
Chapter 3
On the Theories of Plates Based
on the Cosserat Approach

Holm Altenbach and Victor A. Eremeyev

Abstract The classical isotropic linear elastic material behavior is presented by two
material parameters, e.g., the Young’s modulus and the Poisson’s ratio, while the
Cosserat continuum is given by six material parameters. The latter continuum model
can be the starting point for the deduction of the governing equations of the Cosserat
plate theory via a through-the-thickness integration. In contrast, the basic equations
of the Cosserat plate theory can be established applying the direct approach. It can
be shown that both systems of equations are similar in the main terms. The assumed
identity of both systems results in consistent stiffness parameters identification for
the two-dimensional theory based on the direct approach and, in addition, in some
constraints. Using the experimental results of Lakes, one can show in which cases
the additional material properties coming from the tree-dimensional Cosserat mate-
rial model have a significant influence on the stiffness parameters.

3.1 Introduction

The continuum model of the Cosserat brothers [5] is founded on the a priori in-
troduction of the independence of both the translations and rotations. From this it
follows that one symmetric stress tensor is not enough to represent the response of
the continuum on the external loadings. The base of such a new continuum model
generalizing the Cauchy’s model was known since Euler because he introduced two
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independent laws of motion: the balance of momentum and the balance of moment
of momentum (see [18] among others).

Applications of the Cosserat continuum could not be established for a long time.
Only in the 1950s, the Cosserat continuum was recognized as a starting point for
various constructions of generalized continuum models. Let us note that some of
them are presented for the three-dimensional case to describe complex behavior of
solids and fluids. Let us mention here only the pioneering works summarized in the
proceedings [11]. In addition, the Cosserat approach was used in establishing less
than three-dimensional continuum theories to model shells, plates and rods.

Below we limit our discussion to the plate theory. Any set of governing equations
for plates can be deduced using the conventional three-dimensional continuum equa-
tions together with the some engineering hypotheses or mathematical techniques.
Finally, the manipulated equations are integrated over the thickness. Another pos-
sibility is the a priori introduction of the two-dimensional field equations for a
so-called deformable surface. The latter is an elegant and a more natural way to
formulate the plate equations, but the identification of the effective properties is a
non-trivial problem. Let us note only some fundamental publications presenting the
basic items of the direct approach [9, 16, 17, 8], and the reviews of the Cosserat
approach in the shell and plate theories [1, 3].

Here we firstly present two sets of plate equations of the Cosserat type. The first
set is introduced by the direct approach, while the second is based on the three-
dimensional equations of the Cosserat continuum and a through-the-thickness inte-
gration. Secondly, both sets will be compared and analyzed. This way one gets the
equivalent terms in both sets showing which terms in the equations introduced by
the direct approach correspond to which terms in the integrated three-dimensional
equations. As in any dimension-reduction problem, some constraints can be ob-
tained. Last but not least, using the experimental data of Lakes [12, 13] for an open-
cell and a closed-cell foam, the influence of the additional material parameters is
discussed. It can be shown that in some cases the classical continuum model does
not allow the description of the material behavior with a sufficient accuracy, and so
a generalized continuum model must be applied.

3.2 A Priori Two-Dimensional Governing Equations

Let us introduce the basic equations for micropolar plates based on the direct ap-
proach. We consider a deformable plane surface, see Fig. 3.1. Each material point
of this surface is an infinitesimal rigid body with 3 translational and 3 rotational
degrees of freedom. The balances of momentum and moment of momentum are
formulated as follows

F∗
s ≡

∫
M∗

q dA +
∫

C∗

ts ds = 0,

M∗
s ≡

∫
M∗

(x × q + c) dA +
∫

C∗

(x × ts + ms) ds = 0,
(3.1)
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Fig. 3.1 Deformable plane surface

where q and c are the vectors of surface loads (forces and moments), x is the po-
sition vector of the plane surface M , × denotes the cross-product, ts and ms are
the surface analogues of the stress vector and the couple stress vector, respectively.
Here the direct (index-free) notation in the sense of [15] is used. From (3.1) we ob-
tain the local form of the balances of momentum and moment of momentum as well
as the static boundary conditions. In the case of sufficiently smooth fields, the local
equilibrium equations can be stated as follows

∇s · T + q = 0, ∇s · M + T× + c = 0. (3.2)

Here the surface (plane) nabla operator ∇s is given as ∇s = iα(∂/∂xα) with the
Cartesian coordinates xα, and iα being the unit base vectors. The Greek indices take
the values 1 and 2. The tensors T and M denote the surface stress and couple stress
tensors, respectively. They relate to ts and ms by the equations ν · T = ts and
ν · M = ms, where ν is the outward normal vector to C . T and M take the form

T = Tαβiαiβ + Tα3iαn, M = Mαβiαiβ + Mα3iαn (α, β = 1, 2). (3.3)

Let us introduce the linear strain measures

e = ∇sv + A × θ, k = ∇sθ, (3.4)

where A ≡ I−n⊗n is the first metric tensor, and n the unit normal to M . Applying
the methodology presented in [4, 14], one can show that the linear strain measures
are work-conjugated to the stress measures T and M.

For the isotropic plate, the surface strain energy W can be introduced by [4, 6, 8]

2W = α1 tr2 eS + α2 tr e2
S + α3 tr

(
eS · eT

S

)
+ α4n · eT · e · n

+ β1 tr2 kS + β2 tr k2
S + β3 tr

(
kS · kT

S

)
+ β4n · kT · k · n. (3.5)

Here eS = e · A, kS = k · A, and αi, βi are the elastic stiffness parameters,
i = 1, 2, 3, 4. The constitutive equations are T ≡ ∂W/∂e and M ≡ ∂W/∂k.

The surface strain energy W must be positive definite, from which it follows [7]

2α1 + α2 + α3 > 0, α2 + α3 > 0, α3 − α2 > 0, α4 > 0,

2β1 + β2 + β3 > 0, β2 + β3 > 0, β3 − β2 > 0, β4 > 0.
(3.6)
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Note that for an isotropic three-dimensional micropolar solid we have only 6 elastic
moduli, while the micropolar plate theory contains 8 elastic stiffness parameters.
The increase in the number of parameters can be explained by at least two reasons:

• Reduced symmetry of the constitutive equations.
In the case of two-dimensional equations, a smaller number of symmetry groups
in comparison with the three-dimensional theory can be established. This fact
is well-known also for other plate theories, see, e.g., [2, 6].

• Reduction of three-dimensional equations to two-dimensional.
In the isotropic elasticity, material behavior is presented by two material pa-
rameters (e.g., Lamé’s moduli). The number in the full Kirchhoff plate theory
including both the in-plane and out-of-plane behavior is greater. Similar con-
clusions can be given for other plate theories, too.

3.3 Reduction of the Three-Dimensional Micropolar Elasticity
Equations by the Through-the-Thickness Integration

Let us introduce the balance equations of the micropolar elasticity [10]. The equi-
librium conditions of any part of a micropolar body occupying the volume V∗ ⊂ V
consist of the following relations

F∗ ≡
∫

V∗

ρf dV +
∫

S∗

tdA = 0,

M∗ ≡
∫

V∗

ρ(r × f + l) dV +
∫

S∗

(r × t + m) dA = 0,

(3.7)

where f and l are the mass forces and mass couples vectors, respectively, ρ is the
density, r is the position vector, S∗ = ∂V∗, t and m are the stress and couple stress
vectors, respectively. F∗ and M∗ are the total force and the total couple acting on
V∗, respectively. Hence, for any part of the micropolar body, (3.7)1 states that the
vector of total force is zero, while (3.7)2 states that the vector of total moment is
zero. With the relations n · σ = t, n · μ = m, the local equilibrium equations are

∇ · σ + ρf = 0, ∇ · μ + σ× + ρl = 0. (3.8)

Now the nabla operator ∇ is a three-dimensional operator, ρ is the density, and
σ and μ are the stress and couple stress tensors, respectively. σ× is the vectorial
invariant of a second-order tensor σ.

The small strains of the micropolar continuum are usually presented by the dis-
placement vector u and the vector of microrotation ϑ. The linear strain measures,
i.e., the stretch tensor E and the wryness tensor K, are given by the relations

E = ∇u + ϑ × I, K = ∇ϑ. (3.9)
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Fig. 3.2 Plate-like body

The classical isotropic elasticity can be deduced by setting κ = α = β = γ = 0.
In this case, the stress tensor σ will be a symmetric tensor. In addition, μ and l
vanish.

Finally, the isotropic elastic constitutive equations are

σ = λI tr E + μET + (μ + κ)K, μ = αI tr K + βKT + γK. (3.10)

The integration procedure is performed as follows. Let us assume that our plate-
like body occupies a volume with one dimension which is significantly smaller in
comparison with the other two. The coordinate z denotes this special direction and h
is the plate thickness; z takes the values −h/2 ≤ z ≤ h/2 (Fig. 3.2). The boundary
conditions of the upper (+) and lower (−) plate surfaces can be given by

n± · σ = t±, n± · μ = m±, (3.11)

where t± and m± are the surface loads (forces and moments) and n± = i3.
The main idea of the reduction procedure is the application of the 3D equilibrium

conditions (3.7) to any volume V∗ of the plate-like body and the transformation of
the results to the 2D case as in (3.1). Following [1], we transform (3.7) into the
relations

F∗ =
∫

M∗

q dA +
∫

C∗

ν · 〈σ〉 ds = 0,
〈
(. . .)

〉
=

h/2∫

−h/2

(. . .) dz,

M∗ =
∫

M∗

[x × q + c] dA

+
∫

C∗

[
ν · 〈μ〉 − ν · 〈zσ × i3〉 − ν · 〈σ〉 × x

]
dA = 0,

(3.12)

where the following notations are introduced

q = 〈ρf 〉 + t+ + t−,

c = 〈ρl〉 + m+ + m− + i3 × 〈ρzf 〉 + h
2 i3 × (t+ − t−).

The comparison of (3.12) and (3.1) leads to the determination of the stress resul-
tant and stress couple tensors by the following relations
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T = 〈A · σ〉, M = 〈A · μ〉 − 〈A · zσ × i3〉. (3.13)

From the second equation in (3.13), it follows that the components Mα3 depend
only on the couple stress tensor μ. Indeed, M · i3 = 〈A · μ · i3〉.

To establish the relations with the vectors u and ϑ used in the 3D theory and
their analogues v and θ in the 2D theory, we use the following approximation of u
and ϑ, see [1] for details,

u(x, y, z) = v(x, y) − zφ(x, y),
ϑ = φ(x, y) × i3 + ϑ3(x, y)i3 = θ, φ · i3 = 0.

(3.14)

This means that the couple stress tensor μ does not depend on z, while the stress
tensor σ depends on z linearly as in [10]. But the approximation (3.14) is more
restrictive than the one applied by Eringen [10]. As a result, the effective stiffness
parameters can be estimated as

α1 = λ̃h, λ̃ ≡ λ(2μ + κ)
λ + 2μ + κ

,

α2 = μh, α3 = (μ + κ)h, α4 = (μ + κ)h,

β1 = αh − μ
h3

12
, β2 = βh − λ̃

h3

12
,

β3 = γh + (2μ + κ + λ̃)
h3

12
, β4 = γh.

The in-plane stiffness parameters α1, α3, α3, and the transverse shear stiffness α4

depend linearly on h. The dependence of βi, i = 1, . . . , 4, on h is more complicated.
The parameters βi have linear asymptotes when h tends to zero, i.e., βi ∼ h. The
considered case differs from the cases of Kirchhoff’s and Reissner’s plates when
βi ∼ h3.

Introducing the engineering constants

G =
2μ + κ

2
, ν =

λ

2λ + 2μ + κ
, l2b =

γ

2(2μ + κ)
,

where G is the shear modulus, ν the Poisson ratio, lb the characteristic length under
bending, see [10], we obtain the expression

D =
Gh3

12(1 − ν)

[
1 + 2

l2b
h2

]
. (3.15)

The dependence D/D̃ on h is given in Fig. 3.3, where D̃ = Gh3/[12(1 − ν)] is
the value of the bending stiffness used by Eringen [10]. From Fig. 3.3 it can be
seen that the micropolar properties are inessential if h > 2lb. The values of the
elastic stiffness parameters for two porous materials are given in Table 3.1. Here we
have used the experimental data presented by Lakes [12, 13]. The index ∗ denotes



3 On the Theories of Plates Based on the Cosserat Approach 33

the case of the material without the micropolar properties, i.e., if κ = α = β =
γ = 0.

To calculate the elastic stiffness we have used the approximation (3.14). Let us
note that in the literature on the shell theory there are many different approaches
to derive the shell equations from the 3D elasticity which lead to different values
of the stiffness parameters, see [4, 14] among others. For the Cosserat continuum
the derivation of the shell theories are given in many publications, see the reviews
in [1, 3] and [19]. This means that the elastic stiffness parameters presented above
can be considered as some estimates. In other words, these parameters show the
influence of the micropolar properties. In particular, (3.15) demonstrates the size-
effect which is well-known in the micropolar elasticity, see [10, 12, 13]. The anal-
ysis of (3.15) shows that the influence of the micropolar properties is essential if
the thickness of the plate h has the same value as the characteristic length of the
microstructure of the material.

Fig. 3.3 Dimensionless bend-
ing stiffness D/D̃ vs. the
dimensionless thickness h/lb

Table 3.1 Effective stiffness of a plate made of different foams (h has dimension m)

Elastic constants Foam, PU Foam, PU * Foam, PS Foam, PS *
α1, N/m 106 0.165h 0.165h 138.67h 138.67h

α2, N/m 106 1.001h 1.1h 99.84h 104h

α3, N/m 106 1.199h 1.1h 108.16h 104h

α4, N/m 106 1.199h 1.1h 108.16h 104h

β1, N·m 106 −2.6 × 10−6h − 0.083h3 −0.092h3 −6.7 × 10−6h − 8.3h3 −8.67h3

β2, N·m 106 −10−4h − 0.014h3 −0.014h3 −2.5 × 10−5h + 11.6h3 −11.5h3

β3, N·m 106 1.1 × 10−4h + 0.197h3 0.197h3 4.5 × 10−5h + 28.9h3 28.8h3

β4, N·m 106 1.1 × 10−4h 0 4.5 × 10−5h 0
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3.4 Conclusion

In this paper, we present the general six-parametric or micropolar linear plate lin-
ear theory with two vector fields of the translations and rotations as the independent
kinematic variables. Within the proposed theory one may take into account an exter-
nal surface drilling moment. We discuss the relations between the direct approach
and the through-the-thickness integration procedure to derive the plate equilibrium
equations and the constitutive equations. The influence of the micropolar properties
on the stiffness parameters of the plate is illustrated for two foams.
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