f(a)l = [f(a+h) = f(a)| = [E+h| = |n| # 0
so f(b) # f(a) as desired. O

Lemma 5.3.6. Suppose that Y is a d-dimensional variety which is a closed retrac-
tion of an open subscheme U C A" in the standard form of Lemma 5.2.9 with respect
to morphisms i, p. Then we may find a t-adic neighborhood V' of 0 € Y (regarding
Y as a subscheme of U via i) such that the composition V' — A"(Fy) — A(Fy) is
bijective onto a t-adic disk, where the last map is given by projection onto the last
d coordinates.

Proof. As in Lemma 5.2.9, we suppose that Y is the zero locus of polynomials

fla"'vfnfd with
fi=xi+P,

where P; is a polynomial in the x;’s each of whose terms are of degree at least 2.
Using Lemma 5.3.2, we may choose 0 < r < 1 such that f; € Xr and | f;], <1 for
each of the finitely many functions f;. Choose € < [t|r? as in Proposition 5.3.4. Let
g : U — A? the projection onto the last d coordinates. Let U’ € A9(Fp) be the disk
about the origin of radius €. Let V’ be the intersection of g~'U’ with Y (F).

Suppose a € V' and b € U’ with a # b and g(a) = g(b). We claim that b ¢ V'. In
particular, this would imply that g|y- is injective. To see that b is not in V', first let
h=b—a.If g(a) = g(b), then by definition of g, the last d coordinates of a and b
must match. Since a # b, we therefore know that x;(h) # 0 for somei=1,...,n—d
where x; is the ith coordinate function on A?. We may therefore choose i such that
|x;(h)]| has the largest possible value, and in particular, we then would have |x;(h)| =
|h|. But, estimating |f;(p) — fi(a)| = |fi(a+ h) — fi(a)| using Proposition 5.3.4, we
find

fila+h) — fi(a) = xi(h)| < |e]|al.

We claim that |f;(a + &) — fi(a)| > |h| and in particular that fi(a) # fi(b). To see
this must hold, assume by contradiction that | f;(a + &) — fi(a)| < |A|. In this case,
we have

|[fila+h) = fila) = xi(R)| = |xi(h)|

since |x;(h)| = |h|. Therefore we have |h| < |¢||h| which is a contradiction since
|t] < 1. Therefore, f;(b) # fi(a). Since V' lies in the zero locus of the functions f;,
we have f;(a) =0 # f;(b), and so b € V' as claimed. Therefore, g|y- is injective.

By construction, g|ys has image entirely in the ball of radius & in A%(F,) about
the origin. We claim that it in fact surjects onto this ball (possibly after shrinking
€). For this, let @ € U’, and consider its image b = g(a) € A?(F). Using the form
for the retraction in Lemma 5.2.9, we may apply Lemma 5.3.5 to the composition
(shrinking € if necessary)

8ly

p T

AlNU U Y U—>Ad




78 Daniel Krashen

By Lemma 5.3.5, we may find an inverse image 5’ of b in A¢ of norm less than &.
Consequently, by definition, the image of 5’ in Y must actually live in V', and this is
an inverse image for a as desired. a

Corollary 5.3.7. In the notation of the previous lemma, we may choose t-adic neigh-
borhoods of the origin U' € A% and V' € Y such that the composition U' — U — Y
takes U' bijectively to V' and the composition V' —Y — U — A" — A? takes V'
bijectively to U’.

Proof. By Proposition 5.2.9 and Lemma 5.3.5, we may find U’ C A4, V/ C Y so
that the composition U’ — V' — U’ is bijective. By Lemma 5.3.6, we may find
V" C V' such that V' — U’ in bijective onto a ¢-adic disk U” C U’. But now again
the composition U” — U” is bijective, and since V" — U" is also bijective, we find
U"” — V" is bijective as well. O

5.4 Factorization

Theorem 5.4.1. Under Hypothesis 5.1.7, let f A%O X A%O - A%O be an Fy-rational
map that is defined on a Zariski-open set U C A%O X Af;o containing the origin (0,0).
Suppose further that we may write:

F=,---,fa) and fi € k[x1,y1...,%3V4|m Where f; = x; +yi + z cvpix”yP.
[(v.p)[>2

Then there is a real number € > 0 such that for all a € AY(Fy) with |a| < €, there
exist v € 0 and w € W such that (v,w) € U(Fy) and f(v,w) = a.

Proof. The proof of this theorem is exactly as for Theorem 2.5 in [HHKO09], wherein
in the first paragraph, the problem is reduced to exactly the hypotheses which we
assume. O

Theorem 5.4.2. Assume Hypothesis 5.1.7. Let m:Y xY — Y be a rational F-
morphism defined at (0,0), and suppose that m(y,0) =y = m(0,y) where it is de-
fined. Suppose that Y is a closed retraction of an open subscheme of A". Then there
exists € > 0 such that for y € Y (Fy) C A"(Fy), |y| <€, there existy; € Y(F;), i=1,2
such that y = m(y1,y2).

Proof. We consider as in Corollary 5.3.7, ¢-adic neighborhoods of 0 U’ C A%(F)
and V' C Y(F) such that we have bijections U’ — V' and V' — U’ defined by
algebraic rational morphisms p’ : A --> Y and i/ : Y --» A?. We consider

mlyt oyt

V' xV ————V/

i

U xU ———U'
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By hypothesis, the composition in the bottom U’ x U’ — U’ is given as the restric-
tion of an algebraic rational morphism u : A? x AY — A?. By Corollary 5.3.7, it is
sufficient to show that p is surjective when restricted to a sufficiently small 7-adic
neighborhood.

We first shrink V', U’ if necessary to make them contained in Zariski neighbor-
hoods V,U as in Lemma 5.2.9. Now, we note that the rational map (| ,a., (0} is just
ip, since mly, (o, = idy. By Lemma 5.2.9, we find

m|A‘1><{0}(xla---vxd) = (x1+ 01, ,% + Q)

where Q; is arational function in the variables x;, regular on U, such that % Qi o =0
J
for all i, j. But now we are done, using Theorem 5.4.1. O

Theorem 5.4.3 (Factorization for retract rational groups). Under Hypothesis
5.1.7, assume that F = F(P}), F| = FA}(, F, = F., and Fy = Fy,, where o is the
unique branch at o. Let G be a retract rational connected linear algebraic group
defined over F. Then for any go € G(Fy) there exist g € G(F;), i = 1,2, such
that g182 = go. That is to say, factorization holds for G with respect to ]P’IT (see
Definition 4.1.1).

Proof. Using Lemma 5.2.6, we may find an open subscheme Y C G that is a re-
traction of an open subscheme U of affine space. In particular, Y must contain an
F-rational point y € Y (F), and after replacing ¥ by y~'Y if necessary, we may as-
sume Y contains the identity element of G. Using 5.4.2, where m is the multiplica-
tion map, we find that there exists € > 0 such that factorization holds for go € G(Fp)
provided that |go| < €. Fix such an epsilon, and suppose go € G(Fp) is an arbitrary
element. Since G is retract rational, it follows that G(F) is Zariski dense in G(Fp).
Therefore, we have the existence of an element g’ € G(F) such that g’ 'gy € Y.
Since Y is a retraction of affine space, it follows that Y (F3) is ¢-adically dense in
Y(Fy). Therefore, we may find g” € Y (F») such that |¢ 'gog” '| < €. Writing
g 'g0g" ! = g1g> where g; € G(F;), we conclude that go = (g'g1)(g2¢"). Since
g'g1 € G(F) and 828" € G(F), we are done. 0

By Lemma 5.1.5 and the comments just following, we conclude that Theorem
5.1.1 holds.

5.5 Proof of Lemma 5.2.9

Lemma 5.5.1. Suppose f = g/h for g,h € k[xy,...,x,] with h(0) # 0, g(0) =0, and
(df/0xi)|o = 0 for all i. Then if R is a k-algebra with h(0) € R* and containing an
element € € R, €> = 0 then f(ev) = 0 forv € k"

Proof. Since g(0) = 0, we may write g = L+ Q where L is a linear polynomial, and
Q is a sum of homogeneous terms of degree at least 2. Now we simply note that
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df  h(dL/dx;+dQ/dx;) — (L+ Q)(dh/dx;)
ox; A2

In particular, since h(0) is not zero, (df/dxi)lo = O implies that A(0)(dL/
dx;(0)) = 0, which implies that all the coefficients of the linear form L are 0
and so L = 0. Since h(0) # 0, it follows that i(ev) is a unit, and we therefore
may note that f(ev) = Q(ev)/h(ev) is well defined and €2 = 0 implies Q(ev) =0,
showing that f(ev) = 0 as desired. O

We now proceed with the proof of Lemma 5.2.9. By Lemma 5.2.8, we may as-
sume that Y is smooth. Choose fi,..., f, which are regular on a neighborhood of
0 € U and which cut out Y. Writing f; = g;/h;, for g; and h; with no common fac-
tors, we see that since the #; don’t vanish at 0, after shrinking U so that the 4; don’t
vanish on U, we may ensure that the /; are units, and hence Y is cut out by the g;.
Therefore, we may assume (after replacing f; by g; and shrinking U) that the f; are
polynomials. Next, we write

fi=Li+P

where L; is a linear polynomial and P; has degree at least 2. Note that f; has no
constant term since it must vanish at 0. Since Y is smooth of dimension d, by the
Jacobian criterion, the L;s (which we may identify with the gradient of f; at 0), span
a n — d dimensional space. After relabelling, we may assume that L;,...,L,_, give
a basis for this space. Let Y be the zero locus of fis-ooy fu_a. Since Y C Y we have
the codimension of ¥ at 0, codimg(Y) < codim(Y) = n — d. By construction, the
Jacobian matrix of the defining equations for Y at 0 has rank n — d, and so by [Eis,
p. 4021, n —d < codim(Y). But then

n—d < codimy(Y) < codim(Y) =n—d

so codimg(Y) = n —d and also by the Jacobian criterion, we conclude that Y is
smooth at 0. We may therefore, after shrinking U assume that Y is smooth, irre-
ducible, and of the same dimension as Y. ButY C Y therefore implies Y = ?, and in
particular we may assume r = n — d, and the L; are independent.

After choosing a new basis for A", it is clear that we may assume L; = x; while
preserving our hypotheses.

Finally, consider the morphism y =ip : U — U (where i and p are as in the
definition of the retraction), and write y(x) = (v (x),...,%/(x)), where each % is a
regular function on U. Since %(0) = 0, we may write % = M; + Q; for the linear
function 5

M: = o X
= axt|
and have all the partial derivatives of the Q; vanishing. Let T = Speck|e]/(&?), and
consider a T-valued point 7 : T — U given by ag = (a1¢,...,a,e) € A"(k[e]/(€?)).
We note that 7 maps T into Y if and only if f;(ag) = 0 for each i. But we have (by
Lemma 5.5.1)
fi(ag) = Li(ag) = eL;(a).
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In particular, this occurs exactly when ¢; = 0 for 1 <i<n—d. Since y(ag) €Y, we
therefore have M; = 0 for 1 <i <n—d. Since Y|y =idy, looking on T-valued points
of Y under v, we find M; = M{ + x; for n —d < i < n where M{ is a linear function
of x1,...,x,_q. Consider the linear function A" — A" given by

O (X1, x0) = (V1seeey0n)
where

f x ifi<i<n-d
Yi= xi—M;, n—d<i<n

Define rational maps i/ = ¢ oi:Y --» A" and p' = po¢~' : A" -5 Y. We then
have p’ oi’ = po ¢~ ¢i = pi = idy as rational maps, and therefore define a rational
retraction. By Lemma 5.2.6 we may shrink U and Y to make this a closed retraction.
Note also that i'p’ = ¢pipp~"' = pyp—.

As before, let 7: T — U be given by ae = (aj¢,...,a,e) € A"(k[e]/(€?)), where
a € A"(k). We consider the morphism i'p’ : U — Y — U, which we write as

(xl,...,xn) — (N1—|—P1,...,Nn—|—Pn)

with N; linear and the first derivatives of the P; vanishing at the origin. Computing
using Lemma 5.5.1 applied to functions P;, we then find

i'p' (1) = (N1 (a),...,Ny(a))
and also, using the linearity of ¢ and the fact that/'p’ = ¢y~ = po (M +Q)od~!,

I'p'(v) = e9p(Mi(9(a),...,Ma(¢~" () = €(0,...,0,anas1,- .. an),

and so
N 0ifl<i<n-—d
Y xifn—d<i<n

Therefore, upon replacing p, i by p’, i/, we obtain the desired conclusion.
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Deformation Theory and Rational Points
on Rationally Connected Varieties

Max Lieblich

Summary We give an account of some recent work on the existence of rational
points on varieties over function fields, starting with basic material on deformation
theory and the bend-and-break theorem. We emphasize the connection with the ge-
ometry of moduli spaces and include a sketch of the irreducibility of .#, as a model.
All details are relegated to the references.

1 Introduction

The question we address in these notes is the following. Fix once and for all
an algebraically closed field k. In all sections but Sect.2, we assume that k has
characteristic 0.

Question 1.1. Suppose [ : X — S is a proper morphism to a smooth surface. What
geometric properties of f ensure that it has a rational section?

Lest this seem like a strange question, let us remind the reader of two theorems
along these lines when the base has lower dimension.

Theorem 1.2 (Hilbert). If f : Z — Speck is a morphism of finite type, then f has a
section.

This is the Nullstellensatz: any maximal ideal in a finite-type k-algebra has residue
field k. Increasing the dimension of the base, we have the following more recent
result.
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Theorem 1.3 (Graber-Harris-Starr). If f : Y — C is a proper morphism to a
curve whose geometric generic fiber is rationally connected, then f has a section.

From an arithmetic point of view, this theorem says that any geometrically
rationally connected variety over a finite extension of k(¢) has a rational point. Of
course, it is easy to see that there are proper varieties over k(¢) that lack rational
points. (Example. Let E be an elliptic curve over k. For any nonzero element of
H' (Speck(t),Z/nZ>?), there is an étale form of E ® k(¢) that lacks a section.)

What about higher-dimensional base fields? To what extent does the cohomolog-
ical complexity of the base constrain the existence of sections? It is not enough for
the geometric fibers of f to be rationally connected. For example, the conic over
k(s,t) given in homogeneous coordinates by X2 4 tY? +sZ? = 0 has no points over
k(s,t). Our goal in these notes is ultimately to explain some of the ideas behind re-
cent work of de Jong and Starr that imposes some additional conditions on the fibers
of f to ensure that f does have a rational section when § is a surface. These con-
ditions are roughly analogous to the condition that the fibers be “rationally simply
connected,” but we will not explain this in any detail.

In fact, we will not be able to explain much at all! The primary purpose of these
notes is to put the work of de Jong and Starr in context, and to introduce the reader to
some basic ideas and techniques related to the interaction between the geometry of
moduli spaces and the existence of rational points on varieties over function fields.
In Sect. 2, we will recall some of the basic results on rational curves and deformation
theory, including Mori’s bend-and-break and the notion of rational connectedness.
Having seen the usefulness of deforming and degenerating moving curves, we will
formalize it in Sect.3 by introducing Kontsevich spaces. The geometry of these
spaces rules the domain of rational points over function fields. As two examples, we
give a sketch of the Graber—Harris—Starr theorem and the irreducibility of the mod-
uli space of smooth curves of genus g. The latter gives the archetypical example of a
moduli problem that one can attack by attaching a boundary parameterizing degen-
erate objects whose degeneracies give an inductive structure to the moduli problem
(in this case, inductive in the genus). Finally, in Sect. 4, we describe aspects of the de
Jong—Starr theory of porcupines, showing how a similar inductive structure yields
irreducibility results for Kontsevich spaces of stable sections. We then explain how
these types of results can be used to reduce questions about fibrations over surfaces
to questions about fibrations over curves, thus allowing de Jong and Starr to boot-
strap from the Graber—Harris—Starr theorem to give results about rational sections
over surfaces. Gille’s paper “Serre’s Conjecture II: A Survey” in this volume ex-
plains how de Jong, He, and Starr used these ideas to prove Serre’s Conjecture II on
torsors over surfaces.

We assume that the audience does not consist of expert algebraic geometers, so
we have tried to make most of the document understandable to beginners (going
so far as to include a couple of sporadic exercises in Sect.2). Even so, the level is
highly uneven and a few digressions are only suitable for more experienced readers.
The books and articles in the bibliography are a good place to start for a reader
interested in learning more about this area.
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2 Deformations of Maps and Rational Connectivity

In this section, we allow k to have arbitrary characteristic. Let us begin with a
question.

Question 2.1. Suppose Y is a smooth variety over k. How can we produce simple
curvesinY?

Here is an idea: choose any irreducible curve D C Y and “move D around” until it
breaks into two components. If this is done properly, one should expect that the two
components are simpler than D. In fact, a careful analysis of how this process works
shows that the limit will break off the simplest kind of curve — a rational curve.

The basic result underpinning this technique is the following theorem.

Theorem 2.2. Let Y be a proper smooth variety over k, C a proper smooth curve
overk, y €Y a point, and c € C a point. Suppose T is a (possibly affine) curve over
k, and that there is a morphism ¢ : T x C — Y such that for each t € T, the fiber ¢,
sends c to y. If there exist two points t and t; in T such that @, (C) # @1, (C), then
there is a rational curve R in Y which passes through y, a morphism from a curve
Y: D — Y whose image contains y, and an algebraic equivalence between ¢y, (C)
and R+ v.D.

In other words, as C moves fixing a point (“bends”), it breaks off a (rational)
component in the limit. If the variety Y is projective and ¥ is nonconstant, then we
see that both %D and R have smaller degree than C, so that in this case C breaks
into “simpler” curves. The theorem is phrased in a strange way because we want to
include the case in which 7 is a constant map (so that ¢, (C) is equivalent to R).

Exercise 2.3. A simple example of this phenomenon (in which the exceptional fiber
of a blowup “replaces” the fiber of the family to which it attaches) is given by
the scaling rational map P! x P! --» P!; in coordinates, [X : Y] x [S: T] +— [XS:
YT). Find the points of indeterminacy and show that the morphism y: D — Y in
Theorem 2.2 is constant. (The proof of Theorem 2.2 will clarify the meaning of this
exercise.)

Proof of Theorem 2.2. We may suppose that 7 is a smooth curve; let T’ be the
smooth projective completion of 7. It is well known that there is a sequence of
blowups in smooth points on the projective surface T’ x C such that the rational
map ¢ extends to a regular morphism from the blowup to Y. It is enough to see that
we need at least one blowup centered on T’ x {c} to extend the morphism. Suppose
to the contrary that ¢ is itself regular in a neighborhood of T’ x {c}. By assump-
tion, @ contracts the curve T’ X {c} to the point y in Y. By the rigidity lemma [12,
Proposition 6.1], ¢ then has to contract all of the fibers in a neighborhood of ¢, and
it easily follows from this that all of the morphisms ¢; are the same. O

This theorem would not be especially useful were it not for the fact that we can
tell when such positive-dimensional families of maps exist. First, recall the follow-
ing fundamental result of Grothendieck.
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Proposition 2.4 (Grothendieck). If Y is projective, the functor Hom(C,Y) which
sends a k-scheme U to the set of k-morphisms U x C — Y is representable by a
scheme (which we will also write as Hom(C,Y)) with quasiprojective connected
components. Given points ¢ € C and y € Y, there is a closed subscheme Hom,,_,,,
(C,Y) parameterizing morphisms @ : C — Y such that ¢(c) = y.

More generally, if 4 — S is a proper flat family of curves and Y — S is a pro-
jective scheme, then one can construct an S-scheme Homg(%',Y) parameterizing
families of homomorphisms. In either case, to prove the proposition, one first iden-
tifies a morphism with its graph, which is a closed subscheme of C x Y. This turns
Hom(C,Y) into a closed subscheme of the Hilbert scheme parameterizing closed
subschemes of a projective scheme, which Grothendieck had already constructed
and shown has quasiprojective connected components [6].

To find a family 7 x C — Y as in Theorem 2.2, we need only map a curve T to
the Hom-scheme Hom,..,(C,Y).

Corollary 2.5. Suppose C C Y is a curve, and fix a point ¢ € C. If Hom,..(C,Y)
is positive dimensional, then there is a rational curve R C Y passing through c, a
curve D with a morphism y: D — Y and an algebraic equivalence C = R+ Y.D.

How can we tell if Hom,,.,(C,Y) is positive dimensional? Let us start with an
easier question: how can we tell if Hom(C,Y) is positive dimensional? One thing
we can do is to calculate the tangent space to the scheme at a point ¢ : C — Y. The
calculation is one of the gems of algebraic geometry.

Write S = Speck|e]/(€?). It is a standard fact that the tangent space to a k-scheme
Q at a point g : Speck — Q is identified with the set of maps S — Q such that
the composition with the natural closed immersion Speck < S (given by setting &€
equal to 0) is ¢. For the scheme Q = Hom(C,Y), the tangent space at a morphism
¢ : C —Y is thus described by families of maps S x C — Y reducing to ¢ when € =0.
These are basic objects of deformation theory: first-order infinitesimal deformations
of ¢.

Definition 2.6. An infinitesimal deformation of a morphism ¢ : C — Y is an
S-morphism @ : C x § — Y x § whose base change via the natural morphism
Speck — § is equal to ¢.

There is always an infinitesimal deformation of any morphism ¢: the trivial de-
formation given by base change with respect to structure morphism S — Speck.
This is precisely the 0 element of the tangent space T, Hom(C,Y). (Exercise. The
tangent space has a linear structure. Find a functorial description in terms of maps.)

Using Cech cohomology, we can describe precisely what the infinitesimal defor-
mations of ¢ are.

Proposition 2.7. There is a natural bijection between infinitesimal deformations of
@ and H(C, ¢*Ty), where Ty denotes the tangent sheaf of Y.
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Proof. Suppose for a moment that all of the schemes are affine, so that C = SpecA
and Y = SpecB with A and B two k-algebras. The morphism ¢ then corresponds
to a k-algebra homomorphism y : B — A, and an infinitesimal deformation of ¢
corresponds to a k[€]-algebra homomorphism B[e] — A[e] which equals ¥ modulo €.
A routine calculation identifies such extensions with B-linear derivations B — A. By
the universal property of the module of differentials, such derivations are identified
with B-linear module homomorphisms €25 — A, and these are the same as A-linear
module homomorphisms 2z ® A — A. Dualizing, such maps are elements of the
tangent module 73 ® A. Covering C with affine schemes which map into affine open
subschemes of Y, we can apply the preceding argument to give local sections of
¢*Ty; these glue together to give a global section, as desired. a

Now, even if we can show that the tangent space T, Hom(C,Y) is positive di-
mensional, this does not mean that the scheme is positive dimensional. To settle the
issue, we would like to be able to compute all the jets at a point and not merely the
tangent space. In other words, we would like to describe the structure of the com-
plete local ring @iom(ay),(p. This requires a broadening of our deformation theory.

Write S, = Speck[x]/(x"*!). Given a k-morphism ¢ : C x S, | — ¥ (which is
the same as an S,_;-morphism C x S,,_; — Y X §,_1), we can try to understand
its deformations to a morphism C x §,, — Y. Write ¢p : C — Y for the restriction
of ¢ to the closed subscheme arising from the closed immersion Speck — §,_;.
An analysis similar to that carried out above shows that for any affine SpecA C C
such that @(SpecA) lands in an affine open SpecB of Y, there is an extension of ¢
to C x S, and that extensions are parameterized by (are a principal homogeneous
space under) H'(SpecA, ¢} Ty). Let {U;}™, be such an affine open covering of C.
Given i # j, choosing deformations of @y, yields two sections of ¢; Ty over U;NU;.
It is an amusing exercise to show that this is a 1-cocycle with coefficients in @77y .
In fact, we have the following proposition.

Proposition 2.8. Given a morphism ¢ : C X S,_1 — Y as above:

1. There is an extension of ¢ to a morphism ¢ : C X S,, — Y if and only if the
cohomology class ob € H' (C, @5 Ty) associated to the cocycle constructed above
vanishes.

2. If ob = O, then the set of deformations of @ to ¢ : C X S, — Y is a principal
homogeneous space under the group H°(C, 05Ty ).

Proof. The proof is left to the reader as an exercise. ad

In other words, the vector bundle ¢j7y governs the infinitesimal deformation
theory of the morphism ¢y : C — Y. A more careful study of the properties of the
deformation theory yields the following result, due to Schlessinger (implicit in the
proof of Theorem 2.11 of [13] and made explicit using obstruction theory in Propo-
sition 2.A.11 of [7]). Write d; = dimy, Hi(C, @y Ty) fori=0,1.

Proposition 2.9. The complete local ring of Hom(C,Y) at [@o] is isomorphic to a
quotient of k[x1,...,xq,]] by at most three elements.
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The proof is a formal consequence of a suitably functorial generalization of
Proposition 2.8. Thus, for example, if H'(C, ¢;7y) = 0 then Hom(C,Y) is smooth
at [g)].

Now what about the subscheme Hom,..,(C,Y)? It turns out that we can easily
modify the deformation theory to account for the fixed points. The restriction map
H°(C, @5 Ty) — H(c, 9} Ty |) expresses the restriction of infinitesimal deformations
to ¢, and we seek those whose restriction to c is trivial. Arguing as in the proof of
Proposition 2.8 yields the following.

Proposition 2.10. Given a point [¢] € Hom,.,(C,Y)(S,—1) as above:

1. There is a class ob € H'(C, @} Ty (—c)) which vanishes if and only if ¢ extends
toCxS,.

2. If ob = 0, then the set of deformations is a principal homogeneous space under
the group H°(C, @} Ty (—c)).

3. Writing d; = dimH'(C, ¢} Ty (—c)), the complete local ring of Hom,.,(C,Y) at
(o] is isomorphic to a quotient of k[x1,...,xq4,]| by at most dy-relations. In par-
ticular, dimg, Hom.,(C,Y) > x (@5 Ty (—c)).

The astonishing result of combining Proposition 2.10 and Theorem 2.2 is the
following numerical criterion for the existence of a rational curve through y con-
tributing to the numerical equivalence class of C.

Corollary 2.11. Suppose C, Y, c, y, and @y are as above with C smooth. If
—deg@iKy > g(C)dimY,
then there is a rational curve passing through y.

Proof. First, if ¢o(C) is a rational curve then the corollary is verified. Thus, we will
assume that @y(C) C Y is a (possibly singular!) curve whose geometric genus is
positive. (In particular, C itself has positive genus.)

Riemann-Roch tells us that

X(C, 09Ty (—¢)) = deg @y Ty (—c) +dimY (1 — g(C)) = — deg pg Ky — g(C) dimY.

On the other hand, we know by Proposition 2.10(3) that dimg, Hom,..,(C,Y) >
2(C, 93Ty (—c)). The result thus follows from Theorem 2.2 if we can show that
a positive-dimensional family of morphisms C — Y sending ¢ to y containing
¢o as a fiber must have image of dimension at least 2. Suppose to the con-
trary that 7 is a smooth curve and ¢ : C x T — Y is a morphism such that
o({c} xT) =y and ¢(CxT) is a curve C C Y. Replacing C by its normal-
ization (T being itself normal), we may thus assume that Y is a smooth proper
curve of positive genus and C x T — Y is a family of surjective morphisms send-
ing ¢ to y. But now the tangent space to Hom..,(C,Y) at @ has dimension
dimH°(C, @i Ty (—c)) = 0 because degwy > 0. In other words, the family corre-
sponds to a map T — Hom,,(C,Y) to a discrete space and thus to a constant
family of maps, contradicting our assumption. a
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What happens if we already know that C is a rational curve? Can we move C
until it breaks into a simpler curve (e.g., one of lower degree)? The phenomenon
described in Exercise 2.3 shows that trying to simplify C by pinning down a single
point is an exercise in futility. Mori’s insight was instead to fix two points of C. For
the sake of expository simplicity, we will take an even easier way out and fix three
points. (Of course, the more points one can fix, the better the chances of breaking
off a simpler component in the deformation. The cost of this ease is that to deform
a curve while fixing a large number of points, the curve must start out with a fairly
high degree.)

Fix three distinct points yg, y1, and y., of Y.

Proposition 2.12. Suppose T is a smooth curve and f : T x P! — Y is a morphism
such that f(T x {i}) =yifori=0,1,ec. Ifthere are t| and t, such that f;, # f,,, then
there are two nonempty curves R and D in Y with rational irreducible components,
with R passing through yo, and an algebraic equivalence f;, (P')=R+D.

Proof. Just as in the proof of Theorem 2.2, let 7’ be the smooth projective clo-
sure of 7. We claim that the rational map 7’ x P! --» Y induced by f must have
a point of indeterminacy on at least one section 7' x {i}. If not then the argument
of Theorem 2.2 shows that f;, = f;,, contradicting the assumption. Without loss of
generality, we may assume that there is some ¢ € T’ such that f only extends after
blowing up (possibly several times) at # x {0} (and infinitely near points). Write
X — T' x P! for the blowup and (abusing notation) f : X — ¥ for the extension.
The three points 0, 1,0 of P! extend to sections which we will call [0],[1], [s] of X
over T’. The fiber X; is a union of rational curves, and to prove the proposition it
suffices to show that at least two of them map finitely to Y. Suppose to the contrary
that there is a unique irreducible component = C X; such that f(Z) = f(X;). Since
we are assuming that f is not regular along P}, we know that = must be in the ex-
ceptional locus of X — P! x T’. But then there is a connected subscheme of X, \ =
intersecting at least two of the sections [0], [1], [e<]. Thus, if X; \ = has 0-dimensional
image, then f([i]) and f([j]) must intersect for some i # j, and this contradicts our
assumption that f([i]) = y;. We thus conclude that at least two components of X;
map nontrivially to X, yielding the desired algebraic equivalence. a

Corollary 2.13. If f : P! — Y is a generically injective morphism such that

—deg f*Ky > 3dimY,

then there is a rational curve R C Y passing through f(0), a curve D C Y, and an
algebraic equivalence f(P') = R+ D. In particular, if —Ky is ample and there is a
rational curve Z C Y through a point y, then there is a rational curve R through y
such that 0 < —Ky -R < 3dimY.

Proof. First, note that the local dimension of Hom-space with three fixed points
at any point (in a neighborhood of any fixed morphism) is bounded below by
2 (P f*Ty (—[0] — [1] = [0])) = — deg f*Ky —3dimY. We claim that if this dimen-
sion is positive, then the restriction of the universal family to any smooth curve
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T C Hom(P!,Y;0+ 1+ o) satisfies the hypothesis of Proposition 2.12. Indeed, this
works as in the proof of Corollary 2.11. We state an appropriate exercise for the
reader in training.

Exercise 2.14. Show that any morphism @ : P! x T — Y with T a smooth curve
such that

1. @([i]) = y; fori =0,1,e0, and
2. there is a geometric point ¢+ — T such that the fiber @; is generically injective

has two-dimensional image. In other words, there are #; and #, in 7 such that
fi, # [, (Hint. The scheme of automorphisms of P! that fix 0, 1, and oo is trivial.)

For the final statement, note that for any curve (closed subscheme of dimension 1)
E CY,theintersection E - (—Ky) is positive. Thus, if Z=D+Rthen 0 < R- (—Ky) <
Z-(—Ky), and we can always find such an Rif Z- (—Ky) > 3dimY. 0

Putting Corollaries 2.11 and 2.13 together yields the following result. Recall that
a smooth proper variety Y is Fano if —Ky is an ample divisor.

Proposition 2.15. Suppose Y is Fano and 'y € Y is a point. If there is a curve C and
a morphism f : C — Y passing through y such that —deg f*Ky > g(C)dimY, then
there is a rational curve R in Y passing through'y such that —Ky - R < 3dimY.

This seems to imply that Fano varieties should be covered by rational curves. We
briefly recall a basic definition.

Definition 2.16. A variety Y is

1. uniruled if a general point y € Y is contained in the image of a morphism P! — Y.
2. rationally connected if for all points yp and y; in Y there is a morphism f : P! — Y
such that f(i) =y, fori =0, 1.

This definition of rational connectedness is equivalent to various other condi-
tions: it suffices to check that for a single fixed uncountable algebraically closed
over field x/k, a general pair of k-valued points is connected by rational curve, and
this is equivalent to the statement that there is a finite-type k-scheme M and a mor-
phism M x P! — Y such that the morphism M — Y x ¥ induced by evaluation at
0 and 1 is dominant. Moreover, a proper smooth variety Y is rationally connected
if and only if it is rationally chain connected, which means that any two points
are connected by a (nodal) chain of rational curves in Y. As usual, these ideas are
more subtle in positive characteristic due to the existence of nontrivial inseparable
morphisms.

Proposition 2.15 might lead the reader to think that Fano varieties are uniruled.
However, there is a subtle point: one must have a curve mapping to Y which deforms
in a family of size depending upon its genus. How can one arrange for this? Mori
observed that this is much easier in characteristic p and that the numerical bound in
Proposition 2.15 suffices to lift this to characteristic 0.
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Theorem 2.17 (Mori [11]). Fano varieties over k are uniruled.

Idea of proof. First, suppose k has positive characteristic p. Choose a point
y €Y and any nonconstant curve f : C — Y passing through y. Since Y is Fano,
—deg f*Ky > 0, but of course it could be smaller than g(C)dimY. It is here that the
great advantage of characteristic p — the Frobenius morphism — comes to the rescue.
Composing f with the relative Frobenius F : CF) — C (so that all morphisms are
over k!) yields a new morphism f; : CF) — ¥ from a curve of the same genus such
that —deg f; Ky = p(—deg f*Ky). In particular, composing with sufficiently many
copies of F, we may assume that —deg f*Ky is as large as we like. This fits f
into the regime of Proposition 2.15, which then produces a rational curve R C Y
containing y such that R- (—Ky) < 3dimY.

Now comes the delightful surprise. Since Y is of finite type over k, there is a
finitely generated subring A C k and a smooth proper A-scheme % — SpecA with
a section 0 : SpecA — % whose base change with respect to the geometric generic
point Speck — SpecA is isomorphic to Y with the section y and such that a)g, /A is

A-ample. The relative Hom-space Hom§ (P!, %)34imY parameterizing nonconstant
morphisms f : P! — % with images containing ¢ such that f* w,, /A has degree
at most 3dimY on each fiber is known to be of finite type over A: thinking of the
graphs of the morphisms, one sees that this is a locally closed subscheme of the
Hilbert scheme of % x P! and is contained in the locus with a bounded degree with
respect to the natural polarization on % x P!, Since every closed point of SpecA
has residue field of positive characteristic, the previous paragraph shows that the
scheme-theoretic image of 7 : Hom§ (P!, #/)34mY — SpecA contains every closed
point. But 7 is of finite type, hence has constructible image by Chevalley’s theorem,
and therefore the image must contain the generic point. This says precisely that there
is a rational curve on Y through y (over k), as desired.

For further details the reader could consult numerous sources, among them
[2,8,10]. O

With more elbow grease, one can prove the following amazing theorem.

Theorem 2.18 (Campana [1], Kollar-Miyaoka—Mori [9]). A smooth projective
Fano variety is rationally connected.

The characterization of infinitesimal deformations in terms of linear algebra is the
first pillar of deformation theory. Let us now touch on the second pillar — integrating
infinitesimal deformations over complete local base rings.

3 Deformations of Curves, Stable Maps,
the Graber-Harris—-Starr Theorem,
and Irreducibility of .7,

In this section, we discuss a more systematic approach to the ways in which curves
can break when they are moving. This will lead us to stable curves and the Kontse-
vich moduli space of stable maps. We also review some classical moduli problems



92 M. Lieblich

and discuss how the method of degeneration to the boundary yields numerous re-
sults on the structure of moduli spaces. As we will see in Sect. 4, the techniques of
de Jong and Starr fit into the classical framework in which moduli problems come
with an inductive structure provided by the boundary.

In Sect.2, we described the deformation theory of morphisms and how it can
be used to break a curve apart. In this section, we spend some time describing the
deformation theory of varieties and how this can be used to smooth a singular curve
in a variety. The easiest way to construct a degenerating family of varieties is to blow
up a trivial family. The resulting family will be surprising useful in what follows.

Degeneration 3.1. Given a fixed smooth curve C, we can blow up P! x C in finitely
many points. This yields a family of curves, of which the generic fiber is smooth,
and for which special fibers are nodal unions of a curve isomorphic to the general
fiber and some rational components. We can obviously iterate this construction, to
produce chains of rational curves attached to C in a fiber, with a family smoothing
this to a copy of C. (This is a simple example of the famous “deformation to the
normal cone.”)

Let T = Speck[t]] and write T, = Speck[[t]]/(¢"*"). The blowup construction
above yields proper flat families 4’ — T whose geometric generic fiber is isomorphic
to the base change of C and whose closed fiber %) is isomorphic to a nodal union of
C and a finite number of chains of rational curves. Given a morphism @g : 6p — Y
such that H' (%), ¢;Ty) = 0, the machinery described in the previous section yields
a sequence of extensions of ¢y to morphisms 4" xr T,,. Can we somehow integrate
these infinitesimal extensions to yield a morphism from the proper smooth curve C?

Proposition 3.2. Base change yields a bijection between the set homy(€,Y x T)
and the set limhomyr, (€ xrT,,Y X T,) of compatible systems of infinitesimal mor-
phisms.

Proof. As discussed in Sect.2, the functor Homr(%,Y x T) is representable by
a scheme H locally of finite type over 7. The proposition is thus equivalent to the
claim that the natural map induced by restriction H(7T') — limHom(%" X1 7,,,Y X T,)
is a bijection. But this is equivalent to the fact that if A is a local ring, the natural
map Homyocar (A, k[7]]) — limHom(A,k[r] /(")) is a bijection, where the first is the
set of local homomorphisms of local rings. Bijectivity of this map follows from the
fact that k[[¢]] is -adically complete. O

As a consequence of the proposition, we see that a cohomological calculation on
%o ultimately yields a smooth curve in ¥ with the same homology class as @y(%)).
If we start with a large supply of curves on which the tangent bundle of Y is positive,
then these kinds of arguments produce for us many smooth curves in Y; later, we
will apply this technique to produce sections of a proper flat morphism ¥ — C. Let
us formalize these processes.
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Definition 3.3. A stable map of genus g to Y is a morphism f : C — Y such that:

1. C is a reduced connected proper curve of arithmetic genus g with at worst nodes
as singularities.

2. Any rational component of C which is contracted by f contains at least three
singular points of C, while any genus 1 component of C contracted by f contains
at least one singular point of f.

The second condition of Definition 3.3 is equivalent to the statement that the
morphism f has finite automorphism group. As a special case, when Y is a single
point, we recover the usual Deligne—Mumford notion of a stable curve of genus g
(and here the second condition is equivalent to finiteness of the automorphism group
of ).

The basic result on stable maps is the following, which is a special case of
Theorem 1 of Fulton and Pandharipande [4].

Theorem 3.4. Given a homology class B on'Y, there is a projective moduli space

M ¢0(Y,B) parameterizing stable maps f : C — Y of genus g such that the pushfor-
ward of the fundamental class f,(C) is equal to 3.

When we say that 3 is a “homology class,” the reader can choose to work with Chow
theory (modulo algebraic equivalence) or with integral or /-adic cohomology. The
original work was done over C, so it is customary to fix § € Hy(Y,Z).

Remark 3.5. When we say “moduli space,” we are purposely leaving things slightly
vague. The reader comfortable with stacks should read this as “Deligne-Mumford
stack” and should replace “projective” with “proper with projective coarse moduli
space.” In this case, an isomorphism between two objects C — Y and C' — Y is
an isomorphism C — C’ commuting with the morphisms to Y. Readers unfamiliar
with the theory of stacks will not lose anything essential, and should think we are
working with coarse moduli spaces as in [4]. In this case, the points of .#,,(Y, )
parameterize isomorphism classes of stable maps C — Y.

Using modern techniques, the proof of this theorem is not especially difficult
(although projectivity is a bit more subtle than existence). Existence follows rela-
tively easily from the existence of the Deligne-Mumford moduli space %g of stable
curves of genus g; the existence of the latter is somewhat less trivial. In fact, it was
in Deligne and Mumford’s paper [3] on the irreducibility of .#, that the concept
of an algebraic stack was first codified. One especially streamlined way to see that
%g exists as an algebraic stack is to use Artin’s representability theorem, which re-
duces the algebraicity to properties of the natural deformation theory of the moduli
problem, something that is transparent for families of curves.

One especially amusing example of a Kontsevich space is the space %g,o (c, 1)),
where C is a fixed smooth curve of genus g and [C] is the fundamental class of C
in Hp(C,Z). What does this parameterize? A stable map f : D — C with homology
class fi([D]) = [C] has the following properties:
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1. There is a unique irreducible component C’ C D which maps isomorphically to C.

2. The union of the remaining components (if there are any) is a nodal union of
curves with total arithmetic genus O such that each component contains at least
three singular points.

Exercise 3.6. In the above situation, the inclusion C' C D is an isomorphism.

In other words, .#0(C,[C]) has only one point. (Two different isomorphisms
C’ — C differ by an automorphism of C’ and thus give rise to the same point in
the moduli space.)

On the other hand, consider the space %g,o(c,e[c]) for some integer e > 1,
and let us restrict our attention to the case C = P!. Now, we can make interesting
elements in the space.

Construction 3.7. Given e copies of P!, choose e+ g— 1 points p; in P!. Foreachi,
choose two indices j # j’ and (nodally) glue the points p; on the j and j’ copies of
P!; do this in such a way that the resulting curve is connected. This yields a flat
stable map C — P! of genus g whose irreducible components are all isomorphic
to P'.

Remark 3.8. It is aremarkable fact that there is actually a unique irreducible compo-
nent of %g,o(P1 ,e[P']) containing those points parameterizing stable maps which
are flat. (Note that even in this irreducible component, the limit points need not be
flat.) We will call this component F.

For large enough e, which is all that is needed here, one can prove the unique-
ness of F rather easily as follows. Let F° denote the locus parameterizing flat stable
maps o : C — P! of genus g with C smooth. The forgetful functor gives a morphism
@ : F° — ., to the stack of stable curves of genus g, which we claim is smooth for
large enough values of e. Since @ has connected geometric fibers (Grassmannian
bundles over Picg), it will follow that F* is itself irreducible (by Theorem 3.10). To
see that @ is smooth, note that morphisms ¢ correspond to invertible sheaves .Z on
C of degree e along with a pair of generating sections ﬁ?z — £ . Given an infinites-
imal deformation of C over k[g], the invertible sheaf .# lifts (as the obstruction to
doing so lies in H*(C, &) = 0), and the obstruction to lifting the generating sections
lies in H!(C,.#)#2, which vanishes as long as e > 2g — 2.

Now, let D — P! be a flat stable map of genus g with D nodal. By an argument
identical to that following Proposition 3.11 (treating D as a Ici P'-scheme), one can
show that D — P! deforms to a map D’ — P! with D’ smooth. It follows that any
flat stable map is in the closure of F°, showing that there is thus a unique irreducible
component containing F°, as desired.

The geometry of the Kontsevich spaces (in particular, the uniqueness of the com-
ponent F' in Remark 3.8) leads to the existence of sections for rationally connected
fibrations over curves.
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Theorem 3.9 (Graber-Harris-Starr). If f : Y — B is a proper morphism to a
curve with rationally connected geometric generic fiber, then f has a section.

Idea of proof. We may (and will) assume that Y is smooth and projective. First
suppose C = P!. Given a proper flat morphism f : ¥ — P!, a smooth irreducible
curve C C Y of genus g which is (finite) flat of degree e over P! yields a point
[C] € A 40(P',e[P']). Can we deform C until it breaks up into sections of f?

Suppose there is a family of smooth curves ¢’ — T with a morphism @ : € — Y
such that:

1. Forall s € T, the morphism f o @; : €, — P! is finite (flat).
2. Thereis a point¢ € T such that @; is the given multisection C — Y.

Suppose furthermore that the composed map fo @ : ¢ — P! induces a dominant
morphism 7 — F (where F is as in Remark 3.8). We know that there is a k-point of
F parameterizing a curve that is a union of sections over P! as in Construction 3.7.
Thus, we can find

1. adiscrete valuation ring R with fraction field K and residue field x,
2. aproper flat family of curves & — SpecR, and
3. morphisms p : SpecK — T, p: Pk —Y,x: 2 — P}

such that there is a commutative diagram

X

- Y

(p‘%XTSpeCK

€ x SpecK

and y restricted to the closed point of R is one of the curves given by Construc-
tion 3.7. Let n € 2 be the generic point of one of the irreducible components of
Dy Consider the proper morphism g : Y X p1 Spec O , — Spec O 5. By construc-
tion there is a section of g over the generic point of Spec 0y 5, so by the valuative
criterion of properness there is a section of g. Evaluating g at n (and extending
to a section again using the valuative criterion of properness) yields a morphism
PL — Y, giving a section of Y — PL. Since the base field is algebraically closed,
it follows from standard limiting and specialization arguments (write k as a direct
limit of finite-type k-algebras, etc.) that the existence of a section over k implies the
existence of a section over k.

The strategy employed by Graber, Harris, and Starr is thus to find a multisection
C C Y whose deformations inside Y dominate F C .#, (P!, e[P']). Now, a random
curve C will not have enough deformations in Y to dominate F'. But we can make
curves of genus g that admit larger deformation spaces when we know that the
general fibers of f are rationally connected. Here is how: given C C Y, choose points
c1,...,c, which lie in general (smooth rationally connected) fibers Y1, ...,Y,. Since
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the Y; are rationally connected, there are many rational curves R; on ¥; through c;
(in fact, the rational curves generate the tangent space to Y; at ¢;) such that the
tangent bundle 7y, is ample when restricted to R;. Given such curves Ry, ... ,R,, we
can form the nodal union C' = CUR; U--- UR,, which gives a stable map to Y.
Since each R; is rational, C’ still has genus g. Moreover, one can show that given m,
for sufficiently large n we have that the normal sheaf .47 to the map f': C' — Y
is generated by global sections taking any prescribed values on m smooth points
qi1s---.qm of C', and that H'(C', A} (—q1 — -~ — gm)) = 0. The latter group is the
group of obstructions to deforming C’ as a Y-scheme; combining both calculations,
we see that C' — Y deforms to a stable map C” — Y with C” smooth and finite of
degree e over P'. Moreover, this map has the property that its deformations will
induce arbitrary deformations (in Y) of m fixed points.

Now, if there happens to be such a deformation C” — Y which is ramified over
P! at 2¢ +2g — 2 points (so that the ramification is simple — only two sheets come
together at each point), then this high degree of deformability shows that the defor-
mations of C” in ¥ are dominant over the component F C .#, o(P',e[P!]), allowing
us to conclude as in the second paragraph above. Producing such a curve in Y that
is only mildly ramified over P! is beyond the scope of this survey and the reader is
referred to Sect. 3 of Graber et al. [5] for the details.

This proves Theorem 3.9 when the base curve is P'. As observed by de Jong,
generalizing the result to other base curves B is a triviality using the technique of
Weil restriction: choose a finite generically étale morphism 7 : B — P! and consider
the variety .Y whose functor of points sends 7 — P! to Homp(T Xp1 B,Y). One
checks that 7.Y is indeed a variety (e.g., it is a proper algebraic space with a finite
cover by a projective scheme) with a proper morphism .Y — P'. The description of
the functor of points shows that for a general point p € P! with preimages {¢q € B},
the fiber of 7Y over p is isomorphic to []Y,. Thus, m.Y — P! has rationally
connected geometric generic fiber. Since 7Y (P!) = Y (B), the result follows. O

The short form of the proof. Attach vertical rational curves to a multisection so that
it deforms enough to break into a union of sections (and possibly a few vertical com-
ponents). This combines the techniques of deforming off of the boundary (smooth-
ing the singular curve) and degenerating to the boundary (following the moving
curve to the nice part of the boundary of .# ;o (P!, e[P']) which consists of singular
curves containing sections). Continuing along these lines, one can in fact see that
there are many sections of the morphism, with any nonempty open subscheme of ¥
containing infinitely many sections [8, Theorem I'V.6.10].

As we have seen, “degenerating to the boundary” is a way of carrying complex
information into a simpler situation (and therefore achieving greater understanding
using the surplus). As another illustration of this principle, we conclude this section
by describing the mapping space to a point: the moduli space .#, of curves of
genus g. In particular, we will sketch the basic idea of Deligne and Mumford’s proof
that ./, is geometrically irreducible. The proof is an archetype: one compactifies
the moduli space by enlarging the moduli problem, and the boundary then endows
the moduli problem with an inductive structure in which the interiors of “lower”
problems appear as boundary strata of “higher” problems, allowing a transfer of
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information up the chain and (in many cases) resulting in an irreducibility proof.
This kind of inductive structure is ubiquitous in the study of moduli and will appear
in the next section when we discuss de Jong and Starr’s theory of porcupines.

Theorem 3.10 (Deligne-Mumford). The space .#, parameterizing smooth
curves of genus g is geometrically irreducible.

Note that as stated this is not a theorem about the space of stable curves, only
about the space of smooth curves. In fact, the space of stable curves was introduced
to compactify the space of smooth curves in such a way that the argument we sketch
here (using the inductive structure of the compactification) would be possible. Here
is how it works. Assume that g > 1:

Step 1. Embed .#, as an open subspace of the space %g of stable curves of
genus g.

Step 2. Show that the embedding from step 1 is dense, and never an isomorphism.
We can accomplish both of these things by studying the deformation theory of
singular stable curves. For example, a nodal union E of a curve of genus g — 1
with a curve of genus 1 will be a stable curve of genus g. We can smooth such
a nodal union by using infinitesimal deformation theory: the formal smooth-
ing of a node works just as in the blowup picture in Degeneration 3.1. On the
other hand, the infinitesimal deformation theory of the curve E maps to the in-
finitesimal deformation theory of a node. One checks using abstract nonsense
that this map is formally smooth. This says that a formal smoothing of the node
can be extended to a formal smoothing of E. More generally, one can make
this argument for any stable curve. Thus, there are singular stable curves, and
any singular stable curve can be deformed to a smooth one. This shows that the
inclusion is dense and never an isomorphism, as desired.

It is worth making this more precise, as it gives another illustration of basic de-
formation theory. For the sake of simplicity, we will study deformations over the
bases S, used in Sect. 2.

Proposition 3.11. Let X — S, be a flat morphism of finite type with Xy a curve
with at worst nodal singularities. Then

1. There is no obstruction to deforming X to a flat scheme over S,,.

2. The space of deformations is a principal homogeneous space under the group
Ext! (Q2x,, Ox,). Moreover, this description is functorial in local immersions
onX.

Given a stable curve C with nodal locus N, applying the proposition to C and the
localization of C at N, and noting (via the spectral sequence connecting local to
global Ext) that Ext! (Qc, O¢) is concentrated on N, gives the statement on surjec-
tivity and formal smoothness of the restriction map on infinitesimal deformation
theories. More precisely, writing .#c y for the restriction of a coherent sheaf .7
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on C to the semilocal ring O y, the spectral sequence and vanishing of H? give a
surjection (as an edge map)

Eth (Qc, ﬁc) — H0 (C, éaxtl (Qc, ﬁc)) = Eth (QC,N7 ﬁC,N)

which one checks corresponds to the natural restriction map, which in turn corre-
sponds to the restriction of infinitesimal deformation theories. The rest (smoothing
the node and following this by a smoothing of the curve C) uses the second pillar:
results similar to those of Proposition 3.2 for the integration of infinitesimal defor-
mations of curves (instead of morphisms).

Step 3. Show that the space %g is proper (in fact, projective). This is the famous
stable reduction theorem.

Step 4. Show that the space %g is normal (in fact, has finite quotient similarities).
This is a formal consequence of the fact that the infinitesimal deformation the-
ory of a curve is formally smooth; a proper understanding of this point uses the
theory of stacks.

Step 5. To show that a normal variety is irreducible, it suffices to show that it is
connected. In other words, to show that %g is irreducible, it is enough to show
that given two points a and b of .#,, there is a connected curve C in %g which
contains a and b.

Step 6. To produce such a path, we proceed as follows. The point a parameterizes a
smooth curve D of genus g. Using a stable reduction theorem, we can degener-
ate D to a nodal union Dy of curves of lower genera; this degeneration connects
D to Dg by acurve in Zg. We can do a similar thing for the curve D’ parameter-
ized by b, yielding another singular curve Dj,. On the other hand, by induction
we know that the moduli spaces .}, with h < g are irreducible. Taking enough
care with the degenerations, we can use this inductive fact to prove that there is
a curve in .# ; connecting Dy to D,

Step 7. We are done! (Obviously, there are many technical details that are left out
of this sketch. In particular, we did not explain how to do the degenerations
properly to ensure that the limits are connected by a curve in a simple way.)
We follow the same basic pattern as in the Graber—Harris—Starr theorem: we
combined degenerating to the boundary with deformation off of the boundary
to connect together points in the open moduli problem that was originally of
interest to us.

In Sect. 4, we will see another technique for putting an inductive structure on a
moduli problem. While the problem in question is a moduli problem of stable maps,
the inductive structure on the problem is actually more reminiscent of what hap-
pens for the moduli of vector bundles on algebraic surfaces: the structural results
described (irreducibility, rational connectivity) only hold asymptotically in a dis-
crete parameter (in contrast to the irreducibility of .#, for any genus g). For moduli
problems of this type, the inductive structure involves an increasing understanding
of the problem as one ascends the chain of moduli spaces, and not merely a transfer
of perfect information from lower problems to higher ones.
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4 Moduli of Porcupines and Rational Sections of Rationally
Simply Connected Fibrations over Surfaces

In this section, we fix a smooth projective surface S over k. Our goal is to under-
stand when there exists a rational section to a morphism f : X — § whose fibers are
sufficiently rationally connected. As explained in Sect. 1, there are many rationally
connected fibrations over S which lack rational sections. If we suppose for a moment
that X and S are CW complexes with S two dimensional, then a consideration of the
long exact sequence in homotopy associated to a fibration shows that if the fibers of
f are simply connected, then there is no topological obstruction to lifting the largest
cells of S into X. This is not meant to give any kind of an argument in the classical
complex topology; for example, the dimensions are wrong. Instead, this is meant to
inspire us to think of what it should mean for the fibers of f to be simply connected
in some algebraic sense. Ultimately, de Jong and Starr came up with a careful list
of hypotheses that seem to express simple connectivity in the context of rational
curves.

To motivate the definition, let us consider an approach to finding sections to f.
Let C C S be a general smooth curve. (Here “general” can be taken to mean that
the fiber of f over C still has smooth total space and rationally connected geometric
generic fiber.) By the Graber—Harris—Starr theorem, the restriction f¢ has many sec-
tions. In fact, there is a moduli space X(X¢/C) — Speck parameterizing sections.
Moreover, this moduli space varies nicely as C varies. (Of course, X(X¢/C) can be
complicated — it can have many connected components, etc. — but we still get a rea-
sonable family of such moduli spaces as the curve C moves in S.) The question is:
how can we properly formulate what it would mean to make a family of sections of
f over a variable curve C?

There is a well-known resolution of this type of question which illustrates the
power of Grothendieck’s theory of generic points. Suppose the curve C is a member
of a very ample linear system on S. We can choose two members C; and C; of the
linear system |C| which are smooth and intersect transversely in the locus of S over
which f is smooth. The total space S of the pencil spanned by C; and C, will be
the blowup of S in the intersection C; N C,. Since S and S are birational, to find a
rational section of f it is enough to find a rational section of the pullback of X to
S. On the other hand, there is a natural proper flat generically smooth morphism
§ — P!. Thus, we may assume that our original base surface S fibers are a family of
curves over P'; this expresses our surface as the total space of a moving family of
curves.

Now, what does it mean to paste together sections of the fibration over these
curves? Such a compatible family of sections should be precisely a section of the
fibration X — S over the generic member of the family parameterized by P!. In
other words, it should be a section of the restriction of f to the generic fiber of
S — P!. This generic fiber is a proper smooth geometrically connected curve C over
the field k(z).
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To summarize: we can solve our original problem if we can solve the analogous
problem for fibrations f : X — C with proper smooth rationally simply connected
fibers over curves, but now over the base field k(¢). Associated to the fibration f is a
moduli space ¥ — Speck(t) parameterizing sections. If we knew that suitable com-
ponents of ¥ were rationally connected, then we could apply the Graber—Harris—
Starr theorem to conclude a section exists. This is precisely what de Jong and Starr
do. What is perhaps more interesting, they deduce the rational connectivity of certain
spaces of sections from a condition on the generic fiber of f which is analogous (by
a loose topological analogy) to the path connectedness of spaces of paths between
two points (where now a space of paths is to be interpreted as a space of rational
curves, and path connectedness is to be interpreted as rational connectedness).

With this introduction, we are now ready to put some conditions on f which will
allow us to make all of this (more) rigorous. We will suppose the following. (de Jong
and Starr allow more general hypotheses, but nothing essential about their argument
is changed by using the stricter hypotheses we have chosen here.)

Hypothesis 1. The morphism f : X — C is a proper flat morphism of smooth ge-
ometrically connected varieties over k(). Following Jason Starr’s notes [14],
we will write ¥ for the geometric generic fiber of f (so Y is a variety over
K =k(C)).

Hypothesis 2. There is an invertible sheaf . on X which is ample and globally
generated.

Hypothesis 3. The restriction £y is very ample.

Hypotheses 2 and 3 together say that .Z defines a morphism to a projective space
and that this morphism restricted to a general fiber is finite. There may be “horizon-
tal” collapsing induced by the map, but no curve in a general fiber is collapsed.

To state the rest of the hypotheses, we first need to develop a small amount of
theory. For the moment, let us work with the geometric generic fiber; thus, we re-
strict our attention to the variety Y over the field K. Since .Z is very ample on Y,
we can imagine Y embedded in some PV in such a way that .Z is the restriction
of €(1). Any curve D C Y has a degree (via the induced embedding in PV). The
curves of degree 1 in Y are precisely the lines in PV which lie in Y. For historical
reasons (and to harmonize our notation with that of Starr), we will denote the space
of pairs (L, p) with L a line in ¥ and p a point of L by .#¢ (Y /K,1). Since lines
cannot degenerate, the space is actually projective. There is a natural morphism
ev:.#o1(Y/K,1) — Y which is defined by sending a pair (L, p) to the point p €Y.

Recall the following definition.

Definition 4.1. A closed subscheme Z C W of a smooth variety is free if the restric-
tion Ty |z is globally generated.

Following de Jong and Starr, given a natural number n, a chain of n-free lines is a
sequence of triples (L;, p;,q;) with each L; a free line in Y and p; and ¢; two points
of L;, such that for each i we have that g;_; = p;, with this intersection point being
a node of the total curve given by the union of the L;. It is easy to see that there is
a quasiprojective K-scheme F>(Y /K,n) parameterizing chains of n-free lines, with
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p1 and g, marked on the total curve. This again comes with an evaluation morphism
ev:F(Y/K,n) — Y XY given by evaluating maps at p; and g,.
Using these two evaluation morphisms, we can state the next two hypotheses:

Hypothesis 4. The evaluation morphism %0’1 (Y/K,1) — Y is surjective, the geo-
metric generic fiber is irreducible and rationally connected, and the fibers over
codimension one points of Y are only allowed to be mildly singular (in a fashion
which de Jong and Starr make precise).

Hypothesis 5. For some natural number 7, the evaluation morphism F» (Y /K,n) —
Y xY is dominant, and the geometric generic fiber is isomorphic to an open
subscheme of a projective rationally connected scheme.

To state the final hypothesis, I need to remind you of one more geometric object. A
scroll in a projective space PV is a smooth surface R C PV together with a smooth
morphism R — P! whose fibers are lines.

Hypothesis 6. There is a very twisting scroll in Y. This is a special type of scroll
R C Y which comes with a section, the whole package required to satisfy some
cohomological conditions. In particular, R should be free in P! x ¥ (in the sense
of Definition 4.1). (There is more, and the meaning is very clearly explained in
the lecture notes of Starr [14].)

As Starr points out, all of these hypotheses are necessary for the veracity of the the-
orem which we will ultimately state. The reader should know that these hypotheses
are algebraic analogues of natural topological conditions: Hypothesis 4 says that the
space of paths through point is path connected (a trivial hypothesis in usual topo-
logical settings), while Hypothesis 5 says that the space of paths connecting two
points is itself path connected (which is equivalent to being simply connected in the
usual topological settings). The fact that Hypothesis 6 has no reasonable (nontauto-
logical) topological analogue gives an indication of the complexity of the algebraic
situation.

Before I can state the theorem, I need to introduce one more object: the Abel
map on the space of stable sections. Using the invertible sheaf ., we can define a
degree for any stable map D — X: we simply compute the degree of the preimage
of £ onD.

Definition 4.2. Given f : X — C as above, a stable section of degree e is a stable map
¢ : D — X of degree e together with a section ¢ : C — D of the induced morphism
fo @ such that D\ o(C) maps entirely into a finite closed subscheme of C.

Itis relatively easy to see that stable sections of degree e form a projective moduli
space, which we will denote X¢(X /C/k(t)). Colloquially, we get D — X by taking
a section of f and attaching some vertical components in the fibers of f. The hori-
zontal component is referred to as the “handle” of the stable map. Among the stable
sections of f of degree e are those which are actually sections C — X whose degree
is e. The sections form an open subscheme which we will denote S¢(X /C/k(t)).
Note that S¢(X /C/k(t)) is nonempty by Theorem 3.9.
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Pulling back .# defines a morphism S¢(X /C/k(t)) — Pic{. Jk(r)- 1t turns out that

this morphism extends to all of £¢(X /C/k(t)). (While the handle of a stable section
has lower degree, the vertical components make up the difference.) This morphism

o s Z°(X /C/k(1)) — Pict

is called the Abel map associated to (X,.Z, f). Since abelian varieties contain no
nontrivial rational curves, any statement we make about rational connectivity of
spaces of sections will have to be about fibers of the morphism c.

We are now in a position to state a theorem, and see how it implies the existence
of rational sections for fibrations over algebraic surfaces.

Theorem 4.3 (de Jong—Starr). Suppose the triple (X,.Z,f) satisfies Hypotheses
1-6. For all sufficiently large e, there is a geometrically irreducible component Z,
of Z¢(X /C/k(t)) such that:

1. A general point of Z, corresponds to a free section of f.
2. The restriction of the Abel map |z, : Z, — Picg, Jk() is surjective with rationally
connected irreducible geometric generic fiber.

As we will see below, there is a fairly explicit description of the irreducible com-
ponent Z, using porcupines. But before we give the (mildest) indication of how one
proves such a theorem, let me show you how to deduce the existence of rational
sections from this theorem.

Proposition 4.4 (de Jong—Starr). Suppose f : X — S is a proper morphism of
smooth k-varieties with S a smooth projective connected surface and £ is an in-
vertible sheaf on X. Suppose there is an open subscheme U C S which is the com-
plement of finitely many closed points such that f|y is smooth and £y is ample
and globally generated relative to f|y. Finally, suppose the geometric generic fiber
of f and the invertible sheaf £ restricted to the geometric fiber satisfy Hypotheses
3-6. Then there is a rational section of f.

Proof. As in the beginning of the section, choosing a pencil of sufficiently ample
divisors on S reduces us to the situation we have been studying: we have a proper
smooth morphism f : X — C with C a proper smooth curve over k() with a rational
point p. In particular, for any natural number e, there is a divisor ¢[p] of degree
e on C, so that Pic®(C) is nonempty. On the other hand, by Theorem 4.3, for all
sufficiently large e, the general fiber of the Abel map Z, — Pic(. Jk(r) is irreducible
and rationally connected. By the Graber—Harris—Starr theorem, we thus see that a
general k(¢)-point of Pic{. Jk(r) will lift to a point of Z,. Taking the handle of the stable
section corresponding to this point gives a section of f, and therefore a rational
section of the original morphism X — §, as desired. There is one technical point: we
do not know that there is such a thing as a general k(¢)-point of Pic{. Jk(r)! However,
it turns out that there is a relatively standard (but technical) trick to overcome this
difficulty. It relies on the following lemma.
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Lemma 4.5. Suppose k is an algebraically closed field of characteristic 0. Suppose
SpecA is an affine k[[s]]-scheme with geometrically integral generic fiber such that
there is a point & € Spec(A ®@gk) C SpecA for which the local ring A¢ is a dvr with
uniformizer s. Write R = k[[s]] and K = k((s)).

If W — SpecA is a proper scheme such that W @ K admits a rational section
over SpecA @r K, then W XspecA & — & has a rational point.

Before proving the lemma let us first see how this applies. We return to the global
situation with C the generic fiber of a morphism § — P!, Pic,. Jk(r) the generic fiber

e
S/Pl’

Z, is the generic fiber of Z. over P!). (For our purposes, Z, can be any extension
of Z, to a proper P!-scheme over which o extends.) By assumption, the geometric
generic fiber of o is rationally connected, which implies that there is a dense open
subscheme O C Pic§ /p1 OVer which the fibers of o are rationally connected. In par-

of the relative Picard family Pic and o : Z — Picg /P! the Abel map (so that

ticular, a curve in Picg /p! moving in a sufficiently large family will have a general
deformation intersecting O.

Given a section o : P! — Pic¢

S/Pl°
a complete intersection of hyperl/)lane sections of Picg /p! in some projective em-
bedding, whereupon we see that there is a family of curves whose general member
is smooth and intersects O. Choose an affine open subscheme SpecA of the total
space of this family of curves which contains the generic point of P! (viewed as
a component of the special fiber of the family). The map SpecA — Picg /P! gives

we can think of the image as a component of

a map SpecA — P!, so we can pull back the morphism X — S to get a family of
morphisms to fibered surfaces 2~ — . — SpecA parameterized by k[[t]]. By the
assumption on the generic fiber of SpecA over k[[r]], the associated scheme of stable
sections X¢(.2" /. /A) has a point over K. By Lemma 4.5, it has a point over P!,
whose restriction to the generic point Speck(r) gives rise to a stable section of X /C.
Taking the handle gives the desired result.

It remains to prove Lemma 4.5.

Proof of Lemma 4.5. We know that the algebraic closure of K = k((s)) is the union
of the extensions k((s'/N)). Thus, if W has a rational section over A ®x K, then it has
one over A @gk((s'/N)) for some N. The point & lifts to a point of SpecA @z k[[s'/V]]
for which s'/V is a uniformizer. By the valuative criterion of properness, the generic
point of the section of W ®g k[[s'/N]] — SpecA @g k[[s'/V] extends to give a section
over &, as desired. O

This completes the proof of Proposition 4.4. The reader is referred to the proof of
Corollary 9.1 of Starr [14] for more details. O

One fact which makes this theorem especially interesting is the following.

Proposition 4.6 (de Jong—He-Starr). Suppose Y is a smooth connected projec-
tive k-scheme which is a homogeneous space for a linear algebraic group scheme
G. If there is an ample generator £ for Pic(Y), then the pair (Y,.£) satisfies Hy-
potheses 3—6. Thus, if f : X — S is a proper smooth morphism to a smooth projective
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surface whose generic fiber is such a homogeneous space, and if £ is an invertible
sheaf on X whose restriction to the geometric generic fiber is ample generator for
the Picard group, then f has a rational section.

Combining this proposition with work of de Jong and Starr on “discriminant
avoidance” gives a proof of Serre’s conjecture II on the triviality of torsors un-
der connected, simply connected, semisimple linear algebraic groups over function
fields of surfaces. This connection is described in “Serre’s Conjecture II: A Survey.”

I will now give a very mild indication of the techniques that go into proving
some of these results. This is by no means meant to be detailed or complete. The
reader is referred to the exhaustive notes of Starr, and the paper by de Jong, He, and
Starr recently posted to the archive [14, 15]. In particular, we will usually flagrantly
ignore technical hypotheses (often with parenthetical remarks). No proofs will be
found anywhere. Every idea described here is due to de Jong and Starr. I claim
no originality except in the order of presentation and the decision to omit several
important pieces of the argument!

The idea of the proof of Theorem 4.3 uses an idea going back to O’Grady’s study
of the moduli spaces of sheaves on a surface. Here is the general principle: suppose
we have defined a sequence of quasicompact moduli spaces M, over the algebraic
closure k(¢), indexed by the natural numbers. Suppose, furthermore, that we have
a geometric construction which associates to each irreducible component of M, an
irreducible component of M, in a way compatible with the Galois action. Write
& (e) for the (Galois) set of irreducible components of M,; by abuse of notation,
we will write @ : € (e) — & (e+ 1) for each of the Galois-equivariant maps induced
by the geometric construction in question. If we know that @ is surjective and that
any two elements of &(e) are eventually brought together by some iterate of @,
then we know that for sufficiently large indices e, the set &(e) consists of a single
Galois-invariant element, that is, that M, is geometrically irreducible.

To produce the spaces M., we will take the unique components containing certain
special loci of stable sections, called porcupines. These are “free enough” sections
of f glued to lines in fibers. Let us make this precise.

Definition 4.7. A section ¢ : C — X is (g)-free if for some d > max {2g,1} and
every effective Cartier divisor D in C of degree d, we have that

H'(C,0"Ny(c)/x(—D)) =0.

Definition 4.8. A point x € X is peaceful if:

1. x is a smooth point of the morphism f.
2. Given a line L in f~'(f(x)) through x, any infinitesimal deformation of x is
contained an infinitesimal deformation of L.

Definition 4.9. A porcupine (of genus g) is a stable section C' — X of genus g
such that the associated section C — C' — X is (g)-free and all of the irreducible
components of {C’'\ C}~ are lines in fibers of f whose attachment points to the
section are peaceful points of X.

The vertical lines attached to the (g)-free section are called quills.
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Since a porcupine fibers by lines over C, it is natural to consider those scrolls in
X which contain a given porcupine.

Definition 4.10. A porcupine is penned by a scroll R if it is contained in R.

Porcupines form an open subscheme P¢(X /C/k(t)) of the scheme of stable sec-
tions. We will write P9 (X /C/k(t)) for the space of porcupines of degree e which
have exactly 8 quills and P*=?(X /C/k(r)) for the space of porcupines with at least
& quills. It turns out that P*=1(X /C/k(t)) is a snc divisor in P¢(X /C/k(t)), and the
spaces P49 (X /C/k(t)) give the natural locally closed stratification of the smooth
space P*(X /C/k(t)) coming from the divisor. In particular, each P9 (X /C/k(t)) is
a locally closed smooth subscheme with an open neighborhood in X¢(X /C/k(t))
that is smooth, and therefore any irreducible component of P*%(X [C/k(t)) @ k(t)
is contained in a unique irreducible component of X¢(X /C/k(t)) ® k(). Forgetting
quills defines a smooth dominant morphism P9 (X /C/k(t)) — P°~9(X /C/k(t))
with geometrically irreducible fibers. (See [14, 15] for proofs of these statements.)

Of course, the preceding paragraph would be nonsense if we did not know that
porcupines exist, but in fact they do: there is a (g)-free section of f ® k(t) which
intersects the peaceful locus of X. Thus, there is a natural number ey such that
P09(X /C/k(t)) is nonempty. We can now define our sequence of spaces.

Sequence 4.11 (M,). For e > e, we let M, be the union of those irreducible com-
ponents of X¢(X /C/k(t)) containing the smooth locus P*¢~%0 (X /C/k(t)).

In particular, M,, is the closure of P:0(X /C/k(t)) in Z¢(X /C/k(t)), which
is the set of components generically parameterizing a (g)-free section. We do not
claim that M, is geometrically irreducible. (This is a slightly different presentation
of the results of Starr [14] and Starr et al. [15], where they work with a sequence of
irreducible components over k(¢) and show that eventually they are Galois-stable.)

Let & (e) be the set of irreducible components of M, @ k(t). This is a finite discrete
set with continuous Gal(k(z)/k(¢))-action. Define a map @ : £(e) — E(e+ 1) as
follows.

Map 4.12 (@ : & (e) — & (e+1)). Given a component Z, of M, ® k() corresponding
to an element [Z,] € £ (e), choose a porcupine C’' parameterized by Z,. Fix a general
peaceful point ¢ in the handle D and attach a line L in f~'f(c) to C’ at c. This
defines a new porcupine C” of degree e + 1 with e — eg + 1 quills, which thus lies in
a unique irreducible component Z,, | of M, (as it is a smooth point).

Lemma 4.13. The map @ is well defined and Galois equivariant.

Sketch of proof. The peaceful point of attachment moves in an irreducible family
(as the peaceful locus is open), and the space of lines in fibers through a general
point is irreducible by Hypothesis 4 and smooth over the attachment point (by the
definition of peaceful), so that different versions of this construction (as we vary the
porcupine C’ and the newly attached line) move in an irreducible family and thus
will not leave the component Z,, ;. For the same reasons, the construction is Galois
equivariant. a
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We claim that @ is a contracting map, in the following sense.

Theorem 4.14. Given a,b € & (e), there is a natural number m such that @°™(a) =
D" (b).

Before discussing Theorem 4.14, let us see an immediate consequence.

Corollary 4.15. For all sufficiently large e, the space M, is geometrically
irreducible.

Proof. Indeed, since & (ep) is finite, there is an iterate @° such that ®°M (& (e))
is a Galois-invariant singleton, that is, corresponds to a geometrically irreducible
component. On the other hand, @ is surjective by the construction of M,, so for all
e > ey + M we see that £ (e) is a singleton, which shows that M, is geometrically
integral for all e > e + M. O

The proof of Theorem 4.14 is somewhat subtle. The idea is to choose general
points of a and b and show that porcupines formed by attaching sufficiently many
quills (corresponding to sufficiently large iterates @°"(a) and @°™(b)) are con-
nected by a chain of rational curves. However, rational curves can only connect
points in a common fiber of the Abel map. We proceed in two steps: we first show
(over k(1)) that the Abel map is dominant with irreducible fibers on each irreducible
component, and then we show that two porcupines with the same Abel image are
connected by a chain of rational curves with nodes in the smooth locus of the space
of stable sections.

Proposition 4.16. For sufficiently large e, the Abel map

has the property that the restriction of o to each irreducible component of M, ®m
is dominant with geometrically irreducible generic fiber.

Idea of proof. There is a beautiful trick here: fix a component Z, of M, ® k(¢). Since
the porcupines are smooth points of Z,, to show that |z, is dominant with geomet-
rically irreducible generic fiber, it suffices to prove the statement for the locus of
porcupines W C Z,. It is now relatively easy to analyze the Abel map: taking the
body and quill attachment points gives a map W — Z,, x Sym®*~“(C), where Z,, is
now a smooth scheme parameterizing free sections (the image of Z, in M, ® m
under the natural rational map). This is smooth and dominant with geometrically
irreducible fibers by Hypothesis 4 and the definition of peaceful.
The Abel map factors through the product
. e—eg

Zey X Sym* 0 C ———— Z¢; X PlCC@W/W

|

- €0 .- e—en e o
i ot i = Pilcormim — T Ccet@ /@’
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where the first map is the divisor class map and the last is the tensor product of in-
vertible sheaves. For large enough e, the divisor class map is smooth and surjective.

. . . ) .
Fix s € Z,, with Abel image L € PICC®W /m(k(t)). Translating by elements

of Pic®~™® covers Pic®, so the composition of the latter two maps is surjective.

On the other hand, fixing L € Picé@m /W(k(t)) and s € Z,,, there is a unique
/ e T () /7 — _ | 1
L' e P10C®k(t) o (k(t)) such that L' 4+ a(s) = L, namely L — c(s)! This shows

that the fibers of the composition are in bijection with Z,,, hence geometrically
irreducible.

Combining the statements shows that the Abel map on W is dominant with geo-
metrically irreducible generic fiber, as desired. a

Corollary 4.17. For sufficiently large e, a general point of any irreducible compo-

nent of M, ® k(t) maps to a general point ofPicz/km ®k(t).

Thus, to show that M, is eventually irreducible, it suffices to look for chains
of rational curves connecting porcupines with the same Abel images. The key to
carrying this out is contained in the following two results.

Fix a scroll R in X, and suppose C,, — X and C; — X are two porcupines of
degree e penned by R.

Lemma 4.18. The Abel images o.(C,,) and a.(C}) are equal in Picg ;) if and only if
C, and C; are linearly equivalent as divisors in R. If the images are equal, then there
is a chain of rational curves in £°(X /C/k(t)) connecting C,, to C}, whose nodes lie
in the smooth locus.

Remark 4.19. The reader will note that the chain of curves need not stay in the locus
of porcupines. This is why the results mentioned here do not show that the locus of
porcupines has rationally connected Abel fibers.

How can we make the divisor classes of C;, and C;, equal? By adding quills!

Proposition 4.20. Suppose D and D' are two general porcupines with the same Abel
image. For every sufficiently large natural number e, there is a sequence of porcu-
pines D1,D»,...,D,_1 of degree e and a sequence of scrolls Ry, ... R, such that:

1. The Abel images of the D; are all the same.

2. D and Dy are both penned in R;.

3. Fori=2,...,n—1, Di_1 and D; are penned in R;.
4. D,_1 and D' are penned in R,,.

Combining this with the lemma, we see that given two general porcupines
D and D', up to adding quills to each, we can connect them by a chain of ratio-
nal curves lying in a single irreducible component of X¢(X /C/k(z)) with nodes at
smooth points. This completes the proof of Theorem 4.14.

To complete the proof of Theorem 4.3(2) (that general fibers of the Abel map
are rationally connected), we thus need to see how to connect a general point of M,
to a general porcupine with the same Abel image. It is here that one must use the
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existence of a very twisting scroll in X. In fact, this part of the argument is quite
difficult, as one sees must be the case: it requires understanding a general point of
the mysterious component M,, when all we know about is a part of its boundary —
the locus of porcupines.

The work of de Jong and Starr is a tour de force of algebraic geometry, and
yet it barely scratches the surface of the concept of rational simple connectiv-
ity. What is the most general form of the condition? Is there a theorem on the
existence of rational sections for fibrations with higher Picard numbers? (What
about higher-dimensional bases? Will we soon be reading about connecting “gen-
eral Dimetrodons” by rational curves?) The recent theorems on rational sections of
fibrations are a sign that we have hit a rich seam at the intersection of arithmetic,
geometry, topology, and deformation theory. Much digging remains to be done!

Acknowledgements I am grateful to Aise Johan de Jong and Jason Starr for discussing their ideas
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Summary This is a survey paper on recent works in progress by Jannsen, Kerz, and
the author on the Kato conjecture on the cohomological Hasse principle.
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This is a survey paper on recent works [17, 19] and a work in progress [19]
by Jannsen, Kerz, and the author on the Kato conjecture on the cohomological
Hasse principle. In [17, 19], general approaches are proposed to solve the conjec-
ture for schemes over a finite field assuming resolution of singularities. Based on
the idea in [19], a new approach is proposed in [24] to solve the conjecture for
schemes over a finite field or the ring of integers in a local field, restricted to the
prime-to-characteristic part. A key ingredient in [24], which replaces resolution of
singularities, is a recently announced result on refined alterations due to Gabber
(see [16]). We will give an outline of the proof. As an application, it implies a finite-
ness result on higher Chow groups of arithmetic schemes using the Bloch—Kato
conjecture whose proof has been announced by Rost and Voevodsky ([31,35], see
also [14,36-38]).

1 Statements of the Kato Conjectures

We start with a review on the following fundamental fact in number theory. Let £
be a global field, namely either a finite extension of Q or a function field in one
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variable over a finite field. For simplicity, we assume that char(k) > O or k is totally
imaginary. Let P be the set of all finite places of &, and denote by k, the completion
of k at v € P. For a field L, let Br(L) be its Brauer group, and identify the Galois
cohomology group H'(L,Q/Z) with the group of continuous characters on the ab-
solute Galois group of L with values in Q/Z:

1. For v € P, there is a natural isomorphism

Br(kv) % HI(FW@/Z) B;) @/Za

where F, be the residue field of v and ¢, is the residue map and B, is the evalua-
tion of characters at the Frobenius element.
2. There is an exact sequence

0 — Br(k) — PH' (F,,Q/Z) — Q/Z — 0,

veP

where the first map is the composite of the restriction maps and ¢, and the second
map is the sum of B,. The injectivity of the first map is the so-called Hasse prin-
ciple for central simples algebras of k, which is a celebrated theorem of Hasse—
Brauer—Noether.

Kato [21] proposed a fascinating framework of conjectures that generalizes the
above facts to higher-dimensional arithmetic schemes. To review these conjectures,
we introduce some notation. Let L be a field with p = char(L). Let n be an integer
n > 0 and write n = mp” with (p,m) = 1. We define the following Galois cohomol-

ogy groups:
H(L,Z/nZ(j)) = H (L, ) & H' ™ (L, W, 2; 1) (1)

where L, is the Galois module of nth roots of unity and W”‘QLIOg is the logarithmic
part of the de Rham-Witt sheaf WrQ}; [15, 1, (5.7)]. Note that there is a canonical
identification H?(L,Z/nZ(1)) = Br(L)[n], where [n] denotes the n-torsion part.
Now, let X be a scheme of finite type over IF,, or the integer ring of a number
field or a (p-adic) local field. Kato introduced the following complex KCe(X,Z/nZ)

which we call the Karo complex:

= P H (0, 2/nZ(a) - P HxZ/nZa—1))— -

XEX(a) XEX(afl)
B @ HZ(X,Z/HZ(I))—) @ HI(X,Z/HZ), 2
XEX“) XEX<0)

where X(,) = {x € X | dim {x} = a} and the term ®rex|, is put in degree a. We will
also use the complexes:

KCo(X,Q/Z) = imKCo(X,Z/nZ) and KCu(X,Q/Z) = imKC4(X ,Z/("Z),



Recent Progress on the Kato Conjecture 111
where / is a prime. Their homology groups
KH,(X,A) :=Hy(KCo(X,A)) (A=Z/nZ,Q/Z, Qu/Zy) 3)

are called the Kato homology of X with coefficient A. (It is indeed a homology
theory in the sense of Definition 3.1.)

Now let X be a projective smooth connected curve over a finite field F, with
the function field k = F,(X), or X = Spec(&y) for the integer ring ) of a number
field or a local field. Then the Kato complex KCo(X,Q/Z) is identified with the
following complex:

Br(k) —— @ H'(x,Q/Z).
x€X<0)

Hence the above facts (1) and (2) are equivalent to the following:

0 if k is local,

KH\(X,Q/Z) =0 and KHO(X’Q/Z):{Q/Z if k is global.

Kato [21] proposed the following vast generalizations of these facts.

Conjecture 1.1. Let X be a connected proper smooth variety over a finite field IF,.
Then
0 ifa#0,

KH,(X,Z/nZ) —> {Z/nZ a0

Conjecture 1.2. Let X be a connected regular scheme proper and flat over
Spec(O)) where Oy, is the integer ring of a number field k. Assume

either n is odd or k is totally imaginary. (%)
Then
~ |0 j 0,
KHo(X,Z/nZ) => ffa#
Z/nZ ifa=0.

We note that the assumption () may be removed by modifying KH,(X,Q/Z)
(see Conjecture C on page 482 of Jannsen and Saito [18]).

Conjecture 1.3. Let X be a regular scheme proper and flat over Spec(0,) where Oy,
is the integer ring of a local field k. Then

KH,(X,Z/nZ)=0 fora>0.

2 Known Results and Announcement of New Results

As was already noticed, the Kato conjectures in case dim(X) = 1 rephrase the clas-
sical fundamental facts on the Brauer group of a global field and a local field.
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Kato [21] proved Conjectures 1.1-1.3 in case dim(X) = 2. He deduced it from
higher class field theory for X proved in [23,29]. For X of dimension 2, the vanishing
of KH»(X,7Z/nZ) in Conjecture 1.1 had been earlier established in [8] (prime-to-p
part), and completed by Gros [13] for the p-part.

We note that it is easy to show the isomorphism for @ = 0 in the conjectures (see
(7) in Sect. 3). So we are only concerned with the isomorphisms for a > 0. The first
result after [21] is the following.

Theorem 2.1 (Saito [30]). Let X be a smooth projective 3-fold over a finite field F.
Then KH3(X,Qy¢/Zy) = 0 for any prime £ # char(F).

This result was immediately generalized to the following.

Theorem 2.2 (Colliot-Thélene [7], Suwa [33]). Let X be a smooth projective vari-
ety over a finite field F. Then

KH,(X,Q/Z)=0 for0<a<3.

Colliot-Thélene [7] handled the prime-to-p part, where p = char(F), and
Suwa [33] later adapted the technique of Colliot-Thélene [7] to handle the p-
part. A tool in [30] is a class field theory of surfaces over local fields, while the
technique in [7] is global and different from that in [30].

The arithmetic version of the above theorem was established in the following.

Theorem 2.3 (Jannsen—Saito [18]). Let X be a regular projective flat scheme over
S = Spec(Oy) where k is a number field or a p-adic field. Assume that k is totally
imaginary if k is a number field. Fix a prime p. Assume that for any closed point
v € S, the reduced part of X, = X Xgv is a simple normal crossing divisor on X and
that X, is reduced if v|p. Then we have

KH,(X,Qp/Z,) =0 for0<a<3.

Recently, general approaches to Conjecture 1.1 were proposed assuming resolu-
tion of singularities.

Theorem 2.4 (Jannsen [17], Jannsen—Saito [19]). Let X be a projective smooth
variety of dimension d over a finite field F. Let t > 1 be an integer. Then we have

KH,(X,Q/Z)=0 forO<a<t
if either t < 4 or (RS),, or (RES);_, (see below) holds.

(RS); For any X integral and proper of dimension < d over F, there exists a
proper birational morphism 7 : X’ — X such that X’ is smooth over F. For any U
smooth of dimension < d over F, there is an open immersion U — X such that
X is projective smooth over F' with X — U a simple normal crossing divisor on X.

(RES), For any smooth projective variety X over F, any simple normal crossing
divisor Y on X with U = X —Y, and any integral closed subscheme W C X of
dimension < ¢ such that W N U is regular, there exists a projective smooth X’
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over F and a birational proper map 7 : X’ — X such that 7~ (U) ~ U, and that
Y' = X' — n~!(U) is a simple normal crossing divisor on X’, and that the proper
transform of W in X’ is regular and intersects transversally with Y.

We note that a proof of (RES), is given in [9] based on an idea of Hironaka,
which enables us to obtain the unconditional vanishing of the Kato homology with
Q/Z-coefficients in degree a < 4.

Finally, the above approach has been improved to remove the assumptions (RS),
and (RES), on resolution of singularities, at least if we are restricted to the prime-
to-char(F) part.

Theorem 2.5 (Kerz-Saito [24]). Let X be a projective smooth variety over a finite
field F. For a prime { # char(F), we have KH,(X,Q/Z¢) = 0 for a > 0.

A key to the proof is the following refinement of de Jong’s alteration theorem
due to Gabber (see [16]).

Theorem 2.6 (Gabber). Let F be a perfect field and X be a variety over F. Let
W C X be a proper closed subscheme. Let ¢ be a prime different from char(F). Then
there exists a projective morphism it : X' — X such that:

o X' is smooth over F and the reduced part of t=(W) is a simple normal crossing
divisor on X.
e 7 is generically finite of degree prime to (.

The same technique proves the following arithmetic version as well.

Theorem 2.7 (Kerz—Saito [24]). Let X be a regular projective flat scheme over a
henselian discrete valuation ring with finite residue field F. Then, for a prime { #
char(F), we have KH,(X,Q¢/Z;) = 0 for a > 0.

Finally we remark that one can prove the above results with Z/¢"Z-coefficients
instead of Q;/Z,-coefficients by using the Bloch—-Kato conjecture: For a prime ¢
and a field L, we have the symbol map

hy g KM(L) /0 — H'(L,Z/UL(r)),

where KM (L) denotes the Milnor K-group of L. It is conjectured that hi ¢ 18 surjec-
tive. The conjecture is called the Bloch—Kato conjecture in case | # char(L). For a
scheme X, we introduce the following condition:

(BK)&} , For every field L finitely generated over a residue field of X, /] , is sur-
jective. '

The surjectivity of h’L ¢, is known if # = 1 (Kummer theory) or r = 2 (Merkurjev—
Suslin [26]) or £ = char('L) (Bloch-Gabber—Kato [5]) or ¢ = 2 (Voevodsky [34]). It
is conjectured (the Bloch—Kato conjecture) that h’L ¢ is always an isomorphism for
every field L. Recently, a complete proof of the conjecture has been announced by

Rost and Voevodsky ([31,35], see also [14,36-38]).

Theorem 2.8 (see [19, Sect.5]). Let X and ¢ be as in either of Theorem 2.5 or
of Theorem 2.7. Assume (BK) , holds. Then we have KH,(X,Z/0"Z) = 0 for
O<a<t.
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3 Outline of Proof of Theorem 2.5

In this section, we give an outline of the proof of Theorem 2.5. We fix a finite field
F with p = char(F') and work in the category % of schemes separated of finite type
over F. We first recall the following.

Definition 3.1. Let ¥, be the category with the same objects as %', but morphisms
are just the proper maps in 4. Let Mod be the category of modules. A homology
theory H = {H, },cz on € is a sequence of covariant functors:

Hy,(—): € — Mod

satisfying the following conditions:

1. For each open immersion j : V < X in %, there is a map j* : Hy(X) — H,(V),
associated to j in a functorial way.
2. Ifi:Y — X is a closed immersion in X, with open complement j : V <— X, there
is a long exact sequence (called the localization sequence)
o = Ha(Y) = Ha(X) o Ho(V) 5 Homr (Y) — -
(The maps 0 are called the connecting morphisms.) This sequence is functorial
with respect to proper maps or open immersions, in an obvious way.

It is an easy exercise to check that the Kato homology (3)
KH(—,A) = {KHa(—,A)}aez

provides us with a homology theory on %.
Given a homology theory H on ¢, we have the spectral sequence of homological
type associated to every X € Ob(%), called the niveau spectral sequence (cf. [6]):

Ejy(X) = @ Hasn(x) = Hup(X) with Hy(x) =limV C {x}H, (V). (4)
x€X(q)

Here, the limit is over all open nonempty subschemes V C m This spectral se-
quence is covariant with respect to proper morphisms in 4" and contravariant with
respect to open immersions. The functoriality of the spectral sequence is a direct
consequence of that of the homology theory H.

In what follows, we assume A = Z/nZ with n prime to p or A = Qy/Z; with

L p.

Step 1: Kato Homology and Etale Homology

We now consider the étale homology on & given by

H,(X,A):=H “(Xs,Rf'A) for f:X — Spec(F) in €.
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Here Rf" is the right adjoint of R f; defined in [2, X VIII, (3.1.4)]. This is a homology
theory in the sense of Definition 3.1. For X smooth of pure dimension d over F, we
have (cf. [6] and [18, Theorem 2.14])

HS'(X,A) = HZ'"“(X,A(d)), (5)

where, for an integer r > 0, A(r) is the Tate twist by the étale sheaf of roots of unity.
We then look at the spectral sequence (4) arising from this homology theory. The
first step of the proof is the following lemma.

Lemma 3.2. For X € Ob(%), we have E! ,(X) =0 if b < —1 and there is a natural
isomorphism of complexes '

KCo(X,A)~E} _|(X),
where the right-hand side denotes the complex

1 1 1 1
B 00 S E 0 DR 0 B ().

In particular, we have a natural isomorphism
KH,(X,A) ~E; _|(X).

The first assertion follows easily from the fact cd(F) = 1 and the second
from [20, Theorem 1.1.1].
By the above lemma, we get the edge homomorphism

e : Ho1(X,A) = KHo(X,A) = E; _|(X), (6)

which is an isomorphism for a = 0 by the first assertion of the lemma. For X
connected smooth projective of dimension d over F, it gives rise to canonical
isomorphisms

KHo(X,A) = H_(X,A) = H***! (Xg, A(d)) = H' (F,A) = A, )

where the second isomorphism is due to (5) and the third is the trace map and the
last is the natural isomorphism in (1).

Step 2: Log Pairs and Graphication

Let the assumptions be as above. Let . C € be the subcategory of irreducible
smooth projective schemes over Spec(F).

Definition 3.3. A log pairis acouple @ = (X,Y) where X € Ob(¥),andY =0QorY
is a divisor with simple normal crossings on X. We call U = X —Y the complement
of @ and denote sometimes @ = (X,Y;U).
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Let @ = (X,Y) be a log pair and let Y1, ..., Yy be the irreducible components of
Y. For an integer a > 1 write

YO= ] Vs (i =Y, 0-0Y,). ®)

1<ij<++<ig<N
We also denote Y(®) = X. For 1 < v < a the proper morphism
8 :v@ —ylh ©)

is induced by the inclusions ¥;, .. ;, — Y, » ..
FREE) LyeeosiVseensla

Definition 3.4. The graph complex of a log pair @ = (X,Y) is the complex:

Go(D,A) : AR D) 9wy 9 am(rV) 9 Am(X)

)

where nO(Y(">) is the set of connected components of Y@ and A% “ is put in
degree a. Here 9 : A™Y ) — A"V g defined as

=Y (-1)"9,, (10)

1

a
V=
dy 3Aﬂ0(y({l)) HAEO(Y({H))a (ai)ie7ro(Y<")) - < z ai) ’

=i / jemy(vla-1)
where 0y : no(Y<“)) — no(Y(“’”) is induced by the map (9).
Now a key construction [19, (3.2)] is to define a natural map of complexes
Yo : KCo(U,A) — Go(®,A) for @ = (X,Y;U)
that induces the natural homomorphism
Yo : KHa(U,A) — GH,(®,A) := Hy(Go(P,A)), (1)
which we call the graphication of the Kato homology. To control yg, we use
ves : Hyo1(U,A) — GH,(D,A) (12)

which is defined as the composite of yg with &f; (cf. (6)). We note that the right-hand
side of (12) is nonzero only if 0 < a < d = dim(X) while the left-hand side could
be nonzero for any a with 0 < a < 2d+ 1.

Definition 3.5. A log pair @ = (X,Y) is clean in degree g for a nonnegative integer
g < dim(X) if yeg, is injective for @ = g and surjective fora =g+ 1.
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Now the following theorem [19, Lemmas 3.3 and 3.4] is crucial.

Theorem 3.6. Tuke A = Qy/Zy. Let @ = (X,Y;U) be an ample log pair, which
means by definition that one of the irreducible components of Y is an ample divisor
on X. Then @ is clean in degree q for all ¢ < dim(X).

The proof of the above theorem hinges on the affine Lefschetz theorem and the
Weil conjecture proved by Deligne [10].

The above theorem implies that for an ample log pair @ and for any integer a
with 0 < a < dim(X), ¥4 is surjective, and an isomorphism if &f; is surjective. This
is already a big step in the proof of Theorem 2.5.

We will need a variant of the above construction.

Definition 3.7. The reduced graph complex of alog pair @ = (X,Y) is the complex:

d J

Gu(d,A) + AT ) 2, Amo(r=l) 9, m)

o AT
where AT() i put in degree a. We have evident maps of complexes
APX0] = Go(D,A) — Go(P,A)
that induce an isomorphism
1: GH,(D,A) — GHy(®,A) fora#1, (13)
and an exact sequence
0 — GH,(®,A)) — GH(®,A) - A —0. (14)
In the same way as above, one may also define the natural homomorphism [24]
Yy KHy 1(Y,A) — GH,(®,A) (15)
which fits into the commutative diagram

KHo(U,A) —2— KH,_(Y,A)

| I

l

GH,(®,A) —— GH,(®,A)

where 0 is the boundary map for the Kato homolgy.

Step 3: Pullback Map for Kato Homology

Another key ingredient to the proof of Theorem 2.5 is the construction of the pull-
back map for Kato homology, which is stated in the following form.
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Lemma 3.8. For any dominant morphism f : X — Y, where X, Y € Ob(%) are
integral smooth of the same dimension over F, we have the pullback maps for
all g:

[ Hy(Y,A) — Hy(X,A) and f*:KH,(Y,A) — KH,(X,A),

which satisfy the following conditions:

e For a dominant morphism g : Y — Z with Z integral smooth over F of the same
dimension, we have (g- )" = f*-g*.
e The following diagram is commutative (cf. (6))

q

Hy 1(Y,A) — — KH,(Y,A)

Ir 7

q

£
H, 1(X,A) —* . KH, (X, A)
e [f f is proper, the composite map

H,(Y,A) —>KH (X, A) —>KH (Y, A)

is the multiplication by the degree [F (X) : F(Y)] of the extension of the function
fields.

In [24] the above lemma is shown based on the intersection theory on cycle mod-
ules due to Rost [28]. (The theory was originally developed over a field but it may
be extended to a more general base.)

Step 4: The Condition (LG),

Let ¢ > 1 be an integer. For a log pair @ = (X,Y;U) consider the condition:

(LG), The composite map

el Hy 1 (U,A) Y KHy(U,A) ~2 KHo_1 (Y, A)
is injective for a = g and surjective fora = g+ 1.

Lemma 3.9. Let g > 1 be an integer. Let @ = (X,Y;U) be a log pair that satisfies the
condition (LG),. Let j* : KHy(X,A) — KHq(U,A) be the pullback via j: U — X
and €}, : Hy_1(U,A) — KHy(U,A) be as in (6). Then the map j* is injective and
Image(;j*) NImage(gf) = 0.
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Proof. First we claim that j* is injective. Indeed we have the exact sequence
KHy, 1 (U,A) ~2 KH,(Y,A) — KH,(X,A) - KH,(U).

Since (98{1]+1 is surjective by the assumption, o is surjective and the claim follows.
By the above claim it suffices to show Image(;*) N Image(gf,) = 0. We have the
exact sequence

Hy(X,A) —— KH,(U,A) —%— KH,(Y,A).

Let B € H;—1(U,A) and assume o = &f,(B) € KHy(U,A) lies in Image(j*). It im-
plies d(a) = defl(B) = 0. Since def, is injective by the assumption, this implies
B =0so that o« = 0. O

For integers ¢ > 1 and d > 0, consider the condition:

KC(g,d) KH,(X,A)=0forall X € Ob(.#) withdim(X) <dand0<a<gq.

Lemma 3.10. Tuke A = Qy/Z,. Fix integers d and g with d > q > 1, and assume
KC(q,d —1). For any log pair ® = (X,Y) with d = dim(X), there exists a log pair
@' = (X,Y') with Y C Y’ such that @' satisfies the condition (LG),.

Proof. 1t follows from Bertini’s theorem [1,27] that for any log pair @ = (X,Y)
with dim(X) = d, one can take Z C X, a smooth section of a sufficiently ample
line bundle on X, such that @ = (X,Y UZ) is an ample log pair so that it is clean
in degree ¢ for all ¢ < dim(X) by Theorem 3.6. Hence, it suffices to show that if
@ = (X,Y;U) is clean in degree ¢, then it satisfies the condition (LG),. We consider
the commutative diagram

g+1 5

Hy(U,A) —— KHy1(U,A) —2—  KHy(Y.A)

+1
lygj’l J/Y;

GHy11(®,A) ——— GHyp1($,A)

q+1

where 1 is an 1som0rphlsm by (13), and }/&‘q+1 =Yp AR

og;  issurjective by the as-

sumption. Moreover, 7@) isan isomorphism. Indeed we have the spectral sequence
(Mayer—Vietoris for homology of closed coverings):

El, =KH,(Y®,A) = KHy, 1 (Y,A) (cf. (8))

where we put E1 =0 for s <0, so that KC(g,d — 1) implies KH;(Y"),A) = 0 for
O<t<gands > 0. The assertion follows easily from this and (7). Now a diagram
chase shows that asg“ is surjective.
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Next we consider the commutative diagram

8‘1

H, 1(U,A) —Y— KH,(U,A) —%— KH, \(Y,A)

1
q q—1
| I

GH,(®,A) % GH,(®,A)

where 1 is injective by (13) and (14), and yel, = yd o &/, is injective by the assump-
tion. As before one can show by using KC(g,d — 1) that }/g_l is an isomorphism.
This shows d¢f, is injective and the proof is complete. a

Step 5: Gabber’s Theorem Enters to End the Proof

We fix a prime ¢ # char(F) and take A = Qy/Z,. We finish the proof of Theorem 2.5
by induction on d = dim(X) > 0. The case d = 0 is trivial. Assume d > 1 and
that KC(g,d — 1) holds for 1 < ¢ <d.Let X € Ob() with d = dim(X). Let o €
KH,(X,A). By recalling that

€l :Hy1(X,A) — KHy(X,A) =E, _|(X)
is an edge homomorphism and by looking at the differentials
d;,—l : E;,—I(X) - q rr— Z(X)

we conclude that there exists a closed subscheme W C X such that dim(W) < g —2,
and that putting U = X — W, the pullback oy € KHy(U,A) of a viaU — X lies in
the image of &7, namely there exists B € H,_1(U,A) such that o, = &/,(B). Take
m: X" — X as in Theorem 2.6 and put U’ = 7' (U) and Y’ = 7! (W),,y which
is a divisor with simple normal crossings on X’. By Lemma 3.10 there is a log pair
@ = (X',Y";V) with Y" C Y” which satisfies the condition (LG),,. Thanks to Step 3,
we have the commutative diagram

*

KHy(X,A) —5— KHy(X',A)

q\V,
Tsi’, TSZ, Te“ﬁ
HQ*I(UﬂA) = q— I(U A) e Q*l(vﬂA)

where j : V — U is the open immersion. Put o = n*(at) € KH,(X',A) and
B’ = n*(B) € Hy—1(U',A). Let oc‘v € KH,(V,A) (resp., [3"‘, € Hy_1(V,A)) be
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the pullback of o (resp., B') via V < X' (resp., V — U’). By the diagram, we
get o, = €y(B/,) € KHy(V,A). By Lemma 3.9, this implies o' = 0. Since the
composite

KHy(X,A) " KHy(X',A) = KH,(X,A)

is the multiplication of the degree of 7 which is prime to ¢, we get oo = 0. O

4 Applications

Let X be a smooth scheme over a field F and let
Hjy (X, Z(r)) = CH"(X,2r — q) = Ha, 4(Z'(X,®)) (g,r>0)

be the motivic cohomology of X defined as Bloch’s higher Chow group, where
7"(X,e) is Bloch’s cycle complex [4]. Recall that CH"(X,0) is the classical Chow
group CH"(X). A “folklore conjecture,” generalizing the analogous conjecture of
Bass on K-groups, is that in case F is finite, H},(X,Z(r)) should be finitely gener-
ated. Except the case of r = 1 or dim(X) = 1 (Quillen), the only known case is that
of HX(X,Z(d)) = CH?(X) = CHp(X), where d = dim(X). It is a consequence of
higher-dimensional class field theory [3, 8,22].

One way to approach the problem is to look at an étale cycle map constructed by
Geisser and Levine [12]:

7y . r . 2r—
Pxzuz © CH' (X, q:Z/nZ) — Hy ™" (X, Z/nZ(r)). (16)
Here,
CH'(X,q;7Z/nZ) = Hy (' (X, ®) @“Z/n7Z)

is the higher Chow group with finite coefficients which fits into an exact sequence
0—CH'(X,q)/n— CH (X,q;Z/nZ) — CH (X,q— 1)[n] — 0,
and Z/nZ(r) is the complex of étale sheaves on X:
Z/nZ(r) = " & Wy g [T,

where n = mp” and (p,m) = 1 with p = char(F) (cf. (1)). The same construction
has been carried out for a regular scheme X of finite type over a Dedekind domain
by Levine [25] (see also [11]), assuming that # is invertible on X.

We recall the following result due to Suslin—Voevodsky [32] and Geisser-
Levine [12].
Theorem 4.1. Let the assumption be as above (the case over a Dedekind domain
is included). Assume (BK);M forallt >0 (cf. Sect. 1). Then p;?Z/gnZ is an isomor-
phism for r < q and injective forr = q+ 1. '
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Now we turn our attention to py'%, Juz in case r > d := dim(X). We assume that X
is a regular scheme over either a finite field ' or a henselian discrete valuation ring
with finite residue field F. In case r > d it is easily shown (see [19, Lemma 6.2])
that p;?z /07 is an isomorphism assuming (BK)?(TZI. An interesting phenomenon

emerges for p,?, Jmg, With r=d. (BK)?'Z1 implies a long exact sequence (see [19,

Lemma 6.2]):
p}tfi,,%/é”Z

KH,2(X,Z,/0"7) — CHY (X, q; 2./ 0"Z.) HX (X, 2/ 0"Z(d))

d.g—1
Px z/mz.

— KHy1(X,Z/0"Z) — CHY(X,q — 1;Z/0"Z)
Hence Theorem 2.8 implies the following.

Theorem 4.2 (Kerz and Saito [24]). Let X be a regular projective scheme over
either a finite field F or a henselian discrete valuation ring with finite residue field
F. Let g > 0 be an integer and n > 0 be an integer prime to char(F) and assume
(BK)?:[2 Sor all primes ¢ dividing n. Let d = dim(X). Then

d, = 2d-
PGz + CH!(X,qiZ/nZ) — H' (X, Z/n(d)).

In particular, CH(X ,q;7./nZ) is finite.

The above theorem implies the following affirmative result on the finiteness con-
jecture on motivic cohomology.

Corollary 4.3. Let X be a quasiprojective scheme over either a finite field F or a
henselian discrete valuation ring with finite residue field F. Let n > 0 be an integer
prime to char(F) and assume (BK)QMfor all primes { dividing n and integerst > (.
Then CH' (X ,q;Z/nZ) is finite for all r > dim(X) and g > 0.

Proof. For simplicity, we only treat the case over a finite field . We may assume
n = ¢™ for a prime ¢ # char(F). We proceed by the induction on dim(X). First we
remark that the localization sequence for higher Chow groups implies that for a
dense open subscheme U C X, the finiteness of CH" (X, ¢;Z/nZ) for all r > dim(X)
and ¢ is equivalent to that of CH" (U, q; Z/nZ). Thus it suffices to show the assertion
for any smooth variety U over F. If U is an open subscheme of a smooth projective
variety X over F, the assertion holds for X by Theorem 4.2 and hence for U by
the above remark. In general Gabbers’s theorem 2.6 implies that there exist an open
subscheme V' of a smooth projective variety X over F, an open subscheme W of
U, and a finite étale morphism 7 : V — W of degree prime to £. We know that the
assertion holds for V so that it holds for W by a standard norm argument. This
completes the proof by the above remark. a

Finally, we note that the above corollary implies the following affirmative result
on the Bass conjecture. Let K/(X,Z/nZ) be Quillen’s higher K-groups with finite
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coefficients constructed from the category of coherent sheaves on X (which coincide
with the algebraic K-groups with finite coefficients constructed from the category
of vector bundles when X is regular).

Corollary 4.4. Under the assumption of Corollary 4.3, K!(X,Z/nZ) is finite for
i > dim(X) —2.

Proof. Theorem 4.1 implies that CH" (X, ¢;Z/nZ) is finite for r < g+ 1. Hence the
assertion follows from the Atiyah—Hirzebruch spectral sequence (see [25] for its
construction in the most general case):

Equ — Cqu/z(X’—p—q’Z/nZ) = K’_P_q(X,Z/nZ)

(Note that EJ"Y may be nonzero only if ¢ <0 and p+ ¢ < 0.) O
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Elliptic Curves and Iwasawa’s 1 = 0 Conjecture

R. Sujatha

To Parimala on the occasion of her 60th birthday

Summary The u-invariant is a fundamental invariant in Iwasawa theory and a
long-standing conjecture of Iwasawa asserts that it is zero for number fields. This
can be viewed as a statement on an arithmetic Iwasawa module associated to the
trivial motive. In this chapter, we discuss what the analogous conjecture should be
for elliptic curves.

1 Introduction

A fundamental problem in algebraic number theory concerns the study of the
absolute Galois group of the field Q of rational numbers. Class field theory partially
resolves this problem by explicitly describing the Galois groups of the maximal
abelian extension of any number field. The study of various representations of the
absolute Galois group of Q that occur naturally in arithmetic geometry affords an-
other approach in attacking this problem. In this note, we shall outline yet another
path, which has its origins in Iwasawa theory and describes the Galois groups of
certain infinite extensions of p-adic Lie extensions of a number field. This chapter
is largely expository in nature, with the exception of the last part of Sect.4, where
we give a different proof of Theorem 4.7 that fits with the approach in this paper
(see [17, Lemma 1] for a simpler proof). Here is how the paper is organized. We
start with a brief discussion of Iwasawa’s celebrated 4 = O conjecture, and show
how it may also be viewed as a conjecture for the trivial Tate motive. Thereafter, we
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explain how Iwasawa’s [t = 0 conjecture proves the freeness of certain pro-p Galois
groups of infinite p-adic Lie extensions of Q. We then proceed to describe the ana-
logue of this conjecture for the motive of an elliptic curve, whose formulation was
carried out in a joint work with J. Coates a few years ago (“Conjecture A” in [3]).
Finally, we discuss some recent results that prove Conjecture A in special cases.

Throughout, p will denote an odd prime and Z,, (resp., Q,), will denote the ring
of p-adic integers (resp., the field of p-adic numbers). Given any number field F', we
shall denote by F¥¢ the cyclotomic Z,-extension of F. Recall that an extension .Z’
of F is said to be a p-adic Lie extension if the Galois group Gal(.#/Q) is a p-adic
Lie group [12]. The cyclotomic extension F¢ is a basic example of a p-adic Lie
extension of F', and has been studied extensively for over a century, culminating in
Iwasawa’s seminal works [8,9]. For any finite set S of primes in a number field F, Fy
denotes the maximal extension of F unramified outside S. We shall always assume
that § contains the set S, of primes in F' that lie above p, and the archimedean
primes. Given a field L, the p-cohomological dimension of the field will be denoted
by cd,(L). If G is a profinite group, the Iwasawa algebra of G is denoted by A (G),
and we recall that it is defined as

A(G) =1limZ,[G/U],
U
where U runs over all open normal subgroups of G, with the inverse limit being
taken with respect to the natural surjections. For any number field F, we shall de-
note the Galois group Gal(F®¢/F) of the cyclotomic extension by I'. Given a dis-
crete module M over the Iwasawa algebra A (G), we denote its compact Pontryagin
dual by M". For any module M over the Iwasawa algebra A (G), M(p) denotes the
p-primary torsion submodule of M.

2 Iwasawa’s u = 0 Conjecture

In this section, we describe the celebrated ¢ = 0 conjecture of Iwasawa. To do this,
we first recall the structure theorem for finitely generated modules over the Iwasawa
algebra A (G), where G is any group isomorphic to Z,. In this case, there is an iso-
morphism of the Iwasawa algebra A (G) with the power series ring Z,[[T]] in one
variable, with the property that, if y is a fixed topological generator of G, the isomor-
phism maps the element y— 1 to T. If M and N are finitely generated A (G)-modules,
then M and N are said to be pseudoisomorphic if there is a A (G)-homomorphism
f:M — N with finite kernel and cokernel. The following structure theorem was
proved by Iwasawa and independently by Serre (cf. [1, Chap. VII, Sect. 4]):

Theorem 2.1. Let M be a finitely generated module over A(G). Then there is a
pseudoisomorphism

ridt— A Gr @ (&A@ ),
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where the p;s are prime ideals of height 1. Further, the set of prime ideals {p;} and
the set of integers {n;} are unique up to a bijection of the indexing set.

The integer r is called the rank of M. The importance of this theorem lies in
the fact that it enables us to define two key invariants for finitely generated torsion
A(G)-modules. Let M be a finitely generated torsion A (G)-module so that it has
rank zero. Write p; : (with 1 < j < k) for the set of prime ideals occurring in the
structure theorem such that p;; = p. Then the p-invariant of M is defined as

,U(M) = Znija

and the A-invariant of M is defined as
A(M) = Z,-rank of M /M(p),

where M(p) denotes the p-primary torsion submodule of M. Note that if (M) =0,
then M is a finitely generated Z,-module. Further, as the height 1 prime ideals of
A(G) are principal, the characteristic ideal of M denoted chg (M), and defined by

k
chg(M) == []p},
p

is a principal ideal. Any generator of chg (M) is called a characteristic power series
of M, which can be assumed to be a distinguished polynomial in Z,[[T]], thanks to
Weierstrass’ preparation theorem. The degree of the characteristic polynomial of M
is clearly the A-invariant. If M is an arbitrary finitely generated A (G)-module, then
we set [L(M) := [ (Miors) Where Mo is the A (G)-torsion submodule of M.

Let F be a number field and F¢ be the cyclotomic Z,-extension of F, with
I' = Gal(F®°/F) ~ Z,. We denote by F.. the maximal abelian p-extension of FY¢
which is unramified everywhere. In other words, F.. is the p-Hilbert class field of
F¢. Let X.. denote the Galois group Gal(F../ F¢). As X.. is abelian, it has a natural
structure of a I"'-module. Indeed, given an element ¥ in I" and an element x in X,
the action is defined by

yx=7yx7 ",

where 7 is any lift of y to Gal(F../F). It is easily checked that the action is inde-
pendent of the lift since X.. is abelian. Further, it is well known that any Z,-module
with a continuous I"-action has a natural structure as a compact Z, [[I']]-module and
thus X.. is a compact module over the Iwasawa algebra. The following theorem is
due to Iwasawa [9].

Theorem 2.2 (Iwasawa). X.. is a finitely generated torsion A(I")-module.

Iwasawa further conjectured that X.. is a finitely generated Z,-module, or equiv-
alently tt(X.) = 0. Ferrero and Washington [5] proved that the conjecture holds
when F/Q is an abelian extension. For F = Q, we have Q.. = Q%¢, and there
is a unique prime of Q% above p as p is totally ramified in Q9. As the ideal
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class group of Q is zero, we thus have that the group (X..)r of I'-coinvariants is
trivial, and hence X.. is itself zero. Sinnott [16] later gave a different proof of the
Ferrero-Washington theorem. It should be noted that Iwasawa gave examples of
noncyclotomic Z,-extensions of QQ whose p-Hilbert class fields have positive -
invariant [10].

We shall next consider other infinite extensions of F¢. Given a finite set S of
primes in F that contains S, and the archimedean primes, we recall that Fs denotes
the maximal extension of F that is unramified outside S. As the primes in S, are the
only nonarchimedean primes that ramify in F¢, we have Fg O F°.

Definition 2.3. Fs(p) is defined to be the maximal Galois extension of F in Fg such
that the Galois group Gal(Fs(p)/F) is pro-p.

Note that the profinite degree of Fg/Fs(p) is not necessarily prime to p. Also,
Fs(p) 2 F9° and Fs(p) has no Galois p-extensions of F in Fj, that is, the group
H'(Gal(Fs/Fs(p)),Z/p) is zero. For a group H, let H* denote the abelianization
of H.

Definition 2.4. F5(p)® is the Galois extension of F®° such that Gal(Fs(p)® /F<¢)
equals (Gal(Fs(p)/F®¢))™. We denote its Galois group by X;.

Again, as Xg is abelian, we see that it has a structure of a A (I")-module, and the
following theorem was proved by Iwasawa [9].

Theorem 2.5 (Iwasawa). Xy is a finitely generated A (I")-module of rank ry(F), the
number of complex embeddings of F. Further, 1(Xs) = U(Xw).

3 Free Pro-p Groups and Iwasawa’s 1 = 0 Conjecture

Recall that a free pro-p group & over a set T is a pro-p group &, along with a
map i : T — & satisfying the following properties: (1) every open subgroup of &
contains all but a finite number of elements of i(T), and (2) if j: T — & is any
other map with the property (1) into a pro-p group &, then there exists a unique
homomorphism f : & — & such that j = foi.

For any group G, let cd,,(G) denote the p-cohomological dimension of G. Recall
that cd,(G) = n if the cohomology groups H*(G, M) are trivial for all k > n+ 1, and
all p-primary torsion modules M. In particular, if G is a pro-p group, then cd,(G) =
n if and only if H*(G,M) = 0 for all k > n, and M any discrete p-primary torsion
G-module. The following theorem (see [15]) characterizes free pro-p groups.

Theorem 3.1. A pro-p group & is free if and only if cd, (&) = 1.

We return to the number field F. The Weak Leopoldt Conjecture for FY¢ is the

assertion
H?(Gal(Fs/F°),Qp/Zy) = 0. 32)
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This is equivalent to the assertion that H,(Gal(Fs/F¢),Z,) = 0, where H; de-
notes group homology. Viewing Z, as the trivial Tate motive, the Weak Leopoldt
Conjecture is thus a statement on the vanishing of the second cohomology group
associated to the Pontryagin dual of the trivial Tate motive. Iwasawa proved that the
Weak Leopoldt Conjecture for F¥¢ holds in general for any number field F. How-
ever, the corresponding vanishing remains unknown for other Z,-extensions of F.
With notation as before, we have the following theorem.

Theorem 3.3. The Galois group Gs ,(F9°) := Gal(Fs(p)/F) is a free pro-p
group if and only if u(Xs) = 0 (equivalently, if 1 (X.) = 0).

Proof. By Theorem 2.5, it suffices to consider the A (I")-module Xs. Consider the
long exact Galois cohomology sequence associated with

0—Z/p—Qp/Zp— Qp/Zp— 0.

Suppose that Gs ,(F¥¢) is a free pro-p group. Then by Theorem 3.1, we have
cd,(Gs ,(F¢)) is 1 and hence H?(Gs ,(F®°),Z/p) = 0. Taking Pontryagin du-
als of the long exact sequence, along with the vanishing result of the Weak Leopoldt
Conjecture (3.2), we see that

p-primary torsion of H' (Gs,p(F%°),Qp/Zy))" = 0. (34

But this implies that Gs ,(F®°)® has no nontrivial p-torsion, and hence clearly
W(Xg) = 0. For the converse, we need to use one additional fact from Iwasawa
theory, namely that the Pontryagin dual (H'(Gs ,(F%°),Q,/Zp))" has no fi-
nite nonzero A (I")-submodule [9]. Suppose now that (Xg) = 0. By the structure
theorem for finitely generated A (I")-modules, it follows that the p-torsion of the
Pontryagin dual is finite, and further, by the above remark, it is in fact trivial.
We therefore have H?(Gs ,(F¥°),Z/p) = 0. But the cohomological dimension of
Gs,p(F9°) is at most 2, as it is a closed subgroup of Gal(Fs/F) which has cohomo-
logical dimension 2 [15]. The conclusion now follows from Theorem 3.1. O

4 An Analogue for Elliptic Curves

The next simplest motive after the trivial Tate motive is the motive associated with
an elliptic curve. Guided by the philosophy that results for the Tate motive have
elliptic curve analogues, one seeks the corresponding results for elliptic curves of
the material in the previous section. Let E be an elliptic curve over the number field
F and as before, let p be an odd prime. We take S to be the finite set consisting
of primes S, in F that lie above p, the archimedean primes, and the primes of bad
reduction for the elliptic curve. Put Gy = Gal(F /F) for the absolute Galois group

of F. Let
Ep = |JEp,

n>0
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where En := E,» (F) is the discrete Gp-module of p”-torsion points on E(F). The
Tate module of E, denoted 7, (E), is defined by

T,(E) = lim Epn,

and V,(E) = T,(E) ® Qp, is the corresponding two-dimensional Q,-vector space
with a continuous action of Gr. For the purposes of this chapter, we shall choose
to be simple minded and consider the Gr-module V,(E) as the “dual of the Tate
motive of the elliptic curve E.” We first discuss the analogous A (I")-modules in this
context.

As before, let F., denote the p-Hilbert class field of F¥¢ and X.. the Galois group
Gal(F../F9°). At a first glance, classical Iwasawa theory for elliptic curves suggests
that the corresponding A (I")-module in this context is the Pontryagin dual of the
Selmer group over the cyclotomic extension. Recall that for a finite Galois extension
L of F, the Selmer group S(E/L) of E over L is a discrete Gal(L/F )-module and is
defined as

S(E/L) = Ker (H'(Gal(Fs/L),Ep=)) — @yesh(E/L)), 4.1)

where
J(E/L) = @, H' (Gal(L,/Ly),E)(p).

The Selmer group of E over F¥¢ is defined as the direct limit of S(E/L) as L varies
over finite extensions of F in F¢. Its Pontryagin dual is denoted by X(E/F%°)
and is well known to be a finitely generated module over A (I"). It is a deep con-
jecture due to Mazur that if £ has good ordinary reduction at the primes above p,
X(E/F°) is a torsion A(I")-module and there are plenty of numerical examples
known where this conjecture holds. With this knowledge, one is naturally led to
wonder if X(E/F%°) is a finitely generated Z,-module, which would be the ana-
logue of Iwasawa’s 1t = 0 conjecture. However, Mazur already gave examples where
this is not true, and the fact that the y-invariant of X(E/F°) is not zero causes end-
less technical difficulties in Iwasawa theory! An explicit example is the elliptic curve
E/Q of conductor 11, defined by

E:y’+y=x—x*—10x—20.

For the prime p =5, it is known that X(E/Q%°) is not a finitely generated Z,-
module. One is thus naturally led to speculate on the common ground in this context
for the trivial Tate motive and the motive of an elliptic curve.

Definition 4.2. The fine Selmer group for E over a finite extension L of F', denoted
R(E/L) is defined by

R(E/L) = Ker (H'(Gal(Fs/L),Ey~) — @vesK} (L)),

where
K} (E/L) = &,,), H' (Gal(Ly/Ly), Ep=).
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The fine Selmer group of E over F¥¢, denoted R(E /F<°) is defined to be the direct
limit of R(E /L) as L varies over finite extensions of F in F<¢.

The fine Selmer group R(E/F¢) is a discrete finitely generated module over the
Iwasawa algebra A (I'), and its compact Pontryagin dual is denoted by Q) (E /F<¢).
This latter module is clearly a quotient of X(E/FY¢). The Weak Leopoldt Conjec-
ture for elliptic curves in this context is the assertion that

H*(Gal(Fs/FY¢),E~) = 0. 4.3)

This conjecture is still open and is known to be true, for instance, if F = Q and
E(Q) has Mordell-Weil rank at most 1. A deep result of Kato [11] proves (4.3) for
all but a finite number of primes p for every elliptic curve E over Q. If (4.3) holds,
then one can show (see [3, Lemma 3.1]) that 9 (E /F<¢) is a torsion A (I")-module.
We formulated the following Conjecture jointly with Coates [3].

Conjecture 4.4 (Coates—Sujatha). Q) (E/F9°) is a finitely generated 7 ,-module.

We believe that Y (E/F°) is the analogue of X.. in this context, and that the
above conjecture is the right analogue of Iwasawa’s (1 = 0 conjecture for the motive
of an elliptic curve. In fact, the Galois group X.. has a natural quotient X/, which
is the Galois group of the maximal abelian p-extension of F¥¢ that is unramified
everywhere, and in which all primes above p split completely. Note that all other
primes which do not lie above p automatically split in any unramified p-extension.
Iwasawa showed that t (X..) = u(X.). Let F(E,~) denote the Galois extension of F
obtained by attaching to F the coordinates of all p-primary torsion points of E(F).
The following result is proved in [3, Theorem 3.4].

Theorem 4.5. Let p be an odd prime number such that the extension F(Ep=)/F is
pro-p. Then Conjecture 4.4 holds for E over F° if and only if the Iwasawa [t =0
conjecture holds for FY°,

Thus, if Iwasawa’s t = 0 conjecture were known to be true for all number fields,
then Conjecture 4.4 would follow. In general however, Conjecture 4.4 turns out to
be rather delicate to prove. This is to be expected, given its close relationship to
Iwasawa’s 1 = 0 conjecture. Analogous to the case of the Tate motive, one can
establish the following result, which was independently noticed by Greenberg [7].

Proposition 4.6. Assume (4.3) holds. Then Conjecture 4.4 is equivalent to the as-
sertion that Hz(Gal(FS/FCYC),EP) =0.

Proof. We only give a sketch of the proof. Consider the A (I")-modules

2Ty (E)[F*) = lim H(Gal(Fs/F'), T, (E))
F/

and
gz(Ep/Fcyc) = @Hz(Gal(FS/F/),Ep),
F/
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where the inverse limit is taken with respect to the natural corestriction maps over
all finite extensions F’ of F contained in F®°. It can be shown (see [3]) that the
modules 2%(E,/F®°) and (H*(Gal(Fs/F%°),E,))" have the same p-invariant.
Hence, the vanishing of H?(Gal(Fs/F%¢),E,) is equivalent to the assertion that
Z2(E,/F9°) is finite. On the other hand, if (4.3) holds, then it can be shown [3]
that 2 2(T E/F%°) is A(I'")-torsion. Combining this with the fact that

LHT,E[F¥)[p = Z*(E,/F¥°),

and that the latter has p-invariant zero if it is finite, it is easily seen that the finiteness
of 22(E,/F°) is equivalent to the assertion that 2°%(T,E /F®¢) is a finitely gener-
ated Z,-module. To complete the proof, we only need to remark that 2°(T,E / F°¥°)
and Q) (E /F®°) differ by finitely generated Z,-modules, a fact that can be deduced
from the Poitou—Tate exact sequence. O

A natural question that arises is whether Conjecture 4.4 is isogeny invariant.
Though we have been unable to establish this in full generality, we shall prove the
following theorem.

Theorem 4.7. Let E /Q be an elliptic curve with a rational p-isogeny over Q. Then
Conjecture 4.4 holds for E | F<Y¢.

Proof. Let W denote the kernel of the isogeny. Put F = Q(u,, W) for the abelian
extension of Q defined as the composite of Q(1,) and the trivializing extension of
W. Also let F1 = Q(E,). It is easy to check that the hypothesis implies that Fy /F is
a Galois p-extension. Further, as F /Q is abelian, Iwasawa’s (L = 0 conjecture holds
for the Galois group of F../FY°, where F., is the maximal abelian p-extension of
F¢ unramified everywhere. Let Fs , denote the maximal pro-p quotient of Qg/F.
By Theorem 3.3, the Galois group Gal(Fs(p)/F<°) is free pro-p. Hence, the sub-
group Gal(Fs(p)/F,°°) is also free pro-p. By Theorem 3.1, we deduce that the
cohomology groups H?(Gal(Qs/F,*),E,) and H?(Gal(Qg/F%°),E,) are trivial.
Let A be the Galois group of F/Q; it can also be identified with the Galois group
F&¢/Q%¢, Note that A has order dividing (p — 1)? and is hence prime to p. From
the Hochschild—Serre spectral sequence

HP(A,HY(Gal(Fs(p)/F¥°), Ep)) = H"(Gal(Qs(p)/QV°), Ep),

it immediately follows that H?(Gal(Qs(p)/Q%°),E,) = 0. To finish the proof of
the theorem, we need to prove that H*(Gal(Qs/Q%¢),E,) = 0, by Proposition 4.6.
To this end, consider the Hochschild—Serre spectral sequence

HP(Gal(Fs(p)/Q%*), H(Gal(Qs/Fs(p)), Ep)) = H" (Gal(Qs/QY), Ep).

The module E,, is trivialized over Fs(p) as the field F; is contained in Fs(p) by our
hypothesis. Thus H'(Gal(Qs/Fs(p)),E, ) ~ H'(Gal(Qs/Fs(p)),Z/p) = 0, by the
definition of Fs(p). Further, H?(Gal(Qs/Fs(p)),E,) ~ H*(Gal(Qs/Fs(p)),Z/p ®
Z/p) = 0 (see [15]). Finally, since cd,(Gal(Fs(p)/F°) = 2, we conclude from the
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above Hochschild-Serre spectral sequence that H?(Gal(Qs/Q%°),E,) = 0 and this
completes the proof of the theorem. O

We end this chapter with a few other observations. It is entirely pertinent to
wonder about the analogue of Conjecture A for elliptic curves over a general Z-
extension. In other words, suppose that E is an elliptic curve over a number field F
and that F. is an arbitrary Z,-extension of F. As before, let S be the finite set of
primes containing the primes in F that lie above p, and the primes of bad reduction
for E. Let Y (E / F..) denote the dual of the fine Selmer group considered as a module
over A(G) where G = Gal(F../F) ~Z,. Assuming that ) (E /F..) is a A (G)-torsion
module, when is Y (E/F.) a finitely generated Z,-module?

Let E be an elliptic curve with complex multiplication by an imaginary quadratic
field K of class number 1. Assume that E is defined over K and that the odd prime p
splits into prime p = pp* in the ring of integers Ok of K. Let K(Ey») denote the field
extension of K obtained by adjoining all the p”-division points of E and consider
the infinite Galois extension

K. :=K(Ep-) = | J K(Epn).

n>0

Then K(Ep~) is Z,-extension of K(Ey) and we write G = Gal(K(Ep-)/K) for the
corresponding Galois group and A (G) for the associated Iwasawa algebra. Let X..
be the maximal abelian p-extension of K. that is unramified outside of the set of
primes above p. It is known [ 13] that X.. is a finitely generated torsion A (G)-module.
Let S*(E/K.) (resp., R*(E/K.)) denote the p-Selmer group (resp., p-fine Selmer
group) of E over K... To be precise, these modules are defined by taking p instead
of p in (4.1) and Definition 4.2, respectively. Let X? (E/K.) and 9* (E/K-.) be the
respective compact duals of the Selmer group and the fine Selmer group. We then
have [13]
SP(E/Kw) = Hom(Xeo, Ep=),

and hence it follows that X?(E/K.) and 9P (E/K.) are both finitely generated
A (G)-torsion modules. It was shown by Gillard [6] and Schneps [14] independently
that X.. has p-invariant zero. We denote by Ky the maximal extension of K that is
unramified outside the primes of S. Let Gs ,(K..) denote the maximal pro-p quotient
of the Galois group Gal(Ks/K..). By a result of Perrin-Riou [13], it is known that
the Weak Leopoldt Conjecture holds for K., and the Galois modules Ep~ and E~;
in other words that

H*(Gal(Ks/K..),Ep=) =0 and H?(Gal(Ks/Kw),Ep~)=0.  (4.8)

Arguing as in Sect. 3 (cf. Theorem 3.3), it then follows that Gs ,(K..) is free and
hence has p-cohomological dimension at most 1. Further, using the Hochschild—
Serre spectral sequence as in the proof of Theorem 4.7, one then sees that

H?*(Gal(Ks/Kw),Ep) =0 and H*(Gal(Ks/K),E,) = 0.
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It seems difficult to directly deduce Conjecture A for K¢ or F¢, where F = K(Ey )
by these methods. In [2], the following stronger conjecture was put forth (see
also [4]).

Conjecture 4.9. Let K be an imaginary quadratic field and let E be an elliptic
curve defined over K such that Endg (E) ® Q is isomorphic to K. Let p be an odd
prime which splits in K, and such that E has good reduction at both primes of K
above p. Then the dual Selmer group of E over K% is a finitely generated 7Z,-
module. In particular, if E is defined over Q, the dual Selmer group of E over Q¢
is a finitely generated Z,-module.

In this case, let F = K(E,) and F.. = K(E,~), and put H = Gal(F../F9¢). All
we know at present is that the dual Selmer group of E over F.. is a finitely gener-
ated A (H)-module if and only if the dual Selmer group of E over F¥¢ is a finitely
generated Z,-module.

Acknowledgements It is a pleasure to acknowledge the hospitality provided by Postech
University, Pohang, Korea, while this work was under preparation. We would also like to warmly
thank YoungJu Choie for making the visit memorable, and John Coates for helpful discussions
and comments on this chapter.

References

1. N. BOURBAKI, Elements of Mathematics, Commutative Algebra, Chaps. -7, Springer,
Berlin (1989)
2. J. COATES, T. FUKAYA, K. KATO, R. SUJATHA, O. VENJAKOB, The GL, main conjecture
for elliptic curves without complex multiplication, Pub. Math. IHES 101 (2005), 163-208
3. J. COATES, R. SUJATHA, Fine Selmer groups of elliptic curves over p-adic Lie extensions,
Math. Ann. 331 (2005), 809-839
, On the My (G)-conjecture for elliptic curves (in preparation)
5. B. FERRERO, L. WASHINGTON, The Iwasawa invariant [, vanishes for abelian number
fields, Ann. Math. 109 (1979), 377-395
6. R. GILLARD, Transformation de Mellin-Leopoldt des fonctions elliptiques, J. Number Theory
25 (1987), 379-393
7. R. GREENBERG, Iwasawa Theory, Projective Modules, and Modular Representations, Mem.
AMS (in press)
8. K. IWASAWA, On the theory of cyclotomic fields, J. Math. Soc. Jpn. 20 (1964), 42-82
, On Z;-extensions of algebraic number fields, Ann. Math. 98 (1973), 246-326
, On the U-invariants of Z-extensions, Number theory, algebraic geometry and com-
mutative algebra, in honor of Yasuo Akizuki, Kinokuniya, Tokyo (1973), 1-11
11. K. KATO, p-adic Hodge theory and values of zeta functions of modular forms. Cohomologies
p-adiques et applications arithmétiques III, Astérisque 295 (2004), 117-290
12. M. LAZARD, Groupes analytiques p-adiques, Pub. Math. IHES 26 (1965), 389-603
13. B. PERRIN-RIOU, Arithmétique des courbes elliptiques et théorie d’Iwasawa, Mém. Soc.
Math. France (N.S.) 17 (1984)
14. L. SCHNEPS, On the l-invariant of p-adic L-functions attached to elliptic curves with com-
plex multiplication, J. Number Theory 25 (1987), 20-33
15. J.-P. SERRE, Cohomologie Galoisienne, 5th edition. Lecture Notes in Mathematics, Vol. 5.
Springer, Berlin (1994)




Elliptic Curves and Iwasawa’s u = 0 Conjecture 135

16. W. SINNOTT, On the u-invariant of the I -transform of a rational function, Invent. Math. 75
(1984), 273-282

17. C. WUTHRICH, Extending Kato’s result to curves with p-isogenies, Math. Res. Lett. 13
(2006), 713-718



Cohomological Invariants of Central Simple
Algebras with Involution

Jean-Pierre Tignol

To Parimala, with gratitude and admiration

Summary This survey reviews the various invariants with values in Galois
cohomology groups that have been defined for involutions on central simple al-
gebras following the model of the discriminant, Clifford invariant, and Arason
invariant of quadratic forms. From the orthogonal case to the unitary case to the
symplectic case, the degree of the invariants increases but their properties are
similar.
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University of Hyderabad. The purpose was to survey the cohomological invariants
that have been defined for various types of involutions on central simple algebras
on the model of quadratic form invariants. I seized the occasion to make explicit
some of the classification or structure results that may be expected from future in-
variants, and to compile a fairly extensive list of references. As this list makes clear,
Parimala’s contributions to the subject are all-pervasive.

Throughout these notes, F' denotes a field of characteristic different from 2 and
F; a separable closure of F. We identify u, := {£1} with Z/27Z. For any integer
n >0, we let H"(F) be the Galois cohomology group:

H"(F):= H"(Gal(Fs/F),Z/27).
The Kummer exact sequence
| —FX S F—1

and Hilbert’s Theorem 90 yield identifications H'(F) = F*/F*? and H?*(F) =
2Br(F), the 2-torsion subgroup of the Brauer group of F. For a € F*, we let
(a) € H'(F) denote the cohomology class given by the square class aF *%. We use
the notation - for the cup product in the cohomology ring H*(F'), so fora, b € F* the
Brauer class of the quaternion algebra (a,b)r is (a) - (b).

1 Introduction: Classification of Quadratic Forms

Various invariants are classically defined to determine whether quadratic forms over
an arbitrary field F' are isometric. The first invariant is of course the dimension. To
obtain an invariant that vanishes on hyperbolic forms, one considers the dimension
modulo 2:

eo(q) =dimg (mod 2) € Z/27Z.

The next invariant is the discriminant: for g a quadratic form of dimension n, we set
er(q) = (=1)"""V2detg € F*JF*2.

Thus, e; is well defined on the Witt group WF’; but it is a group homomorphism
only when restricted to the ideal IF of even-dimensional forms, which is the kernel
of €q.

In his foundational paper, Witt defined as a further invariant the Brauer class of
the Clifford or even Clifford algebra (depending on which is central simple over F'):

_ )[C(q)] €2Br(F) ifdimgiseven,
20 =Y 160(@)] €2Br(F) it dimg s odd.
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The map e; is well defined on WF but it is a group homomorphism only on the
square' I’F of IF, which is the kernel of ;.
Note that the “classical” invariants above take their values in cohomology groups:

7)2Z.=H(F), F*/F*>=H'(F), ,Br(F)=H?*(F).

They were vastly generalized during the last quarter of the twentieth century: see
Pfister’s survey [42] for an account of the historical development of the subject.
After Voevodsky’s proof of the Milnor conjecture and additional work of Orlov—
Vishik—Voevodsky, we have surjective homomorphisms

ey: I"F — H"(F) foralln>0
defined on n-fold Pfister forms ({ay,...,a,)) := (1,—a1) ® ---® (1,—ay,) by

en((ar,...,an))) = (a1) -+ - (an).
These homomorphisms satisfy
kere, = I""'F  foralln > 0.

On the other hand, the Arason—Pfister Hauptsatz [13, Theorem 23.7] states that the
dimension of any anisotropic quadratic form g representing a nonzero element in
I"F satisfies dimg > 2", hence (), I"F = {0}. Therefore, the problem of deciding
whether two quadratic forms ¢; and g, over F' are isometric can in principle be
solved by computing cohomology classes: indeed, ¢; and g, are isometric if and
only if dimg; = dimg; and g; — ¢» is hyperbolic, and the latter condition can be
checked by computing successively” eg(q1 —q2),e1(q1 —q2),e2(q1 —g2), ..., which
should all vanish. In view of the Arason—Pfister Hauptsatz, it actually suffices to
check that e4(q; — g2) = 0 for all d > 0 with 2¢ < dimg; + dimgs.

This remarkably complete classification result is a model that we want to emu-
late for other algebraic objects. The problem can be formalized as follows: we are
given a base field F and a functor 2 : Fieldsp — Sets from the category of fields
containing F', where the morphisms are F-algebra homomorphisms, to the category
of sets. Typically, 2(K) is the set of K-isomorphism classes of some objects (like
quadratic forms) that allow scalar extension. An invariant of 21 with values in a
functor §): Fieldsp — Sets is a natural transformation of functors:

e: A — 9.

Typically, $ is in fact a functor to the category of abelian groups. If it is a Galois co-
homology functor $(K) = H?(K, M) for some discrete Galois module M, the invari-
ant is called a cohomological invariant of degree d. For examples and background
information, we refer to Serre’s contribution to the monograph [17]. In particular,

! For any integer n > 2, we let I'F = (IF)".
2 For d > 3, the element e;(g; — g2 ) is defined only if ey (g1 — g2) = 0.



140 J.-P. Tignol

cohomological invariants of quadratic forms are determined in [17, Sect. 17]: they
are generated by the so-called Stiefel-Whitney invariants. (The invariants e; and e;
above can be computed in terms of Stiefel-Whitney classes, but not e; for i > 3,
see [32, pp. 135, 367].)

In the present notes, we consider the case where 2((F) is the set of isomorphism
classes of central simple F'-algebras with involution, as explained in the next sec-
tion. Our aim is not to describe the collection of all cohomological invariants of 2,
but rather to define a sequence of invariants ej, ey, ..., each of which is defined on
the subfunctor of 2{ on which the preceding invariant vanishes, just as in the case of
quadratic forms. Invariants of degree 2 are essentially Brauer classes of the Tits al-
gebras that arise in the representation theory of linear algebraic groups [53]. Indeed,
central simple algebras with involution define torsors under adjoint classical groups
(see Sect. 2), and our approach via central isogenies owes much to Tits’s discussion
of what he calls the B-invariant in [53, 54].

From the Bayer-Fluckiger—Parimala proof of Serre’s conjecture II for classical
groups [2], it follows that the invariants of degree 1 and 2 are sufficient to classify
involutions over a field of cohomological dimension 1 or 2. We shall not address
this topic here, and refer to [8, 35] for this classification. Below, we aim at classifi-
cation results of a different kind, restricting the dimension of the algebra rather than
the cohomological dimension of the center (see Theorem 3.1 for a paradigmatic
case).

2 From Quadratic Forms to Involutions

In these notes, an involution on a ring is an antiautomorphism of order 2. The in-
volution is said to be of the first kind if its restriction to the center is the identity;
otherwise, this restriction is an automorphism of order 2 and the involution is said
to be of the second kind.

Every quadratic form g on an F-vector space V defines an involution ad, on the
endomorphism algebra Endr V, as follows: letting b denote the bilinear polar form
of g, the adjoint involution ad, : EndrV — EndrV is uniquely determined by the
property that

b(x,f(y)) =b(ady(f)(x),y) forallx,y€V and f € EndpV.

Note that the involution is really adjoint to the bilinear form, not to the quadratic
form, hence we also use the notation ad, for ad,. Since every F-automorphism of
EndrV is inner, it is easy to check that every F-linear involution on EndgV is
adjoint to a nonsingular bilinear form that is either symmetric or skew-symmetric.
There are therefore two types of involutions of the first kind on Endr V, which can be
distinguished by the dimension of their space of symmetric elements: the orthogonal
involutions are adjoint to quadratic forms (or symmetric bilinear forms) and the sym-
plectic involutions are adjoint to skew-symmetric bilinear forms. The involutions
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actually determine up to a scalar factor the form to which they are adjoint, so
mapping each nonsingular symmetric or skew-symmetric form b to the adjoint in-
volution ad;, defines bijections:

nonsingular symmetric
bilinear forms on V up| «—
to a scalar factor

orthogonal involutions
on EndgV

and

nonsingular skew-symmetric
bilinear forms on V up to a| <«—
scalar factor

symplectic involutions
on EndpV

Central simple F-algebras are twisted forms (in the sense of Galois cohomology)
of endomorphism algebras; therefore, one may also distinguish two types of invo-
lutions of the first kind on a central simple F-algebra A: an involution 0: A — A is
called orthogonal (resp., symplectic) if for any splitting field K and under any K-
isomorphism A ®r K ~ Endg V, the involution ¢ ® Idg obtained by scalar extension
is adjoint to a nonsingular symmetric (resp., skew-symmetric) bilinear form. Note
that symplectic involutions exist only on central simple algebras of even degree,
since every skew-symmetric bilinear form on an odd-dimensional vector space is
singular.

Involutions on a central simple algebra can also be obtained by adjunction, as in
the split case: if we fix a representation A = Endp V, where D is a central division
F-algebra Brauer equivalent to A and V is a (right) D-vector space, and choose an
involution of the first kind 8 on D, then every involution of the first kind on A is
adjoint to a nonsingular hermitian or skew-hermitian form on V with respect to 0,
and this hermitian form is uniquely determined up to a factor in F*.

The correspondence between involutions of the first kind and bilinear forms can
also be described in terms of the corresponding automorphism groups. Recall that
the orthogonal group O, is the group of isometries of the standard form (1,...,1)
of dimension 7:

O,(F) = Aut({1,...,1)).

Let H'(F,0,) denote the nonabelian Galois cohomology set:
H'(F,0,) = H' (Gal(F,/F),0,(F)).

The usual technique of nonabelian Galois cohomology (see [49, Chap.III, Sect. 1]
or [29, (29.28)]) yields a canonical bijection:

isometry classes of quadratic

H'(F,0,). 2.1
forms of dimension n over F' - (F,0) (2.1)

This bijection maps the isometry class of the standard form to the distinguished
element in H!(F,0,).
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The transpose involution t on M, (F) = Endr F" is adjoint to the standard form;
its automorphism group consists of the inner automorphisms Int(g) such that

Int(g) ot =rolnt(g).

This condition amounts to Int(g'g) = Idy, hence to g'g € F*; it defines the group
GO, (F) of similitudes of the standard form:

GO, (F)={g€GL,(F)|g'gc F*}.

The automorphisms of the transpose involution are the Int(g) with g € GO, (F),
hence
Aut(t) = PGO,(F) := GO, (F)/F*.

Again, Galois cohomology yields a bijection (see [29, Sect. 29.F]):

isomorphism classes of orthogonal
involutions on central simple alge-| «— H'(F,PGO,). (2.2)
bras of degree n

Under this bijection, the isomorphism class of the transpose involution corre-
sponds to the distinguished element of H'!(F,PGO,,). The canonical map O, (F;) —
PGO, (F;) yields a map H' (F,0,) — H'(F,PGO,). Under the bijections (2.1) and
(2.2), this map carries the isometry class of any quadratic form g of dimension #n to
the isomorphism class of the adjoint involution ad, on the split algebra of degree n.

In view of the close relationship between quadratic forms and (orthogonal) invo-
lutions, it may be expected that invariants for quadratic forms have counterparts for
involutions. There is, however, a significant difference to keep in mind: in contrast
with quadratic forms, there is no3 direct sum of involutions. Therefore, the problem
of deciding whether two involutions are isomorphic cannot be readily reduced to the
problem of deciding whether an involution is hyperbolic (i.e., adjoint to a hyperbolic
hermitian or skew-hermitian form).

In the next sections, we successively discuss orthogonal involutions, involutions
of the second kind (also called unitary involutions), and symplectic involutions. In
each case, some invariants with striking common features are defined.

3 Orthogonal Involutions

Any involution of the first kind on a central simple algebra A defines an isomorphism
between A and its opposite algebra, hence 2[A] = 0 in the Brauer group. Therefore, A
is split if its degree is odd, and in this case every involution is orthogonal and adjoint
to a quadratic form g. Upon scaling, g can be assumed to have trivial discriminant;
it is then uniquely determined. (These observations also follow from the equality

3 More exactly, direct sums of involutions are defined only with some additional data (see [11]).
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PGO,, = O, for n odd.) Thus, the case of involutions on central simple algebras of
odd degree immediately reduces to the case of quadratic forms; we shall not discuss
it further.

In this section, we consider orthogonal involutions on central simple algebras
of even degree. We first review in Sects. 3.1 and 3.2 the cases where the algebra
has Schur index 1 or 2. A collection of invariants e; can then be defined for all i.
In the following sections, we successively discuss invariants e, e, and e3 without
restriction on the index of the algebra.

3.1 The Split Case

Just as for involutions on central simple algebras of odd degree, the case of orthog-
onal involutions on split central simple algebras of even degree reduces to the case
of quadratic forms. Note that if g € I9F for some d > 1, then for any A € F* we
have

g=Agmod I“M'F,

hence e;(q) = e;s(Aq). Since e; only depends on the similarity class of ¢, we may
consider it as attached to the isomorphism class of the adjoint involution and set

eq(ady) :=ey(q) forq e IF.

We thus have a collection of invariants (e4)s>; of orthogonal involutions on split
central simple algebras of even degree. For a given involution o, the invariant e, (o)
is defined if and only if all the previous invariants e;(0),...,e;s_1(0) are defined
and vanish.

The following theorem easily follows from corresponding results for quadratic
forms. It provides us with a benchmark against which to compare the invariants we
aim to define in the nonsplit case.

Theorem 3.1. Let ¢ be an orthogonal involution on a split central simple algebra

A of even degree. Let also d be an arbitrary integer, d > 1.

Hyperbolicity:  IfdegA <2971, we have e;(6) =0 foralli=1,...,d if and only
if o is hyperbolic.

Decomposition:  If degA = 2471, we have e;(6) =0 for all i = 1,....d if and
only if (A,0) decomposes into a tensor product of quaternion
algebras with involution:

(A,0) = (Q1,01) ®F - ®F (Qd+1,04+1)-

Classification:  If degA = 29, orthogonal involutions on A with e; = 0 for i =
1,...,d — 1 are classified by their e;-invariant.

Proof. Let ¢ = ady, hence dimg = degA. We have ¢;(c) =0 for i = 1,....d
if and only if ¢ € I“F'F, hence the hyperbolicity criterion readily follows from
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the Arason—Pfister Hauptsatz. If degA = 2¢%! and e;(c) =0 for i = 1,...,d,
then ¢ is a multiple of a (d + 1)-fold Pfister form (see [32, Theorem X.5.6]).
If (Vi,q1),-..,(Var1,94+1) are two-dimensional quadratic spaces such that g ~
91 ® - @gg+1, then

(A,0) ~ (Endr Vi,ady, ) ®F - @F (Endr Vgy1,adg,, ).

The right-hand side is a tensor product of (split) quaternion algebras with (orthogo-
nal) involution. Conversely, if (A, ¢) is a tensor product of quaternion algebras with
involution, the solution of the Pfister factor conjecture by Becher [5] shows that ¢ is
a multiple of some (d + 1)-fold Pfister form, hence e;(¢) =0 fori=1,...,d.

Now, suppose degA = 2% and ¢ = ady, 0’ = ad, are orthogonal involutions on
A with ¢;(0) = ej(0”) fori=1,...,d — 1, thatis, g, ¢ € IYF. Let A € F* (resp.,
A" € F*) be a represented value of ¢ (resp., ¢'). As observed at the beginning of this
section, we have

eq(0) =eq(q) =es(Aq) and e4(0") =eq(q) =ea(A'q).

If e4(0) = ey(0’), then Ag — A'q’ € I“T'F. But since Aq and A'q’ both represent 1,
the dimension of the anisotropic kernel of A g — A’¢’ is bounded as follows:

dim(Ag — A'q )an < 2degA —2 < 2471

By the Arason-Pfister Hauptsatz it follows that Ag ~ A’¢’, hence ¢ and ¢’ are
isomorphic. O

Remark 3.2. A result of Jacobson [24, Theorem 3.12] (see also [37]) on quadratic
forms of dimension 6 with trivial discriminant also shows that orthogonal involu-
tions with e; = 0 on a split central simple algebra of degree 6 are classified by their
ep-invariant (see also Theorem 3.10). As pointed out by Becher, the classification
result in Theorem 3.1 may hold under much less stringent conditions on degA; it
might be interesting to determine exactly in which degrees orthogonal involutions
withe; =0fori=1,...,d — 1 are classified by their e;-invariant.

3.2 The Case of Index 2

In this section, we assume that the Schur index indA is 2, that is, A is Brauer equiv-
alent to some quaternion division F-algebra Q. Then A can be represented as

A =EndyV

for some right Q-vector space V of dimension dimpV = (1/2)degA, and every
orthogonal involution ¢ on A is adjoint to some skew-hermitian form 4 on V with
respect to the conjugation involution on Q. The form / is uniquely determined up
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to a factor in F*. Berhuy [6] defined a complete system of invariants for skew-
hermitian forms over Q, which readily yield invariants of orthogonal involutions on
A since these invariants are constant on similarity classes of skew-hermitian forms.
The idea is to extend scalars to the function field F (X) of the Severi-Brauer variety
X of Q (this variety is a projective conic) and to use the fact that the unramified
cohomology of F(X) comes from F.

More precisely, if ¢ is an orthogonal involution on A, then after scalar extension
to F(X) the involution OF(x) is an orthogonal involution on the split algebra Ap ).
If e,-(GF(X)) is defined for some i > 1, then it actually lies in the unramified subgroup
Hi (F (X )), and Berhuy [6, Proposition 9] shows that there is a unique element

| H(F) ifi=1,
MO EN B ) 2P i

such that
ei(0)r(x) = €i(Op(x))-

Note that for i > 2, the group [A] - H i’z(F ) can be identified with the kernel of the
scalar extension map H'(F, ;") — H'(F(X),u;"""), as shown in the proof of
Berhuy [6, Proposition 9].

Theorem 3.3. Let G be an orthogonal involution on a central simple algebra A of
index 2 and let d be an arbitrary integer, d > 1:

(1) If degA < 29%1, we have e;(6) =0 foralli=1,...,d if and only if & is hyper-
bolic.

(2) If degA = 2971, we have e;(c) =0 for all i = 1,...,d if and only if (A,o)
decomposes into a tensor product of quaternion algebras with involution:

(A,0) = (Q1,01) ®F - ®F (Qd+1,0d+1)-

Proof. By definition of ¢;(0), we have ¢;(0) = 0 if and only if e;(0p(x)) = 0. The
hyperbolicity criterion (1) follows from the split case (Theorem 3.1) since Parimala—
Sridharan—Suresh [41] and Dejaiffe [12] have proved that o x) is hyperbolic if and
only if ¢ is hyperbolic. Likewise, in case (2), Theorem 3.1 shows that (A, o) F(X)
decomposes into a tensor product of quaternion algebras with involution. By a
theorem of Becher [5, Theorem 2], it follows that (A,c) has a similar decompo-
sition. (Becher’s theorem also shows that the decomposition can be chosen in such
a way that Q| = Q is the quaternion algebra Brauer equivalent to A and Q; is split
fori>2.) a

I do not know whether the analogue of the classification result from Theorem 3.1
holds for algebras of index 2 (except for the cases of low degree discussed in
Theorems 3.6 and 3.10). The issue is whether skew-hermitian forms over Q are
similar when they are similar after scalar extension to F(X).
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3.3 Discriminant

Let n be an even integer, n = 2m. A first invariant of orthogonal involutions on
central simple algebras of degree n arises from the fact that PGO,, is not connected:
if g € GO, (F), say g'g = A € F*, then (detg)> = A", hence detg = +A"". The map
g A"(detg)~! € u, yields a homomorphism & : PGO,,(F) — w5, hence an exact
sequence of algebraic groups

1 —PGO; — PGO, & 1r — 1. (3.4)
We thus get a map
8': H'(F,PGO,) — H'(F)=F* JF*?, (3.5)

which defines the determinant of orthogonal involutions on central simple algebras
of degree n. The discriminant is the determinant with a change of sign if m is odd:
for o an orthogonal involution on a central simple algebra of degree n, we set

ei(0) =disco = (—1)"*deto € F* /F*2.

Alternatively, the discriminant can be directly obtained by substituting in the discus-
sion earlier the group PGO(mH) of the hyperbolic space of dimension n for PGO,,.
Since the discriminant is more useful than the determinant for our purposes, we
change notation and let henceforth

PGO,,, = PGO(mH).

The determinant and discriminant of quadratic forms can be defined similarly
from the exact sequence

1—>O,J[—>Oniu2—>l.
Therefore, for any quadratic form ¢ of dimension n,
detad; =detg and discad, = discgq.

It follows that the e;-invariant defined earlier coincides with the e;-invariant defined
in Sects. 3.1 and 3.2 when indA < 2.

Knus—Parimala—Sridharan [30] give a nice direct definition of the determinant:
if o is an orthogonal involution on a central simple algebra A of even degree, they
show that all the skew-symmetric units have the same reduced norm up to squares
and that

detc = Nrds(a)F*? forany a € A* such that 6(a) = —a.
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In a slightly different form, this formula already appears in Tits’s seminal work [52,
Sect.2.6].
This first invariant is of course rather weak. Yet, we have the following result.

Theorem 3.6. Let ¢ be an orthogonal involution on a central simple algebra A:

(a) If degA < 4 (i.e., A is a quaternion algebra), ¢ is hyperbolic if and only if
el (O') =0.

(b) If degA = 4, then e (o) = 0 if and only if A decomposes as a tensor product of
quaternion algebras with involution:

(A,0) = (Q1,01) ® (Q2,02). (3.7)
(c) If degA = 2, orthogonal involutions on A are classified by their e|-invariant.

Part (b) was first observed by Knus—Parimala—Sridharan [30]. Note that in any
decomposition of the form (3.7), the involutions o7 and o, are of the same type
(orthogonal or symplectic) since ¢ is orthogonal. However, when there is any de-
composition of the type (3.7), there is one where 0] and &, are the quaternion con-
jugations (which are the unique symplectic involutions on Q| and Q5). The subal-
gebras QO and Q; are then uniquely determined by o (see [29, p. 215]) (or (3.11)).

3.4 Clifford Algebras

An analogue of the even Clifford algebra of quadratic forms has been defined
for orthogonal involutions by Jacobson [23] (by Galois descent) and by Tits [52]
(rationally) (see also [29, Sect.8]). For ¢ an orthogonal involution on a central
simple F-algebra A of degree n = 2m, the Clifford algebra C(A, o) has dimen-
sion 2"~ ! and its center Z(A, ) is isomorphic to F(v/disc ¢) if disco # 1,to F x F
if disco = 1. It is simple if Z(A, o) is a field and is a direct product of two central
simple F-algebras C, (A,0) and C_(A, o) of degree 2"~ if Z(A,0) ~ F x F. For
any quadratic form ¢ on an F'-vector space V of even dimension, we have

C(Endp Vv, adq) =y (q)

If discg = 1, then C (Endr V,ad,) and C_ (Endr V,ad,) are isomorphic and Brauer
equivalent to the full Clifford algebra C(q).

The construction of the Clifford algebra C(A, o) is functorial and may be used
to obtain a second invariant of orthogonal involutions of even degree and trivial dis-
criminant in the same spirit as the Witt invariant of quadratic forms, as we proceed
to show.

The set of isomorphism classes of orthogonal involutions of trivial discriminant
on central simple algebras of even degree n = 2m corresponds under the bijec-
tion (2.2) to the kernel of the map 8' of (3.5), which is the image of H'!(F,PGO;")
in H'(F,PGO,,). These involutions can therefore be classified by H'! (F,PGO;,"), but
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the map H'(F,PGO;") — H'(F,PGO,) is generally not injective: a given central
simple F-algebra A of degree n with an orthogonal involution ¢ of trivial discrimi-
nant can be the image of two different elements in H' (F,PGO;), depending on the
choice of an F-algebra isomorphism ¢ : Z(A,6) = F x F. We thus have a bijection:

isomorphism classes of triples

1 +
(A,0,) as above «—— H'(F,PGO}).

If o, ¢': Z(A,6) = F x F are the two different isomorphisms, the triples (A, 0, @)
and (A,0,¢’) are isomorphic if and only if (A,0) has an automorphism whose
induced action on C(A, o) swaps the two components or, equivalently, if A contains
an improper similitude, that is, an element g such that 6(g)g € F* and Nrd4(g) =
—(0(g)g)"/?. This readily follows from the exact sequence below, which is a part
of the cohomology sequence derived from a twisted version of (3.4):

1
PGO(A,6) > 11, — H'(F,PGO™ (A,0)) — H'(F,PGO(A,)) 2= H(F).
In particular, if A is split, then the triples (A, o, @) and (A, 0, ¢’) are isomorphic.
The group PGO, has a simply connected cover Spin, and we have an exact
sequence of algebraic groups:

1 — u — Spin, — PGO;| — 1, (3.8)

where U is the center of Spin,;:

e if n =2 mod 4,
e xpp ifn=0mod 4.

The cohomology sequence associated to (3.8) yields a map
d: H'(F,PGO;’) — H*(F, ),

which can be viewed as a cohomological invariant of degree 2 of algebras with
orthogonal involution of trivial discriminant — except that one has to factor out the
effect of changing (A, 5, ) into (A, 0, @’). The images under 9 of the elements in
H'(F,PGO;") corresponding to (A, 5, ¢) and (A, 0, ¢') are

[Ci(A,0)] and [C_(A,0)] € H*(F,u4) C Br(F) ifn=2mod 4,
and, if n = 0 mod 4,
(IC+(4,0)]. [C_(4,0)]) and (IC_(A,0)], [C+(4,0)]) € HX(F) x H2(F).
When n =2 mod 4, we have (see [29, (9.15) and (9.16)])

2(C,(A,0)] =2[C_(A,0)]=[A] and [C;(A,0)]+[C_(4,0)]=0. (3.9)
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When n = 0 mod 4, we have (see [29, (9.13) and (9.14)])
2[C+(A,0)]=2[C_(A,0)]=0 and [Ci(A,0)]+[C-(A,0)]=][A].
Thus, in both cases, we have
[C+(A,0)] = [C-(A,0)] = [A].

Therefore, letting Bi denote the subgroup of Br(F) generated by [A], that is, Bi =
{0,[A]} = [A] - H(F), we may set

e2(0) = [C1(4,0)] + B, = [C_(4,0)] + B] € Br(F)/B.

If g is a quadratic form of trivial discriminant on an even-dimensional vector space
V, we have B2 ;,, = {0} and

ex(ad,) = ex(q) € H*(F).

Therefore, the ej-invariant defined earlier coincides with the es-invariant of
Sects. 3.1 and 3.2 when indA < 2.

Theorem 3.10. Let ¢ be an orthogonal involution on a central simple F-algebra A
of even degree:

(a) If degA < 8, then e1(0) = e(0) = 0 if and only if G is hyperbolic.
(b) If degA =8, then e1(0) = ex(0) = 0 if and only if (A, 6) has a decomposition
of the form
(A,0) = (Q1,01) ®F (02,02) ®F (03, 03)

for some quaternion F-algebras Q1, Q», Q3.

(c) If degA = 4 or 6, orthogonal involutions on A with ey = 0 are classified by their
ex-invariant.

(d) If degA =2 mod 4, then (A, 0) ~ (Endr V,ad,) for some quadratic form q € PF
if and only if e2(0) = 0.

Sketch of proof. 1If degA = 4, the two components C (A, o) of the Clifford algebra
are quaternion algebras. Letting 6+ denote the quaternion conjugation on C= (A, 0),
we have a decomposition

(A,0)~(CL(A,0),04)®F (C_(A,0),0-), (3.11)

which arises from the coincidence of Dynkin diagrams D; = Ay x A (see [29,
(15.12)]). Since e, (o) determines the pair {C+ (A, 5),C_(A, o)}, it follows that or-
thogonal involutions of trivial discriminant on A are classified by their e;-invariant.
If C1(A,0) or C_(A,0) is split, then the corresponding involution 6 or o_ is hy-
perbolic, hence ¢ also is hyperbolic.

If degA = 6, then C+(A,0) and C_(A,0) are central simple F-algebras of
degree 4. The exterior power construction A yields a central simple F-algebra
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A2C(A,0) (resp., A>’C_(A,0)) of degree 6 endowed with a canonical involution
Y+ (resp., Y-). As a consequence of the coincidence of Dynkin diagrams D3 = A3
(see [29, (15.32)]), we have isomorphisms

(A,O') = ()LZC+(A,O'),’)/+) = ()LZC_(A,O'),’)/_).

Since e;(0) determines the pair {[C (A, 0)],[C- (A, 0)]}, it follows that orthogonal
involutions of trivial discriminant on A are classified by their e;-invariant.

Now, suppose degA =2 mod 4. If C1 (A, o) is split, it follows from (3.9) that
[A] = 0. Similarly, if [C;(A, 0)] = [A], then since (3.9) shows that 2[C(A,0)] =
[A] it follows that [C (A, 0)] = [A] = 0. Therefore, in each case we have (A,0) ~
(Endr V,ad,) for some quadratic form ¢, and

ex2(q) = e2(0) =0,

hence ¢ € IPF. In particular, if degA = 6 we have dimg = 6, hence g is hyperbolic.
Finally, (b) is a consequence of triality (see [29, Sect.42.B]), which shows that
for the canonical involutions 6+, 6— on C1 (A, ), C_(A,0), we have

C(C+(A,0),04) ~(A,0) x (C_(A,0),0-).

If C (A, 0) is split, then (A, o) is isomorphic to one of the components of the even
Clifford algebra of a quadratic form of dimension 8, from which the existence of a
decomposition easily follows. O

In view of part (d) of Theorem 3.10, the case of orthogonal involutions with
e1 = e; = 0 on central simple algebras of degree 2 (mod 4) is reduced to the split
case. We thus have invariants e; as in Sect. 3.1, and Theorem 3.1 applies. Therefore,
in the rest of this section, we only consider central simple algebras of degree 0
(mod 4).

3.5 Higher Invariants

The hope to define further invariants of orthogonal involutions on the model of the
Arason ez-invariant of quadratic forms was dashed by an example of Quéguiner-
Mathieu [45] or [4, Sect. 3.4]. The following variation on Quéguiner-Mathieu’s ex-
ample was suggested by Becher: consider quaternion algebras with orthogonal in-
volutions (Q1,01), (Q2,02), and (Q3,03) over an arbitrary field F, and let

(A,0) = (Q1,01) ®F (Q2,02) ®F (03, 03).

Suppose A is division. We have disco = 1 and, as observed in Theorem 3.10,
e2(0) = 0. Suppose we could find a functorial invariant e3(0) in some quotient
H3(F)/E(A) of H3(F), and let

e3(0) =Y (ai) - (bi)- (ci)+Ea for some a;, b;, c; € F*.

i



Cohomological Invariants of Central Simple Algebras with Involution 151
Let K be the function field of the product of the quadrics:
x% — aix% — bix% + aibix% — c;xi =0.

We have e3(0)x = 0, hence e3(0x) = 0 by functoriality. Now, a theorem of
Merkurjev on the index reduction of central simple algebras over the function field
of quadrics [13, Corollary 30.10] shows that Ak is a division algebra. After scalar
extension to its generic splitting field L, which is the field of functions on the
Severi-Brauer variety of Ag, we have

(Ak,0x)r =~ (EndLV,ad,,)

for some eight-dimensional quadratic form g5 over L, which must be anisotropic by
a theorem of Karpenko [27]. But since ¢ (0x) = e2(0k ) = e3(0k) = 0, functoriality
yields e;(gs) = 0 for i = 1,2,3, hence g4 is hyperbolic: this is a contradiction.

The same idea can be used more generally to prove that there is no functorial
invariant e3(c) in a quotient of a cohomology group H>(F, M) of any torsion module
M, because F has an extension K of cohomological dimension 2 such that Ag is a
division algebra (see [39, Proof of Theorem 4]).

On the other hand, Rost defined for all simply connected algebraic groups a coho-
mological invariant of degree 3 that generalizes the Arason invariant in the following
sense: the Rost invariant of any element & € H' (F,Spin,,) is the Arason invariant of
the quadratic form of dimension 7 corresponding to the image of £ in H'(F,0,).
The Rost invariant of Spin groups can be used to define a relative invariant of
orthogonal involutions, as was shown by Garibaldi [15]. (Bayer-Fluckiger and
Parimala [3] used a similar technique to obtain a relative invariant of hermitian
forms.) We next describe his procedure.

Suppose oy is a given orthogonal involution with e (0p) = e2(0p) = 0 on a cen-
tral simple algebra A of degree 0 (mod 4). We consider the twisted version of (3.8)

1— Mo X Uy — Spin(A, Go) — PGO+(A, G()) — 1

and the associated cohomology sequence

H'(F)xH'(F)— H'(F,Spin(A,09)) — H' (F,PGO™ (A, 09)) 2 H2(F) x H*(F).
(3.12)
Let ¢ be another involution on A with e;(0) = e2(0) = 0. As observed in Sect. 3.4
(in the nontwisted case), the cohomology class in H! (F,PGO(A, 0p)) associated
with (A, 0) lifts in two ways to H' (F,PGO™ (A, 6y)), to cohomology classes 1, 1/
corresponding to triples (4,0, @), (A,0,¢’), where @ and @’ are the two F-algebra
isomorphisms Z(A,0) = Z(A,0p) (=~ F x F). The images of 17, ) under 0 are the
two components of C(A, 6) ®z(4 ) C(A, 0o ), where the tensor product is taken with
respect to the isomorphism ¢ or ¢’; we thus get for d(1) and d(n’) the pairs

([C+(Av G) ®F C+(A7 GO)]? [C* (Av G) ®F C_ (Av GO)])
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and
([C, (A,0)®rC+(A,00)],[C+(A,0) ®F C_(A, 60)]).

Since e;(0) = 0, one of the components Cy (A, o) is split and the other is Brauer
equivalent to A. The same holds for oy since e;(0p) = 0; therefore, we have
d(n)=0o0rd(n') =0, and at least one of 17, 1’ lifts to some & € H' (F, Spin(A, 0p) ).
The analysis of the exact sequence (3.12) given in [15] shows how the Rost invari-
ant of £ varies when a different lift £’ is chosen: the difference of Rost invariants
R(E) —R(E') lies in the subgroup B3 C H3(F,uy?), which is defined to be the
image under the injection H3(F) — H3(F,u’*) of the subgroup

[A]-H'(F) = {[A]- (1) | A € F*} C H¥(F).
Therefore, a relative e3-invariant of involutions with e; = e, = 0 on A is defined by
e3(0/00) = R(E) + B} € H(F.u5) /B3,

In the particular case where the Schur index indA divides (1/2)degA, that is,
when A ~ M,(A’) for some central simple algebra A’, we may choose for oy a
hyperbolic involution and thus consider e3(0/0p) as an absolute invariant e3(0).
When (A, 6) ~ (Endr V,ad,), we have B3 = {0} and

e3(ady) = e3(q)

in view of the relation between the Rost and the Arason invariants. Therefore, the
e3-invariant defined earlier coincides with the e3-invariant of Sects. 3.1 and 3.2 when
indA <2.

In the case where degA = 8 (and indA divides 4), an explicit computation of the
e3-invariant was recently obtained by Quéguiner-Mathieu and Tignol: if (o) =
e2(0) =0, we may find a decomposition

(A,0) =~ (MQ(F),ad«M>) ®r (D, 0)

for some A € F*, some central simple F-algebra D of degree 4, and some orthogo-
nal involution 0 on D such that the quaternion F-algebra (disc 0,7 ) is split: see [5]
ifindA = 1 or 2 and [38] if indA = 4. The Clifford algebra C(D, 0) is a quaternion
algebra over a quadratic étale F-algebra Z, which is isomorphic to F(+v/disc0) if
disc 6 # 1 and to F x F if disc 8 = 1. Therefore, we may find an element ¢ € Z such
that Nz, (¢) = A. The e3-invariant is

e3(0) = cory((0) - [C(D,6)]) + B € H(F)/Bj,

as can be seen by extending scalars to the function field F of the Severi-Brauer
variety of A, since the map H>(F)/B3 — H?(Fy) induced by scalar extension from
F to F4 is injective. (Note that in this special case where degA = 8 and one of
the components of the Clifford algebra is split, the Rost invariant has exponent 2,
see [17, p. 146].)
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Theorem 3.13. Let ¢ be an orthogonal involution on a central simple algebra A of
even degree with indA | (1/2)degA. If degA < 16, the involution & is hyperbolic if
and only ife;(0) = e3(0) = e3(0) =0.

Proof. The “only if” part is clear. We may thus assume ¢;(¢) = 0 for i = 1,2,3,
and we have to show that ¢ is hyperbolic. If degA < 8, the theorem follows from
Theorem 3.10(a). If A is split (which, by Theorem 3.10(d), occurs in particular when
degA =2 (mod 4)), the theorem follows from Theorem 3.1. Likewise, the theorem
follows from Theorem 3.3 if indA = 2. Therefore, it suffices to consider the case
where degA = 8 and indA = 4. Let F be the function field of the Severi-Brauer
variety of A. Since A splits over Fy, and since the theorem holds in the split case,
(A, 0)F, is hyperbolic. It follows that ¢ is hyperbolic by a theorem of Sivatski [50,
Proposition 3] (based on a result of Laghribi [31, Théoreme 4]). O

Theorem 3.13 yields the expected hyperbolicity criterion for degA < 16, under
the hypothesis that indA | (1/2)degA (which is necessary for ¢ to be hyperbolic).
Whether the decomposition criterion holds when degA = 16 is an open question,
which is addressed by Garibaldi [15]. By contrast, Quéguiner-Mathieu and Tignol
have used an example of Hoffmann [22] and a result of Sivatski [50, Proposition 4]
to construct nonisomorphic orthogonal involutions ¢, ¢’ on a central simple algebra
A of degree 8 and index 4 such that

61(6) = 61(0/) = 62(6) = 62(6/) =0 and 63(6) = 63(6/),

hence the classification criterion does not hold in degree 8. If oy is a fixed orthogonal
involution with e (0p) = e2(0p) = 0 on a central simple algebra A of degree 8 and
index 4, orthogonal involutions ¢ on A with ¢ (0) = e2(0) = 0 and e3(0) = e3(0p)
are classified by a relative invariant:
es(0 /o) € H(F) /B,
where
BY, = {(a)-es(00) |a € F*, (a)-[A] = O},

Garibaldi [15] shows how to use the Rost invariant of groups of type Eg to obtain
an absolute ez-invariant for orthogonal involutions on central simple algebras of
degree 16.

4 Unitary Involutions

Let K = F(+/a) be a quadratic field extension of F with nontrivial automorphism t.
For each integer n > 1, let h, be the n-dimensional hermitian form over K with
maximal Witt index, defined for x = (x1,...,x,) and y = (y1,...,y,) € K" by

ha(x,y) = 1(x1)y1 — tx2)y2 + - — (= 1)"t(x0)yn = 1(x) - dy - ¥,
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where d), is the diagonal matrix of order n:
d, :=diag(l,—1,...,—(=1)").
Let also 7: M,(K) — M, (K) be the unitary involution defined by
t(m)=d; ' -1(m)'-d, forme M,(K).
The unitary group U, g is the group of K-automorphisms of 4,,:
Unx(F) := Autg(hy) = {u € GLy(K) | 7(u) =u"'}.
As in the orthogonal case, we may consider the group of similitudes
GU,nk(F) :={g € GL.(K) [ 7(g)g € F*}
and the corresponding projective group
PGU, k(F) := Autg(M,(K),7) = GU, x /K*.

Galois cohomology (see [29, Sect. 29.D]) yields a bijection:

K-isomorphism classes of central
simple K-algebras of degree n| «— H'(F,PGU,x).
with unitary involution

More precisely, the set on the left consists of the isomorphism classes of triples
(B,1,9), where B is a central simple algebra of degree n over a quadratic extension
Z of F, 7 is an involution on B that restricts to the nontrivial F-automorphism of Z,
and @: Z = K is an F-algebra isomorphism.

4.1 The (Quasi)split Case

When B is split, the study of unitary involutions reduces to the quadratic form case
by an observation due to Jacobson: every hermitian form #: V XV — K on a K-
vector space V yields a quadratic form g;: V — F on V (viewed as an F-vector
space) by

gn(x) = h(x,x) forxeV.

The quadratic form uniquely determines 4 because it is easily verified that if o =
Vva € K satisfies 1(a) = —o, then

h(x,y) = 5 (qn(x+Y) —gn(x) — gn(y) + gn(x+ya)o ' —gu(x)o ! — g (ya)o ).

| —
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Therefore, the invariants of 7 and g;, are the same and the invariants of ad; are
the invariants of the similarity class of g, (which is always even dimensional since
dimpV = 2dimg V). If ¢;(q;,) is defined for some i, we set

ei(adh) = ei(qh) S HI(F)

The correspondence between the involutions adjoint to % and to g, is made ex-
plicit in the following lemma (which is a very special case of a result of Garibaldi
and Quéguiner-Mathieu [19, Proposition 1.9]).

Lemma 4.1. Let B be a split central simple algebra over K = F(y/a) and let T be a
unitary involution on B. There is a split central simple F -algebra A of degree degA =
2degB and an orthogonal involution ¢ on A such that (B, T) embeds in (A, 0):

(B,7) — (A,0).

For a given embedding B C A, the orthogonal involution G is uniquely determined
by the condition that ¢|g = T. For any integer i, the invariant e;(7) is defined if and
only if e;(0) is defined, and

ei(1) = ei(0).

Proof. Let B=EndgV for some K-vector space V and T = adj, for some hermitian
form h on V. Define A = Endr V, so there is a canonical embedding B — A, and
let o = ad,,, the orthogonal involution on A adjoint to the quadratic form gy, It is
readily verified that o|p = 7. If 0’ is another orthogonal involution on A such that
o’'|p = 7, then ¢’ = Int(s) o o for some s € A* such that 6(s) = s and sx = xs for
all x € B. Since s centralizes B, we must have s € K*; the condition ¢ (s) = s then
amounts to 1(s) = s, hence s € F* and therefore 6’ = o. By definition of ¢;(7), we
have

ei(1) = ei(qn) = ei(0).

O
If (vi,...,v,) is a K-base of V where the hermitian form 4 is diagonal,
h={ai,...,an)g,
then ay,...,a, € F* and (vi,v1¢,...,v,;,v,0) is an orthogonal F-base of V where

the quadratic form gy, is

qn=(1,—a)®{ay,...,an).

Therefore,
a) ifnisodd,
er(ady) = { (@) 1
0 if n is even,

and, when 7 is even,

ex(ady) = (a,(—=1)"?ay,...,a,)r € H*(F).



156 J.-P. Tignol

The discriminant disch is defined as the image of (—1)"/?ay,...,a, in the factor

group F* /Ng p(K*); the preceding equation may thus be rewritten as
er(ady) = (a,disch)p.

To discuss decompositions into tensor products of quaternion algebras, it is use-
ful to keep in mind the following theorem of Albert: if 7 is a unitary involution on a
quaternion algebra Q over K = F( /a), then there is a unique quaternion F-algebra
Q' with conjugation involution ¥ such that

(Q.7)=(Q,7)@F (K1),

where t is the nontrivial F-automorphism of K. (The quaternion algebra Q' is in fact
the discriminant algebra D(Q, 7): see the proof of Theorem 4.5.) Therefore, every
tensor product of quaternion K-algebras with unitary involution has an alternative
decomposition:

(Q1711)®K"'®K(anrn) = (Q/1771)®F®F (Q:’nyn)®F (Kal)'

Theorem 4.2. Let T be a unitary involution on a split central simple algebra B of
even degree over K = F(y/a), and let d be an arbitrary integer; d > 1:

(a) If deg B < 2%, we have e;(t) = 0 fori=2,...,d if and only if T is hyperbolic.
(b) If deg B =29, we have e;(t) =0 fori=2,...,d ifand only if (B, T) decomposes
into a tensor product of quaternion algebras with unitary involutions:
(B,7) = (Q1,T1) ®@k -+ @k (Qu, Ta)-
(c) If degB = 2971, unitary involutions on B with e; =0 for i =2,...,d — 1 are
classified by their e;-invariant.

Comparing with Theorem 3.1, note the shift in the degree of the algebra.

Proof. Let T = ady, so ¢;(T) = e;(q;) when defined. Note that dimg, = 2degB, so
in case (a) gy, is hyperbolic if and only if ¢, € I+ F, and this condition is equivalent
to ej(qy) =0fori=2,...,d. If degB =29 and e;(7) =0 fori =2,...,d, then gy, is
a (d+ 1)-Pfister form of the type

gn = (a,ay,...,az)) forsomeayi,...,a; € F*,

hence
h = <(a1,...7ad>>K.
Therefore,
(B,7) = (M(F),adq,y)) @F --- QF (Ma(F),ad ) @F (K, 1)
= (My(K),ad (), ) ®k - @k (Ma(K),ad (g, )-

Conversely, suppose there are quaternion F-algebras Qf,...,Q}, with conjugation
involutions 7, ..., ¥, such that

(B,7) = (0}, 1) ®F - ®F (Qly,1a) ®F (K, 1).
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Since B is split, the product Q) ®F --- @F Q/; is split by K, so we may find b € F*
such that
Q\®F - ®@F Q)= (a,b)r inBr(F).

Embed K < (a,b)r and pick an involution 6 on (a,b)F that restricts to 1 on K and
that is orthogonal if d is even and symplectic if d is odd. (So, in the latter case 0 is
the conjugation involution.) We then have an embedding

(B,T) — (A,G) = (Qlla’}/l)®F"'®F (Q:17Yd) QF ((avb)Fve)'

By Theorem 3.1 we have ¢;(c) =0 fori=1,...,d, hence ¢;(t) =0fori=2,...,d
by Lemma 4.1.

To prove (c), let B = Endg V with dimg V = 29~! and consider unitary involu-
tions T = ad;, and 7’ = ad;; on B with ¢; = 0 fori =2,...,d — 1. The corresponding
quadratic forms g and g satisfy e;(q;) = ei(qyy) =0 fori = 1,...,d — 1; hence,
Theorem 3.1 shows that g;, and g;, are similar if and only if e;(q;) = e4(qy). There-
fore, T and 7’ are isomorphic if and only if e,(7) = e4(7’). O

4.2 The Discriminant Algebra

Since the group PGU,, g is connected, the procedure that yields the discriminant of
orthogonal involutions in Sect. 3.3 does not apply here. The group PGU,, g is not
simply connected however, so we may obtain cohomological invariants of degree 2
as in the orthogonal case. The simply connected cover of PGU, k is the special
unitary group:

SUn’K = {u S Un,K | det(u) = 1}.

Its center is a twisted version of the group of nth roots of unity:
ok = {2 € K | Ngjp(@) = 1=},

Henceforth, we assume that the characteristic of F' does not divide n, so that u,, k is
a smooth algebraic group. Its group of rational points over Fg is isomorphic to the
group of nth roots of unity in F;, with a twisted Galois action that disappears after
scalar extension to K. From the exact sequence

1 — tpx —SU,xk —PGU, x — 1, “4.3)
we obtain a connecting map in cohomology:
9: H'(F,PGU, k) — H*(F, ltn x)-

The features of this map are significantly different according to whether n is odd
or even.



158 J.-P. Tignol

4.2.1 The Odd Degree Case

When 7 is odd, the scalar extension map
Tesg/F - HZ(FaIJn,K) - HZ(K,yn)

is injective, and identifies H 2 (F, ,u,,,K) with the kernel of the corestriction map
COrg/F: H*(K, ) — H*(F, 4y,

see [29, (30.12)]. Comparing the exact sequence (4.3) with the corresponding exact
sequence after scalar extension to K, which is

1 —u, —SL, —PGL, — 1,

it is easy to see that the cohomology class in H'(F, PGU, k) represented by an
algebra with involution (B, ) is mapped by 0 to the Brauer class [B] € H*(K, ;).

4.2.2 The Even Degree Case

Let n = 2m. Besides the restriction map resg,r, we may also consider the map
defined by raising to the mth power:

m: H*(F, iy k) — H*(F, ).

The following description of H?(F,u,x) is due to Colliot-Thélene-Gille—
Parimala [10, Proposition 2.10].

Proposition 4.4. The map (vesg/p,m): H*(F,lnx) — H*(K,1t,) x H*(F, 1) is
injective. Its image is the group of pairs (&,m) such that E™ = resg;p(N) and
COTK/F(@ =0.

Let (B, 1) be a central simple K-algebra of degree n with unitary involution, and
let A(B, ) € H*(F,t, k) be the image under d of the corresponding cohomology
class in H!'(F,PGU,, k). As in the case where n is odd, we have

resg/r A(B,T) = [B],

which is an obvious invariant that gives no information on the involution 7. The
other component of A (B, ) under the map of Proposition 4.4 is more interesting;
let

ex(7) = A(B, 7)™ € H*(F).

This cohomology class turns out to be the Brauer class of a central simple F-algebra
D(B,7) of degree (") first considered by Tits [53, Sect. 6.3] and by Tamagawa [51].
When B = Endg V and 7 = ad, for some hermitian form #, the algebra D(B, T) is
Brauer equivalent to the quaternion algebra (a,disc/)r. Therefore, D(B, 7) is called
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the discriminant algebra of (B, ) in [29, Sect. 10], and the e;-invariant defined ear-
lier coincides with the e,-invariant of unitary involutions on split algebras defined
in Sect.4.1.

Theorem 4.5. Let T be a unitary involution on a central simple K-algebra B of even
degree:

(a) If deg B = 2, then T is hyperbolic if and only if e;(1) = 0.
(b) If deg B = 4, then e>(t) = 0 if and only if there is a decomposition

(B,T) = (Blvfl)®K (BZaTZ)

for some subalgebras By, By C B of degree 2.
(c) If deg B = 2, unitary involutions on B are classified by their e;-invariant.

Proof. 1f degB = 2, then D(B, 7) is the quaternion F-algebra such that
(B,7) = (D(B,7),7) ®r (K,1),

where 7 is the conjugation involution (see [29, p. 129]). Therefore, 7 is hyperbolic
if D(B, 1) is split, and D(B, T) determines 7 uniquely. Part (b) is due to Karpenko—
Quéguiner [26]. It is based on the coincidence of Dynkin diagrams A3 = D3, which
can be used to show that every central simple algebra of degree 4 with unitary invo-
lution is isomorphic to the Clifford algebra of a canonical orthogonal involution on
its discriminant algebra (see [29, Sect. 15.D]). O

4.3 Higher Invariants

The same method as in Sect. 3.5 allows one to derive from Rost’s invariant for SU,, x
a relative invariant of unitary involutions on a given central simple algebra B over
K = F(+/a). Suppose deg B = n is even and not divisible by the characteristic, and
let Ty be a unitary involution on B with e3(7y) = 0. By Proposition 4.4, the coho-
mology class in H' (F,PGU(B, 7)) corresponding to a unitary involution 7 on B
with e;(7) = 0 lifts to some & € H' (F,SU(B, %)). The Rost invariant R(&) lies in
H3(F, /.15’2), where d is the Dynkin index of SU(B, 1), determined in [17, (12.6),
p. 142]:

__ JexpB  ifnisa2-powerand expB =norn/2,
B 2expB otherwise.

In view of the description of the Rost invariant on the center of SU(B, 1) given by
Merkurjev—Parimala—Tignol [40], one should be able to define

e3(1/70) = R(§) + By € H(F,ug?) /By,
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where
By = corgr ([B]- H' (K, 1a)).

As far as [ know, this invariant has not been investigated yet.

Although the case where the degree 7 is odd does not pertain to the line of investi-
gation developed so far in this text, it is worth mentioning that a similar construction
based on the Rost invariant is better documented in this case: consider the F-vector
space Sym(7) of 7-symmetric elements in B and the quadratic form

Q:: Sym(t) — F, x— Trdp(x?).

Assuming degB = n is odd (and not divisible by the characteristic), it is shown
in [29, (31.45)] that the Rost invariant of SU(B, 1) yields a relative invariant of
unitary involutions on B defined by

f3(t/0) = e3(Qr — Qqy) € H(F).

By a result of Garibaldi—Gille [16, Proposition 7.2], we may in fact define an abso-
lute invariant by

n

A1) =e <QT— (== 1(2,2a)) € H(F),

so that f3(7/7) = f3(7) — f3(). (The form (1) + 251(2,2a) is Witt equivalent
to the form Q for 7 the adjoint involution of the n-dimensional hermitian form of
maximal Witt index.) The absolute invariant f3 was first investigated in the particu-
lar case where deg B = 3 by Haile-Knus—Rost-Tignol [20]. It classifies the unitary
involutions on a given central simple algebra of degree 3 up to isomorphism (see [29,
Sect. 19.B and (30.21))).

There is also an absolute invariant of degree 4 defined just for degB = 4 and
K=F (\/—_1 ) by Rost—Serre-Tignol [46]: letting np denote the norm form of the
quaternion F-algebra Brauer equivalent to the discriminant algebra D(B, 1), the in-
variant is

Fa(%) = ea(Qc — np) € HY(F),

It vanishes if and only if B is generated by two elements x, y € Sym(7) such that x*,
y* € F* and yx = ixy, where i = v/—1 € K. If B is split and T = ad;, with

h= <a17a27a37a4>[{7

we have
fa(r) = (=1) (—a1a2) - (—a1a3) - (—aiaq).

Note that the fourfold Pfister form {(—1,—aja;,—ajaz, —ajay)) is indeed an in-
variant of the hermitian form A: in the notation of Garibaldi et al. [17, p. 67], we
have

(—1,—a1a, —aras,—araq)) = 2+ A5 (h) + 25 ().
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S Symplectic Involutions

Let n be an even integer, n = 2m, and let s,, be the following skew-symmetric matrix

of order n:
sn=diag(( % §).-. (%))

Define a symplectic involution ¢ : M, (F) — M, (F) by
o(m)=s,"-m-s, formeM,(F).

n

The symplectic group is the automorphism group of the bilinear form with Gram
matrix sy

Sp,(F) :={u € GL,(F) | u'squ = s,} = {u € GL,(F) | o(u) =u""}.
As in the orthogonal and symplectic cases, the group of similitudes is defined by
GSp,(F) :={g € GL.(F) | o(g)g € F" };
its projective version is
PGSp, (F) := Aut(M,(F),0) = GSp,,(F)/F*.

Galois cohomology (see [29, (29.22)]) yields a bijection:

isomorphism classes of central
simple F-algebras of degree n| «— H'(F,PGSp,).
with symplectic involution

As pointed out in Sect. 2, symplectic involutions on split central simple algebras
are adjoint to nonsingular skew-symmetric bilinear forms. Since every such form
is hyperbolic, all the symplectic involutions on a split central simple algebra are
hyperbolic (and conjugate). The classification problem thus arises only when the
index is at least 2.

5.1 The Case of Index 2

Let A be a central simple F-algebra of degree n and index 2, that is, A is Brauer
equivalent to a quaternion F-algebra Q. As in Sect. 3.2, we may represent A as

A =EndyV

for some right Q-vector space V with dimg V = n/2. Every symplectic involution on
A is adjoint to some hermitian form 4 on V with respect to the conjugation involution
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Y on Q. As in Sect. 4.1, a result of Jacobson yields a reduction to quadratic forms
since the map
qn:V—F, xr— h(x,x)

is a quadratic form on V' viewed as an F'-vector space, which determines / uniquely
(see [48, Theorem 10.1.7, p. 352]). The invariants of ad, are the invariants of the
similarity class of A, which are also the invariants of the similarity class of gj. If
ei(qp) is defined for some i, let

ei(ady) = ei(gqn) € H'(F).

The correspondence between the symplectic involution ad;, and the orthogonal
involution adjoint to g, was used by MacDonald [36, Theorem 4.7] to determine all
the invariants of symplectic involutions on central simple algebras A with indA =2
and degA = 2 mod 4. This correspondence can also be described directly, as the
next lemma shows.

Lemma 5.1. Let A be a central simple F-algebra Brauer equivalent to a quaternion
F-algebra Q. Let ¢ be a symplectic involution on A and let y be the conjugation
involution on Q. Then ¢ ® ¥ is an orthogonal involution on the split algebra A ®f
0. If (A,0) = (EndgV,ad,,) for some hermitian form h, then there is a canonical
isomorphism

(A RFQ,0® )/) ~ (El’ldF V, adqh)

which carries x@y € AQp Q to the map v — x(v)Y(y). Therefore, for any integer

i > 1, the invariant e;(0) is defined if and only if e;(6 ® y) is defined, and then
ei(0) =e(0R®Y).

Proof. The lemma follows by a straightforward verification. ad

Let m =n/2 and let (v4)%_, be an orthogonal Q-base of V with respect to A, in
which /4 has the diagonalization

h= (M A -

We have A, € F* forall o. If (1,i, j, k) is a quaternion F-base of Q with i = a and
j* = b, then (vg,vai,vaj,vak)™_, is an F-base of V in which g, has the diagonal
form

qh = <<Cl,b>>®</11,...,lm>.

Therefore,
if m is odd,

er(ady) =0, ex(ady) = {[OQ] 5.2)

if m is even,

and, if m is even,

es(ady) = [0]- (=1)™?A1,..., Aw) € H3(F).
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Note that the involution ad;, always decomposes: if Vy C V denotes the F-span of
(Voc)g:], then V =V ®F Q and

(EndgV,ad;) = (Endr Vo, ad s, .. 2,) ®F (Q,7).

Theorem 5.3. Let 6 be a symplectic involution on a central simple algebra of in-
dex 2, and let d be an arbitrary integer, d > 2:

(a) If degA < 2%, we have e;(6) =0 foralli=2,...,d ifand only if & is hyperbolic.
(b) If degA = 29, we have e;(6) =0 foralli=2,...,d if and only if (A, 5) decom-
poses into a tensor product of quaternion algebras with involution:

(A,0)=(01,01)®F - ®F (Q4,04). (5.4)

(c) If degA = 2971, symplectic involutions on A with e; = 0 fori=2,...,d — 1 are
classified by their e;-invariant.

Proof. Using the same notation as in Lemma 5.1, part (a) readily follows from
Theorem 3.1 since ¢;(0) = ¢;(0 ® ¥) and o is hyperbolic if and only if 6 ® v is
hyperbolic.

If degA =27 and ¢;(0) =0 fori =2,...,d, then gy, is a (d 4 1)-Pfister form

gn = {a,b,A1,...,Ag_1)) forsomeAy,..., Ay | €F",
and we have a decomposition
(A,0) = (May(F),ad3,y) ®F -+ @F (Ma(F),ad (3, ) ®F (Q,7).
Conversely, if we have a decomposition (5.4), then
(A®FQ,0@7)~(Q1,01)®F + ®F (Qa-1,04-1) ®F (Q,7)-

By Theorem 3.1, we have ¢;(c ® y) =0 for i = 2,...,d, hence ¢;(c) = 0 for i =
2,...,d by Lemma5.1.
Similarly, part (c) reduces to the split orthogonal case by Lemma 5.1. a

5.2 Invariant of Degree 2

The group PGSp,, is connected, so there is no analogue of the discriminant of or-
thogonal involutions as defined in Sect. 3.3. The simply connected cover of PGSp,,
is the symplectic group, whose center is . The exact sequence

1 — up — Sp,, — PGSp,, — 1 5.5
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yields a connecting map in cohomology:
d: H'(F,PGSp,) — H*(F).

The cohomology class corresponding to an algebra with involution (A, ¢) is mapped
by 0 to the Brauer class [A], which does not yield any information on ©. Yet, we
have a result analogous to Theorems 3.6 and 4.5.

Theorem 5.6. Let ¢ be a symplectic involution on a central simple F-algebra A of
even degree:

(a) If degA =2, then © is unique. It is hyperbolic if and only if A is split.
(b) If degA = 4, there is a decomposition

(A,0) =(0Q1,01) ®F (Q2,02)
for some quaternion subalgebras Q1, Q2 C A.

Part (a) is clear. Part (b) was first observed by Rowen [47, Theorem B]. For a
proof based on the coincidence of Dynkin diagrams B, = C;, see [54, p. 131] or
[29, (16.16)].

5.3 The Discriminant

Quéguiner-Mathieu’s construction of Sect. 3.5 has an analogue for symplectic in-
volutions, showing that there is no absolute invariant of degree 3 for symplectic
involutions on central division algebras of degree 4. Start with an arbitrary division
algebra A of degree 4 with symplectic involution ¢ over a field F, and suppose there
is a functorial invariant e3(0) € H3(F). Let

63((7) = Z(a,’) . (b,’) . (Ci) for some a;, b;, ¢; € F*.

Let K be the function field of the product of the quadrics:
x% — al-x% — bl-x% + aibix% — cl-xﬁ =0.

We have e3(0)x = 0, hence e3(ox) = 0, but Ag is a division algebra by a theorem
of Merkurjev [13, Corollary 30.10]. It is a tensor product of quaternion algebras
by Theorem 5.6; let O, Q> be quaternion K-algebras such that Ax ~ Q1 ®g O».
The difference of the norm forms ng, —ng, is Witt equivalent to a six-dimensional
quadratic form ¢ known as an Albert form of Ag. Let L be the function field of the
projective quadric ¢ = 0. Over L, the quaternion algebras Q;, Q> have isomorphic
maximal subfields, hence Ay is not division. It is not split either, since the function
field of a quadric does not split any algebra of index 4, hence indA; = 2. Since
e3(0r) = 0, Theorem 5.3(a) shows that oy, is hyperbolic. In view of the coincidence
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of Dynkin diagrams B = C,, this property translates into a condition on a five-
dimensional quadratic F-form ¢ such that* A ~ Cy(g) under an isomorphism that
carries 0 to the canonical involution of Cy(g): the form g, is isotropic (see [29,
(15.21)]). However, gk is anisotropic and is not a Pfister neighbor since Ag is a
division algebra (see [29, p. 270, Exercise 8]). We obtain a contradiction because
Hoffmann [21] has shown that such a form cannot become isotropic by scalar ex-
tension to the function field of a six-dimensional quadratic form.

On the other hand, as in the orthogonal case (see Sect. 3.5), the Rost invariant of
Sp,, can be used to define a relative invariant of symplectic involutions on central
simple algebras of degree n = 0 mod 4. In the symplectic case, this relative invariant
has an easy description.

Let op be a fixed symplectic involution on a central simple F-algebra A of even
degree n = 2m. If m is odd, the index of A is 1 or 2. As pointed out at the begin-
ning of this section, the split case is uninteresting since every symplectic involution
is hyperbolic. If indA = 2, then (5.2) yields e>(0p) = [A] # 0, hence there is no
e;-invariant for i > 3. Therefore, throughout this section we assume that m is even.
On the vector space Sym(0y) of symmetric elements, the reduced norm has a square
root given by a polynomial map Nrp analogous to the Pfaffian of skew-symmetric
matrices under the transpose involution. The map

Nrp: Sym(A,0p) — F
is a form of degree m such that Nrp(1) = 1, Nrd(s) = Nrp(s)? and
Nrp(asoyp(a)) = Nrp(s)Nrd(a) fors € Sym(op) and a € A.

Every symplectic involution ¢ on A has the form o = Int(s) o oy for some unit
s € Sym(0p) uniquely determined up to a scalar factor. Since Nrp(As) = A™ Nrp(s)
for A € F, and since m is even, the square class (Nrp(s)) € H'(F) is uniquely
determined by ¢. We may thus set

e3(0/0v) = (Nrp(s)) - [4] € H(F).

If ¢’ is a symplectic involution on A such that (A,c) and (A,0’) are isomorphic,
then o and o’ are conjugate so there exists a € A* such that

o' =Int(a)ocolnt(a) ' = Int(ascy(a)) o 0y.
Since Nrp(asoy(a)) = Nrp(s)Nrd(a) and (Nrd(a)) - [A] = 0, we have

(Nrp(asop(a))) - [A] = (Nrp(s)) - [A],

4 This condition determines ¢ uniquely up to a scalar factor (see [29, Sect. 15.C)).
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hence
e3(0’/09) = e3(c/0)).

Therefore, e3(0/0p) depends only on the isomorphism class of o it is an invariant
of symplectic involutions on A.

Alternatively, as pointed out by Garibaldi, the invariant e3(0/0p) may be ob-
tained by mimicking the argument in Sect. 3.5, using the following twisted version
of (5.5):

1 — up — Sp(A,09) — PGSp(A, 0p) — 1.

The involution ¢ defines a cohomology class & € H' (F,PGSp(A,0y)) that can be
lifted to H' (F,Sp(A,00)). The Rost invariant of the lift is the invariant e3(c/0p).
Note that in this case the Rost invariant does not depend on the choice of the lift of
& since it vanishes on cocycles that come from the center of Sp(A, cy) (see [40]).
Therefore, we do not have to factor out H>(F) by a subgroup depending on A to
obtain a well-defined relative invariant.

Theorem 5.7. If degA = 4, then the symplectic involutions ¢ and Gy are conjugate
if and only if e3(6/0p) = 0.

This theorem was proved by Knus—Lam—Shapiro-Tignol [28] with a slightly
different definition of the invariant (see also [29, Sect. 16.B]). It also follows from
the exceptional isomorphism B, = C; together with Garibaldi [14, Lemma 1.2].

If the Schur index indA divides (1/2)degA, then A carries hyperbolic involu-
tions. Taking for oy a hyperbolic involution, we may consider e3(c/0p) as an abso-
lute invariant. It coincides with the e3-invariant of Sect.5.1 when indA = 2, as was
shown by Berhuy—Monsurro-Tignol [7, Example 2].

If degA = 0 mod 8, the invariant e3 can be turned into an absolute invariant by
reduction to the case where indA divides (1/2)degA, as was shown by Garibaldi—
Parimala—-Tignol [18].

Theorem 5.8. If n = 0 mod 8, there is a unique invariant e3 of central simple al-
gebras of degree n with symplectic involution with values in H> such that for any
extension K of F and any symplectic involutions G, 0y on a central simple K-algebra
A of degree n:

(i) e3(0) =0 if 0 is hyperbolic.
(ii) e3(0/00p) = e3(0) — e3(00).

Proof. Let A be a central simple F-algebra of degree 8. If A is not division, then it
carries a hyperbolic involution 6p. On the set of isomorphism classes of symplectic
involutions on A, the unique map e3 satisfying the conditions of the theorem is
given by

e3(0) =e3(0/0p).

Now, suppose A is division and decomposes into a tensor product of quaternion
subalgebras:

A=01®Fr 0 ®F Q3.
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Then Q; ® QO is division, and remains division over the generic splitting field Fy,
of 03. Let X be the projective quadric defined by the vanishing of an Albert form of
01 ® Q5. Over the function field F (X), the product Q; ® Q5 is not division, hence we
may find e3(0f(x)) € H?(F(X)). Similarly, since Q3 splits over Fp,, we may find
e3(GFQ3) € H3(Fp,). One may check that e3(0F(x)) is unramified over F, that is,
it is in the kernel of all the residue maps corresponding to points of codimension 1
on X. Arason [1, (5.6)] proved that the scalar extension map H>(F) — H3.(F (X))
is injective, and Kahn [25] showed that its cokernel is Z/27Z, the nontrivial el-
ement being represented by the relative invariant e3(pg(x)/po), Where p is any
symplectic involution on Q1 ® O, and py is a hyperbolic symplectic involution on
(01 ® ) F(x)- Since Q1 ® O, remains division after scalar extension to Fp,, the
form ¢ is anisotropic over Fp,, and we have a commutative diagram where the ver-
tical maps are given by scalar extension:

0 —— HF) —— H)FX)) —— Z/272 —— 0

| ! H

H(Fg,) —— H3(Fgy(X)) —— Z/22 —— 0,

By uniqueness of e3 over Fp, (X ), we must have

hence a diagram chase shows that e3(0p(y)) is the image of a unique element
e3(0) € H*(F). Thus, e3 is well defined and unique on the set of isomorphism
classes of symplectic involutions on tensor products of three quaternion algebras.
The proof in the general case relies on the same arguments, using induction on the
minimal number of terms in a decomposition of [A] into a sum of Brauer classes of
quaternion algebras. See [18, Sect.2]. O

The esz-invariant of symplectic involutions has the same property regard-
ing tensor decompositions as the invariants e; and e, of orthogonal involu-
tions (see Theorems 3.6(b) and 3.10(b)) and the invariant e, of unitary involutions
(Theorem 4.5(b)), as was shown in Garibaldi et al. [18].

Theorem 5.9. Let ¢ be a symplectic involution on a central simple F-algebra of
degree 8. There is a decomposition

(A,0) = (Q1,01) ®F (Q2,02) ®F (Q3,03)

Sfor some quaternion subalgebras Q1, Q2, Q3 C A if and only if e3(A,0) = 0.
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Appendix: Trace Form Invariants

Besides those that are explicitly defined in terms of the trace form (at the end of
Sect. 4.3), several invariants defined earlier’ have an alternative description in terms
of the trace form. Throughout this appendix, we use the following notation: for o
an involution of arbitrary type on a central simple algebra A, we let Qs denote the
quadratic form

Qs: Sym(c) — F, x— Trdy(x?),

where F is the subfield fixed under o in the center of A.

Suppose first ¢ is orthogonal and degA = n = 2m. Lewis [33, Theorem 1] and
Quéguiner [44, Sect. 2.2] computed

detQs =2"deto.

(See also [29, (11.5)].) The Witt—Clifford invariant of Qs was computed by
Quéguiner [44, Sect.2.3]; it turns out to depend only on the discriminant of o,
the Brauer class of A, and the residue of m modulo 8. Therefore, if ¢ and oy are two
orthogonal involutions with the same discriminant on A, then Qg — Qq, € I 3F. The
ez-invariant of that form was computed in a particular case in [9, Lemma 4]. Note
that e3(Qs — Qo ) lies in H> (F) whereas e3(c/0y) lies in H3(F, uy?) /B3.

Suppose next T is a unitary involution on a central simple algebra B of degree n
overa field K = F(y/a). Then by Quéguiner [44, Lemma 13] (see also [29, (11.16)])
detQT — (_a)n(nfl)/z . F><2 c FX/FXZ.

If n = 2m, the Witt—Clifford invariant e;(Q<) is related to the Brauer class e, (1) of
the discriminant algebra D(B, 7) as follows:

ez(Qr) = 82(1) 4+ (_a) . (2’"(_1)m(m—1)/2)7
see [44, Sect.3.4] or [29, (11.17)].

Finally, assume o is a symplectic involution on a central simple F-algebra A
of degree n = 2m. Then by Lewis [33, Theorem 1] or Quéguiner [44, Sect.2.2]
detQs = 1, and by Quéguiner [44, Sect. 2.3]

ifm=0, 1 mod 8,
if m=2,7 mod 8,
+(=1)-(=1) ifm=3,6mod8,
(=1)-(—1) if m=4,5 mod 8.

3 Essentially the first nontrivial invariant in each of the orthogonal, unitary, and symplectic case.
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If 0, oy are symplectic involutions on A, then by Berhuy et al. [7, Theorem 4] we
have
e3(0/0p) if miseven,

e3(Qo — Qo) = 0 if m is odd

In a different direction, note that the trace form is also used to define the signature
of an involution (see [34], [43], or [29, Sect. 11]).
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Witt Groups of Varieties and the Purity Problem

Kirill Zainoulline

Summary We provide a general algorithm used to prove purity for functors with
transfers. As a basic example we consider the Witt group of an algebraic variety.
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1 The Witt Ring of a Field

Symmetric bilinear spaces. Let k be a field of characteristic # 2. A symmetric
bilinear space over k is a pair (V, D) consisting of a vector space V and a symmetric
isomorphism b: V — V* into its dual V¥ = Homy (V, k).

Observe that the map b defines a symmetric bilinear form B: V XV — k via

B(x,y) :=b(x)(y). Given a basis {ej, e, ...,e,} of V and a symmetric bilinear space
there is a symmetric matrix
M= (bee) = (Blewey) .
i,j=1,..n ij=L,...n

By definition, the map b: V — V# is an isomorphism if and only if M, is invertible.

Isometries. Assume we are given two symmetric bilinear spaces (V,b) and (V',b').
An isometry @: (V,b) — (V',b') between them is an isomorphism ¢: V — V' of
vector spaces such that the square
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9

V——sV'

b,k

V# .L V/#
commutes. For the respective matrices M, and M,,, it means that
it
My = C(p “Mp-Cy,

where Cy, is the transformation matrix corresponding to ¢.

Hyperbolic spaces. We define the hyperbolic space of V as

H(V):= <V@v#,<i(:lig>).

A symmetric bilinear space isometric to H (V) is called hyperbolic.

The Witt ring. We define the orthogonal sum and the tensor product of symmetric
bilinear spaces as
(V,b) L (Vb)) :=(VaV bdb),

(V,b)e (Vb)) :=(VaV bxb).

The orthogonal sum and the tensor product respect isometries.

Let KO(k) denote the Grothendieck group of isometry classes of symmetric bi-
linear spaces with respect to the orthogonal sum. Let A be the subgroup of KO(k)
generated by the classes of hyperbolic spaces. The Witt group of k is defined to be
the quotient

W (k) :=KO(k)/H.

The tensor product of spaces turns W (k) into a commutative ring with a unit 1 =
(k,id), where k is a vector space of rank 1.
Properties:

e Let [/k be a field extension. The base change induces a ring homomorphism
i*: W(k) — W(l). Hence, the assignment [/k — W(l) is a covariant functor
from the category of field extensions to the category of commutative rings.

e Let!/k be a finite field extension and s: / — k be a nontrivial k-linear map. Then
the composite so B, where B is a bilinear form over /, defines a bilinear form over
k and, moreover, induces a well-defined group homomorphism s, : W(I) — W (k)
called a Scharlau transfer.

o There is the projection formula:

5.(i*(00)-B) = &t-5.(B) foro € W(k) and B € W(1).

In particular, the composite s, o i*: W (k) — W (k) is given by multiplication by

si(1).
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Relations with quadratic forms. By a quadratic form g over k, we mean a homo-
geneous polynomial of degree 2 over k

q(x) = z ajjxixj witha;; € k.

i,j=1,...n

Assume we are given a symmetric bilinear space (V,b). Let M), be the symmetric
matrix corresponding to the space (V,b) and the chosen basis {ej,e,...,e,}. We
can associate to M, a quadratic form

q(x)=x"-M,-x.

In the opposite direction, let g(x) be a quadratic form over k. Then we may define a
symmetric matrix M, as
1
M, = (E ((l,’j + aj,-)>

and, hence, a map b: V — V* by b(e;)(e;) := (M,);j. If b is an isomorphism, then
q is called nonsingular.
We have just provided a bijection

ij

isometry classes
of nonsingular |«
quadratic forms

isometry classes of
symmetric bilinear spaces

which is compatible with the orthogonal sum and the tensor product of spaces.
Hence, to compute the Witt group we can use the language of quadratic forms.
The following two properties turn out to be very important for computations:

e Diagonalization. Any quadratic form g over k can be diagonalized. Namely,
there exists an isometry such that g transforms into a diagonal form

alx% +a2x% 4+ a,,xﬁ where a; € k.

We denote such a form as {ay,ay,...,a,). In particular, a hyperbolic space cor-
responds to the form (1,—1,1,—1,...,1,—1).

o Witt decomposition. Any nonsingular quadratic form ¢ can be written uniquely
(up to an isometry) as an orthogonal sum of a maximal hyperbolic subspace H
and the so called anisotropic part of g

q=¢qun L H.

Examples.

e W(C)=7Z/2 or, more generally, W (k) = Z /2 whenever k is quadratically closed,
that is, any element of & is a square. Indeed, in this case any form can be diago-
nalized to (1,1,...,1)

e W(R) = Z (use the signature)
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.« WE,) = Z)20k* /%] if p=1 mod4
Pl z4 if p=3 mod4

2 The Witt Ring of a Variety

The affine case. Let R be a commutative ring with unit, 1/2 € R. The previous
definition of the Witt ring perfectly works if one replaces

afieldk by aringR
a k-vector space V. by a finitely generated projective R-module P
an isomorphism'b by an isomorphism of R-modules b: P — P*

In this way, we obtain the definition of the Witt ring of a commutative ring R.
Let X = Spec(R) be the associated affine scheme. Then we define

The Euler trace. We extend the notion of the Scharlau transfer to the affine case
as follows.

Let 7/S be a finite flat extension of commutative rings. Let s: T — S be an
S-linear map such that the induced map

A: T — Homg(T,S)

defined by A (x)(y) := s(xy) is an isomorphism.

Then to every symmetric bilinear space (P,B) over T, we associate the bilinear
form (P, s o B), where Ps denotes P considered as an S-module. This bilinear form
gives rise to a symmetric bilinear space over S and, moreover, induces a generalized
Scharlau transfer

st W(T) = W(S).

Example. Let k be a field and let 7/S be a finite extension of smooth, purely d-
dimensional k-algebras. Let £2g and Q27 be the modules of Kéhler differentials of S
and 7 over k and let wg = /\d Qg and or = /\d Qr.

Assume Wg and @r are trivial. Then there exists an isomorphism of 7-modules

AT Homg(T, S)

which induces an S-linear map €: T — S via £(x) := A(1)(x), called an Euler trace.
Observe that from € we get back A as A (x)(y) := €(xy).

The general case. Let X be a scheme with structure sheaf Ox, 1/2 € I'(0x).
A symmetric bilinear space over X is a pair (&,b), consisting of a vector bundle
& and an isomorphism b: & — &%, where £* = Homy, (&, Ox) such that b* = b
(we identify & with its double dual &#).
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An isometry @: (£,b) — (&’,b') of symmetric bilinear spaces is an Ox-linear
isomorphism such that ¢* o &’ o ¢ = b. The orthogonal sum and the tensor product
are defined in an obvious way.

If we now introduce hyperbolic spaces H (&) in the same manner as before and
then take the quotient, the result will not be the Witt group of X but a finer version
of it. To obtain the correct definition we have to use the notion of a metabolic space
instead of hyperbolic. This was first observed by Knebusch [11]. Roughly speaking,
the reason is that

metabolic = locally hyperbolic.

Metabolic spaces. Let (&,b) be a symmetric bilinear space over X and let .# be a
subbundle of &, that is, a locally direct summand of &.

For a subbundle .% of & we define its orthogonal complement F* as the kernel
of the composite i* o b, where i* : &% — .F* is the dual of the inclusion i: . ¥ — &.
Clearly, i* is an epimorphism and b induces an isomorphism &/.Z+ — .Z*. In
particular, . * is again a subbundle of &.

A subbundle . of & is called a lagrangian of & if .F = .Z1. A symmetric
bilinear space is called metabolic if it contains a lagrangian.

Observe that in the field case, that is, X = Spec(k), the orthogonal complement
of a subspace U of (V,b) coincides with

Ut ={xeV|B(x,y)=0forallyec U},

where B is the corresponding bilinear form.

The Witt group. It is defined to be the quotient of the Grothedieck group KO(X)
of isometry classes of symmetric bilinear spaces over X modulo the subgroup M
generated by metabolic spaces, that is,

W(X) := KO(X)/M.

As before, the tensor product turns W (X) into a ring. Note that in the affine case
this definition gives the previously defined Witt ring.
Examples.

o W(AY)=W(X), where X is affine — Karoubi [10]

o W(P})=W(k) for n = 1 follows from the description of vector bundles over the
projective line and for n > 2 — Arason [1]

e For an irreducible smooth quasiprojective complex curve C

W(C)=17Z/2®Disc(C),

where Disc(C) is the group of isometry classes of symmetric bilinear spaces of
rank 1. (This follows from [9].) In particular, if C is projective of genus g, then

W(C) = (Z/2)' 2.

For conic, elliptic, and hyperelliptic curves, see Parimala [18].
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e For an irreducible smooth quasiprojective complex surface X
W(X)=7/2®Disc(X) ®,Br(X).

For real projective surfaces, see Sujatha [21]. For affine threefolds, see
Parimala [19].

One of the main technical tools is the exact sequence

W(X) - Wk(X) 2 @ Wkx),
xex()

where X is an integral regular scheme over k, k(X) is its quotient field, k(x) is the
residue field at a point x of codimension 1, and 0, is a second residue homomor-
phism which depends on the choice of a local parameter. The exactness of this
sequence at the W (k(X))-term is called purity and is the main subject of these lec-
tures.

Purity for the Witt groups is known for the following cases:

e X is a regular integral noetherian scheme of dimension at most 2 by Colliot-
Thélene and Sansuc [8].

e X is a regular integral noetherian affine scheme of dimension 3 by Ojanguren,
Parimala, Sridharan, Suresh [15].

e X = Spec(R), where R is a local regular ring containing a field by Ojanguren and
Panin [14].

Triangular Witt groups. A vast generalization of the notion of the Witt group of
a scheme was provided by Balmer [2]. He introduced and studied the notion of the
Witt group # of a triangulated category with duality. For triangular Witt groups
the following computations were obtained:

o W (Px(&)), # (quadric) by Nenashev [12], Walter
e #(Grassmannian) by Balmer and Calmes [4]

3 Purity

Let A be a smooth algebra over an infinite field k and let K be its quotient field. Let
R = A4 be the localization of A at a prime ideal q € Spec(A). Such a ring R is called
a local regular ring of geometric type.

Let F: A-Alg — Ab be a covariant functor from the category of A-algebras to the
category of Abelian groups. From now on

e the local regular ring of geometric type R
e the covariant functor F'

will be the main objects of our discussion.
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Definition 1. (cf. [6, 2.1.1]) For every prime ideal p € Spec(R), consider the group
homomorphism F(R,) — F(K) induced by the canonical inclusion of Ry, into its
quotient field K.

We say that an element o € F(K) is unramified at a prime ideal p if it is in the
image of F(Rp). We say that an element o € F(K) is unramified over R if it is
unramified at every prime ideal p € Spec(R) of height 1.

Definition 2. (cf. [6, 2.1.4.(b)]) We say that purity holds for the functor F over R if
every unramified element of F(K) belongs to the image of F(R) in F(K). In other
words, the following equality holds between subgroups of F(K):

() im{F(R,) — F(K)} =im{F(R) — F(K)}.
ht p=1

The subgroup of unramified elements (the left-hand side of the equality) will be
denoted by F,,,(K).

Remark. Purity is a particular case of the following more general problem, called
the Gersten conjecture: Given a cohomology theory F = H* over R, show that the
Gersten complex

0—H'R) = H'(K) - @ H'(k(x) — @ H >(k(x)) = -
xeu™) xeu®)

1s exact.

Here H* is a functor to the category of graded abelian groups which satisfies
certain axioms (homotopy invariance, excision, localization, etc.) as in [7, Sect. 5]
or [16, Sect. 2]. Observe that exactness at the H* (K )-term gives purity.

For the Witt groups the Gersten conjecture was proven

e for a local regular ring of geometric type over an infinite field of characteristic
not 2 — Balmer [3] and Schmid [20]

e foralocal regular ring R containing a field of characteristic not 2 — Balmer, Gille,
Panin, and Walter [5]

Remark. Purity is closely related to the following problem, called injectivity:
Given a regular local ring R and a functor F from the category of R-algebras to
the category of pointed sets, show that the induced map F(R) — F(K) has a trivial
kernel.

If F = H),(—,G), where G is a smooth reductive group scheme over R, it is
equivalent to the Grothendieck-Serre conjecture (see [8, 6.5, p. 124]) which is still
open. For the Witt groups the injectivity is due to Ojanguren [13] and Pardon.

Our goal is to prove the following general fact (see [22]).

Theorem 3 (Purity Theorem). Let R be a local regular ring of geometric type ob-
tained by localizing a smooth k-algebra A. Let F: A-Alg — Ab be a functor with
transfers described below. Then purity holds for F over R.
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As a corollary of the proof we obtain the following celebrated result.

Theorem 4 (Ojanguren, Panin). Let R be a regular local ring containing a field k,
char(k) # 2. Then purity holds for the Witt functor F =W over R.

e The proof of Theorem 3 uses the same techniques as the original proof by
Ojanguren—Panin.

e The Witt group formally does not satisfy the condition of being a functor with
transfers. Nevertheless, since for all varieties appearing in the proof the canoni-
cal sheaves @ turn out to be trivial, the proof works after replacing transfers by
Euler traces.

Functors with transfers. Let R be a local regular ring of geometric type obtained
by localizing a smooth k-algebra A. Let F': A-Alg — Ab be a covariant functor. We
say the F is a functor with transfers if it satisfies the following axioms:

(C) (Continuity) Roughly speaking, it says that F commutes with filtered direct
limits of localizations. More precisely, for any A-algebra S essentially smooth
over k and for any multiplicative system M in S the canonical map

lim F F(M™!
lim F(Sg) — F(M™'5)

is an isomorphism, where M!S denotes the localization of S with respect
to M.

(T) (Structure of transfer maps) Let Fr: R-Alg — Ab denote the restriction of the
functor F to the category of R-algebras via the canonical inclusion A — R.
For any finite étale R-algebra 7', there exist homomorphisms

Trk: Fr(T) — Fr(R) and Trp%*: Fp(T @rK) — Fg(K)
called transfer maps which satisfy the following conditions:

(a)  Trk = idg and for any finite étale R-algebras 77 and T> the following
relation holds

Trg ™ (x) = Trg (x1) + Trg: (x2).

(bl) Let R[t] denote a polynomial ring over R. For a finite R[t]-algebra
S such that S/(t) and S/(r — 1) are finite étale over R the following
diagram commutes:

FR(S) ——— Fr(S/(2))

| |

Fr(S/(t=1)) —— Fr(R)
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(b2) The transfer map TrIT<®RK satisfies conditions (a) and (b1) above and

the following diagram induced by extension of scalars via the canoni-
cal inclusion R — K commutes:

FR(T) S FR(T ®RK)

| |

Fr(R) —— Fr(K)

Observe that if F' is homotopy invariant, that is, if the canonical inclu-
sion induces an isomorphism Fg(R') ~ Fg(R'[t]) for any R-algebra R’,
and transfer maps satisfy the general base change, that is, (b2) holds
for any extension R’ /R, then the condition (b1) follows automatically.

(E) (Finite monodromy) A certain technical condition which, roughly speaking,
means that restrictions of F' via canonical maps A — A®; A, a+— a® 1 and
a — 1 ®a, become locally isomorphic in the étale topology. This condition
holds automatically for the Witt group and for any functor defined over a field.

Examples. Let S be a k-algebra.

e F =Gy, thatis, F: S+ S*. Purity is equivalent to the exact sequence

Rk Pz
htp=1

e For the functors K, of K-theory purity means that the sequence

K.(R) = K-(K) % @) Ko_1(Ry /pRy)
htp=1

1s exact.

e F =coker(u), where it : G — G, is a surjective morphism of group schemes and
G is a linear algebraic group over k, char(k) = 0, which is rational as a k-variety.

e F =H}(—,%), where € is a locally constant sheaf with finite stalks of Z/n-
modules over R, (n,char(k)) = 1.

e F = coker(Nrd), where Nrd: GL; s — G, is the reduced norm of an Azumaya
algebra o7 over R.

e F =coker(Sn), where Sn: SO, — H} (—, 1t») is the spinor norm of a nonsingular
quadratic form ¢ defined over R.

e F = coker(Nrd), where Nrd: U(«/,0) — U(Z,0|z) is the reduced norm from
the unitary group of an Azumaya algebra .2# with involution of the second kind
o over R to the unitary group of its center Z.

We also have the torsion versions of the previous cases. Here d > 1 and S is an
R-algebra.

o F: S+ §*/Nrd(&)-(5*)¢
o F:S—U(Z,0)/Ned(U(«,0))-U(Z,0)¢
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4 The Proof of the Purity Theorem

First, we discuss two main geometric ingredients of the proof: the Geometric Pre-
sentation Lemma and the Quillen trick.

Lemma 5 (Geometric Presentation Lemma). Let R be a local essentially smooth
k-algebra with maximal ideal m over an infinite field k, and S an essentially smooth
integral k-algebra, finite over the polynomial algebra R]t]. Suppose that€: S — R is
an R-augmentation and let I = kere. Assume that S/mS is smooth over the residue
field R/m at the maximal ideal €' (m)/mS. Then, given a regular function f € S
such that S/(f) is finite over R, we can find at’ € I such that:

S is finite over R[t'].

There is an ideal J comaximal with I such that INJ = (¢').
The ideals J and (' — 1) are comaximal with the ideal (f).
S/(t') and S/(t' — 1) are étale over R.

Proof. We will only show how to construct this ' and establish the first property
and the part of the last.

Replacing ¢ by t — &(¢) we may assume that + € I. We denote by “bar” the re-
duction modulo m. By the assumptions made on S the quotient § = §/msS is smooth
over the residue field R = R/m at its maximal ideal I = £~ ! (m)/mS.

Choose an € S such that & is a local parameter of the localization of S at I. By
the Chinese Remainder theorem we may assume that & does not vanish at the zeros
of f different from .

Without changing & we may replace o by o — (o) and assume that ¢ € I. Since
S is integral over R[t], there exists a relation of integral dependence

o+ pi(t)o 4 pa(t) = 0. *)
For any r € k* and any N larger than the degree of each p;(t) we put
! =o—rV.

By the equation (x), 7 is integral over R[t']. Hence S, which is integral over R[t], is
integral over R[¢'] and the first property is proven.

By Bertini’s theorem we may choose a such that the algebra §/(&) is étale over
R. Consider the fiber product diagram

Slu)/ (@ —ui™) —= /()

d |

K] —2=" o

Since the fiber of 7 at u = 0 is étale, the fibers of 7 at almost all rational points
u € k™ are étale. In other words, S/(f') is étale over k and, hence, over R for almost
all r € k*.
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By assumption S and R[t'] are smooth. Since S is finite over R[¢'], S is finitely
generated projective as an R[t']-module and, hence, S/(¢') is free as an R-module.
In particular, S/(¢') is flat over R. Finally, the fact that §/(7') is étale over R implies
that S/(¢') is étale over R. 0

Observe that in the original statement of the geometric presentation lemma by
Panin—Ojanguren the last condition (that the fibers are étale) was missing. Hence,
our lemma (see [22, Theorem 6.1]) provides a slightly stronger version. This
difference becomes important when one looks for transfer maps related with certain
group schemes (e.g., the spinor norm case discussed in [23]).

The following fact, which is due to Quillen, can be viewed as a generalization of
Noether’s Normalization Lemma.

Lemma 6 (Quillen’s trick). Let A be a smooth finite-type algebra of dimension d
over a field k. Let f € A be a regular function. Let .& be a finite subset of Spec(A).

Then there exist functions x1,...,xg in A algebraically independent over k such
that ifi: W = k[xy,...,x4_1] — A denotes the inclusion, then

o A/(f) is finite over W.
e A is smooth over W at the points of 7.
o The inclusion i factors asi: W — Wx,| — A, where the last map is finite.

A generalization of this lemma involving some support condition was proven
recently by Panin and the author in [17].

Proof of the Purity Theorem. Let R = Aq be a localization of a smooth k-algebra A
at a prime ideal q and let K be its quotient field. We have to prove that any unramified
element o € F,,(K) belongs to the image of the canonical map i} : F(R) — F(K).
We give only a brief sketch of the proof.

The proof consists of three steps.

Step 1. We may choose f € A in such a way that the element ¢ is the image
of some element oty by means of the canonical map F(Ay) — F,(K). By applying
Quillen’s trick to the algebra A, the function f and the subset .# = {q} we obtain
the commutative diagram

a—a®1

A——AQwR

e

Ww—" R

wherei: W — A — A is the respective inclusion of the ring of polynomials W. Let
¢: F(Ap) = F((A@w R)y)

be the map induced by the upper horizontal arrow.
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Step 2. Let S = A ®w R. It is easy to check that S/R and f = f® 1 € S satisfy
the hypothesis of the Geometric Presentation Lemma. Applying that lemma (with
t = x4) we then construct /' € R[¢] and the ideal J. Let

v F(Sy) = F(R)

be the map defined by y = Trj o p; — Trjo p}, where py: Sy — S/(f'— 1), py: Sy —
S/J are the quotient maps and Try, Tr; are the respective transfers.

This is a key point of the proof: There is no map F(Sy) — F(R) which comes
from a regular one, however, by the Geometric Presentation Lemma one can define
its substitute Y using transfers.

Step 3. Consider the commutative diagram

%

F(A;) —2> F(S;) —“> F((S®rK);)

1

e

F(R)—* ~ F(K)

where the square is obtained by the base change and the maps ¢ and y were defined
before. By commutativity, the image of o' = y(¢(o)) in F(K) coincides with
vk (B), where B = ix(@(ay)). By the homotopy invariance (b2) we obtain that

Yk(B) = Tri 0 pi(B) —Trso pj(B) = Tro 0 py(B) — Trs 0 p3(B),

and by the additivity (a) the latter coincides with the image of the augmentation map
€x(B). Here ek : (S®rK)s — K is given by the usual multiplication.

On the other hand, one can show that ex () = ex (ix (¢(cty))) = a. Therefore, o
is the image of ¢’ by means of the canonical map ik, and the proof is finished. O
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Some Extensions and Applications
of the Eisenstein Irreducibility Criterion

Anuj Bishnoi and Sudesh K. Khanduja

Summary Some generalizations of the classical Eisenstein and Schonemann
Irreducibility Criteria and their applications are described. In particular some
extensions of the Ehrenfeucht-Tverberg irreducibility theorem, which states that
a difference polynomial f(x) — g(y) in two variables is irreducible over a field K
provided the degrees of f and g are coprime, are also given.

The discussion of irreducibility of polynomials has a long history. The most famous
irreducibility criterion for polynomials with coefficients in the ring Z of integers
proved by Eisenstein [9] in 1850 states as follows:

Eisenstein Irreducibility Criterion. Let F(x) = apx"+a;x"*~'+---+a, be a poly-
nomial with coefficient in the ring 7 of integers. Suppose that there exists a prime
number p such that ag is not divisible by p, a; is divisible by p for 1 <i <n, and a,,
is not divisible by p?, then F (x) is irreducible over the field Q of rational numbers.

Sometimes this criterion is not directly applicable to a given polynomial F (x)
but it may be applicable to F(x+ ¢) for some ¢, e.g., consider the p-th cyclotomic
polynomial x*~! +xP~2+4 ... 4 x+1= (x* —1)/(x—1). On changing x to x + 1, it
becomes xP !+ (P)xP~2 4.+ (7 ,) and hence is irreducible over Q by the above
criterion. This slick proof of the irreducibility for the p-th cyclotomic polynomial
was given by Eisenstein, though its irreducibility was proved by Gauss in 1799 and
used by him in one of his proofs of Quadratic Reciprocity Law. Over the years,
this criterion has witnessed many variations and generalizations using prime ideals,
valuations and Newton polygons (see [15], [18, Sects. 3.1, 5.1]).
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In 1906, Dumas [7] proved the following generalization of this criterion.

Dumas Criterion. Let F(x) = apx + a;x"~! +--- +a, be a polynomial with co-
efficients in Z. Suppose there exists a prime p whose exact power p'i dividing a;
(where ri = if a; = 0), 0 < i <n, satisfy ro =0, (r; /i) > (ry/n) for 1 <i<n-—1
and ged(ry, n) equals 1. Then F(x) is irreducible over Q.

Note that Eisenstein’s criterion is a special case of Dumas Criterion with r, = 1.
In 1923, Dumas criterion was extended to polynomials over more general fields
namely, fields with discrete valuations by Kiirschdk (cf. [14]). Indeed, it was the
Hungarian Mathematician Joseph Kiirschdk who formulated the formal definition
of the notion of valuation of a field in 1912.

Definition. A real valuation v of a field K is a mapping v : K — R U {eo} satisfy-
ing (i) v(x) = oo if and only if x = 0; (ii) v(xy) = v(x) + v(y); and (iii) v(x+y) >
min{v(x),v(y)} for all x, y in K. v(K*) is called the value group of v. A valuation
is said to be discrete if v(K*) is isomorphic to Z.

Eisenstein-Dumas-Kiirschak Irreducibility Criterion. Let v be a valuation of a
field K with value group 7. Let F(x) = apx" + a;xX*~' +--- +a, be a polynomial
with coefficients from K. If v(ag) =0, v(a;) /i > v(a,)/nfor 1 <i<n—1andv(a,)
is coprime to n, then F (x) is irreducible over Q.

In 1931, Wolfgang Krull generalized the notion of valuation by defining a valu-
ation of a field K to be a mapping:

onto

v:K — GU{e},

where G is a totally ordered (additively written with infinity greater than each ele-
ment of G) abelian group and v satisfies properties (i), (ii) and (iii) of a real valua-
tion. The pair (K,v) is called a valued field and G is called the value group of v.

In 1997, Khanduja and Saha [13] generalized the Eisenstein-Dumas—Kiirschak
criterion to polynomials with coefficients from any valued field (K,v).

Theorem 1. Let v be a Krull valuation of any rank of a field K with value group G
and F (x) = apx® + a1x* = +-- -+ a; be a polynomial over K. If v(ag) =0, v(a;) /i >
v(as)/s for 1 <i < s and there does not exit any integer d > 1 dividing s such that
v(as)/d € G, then F(x) is irreducible over K.

Example. Let F(X,Y) =g(Y)X*+ h(Y) be a polynomial over a field L in indepen-
dent variables X,Y. If g(Y),h(Y) have no common factors and degg(Y) — degh(Y)
is coprime to s, then F(X,Y) is irreducible over L, for we can regard F(X,Y)/g(Y)
as a polynomial in X with coefficients over the field K = L(Y') with valuation on K
defined by v(a(Y)/b(Y)) = degb(Y) — dega(Y) and apply Theorem 1.

The following criterion which is more general than the Eisenstein Irreducibility
Criterion was proved by Schonemann [19] in 1846.
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Classical Schonemann Irreducibility Criterion. If a polynomial F(x) belonging
to Z[x] has the form F (x) = f(x)* 4+ pM(x), where p is a prime number, f(x) belong-
ing to Z|x] is a monic polynomial which is irreducible modulo p, f(x) is co-prime
to M(x) modulo p, and the degree of M(x) is less than the degree of F (x), then F (x)
is irreducible in Qlx].

Eisenstein’s Criterion is easily seen to be a particular case of Schonemann
Criterion by setting f(x) = x.

In 1997, Khanduja and Saha [13] gave a generalization of classical Schonemann
Irreducibility Criterion using the theory of prolongations of a valuation defined on
K to a simple transcendental extension of K which was initiated by MacLane and
developed further by Popescu et al. in [2]. In 2008, Ron Brown [5] gave a different
proof of Saha’s result.

Notation. 1. Let v be a valuation of a field K with valuation ring R, = {x € K |
v(x) > 0} having maximal ideal .#, = {x € K | v(x) > 0}; R,/.#4, is called the
residue field of v.

2. For any element & in R, & will denote its v-residue, i.e., the image of & under
the canonical homomorphism from R, onto R,/.#,. For any polynomial g(x) €
R, [x], §(x) will have similar meaning.

3. We shall denote by v* the Gaussian valuation of the field K(x) of rational
functions in an indeterminate x which extends v and is defined on K[x] by:

V(S,a) = minfo(a)},  @ek

4. If g(x) is a fixed monic polynomial with coefficients in an integral domain
R, then each F(x) belonging to R[x] can be uniquely represented as a finite sum
F(x) = Y50 Fi(x)g(x)!, where for any i, the polynomial F;(x) € R[x] has degree
less than that of g(x). This representation of F(x) will be referred to as the g(x)-
expansion of F (x).

With the above notations, Khanduja and Saha [13] proved:

Generalized Schonemann Irreducibility Criterion. Lerv be a valuation of a field
K with valuation ring R,, residue field R,/ #, and value group G,. Let f(x) € R,[x]
be such that the polynomial f(x) is irreducible over R,/.#,. Assume that the f(x)-
expansion of F(x) € K[x] is given by F (x) = Y1 F;(x)(f(x))' satisfies Fy(x) =1,

Vi(Fi(x))

— >
s—1i

>0 for0<i<s—1,

Vi (F(x))

and there does not exist any number d > 1 dividing s such that v*(Fy(x))/d € G,,
then F(x) is irreducible over K.

In 2001, Bhatia and Khanduja [3] generalized Eisenstein’s Irreducibility Crite-
rion in a different direction.
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Theorem 2. Let v be a valuation of a field K with value group the set of integers.
Let g(x) = X" +a1xX™ ' +--- +a,, be a polynomial with coefficients in K such that
v(a;)/i > v(am)/m for 1 <i<m—1. Let r denote gcd(v(ay),m) and b be an el-
ement of K with v(b) = v(ap)/r. Suppose that the polynomial 7"+ (a,,/b") in the
indeterminate z is irreducible over the residue field of v. Then g(x) is irreducible
over K.

Example. Let p be a prime congruent to 3 modulo 4. The polynomial x* 4+ px® +
p*x* + p? is irreducible over Q.

Using Theorem 2, Bhatia and Khanduja [3] have proved:

Theorem 3. Let F(x,y) = cxX" + Fy (y)x" "' +--- + F,(y) be a polynomial having co-
efficients in a field K such that F,(y) is a nonzero polynomial with leading coefficient
co and degree d. Suppose that

deg Fi(y)

d
<—- for1<i<n-—1.
i n

If r denotes gcd(d,n) and if the polynomial 7" + co /¢ is irreducible over K, then so
is F(x,y).

The following theorem, which generalizes a well known result of Ehrenfeucht
and Tverberg is an immediate consequence of Theorem 3.

Theorem 4. Let f(x) and g(y) be nonconstant polynomials with coefficients in a
field K. Let ¢ and cq denote, respectively, the leading coefficients of f(x) and g(y)
and n,m their degrees. If gcd(m,n) = r and if 7" — (co/¢) is irreducible over K, then

so is f(x) —&()-

The result of Theorem 4 has its roots in a theorem of Ehrenfeucht. In 1956,
Ehrenfeucht [8] proved that a polynomial fj (x;) + - - - + f,(x,) with complex coef-
ficients is irreducible provided the degrees of fi(x1),..., fu(x,) have greatest com-
mon divisor one. In 1964, Tverberg [20] extended this result by showing thatif n >3
then f1(x1) +---+ fu(x,) belonging to K[xy,...,x,] is irreducible over any field K
of characteristic zero in case the degree of each f; is positive. He also proved that a
bivariate polynomial fj(x1) -+ f2(x2) is irreducible over a field of arbitrary charac-
teristic when the degrees of f; and f, are coprime.

A polynomial of the form f(x) — g(y) in two variables is called a difference
polynomial and a polynomial of the type given in Theorem 3 is called a generalized
difference polynomial.

Definition. A polynomial P(x,y) is said to be a generalized difference polynomial
(with respect to x) of the type (n,m) if P(x,y) = cx™ + X" | Bi(y)x"~", where ¢ € K*,
m>1,n=degP,(y) > 1 and degP;(y) <ni/mforl <i<m-—1.
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It is known that contrary to appearances, the property of being a generalized dif-
ference polynomial is actually symmetric in x and y. Note that every difference
polynomial is a generalized difference polynomial. In fact, Bhatia and Khanduja
[3] considered irreducibility conditions on more general polynomials called quasi-
difference polynomials given by F(x,y) = cx¢ + 3¢, Pi(y)x*~!, c € K*, e > 1,
such that there exists  with 1 <7 < e satisfying deg, F(x,y) = degP,(y) = d and
degPi(y) < di/t fori#1t, 1 <i<e. Also every generalized difference polyno-
mial of the type (d,e) (with respect to x) is a quasi-difference polynomial of the
same type, but the converse is not true, e.g., the polynomial F(x,y) = cx* + ¢ 1x3y +
x> (y*+y) + cax(y* + ) + c4y* with the coefficients ¢ and ¢, nonzero is a quasi-
difference polynomial of the type (4,2) with respect to x that is not a generalized
difference polynomial as d =4, e = 4 and deg P,(y) > di/e fori = 2.

In 1990, Panaitopol and Stefdnescu [16] proved that a quasi-difference polyno-
mial of the type (d,#) with d and ¢ coprime is irreducible over K(x). It may be
pointed out that the irreducibility criterion for a quasi-difference polynomial of the
type (d,t) with d and ¢ not necessarily coprime given in [3] extends the criterion of
Panaitopol and Stefdnescu.

Theorem 5. Let P(x,y) = cx® + Py(y)x~ ! +--- + P.(y) be a quasi-difference poly-
nomial of the type (d,t) with respect to x over a field K. Let cq denote the leading
coefficient of P,(y) and r the gcd of d and t. If the polynomial x" + cca1 is irreducible
over k, then P(x,y) is irreducible over K(x).

As regards generalized difference polynomials, recently Engler jointly with
Khanduja [11] has given an elementary proof of the number of irreducible factors
of a generalized difference polynomial by means of the following theorem.

Theorem 6. Let P(x,y) = apx™ + Py(y)x" ' 4 -+ Py(y) be a generalized differ-
ence polynomial of the type (n,m) with respect to x over a field K. Let r be the great-
est common divisor of m and n, and let by be the leading coefficient of Py, (y). Then
the number of irreducible factors of P(x,y) over K (counting multiplicities if any)
does not exceed the number of K-irreducible factors of the polynomial x" + by / ay.

Proof. Let
P(x,y)ZaOFl(x,y)“'Fy(x,y) (1)

be a factorization of P(x,y) as a product of irreducible factors over K. Let x be given
the weight n and y the weight m. Let H;(x,y) denote the sum of those monomials
occurring in F;(x,y) which have the highest weight, then H;(x,y) is a nonconstant
polynomial. Denote bgy/ag by —b. Keeping in mind the definition of a generalized
difference polynomial and comparing the terms of highest weight on both sides of
(1), it can be easily seen that:

X" —=by" = Hy(x,y) - Hs(x,y). ()
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Let £ be a primitive r;-th root of unity, where r = p'r; and p does not divide r;.
The integers m/r and n/r will be denoted by m; and nj, respectively. Choose ¢
belonging to the algebraic closure K of K such that ¢” = b. Rewrite (2) as:

r

[T —c&ly™) = Hy(x,y) - Hy(x,y). 3)

i=1

The desired result follows from (3) because a polynomial of the type X —ayF is
irreducible over K when j and k are co-prime.

For polynomials with rational coefficients, the following theorem gives a better
estimate than the one given by Theorem 6.

Theorem 7. Let P(x,y) be a generalized difference polynomial of the type (n,m)
over the field Q of rational numbers. Let r be the greatest common divisor of m and
n. Then the number of irreducible factors (counting multiplicities) of P(x,y) over Q
does not exceed the number of positive integers dividing r.

Proof. Let b= —by/ag be as in the proof of Theorem 6. Fix a complex number
¢ satisfying ¢" = b and a primitive d-th root of unity to be denoted by {; for any
number d dividing r. Define a polynomial P;(x) with complex coefficients by:

Pix)= [T (e

1<i<d,(i,d)=1
Then
X —b=]]Pix). 4)
d|r

Observe that if x — ¢, is a factor of a polynomial A(x) belonging to Q[x], then so
is x — o (c&;) for all o € Gal(Q%8/Q) and hence so is P;(x). It now follows from
(4) that the number of Q-irreducible factors of x” — b does not exceed the number of
divisors of r. This proves the theorem in view of Theorem 6.

The following corollary is an immediate consequence of the above theorem.

Corollary. Let f(x) and h(y) be polynomials having coefficients in Q. Assume that
deg f(x) is a prime number. Then f(x) — f(h(y)) is a product of two irreducible
factors over Q. In particular the polynomial f(x)— f(y)/x—y is irreducible over

Q.

The above corollary sheds some light on a problem posed by Cassels [6] which
asks for what polynomials f is the polynomial f(x) — f(y)/x — y reducible over Q.

Definition. A polynomial with coefficients from a valued field (K,v) which satis-
fies the hypothesis of Theorem 1 is called an Eisenstein-Dumas polynomial with
respect to v. A polynomial satisfying the hypothesis of Generalized Schonemann Ir-
reducibility Criterion (stated before Theorem 2) will be referred to as a Generalized
Schénemann polynomial with respect to v and f(x).
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The following natural question arises:

When is a translate g(x+ a) of a given polynomial g(x) with coefficients in a
valued field (K,v) an Eisenstein-Dumas polynomial with respect to v?

Recently, we have characterized such polynomials using distinguished pairs
defined later. Indeed we have also dealt with the following more general problem
in [4].

Let g(x) belonging to R, [x] be a monic polynomial over a henselian valued field
(K,v) of arbitrary rank with g(x) = ¢ (x)¢, where ¢(x) is an irreducible polynomial
over R,/ M,, and let 0 be a root of g(x). What are the necessary and sufficient
conditions so that g(x) is a Generalized Schonemann polynomial with respect to v
and some polynomial f(x) € R,[x] with f(x) = ¢(x)?

Definition. Let v be a henselian valuation of a field K and let ¥ be the unique prolon-
gation of v to the algebraic closure KofK. A pair (8, o) of elements of K is called a
distinguished pair (more precisely a (K, v)-distinguished pair) if the following three
conditions are satisfied:

() [K(8):K]> [K(o): K], N
(i) ¥(6 —B) < (6 — o) for every B in K with [K(B) : K] < [K(6) : K], and
(iii) whenever 8 belonging to K is such that [K(B) : K] < [K(o) : K], then
V(6 —B) <¥(6—0).

Properties of distinguished pairs have been studied extensively in [17] and [1].

In [4], we have proved

Theorem 8. Let v be a henselian valuation of arbitrary rank of a field K with value
group G. Let g(x) belonging to R,[x] be a monic polynomial of degree e having a
root 0. Then for an element a of K, g(x+ a) is an Eisenstein—-Dumas polynomial
with respect to v if and only if (0,a) is a distinguished pair and K(0)/K is a totally
ramified extension of degree e.

The following result, which generalizes a result of Juras [12] proved in 2006, has
been quickly deduced from the earlier theorem.

Theorem 9. Let g(x) = ¥ aix' be a monic polynomial with coefficients in a
henselian valued field (K,v). Suppose that the characteristic of the residue field
of v does not divide e. If there exists an element b belonging to K such that g(x+ b)
is an Eisenstein—Dumas polynomial with respect to v, then so is g(x — a._1/e).

Theorem 8 can be used to construct examples of totally ramified extensions
K(0)/K such that no translate of the minimal polynomial of 6 over K is an
Eisenstein-Dumas polynomial with respect to v.

Notation. For a separable over K of degree > 1, wg (o) will stand for the Krasner’s
constant defined by:

ok (o) = max {#(a — o) | &’ # o runs over K-conjugates of o} .
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Example. Let K be the field of 2-adic numbers with the usual valuation v, given
by v»(2) = 1. The prolongation of v, to the algebraic closure of K will be denoted
by v, again. Consider 8 = 2+2(271/2) +22(271/2%) and 6, = 2+2(271/2). It will
be shown that K(8) = K(2!/4) and (6, ;) is a distinguished pair. Note that the
Krasner’s constant wg(6;) = 3/2 and v2(0 — 0;) = 7/4 > wk(6;). Therefore, by
Krasner’s Lemma [ 10, Theorem4.1.7], K(6,) C K(6) and hence 22(2-'/4) = 6 — 6,
belongs to K(60) as asserted. To show that (0,0;) is a distinguished pair, we first
verify that whenever y belonging to K satisfies v2(6 —y) > v,(6 — 6;) = 7/4, then
degy > 4. If y is as above, we have by the strong triangle law

VQ(Ol—}/) mm{vz(el 9),VZ(9—}/)}=7/4> (1)1((91)23/2.

So by Krasner’s Lemma, K(6;) C K(y) and hence v,(K (7)) contains v,(6; —y) =
7/4 which implies that [K () : K] > 4. Therefore

7/4=v2(6—6)) max{vze B) |[36Kanddegﬁ<4}

Also for any b € K with degh < deg 8, we have b € K and clearly v,(6; —b) <
1/2 <vy(0—6;). So (0,6;) is a distinguished pair. As can be easily checked, 0
is a root of g(x) = x* — 8x> 4 20x — 80x + 4 which must be irreducible over K.
By Theorem 8, no translate of g(x) can be an Eisenstein—Dumas polynomial with
respect to v, because (0, 0;) is a distinguished pair with 6; ¢ K and consequently
(8,a) cannot be a distinguished pair for any a in K. Moreover, if p is a prime
number different from 2, then no translate of g(x) can be an Eisenstein—Dumas poly-
nomial with respect to the p-adic valuation v, for otherwise in view of Theorem 9,
g(x+2) = x* — 4x> — 64x — 124 would be an Eisenstein~Dumas polynomial with
respect to v, which is not so.
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no. 09/135(0539)/2008-EMR-I).
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On the Kernel of the Rost Invariant
for £Eg Modulo 3

Vladimir Chernousov

Summary We show that the kernel of the Rost invariant for a split group of type Eg
is trivial modulo 3.

1 Introduction

Let F be a field and let G be a simple simply connected algebraic group over F.
With these data one can associate two natural functors f,g: Fields — Sets, where
Fields denotes the category of field extensions of F and Sets denotes the category
of sets, given by f(K/F) = H'(K,G) and g (K/F) = H*(K,Q/Z(2)).

In the 1990s, Rost constructed a natural transformation between f and g which
nowadays is called the Rost invariant of G and it is denoted by %Z. Thus for every
field extension K /F we have a natural (functorial) mapping of pointed sets %
H!'(K,G) — H*(K,Q/Z(2)). By abuse of language, instead of %Z¢ x we will use
the abbreviated notation % whenever there is no danger of confusion.

For applications it is important to describe the kernel of Z. If G is split or quasi-
split over F and has small rank then the kernel is trivial by [Gar] (see also [Ch03]).
In particular, KerZ¢s = 1 for all groups G of exceptional types but Eg, i.e., for
every field extension K /F we have KerZ¢ ¢ = 1. For type Eg the situation is much
more difficult and not much information is available. For instance, we know that
the kernel of the Rost invariant is not trivial. Indeed, if F = Q and K = R then
one checks that the class [£] € H!(K,G) corresponding to the compact form of Eg
belongs to the kernel of the Rost invariant.
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In this paper, we address the (slightly simpler) problem of describing the kernel
of Z¢ modulo a prime number p where G is a split group over F of type Eg. We say
that a class [£] € H!(K,G) is in the kernel of Z¢ modulo p if there is a finite field
extension L/K of degree prime to p such that Z¢ 1 ([&]) = 1. We also say that the
kernel of the Rost invariant of G is trivial modulo p if every class [] € H'(K,G)
which is in the kernel of %2 modulo p can be killed by a finite field extension L/K
of degree prime to p.

Clearly, for all p # 2,3,5 the kernel of the Rost invariant of a split group of
type Eg is trivial modulo p because every torsor over K of type Eg can be killed
by a finite extension of K of degree dividing 26325 by [To] (for a simpler proof see
also [Ch06]). If p = 5 then the main result in [Ch94] says that the kernel of the Rost
invariant for E§ modulo 5 is trivial. The aim of the paper is to consider the next case
p=3.

Theorem 1.1. Let F be a field of characteristic # 3 and let G be the split group of
type Eg over F. Then the kernel of the Rost invariant for Gy is trivial modulo 3.

2 Notation and Auxiliary Results

If F is a field we denote by F* a separable closure of F. Let G be a reductive
algebraic group defined over F and let T C G be a maximal torus over F'. We
denote by X = X(G, T) the corresponding root system and by Wy the corresponding
Weyl group. For a prime number p we let Wx(p) denote a p-Sylow subgroup of
Wx. If X has type X (in the paper we consider mainly types X = A, Eg, E3) we also
write Wy (respectively Wx (p)) instead of Wy (respectively Wx(p)).

Note that Gal (L/F), where L/F is a minimal splitting extension of T has a nat-
ural embedding into the automorphism group AutX of X. If G is a group of inner
type, for example of type Es, then the image of Gal (L/F) is contained in the Weyl
group Wx C Aut(ZX).

If X; C X is a root subsystem we denote by Gz, C G the subgroup generated
by unipotent root subgroups U+, C G for all roots o € Xy. Note that Gy, is not
necessarily defined over the ground field F' because X is not necessarily stable by
Gal(L/F).

We say that an F-defined subgroup H C G is standard if there exists a maximal
torus T C G defined over F and a root subsystem X; C £(G,T) such that H = Gx,.
Note that in this case T normalizes H.

2.1 Split Groups

Assume, additionally, that G is a simple simply connected group split over F' and
that 7 C G is a split maximal torus. Let g be the Lie algebra of G. A choice of
Borel subgroup B C G containing 7 determines an ordering of X, hence the system
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of simple roots IT = {0y, ..., }. Let 7 (respectively X7) be the set of positive
(respectively negative) roots and let B~ be the Borel subgroup opposite to B with
respect to 7. We pick a Chevalley basis [St67]

{Hq,...,Ho,, Xao, € € X}

in g corresponding to the pair (7,B). This basis is unique up to signs and automor-
phisms Aof g which preserve B and T (see [St67], Sect. 1, Remark 1).

Let T and T denote the corresponding group of characters and cocharacters of T'.
There exists a natural pairing T, X T — 7. We may view the root system X as
a subset in 7. For each root o € X Steinberg in his book [St67] associates the
cocharacter in 7, denoted by /. Thus, hy is a homomorphism Ay : G, — T. For
instance, if G = SL,, and o = & — €; then h(7) is a diagonal matrix with ¢ in the
ith column and ¢! in the jth. The image of hy, coincides with Ty, = T NGy If all
roots in ¥ have the same length then for every sum o = 8 + ¥, where a, 3, and y
are roots we have hy = hﬁhy.

As G is a simply connected group, the following relations hold in G (cf. [St67],
Lemma 28 b), Lemma 20 ¢) ):

(A) T =Ty, x---xTg,; hence T, is generated by hg,, ..., hq,.
(B) For any two roots o, 3 € ¥ we have

ha(t)Xpha(t) ™' = 1P X,

where (B, ) =2(B,a)/(ct, ).
If A C I, we let G4 denote the subgroup generated by Ui, 0t € A.

2.2 Steinberg’s Theorem

We state now two theorems which are due to Steinberg [St65]. Although they
are not formulated explicitly in [St65], their proofs can be easily obtained from
the arguments contained in [St65], Sect. 10 (see also [PR, Propositions 6.18, 6.19,
p- 338-339] and [Ch03, Theorems 3.1, 3.2]).

Let Gy be a simple (not necessary simply connected) linear algebraic group split
or quasi-split over F. Let & € Z'(F,Gy) be a cocycle and let G = ¢Gj be the
corresponding twisted group.

Theorem 2.1. For any maximal torus S C G over F there is an F-embedding
S < Gy such that the class [E] lies in the image of H'(F,S) — H'(F,Gy).

Theorem 2.2. In the notation earlier assume that Gy is a simple simply connected
group split over F and that G is isotropic over F. Then & is equivalent to a cocycle
with coefficients in a proper semisimple simply connected F-split subgroup Hy in
Go which is standard and isomorphic over F* to a semisimple anisotropic kernel
of G.
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As a simple corollary of these two results we have the following:

Proposition 2.3. In the earlier notation let Ty C Gy be a maximal F-split torus. If
S C G is a maximal torus over F with a minimal splitting extension L/F then & is
equivalent to cocycle in Z' (L/F,Ng, (To)(L)).

Proof. Leti:S — Gy be an embedding given by Theorem 2.1. Passing to an equiv-
alent cocycle we may assume that & = (as) takes values in i(S). As S is L-split we
may additionally assume that & € Z'(L/F,i(S)(L)). We remind the reader that any
two maximal L-split tori in Gy are conjugate by an element in Go(L). Hence there
exists a € Go(L) such that ai(S)a~! = Ty. As i(S) and Ty are F-defined, it is easy
to see that a~®a € Ng, (i(S))(L) for every o € Gal (F*/F). Consider an equivalent
cocycle &' = (aaga%) € Z' (L/F,Go(L)). It takes values in

a(i(S)(L)a %a)a™" C aNg, (i(S))(L)a~" = Ng,(To)(L)

as required. a

3 The Rost Invariant and its Properties

In this section for later use we state (without proofs) two properties of the Rost
invariant. For proofs we refer to [KMRT] (Sect. 31), [GMS]. We note that an explicit
formula for Z is known in a few cases only.

3.1 Inner Type A;,_,

Let A be a central simple algebra over F of degree p, where p is prime and let
G =SL(1,A). One has:

H'(F,G) = F*/Nrd (A™).

Assume that char(F) # p. Then the formula for the Rost invariant % is given (up
to a sign) by

R F”* INtd(A*) — H(F,u5%), %6 (xNrd(A¥)) = (x) U[A].

In particular, we have the following:
Proposition 3.1. In the earlier notation one has Ker Zg r = 1.
Indeed, this follows immediately from

Theorem 3.2. ([MS], Theorem 12.2) If A is a central simple algebra over F of prime
degree p, and p is different from the characteristic of F, then (x) U[A] =0 if and
only if x € NrdA™.
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3.2 The Rost Multipliers

Let G, H be almost simple simply connected linear algebraic groups over F and let
p: H — G be an F-embedding. The restriction Z at p(H) gives a cohomological
invariant of H, hence is equal to n,Zy for a positive integer n, (see [KMRT],
Sect.31). The smallest such integer is called the Rost multiplier of the embedding p.

Proposition 3.3. Let p: H — G be an F-embedding such that p(H) is a standard
subgroup normalized by a maximal torus T. Assume that all roots in £ = X(G,T)

have the same length. Then np = 1; in particular, for every field extension K /F and
every class [E] € H'(K,H) one has Zc(p([&])) = Zu([€]).

Proof. Let X; C X(G,T) be a subsystem such that p(H) = Gsx,. Let S be the con-
nected component of TN p(H). Clearly S is a maximal torus in p(H) and there is a
natural embedding of the root systems

S(p(H),S) — X(G,T).

Hence the coroots of p(H) are also the coroots of G (we used the fact that all roots
of the root system X = X(G, T) have the same length). The rest of the proof follows
from [GMS, Proposition 7.9, p. 122]. O

4 Reduction to Special Cocycles

In what follows we assume char (F') # 3 and Gy is the split group of type Eg over F'.
Let Ty C Go be a maximal split torus over F. For the proof of Theorem 1.1 we may
assume without loss of generality that F' has no finite extension of degree prime
to 3. In particular, this implies that F is perfect (because char F # 3) and F contains
a primitive cube root of unity.

Now consider a cocycle & € Z!(F,Gy) that is in the kernel of the Rost invariant
K, r- Take a finite extension L/F of minimal possible degree killing §. As F has
no finite extensions of degree prime to 3 we have [L: F| = 3". Consider a chain

F=LyCL C--CL,=L

of subfields such that L;/L; ; is a Galois extension of degree 3. To prove that £ is
trivial we apply induction on n. By induction &, is trivial, hence up to equivalence
& €Z"(L1/F,Go(Ly)). Thus, we may henceforth assume that & is killed by a Galois
extension L = L; of F of degree 3. In what follows ¢ denotes a fixed generator of
Gal(L/F).

We say that a cocycle 1 € Z'(F,Gy) is special if the twisted group "Gy is
F-anisotropic (in particular 7 is not trivial) and there exists a finite Galois exten-
sion L/F of degree 3 such that 1 is equivalent to a cocycle in Z! (L/F,Ng, (To)(L)).
The proof of Theorem 1.1 consists in showing that
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(a) If [£] # 1 then & is equivalent to a special cocycle; and
(b) The kernel of the Rost Z, r invariant does not contain special cocycles.

Clearly (a) and (b) imply that Ker %Zg, , = 1.
Let us start with (a). We first reduce to the anisotropic case.

Proposition 4.1. Let [£] € KerZg, and let G = Gy be the twisted group. If G is
F-isotropic then [E] = 1.

Proof. Let Hy be the subgroup in Gy given by Theorem 2.2. We may assume that
£ takes values in Hy. Since Hy is proper, rank of Hy is at most 7. Note that Hy
is simply connected since so is Gy. By Proposition 3.3, we know that Z, ([§]) =
Za,([E]) = 1. Furthermore for all split or quasi-split F-groups of rank <7 the Rost
invariant has trivial kernel by [Gar], hence [£] = 1. O

Thus, for the proof of Theorem 1.1 we may assume that £ is F-anisotropic, i.e.,
the twisted group G = $Gyis F -anisotropic. To complete the reduction to special
cocycles we need the following

Proposition 4.2. Let 6 € Z' (F,Gy) be a cocycle such that the twisted group ° Gy is
F-anisotropic and split over a cubic Galois extension L/F. Then G = Gy contains
a maximal F-torus S C G which is split over L.

Proof. We apply the same argument as in [Ch03], Proposition 5.2. Namely, let
P C G be a maximal parabolic subgroup over L corresponding to the root og. It
has dimension 191. Now consider the connected component C of the intersection
PNo(P)No?(P). As F is perfect and G is F-anisotropic, C is a reductive group
over F of dimension at least 77. Let C!") = [C,C] = C - -- C; be the decomposition
of the semisimple part of C into an almost direct product of the simple components
over FS. It easily follows from dimC > 77 that C (1) contains a simple component,
say Cj, of type not A,. As in [Ch03] we may additionally assume that C; is defined
over F. Because F has no quadratic extensions, C is not of type B, C,, G>. By a
dimension argument, it also cannot be of type D, or F4. So only one of the following
cases can occur.

Case: C is of type E7. From C; C C C P we conclude that C; is the semisimple
part of a Levi subgroup of P. In particular, C5(C;) contains a 1-dimensional torus
which is split over L (the center of the Levi subgroup). Thus, by dimension con-
sideration C(C)) is an F-defined reductive group of rank 1. But any such group is
split over F. This contradicts our assumption that G is F-anisotropic.

Case: C) is a group of type Eq. As earlier we find that Cg(C)) is a reductive
group of rank 2 which is isotropic over L and hence split over L. By classification
results, every such group contains a maximal torus, say S;, defined over F and
splitting over L. Now consider the reductive group C(S1). Its semisimple part has
rank at most 6 and contains C;. Hence its semisimple part is precisely C;. As S is
split over L so is C;. By [Ch03], C; contains a maximal F'-defined torus S, splitting
over L. Then the torus § = S - S, is maximal and splits over L. O
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Propositions 2.3 and 4.2 complete the proof of (a).

To prove (b), we assume the contrary. We fix a cocycle & € Z! (L/F,Ng,(To)(L))
that is special and in the kernel of %g,. In the next sections we construct cocycles
& =&y,&1,&,&; such that &; is equivalent to &;_ for every i = 1,2,3 and &; takes
values in a standard simply connected subgroup H C Gy of inner type A,. This will
contradict our assumption that & is in the kernel of the Rost invariant because, by
Proposition 3.3, Z ([&3]) = %, ([€3]) and by Proposition 3.1 the kernel of the Rost
invariant of H is trivial.

Remark 4.3. We will construct &3 explicitly and this will provide us with an explicit
formula for the Rost invariant for all special cocycles.

For the construction of &; and &, we need information about 3-Sylow subgroups
in Wg, and about descent data for groups of the form SL(1,A) where A is a central
simple algebra over F of degree 3.

5 3-Sylow Subgroups of the Weyl Group W,

We first recall an explicit description of a 3-Sylow subgroup of the Weyl group Wg,.
For the proof we refer to [Ch03]. Let X, be a root system of type E¢. Fix a basis
IT={ay,...,06} of Xg, and denote by 3 the highest root. The extended Dynkin
diagram of type Ej is of the form

-B

(0]

o 03 04 05 Op

It follows from the picture that Xg, contains aroot subsystem X of type Ay x Ay X Ay
generated by roots {ot, 03}, {05, 06}, and {0, —B}. Since the Weyl group Wy, of
type A, is isomorphic to S3 it contains a unique 3-Sylow subgroup which is cyclic
of order 3. Let v{,v2,v3 be elements in Wx, ~ §3 X §3 X §3 given by:
Vi Vi Vi V2 V2 Vi
o3 — o — —(t+o3) — 03, 05— 06— —(05+06) — 0%,

and —f -5 o0 5 B—on 2 —B. (5.1)

It is known that Wg, contains an element v of order 3 permuting v{,v;,v3. Hence,
the subgroup in Wg, generated by vq,v;,v3,v has order 34, Since Wk, (3) has the
same order we obtain

Lemma 5.2. One has Wg,(3) ~ (Z/3 x /3 x Z/3) x Z/3.
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Later on we shall also need the description of the intersection

C= (G{*ﬁ-ﬂz} X G{Ofs-,%}) NG{oy, 05}

It is a central subgroup of order 3 of the following shape. It is easy to see that the
images of the embeddings

U3 = G payys x— h p(x)hey ()

and
13 = Giag,o6): X = hos (x) hog (xz)
are the centers of the groups in question.

Lemma 5.3. The image of ¢ U3 — G{_g ¢} X G{os,0e) 8iven by x — (x,x%), i.e.,
X (e (2 hay (2 ()

is contained in Gy, o,) and hence coincides with C.

Proof. Using relation (B) in Sect. 2.1 it is straightforward to check that
P (x) = h_p(x)ha, (3% )hos (3 ) hog (x) = hay (3% oy (),

so the result follows. O

Now consider the root system X, of type Eg. Let us fix its basis o, ..., 0g. The
extended Dynkin diagram is of the form

-

o 03 0Oy 0Os5 O O7 0O —O

Here o is the highest root. From the picture we conclude that Xz, contains a root
subsystem X, of type Eg X A, generated by roots { ¢, ..., 06} and { og, —oc}. Recall
that the order of a 3-Sylow subgroup W (3) is 35. As Wx, (3) = W, (3) x W, (3)
has the same order we obtain

Lemma 5.4. One has
Wi (3) >~ Wg, (3) X Z/3 ~ ((Z/3 x /3 X Z/3) x Z/3) X Z/3.

Finally, we describe a 3-Sylow subgroup of Wg,. Consider the Weyl group Wy,
corresponding to the roots ag, —or. Let v4 € Wy, ~ S5 be the element given by:

V., V., V.
Oy — —0 — oL — 0y —— 04, (5.5)

From the earlier argument we know that the subgroup in Wg, generated by vy, v,, v3,
v4 and v is a 3-Sylow subgroup of Wg,. We will call it a standard 3-Sylow subgroup.



On the Kernel of the Rost Invariant for Eg Modulo 3 207

6 Galois Descent Data for Groups of Type A,

In this section F denotes an arbitrary field of characteristic #3 containing a primitive
cube root of unity {3. Let A be a central simple algebra over F of degree 3 and let
G =SL(1,A). Clearly G is an inner form of type A,. We denote its Lie algebra by
g: it consists of all elements in A with reduced trace zero.

One knows that A is a cyclic algebra, hence it is cyclic of the form A = (a,b) G
for some elements a,b € F*, as defined in [GS, p. 36]. Let L = F(/a) be a maximal
subfield in A corresponding to a and let 7 = RS/)F(GM) be the maximal torus in G
consisting of all elements in L with norm 1. It is defined over F and split over L.

We have Gal (L/F) = 7Z/3 and there is a natural embedding of Gal (L/F) into
the Weyl group Wy, = S3. We identify Gal (L/F) with its image in Wy,. We may
assume that the presentation A = (a,b) corresponds to a generator ¢ € Gal (L/F)
which is equal to the cycle (123) (under the identification Wy, = S3).

As L C A we may identify A, = A ®p L = M3(L) in such a way that 7y, corre-
sponds to the set of diagonal matrices in M3(L). We choose the standard basis in the
root system X(Gy,T;.) of type A, and the standard Chevalley basis

{HOC] ) HOQ; Xj:oq ) Xj:otza Xj:(a1+a2) }

in g7 = g ®F L. Recall that

010 000 000
Xey =000, Xp,=[001], and X,(mﬂm: 000
000 000 100

The algebra A viewed as a subalgebra in Ay, = M3(L) is the invariant subset A =
M5 (L)S4(L/F) wwhere Gal (L/F) acts on A, = A ®r L through the second factor.
Because ¢ = (123), it takes 0 into o and o into — (0 + ), hence we have

o2 (o2
Xoy — 1 Xy — C2X,(al+a2>

for some elements cy,cp € L. We call them structure constants of G with respect
toT.

Clearly j = Xo, + ¢1Xa, + €2X_ (g +0p) 18 invariant with respect to o, hence
j € A. Tt is routine to check that j> = ¢c¢, implying ¢jc, € F* (because j is Galois
invariant). It is also straightforward to check that the conjugation by j on the set
of diagonal matrices corresponds to the cycle (132), hence its restriction at T (F)
corresponds to 6 (note that we identified A;, = M3(L) in such a way that T'(F) is
the Galois invariant subset of the set of all diagonal matrices with determinant 1).

It follows from the above argument that up to norms in Ny /z(L*) we have cjc; =
b~! = b%. In particular, we can restore the presentation A = (a,b) if we know the
Galois extension L = F(/a) splitting a maximal torus 7 C G and the structure
constants ¢y, c3.
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Lemma 6.1. If cicy € (F*)? then A is split.
Proof. Indeed, we have b = 3 for some ¢ € F*, so the result follows. O

Finally, for later use we want to describe explicitly cocycles with coeffi-
cients in 7, i.e., the group Z!(L/F,T(L)), in terms of standard generators of a
Chevalley group G, = SL3. As Gal (L/F) = ( 0) is cyclic every cocycle n = (a;) €
Z'(L/F,T(L)) is determined uniquely by an element ag = h, (u)he,(v) € T(L)
satisfying the relation

as-0lag) 0 (ag) = 1.

Lemma 6.2. Let u,v € L*. Then ag = hg, (u)he, (v) determines a cocycle if and
only ifvo(u) € F*.

Proof. We know that ¢ acts on the character lattice 7 = (0o, 00) of T by

o(oy) =0 and o(o) = —ay — ap. Since hg, : G,y — T is the cocharacter corre-
sponding to o; and since all roots have the same length we also have ¢ (hq, ) = hq,
and 0(hey) =h_gj—ay = —ha, —ha,. Itis now routine to check that as satisfies the
equation a0 (as)0>(as) = 1 if and only if vo (u) € F*. O

Corollary 6.3. Every cocycle (ag) € Z'(L/F,T(L)) is equivalent to a cocycle of the
form (bg), where bg = hg, (W) andw € F*.

Proof. Let ag = hg, (u)he, (v). It is easy to check that for an arbitrary element y in
L* a trivial cocycle (g, (y)!79) is of the form (hg, (y)he, (0(y)~!). Hence taking
y = o2(v) we get that the cocycle (b ) where

bs = hg, ()’)h(xl (“)h(xz (V)h(xl (”76

is equivalent to (as) and it is of the required form. O

7 Construction of &,

In this section we keep the notation (introduced in Sect.5) vi,v2,v3,v4,v for ele-
ments in the Weyl group Wg, given by (5.1) and (5.5) and o, B for the highest
roots in root systems of types Eg and Eg. Recall that we assume & is special, i.e.,
& € ZV(L/F,Ng,(Ty)) where L/F is a Galois extension of degree 3 and the twisted
group G = %G is F-anisotropic. We denote by ¢ a generator of Gal (L/F) and by
X = X¥(Gy, Tp) the root system of Gy with respect to Ty with a basis o, ..., og.

A mapping Ng, (Tp) — W, induces

H'(L/F,Ng,(To)(L)) — H'(L/F,Wg,) = Hom(Gal(L/F),Wg,)/ ~,

where ~ is an equivalence relation given by conjugation. The map Ng,(7o)(L) —
Wg, = Wg, (L) is surjective. So passing to an equivalent cocycle, if necessary, we
may assume that the image & of & corresponds to a mapping & : Gal (L/F) — W,
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whose image in Wg, is contained in a standard 3-Sylow subgroup generated by
v1,v2,v3,v4,V. It then follows that the standard subgroup Hy C Gy of type E¢ gen-
erated by roots o, ..., 0 is invariant with respect to twisting by & (because it is
invariant with respect to conjugation by vy, vy, v3, vy, V).

Note that the twisted group SHyis F -anisotropic because so is G = £Gy. Then,
by [Ch03] Lemma 5.9, & (o) is an element of order 3 in the subgroup generated by
V1,V2,V3,V4, hence it is of the form vf‘ fe vf(‘, where g =0, 1,2. Furthermore, € # 0
since otherwise G would be F-isotropic. Clearly v; and v% are conjugate in Wg,,
hence up to equivalence we may assume that E(G) = vy ---v4. In other words, E
viewed as a cocycle in Z!(L/F,Wg,) can be written (up to equivalence) in the form
E = (dg), where dg = vivpVv3va.

The root subsystem of X’ generated by o, a3, 0, 3, 05, 0, Og, & has type Ay x
Ay X Ay X A, and this gives rise to a group P = SL3 x SL3 x SL3 x SL3 and a multi-
plication mapping ¢: P — Gy. Let Ty = ! (Ty). It is a maximal F-split torus in P.
Let N' = Np(Tj) and W = N'/T;. We have a canonical mapping N' — W' < Wg,.
Let uy,u,us,us € N' be standard liftings of vy,v;,v3,v4 represented by matrices

010
001
100

Consider a cocycle ' = (ag) € Z'(L/F,N'(L)) where ag = ujusuzuy and its
image 1 in Z' (L/F,Ng,(Ty)). As 1’ is trivial so is 1. Twisting Go by 1 gives rise
to a canonical bijection A : H'(F,Go) — H'(F,"Gy) (see [Se]). As by construction
& and 1 have the same image under H'(L/F,Ng,(Ty)(L)) — H'(L/F,Wg,), the
image & = A (&) takes values in the twisted torus S| = "17Ty. Note that because 1
is trivial we may identify "Gy = Gy and this allows us to view S; as a maximal
F-anisotropic torus in Gy splitting by L.

We have thus proved that there is a maximal F-defined torus S1 C Gy splitting
over L such that & is equivalent to a cocycle & with coefficients in S;. By our
construction S; being the image of ”/(TO’) under ¢ is an almost direct product of

four copies of C = RS)F

of Gal (L/F) on the characters S and cocharacters (S1)+ of S1 and this will allow us
to decompose S as the direct product of four copies of C. This in turn immediately
gives us a decomposition of £; as a product of four cocycles each of which, as we
shall see, can be viewed as a cocycle in SL3. The last property eventually will lead
us to the proof of (b).

(Gm,L). In the next two sections we will describe the action

8 The Direct Product Decomposition of S

We keep the above notation. In particular, we deal with the maximal torus S; C Go
and the cocycle &, € Z!'(L/F,S)(L)) constructed in the previous section. Let X =
2(Gy,S1). Abusing notation we still denote its basis by o,...,05. As we saw
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earlier S is F-anisotropic and hence the lattice §1 contains no F-defined characters.
This implies in turn that for every root o € X; we have o + o (o) + o2(a) = 0.
Thus the o-orbit
o(a)={a, o), c%(a) } C 2
of o generates a root subsystem X,,) C X of rank at most 2. Because o is an
automorphism of X, ) of order 3 it immediately follows that X, ) is a root system
of type A, with basis o, o (o).
As usual we denote by:

{HOC17"'7H0687X(X7 (XEZ]}

a Chevalley basis of the Lie algebra g; of Gy with respect to Sy.
Lemma 8.1. Let G, (o) C Gy be a standard subgroup corresponding to X, ). Then
G{,(w ~ SL3.

Proof. We know that G,y is a simple simply connected subgroup over F' of
type A;. Hence it is of the form SL(1,A) where A is a central simple algebra over F
of degree 3 and we need only to show that A is split.

Recall that the action of ¢ € Gal (L/F) on the roots in X; is given by vivov3vg €
W, and that the twisted action (by means of 1) of ¢ on "Gy = Gy and its Lie
algebra is given by conjugation with the standard lifting u upusus of vivovavs (see
the above construction of 1). It follows that ¢ acts via

Xo > €1X5(a) = 8X52(q) = £2X_a—o(a) (8.2)

where €1, & = +1. Thus the structure constants c;,c, of A are +-1. Because —1 =
(—1)3 is a cube, we are done by Lemma 6.1. O

The explicit action of 6 € Gal (L/F) on the roots ¢, 0, 03, 05, 0, O is given
by formulas (5.1) and (5.5). Let us describe its action on the remaining two simple
roots oy and of.

Lemma 8.3. One has
o(ou) =~y — 05— 0p —204 — 05 — 0

and
o(o) =0y +205+20m 4304+ 305+ 206+ 07 + 0.

Proof. We know that 6(3) = —o and that B = o + 205 + 203 + 304 + 205 + 0.
It follows that

o(oy)+20(0p)+20(03)+30(ou)+20(as)+0(0g) = —0n.
Substituting

o(ag)=—0as— 0, and o(mm)=Pp— o,

we easily get the result.
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The argument for ¢ is similar. a

If o € Zis aroot we set Sy o(g) = Go(a) NS1- Itis an F-defined maximal torus in

Gy(q) isomorphic to R(LI/>F (Gm).

Proposition 8.4. The multiplication mapping

S1o(ow) X Sto(er+ag) X Sto(as) X Sto(an) — S1
is an F-isomorphism.

Proof. 1t is straightforward to check that

hll47 ho-(om)a h(X7+O£67 hG((X7+O£6)7 hllza ho‘(lxz)a h(x57 hc(as)a

is a basis of the cocharacter lattice (S ). of Sy, so the result follows. O

9 Construction of &,

We start with the following general formalism. Let G be an algebraic group (not
necessary split) over F' and let S C G be a maximal F-torus splitting over a finite
Galois extension L/F. Assume that we are given two cocycles 11 = (ag) and 1, =
(bs) with coefficients in S(L) such that 1, viewed in Z'(L/F,G(L)) is trivial, say
b = g' = for some element g € G(L).

Letnow n = 11M. As N, 1 take values in a commutative group S(L), 1 is a co-
cycle. Consider an inner conjugation int(g): G — G given by x — g~ 'xg. We claim
that the torus §; = g~ 'Sg is an F-defined maximal torus in G and the restriction of
int(g) to S is an F-defined isomorphism S — S;. Indeed, if s € S(L) then we have

1 1

o(g 'sg) =g '(go(g No(s)o(g)g g =2go(s)g "

(We used the fact that g' =% € S(L) implies that int(g) is L-defined on S.)
Now take the cocycle

Tli = (g_lacbcgc) = g_lacg,

which is equivalent to 1) and takes values in §;. We say that the passage from 7 to
nj is an untwisting of 7, and we call the torus S; and the cocycle 1 the syndrome
of S and 1 with respect to g.

Lastly we note that if 7); takes values in a subtorus S’ C S which is a maximal
torus in a standard subgroup S’ C H C G over F then the syndrome of 1 can be
viewed as a cocycle with coefficients in an F-defined H; = g~ 'Hg subgroup in G
which will be called a syndrome of H.
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Remark 9.1. (1) The restriction of int(g) at H is not necessarily F-defined and the
syndrome H; of H is not necessary isomorphic to H over F.

(2) Even if both 11,1, are trivial when viewed as cocycles in Z' (F,G), the cocycle
7 is not necessarily trivial in G.

We come back to our torus S; C Gy and our cocycle & € Z'(L/F,S,(L)). By
Proposition 8.4, we may write &; as a product of four cocycles, say & = 0,6,0;0,
with coefficients in

Sl,(}(a5)7 Sl,o(az)a Sl,o(a7+066) and Sl,o(a4)7

respectively.

Using Lemma 8.3 one easily checks that the roots in o( a7 + o) and o( 0y ) are or-
thogonal to each other, in particular G,(q, 1 o) and G, (o) are commuting subgroups
in G each of type A, and their intersection is trivial. Hence the cocycle 1, = 656,
can be viewed as a cocycle in Z! (L/F, Go,0(0+06) % G0.0(04))-

By Corollary 6.3, 65 and 64 can be written in the form 63 = (ag), 61 = (bs)
where ag = hoy1a5(u3) and bg = hg, (ua) for some parameters uz,us € F*. By
Lemma 8.1, Gy(g;104) X Go(ay) 18 isomorphic to SL3 x SL3. Hence there is g €
(Go.o(arr+0) X Go.0(cs)) (L) such that 6365 = (g'~%). We now denote by & the
syndrome of &; with respect to g.

10 Construction of &; and proof of (b)

It follows from the construction that &, lives in a syndrome subgroup
Gras.a0) X G{-p.ay} =8 (Gofas) X Go(ay)8 < Go
of type A, x A,. Hence it is of the form:
Glas,ag) X G{_p.ayy = SL(1,T1) x SL(1,T3)
for some central simple algebras 77, T, of degree 3.
Lemma 10.1. We have Ty ~ T ~ (a,u3u3).
Proof. The Lie algebra of (N}{O(S,ao} has a Chevalley basis
{Hos, Hags £Xos, £Xag, TXos+ag}s

where
Hoo =g 'Hoog, Ho =g 'Hogg,
and
fas = gilxocsga Xva(, = gilxa(,ga Xva5+a(, = gleochroc@g-
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It follows that the action of o € Gal(L/F) on Xvas,j(vaﬁ is the composition of the
old action given by (8.2) and the twisting action by g' =% = he, 4o, (3)h, (). For
instance, _ _

0(Xos) =g (8' TeXoe8” ' )g = Eu3 X

where € = £1. Computing the second structure constant of 77 we see that 7 =
(a,uzu?). The argument for 75 is similar. O

Proof of (b) from §4: By the above lemma the cocycle &, lives in SL(1,7}) x
SL(1,T7), hence it can be presented by a pair of elements

[(al,az)] S FX/NI'dTl X FX/NI‘dTl.
Since & is in the kernel of the Rost invariant, by (3.1) and (3.2) we have

‘%GO(KZ]) =a UTI +112UT1 =0.

This implies that up to multiplication by a reduced norm we may assume a, = a%.

It then follows that &, is equivalent to a cocycle &3 with coefficients in the image
of the map @: U3 — Gyoy o) X G(—B,ap}s X — (x,x?) in Lemma 5.3. But Im¢

is contained in a subgroup Gy, o,} Of type A2 and we know by Prop. 3.1 that the
kernel of the Rost invariant for é{a] .oy} 18 trivial and that the Rost multiplier for our
subgroup 6{a1,a3} is one. On the other hand &; is in the kernel and nontrivial — a

contradiction that completes the proof of (b). O
Acknowledgements The author was partially supported by the Canada Research Chairs Program
and an NSERC research grant.

References

[Ch94] V. Chernousov, Remark on (mod5)-Serre’s invariant for groups of type Eg, Math.
Zametki, 56 (1994), no. 1, 116-121.

[ChO3] , The kernel of the Rost invariant, Serre’s Conjecture II and the Hasse principle
for quasi-split groups 35Dy, Eg, E7, Math. Annalen 326 (2003), 297— 330.
[ChO06] , Another proof of Totaro’s theorem on Eg-torsors, Can. Math. Bull 49 (2006),

196-202.

[Gar] R. S. Garibaldi, The Rost invariant has trivial kernel for quasi-split groups of low rank,
Comment. Math. Helvetici 76 (2001), 684-711.

[GMS] S. Garibaldi, A. Merkurjev, and J.-P. Serre, Cohomological invariants in Galois coho-
mology, University Lecture Series, vol. 28, Amer. Math. Soc., 2003.

[GS] P. Gille, T. Szamuely, Central simple algebras and Galois cohomology, Cambridge stud-
ies in advanced mathematics, vol. 101, 2006.

[KMRT] M. Knus, A. Merkurjev, M. Rost, J-P. Tignol, The Book of Involutions, 44 Colloquium
publications: American Mathematical Society 1998.

[MS] A. Merkurjev, A. Suslin, K-cohomology of Severi-Brauer varieties and the norm residue
homomorphism, Izv. Akad. Nauk SSSR 46 (1982), 1011-1046.



214 Vladimir Chernousov

[PR] V. Platonov, A. Rapinchuk, Algebraic Groups and Number Theory, Academic Press,
London 1994.

[Se] J.-P. Serre, Galois Cohomology, Springer, Berlin 1997.

[St65]  R. Steinberg, Regular elements of semisimple groups, Publ. Math. LH.E.S. 25 (1965),
281-312.

[St67] , Lectures on Chevalley Groups, Yale University 1967.

[To] B. Totaro, Splitting fields for Eg-torsors, Duke Math. J 121 (2004), 425-455.




Une version du théoreme d’Amer et Brumer
pour les zéro-cycles

Jean-Louis Colliot-Théléne et Marc Levine

A Parimala

Résumé (anglais). M. Amer and A. Brumer have shown that, for two homogeneous
quadratic forms f and g over a field &, the locus f = g = 0 has a non-trivial solution
over k if and only if, for a variable ¢, the equation f +tg = 0 has a non-trivial solution
over k(t). We consider a modified version of this result. We show that the projective
variety over k defined by fy = --- = f, = 0, where the f; are homogeneous forms
over k of the same degree d > 2 in n+ 1 variables (with n+ 1 > r+2), has a O-cycle
of degree 1 over k if and only if the generic hypersurface fo +#,f1 +---+¢.fr =0
has a 0-cycle of degree 1 over k(ty,...,1).

1 Introduction

Soit k un corps. Soient f et g deux formes quadratiques a coefficients dans k, en
n—+ 1 variables. Soit # une variable. On sait que le systéme de formes f =g =0aun
zéro non trivial sur k si et seulement si la forme quadratique f +tg sur le corps k(t)
a un zéro non trivial (M. Amer [1], A. Brumer [2], voir [4, III, Prop. 17.14]).

Dans cette note, dont une version primitive fut concue a Boston en avril 1991,
nous montrons que si I’on considere les zéro-cycles de degré 1 plutdt que les points
rationnels, il existe en tout degré d > 2 une version de ce résultat pour un systeme
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de deux formes de méme degré d (Théoreme 1), et des versions pour un systéme
quelconque de formes de méme degré d (Théoreémes 2 et 3).

Pour K /k une extension de corps et X un k-schéma, on note Xy = X x; K. Une
variété algébrique sur un corps k est un k-schéma séparé de type fini.

2 Indice et indice réduit

Définition 1. Soient k un corps et X une k-variété algébrique. A tout point fermé
P € X, de corps résiduel k(P) on associe son degré [k(P) : k] € N. L’indice (X /k)
de la k-variété X est par définition le plus grand commun diviseur (pgcd) des degrés
des points fermés. C’est aussi le pged des degrés [L : k| des extensions finies de
corps L/k avec X (L) # 0.

De facon évidente, on a I(X /k) = 1 si et seulement si X posséde un zéro-cycle
(cycle de dimension zéro) Y pnpP (avec np € Z) de degré Y pnp[k(P) : k] = 1. On
appelle indice réduit de X /k, et on note I.q(X/k) le produit des nombres premiers
qui divisent /(X /k). De facon triviale, I(X /k) = 1 si et seulement si freq(X /k) = 1.

Lemme 1. Soient k un corps et X une k-variété.

(a) Si X =Y UZ est la réunion ensembliste de deux sous-k-variétés, alors on a
I(X /k) = pged(I(Y /k), 1(Z/k)). En particulier; I'indice de X /k est égal a I’in-
dice de sa sous-k-variété réduite.

(b) Si X =Y UZ est la réunion ensembliste de deux sous-k-variétés, alors on a
ted (X/k) = ngd(Ired (Y/k), Led (Z/k))

(c)Si K = k(t1,...,ty) est une extension transcendante pure de k, alors on a
I(X/k) = I(XK/K) et Ired(X/k) = red(XK/K)-

Preuve. Seul le point (c) requiert une explication. Soit K = k(¢). Si L/k est une
extension finie de corps avec X (L) # 0 alors X;(,) (L(t)) # 0. Ainsi I(Xx/K) divise
I(X/k). Soit P un point fermé de Xx de degré n. On a donc une extension finie de
corps L/K et une K-immersion fermée SpecL — Xk. Le corps L est le corps des
fonctions d’une k-courbe normale C, finie sur Speck|t]. Il existe un ouvert non vide
U C Speck]t] tel que la restriction Cyy /U soit finie de degré n, et qu’il existe une
U-immersion fermée Cy — X x; U. Si le corps k est infini, on choisit un k-point
R € U(k). La fibre de Cy /U au-dessus de ce k-point est le spectre d’une k-algebre
finie de degré n qui admet une k-immersion dans X. Une telle situation définit un
zéro-cycle effectif de degré n sur la k-variété X (voir [5, Appendices Al, A2, A3]).
Si le corps k est fini, il existe un zéro-cycle Y, n;R; tel que tous les points fermés R;
soient dans U C Speck(t] et que X;n;[k(R;) : k] = 1. A chaque R; on associe par la
méthode ci-dessus un zéro-cycle effectif z; de degré n[k(R;) : k] sur la k-variété X.
Le zéro-cycle ¥,;n;.z; est alors de degré n sur la k-variété X. Ainsi I(X /k) divise
I(Xk/K). L’énoncé sur les indices réduits résulte immédiatement de celui sur les
indices. ad
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3 Systeme de deux formes

Théoreme 1. Soient k un corps, f et g deux formes de degré d > 1 enn+1>3
variables, non toutes deux nulles. Soient t une variable et K = k(t).

L’indice réduit de la K-hypersurface W C Py définie par f +tg = 0 coincide
avec lindice réduit de la k-variété X C IP} définie par f = g =0.

En particulier;, la K-hypersurface f +tg = 0 posséde un zéro-cycle de degré 1 si
et seulement si la k-sous-variété X de P} définie par f = g = 0 possede un zéro-cycle
de degré 1.

Preuve. Pour les k-variétés, on omet I’indice k. Si L/k est une extension finie de
corps avec X (L) # 0, alors W(L(t)) # 0. Ainsi I'indice (W /K) divise I(X /k), et
donc T'indice réduit Leq(W /K) divise I'indice réduit Ieq(X /k). D’apres le lemme
1 (c), pour établir I’énoncé on peut remplacer le corps k par une extension transcen-
dante pure. On supposera donc le corps k infini.

Supposons d’abord que les formes f et g n’ont pas de facteur commun non
constant.
Soit V =P"\ X. Notons I = (X /k). De la suite exacte de localisation ([5, I. Prop.
1.8]):
CH()(X) — CH()(]P)n) — CH()(V) —0

et du fait que le degré sur k définit un isomorphisme CHy(P") ~ Z, on tire I’égalité
CHy(V) =Z/I. Soit Z C P! x P" la k-variété définie par

Af+ug=0.

Via la projection P! x P" — P", c’est I’éclatée de P" le long de I’intersection
complete X C P" ([5, Appendix A, Remark A.6]). Soit U C P! x P* I’ouvert
complémentaire de Z. La projection ¢ : P! x P" — P" induit un morphisme gy :
U — V qui fait de U un fibré en droites affines sur V. On en déduit un isomor-
phisme gj; : Z/1 = CHy(V) = CH, (U). On a la suite exacte de localisation ([5, L.
Prop. 1.8]) :

CH;(Z) — CH,(P' x P") — CH,(U) — 0.

Par ailleurs les poussettes associées 2 la projection p : P! x P* — P! et 4 la projection
g : P! x P" — P" induisent un isomorphisme

(p+;q+) : CH (P! x P") 5 CH,(P") & CH,(P") = Z & Z.
Notons
i:CH,(Z) — CH;(P' x P*) 5 CH,(P") & CH,(P") =Z& Z

I’application composée. Sur Z, on trouve les 1-cycles suivants.

Le corps k étant infini, et les formes f et g sans facteur commun, on trouve un
cycle z; = P! x R, ou1 R est un zéro-cycle effectif de degré d” sur X par intersection
avec un espace linéaire de codimension 2 convenable. L’ image par i de z; est (d2,0).
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L’hypothese que f et g n’ont pas de facteur commun assure que la k-variété
X C P" est de codimension 2. Soient Gr(1,]P") la grassmannienne des droites dans
P" et E C Gr(1,P") x P" la variété d’incidence. Soient ry,r, les deux projections
induites sur E. L’image réciproque r; ! (X) est de codimension au moins 2 dans E,
le morphisme ry a ses fibres de dimension 1, donc I"adhérence de r(r; ' (X)) dans
Gr(1,P") est de codimension au moins 1. Le corps k étant infini, et la k-variété
Gr(1,P") k-birationnelle & un espace projectif, on peut donc trouver une k-droite
L =P' C P" qui ne rencontre pas X. Soit gz : Z — P" la restriction de g & Z. Le
morphisme ¢ induit un isomorphisme Z\ ¢~!(X) = P"\ X. Soit z, C Z I'image
réciproque de L par cet isomorphisme. Ceci définit un 1-cycle sur Z C P! x P*,
dont I’image par i est (d,1). En effet, ce 1-cycle est donné par L — P! x P, oti la
projection sur le second facteur est I’inclusion linéaire / : L C P", et o1 la projection
sur le premier facteur est donnée par (—g(/), f()) (on a noté ici / un systeme de
n+ 1 formes linéaires en deux variables). Comme X ne rencontre pas /, le couple
(f(1),g(l)) de formes homogenes de degré d n’a pas de zéro commun.

Soit s =I(W /K). Uhypersurface f+tg = 0 sur le corps K posséde un zéro-cycle
de degré s. L’adhérence d’un tel zéro-cycle dans Z C P! x P" définit un 1-cycle z3
dont I’image par i est de la forme (s,a) pour un certain entier a € Z.

Le quotient de Z & Z par le groupe engendré par (d2,0),(d, 1), (s,a) est annulé
par I’entier pged(d?, s — ad). De la suite de localisation on conclut que, pour un cer-
tain entier a € Z, I'entier I = I(X /k) divise pged(d?, I(W /K) —ad). Ainsi Leq(X /k)
divise I(W /K). Comme par ailleurs leq(W /K) divise Ieq(X /k), on conclut

Led(X /k) = Lea(W/K).

Supposons maintenant que f = h.f) et g =h.g avec fi et g1 homogenes de méme
degré sans facteur commun non constant et h homogéne non constant.

Soit X C IPy, resp. X1 C P}, resp. Xp C [P la k-variété définie par f = g = 0, resp.
par fi = g1 =0, resp. par h = 0. Soit W C P}, resp. W; /K la variété définie par
f+tg=0,resp. fi +tg1 =0.0na

Lea(W/K) = pged(lrea(W1 /K), Ired(XZ,K/K)) = pgcd(lea(W1/K), Lrea(X2/k))
d’apres le lemme 1 et
ngd(Ired (Wl /K), Ired (XZ/k)) = ngd(Ired (Xl /k), Ired (XZ/k)) = Ired (X/k),

la premiere égalité résultant de lreq(W1 /K) = Lea (X /k) établi ci-dessus, la seconde
égalité provenant du lemme 1. Ceci acheve la démonstration. O

Le théoreme 1 se généralise a un nombre quelconque de formes. Il y a en fait
deux généralisations. Nous aurons besoin du lemme suivant.

Lemme 2. Soient k un corps, fo, f1,..., [ des formes a coefficients dans k, de degré
d>1,enn+12>r+2variables xy, ... ,x,. La k-variété X C P" définie par I’annu-
lation de ces formes contient un zéro-cycle effectif de degré d'*'.
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Preuve. Par I’argument donné au lemme 1 (c), on peut supposer le corps k infini.
Cette hypothese sera utilisée de fagon constante dans ce qui suit. Soient gg, g1, .- ., 8
des formes de degré d, a coefficients dans k, dont I’annulation définit une sous-k-
variété intersection compléte et lisse ¥ C P". Soit 2~ C P" x A! le sous-schéma
fermé défini par ’idéal (homogene en les x;)

(tgo+ (1 —=1)fo,...,tgr+ (1 —1)fr) Ck[t][x0, .. %]

Choisisons des formes linéaires Ly,...,L,_,_1 € k[xo,...,x,] telles que le sous-
schéma de P" défini par I’idéal (go,...,gr,L1,--.,Ly,—r—1) soit fini et étale sur k.
Alors le sous-schéma fermé 4’ de 2~ défini par I’idéal (Ly,...,L, 1) est fini
et étale de degré d"*! au-dessus d’un voisinage ouvert U of 1 dans A'. Soit ¢ ¢ 2
I’adhérence schématique de 6" NP dans 2. Le schéma ¢ est propre sur A}
et comme un sous-schéma ouvert dense de ¢ est quasi-fini sur A', le morphisme
p: € — Al estfini. Comme p~! (U) C € est étale sur U, donc réduit, son adhérence
schématique & est aussi réduite, et chaque composante irréductible de € s’envoie
surjectivement sur A!. Ainsi € est plat sur A', et donc la fonction

a— dimy) 0,14

est constante sur A!. En particulier, le O-cycle associé au sous-schéma fermé p~!(0)
de X a degré d"*! sur k. O

4 Systeme de plusieurs formes, I

Voici la premiere généralisation du théoreme 1.

Théoreme 2. Soient k un corps, et fy, fi,..., fr, avecr > 1, des formes a coefficients
dans k, de degré d > 1, en n+1 > r+2 variables. Soit X C P} la k-variété définie
par U'annulation de ces r + 1 formes. Soient t1,. .. ,t, des variables indépendantes et
K=k(t,...,t.). Soit W C P} la K-variété définie par fi —t, fo="--- = fr—t,fo=0.
Ona:

Ired(X/k) = red(W/K)~

En particulier, la K-variété W possede un zéro-cycle de degré 1 si et seulement si la
k-variété X posséde un zéro-cycle de degré 1.

Preuve. Pour les k-variétés, on omet I’indice k. Si L/k est une extension finie de
corps avec X (L) # 0, alors W(L(t)) # 0. Ainsi U'indice I(W/K) divise I(X /k),
et donc I'indice réduit Ieq(W /K) divise I'indice réduit Ieq(X /k). D’apres le lemme
1 (c), pour établir I’énoncé on peut remplacer le corps k par une extension transcen-
dante pure. On supposera donc le corps k infini.

Supposons d’abord que les formes f; n’ont pas de facteur commun non constant.

Soient V. =P"\ X et I = I(X /k). Comme au théoréme 1, on a CHy(V) = Z/I.
Soit Z C P" x P" la k-variété définie par la proportionalité de (Ag,...,A,) et de
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(fo,---,fr), c’est-a-dire par le systtme d’équations A;.f; — A;.fi = 0 pour i,j €
{0,...,r}. La fibre de Z — P" au-dessus du point générique de P" est W /K. Soit
U C P" x P" I’ouvert complémentaire de Z. La projection g : P” x P* — P" induit
un morphisme gy : U — V. Soit gz : Z — P" le morphisme restriction de g a Z.
Il induit un isomorphisme qgl (V) = V. Les fibres de qu : U — V au-dessus d’un
point M de V sont donc le complémentaire d’un point dans un espace projectif P’
De facon plus globale, le morphisme gy : U — V se décompose comme

U—-U -V

ol g1 : U — Uj est un fibré en droites affines et ¢, : Uy — V est un fibré projec-
tif de dimension relative » — 1. Par image directe par morphisme propre on a un

isomorphisme g2, : CHo(U)) 3 CHo(V) = Z/I. Par image inverse par morphisme
plat, on a un isomorphisme ¢} : CHo(U) = CH, (U). On a donc un isomorphisme
CH, (U) =/ /1. On a la suite exacte de localisation

CH] (Z) — CH1 (Pr X ]P)n) — CH1 (U) — 0.

Par ailleurs les poussettes associées a la projection p : P x P" — P” et a la projection
q : P" x P" — P" induisent un isomorphisme

(ps,q+) : CHy (P x P") = CH; (P") & CH, (P") = Z& Z.
Notons
i:CH,(Z) — CH{(P" x P") = CH,(P") ® CH,(P") =Z & Z

I’application composée. Sur Z, on trouve les 1-cycles suivants.

Un cycle z; = P! x R, ot P! C P est une droite et R est un zéro-cycle effectif de
degré d"+! sur X, dont I’existence est assurée par le lemme 2. L’image par i de z;
est (d"1,0).

Soit s = I(W /K). Il existe donc un zéro-cycle de degré s sur W /K, et un tel zéro-
cycle s’étend en un r-cycle sur Z, cycle génériquement fini sur " de degré relatif s.
Sa restriction au-dessus d’une droite générale P! C " est un 1-cycle sur Z, dont
I’image par i est de la forme (s,a) pour un certain entier a € Z.

Les formes homogenes (fy, . . ., f) définissent un k-morphisme ¢ : V — P . Elles
définissent donc une section du morphisme gy : P}, — V, restriction de g a Py,
section dont I’image est dans Z : c’est I’isomorphisme inverse de I’isomorphisme

q; ! V) = V mentionné plus haut. L’hypothese que les f; n’ont pas de diviseur com-
mun non trivial assure que la k-variété X C P" est de codimension au moins 2. Le
corps k étant infini, par le méme argument qu’au théoréme 1, on peut donc trouver
une k-droite L = P! C P" qui ne rencontre pas X. La restriction de ¢ a L est donc
un morphisme L — Z C P" x [P", dont I’'image est un 1-cycle sur Z. L’image de ce
I-cycle pariest (d,1).
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Le quotient du groupe Z @ Z par le groupe engendré par les trois éléments
(d™*1,0), (s,a) et (d,1) est Z/J, avec J = pged(d’ !, s —ad). De la suite de locali-
sation on conclut que 7 = I(X /k) divise pged(d’*!, I(W /K) — ad) pour un certain
entier a € Z. Ainsi Ieq(X /k) divise [(W /K). Comme par ailleurs Ieq(W /K) divise
Iea(X /k), on obtient

Ired(X/k) = red(W/K)~

Supposons maintenant que f; = h.g; pour tout i avec les g; homogénes de méme
degré sans facteur commun non constant et h homogéne non constant.

Soit X C P}, resp. X; C [P, resp. Xo C P} la k-variét€ définie par I’annulation
des fj, resp. par I’annulation des g;, resp. par h = 0. Soit W C P%, resp. W; /K la
variété définie par I’annulation des f; —#;fo (i =1,...,r), resp. par I’annulation des
gi—tigo(i=1,...,r).Ona

Lea(W/K) = pged(lrea(W1 /K), Ired(XZ,K/K)) = pgcd(lea(W1/K), Irea(X2/k))

d’apres le lemme 1 et

ngd(Ired (Wl /K), Iied (XZ/k)) = ngd(Ired (Xl /k), Iied (XZ/k)) = fred (X/k),

la premiere égalité résultant de leq(W1/K) = Lea (X /k) établi ci-dessus, la seconde
égalité provenant du lemme 1. Ceci acheve la démonstration. O

5 Systeme de plusieurs formes, IT

Voici la seconde généralisation du théoréme 1.

Théoreme 3. Soient k un corps, fo,fi,--.,fr des formes non toutes nulles, a
coefficients dans k, de degré d > 1, en n+ 1 > r + 2 variables. Soit X C [P}
la k-variété définie par I’annulation de ces formes. Soient wi,...,w, des va-
riables indépendantes et L = k(w1,...,w,). Soit Y C P} I'hypersurface définie par
Uéquation fo+wifi+---+w.fr,=0.0na:

Ired(X/k) = red(Y/L)'

En particulier, la L-hypersurface Y possede un zéro-cycle de degré 1 si et seulement
si la k-variété X possede un zéro-cycle de degré 1.

Preuve. Soit E, I’énoncé de ce théoréme pour r fixé et tout corps k. L’énoncé E est
le théoreme 1. Supposons établi E,_.

Supposons r > 2. Soient 71, ... ,t, des variables indépendantes et K = k(11,... ).
D’apres le théoréme 2, on a Leq(X /k) = Lea(W/K), ol la K-variété W C Py est
définie par

fl_tlf():"':fr_trfozo-
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Soient sy, ..., s, des variables indépendantes et F = K (s5, . ..,s,). D’aprés E,_j, I'in-
dice réduitde W sur K = k(ry, . .. ,t,) est égal a 'indice réduit sur F de I’hypersurface
T définie dans P par

(fi —t1fo) +52(fo —tafo) + -+ s:(fr —t:fo) = 0.
Ceci se réécrit
fi—(ti+sata 4+ sitr) fo+s2fa+ -+ 50 fr = 0.

Soientw; = —1/(t1 +s2t2+ -+ 5,8,) et, pouri > 2, w; = —s; /(11 + st + - - +5,1,).
L’équation de I'hypersurface T C P} s’écrit alors

fotwifi+--+wfr =0.
L’inclusion
kWi, ... ,westo,oooty) Ck(t1 b, try 82,0 ,8,) = F

est une égalité. L’extension F = L(fp,...,t,) est transcendante pure. D’apres le
lemme 1, I’indice réduit sur L de I’hypersurface définie par

Sotwifi+-+w.f,=0

dans P} est égal a I'indice réduit de cette hypersurface sur F. Ceci acheve la
démonstration. a

Remarque. A.Pfister, J.JW.S. Cassels et D. F. Coray (voir les références dans [3]) ont
donné des exemples d’intersections complétes de trois quadriques fy = f1 = o =0
dans P} (sur un corps k de caractéristique différente de 2) qui possédent un zéro-
cycle de degré 1 sans posséder de point rationnel. La quadrique fo + 1 f1 + 5 fo =
0 sur le corps k(t1,1,) posséde alors un zéro-cycle de degré 1. Comme c’est une
quadrique, un théoreme de Springer [6] assure que cette quadrique admet un point
k(t,,t,)-rationnel. On voit ainsi que le théoréme 3 ne vaut pas lorsque 1’on remplace
les zéro-cycles de degré 1 par des points rationnels : le théoréeme d’ Amer et Brumer
ne s’étend pas a un systeme de 3 formes.
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Quaternion Algebras with the Same Subfields

Skip Garibaldi and David J. Saltman

Summary Prasad and Rapinchuk asked if two quaternion division F-algebras that
have the same subfields are necessarily isomorphic. The answer is known to be “no”
for some very large fields. We prove that the answer is “yes” if F is an extension
of a global field K so that F/K is unirational and has zero unramified Brauer group.
We also prove a similar result for Pfister forms and give an application to tractable
fields.

1 Introduction

Gopal Prasad and Andrei Rapinchuk asked the following question in Remark 5.4 of
their paper [PR]:!

If two quaternion division algebras over a field F have the same maximal
subfields, are the algebras necessarily isomorphic?

(1.1)

The answer is “no” for some fields F', see Sect. 2 below. The answer is “yes” if F
is a global field by the Albert-Brauer-Hasse-Minkowski Theorem [NSW, 8.1.17].
Prasad and Rapinchuk note that the answer is unknown even for fields like Q(x).
We prove that the answer is “yes” for this field.
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Theorem 1.2. Let F be a field of characteristic # 2 that is transparent. If Dy and
D, are quaternion division algebras over F that have the same maximal subfields,
then Dy and D, are isomorphic.

The term “transparent” is defined in Sect. 6 below. Every retract rational exten-
sion of a local, global, real-closed, or algebraically closed field is transparent; in
particular K (x1,...,x,) is transparent for every global field K of characteristic # 2
and every n. There are many other examples.

The theorem can be viewed as a statement about symbols in the Galois cohomol-
ogy group H*(F,7/27). We also state and prove an analogue for symbols in Galois
cohomology of H%(F,7./27) —i.e., d-Pfister quadratic forms — in Theorem 9.1 later.

Notation. A global field is a finite extension of Q or of IF,,(¢) for some prime p.
A local field is a completion of a global field with respect to a discrete valuation.

We follow [Lam 05] for notation on quadratic forms, except that we define the
symbol {(ay,...,a)) to be the d-Pfister form ®?_ (1, —a;). For a Pfister form ¢, we
put @’ for the unique form such that ¢ = (1) © ¢'.

2 An Example

Example 2.1. Several people (in no particular order: Markus Rost, Kelly McKinnie,
Adrian Wadsworth, Murray Schacher, Daniel Goldstein, etc.) noted that some hy-
pothesis on the field F is necessary for the conclusion of the theorem to hold. Here
is an example to illustrate this.

Let Fy be a field of characteristic # 2 that has quaternion division algebras Q,
(O that are not isomorphic. Replacing Fj if necessary by the function field of a
generalized Severi-Brauer variety, we may assume that Q; ® O, has index 2 and
so that Q) and Q> both contain a maximal subfield Fy(v/b). Write @; := ((a;, b))
for the norm form of Q;. The Albert form ¢; — ¢, has anisotropic part similar to
v= ((a1a2,b)).

Fix an extension E /Fy and a proper quadratic extension E(4/c) contained in Q;
but not Q;41, with subscripts taken modulo 2. Equivalently, —c is represented by
@/ but not by ¢ ,. Put g; . := (c) ® ¢/, ,; it is anisotropic. Further, its determinant
¢ is a nonsquare, so ¢; . is not similar to ¢;, @;+1, nor y. All three of those forms
remain anisotropic over the function field E(g;.) of gi. by [LamO05, X.4.10(3)].
Thatis, Q; ® E(qgi) and O, ® E(g; ) are division and contain E(g; .)(y/c), and the
two algebras are still distinct.

We build a field F' from Fj inductively. Suppose we have constructed the field F;
for some j > 0. Let Fj1 be the composita of the extensions Fj(gi ) for ¢ as in the
previous paragraph with E = F; and i = 1,2. Let F' be the colimit of the F;.

By construction, Q1 ® F and Q> ® F are both division, are not isomorphic to each
other, and have the same quadratic subfields. This shows that some hypothesis on
the field F is necessary for the conclusion of the theorem to hold.
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One cannot simply omit the hypothesis “division” in the theorem, by Exam-
ple 3.6.

Furthermore, Theorem 1.2 does not generalize to division algebras of prime de-
gree > 2, even over number fields. One can easily construct examples using the
local—global principle for division algebras over a number field, see [PR, Example
6.5] for details.

3 Discrete Valuations: Good Residue Characteristic

Fix a field F with a discrete valuation v. We write F for the residue field and F
for the completion. (Throughout this note, for fields with a discrete valuation and
elements of such a field, we use bars and hats to indicate the corresponding residue
field/completion and residues/image over the completion.)

For a central simple F-algebra A, we write A for A® F. It is Brauer-equivalent
to a central division algebra B over F. As v is complete on £, it extends uniquely to

a valuation on B by setting v(b) := @ v(Nrdg(b)) for b € B*, see, e.g., [R, 12.6].

We say that A is unramified if v(B*) = v(F*) —e.g., if F splits A — and ramified if
v(B*) is strictly larger. That is, A is ramified or unramified if v is so on B. Note that
these meanings for ramified and unramified are quite a bit weaker than the usual
definitions (which usually require that the residue division algebra of B be separable
over F).

The valuation ring in F' is contained in a noncommutative discrete valuation ring
S in B, and the residue algebra of S is a (possibly commutative) division algebra B
whose center contains F'. One has the formula

dimz B [v(B*) : v(F*)] = dimz B

(see [W, p. 393] for references). That is, A is unramified if and only if dimFB =
dimﬁ B.
We use a few warm-up lemmas.

Lemma 3.1. Let A1, A, be central simple algebras over a field F that has a discrete
valuation. If there is a separable maximal commutative subalgebra that embeds in
one of the A; and not the other, then the same is true for the A;.

Proof. Let L be a separable maximal commutative subalgebra of A; that is not a
maximal subalgebra of A>. Choose & € L so that L = F(é&). As A; is dense in A,
we can choose o € Aj as close as we want to &. Thus we can choose the Cayley-
Hamilton polynomial of o to be as close as we need to that of &. In particular, by
Krasner’s Lemma (applied as in [R, 33.8]), we can assume that F'(ct) = F(é&). In
particular, F'(c) is not a maximal subalgebra of A,, which implies that F(a) is not a
maximal subalgebra of A; and is by construction a maximal subfield of A|. Because
F(a) = F (&), the minimal polynomial of o over F has nonzero discriminant and
hence is separable. a
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Lemma 3.2. Let A{,A; be central division algebras of prime degree over a field F
with a discrete valuation. If

1. Ay is split and A, is not; or
2. Both Ay and A, are division, but only one is ramified,

then there is a separable maximal subfield of A1 or A, that does not embed in the
other.

Proof. The statement is obvious from Lemma 3.1. In case (1), we take the diagonal
subalgebrain A;. In case (2), we take a maximal separable subfield that is ramified.
O

For the rest of this section, we fix a prime p and let F be a field with a primitive
p-th root of unity {; we suppose that F has a discrete valuation v with residue field
of characteristic different from p.

A degree p symbol algebra is an (associative) F'-algebra generated by elements
o, B subject to the relations a”? = a, B = b, and af = {Bo. It is central simple
over F [D, p. 78] and we denote it by (a,b)F or simply (a,b).

Lemma 3.3. If A is a degree p symbol algebra over F, then A is isomorphic to
(a,b)F for some a,b € F* with v(a) = 0.

Proof. Write A as (a,b) where a = xn"™s and b = yn™ where x,y have value 0 and 7
is a uniformizer for F. We may assume that p divides neither n, nor n;, so n, = sn
modulo p. But A is isomorphic to (a(—b)~*,b) because (—b,b) is split [D, p. 82,
Cor. 5], and v(a(—b)~") is divisible by p. O

3.4. Let (a,b) be a symbol algebra as in Lemma 3.3 and write F' for the completion
of F atv. If (a,b) ® F is not division, certainly (a, b) is unramified. Otherwise, there
are two cases:

e If v(D) is divisible by p, then we can assume v(b) = 0, (a,b) is unramified, and
(a,b) is the symbol algebra (a,b)z. (The residue algebra — which is division —
contains (@,b) 7, hence they must be equal.) L

e If v(b) is not divisible by p, then (a,b) is ramified and (a, ) is the field extension
F({/a@). (By hypothesis, a is not a p-th power in £, so by Hensel’s Lemma a is
not a p-th power in F'.)

Proposition 3.5. Let A| and A, be degree p symbol algebras over F that are division
algebras. If

1. A\ ramifies and A, does not; or
2. Ay and Ay both ramify but their ramification defines different extensions of the
residue field F,

then there is a maximal subfield L of one of the A; that does not split the other.
Proof. Write A; as (a;,b;). We can assume v(a1) = v(ap) = 0. If both the A; ramify,
then the v(b;) must be prime to p and the field extensions of the ramification of the

A; must be F({/a;). If these are different fields, then the field L, := F ({/az) cannot
split A; because it does not split the ramification of A;.
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Thus assume A; is unramified and A ramifies. In particular, A} ® F is division,
and we are done by Lemma 3.2. O

Example 3.6. In the proposition, the hypothesis that A; and A, are both division
is necessary. Indeed, for ¢ # 2, the field Q; of /-adic numbers has two quaternion
algebras: one split and one division. Only one is ramified, but both are split by every
quadratic extension of Q.

4 Discrete Valuations: Bad Residue Characteristic

In this section, we consider quaternion algebras over a field with a dyadic discrete
valuation. The purpose of this section is to prove:

Proposition 4.1. Let A|,A; be quaternion division algebras over a field F of char-
acteristic 0 that has a dyadic discrete valuation. If A1 ® A, is Brauer-equivalent to
a ramified quaternion division algebra with residue algebra a separable quadratic
extension of F, then there is a quadratic extension of F that embeds in Ay or Ay but
not both.

What really helps nail down the structure of A| ® A, is the hypothesis that the
residue algebra is a separable quadratic extension. In particular, the division algebra
underlying A; ® A, is “inertially split” in the language of [JW] or “tame” in the
language of [GP].

Example 4.2. Let B be a quaternion division algebra over a field F of characteristic
0 that is complete with respect to a dyadic discrete valuation, and suppose that the
residue algebra B contains a separable quadratic extension L of F. One can lift L/F
to a unique quadratic extension L/F and write B = (L,b) for some b € F* that we
may assume has value 0 or 1. One finds two possibilities:

e Ifv(b) =0, then B is a quaternion algebra over F generated by elements i, j such
that .
F()=L,*+i€F, j=b, and ij=j(i+1).
In this case B is unramified.
e Ifv(b) =1, then B =L and B is ramified.

For detailed explanation of these claims, see, e.g., [T] or [GP]. (Unlike the situation
in the preceding section, there are more than just these two possibilities for general
quaternion algebras over F, but in those other cases the residue algebra B is a purely
inseparable extension of F of dimension 2 or 4 with B> C F. Note that if L/F is
unramified and L/F is purely inseparable, then L/F is not uniquely determined by
L/F.)

Proof (of Proposition 4.1). Put B for the quaternion division F-algebra underlying
A1 ® Ay. By the hypothesis on its residue algebra, B remains division when we
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extend scalars to the completion F. Hence at least one of Al, Az is division; by
Lemma 3.2 (using that A; and A, are division) we may assume that both Al and Az
are division and that the valuation has the same ramification index on both algebras.
By Lemma 3.1, we may assume that F' is complete.

For sake of contradiction, suppose that A; and A, have the same subfields. The
residue division algebra A is distinct from F and we can find a quadratic subfield
L of A so that the residue field L is a quadratic extension of F. As L is a maximal
subfield of A1, it is also one for A, and hence B. Certainly, L is a subfield of the
residue algebra B; as both have dimension 2 over F they are equal. That is, L/F is
separable. We write A; = (L,q;) and B= (L, b) for some a;,b € F*. As the valuation
does not ramify on L we may assume that v(b) = 1. As A; contains the separable
extension L/F, we have v(a;) = v(ay) as in Example 4.2. Then A} ® A ® B — which
is split — is Brauer-equivalent to (L,ajayb), which is ramified (because v(ajazb) =
1+2v(a;) is odd) and in particular not split. This is a contradiction, which completes
the proof of the proposition. ad

S Unramified Cohomology

For a field F of characteristic not 2, we write HY(F) for the Galois cohomology
group H?(F,7/27). We remind the reader that for d = 1, this group is F* /F*? and
for d = 2 it is identified with the 2-torsion in the Brauer group of F.

Definition 5.1. Fix an integer d > 2. We define H’ (F) to be the subgroup of H%(F)
consisting of classes that are unramified at every nondyadic discrete valuation of F
(in the usual sense, as in [GMS, p. 19]) and are killed by H?(F) — H?(R) for every
real closure R of F.

Example 5.2. 1. A local field F (of characteristic # 2) has H2(F) = 0 if and only if
F is nondyadic. Indeed, F has no orderings, so it suffices to consider the unique
discrete valuation on F.

2. A global field F (of characteristic # 2) has H2(F) = 0 if and only if F has at most
1 dyadic place. This is Hasse’s local-global theorem for central simple algebras
[NSW, 8.1.17].

3. A real closed field F has Hfl’ (F) =0 for all d > 2; this is trivial.

A local field F (of characteristic # 2) has HY(F) = 0 for d > 3. This is trivial
because such a field has no orderings and cohomological 2-dimension 2.

Lemma 5.3. If F(\/—1) has cohomological 2-dimension < d, then H%(F) is zero.

Proof. If an element x € HY(F) is zero at every real closure, then by [A, Satz 3]
x-(—1)"is zero for some r > 0. On the other hand, there is an exact sequence for
every n [KMRT, 30.12(1)]:

H'(F(V=T) = B (F) == B (F) —S g (F(VT)
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For n > d, the two end terms are zero, so the cup product with (—1)" defines an
isomorphism H¢(F) = H*"(F) for all r > 0. 0

We immediately obtain:

Corollary 5.4. A global field F of characteristic # 2 has HY(F) = 0 for all d > 3.
O

Corollary 5.5. If F has transcendence degree >t over a real-closed field then
HY(F)=0foralld > 1.

Proof. F(+/—1) has transcendence degree r over an algebraically closed field, hence
has cohomological dimension < ¢ [Se, Sect. [1.4.3]. O

We define a discrete valuation of an extension F' /Fy to be a discrete valuation on
F that vanishes on Fj.

Proposition 5.6. For every extension F|F, the homomorphism res: H%(Fy) —
HY(F) restricts to a homomorphism H%(Fy) — HY(F). If, additionally, F|Fy is
unirational and

every class in HY(F) that is unramified at every discrete valuation (5.7)
of F | Fy comes from HY (Fy) '

then the homomorphism HY (Fy) — HY(F) is an isomorphism.

Proof. Fix y € HY(Fy). Every ordering of F restricts to an ordering on Fp; write R
and Ry for the corresponding real closures. By hypothesis, the image of y in H%(Ry)
is zero, hence it also has zero image under the composition H¢(Fy) — H¢(Ry) —
HY(R). Tt is easy to see that res(y) is unramified at every nondyadic discrete valua-
tion of F, and the first claim follows.

We now prove the second sentence. The natural map H?(Fy) — H?(F) is injec-
tive by [GMS, p. 28]. Fix x € H(F). As it is unramified at every discrete valuation
of F /Fy, it is the restriction of some element xo € H%(Fy) by (5.7). We will show
that xo belongs to H?(Fy).

Fix an extension E := Fy(x1,x2,...,x,) containing F. Every ordering on Fj ex-
tends to an ordering v on E (and hence also on F') by a recipe as in [Lam 80, pp. 9—
11]. As the map H?((Fy),) — HY(F,) is an injection by Lemma 5.8 below, we
deduce that xg is killed by every real-closure of Fj.

One extends a nondyadic discrete valuation v on Fy to E by setting v(x;) =0
and ; to be transcendental over £ as in [B, Sect. VI.10.1, Prop. 2]; then the residue
field of E is Fy(x1,x2, ... ,X,) and the natural map H¢~! (Fy) — HY~!(E) is injective,
hence so is HY~!(Fy) — H?~!(F). Tt follows that the image of xy in H~!(F) is
zero, which completes the proof. a
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Here is the promised lemma:

Lemma 5.8. If R; C R, are real-closed fields, then the natural map H(Ry) —
HY(R>) is an isomorphism for every d > 0.

Proof. Trivially, H(R;) = Z/27. Also, H'(R;) = 7/27 with nonzero element
(—1) € R /R**. For all d, HY(R;) (Galois cohomology) equals H(Z/2Z,7./27.)
(group cohomology), and two-periodicity for the cohomology of finite cyclic groups
shows that HY(R;) = Z,/27 for all d > 0, with nonzero element (—1)9. O

Example 5.9. Recall that an extension F' of Fy is retract rational if it is the field of
fractions of an Fy-algebra domain S and there are Fyp-algebra homomorphisms S —
Fylx1,...,x,](1/s) — S whose composition is the identity on S, where Fy[xy,...,x,]
is a polynomial ring and s € Fy[xy,...,x,] is a nonzero element. Obviously such
an extension is unirational, and (5.7) holds by [Sa, 11.8] or [M, Prop. 2.15], so
Hy{ (Fo) 2 Hy{(F).

6 Transparent Fields

Definition 6.1. Fix a field F' of characteristic # 2. For each dyadic valuation v,
fix a completion F' of F. Write K for the limit of the finite unramified extensions
of F with separable residue field. This extension is called the maximal unrami-
fied extension of F (which highlights the fact that usually the word “unramified” is
quite a bit stronger than how we are using it). There is a well-defined ramification
map

. _ 0 ifv(a)=v(b)=0
H>(K/F, ) — H'(F,7/)27Z) st (a,b)—

(K/F, ) (F.2/22) (.8) {(a) if v(a) =0 & v(b) = 1
We say that F is transparent if for every division algebra D # F of exponent two
such that [D] belongs to H2(F), there is some dyadic place v of F and completion
F such that

1. D® F is split by the maximal unramified extension of £, and
2. The image of [D] in H'(F,Z/27) is not zero.

In case D is a quaternion algebra over F, these hypotheses may be rephrased as:
D ® F is division and the residue division algebra D is a separable quadratic
extension of F.

Roughly speaking, transparent fields are those for which nonzero 2-torsion
elements of the Brauer group can be detected using ramification.

Example 6.2. 0. If H2(F) = 0 — e.g., if F is real closed — then F is (vacuously,
trivially) transparent.
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1. If F is local then F is transparent. If F is nondyadic, this is Example 5.2(1).
Otherwise, for each nonzero x € H2(F), the residue division algebra is necessar-
ily a separable quadratic extension of F', because F is perfect with zero Brauer
group.

2. If F is global then F is transparent. Indeed, H2(F) consists of classes ramified
only at dyadic places, and every such place has finite residue field.

The unramified Brauer group of an extension F /F is the subgroup of the Brauer
group of F consisting of elements that are unramified at every discrete valuation of
F/F.

Proposition 6.3. If Fy is transparent, F/Fy is unirational, and the unramified
Brauer group of F | Fy is zero, then F is transparent.

Proof. Suppose there is a nonzero x € H2(F). By Proposition 5.6, x is the image
of some nonzero xo € H2(Fy) and there is a dyadic valuation v of Fy such that con-
ditions (1) and (2) of Definition 6.1 holds for the division algebra Dy represented
by xo. Extend v to a valuation on F as in the proof of Proposition 5.6. The maxi-
mal unramified extension of £ (with respect to v) contains the maximal unramified
extension of £y, so it kills xy and hence also x; this verifies condition (6.1.1). For
condition (6.1.2), it suffices to note that the map H'(Fy,Z/27) — H'(F,Z/27) is
injective as in the proof of Proposition 5.6. a

Example 6.4. A retract rational extension of a transparent field is transparent,
cf. Example 5.9.

7 Proof of the Main Theorem

We now prove Theorem 1.2. We assume that D and D, are not isomorphic and that
there is some quadratic extension of F' that is contained in both of them, hence that
Dy ® D has index 2. We will produce a quadratic extension of F that is contained
in one and not the other.

Suppose that first there is a real closure R of F that does not split D; ® D,. Then
one of the D; is split by R and the other is not; say D is split. We can write
Dy = (ay,by), where a; is positive in R. The field F(,/ay) is contained in Dy, but
not contained in D, because D, ® R is division.

If there is a nondyadic discrete valuation of F where D ® D, is ramified then
[D1] and [D,] have different images under the residue map H*(F) — H'(F) and
Proposition 3.5 provides the desired quadratic extension.

Finally, suppose that D; ® D, is split by every real closure and is unramified at
every nondyadic place, so D; ® D, belongs to H>(F). By the original hypotheses
on D; and Dy, the class [D; ® D;] is represented by a quaternion division algebra
B. But F is transparent, so Proposition 4.1 provides a quadratic extension of F' that
embeds in D or D, but not the other. a
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8 Pfister forms and Nondyadic Valuations

With the theorem from the introduction proved, we now set to proving a version of
it for Pfister forms. The goal of this section is the following proposition, which is
an analogue of Proposition 3.5.

Proposition 8.1. Let F be a field with a nondyadic discrete valuation. Let @1, @, be
d-Pfister forms over F for some d > 2. If

1. @y is ramified and @, is not; or
2. @1 and @, both ramify, but with different ramification,

then there is a (d — 1)-Pfister form 7y over F such that vy divides @\ or ¢, but not
both.

The proof given later for case (1) of the proposition was suggested to us by
Adrian Wadsworth, and is much simpler than our original proof for that case. It
makes use of the following lemma:

Lemma 8.2. Let v = (ay,...,a,) be a nondegenerate quadratic form over a field F
with a nondyadic discrete valuation v. If v(a;) = 0 for all i and  is isotropic over
the completion F of F then there is a 2-dimensional nondegenerate subform q of W
such that q @ F is isotropic.

Proof. As @ ® F is isotropic, there exist x; € £ not all zero so that Za,-x,2 =0.
Scaling by a uniformizer, we may assume that v(x;) > 0 for all { and that at least one
x; has value 0. Let j be the smallest index such that v(x;) = 0; there must be at least
two such indices, so j < n.

Fix ¢; in the valuation ring of F' so that f; = X;, and put

ri=

I~

a,-t~2 and s:= Z a,-t,»2 in F.

1

By construction of j, v(r) =0. As r+s =0, also v(s) = 0. Now (r,s) is a subform
of y (over F), and

F+s5= r—l—s:Za;tiz :zaix% =0 €F.
So (r,s) is isotropic over £ [Lam 05]. O

Proof (of Proposition 8.1). Obviously, ((x7,yr)) = ((—xy,y7)), so we may assume
that

¢; = (ain,ai, - .., aiq,b;)),

where a;; has value 0 and b; has value O or 1.
In case (2), by and b, have value 1 and the residue forms

V(QD,’) = <<di27di37 e 7aid>>
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are not isomorphic. We take yto be ((a12,a13,...,a14)); it divides ;. The projective
quadric X defined by y = 0 is defined over the discrete valuation ring, and 7 (X ) does
not split (¢,) by [Lam 05, X.4.10]. Hence, F(X) does not split ¢, and y does not
divide ;.

Now suppose we are in case (1); obviously v(b1) = 1. If ¢, ® F is anisotropic,
then as ¢, does not ramify, v(b;) = 0 and the second residue form of ¢, is zero.
Certainly, y:= ({13, ...,a14,b1)) divides @;. On the other hand, every anisotropic
multiple of y® F over F will have a nonzero second residue form, so ¢, cannot
contain 7.

Otherwise, @, ® F is hyperbolic, and there exists some 2-dimensional subform
g of ¢, that becomes hyperbolic over £ by Lemma 8.2. It follows that there is a
(d — 1)-Pfister y that is contained in ¢, and that becomes hyperbolic over £. But
@) ® F is ramified, hence anisotropic, so ¢; cannot contain . a

9 Theorem for Quadratic Forms

Theorem 9.1. Let F be a field of characteristic # 2 such that H?(F) = 0 for some
d > 2. Let ¢ and @ be anisotropic d-Pfister forms over F such that, for every
(d — 1)-Pfister form 7y, we have: v divides @ if and only if y divides @,. Then ¢, is
isomorphic to @,.

We remark that for d = 2, Theorem 9.1 does not include the case where F is a
retract rational extension of a global field with more than one dyadic place, a case
included in Theorem 1.2.

Proof (of Theorem 9.1). Suppose that ¢; and @, are d-Pfister forms over F for
some d > 2, HY(F) is zero, and ¢; is not isomorphic to ¢,. Then @ + @, is in
HI(F)\ HY(F).

If there is a nondyadic discrete valuation where @; + ¢, ramifies, then Proposi-
tion 8.1 gives a (d — 1)-Pfister form that divides one of the ¢; and not the other.
Otherwise, there is an ordering v of F such that ¢; and ¢, are not isomorphic
over the real closure F), i.e., one is locally hyperbolic and the other is not. Write
¢; = ((ai1,ap,...,aiz)) and suppose that ¢; is locally hyperbolic, so some a;; is
positive; renumbering if necessary, we may assume that it is a;4. Then the form
{ain,a13,...,a14)) divides @y, but it is hyperbolic over F, and so does not divide ¢,.

O

10 Appendix: Tractable Fields

We now use the notion of unramified cohomology from Sect. 5 to prove some new
results and give new proofs of some known results regarding tractable fields. Recall
from [CTW] that a field F of characteristic # 2 is called tractable if for every aj,
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ay, az, by, by, b3 € F* such that the six quaternion algebras (a;,b;) are split for all
i # j and the three quaternion algebras (a;,b;) are pairwise isomorphic, the algebras
(ai,b;) are necessarily split. (This condition was motivated by studying conditions
for decomposability of central simple algebras of degree 8 and exponent 2.) We
prove:

Proposition 10.1. [f H2(F) = 0, then F is tractable.

Proof. For the sake of contradiction, suppose we are given a;,b; as in the definition
of tractable where the quaternion algebras (a;,b;) are not split. If the (a;,b;) do
not split at some real closure of F, then the a; and b; are all negative there. Hence
(a;i,b;) for i # j is also not split, a contradiction.

So the (a;,b;) ramify at some nondyadic discrete valuation v of F and in particu-
lar are division over the completion of F' at v. We replace F with its completion and
derive a contradiction. Modifying each a; or b; by a square if necessary, we may
assume that each one has value 0 or 1. Further, as each (a;,b;) is ramified, at most
one of the two slots has value 0.

Suppose first that one of the a; or b; — say, a; — has value 0. Then b has value 1
and a; is not a square in F. As (ay,b;) is split for j # 1, we deduce that v(b;) = 0.
Hence v(ay) = v(az) = 1. As (a3,b3) is division, b3 is not a square in F. Since
v(az) = 1 and v(b3) = 0, it follows that (ay,b3) is division, a contradiction.

It remains to consider the case where the g;’s and b;’s all have value 1. We can
write a; = mo; and b; = f3;, where 7 is a prime element — say, a; so &y = 1 —and
o, B; have value 0. In the Brauer group of F, we have for i # j:

0= (moy,nB)) = (woy, —0uB;) = (w,—0up;) + (0, B)-

It follows that —o;; is a square in F for i # j. In particular, — 3>, — B3, o, and o
are all squares. Then

(az,b2) = (nop,nBs) = (n,—7) =0,
a contradiction. O

Example 10.2. In [CTW], the authors proved that a local field is tractable if and
only if it is nondyadic (ibid., Cor. 2.3) and a global field is tractable if and only if it
has at most 1 dyadic place (ibid., Th. 2.10). Combining the preceding proposition
and Example 5.2 gives a proof of the “if”” direction for both of these statements.

Corollary 10.3 ([CTW, Th. 3.17]). Every field of transcendence degree I over a
real-closed is tractable.

Proof. Combine the proposition and Corollary 5.5. O

Example 10.4. The converse of Proposition 10.1 is false. For every odd prime
p, Q,((x)) is tractable by [CTW, Prop. 2.5]. On the other hand, the usual dis-
crete valuation on the formal power series ring is the unique one [EP, 4.4.1], so

Hi(Qp((x))) = H*(Qp) = Z/2Z.
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Corollary 10.5. Let Fy be a field of characteristic # 2 that

e s tractable and
o s global, local, real-closed, or has no 2-torsion in its Brauer group.

Then every unirational extension F | Fy satisfying (5.7) — e.g., every retract rational
extension F | Fy — is also tractable.

Proof. We note that Fy has H2(Fy) = 0. In case Fy is global or local, then Fy has
one dyadic place or is nondyadic, respectively, by [CTW], and the claim follows,
see Example 5.2. Then H2(F) is also zero by Proposition 5.6, hence F is tractable.

O

Of course, Corollary 10.5 includes the statement that rational extensions of
tractable global fields are tractable, which was a nontrivial result (Example 3.14)
in [CTW]. However, a stronger result has already been proved in [Han, Cor. 2.14]:
every rational extension of a tractable field is tractable.

We do get a large family of new examples of tractable fields:

Corollary 10.6. Let F be a global field with at most one dyadic place. If G is an
isotropic, simply connected, absolutely almost simple linear algebraic group over
F, then the function field F (G) is tractable.

Proof. F(G)/F is retract rational by Theorems 5.9 and 8.1 in [Gi]. O
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Lifting of Coefficients for Chow Motives
of Quadrics

Olivier Haution

Summary We prove that the natural functor from the category of Chow motives
of smooth projective quadrics with integral coefficients to the category with coeffi-
cients modulo 2 induces a bijection on the isomorphism classes of objects.

1 Introduction

Alexander Vishik has given a description of the Chow motives of quadrics with
integral coefficients in [6]. It uses much subtler methods than the ones used to
give a similar description with coefficients in Z/2, found for example in [2], but the
description obtained is the same ([2, Theorems 93.1 and 94.1]). The result presented
here allows one to recover Vishik’s results from the modulo 2 description.

In order to state the main result, we first define the categories involved. Let A be
a commutative ring. We write Zr for the class of smooth projective quadrics over a
field F. We consider the additive category ¢ (Z2r, A ), where objects are (coproducts
of) quadrics in ZF and if X,Y are two such quadrics, Hom(X,Y) is the group of
correspondences of degree 0, namely CHgimx (X X Y,A). We write €4 (2r,A)
for the idempotent completion of ' (2F,A). This is the category of graded Chow
motives of smooth projective quadrics with coefficients in A. If (X,p),(Y,0) are
two such motives then we have:

HOIH((X,p), (Ya G)) = GoCHdimX(X X YvA) op.
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We will prove the following:

Theorem 1. The functor € # (2r,Z) — € M (2F,Z/2) induces a bijection on the
isomorphism classes of objects.

The proof mostly relies on the low rank of the homogeneous components of the
Chow groups of quadrics when passing to a splitting field. These components are
almost always indecomposable if we take into account the Galois action. The only
exception is the component of rank 2 when the discriminant is trivial but in this case
the Galois action on the Chow group is trivial which allows the proof to go through.

It seems that Theorem | may be deduced from [6] (see [3, Theorem E.11.2,
p- 254]). Here we try to give a more direct and self-contained proof.

2 Chow Groups of Quadrics

We first recall some facts and fix the notations that we will use.

If L/F is a field extension, and S is a scheme over F, we write Sy, for the scheme
S X spec(r) Spec(L). Similarly, for an F-vector space U, we write Uy, for U ®@F L, and
for a cycle x € CH(S), the element x; € CH(Sy) is the pull-back of x along the flat
morphism Sy, — S.

We say that a cycle in CH(SL) is F-rational (or simply rational when no confu-
sion seems possible) if it can be written as x;, for some cycle x € CH(S), i.e., if it
belongs to the image of the pull-back homomorphism CH(S) — CH(Sy).

Let F be a field and ¢ be a nondegenerate quadratic form on an F'-vector space
V of dimension D + 2. The associated projective quadric X is smooth of dimension
D =2d or 2d+ 1. Let L/F be a splitting extension for X, i.e., a field extension
such that V; has a totally isotropic subspace of dimension d + 1. We write &', 1;
for the usual basis of CH(Xy), where 0 < i < d. The class & is the pull-back of
the hyperplane class of the projective space of Vi, the class /; is the class of the
projectivisation of a totally isotropic subspace of V;, of dimension i+ 1.

If D is even, then CH,(Xy ) is freely generated by 44 and . In this case, there are
exactly two classes of maximal totally isotropic spaces, [; and ;'. They correspond
to spaces exchanged by a reflection and verify the relation I; + 1, = h.

The group Aut(L/F) acts on CH(Xy). It acts trivially on the ith homogeneous
component of CH(X;,), as long as 2i # D.

See [2] for proofs of all these facts.

In the next proposition, X is a smooth projective quadric of dimension D = 2d
associated with a quadratic space (V, ) over a field F, L/F is a splitting extension
for X, and discX is the discriminant algebra of ¢.

Proposition 2. Under the natural Aut(L/F)-actions, the pair {l;,l;'} can be
identified with the connected components of Spec(discX ® L).

Proof. We consider the scheme G(¢) of maximal totally isotropic subspaces of V,
i.e., the grassmannian variety of isotropic (d + 1)-dimensional subspaces of V. The
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scheme G(¢)., has two connected components exchanged by any reflection of the
quadratic space (V, ). There is a faithfully flat morphism G(¢) — Spec(discX)
(see [2, §85, p. 357]), hence the connected components of G(¢),, are in correspon-
dence with those of Spec(discX ® L), in a way respecting the natural Aut(L/F)-
actions.

Now two maximal totally isotropic subspaces lie in the same connected compo-
nent of G(¢), if and only if the corresponding d-dimensional closed subvarieties of
the quadric Xy, are rationally equivalent (see [2, §86, p. 358]). Therefore, the pair
{l4,1,'} is Aut(L/F)-isomorphic to the pair of connected components of G(¢)y.
The statement follows. O

3 Lifting of Coefficients

We now give a useful characterization of rational cycles (Proposition 7). The proof
will rely on the following theorem from [5, Proposition 9]:

Theorem 3 (Rost’s nilpotence for quadrics). Let X be a smooth projective quadric
over a field F, and let o € Endy (2, 4)(X). If on € CH(X?) vanishes for some
field extension L/F then o is nilpotent.

We will use the following classical corollaries:

Corollary 4 ([2, Corollary 92.5]). Let X be a smooth projective quadric over a
field F and L/ F a field extension. Let Tt a projector in Endy (2, A)(XL) that is the
restriction of some element in Endy 4 (o, A)(X ). Then there exist a projector @ in
Endc(;//,(Q@F’A)(X) such that Qo =T.

Corollary 5 ([2, Corollary 92.7]). Let f: (X,p) — (Y,0) be a morphism in the
category €M (2r,A). If fi is an isomorphism for some field extension L/F then
f is an isomorphism.

Proposition 6. For any n > 1, the functor € # (2r,2/2") — € M (2F,Z]2) is
bijective on the isomorphism classes of objects.

Proof. We are clearly in the situation (%) of [7, Sect.2, p. 587] for the obvious
functor ¢ (2r,Z/2") — € (2r,Z/2). The statement then follows from [7, Propo-
sitions 2.5 and 2.2] (see also [4, Corollary 2.7]). O

Any smooth projective quadric admits a (noncanonical) finite Galois splitting
extension, of degree a power of 2. This will be used together with the following
proposition when we will need to prove that a given cycle with integral coefficients
(and defined over some extension of the base field) is rational.

Proposition 7. Let X,Y € 2 and L/F be a splitting Galois extension of degree
m for X and Y. A correspondence in CH((X X Y)r,Z) is rational if and only if
it is invariant under the group Gal(L/F) and its image in CH((X X Y)p,Z/m) is
rational.
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Proof. We write Z for X x Y. We first prove that if x is a Gal(L/F )-invariant cycle
in CH(Z;) then [L : F]-x is rational.

Let 7: L — F be a separable closure so that we have an F-isomorphism L& F —
Fx---xFgivenby u® 1 — (toy(u))yeca(L/r)-

We have a cartesian square:

Zr<~—"Zigr

|

Z<—17¢
It follows that we have a commutative diagram of pull-backs and push-forward:

CH(Z.) — CH(Zyr)

L

CH(Z) —— CH(Z;)
The top map followed by the map on the right is:

x— Yy 1*("x)
yeGal(L/F)

where t : Zp — Z is the map induced by 7. Using the commutativity of the diagram
and the injectivity of t*, we see that the composite CH(Z;) — CH(Z) — CH(Z;)
maps x to Y, "x, where y runs in Gal(L/F). The claim follows.

Now suppose that u is a cycle in CH(Zy,Z) invariant under Gal(L/F), and that
its image in CH(Z,Z/m) is rational. We can find a rational cycle v in CH(Z;,Z)
and a cycle 0 in CH(Z,Z) such that m6 = v—u. As CH(Z.,Z) is torsion-free, 6 is
invariant under Gal(L/F) . The first claim ensures that v — u is rational, hence u is
rational, and we have proven the proposition. ad

Let us remark that if X € Zp, L/F is a splitting extension, and 2i < dimX then
21; = hYimX~i ¢ CH(X,) is always rational. It follows that 2CH;(X.) consists of
rational cycles when 2i # dimX.

4 Surjectivity in the Main Theorem

Proposition 8. The functor € M (2r,7) — € M (2F,Z/2) is surjective on the
isomorphism classes of objects.

Proof. Let (X,m) € €.#(2F,Z/2) and L/F a finite splitting Galois extension for
X of degree 2". By Proposition 6, we can lift the isomorphism class of (X, ) to the
isomorphism class of some (X, 1) € €.# (2F,Z/2").
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Assume that we have found a Gal(L/F)-invariant projector p in CHgimx (X X X )1,
which gives modulo 2" the projector 7. By Proposition 7, p is a rational cycle, and
Corollary 4 provides a projector p such that p = p;. Write p € CH(X x X,Z/2") for
the image of p. Consider the morphism (X, 1) — (X, p) givenby po 7. Since p; =p
mod 2" = 1z, this morphism becomes an isomorphism (the identity) after extending
scalars to L hence is an isomorphism by Corollary 5. It follows that the isomorphism
class of (X,p) € €.#(2F,Z) is a lifting of the class of (X, 1) € €.#(2F,Z/2").

We now build the projector p. For any commutative ring A, projectors in
CH((X x X)r,A) are in bijective correspondence with ordered pairs of subgroups
of CH(X},,A) which form a direct sum decomposition. This bijection is compatible
with the natural Gal(L/F)-actions. A projector is of degree 0 if and only if the two
summands in the associated decomposition are graded subgroups of CH(Xy,A).

When dimX is odd or when discX is a field, each homogeneous component
of CH(X.,A) is Gal(L/F)-indecomposable, hence Gal(L/F)-invariant projectors
of degree 0 of CH(Xy,A) are in one-to-one correspondence with the subsets of
{0,...,dimX}. It follows that we can lift any Gal(L/F)-invariant projector of de-
gree 0 with coefficients in Z/2" to an integral Gal(L/F)-invariant projector of
degree 0.

When dimX is even and discX is trivial, CH;(X;,A) is indecomposable if
2i # 2dy = dimX. The group Gal(L/F) acts trivially on CHg, (X7, A ). If the rank
of the restriction of (7). to CHg, (Xz,Z/2") is 0 or 2, the projector 7, clearly lifts
to a Gal(L/F)-invariant projector in CHgimx (X X X).

The last case is when the rank is 1. We fix a decomposition of the group
CHyy (X1,Z) into the direct sum of rank 1 summands. Any such decomposition
of CHy, (X1, A) is then given by some element of SL,(A ). The next lemma ensures
that we can lift any element of SL,(Z/2") to SL,(7Z), thus that 7, lifts to a projec-
tor with integral coefficients. It remains to notice that Gal(L/F) acts trivially on
CHyimx (X x X)), since discX is trivial, to conclude the proof. O

Lemma 9 ([4, Lemma 2.14]). For any positive integers k and p, the reduction
homomorphism SLi.(Z) — SLi(Z/ p) is surjective.

Proof. As Z/p is a semilocal commutative ring, it follows from [1, Corollary 9.3,
Chap. V, p. 267], applied with A = Z and ¢ = pZ , that any matrix in SLi(Z/p) is
the image modulo p of a product of elementary matrices with integral coefficients.
Such a product in particular belongs to SL;(Z), as required. O

S Injectivity in the Main Theorem

In order to prove injectivity in Theorem 1, we may assume that we are given two
motives (X,p),(Y,0) in €.# (2r,Z) and an isomorphism between their images in
€M (2r,Z/2). We will build an isomorphism with integral coefficients between
the two motives (which will not, in general, be an integral lifting of the original
isomorphism with finite coefficients).
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We fix a finite Galois splitting extension L/F for X and Y of degree 2". Using
Proposition 6 we may assume that there exists an isomorphism o between (X, p)
and (Y,0) in €. (2r,Z/2"). By Proposition 7 and Corollary 5, it is enough to
build an isomorphism (X, pr) — (¥, 0r) which reduces to a rational correspon-
dence modulo 2" and which is equivariant under Gal(L/F).

Let dx be such that dimX = 2dx or 2dx + 1 and dy defined similarly for Y. Let
r(X,p) be the rank of CHg, (Xz) Nim (pr), if dimX is even and r(X,p) = 0 if dimX
is odd. We define (Y, o) in a similar fashion. We will distinguish cases using these
integers.

A basis of CH(X.) Nim(pyz), gives an isomorphism of (Xz,pz) with twists of
Tate motives, thus choosing bases for the groups CH(X;) Nim (pz), and CH(Y.)N
im(oy),, we can see morphisms between the two motives as matrices.

We fix a basis (e;) of CH(Xz) Nim(pr), as follows: we choose ¢; € CH;(X)
among the cycles h4™X~7 [; for 2i # dimX. We are done when r(X,p) = 0.

If r(X,p) = 2 we complete the basis with ez, = Iz, , efix = l‘/ix € CHy, (X1.).

If (X,p) = 1 we choose a generator e4, of CHy, (Xz) Nim (pz), to complete the
basis.

We choose a basis (f;) for CH(Yz) Nim (oy.), in a similar way.

If we write p and G for the reduction modulo 2" of p and o, these bases reduce
to bases (&) of CH(Xr,Z/2") Nim(p. ). and (f;) of CH(Yz,Z/2") Nim(6z)s. In
these homogeneous bases the matrix of a correspondence of degree 0 is diagonal by
blocks. The sizes of the blocks are the ranks of the homogeneous components of

im (pr),.
Lemma 10. If r(X,p) = 1 then disc X is trivial.

Proof. Assume discX is not trivial. The correspondence p induces a projection of
CHy, (X1) which is equivariant under the action of Gal(L/F). But CHg, (X;) is
indecomposable as a Gal(L/F)-module. It follows that (py.). is either the identity
or 0 when restricted to CHg, (X;) , hence r(X,p) # 1. O

Corollary 11. If r(X,p) # 2 then Gal(L/F) acts trivially on im (pr.),.
Lemma 12. If r(X,p) =2 then r(Y,p) =2, dimY = dimX and discY = discX.

Proof. As the isomorphism (¢ ), is graded, the dx-th homogeneous component of
im( oy ), has rank 2. This image is a subgroup of the Chow group with coefficients
in Z/2" of a split quadric, thus the only possibility is that dimY is even, dy = dy
and r(Y,0) =2.

The isomorphism (o ). is equivariant under the action of Gal(L/F). It follows
that an element of the group Gal(L/F) acts trivially on CH(Xz,Z/2") if and only if it
acts trivially on CH(Yz,Z/2"). But such an element acts trivially on CH(Xz,Z/2")
(respectively, CH(Y,Z/2")) if and only if it acts trivially on the pair of integral
cycles {lay,la,'} C CH(XL) (respectively, {la,,ls,'} C CH(Yz)). Therefore, the
pair of integral cycles {l,,,l4,"} is Gal(L/F)-isomorphic to the pair {ls,,l4,"}. By
proposition 2, we have a Gal(L/F)-isomorphism between the split étale algebras
discX ® L and discY ® L. Hence, discX and discY correspond to the same cocycle
in H'(Gal(L/F),Z/2), thus are isomorphic. O
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We now proceed with the proof of the injectivity.

Let us first assume that r(X,p) # 2. Then r(Y,0) # 2 by the preceding lemma.
By Corollary 11 the group Gal(L/F) acts trivially on im(pz), and on im(oyz),,
therefore any morphism (Xz,pr) — (¥z,0r) is defined by a cycle invariant under
Gal(L/F).

Because the isomorphism oy is of degree 0, its matrix in our graded bases of the
modulo 2" Chow groups is diagonal. Let A; € (Z/2")* be the coefficients in the
diagonal so that we have (0y.).(é;) = A;f; for all i such that CH;(X,) Nim (p.), # 0.

If 7(X,p) = 1 then A, is defined and we consider the cycle f = (Agy ) "oy If
r(X,p) =0, wejustput B = oy..

Now we take k; € Z/2" such that )Li_l =2ki+ 1. Let A € End(Xz,pr) be the
identity morphism. We consider the rational cycle

Y=A+2 ki€ X egimx—i,

where the sum is taken over all i such that CH;(Xz) C im(pz), (which implies in
case r(X,p) = 1 that we do not take i = dx). The composite B o ¥ is rational,
and its matrix in our bases is the identity matrix. This correspondence lifts to an
isomorphism with integral coefficients (X, pr.) — (Yz,0L).

Next assume that r(X,p) = 2. Then we have dimX = dimY, »(Y,0) = 2, and
discX = discY by Lemma 12. The matrix of (0y,), is diagonal by blocks:

where v; € (Z/2")* and B € GL,(Z/2").

Now if discX = discY is a field, there is an element in Gal(L/F) that simultane-
ously exchanges the cycles in the bases {l4y,la,"} of CHgy (X7, Z/2") and {l4,,14,"}
of CHy, (Y7,,Z/2"). It follows that we may write B as:

ab

ba
for some a and b in Z/2". The determinant of B is (a+b)(a—b) € (Z/2")*, hence
(a—b) € (Z/2")*. Thus, we may replace oy, by (a —b) oy and assume that

a=b+1.

As before we may write v, !

= 2k; + 1 and replace ¢y, by the rational cycle:

o0 (A+2 kigi X Eqimx—i)
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the sum being taken over all i such that CH;(Xy) Nim(pz), # @ and i # dx.
Therefore, we may assume that v; = 1 for all i and that we have a matrix of the
shape (I, being the identity block of size r):

I 0
a+l a
a a+l1
0 I

The matrix of the rational cycle A% x h% € CH((X x Y)r,Z/2") is:

0 o0
11
11

0 0

Now oy — a(h¥ x h?%) is rational and its matrix is the identity. This cycle is invari-
ant under Gal(L/F) and lifts to an isomorphism (Xz,pr) — (Y, 01).

It remains to treat the case when disc X is trivial. In this case the group Gal(L/F)
acts trivially on CH(X.) (and on CH(Yz) as discY is also trivial). As before,
composing with a rational cycle, we may assume that v; = 1 for all i. We write
detB~! =2k +1.

The cycle A +k(h™ x h%) € End(Xp, ) is rational and its matrix in our basis is:

We see that the determinant of this matrix is 1+ 2k. Therefore, the composite
or o (A +k(h% x h¥x)) has determinant 1. We use Lemma 9 to conclude, which
completes the proof of Theorem 1.
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Upper Motives of Outer Algebraic Groups

Nikita A. Karpenko

Summary Let G be a semisimple affine algebraic group over a field F'. Assuming
that G becomes of inner type over some finite field extension of F' of degree a power
of a prime p, we investigate the structure of the Chow motives with coefficients in a
finite field of characteristic p of the projective G-homogeneous varieties. The com-
plete motivic decomposition of any such variety contains one specific summand,
which is the most understandable among the others and which we call the upper
indecomposable summand of the variety. We show that every indecomposable mo-
tivic summand of any projective G-homogeneous variety is isomorphic to a shift of
the upper summand of some (other) projective G-homogeneous variety. This result
is already known (and has applications) in the case of G of inner type and is new for
G of outer type (over F).

1 Introduction

We fix an arbitrary base field F. Besides that, we fix a finite field [F and we consider
the Grothendieck Chow motives over F' with coefficients in [F. These are the objects
of the category CM(F,TF), defined as in [4].

Let G be a semisimple affine algebraic group over F. According to [3, Corollary
35(4)] (see also Corollary 2.2 here), the motive of any projective G-homogeneous
variety decomposes (in a unique way) into a finite direct sum of indecomposable
motives. One would like to describe the indecomposable motives that appear this
way. In this paper we do it under certain assumption on G formulated in terms of the
(unique up to F-isomorphism) minimal field extension E /F such that the group Gg
is of inner type: the degree of E/F is assumed to be a power of p, where p = charF.

Nikita A. Karpenko
UPMC Univ Paris 06, Institut de Mathématiques de Jussieu, Paris, France,
e-mail: karpenko@math.jussieu.fr

2010 Mathematics subject classification. 14L17, 14C25.
J.-L. Colliot-Thélene et al. (eds.), Quadratic Forms, Linear Algebraic Groups, 249

and Cohomology, Developments in Mathematics 18, DOI 10.1007/978-1-4419-6211-9_15,
© Springer Science+Business Media, LLC 2010


file:///W|/BWF/Springer(NY)/192775_1_En_Colliot-Thelene_Womat/PDF/20100705/karpenko@math.jussieu.fr
file:///W|/BWF/Springer(NY)/192775_1_En_Colliot-Thelene_Womat/PDF/20100705/karpenko@math.jussieu.fr
file:///W|/BWF/Springer(NY)/192775_1_En_Colliot-Thelene_Womat/PDF/20100705/karpenko@math.jussieu.fr

250 Nikita A. Karpenko

Note that this has already been done in [5] in the case when E = F, that is, when
G itself is of inner type. Therefore, though the inner case is formally included in
the present paper, we concentrate here on the special effects of the outer case. This
remark explains the choice of the title.

Note that the extension E/F is galois. Actually, we do not use the minimality
condition on the extension E/F in the paper. Therefore, E/F could be any finite
p-primary galois field extension with Gg of inner type. However, it is reasonable to
keep the minimality condition at least for the sake of the definition of the set of the
upper motives of G which we give now.

For any intermediate field L of the extension E/F and any projective Gp-
homogeneous variety Y, we consider the upper (see [5, Definition 2.10]) inde-
composable summand My of the motive M(Y) € CM(F,F) of Y (considered as
an F-variety at this point). By definition, this is the (unique up to isomorphism)
indecomposable summand of M(Y) with nonzero 0-codimensional Chow group.
The set of the isomorphism classes of the motives My for all L and Y is called the
set of upper motives of the algebraic group G.

The summand My is definitely the “easiest” indecomposable summand of M (Y)
over which we have the best control. For instance, the motive My is isomorphic to
the motive My for another projective homogeneous (not necessarily under an action
of the same group G) variety Y’ if and only if there exist multiplicity 1 correspon-
dences Y ~» Y" and Y’ ~~ Y, [5, Corollary 2.15]. Here a correspondence Y ~ Y’ is
an element of the (dimY)-dimensional Chow group of Y x Y’ with coefficients in
IF; its multiplicity is its image under the push-forward to the (dimY’)-dimensional
Chow group of Y identified with IF.

One more nice property of My (which will be used in the proof of Theorem 1.1)
is an easy control over the condition that My is a summand of an arbitrary motive
M: by [5, Lemma 2.14], this condition holds if and only if there exist morphisms
o:M(Y)— M and B : M — M(Y) such that the correspondence f3 o o is of multi-
plicity 1.

We are going to claim that the complete motivic decomposition of any projective
G-homogeneous variety X consists of shifts of upper motives of G. In fact, the
information we have is a bit more precise:

Theorem 1.1. For F, G, E, and X as earlier, the complete motivic decomposition
of X consists of shifts of upper motives of the algebraic group G. More precisely,
any indecomposable summand of the motive of X is isomorphic a shift of an upper
motive My such that the Tits index of G over the function field of the variety Y
contains the Tits index of G over the function field of X.

Remark 1.2. Theorem 1.1 fails if the degree of the extension E/F is divisible by a
prime different from p (see Example 3.3).

The proof of Theorem 1.1 is given in Sect. 4. Before this, we get some prepara-
tory results which are also of independent interest. In Sect. 2, we prove the nilpo-
tence principle for the quasi-homogeneous varieties. In Sect. 3, we establish some
properties of a motivic corestriction functor.
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By a sum of motives we always mean the direct sum; a summand is a direct
summand; a direct sum decomposition is called complete if the summands are inde-
composable.

2 Nilpotence Principle for Quasi-homogeneous Varieties

Let us consider the category CM(F, A) of Grothendieck Chow motives over a field
F with coefficients in an arbitrary associative commutative unital ring A.

We say that a smooth complete F'-variety X satisfies the nilpotence principle if for
any A and any field extension K /F, the kernel of the change of field homomorphism

End(M(X)) — End (M (Xk))

consists of nilpotents, where M (X) stands for the motive of X in CM(F, A).

We say that an F-variety X is quasi-homogeneous if each connected compo-
nent X° of X has the following property: there exists a finite separable field ex-
tension L/F, a semisimple affine algebraic group G over L, and a projective G-
homogeneous variety Y such that Y, considered as an F-variety via the composition
Y — SpecL — SpecF, is isomorphic to X°. (Note that the algebraic group G need
not be defined over F in this definition.)

We note that any variety that is projective quasi-homogeneous in the sense of
[1, Sect.4] is also quasi-homogeneous in the above sense. The following statement
generalizes [2, Theorem 8.2] (see also [1, Theorem 5.1]) and [3, Theorem 25]:

Theorem 2.1. Every quasi-homogeneous variety satisfies the nilpotence principle.

Proof. By [4, Theorem 92.4] it suffices to show that the quasi-homogeneous vari-
eties form a tractable class. We first recall the definition of a tractable class % (over
F). This is a disjoint union of classes €k of smooth complete K-varieties, where K
runs over all field extensions of F, having the following properties:

(1) If Y, and Y; are in 6k for some K, then the disjoint union of ¥} and ¥ is also in
Ck;

(2) If Y is in €k for some K, then each component of Y is also in %k

(3) If Y is in €k for some K, then for every field extension K’ /K the K'-variety Yy
is in 6x;

(4) If Y is in 6k for some K, Y is irreducible, dimY > 0, and Y (K) # 0, then €k
contains a (not necessarily connected) variety ¥y such that dimYy < dimY and
M(Y)~M(Yy) in CM(K,A) (for any A or, equivalently, for A = Z).

Let us define a class & as follows. For every field extension K /F, € is the class
of all quasi-homogeneous K-varieties.

We claim that the class % is tractable. Indeed, the properties (1)—(3) are trivial
and the property (4) is [2, Theorem 7.2]. O
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We turn back to the case where the coefficient ring A is a finite field F.

Corollary 2.2. Let M € CM(F,F) be a summand of the motive of a quasi-homo-
geneous variety. Then M decomposes in a finite direct sum of indecomposable
motives; moreover, such a decomposition is unique (up to a permutation of the
summands).

Proof. Any quasi-homogeneous variety is geometrically cellular. In particular, it is
geometrically split in the sense of [5, Sect. 2a]. Finally, by Theorem 2.1, it satisfies
the nilpotence principle. The statement to be proved follows now by [5, Corollary
2.6]. a

3 Corestriction of Scalars for Motives

As in the previous section, let A be an arbitrary (coefficient) ring. We write Ch for
the Chow group with coefficients in A. Let C(F,A) be the category whose objects
are pairs (X,i), where X is a smooth complete equidimensional F-variety and i is
an integer. A morphism (X,i{) — (¥, j) in this category is an element of the Chow
group Chgimx+i—j(X xY) (and the composition is the usual composition of corre-
spondences). The category C(F, A) is preadditive. Taking first the additive comple-
tion of it, and taking then the idempotent completion of the resulting category, one
gets the category of motives CM(F, A), cf. [4, Sects. 63 and 64].
Let L/F be a finite separable field extension. We define a functor

cor/p : C(L,A) — C(F,A)

as follows: on the objects cory/r(X,i) = (X,i), where on the right-hand side X
is considered as an F-variety via the composition X — SpecL — SpecF’; on the
morphisms, the map

HomC(L,A) ((X,i), (ij)) - HomC(F,A) ((X,i), (Ya]))

is the push-forward homomorphism Chgimxti—j(X X7 Y) — Chgimx+i—j(X XrY)
with respect to the closed imbedding X x; Y — X xf Y. Passing to the additive
completion and then to the idempotent completion, we get an additive and commut-
ing with the Tate shift functor CM(L,A) — CM(F,A), which we also denote by
COI'L/F.

The functor cory/p : C(L,A) — C(F,A) is left-adjoint and right-adjoint to the
change of field functor res; /p : C(F,A) — C(L,A), associating to (X, i) the object
(XL,i). Therefore, the functor cor; /r : CM(L,A) — CM(F,A) is also left-adjoint
and right-adjoint to the change of field functor res;/r : CM(F,A) — CM(L,A).
(This makes a funny difference with the category of varieties, where the functor
cory/r is only left-adjoint to res; r, while the right-adjoint to res; / functor is the
Weil transfer.) It follows that for any M € CM(L, A) and any i € Z, the Chow groups
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Ch’(M) and Ch'(cor; /r M) are canonically isomorphic as well as the Chow groups
Ch;(M) and Ch;(cor;/r M) are. Indeed, since res; ;p A = A € CM(L,A), we have

Ch'(M) := Hom (M, A(i)) = Hom (cor; M, A(i)) =: Ch'(cor; /s M)  and
Ch;(M) := Hom (A (i), M) = Hom (A (i),cor, ;p M) =: Ch;(cor, /r M).

In particular, if the ring A is connected and M € CM(L,A) is an upper (see [5,
Definition 2.10] or Sect. 1 here) motivic summand of an irreducible smooth com-
plete L-variety X, then cory/r M is an upper motivic summand of the F-variety X.

Now we turn back to the situation where A is a finite field [F:

Proposition 3.1. The following three conditions on a finite galois field extension
E/F are equivalent:

(1) For any intermediate field F C K C E, the K-motive of SpecE is indecompos-
able;

(2) For any intermediate fields F C K C L C E and any indecomposable L-motive
M, the K-motive cory k(M) is indecomposable;

(3) The degree of E/F is a power of p (where p is the characteristic of the coeffi-
cient field F).

Proof. We start by showing that (3) = (2). So, we assume that [E : F] is a power
of p and we prove (2). The extension L/K decomposes in a finite chain of galois
degree p extensions. Therefore, we may assume that L/K itself is a galois degree
p extension. Let R = End(M). This is an associative, unital, but not necessarily
commutative [F-algebra. Moreover, since M is indecomposable, the ring R has no
nontrivial idempotents. We have End (cor; /x(M)) = R®r End (Mg (SpecL)) where
Mk (SpecL) € CM(K,T) is the motive of the K-variety SpecL. According to [3,
Sect. 7], the ring End (Mg (SpecL)) is isomorphic to the group ring FI", where I"
is the Galois group of L/K. As the group I' is (cyclic) of order p, we have FI" ~
F[¢]/(#? — 1). Because p = charF, F[t]/(t? — 1) ~ F[¢]/(¢?). Tt follows that the
ring End (cor; /x (M)) is isomorphic to the ring R[]/ (t?). We prove (2) by showing
that the latter ring does not contain nontrivial idempotents. An arbitrary element of
R[r]/(t?) can be written in the form a + b in a unique way, where a € R and b is
an element of R[f]/(¢P) divisible by the class of . Note that b is nilpotent. Let us
take an idempotent of R[¢]/(¢”) and write it in the earlier form @+ b. Then a is an
idempotent of R. Therefore a =1 or a =0. If a = 1 then a+ b is invertible and
therefore a + b = 1. If a = 0 then a + b is nilpotent and therefore a 4+ b = 0.

We have proved the implication (3) = (2). The implication (2) = (1) is trivial.
We finish by proving that (1) = (3).

We assume that [E : F] is divisible by a different from p prime g and we show that
(1) does not hold. Indeed, the galois group of E /F contains an element ¢ of order g.
Let K be the subfield of E consisting of the elements of E fixed by 6. We have F' C
K C E and E/K is galois of degree q. The endomorphisms ring of Mk (SpecE) is
isomorphic to F[t] /(17— 1). As q # charTF, the factors of the decompositionz? — 1 =
(t—1)- (197 ' 419724 ... 4+ 1) € F[t] are coprime. Therefore, the ring Ft]/(t7 — 1)
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is the direct product of the rings F[t]/(t — 1) = F and F[t]/(t9~' 4 ---+ 1), and it
follows that the motive Mk (Spec E) is not indecomposable. O

Corollary 3.2. Let E/F be a finite p-primary galois field extension and let L be an
intermediate field: F C L C E. Let M € CM(L,FF) be an upper indecomposable
motivic summand of an irreducible smooth complete L-variety X. Then cory;p M is
an upper indecomposable summand of the F-variety X. a

Example 3.3. Let X be a projective quadric given by an isotropic nondegenerate
4-dimensional quadratic form of nontrivial discriminant. The variety X is projec-
tive homogeneous under the action of the orthogonal group of the quadratic form.
This group is outer and the corresponding field extension E/F of this group is the
quadratic extension given by the discriminant of the quadratic form. The motive of
X contains a shift of the motive M(SpecE).

Now let us assume that the characteristic p of the coefficient field IF is odd. Then
M(SpecE) decomposes into a sum of two indecomposable summands. The (total)
Chow group of one of these two summands is 0. In particular, this summand is not
an upper motive of G (because the Chow group of an upper motive is nontrivial by
the very definition of upper). Therefore, Theorem 1.1 fails without the hypothesis
that the extension E /F is p-primary.

4 Proof of Theorem 1.1

Before starting the proof of Theorem 1.1, let us recall some classical facts and in-
troduce some notation.

We write Z (or ) for the set of vertices of the Dynkin diagram of G. The
absolute galois group Ir of the field F acts on &. The subgroup Ir C IF is the
kernel of the action.

Let L be a field extension of F. The set g, is identified with & = 2. The
action of I, on & is trivial if and only if the group Gy, is of inner type. Any I;-
stable subset 7 in & determines a projective G;-homogeneous variety X; g, in the
way described in [5, Sect. 3]. This is the variety corresponding to the set 2\ 7 in
the sense of [6]. For instance, X¢ g, is the variety of the Borel subgroups of G, and
Xo,G, = SpecL. Any projective G;-homogeneous variety is G -isomorphic to X; g,
for some I} -stable T C 9.

If the extension L/F is finite separable, we write M, ;, for the upper indecom-
posable motivic summand of the F-variety X; s, (where 7 is a I;-stable subset in
2). If L C E, the isomorphism class of M ¢, is an upper motive of G.

For any field extension L/F, the set P, attached to the semisimple anisotropic
kernel G’ of Gy, is identified with a (I7-invariant) subset in 2. We write 7, (or 7,.G)
for its complement. The subset 7, C & is (the set of circled vertices of) the Tits
index of Gy, defined in [6]. For any I;-stable subset T C 2, the variety X; i, has a
rational point if and only if T C 7.
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Proof (of Theorem 1.1). This is a recast of [5, proof of Theorem 3.5].

We prove Theorem 1.1 simultaneously for all F, G, X using an induction on
n =dimX. The base of the induction is n = 0 where X = Spec F and the statement
is trivial.

From now on we assume that n > 1 and that Theorem 1.1 is already proven for
all varieties of dimension < n.

For any field extension L/F, we write L for the function field L(X).

Let M be an indecomposable summand of M(X). We have to show that M is
isomorphic to a shift of My, for some intermediate field L of E/F and some
Gal(E /L)-stable subset T C % containing Tp.

Let G'/F be the semisimple anisotropic kernel of the group Gz. The set % is
identified with % \ 77 ;.

We note that the group G% is of inner type. The field extension E/F is galois
with the galois group Gal(E/F). In particular, its degree is a power of p and every
intermediate field is of the form L for some intermediate field L of the extension

According to [1, Theorem 4.2], the motive of Xz decomposes into a sum of
shifts of motives of projective G’z-homogeneous (where L runs over intermediate
fields of the extension E/F) varieties Y, satisfying dimY < dimX = n. (We are
using the assumption that n > 0 here.) It follows by the induction hypothesis and
Corollary 3.2 that each summand of the complete motivic decomposition of X is
a shift of MT/’GIZ for some L and some 7' C 9. By Corollary 2.2, the complete
decomposition of Mg also consists of shifts of MT’,G/Z'

Let us choose a summand MT/’G/L(i) with minimal 7 in the complete decomposi-

tion of M. We set T =17 U1z C Z. We shall show that M ~ M, g, (i) for these L,
T, and i.

We write Y for the F-variety X; g, and we write Y’ for the F-variety XT’,G'Z' We
write N for the F-motive M, g, and we write N’ for the F-motive My g .

By [5, Lemma 2.14] (also formulated in Sect. | here) and since M is indecom-
posable, it suffices to construct morphisms

o M(Y)(i) — M and B: M — M(Y)(i)

satisfying mult(f3 o ) = 1, where mult(f3 o &) is the multiplicity, defined in Sect. 1,
of the correspondence (8 o &) € Chgimy (Y XpY).

We construct o first. Since 7' C 7, the F/(Y)-variety ¥’ x; Spec F(Y) has a ra-
tional point. Let o € Chg (Y’ x; SpecF(Y)) be the class of a rational point. Let
o € Ch;(Xz(y)) be the image of oy under the composition

Cho (Y' % SpecF(Y)) — Cho(Yzy)) — Cho(Npy)) — Chi(Xz(y)),
where the first map is the push-forward with respect to the closed imbedding

Y’ x; SpecF(Y) (_’Y/ﬁ(y) :=Y' xzSpecF(Y).
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Since 7z C 7, the variety X has an F(Y)-point and, therefore, the field extension
F(Y)/F(Y) is purely transcendental. Consequently, the element ¢ is F (Y )-rational
and lifts to an element o3 € Chgimy+;(Y X X). We mean here a lifting with respect
to the composition

TOSE(Y)/F(Y)
_

Chdimy+i(Y X X) —— Chi(Xp(y)) Chi(Xz(y)),

where the first map is the epimorphism given by the pull-back with respect to the
morphism Xry) — ¥ X X induced by the generic point of the variety Y.
We define the morphism o as the composition

o3

MY)(i) —— MX) —— M,

where the second map is the projection of M(X) onto its summand M.

We proceed by constructing . Let B; € Chginy (Y’ X Yz) be the class of the
closure of the graph of a rational map of L-varieties Y’ --+ Y (which exists because
T C 77 UT'). Note that this graph is a subset of Y’ X; ¥z, which we consider as a
subset of Y’ Xz Yz via the closed imbedding Y’ x; Yz < Y’ x Y. Let 3, be the
image of 3; under the composition

Ch¥™ (Y' x5 Yz) = Ch™ (M(Y') @ M(Yz)) — Ch¥™" (N' @ M(Yz)) —

Ch™ ™ (M(Xp) @ M(Yp)) = Ch™ ¥ (X x ¥) ),
where the first arrow is induced by the projection M(Y’) — N’ and the second arrow
is induced by the imbedding N'(i) — M(X). The element f3; lifts to an element

B3 € ChIimY+i(x x X x Y).
We mean here a lifting with respect to the epimorphism
ChdimY+i(X < X X Y) NN ChdimY—H ((X % Y)F)

given by the pull-back with respect to the morphism X x X XY — (X x Y ) induced
by the generic point of the second factor in this triple direct product.

Let w € Chgimx (X X X) be the projector defining the summand M of M(X). Con-
sidering B3 as a correspondence from X to X x Y, we define

Bs € ChdmY+i(x 5 X x Y)
as the composition 33 o 7. We get

Bs € ChImY+i(X x ¥) = Chgimx_i(X X ¥)
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as the image of B4 under the pull-back with respect to the diagonal of X. Finally, we
define the morphism f as the composition

M —— MX) —P5 ).

The verification of the relation mult(f o &) = 1, finishing the proof, is similar to
that of [5, proof of Theorem 3.5]. As the multiplicity is not changed under extension
of scalars, the computation can be done over a splitting field of G. A convenient
choice is the field £ (X ), where F is an algebraic closure of F. O

Remark 4.1. Theorem 1.1 can be also proven using a weaker result in place of
[1, Theorem 4.2], namely, [2, Theorem 7.5].
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Triality and étale algebras
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Dedicated to R. Parimala at the occasion of her 60" birthday

Summary Trialitarian automorphisms are related to automorphisms of order 3 of
the Dynkin diagram of type D4. Octic étale algebras with trivial discriminant con-
taining quartic subalgebras are classified by Galois cohomology with values in the
Weyl group of type Dy4. This paper discusses triality for such étale extensions.

1 Introduction

All Dynkin diagrams but one admit at most automorphisms of order two, which are
related to duality in algebra and geometry. The Dynkin diagram of Dy
o3

o (5]
oy
is special, in the sense that it admits automorphisms of order 3. Algebraic and
geometric objects related to D4 are of particular interest as they also usually admit
exceptional automorphisms of order 3, which are called trialitarian. For example,
the special projective orthogonal group PGOé* or the simply connected group Sping
admit outer automorphisms of order 3. As already observed by Cartan [5], the
Weyl group W(Ds) = &3 x G4 of Sping or of PGO{ similarly admits trialitarian
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automorphisms. Let F' be a field and let F; be a separable closure of . The Galois
cohomology set H' (I",W(Dy)), where I' is the absolute Galois group Gal(F;/F),
classifies isomorphism classes of étale extensions S/Sy where S has dimension 8,
So has dimension 4 and S has trivial discriminant (see Sect. 3). There is an induced
trialitarian action on H' (I",W(Dy)), which associates to the isomorphism class of
an extension S/S as above, two extensions S'/S;, and S”/S{), of the same kind, so
that the triple (S/So,S'/S;,,S”/Sy) is cyclically permuted by triality. This paper is
devoted to the study of such triples of étale algebras. It grew out of a study, in the
spirit of [17], of Severi-Brauer varieties over the “field of one element” [14], which
is in preparation (see also [18] and [19]).

In Part 2 we describe some basic constructions on finite I"-sets and étale alge-
bras. Some results are well-known, others were taken from [14], like the Clifford
construction. In Sect. 3 we recall how I'-sets and étale algebras are related to Galois
cohomology. Section 4 is devoted to triality in connection with I"-sets and in Sect. 5
we discuss trialitarian automorphisms of the Weyl group W(Dy4). In Sect. 6 we
consider triality at the level of étale algebras. We give in Table 1 a list of isomor-
phism classes of étale algebras corresponding to the conjugacy classes of subgroups
of W(Dy), together with a description of the triality action. We also consider étale
algebras associated to subgroups of W (D) which are fixed under triality. We then
view in Sect. 7 triality as a way to create resolvents and give explicit formulae for
polynomials defining étale algebras. Finally, we give in the last section results of
Serre on Witt invariants of W (Dy).

2 Etale Algebras and I'-sets

Throughout most of this work, F is an arbitrary field. We denote by F; a separable
closure of F and by I the absolute Galois group I = Gal(F;/F), which is a profinite
group.

A finite-dimensional commutative F-algebra S is called étale (over F) if S®F F;
is isomorphic to the Fs-algebra F' = F; X - -- X F; (n factors) for some integer n > 1.
Etale F-algebras are the direct products of finite separable field extensions of F.
We refer to [12, Sect. 18.A] for various equivalent characterizations. Etale alge-
bras (with F-algebra homomorphisms) form a category Etr in which finite direct
products and finite direct sums (= tensor products) are defined.

Finite sets with a continuous left action of I (for the discrete topology) are called
(finite) I"-sets. They form a category Setr whose morphisms are the I"-equivariant
maps. Finite direct products and direct sums (= disjoint unions) are defined in this
category. We denote by |X| the cardinality of any finite set X.

For any étale F-algebra S of dimension n, the set of F-algebra homomorphisms

X(S) = Homp_y (S, Fg)
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is a I'-set of n elements since I" acts on F;. Conversely, if X is a I'-set of n ele-
ments, the F-algebra M(X) of I"-equivariant maps X — F; is an étale F-algebra of
dimension n,

M(X)={f: X = F | y(f(x)) = f("x) forye I',x € X }.
As first observed by Grothendieck, there are canonical isomorphisms
M(X(S)) =S, X(M(X)) ~X,
so that the functors M and X define an antiequivalence of categories
Setr = Etr (2.1

(see [7, Proposition (4.3), p. 25] or [12, (18.4)]). Under this antiequivalence, the
cardinality of I"-sets corresponds to the dimension of étale F-algebras, the disjoint
union L in Setr corresponds to the product x in Etr, and the product x in Setr
to the tensor product ® in Etp. For any integer n > 1, we let E tF denote the
groupoid! whose objects are n-dimensional étale F-algebras and whose morphisms
are F-algebra isomorphisms, and Set} the groupoid of I'-sets with n elements.
The antiequivalence (2.1) restricts to an antiequivalence Set} = E t;. The split
étale algebra F" corresponds to the I'-set n of n elements with trivial I"-action.
Etale algebras of dimension 2 are also called guadratic étale algebras.

A morphism? of I'-sets ¥ L Ziscalledal’ -covering if the number of elements

in each fiber y’fl C Z does not depend on y € Y. This number is called the degree of
d/n

the covering. Forn, d > 1 we let Cov" denote the groupoid whose objects are cov-
erings of degree d of a I'-set of n elements and whose morphisms are isomorphisms
of I'-coverings.

A homomorphism § E, T of étale F -algebras is said to be an extension of degree
d of étale algebras if € endows T with a structure of a free S-module of rank d. This
corresponds under the antiequivalence (2.1) to a covering of degree d:

X(e)

X(S) ——X(T)

. d
(see [14]). Let E texF/ " denote the groupoid of étale extensions § 5T of degree d
of F-algebras with dimp S = n (hence dimr 7T = dn). From (2.1) we obtain an

antiequivalence of groupoids

EtexF = Co d/".

I A groupoid is a category in which all morphisms are isomorphisms.

2 We let morphisms of I'-sets act on the right of the arguments (with the exponential notation) and
use the usual function notation for morphisms in the antiequivalent category of étale algebras.
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The I'-covering with trivial I"-action
d/n: nfnxd (2.2)

where p is the first projection corresponds to the extension F” — (F¢)".

Of particular importance in the sequel are coverings of degree 2, which are also
called double coverings. Each such covering Y & 7 defines a canonical automor-
phism Z & Z of order 2, which interchanges the elements in each fiber of 7. Clearly,

this automorphism has no fixed points. Conversely, if Z is any I"-set and Z L Zis
an automorphism of order 2 without fixed points, the set of orbits

zZjo={{z2"}|z€Z}

is a I'-set and the canonical map (Z/0) « Z is a double covering. An involution of
a I'-set with an even number of elements is any automorphism of order 2 without
fixed points.

Let 0: S — S be an automorphism of order 2 of an étale F-algebra S, and let
S% C S denote the F-subalgebra of fixed elements, which is necessarily étale. The
following conditions are equivalent (see [14]):

(a) The inclusion S° — S is a quadratic étale extension of F-algebras;
(b) The automorphism X (o) is an involution on X(S).

We say under these equivalent conditions that the automorphism o is an involution
of the étale F-algebra S.

Basic Constructions on I -sets

We recall from [12, Sect. 18] and [13, Sect. 2.1] the construction of the discriminant
A(X) of a I'-set X with |X| =n > 2. Consider the set of n-tuples of elements in X:

(X)) ={(x1,.x0) | X ={x1,-- %0} }

This I'-set carries an obvious transitive (right) action of the symmetric group G,,.
The discriminant A(X) is the set of orbits under the alternating group 2,

A(X) = Zu(X) /2y
It is a I"-set of two elements, so A is a functor
A: Set}. — Set?-.

For any covering Zy <= Z of degree 2 with | Zo| = n, (hence |Z| = 2n), we consider
the set of (not necessarily I"-equivariant) sections of 7:

C(z/Zo0)={{z1,-.,an} CZ|{],.... 5L}y =2}
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It is a I'-set with 2" elements, so C is a functor
C: Covi!" — Set},

called the Clifford functor (see [14]). The I'-set C(Z/Zy) is equipped with a canon-
ical surjective morphism

AZ) L C(z/z), 2.3)
which is defined in [13, Sect. 2.2] as follows: let 6: Z — Z be the involution canon-
ically associated to the double covering Z &£ 7, so the fiber of ¥ is {z,2°} for

each z € Z; then 6 maps each section {zy,...,z,} to the y,-orbit of the 2n-tuple
lo} (o}
(Zla"'7znazl 7"'7Zn)’

{Zlv"' ;Zn}6 = (Zlv"' aznaz?a"wz:—)mzn'

Note that the canonical involution ¢ induces an involution ¢ on C(Z/Z;), which
maps each section @ to its complement Z\ @. We may view C(Z/Z) as a cov-
ering of degree 2 of the set of orbits C(Z/Zy)/c, and thus consider the Clifford
construction as a functor

C: Covlz_/" - Covlz-/znil. 2.4)

Proposition 2.5. For sections o, ' € C(Z/Zy), we have ©® = (')® if and only if
|oN @' | =n mod 2. Moreover, denoting by 1 the nontrivial automorphism of A(Z),

we have
o8- o if nis even,
- 0ol ifnisodd.

Proof. Let ® = {z1,...,z,} and @' = {z1,...,2,,20,1,...,20 },s0 r = [@ N '],
w8:(zl,...,zn,zf,...,zg)%"
and
(a)’)5:(zl,...,zr,zf+1,...,zf,’,zf,...,zf,zrﬂ,...,zn)%".
The permutation ¢’ that interchanges z; and z{ fori =r+1, ..., n satisfies
(zl,...,zn,zf,...7zg)c/:(zl,...7z,,zf+1,...,Zg,zf,...7Zf,zr+1,...7zn);

it is in %Ay, if and only if n — r is even, which means |®w N @'| = n mod 2. For

o' = ©2 the complement of @ we have |® N ®Z| = 0, hence ®2® = ®? if and only

if n =0 mod 2. O
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Oriented I -sets

An oriented I'-set is a pair (Z,dz) where Z is a I'-set and d7 is a fixed isomorphism
of I'-sets 2< A(Z). In particular the I"-action on A(Z) is trivial. There are two
possible choices for dz. A choice is an orientation of Z. Oriented I'-sets with n
elements form a groupoid (Set}-)* whose morphisms are isomorphisms Z, L Z
such that A(f) 0 dz, = dz,. Similarly, oriented coverings are pairs (Z/Zy,dz) where
Zy < Z is a I'-covering and dz is an orientation of Z. We denote by (Cov;{/ ")* the
groupoid of oriented coverings of degree d of I'-sets with n elements. Changing the
orientation through the twist 2 <L 2 defines an involutive functor

K: (Covﬁ/")Jr — (Cov?/")f

on

-1
Proposition 2.6. If n is even the functor C: Cov%/ i Cov%/ of (2.4) restricts

to a pair of functors

C1, Gy (Covi™yt — Covlz-/zniz.

Moreover, two sections @ and @' of the oriented T'-covering (Z/Zy,dz) lie in the
same set C1(Z/Zy,07) or C2(Z/Zy,d7) if and only if [0 N @'| =0 mod 2.

Proof. Let Z/Zy be a 2/n-covering. Proposition 2.5 implies that the covering

A(Z) Kl C(Z/Zy) factors through C(Z/Zy) /o, where o is the canonical involution
of C(Z/Zy):
A(Z) —C(Z/2o)/a — C(Z/Z).

Thus, if Z/Z is oriented, we may use the given isomorphism 2 A (Z) to define
the I'-sets

C1(Z/Z,07) = {® € C(Z/Zy) | 0% =1}
and

C2(Z/Zy,07) = {® € C(Z/Zy) | 0% =2}

Obviously, we have C(Z/Zy) = C\(Z/Zy,0z) U Cr(Z/Zy,d7), and Proposition 2.5
shows that o restricts to involutions on C|(Z/Zy,dz) and C»(Z/Zy,0dz). The last
claim also follows from Proposition 2.5. a

We call the two functors C; and C, the spinor functors. Note that when 7 is even
an orientation dz on Z/Z, can also be defined by specifying whether a given section
0 € C(Z/Zy) liesin C\(Z/Zy,dz) or C2(Z/Zy,dz). Indeed, w € Cy(Z/Zy, dz) if and
only if ®® € A(Z) is mapped to 1, which determines d; uniquely. We shall avail
ourselves of this possibility to define orientations on coverings in Cov%/ *in Sect. 4.
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Basic Constructions on étale Algebras

We now consider analogues of the functors A and C for étale algebras and étale
extensions. For S an étale F-algebra of dimension n > 2, the discriminant A(S) is a
quadratic étale F'-algebra such that

X(A(5)) = A (X(S)).
We thus have a functor
A:E/t;—»E,ttzv forn > 2.
If the field F has characteristic different from 2, it is usual to represent A(S) as
F[x]/(x* — Disc(S)), Disc(S) € F*, and the class of Disc(S) in F*/(F*)? is the

usual discriminant. We refer to [12, p. 291-293] and [13, Sect. 3.1] for details.

Let S 5 T be an étale extension of degree 2 of (étale) F-algebras, with
dimp S = n, dimp T = 2n. In [13, Sect. 3.2]° we define an étale F-algebra C(T/S)
such that

X(C(T/5)) = C(X(T)/X(5)).

Example 2.7. If dimp T =2 and S = F, we have C(T/S) =T.
For Sy, S, étale algebras of arbitrary dimension, and for arbitrary étale extensions
T1/S; and T /S, of degree 2, there is a canonical isomorphism

P: C((Ty xT2) /(81 X 82)) = C(T1/81) ®@C(T2/S>).

We call the 2"-dimensional algebra C(T /S) the Clifford algebra of T /S. It admits a
canonical involution o. If dimr S is even o is the identity on A(T). The canonical
morphism 6 of (2.3)

)
AX(D) & C(X(T)/X($))
yields a canonical F-algebra homomorphism which we again denote by &,
A(T) & C(T/S),

so that C(T/S) is an étale extension of degree 2"~! of a quadratic étale F-algebra.

Oriented étale Algebras

As for oriented I'-sets we define oriented étale algebras as pairs (S,ds) where S
is an étale algebra and ds: A(S) => F X F is an isomorphism of F-algebras. Ori-
ented extensions of étale algebras are pairs (S/Sy, ds) where /S is an extension of

3 The notation 2 is used for C in [13].
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étale algebras and ds: A(S) — F X F is an isomorphism of F-algebras. We have
P . d
corresponding groupoids (E t;)ﬁ (Etex F/n)+ and antiequivalences
P n . d
(Setl)* = (Et})* and (Cov?™)* = (Etex")*.
Switching the orientation induces an involutive functor x on these groupoids.
The Clifford functor C restricts to a pair of spinor functors

., n . n—2
C1,C: (Etex") — Etex) 2.8)

if n is even.

Remark 2.9. The terminology used earlier owes its origin to the fact that the Clifford
functor is related to the theory of Clifford algebras in the framework of quadratic
forms and central simple algebras with involution. We refer to [14] for details and
more properties of the Clifford construction.

3 Cohomology
For any integer n > 1, we consider the I'-set n = {1,...,n} with the trivial I"-action
and let G, denote the symmetric group on n, i.e., the automorphism group of n,

S, = Aut(n).

Recall from [12, Sect. 28.A] that the cohomology set H'(I",&,,) (for the trivial ac-
tion of I on &,) is the set of continuous group homomorphisms I' — &,, (“cocy-
cles”) up to conjugation.

Letting Iso(Set{) denote the set of isomorphism classes in Set}-, we have a
canonical bijection of pointed setsv

Iso(Set) = H\(I",&,,). (3.1)

Cohomology sets can also be used to describe isomorphism classes of I'-
coverings: for any integers n, d > 1, the group of automorphisms of the I'-covering
with trivial I'-action d/n is the wreath product (of order (d!)"n!)

Aut(d/n) =616, (=6)x6,).
The same construction as earlier yields a canonical bijection
Iso(Cov!™) = HY(I', 6,1 6,), (3.2)

where the I'-action on 6,16, is trivial; see [13, Sect.4.2]. The automorphism
group of the oriented I'-covering (d/m, dyxqa) is the group

(Gd l Gn)+ = (Gd l Gn) mgldn
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so that
Iso ((Covi/™)") = H'(T',(6416,)"). (3.3)

We now assume that I" is the absolute Galois group I = Gal(F;/F) of a field F and
use the notation H'(F,&,) for H'(I',S,). The antiequivalence Set!- = £ t; and
the bijection (3.1) induce canonical bijections

Iso(Ety) = Iso(Set}) = H'(F,&,)
The bijection Iso( £ t;) =~ H'(F,&,) may of course also be defined directly because
Auty g (F") = &,

see [12, (29.9)]. Similarly, it follows from (3.2), (3.3), and the antiequivalence

cd n e, d n .
of groupoids £ texF/n = Cov?-/ , (E texF/ "t = (Cov?/ )T, that we have canonical
bijections of pointed sets:

Iso(lftex;i—/n) = Iso(Covf_/") ~H'(F,6,16,) (3.4)
and J
Iso ((Etexr/n)+) ~Iso ((Cov?-/")Jr) =~ H'(F,(6,16,)"). (3.5)

Remark 3.6. Any group homomorphism ¢: G — H, where G and H are automor-
phism groups of finite sets or of finite double coverings, induces a map on the level
of cocycles @,: (v: I' — G) +— (poy: I' — H). Thus ¢ associates in a “canonical
way” an €tale algebra (or an €tale algebra with involution) E, whose isomorphism
class belongs to H!(F,H), to an étale algebra E (or an étale algebra E with involu-
tion), whose class belongs to H'(F,G). We say that the algebra E,, is a resolvent
of E. For example the discriminant A(E) is the resolvent of E associated to the
parity map &, — &,. Other examples of resolvents will be discussed in relation
with triality.

4 Triality and I'-Coverings

Recall the functor C, which associates to any double covering its set of sections. For
oriented 2 /4-coverings of I'-sets, it leads to two functors:

Ci, Cy: (Covlzﬂ)Jr — Covlz-/4,

see Proposition 2.6. The functors C; and C, together with the functor x, which
changes the orientation, give an explicit description of an action of the group G3

on the pointed set Iso((Covlz-/4)+).
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Theorem 4.1. The functors Cy, Cy: (Cov12~/4)+ — Covlz—/4factor through the forget-
Sul functor F - (Cov12~/4)+ — Cov12~/4, i.e., there are functors
Cf, CF: (Covi*)t — (Covi*)*
such that F o CJr Ci fori=1, 2. These functors satisfy natural equivalences:
€ =id, (/)P =C, Cfx=xCS.

Proof. Let (Z/Zy,d) be an object in (Covlz-/ 4)+ and let o denote the involution of
Z/Zy. Consider a real vector space V with basis (e, ez,e3,e4). Fixing a bijection ¢
between a section @ € C1(Z/Zy,d) and {ey,...,es4}, we identify Z with a subset of

V by:
Fad ifz€ o,
7
-7°? ifz¢ o.

Thus, Z = {£e,+ey,+e3,+es} and o acts on Z by mapping each element to its
opposite. The action of I" on Z extends to a linear action on V because it commutes
with 6. We also identify C(Z/Zy) with a subset of V by the map

PP

€0’

The set C(Z/Zy) then consists of the following vectors and their opposite:

:%(€1+€2+€3+€4), z%(el+ez+e3—e4),
:%(91+92_e3_e4)a Z%(91+ez—e3+e4),
Z%(91—82+€3—€4), z%(el—e2+e3+e4),
:%( e1+er+ez—ey), z%(el—q—e3—e4).

As w € C1(Z/Zy,d), we have (see Proposition 2.6)
Ci1(Z/Z0,0) ={Ef1, L2, £ f3, £ fa}

and

CZ(Z/Z07 a) = {:l:gla:tg27 :l:g37 :l:g4}

The canonical involutions on C;(Z/Zy,d) and C»(Z/Zy,d) map each vector to its
opposite. Note that these identifications are independent of the choice of the sec-
tion @ in Cy(Z/Zy,d) and of the bijection ¢.

Let 0y be the orientation of C1(Z/Zy,d) such that C (C|(Z/Zy,d),d;) contains
the section {f1, f>, f3, fa}. Thus, by Proposition 2.6, C; (C1 (Z/Zo,8),81) consists
of the following sections:

i{f17f27f37f4}7 i{flafZa_f37_f4}7 i{fla_f27f3a_f4}7 i{_f17f27f37_f4}'
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They are characterized by the property that for eachi =1, ..., 4 they contain a sec-
tion & f; containing e; and a section & f; containing —e;. Identifying these sections
to vectors in V as earlier, we obtain

Ci(C1(2/20,9),01) = {£5(fi+ o+ s+ fa) £5(fi + o — f5— fa),
+3fi—fotf—fa). 23(-fi+ o+ - fa)}
Likewise, let ¢, be the orientation of C;(Z/Zy,d) such that
C1(C2(2/2,9),05) = {£3(g1+ 82 +83+84), £3(g1 + 8 — 83— g4),
+3(s1—g2+g3—g4),E3(—g1+g2+8—g4)}-
Define the functors C;", C; : (Covlz-/zt)+ — (Covlz-/zt)+ by:
C{ (Z2/2y,0) = (C\(Z2/Zy),01) and  C5(Z/2,0) = (C2(Z/2Z),0,).

By definition, it is clear that .% o Ci+ =C; for i = 1, 2. To establish the natural
equivalences, consider the linear map p: V — V defined by p(e;) = f; for i =1,
..., 4. Using this map, we may rephrase the definition of Cl+ as follows: for Z =
{xe1,Les, tes, teq} with the orientation o such that C,(Z/Zy,d) > u(e;), we have

CT(Z/ZOa a) = {:l:.u(el)v :l:nu(EZ)v :l:‘u(63), i“(e4)}

with the orientation such that
C1(Cl(2/2,0)) 3 5 (u(er) +1(e2) + e (es) + pi(es)).

Note that 4 (1(e1) + p(e2) + ti(e3) + i(es)) = (fi) = u*(er). Therefore, substi-
tuting p(e;) fore;, fori =1, ..., 4, we obtain

(C)*(Z/20,0) = {£1*(er), £u>(e2), £ (e3), 21> (ea) },
endowed with an orientation such that
C1((C1)*(2/2,9)) 3 1 (er).

Computation shows that % (e;) = g; fori=1,..., 4, and > =1d. As §(g1 + g2+
g3+ g4) = ey, it follows that (C}")?(Z/Zy,d) = C5 (Z/Zy,d). Similarly, we have

(CF)(2/20,9) = {F1 (er), 21 (e2), 4 (e3), £1(e4) } = Z,
endowed with an orientation such that
C1((€)(2/20,9)) 3 u*(er) = fi,
hence (C|")*(2/2y,d) = (Z/Zy,). Finally, we have

K'(Z/Z(), 8) = {:I:el,:lzez, +es, :|:e4}
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with an orientation such that Cy k(Z/Zy,d) > u*(e;), hence
CFK(2/20,9) = {1 (er), 2> (e2), £ (e3), 11 (es))}

endowed with an orientation such that

C1(CFx(2/20,9)) > u*(er) = fi.
Therefore, C| k(Z/Zy,d) = kC5 (Z/Zy,d). O
Remark 4.2. The decomposition

C(Z/2) = C\(Z/Z,0) UCa(Z/Zp,0)

can also be viewed geometrically on a hypercube: Suppose V = R* and write
(e1,e2,e3,e4) for the standard basis. The set

C(Z/Zop) = {%(fertertestes)}

is the set of vertices of a hypercube .# depicted in Fig.1, and the set Z =
{+ey,tey, te3,+eq} is in bijection with the set of 3-dimensional cells of JZ.

8 5
1 C 4
6 3 2
77
B| Al | D Al s
B 4 1
5
8
D 7 C 6
2 3

Fig. 1 Hypercube

We identify
Z=1{A,A,B,B,C,C,D,D},

where A, ..., C are as in Fig. 1, D is the big cell and D the small cell inside. The invo-
lution permutes a cell with its opposite cell and the set Zj is obtained by identifying
pairs of opposite cells

Zy= {{A,A},{B,B},{C,é},{D,D}}.

To obtain a corresponding identification of C(Z/Z;) with the set of vertices of %,
observe that a section of Z/Z, consists of a set of four cells which are pairwise not
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opposite. Four such cells intersect in exactly one vertex and conversely each vertex
lies in four cells. With the notation in Fig. | we have the following identification:

1={A,B,Cc,D} 1={A,B,C,D} 2={A,B,C,D} 2={AB,C,D}
3={A,B,C,D} 3={A,B,C,D} 4={AB,C,D} 4={A B,C,D}
5={A,B,C,D} 5={A,B,C,D} 6={A,B,C,D} 6={AB,C,D}
7=1{A,B,C,D} 7={A,B,C,D} 8={A,B,C,D} 8={AB,C,D}

This set of vertices decomposes into two classes, two vertices being in the same
class if the number of edges in any path connecting them is even. One class is

X = {171737375757777}

and the other
Y = {2,3,4,4,6,6,8,8).

We get coverings X /Xy and Y /Yy by identifying opposite vertices v and v. If
A(Z) ~ 2, the decomposition of C(Z/Zy) as the disjoint union X /XoUY /Yy is I'-
compatible; the functors C; and C, are given (up to a possible permutation) by the
rule

Cl(Z/ZO,8):X/X0 and CQ(Z/Zo,a)ZY/Yo.

A section of X /X; is a set of four vertices in X which are pairwise not opposite.
Four such vertices either lie on a 3-dimensional cell or are adjacent to exactly one
vertex in the complementary set Y. A similar claim holds for a section of Y /¥;. This
leads to identifying:

A:{1737577}:{2’4?67g} A:{I737§77}:{ ?17978}
B={1,3,57}={2,4,6,8}) B={1,3,5,7={2,4,6,8} @3)
C={1,3,571={2,4,6,8 C={1,3,5,7}={2,4,6,8} :
D={1,3,57}={2,4,6,8} D=1{1,3,5,7}=1{2,4,6,8}
and
1={A,B,C,D} ={2,4,6,8} 1={A,B,C,D}=1{2,4,6,8}
3:{A7B7C7D}:{2’4767g} §:{A’B7C7D}:{2’Z|-7§78}
5:{A,B,C,D}:{2,4,6,8} 5:{A,I§,C‘,D}:{2,1,§,g}
7={A,B,C,D} ={2,4,6,8} 7=1{A,B,C,D}=1{2,4,6,8} “4)
2={A,B,C,D}={1,3,57y 2={A,B,C,D}={1,3,57} '
4:{A7B7C7D}:{1’375?7} %:{A’B7C7D}:{I’37§77}
6:{A7B7C7D}:{I737577} 6:{A7B7C7D}:{1737§77}
8={A4,B,C,D}={1,3,5,7} 8=1{A,B,C,D}={1,3,5,7},

hence the existence of decompositions C(X/Xg) =Y /YoUZ/Zy and C(Y /Yy) =
Z/Zy\UX /Xy which, in fact, are decompositions as I"-sets.

Remark 4.5. In the proof of Theorem 4.1, u is not the only linear map that can be
used to describe the C; and the C5 construction. An alternative description uses
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Hurwitz’ quaternions. Choosing for V the skew field of real quaternions H and for
(e1,e2,e3,e4) the standard basis (1, i, j, k), we have

Z={%1,+i,+j,+k}, C(Z/Z)={I(F1+i+j+k)},

so the union ZU C(Z/Zy) C H is the group H' of Hurwitz integral quaternions of
norm 1. The element
p=—3(1+i+j+k)

is of order 3 in H! and conjugation by p permutes i, j, and k cyclically. The set Z is
in fact the underlying set of the quaternionic group g and

Hl ZDS ><JQ:3,

where the cyclic group of three elements €3 operates on g via conjugation with p.
If J is the orientation of Z/Z such that p € Cy(Z/Zy,d), we have C{ (Z/Zy,d) =
p - Z with the orientation such that p* € C(C{ (Z/Zy,9)), and C; (Z/Z,9) =
(CiH2(2/Zy,9) = p? - Z with the orientation such that 1 € C;(C5 (Z/Zy,9)). Note
that, with respect to the standard basis, multiplication by p is given by the matrix

-11 1 1
Il —-1-11 -1
P=3l-1-1-11 (4.6)
-11 -1-1
whereas the matrix of u is
11 1 -1
Ifri1-11
“21-11 1 @.7)
1-1-1-1
S The Weyl Group of D4
The Dynkin diagram Dy .
5.1
o] O
0oy

has the permutation group &3 as a group of automorphisms. The vertices of the dia-
gram are labeled by the simple roots of the Lie algebra of type Dy4. Let (e1,e2,€3,€4)
be the standard orthonormal basis of the Euclidean space R*. The simple roots are

op=e;—e, Mm=er—e3, O3=e3—e4, and oy =e3+ey
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(see [3]). The permutation ;; — 04, 04 — 03, 03 — 04, 0 — O isS an automor-
phism of order 3 of the Dynkin diagram. Its extension to a linear automorphism of
R* is given by the orthogonal matrix y of (4.7). The matrix

100 0
010 0
V=1001 0 (5-2)

000 -1

extends the automorphism o — oy, 04 — 03, 03 — 0, 0 — 0. The set {u, v}
generates a subgroup of O4 isomorphic to &3, which restricts to the automorphism
group of the Dynkin diagram. The group

W(Dy) = (62164)" = 6% X Gy

is the Weyl group of the split adjoint algebraic group PGO;, which is of type Dj.

As a subgroup of the orthogonal group Oy, the group W (Dy) is generated by the
reflections with respect to the roots of the Lie algebra of PGOg . Elements of G516,
can be written as matrix products

w=D-P(r), (5.3)

where D is the diagonal matrix diag(e;, &, €3,€4), & = £1, and P(7) is the permu-
tation matrix of & € G4. The group G, G4 fits into the exact sequence

1666, be, 1, (5.4)

where 3 maps w = D-P(n) to n. Elements of W (D4) have a similar representation,
with the supplementary condition []; & = 1.

In relation with the geometric description of C; and C; at the end of Sect. 4,
note that the group 6,164 = 6‘2‘ x G4 is the group of automorphisms of the hy-
percube %, The subgroup W (D4) = (62164)" = &3 x &4 consists of the auto-
morphisms of " respecting the decomposition of the set of vertices as X LY, i.e.,
automorphisms of the half-hypercube.

Automorphisms of W (Dy)

We view W (Dy) as a subgroup of Oy as in (5.3). Conjugation x — pxu~' with
the matrices (t and v on O4 induce by restriction outer automorphisms fi and v of
W (Dy4). The set {fi,V} generates a group of automorphisms of W (D) isomorphic
to &3 (see already [5, p. 368]). The center of W(Dy) is isomorphic to &, and is
generated by:

wo = diag(—1,—-1,—1,—1)=—1. (5.5)
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Thus, W (Dy)/(wo) acts on W (Dy) as the group of inner automorphisms. Let y be
the automorphism of order 2 of W(Dy) given by:

v:D-P(m)— D-P(m)- (Wo)sgn(ﬂ)’

or equivalently by x — xdet(x), x € W(D4) C O4. A proof of the following result
can be found in [9, Theorem 31,(5)] or in [8, Prop. 2.8,(e)]:

Proposition 5.6.
Aut (W(Dy)) = (W(D4)/{wo)) @ &3) x ().

For any w € W(Dy), we let Int(w): x — wxw~! be the inner automorphism of
W(D4) defined by conjugation by w, and by Int(W(Dy4)) the group of inner au-
tomorphisms of W(Dy4). As an immediate consequence of Proposition 5.6, we have

Corollary 5.7.
Aut(W(Dy))/Int(W(Dy)) ~ &3 x ().

We call trialitarian the outer automorphisms of order 3 of W (Dy4). As observed
earlier, the automorphisms fi and fi* are trialitarian. Conjugation by the matrix p
of (4.6) also yields a trialitarian automorphism p: indeed, we have p> = 1 and

0001
o= 1.|0100
1000
0010

€ W(Da);

hence, letting w be the matrix on the right side, we have p = Int(w) o fi.

Proposition 5.8. Any trialitarian automorphism of W (Dy) is conjugate in the group
Aut (W (Dy)) 1o either [i or p.

Proof. Explicit computation (with the help of the algebra computational system
Magma [2]) shows that the conjugation class of p contains 16 elements and the
conjugation class of fi contains 32 elements. In view of Proposition 5.6 any tri-
alitarian automorphism of W (Dy) is the restriction to W (Dj) of conjugation by an
element u € Oy of the form u = p-w or u = pu?-w, with w € W(Dy) and u® = 1.
There are 48 elements u of this form, hence the claim. O

Corollary 5.9. There are up to isomorphism two types of subgroups of fixed points
of trialitarian automorphisms of W (Dy), those isomorphic to Fix({l) and those iso-
morphic to Fix(p) .

Proof. Trialitarian automorphisms which are conjugate in Aut (W(D4)) have iso-
morphic groups of fixed points. O
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Proposition 5.10. /) The 2-dimensional subspace of R* generated by the set of ele-
ments {e1 + e3,ey — e3} is fixed under UL

2) The set {e1 +e3,er — e3} generates a root system of type G, and the group Fix(fi)
is the corresponding Weyl group, which is the dihedral group ®¢ of order 12.

Proof. By explicit computation. a

Proposition 5.11. The group Fix(p) is isomorphic to the group of order 24 of Hur-
witz quaternions H' = Qg x €3. This group is isomorphic to the double covering
2[4 Of 2[4.

Proof. Recall that the matrix p is obtained by choosing (1, i, j, k) as basis of R*
and letting —% (1 +i+ j-+k) operate by left multiplication in H. The group H! has
a representation in W (D) by right multiplication which obviously commutes with
the action of p. Hence, Fix(p) contains a copy of H'. The claim then follows from
the fact that Fix(p) has 24 elements. O

Cohomology with W (D) Coefficients

Each automorphism o € Aut(W (Dy4)) acts on H! (I, W (D4)) by:

o [@]— [0 g,

where @: I’ — W(Dy) is a cocycle with values in W(Dy). If o’ = Int(w) o o for
some w € W(Dy), then for all cocycles ¢: I' — W (D4) we have

w-a(p(y) w'=d(p(y) forallyerl,

hence [0t o @] = [0 0 @] and therefore o, = o] Thus, the action of Aut(W (Ds)) on
H'(I",W(Dy)) factors through Aut(W(D4))/Int(W(D4)) ~ &3 x (y). In particu-
lar the symmetric group &3 acts on H' (I", W (Dy)). Under the bijections (3.5), the

symmetric group &3 also acts on Iso ((Cov%/ 4)*) and Iso((E texlz—/4)+). The action

of the outer automorphism ¥ associates to the oriented 2/4-covering (Z/Zy, dz) the
oriented covering k(Z/Zy,d) = (Z/Zo,dz o 1) where 2 <~ 2 twists the orientation.
The proof of Theorem 4.1 shows that the action of i maps the class of an oriented
covering (Z/Zy,dz) to the class of C; (Z/Zy, 7).

6 Triality and étale Algebras

We next investigate triality on isomorphism classes of étale algebras using Ga-
lois cohomology. Oriented extensions of étale algebras S/Sy with dimp S = 8 and
dimg Sy = 4 correspond to cocycles, i.e., continuous homomorphisms I' — W (Dy),
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and isomorphism classes of such algebras correspond to cocycles up to conjugation.
If the cocycle factors through a subgroup G of W(Dy), the conjugacy class of G in
W (Dy) is determined by the isomorphism class of the algebra. Thus, it makes sense
to classify isomorphism classes of algebras according to the conjugacy classes of
the subgroups G of W(Dy).

We give in Table 1 a list of all conjugacy classes of subgroups of W (D). We
still consider W (D) as a subgroup of Oy (see (5.3)) and use the following notation.
The group W (D,) fits into the split exact sequence:

1 -6 WD) Ley -1, 6.1)

where 3 is as in (5.4). For each subgroup G of W(D,) we denote by G; the
restriction GN &3 and by Gy the projection (G). The center of W(Dy), gen-
erated by wy = diag(—1,—1,—1,—1) = —1 is denoted by C and we set w; =
diag(1,—1,1,—1), w, =diag(1,—1,—1,1), and w3 = diag(—1,—1, 1, 1) for special
elements of the subgroup 6% C W(Dy) given by diagonal matrices. We denote by
&, the permutation group of n elements, 2, is the alternating subgroup, €, is cyclic
of order n, ©, is the dihedral group of order 2n, Uy is the Klein 4-group, and Qg is
the quaternionic group with eight elements. We refer to [6] for a description of the
groups [22]4 and Qg : 2 in Table 1. In Column S we summarize the various possibili-
ties for étale algebras of dimension 8 associated to the class of acocycle oc: I' — W
which factors through G and in Column Sy étale algebras of dimension 4 associated
to the class of the induced cocycle B oo : I' — &4 which factors through Gy. The
entry K in one of the columns S or Sy denotes a quadratic separable field extension.
We use symbols E, respectively Ej for separable field extensions whose Galois clo-
sures have Galois groups G, respectively Go. The symbol R(E) stands for the cubic
resolvent of E if E is a quartic separable field extension and A?E stands for the
second lambda power of E (see [13], where it is denoted A, (E) or [10], where it is
denoted E(2)*). If dimp E = 4, A?E admits an involution ¢ and for any quadratic
étale algebra K with involution 1 we set K * A’E = (K ®@r A2E)'®°. We write E
for the Galois closure of Ey. The symbol ¢ gives the number of subgroups in the
conjugacy class of G, MS refers to the maximal subgroups of G and in column 7
we give the two conjugacy classes which are the images of the class of G under the
trialitarian automorphisms fi and i’.

Entries N, |G|, ¢, and MS in the table were generated with the help of the Magma
algebra software [2]. The computation of the entry T, the explicit representation
of the group G as an exact sequence and the decomposition of the étale algebras as
products of fields were checked case by case.

Explicit computations of trialitarian triples were made in [1] and [20] using the
description of the trialitarian action given in the proof of Theorem 4.1.

4 The corresponding I"-set A2X is obtained by removing the diagonal from X x X and dividing by
the involution (x,y) — (y,x).
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Trialitarian Triples and Fixed Points

Let o be any trialitarian automorphism of W (D). The subset H' (I ,W(D4))63
of cohomology classes that are fixed under o, is independent of the particular
choice of o.. Clearly, the image in H'(I",W(D4)) of any cohomology class in

H'(I",Fix(ax)) is fixed under o, hence this image lies in H' (F,W(D4))¢3. Thus,
we have a canonical map

H'(F,Fix(t)) — H' (F,W(D4)) " (6.2)
for any trialitarian automorphism o of W (Dy).

Theorem 6.3. Any class in H' (F,W(D4))€3 lies in the image of the map (6.2) for
a=[floro=pasin(5.8).

Proof. If the class [g] of a cocycle ¢ : I' — W(Dy) belongs to H' (I',W (D4)) the
cocycle factors through a subgroup G whose conjugacy class is invariant under fi.
We get from Columns N and 7 of Table 1 a list of all triples of conjugate classes of
subgroups W (D) which are permuted by a trialitarian automorphism of W (Dy).
A triple consists of three identic labels (for example (70,70,70)) if there exists
a € W(Dy) such that
uGu ! = aGa™",

where U is as in (4.7). A cocycle factoring through such a group G does not nec-
essarily correspond to a triple of isomorphism classes of étale algebras fixed under
triality. For a triple consisting of isomorphic algebras we must have a € W (Dy) such
that

,ux,lfl =axa™! (6.4)

for all x € G, since isomorphic classes of algebras are given by homomorphisms
Y: I' — G up to conjugation. Thus, a necessary condition to get a triple of fixed
isomorphism classes of algebras is that the conjugacy classes of all subgroups H of
G are invariant under triality. The conjugacy classes N = 24, 39, 53, 56, 65, 70,
86, 96, 97, and 98 do not correspond to triples of isomorphism classes of algebras
invariant under triality. The conjugacy classes left over in Table 1 are N =1, 2, 6,
7, 8, 20, 29, 30, 31, 32, 36, 61, and 85. They give rise to triples of isomorphism
classes of étale algebras fixed under triality, because they correspond to subgroups
contained in Fix({1) (N = 61) or contained in Fix(p) (N = 85). O

Observe that fixed étale algebras in class N = 61 are of the form K x (Ep ® K),
where K is quadratic and Ej is cubic. Hence they are not fields over F, in contrast
to algebras in class N = 85.
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Table 1 List of isomorphism classes of étale algebras corresponding to the conjugacy classes of
subgroups of W (Dy), together with a description of the triality action

N [So S G —G— G, |G||¢ |MS T

1 |F* F3 I—-1—1 11 1,1

2 |F* K4 C—6,—1 2 |6 |1 2,2

3 [K? K* 1—-6,—6,CUy 2 16 |1 3,5

4 |K? K* 1 -6, = 6,CUy 2 |61 4,3

5 |F* F2 x K? (wi) =G — 1 2 16 |1 5,4

6 |F?>xK |F?xK? 1 -6, —6,¢ Uy 2 (121 6,6

7 |F2xK |F?xK? 1 =6, =67y 2 [12]1 7,7

8 |FxEy |[F*xS} 1 —¢C;—0C3 3 |16]1 8,8

9 |F* K? x K? (Cw1) — 63— 1 4 |3 |25 11,10
10 |K? K®K? C—63—6,CUy 4 (323 9,11
11 (K2 K®K? C—6}—-6,CUy 4 |3 |24 10,9
12 |[Ky ® K> |Ky1 @ K3 1— 63—, 4 |4 |4 14,13
13 |F* K} x K3 (wi,wa) — &3 — 1 4 |4 |5 12,14
14 [Ki @ K> |[K1 @ K3 1— 6% -, 4 14 [3 13,12
15 [F2xK [F*x K| @K (W) = 62— 6, ¢ By 4 16 |56 18,17
16 |K) x K> |K| @ K3 1— 62— &2 4 |6 |47 21,19
17 |Ki x K> |K? x K3 1—635— &3 4 16 |36 15,18
18 [K| x K> |K? x K3 1—635— &} 4 16 |46 17,15
19 [F2x K |K} x Ky xK (W) > 63— 6, ¢ By 416 |57 16,21
20 |K? E? C—C—6,CYy 4 212 20,20
21 |Ki x Kz |[K1 @ K2 1— 62— &2 4 |6 |37 19,16
22 |Ki x K2 |[K? x K1 @ K> 1—63— &} 4 121467 23,27
23 |Ki x K2 |[K} x K1 @ K> 1—63— &} 4 12367 27,22
24 |K? K*xK®K, (wy) — 63 — G, C By 4 (12345 24,24
25 |[F*xK |[F*xE (wi) = €4 — &y ¢ Dy 4 112|5 26,28
26 |Ey E? 1 —>€—Cy 4 |12|4 28,25
27 |F? <K |[K} x K1 ®K (—w1) = 63— G, ¢ Vs 4 (12|1567 22,23
28 |Ey Eo x Eg 1 —C4— ¢y 4 (12]3 25,26
29 |F2x K |[K>x KQK; C—63—=6,¢ Uy 4 12267 29,29
30 |[FxEy [FPxEy®A(Ey) |l — 63— &3 6 |16]78 30,30
31 |FxEy |F2xE C—Cs— 3 6 [16]28 31,31
32 |FxEy |F*xE} 1— 63— 63 6 (16|68 32,32
33 |Ey E C— 63—, 8 |1 [1112 34,35
34 |Ey E C— 63—, 8 |1 1014 35,33
35 F4 K| X Ky X K3 X Kj»3 G%HG%HI 8 (1 |913 33734
36 |Ey E C— Qg — Uy 8 |2 |20 36,36
37 |K? E| X E (C,wy) — Gy x €y — Gy CUyl8 |3 320 38,40
38 |Ey Ey®K Co Gy x€—Cy 8 (3 1120 40,37
39 |K? K@K xK®K, [(Cowi) — 63— &y C Uy 8 |3 19101124 39,39
40 |Ey Ey®K C—GyxCy— Ty 8 |3 [1020 37,38
41 |K*k  |E? (Cwn) = Dy — Gy C Uy 8 (6191120 49,45
42 F2><K K1><E <C,W|>4>62><€4*>62¢m48 6 1925 44,47
3K xK|IKeK xKQK, |C— &3 — &3 8 (6 [1017212329(48,46
44 |E, E C—GyxCy— Ty 8 |6 [1126 47,42
45 |K? E? (Cywr) — Dy — Gy CWy 8 |6 191020 41,49
46 |[K) x K| K@K x K@K,  |C— &3 — &3 8 |6 [1116182229]43,48
47 |Ey Ey®K C—GyxCy— Ty 8 |6 1028 42,44

(continued)
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Table 1 (continued)

N [So N G| — G — G, |G| |¢ |MS T
48 |F*xK |KixK®K> (Cowi) =63 —6,¢ Ty |8 |6 (915192729 46,43
49 |Ey E C— Dy — Yy 8 |6 101120 45,41
50 |F2xK |K*XE (wi,wa) =Dy — G, ¢y |8 |6 |131925 55,51
51 |Eo E =Dy —Dy 8 [12|142128 50,55
52 |Eo E} =Dy —Dy 8 [12|14 1728 54,57
53|Kix Ky |[K@Ki xK@Ky |(w)) — &3 — &3 8 [12[16 19212223 2427 (53,53
54 |F2xK |F?xKxE (wi,wp) — Dy — G, ¢ Wy |8 [12]131525 57,52
55 |Eo Ey 1 =Dy —Dy 8 [12|121626 51,50
56 |Ki x K> |K}xE (wi) — &3 — &2 8 [12]|15 17 182223 24 27 [56,56
57 |Eo E} 1 =Dy —Dy 8 [12|121826 52,54
58 |Ey E} 1 -2 — Ay 12 |4 (814 59,60
59 |FxEy |F*x<E} (wi,wp) = B3 xC — & [12 |4 |813 60,58
60 | Eg E} 1 -2 — Ay 12 |4 (812 58,59
61 |FxEy |KxK®Ey C— Gy x6;— &3 12 |4 [29,30,31,32 61,61
62 |K) x K, |E? (C,wy) — [22]4 — &3 16 |3 3942 66,63
63 |Eo E (C,w1) — 224 — €4 16 |3 (3947 62,66
64 |K? E| X E» &3 — Gy x Dy — G CVy|16 |3 (3537394145 68,67
65 |K1 x Kz |Ki®K3 X Ky @Ky <Cw1)—>64—>62 16 |3 394346485356 65,65
66 | Eo E (C,wy) — 224 — €4 16 |3 (3944 63,62
67 |Eo E (Cow1) = Gy x Dy — Uy |16 |3 3439404549 64,68
68 |Eo E (C,wp) — Gax Dy — By |16 |3 |3338394149 67,64
69 |K\ x K> |E? (C,w1) — [22]4 — &3 16 |6 |374248 73,72
70 |Eo E (C,w1) — Qg 12— Ty 16 |6 (3637384041 45 49 |70,70
T1|F?xK |K}xE B3 — Gy x Dy — G, ¢ Vu|16 |6 |354248 50 54 75,74
72 |Eo E (C,w1) — [22]4 — By 16 |6 404347 69,73
73 |Eo E C — 2’4 — Dy 16 |6 |38 4446 72,69
74 |Eo Ey®K C— Gy xDy— Dy 16 |6 (3443475152 71,75
75 |Eo Ey®K C— Gy xDy—Dy 16 |6 (3344465557 74,71
76 |Eo E} 1 — 64— Gy 24 |4 [325258 79,81
77 |F xR(E)|A(E) x A’E (wi,w3) — &3 x 63 — G5 [24 |4 |305059 84,82
78 |F xEy |A(E)xA’E G- GIxe; - ¢ 24 |4 [313559 83,80
79 |F x R(E)|F? x A’E (wi,w3) — &3 x &3 — &3 |24 |4 (325459 76,81
80 | Eo Ey®K C— Gy x Ay — Ay 24 |4 [313458 78,83
81 |Eo E} 1 — 64— Gy 24 |4 |325760 76,79
82 |Ey E()@A(Eo) 1—-64— 64 24 |4 (305158 77,84
83 |Eo E C— Gy x Ay — Ay 24 (4 |313360 78,80
84 |Ey E()@A(Eo) 1—-64— 64 24 |4 (305566 82,77
85 |Eo E Gy — Ay — Ay 24 |4 (3136 85,85
86 | Eo E &3 — &3 1Yy — Uy 32 |1 |64676870 86,86
87 |Eo E (C,w1) = B3 xDy — Dy |32 |3 16365677274 92,90
88 | Eo E G- BIxT — ¢y 32 (3 |63 6466 91,89
89 | Eo E (Cow1) > B3 %€ —Dy |32 |3 1626667 88,91
90 |Eo E (Cow1) > B3 %Dy =Dy (32 [3 |6566687375 92,87
91 |Eo E (C,w1) > B3 %€ —Dy |32 |3 1626368 89,88
92 |Ky x K> |Ey X E» &3 - 6ixD,— &3 32 [3 (6264656971 87,90
93 |[F xR(E)|A(E) x K+ A2E  |&3 — Gy x B4 — B3 48 |4 6171777879 94,95
94 |Ey Ey®K C—Gyx6s— 6y 48 |4 6175818384 95,93
95 |Eo Ey®K C— Gy x84 — By 48 |4 |61 7476 80 82 93,94
96 |Eo E B3 - B3 1Dy — Dy 64 [3 [86 878889909192 (96,96
97 |Ey E B3 — 631U — U 96 [1 |78 80838586 97,97
98 |Eo E G5 — 631Gy — Gy 192{1 (93949596 97 98,98
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7 Trialitarian Resolvents

Trialitarian triples of étale algebras can be viewed as one étale algebra with two
attached resolvents (see Remark 3.6). For example, let E be a quartic separable
field with Galois group &4. The field E ® A(E) is octic with the same Galois group
G4 and the extension E ® A(E)/E corresponds to Class N = 82 in Table 1. Class
N =77 in the same trialitarian triple corresponds to the extension

(A(E) x A*E)/(F x R(E)),

where A(E) is the discriminant, R(E) is the cubic resolvent of E and A’E is the
second lambda power of E, as defined in [13].

In this section we consider the situation where one étale algebra in the triple is
given by a separable polynomial and compute polynomials for the two other étale
algebras. We assume that the base field F is infinite and has characteristic different
from 2.

Proposition 7.1. Let S/Sy be an étale algebra with involution of dimension 2n
over F.

1) There exists an invertible element x € S such that x generates S and x> gener-
ates Sy.
2) There exists a polynomial

Ja(x) =" +ap X" - Fax+ag.

with coefficients in F such that Sy = F[x]/(fu(x)) and S = Fx]/(fon(x)).

where fan(x) = fu(x?).
3) The algebra S has trivial discriminant if and only if (—1)"aq is a square in F.

Proof. To prove (1) we are looking for invertible elements x of S such that
Trg/s, (x) = 0 and such that the discriminant of the characteristic polynomial of
x? is not zero. Any such element generates S and x> € Sy generates Sy. These ele-
ments form a Zariski open subset of the space of trace zero elements. One checks
that this open subspace is not empty by going to an algebraic closure of F.

(2) follows from (1) and (3) follows from a discriminant formula (see [4, p. 51]) for

the discriminant D( f3,) of fa,:
D(f20) = (—1)"ap - (2'D(f,))?
(recall that A(S) = F[x]/(x* = D(f))). 0

Theorem 7.2. Let S/So, dimp S = 8, with trivial discriminant, be given as in Propo-
sition 7.1 by a polynomial

fa(x) =x* +ax® + bx® + cx+ €2 (7.3)
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The polynomials

falx) = x41—|— ax’ + (3a® — 1b+3e)x +

(1’ — %ab—l—c—i—%ae)x—i— (fga*—3b— %e)2

and

fl(x) =x*+ax+ (3a® — 3b—3e)x* +
(fga®—tab+c—Ltae)x+ (fa® — b+ 76)2

define extensions of étale algebras S'/S, S" /S, such that the isomorphism classes
of S/So, S'/Si,, and S" /Sy are in triality.

Proof. Let {y1,y2,3,y4} be the set of zeroes of f4 in a separable closure Fg of F.
The set {£x; = +,/y,, i = 1,...4} is the set of zeroes of f3. Let & be the column
vector [x1,x2,x3,x4)7. If @ : " — W(Dy4) C Oy is the cocycle corresponding to S /S,
the group @(I") permutes the elements +x; through left matrix multiplication on &.
The cocycle corresponding to S’/ is given by:

¢ y—ue(y)u ' yer,

where U is as in (4.7). Thus, ¢'(I") permutes the components of +&' = +ué =
[}, x5, 45,47 and {£x},i =1,...,4} is the set of zeroes of f;. It follows that

@) = 163) =[x~ (e +2) = [T — ).

l l

The x; are the components of &’ = p&. Thus, the coefficients of fg(x) can be ex-
pressed as functions of the x;. Using that the symmetric functions in the x; can be
expressed as functions of the coefficients of fg one gets (for example with Magma
[2]) the expression given in Proposition 7.2 for f/. Similar computations with >
instead of u lead to the formula for f'. O

Remark 7.4. Observe that we move from f§ to fg' by replacing e by —e, as it
should be.

8 Triality and Witt Invariants of étale Algebras

The results of this section were communicated to us by Serre [16]. They are based
on results of [15] and [10]. Similar results can be obtained for cohomological in-
variants of étale algebras instead of Witt invariants. Let k be a fixed base field
of characteristic not 2 and F/k be a field extension. Let WGr(F) be the Witt-
Grothendieck ring and W (F) the Witt ring of F, viewed as functors of F. We recall
that elements of WGr(F) are formal differences ¢ — ¢’ of isomorphism classes of
nonsingular quadratic forms over F and that the sum and product are those induced
by the orthogonal sum and the tensor product of quadratic forms. The Witt ring
W (F) is the quotient of WGr(F') by the ideal consisting of integral multiples of the
2-dimensional diagonal form (1,—1).
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Some of the following considerations hold for oriented quadratic extensions S/Sg
of étale algebras of arbitrary dimension. To simplify notation we assume from now
on that dimg § = 8.

L 2/4 . . L 2/4 .
Let (Etex / )* be the functor which associates to F the set (E texF/ )t of iso-
morphism classes of oriented quadratic extensions S/Sy of étale algebras over F

such that dimp S = 8. A Witt invariant on (E tex2/4)+, more precisely on W(Dy), is
a map
H'(F,W(D4)) — W(F)

for each F'/k, subject to compatibility and specialization conditions (see [10]). The
set of Witt invariants

Inv (W (Da),W) = Inv((Etex” )", W)

is a module over W (k). The aim of this section is to describe this module and how
triality acts on it. A main tool is the following splitting principle, which is a special
case of a variant of the splitting principle for étale algebras (see [10, Theorem 24.9])
and which can be proved following the same lines.

Theorem 8.1. Ifa € Inv ((Etex2/4)+,W) satisfies a(S/So) = 0 for every product of
two biquadratic algebras

S=F(VAV5) < F(VEVA).  So=F (Vi) x F(va).
over every extension F of k, then a = 0.

Let G be an elementary abelian subgroup of W (D) of type (2,2,2,2). It be-
longs to the conjugacy class N = 65 in Table 1. Theorem 8.1 can be restated in the
following form:

Theorem 8.2. The restriction map
Res: Inv(W(D4),W) — Inv(G,W)
is injective.
Proof. G-torsors correspond to products of two biquadratic algebras. O

. .. . . . 2/4
A construction of Witt invariants is through trace forms. Let S/Sy € (Etex f )"
and let o be the involution of S. We may associate two nonsingular quadratic trace
forms to the extension S/Sy:

O(x) = Qs(x) = ‘TTS/F(XZ)
'(x) = Q(x) = § Trg/r (xa(x)), x €.

The decomposition
S =Sym(S,0) ® Skew(S,0)
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leads to orthogonal decompositions
0=0"10, ¢=0"1-07,

hence the forms Q" and Q™ define two Witt invariants attached to S/Sp. The étale
algebras associated to S/S¢ by triality lead to corresponding invariants. We intro-
duce the following notation: S/So = S1/So,1 and S;/So;, i = 2,3, for the associ-
ated étale algebras. We denote the corresponding Witt invariants by Q;" = Q;: and
0; = Qgi, i=1,2,and 3.

Another construction of Witt invariants is through orthogonal representations.
Let O, be the orthogonal group of the n-dimensional form (1,...,1). Quadratic
forms over F of dimension 7 are classified by the cohomology set H' (F,0,). Thus
any group homomorphism W (D4) — O,, gives rise to a Witt invariant. In particular
we get a Witt invariant g associated with the orthogonal representation W (D4 ) — Oy
described in (5.3). Moreover the group W(Dy) has three normal subgroups H; of
type (2,2,2) (i.e., isomorphic to 6%), corresponding to the classes N = 33,34,35
of Table 1. As the factor groups are isomorphic to G4, the canonical representation
&4 — Oy through permutation matrices leads to three Witt invariants ¢1,¢2,g3.

Proposition 8.3. /) The Witt invariant q is invariant under triality and coincides
with Q;, i=1,2,3.

2) We have q; = Q1.+, i=1,2,3, and the three invariants q, g2, q3 are permuted by
triality.

Proof. The fact that g is invariant under triality follows from the fact that triality
acts on W(D4) by an inner automorphism of O4. Moreover the trialitarian action
on W(Dy) permutes the normal subgroups H;, hence the invariants ¢;. For the other
claims we may assume by the splitting principle that S; is a product of two bi-
quadratic algebras

S1=F(Vx,\/y) xF(vz,V1), Soq=F(\yxy) x F(Va). (8.4)

An explicit computation, using for example the description of triality given in the
proof of Theorem 4.1 (see [1] and [20]) shows that one can make the following
identifications

$= F(VENE) X F(VIVE),  So2=F (Vi) x F(V5)
and
3= F(Vx, Vi) x F(V3,vz),  Soa=F(Var) x F (/).

Observe that, with this identification, the three-cycle (y,z,) permutes cyclically the
algebras S;/So ;. We get
Ql_ = <-x7y7Z7t>

fori=1,2,3,and

Q+ = <l7l7xyﬂzt>7 Q;r = <l7l7xZ7yt>7 Q;_ = <l7l7'X:t7yZ>'
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The equalities ¢ = Q; and ¢; = Q;" follow from the fact that the corresponding
cocycles are conjugate in Oy. O

Further basic invariants are the constant invariant (1) and the discriminant
(d) = Disc(q) = Disc(g;), i=1,2,3,

which corresponds to the 1-dimensional representation det: W(D4) — O; = £1.
Since Qf (1) =1, the quadratic forms ¢; = Qf represent 1 and one can replace them
by 3-dimensional invariants ¢; = (1)* C g;, i = 1,2,3.

In the following result A?g denotes the second exterior power of the quadratic
form ¢ (see [10]). If ¢ = (a,...,0,) is diagonal, then A%q is the n(n —1)/2-
dimensional form A%q = (o1 0, ..., 01 0,).

Theorem 8.5. 1) The W (K)-module Tnv (W (Ds),W) = Inv((Etex”" )+ W) is free
over W (k) with basis

((1),(d),q,(d) - q,1,€2,03). (8.6)

2) The elements (1),{d),q,{d) - q are fixed under triality and the elements {1, {5,
and U3 are permuted.

3) The following nonlinear relations hold among elements of (8.6):

(d) Disc(q) = Disc ( i)
)qu = U+l + 43 — < , 1>
(L,d)-g=gq-(£;—(1)),i=1,2,3.

Proof. 1) The proof follows the pattern of the proof of [10, Theorem 29.2]. Let G be
an elementary subgroup of W (Dy) of type (2,2,2,2), i.e., isomorphic to &3. An ar-
bitrary element of H'(F,G) is given by a four-tuple (04, ¢, 03, 04) € (F* /FX2)4.
For I a subset of 4 = {1,2,3,4}, we write oy for the product of the o; fori € I. By
[10, Theorem 27.15] the set Inv(G, W) is a free W (k)-module with basis (0y);c4. It
then follows from Theorem 8.2 that the family of elements given in (8.6) is linearly

independent over W (k). Let a be an element of Inv((l:i tex2/4)+,W) and let Sy, be
the algebra (8.4) for oy = x, oy =y, 03 = z, 04 =¢. The map o — a(Sy) is a Witt
invariant of G, hence by [10, Theorem 27.15] can be uniquely written as a linear
combination

Y cr- (oy) with ¢; € W (k). (8.7)

The claim will follow if we show that the invariant o is in fact a linear combi-
nation of the elements given in (8.6). By [10, Prop. 13.2], the image of the re-
striction map Inv(W (D4),W) — Inv(G,W) is contained in the W (k)-submodule of
Inv(G,W) fixed by the normalizer H = &3 x D4 of G in W(D4) (conjugacy class
N =96 in Table 1). The group H acts on the set of isomorphisms classes of algebras
S; by acting in the obvious way on the symbols ++/x, /5, £z, ++/t. It follows
that H acts trivially on this set of isomorphisms classes. This shows that only linear
combinations of elements in the family
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B ={(1), (x) + () + (@) + (1), (o) + (2t), (xz) + (e, (xt) + (z),
(xyz) + (xye) + (xat) + (vat), (xyat) }

can occur in the sum (8.7). The family % and the family given in (8.6) are equiv-
alent bases. This implies the first claim of Theorem 8.5. Claim 2) follows from
Proposition 8.3 and 3) is easy to check for a product of biquadratic extensions. O
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Remarks on Unimodular Rows

N. Mohan Kumar and M. Pavaman Murthy

To Parimala Raman

Summary If (a,b,c) is a unimodular row over a commutative ring A and if the
polynomial z> + bz + ac has a root in A, we show that the unimodular row is com-
pletable. In particular, if 1/2 € A and b*> — 4ac has a square root in A, then (a, b, c)
is completable.

1 Introduction

Let A be a commutative ring with identity. A row vector ¢ = (ay,ay,...,a,) with
a; € A is called a unimodular row if there exists b; € A such that > a;b; = 1. Thus
given a unimodular row @, we get an exact sequence 0 — A £ A" — P — 0, where P
is a projective module over A of rank n — 1 and PG A = A™. We call P the projective
module associated with the unimodular row a. So P is stably free. In general, it
is important and interesting to find conditions on such a unimodular row so that
the associated projective module is free. It is immediate that this is equivalent to
the condition that there exists a nonsingular matrix ¢ of size n with entries in A
such that
(a1,a2,...,an)0 = (1,0,...,0).

Such a unimodular row is called completable.
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The first nontrivial condition of this kind was obtained by Swan and Towber [4]
and was later generalized by Suslin [3].

Theorem 1 (Suslin). Let (ay,az,...,a,) be a unimodular row over a ring A. Assume
that a; = b}’ where the r;’s are non-negative integers and b; € A. If (n— 1)! divides
[1ri, then (a1,az,...,ay) is completable.

In an attempt to generalize the above theorem, Nori conjectured the following.

Conjecture 2 (Nori). Let ¢ : R = k[x|,x2,...,%,) — A be a homomorphism of
k-algebras, where k is a field and the x;’s are indeterminates. Assume that the row
(o(x1),...,0(xn)) is unimodular. Let f; € R with 1 <i < n be such that the radical
of the ideal generated by the fi’s is (x1,...,x,) and the length of R/ (f1,...,fu) is a
multiple of (n— 1)!. Then the unimodular row (ay,ay,...,a,) where a; = @(f;) is
completable.

This conjecture is still open, but the first author proved a partial result in this
direction [2].

Theorem 3 (Mohan Kumar). Assume in the above that k is algebraically closed
and the f;’s are homogeneous. Then the conjecture is true.

In the present article we prove yet another sufficient condition for a unimodular
row of length three to be completable, which does not seem to follow from the
earlier results.

Theorem 4. Let (a,b,c) € A3 be unimodular. Suppose that the polynomial z* + bz +
ac has a root in A. Then (a,b,c) is completable.

As an immediate corollary we have

Corollary 5. Suppose 1/2 € A and (a,b,c) € A3 unimodular. If b*> — 4ac is a square
in A, then (a,b,c) is completable.

For larger length unimodular rows we have a somewhat weaker result which can
be found in Sect. 3.

2 Proof of Theorem 4

We will give two proofs of Theorem 4. As always, A will be a commutative ring
with identity. In all the results, because only finitely many elements of the ring are
involved we may assume that A is finitely generated over the prime ring. Thus, we
may assume that A is Noetherian.

Lemma 6 (Swan). Let L be an r-generated line bundle over A. Then for any integer
n >0, L" is r-generated. In particular, if r =2, L" ® L™" is free.
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Proof. Let ly,l,...,I, € L generate L. Then it is immediate that [ € L" generate
L", by a local checking. In particular, if » = 2, we have a surjection A — L" and by
determinant considerations, the kernel of this map is L™". Thus L’ @ L™" =2 A%, O

Let w: P} — SpecA be the structure morphism and let ﬁﬂ”}; (1) be the tautological
line bundle. Then =, ﬁm (n) = HO(P!, ﬁm (n)) is a free A-module of rank n+ 1
for all n > 0. Let x,y be the homogeneous coordinates of IE”/&. Given unimodular

(a,b,c) € A3, we may define a subscheme X of P} by the vanishing of 5 = ax? +
bxy 4 cy?. Then we have an exact sequence

oqﬁpi(—z)L Pl — Oy — 0. (D

The unimodularity of (a, b, c) implies that the restriction map 7: X — SpecA is a
projective morphism of degree two. In particular it is quasi-finite. Thus by Chap. III,
11.2 and Chap. II, Exercise 5.17(b) in Hartshorne’s book [1], X is affine and so let
us write X = SpecB where B = H’(X, 0x). Taking cohomology of the sequence
(1), we get

0— Ho(ﬁm) —H(0x) — Hl(ﬁm(—z)) —0.

As Ho(ﬁm) ~A~H! (Op1 (—2)), we see that B =2 A® A as A-modules.

We first identify the ring B. It is generated by one element over A. Since the
generator is identified as a generator of H! (P}, ﬁﬂ”/& (—2)), we use Cech complex to
identify this element. Let U, (respectively U,) be the open set x # O (respectively
y # 0) of P}‘. With respect to this open cover, the Cech complexes for the exact
sequence (1) fit into a diagram as follows.

HO(Us, 01 (<2)) @ H(Uy, Opy (2)) —"— H(U:NU), Gp1 (-2))
Yi V2
HO(Us, Op1 ) ©H'(Uy, Op1 ) 2, HO(UsN Uy, Oy )
HO(U,, 6x ) & H(U,, O ) —% . HU.NU,,Ox)

We write these in terms of the corresponding rings. Denote by /4 the polynomial
at®> + bt +c € Alt], where t = y/x.
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0 0
Al @A Al
Wll lvlz
Alt] At — " At

l I

A/ (W) @ AL/ () —— Altr™]/(h)
Next we explicitly describe the maps which appear earlier.

(pl(avﬁ):a_t_zﬁa (Pz(a,ﬁ):a—ﬁ, %(a,ﬁ):(x—ﬁ,
vi(a,B) = (ha,ht™2B), and yy(at) = ha.

The following are easy to check. The kernel of ¢; is zero (since it equals
HO(ﬁPA(—Z))) and similarly, the kernel of ¢, is A and the kernel of ¢3 is B. The

cokernel of ¢; is naturally identified with Az~! and the cokernels of ¢, and ¢; are
both zero. The element z = (at,—(b+ct™")) € Alt]/(h) ® A[t ']/ (ht~2) goes to
zero under ¢3 and hence defines an element in B. We claim that this element gen-
erates B as an A-algebra. To check this, it suffices to check that this element goes
tot leAr ! =H (Op1 (=2)). We do this by a simple diagram chase. Clearly z
can be lifted to (at,—(b+ct~')) € Alt] @ A[t~!]. When we apply ¢ to this we get
ht=' € Aft,+="], and thus it is the image of #~! under y» proving the claim. Next

we claim that 7 satisfies the equation z> + bz +ac = 0. It suffices to check that
at € A[t]/(h) and —(b+ct™") € A[t~']/(ht=2) satisfy this equation:

(at)*+blat) +ac=a(at* + bt +c) =ah =0, and
(=(b+ct™ ) +b(—(b+ct™ ) +ac=ber ' + 2 4 ac=cht > =0.

Thus we have identified B to be A[z]/(z> + bz + ac).
Since X is affine, for any sheaf .% on X, the natural map n*m,.% — % is sur-
jective. Twisting the exact sequence (1) by ﬁm (2) and taking cohomology, we get

(a,b.c)

0—A Al—pP—0, )

where P = m,.0x (2).
We have a surjection 7*(P) — Ox(2) and thus we see that 7*(P) = Ox(2) &
Ox(—2). But we have seen that . Ox (1) = mﬁpfl‘(l) = A? and thus Ox(1) is two

generated. So, by Lemma 6, we see that 7*P is free. If 72 + bz + ac has a root in
A, we have a retraction B — A. Since B®4 P is free, we see that P must be free as
well, proving Theorem 4. a
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Remark 7. Saying that the polynomial z* + bz +ac = 0 has a root in A is equivalent
to saying that the map m: X — SpecA has a section.

Remark 8 (Nori). Let (a,b,c) € A3 be unimodular and let P be the associated pro-
jective module. Then for any n > 2, there exists an A-algebra B, which is A-free of
rank n and such that B®, P is B-free.

We now justify this claim. Let s = ax" +bx"~'y 4 cy", where as before, x and y
are the homogeneous coordinates of P} . The zeros of s define a subscheme X of P}.
We have an exact sequence

Oeﬁpi(—n)i P/{_’ﬁx—’o'

Then as before, H'(X, Ox ) = B is a free A-module of rank n, since H! (P}, ﬁ’m (—n))
is a free A-module of rank n — 1 and the map X — SpecA is a finite map of degree
n since (a,b,c) is unimodular. We have as before a surjection B> — Oy (n) given
by sending the basis elements to x, y". Thus, we get a surjection B> — Ox(n) by
sending the basis elements to x”", x"~ 1y, y*. As ax + bx"~'y+cy" = 0 on X, we see
that this surjection factors through B3 /B(a,b,c) = Q. Thus, the B-projective module
Q is isomorphic to Ox (n) @ Ox(—n) and since Ox (n) is two generated, we see that
Q is free by Lemma 6. But,

Q=B/B(a,b,c) = A*/A(a,b,c) @4 B=P®,B,
as desired. a
Next we give another proof of Theorem 4. Consider the ring
B="7Z[a,b,c,d b ,c 7]/ (ad +bb' +cc’ — 1,722 + bz +ac),

where a,b,c,a’,b’,c’,z are indeterminates. Then the ideal I = (z,a) is locally free.
This is easily seen as follows. Let 9t be any maximal ideal of B. If either z ¢ 90t or
a & M, clearly I is locally free at M. Since z(z+ b) +ac = 0, again, if z+b & M
or ¢ ¢ 9, I is locally free. Thus we may assume that 90U contains z, z+ b, a, ¢
which implies a,b,c € 9t and there are no such maximal ideals, since (a,b,c) is
unimodular. Then as in Lemma 6, we see that I” = (z%,az,a?) is in fact generated

by (z%,a%). We have a surjective map ¢: B3 — I? given by:
pler) =%, @(er) =az, and @(e3) =a
where the ¢;’s form a basis for B3. But
@(ae; +bey + ce3) = az’ +abz + a’c = a(z? + bz +ac) = 0.

Thus ¢ factors through P = B*/(ae; + bey + ce3). So, we see that P = > § 12
and since I? is two generated, P is free by lemma 6. Now, if A is a ring with a
unimodular row which also we call by abuse of notation a,b,c and such that the
polynomial 7% + bz + ac has a root in A, then writing aa’ + bb’ + cc’ = 1 for suitable
a,\b',c' € A, we get a homomorphism y: B — A in the obvious fashion, sending z
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to a root of the polynomial z> + bz + ac, which we have assumed exists in A. Then
the associated projective module over A is just P ®p A and since we have seen that
P is free, we are done.

3 Unimodular Rows of Length more than Three

In this section we consider unimodular rows (aj,as,...,a,) with n at least three.
Notation will be as before. We will also assume that A satisfies the following con-
dition on A which was not necessary for the n = 3 case.

Any two-generated line bundle on A is free. (%)

For example, (*) holds if A is a unique factorization domain.

As before, given (aj,ap,...,a,) € A" a unimodular row, we consider the
polynomial s(x,y) = a;x" ' +ax" "2y +---+a,y" ! and define X C P} to be the
subscheme defined by the vanishing of s. Then, as before, the map 7: X — SpecA
is a finite map of degree n — 1 and in particular X is affine, since we may assume
that A is Noetherian.

Theorem 9. In the notation of the previous paragraph, if w: X — SpecA has a
section then the unimodular row is completable.

Proof. Let €: SpecA — X be a section. Then we can consider it as a section
€: SpecA — ]P’}‘ whose image is contained in X. But any such section is given
by a surjection from V = A% = HO(P!, Opy (1)) to a line bundle (which is just
8*(@?}‘(1))) on A. By our hypothesis, this line bundle is trivial. So, this is just
choosing a basis for V. In other words, giving such a section is the same as a change
of variables (x,y) — (u,v) and then the section is contained in X implies that the
equation s after a change of variables is divisible by say u#. On the other hand, the
change of variables — which is just an A-automorphism of V — induces an automor-
phism §"~'V — §"~1V and s maps to an s’ divisible by . Thus in the new variables,
we get s’ = @ju" +---+a """ and since the quotient of "'V by s or s’ gives
the same projective module, we see that (aj,az,...,a,) ~ (d},...,d,_,,0) and thus

n—1»

completable. a

Remark 10. From the proof earlier, we see that with the condition (x) on A, having
a section of 7: X — SpecA implies that s has a linear factor. Conversely, if s has a
linear factor, say bx — ay, then the coefficients of s are contained in the ideal (a,b)
and thus (a,b) is unimodular, since the coefficients of s generate the unit ideal.
Then it is clear that the map w: X — SpecA has a section. Thus, Theorem 9 can
be restated as follows: The unimodular row (ay,as,...,a,) is completable if the
associated polynomial s has a linear factor.

Acknowledgements The first author was partially supported by a grant from the NSA.
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Vector Bundles Generated by Sections
and Morphisms to Grassmannians

F. Laytimi and D.S. Nagaraj

Summary In this short note we study vector bundles generated by sections and the
associated morphism to the Grassmannian.

1 Introduction

In this paper we consider vector bundles generated by sections on a projective
variety X over the field C of complex numbers. We study the properties of mor-
phisms they induce from X to the Grassmannian variety Gr(r,C") of r-dimensional
quotient spaces of C". We give a criterion for a morphism to the Grassmannian to be
finite (see Theorem 2.5). We also obtained the following result (see Theorem 3.7):

Theorem 1.1. Let n > 1 and m > n+ 2 be two integers. If
f:P"—Gr(2,C"?)
is a morphism then f is a constant morphism.

The proof of this theorem is a consequence of a curious result in number theory
(see Lemma 3.8).

After this paper was written, we learned that Tango [5] has proved much
more general results about morphisms from projective spaces to Grassmannians.
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However, our paper contains some further new observations regarding morphisms
to Grassmannians and our proof of the above theorem is straightforward.

2 Vector Bundles Generated by Sections

Definition 2.1. Let X be a variety over the field C and s be a positive integer. A
vector bundle E on X is said to be generated by s sections if there is a surjection of
vector bundles

C'w0Ox — E.

Note that in this definition we do not assume that the induced map C* —
HO(X,E) is injective.

Definition 2.2. Let £}, E; be vector bundles of rank r on X. Two bundle surjections
Q1 Cr+k® Ox —E; and ¢;: Cr+k® Ox — E,

are said to be equivalent if there is an isomorphism of vector bundles v : E; — E;
such that the following diagram

Ctgoy —2— E
H v
ooy —2 . E
commutes.

We recall the following well-known result. For the sake of completeness we will
sketch its proof.

Lemma 2.3. Let X be a projective variety, r and k be two positive integers. Consider
the following two sets:

1) The set of morphisms f : X — Gr(r,C"+%),
2) The set of equivalence classes of vector bundle surjections

(PICr+k®ﬁx—>E,

where E is a vector bundle of rank r on X.

Pulling back by f the universal quotient
Qo : (Cr+k & ﬁGr(r,C’+k) - Qa

on Gr(r,(C’*k) gives a natural map from the set in (1) to the set in (2). This map is
a bijection between the two sets.
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Proof. The data of a surjection ¢ : C"** ® 0x — E defines a morphism
f:X —Gr(rnC™t by x— {C* S E}.

This itself defines a map from the set in (2) to the set in (1). Moreover, it is easy to
see that

£ (90) : fH(C @ Oy 0ren) — £1(0)

is equivalent to ¢ : C'* @ 0y — E.
These two maps are clearly inverse to each other, hence the natural map from set
in (1) to set in (2) is a bijection. O

Remark 2.4. Lemma 2.3, in the case r = 1, gives a correspondence between finite
morphisms
f:X — Gr(1,CF) ~ p*

and ample line bundles generated by k + 1 sections.

This leads to the following:

Question. For r > 2, what is the characterisation of the vector bundle in Lemma
2.3 that corresponds to a finite morphism?

The answer is the following

Theorem 2.5. Let X be a projective variety. The bijective map of Lemma 2.3 induces
a natural bijection between the following two sets:

1) The set of morphisms f : X — Gr(r,C™*) with f finite (onto its image).
2) The set of equivalence classes of vector bundle surjections

Cr+k®ﬁx — F

with det(E) ample, where E is a vector bundle of rank r and det(E) is the deter-
minant line bundle of E.

Proof. Given an element of the set in (2), i.e., a surjection, C'** @ Ox — E with
tk(E) = r and det(E) ample, then as in Lemma 2.3 it determines a morphism
f:X — Gr(r,C™*) and f*(Q) ~ E, where Q is the universal quotient bundle
of rank r on Gr(r,C"**). Hence f*(det(Q)) = det(E). Since det(E)| -1y =
J*(det(Q))[ -1 (g 1s trivial, the ampleness assumption on det(E) implies that
dim(f~'(f(x))) <0. Thus, if det(E) is ample, then f is finite onto its image.

In the other direction, if f : X — Gr(r, (C’*k) is a finite morphism onto its image,
then

det(f*(Q)) = f*(det(Q))

is ample, since the pull-back of an ample bundle under a finite morphism is ample.
O
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Corollary 2.6. Let X be a projective variety of dimension n > r.k, where r and k are
positive integers. Then there is no vector bundle E on X of rank r generated by r +k
sections and with det(E) ample.

Proof. The assumption on the dimension of X implies that any morphism f : X —
Gr(r,C"**) has positive-dimensional fibers. Hence f*(det(Q)) cannot be ample.
O

Remark 2.7. Let £ be an ample line bundle on a projective variety X of dimension
n. Then it is easy to see that if

(C1+k ROy — L
is a surjection then we must have k > n.
Corollary 2.6 and Remark 2.7 lead to the following:

Question. Let d, r, and k be integers such that » > 2,k >2,and 1 <d <rk. LetX
be a projective variety of dimension d. Do there exist a rank r vector bundle E with
det(E) ample and a surjection

C*oox — E?
Or, equivalently, does there exist a finite morphism (onto its image)
f:X — Gr(r,C"%) 9

The answer to this question is in general negative. To see this, we recall the
following:

Theorem 2.8. (Lazarsfeld [3, p. 55, Theorem 4.1]) Let X be a smooth projective
variety of positive dimension and let f : P* — X be a surjective map. Then X ~P".

Corollary 2.9. There is no rank two vector bundle E on P* with det(E) ample and
generated by four sections.

Proof. As dim(Gr(2,C*)) = 4, any finite morphism f : P* — Gr(2,C*) has to be
surjective. Hence, by Theorem 2.8, we see that there is no such map. This proves
the required result in view of Theorem 2.5. a

Remark 2.10. If dimX < 2, then it is easy to see that there is always a finite (onto its
image) morphism f : X — Gr(2,C*). Hence, if dim(X) < 2 there always exists a
rank 2 vector bundle E on X and a surjection

C*® 0y — E.

In the next section we consider among other things the question of existence of
nonconstant morphisms from P3 — Gr(2,C*).
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3 Morphisms from Projective Space to Gr(2,C¥)

The simplest projective variety of dimension three is P3. With Remark 2.10 in mind
we consider the following:

Question. Does there exist a rank 2 vector bundle E on P? with det(E) ample and
with a surjection
C*® Ops — E?

Remark 3.1. A result of Fulton and Lazarsfeld [2] implies the following: if E is an
ample vector bundle on P3 then there is no surjective morphism of vector bundles
C*® Ops — E. Thus, if there is a rank 2 vector bundle E on P3 generated by four
sections and with det(E) ample, then E has to be nontrivial and nonample. It is also
easy to see that the bundles of the form:

Op3(a)® Ops  (a>0)

are not generated by four sections. Hence, if E is a rank 2 vector bundle on P3
generated by four sections and det(E) is ample, then E has to be indecomposable.

The following examples give an affirmative answer to the above question. These
examples were pointed out to us by Gruson.

Example 3.2. Let C = ¢; U/, be a union of two disjoint lines in P>. Note that @¢ ~
Op3(—2)|c, where @c is the dualizing sheaf. Hence, by a result of Serre [4, p. 93,
Theorem 5.1.1], there exists a rank two vector bundle E on P3 and an exact sequence

0— Ops - E —Ic(ci(E)) — 0,

where I denotes the ideal sheaf of C in P3 and ¢ (E) denotes the first Chern class
of E. It is easy to see that ¢;(E) = 2 and h°(Ic(2)) = 4, where h° stands for the
dimension of the vector space of global sections. Thus we conclude that 4°(E) =
5. Note that C can be expressed as the intersection of three independent quadrics
vanishing on C. (For example, if

C={X=0=Y}U{Z=0=W]},

then C is scheme theoretically defined by the three quadrics XZ, XW —YZ,
XZ —YW.) This shows that there is a vector bundle surjection

This defines by Theorem 2.5 a finite morphism f : P3 — Gr(2,C*). It can be seen
that the image of IP3 is a hypersurface in Gr(2,C*) linearly equivalent to 2H, where
H is the ample generator of Pic(Gr(2,C*)), and f is a morphism of degree two onto
its image.
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Example 3.3. Let C be a nonsingular elliptic curve of degree 8 in P3. Assume C has
no 5-secant. Note that the dualizing sheaf @c is isomorphic to ps|c. Hence by a
result of Serre [4, p. 93, Theorem 5.1.1] there is a rank two vector bundle £ on P3
together with an exact sequence

0— Ops = E —Ic(ci(E)) — 0.

It is easy to see that ¢ (E) =4 and h°(I¢(2)) = 3. Thus we conclude that 2°(E) = 4.
Since C has no 5-secant, C is scheme theoretically defined by the three linearly
independent quartics containing it [1, p. 579]. This shows that there is a vector
bundle surjection

C*® Ops — E.

By Theorem 2.5, this surjection defines a finite morphism f : P3 — Gr(2,C%).

Remark 3.4. In Example 3.3, we do not know what the image variety is nor whether
the morphism is generically one—one. It would be interesting to investigate these
questions.

Lemma 3.5. Let E be a nontrivial rank two vector bundle on P? together with a
surjection
(C4 ® ﬁ]p} — E

Then c1(E) = 2m and c3(E) = 2m? for some integer m > 1.

Proof. The surjection
C4 & ﬁ]p} — FE

gives rise to an exact sequence of vector bundles
0—-S—C*®0pm —E— 0.

Letci(E) =aand c;(E) = . Since E is generated by sections and nontrivial we see
by Lemma 3.9 that a > 0. Now, since the rank of S is two, we obtain 0 = ¢3(S) =
2b.a —a’. But a # 0 implies a®> — 2b = 0. This gives the required result. a

Remark 3.6. Examples 3.2 and 3.3 give some bundles corresponding to the cases
m = 1and m = 2 of Lemma 3.5. It will be an interesting problem to study the bun-
dles for the other values of m and to see whether they are generated by 4-sections
and if they are generated by 4-section, what are the properties of the induced fi-
nite morphisms from P3 to Gr(2,(C4). For example, for each n > 1, consider the
morphism
fu: PP —P?

defined by (xo,x1,x2,x3) — (x{, X}, x5,x4). Since f¥(Op3(1)) = Ops(n), we see that
the rank two vector bundle E,, = f,f(E) is generated by 4 sections with ¢ (E,) = 2n

and ¢ (E,) = 2n?, where E is the bundle in Example 3.2 above. But in this case we
do not get any new morphism from P? to Gr(2,C*).

The following result is a generalization of Corollary 2.9 to higher-dimensional
projective spaces.
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Theorem 3.7. Let n > 1 and m > n+2 be two integers. Then there is no nonconstant
morphism f : P" — Gr(2,C"+?).

Proof. First note that every nontrivial line bundle on P which is generated by
sections is necessarily ample. Hence, if X is a projective variety and f : P — X is
a nonconstant morphism then the pull back by f of an ample bundle on X is ample
on P™. This shows that any nonconstant morphism from P is necessarily finite onto
its image.

The earlier observation shows that, if m > n+2 and f : P" — Gr(2,(C”+2) is a
nonconstant morphism, then f/|;, is also a nonconstant morphism, where L is a linear
subspace of P"* of dimension n + 2. Thus, if we show that there is no nonconstant
morphism from P2 — Gr(2,C"*?), then it follows that for any m > n -+ 2 there are
no nonconstant morphism from P" — Gr(2,C"2). From these remarks, to prove
the theorem, it is enough to show that there is no nonconstant morphism f : P"*2 —
Gr(2,C"2),

Let f : P"*2 — Gr(2,C"*?) be a morphism. Then by pulling back the universal
exact sequence

0-S—>C"? ﬁGr(z’Crr#Z) —-0—0

on Gr(2,C"*2) by f we get an exact sequence
0— () = C"2® Opnia — f*(Q) — 0

on ]P’”“, where Q is the universal rank 2 quotient bundle and S is the kernel of the
natural surjection C"*? ® OGra,cr2) — Q- Let¢1(f*(Q)) = a.H and ¢2(f*(Q)) =

b.H? be the Chern class of f*(Q), where H € H>(P"*2, Z) is the generator, corre-
sponding to the ample line bundle @pi2(1), of the cohomology algebra of P"+2.
Then the total Chern class of f*(S) is

(I+c1(f(Q)+e(f () ' =(1+aH+bH*)! (1

Since the rank of f*(S) is n, the Chern classes c¢,+1(f*(S)) and c,4+2(f*(S)) are
zero. Hence we see from (1) that

R | |
(a8 = 3 <—1>'( o )q(f*(Q))"“%(f*(Q))'

1

T](_l)i (’H' 1- i) SH2p0 | g —
i=0 !

and hence the integers a and b satisfy the equation

[

Z (_l)l (n+1 l>dn+l_2ibi20. (2)

i=0 !
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Similarly, the vanishing of ¢,4+2(f*(S)) implies that the integers a,b satisfy the
equation

1

] iy
i (_l)i (n +.2 l) an+272ibi —0. 3)
i=0

By Lemma 3.8 below we see that the only simultaneous integral solution of
equations (2) and (3) is (a,b) = (0,0). Hence ¢ (f*(Q)) = 0. Since E is generated
by sections, Lemma 3.9 below implies f*(Q) =~ Opni2 @ Opny2 and hence f is a
constant map. This completes the proof of the theorem. O

Lemma 3.8. Let n > 1 be a fixed integer. Then the only simultaneous integral solu-
tion of the two equations

[

=
=

7] .

i (—l)l <n+ll l)Xn+12iYi:O (4)
i=0

z (_1)1 < i )Xn+2—Ztyl -0 (5)
i=0

is (0,0).
Proof. Proof by induction on n. For n = 1 the equations (4) and (5) are
X?—Y=0 and X°-2XY=0.

In this case the result is obvious. Assume n > 1 and that the result holds for n — 1.
Note that if (a,b) is a simultaneous solution of (4) and (5) and if one of a or b is
zero then clearly the other is also zero. Assume both a and b are nonzero and (a,b)
is a simultaneous solution of (4) and (5). Then multiplying (4) by X and subtracting
by (5) we see that (a,b) is a solution of

z (_l)l ( o >Xn+2—2!Yl —0. (6)
i=1 1=
Since b # 0 we see that (a,b) satisfies the equation
[n/2] n—i .
Y (—1)'( l, )X”Z’Y’ =0. (7
i=0

This implies that (a,b) # (0,0) is a simultaneous solution of the equations (7)
and (4), which leads to a contradiction to the induction assumption. This com-
pletes the proof of the lemma. O

Lemma 3.9. Let X be a projective variety. Let E be a vector bundle generated by
sections. If ¢;(E) = 0 then E is trivial.
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Proof. Choose n linearly independent sections which generate the stalk at one point,
where n is the rank of E. Such sections exist because of our assumption that E is
generated by sections. Then the set S of points where these sections fail to generate
is the zero set of a nonzero section of det(E). But det(E) is generated by sections
and ¢ (E) =0, hence det(E) = Ox. Since X is projective any nonzero section of Ox
is a nonzero constant. Hence we see that E is trivial. O
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Adams Operations
and the Brown-Gersten-Quillen
Spectral Sequence

Alexander Merkurjev

Summary By means of Adams operations in algebraic K-theory we study the order
of differentials in the Brown-Gersten-Quillen spectral sequence for a scheme.

1 Introduction

Let X be a separated scheme of finite type over a field F. We write X, for the set
of points in X of dimension p. There is the niveau spectral sequence

E;l,q = H Kp+qF (x) = Gpig(X)
xeX( )

converging to the G-groups of X (the K-groups of the category M(X) of coherent
sheaves on X) with the topological filtration [10, Sect. 7, Th. 5.4]. The term E ,1,’7 »
coincides with the group of algebraic cycles of dimension p on X and EIZ,’_ p with the
Chow group CH,,(X) of classes of cycles of dimension p [10, Sect. 7, Prop. 5.14].

The topological filtration on G, (X) is defined as follows. Write M, (X) for the
category of coherent sheaves on X supported on a closed subset of dimension at most
p. The image the homomorphism K, (M, (X)) — G,(X) induced by the inclusion
functor M, (X) — M(X) is the p-th term G,(X),) of the topological filtration on
G (X). The subsequent factors of the filtration are denoted by G, (X)(,/p—1)-

The spectral sequence yields surjective homomorphisms

Op: CH,,(X) = EIZ%—P — GO(X)(p/pfl)'
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The kernel of ¢, is detected by the differentials of the spectral sequence arriving at
E_.

P7Irf this paper we find some constraints on the order of the differentials in the
spectral sequence arriving at the Go- and G-diagonals. We show that for any prime
integer [, the Adams operations in algebraic K-theory developed in [4-6, 11], split
the spectral sequence localized at / into a direct sum of / — 1 summands. (For an
analogue in topology see [1, p. 91].)

In the paper the word “scheme” means a quasi-projective scheme over a field and
a “variety” is an integral scheme.

2 The Category A,

For a prime integer /, let Z;) denote the localization of Z with respect to the prime
ideal IZ.

Lemma 2.1. Let f,g € Z;) [t] be polynomials such that f and g are coprime over Q
and the residues f and g are coprime over Z/1Z. Then f and g are coprime over
Zy, i.e., f and g generate the unit ideal in Z;|t].

Proof. Let I be the ideal in Z;[t] generated by f and g. By assumption, I contains

I¥ and a polynomial 1 — (A for some k > 0 and i € Z[t]. Then 1 —[*A* € I and
hence 1 € 1. ad

2.1 Definition of A,

Let [ be a prime integer. We define the category A; as follows. An object of A; is a
Z;)-module M equipped with a filtration

CM(Z)CM(I)CM(O)CM(_I)C

by submodules such that M () =0 for n>> 0 and MW = M for n < 0, and endo-
morphisms l//]f,, € Endy, o (M) for all integers k prime to /, satisfying:

(i) vk ol = yi¥ forall k and K (in particular, w, and %, commute).
(ii) For any k, we have yk, (M) C M) and ¥, acts on M) /M(+1) by multipli-
cation by k' for all i.

A morphism between two objects M and N in A; is a Z;)-module homomorphism
s: M — N such that so y};, = y& os for all k. (We do not assume that s is compatible
with the filtrations.)

Let M be an object of A; and r € Z. Define the shift M[r] of M as the module M
together with the shifted filtration M [r](i) = MU+7) and endomorphisms defined by
yljlf,l[r] = k" yk,. Clearly, the assignment M ~— M[r] is an auto-functor of A;.
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2.2 A Decomposition

Let M € A; and let a < b be two integers such that M@ = M and M®) = 0. The set
J of all integers j such that a < j < b is called an interval of M.

Let k > 1 be an integer such that the congruence class [k]; of k modulo [ is a
generator of (Z/1Z)*. Write A =7Z/(I — 1)Z. For any congruence class p € A,
consider the polynomial

fo=TI (=¥ 2.2)

Jjepnd

over Z(l>, where J is an interval of M, and set

r=T116=11¢-*).

peEA jeJ

It follows from (ii) that (&, — k/) (Mm) c MUY for any j, hence

flwg) =0. (23)

By construction, every pair of distinct polynomials f, and f,/ are coprime over
Q and the residues fp and fp/ are coprime over Z/IZ. By Lemma 2.1, f,, and fpr are
coprime over Z;). By the Chinese Remainder Theorem, the factor ring Z;[t]/(f)
is canonically isomorphic to the product of the rings Z;[t]/(fp) over all p € A.
Note that the image of f,, in Z[t]/(f,') is zero if p’ = p and invertible otherwise.

It follows then from (2.3) that M has a natural structure of a module over
Zy)[t]/(f). where t acts by ;. Therefore,

M=]]M, (2.4

with My, = Ker f, ().
We claim that the submodules M), do not depend on the choice of the interval
J of M. Indeed, let J' be another interval of M containing J, fl/) the polynomials

constructed for J* and M}, = Ker f ( vl,). Then f, divides fp» and hence

M, = Ker f, (yy) C Ker 5 (yiyy) = M},

Therefore, in view of (2.4), both for M, and M;,, we deduce that M, = M’/J.
For any p € A set fp = f/fp € Zy[t]. Then the polynomials {fp}peA are
coprime.

Lemma 2.5. Ker f, (y,) = Im f, (y},) forall p € A.

Proof. Let y = yk,. Because fp(l[/)ﬁ)(l//) = f(y) = 0, the image of ﬁ,(l//) is
contained in the kernel of f,, (y). As f, and fp are coprime, there are polynomials
g and hin Z[t] such that fyg + fph = 1. Then for any m € Ker f,, (y), we have

m= fp (W)h(y)(m) € Im f, (), i.e., Ker f (y) C Im f (). D
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We also prove that the decomposition (2.4) does not depend on the choice of the
integer k. Let K > 1 be an integer such that the congruence class [k']; is a generator
of (Z/IZ)*. Define the polynomials f, f;,, and f" in Z [¢] as earlier with k replaced

by k. Then M is a direct sum of the submodules M}, = Ker f; ( wk) overallp € A.
Lemma 2.6. My, = M, for all p € A.

Proof. Take any p € A and j € J. If j € p, then 7 — (k')/ divides f;. If j ¢ p, then
t — (k)/ divides fp. It follows that f}, (w]{,})fp (w&,) = 0 and hence by Lemma 2.5,

My = Ker fo (yiy) = Im f, (wly) < Ker £ (wiy) = M,
By symmetry, M, C Mp. 0

Thus, the submodules M), in the decomposition (2.4) depend only on the object
M in the category A;.

Let s : M — N be a morphism in A;. Choose a common interval J for both M
and N and let £, be the polynomials defined by (2.2). Then so f, (y,) = f, (wk) os,
hence

s(Mp) = s(Ker f» (yiy)) C Ker fo (yiy) = Np,

L.e., s induces a Z;)-module homomorphism M, — N,. Thus for every p € A, we
have a functor from A; to the category of Z;-modules taking an object M to Mp.

Proposition 2.7. For an object M in A; and an integer r, we have M[r|p = M 1, for
all p € A.

Proof. LetJ be an interval of M. ThenJ' = J —ris an interval of M[r]. Let {fp } pea
and { f!’) }pea be the polynomials constructed in (2.2) for J and J', respectively. Then

forr(wi) =TI (i —#) = TI Wwyy —&77) =& £ (wig).

Jje(p+r)nJ iepnJ’

where d = deg(fp ). It follows that

M[r]p = Ker f, (W) = Ker forr (V1) = Mp-sr.

3 Spectral Sequences in K-Theory

3.1 Adams Operations

Let M be a scheme and Z C M a closed subscheme. We write KZ(M) for the
K-groups of M with support in Z and FJ’,K,% (M) for the i-th term of the (finite)
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gamma-filtration on KZ (M) (see [11, Sect. 4]). If M is a regular scheme, there exists
a canonical isomorphism
Gn(Z) ~ K (M),

where G,,(Z) is the K-group of the category of coherent sheaves on Z [3, Th.2.14].
For any integer k, there is the Adams operation y* on KZ(M) satisfying the
following properties [11], [7, Sect. 9]:
yk is a group endomorphism of KZ(M).
w respects the gamma-filtration FyK%(M).
e ¥ acts as multiplication by k’ on the subsequent factor F}Ei/ iH)K,% (M).
o y*y¥ = y*¥ | in particular, p* and ¢¥ commute.
Let I be a prime integer. Then the Z;)-module KZ(X )Z;) together with the

gamma-filtration and the Adams operations y* on it yield an object of the category
A;. Therefore, K% (X )Z(;) decomposes as in (2.4) into a direct sum of submodules

(K,%(X)Z(,))p overallpe A =Z/(I—-1)Z.
Let Z be a scheme. For any integer k > 0, there is a well-defined map (see [11,
Sect. 4]):
6" 1 Ko(2) — Ko(2),
natural in Z, satisfying:

e For every exact sequence of vector bundles 0 — E’' — E — E” — 0 over Z, we
have OX[E] = OX[E'] - 6*[E"].
e For every line bundle L over Z,

O L] =1+ L7+ [L7+ -+ [L7F.

In particular, rank 6%(or) = k™™(®) for every ot € Ko(Z).
The following variant of the Riemann-Roch formula was proven in [11, Th. 3]
(see also [9, 2.6.2]):

Proposition 3.1. Let M be a regular variety of dimension d and let Z C M be a
regular closed subvariety of dimension p. Let N be the normal bundle (of rank
d — p) for the closed embedding f : Z — M. Then there is an isomorphism

£ Ki(2) = KA(2) = KA(u)

such that
F(WH( (V) @) = yE(fi(a))
Sorany o € K.(Z) and any k.
Corollary 3.2. Suppose that, in addition, N is a trivial bundle. Then §(N) = k=7

and hence
£ (79 (@) = v (£ ().
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Thus, for a prime integer [, f. induces an isomorphism
(K. (2)Z)) [p— d] = KZ(M)Z

in the category Aj.

3.2 Localization Exact Sequence and the Niveau
Spectral Sequence

Let M be a regular scheme. If Z' C Z are closed subscheme of M, then there is an
exact localization sequence [7, 9.3]:

- K2 (M) — K2 (M) — K22 (M\Z) — KZ_ (M) — - (3.3)

m

that is isomorphic to the localization exact sequence [10, Sect. 7, Prop. 3.2]:
o= Gu(Z) = Gu(Z) = Gu(Z\Z) = Gpi(Z') — -+ (3.4)

The homomorphismsin (3.3) commute with the Adams operations by [7, Remark
9.6(1)]. Then, localizing at a prime integer [, we can view (3.3) and (3.4) as se-
quences of morphisms in the category A;.

Let X be a scheme. We embed X into a regular variety M of dimension d as a
closed subscheme. For a pair of integers p and g set
VAVA

1 .
E,,,q =colimK

iy (M\Z') = colimG,4(Z\ Z'),

where the colimit is taken over all pairs (Z',Z) with Z a closed subscheme of X of
dimension p and Z’ a closed subscheme of Z of dimension p — 1. Note that for any
such Z one can find a Z’ such that Z\ Z' is regular and the normal bundle of Z\ Z’
in M\ Z' is trivial. It follows that

1
Ep7q = H Kﬂ+qF(x)
XEX([))

and for any prime integer /,

Ey iy~ ] (KpsaF 0)Z))[p—d]

XEX(p)

in A; by Corollary 3.2. It follows from Proposition 2.7 that for any p € A,

(EIINIZ([));) =11 (Kp+aF (Z1)) oy (3.5
xeX(p)
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Set

1 A
D;nq = collmKP+q

(M) = colimGp4(Z),
where the colimit is taken over all closed subschemes Z of X of dimension p. Taking
colimits of the exact sequences (3.3) and (3.4) we get the exact sequences:

1

1
= Ep = Dpig

1 1
= Dpg 1= Epg—

The latter yields an exact couple and therefore, a (homological) Brown-Gersten-
Quillen (BGQ) spectral sequence:

Eby= ] KpeaF (%) = Gpig(X). (3.6)
XEX([))

It is supported in the area 0 < p < dim(X) and p + ¢ > 0. In particular, all the
differentials arriving at £}, , with p+¢ < 0 are trivial. We shall get some information
on the differentials arriving at £}, , with p+g=0or 1.

Lemma 3.7. For any prime integer | and any p € A, we have

ES Ly, ifp=d+qli-1;
s — P9 ()
(Ean(l))p - {0, otherwise

foranys>1ifp+q<2.

Proof. By [11, Sect. 2], for a field L and m < 2, we have F;”Km (L) = Kin(L) and
F"H UKy (L) = 0, hence y* acts on K, (L) by multiplication by k™. Therefore,

_ J Ku(L)Zyy, ifp = [m]i-1;
(Km(L)Z(l))p - {(), otherwise.

The statement now follows from (3.5). a

Theorem 3.8. Let X be a scheme. Let

J: E;;,q - ;—s,q+s—l

be the differential in the spectral sequence (3.6) with p+ q < 2. Then the order
ord(d) is finite and if | is a prime divisor of ord(d), then | < p and | — 1 divides
s—1.

Proof. If s > p, then d = 0 since E;)—s,q+s—l =0, so we may assume that s < p.

We claim that if [ is a prime integer such that dZ;) # 0, then / — 1 divides s — 1.
Setp =[gq+d];—1 € A. By Lemma 3.7, the (nonzero) image of dZ is contained in
(E;fxvqﬂlem)p and therefore, p+d =[g+d+s—1];_1, i.e., [ — 1 divides s — 1.
The claim is proved.

Taking [ > s, we get dZ;) = 0 from the claim, i.e., d has finite order.

Let [ be a prime divisor of ord(d). Then dZ;) # 0 and hence by the claim, / — 1

divides s — 1. In particular, / < s < p. O
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Example 3.9. Let X be the Severi-Brauer variety of right ideals of dimension / of a
central simple algebra of a prime degree [ over F. As over a splitting field exten-
sion of degree / the variety X is isomorphic to the projective space P/~!, and the
BGQ spectral sequence for a projective space degenerates at E», all the differentials
of the BGQ spectral sequence for X are I-torsion. As dim(X) =/ — 1, it follows
from Theorem 3.8 that all the differentials arriving at the Go- and G-diagonals are
trivial. This result was proved in [8] with the help of higher Chern classes.

3.3 Motivic Spectral Sequence

Let X be a smooth scheme. We write H'(X,Z(j)) for the motivic cohomology
groups [12].
The following (cohomological) motivic spectral sequence was constructed in [2]:

Ey =H' (X, Z(~q)) = K_p—4(X) (3.10)

The spectral sequence is compatible with the Adams operations y*, and y* acts by
multiplication by k7 on E}? [7, Th. 9.7].

Theorem 3.11. Let X be a smooth scheme. Let
d:EP1— E{’*S!Q*SH

be the differential in the spectral sequence (3.10). Then ord(9) is finite and if l is a
prime divisor of ord(9) then | < dim(X) — p and | — 1 divides s — 1.

Proof. The proof is parallel to the one of Theorem 3.8. One remarks that d = 0 if
s> dim(X) — p. O
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Non-self-dual Stably Free Modules

Madhav V. Nori, Ravi A. Rao, and Richard G. Swan

With best wishes to Parimala on the 21st of November

Summary We give several proofs that a stably free module of even rank need not
be self-dual.

1 Introduction

In this note we prove that the projective module corresponding to the universal
unimodular vector of odd size > 3 is not isomorphic to its dual. We give three
proofs which depend on topological facts, and also two algebraic arguments, one
using Suslin matrices and one using Riemann—Roch algebra.

For any commutative ring R, we set

RIX1,....XpYi,.... Y]
(XL XY, —1)

Ay (R) =

Theorem 1.1. Let A = Ay, _1(Z). Let x; denote the class of X;, and y; denote the
class of Y; in A, for all i. Let v = (x1,...,x01—-1), v: = (b1,---,Y2n—1). Then for
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n> 2, v, v' are not in the same GLj,_1(A) orbit, i.e., the projective module P
(of rank 2n — 2) defined by v is not isomorphic to the projective module P* defined
by v*.

Thus, one gives examples of non-self-dual stably free modules of rank 2m for
every even 2m > 4. We now explain why these examples do not work when the rank
ris odd or when r = 2.

Let P be the projective A,(R)-module of rank n — 1 corresponding to the uni-
modular row v = (x,...,x,). Then P* = Homg (P, R) is isomorphic to the projective
R-module corresponding to the unimodular row w = (y1,...,Yn).

It can be seen easily that P and P* are isomorphic when rank P is odd; in
fact, the rows v, w are in the same elementary orbit by a lemma of Roitman, see
[9, Lemma 1].

In [1, Prop. 4.4, Cor. 4.5], Bass showed that any projective R-module P of rank
two admits a symplectic structure if and only if the invertible module A%P is free.
In particular, if P @ R is free then P is isomorphic to its dual.

2 Proof via Clutching Functions

Let Vect,(R) denote the set of isomorphism classes of projective R-modules of rank
n, where R is a commutative ring. The free module R" serves as the base point
¢(n) of the set Vect,(R). The map P +— R @ P defines f : Vect,_;(R) — Vect,(R).
The kernel of f, i.e., f‘lc(n), consists of the isomorphism classes of projective
modules P such that there is an isomorphism 7' : R@ P = R". In such a situation,
with (1,0) € R@® P, we obtain x = (x1,x2,...,x,) =T(1,0) € R". Withp:R®P — R
denoting the projection to the first factor, we also obtain y = po T~ : R" — R.
Identifying Homg(R",R) with R" in the standard manner, we get y € R" so that
> xiyi = 1. The set of (x,y) € R" x R" satisfying this identity is D, (R), the set of
ring homomorphisms A,(Z) — R.

Note also that every (x,y) € D,(R) gives rise to the projective module ker(y) :
R" — R, which is naturally isomorphic to R" /Rx. This gives rise to g : B,(R) —
Vect,—1(R) and we obtain an exact sequence of pointed sets

Dy(R) — Vect,_1(R) — Vect,(R). (1

Now let Z be a compact Hausdorff space and let C(Z) be the ring of continuous
C-valued functions on Z. By [14] we can identify Vect,(C(Z)) with the set of iso-
morphism classes of complex rank k bundles on Z. To simplify notation, we denote
Vecty(C(Z)) by Vect(Z) in this situation. The case of immediate interest is Z = SY
the suspension of a compact Hausdorff space Y. Here, by employing clutching
functions (cf. [7, 10]), we see that Vecty(SY) is identified with [Y; GL;(C)], the set
of homotopy classes of continuous maps ¥ — GL;(C). In addition, ring homor-
phisms A, (Z) — C(Z) are readily identified with continuous maps Z — $**~!(C)
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where §2'~1(C) = {(x,y) € C" x C" : ¥ x;y; = 1}. The exact sequence of pointed
sets (1) reads now as an exact sequence of groups

[SY;52"~1(C)] — [Y:GL,_1(C)] — [V:GL,(C)].

When Y is a sphere, the above is contained in the long exact sequence of homotopy
groups associated to the fiber bundle GL,,(C) — $?*~!(C) with fiber GL,,_{(C) given
by g € GL,(C) ~ (x,y), where x is the first column of g and y is the first row of g~ !.
When Y is the real sphere $*"~2, the preceding arrow in the long exact sequence is
Ton—1(GL,(C)) — [SY;82"~1(C)]. Regarding the real (21 — 1)-sphere S>*~! as the
unit sphere in C”, the embedding $*"~! — §2"~1(C) given by i(x) = (x,%) is readily
checkedtobeahomotopyequivalence. Thus, [SY;$?"~! (C)]isnaturallyidentified with
7Z.. Thanksto Bott periodicity, the group 715, _1(GL, (C)) = Vect,,(§") isalsoidentified
canonically with Z. The image of the arrow 7,1 (GL,(C)) — [SY;S?*~1(C)] is
(n—1)!Z, since my,—2(GL,—1(C)) =Z/(n—1)'Z and mp,,_»(GL,(C)) = 0 by [3,4].
Thus withZ = SY = §"~!, weseethata,b: $?"~! — §2"~1(C) giverise toisomorphic
rank (n— 1) complex vector bundles on $?*~! if and only if deg(a) = deg(b)
mod (n—1)!.

With i,j : §2"~1 — §27=1(C) given by i(x) = (x,%) and j(x) = (¥,x), we see
that deg(j) = (—1)"deg(i) = (—1)", so the corresponding rank (n — 1) projective
modules over C(S?*~!) are isomorphic to each other if and only if 1 — (—1)" is
divisible by (n— 1)!, in other words, if n is even or n < 3. In particular, when n does
not satisfy these restrictions, the projective modules given by the unimodular rows
x and y are not isomorphic in the universal situation.

3 Proof via Classifying Spaces

Regard S~ as the unit sphere in C” with coordinates z;,...,z,. If E is the vector
bundle on $?"~! defined by the unimodular row (zi,...,z,) then the associated prin-
cipal bundle is U(n —1) — U(n) — $*"~! c¢f. [7, Ch. 8, Theorem 7.1]. It is
classified by a map f : §?*~! — BU(n — 1), or, equivalently, an element y €
Ton—1BU (n—1). If t = [1g201] € p—1S*"~! then y = fi(1). Map U (n) — S?~!
to the universal bundle getting

Un—1) —— U(n) —— 5271

H ! s

Un—1) —— P —— BU(n—1).
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As P is contractible, the map of homotopy sequences gives:

7172”,152"_1 L ﬂznfo(n — 1) — Mp—2 U(n) =0

Ton_1BU(n—1) —=— my, 2U(n—1)

Note that 7, U(n) = 0 by [4], and so d, and therefore f;, is onto and y gener-
ates 7o, 1BU(n— 1) =Z/(n—1)! by [3].

Now E* is defined by Z,...,Z,, and so is ¢*(E) where ¢ : §2*~1 — §27~1 jg
given by (z1,...,2n) — (Z1,--.,Zn). Therefore, E* is classified by:

st <, g1, pyn—1)

or, equivalently, by ¥ = fic.(1). Now ¢ has degree (—1)" 5o c¢,.(1) = (—1)"1 and
Y = (=1)"fi(1) = (—1)"y. So if n is odd, n > 2, then Y’ # y showing that E* 2 E.
O

4 Proof via Homotopy Theory

We now give an alternative proof of Theorem 1.1 using only elementary homotopy
theory in addition to Bott’s calculations.

Regard A = A, (C) as the ring of complex polynomial functions on the (2n — 1)-
sphere §2n=1 jp Cn by sending x; to z; and y; to Z;.

Let f = (fi,...,f,) be a unimodular row over A. It defines a map $2*~! — §2~!
sending z to f(z)/||f(z)||. We write deg f for the degree of this map and write [f]
for its homotopy class in 7,1 (S*"~') = Z. So [f] = deg f 1 where 1 is the class of
the identity map, which generates 7,1 (S*"~1).

Let P(f) be the projective module defined by f so that Af ® P(f) =A".

Theorem 4.1. If v and w are unimodular rows of length n over A,(C) and P(v) ~
P(w) then degv = degw mod (n—1)!.

Proof. By taking the direct sum of P(v) ~ P(w) with Av = Aw (by v — w) we get
an element g of GL,(A) such that gv = w cf. [8, Prop. 1.4.8]. Regarding elements
of A as functions on §>"~! we have g : $*~! — GL,(C) and, passing to homotopy
classes we get [g] € m2,—1(GL,(C)) = mp,—1(U(n)) and ([g], [v]) maps to [w] under
the map

Mon—1(U(n)) x nz,,,l(Sz”_l) =my,—1(U(n) x SZ"‘I) — nz,,,l(SZ"‘l)
As this map is linear we have p.[g] +[v] = [w] where p: U(n) — $*"" ! by g+ gs

where s is a base point. Now p is a fibration with fiber U (n — 1) [10]. Using Bott’s
calculations from [3, 4], its homotopy sequence

o1 (U (1)) 25 Tap 1 (S™1) = Mo 2 (U (n— 1)) = a2 (U (n))
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takes the form
Tou1(U(n) 52— Z/(n—1)! — 0

showing that im p, = (n— 1)!Z. Therefore, [v] = [w] mod (n—1)! and the theorem
follows. O

Corollary 4.2. If v is a unimodular row of length n over A,(C) and P(v) is free then
degv=0 mod (n—1)!

As deg(x1€1,...,x,°") = ey ---ey, this reproves the following result of [18,
Theorem 3.1].

Corollary 4.3. If P(x,°',...,x,°") is free then ey ---¢, =0 mod (n—1)!

Corollary 4.4. If v and w are unimodular rows of length n over A,(C) and P(v)* ~
P(w) then degw = (—1)"degv mod (n—1)!.

Proof. Suppose v-u = 1. Then P(v)* =~ P(u) [8, Prop. 1.4.10]. The map u/||ul| is
homotopic to the map v/||7|| by (tu+ (1 —¢)v)/||(tu+ (1 —¢)¥)||. Note that ru +
(1 —1)¥ is never 0 because its inner product with i is #||u[> + 1 —¢ > 0. Now the

map v is the composition of v with the map of S*~! to itself sending (z1,...,2,) to
its conjugate. This map reverses the sign of the n imaginary components and so has
degree (—1)". Therefore, degu = (—1)" degv and the theorem applies. O

In particular, P(v) ~ P(v)* implies that degv = (—1)"degv mod (n—1)!soifn
is odd, degv =0 mod (n—1)!/2. If v = (x1,...,x,) then degv = 1 so, for odd n,
P(v) ~ P(v)* implies that n < 3.

Corollary 4.5. If v = (x;°!,...,x,°) and n is odd then P(v) ~ P(v)* implies that
2¢1---ep =0 mod (n—1)!

More details and other applications may be found in [16].

5 Proof via Suslin Matrices

We now give an alternative algebraic proof of Theorem 1.1 via Suslin matrices,
when rank P > 2 and even. Before proving the theorem we recall the Suslin matrices
and some of their properties.

The Suslin Matrices S, (v,w). The construction of the Suslin matrices S,(v,w) is
possible once we have two rows v, w of length (r+ 1). It becomes more interesting
if their dot product (v,w) =v-w' = 1. (The rows are then automatically unimodular
rows, i.e., the coordinates of each row generate the unit ideal.)

Andrei Suslin’s inductive definition: Let v = (ag,ay, . ..,a,) = (ag,v1) with vy =
(ai,...,ar) and w= (bg,b1,...,b,) = (bo,w1) withwy = (by,...,b,). Set So(v,w) =

aop, and set
_ aplyr—1 Sr—1(vi,w1)
Sr(V,W) - <_Sr1(wl7v1)t b()[zr—] .
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Suslin noted that
Sy (v, )8y (w,v) = (v-w)lr = S,(w,v)'S,(v,w) and detS,(v,w) = (v-w)?"

for » > 1. The Suslin matrices were introduced by Suslinin [11, Sect. 5] to show that
a unimodular row of the form (ag,a1,a3,...,a}) can be completed to an invertible
matrix of determinant one.

Nature of the Suslin Matrices. Suslin defines a sequence of forms J, € My (R)
by the recurrence formulae:

1 forr=0,
Jr=<J_1 L —J._q, forreven,and
J1T—J,_1, forrodd.

(The English translation incorrectly says that J, = J,_; TJ,—; when r is odd.) Here
ol p= ( ) while a T = ( )

It is easy to see that det J, = 1 for all r, and that J' = J-! = (—1) .
over, J, is antisymmetric if » = 4k + 1 and r = 4k + 2, whereas J, is symmetric for
r =4k and r = 4k 4 3. Suslin noted that the following formulae are valid:

for r = 4k: (Sr(v,w)J)! =S (v,w)J,
forr=4k+1: S (v,w)J.S,(v,w) = ( wJy
forr =4k+2: (Sr(v, )Jr)’ = =S, (v,w)J;
forr =4k+3: S (v,w)J,.S,(v,w) = ( W,
We next recall the theory of acyclic based complexes. A based R-module is a
pair (R",e) where e = (ey,...,e,) is an ordered basis of R". A based complex is a

bounded complex of based modules. The direct sum of two based modules (E,e)
and (F, f) is defined as the based module (E © F, (e, f)).

Given an acyclic based complex X, and a contraction s for X, the map d +s:
Xodd — Xeven is an isomorphism as (d +s)? = 1+ s% and s is nilpotent. We denote
by wt(X) the image of the matrix of (d +s) in K;(R). (This element is independent
of the choice of s.)

Fossum, Foxby, and Iversen [5] applied the earlier theory of attaching an element
of K;(R) with an acyclic based complex to the Koszul complex with respect to a
unimodular row as follows: Let v = (ay,...,a,) be a unimodular row. Consider the
Koszul complex

If we order the basis e;; A--- Aej, of AKR™ lexicographically, then X (v) is an acyclic
based complex. (Note that if (v,w) = 1 then external multiplication by w defines a
contraction for X (v).) Define

2n—2

wt(v) = (= 1)) we(x (v).
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Then they showed that the map v — wt(v) is a Mennicke symbol. Moreover, they
showed that wt(vor) = wt(v) + 3L (— 1) [Ala].

Suslin interprets this map and shows that wt(v) = [S,,—1 (v,w)] € SK; (R).

We next recall an important result of Suslin, Theorem 1.2 in [13]. Suslin showed
that, SK; (A,(Z)) ~ Z, with generator [S,—1((x1,-..,%n), W1,---,¥n))]-

We now reprove Theorem 1.1 using Suslin matrices and their properties outlined
earlier. Let R =A,_1(Z) and let v = (x1, ..., xp,—1) be as earlier so wt(v) generates
SK(R) = Z. Suppose that vo = w, for some ¢ € GLy,_|(R), with n > 2. Then

2n—1
wt(w) = wt(vo) = wt(v) + z

As SK{(R) = Z, [06] = [Sau_2(v,w)]" for some r. Hence [A'G] = r[AlSy,_2(v,w)].
Therefore,

2n—1 2n—1 S
Y (—1 INo]=r Z N Sa 2 (v,w)] = rwt(xy,x2,23,...,05" %)

i=0 i=
=r(2n—2)! wt(v).
Thus,
wt(w) = [Son—o(wy,v)] = (1+7r(2n—=2)Ywt(v) = (1 +r(2n —2))[Son—2(v,w)].

As v is of odd length, [S2,—2(w,v)] = [S2u—2(w,v)'], by the relations of Suslin. But
Sznfz(v, W)Sznfz(w, v)’ =1, and so [Sznfz(v, W)] = [Sznfz(w, V)]_l.

Thus, one gets (2+ r(2n—2)!) wt(v) = 0, a contradiction except when n = 2 and
r=-—1. O

6 Proof via Riemann—-Roch

The result of Corollary 4.3 was extended to all characteristics by Suslin and,
independently, by Mohan Kumar and Nori. Suslin’s proof from [12, 13] used the
methods of Sect. 5. It is clear that it suffices to consider rings A, (k) defined over
a field k for these results. We give here another proof of Theorem 1.1 valid in all
characteristics using the method of Mohan Kumar and Nori. An expository account
of this method is presented in [15, Sect. 17]. It is based on a result coming from
Grothendieck’s Riemann—Roch theorem. Let R be a smooth affine domain over a
field k. Let A’(R) be the Chow group of algebraic cycles of codimension i on Spec R
modulo rational equivalence. We write [R/I] for the class of the cycle SpecR/I.
Filter Ko (R) by letting F 'Ko( ) be the subgroup generated by all [R/I] with ht/ > i.
Then FOKy(R) = Ko(R), F'Ko(R) = Ko(R), and FNKy(R) = 0 for N >> 0. Define
gr' Ko(R) = F'Ko(R)/F™™'Ko(R). The map ¢ : A/(R) — gr Ko(R) sending [R/I] to
[R/1] is well defined and is clearly onto. Grothendieck defines algebraic Chern
classes and a map v : gr' Ko(R) — A'(R) sending [P] —[R'] in gr' Ky(R) to c;(P) in
A'(R). The result we will need is the following.
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Theorem 6.1. yo = (—1)" (i —1)! and oy = (—1)"1(i —1)!

Unfortunately, the sign was omitted in stating this theorem in [15]. The theorem
was proved by Grothendieck [6, pp. 150—151] up to torsion (which is all we will
need here) and by Jouanolou [2, footnote p. 675] in general.

Lemma 6.2. Let R be a smooth affine domain over a field k. Suppose A'(R) = 0
for all i #0,n. Let J be an ideal of R of height n. If there is a finitely generated
projective R-module P of rank n which maps onto J then [R/J] =0 mod (n—1)!in
Ko(R).

Proof. As @ is onto, gr' Ko(R) = 0 for i # 0,n so F'Ko(R) = Ky(R) for 1 <i<n
while F'Ko(R) = 0 for i > n and gr" Ko(R) = Ko(R). Let & = [P] — [R"] in Ko(R).
Then y(&) = c,(P). By [6, page 153, Corollaryl, c,(P) = [R/J] so, in Ko(R),
[R/J] = o([R/J]) = @y(&) and the result follows from Theorem 6.1. O

In order to produce a module P as in Lemma 6.2, Mohan Kumar and Nori use
the following patching argument. For r € R we denote by R, the localisation ring
R[r’l].

Lemma 6.3. Let R be a commutative ring and let M be a finitely generated R-
module. Let R = Ra+ Rb and let P and Q be finitely generated projectives of rank n
over R, and Ry, respectively. Suppose we have resolutions 0 — L — P — M, — 0
and 0 — N — Q — My, — 0 over R, and Ry,. If these sequences split after tensor-
ing with Ry, and if Ly, = N, over Ry, then there is a finitely generated projective
R-module S of rank n with an epimorphism S — M.

Proof. We have P, ~ L, ® M, and Q, ~ N, ® M, so we get an isomorphism P, ~
Q, compatible with the maps P, — M, «<— Q,. Let S be the pullback of P —
P, =~ Q, <— Q. This maps to the pullback M of M, — M, = M, «<— M. As
S — M is locally isomorphic to P — M, and Q — M,, it is clear that it has the
required properties. a

Still following Mohan Kumar and Nori we consider the ring

k[.XI,. <Xy Y1, ~7)’n7Z]
(Zxiyi —z(1—2))

This is a smooth domain for n > 1. Let I = (x1,...,X,,2).

B=B,=

Lemma 6.4. Ko(B,) = Z, generated by [B/I). Ifn >0 then A%(B,) = 7Z generated
by B, A"(B,) = Z generated by [B/I], and A'(B,) = 0 for all i # 0,n. For n=0,
A%(By) = Z® 7 and A'(By) = 0 for all i # 0.

Proof. Note that By, = k[x1, ..., X0, Y1, Yn—1,2] X, |] and B/ (x) = By—1[yn]. Us-
ing the localization sequence and invariance under polynomial extensions, we get
all the results easily except that A" (B,) is only shown to be cyclic. As Theorem 6.1
implies that rkKy = rkA* it follows that A*(B,) = Z. See [15] for details and
references. O
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Lemma 6.5. Let I' = (y1,...,yn, 1 —2). Then [B/I' = (—1)"*1[B/I] in Ko(B).

Proof. Let o; be the automorphism of B which switches x; and y; and let 8 be the
automorphism of B which switches z and 1 — z, all generators not mentioned being
fixed. Then I’ = oy --- 0y, B1 so it will suffice to show that all o; and 8 induce
—1 on Ky(B). It is enough to do the case of o and B. Let C = B/(x2,...,x,) =
Bi[y2,...,ya]. The sequence 0 — C -5 C — C/(x1) — 0 shows that [C/(x)] =0
but C/(x;) = B/I®B/(BI) so B induces —1 on Ky(B). Similarly, [C/(z)] =0 and
we have 0 — C/(z) — B/I®B/(0y1) — C/(x1,y1,2) — 0. Since 0 — C/(x;,2) ~
C/(x1,z) — C/(x1,y1,2) — 0, we have [C/(x1,y1,z)] = 0 showing that [B/(oyl)] =
—[B/1].

We recall the result to be proved.

O

Theorem 6.6. Let A = A, (k), where k is a nonzero commutative ring with unit, n is
oddandn >3 . Then P(xy,...,xn) % P(X1,...,%,)"

Proof. For the proof we can assume that k is a field. Recall that P(xy,...,x,)* ~
P(y1,...,yn) by [8, Prop. 14.10]. Let J = ((1—2)x1,...,(1 = 2)Xn,2V1,---,2Vn)
in B. Then J; = (y1,...,yn)B; and Jy_, = (x1,...,x,)B;—;,. We have exact se-
quences 0 - L — B __—J;_;— 0and 0 - N — B} — J; — 0. These split over
B.(1_z) as J;1_;) = By is projective. Now L; = P(xi,...,X,) over B,_; and
Ni—;=P(y1,..-,yn) over B;_;) so L, and Ny _, are induced from P(xy,...,x,) and
P(y1,...,yn) over A by the map A — B,(;_) sending x; to x;/z and y; to y; /(1 —z). If
P(xy,...,x,) is self dual it follows that L, ~ N} _, so by Lemma 6.3, there is a finitely
generated projective B-module O which maps onto J. Therefore, Lemma 6.2 shows
that [B/J] =0 mod (n—1)! in Ko(B). Now z(1 —z) € (x1,...,%:) N (¥1,---,Yn) SO
72(1—z) =722(1 —z) +z(1 —z)* lies in J. Therefore, B/J = B/(J,z) ©B/(J,1 —z) =
B/I®B/I'. By Lemma 6.5, [B/J] = (14 (=1)""))[B/I] =0 mod (n—1)!. As
[B/I] generates Ko(B) = Z, we get 2=0 mod (n— 1)! for n odd which implies
n<3. a

With a bit more effort a similar proof can be given for Corollary 4.5 over any
nonzero commutative ring with unit, see [17]. This also contains an alternative
approach which avoids the use of the Riemann—Roch theorem.
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Homotopy Invariance of the Sheaf Wy,
and of Its Cohomology

I. Panin

Summary A conjecture of F. Morel states that the motivic group 7 o(k) of a field
k coincides with the Grothendieck-Witt group GW (k) of quadratic forms over k
provided that char(k) # 2. Morel’s proof of the conjecture is based among others
on the the following result: the Nisnevich sheaf Wy;s associated with the presheaf
X — W(X) is homotopy invariant and all its Nisnevich cohomology are homotopy
invariant too. A rather short and self-contained proof of the result is given here.

1 Introduction

A conjecture of Morel states that the motivic group m (k) of a field k coincides
with the Grothendieck-Witt group GW (k) of quadratic forms over k provided that
char(k) # 2. Morel’s proof of the conjecture presented in [M] is based, among
other things, on the the following result: the Nisnevich sheaf Wy;s associated with
the presheaf X — W (X) is homotopy invariant and all its Nisnevich cohomology
are homotopy invariant too. A rather short and self-contained proof of the result
is given here. It is inspired by Voevodsky’s paper [V] and may be regarded as an
extended version of the author’s preprint [P]. Other proofs are due to Hornbostel
[H] and Fasel [F].

We consider a field of characteristic different from 2. For an affine k-scheme S
we write W (S) for the Witt group of quadratic spaces over the ring k[S] of regular
functions on S. We consider the big Nisnevich site Smyjs of k-smooth schemes and
the Nisnevich sheaf Wy;s associated with the presheaf X — W (S) on Smy;is. Fur-
thermore, consider the big Zariski site Smz,: of k-smooth schemes and the Zariski
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sheaf Wyz,, associated with the presheaf X — W (S) on Smyz,,. The main aim of the
preprint is to prove the following result.

Main Theorem 1.1. The Nisnevich sheaf Wiis is strictly homotopy invariant. That
is, for each k-smooth variety X one has

(1) Whiis(X) = Wis (X x A1) and

(2) Hf (X, Whis) = HE, (X x AY, Wnis) for p > 0.

Moreover

(3) Wzar = Wnis, that is for any k-smooth X one has Wzar(X) = Whis(X),

(4) HY,, (X, Wzar) = Hi (X, Wnis) for any i > 0.

In particular, the sheaf Wyzy, is strictly homotopy invariant.

The proof of the theorem is based on certain known results concerning Witt groups:
(1.2) For each field extension k' /k one has W (k') = W (A},), see [K] or [OP 00].

(1.3) For a point x € X and the local scheme U = Spec(0x ) the Gersten-Witt
complex

0— W(Ox.) = WkX)) = T Wk(») = T Wkiz) = -
yeu U@

is exact by [B].
(1.4) For each field extension k' /k and each open U C A}(, there is an exact sequence
of Witt groups (see [L, Thm. IX.3.1])

0 W(U) - WK@) 2= TTWK () — 0.

xeU

We first provide a proof of the main theorem under the assumption that the ground
field is perfect and infinite. This is done in Sects. 2 to 4. Eventually, in Sects. 5 and 6
we prove the main theorem for an arbitrary ground field. For that we use arguments
based on the behavior of the Scharlau trace for odd-degree extensions of fields.

2 Voevodsky Trick

Suppose that the ground field & is perfect and infinite. Let .# be a homotopy in-
variant Nisnevich sheaf on the big Nisnevich site Smyjs. Assume furthermore that
for an integer j > O the functors Hi;(—,.%) are homotopy invariant for each i < j.
Finally, assume that for each field extension k' /k one has H; (A},, Znis) = 0 for
i > 0. The following result is extracted from [V, Sect. 4.6].

Theorem 2.1 (Voevodsky trick). Suppose for each essentially smooth local scheme
U and each essentially smooth divisor D on U the map

HL, (Ux A7) — H]. (U—-D)x A',.%)
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is injective. Then for each (essentially) k-smooth X
Ker [Hl (X x AL,.7) % H]. (X,.7)] = 0.

The proof requires auxiliary results.

Lemma 2.2. The Leray spectral sequence for the projection p : X x A! — X gives
rise to a short exact sequence

{0} - HIG[s(XvRop*(‘gz)) i HI{IB(X X Al"g\) - HI(\)Ils(XvR]p*(‘g\))

Moreover, Rp.(F) = F and o = p*.

Set Al (X x A!,F) = Ker [H, (X xA',7) . 1l (x, 7).
Lemma 2.3. The map B : AL, (X x A',.7) — HY, (X,RIp.(F)) is injective.
This follows from Lemma 2.2.

Lemma 2.4. Under the hypotheses of Theorem 2.1 for each essentially smooth
closed Z C X the map

B (X < AL F) = B (X =Z) x AL, .7)
is injective.
Proof. Consider the commutative diagram

AL (X xALZ)  —P HY (X,Rip.(7))

l I

Al (X —Z)x AL Z) —L H, (X —Z,Rip.(7)).

The horizontal arrows are both injective by Lemma 2.3. For each x € X and
U = Spec(Ox ) there exists an essentially smooth divisor D in U containing
ZNU. Moreover, the map HI{HS(U x Al.F) — HI{HS((U —D) x A!,.Z) is injec-
tive. Thus for the open inclusion j : X —Z — X the adjunction sheaf morphism
Rip.(F) — j.j*RIp.(.F) is injective. Taking the global sections we get the injec-
tivity of the right-hand side vertical arrow in the last diagram. The lemma follows.

O

Lemma 2.5. Under the hypotheses of Theorem 2.1 for each closed Z C X the map
A (X x AL F) — B (X ~2) x A1, F)

is injective.
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Proof. Take an elementa € Ay, (X x A',.7) with al(x—zyxar = 0 and consider the
singular locus Sing(Z) of Z. It is a proper closed subset of Z because the field k is
perfect. Applying Lemma 2.4 to the pair (X1, Z(1)) := (X — Sing(Z), Z — Sing(Z))
and the element a'!) = aly) we conclude that 0 = alx_gjne(z) = a!). Replace Z by
Sing(Z) and Sing(Z) by Sing(Sing(Z)). Since k is perfect Sing(Sing(Z)) is a proper
closed subset of Sing(Z). Applying Lemma 2.4 to the pair

(X — Sing(Sing(Z)), Sing(Z) — Sing(Sing(Z))

we conclude that a|sting(Sing(Z)) = 0. Repeating the process several times we
geta=0. O

Proof (of Theorem 2.1). Let a € AL, (X x A',.7). As HJ (A}((X),ﬁ) = 0 there
exists a closed Z in X such that a vanishes on (X —Z) x A!. Lemma 2.5 completes
the proof of the Theorem. a

3 Auxiliary Results

In this section we prove some auxiliary results.

Lemma 3.1. For an essentially k-smooth scheme X one has

Wzar(X) = ﬂ W(ﬁch) C W(k(X)),
xex()

where the intersection is taken over all codimension-one points x in X.
Proof. The proof is immediate from (1.3). a

Corollary 3.2. For an essentially k-smooth variety X and an open imbedding U C X
the pull-back map
WZar(X) — WZar(U)

is injective.

Lemma 3.3. For each field extension k' [k the restriction of the presheaf W to the
affine line A,i, is already a Zariski sheaf and even a Nisnevich sheaf.

Proof. For any open U C A}(, one has an exact sequence of Witt groups (see (1.4))

0— W(U) — WK (1) 2= TTW K (x) — 0.

xeU

This sequence and Lemma 3.1 shows that W(U) = Wz, (U). By Lemma 4.1
Wzar(U) = Wnis(U). The lemma follows. O
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Corollary 3.4. The following hold:
(1) W‘(A}c,) = WZa,(A}C,)‘: Whis(A}).
(2) Hyy (A}, Wrar) = Hi (AL, Wais) = 0 for all i > 0.

Proof. The first assertion is clear. To prove the second one consider the sequence
of Zariski sheaves on A,L

0 — Wy — WK (1)) 225 [ Tiwe WK (x)) — 0.
xeU
(The middle term here is considered as a constant sheaf.) The sequence is exact by
property (1.4), so it can be considered as a flabby resolution of the sheaf Wz, on A}(,.
As the sequence of global sections on A}C, is exact too, the Zariski cohomology

Héar(A,i,,WZa,) vanishes for i > 0. The same arguments work for the Nisnevich
sheaf Wyjs. O

4 Proof of the Main Theorem

Lemma 4.1. The Zariski sheaf Wz, coincides with the Nisnevich sheaf Wyis.

Proof. Tt suffices to prove that for an elementary Nisnevich square (see [MV, Prop.
3.1.4)])

PR

X U
”l lq
X —L v
the sequence
P*"Fj* ~ q*_j’-‘* ~
0— WZar(X) B WZar(X) @ WZar(U) E— WZar(U) 1)

is exact. Recall that the square is elementary if it is Cartesian with an open inclusion
J and an etale morphism p such that p induces an isomorphism of the reduced closed
subschemes X — U and X — U.

The maps j* and j* are injective by Corollary 3.2. So to prove the exactness of
the sequence (1) it suffices to check that for a pair (@,b) € Wz (X) & Wz, (U) with
J*(@) = q*(b) there exist an a € Wz, (X) such that p*(a) = d and j*(a) = b.

Claim: The element b € Wy, (U) C W (k(X)) belongs to the subgroup Wz (X).
Given the claim, set a = b € Wz, (X). Since j* is injective this a is the required
element.

It remains to check that the claim holds. To do that it suffices to check that for
any codimension-one point x € X the element b belongs to W (0% ) (see Lemma
3.1). This is the case if x € U. So we may assume that x € ZN X and consider the
cartesian square
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Spec(6y ) —L— Spec(k(X))

pl lq
Spec(Ox x) — Spec(k(X))

which is the pull back of the square earlier by means of the morphism
Spec(Ox x) — X. The last square gives rise to a diagram of the Witt groups.

i* resz

0—— W(Os.) —1= Wk(X)) —Z= W (k(x) — 0

N

0 ——=W(Ox o) ——=W(k(X)) —"> W(k(x)) —>0

The rows in the diagram are short exact sequences. The residue maps are defined
by local parameters in the discrete valuation ring Ox ; and 0% . Choosing a local
parameter T € Oy we get a local parameter # = p*(r) € ﬁ}g’x. This choice of
local parameters makes the last diagram commutative. Since ¢*(b) = j*(d) one has
resz(¢*(b)) = 0. Thus res(b) = 0 and b belongs to W (Ox ). The claim follows,
whence the lemma. g

Lemma 4.2. For a k-smooth scheme X and a closed subset Z C X let HE(—, Whis)
be the Nisnevich sheaf associated with the presheaf U — Hy, (U, Wnis). For each
smooth principal divisor i : D — X one has:

(1) The sheaves ijl (X, Whnis) and i.(Wnis) on X are isomorphic.
(2) HPH(X, Wnis) =0 fori# 1.

Proof. This proof is the most difficult one in this section. One can give a self-
contained proof based on the trace method used in the proof of [OP 99, Thm. B].
However, now we give a proof by a reference to [BGPW, Proof of Thm. 4.4].

Let GWC(X) and GWC(X, D) be the Gersten-Witt complex of X and of X with
the supports on D, respectively [BGPW, Def. 3.1]. A choice of the equation defining
the divisor D identifies the Gersten-Witt complexes GWC(X,D) and GWC(D)[1]
by [BGPW, Lemma 3.3]. Thus, H(GWC(X,D)) = H~'(GWC(D)) for all i > 0.
The Gersten-Witt complex GWC(X) (respectively GWC(D)) is the complex of the
global sections of a flabby resolution of the Nisnevich sheaf Wy on X (respectively
on D) [BGPW, Proof of Lemma 4.2]. Thus

Hp (X, Wyis) = H'(GWC(X,D)) = H/(GWC(D)) = H'™" (D, Wxis).

Thus one has Hj(X,Wnis) = H'~!(D,Wnis). In the case of essentially k-smooth
local Henselian X and i # 1 the group H'~'(D,Wy;s) vanishes by [B, Theorem
4.2] (use property (1.3)). This proves the second assertion of the lemma. The
first one follows from the functoriality of the isomorphisms H})ﬁU (U, Wnis) =
H°(DNU,Wnis) = H°(U, i, Wais ), where U runs over Zariski open subsets of X. [
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Proof (of the main theorem in the case of a perfect and infinite ground field). The
outline of our proof follows [V, Proof of Thm. 5.6 or better to say the arguments on
pages 122—123]. We check first that the Nisnevich sheaf Wy is homotopy invariant.
For a smooth X consider the diagram

WN“(XXA) —’ WN]S( [1()()) —— W(Ali(X))

ié,xl i k(x) l l’o,ux)

WaisX) L k(X)) 2 W(k(X)

with pull-back mappings J* and j*. The maps “can” are isomorphisms by Lemma
3.3. The right-hand side iS,k(X) is an isomorphism by (1.2). Thus, the middle arrow
iak(X) is an isomorphism too. The map J* is injective by Corollary 3.2. Thus, the
map iy y is injective too. Obviously ij y is surjective. Thus, it is an isomorphism
and p*’: Whis(X) — Whis (X x A1) is an'isomorphism too. The homotopy invariance
follows.

We now prove the homotopy invariance of Hlllis(_7WNiS)' The Leray spectral
sequence for the projection p : X x A! — X gives rise to a short exact sequence of
groups

B
0 — Hyi (X, R'p.(Whis)) = Hiig (X x A1, Whis) = Hyio(X,R' p.(Whvis ).

By the homotopy invariance of the sheaf Wiis the group Hy (X, R%p.(Wiis)) co-
incides with Hy, (X, Wyis) and oo = p*. To show that p* is an isomorphism it
suffices to check that the Nisnevich sheaf R! p«(Wnis) vanishes. For that it re-
mains to show that for a Henselian essentially smooth local scheme X one has
H]lhq(X X AI,WNiS) =0.

Since HIEHS(A}((X) ,Wnis) = 0 by Corollary 3.4, it suffices to check that the map

Hlllis (X X AlﬂwNiS) - HIEIiS(AIIc(XVWNiS)

is injective. By the Voevodsky trick 2.1 it suffices to check that for a smooth divisor
i:D — X the map

Hyio (X x A' Wayis) — Hyis (X — D) x A Whis)

is injective. For that it suffices to verify that the boundary map

HY. (X — D) x A WN,S)LUH1 X x A!, Whis)

><A'(

from the localization sequence is surjective. To prove this we need auxiliary
lemmas.

Lemma 4.3. For any essentially k-smooth scheme S and its closed subscheme Z the
map
¥ Hy (S, Wais) — H(S, 7 (—, Whis))



332 L. Panin

is an isomorphism, where ,%ﬂzl (—,Whis) is the Nisnevich sheaf associated with the
presheaf U — H,; (U, Wnis).

Proof. In fact, the map 7 fits in the exact sequence
0 — H' (8,75 (Whis)) — H(S, Wais) T HO(S, 7 (Wais)) — H> (S, 75 (W)
and the sheaf J@O(WNiS) = j‘fzo(—, Wiis) vanishes by Corollary 3.2. O

Lemma 4.4. The map p* : HO(X, 77 (Wis)) — HO(X x A',.2))  (Whis)) is an
isomorphism.

Proof. Let i : D — X be the closed imbedding. Lemma 4.2, the commutative

diagram

Whis (D x A1) —— HO(X x Al (i x id) W) — HO(X x A1, 26} | (Waiy))

Whiis (D) ——— HO(X,i.Wxis) — HO(X, 7} (Whis)),

and the homotopy invariance of the sheaf Wyjs prove the lemma. a

Lemma 4.5. For the Henselian local scheme X the boundary map 0 : Wyis(X — D)

2, H)(X, Whis) is surjective.

Proof. In fact, the next term in the localization sequence is Hy; (X, Wxis). It van-
ishes, because X is local for the Nisnevich topology. a

To complete the proof of the homotopy invariance of Hlllis (—, Whis) consider the

commutative diagram

1 Tal
Wais(X = D) x A1) ——H} (X x A" Wyis) —— HO(X x A", ) | (Whis))

P)
Whiis (X — D) ———— H} (X, Whis) HO(X, 75 (Wnis)).-

<

The maps y and 7,1 are isomorphisms by Lemma 4.3. The right-hand side map p*
is an isomorphism by Lemma 4.4. Thus, the middle arrow p* is an isomorphism
too. As d is a surjection the map dy is surjective too. The homotopy invariance of
Hyi (—, Whis) is proved.

Now prove the homotopy invariance of H{; (—, Wnis) for i > 1. We proceed by
induction on i. So assuming that the homotopy invariance holds for all i < j prove
it for i = j. The Leray spectral sequence for the projection p and the inductive
hypothesis give the following short exact sequence

{0} - HI{Iis (XaROP* (WNiS)) = HI{Iis (X X AlaWNiS) E’ HI(\)Iis(X7ij* (WNiS))-
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By the homotopy invariance of the sheaf Wy;s the group HI{HS 0.4 RO p«(Whnis)) coin-

cides with HI{HS (X,Whnis) and o = p*. To show that p* is an isomorphism it suffices

to check that the Nisnevich sheaf R’ p, (Wxis) vanishes. For that it remains to show

that for a Henselian essentially smooth scheme X one has HI{“S(X x Al Whis) = 0.
As HI{HS(A}C()O ,Wnis) = 0 by Corollary 3.4, it suffices to check that the map

HI{Iis (X x A", Whis) — HI{Iis(A}((X)aWNis)

is injective. By the Voevodsky trick 2.1 it suffices to check that for an essentially
smooth divisor i : D < X on an essentially smooth Henselian scheme X the map

HYi (X x AY Wais) — Hi (X — D) x A, Wais)

is injective. The localization sequence shows that it remains to check the vanishing
of the group ng Al (X x A!,Wnis) in this case. The spectral sequence

E;q = HP(X X Alaj%]XAl (_7WNiS)) = Hll;;tjil (X X A17WNiS)

J
shows that the group Hy_ .,

(X x A, Whis) vanishes if for all pairs (p,q) with p +

q = j the group Héx Al (XX A, Wnis) vanishes. The sheaves Jfgx A1 (Whis) vanish

for g # 1 by (4.2). The sheaf H) 1 (Wnis)) 1s isomorphic by Lemma 4.2 to the
y DxA phic by

sheaf (i x id)Wx;is on X x A!. Thus one has a chain of isomorphisms
HITY X AL ) (Whis)) 2 HITH (X <AL, (i x id) Whis) = HT 1 (D x AT, W)

By the inductive hypothesis, H/~!(D x A',Wyis) = H/~'(D,Why;s) and the last
group vanishes because D is local Henselian and j — 1 > 0. Thus for local essen-
tially smooth Henselian X the group ng A (XX A, Wyis) vanishes. The inductive
step is checked. The homotopy invariance is proved.

It remains to prove that for any i > 0 one has Hj, (X, Wzar) = Hi: (X, Whis)-
Since Wnis = Wzar, this immediately follows from the remark on the flabby Gersten
resolution earlier in the proof of Lemma 4.2. a

S The Case of an Imperfect Ground Field

Assume k is imperfect. Let K/k be an algebraic extension with K perfect.

Lemma 5.1. For any k-smooth variety X the map HI’;HS (X, Wnis) — HI’;HS (Xk, Whis)
is injective.
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Assuming the lemma, we complete the proof of the strict homotopy invariance
as follows. Consider the commutative diagram

i E i
HNis(XXAlvaiS) - HNig((XXAI)IOWNis)

" "
lo.x l l’ox,(

ex

Hi (X, Wnis)  ———  Hi (Xk, Whis)

where the maps Ex and ex are induced by the scalar extension K /k. The map i(*)‘XK is
an isomorphism because the main theorem was proved in Sect. 3 for a perfect field.
The map Ex is injective by the lemma. Thus ij y is injective too. Clearly ij y is
surjective. Thus ij y is an isomorphism and p* is an isomorphism too. The strict

homotopy invariance follows. It remains to prove the lemma.

Proof (of Lemma 5.1). We may replace the field extension K /k by a finite purely
inseparable extension [ /k and even by an extension with [ = k(al/ P) for some a € k.
For such an /, set o = a'/? and consider the k-linear map tr: [ — k given by o — 0
fori=0,1,...,p—2and o’ — 1. For a k-smooth variety X set

Try =tr®@id : [(X) = [ @ k(X) — k@ k(X) = k(X).

The map Tr induces [OP99, Sect. 3] a group homomorphism Tr : W(I(X)) —
W (k(X)), which in turn induces a Nisnevich sheaf homomorphism Tr : 7, (Wxis) —
Whis- A simple computation shows that it takes the class [(1),] of the space (1), to
the class of the space (1).

Let 7 : X; — X be the morphism induced by Spec(/) — Spec(k). We claim that
the sheaves R/, (Whis) vanish for j > 0. In fact, the stalk of R/m.(Wy;s) over a
point x € X is the group HI{HS(X)? @y I, Wniis), where X' is the Henselization of the
local scheme Spec(&x ) at its closed point. The scheme X! ®; [ is Henselian and
semilocal. Thus, it is a disjoint union of local Henselian schemes. These are local
for the Nisnevich topology, so their Nisnevich cohomology vanishes.

Since the sheaves R/, (Wxis) vanish for j > 0 the boundary effect

Hio (X, RO, (Whis)) — Hiis (X1, Whais)

in the Leray spectral sequence HI{HS(X R, (Whis)) = HII\;’ (X, Wnis) is an isomor-
phism. Composing the inverse isomorphism with the map induced by the trace map
Tr : 7. (Whis) — Wivis we get a map Tr 0 H{; (X7, Wis) — Hyio (X, Wais )

By the projection formulae the composition

Troex : Hiy (X, Wis) — Higs (X, Whis)

coincides with the multiplication by (1). Thus it is the identity and the map ex :
H{; (X, Whis) — Hy; (X1, Whiis ) is injective. The lemma follows. ad
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6 The Case of a Finite Ground Field %

Let p > 0 be the characteristic of the finite field k. Let [ be an odd prime number
different from p. Let K/k be an infinite Galois extension with Galois group equal
to the /-adic integers Z;. The field K is perfect and infinite. Thus, the main theorem
holds for varieties over K. Now applying literally arguments from Sect.5 we get
the main theorem in the case of smooth varieties over the field k. Whence the main
theorem.
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Imbedding Quasi-split Groups
in Isotropic Groups

M.S. Raghunathan

Summary Borel and Tits have shown that in any isotropic absolutely almost simple
simply connected linear algebraic group G over a field k contains a k-split semisim-
ple k-subgroup containing a maximal k-split torus 7 of G as well as arbitrarily cho-
sen k-points in the root-groups (with respect to 7) corresponding to the roots in a
simple system of the reduced system of k-roots of G. In this paper we prove that
one can in fact imbed somewhat larger quasi-split groups in isotropic groups when
the characteristic of k is different from 2.

1 Introduction

Let k be a field of characteristic different from 2. Let G be an absolutely almost
simple simply connected linear algebraic group defined over k. Let g denote the Lie
algebra of G. Let T be a maximal k-split torus in G and t the Lie subalgebra of g cor-
responding to 7. Let X*(T) (respectively, X.(T')) denote the character (respectively,
co-character) group of 7' and @ C X*(T) denote the k-roots of G with respect
to T: g decomposes under the adjoint action of T into a direct sum of 3(T), the
space of T-fixed vectors in g, and the eigenspaces of T corresponding to the (eigen-
)characters in @. In the sequel we will call the k-roots simply roots (with respect
to T'). The (k-)root system @ is irreducible as G is almost simple over an algebraic
closure of k [4, 2.5]. For a in @, the root-space of o (= eigenspace for T corre-
sponding to @) is denoted g. The groups X*(T) and X,.(T') are both isomorphic to
7! and are canonically dual to each other; here / = dim T is by definition the k-rank
of G . We denote by @+ (respectively, A) the set of positive (respectively, simple
roots) of G with respect to an ordering on X*(7T'). For o in @ let U, be the unique
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unipotent k-subgroup of G normalised by T'; it has for its Lie algebra u, the sum of
all the root-spaces corresponding to the roots of the form n.c, n a positive integer. It
is known that for ¢ in @, the only positive integral multiples of ¢ that can be roots
are ¢ and 2¢r. A root ¢ is multipliable if and only if 2¢¢ is a root. Note that if ¢ is not
multipliable, 1y = g and the group Uy, is abelian. The set A contains at most one
multipliable root. With this notation we can formulate the main result of this note.

Theorem 1. Let B be a root in A. Assume that it is multipliable if there is a mul-
tipliable root in A. For each o in A, let uy # 1, be an element of Uy. Let uh
be any element of Ug if B is nonmultipliable; if B is multipliable, set uh = ug.
Let J be the set {uq | o0 € A}. Then there is a finite extension K of k, an abso-
lutely almost simple quasi-split linear algebraic group H over K and a k-morphism
F :H' = Rg/(H) — G with the following properties: there is a maximal k-split
torus T' in H' such that F restricted to T' is an isogeny from T' to T and J as well
as ”‘23 is contained in F (H'(k)).

Remarks. Here Ry Ik is the Weil restriction of scalars functor from the category
of K-varieties to the category of k-varieties. If uh = ug with § nonmultipliable or
if u;; is in U,p, we recover a theorem of Borel-Tits [1, Theorem 7.2]; in this case
moreover, k = K. However the proof in Borel-Tits for this special case is much
more satisfactory: unlike the proof here it makes no use of the classification of
semisimple groups over k (Tits [4]); nor is there a restriction on the characteristic.
Actually, the proof given later for the classical groups works also in characteristic 2
for groups of type other than B,,, n > 2 and D, n > 3. The proof for the exceptional
cases is reduced to that of classical groups, sometimes of the earlier two types. It
seems likely that the result is true in the case of characteristic 2 as well but would
need more delicate arguments. The special case of Theorem 1 when the k-rank of G
is 1 is dealt with in Raghunathan [3, Appendix]. One expects that this theorem may
be helpful in obtaining refined results about the classification of isotropic groups.

2 Classical Groups

2.1 Notation

We continue with the notation introduced earlier. Further L will denote a field
containing k and for an algebraic k-group H, H(L) will denote the L-points of H.
An algebraic k-group is uniquely determined if its L-points are specified for every
field L containing k. In the sequel we will often define a k-subgroup of G by simply
describing its L-points for all L containing k. Also, characters on a k-torus will be
defined by specifying their values on L-points of the torus.
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If G is quasi-split, there is evidently nothing to prove. In the sequel we assume
therefore that G is not quasi-split. We also assume (as we may) the following: if 8
is nonmultipliable, uk #+ ug and if 2 is a root, u;; (= uﬁ) is not contained in Usg:
the case ”23 €Uy is covered by [1, Theorem 7.2].

2.2 Type 'A,

The assumption char(k) # 2 is not needed here. Every absolutely almost simple
simply connected k-group G of (inner) type 'A,, (n, a positive integer, is the rank of
G over an algebraic closure of k) of k-rank [ has the following description. There
is a central division algebra D over k of degree d, a divisor of n+ 1 with [ 41 =
(n+1)/d, such that G is isomorphic over k to SL; (D). For a field L containing k,
the group G(L) is the Special Linear group SL(I 4+ 1,D®L) of (I4+1) x (I+ 1)-
matrices with entries in D ® L of (Dieudonné) determinant 1.

Let T be the torus in G for which the L-points 7' (L) are the diagonal matrices in
G(L) with entries in L; it is a maximal k-split torus of G. The roots of G with respect
to T are the characters ¢ j, 1 <i# j <[+ 1, defined as follows: for the diagonal
matrix 7 in 7'(L) with diagonal entries #1,t,...,5; put o; ;(f) = titj-_l. A positive
system is given by the collection {¢; ; | i < j} and the corresponding simple system
A={04;41 |1 <i<lI}. Fori#j,1<i,j<I+1,thegroup Uy (L) is then precisely
{1+b.E; j| b e D®L} where E; ; is the matrix whose (i, j)-th entry is 1 and all other
entries are zero. The elements uy, 0t € A, are thus of the form 1+ b;.E; ;11 with b; in
D,1<i<l Forl <i<lI sett;=b;.bji1.bj1....b;1. Let be the diagonal matrix
whose i-th diagonal entry is #;. Then if we replace the u by their conjugates under
71, we see that they are all in SL(/ + 1,k). Let 8 = ;1 and Uy =1+b.E;js1 with
b € D (after the conjugation by b 1).

Let K be the field generated by k and b. Then we take H to be the K-group
SL;+1 x and we have an obvious morphism of Rg /k(H ) in G satisfying the required
conditions. This proves the theorem for groups of inner type A,,.

2.3 Type B,;,n>?2

In this case, the assumption char(k) # 2 is used. The group G is the Spin Group of a
nondegenerate quadratic form g of Witt-index / on a (2n + 1)-dimensional k-vector
space V. Let B = B, be the bilinear form associated to ¢: for v,w in V, 2.B(v,w) =
qg(v+w)—q(v)—q(w). Fix abasis {e; | 1 <i<2n+ 1} of V such that the following
hold:

1. For1 <i,j<land2n+2—1<i,j<2n+1,B(e;e;)=0.
2. For1<i,j< l,B(ei,eszrz,j) =6
3. For1 <i<lor2n+2—-1<i<2n+landi+1<j<2n+1-1, B(e;e;)=0.
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The basis enables us to identify G’ (L) (for G’ the Special Orthogonal Group of ¢)
as a subgroup of GL(2n+ 1,L). Let & : G — G’ be the natural map. We take for
T the inverse image under 7 of the subgroup T’ of G’ for which T’(L) consists of
diagonal matrices 7 (in G'(L)) with the i-thentry ; = 1 if [+ 1 <i<2n+1—1[and
Tonto—i = tl._l witht; # 0 for 1 <i </ For 1 <i <, let ¢t; be the character on T’
defined by setting o;(f) = t;/t;+1 for 7 in T(L). Also define oy by () =1,. By
composing the ¢; with = we get characters on 7" which also we denote by ¢;. Then
A ={o;| 1 <i<I}isasimple system for an order on X (7). It is easily seen that
A has no multipliable root.

For 1 <i </, one has ug,(ej) =e; if j#i+1 or 2n+2 —i while ug,(eir1) =
eir1+eix; and ug;(€xny2—i) = €ant2—i — €ony1—i-X; With x; in k. Next, ug, (e;) = e;
for1 <j<land2n+1—1<i<2n. Also,onehasuy(ej)=¢j+e.yjfori+1<
J<2n+1—1withy;in k and ug,(€2p42-1) = €ap42—1+ v+ e.c with v in E and
¢ in k. Changing the basis {e; | [+ 1 <i <2n+1—i} of E, if necessary, we can
assume that v = ¢;1;. It follows then that ug, (e2,42-1) = €244+2-1 + €141 +¢;.c and
yij=0for/+2<j<2n+1-1L

Now if 3 is one of the o; with i <[ then (since Uy, is 1-dimensional), the Special
Orthogonal Group of the restriction of ¢ to the k-linear span W of the {¢; | 1 <i <[}
and the {e; | 2n+2 —1 <i < 2n+ 1} is split and the corresponding Spin Group is the
requisite quasi-split subgroup. If B = oy and uh (ernin1) = eania_i+wtend, let
W be the k-linear span of {¢; | | <i<e; 1}, wand {e; | exin; <i<2n+1. The
Special Orthogonal Group of the quadratic form ¢ restricted to W is then quasi-split
and its Spin Group is the required H.

2.4 Groups of Type ’A,, C,,, and 'D,, *D,, n > 3

Suppose now that G is a classical group but is not of inner type A, or B,,. We assume
that G is not quasi-split. (The proof later works also if char(k) = 2, provided that G
is not of type D,, n > 3.) One has, in these cases the following uniform description
of G. There is an extension field k' of k of degree at most 2, a central division
algebra D of degree d over kK’ with a k-linear involution ¢ (which is nontrivial if
D # k') whose restriction to k' is trivial or the Galois conjugation according as k' = k
or [k/ : k] = 2, a right vector space V over D (of dimension N, say, where N is
necessarily even when k = k' = D) and a nondegenerate o-hermitian symmetric
bilinear form / on V such that G is the simply connected cover of the Special Unitary
Group SU (h) of h. Further G is of k-rank [ if and only if 4 has Witt-index /. Our
conventions are such that 4 : V x V — D satisfies the following conditions: 7 is
biadditive and h(v.x,w.y) = o(x).h(v,w).y for v,w in V and x,y in D. Note that
when k = k' = D, G is the spin group of a quadratic form in an even number N of
variables. Also when G is of type Cy,, k = k' and we assume as we may that D # k:
if k = D, the group is split which we have excluded.
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Now V admits a basis {e; | 1 <i <N} (over D) such that the following conditions
hold. Setv; =e¢;y; for 1 <i<mwherem =N —2[land for | <i<I[, fi =ent1-i.
We then have

1. h(ei,e;) =h(fi,fj) =0forl <i j<l

2. /’l(e,',fj) = 5,'j forl1 <i,j,<lI.

3. h(ei,vj)=h(fi,v;)=0for1 <i<land1<j<m.
4. h(vi,v;) =0for1 <i,j<mwithi#j.

Further, for any w in the D-linear span W of {v; | 1 <i < m}, h(w,w) #£ 0.

In the sequel, elements of SU (h)(L) will be regarded as matrices with entries in
D @y L with respect to this basis. We define a maximal k-split torus 7" in SU (h)
as follows. An element of 7'(L) is a (D ® L)-linear automorphism b of V & L for
which we have b(e;) = e;.b; with b; in L; further b; = 1 for [ 41 <i < [ 4 m and for
1<i<l,byyi-i= G(b,‘)il.

For 1 <i < 1, let o; denote the character on T’ defined by setting o;(b) = b; /b; 11
for bin T(L). Let oy (b) = b; or b? according as m >0 orm =0. Let 7 : G — SU (h)
be the natural projection and T the inverse image of 7’ in G under w. Then T
is a maximal k-split torus in G. We treat characters on 7’ as characters on T by
composing them with . Then A = {@; | 1 <i <1} is a simple system of k-roots of
G with respect to T for a suitable order on X (T'). We note that if m > 0, the root ¢
is multipliable (and 2¢y is a root). Also, if m = 0, no root in A is multipliable.

Suppose now that i is such that 1 <i <1 and ug, # 1. Then one has uq(e;) =
ej for j#i+1 or N—i+1 while ug((ej+1) = €11 + e;.x; for some x; # 0 in D
and ug,(en—it1) = en—it1 —en—i.0(x;). Next, when m = 0 one has ug,(e;) = ¢;
if i #1+1 and ug,(e;41) = e;41 + ¢;.x; with x; € D. Also in this case no root is
multipliable. If m > 0, 2¢y is a root and we have ug,(e;) = ¢; unless [ +1 <i <1+
m+1 while ug,(e4;) = €4 j+e.y;for 1 < j <mand ug, (e;1my1) = €4m1+wo+
e;.c with y; € D and wy a vector in the D-linear span W of {e; | [+1 <i <I+m}.

Assume now that m = 0 so that N = 2/. Let b be the diagonal matrix in U (h)
whose i-th entry b; = 1.x1.x....x;_ for 1 <i <[ (and byyi_; = o(b;)~"). Replacing
the uq, by their conjugates under b we see that we may assume that x; = 1 for
1 <i<I—1. Wesetx; =x. Relative to the basis {¢} =e;.x | 1 <i<I} U{fi|[+1<
i < N}, the elements u, are seen to be in GL(N, k). The element x is a symmetric
or antisymmetric element in D and the assignment of x~'.¢(b).x to each b in D
is again an involution ‘¢’ and 'h(v,w) = x~".h(v,w), for v,w in V, is a hermitian
or antihermitian form on V with respect to the involution 'c. If x is symmetric
(respectively, antisymmetric) for o, 'h is symmetric or antisymmetric (respectively,
antisymmetric or symmetric) according as 4 is symmetric or antisymmetric.

Now G’ is also the Special Unitary Group SU('h). One now has 'h(e],¢’) =
'n(fi,fj) =0, for 1 <i,j <1 andh(e;, f;) = 6;;. The form 'h is thus obtained as
an extension of a split nondegenerate symmetric or antisymmetric bilinear form B
(over k) on W = kY, the k-span of {e/ | 1 <i <[} and {f; | 1< j<I} (we have
N = 21, since m = 0) as a hermitian-symmetric or antisymmetric form to V = DV.
The elements u,, are now easily seen to be k-points in the quasi-split group over k
that preserves B.
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Let B = o, 1 <i<[. We assume, as we may, that ug # Ug;. Then ug (ej) =e¢;j
for j#i+1 and j # N —i while ug (ei+1) = eir1 + ey and ug (en—i) = en—i —
ey—_i—1-y with y a symmetric or antisymmetric element in D for 'c. Let L be the
field generated by y over k. Then L is o stable and we denote by K the fixed field
of ‘o in L. Clearly L = K or L is a quadratic extension of K. Let 'V be the L vector
space spanned by the ¢/ and the f;, 1 <, j <[. Then h restricted to 'V (= h*, say)
is a nondegenerate hermitian symmetric or antisymmetric bilinear form if L/K is
quadratic — this is the case if char(k) # 2 and y is antisymmetric. If L = K (which is
the case if char(k) = 2), 'h is a non-degenerate alternating form on 'V (denoted /*).
We can now take for H the Special Unitary or the Symplectic Group of 4* (over K).

We now take up the case m > 0. In this case, we have ug, (e;) = ¢; unless [ +
1 <i<Il+m+1 while ug,(e4;) = e;rj+ep.y; with y; in D for 1 < j < m and
Uoy (€1 4m+1) = €4m+1+wo +e;.c with ¢ in D and w a vector in the D-linear span W
of {e;|I+1 <i<I+m}. We assume (as we may by changing the basis {v; = e, |
1<i<m}of W)that vi = ¢, = wp. Let A = h(e;y1,e/11). Define’c: D — D
by ‘c(x) = A~ ".o(x).A; then o is again an involution of D. Consider now the
form’h:V x V — D defined by setting 'h(v,v') = h(v,V') for v,/ in V. Then A is a
hermitian symmetric or antisymmetric form on V for the involution’c and G is also
the Special Unitary group of this hermitian form. In the sequel we replace ¢ and h
by 'c and ’h and thus denote the latter by ¢ and h, respectively.

We now have ug, (€/4m+1) = €14mr1 + €141 +e.c and ug,(e11) = ejp1 — ey
That u, leaves h invariant implies that y; = —1 and c+0(c)+1=00rc—oc(c) =0
according as & is symmetric or antisymmetric and char(k) # 2. Now let b be the di-
agonal matrix in the Unitary Group U (h) of H whose i-th diagonal entry is b; where
bi=1forl <i<Il+m+1 and for 1 <i< I, b; = x;.xj+1.Xi+2....x—1. Replac-
ing the ug, by their conjugates by b~!, we see that we may assume that x; = 1 for
1 <i< I (while y; = —1 and ¢ remain unchanged). Note that since ¢y is multipli-
able, uh = uq,. Let L be the field generated by ¢ over k and K the fixed field for o
in L (note that L is o-stable). As 6(c) # ¢, L is a quadratic extension of K. Let W
be the L-linear span of the {e; | 1 <i <[+ 1} and f the restriction of & to W (note
that f takes values in L). We can take H to be the Special Unitary Group SU(f) of
the hermitian form f over L — this is a quasi-split group over K.

3 Exceptional Groups

3.1 Further Notation

We denote by M the anisotropic kernel of G (with respect to 7). This is the k-
subgroup [Z(T),Z(T)].A where Z(T ) is the centraliser of T in G and A is the maximal
anisotropic torus in the centre of Z(T). If A’ is a subset of A, by the k-subgroup
corresponding to A’, we mean the subgroup generated by the {Uy | o« € A’} and
the {Uy | —or € A}. Tt is a connected simply connected semisimple k-subgroup of
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symbol type @y Tits index
ESS A C O)
6
1E61,2 G2 O
Wy me &—C 11
B G C—@ .
E3) BG; N\ ©
E7} G CaaS) O
E79’4 Fy (o A O
8
E87,2 G2 O O
E$S B (© O)
EgY N C AT, O)

Table 1 Tits indices for non-quasi-split exceptional simple groups of k-rank > 2, together with the
type of the relative root system.

G of k-rank the cardinality of A’. The intersection of T with this group has for
its identity connected component a maximal k-split torus in the group. We will
now establish the following result which yields our main theorem for exceptional
groups by an obvious induction argument. The lemma itself will be proved by a
case-by-case check using Tits’ classification together with an induction on dim G and
assuming the result for k-rank 1 groups: the case when the k-rank is 1 is dealt with in
Raghunathan [3]. Table 1 lists the Tits indices for nonquasi-split exceptional groups
of k-rank > 2. The facts that are used in proving Lemma 2 for these exceptional
groups can be read off easily from the Tits indices.
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Lemma 2. Assume that G is an exceptional group over k. Then either there is a
semisimple element X in m(k) where m is the Lie algebra of M such that X is cen-
tralised by uq;, 1 <i <1 and uk but is not centralised by all of G or there is a
k-torus S contained in the anisotropic kernel which centralises the uq, 1 <i <1
and uly. The centraliser of X (respectively, S) is reductive and is of strictly lower
dimension than G.

3.2

We now spell out the induction argument needed to deduce Theorem 1 for excep-
tional groups using Lemma 2. We assume that Theorem 1 holds for all exceptional
groups of dimension <dimG over all fields. Let then G be exceptional. Accord-
ing to the lemma, the uy, 1 <i </ and uk are all in the centraliser G’ of X or
S as the case may be. Let G| be the commutator subgroup of G’. Then G is
semisimple simply connected and of dimension strictly lower than that of G. Fur-
ther G and Gy have T as a common maximal k-split torus. Moreover, as the uq,,
1<i<Iand u% are contained in Gy as well, it follows that G and G; have the
same k-root system viz. @. As @ is irreducible, the group G is k-simple, i.e., it
has no proper connected normal algebraic subgroup defined over k. It follows that
G, is of the form Ry /k(G’l) where K /k is a finite separable extension of k and G
is an absolutely almost simple group over K [4, 3.1.2]. Either G is classical or
it is exceptional and dimg (G}) < dimi(G); thus (in either case) there exists a fi-
nite separable extension L/K, a quasi-split group H{ over L, and a K-morphism
F:H| =Ry /x(H") — G with a split torus mapping isomorphically onto a maximal
split torus and with the uq;, 1 <i </ and uh in the image of F;. We can now take
for H the group Ry /x(Hy) = Ry /i (H").

3.3 Type 1E§82

The k-rank of the group is 2. One reads off from the Tits index that both the simple
roots are nonmultipliable. The centraliser Z(7') of a maximal k-split torus 7 is of
the form 7.M where the isotropic kernel M is a group of type D4 — it can in fact
be identified (assuming that G is simply connected) with the Spin Group Spin(g) of
an anisotropic quadratic form ¢ in eight variables over k; moreover the groups Uy
for o in A are k vector spaces with the action of M on them being the two half-spin
representations. Alternatively, one may think of one of them as the natural represen-
tation of SO(g) and the other as one of the half-spin representations. We assume (as
we may) that 8 = o and that the representation on Up is the natural representation
of SO(q). If uq, and ”23 are not linearly independent we are in the special case dealt

with in Borel-Tits [1]. We assume then that they are linearly independent. Let M’
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denote the centraliser of ug, in M. Then one sees immediately that it can be identi-
fied with Spin(q’) where ¢’ is the restriction of g to the (codimension 1) k-subspace
V of Uy, which is the orthogonal complement of u, in Uy, . Now the representation
of M" on Uy, is the spin representation of this Spin Group Spin(g’).

3.4

We now examine the spin representation of M’ more closely. Fix a maximal torus S
in M’. Then over an algebraic closure k of k, the representation space W = Ug,
decomposes into 1-dimensional eigenspaces for S. We fix a simple system of
(absolute) roots (of M’ with respect to ) {6; | 1 <i <3} and let B, denote the Borel
subgroup determined by this simple system. Let A+ denote the highest weight in W
for this simple root-system and e a nonzero highest weight vector. Let X denote the
orbit of e under M’ and f : M’ — X the orbit map. One checks easily that the map
has rank 7 (everywhere) on M’. Now if v is any nonzero vector in W (k), the set
k*.B. (v) contains e in its closure. A semicontinuity argument now shows that the
rank of the orbit map for any nonzero vector in W (k) is greater than equal to 7.

Now there is a nondegenerate anisotropic quadratic form ‘g (over k) on W which
is invariant under M, hence under M’. Thus the orbit of v is contained in the set
{weW |'q(w) ="g(v)}, a subvariety of codimension 1 (hence of dimension 7). It
follows now that the isotropy subgroup H, in M’ for any v # 0 in M’ (k) is defined
over k and has dimension 14. Moreover over k the isotropy groups at all points
in Q = {we W |’q(w) # 0} are all conjugates. One concludes from this that the
group H, is semisimple of type G»; and setting H = Hy,,, we see that H is an
anisotropic group of type G, over k. Moreover, the representation of H on V is a
k-form of the Weyl module corresponding to the unique irreducible representation
of dimension 7 of the split G, in characteristic 0. This representation is irreducible
except when char(k) = 2. (When char(k) = 2, the vector ug, is invariant under M’
and hence under H and the representation on the quotient 6-dimensional space V' is
irreducible.)

For a detailed analysis of the earlier facts, see for example [2].

3.5

Now we can analyse the orbits of H acting on V entirely analogously to what we did
for the spin representation of M’ to arrive at the following conclusion. The isotropy
subgroup / of H at ”23 is defined over k and has dimension 8. As any maximal
connected unipotent subgroup of H (over k) has dimension 6, we see that I contains
a nontrivial k-torus C. This group C evidently centralises the ug,, i = 1,2 and u%

This settles the case of 1E6282.
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3.6 Groups of Type 1E6162 and 2E6162”

In these cases too, the k-rank is 2 and both the simple k-roots ¢; and ¢ are nonmul-
tipliable. The anisotropic kernel M commutes with one of the Uy, i = 1,2, say Uy,
which is of dimension 1. It follows that M is the anisotropic kernel of the k-rank 1
group G’ corresponding to 0. By the result for k-rank 1 groups, there is a nontrivial
torus S in M or a semisimple element X in m which is not central in G’. Hence the
lemma in this case.

3.7 Groups of Type 2E6162/

The anisotropic kernel M is isomorphic to U (h), the unitary group of an anisotropic
hermitian form # in four variables over a quadratic extension k' of k. We take the
simple root oy to be the multipliable root — this corresponds to the two roots in
the Dynkin diagram that are encircled together. The group Uy, is 2-step nilpotent.
The representation of M = U (h) on V (= Uy, /Usg, ) is the natural representation of
U (h) (on the 4-dimensional vector space over k'). The group U, is of dimension
1 and the representation of M on this vector space is trivial. The group Z(T) is
isomorphic over k to the almost direct product (M x T) /L, where L, is the group
scheme Spec(k[t,+~1]/(#* — 1)) imbedded diagonally in M x T. If ug, maps to zero
in V, the result is the Borel-Tits theorem.

Assume then that uq, has a nonzero image v in V. The isotropy group My at v for
the action of U(h) = M on V is the unitary group U (k') of the restriction &’ of & to
a codimension 1 subspace V' (= orthogonal complement of v with respect to h) of
the k’-vector space V. Further, the representation of M on Uy, when restricted to M
is easily seen to be the natural 3-dimensional representation of My = U (h') over k'.
The subgroup M; of My which fixes u, (assumed to be nontrivial) is then evidently
k-isomorphic to U (h"), h” being the restriction of 4’ to a suitable codimension one
(over k') k’-subspace V" of V'.

Now let S be a maximal k-torus in SU (h"); then ug, and T are in the centraliser G’
of S. Moreover, if W is the inverse image of the 1-dimensional k-subspace spanned
by v in Uy, then W is S-stable and S acts trivially on W /Uay, and Usq,. As S is
a torus this means that it acts trivially on W. Thus, § centralises uq, for i = 1,2.
Evidently S satisfies the requirement of the lemma.

3.8 Groups of Type E3,

We take ¢ to be the multipliable root; then ¢, is the circled root at the (short) end
of the Dynkin diagram. The anisotropic kernel M is k-isomorphic to the product
Spin(g) x Spin(q’) where g (respectively, ¢’) is an anisotropic quadratic form in
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eight (respectively, three) variables over k. The representation of M in Uy, may be
taken as the natural representation of the quotient SO(g) of Spin(g) (treated as a
representation of Spin(g)) composed with the projection p; of M on Spin(g). That
on Vg, is the tensor product of ¢.p; and 7.p, where o is a half-spin (respectively,
spin) representation of Spin(g) (respectively, Spin(q’)) and p; is the projection of
M on Spin(q")).

This representation has another description: Vi, has a natural structure of a right
vector space of dimension 4 over a quaternion division algebra D with the fac-
tor Spin(g’) acting as the group of reduced norm 1 elements in D and the factor
Spin(g) acts (D-linearly) as the Special Unitary Group SU (1) of of a nondegenerate
anisotropic hermitian form /% on V with respect to an involution of D with a fixed
point set of dimension 3. The representation in Uy, is the trivial one-dimensional
representation.

If ug, is in Upq, we are in the case treated by Borel-Tits. Assume then that the
image v of Uy, in V, is nonzero. Then the isotropy My at v for the action of M on
Vo, is SU(h') where I’ is the restriction of & (respectively, ¢) to V', the orthogonal
complement of v with respect to h in V. This anisotropic group SU (k') of type
D3 = Aj has an alternative description: it is the Special Unitary Group SU(f) of an
anisotropic nondegenerate hermitian form f on a four-dimensional vector space E
over a quadratic extension kK’ of k; and in this description Uy, is isomorphic as an
My-module to E over k. In the sequel we set £ = Ug,. The isotropy group M; at
Uug, (€ E) for this action of My on E evidently contains SU(f”), the Special Unitary
Group of the restriction f’ of & to E’, the (3-dimensional) orthogonal complement
of uq,. Suppose now that S is a maximal k-torus in the k-group M ; then the inverse
image of the 1-dimensional k-subspace of V spanned by v is S-stable and S acts
unipotently hence trivially on it. Thus, S is the torus with the desired properties.

3.9 Groups of Type E72% and E794

The k-rank of the groups of the first type is 3. In this case the anisotropic kernel
M centralises one of the Uy, 1 <i <3 which we take to be ;. We see that M is
also the anisotropic kernel of the k-rank 2 subgroup H determined by o, and 03;
and since dimH < dim G, by the induction hypothesis there is a nontrivial k-torus S
centralising uq, for i = 2,3. Thus, we have a torus centralising T as well as the three
unipotent elements.

The groups of the second type have rank 4. The anisotropic kernel here cen-
tralises two of the Uy, say Uy, and Uy, which are both of dimension 1; thus M is
also the anisotropic kernel of the k-rank 2 group H corresponding to the pair of roots
o3 and oy. By the induction hypothesis there is a torus in M that centralises u,, for
i=3,4and u;; Hence the result for groups of the second type as well.
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3.10 Groups of Type E;SZ and Eéi

In both these cases there is a k-root o, say, such that Uy, is of dimension 1 and
commutes with the anisotropic kernel M. It follows that M is the anisotropic kernel
of the k-group H corresponding to the subset {e; | i # 1} as well. Further, § = o; for
some i # 1. As dimH < dimG, the induction hypothesis yields the desired result.

3.11 Groups of Type E867%

Here the k-rank is 2 and one of the roots, say ¢, is multipliable. The anisotropic
kernel M is Spin(g), the Spin group of an anisotropic quadratic form g on a k-vector
space of dimension 12 which may be taken to be Uy, /Uaq,, which we denote by V
in the sequel. The subgroup of M that fixes ug, is the group M’ = Spin(q’) where
q' is the restriction of g to a codimension 1 k-subspace V' of V. The representation
of M" on Uy, is then the spin representation of Spin(¢’). An analysis of the orbit
structure of the action of Spin(g’) in the spin representation shows that the orbit map
for any orbit is a separable morphism and there are three kinds of orbits (over the
algebraic closure of k): the trivial orbit of 0; the orbits for which the isotropy is the
unique codimension-1 subgroup of a parabolic subgroup conjugate to the parabolic
subgroup determined by the spin representation; and generic orbits for which the
isotropy is the semisimple part of the Levi subgroup of a parabolic subgroup con-
jugate to the parabolic subgroup determined by the spin representation. Since M’ is
anisotropic over k, it follows that the isotropy H at ug, for the action of M on Uy,
is defined over k and semisimple of type A4 over an algebraic closure of k. Let S be
a maximal k-torus in H. Let U’ be the inverse image in Uy, of the 1-dimensional
k-subspace spanned by the image v of uq, in V under the natural map Uy, — V. The
group U, is of dimension 1 and (hence), M acts trivially on this group. It follows
that S acts trivially on U’. Thus S centralises uq, fori =1,2.

Once again a more detailed analysis of the action of M on the Uy, can be found
in [2].

Acknowledgements My thanks are due to Skip Garibaldi who pointed out a gap in the proof
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