CHAPTER V

ORBITAL INTEGRALS AND THE WAVE
OPERATOR FOR ISOTROPIC LORENTZ SPACES

In Chapter II, §3 we discussed the problem of determining a function on a
homogeneous space by means of its integrals over generalized spheres. We
shall now solve this problem for the isotropic Lorentz spaces (Theo-
rem 4.1 below). As we shall presently explain these spaces are the Lorentz-
ian analogs of the two-point homogeneous spaces considered in Chapter I11.

81 Isotropic Spaces

Let X be a manifold. A pseudo-Riemannian structure of signature
(p, q) is a smooth assignment y — g, where y € X and g, is a symmetric
non-degenerate bilinear form on X, x X, of signature (p, ¢). This means
that for a suitable basis Y1,...,Y,4 of X, we have

g (V) =07+ 40—y~ — Yoy

if Y = S0,V If ¢ = 0 we speak of a Riemannian structure and if
p = 1 we speak of a Lorentzian structure. Connected manifolds X with
such structures g are called pseudo-Riemannian (respectively Riemannian,
Lorentzian) manifolds.

A manifold X with a pseudo-Riemannian structure g has a differential
operator of particular interest, the so-called Laplace-Beltrami operator. Let
(x1,...,2ptq) be a coordinate system on an open subset U of X. We define
the functions g;;, g, and g on U by

o 0 ik
gij:g(axi’a%-)’ zj:gijgj =ik, g =|det(gi;)].

The Laplace-Beltrami operator L is defined on U by

Lf= ;g <§k: o (;giw‘(]gjﬁ))

for f € C>*(U). It is well known that this expression is invariant under
coordinate changes so L is a differential operator on X.

An isometry of a pseudo-Riemannian manifold X is a diffeomorphism
preserving g. It is easy to prove that L is invariant under each isometry ¢,
that is L(f o p) = (Lf) o  for each f € £(X). Let I(X) denote the group
of all isometries of X. For y € X let I(X), denote the subgroup of I(X)
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186 Chapter V. Orbital Integrals

fixing y (the isotropy subgroup at y) and let H, denote the group of linear
transformations of the tangent space X, induced by the action of I(X),.
For each a € R let ) (y) denote the “sphere”

(1) Ea(y):{ZEXy:gy(sz):av Z#O}'

Definition. The pseudo-Riemannian manifold X is called isotropic if for
each a € R and each y € X the group H, acts transitively on ), (y).

Proposition 1.1. An isotropic pseudo-Riemannian manifold X is homo-
geneous; that is, I(X) acts transitively on X .

Proof. The pseudo-Riemannian structure on X gives an affine connection
preserved by each isometry g € I(X). Any two points y, z € X can be joined
by a curve consisting of finitely many geodesic segments 7;(1 < i < p). Let
g; be an isometry fixing the midpoint of 7; and reversing the tangents to ~;
at this point. The product g,---g1 maps y to z, whence the homogeneity
of X.

A. The Riemannian Case

The following simple result shows that the isotropic spaces are natural
generalizations of the spaces considered in the last chapter.

Proposition 1.2. A Riemannian manifold X is isotropic if and only if it
is two-point homogeneous.

Proof. If X is two-point homogeneous and y € X the isotropy subgroup
I(X), at y is transitive on each sphere S,(y) in X with center y so X is
clearly isotropic. On the other hand if X is isotropic it is homogeneous
(Prop. 1.1) hence complete; thus by standard Riemannian geometry any
two points in X can be joined by means of a geodesic. Now the isotropy of
X implies that for each y € X,r > 0, the group I(X), is transitive on the
sphere S, (y), whence the two-point homogeneity.

B. The General Pseudo-Riemannian Case

Let X be a manifold with pseudo-Riemannian structure g and curvature
tensor R. Let y € X and S C X, a 2-dimensional subspace on which g,
is nondegenerate. The curvature of X along the section S spanned by Z
and Y is defined by

gP(R;D(Zv Y)Z’ Y)

K(S) = _gp(Z, 2)gp(Y.Y) — gp(Z,Y)?

The denominator is in fact # 0 and the expression is independent of the
choice of Z and Y.
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We shall now construct isotropic pseudo-Riemannian manifolds of sig-
nature (p,q) and constant curvature. Consider the space RPT4*! with the
flat pseudo-Riemannian structure

Be(Y)=yi+ +y2 =yl — — gt ey, (e==£1).
Let Q. denote the quadric in RP+9+! given by
B.(Y)=e.

The orthogonal group O(B,) (= O(p,q+1) or O(p+1,q)) acts transitively
on Q.; the isotropy subgroup at o = (0,...,0,1) is identified with O(p, q).

Theorem 1.3. (i) The restriction of B. to the tangent spaces to Q.
gives a pseudo-Riemannian structure g. on Q. of signature (p,q).

(ii) We have
(2) Q-1=0(p,q+1)/O(p.q)  (diffeomorphism)

and the pseudo-Riemannian structure g_1 on (Q_1 has constant curva-
ture —1.

(iii) We have
(3) Q+1=0(p+1,9)/0(p,q) (diffeomorphism,)

and the pseudo-Riemannian structure g4+1 on Q41 has constant curva-
ture +1.

w The flat space RP™? with the quad7 atic form o Y)= 2_ 942
g 1 yz pJ,-l yj
and the spaces

O(p,q+1)/O(p,q), O(p+1,9)/O0(p,q)

are all isotropic and (up to a constant factor on the pseudo-Riemannian
structure) exhaust the class of pseudo-Riemannian manifolds of constant
curvature and signature (p,q) except for local isometry.

Proof. 1f s, denotes the linear transformation

(yh <o Yptg yp-l-q-‘rl) - (_yh <o T Yp+tas yp-l-q-‘rl)

then the mapping o : g — 5,95, is an involutive automorphism of O(p, g+1)
whose differential do has fixed point set o(p, ¢) (the Lie algebra of O(p, q)).
The (—1)-eigenspace of do, say m, is spanned by the vectors

(4) Yi = Eiptg+1 + Eptgr1,i (1<i<p),
(5) Y = Ejptet1 — Epigr1j (p +1<;<p+ Q) .
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Here E;; denotes a square matrix with entry 1 where the i*" row and the
4t column meet, all other entries being 0.

The mapping ¥ : gO(p,q) — g - o has a differential d¢ which maps m
bijectively onto the tangent plane yp44+1 = 1to Q1 at o and dy)(X) = X -0
(X € m). Thus

dp(Yi) = (01, Opygr1e) s (1<k<p+gq).
Thus
B_1(dp(Yy))=1 if 1<k<pand —1ifp+1<k<p+yq,

proving (i). Next, since the space (2) is symmetric its curvature tensor
satisfies
RO(Xa Y)(Z) = [[Xa Y]’ Z] )

where [, ] is the Lie bracket. A simple computation then shows for k # ¢
KRY,+RY)=—-1 (1<k{L<p+gq)

and this implies (ii). Part (iii) is proved in the same way. For (iv) we
first verify that the spaces listed are isotropic. Since the isotropy action of
O(p,q + 1), = O(p,q) on m is the ordinary action of O(p,q) on RPT it
suffices to verify that RP*9 with the quadratic form g, is isotropic. But we
know O(p, q) is transitive on g. = +1 and on g, = —1 so it remains to show
O(p, q) transitive on the cone {Y # 0: g.(Y) = 0}. By rotation in R” and
in RY it suffices to verify the statement for p = ¢ = 1. But for this case
it is obvious. The uniqueness in (iv) follows from the general fact that a
symmetric space is determined locally by its pseudo-Riemannian structure
and curvature tensor at a point (see e.g. [DS], pp. 200-201). This finishes
the proof.

The spaces (2) and (3) are the pseudo-Riemannian analogs of the spaces
O(p,1)/0(p), O(p+1)/O(p) from Ch. III, §1. But the other two-point ho-
mogeneous spaces listed in Ch. III, §2-§3 have similar pseudo-Riemannian
analogs (indefinite elliptic and hyperbolic spaces over C, H and Cay). As
proved by Wolf [1967], p. 384, each non-flat isotropic pseudo-Riemannian
manifold is locally isometric to one of these models.

We shall later need a lemma about the connectivity of the groups O(p, q).
Let I, 4 denote the diagonal matrix (d;;) with

diy=1 (1<i<p),djj=-1 (p+1<j<p+q)),
so a matrix g with transpose ‘g belongs to O(p, ¢) if and only if
(6) "91p,q9 = Ipg -

If y € RPTY let

yT:(yl,...,yp,O...O), yS: (0,...,0,Ypt1s---+Yptq)
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and for g € O(p, q) let gr and gs denote the matrices

(97)ij = Gij (1<4,5<p),
(9s)ke=gre (P+1< Kk, L<p+q)

If g1, ..., gp+q denote the column vectors of the matrix g then (3.6) means
for the scalar products

gf -9 —97 97 =1, 1<i<p,
gt -9l —g5 95 =—1, p+1<j<p+gq,
9] gk =95 9% JF#k.

Lemma 1.4. We have for each g € O(p,q)
|det(gr)| =1, [det(gs)|=>1.

The components of O(p, q) are obtained by

(7) detgr >1 detgs > 1; (identity component)
(8) detgr <—1 ,  detgs>1;

(9) detgr > -1 det gs < —1,

(10) detgr < -1 detgs < —1.

Thus O(p, q) has four components if p > 1,q > 1, two components if p or
q=0.

Proof. Consider the Gram determinant

gi 91 9f -95 - gl -9
T T

det 92.91 7
gy -gi gL - gl

which equals (det gr)2. Using the relations above it can also be written

L+g7 g7 9795 - 9795
s S
det 92.91 7
95 - g7 1+g5 g5

which equals 1 plus a sum of lower order Gram determinants each of which
is still positive. Thus (det g7)? > 1 and similarly (det gs)® > 1. Assuming
now p > 1,q > 1 consider the decomposition of O(p, ¢) into the four pieces
(7), (8), (9), (10). Each of these is # () because (8) is obtained from (7) by
multiplication by I1 p44—1 etc. On the other hand, since the functions g —
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det(gr), g — det(gs) are continuous on O(p, ¢) the four pieces above belong
to different components of O(p, q). But by Chevalley [1946], p. 201, O(p, q)
is homeomorphic to the product of O(p,q) N U(p + ¢q) with a Euclidean
space. Since O(p,q) N U(p + q) = O(p,q) N O(p + ¢q) is homeomorphic to
O(p) x O(q) it just remains to remark that O(n) has two components.

C. The Lorentzian Case

The isotropic Lorentzian manifolds are more restricted than one might at
first think on the basis of the Riemannian case. In fact there is a theorem
of Lichnerowicz and Walker [1945] (see Wolf [1967], Ch. 12) which implies
that an isotropic Lorentzian manifold has constant curvature. Thus we can
deduce the following result from Theorem 1.3.

Theorem 1.5. Let X be an isotropic Lorentzian manifold (signature (1,q),
g > 1). Then X has constant curvature so (after a multiplication of the
Lorentzian structure by a positive constant) X is locally isometric to one
of the following:

R'*4(flat, signature (1,q)),

Q-1 = 01,0+ /0(L0): 4 =4 ==z = =1,
Q+1=0(2,9)/0(,q): v7 T y§+1 +y3+2 =1,
the Lorentzian structure being induced by y% — y% — - F y§+2.

82 Orbital Integrals

The orbital integrals for isotropic Lorentzian manifolds are analogs to the
spherical averaging operator M" considered in Ch. I, §2, and Ch. III, §1.
We start with some geometric preparation.

For manifolds X with a Lorentzian structure g we adopt the following
customary terminology: If y € X the cone

Cy={YeX,:q,(Y,Y)=0}

is called the null cone (or the light cone) in X, with vertex y. A nonzero
vector Y € X, is said to be timelike, isotropic or spacelike if g, (Y,Y) is
positive, 0, or negative, respectively. Similar designations apply to geodesics
according to the type of their tangent vectors.

While the geodesics in R'T9 are just the straight lines, the geodesics in
-1 and 11 can be found by the method of Ch. III, §1.

Proposition 2.1. The geodesics in the Lorentzian quadrics QQ—1 and Q41
have the following properties:
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(i) The geodesics are the nonempty intersections of the quadrics with
two-planes in R**9 through the origin.

(ii) For Q_1 the spacelike geodesics are closed, for Qi1 the timelike
geodesics are closed.

(iii) The isotropic geodesics are certain straight lines in R2t4.

Proof. Part (i) follows by the symmetry considerations in Ch. III, §1. For
Part (ii) consider the intersection of @)1 with the two-plane

y1:y4::yq+2:0'
The intersection is the circle yo = cost, y3 = sint whose tangent vector
(0, —sint, cost,0,...,0) is clearly spacelike. Since O(1, ¢+ 1) permutes the
spacelike geodesics transitively the first statement in (ii) follows. For Q41
we intersect similarly with the two-plane

Y2 =" =Yg+1 =0.
For (iii) we note that the two-plane R(1,0,...,0,1) + R(0,1,...,0) inter-
sects (Q_1 in a pair of straight lines
1=ty tlys=-=yg41 =0,yg42 =1

which clearly are isotropic. The transitivity of O(1,q + 1) on the set of
isotropic geodesics then implies that each of these is a straight line. The
argument for Q1 is similar.

Lemma 2.2. The quadrics Q_1 and Q41 (¢ > 1) are connected.

Proof. The g-sphere being connected, the point (y1,. .., yq+2) on Q1 can
be moved continuously on Q)+ to the point

(y17 (y% +ot y§+1)1/2a07 . '7oayq+2)

so the statement follows from the fact that the hyperboloids y? — y? Fy3 =
F1 are connected.

Lemma 2.3. The identity components of O(1,q+ 1) and O(2,q) act tran-
sitively on Q_1 and Q11, respectively, and the isotropy subgroups are con-
nected.

Proof. The first statement comes from the general fact (see e.g. [DS],
pp. 121-124) that when a separable Lie group acts transitively on a con-
nected manifold then so does its identity component. For the isotropy
groups we use the description (7) of the identity component. This shows
quickly that

O,(1,g+1)N0O(1,q) = 0O,(1,q),
0,(2,9)NO(1,q) = O,(1,q)
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the subscript o denoting identity component. Thus we have

Q—l = 00(17q+1)/00(1?q)a
Q+1 = 00(27(])/00(17Q),

proving the lemma.

We now write the spaces in Theorem 1.5 in the form X = G/H where
H = 0,(1,q) and G is either G° = R4 . 0,(1,q) (semi-direct product)
G~ = 0,(1,g+ 1) or Gt = 0,(2,q). Let o denote the origin {H} in X,
that is

0o=1(0,...,0) if X =R!"t¢
0:(0,...,0,1) ifX:Q,10TQ+1.

In the cases X = QQ_1,X = Q41 the tangent space X, is the hyperplane
{y1,...,Ygr1,1} C R?F2,

The timelike vectors at o fill up the “interior” C? of the cone C,. The set
C? consists of two components. The component which contains the timelike
vector

v, = (—1,0,...,0)

will be called the solid retrograde cone in X,. It will be denoted by D,.
The component of the hyperboloid g,(Y,Y) = r? which lies in D, will be
denoted S, (o). If y is any other point of X we define Cy, Dy, S,(y) C X,
by

Cy=9-Co, Dy=g-Do, Sr(y) =g-5r(0)

if g € GG is chosen such that g- o = y. This is a valid definition because the
connectedness of H implies that h - D, C D,. We also define
B.(y) ={Y €D, :0<g,(Y,Y) <r?}.

If Exp denotes the exponential mapping of X, into X, mapping rays
through 0 onto geodesics through y we put

D,=ExpD,, C,=ExpCy
S;(y) = ExpSr(y), Br(y) =ExpB.(y).

Again C, and D, are respectively called the light cone and solid retro-
grade cone in X with vertex y. For the spaces X = () we always assume
r < 7 in order that Exp will be one-to-one on B, (y) in view of Prop. 2.1(ii).
Figure V.1 illustrates the situation for () _1 in the case ¢ = 1. Then Q_;
is the hyperboloid
yi —yz —yi=-1

and the y;-axis is vertical. The origin o is

0o=(0,0,1)
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Exp(rvy) = (=shr, 0, chr)
Exp(rvy)

FIGURE V.1.

and the vector v, = (—1,0,0) lies in the tangent space

(Q*l)o = {y ‘Y3 = ]-}

pointing downward. The mapping ¢ : gH — ¢ - o has differential di) : m —

(Q—l)o and
dy(Ers+ E31) = —v,

in the notation of (4). The geodesic tangent to v, at o is
t — Exp(tv,) = exp(—t(E13 + E31)) - 0 = (—sinht, 0, cosh)

and this is the section of Q_; with the plane yo = 0. Note that since H
preserves each plane y3 = const., the “sphere” S,.(0) is the plane section
ys = coshr,y; < 0 with Q_;.

Lemma 2.4. The negative of the Lorentzian structure on X = G/H in-
duces on each S, (y) a Riemannian structure of constant negative curvature

(¢>1).
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Proof. The manifold X being isotropic the group H = O,(1, q) acts tran-
sitively on S,.(0). The subgroup leaving fixed the geodesic from o with
tangent vector v, is O,(q). This implies the lemma.

Lemma 2.5. The timelike geodesics from y intersect S, (y) under a right
angle.

Proof. By the group invariance it suffices to prove this for y = o and the
geodesic with tangent vector v,. For this case the statement is obvious.

Let 7(g) denote the translation tH — gxH on G/H and for Y € m let
Ty denote the linear transformation Z — [Y,[Y, Z]] of m into itself. As
usual, we identify m with (G/H),.

Lemma 2.6. The exponential mapping Exp : m — G/H has differential

— Ty
dExpy = dr(expY) OZ (2n 4 1)) Y em).
0

For the proof see [DS], p. 215.
Lemma 2.7. The linear transformation

=2 (2n 4 1)!

0

has determinant given by

B sinh(g(Y,Y))/2*
R G B

: 1/2
way = (B

(g(Y, )12 } for @41

for'Y timelike.

Proof. Consider the case of @_;. Since det(Ay) is invariant under H it
suffices to verify this for Y = ¢Y; in (4), where ¢ € R. We have ¢? = ¢(Y,Y)
and Ty, (Y;) =Y; (2 < j < ¢+ 1). Thus Ty has the eigenvalue 0 and
g(Y,Y); the latter is a g-tuple eigenvalue. This implies the formula for the
determinant. The case Q41 is treated in the same way.

From this lemma and the description of the geodesics in Prop. 2.1 we
can now conclude the following result.

Proposition 2.8. (i) The mapping Exp : m — Q_1 is a diffeomorphism
of D, onto D,.

(i) The mapping Exp : m — Q41 gives a diffeomorphism of Br(0) onto
B (o).
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Let dh denote a bi-invariant measure on the unimodular group H. Let
u € D(X), y € X and r > 0. Select g € G such that g - 0 = y and select
x € S, (0). Consider the integral

/ u(gh - x)dh.
H
Since the subgroup K C H leaving x fixed is compact it is easy to see that

the set
Cyo=1{h € H:gh-z € support (u)}

is compact; thus the integral above converges. By the bi-invariance of dh
it is independent of the choice of g (satisfying g - o = y) and of the choice
of z € S;(0). In analogy with the Riemannian case (Ch. III, §1) we thus
define the operator M" (the orbital integral) by

(1) (M7 u)(w) = [ ulgh-o)dn.

H

If g and = run through suitable compact neighborhoods, the sets Cj . are
enclosed in a fixed compact subset of H so (M"u)(y) depends smoothly on
both r and y. It is also clear from (11) that the operator M" is invariant
under the action of G: if m € G and 7(m) denotes the transformation
nH — mnH of G/H onto itself then

M"(wot(m)) = (M"u)or(m).

If dk denotes the normalized Haar measure on K we have by standard
invariant integration

/u(h.x)dh: / dh/u(hk:-x)dk:: /u(h-a:)dh,

H H/K K H/K

where dh is an H-invariant measure on H/K. But if dw” is the volume
element on S;.(0) (cf. Lemma 2.4) we have by the uniqueness of H-invariant
measures on the space H/K =~ S,.(0) that

(12) /u(h-m)dh:Azm /u(z)dwr(z),

H S (o)

where A(r) is a positive scalar. But since g is an isometry we deduce from
(12) that

o) = 00 [ uEave).
Sr(y)

Now we have to determine A(r).
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Lemma 2.9. For a suitable fized normalization of the Haar measure dh
on H we have
A(r)y=r?, (sinhr)?, (sinr)?

for the cases
R, 0O(1,¢+1)/0(1,q9), O(2,9)/0(1,4q),
respectively.

Proof. The relations above show that dh = A(r)~! dw" dk. The mapping
Exp : D, — D, preserves length on the geodesics through o and maps
Sy(0) onto S, (0). Thus if z € S,(0) and Z denotes the vector from 0 to z
in X, the ratio of the volume of elements of S,.(0) and S, (0) at z is given
by det(dExp,). Because of Lemmas 2.6-2.7 this equals

) sinhr\? [sinr)?
) r ) r
for the three respective cases. But the volume element dw” on S,.(0) equals

rdw'. Thus we can write in the three respective cases

sin? r

A(r)

sinh? r

A(r)

r4

1
A(r) dw” dk .

dh dw! dk dwt dk ,

But we can once and for all normalize dh by dh = dw'dk and for this
choice our formulas for A(r) hold.

Let O denote the wave operator on X = G/H, that is the Laplace-
Beltrami operator for the Lorentzian structure g.

Lemma 2.10. Let y € X. On the solid retrograde cone D, the wave
operator (1 can be written

P10
or2  A(r) dr Or Sr(y) -

where Lg () is the Laplace-Beltrami operator on S-(y).

Proof. We can take y = o. If (01,...,0,) are coordinates on the “sphere”
Si(o) in the flat space X, then (r61,...,70,) are coordinates on S, (0). The
Lorentzian structure on D, is therefore given by

dr? —r? do?,

where df? is the Riemannian structure of S1(0). Since Ay in Lemma 2.7 is a
diagonal matrix with eigenvalues 1 and 7~ A(r)/? (g-times) it follows from
Lemma 2.6 that the image S, (0) = Exp(S,(0)) has Riemannian structure
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r2dh?, sinh? r d? and sin®r d#? in the cases R17%, Q_; and Q, respec-
tively. By the perpendicularity in Lemma 2.5 it follows that the Lorentzian
structure on D, is given by

dr? —r?de*, dr® —sinh®rdo?, dr?® —sin®rd6?

in the three respective cases. Now the lemma follows immediately.

The operator M" is of course the Lorentzian analog to the spherical mean
value operator for isotropic Riemannian manifolds. We shall now prove that
in analogy to the Riemannian case (cf. (3.41), Ch. III) the operator M"
commutes with the wave operator [J.

Theorem 2.11. For each of the isotropic Lorentz spaces X = G~ /H,
GT/H or G°/H the wave operator O and the orbital integral M" commute:

OM"™u = M"Cu for ue D(X).
(For Gt /H we assume r < 7.)

Given a function v on G/H we define the function w on G by u(g) =
u(g - o).

Lemma 2.12. There ezists a differential operator O on G invariant under
all left and all right translations such that

Ou = (Ou)™  foru e D(X).

Proof. We consider first the case X = G~ /H. The bilinear form

K(Y,2) = } (Y 2)
on the Lie algebra o(1,q + 1) of G~ is nondegenerate; in fact K is nonde-
generate on the complexification o(q + 2, C) consisting of all complex skew
symmetric matrices of order ¢+ 2. A simple computation shows that in the
notation of (4) and (5)

Since K is symmetric and nondegenerate there exists a unique left invariant
pseudo-Riemannian structure K on G~ such that K. = K. Moreover, since
K is invariant under the conjugation Y — gY¢g~! of o(1,q + 1), K is also
right invariant. Let [ denote the corresponding Laplace-Beltrami operator
on G™. Then [ is invariant under all left and right translations on G™. Let
u = D(X). Since Ou is invariant under all right translations from H there
is a unique function v € £(X) such that Ou = 9. The mapping u — v is
a differential operator which at the origin must coincide with [, that is
Ou(e) = Ou(o). Since, in addition, both [0 and the operator v — v are
invariant under the action of G~ on X it follows that they coincide. This
proves Ou = (Ou)™.
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The case X = G*/H is handled in the same manner. For the flat case
X =G°/H let
Y; =(0,...,1,...,0),

the j* coordinate vector on R4, Then 0 = Y? — Y7 — ... — Y2 . Since

R is naturally embedded in the Lie algebra of G° we can extend Y; to

a left invariant vector field Y; on G°. The operator
A=F2-F7—...-72,

is then a left and right invariant differential operator on G° and again we
have Ou = (Ou)™. This proves the lemma.

We can now prove Theorem 2.11. If g € G let L(g) and R(g), respectively,
denote the left and right translations ¢ — gf, and £ — fgon G. If -0 =
z,x € S;(0) (r>0)and g-o=y then

(M) (y) = / (ght) dh

H

because of (11). As g and ¢ run through sufficiently small compact neigh-
borhoods the integration takes place within a fixed compact subset of H
as remarked earlier. Denoting by subscript the argument on which a differ-
ential operator is to act we shall prove the following result.

Lemma 2.13.
Oy | [ @(ght)dn | = [ (Da)(ght)dh =0, (“ U(ght) dh
Jrome) =] /

Proof. The first equality sign follows from the left invariance of 0. In fact,
the integral on the left is

/ (i o L(gh))(¢) dh

SO
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The second equality in the lemma follows similarly from the right invari-
ance of 0. But this second equality is just the commutativity statement in
Theorem 2.11.

Lemma 2.13 also implies the following analog of the Darboux equation
in Lemma 3.2, Ch. L.

Corollary 2.14. Let u € D(X) and put

Uly,2) = (M"u)(y) ifze€8S(0).
Then
Dy(U(y,Z)) = DZ(U(y,z))

Remark 2.15. In R"™ the solutions to the Laplace equation Lu = 0 are
characterized by the spherical mean-value theorem M"u = w (all r). This
can be stated equivalently: M"u is a constant in 7. In this latter form the
mean value theorem holds for the solutions of the wave equation u = 0 in
an isotropic Lorentzian manifold: If u satisfies Ou = 0 and if u is suitably
small at oo then (M"u)(o) is constant in r. For a precise statement and
proof see Helgason [1959], p. 289. For R? such a result had also been noted
by Asgeirsson.

83 Generalized Riesz Potentials
In this section we generalize part of the theory of Riesz potentials (Ch. VII,

§6) to isotropic Lorentz spaces.
Consider first the case

X=Q_1=G /H=0,1,n)/0,(1,n—1)

of dimension n and let f € D(X) and y € X. If 2 = Exp, Y (Y € Dy) we
put 7. = g(¥,Y)? and consider the integral

(13) PP = oy [ FE s s

where dz is the volume element on X, and
(14) H,(\) = 7222710 (\/2) T (A +2 —n)/2) .

The integral converges for Re A > n. We transfer the integral in (13) over
to D, via the diffeomorphism Exp(= Exp,). Since

sinhr\"*
dz = drdw” = dr dw”
r
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and since drdw” equals the volume element dZ on D, we obtain

PN = gy o [EoBR@ () az,
Dy

where = g(Z, Z)'/2. This has the form

(15) Hnl(k) / W(Z =" dZ |
D

Yy

where h(Z,)\), as well as each of its partial derivatives with respect to
the first argument, is holomorphic in A and h has compact support in
the first variable. The methods of Riesz [1949], Ch. III, can be applied to
such integrals (15). In particular we find that the function A — (1> f)(y)
which by its definition is holomorphic for Re A > n admits a holomorphic
continuation to the entire A-plane and that its value at A = 0 is ~(0,0) =
f(y). (In Riesz’ treatment h(Z, \) is independent of A, but his method still
applies.) Denoting the holomorphic continuation of (13) by (I})f(y) we
have thus obtained

(16) I°f=rf.

We would now like to differentiate (13) with respect to y. For this we write
the integral in the form [, f(z)K(y,z) dz over a bounded region F which
properly contains the intersection of the support of f with the closure of
D,,. The kernel K(y, z) is defined as sinh®~"r,, if z € D,, otherwise 0.
For Re A sufficiently large, K (y, z) is twice continuously differentiable in y
so we can deduce for such X that I* f is of class C? and that

(1) OLNE) = oy [ D) s

Moreover, given m € Z* we can find k such that I f € C™ for Re A > k
(and all f). Using Lemma 2.10 and the relation

1 dA

Ar) dr = (n—1)cothr

we find

O, (sinh* " r,.) = O, (sinh* " r,.,)

= (A=n)(A—=1)sinh* " r,.+(A—=n)(A—2) sinh* "7, .

We also have
H,(AN)=WM\-2)A—n)H,(A—2),
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so substituting into (17) we get

O f=A—n) A=) f+122f.

Still assuming Re A large we can use Green’s formula to express the
integral

(18) / [f(z)Dz(s.inh’\*n Tyz) — sinh* ™" ry-(0f)(2)] dz

Dy

as a surface integral over a part of C, (on which sinh* ™" Ty and its first
order derivatives vanish) together with an integral over a surface inside D,
(on which f and its derivatives vanish). Hence the expression (18) vanishes
so we have proved the relations

(19) O f) = 1X0f)
(20) MO = A=—n)A=DIf+I12f

for Re A > k, k being some number (independent of f).

Since both sides of (20) are holomorphic in A this relation holds for all
A € C. We shall now deduce that for each A € C, we have I* f € £(X) and
(19) holds. For this we observe by iterating (20) that for each p € Z™

(21) M =1P(Q,0)f),

Qp being a certain ptP-degree polynomial. Choosing p arbitrarily large we
deduce from the remark following (17) that I*f € £(X); secondly (19)
implies for Re A + 2p > k that

DI (@Qp@)]) = 27(Qy(@)0))
Using (21) again this means that (19) holds for all .
Putting A = 0 in (20) we get
(22) I2=0f —nf.

Remark 3.1. In Riesz’ paper [1949], p. 190, an analog I® of the poten-
tials in Ch. V, 85, is defined for any analytic Lorentzian manifold. These
potentials I are however different from our I* and satisfy the equation
I72f =0f in contrast to (22).

We consider next the case

X=Q1=G"/H=0,(2,n-1)/0,(1,n—1)
and we define for f € D(X)

(23) (12 f)(y /f sin* " (r,,) dz .
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Again H, ()) is given by (14) and dz is the volume element. In order
to bypass the difficulties caused by the fact that the function z — sinry,
vanishes on S; we assume that f has support disjoint from S, (o). Then
the support of f is disjoint from S, (y) for all y in some neighborhood of o
in X. We can then prove just as before that

(24) I Hy) = fly)

(25) (O = (30N W)

(26)  (RONH) = —(A=n)\=1)I3f)y) + 72 )y)
for all A € C. In particular

(27) I2f=0f+nf.

Finally we consider the flat case
X=R"=G°/H=R"-0,(1,n-1)/0,(1,n—1)

and define
0= g [

These are the potentials defined by Rlesz in [1949], p. 31, who proved
(28) Lf=f 0L f=10f=17%f.

84 Determination of a Function from Its Integral
over Lorentzian Spheres

In a Riemannian manifold a function is determined in terms of its spher-
ical mean values by the simple relation f = lim,_,o M"f. We shall now
solve the analogous problem for an even-dimensional isotropic Lorentzian
manifold and express a function f in terms of its orbital integrals M" f.
Since the spheres S, (y) do not shrink to a point as r — 0 the formula
(cf. Theorem 4.1) below is quite different.

For the solution of the problem we use the geometric description of the
wave operator [] developed in §2, particularly its commutation with the
orbital integral M", and combine this with the results about the generalized
Riesz potentials established in §3.

We consider first the negatively curved space X = G~ /H. Let n = dim X
and assume n even. Let f € D(X), y € X and put F(r) = (M" f)(y). Since
the volume element dz on D, is given by dz = dr dw” we obtain from (12)
and Lemma 2.9 |

(29) (I )y sinh* ™' rF(r) dr .
win |
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Let Y1,...,Y, be a basis of X, such that the Lorentzian structure is
given by
n
g(Y)=yi—ys——yn, Y= uY.
1
If 6y,...,0,,_5 are geodesic polar coordinates on the unit sphere in R"~!
we put
y1 = —rcosh( (0<(<00,0<T<00)
yo = rsinh(cosf
Yn = rsinh(sinf;...sinf, 5.
Then (r,¢,01,...,0,—2) are coordinates on the retrograde cone D, and the

volume element on S, (y) is given by

dw” = " 1sinh™ 2 ¢ d¢ dw™ 2

n—2

where dw is the volume element on the unit sphere in R*~!. It follows

that
dw” = sinh™ ™! 7sinh™ 2 ¢ d¢ dw™ 2

and therefore
B0 P = [0 B G b O s G
where for simplicity

(T7C791, R 7071—2)

stands for
(=rcosh(,rsinhcosfy,...,rsinh(sinf; ...sinf, o).

Now select A such that foExp vanishes outside the sphere y?+- - -+y2 = A?
in X,. Then, in the integral (30), the range of ¢ is contained in the interval
(0,¢,) where

r2 cosh? ¢, + r?sinh? ¢, = A2.

Then

Co
r"2F(r) = / /(f o Exp)(r, ¢, (8))(rsinh )" 2 d¢ dw™ 2.

gn—-2 0

Since
|rsinh ¢| < reS < 24 for ¢ < ¢,
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this implies
(31) T2 (MTf)(y)] < CA" 2 sup|f]

where C is a constant independent of r. Also substituting ¢ = rsinh ¢ in
the integral above, the (-integral becomes

k
/(p(t)t”_Q(rQ +t3) V2 qe,
0

where k = [(A% —r2)/2]'/? and ¢ is bounded. Thus if n > 2 the limit
(32) a= }1_r}r(1) sinh" 2 rF(r) n>2

exist and is # 0. Similarly, we find for n = 2 that the limit

(33) b= 7lii%(sinh r)F'(r) (n=2)

exists.
Consider now the case n > 2. We can rewrite (29) in the form

A
(I* F)(y) /S nh" 2 rF(r)sinh* " dre |
0

where F'(A) = 0. We now evaluate both sides for A = n — 2. Since H,,(\)
has a simple pole for A = n — 2 the integral has at most a simple pole there
and the residue is

A
)\lim (A—n+2) /s nh" =2 rF(r) sinh* " dr
0

Here we can take \ real and greater than n — 2. This is convenient since by
(32) the integral is then absolutely convergent and we do not have to think
of it as an implicitly given holomorphic extension. We split the integral in
two parts

A
(A—n+2) / (sinh™ 2 — a) sinh™™ 7 dr
0

A
+a(A—n+2) / sinh* " dr
0

For the last term we use the relation
A sinh A

li inh* "' rdr = li / 1+ ) 2dt =1
ME&_M/SIH rdr Hf&_,u (1+1t%)
0 0
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by (38) in Chapter VII. For the first term we can for each ¢ > 0 find a
0 > 0 such that

|sinh™ 27 F(r) —al <e for0<r<3§.

If N = max |sinh” ™2 7F(r)| we have for n —2 < A < n — 1 the estimate
A
)\ n+2) / (sinh™ 2 r — a)sinh*" rdr|
s
< (A=n+2)(N + |a|)(A = 8)(sinh §)* " ;

)
|(A+n—2) /(sinh”_2 rF(r) — a)sinh™" dr|
0

5
<e(A—n+2) / A A
0

Taking A — (n — 2) small enough the right hand side of each of these in-
equalities is < 2¢. We have therefore proved

A—n—2 r—0

lim —n+2) /smh)‘ YrF(r)dr = lim sinh™ 27 F(r).
0

Taking into account the formula for H,(\) we have proved for the inte-
gral (29):

1
lim sinh" 2r M"f.
D((n - 2)/2) P2

(34) I"2f = (47)@—m)/2
On the other hand, using formula (20) recursively, we obtain for u € D(X),
" 2(Q([Mu) = u,

where

QO =0+ "n-3)2)(0+(n-5)4) ---(O+1(n—-2)).

We combine this with (34) and use the commutativity OM"™ = M ™. This
gives

1
hm sinh™ 2 r Q(O)M" u .

(35) u = (47T)(2_n)/2r((n _ 2)/2) 0

Here we can for simplicity replace sinhr by 7.
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For the case n = 2 we have by (29)
oo

(36) (I? f)(y / sinhrF(r

0

This integral, which in effect only goes from 0 to A, is absolutely convergent
because our estimate (31) shows (for n = 2) that rF(r) is bounded near
r = 0. But using (20), Lemma 2.10, Theorem 2.11 and Cor. 2.14, we obtain
for u € D(X),

w = I’0u= é/SiHhTMTDUdT
0

oo

= é/sinhrDM’”udr— /smhr( +cothrj>M”udr
r
0

T M
= / <smhr M" > dr = —; lim sinhrd( u) .
dr r—0 dr
0

This is the substitute for (35) in the case n = 2.
The spaces Gt /H and G°/H can be treated in the same manner. We
have thus proved the following principal result of this chapter.

Theorem 4.1. Let X be one of the isotropic Lorentzian manifolds G~ /H,
G°/H, G /H. Let k denote the curvature of X (k = —1,0,+1) and assume
n =dim X to be even, n = 2m. Put

QO)=0-kn-32)(O—-k(n—-54)---(O0-kl(n—2)).
Then if u € D(X)
u = clim r"2Q(0)(M ), (n#2)

r—0

u ! hmrd(M’”u) (n=2).

r—0 dr

Here c=t = (4m)™~Y(m —2)! and O is the Laplace-Beltrami operator on X .

85 Orbital Integrals and Huygens’ Principle

We shall now write out the limit in (35) and thereby derive a statement
concerning Huygens’ principle for 0. As » — 0, S, (o) has as limit the
boundary Cr = 0D, — {o} which is still an H-orbit. The limit

(37) lim r"~%(M"v)(0), v € C(X — o),

r—0
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is by (31)—(32) a positive H-invariant functional with support in the H-
orbit Cr, which is closed in X — o. Thus the limit (37) only depends on
the restriction v|Cr. Hence it is “the” H-invariant measure on C'r and we
denote it by u. Thus

(38) lim "2 (M) (o) = / v(2) d(z)
Cr

To extend this to u € D(X), let A > 0 be arbitrary and let ¢ be a
“smoothed out” characteristic function of Exp B4. Then if

up = up, uz = u(l — )

we have

200 - [ ) ducz)

Cr

RO )(0)~ fun ) )|+ 200 ) 0) fua(e) dul)]

CR CR

<

By (31) the first term on the right is O(A) uniformly in r and by (38) the
second tends to 0 as r — 0. Since A is arbitrary (38) holds for v € D(X).

Proposition 5.1 (Huygens’ Principle). Let n =2m (m > 1) and § the
delta distribution at o. Then

(39) 6 =cQO)u,
where ¢! = (47)™ Y (m — 2)!.

In fact, by (35), (38) and Theorem 2.11
u=clim 7" (M"Q(O)u)(0) = ¢ /(Q(D)U)(Z) dp(z)
Cr
and this is (39).
Remark 5.2. Formula (39) shows that each factor
(40) Or=0-k(n—-k)(k—-1) k=3,5,...,n—1

in Q(0) has fundamental solution supported on the retrograde conical sur-
face C'r. This is known to be the equivalent to the validity of Huygens’
principle for the Cauchy problem for the equation Oyu = 0 (see Glinther
[1991] and [1988], Ch. IV, Cor. 1.13). For a recent survey on Huygens’
principle see Berest [1998].
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in (40) are the only ones for which [+ ¢, satisfies Huygens’ principle. Here
it is of interest to recall that in the flat Lorentzian case R?™, [0+ ¢ satisfies
Huygens’ principle only for ¢ = 0. Theorem 4.1 was extended to pseudo-
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