Chapter 2

Linear Systems

2.1 Introduction

In this chapter we will be concerned with linear systems of the form

) = an(W)zr +a(t)re + -+ arp(t)zn + b1 (1)
ry = an(t)rr + axn(t)re + -+ agn(t)z, + ba(t)
o = api(t)x1 + ana(O)w2 + -+ apn(t)xn + bn(t),

where we assume that the functions a;;, 1 < 4,5 < n, b;,1 < i < n,
are continuous real-valued functions on an interval I. We say that the
collection of n functions xy, x2,---, x, is a solution on I of this linear
system provided each of these n functions is continuously differentiable on
I and

i (t) = au(t)zi(t) + ar(t)za(t) + -+ arn(t)2n(t) + bi(t)

zy(t) = asn(t)zi(t) + azz(t)z2(t) + - + a2n(t)2n(t) + ba2(t)
z,(t) = an(®)z1(t) + an2()22(t) + - + @ (t)an(t) + ba(t),
fort e 1.
This system can be written as an equivalent vector equation
= A(t)x +b(t), (2.1)
where
1 x}
T2 , 5
T = , T = . ,
T xl
and
a1 (t) s aln(t) b1 (t)
A=+ =] 1],
ap1(t) - anpn(t) by (t)
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24 2. LINEAR SYSTEMS

for t € I. Note that the matrix functions A and b are continuous on I (a
matrix function is continuous on I if and only if (iff) all of its entries are
continuous on I). We say that an n x 1 vector function z is a solution of
(2.1) on I provided z is a continuously differentiable vector function on I
(iff each component of x is continuously differentiable on I) and

'(t) = A(t)x(t) + b(t),
forallt e I.

Example 2.1 It is easy to see that the pair of functions x1, xo defined by
x1(t) = 2 +sint, xo(t) = —t + cost, for t € R is a solution on R of the
linear system

/
T = T2+,

xh = —m+1

=[]

is a solution on R of the vector equation
0 1 t
r_
x[_l O]er{l}

The study of equation (2.1) includes the nth-order scalar differential equa-
tion

and the vector function

A

Y™+ o1 By -+ po(t)y = r(t) (2.2)
as a special case. To see this let y be a solution of (2.2) on I, that is,
assume y has n continuous derivatives on I and

Y () + poa (Y@ -+ po(Dy(t) = r(t), tel
Then let
xi(t) =y (1),
fort € I, 1 < i <n. Then the n x 1 vector function x with components x;
satisfies equation (2.1) on I if

0 1 0 0 0

0 0 1 0 0

A(t) = : : . " : ) b(t) = :
0 0 0 1 0
—po(t) —pi(t) —p2(t) - —pu-a(t) 7(t)

for t € I. The matrix function A is called the companion matriz of the
differential equation (2.2). Conversely, it can be shown that if « is a solution
of the vector equation (2.1) on I, where A and b are as before, then it
follows that the scalar function y defined by y(t) := x1(t), for t € I is a
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solution of (2.2) on I. We next give an interesting example that leads to a
four-dimensional linear system.

Example 2.2 (Coupled Vibrations) Consider the system of two masses my
and ms in Figure 1 connected to each other by a spring with spring constant
ko and to the walls by springs with spring constants k1 and ks respectively.
Let u(t) be the displacement of m; from its equilibrium position at time ¢
and v(t) be the displacement of mgo from its equilibrium at time ¢t. (We are
taking the positive direction to be to the right.) Let ¢ be the coefficient
of friction for the surface on which the masses slide. An application of
Newton’s second law yields

miu” = —cu — (k1 + ko)u + kav,
mav” = —cv' — (kg + k3)v + kou.

Here we have a system of two second-order equations, and we define z1 := u,
Z9 =1/, w3 := v, and x4 := v, obtaining the first-order system

o 1 0 1 0 0 o
_ k1+ko _c ko
x2 — ma ma ma 0 x2
T3 0 0 0 1 X3
k ko+k: >
T4 -, 0 — 27:{2 s T4
A
kl k:2 k3

" A " W—l

FicURE 1. Coupled masses.

The following theorem is a special case of Theorem 8.65 (see also Corol-
lary 8.18) .

Theorem 2.3 Assume that the n X n matriz function A and the n x 1
vector function b are continuous on an interval I. Then the IVP

¥ =A{t)r +b(t), x(to) = wo,

where tg € I and xq is a given constant n x 1 vector, has a unique solution
that exists on the whole interval I.

Note that it follows from Theorem 2.3 that in Example 2.2 if at any
time tg the position and velocity of the two masses are known, then that
uniquely determines the position and velocity of the masses at all other
times.

We end this section by explaining why we call the differential equation
(2.1) a linear vector differential equation.
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Definition 2.4 A family of functions A defined on an interval [ is said to
be a vector space or linear space provided whenever x,y € A it follows that
for any constants «, € R

ar + Py € A.

By the function ax + By we mean the function defined by

(azx + By)(t) := ax(t) + Py(t),

for t € I. If A and B are vector spaces of functions defined on an interval
I, then L : A — B is called a linear operator provided

Loz + By] = aL[z] + SL[y],
for all o, B € R, z,y € A.
We now give an example of an important linear operator.

Example 2.5 Let A be the set of all n x 1 continuously differentiable
vector functions on an interval I and let B be the set of all n x 1 continuous
vector functions on an interval I and note that A and B are linear spaces.
Define L : A — B by

Lz(t) = 2'(t) — A(t)z(t),

for t € I, where A is a given n X n continuous matrix function on I. To
show that L is a linear operator, let a,, 3 € R, let z,y € A, and consider

Loz + Byl (t) = (az+Py)'(t) — At)(az + By)(t)
= /(1) + By (1) — aA@)a(t) — BAMY()
= al2/(t) - A)z@®)] + By () — At)y(?)]
= aLx(t) + BLy(t)
= (aLz + BLy)(t),
for t € I. Hence
Lax + py] = aLz + BLy

and so L : A — B is a linear operator. A
Since the differential equation (2.1) can be written in the form
Lx =0,

where L is the linear operator defined in Example 2.5, we call (2.1) a linear
vector differential equation. If b is not the trivial vector function, then
the equation Lz = b is called a nonhomogeneous linear vector differential
equation and Lz = 0 is called the corresponding homogeneous linear vector
differential equation.
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2.2 The Vector Equation 2’ = A(t)x

To solve the nonhomogeneous linear vector differential equation
¥ = A(t)x + b(t)

we will see later that we first need to solve the corresponding homogeneous
linear vector differential equation

' = A(t)x. (2.3)

Hence we will first study the homogeneous vector differential equation (2.3).
Note that if the vector functions ¢1, ¢a,- - -, ¢r are solutions of 2’ = A(t)x
(equivalently, of Lz = 0, where L is as in Example 2.5) on I, then

Llci¢1 + caga + -+ + crdr]

=c1L[¢1] + caL [da] + - + cn L [¢4]

=0.
This proves that any linear combination of solutions of (2.3) on I is a
solution of (2.3) on I. Consequently, the set of all such solutions is a

vector space. To solve (2.3), we will see that we want to find n linearly
independent solutions on I (see Definition 2.9).

Definition 2.6 We say that the constant n x 1 vectors 11,19, -+ , 9 are
linearly dependent provided there are constants ci,ca, - - , ¢k, not all zero,
such that

11 + catho + - - P = 0,

where 0 denotes the n x 1 zero vector. Otherwise we say that these k
constant vectors are linearly independent.

Note that the constant n x 1 vectors 11, s, -+ ,%y are linearly in-
dependent provided that the only constants ci,cs,- - , ¢ that satisfy the
equation

11 + catho + - -+ epPp = 0,

arecy = cg = --- = ¢ = 0.
Theorem 2.7 Assume we have exactly n constant n X 1 vectors

¢1,7/12,"' ,wn

and C' is the column matriz C' = [11g -+ -y,]. Then 11,9, -+ by, are
linearly dependent iff det C' = 0.

Proof Let 11,1, -+ ,1%, and C be as in the statement of this theorem.
Then

detC' =0
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if and only if there is a nontrivial vector

C1
o
Cn
such that
C1 0
C2 0
C . =
Cn, 0

if and only if
i + oo + -+ cpy, =0,
where c¢q,ca,- - , ¢, are not all zero, if and only if

1,9, -+ 2, are linearly dependent.

O
Example 2.8 Since
1 2 -4
det | 2 1 1 =0,
-3 -1 -3
the vectors
1 2 —4
Vvi=1| 2 |, = 1 |, 3= 1
-3 -1 -3
are linearly dependent by Theorem 2.7. A
Definition 2.9 Assume the n x 1 vector functions ¢1, ¢s,- - , ¢ are de-
fined on an interval I. We say that these k vector functions are linearly
dependent on I provided there are constants ci,co,--- ,ck, not all zero,

such that

c1gr(t) +cada(t) + -+ crd(t) =0,
for all t € I. Otherwise we say that these k vector functions are linearly
independent on I.

Note that the n x 1 vector functions ¢1, ¢o, - - - , ¢ are linearly indepen-
dent on an interval I provided that the only constants c1,co,--- ,cx that
satisfy the equation

c1¢1(t) + cada(t) + -+ + crgr(t) =0,

forallte I, areci =co=---=c¢ =0.

Any three 2 x 1 constant vectors are linearly dependent, but in the
following example we see that we can have three linearly independent 2 x 1
vector functions on an interval I.
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Example 2.10 Show that the three vector functions ¢1, ¢2, ¢3 defined by

ar=| 3] =] ] aw=]T]

are linearly independent on any nondegenerate interval I (a nondegenerate
interval is any interval containing at least two points).
To see this, assume ¢y, cg, c3 are constants such that

c191(t) + c22(t) + c393(t) =0,
for all t € I. Then

e, t2 N 31 [o
C1 " C2 ¢ C3 ¢ =10 |’
for all ¢ € I. This implies that

cit + cot® + c3t® = 0, (2.4)

for all ¢t € I. Taking three derivatives of both sides of equation (2.4), we
have

603 =0.
Hence ¢3 = 0. Letting ¢35 = 0 in equation (2.4) and taking two derivatives
of both sides of the resulting equation

cit + Cgt2 =0,
we get that
202 =0
and so ¢ = 0. It then follows that ¢; = 0. Hence the three vector functions
¢1, P2, @3 are linearly independent on 1. A

In the next theorem when we say (2.5) gives us a general solution
of (2.3) we mean all functions in this form are solutions of (2.3) and all
solutions of (2.3) can be written in this form.

Theorem 2.11 The linear vector differential equation (2.3) has n linearly
independent solutions on I, and if ¢1, ¢a, -+ , dn aren linearly independent
solutions on I, then

T =c1¢1 + cada + - + Cnp, (2.5)

fort € I, where c¢1,ca,- - ,c, are constants, is a general solution of (2.3).

Proof Let 11,9, -+ , 1, be n linearly independent constant n x 1 vectors
and let £y € I. Then let ¢; be the solution of the IVP

' =At)z, z(to) = s,
for 1 <i <n. Assume ¢y, ca, - , ¢, are constants such that
c1d1(t) + c2g2(t) + -+ + cadn(t) =0,
for all t € I. Letting t = ¢y we have
c1¢1(to) + c2da(to) + -+ + cndulto) =0
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or, equivalently,
c11 + cotho + - + e, = 0.

Since 1,12, - -+ , 1, are n linearly independent constant vectors, we have
that

cp=cp=--=cp,=0.
It follows that the vector functions ¢1, ¢, - - - , ¢, are n linearly independent

solutions on I. Hence we have proved the existence of n linearly independent
solutions.

Next assume the vector functions ¢1,¢s, -+, ¢, are n linearly inde-
pendent solutions of (2.3) on I. Since linear combinations of solutions of
(2.3) are solutions of (2.3), any vector function z of the form

T =c191 + o + -+

is a solution of (2.3). It remains to show that every solution of (2.3) is of
this form. Let tg € I and let

& = ¢i(to),
1 <i < n. Assume by, b, - -- , b, are constants such that
b1&1 + b2l + - - - + 0§ = 0.
Then let
v(t) = b1d1(t) + bada(t) + -+ - + bnn(t),
for t € I. Then v is a solution of (2.3) on I with v(tg) = 0. It follows from

the uniqueness theorem (Theorem 2.3) that v is the trivial solution and
hence

b1d1(t) + bad2(t) + -+ budn(t) = 0,
for t € 1. But ¢1, 09, -, ¢, are linearly independent on I, so
by =by=---=b,=0.

But this implies that the constant vectors & := ¢1(to), &2 := da(to), - -,
&n = ¢n(to) are linearly independent.
Let z be an arbitrary but fixed solution of (2.3). Let ¢y € I, since

z(tp) is an n x 1 constant vector and ¢1(to), ¢2(to), -+, dn(to) are linearly
independent n x 1 constant vectors, there are constants ay, as, - - - , a, such
that

a191(to) + azda(to) + -+ + andn(to) = z(to).
By the uniqueness theorem (Theorem 2.3) we have that
2(t) = a1¢1(t) + agga(t) + - -+ + andn(t), for tel.
Hence
T =c191+ c2d2 + -+ Cnn

is a general solution of (2.3). O
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First we will see how to solve the vector differential equation
' = Ax,

where A is a constant n X n matrix. We recall the definitions of eigenvalues
and eigenvectors for a square matrix A.

Definition 2.12 Let A be a given n x n constant matrix and let z be a
column unknown n-vector. For any number A the vector equation

Az =z (2.6)

has the solution z = 0 called the trivial solution of the vector equation. If
Ao is a number such that the vector equation (2.6) with A replaced by Ao
has a nontrivial solution x, then )\g is called an eigenvalue of A and x is
called a corresponding eigenvector. We say Ao, xo is an eigenpair of A.

Assume A is an eigenvalue of A, then equation (2.6) has a nontrivial

solution. Therefore,
(A=X)z=0
has a nontrivial solution. From linear algebra we get that the characteristic
equation
det (A— M) =0

is satisfied. If )\ is an eigenvalue, then to find a corresponding eigenvector
we want to find a nonzero vector x so that

Ax = \ox
or, equivalently,
(A — )\0]) x=0.

Example 2.13 Find eigenpairs for

A{_OQ _13}

The characteristic equation of A is

-2 1

det(A)J)’ D

‘ 0
Simplifying, we have
M43 +2=A+2)(A\+1)=0.

Hence the eigenvalues are Ay = —2, Ay = —1. To find an eigenvector
corresponding to A\; = —2, we solve

(A= \I)z = (A+2D)z =0

or

It follows that
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is an eigenpair for A. Similarly, we get that

4]

is an eigenpair for A. A

Theorem 2.14 If \g, xg is an eigenpair for the constant n X n matriz A,
then
z(t) = ez, teER,

defines a solution x of

¥ = Ax (2.7)
on R.
Proof Let
z(t) = e iy,
then
' (t) = e iz
= M\
= M Axg
= AeMix,
— Ax(h),
for t € R. O

Example 2.15 Solve the differential equation

, o 1
xr = _92 _3 xZ.

From Example 2.13 we get that the eigenpairs for

=[5 4]

1 1
-2, {_2} and —1, [_1}

Hence by Theorem 2.14 the vector functions ¢y, ¢o defined by

ay=e| L] am=ct] 1|

are solutions on R. Since the vector functions ¢q, ¢2 are linearly indepen-
dent (show this) on R, a general solution z is given by

_ 1 _ 1
z(t) = cre 2t{_2]+cze t[—l}’
teR. A

are
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Theorem 2.16 If x = u+iv is a complex vector-valued solution of (2.3),
where u, v are real vector-valued functions, then u, v are real vector-valued
solutions of (2.3).

Proof Assume z is as in the statement of the theorem. Then
2 (t) =/ (t) + a0 (t) = A(t) [u(t) +iv(t)], for tel,
or
u'(t) + ' (t) = At)u(t) + iA(t)v(t), for te€l
Equating real and imaginary parts, we have the desired results

u'(t) = A)u(t), o'(t) = A(t)v(t), for tel. O
Example 2.17 Solve the differential equation

;L 3 1
= [ 13 _3 } x. (2.8)
The characteristic equation of the coefficient matrix is
M +4=0

and the eigenvalues are
A1 =20, Ay = —2i.
To find an eigenvector corresponding to A\; = 27, we solve
(A=2iDz =0

3-2 1 2] [0
-13 -3-2 x2 | | O |
(3—2i)$1 + 25 =0.
. 1
%’[3+%}

is an eigenpair for A. Hence by Theorem 2.14 the vector function ¢ defined
by

or

Hence we want

It follows that

_ 2t 1
o) = e {—3+%]
. 1
= [cos(2t) + isin(2t)] [ 349 }
cos(2t) i sin(2t)
—3 cos(2t) — 2sin(2t) ‘2 cos(2t) — 3sin(2t)
is a solution. Using Theorem 2.16, we get that the vector functions ¢1, ¢
defined by
_ cos(2t) _ sin(2t)
() = { —3cos(2t) — 2sin(2t) ] , $2(t) = { 2 cos(2t) — 3sin(2t)
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are real vector-valued solutions of (2.8). Since ¢1, ¢2 are linearly indepen-
dent (show this) on R, we have by Theorem 2.11 that a general solution x
of (2.8) is given by

cos(2t) sin(2t)

z(t) = a1 —3cos(2t) — 2sin(2t) ] te [ 2cos(2t) — 3sin(2t) |’

for t € R. A

Example 2.18 Let’s solve the system in Example 2.2 involving two masses
attached to springs for the special case that all the parameters are equal
to one.

In this case we have

0 1 0 0
-2 -1 1 0
A= 0 0 0 1

1 0 -2 -1

By expanding det(A — AI) along the first row, we get the characteristic
equation

0 = det(A — \I) AMAFDNZ A +2)+202 + 1 +2) -1
= (N+A+2)7%-1

= (MHA+FD)AN+A+3).

Hence the eigenvalues of A are

1
A=—_+ \/32', ! + \/112'.
2 2 2 2
As in the Example 2.17, the eigenpairs are computed to be

1 1
1, V3, | =L V3 1, Vil 14 Vi
fj:\/', 2E % | and - j:\/i, 2 E Yy
27 2 1 27 2 -1
e g p

(use your calculator to check this). Complex vector solutions corresponding
to the first two eigenpairs are

1
14 V3,
BCEEISDL! —p TG
1 )
14 V3,
—p £

and complex vector solutions for the remaining eigenpairs are obtained in a
similar way. Finally, by multiplying out the complex solutions and taking
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real and imaginary parts, we obtain four real solutions. The first two are

cos ‘/3t sin V3¢
S 2Cos V3¢ ‘/3 sm‘é t et \23 cos \é%, ;sin é3t
cos ‘/3t ’ sin \égt ’
2cos ‘/3t— ‘/3 ‘é t L ‘23 cos ‘égt— ;Sin ‘égt
and the second two are
cos(at) [ sin(at)
¢ | —1cos(at) — asin(at ¢ acos(at) — L sin(at
e’ ’ EC())s(at) “ e (* lin(fzt) o ’
3 cos(at) + asin(at) | —acos(at) + } sin(at)

where a = \/211 . We will show later (Example 2.26) that these four solutions
are linearly independent on R, so a general linear combination of them gives
a general solution of the mass-spring problem. Note that as ¢ — oo, the
masses must experience exponentially decreasing oscillations about their
equilibrium positions. A

If the matrix A has n linearly independent eigenvectors, then Theorem
2.14 can be used to generate a general solution of 2’ = Az (see Exercise
2.15). The following example shows that an n x n constant matrix may
have fewer than n linearly independent eigenvectors.

Example 2.19 Consider the vector differential equation ' = Ax, where

1 1
=11,
The characteristic equation for A is

N —4\+4=0,

S0 A1 = Ay = 2 are the eigenvalues. Corresponding to the eigenvalue 2
there is only one linearly independent eigenvector, and so we cannot use
Theorem 2.14 to solve this differential equation. Later (see Example 2.36)
we will use Putzer’s algorithm (Theorem 2.35) to solve this differential
equation. AN

We now get some results for the linear vector differential equation (2.3).
We define the matrix differential equation

X' = A@)X, (2.9)
where
11 12 . Tin
X = T21  X22 ot X2p

Tpl Tp2 Tnn
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and
! ! /
Ty Ty o Tip
! ! /
X/ .= | Y21 Tz o Top
! ! !
Tp1 Tp2 0 Tpp

are n xXn matrix variables and A is a given n X n continuous matrix function
on an interval I, to be the matrix differential equation corresponding to
the vector differential equation (2.3). We say that a matrix function @ is
a solution of (2.9) on I provided ® is a continuously differentiable n x n
matrix function on I and

(1) = A(t)(1),
for t € I. The following theorem gives a relationship between the vector

differential equation (2.3) and the matrix differential equation (2.9).

Theorem 2.20 Assume A is a continuous n X n matriz function on an
interval I and assume that ® defined by

(I)(t) = [¢1(t)7¢2(t)7"' 7¢n(t)}7 tGI,

is the n X n matriz function with columns ¢1(t), d2(t), -, on(t). Then ®
is a solution of the matriz differential equation (2.9) on I iff each column
¢; is a solution of the vector differential equation (2.3) on I for 1 <i<mn.
Furthermore, if ® is a solution of the matriz differential equation (2.9),
then
z(t) = ®(t)c

is a solution of the vector differential equation (2.3) for any constant n x 1
vector c.

Proof Assume ¢1, ¢, , ¢, are solutions of (2.3) on I and define the
n x n matrix function ® by

D(t) = [@1(t), ¢2(t), -, on(t)], teL

Then @ is a continuously differentiable matrix function on I and

'(t) = [#1(t), (1), -, D (t)]
= [A()o1 (1), AM)P2(t), - -, A()Pn(t)]
= A1) [91(D), 2(t), -, Pn(t)]
A(t) (1),
for ¢t € I. Hence ® is a solution of the matrix differential equation (2.9)
on I. We leave it to the reader to show if ® is a solution of the matrix
differential equation (2.9) on I, then its columns are solutions of the vector
differential equation (2.3) on I.
Next assume that the n x n matrix function ® is a solution of the

matrix differential equation (2.9) on I and let

x(t) = ®(t)e, for tel,
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where c is a constant n x 1 vector. Then

() = ¥ (t)c
= A@t)P(t)c
= A@)=z(1),
for ¢ € I. This proves the last statement in this theorem. O

Theorem 2.21 (Existence-Uniqueness Theorem) Assume A is a continu-
ous matrix function on an interval I. Then the IVP

X'=At)X, X(to) = Xo,

where tog € I and Xg is an n X n constant matrix, has a unique solution X
that is a solution on the whole interval I.

Proof This theorem follows from Theorem 2.3 and the fact that X is a
solution of the matrix equation (2.9) iff each of its columns is a solution of
the vector equation (2.3). O

We will use the following definition in the next theorem.

Definition 2.22 Let

ar1(t) a2(t) - ain(?)
A(t) _ a21 (t) a9 (t) agn(t)

an1(t) ana(t) -+ ann(t)
Then we define the trace of A(t) by
tI‘[A(t)] = an(t) + a22(t) + -+ ann(t).

Theorem 2.23 (Liouville’s Theorem) Assume ¢y, ¢, -+ ,¢n are n so-
lutions of the vector differential equation (2.3) on I and ® is the matriz
function with columns ¢1, ¢, -+, ¢n. Then if tg € I,

det ®(t) = elio AT 9 qot (1),
fortel.

Proof We will just prove this theorem in the case when n = 2. Assume
¢1, 02 are n = 2 solutions of the vector equation (2.1) on I and ®(¢) is the
matrix with columns

=[5 ] ener=[ 2260 ]
Let

)

() bualt)
u(t) = det@(t) = | 1 12
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for ¢t € I. Taking derivatives we get
W) = 1) 9a(t) p11(t)  12(t) ’
$21(t)  P22(t) P51 (1) Pao(t)
ar1(t)11(t) + ar2(t)ga1(t) a1 (t)gi2(t) + ara(t)paa(t) ‘
$21(1) P22(t)
$11(t) P1a(1) ‘
a1 (t)11(t) + agz(t)pa1(t)  az1(t)p12(t) + az(t)p2a(t)

a11(t)p11 (t) a11(t)¢12(t)' b11(t) P12(t) ‘
$21(t) P22(t) aga(t)p21(t)  aza(t)paa(t)

_ P11(t)  Pra2(t) on(t) or2(t)
= ot 1 9o |+ om0 00 0
- P11(t)  d12(t)
= lan®+ax®l] o o ¢22(t)‘

tr[A(t)] det B(t)
= tr[A()]u(t).

Solving the differential equation v’ = tr[A(t)]u, we get
u(t) = uto)edio TAGE - for y e,
or, equivalently,

det d(t) = elio AN ds ot D(ty), for tel.

O
Corollary 2.24 Assume ¢1,¢o, -+, On are n solutions of the vector equa-
tion (2.3) on I and ® is the matriz function with columns ¢1, 2, -+ , On.

Then either
(a) det ®(t) =0, foralltel,

or
(b) det @(t) #0, foralltel.
Case (a) holds iff the solutions ¢1,da,- - , ¢ are linearly dependent on I,
while case (b) holds iff the solutions ¢1, o, , dn are linearly independent
on I.

Proof The first statement of this theorem follows immediately from Liou-
ville’s formula in Theorem 2.23. The proof of the statements concerning
linear independence and linear dependence is left as an exercise (see Exer-
cise 2.24). O

It follows from Corollary 2.24 that if ¢q, ¢a, - , ¢, are n solutions of
the vector equation (2.3) on I and @ is the matrix function with columns
O1, P2, ,¢n and tg € I, then ¢q,po,- -+ , ¢, are linearly independent on
I iff

det ®(tg) # 0, for any ty € I.
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We show how to use this in the next example.

Example 2.25 Show that the vector functions ¢1, ¢o defined by
_ cos(2t) _ sin(2t)
o1(t) = —3 cos(2t) — 2sin(2t) } » $alt) = [ 2cos(2t) — 3sin(2t) |’
for t € R are linearly independent on R.
In Example 2.17 we saw that ¢, ¢2 are solutions of the vector differ-
ential equation (2.8) on R. Let ® be the matrix function with columns ¢,
and ¢, respectively. Then

1 0
de’c<I>(0)—|_3 2‘_27&0.
Hence ¢1, ¢ are linearly independent on R. A

Example 2.26 Let’s show that the four real solutions computed in Exam-
ple 2.18 involving the oscillations of two masses are linearly independent
on R.

If we evaluate each solution at t = 0, then we obtain the following
determinant:

1 V3 1 V11
2 2 2 2
1 0 -1 0 ’
R EV: 1 V11
2 2 2 2
which has value v/33, so linear independence is established. A

In the preceding examples, it was essential that the vector functions
were solutions of a vector equation of the form (2.3). In the following
example, two linearly independent vector functions on an interval I are
shown to constitute a matrix with zero determinant at a point ¢ty € I.

Example 2.27 Show that the vector functions ¢1, ¢o defined by

atr=| | o= ],

for t € R are linearly independent on R.
Assume ¢y, ¢ are constants such that

c1¢1(t) + cagpa(t) =0,

t2 t-|t 0
ol v e[ ]G]
for ¢ € R. This implies that
et + cot - |t| = 0,

for t € R. Then

for t € R. Letting t = 1 and t = —1, we get the two equations
c1+c=0

cp —cg =0,
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respectively. This implies that ¢; = ¢o = 0, which gives us that ¢, ¢o are
linearly independent on R. Notice that if ®(t) = [¢1(t), p2(t)], then

0 0

det ®(0) ' L

o

It must follow that
2 .
o (1) = [ | ] balt) = [tlt']

are not solutions of a two-dimensional vector differential equation of the
form (2.3) on the interval I = R. A

Definition 2.28 An n x n matrix function ® is said to be a fundamental
matriz for the vector differential equation (2.3) provided ® is a solution of
the matrix equation (2.9) on I and det ®(¢) # 0 on I.

Theorem 2.29 An n x n matriz function ® is a fundamental matriz for
the vector differential equation (2.3) iff the columns of ® are n linearly
independent solutions of (2.3) on I. If ® is a fundamental matriz for the
vector differential equation (2.3), then a general solution x of (2.3) is given
by
x(t) = ®(t)e, tel,

where ¢ is an arbritrary n x 1 constant vector. There are infinitely many
fundamental matrices for the differential equation (2.3).

Proof Assume @ is an n x n matrix function whose columns are linearly
independent solutions of (2.3) on I. Since the columns of ® are solutions of
(2.3), we have by Theorem 2.20 that ® is a solution of the matrix equation
(2.9). Since the columns of ® are linearly independent solutions of (2.9),
we have by Corollary 2.24 that det ®(¢) # 0 on I. Hence ® is a fundamental
matrix for the vector equation (2.3). We leave it to the reader to show that
if ® is a fundamental matrix for the vector differential equation (2.3), then
the columns of ® are linearly independent solutions of (2.3) on I. There
are infinitely many fundamental matrices for (2.3) since for any nonsingular
n X n matrix X the solution of the IVP

X'=A)X, X(to) = Xo,

is a fundamental matrix for (2.3) (a nonsingular matrix is a matrix whose
determinant is different than zero).
Next assume that @ is a fundamental matrix for (2.3). Then by The-
orem 2.20
x(t) = ®(t)e,
for any m x 1 constant vector ¢, is a solution of (2.3). Now let z be an
arbitrary but fixed solution of (2.3). Let ¢ty € I and define

co = (1371@0)2(150).
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Then z and Pcqy are solutions of (2.3) with the same vector value at tg.
Hence by the uniqueness of solutions to IVPs (Theorem 2.3),

2(t) = B (t)co.

Therefore,
x(t) = ®(t)e, fortel,

where ¢ is an arbitrary n x 1 constant vector defines a general solution of

(2.3). O
Example 2.30 Find a fundamental matrix & for
-2 3
T = [ 5 3 ]x (2.10)

Verify that ® is a fundamental matrix and then write down a general
solution of this vector differential equation in terms of this fundamental
matrix.

The characteristic equation is

N —A-12=0
and so the eigenvalues are A\; = —3, A2 = 4. Corresponding eigenvectors
are
3 1
[ 1 } and { 9 } .
Hence the vector functions ¢1, ¢o defined by
o= 5] wd e =]},

for t € R are solutions of (2.10). It follows from Theorem 2.20 that the
matrix function ® defined by

B(t) = [61(1), d(t)] = [

for t € R is a matrix solution of the matrix equation corresponding to (2.9).
Since

3673t e4t
_e—3t 2€4t ’

3673t €4t
_e—St 26475

for all ¢ € R, ® is a fundamental matrix of (2.10) on R. It follows from
Theorem 2.29 that a general solution z of (2.10) is given by

#(t) = (t)e = [ e et }c,

7673t 2€4t
for t € R, where c is an arbritrary 2 x 1 constant vector. A

det ®(t) = =Te' #£0,

Theorem 2.31 If ¢ is a fundamental matriz for (2.3), then ¥ = ®C
where C' is an arbitrary n X n nonsingular constant matriz is a general
fundamental matriz of (2.3).
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Proof Assume ® is a fundamental matrix for (2.3) and set
v = dC,

where C'is an n x n constant matrix. Then W is continuously differentiable
on I and

U (t) '(t)C

= Al)2()

A(t)T(t)
Hence ¥ = ®C' is a solution of the matrix equation (2.9). Now assume that
C is also nonsingular. Since
det [T(t)] = det[®(¢)C]

= det [D(t)] det [C]

# 0
for t € I, U = ®C is a fundamental matrix of (2.9). It remains to show

any fundamental matrix is of the correct form. Assume V¥ is an arbitrary
but fixed fundamental matrix of (2.3). Let ¢ty € I and let

Co = O (o)W (to).
Then Cj is a nonsingular constant matrix and
U(tg) = P(to)Co
and so by the uniqueness theorem (Theorem 2.21)

W(t) = ®(t)Cy, fortel.

C

2.3 The Matrix Exponential Function

In this section, we show how to compute a fundamental matrix for the
linear system with constant coefficients

2 = Azx.

Specifically, we will compute the special fundamental matrix whose initial
value is the identity matrix. This matrix function turns out to be an
extension of the familiar exponential function from calculus. Here is the
definition:

Definition 2.32 Let A be an n x n constant matrix. Then we define the
matrix exponential function by e“* is the solution of the IVP

X' =AX, X(0)=1I,
where I is the n x n identity matrix.

Before we give a formula for e (see Theorem 2.35) we recall without
proof the following very important result from linear algebra. In Exercise
2.29 the reader is asked to prove Theorem 2.33 for 2 x 2 matrices.
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Theorem 2.33 (Cayley-Hamilton Theorem) FEvery n x n constant matriz
satisfies its characteristic equation.

Example 2.34 Verify the Cayley-Hamilton Theorem (Theorem 2.33) di-
rectly for the matrix

2 3
A= { 23 } |
The characteristic equation for A is
2— A\ 3 2 _
4 Y =X -3A-10=0.
Now
2 oA - 6 9] |6 9] [10 0
AT -4 101_[12 13 12 3 0 10
N 0 0
- 0 0}’
which is what we mean by A satisfies its characteristic equation. A
Theorem 2.35 (Putzer Algorithm for Finding e?) Let A, Xa, -+, A\, be

the (not necessarily distinct) eigenvalues of the matriz A. Then

n—1
e =" pria(t) My,
k=0

where My =1,
k
My =[] (A= X1),
i=1
for 1 <k <n and the vector function p defined by
pi(t)
t
o= | P20
pn(t)
fort € R, is the solution of the IVP
A 0O 0 -+ 0 1
1 X 0 - 0 0
p= 0 L A 0y p0)=| 0
0 0 1 A 0

Proof Let

n—1

O(t) =Y prp1(t)My, forteR,
k=0
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where pg, 1 < k < n and Mg, 0 < k < n are as in the statement of this
theorem. Then by the uniqueness theorem (Theorem 2.21) it suffices to
show that @ satisfies the IVP

X'=AX, X(0)=1I
First note that
n—1
©0) = > per1(0)My
k=0
= D1 (0)]

1.

Hence & satisfies the correct initial condition. Note that since the vector
function p defined by

pi(t)
t
p(t) = p?,(,)
Pn(t)
is the solution of the IVP
A0 0 0 1
1 X 0 0 0
p/ — 0 1 )\3 0 D, p(o) — 0 ,
0 0 1 A\, 0
we get that
pit) = Aipi(t),
pi(t) = pi—1(t) + Xipi(t),

forteR,2<i<n.
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Now consider, for ¢t € R,
D' (t) — AD(t)

n—1 n—1
= D P (OMi— A pria () My,
k=0 k=0

n—1 n—1
= (Mo + > Peraprs (t) + pr(t)] My = Y pryr () AM,,
k=1 k=0
n—1
= Mpi(OMo+ Y Mepapria () + pe(t)] M
k=1

n—1
= rgr () [Mig1 + Ao IMy]
k=0

n—1 n—1
= > oM =Y prar () My
k=1 k=0

—pn(t) My
= 0,
since M,, = 0, by the Cayley-Hamilton theorem (Theorem 2.33). O
Example 2.36 Use the Putzer algorithm (Theorem 2.35) to find e* when
A= { _11 zl)) ] .
The characteristic equation for A is
AN 4N +4=0,

S0 A1 = A2 = 2 are the eigenvalues. By the Putzer algorithm (Theorem

2.35),
1

e =" prya(t) My, = pi(t) Mo + pa(t) M.
k=0
1 0
My=1I= { 0 1 ]

My=A-M\MI=A—-2]= { - ]

-1 1
for t € R is the solution of the IVP
;120 |1

Now
and

Now the vector function p given by

p(t) = { Pl

pa(t

~ —
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Hence the first component p; of p solves the IVP
p1=2p1, pi(0)=1
and so we get that
pi(t) = e*.
Next the second component po of p is a solution of the IVP
ph =€ +2ps,  p2(0) =0.
It follows that

Hence

B 1—t
= —t 1+t

It follows from Defintion 2.28 and Theorem 2.29 that a general solution of
the vector differential equation

;11
= [ 13 ]x (2.11)
is given by

x(t) = et

1—1t t
_ 2t 2t
= ce [ 4 }—i—cze [1+t]’

for t € R. Note that in Example 2.19 we pointed out that we can not solve
the vector differential equation (2.11) using Theorem 2.14. A

Example 2.37 (Complex Eigenvalues) Use the Putzer algorithm (Theo-
rem 2.35) to find e* when

1 -1
e[t 1],
The characteristic equation for A is
N +4=0,

S0 A1 = 2i, Ay = —2i are the eigenvalues. By the Putzer algorithm (Theo-
rem 2.35),
1

=Y Pt ()M, = pi(t) Mo + pa(t) M.

k=0
Now

1 0

MO_J_[O 1]
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and

M1:A—)\1]:[121 -1 ]

) —1—-2

Now the vector function p given by

p@%{pdw}

pa2(t)
for ¢ € R must be a solution of the IVP
;|20 0 |1

Hence p; is the solution of the IVP

= (2i)p1, p1(0) =1,
and we get that
pi(t) = e2it.
Next ps is the solution of the IVP
py = e* — (2i)pa, p2(0) = 0.
It follows that

I ST F ST
plt) = e T e
= sin(2t)
for t € R. Hence
el = pi(t)Mo + pa(t )M
10 1- -1
= [0 1} sin(2t) [ 12@]
1 0 1 1—-2 —1
= [cos(2t) + isin(2t)] { 0 1 ] ) sin(2t) [ 5 9 }
B cos(2t) + § sin(2t) — 3 sin(2t)
- g sin(2t) cos(2t) — é sin(2t)
for t € R. A

Example 2.38 Use the Putzer algorithm (Theorem 2.35) to help you solve
the vector differential equation

200
=112 0|z (2.12)
10 3
Let A be the coefficient matrix in (2.12). The characteristic equation

for A is
(A—2)(A—3) =0,
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S0 A1 = Ay = 2, A3 = 3 are the eigenvalues of A. By the Putzer algorithm
(Theorem 2.35),

2
et = Zpk+1(t)Mk = p1(t)Mo + p2(t) M1 + p3(t) M.

k=0
Now
1 00
My=I=|0 1 0|,
0 0 1
0 0 0
Miy=(A-M\I)=|1 0 0|,
1 0 1
and
My = (A—=XI)(A—X\I)
[0 0 0]J[O0 0 O
= 100 1 00
10 1 ][1 01
[0 0 0]
= 0 0 0
|10 1 |
Now the vector function p given by
pa(t)
p(t) = | p2(t) |,
ps(t)
for ¢t € R solves the IVP
2 0 0 1
=12 0|p p0)=]0
01 3 0

Since p; is the solution of the IVP
pr=2p1, pi(0) =1,
we get that
pi(t) = €.
Next po is the solution of the IVP
phy =€ +2ps,  pa(0) = 0.
It follows that
pa(t) = te?t
Finally, ps is the solution of the IVP

phy = te? +3ps,  p3(0) = 0.
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Solving this IVP, we obtain
pa(t) = —te? — e 4 &3t

Hence

e?t 0 0
= te?t et 0
Bt _ g2t o o3t

z(t) = efle
e2t 0 0
= te?t et 0 e
B2t (g Bt
e2t 0 0
= ¢ tet +e | e | +e3| 0O |,
o3t _ o2t 0 3t
for t € R. A

In the following theorem we give some properties of the matrix expo-
nential.

Theorem 2.39 Assume A and B are n X n constant matrices. Then
(i) JeM =Aer, forteR,
(i) det [eA] # 0, fort € R and e*' is a fundamental matriz for
27),

(iii) eAteAs = eAt+s)  fort, s € R,

(iv) {eA}~t =e4t fort € R and, in particular,
{eA}—l _ G_A,

(v) if AB = BA, then e B = Be”t, for t € R and, in particular,

e B = Be?,

(vi) if AB = BA, then eteBt = (A48t fort € R and, in particular,

cAgB _ J(AFB)

(vii) eAt = T+ A% + A20 4.4 ARE 4 fort € R,

ey . . . —1 _
(viil) if P is a nonsingular matriz, then e?’BPF" = peBp=1,
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Proof The result (i) follows immediately from the definition of e4?.

Since e4? is the identity matrix at ¢ = 0 and det(I) = 1 # 0, we get
from Corollary 2.24 that det(et*) # 0, for all t € R and so (ii) holds.

We now prove that (iii) holds. Fix s € R, let ¢ be a real variable and

let
D(t) := eAteAs — pAltts)

Then
(1) = Aette?s — AeAtHs)
- A [eAteAs _ eA(t-&-s)}
= A®(t),
for t € R. So ® is a solution of the matrix equation X’ = AX. Also,
®(0) = e?* —e”* = 0, so by the uniqueness theorem, Theorem 2.21,

®(t) =0 for t € R. Hence
eAteAs — eA(t+s)’

for ¢ € R. Since s € R is arbitrary, (iii) holds.
To show that (iv) holds, we get by using (iii)

pAte—At LAt A(—t)
eA(t+(—t))
= 1,

for t € R. This implies that
{eAt}—l — e—At

for t € R. Letting t = 1, we get that
{eA}—l _ e—A’
and so (iv) holds.
The proof of (v) is similar to the proof of (iii) and is left as an exercise

(see Exercise 2.39).
To prove (vi), assume AB = BA and let

B(t) := eAteBt o(ATB)t.
Then using the product rule and using (iv),
B'(t) = AeMtelt 1 eAtBeBt _ (A4 B)eA+B)t
—  AeAteBt  BeAteBt _ (A 4 B)e(A+BIt
= (A4 B) |eMePt — e(AJrB)t}
= (A+B)e(1),

for t € R. Also, ®(0) =TI — I =0, so by the uniqueness theorem, Theorem
2.21, ®(t) = 0 for t € R. Hence

o(A+B)t _ eAteBt,
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for t € R. Letting t = 1, we get that
o(A+B) _ LA B
and hence (vi) holds.
We now prove (vii). It can be shown that the infinite series of matrices
t2 n

t ot
T A AT e A e

converges for t € R and that this infinite series of matrices can be differen-
tiated term by term. Let

O(t) =1 At A2t2 A"tn
()= Ay ATy e b AT e
for t € R. Then
o) = A4aA2! A3t2
() = AtAT + A7 4
2t2

t
= A I—I—Al!—i—A o T
= Ad(t),
for t € R. Since ®(0) = I, we have by the uniqueness theorem, Theorem
2.21, ®(t) = e, for t € R. Hence
t t?
At _ 2 R

for t € R and so (vii) holds.
Finally, (viii) follows from (vii). O

Theorem 2.40 (Variation of Constants Formula) Assume that A is an
n X n continuous matriz function on an interval I, b is a continuous n x 1
vector function on I, and ® is a fundamental matriz for (2.3). Then the
solution of the IVP

=AMz +0bt), x(to) = o,

where ty € I and xo € R", is given by

2(t) = DO (to)ao + (1) / "B (s)b(s) ds,

to

fortel.

Proof The uniqueness of the solution of the given IVP follows from The-
orem 2.3. Let ® be a fundamental matrix for (2.3) and set

2(t) = D)D" (to)z0 —|—<I>(t)/ ®L(s)b(s) ds,

to
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for t € I. Then

2(t) = 1) (to)ro + (1) / t<I>_1(s)b(s) ds + ()DL ()b(1)

to

—  AW)D()D " (to)zo + A(t)D(t) / tqu(s)b(s) ds + b(t)

= AQt) [D(6)D (to)xo + () / t(Ifl(s)b(s) ds} +b(t)

= A()z(t) + b(t), )
for t € I. Also,
x(to) = (I)(to)q)il(to).%‘o
= Xo-

O

Corollary 2.41 Assume A is an n X n constant matriz and b is a con-
tinuous n X 1 vector function on an interval I. Then the solution x of the

VP
= Az +b(t), =x(to) = o,

where ty € I,xo € R™ is given by (the reader should compare this to the
variation of constants formula in Theorem 1.6)

t
x(t) = et g 4 / A=) (s) ds,

to
fortel.

Proof Letting ®(t) = e in the general variation of constants formula in
Theorem 2.40, we get, using the fact that {e4?} 1 = e=4¢,

o) = <I>(t)<I>_1(t0)x0+<I>(t)/t<1>_1(s)b(s) ds

to

t
eAte_Atoxo—i—eAt/ e—Asb(S) ds

to

t
= eA(t*tO)x0+/ eA(t*S)b(s) ds,

to

fortel. O

In the next theorem we see under a strong assumption (2.13) we can
find a fundamental matrix for the nonautonomous case =’ = A(t)x.

Theorem 2.42 Assume A(t) is a continuous n X n matriz function on an
interval I. If

A(DA(s) = A(s)A(t) (2.13)
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for allt,s € I, then
O(t) = elio AL) ds

(defined by it’s power series (2.14)) is a fundamental matriz for ' = A(t)x
on I.

Proof Let

k

B(t) = e 4G ds . i 11! { /t :A(s)ds] . (2.14)

k=0

We leave it to the reader to show that the infinite series of matrices in
(2.14) converges uniformly on each closed subinterval of I. Differentiating

term by term and using the fact that (2.13) implies that A(t) ftto A(s) ds =
¢
J,, A(s) ds A(t) we get

() = A(t)g;(kll)! Ut:A(S)dsrl
. ‘ k
_ A(t)kz:% ]i! [ /t A(s)ds}
— AMOW)

Since
det (tg) = det I =1 # 0,

we have that ®(t) is a fundamental matrix for the vector differential equa-
tion a’ = A(t)z. O

Note that condition (2.13) holds when either A(¢) is a diagonal matrix
or A(t) = A, a constant matrix.

Example 2.43 Use the variation of constants formula to solve the IVP

e[ 3] 2] 0= (1]

Since
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From the variation of constants formula given in Corollary 2.41,

1—t t 2
_ 2t
x(t)_e[t 1+tH1]
! oat—s) | 1—t+s t—s e?s
+ /Oe {—t—l—s 1+t—s]{2623}d8
[ 2 —92t+t P 1—t4+s+2t—2s
_ 2t 2t
- _—2t+1+t]+e /0[—t+s+2+2t—25}d5
[ 2 ¢ T 14t—s
_ 2t 2t
- ¢ _1—t]+e /0[2+t—s]ds
- _ t2
= et 2 t]+e2t R’
|1t 2t + 1,
- P
= €2t 2+22 5
1+t+7
for t € R. AN

Example 2.44 Use the variation of constants formula to solve the IVP

1 2 0 2tet 2
=101 2 {z+| 0 |, z(00)=]1
0 0 1 0 0
Let
1 2 0
A=10 1 2
0 0 1

We will find e4? by an alternate method. Note that

At = ((BHON
where
1 0 0 0 2 0
B=|(010]|,C=|00 2
0 0 1 0 0 O
Since BC = CB,
pAt . o(B+O)t _ Bt Ct

It follows from Exercise 2.41 that

et 0 0
eBl=10 e 0
0 0 €t
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Also,
ct 2152 std
et = I+C A KGR CLE
M1 0 0 0 2 0 0 0 4 2
= 0 1 +10 0 2 |t+|[0 0 O o1
100 0 0 O 0 0 O ’
(1 2t 2t2
= 0 1 2t
L0 0 1
Hence
pAt Bt Ct
[ e 0 0 12t 26
= 0 e 0 0 1 2t
1 00 et 0 0 1
[ et 2tet 212t
= 0 et Qte
| 0

From the variation of constants formula given in Corollary 2.41

et 2tet  2t%e! 2
z(t) = 0 e 2te 1
0 0 et 0
t [ et 2(t—s)et™ 2(t —s)%et® 2se’
+/ 0 el=s 2(t — s)et™* 0 |ds
0 0 0 el=s 0
2et + 2te [ 2s
= et + et/ 0 |ds
i 0 i 0 0
2¢t + 2te t2et
= et + 0
i 0 | 0
[ 2¢t + 2tet + 2t
= et s
| 0
for t € R. AN

Example 2.45 Use Theorem 2.40 and Theorem 2.42 to help you solve the

IVP
<[} 4o [0]) o[ 5]
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on the interval I = (0, 00). By Theorem 2.42,

O(t) = A ds

is a fundamental matrix for

1

t
Using the variation of constants formula in Theorem 2.40 we get the solu-
tion z(t) of the given IVP is given by

d) = @ W+ 2(0) [ @7 o)

- [o a0 216 2]V ]e
- [+ [o ][ ]e

- __étgHéiim%ﬂ

1t3+§t
—2t2 + t?Int

A

Definition 2.46 Let R™ denote the set of all n x 1 constant vectors. Then
a norm on R™ is a function | - || : R” — R having the following properties:

(i) ||z|| > 0, for all z € R",
(i) ||lz||=0iff x =0,
(iil) [|cx|| = || - ||z| for all ¢ € R, z € R™,
(iv) (triangle inequality) ||z +y|| < [|z| + [|y|| for all z,y € R™.

Example 2.47 Three important examples of norms on R™ are
(i) the Fuclidean norm (l2 norm) defined by
ol == /o + a3 + - + a2,
(ii) the maximum norm (lo norm) defined by
lz|loo := max{|x;| : 1 < i< n},
(iii) the traffic norm (I3 norm) defined by
]l = Jaa] + [za] + - -+ [anl.
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We leave it to the reader to check that these examples are actually norms.
A

A sequence {z*}2° | in R™ is said to converge with respect to a norm
| - || on R™ if there is a g € R™ such that

lim ||z* — 20| = 0.
k—o0

It can be shown that a sequence in R™ converges with respect to one norm
on R™ iff it converges with respect to any norm on R™ (think about this
for the three norms just listed). Unless otherwise stated we will let || - ||
represent any norm on R”.

Definition 2.48 Let ¢(t,z0) = e**zy denote the solution of the IVP
¥ = Az, z(0) = xo.

(i) We say that the trivial solution of (2.7) is stable on [0, 00) pro-
vided given any e > 0 there is a 6 > 0 such that if ||yo| < 9,
then

16t yo)ll <,

fort > 0.

(ii) We say that the trivial solution of (2.7) is unstable on [0, c0)
provided it is not stable on [0, 00).

(iii) We say that the trivial solution of (2.7) is globally asymptotically
stable on [0, 00) provided it is stable on [0, 00) and for any yo €
R™,

t—oo

The next theorem shows how the eigenvalues of A determine the sta-
bility of the trivial solution of 2’ = Ax.

Theorem 2.49 (Stability Theorem) Assume A is an nxn constant matriz.

(i) If A has an eigenvalue with positive real part, then the trivial
solution is unstable on [0, 00).

(ii) If all the eigenvalues of A with zero real parts are simple (mul-
tiplicity one) and all other eigenvalues of A have negative real
parts, then the trivial solution is stable on [0, 00).

(iil) If all the eigenvalues of A have negative real parts, then the trivial
solution of ' = Ax is globally asymptotically stable on [0, c0).

Proof We will prove only part (iii) of this theorem. The proof of part ()
is Exercise 2.46. A proof of part (i7) can be based on the Putzer algorithm
(Theorem 2.35) and is similar to the proof of part (i) of this theorem.
We now prove part (7i7) of this theorem. By part (i7) the trivial solution
is stable on [0, 00), so it remains to show that every solution approaches the
zero vector as t — oco. Let A\1,--- , A, be the eigenvalues of A, and choose
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0 > 0 so that R(A\;) < =0 < 0 for k =1,2,---,n. Let g € R™, then by
Putzer’s algorithm (Theorem 2.35)

n—1

$(t, w0) = e*wg = > prya (t) Myo.
k=0

Since p; solves the IVP

p1=X\ip1, pi(0) =1,
we get

pr(t)] = [N < e,
for all t > 0. Next, po satisfies

Py = Aep2 +p1, p2(0) =0,
so by the variation of constants formula (Theorem 1.6 or Corollary 2.41),

t
pa(t) :/ er2(t=s)ehis (g,
0
Since [e*?®] < e7% and [e*2(=3)| < e79(=5) for t > s,
t
Ip2(t)] < / e 09708 (g5 = e 0t
0

We can continue in this way (by induction) to show
tk*l

)| < —ot
0] < e
for k =1,2,--- ,n. It follows that each p(t) — 0, as t — oo, and conse-
quently that
n—1
o(t,z0) = Zpk+1(t)Mk$o — 0,
k=0
as t — o0. O

Example 2.50 In the example involving the vibration of two coupled

masses (see Example 2.18), we showed that the eigenvalues were \ = f% +
‘éSi and A = fé + \/2111'. Since all four eigenvalues have negative real parts,
the origin is globally asymptotically stable. A

Example 2.51 Determine the stability of the trivial solution of

, [0 -1
=17 5 |
on [0, c0).

The characteristic equation is
AN H1=0,
and hence the eigenvalues are A\ = i, Ao = —i. Since both eigenvalues have

zero real parts and both eigenvalues are simple, the trivial solution is stable
on [0, 00). A
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Example 2.52 Determine the stability of the trivial solution of

-2 1 0
=1 -1 -2 0 |z,
0 0 1

on [0, 00).
The characteristic equation is

N +4X+5)(A=1)=0

and hence the eigenvalues are A\ = —2 414, Ay = —2 — 1, and A3 = 1. Since
the eigenvalue A3 has a positive real part, the trivial solution is unstable
on [0, 00). A

2.4 Induced Matrix Norm

Definition 2.53 Assume that || - || is a norm on R™. Let M,, denote the
set of all n X n real matrices. We define the matrix norm on M,, induced
by the vector norm by
[A] := sup [Az].
llzll=1

Note that we use the same notation for the vector norm and the cor-
responding matrix norm, since from context it should be clear which norm
we mean. To see that ||A|| is well defined, assume there is a sequence of
points {x} in R™ with ||| = 1 such that

lim ||Azg| = cc.
k—o00
Since ||zx|| = 1, k = 1,2,3,---, there is a convergent subsequence {x; }.
Let
To = lim @y, .
Jj—00
But then
lim || Az, || = [[Azol|,
j—oo

which gives us a contradiction. Using a similar argument (see Exercise
2.51), it is easy to prove that

[IA]| := max ||Az||.

llzll=1

This induced matrix norm is a norm on M, (see Exercise 2.50).

Theorem 2.54 The matriz norm induced by the vector norm || -|| is given
by
A
1A] = max 1421
a£0 ||

In particular,
[Az| < [l A[l - [[=]],
for all x € R™.
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Proof This result follows from the following statement. If x # 0, then
[ Az|
=[lA 1= 14yl,
[l H |
where y = Hil\ is a unit vector. O

Theorem 2.55 The matriz norm induced by the traffic norm (I1 norm) is
given by

| Allx = maX Z |ai;]-

Proof Let || - |1 be the traffic norm on R", let A € M, x € R", and
consider

| Az||1

Il
=

D1 AngTj

n n
= D ayal 44D ana|
i=1 i=1

n

< Z|a1JH$J‘+ +Z|anJH$J|
j=1
n

= Z|ai1‘|$1|+"‘+Z‘ain”$n‘
i1 i

<

1I£ja<xn Z |agj] Z |5
= wax Z jaglllz.
It follows that
n
A1 < max Y agl.
1<j<n =

We next prove the reverse inequality. To see this, pick jg, 1 < jo < n,
so that

n
Z |aijo| = 121&2(” Z |ai;]-
i=1
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Let e, be the unit vector in R” in the jy direction. Then

[Allr = max [[Az];

[l]=1
> [|Aejo I
1o

= ]k
njo

n
= ) laijl
i=1
n
- 1?Ja§XnZ‘aij|.
i=1

It follows that

n

Ay = max Y agl.
1<%n £

The proof of the next theorem is Exercise 2.53.

Theorem 2.56 The matriz norm induced by the mazimum vector norm
is given by

1<i<n

n
[Alloo = max Y ail.
j=1

One could also prove the following result.

Theorem 2.57 The matriz norm induced by the Euclidean vector norm is
given by

14]l2 = V2o,

where Ao is the largest eigenvaue of AT A.
Note that if I is the identity matrix, then

lI|| = max ||Iz| = max |z| = 1.
llzll=1 llzll=1
This fact will be used frequently throughout the remainder of this section.
We now define the Lozinski measure of a matrix A and we will see that
this measure can sometimes be used in determining the global asymptotic
stability of the vector equation 2’ = Ax.

Definition 2.58 Assume ||-|| is a matrix norm on M,, induced by a vector
norm | - || on R™. Then we define the Lozinski measure p : M,, — R by
I+h4| -1
w(A) = lim 17+ rAl .

- h—0+ h



62 2. LINEAR SYSTEMS

The limit in the preceding definition exists by Exercise 2.49.
The Lozinski measure is not a norm, but satisfies the properties given
in the following theorem.

Theorem 2.59 (Properties of p) The function p satisfies the following
properties:
(i) p(ad) =au(A), for A€ My, a >0,
(i) |u(A)] < [|A]l for A € My,
(iil) w(A+ B) < u(A) + u(B) for A,B € M,
(iv) IM( ) = uw(B)| < ||A = B|| for A, B € M,
(v) Re(X\) < p(A) for all eigenvalues X of A.

Proof Since

I -1
#(04) = u(0) = tim 17100

h—0+ h = 0= [lofl

part (i) is true for a = 0. Now assume that o > 0 and consider

B . Il + haAl —1
nlad) = hli%l+ h
B 1T+ kA|| -1
B k
. 1T+ kA -1
= o« lim
k—0+ k
= au(4)

and hence (i) is true. Part (ii) follows from the inequalities

(I + hAJ = D] < ]| + Rl A] = 1= [ A
and the definition of (A). To see that (iii) is true, consider
|11+ h(A+B)|| -1

wA+B) = lim b
I+ 5A+B)| -1
= lim i
k—0+ 5
B 121 + k(A + B)|| — 2
=0+ k
- 1T+ kA|| + [T+ EkB| —2
- k—0+ k
. I+ EA|| -1 . Il +kB| —1
= lim + lim
E—0-+ k k—0+ k
— () + u(B).

To prove (iv), note that
wAd) = wA-DB+B)
WA~ B)+ u(B).

IN
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Hence
mw(A) —pu(B) < [[A—B].
Interchanging A and B, we have that
w(B) —u(A) < ||B— Al =|[[A-B.
Altogether we get the desired result
[u(A) = u(B)| < [|A = BJ|.

Finally, to prove (v), let A9 be an eigenvalue of A. Let z¢ be a corresponding
eigenvector with [|zo|| = 1. Consider

I+ hA -1 14+ AN —1
LT R ATl =1 (L B
h—04 h h—0+ h
— im |1+ hXo| - ||zol] — 1
h—0+ h
. 14+ hXo|—1
= lim
h—0+ h
C h—0+ h |14 hXo| +1
|14 hXo|? — 1

W20t |1+ ho| + 1]
(14 hX) (1 +hXg) — 1
= lim
h—0+  h[|1 4 hAo| 4 1]
oy Qo Ao)h 4 AN
h—0+  h[|14 hXo| +1]

Xt o
N 2
= Re()\o)
On the other hand,
b TRz =1 RAY - o~ 1
h—0+ h h—0+ h
. [ T+hAl -1
= lim
h—0+ h
= p(A).
So we have that (v) holds. O

Corollary 2.60 If u(A) < 0, then the trivial solution of the vector equation
' = Ax is globally asymptotically stable.

Proof This follows from part (v) of Theorem 2.59 and Theorem 2.49. O

Theorem 2.61 The following hold:
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(i) if p1 corresponds to the traffic vector norm, then, for A € M,

pi(A) = max aj+ Y laylp;

1<j<n
i=1,i#j

(i) if poo corresponds to the mazimum vector norm, then

n
Moo(A):lfg%Xn ai+ Y lagl s
=1

(iii) 4f po corresponds to the Euclidean norm, then

p2(A) = max{\: X is an eigenvalue of 3 (A + AT)}.

Proof We will prove part (i) here. The proof of part (ii) is Exercise 2.59
and the proof of part (iii) is nontrivial, but is left to the reader. Using
Theorem 2.55

. [ I+ hA| -1
A = 1
p(4) hmo h

— lim max Z?:l,i;éj |hai;| + |1+ hajj| — 1

h—0+ 1<j<n h
_ h YT i lai| + hay;

= max lim ’

1<j<n h—0+ h

n
= jpax §aj;+ > layl

i=1,ij
O
Example 2.62 The trivial solution of the vector equation
-33 3 3 -4
o 1 -2 1 1.3 - (2.15)

-12 4 -5 2
—1 8 5 =2

is globally asymptotically stable because
/,Ll(A) =—-.1<0,
where A is the coefficient matrix in (2.15). Note that poo(A) =1.3>0. A

2.5 Floquet Theory

Differential equations involving periodic functions play an important
role in many applications. Let’s consider the linear system

= A(t)x,
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where the n X n matrix function A is a continuous, periodic function with
smallest positive period w. Such systems are called Floquet systems and the
study of Floquet systems is called Floquet theory. A natural question is
whether a Floquet system has a periodic solution with period w. Although
this is not neccessarily the case, it is possible to characterize all the solutions
of such systems and to give conditions under which a periodic solution does
exist. Fortunately, the periodic system turns out to be closely related to a
linear system with constant coefficients, so the properties of these systems
obtained in earlier sections can be applied. In particular, we can easily
answer questions about the stability of periodic systems.

First we need some preliminary results about matrices.

Theorem 2.63 (Jordan Canonical Form) If A is an n xn constant matriz,
then there is a nonsingular n x n constant matriz P so that A = PJP~!,
where J is a block diagonal matriz of the form

J. 0 e 0
S0 |
: .00
0 --- 0 Ty

where either J; is the 1 x 1 matriz J; = [\;] or

A1 0 0 7
0o X 1

Ji: )
0 - 0 0 A

1 <i <k, and the \;’s are the eigenvalues of A.

Proof We will only prove this theorem for 2 x 2 matrices A. For a proof
of the general result, see Horn and Johnson [24]. There are two cases:
Case 1: A has two linearly independent eigenvectors x* and x>.

In this case we have eigenpairs A\, x' and Az, 22 of A, where A\; and )y
might be the same. Let P be the matrix with columns z! and x2, that is,
P =[z' 27

Then
AP = Alz' 2?)
= [Az! Az?Y
= [zt Aoz?
PJ,
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a0
J{O &]

A=PpPJP™ !,

where P is of the correct form.
Case 2: Assume A has only one linearly independent eigenvector z'.
Let v be a vector that is independent of 2'. By the Cayley-Hamilton
Theorem (Theorem 2.33),

(A — )\1])(14 - )\1])’0 = 0,

where

Hence

S0
(A—M\T)w=cx,
for some ¢ # 0. Define 22 = v/c, so that

(A= X\1a? =zt

Set
P = [z! 2?]
Then
AP = Alz! 2?)
= [Az' Az?
= [Alxl Mz + xl]
= PJ,
where
A1
7= [ 0 A }
Hence
A=PJjp 1,

where P is of the correct form.
O

Theorem 2.64 (Log of a Matrix) If C' is an nxn nonsingular matriz, then
there is a matriz B such that

eB=c.

Proof We will just prove this theorem for 2 x 2 matrices. Let uq,us be
the eigenvalues of C. Since C' is nonsingular pq, pe # 0. First we prove the
result for two special cases.

Case 1. Assume
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In this case we seek a diagonal matrix
by O
B =
{ 0 by ] ’
so that e® = C. That is, we want to choose b; and by so that

B et 0 ur 0
e = b = .
0 e’? 0 12

Hence we can just take

| Inpn 0
B{ 0 lnu2]'

1
c=|M"M .
{0 ul]

In this case we seek a matrix B of the form

| a1 a2
sl )]

so that e® = C. That is, we want to choose a; and as so that
OB — e’ aqge?t _ | m 1
0 e™ 0 w |-

Hence we can just take

Case 2. Assume

Inp, 1!
B = = .
{ 0 In pq

Case 3. C'is an arbritary 2 x 2 nonsingular constant matrix. By
the Jordan canonical form theorem (Theorem 2.63) there is a nonsingular
matrix P such that C = PJP~!, where

M1 0 1251 1
J = or J= .
[ 0 pe } { 0 m ]
By the previous two cases there is a matrix By so that

eBr = 1.

Let
B:=PB P}

then, using part (viii) in Theorem 2.39,

-1
eB =Bl = pebipl = C.

Example 2.65 Find a log of the matrix

=[21]
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The characteristic equation for C' is
AN —6A+5=0

and so the eigenvalues are Ay = 1, Ay = 5. The Jordan canonical form (see
Theorem 2.63) of C' is
1 0
- [ LY ] |

1 1
1,[_1}, and 5,[3}

From the proof of Theorem 2.64, if we let
1 1
[0 1)

PB P!
is a log of C' provided B; is a log of J. Note that by the proof of Theorem

2.64,
0 0
By = [ 0 In5 ]

is a log of J. Hence a log of C' is given by
B = PBP!

RS

_ [éln5 41131115 }
4ln5 41r15

Eigenpairs of C' are

then

A

Before we state and prove Floquet’s theorem (Theorem 2.67) we give
a motivating example.

Example 2.66 Consider the scalar differential equation
z' = (sin’t) x.
A general solution of this differential equation is
o(t) = cezt—1sn(2t)

Note that even though the coefficient function in our differential equation
is periodic with minimum period 7, the only period 7 solution of our differ-
ential equation is the trivial solution. But note that all nontrivial solutions
are of the form

() = p(t)e™,
where p(t) = ce™ 1 5in(2) =% 0, for all ¢t € R, is a continuously differentiable
function on R that is periodic with period 7 (which is the minimum positive
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period of the coefficient function in our differential equation) and b = J is
a constant (1 x 1 matrix). A

Floquet’s theorem shows that any fundamental matrix for the Floquet
system 2’ = A(t)z can be written in a form like shown in Example 2.66.

Theorem 2.67 (Floquet’s Theorem) If ® is a fundamental matriz for the
Floquet system x’ = A(t)x, where the matriz function A is continuous on
R and has minimum positive period w, then the matriz function VU defined
by ¥(t) = ®(t+w), t € R is also a fundamental matriz. Furthermore
there is a nonsingular, continuously differentiable n x n matrix function P
which is periodic with period w and an n X n constant matriz B (possibly
complex) so that

for allt € R.

Proof Assume @ is a fundamental matrix for the Floquet system 2z’ =
A(t)z. Define the matrix function ¥ by

U(t) =Dt +w),
for t € R. Then
() = '(t+w)
= Alt+w)®(t+w)
= A@)¥(t).

Since det W(t) # 0 for all ¢ € R, ¥ is a fundamental matrix of 2/ =
A(t)z. Hence the first statement of the theorem holds.

Since ® and ¥ are fundamental matrices for ' = A(t)x, Theorem 2.31
implies that there is a nonsingular constant matrix C' so that

O(t+w)=2(t)C, forteR.
By Theorem 2.64 there is a matrix B such that
ePv =C.
Then define the matrix function P by
P(t) = ®(t)e B,

for t € R. Obviously, P is a continuously differentiable, nonsingular matrix
function on R. To see that P is periodic with period w consider

Pt+w) = ®(t+w)e BB

i

(t)Ce—Bwe—Bt
(t)e—Bt
(

).

o
vy

Finally note that
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for all t € R. O
Definition 2.68 Let ® be a fundamental matrix for the Floquet system
a’ = A(t)z. Then the eigenvalues u of
C:=310)®(w)
are called the Floquet multipliers of the Floquet system z’ = A(t)x.
Fundamental matrices for 2/ = A(t)z are not unique, so we wonder if
Floquet multipliers are well defined in Definition 2.68. To see that Floquet

multipliers are well defined, let ® and ¥ be fundamental matrices for the
Floquet system o’ = A(t)z and let

C:=d10)d(w)

and let

D := v 10)¥(w).
We want to show that C' and D have the same eigenvalues. Since ® and ¥
are fundamental matrices of ' = A(t)x, Theorem 2.31 yields a nonsingular
constant matrix M such that

for all t € R. It follows that
D

I

=
|

S

©

iy

£

S

Therefore, C and D are similar matrices (see Exercise 2.14) and hence have
the same eigenvalues. Hence Floquet multipliers are well defined.

Example 2.69 Find the Floquet multipliers for the scalar differential
equation
z' = (sin’t) x.
In Example 2.66 we saw that a nontrivial solution of this differential
equation is
o(t) = eat—1sin(2t)
Hence
c= ¢~ (0)p(m) =e*

and so 1 = e2 is the Floquet multiplier for this differential equation. A
Example 2.70 Find the Floquet multipliers for the Floquet system
, 1 1
€T = 0 (cos t+sint) x.
(2+sint—cost)
Solving this equation first for zo and then x1, we get that
xo(t) = B(2 4 sint — cost),
x1(t) = ae’ — B(2 + sint),
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for t € R. It follows that a fundamental matrix for our Floquet system is

—2 —sint et
o(t) = { 2+sint —cost 0 ]

Since
C=ot0)b@n) = | - °
0 e |’
the Floquet multipliers are p; = 1 and pg = €. A

Theorem 2.71 Let ®(t) = P(t)eB? be as in Floquet’s theorem (Theorem
2.67). Then x is a solution of the Floquet system ' = A(t)x iff the vector
function y defined by y(t) = P~(t)z(t), t € R is a solution of y' = By.

Proof Assume z is a solution of the Floquet system 2’ = A(¢)z. Then
x(t) = O(t)xo,
for some n x 1 constant vector xg. Let y(t) = P~1(t)z(t). Then
y(t) = P H)2(H)xo
= P Yt)P(t)ePlxg
= ePla,
which is a solution of
y = By.
Conversely, assume ¥ is a solution of 3’ = By and set
a(t) = P(t)y(t).

Since y is a solution of y’ = By, there is an n x 1 constant vector yq such
that

y(t) = e yo.
It follows that
x(t) = P(t)y(t)
= P(t)e"yo
= ®(t)yo,
which is a solution of the Floquet system o' = A(t)x. O
Theorem 2.72 Let iy, pa, - -+, itn be the Floquet multipliers of the Floquet

system x' = A(t)x. Then the trivial solution is

(i) globally asymptotically stable on [0,00) iff |w:i| < 1, 1< i < n;

(i) stable on [0, 00) provided |p;] < 1,1 < i < n and whenever ;| = 1,
Wi is a simple eigenvalue;

(i) unstable on [0,00) provided there is an ig, 1 < ig < n, such that
‘:U‘i0| > 1
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Proof We will just prove this theorem for the two-dimensional case. Let
®(t) = P(t)eP* and C be as in Floquet’s theorem. Recall that in the proof
of Floquet’s theorem, B was picked so that

eBv = .

By the Jordan canonical form theorem (Theorem 2.63) there are matrices
M and J so that

B=MJM™?,

_| P, O _ |1
J[O pz]’ or J[O ,01]’

where p1, p2 are the eigenvalues of B. It follows that
C = B

= €

where either

I
-
;

where either

efrv errv  wef1v
K[O e”z“’}’ or K{O o ]

Since the eigenvalues of K are the same (see Exercise 2.14) as the eigen-
values of C, we get that the Floquet multipliers are

Hi = epiw,
1 =1,2, where it is possible that p; = p2. Since

\pi| = eRe(pi)w,

we have that

il <1 iff Re(p;) <0
wil =1 iff Re(p;) =0
|l > 1 iff  Re(p;) > 0.
By Theorem 2.71 the equation
z(t) = P(t)y(t)

gives a one-to-one correspondence between solutions of the Floquet system
a2’ = A(t)x and y' = By. Note that there is a constant Q1 > 0 so that

l@I = 1P@Oy@ < [POIy@ < @illy(DI],
for t € R and since y(t) = P~1(t)x(t) there is a constant Q2 > 0 such that

ly@ = 1P~ Ozl < [P @)ll=()] < Q2ll2(®)]],
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for ¢t € R. The conclusions of this theorem then follow from Theorem 2.49.
O

Theorem 2.73 The number py is a Floquet multiplier of the Floquet sys-
tem o’ = A(t)x iff there is a nontrivial solution x such that

2t +w) = pox(t),

for all t € R. Consequently, the Floquet system has a nontrivial periodic
solution of period w if and only if po =1 is a Floquet multiplier.

Proof First assume pq is a Floquet multiplier of the Floquet system 2’ =
A(t)x. Then pg is an eigenvalue of

C = o 1(0)D(w),

where ® is a fundamental matrix of 2’ = A(t)z. Let x¢ be an eigenvector
corresponding to po and define the vector function x by

x(t) = ®(t)xg, teR.

Then z is a nontrivial solution of 2’ = A(t)x and
r(t+w) = P(t+w)xg
= P(t)Cxo
= D(t)uoxo
= pox(t),

for all t € R.
Conversely, assume there is a nontrivial solution = such that

2t +w) = poa(t),

for all £ € R. Let ¥ be a fundamental matrix of our Floquet system, then
x(t) = U (t)yo,

for all t € R for some nontrivial vector yo. By Floquet’s theorem the matrix

function ¥(- + w) is also a fundamental matrix. Hence x(t + w) = pox(t),
50 U(t + w)yo = po¥(t)yo and therefore

V(t)Dyo = ¥(t)poyo,
where D := U~1(0)¥(w). It follows that
Dyo = poyo,
and so pg is an eigenvalue of D and hence is a Floquet multiplier of our
Floquet system. O
Theorem 2.74 Assume pq, fio, -+ - , bn are the Floquet multipliers of the
Floquet system ' = A(t)x. Then

Lo - oy = ef(;u tr[A(t)] dt.
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Proof Let ® be the solution of the matrix IVP
X'=A)X, X(0)=1I.
Then @ is a fundamental matrix for 2’ = A(t)z and
C:=310)P(w) = d(w).
Then we get that

pipz - pp = detC
= detP(w)
eJo ALt get $(0)
= eJo trlA®)] dt,

where we have used Liouville’s theorem (Theorem 2.23), which is the de-
sired result.
O

Example 2.75 (Hill’s Equation) Consider the scalar differential equation
(Hill’s equation)
y' +alt)y =0,

where we assume that ¢ is a continuous periodic function on R with mini-
mum positive period w. G. W. Hill [21] considered equations of this form
when he studied planetary motion. There are many applications of Hill’s
equation in mechanics, astronomy, and electrical engineering. For a more
thorough study of Hill’s equation than is given here, see [35]. Writing Hill’s
equation as a system in the standard way, we get the Floquet system

s={ gy o ]®

By the Floquet multipliers of Hill’s equation we mean the Floquet multi-
pliers of the preceding Floquet system. It follows from Theorem 2.74 that
the Floquet multipliers of Hill’s equation satisfy

pape = 1.
A

Example 2.76 (Mathieu’s Equation) A special case of Hill’s equation is
Mathieu’s equation,

y" + (o + Beost)y =0,
where o and (§ are real parameters. We will assume that 5 % 0. Note that
the Floquet multipliers of Mathieu’s equation depend on « and (3. From
Theorem 2.74 the Floquet multipliers of Mathieu’s equation satisfy

/,61(05,5)/,&2(0(,5) =1
Let
7(a7ﬁ) = Nl(avﬂ) + ,uQ(avﬂ)'
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Then the Floquet multipliers of Mathieu’s equation satisfy the quadratic
equation

1* —(e, Bl +1=0.
In particular,

vEV? -4
Hi2 = .
2
There are five cases to consider:
Case 1: v > 2.

In this case the Floquet multipliers satisfy
0< Ho < 1< 1.

It then follows from Theorem 2.72 that the trivial solution of Mathieu’s
equation is unstable on [0,00) in this case. Using Exercise 2.70, we can
show in this case that there is a general solution of Mathieu’s equation of
the form

y(t) = cre” pi(t) + cae” 7' pa(t),

where ¢ > 0 and p;, i = 1, 2, are continuously differentiable functions on R
which are periodic with period 27.

Case 2: v =2.

In this case

pr = p2 = 1.

It follows, using Exercise 2.70, that there is a nontrivial solution of period
27. It has been proved in [35] that there is a second linearly independent
solution that is unbounded. In particular, the trivial solution is unstable
on [0, 00).

Case 3: —2 <y < 2.

In this case the Floquet multipliers are not real and ps = p; In this
case, using Exercise 2.70, there is a general solution of the form

y(t) = c1"'p1(t) + cae pa(t),

where ¢ > 0 and the p;, i = 1,2 are continuously differentiable functions
on R that are periodic with period 2. In this case it then follows from
Theorem 2.72 that the trivial solution is stable on [0, c0).

Case 4: v = —2.

In this case

p1 = p2 = —L

It follows from Exercise 2.67 that there is a nontrivial solution that is
periodic with period 4. It has been shown in [35] that there is a second
linearly independent solution that is unbounded. In particular, the trivial
solution is unstable on [0, 00).

Case 5: v < —2.

In this case the Floquet multipliers satisfy

to < —1 < pup <0.
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In this case it follows from Theorem 2.72 that the trivial solution is unstable
on [0, 00). A

A very interesting fact concerning Mathieu’s equation is that if 3 > 0 is
fixed, then there are infinitely many intervals of « values, where the trivial
solution of Mathieu’s equation is alternately stable and unstable on [0, c0)
(see [35]).

2.6 Exercises

2.1 Show that the characteristic equation for the constant coefficient scalar
differential equation y” 4+ ay’ 4+ by = 0 is the same as the characteristic
equation for the companion matrix of this differential equation.

2.2 Let A be the set of all continuous scalar functions on an interval I and
define M : A — A by

t
Max(t) :/ x(s) ds,
a
for t € I, where a is a fixed point in I. Prove that M is a linear operator.

2.3 Determine in each case if the constant vectors are linearly dependent
or linearly independent. Prove your answer.

(i)

—4 1 2
vi=| 4 |, Y= -1 |, 3= -2
i 1 ] i -2 ] i 1 |
(ii)
2 7 [ —1 ] 1 ]
=1 1 |, to=1| 3 |, v3=| -2
i -1 | | 2 | | 1 ]
(i)
2 [ —1 ] 1 ]
1 2 13
,1/11 - _1 k) wQ - 1 k) wS - 2
i -2 i | 1 | | —1 ]

2.4 Determine if the scalar functions ¢1, ¢o defined by ¢1(t) = In(¢),
$2(t) = In(¢?) for t € (0, 00) are linearly dependent or linearly independent
on (0,00). Prove your answer.

2.5 Determine if the given functions are linearly dependent or linearly
independent on the given interval I. Prove your answers.

(i) x1(t) = 4sint, x2(t) = Tsin(—t), I=R
t) = 2sin(2t), x2(t) = —3cos(2t), x3(t) =8, T
t)=e%t, zo(t) =e 2, I=R
t) = e, a2o(t) =34, I=R

R

.Tl(
.131(
.’Kl(
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(v) x1(t) = sint, x5(t) = cost, x3(t) =sin(t+7), I=R

2.6 Prove that if x1, 22, -+, x} are k functions defined on I and if one of
them is identically zero on I, then x1, s, -+ ,x are linearly dependent on
1.

2.7 Prove that two functions x, y defined on I are linearly dependent on
1 iff one of them is a constant times the other.

2.8 Determine if the scalar functions ¢1,¢s, @3 defined by ¢1(t) = 3,
$2(t) = 3sin®t, ¢3(t) = 4cos®t for t € R are linearly dependent or lin-
early independent on R. Prove your answer.

2.9 Determine if the scalar functions ¢1, ¢ defined by ¢;(t) = 2 + 1,
Ba(t) = 2t2+3t—7 for t € R are linearly independent or linearly dependent
on R. Verify your answer.

2.10 Determine if the scalar functions ¢1, @2, @3, ¢4 defined by ¢1(t) =
sin?t, ¢o(t) = cos?t, ¢3(t) = tan’t, ¢4(t) = sec’t for t € (=7, 7) are

T2 2
linearly dependent or linearly independent on (-7, 7). Prove your answer.

2.11 Find four two dimensional vector functions that are linearly indepen-
dent on R and prove that they are linearly independent on R.

2.12 Find two scalar functions that are linearly independent on R, but
linearly dependent on (0, 0c0). Prove your answer.

2.13 Find the inverse of each of the following matrices:

(i)A{—i _46}

2 =2 2
Gi) B=|0 1 0
4 0 3

2.14 Two n xn matrices A, B are said to be similar if there is a nonsingular
n x n matrix M such that A = M ~!BM. Prove that similar matrices have
the same eigenvalues.

2.15 Show that if an n x n matrix has eigenvalues A1, Aa, -+, A\, (not
necessarily distinct) with linearly independent eigenvectors

L1,L2 ,Tn,
respectively, then a general solution of 2’/ = Az is x(t) = cieMtzy + -+ +

cne Mtz

2.16 Show that if a square matrix has all zeros either above or below the
main diagonal, then the numbers down the diagonal are the eigenvalues of
the matrix.

2.17 If )\ is an eigenvalue of A, find an eigenvalue of
(i) AT (the transpose of A)
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(ii) A™, where n is a positive integer

(iii) A~!, provided det(A) # 0
Be sure to verify your answers.

2.18 Show that any n+ 1 solutions of (2.3) on (¢, d) are linearly dependent
on (¢, d).

2.19 Show that the characteristic equation for any 2 x 2 constant matrix
Ais

A — tr[A]\ + det(A4) =0,
where tr[A] is defined in Definition 2.22. Use this result to find the char-
acteristic equation for each of the following matrices:

wa=|2 5]
i) A= | ﬂ
2
0

1
3
(iii) A:é }

2.20 Using Theorem 2.14, solve the following differential equations:

N, 21

(1)xf_34x

o, 2 2

(i) a' = 5 _1 |
(3 2 4

(i) 2/=1]2 0 2 |x
4 2 3

2.21 Solve the IVP
, 1 3 [ -2
x{g 1]x, $(O)|:1]Z

2.22 Work each of the following:

-1 -6
1 4
(ii) Use your answer in (i) to find two linearly independent solutions

(prove that they are linearly independent) of 2’ + Az on R.
(iii) Use your answer in (ii) to find a fundamental matrix for 2’ = Az.
(iv) Use your answer in (iii) and Theorem 2.31 to find e“*.

(i) Find eigenpairs for the matrix A = x

2.23 (Complex Eigenvalues) Using Theorem 2.14, solve the following dif-
ferential equations:

Q) 3:’:[09 3]1‘
(i) x':{ll Hx
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1 21
(i) ’=1] -2 1 0 |z
0 0 3
2.24 Prove the last statement in Corollary 2.24.

2.25 Using Theorem 2.14, solve the following differential equations:

L, 25
(1)x—_724 z
1 1
N
(i) o' = 1 1]x
(3 0 4
i) 2’=|0 2 0 |z
0 0 -3

2.26 Use Theorem 2.14 to find a fundamental matrix for

H\
I
oo w

0
)
1

ol = O
8

2.27 Show that the matrix function ® defined by

2t
for ¢ € (0,00) is a fundamental matrix for the vector differential equation
) [ 0 1}
r = 6 4 Z.
2t

2.28 Show that the matrix function ® defined by

w=| 3.

e

for t € R is a fundamental matrix for the vector differential equation

;1 =2t
T = ot 1 x.

Find the solution satisfying the initial condition

w(O):{ll].

2.29 Verify the Cayley-Hamilton Theorem (Theorem 2.33) directly for the
general 2 X 2 matrix
a b
A= [ o } |



80

2. LINEAR SYSTEMS

2.30 Verify the Cayley-Hamilton Theorem (Theorem 2.33) directly for the
matrix

1 0 2
A=12 1 -1
1 -1 2

2.31 Use the Putzer algorithm (Theorem 2.35) to find e for each of the
following:

. 2 1
WA= 4}
. 10 4
(i) A= 9 _2}
2 —2 2
i) A= 0 1 1
| -4 8 3
(4 0 0
(ivA=]0 5 1
|0 1 5

2.32 (Multiple Eigenvalue) Use the Putzer algorithm (Theorem 2.35) to
find e given that
A= { } |

2.33 (Complex Eigenvalues) Use the Putzer algorithm (Theorem 2.35) to
find et for each of the following:

-5
-2

2
-1

wa=| L 2]
(ii)A::23 ;’]
(iii)A:_Ol ;]

2.34 Use the Putzer algorithm (Theorem 2.35) to help you solve each of
the following differential equations:

(1):5':_1 ”x
(ii)x’:_Ql i]x
(iii) x’:__l _46}33

1

11
(iv)2'=10 1

0 1

T

= o O

2.35 Solve each of the following differential equations:
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-4 3
N
(1)x—_723 x
S VR
(11)xf_2 5|7
[ 2 -2 2
i) /=] 0 1 1|z
-4 8 3

2.36 Work each of the following:

(i) Solve the differential equations for the vibrating system in Exam-
ple 2.2 in case there is no friction: m; = mo = ky = ko = k3 =1
and ¢ = 0.
(ii) Decide whether the trivial solution is stable in this case, and
discuss the implications of your answer for the vibrating system.
(iii) Find the solution that satisfies the initial conditions «(0) = 1,
u'(0) = v(0) ='(0) = 0. Also, sketch a graph of the solution.

2.37 Work each of the following:

(i) Solve the differential equations for the vibrating system in Exam-
ple 2.2 for the parameter values m; = mo = k1 = ko = k3 = 1,
¢ = 2. (Note: The eigenvalues are not distinct in this case.)

(ii) Show that the trivial solution is globally asymptotically stable.

2.38 Find 2 x 2 matrices A and B such that
eAeB £ ATB,

2.39 Show that if A and B are n X n constant matrices and AB = BA,
then

e B = Be?t,
for ¢ € R. Also, show that e B = Be?.

2.40 Use the Putzer algorithm (Theorem 2.35) to find

{ 0 1 ]t

-1 0

e .

Repeat the same problem using Theorem 2.39 part (vii). Use your an-

swer and Theorem 2.39 part (#i7) to prove the addition formulas for the
trigonometric sine and cosine functions:

sin(t +s) = sin(t) cos(s) + sin(s) cos(t)
cos(t+s) = cos(t)cos(s) — sin(t)sin(s).
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2.41 Show that

A 00 0
0 X 0 0
0 0 X 0 [ e 00 0 ]
.0 0 e 0 0
Looo 0 Al _ 0 0 o .
: . . . 0
L0 0 - 0 eM

2.42 Use the variation of constants formula to solve each of the following
IVPs:

. 1 0] [ 1 1

(i) 2’ = g 9 |TT 2}, x(O){l}

3 (2 0] [ 2t 1

(i) 2’ = 0 3 T+ o3t ] , x(0) = [ 9 ]

(2 1] [ e2t -1

(111) .Z‘/ = 0 2 T+ teZt :| ) .T(O) = 1
00 0] t 1

(iv)a'=10 2 1 |z+]| 0], =0)=]1
0 0 2 0 1

2.43 Use the variation of constants formula to solve each of the following
IVP’s i

~ 5 | 0 1 0 10

(i) o' = 10 1T , z(0) = 1

o, | =20 1 !
(i) 2’ = 0 4 e+ | =t | z(0) = 9
2.44 Use Theorem 2.40 and Theorem 2.42 to help you solve the IVP

(34l o]

2.45 Let € > 0. Graph {z € R? : ||z| < €} when

(i) || - ||2 is the Euclidean norm (I3 norm
(i1) || - [Joo is the maximum norm (I, norm)
(iii) || - [J1 is the traffic norm ({1 norm)

2.46 Prove: If A has an eigenvalue with positive real part, then there is a
solution z of ©’ = Ax so that ||x(t)|| — oo as t — oo.

2.47 Determine the stability of the trivial solution for each of the following;:
-1 3
N
(i) o' = [ 9 _9 } x

(i) o' = { 2% }x
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0 2 1
(i) /= -2 0 -1 |=
| 0 0 -1
2.48 Determine the stability of the trivial solution for each of the following:
N o, -1 —6]
(i) 2’ = 0 4 | x
., [0 -9
(i) a' = 40
F o T
s
(iil) o' = 9 _3|*%

2.49 Show that the limit in Definition 2.58 exists by showing, for 0 < 6 <
1,h >0, that ||[I + 0hA| < 0|/ + hA|| + (1 — 0), which implies that

II +6hA| —1 - | I +hA| -1
6h - h
and by showing that “IJrh}?H*l is bounded below by —||A]|.

2.50 Show that a matrix norm induced by a vector norm on R” is a norm
on M,,.

2.51 Show that the matrix norm on M,, induced by the vector norm || - ||
is given by
[A]l = max [[Az].
llzfl=1
2.52 Show that if A, B € M, then ||[AB]| < || Al - || B].
2.53 Prove Theorem 2.56.
2.54 Find the matrix norm of the matrix
-1 1
=[5 4
corresponding to the maximum norm || - ||, the traffic norm || - ||1, and the
Euclidean norm || - ||2, respectively. Also, find pieo(A), p1(A4), po(A).

2.55 Find the matrix norm of the matrix

-2 -1 1
A= -1 -3 2
0 -1 -5
corresponding the maximum norm || - ||« and the traffic norm || - |1, re-

spectively. Also, find o0 (A4) and py(A).
2.56 Determine if the trivial solution of the vector equation

22 3 1 -4
, 15 -3 -1 .3
xr = xr

-12 8 -3 7
-1 3 3 -1

is globally asymptotically stable or not.
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2.57 Determine if the trivial solution of the vector equation

-2 17 1 1
N 1.8 —4 1 1
0 1 -2 5
4 1 5 =2

is globally asymptotically stable or not.
2.58 Work each of the following:

(i) Find the matrix norm of

-6 2 =3
A=|(25 -7 4
-2 1 =8

(ii) Find the matrix norm of A corresponding to the traffic norm
I

(iii) Find the Lozinski measure jq(A).

(iv) What can you say about the stability of the trivial solution of
' = Ax?

2.59 Prove part (ii) of Theorem 2.61.

2.60 Find a log of each of the following matrices:

oa-[3 0]
(ii)B::(Q) 01:
(iii)C::41 f
vy D=1 " }

2.61 Find the Floquet multipliers for each of the following scalar equations:
(i) ' = (2sin(3t)) =
(i) 2’ = (cos?t) @
(i) 2’ = (=1 +sin(4t)) x

2.62 Assume the scalar function a is continuous on R and a(t4w) = a(t) for
t € R, where w > 0. Prove directly by solving the scalar differential equation
2’ = a(t)z that every nontrivial solution is of the form z(t) = p(t)e" for
t € R, where p(t) # 0 for ¢t € R is a continuously differentiable function on
R that is periodic with period w and r is the average value of a(t) on [0, w],
ie. r =" [ a(t) dt]. Show that u = e™ is the Floquet multiplier for
2’ = a(t)x. In particular, show that all solutions of ' = a(t)x are periodic
with period w iff [ a(t) dt = 0.

2.63 Find the Floquet multipliers for each of the following Floquet systems:
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[ 3 0

N

(l)wi_O sin? ¢ }x

.. —1+ cost 0

r_

(11)x—_ cost 1]&:
I I | 0
(m)x__sint -1 ]*
(iv) , [ —=3+2sint 0

iv xf_ 0 |

2.64 Determine the stability of the trivial solution for each of the differ-
ential equations in Exercise 2.61 by looking at the Floquet multipliers that
you found in Exercise 2.61.

2.65 Find the Floquet multipliers for each of the following Floquet systems
and by looking at the Floquet multipliers determine the stability of the
trivial solution on [0, c0):

N [ —3+2sint 0
(i) o' = _ 0 1 ]a:
o, [ cos@mt)+1 0
(i) =" = cos(2mt) 1
O 0
@) 2= 1 Gn@n —2 ]“T

2.66 Show that
e'(cost —sint) e t(cost + sint)
() = e!(cost +sint) e (—cost + sint)
is a fundamental matrix for the Floquet system
/ —sin(2t) cos(2t) — 1
x = . x

cos(2t) + 1 sin(2t)
Find the Floquet multipliers for this Floquet system. What do the Floquet
multipliers tell you about the stability of the trivial solution?

2.67 Show that if 4 = —1 is a Floquet multiplier for the Floquet system
a’ = A(t)z, then there is a nontrivial periodic solution with period 2w.

2.68 Without finding the Floquet multipliers, find the product of the Flo-
quet multipliers of the Floquet system

;o sin’ ¢ .
T | cos?t sint
2.69 Show that
x(t) { —62 cost ]
ez sint

is a solution of the Floquet system

;[ =14 (3)cos?t 1—(3)costsint
T | —1—(3)sint cost  —1+(3)sin’t
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Using just the preceding solution, find a Floquet multiplier for the proced-
ing system. Without solving the system, find the other Floquet multiplier.
What can you say about the stability of the trivial solution? Show that for
all ¢ the coefficient matrix in the proceding Floquet system has eigenvalues
with negative real parts. This example is due to Markus and Yamabe [36].

2.70 (Floquet Exponents) Show that if g is a Floquet multiplier for the
Floquet system 2/ = A(t)z, then there is a number py (called a Floquet
exponent) such that there is a nontrivial solution zy(¢) of the Floquet
system x’ = A(t)x of the form

zo(t) = e”'po(t),
where pg is a continuously differentiable function on R that is periodic with
period w.
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