Chapter 5
Existence Theory of Nonlinear Dissipative
Dynamics

Abstract In this chapter we present several applications of general theory to
nonlinear dynamics governed by partial differential equations of dissipative type
illustrating the ideas and general existence theory developed in the previous sec-
tion. Most of significant dynamics described by partial differential equations can
be written in the abstract form (4.1) with appropriate quasi-m-accretive operator A
and Banach space X. The boundary value conditions are incorporated in the domain
of A. The whole strategy is to find the appropriate operator A and to prove that it is
quasi-m-accretive. The main emphasis here is on parabolic-like boundary value pro-
blems and the nonlinear hyperbolic equations although the area of problems covered
by general theory is much larger.

5.1 Semilinear Parabolic Equations

The classical linear heat (or diffusion) equation perturbed by a nonlinear poten-
tial B = B(y), where y is the state of system, is the simplest form of semilinear
parabolic equation arising in applications and is treated below. The nonlinear poten-
tial B might describe exogeneous driving forces intervening over diffusion process
or might induce unilateral state constraints.

The principal motivation for choosing multivalued functions 8 in examples be-
low is to treat problems with a free (or moving) boundary as well as problems
with discontinuous monotone nonlinearities. In the latter case, filling the jumps
[B(ro—0),B(ro+ 0)] of function B, we get a maximal monotone multivalued graph
B C R x R for which the general existence theory applies.

To be more specific, assume that  is a maximal monotone graph such that
0 € D(B), and Q is an open and bounded subset of R with a sufficiently smooth
boundary 9 (for instance, of class C?). Consider the parabolic boundary value
problem
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194 5 Existence Theory of Nonlinear Dissipative Dynamics

3)) Ay+B(y) > in 2x(0,T)=0,
y(x,0) = yo(x) Vx € Q, G.1D
y=0 on dQ x (0,T) =X,

where yg € L*() and f € L*(Q) are given.
We may represent problem (5.1) as a nonlinear differential equation in the space
H=L*Q):

dy
D r a0z 0. el o)
¥(0) = yo,
where A : L2(Q) — L*(Q) is the operator defined by
Ay = {z€ [2(Q); z=—Ay+w, w(x) € B(y(x)), ae. x € 2}, 53

D(A) = {y e H}(Q)NH?*(Q); 3w € L*(Q), w(x) € B(y(x)), a.e. x € 2}.

Here, (d/dt)y is the strong derivative of y : [0,T] — L?(£) and

(0%y/9x})

Mz

i=1

is considered in the sense of distributions on Q.

As a matter of fact, it is readily seen that if y is absolutely continuous from [a, b]
to L'(Q), then dy/dt = dy/dt in Z'((a,b); L'(2)), and so a strong solution to
equation (5.2) satisfies this equation in the sense of distributions in (0,7) x Q. For
this reason, whenever there is no any danger of confusion we write dy/dt instead
of dy/dt.

Recall (see Proposition 2.8) that A is maximal monotone (i.e., m-accretive) in
L*(Q) x [*(2) and A = ¢, where

1/ .
Q/Q\Vylzder/Qg(y)dx, if ye Hj(R), g(y) € L'(Q),

otherwise,

oy) =

and dg = . Moreover, we have
IM2@) + 11l (2 <C(lA%]l 2 )+ 1), ¥y eD(A). (5.4)

Writing equation (5.1) in the form (5.2), we view its solution y as a function of ¢
from [0,7] to L?(L2). The boundary conditions that appear in (5.1) are implicitly
incorporated into problem (5.2) through the condition y(z) € D(A), Vt € [0,T].

The function y :  x [0,T] — R is called a strong solution to problem (5.1) if
y:[0,T] — L*(R) is continuous on [0, 7], absolutely continuous on (0,7, and
satisfies
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Do) = Ay(et) + BO(x.0)) > F(x,t),  ae.r€(0,T), x€ L,

dt
¥(x,0) = yo(x), ae. x€Q, (5.5)
Y1) =0, ae. x€0Q,te(0,T).

Proposition 5.1. Let yo € L*(Q) and f € L*(0,T;L*(Q)) = L*(Q) be such that
yo(x) € D(B), a.e.x€ Q. Then, problem (5.1) has a unique strong solution

y€C([0,T]:L2(Q)) nWH((0,T]:L*(Q))

that satisfies
1'%y € L2(0,T;: H} (2) NH*(Q)), t‘/zg € L*(0,T;L*(Q)). (5.6)

If, in addition, f € WH([0,T];L?(Q)), then y(t) € HY () N H?(Q) for every
t € (0,T] and
t % € L=(0,T;L*(Q)). (5.7)

Ifyo € HY(Q), glyo) € LY(Q), and f € L*(0,T;L*(Q)), then

%GLZ(O,T;E(Q)), yELT(0.T; Hy(2))NL*(0.T;HA(R)).  (58)

Finally, if yo € D(A) and f € WH1([0,T);L2(Q)), then

% e L7(0,T;L*(RQ)),  yeL™(0,T;H*(Q)NH} (X)) (5.9)

and
%y(t) +(=AyO)+BO(@) — 1) =0,  Vie[0,T]. (5.10)

Proof. This is a direct consequence of Theorems 4.11 and 4.12, because, as seen in
Proposition 2.8, we have

D(A) = {ucL*(Q); u(x) e D(B), ae.xecQ}.
)

S
In particular, it follows that for yo € H} (), g(vo) € L'(2),and f € L*(Q x (0,T)),
the solution y to problem (5.1) belongs to the space

w1 - {rerorit@). P e}, o-axon),

Problem (5.1) can be studied in the L? setting, 1 < p < oo as well, if one defines
the operator A : LP(Q) — LP(Q) as
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Ay ={z€LP(Q); z=—Ay+w, w(x) € B(y)), ae.x€ 2}, (5.11)

D(A) = {y e W, P(Q)NW>P(Q); w € LP(£2) such that (5.12)
w(x) € B(y(x)), ae.xe Q} ifp>1,

DA) = {ye W, (Q); Aye L'(Q), 3we L'(Q) such that  (5.13)
w(x) € B(y(x)), ae.xe R} ifp=1.

As seen earlier (Theorem 3.2), the operator A is m-accretive in LP () x LP(Q)
and so, also in this case, the general existence theory is applicable. [

Proposition 5.2. Let yy € D(A) and f € WHI([0,T);LP(Q)), 1 < p < oo. Then,
problem (5.1) has a unique strong solution

y € C([0, T LP(Q)),

that satisfies

%y € L7(0,T;LP(2)), y € L™(0,T; Wy P (Q) N\WP(Q)) (5.14)

Cy0+ (a0 +BOW) - O =0, weDT). 619

If yo € D( )Y and f € L'(0,T;LP(Q)), then (5.1) has a unique mild solution
y€C([0,T|;LF(2)).

Proof. Proposition 5.2 follows by Theorem 4.6 (recall that X = LP(€) is uniformly
convex for 1 < p < eo). [J

Next, by Theorem 4.1 we have the following.

Proposition 5.3. Assume p = 1. Then, for each yy € D(A) ) and f € L'(0,T;L'(Q)),
problem (5.1) has a unique mild solution'y € C([0,T];L'(Q)); that is,

(1) = Lim ye (1),
e—0
where y¢ is the solution to the finite difference scheme
. (i+1
yirl =yl +eAyitt — y’8+1)+/ foydt in Q,i=0,1,..m
ie

m=[g]+1,
vl € Hy(Q)

ve(r) = for t € (ie, (i+1)g).
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Because the space X = L!(Q) is not reflexive, the mild solution to the Cauchy
problem (5.2) in L' () is only continuous as a function of ¢, even if yo and f are
regular. However, also in this case we have a regularity property of mild solutions;
that is, a smoothing effect on initial data, which resembles the case p = 2.

Proposition 5.4. Let B : R — R be a maximal monotone graph, 0 € D(B), and

B =0g. Let f € L*(0,T;L>(R)) and yo € L'(Q) be such that yo(x) € D(B), a.e.
x € Q. Then, the mild solution y € C([0,T]; L' (Q)) to problem (5.1) satisfies

it
Ol <€ (£ ol + [ @) 616

T
/ / ((VH/2)2 4 ((NH2)/2 gy 2 )dxdt+TN+4/2/ Vy(x, T)dx
0

syive2) [T (N+2)/2 T,
c (IIyoLl(m +/0 /Q|fdxdt) +T<N+4>/2/0 /Qf dxdt | .

Proof. Without loss of generality, we may assume that 0 € 3(0). Also, let us assume
first that yo € H{ (£2) N"H?(Q2). Then, as seen in Proposition 5.1, problem (5.1) has a
unique strong solution such that t'/%y, € L2(Q), /%y € [*(0,T; H} (Q) N H?(2)):

(5.17)

dy

o (x,2) = Ay(x, 1) + B(y(x,1)) 3 f(x,1), ae. (x,1)€Q,
¥(x,0) = yo(x), xeQ, (5.18)
y=0, on X.

Consider the linear problem

a .

= Az=fll=a) in O

2(x,0) = [yo(x)], xeQ, (5.19)
ZZO? on X.

Subtracting these two equations and multiplying the resulting equation by (y —z)*,
and integrating on 2 we get

2 dt ||( _Z ||L2 +/ |V 2d.x< O a.e.tr c (O,T)7

(y_Z)+(O)§O inQ7
because z > 0 and 3 is monotonically increasing. Hence, y(x,7) < z(x,t), a.e. in Q

and so |y(x,1)| < z(x,t), a.e. (x,) € Q. On the other hand, the solution z to problem
(5.19) can be represented as

2(x,1) :S(t)(|y0|)(x)+/OIS(t_s)(Hf(s)HL"“(.Q))ds, ae. (x,1) €0,
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where S(t) is the semigroup generated on L!(£) by —A with Dirichlet homoge-
neous conditions on d.Q. We know, by the regularity theory of S(¢) (see also Theo-
rem 5.4 below), that

IS@)uol|z=(2) < €~ uoll 1 g Vo € L'(Q), 1> 0.

Hence,
t
(1) < C N lyoll o) + /0 I£($)li=@)ds,  (t,x) €Q.  (5.20)

Now, for an arbitrary yo € L' () such that yo € D(B), a.e. in Q, we choose a se-
quence {yi} C H} (2)NH*(RQ), 3 € D(B), a.e. in Q, such that y} — yo in L' (Q)
as n — oo. (We may take, for instance, y& = S(n=')(1+n~'8)"1yp.) If y, is the
corresponding solution to problem (5.1), then we know that y, — y strongly in
C([0,T);L' (Q)), where y is the solution with the initial value yo. By (5.20), it fol-
lows that y satisfies estimate (5.16).

Because y(t) € L*(R2) C L*(Q) for all t > 0, it follows by Proposition 5.1 that
yEW2([8,T);L2(Q))NL*(8,T; H} (Q)NH?(Q)) forall 0 < § < T and it satisfies
equation (5.18), a.e. in Q = Q x (0,T). (Arguing as before, we may assume that
yo € H} (2)NH?*(Q) and so y,,y € L*(0,T;L*(R2)).) To get the desired estimate
(5.17), we multiply equation (5.18) by y,#**2 and integrate on Q to get

T
//"+2 2dxdi +~ //k+2|vy|2dxdt+/ / k+2 V)dxd

= / / **2y, fdxdt,
JO JQ

where y;, = dy/dt and dg = 3. This yields

k+2

/ F220xdr + / Vy(x T)|2dx+T’<+2/ g(y(x, T))dx
o

k
< %/tk“wy|2dxdt+(k+2)/tk“g(y)dxdt

1
+5 / 232 dxdr + - / "2 f2dxd.
0

Hence,
/tk”ylzdxdt—&—TkH/ |Vy(x,T)|>dx
0 Q
< (k+2)/tk+1|vy\2dxdt+2(k+2)/zk+1/3(y)dx+T’<+2/f2dxdz.
o 0 9]

(If B is multivalued, then B (y) is of course the section of 3(y) arising in (5.18).)
Finally, writing B(y)y as (f + Ay —y,)y and using Green’s formula, we get
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/tkﬂy,zdxdt—i—TkH/ |Vy(x7T)|2dx+/tk+l|Vy|2dxdt
Q Q Q
< (k+2)(k+1) / yikdxdt
JQ

(5.21)
+Tk+2/fzdxdz+2(k+2)/t"“|f| |y|dxdr
0 0

<C ( / *y2dxdr + T2 / fzdxdt) .
0 0

Next, we have, by the Holder inequality
N 2/N+2)) 4/ (N+2
| rax< b5 iy

for p = 2N(N —2)~!. Then, by the Sobolev embedding theorem,

N/(N+2) 4/(N+2)
[ )P < ( / |Vy<x7r>|2dx) ( [ e dx) 652
Q Q

On the other hand, multiplying equation (5.18) by sign y and integrating on
Q x(0,1), we get

!
0@ < ol + | [ 1£)ldvds,  1=0,
because, as seen earlier (Section 3.2),
/ Ay signydx < 0.
Jo
Then, by estimates (5.21) and (5.22), we get

/ 2 2dxds + T / Vy(x,T) Pdx+ / N Vy(x, 1) Pdcdr
9]

<<||yo|| +/ / | f(x,1) |dxdt>
< [ HIORS Pt | fzdxdt) |
0 0
On the other hand, we have, for k = N /2,
T T N/(N+2)
/ V() PNV dr < ( / ! Vy(t)lzdf) T (42,
Jo Jo

Substituting in the latter inequality, we get after some calculation involving the
Holder inequality
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/ tNFD232 4 dt +/ (N2 y(x, 1) Pdxdt
Qo Q

+ T(N+4>/2/ |Vy(x, T)|?dx
Q
4/(V12) (N+2)/2 (5.23)
< (nyony(g) +[) f(x,t)|dxdt>
+ CTW/2 / f(x,1)dxdt,
0

as claimed. OJ

In particular, it follows by Proposition 5.4 that the semigroup S(z) generated by
A (defined by (5.11) and (5.13) on L! (£2) has a smoothing effect on initial data; that
is, for all # > 0 it maps L' () into D(A) and is differentiable on (0, ).

In the special case where
B 0 if r>0,
r) =
R™ if r=0,

problem (5.1) reduces to the parabolic variational inequality (the obstacle problem)

Doay=r i (e >0}
202 ay>p o 029
y(x,0) = yo(x) in Q, y=0 on dQx(0,T)=2X.

This is a problem with free (moving) boundary that is discussed in detail in the next
section.
We also point out that Proposition 5.1 remains true for equations of the form

d .

aif_Ay—’—ﬁ(x?y)af m Qa
¥(x,0) = yo(x) in Q,
y=0 on X,

where 8 : Q x R — 2R is of the form B(x,y) = dyg(x,y) and g: @ xR — Ris a
normal convex integrand on Q2 x R sufficiently regular in X and with appropriate
polynomial growth with respect to y. The details are left to the reader.

Now, we consider the equation

%—Ay:f in Qx(0,T) =0,
P) (5.25)
Wy-i—ﬁ(y)aO on X,

y(x,0) =yo(x) in Q,



5.1 Semilinear Parabolic Equations 201

where B C R x R is a maximal monotone graph, 0 € D(B), yo € L*(Q), and
fe L2(Q). As seen earlier (Proposition 2.9), we may write (5.25) as

dy .
dt()+A() f@) in (0,7),

¥(0) = yo,

where Ay = —Ay, Vy € D(A) = {y € H*(2); 0 € dy/dv+B(y), a.e. on dQ}.
More precisely, A = d ¢, where ¢ : L?(Q) — R is defined by

1
:f/ IVy\zdx+/ jdo,  Wyel*Q),
2Jo 20

and dj=f3.
Then, applying Theorems 4.11 and 4.12, we get the following.

Proposition 5.5. Let yo € D(A) and f € L*(Q). Then, problem (5.25) has a unique
strong solution y € C([0,T];L*()) such that

1'/2 % € L2(0,T;L*(R)),
1'%y € 12(0,T;H*(Q)).

Ifyo € H'(Q) and j(yo) € L'(Q), then
4y

dt
y € L2(0,T;H*(Q))NL>(0,T; H' (Q)).

€ L2(0,T;L*(Q)),

Finally, if yo € D(A) and f,d /0t € L*(R), then

? € L=(0,T;L*(Q)),
y € L*(0,T;H*(2))

and

—=y(0) = Ay(t) = f(t),  Vi€[0,T].

It should be mentioned that one uses here the estimate (see (2.65))

||u||Hz <C(Hu—Au||Lz +l) Vu € D(A).

An important special case is
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Then, problem (5.25) reads as

dy -~ .
E 7Ay*f n Qa
dy dy (5.26)
)’E*Ov}’ZO,EZO OHZ,
y(x,0) = yo(x) in Q.

A problem of this type arises in the control of a heat field. More generally, the
thermostat control process is modeled by equation (5.26), where
al(r—Gl) if —°°<l‘<91,
B(r)=<0 if 6 <r<6,,
ar(r—0y) if 6, <r<oo,
a; >0, 6; € R, i =1,2. In the limit case, we obtain (5.26).

The black body radiation heat emission on d€2 is described by equation (5.26),
where f3 is given by (the Stefan—Boltzman law)

B(r) = { (x(r4—y?) for r>0,

—Ocy”l' for r <0,
and, in the case of natural convection heat transfer,

ar’/*  for r> 0,
B(r)=

0 for r <O.

Note, also, that the Michaelis—Menten dynamic model of enzyme diffusion reaction
is described by equation (5.1) (or (5.25)), where

r

— A

Y or r>0,
B(r) = (—o0,0] for r=0,

0 for r <0,

where A,k are positive constants.
We note that more general boundary value problems of the form

d .
SAvEr)3f in 0

y(x,0) = yo(x) in Q,

dy
E—i—ﬁ(y)ao on Z,
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where f3 and y are maximal monotone graphs in R x R such that 0 € D(f3), 0 € D(y)
can be written in the form (5.2) where A = d¢ and ¢ : L?>(Q) — R is defined by

1
*/ IVy\zdx+/ g(y)dx+/ j)do if ye H'(Q),
2J0 Q 90

o0 otherwise,

o(y) =

anddg=17v, dj=p.

We may conclude, therefore, that for f € L?(2) and yo € H' () such that
g(vo) € L'(R), j(yo) € L'(9Q) the preceding problem has a unique solution
y € W2([0,T]:L(Q)) NL*(0,T: H*(Q)).

On the other hand, semilinear parabolic problems of the form (5.1) or (5.25)
arise very often as feedback systems associated with the linear heat equation. For
instance, the feedback relay control

u=—p signy, (5.27)
where ,
ﬂ lf r# 0,
signr = ’
[-1,1] if r=0,

applied to the controlled heat equation

%—Ay:u in Q xR*,
y=0 on 9Q xR*, (5.28)

y(x,0) =yo(x) in Q

transforms it into a nonlinear equation of the form (5.1); that is,

%—Ay+p signy>0 in Q xR™",
y=0 on dQ xR, (5:29)
y(x,0) = yo(x) in Q.

This is the closed-loop system associated with the feedback law (5.27) and, ac-
cording to Proposition 5.4, for every yo € L'(£), it has a unique strong solution
y € C(RT;L*(Q)) satisfying

y(t) € L*(2), vt >0,
(WY e 12 (RTL2(Q)),  (Vye 2 (RTHY(Q)).

loc

(Of course, if yg € L?>(£), then y has sharper properties provided by Proposition
5.1)
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Let us observe that the feedback control (5.27) belongs to the constraint set
{u € L7(2 x RT); |lul|=(axr+) < p} and steers the initial state yo into the origin
in a finite time 7. Here is the argument. We assume first that yo € L*(£) and consi-
der the function w(x,?) = [|yo||=(@) — pt. On the domain € x (0,p~! vollz=(2)) =
Qo, we have

%—Aw—l—psignwao in Qo,
w(0) = [lyollz=(a) in Q, (5.30)
w>0 on 92 x (0,p!|yollz=(@))-

Then, subtracting equations (5.29) and (5.30) and multiplying by (y —w)™ (or, sim-
ply, applying the maximum principle), we get

(y—w)* <0 in Qy.
Hence, y < w in Qy. Similarly, it follows that y > —w in Qg and, therefore,
|y(x7t)| < ||y0||L°°(_Q)_pt7 V(X,t) € Qo.

Hence, y(t) =0 forallt > T = p~! [¥0llz=(q)- Now, if yo € L'(Q), then inserting
in system (5.28) the feedback control

0 for 0 <t <e,
u(r) = :
—psigny(r) for > ¢,

we get a trajectory y(¢) that steers yp into the origin in the time

T(vo) <e+p ' [W(€)ll=(2) < €+C(P*) M lyoll (),

where C is independent of € and y( (see estimate (5.16)). If we choose € > 0 that
minimizes the right-hand side of the latter inequality, then we get

CN 2/(N+2) N\ —V/(V+2) £ 2/(N+2)
ron < (5 bolar)  +(5) Swolow) -

We have, therefore, proved the following null controllability result for system (5.28).

Proposition 5.6. For any yo € L'(Q) and p > 0 there is u € L*(Q x RY),
|l =@ xr+) < P, that steers yq into the origin in a finite time T (o).

Remark 5.1. Consider the nonlinear parabolic equation

0
9 —Ay+|yP"'y=0, in Q@ xRT,

at
(x,0) = yo(x), xeQ, (5.31)
y=0, on 0Q xR",
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where 0 < p < (N+1)/N and yo € L' (). By Proposition 5.4, we know that the
solution y satisfies the estimates

y(O)|l=(@) < Ct™ /2) ol (o
Hy(f)HLl(g) < Cliyollpie)

forall# > 0. o
Now, if yo is a bounded Radon measure on ; that is, yo € M(2) = (Co(R))*
(Co(Q) is the space of continuous functions on Q that vanish on d€), there is a

sequence {y}} C Co(£2) such that ||y0HL1 ) < Cand yj — yo weak-star in M(Q).
Then, if y/ is the corresponding solution to equatlon (5.31) it follows from the pre-

vious estimates that (see Brezis and Friedman [17])
y =y in L100),  1<q<——,
/[P tyl — [y[P~ty in LY(Q).

This implies that y is a generalized (mild) solution to equation (5.31).
If p > (N +2)/N, there is no solution to (5.31).

Remark 5.2. Consider the semilinear parabolic equation (5.1), where f3 is a conti-

nuous monotonically increasing function, f € LP(Q), p> 1, and yo € W) 2=/ (Q),
gly) € Ll( ), g(r) = 5 |B(s)|P~2B(s)ds. Then, the solution y to problem (5.1) be-
longs to W' (Q) and

p p p
0210, < € (1) 13005 g + [, 8000 ).

Here, sz'l (Q) is the space

r+s

{yGL”(Q); 573 ‘yeLP(Q),2r+s<2}.

For p =2, W,"' (Q) = H*'(Q).

Indeed, if we multiply equation (5.1) by |B(y)|P"2B(y) we get the estimate
(as seen earlier in Proposition 5.1, for f and yp smooth enough this problem has
a unique solution y € WH([0,T];LP(Q)), y € L*(0, T; WP (R)))

/Qg(y(x,t))dx—k/ot/!)|ﬁ(y(x,s))|pdxds
< [ [ B0 ws)idxds+ | glo)dx

< ([ [, 1Botsspiraras) " ([ [ irwsrasas) ”
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where 1/p+1/g = 1. In particular, this implies that

I1BO)Izr o) < CUIfllerig) + I8G0) L1 (@)

and by the L? estimates for linear parabolic equations (see, e.g., Ladyzenskaya,
Solonnikov, and Ural’ceva [31] and Friedman [27]) we find the estimate (5.34),

which clearly extends to all f € LP(Q) and y, € W(f’zf(z/p)(ﬂ), g(vo) € LY(RQ).

Nonlinear Parabolic Equations of Divergence Type

Several physical diffusion processes are described by the continuity equation

9%

ot +diqu:f,

where the flux q of the diffusive material is a nonlinear function f of local density
gradient Vy. Such an equation models nonlinear interaction phenomena in material
science and in particular in mathematical models of crystal growth as well as in
image processing (see Section 2.4). This class of problems can be written as

d
a*f (x,1) —divy B(V(y(x,1))) 3 f(x,1), x€Q,t€(0,T),
y=0 on 92 x (0,T), (5-32)
y(x,0) = yo(x), x€Q,
where 8 : R¥ — R is a maximal monotone graph satisfying conditions (2.138) and
(2.139) (or, in particular, conditions (2.134) and (2.135) of Theorem 2.15).

In the space X = Lz(Q) consider the operator A defined by (2.155) and thus
represent (5.32) as a Cauchy problem in X; that is,

% (1) +Ay(1) > £(1), 1€(0,T), (5.33)
¥(0) = yo.

In Section 2.4, we studied in detail the stationary version of (5.37) (i.e., Ay = f) and
we have proven (Theorem 2.18) that A is maximal monotone (m-accretive) and so,
by Theorem 4.6, we obtain the following existence result.

Proposition 5.7. Let f € WHI([0,T];L2(R)), yo € Wol"p(.Q) be such that divngy €
L%(Q) for some 1y € (L1(2))N, no € B(Vyo), a.e. in Q. Then, there is a unique
strong solution y to (5.32) (equivalently to (5.33)) such that

y € L2(0,T: W, () nW'=([0, T L*(R))
d+

Ey(t)fdivxn(t):f(t)v vt € 10,7},
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where 1 € L*(0,T;L*(RQ)), n(t,x) € B(Vy(x,1)), ae (x,t) € Q x (0,T) = Q.
Moreover, if B = dj, then the strong solution y exists for all yy € L*(Q) and
feL*Q).

The last part of Proposition 5.7 follows by Theorem 4.11, because, as seen earlier
in Theorem 2.18, in this latter case A = d .

Now, if we refer to Theorem 2.19 and Remark 2.4 we may infer that Proposi-
tion 5.7 remains true under conditions 8 = dj and (2.161) and (2.162). We have,
therefore, the following.

Proposition 5.8. Let B satisfy conditions (2.161) and (2.162). Then, for each
yo € L*(Q) and f € L*(0,T;L*(Q)) there is a unique strong solution to (5.32)
or to the equation with Neumann boundary conditions B(Vy(x)) - v(x) = 0 in the
following weak sense,

G Loteov@ars [ neen - Vewds= [ eopas, wec @),
n(x,t) € B(Vy(x,1)), ae (x,t) € Qx(0,T),
y(X,O) :yO(X).

Now, if we refer to the singular diffusion boundary value problem

% —div, (sign (Vy)) > f  in 2 x(0,T),
y=0 on dQ x (0,T),

y(x,0) = yo(x),
it has for each yg € BV?(Q) a unique strong solution
y € WH([0,T]:L2(Q2)) nC([0,T]: L*(R2))

with ||Dy(¢)|| € W=([0,T]) (similarly for the case of Neumann boundary condi-
tions).
Indeed, as seen earlier, it can be written as a first-order equation of subgradient
type in L*(Q),
dy

o () +do(y(t) > f(r), te€(0,T),

¥(0) = yo,
where @ is given by (2.182). Then, the existence follows by Theorem 4.11.

By (2.149) and the Trotter—Kato theorem (see Theorem 4.14), we know that the
solution y is the limit in C([0, T]; L*(£2)) of solution y to the problem

% — eAye —divyBe(Vye) = f in Qx(0,T)

ye=0 on dQ; e (x,0) = yo(x),



208 5 Existence Theory of Nonlinear Dissipative Dynamics

where B is the Yosida approximation of f = sign.

As noticed earlier, this equation is relevant in image restoration techniques and
crystal-faceted growth theory. In particular, for f(¢) = f, € L*(Q) it follows by
Theorem 4.13 that

tlLr?oy(t) =y, strongly in L*(Q),
where y, is an equilibrium solution; that is, d@(y.) 3 fo.

In image processing, the solution y = y(-,#) might be seen as a family of restored
images with the scale parameter 7. The parabolic equation (5.32) itself acts as a filter
that processes the original corrupted version f = f(x).

Semilinear Parabolic Equation in RV

We consider here equation (5.1) in 2 = RV that is,

%—AerB(y)Bf in (0,7) xR,
¥(0,x) =yo(x) xRV, (5.34)
y(t,-) € L'(RY) Vi € (0,T).

With respect to the case of bounded domain Q previously studied, this problem
presents some peculiarities and the more convenient functional space to study it is
L'(RV).

We write (5.34) as a differential equation in X = L' (R") of the form

%(r)+Ay(t) > f(0),  1e(0,7),

¥(0) = yo,
where A : D(A) C L'(RY) — RY is defined by

Ay = {z€ L'(RY); z=—-Ay+w, we B(y), ae. in RV},
D(A) = {y e L'(RY); Ay e L'(RY), 3w € L'(RV),
such that w(x) € B(y(x)), a.e. x € RV}.

By Theorem 3.3 we know that, if N = 1,2,3, then A is m-accretive in L' (R") x
L'(RM).

Then, by Theorem 4.1, which neatly applies to this situation, we get the following
existence result.

Proposition 5.9. Let yo € L'(RY) and f € L'(0,T;R") be such that Ay, € L' (RY)
and 3w € L' (RM), w(x) € B(yo(x)), a.e. x € RN. Then, problem (5.34) has a unique
mild solution 'y € C([0,T]; L' (RN)). In other words,
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y(t) = lir%yg (t) strongly in L'(R") for eacht € [0,T], (5.35)
E—

where y¢ is the solution to the finite difference scheme

ye(t) =y, fort € (ie,(i+1)g), i=0,1,..,M,

) ) ) ) ~(i+1)e
yﬁl—yz—eAy?‘+sﬁb@“>94/ ft)dt inR", (5.36)
Jie

yL € LY(RV), i=0,1,..M=[L].

5.2 Parabolic Variational Inequalities

An important class of multivalued nonlinear parabolic-like boundary value problem
is the so-called parabolic variational inequalities which we briefly present below in
an abstract setting.

Here and throughout in the sequel, V and H are real Hilbert spaces such that V is
dense in H and V C H C V’ algebraically and topologically. We denote by |- | and
|| - || the norms of H and V, respectively, and by (-, -) the scalar product in H and the
pairing between V and its dual V’. The norm of V' is denoted || - || .. The space H is
identified with its own dual.

We are given a linear continuous and symmetric operator A from V to V' satis-
fying the coercivity condition

(Av,y)+aly* > olyl|®,  WevV, (5.37)

for some @ > 0 and & € R. We are also given a lower semicontinuous convex func-
tion @ : V — R = (—oo, 40|, @ F# 0.
For yo € V and f € L*(0,T;V'), consider the following problem.

Findy € L*(0,T;V)NC([0,T]; H)NW'2([0,T); V') such that
O (1) +Ay(t),y(t) —2) + e(y(t)) — 9(2) < (f(2),¥(t) —2),
ae.t€(0,T),VzeV, (5.38)
¥(0) = yo.

Here, y' = dy/dt is the strong derivative of the function y : [0,7] — V’. In terms
of the subgradient mapping d¢ : V — V', problem (5.38) can be written as

{ Y () +Ay(t)+20((t) 5 f(t), ae.1€(0,T), (5.39)

¥(0) = yo.

This is an abstract variational inequality of parabolic type. In applications to partial
differential equations, V is a Sobolev subspace of H = L*>() (£ is an open subset
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of RV), A is an elliptic operator on £, and the unknown function y : 2 x [0,7] — R
is viewed as a function of ¢ from [0, 7] to L*(2).

As seen earlier in Section 4.1, in the special case where ¢ = Ik is the indicator
function of a closed convex subset K of V; that is,

o(y)=0 if yeKk, o(y) =+ if y¢K, (5.40)

the variational inequality (5.38) reduces to the reflection problem

y(t) € vVt €[0,T],
(y’(t)+Ay( ),y#)—2) < (f@),y(t)—z), ae.te(0,T),Vz€K, (541)
¥(0) = yo.

Regarding the existence for problem (5.38), we have the following.

Theorem 5.1. Let f € W'2([0,T];V') and yo € V be such that

{Avo+9o(y0) — f(0)} NH # 0. (5.42)

Then, problem (5.38) has a unique solutiony € W1([0,T];V)NW 1= ([0,T]; H) and
the map (yo, f) — y is Lipschitz from H x L*>(0,T;V") to C([0,T); H) NL*(0,T;V).
If f € WI2([0,T]; V') and @(yo) < oo, then problem (5.38) has a unique solution
y e WH2([0,T);H)NC,([0,T]; V). If f € L*(0,T;H) and ¢(yo) < o, then problem
(5.38) has a unique solution'y € W2([0,T]; H) NC,,([0,T];V), that satisfies

Y(6) = (f(t) =Ay(1) =9 (y(1)))’, a.e.r€(0,T).

Here C,,([0,T]; V) is the space of weakly continuous functions from (0, T) to V; that
is, from (0,7) to V endowed with the weak topology.

Proof. Consider the operator L : D(A) CH — H,

Ly ={Ay+de(y)}NH,  VyeD(L),
D(L) = {y € V; {Ay+do(y)} NH # 0}.

Note that o/ 4 L is maximal monotone in H x H (I is the identity operator in H).
Indeed, by hypothesis (5.37), the operator &t/ + A is continuous and positive definite
from V to V'. Because d¢@ : V — V' is maximal monotone we infer by Theorem 2.6
(or by Corollary 2.6) that otf + L is maximal monotone from V to V' and, conse-
quently, in H X H.
Then, by Theorem 4.6, for every yo € D(L) and g € W!1([0,T]; H) the Cauchy
problem
dy

dt()+Ly() g(t), ae.in(0,T),

¥(0) = Yo,
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has a unique strong solution y € W1=([0,T];H). Let us observe that d g = al + L,
where ¢y : H — Ris given by

1
Pa(y) = 3 (Ay+ay,y)+o(y), VyeH. (5.43)

Indeed, @ is convex and lower semicontinuous in H because

(] ()’) _
Iyl—e [l

and @, is lower semicontinuous on V.

On the other hand, it is readily seen that al + L C d @y, and because ol + L
is maximal monotone, we infer that @/ + L = d @y, as claimed. In particular, this
implies that D(L) = D(¢y) = D(@) (in the topology of H).

Now, let yo € V and f € W!2(]0,T]; V'), satisfying condition (5.42).

Let {yt} C D(L) and {f,} C W'2([0,T];H) be such that

Y5 — Yo strongly in H, weakly in V,
i strongly in L2(0,T;V'),

%fn — % strongly in L*(0,T;V").

Let y, € W'=(]0,T]; H) be the corresponding solution to the Cauchy problem

Dn () +Lyn(t) 3 fu(t), ae.in (0,T),
dt (5.44)
yn(0) = yg.

If we multiply (5.44) by y, — yo and use condition (5.37), we get

1 d
5 27 (0 =0l + 0llya() = yol
t (5.45)

< alya(t) = yol* + (fu(t) =&, ya(t) =y0), ae.r€(0,7),

where & € Ayg+d@(yo) C V'. After some calculation involving Gronwall’s lemma,
this yields

t
@) =3P+ [ In() -nlPds <€, meNrel0T). (546

Now, we use the monotonicity of d¢ along with condition (5.37) to get by (5.44)
that
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; 5[ Y (t) =y () > + @[y (£) — ym(2)|?

< alyn(t) =ym(O P+ 1£2(0) = Ol [yn() =ym(@)ll, 2.1 € (0,7).

Integrating on (0,7), and using Gronwall’s lemma, we obtain the inequality
3n(0) 3P+ [ onte) w0 Pt

_C(%—%%+Anﬁ@—mme)

Thus, there is y € C([0,T]; H) N L*(0,T;V) such that
ya—y inC([0,T);H)NL*(0,T;V). (5.47)

Now, again using equation (5.44), we get

3 e+ =3O+ 0l ) (1) P
< e+ ) =)+ e+ ) = Ol Ione-+ 1) =30

forall r,h € (0,T) such thatz +h € (0,T). This yields
T—h )
e+ =3P+ [ ale) =30 e
2 = 2
<c(bum—sg+ [ Inteen - silka)
and, letting n tend to oo,
2 r=h 2
DB =P+ [ I+ =y

<c (b= [ 1504 - folfar).
Vt €[0,T —hJ.

(5.48)

Next, by (5.45) we see that, if & € Ayg+d@(yo) is such that f(0) — & € H, then we
have

1 d
5 27 (0 =30l + 0llya(t) = yol

< alya(t) = yol> + 11 (2) = fa(O) [+ [yn(£) = Y5 | +1£a(0) — &l |yn(e) — ¥5-

Integrating and letting n — oo, we get by the Gronwall inequality
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1
3=l <C ([ 176) - sO)as+ 70 -8k ). e for
This yields, eventually with a new positive constant C,
ly(t) =yol <Ct,  Vtel0,T].

Along with (5.48), the latter inequality implies that y is H-valued, absolutely conti-
nuous on [0, T], and

t T
YOP+ [ Y0P <c (bl [ Ir0Ra+1), ae o)
where y = dy/dt, f' =df/dt. Hence,y € W'=([0,T];H)NW'2([0,T];V).

Let us show now that y satisfies equation (5.38) (equivalently, (5.39)). By (5.44),
we have

1d

3 4 ) =P < (10— @y =m0 =), ae.r€(O.7),

where z € D(L) and 1 € Lz. This yields

3 onli-+8) 2P = ba() = < [ (als) + an(s) = m.m(s) s

and, letting n — oo,

St 2P = b)) < [ () arls) - m.y(s) - s

Finally, this yields

OG+8) =300~ < [ (6)+ax(s) ~.5(65) ~2)ds.
Because y is, a.e., H-differentiable on (0,7), we get
O'(t) —ay(t)+n = f(1),y(t) —2) <0, ae.r€(0,7T),
for all [z,1] € L. Now, because L is maximal monotone in H x H, we conclude that
ft) €Y () +Ly(t), aete(0,7),

as desired.
Now, if (yé), fi), i=1,2, satisfy condition (5.42) and the y; are the corresponding
solutions to equation (5.39), by assumption (5.37) it follows that
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2 r 2
1(1) =y2(0)] +/0 [y1(6) =y2(0) || dt
T
<c(bh=odP+ [ 10 - p0lEar), e T

Now, assume that f € W!2(]0,T];V’) and yo € D(¢). Then, as seen earlier, we may
rewrite equation (5.39) as

{ Y () +099a(y(t)) —ay(t) 3 f(1), ae.r€(0,T),

5.49
¥(0) = yo, 64

where @y, : H — R is defined by (5.43). For f = f,, and yg = Y0 Y = Yn, We have the
estimate

ad

DROP+ 5 @uln() = 5 & b0 < (04(0), ae.r€(0.7).

This yields

T T o
| B0 P uln(e)) < (Fal0)0D+ [ 1A O Ia(0llde— S AP

Finally,

T
/O @) Pde + a1 < C fullwr2 o,y + inl?) < C.

Then, arguing as before, we see that the function y given by (5.47) belongs to
W12(0,T];H)NL>(0,T;V) and is a solution to equation (5.38).

Because y € C([0,T]; H) NL*(0,T;V), it is readily seen that y is weakly conti-
nuous from [0,7T] to V.

If f € L~(0,T;H) and yp € D(¢q, ), we may apply Theorem 5.1 to equation (5.49)
to arrive at the same result. [J

Theorem 5.2. Let yo € K and f € W'2([0,T];V') be given such that
(f(0) —Ayo —&o,yo—v) >0,  WEK, (5.50)

for some &y € H.

Then, (5.41) has a unique solution y € W'=([0, T]; H) NnW12([0,T];V).

If yo € K and f € W'2([0,T]; V'), then system (5.41) has a unique solution
y € W'2([0,T];H)NCW([0,T);V). If f € L*(0,T;H) and yo € K, then (5.41) has
a unique solution y € W'2([0, T]; H) N C,,([0,T]; V). Assume in addition that

(Ayy) = olyl?,  VyeV, (5.51)

for some @ > 0, and that there is h € H such that
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(I+eAy)'(y+eh)eK, Ve>0,Vyek. (5.52)
Then, Ay € L*(0,T;H).

Proof. The first part of the theorem is an immediate consequence of Theorem 5.1.
Now, assume that f € L>(0,T;H), yo € K, and conditions (5.51) and (5.52) hold.
Lety € Wh2([0,T]; H) N C,,([0,T];V) be the solution to (5.41). If in (5.41) we take
7= (I +€Ag)~ " (y+€h) (we recall that Ay = Ayn H), we get

(Y (1) +A(1),Ae(t) — (I +€Ap) ' h)
< (f(1),Aey(t) — (I+€Ay)~'h), ae.t€(0,T),

where Ag =A(I+€Ay) ' =& '(I— (I+€Ay)~"). Because, by monotonicity of A,

(Av,Aey) > [Aey|?, Wy € D(Ay)={y; Ay € H}

" 3 A y(0) = (1), 40), ae.r€(0.7),
we et

Aex®.30)+ [ Aer(s) s

< (Aeyo30) +2 [ (Aer(s) — (1 +edn) 1 (5),h)ds

+/Ot £()Pds+200() — yo, (I + €Ar)'h), ae.t€ (0,T).
Hence,

T
| exoPar+ ey <c. veo0,ref.],
0
and, by Proposition 2.3, we conclude that Ay € L2(0, T;H), as claimed. O

Now, we prove a variant of Theorem 5.1 in the case where ¢ : V — R is
lower semicontinuous on H. (It is easily seen that this happens, for instance, if
@ (u)/[|ull = +ooas fJuf| — oo

Proposition 5.10. Let A : V — V' be a linear, continuous, symmetric operator satis-
fying condition (5.37) and let ¢ : H — R be a lower semicontinuous convex function.
Furthermore, assume that there is C independent of € such that either

(Ay,Voe(y)) > —C(1+|Voe(y))(1+y]),  Vy€D(An), (5.53)

or

o((I+eAn) '(y+eh) < @(y)+C,  Ve>0,VyeH, (5.54)
for some h € H, where A, = al +Ag.
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Then, for every yo € D(Q)NV and every f € L*(0,T;H), problem (5.41) has
a unique solution y € W'2((0,T);H)NC([0,T);H) such that t'/%y € L*(0,T;H),
1124y € L*(0,T;H). If yo € D(9) NV, then y € W"2([0,T];H) N C([0,T];V). Fi-
nally, if yo € D(Ay) ND(d¢) and f € WHL([0,T];H), theny € W= ([0, T]; H).

Here, @ is the regularization of ¢.
Proof. As seen previously, the operator
Agy=o0ay+A4y,  Vy€D(Aq)=D(An),

is maximal monotone in H x H. Then, by Theorem 2.6 (if condition (5.53) holds)
and, respectively, Theorem 2.1 (under assumption (5.54)), Aq + d¢@ is maximal
monotone in H X H and

Ay <C(|(Aa+09)° ) +y[+1),  VyeDA)ND(I9).

Moreover, Ay + d@ = d 0%, where (see (5.43))

1 o
9% () =7 (Any) +90) +5 y*,  Vyev,

and writing equation (5.39) as

Yy +00%(y)—ay > f, ae.in(0,T),
¥(0) = yo,

it follows by Theorem 4.1 that there is a strong solution y to equation (5.43) satis-
fying the conditions of the theorem. Note, for instance, that if yo € D(¢) NV, then
y € WI2([0,T];H) and ¢*(y) € WH1([0,T]). Because y is continuous from [0, 7]
to H and bounded in V, this implies that y is weakly continuous from [0,7] to V.
Now, because ¢ — @%(y(t)) is continuous and ¢ : H — R is lower semicontinuous,
we have

Jim (A(1). (1)) < (Av(0). (), Ve € 0.7,

and this implies that y € C([0,T]; V), as claimed. O

Corollary 5.1. Let A : V — V' be a linear, continuous, and symmetric operator sa-
tisfying condition (5.37) and let K be a closed convex subset of H with

(I+€eAq) '(y+eh)eK, VYe>0,VyeKk, (5.55)

for some h € H. Then, for everyyy € K and f € LZ(O, T;H), the variational inequa-
lity (5.41) has a unique solution

y€W'2([0,T):H)NC((0,T);V) NL*(0,T: D(An)).

Moreover, one has
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dy

)+ (Amyle) = 1)~ Ne (b))’ =0, ace.t € (07),

where Nk (y) C L*(Q) is the normal cone at K in y.

The parabolic variational inequalities represent a rigorous and efficient way to
treat dynamic diffusion problems with a free or moving boundary. As an example,
consider the obstacle parabolic problem

d
ai'j_Ay:f in {(x,1) € Q5 y(x,1) > w(x)},
%_Any in Q:QX(OvT)a

y(x,1) > y(x) V(x,1) € Q, (5.56)

d
ary+ o a—i =0 on XZ=9Qx(0,7),

y(x0)=y)  xe€Q,

where Q is an open bounded subset of RV with smooth boundary (of class C!!, for
instance), W € H*(Q), and oy, 0 > 0, o + 0 > 0.
This is a problem of the form (5.41), where

H=1}Q), V=H(Q),
and A € L(V,V') is defined by
o
(Ay,z)z/ Vy-Vzdx—k—l/ yzdo, Vy,z € H'(Q), (5.57)
Q 0 JoQ
if op # 0, or
(Ay,z):/ Vy-Vzdx, Vy,zeH(Q), (5.58)
Q

if &, = 0. (In this case, V = H} (Q2), V' =H (Q).)
The set K C V is given by

K={yecH (Q): y(x) > y(x), ae. xec}, (5.59)

and condition (5.55) is satisfied if

d
RTEN T:I», <0, ae.ondQ. (5.60)
Note also that Ay : D(Ay) C L?(2) — L?(Q) is defined by

Agy = —Ay, ae.inQ,  VyeD(Ap),

D(An) = {yGHZ(Q); oy + o % =0, ae.on 8!2},
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and
IYlm2@) < CUIARY I 20) + V@), ¥y € D(An),

Then, we may apply Corollary 5.1 to get the following.

Corollary 5.2. Let f € L*(Q), yo € H' () (yo € HY(Q) if ap = 0) be such that
Yo > Y, a.e. in . Assume also that y € H l(.Q) satisfies condition (5.60). Then,
problem (5.56) has a unique solution

yeWh2(0,T);L2(2)) N L*(0,T; H*(2)) NC([0, T]; HY (Q)).
Noting that

Nx(y) = {v e L}(Q); v(x) € BOO(x) —y(x)), ae.xeQ},
where B : R — 2R is given by

0 r>0,
B(r)=< R™ r=0,
0 r<o0,

it follows by Corollary 5.1 that the solution y satisfies the equation

d

YO+ (A0 +BOO =)= f(1))° =0, ae.re(0,7).

Hence, the solution y to problem (5.56) given by Corollary 5.2 satisfies the system

O V)~ )=F ), aein (1) € 5 yen) > V().
(5.61)

%y(x,t):max{f(x,t)JrA v(x),0}, ae.in {(x,1); y(x,t)=w(x)},

because y(-,#) € H*(Q) and so Ay(x,t) = Ay(x), a.e. in {y(x,1) = y(x)}.
It follows, also, that the solution y to the obstacle problem (5.56) is given by

y(¢) zli_ril) ye(t) in C([O,T];L2(£2))7

where y is the solution to the penalized problem

P) 1 _
8? Ay**(y y) =f in Q,
y(x,0) = yo(x) in Q, (5.62)
061y+061Q=0 on X.

v

Now, let us consider the obstacle problem (5.56) with nonhomogeneous boun-
dary conditions; that is,
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d
873‘)_Ay:f in {(x,t)GQ; y(x’t)>u,(x)}’
D Ayzfyz0 in 0,

ot

ay—i—@:g on Xy =I; x(0,T)
av ) )

y=0 on X, =1I;x(0,T),

y(x,0) = yo(x) on Q,

(5.63)

where 0Q =TI UL, [[NI; =0, and g € L*(X)).
If we take
V={yeH'(Q); y=0 onb},

defineA:V — V' by
(Ay,z):/ Vy-Vzdx+a | yzdx, Vy,z €V,
Q L
and fy : [0,7] — V' by

(folt),2) = /F e(rnz(x)dx,  VzeV,

we may write problem (5.63) as

dy

(G 0+a0s0-2) < Fs0-0.  VeeKaereoD).

¥(0) = yo,

where F = f + fo € L*(0,T;V’) and K is defined by (5.59).
Equivalently,

i %(x,t)(y(x,t)—z(x))dx + /Q Vy(e,1)- V(y(x1) — 2(x))dx
+a /F Fet) (1) — 2(x))dx
< [ fen b —=0)ds 00
+ /F ge.1) ((x, 1) — 2(x)dx,
VzeK,t€]0,T].
Applying Theorem 5.2, we get the following.

Corollary 5.3. Let f € W'2([0,T];L*(R)), g € WH2([0,T);L*(I7)), and yo € K.
Then, problem (5.65) has a unique solution
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y e WH2([0,T);V)NC,([0,T]; V).

If; in addition,

d
% +ayo=g(x,0), ae on{xeli; yo(x) > wy(x)},
(5.66)
Iy
a—v—l—(xwgg(x,O), a.e.on{x€Ii; yo(x) = y(x)},

theny € W12([0,T];V)NWL=([0,T]; L*(R)).

(We note that condition (5.66) implies (5.50).)

It is readily seen that the solution y to (5.65) satisfies (5.63) in a certain genera-
lized sense. Indeed, assuming that the set £ = {(x,7); y(x,7) > y(x)} is open and
taking z = y(x,#) £ p @ in (5.65), where ¢ € C;’(E) and p is sufficiently small, we
see that

d
a—f —Ay=f in 2'(E). (5.67)
It is also obvious that 5
a% —Ay>f in 2(0). (5.68)
Regarding the boundary conditions, by (5.65), (5.67), and (5.68), it follows that
d
a—‘y/ +ay=g in Z'(ENX),
respectively,
9 +ay>g in 2'(%)).
av -
In other words,
dy
FTray=g on {(x1) €T yx0) > v},
dy
3y Favzg  on {(x) € X ylx) =y}

Hence, if g satisfies the compatibility condition

oy
— 4oy < x
gy Ta¥=s on
then the solution y to problem (5.65) satisfies the required boundary conditions
onZX.
Also in this case, the solution y given by Corollary 5.3 can be obtained as the
limit as € — O of the solution y, to the equation
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d .

LAt Bebe—w) =/ in @x(0.7),

Ve (x,0) = yo(x) in 2, (5.69)
d

%J’_ay&‘:g on Zla ySZO on 227

where

() veen

If 0" ={(x,1) € Q: y(x,1) > w(x)}, we may view y as the solution to the free
boundary problem

dy _ o

Z-ay=f in 0,

¥(x,0) = yo(x) in Q, (5.70)
dy B dy dy "

051}’+052$*0 on 23 y=y, E*W on aQ (t)a

where dQ (¢) is the boundary of the set Q" () = {x € Q; y(x,t) > y(x)}. We call
dQ™ (1) the moving boundary and dQ™ the free boundary of problem (5.70).

In problem (5.70), the noncoincidence set QT as well as the free boundary dQ™
is not known a priori and represents unknowns of the problem. In problem (5.41)
or (5.65), the free boundary does not appear explicitly, but in this formulation the
problem is nonlinear and multivalued.

Perhaps the best-known example of a parabolic free boundary problem is the
classical Stefan problem, which we briefly describe in what follows and which has
provided one of the principal motivations of the theory of parabolic variational in-
equalities.

The Stefan Problem

This problem describes the conduction of heat in a medium involving a phase
charge. To be more specific, consider a unit volume of ice 2 at temperature 6 < 0.
If a uniform heat source of intensity F is applied, then the temperature increases at
rate E/C; until it reaches the melting point & = 0. Then, the temperature remains
at zero until p units of heat have been supplied to transform the ice into water (p is
the latent heat). After all the ice has melted the temperature begins to increase at the
rate h/C, (C) and C; are specific heats of ice and water, respectively). During the
process, the variation of the internal energy e(t) is therefore given by

e(t) = C(0(1)) + PH(8(1)),

where
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C,6 for 6 <0,

C(0) =
G0 for 6 >0,

and H is the Heaviside graph

1 0 >0,
H(0)=<1[0,1] 6=0,
0 <0.
In other words, we have
c,6 if 8 <0,
e=7v(0)=< [0,p] if 6 =0, (5.71)

GO+p if 6>0.

The function ¥ is called the enthalpy of the system.

Now, let Q = Q x (0,0) and denote by O_, O, Q the regions of Q, where 6 <0,
6 >0, and 6 = 0, respectively. We set S, =dQ.,S_ =dQ_,and S§=S5,US_.

If 8 = 6(x,1) is the temperature distribution in Q and g = ¢(x,#) the heat flux,
then, according to the Fourier law,

q(x,t) = —kVO(x,t), (5.72)
where k is the thermal conductivity. Consider the function

ke if <0,
K(6) = ,
k8 if 60,

where ki, k; are the thermal conductivity of the ice and water, respectively.
If f is the external heat source, then the conservation law yields

%/ﬂ*e(x,t)dx: —/am(q(x,t),v)dGJr/Q*F(x,t)dx

for any subdomain Q* x (¢;,72) C Q (Vv is the normal to dQ2*) if e and g are smooth.
Equivalently,

L* et(x7t)dx+/SmQ*He(t)”V(t)dt

== [ divatndx+ [ g v)lido+ [ Fnx
Q 2Q+*ns Q
where V() = —N,||V;|| is the true velocity of the interface S (N = (Ny,N,) is the
unit normal to S) and [| - |] is the jump along S.
The previous inequality yields
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2e()@t)—l—divq(x,t) =F(x,¢) in Q\S,

ot (5.73)
[le(0)[INx +[[(g(2), Nie|] = 0 on S.
Taking into account equations (5.71)—(5.73), we get the system
20
C a——klAG =f in Q_,
S g (5.74)
G 5 —kAO=f in Qy,
kVOt —kVO™)-Ny=pN, on S,
(k2 1VO7) Ny =pN, 575
0t=0"=0 on S.
If we represent the interface S by the equation t = o (x), then (5.75) reads
kVOT —kVO~)-Vo = — in S,
(k1 2VeT) P (5.76)
60t =6"=0.

The usual boundary and initial value conditions can be associated with equations
(5.74) and (5.76), for instance,

6=0 in 92 % (0,T), (5.77)
0(x,0) = 6p(x) in Q, (5.78)

or Neumann boundary conditions on 9.

This is the classical two-phase Stefan problem. Here, we first study with the
methods of variational inequalities a simplified model described by the one-phase
Stefan problem

%—?—AG:O in Oy ={(x,1) €Q; o(x) <t <T},

60=0 in 0_={(x,t) €Q; 0<t < o(x)},
Vi(r,1)-Vo(x)=—p on S={(x1); =0} (5.79)
=0 in SUQ_,

6>0 in Q.

These equations model the melting of a body of ice 2 C R? maintained at 6°C.
Therefore, assume that Q2 = I} U I3, where I and I3 are disjoint and I3 is in
contact with a heating medium with temperature 0;; r = 6(x) is the equation of the
interface (moving boundary) S;, which separates the liquid phase (water) and solid
(ice). Thus, to equations (5.79) we must add the boundary conditions
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0
—+a(0—-06;)=0 X =1I; x(0,T),
gy "0 on X1 =Iix(0.T) (5.80)
0=0 on X, =13 x(0,T)
and the initial value conditions
0(x,0) = 6p(x) > 0, Vx € Q, 0(x,0) =0, Vx € Q\ Q. (5.81)

There is a simple device due to G. Duvaut [21] that permits us to reduce problem
(5.79)—(5.81) to a parabolic variational inequality. To this end, consider the function

t
/( )G(x,s)ds if xeQ\Q, t>0(x),
o(x

1
/ 0(x,s)ds if xeQy, re|0,7T], (5.82)
0
if (x,t1)eQ_,
and let
—p if xeQ\Qp, 0<t<T,
folx,t) = . (5.83)
O(x) if x€Qp, 0<r<T.
Lemma 5.1. Let 6 € H'(Q) and 6 € H'(Q). Then,
dy . ’
Z-ay=fix in 7). (5.84)

where ) is the characteristic function of Q..
Proof. By (5.82), we have

dy oo

L (9)= [ blnetundwdr,  YoeF(©).
ot (028

On the other hand, we have

x; @) = —y(9n)

T 1
—/ dx/ O (x,1)dt 0(x,s)ds
Q\.Q() 0' G(X)
T
/ dx / ou(x,1)d / 8(x,s)ds
Q) 0
T ¢
- dxdlv( o (x,1)dt 0(x7s)ds>
Q\.Q() O'(X)
= dx / o (x,t dt/ O, (x,s ds)
/!2\90 ( o(x) ) o(x) )
T t
7/ dxdiv (/ (p(x,t)dt/ Q(x,s)ds)
2 0 0

O'
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= dx/ Q(x,1)dt Oy (x,s)s
Q\Q o(x)

+ dx/ (p(xJ)dt/ 0, (x,s)ds.
QO 0 G(x)

(Here, y, = V,y, @, = V,0.) This yields

Ay(@) = —yx(px) = /\Qodx/ @x(x,1)dt - ! 6, (x,s)ds

o (x)

/dx/ (pxxtdt/e x,8)d
Qo

and, by the divergence formula, we get

T t
aio)= [ arf a([ sewssewn)
g T 1
wfas [Lar( [[a0wson).  vpec)
Q 0 0

because V.0(x,0(x))-Vo(x) = —p, Vx € Q\ €. Then, by equations (5.79), we
see that

(C;f -4 ) (o) = _/Q\Qo dx/a(x) a (/c:m Bls)ds — O(M)) oL
—/Qodx/OTdt </Ot Gt(x,S)ds(?(x,l)) ®(x,1)

T
—p dx/ o(x,1)dt
o\ Jo

_ / Fole, 1)@ (x,1)dxd,
0+

as claimed. OJ

By Lemma 5.1 we see that the function y satisfies the obstacle problem

d
yzo,a—f—Ayzfo in Q,

0
a: Ay f() in {()C,t) € Q; y(xvt) > 0}7 (5.:85)
y=0 in {(X,I)EQ; G(x)>t}7

and the boundary value conditions

— = =-u (—91> on X, % =0 on X, (5.86)
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(see (5.80) and (5.82)). Then, by Corollary 5.2, we have the following.

Corollary 5.4. Let 0, € L*(X)) be given. Then, problem (5.85) and (5.86) has a
unique (generalized) solution’y € W'=([0,T];L*(Q)) NW12([0, T]; H! (R)).

Keeping in mind that S, = d{(x,t); y(x,#) = 0}, we can derive from Corollary
5.4 an existence result for the one-phase Stefan problem (5.79)—(5.81).

Other mathematical models for physical problems involving a free boundary such
as the oxygen diffusion in an absorbing tissue (Elliott and Ockendon [23]) or elec-
trochemical machining processes lead by similar devices to parabolic variational
inequalities of the same type. It should be mentioned also that dynamics of elasto-
plastic materials as well as the phase transition in systems composed of different
metals are better described by parabolic variational inequalities, eventually com-
bined with linear hyperbolic equations. This is the case for instance with Fremond’s
model of thermomechanical dynamics of shape memory delay. The phase transition
often manifests a hysteretic behavior due to irreversible changes in process dyna-
mics and the study of hypothesis models is another source of variational inequalities
although the hysteresis operator, in general, is not monotone in the sense described
above. However, some standard hysteresis equations (stop and play, for instance)
are expressed in terms of variational inequalities. (We refer to Visintin book’s [42]
for a treatment of these problems.)

5.3 The Porous Media Diffusion Equation

The nonlinear diffusion equation models the dynamic of density in a substance un-
dergoing diffusion described by Fick’s first law (or Darcy’s law). It also models
phase transition dynamics (the Stefan problem) or other physical processes that are
of diffusion type (heat propagation, filtration, or dynamics of biological groups).
Such an equation can be schematically written as

%—Aﬁ(y)af in Qx(0,T)=0,
B()=0 on 9Q % (0,T) =X, (5.87)
y(x,0)=yo(x)  in £,

where Q is a bounded and open subset of RY with smooth boundary, and 8 : R — 2R
is a maximal monotone graph in R x R such that 0 € D(f3).

The steady-state equation associated with (5.87) is just the stationary porous me-
dia equation studied in Sections 2.2 and 3.2.

The function y € C([0,T];L'()) is called a generalized solution to problem
(5.87) if

/(y(Pt+B(y)A(p)dxdt+/f(pdxdtJr/ Yo@(x,0)dx =0 (5.88)
0 0 Q
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for all ¢ € C>!'(Q) such that ¢(x,7) =0in 2 and ¢ =0 on Z.
Let us first briefly describe some specific diffusive-like problems that lead to
equations of this type.

1. The flow of gases in porous media. Let y be the density of a gas that flows
through a porous medium that occupies a domain 2 C R? and let 7 be the pore
velocity. If p denotes the pressure, we have p = pgy* for o > 1. Then, the conser-
vation law equation

d
ki a% +div(ys) =0
combined with Darcy’s law
YW=—kVp

(k; is the porosity of the medium, k, the permeability, and ¥ the viscosity) yields
the porous medium equation

% _

= SAY*T =0 in Q, (5.89)

where
8 =kapolki(a+1)y)~".

Equation (5.89) is also relevant in the study of other mathematical models, such
as population dynamics. The case where —1 < a < 0 is that of fast diffusion pro-
cesses arising in physics of plasma. In particular, the case

B logx forx>0
X) =
—oo  forx<0

emerges from the central limit approximation to Carleman’s model of Boltzman
equations. Nonlinear diffusion equations of the form (5.87) perturbed by a term of
transport; that is,

D ABW) +AVK() 3

with appropriate boundary conditions arise in the dynamics of underground water
flows and are known in the literature as the Richards equation. The special case

Bo(y) for y <y,
B(y) =< [Bo(ys),+e0) fory=y;,
0 fory > y;,

where By : R — R is a continuous and monotonically increasing function, models
the dynamics of saturated—unsaturated underground water flows. The treatment of
such an equation with methods of nonlinear accretive differential equations is given
in Marinoschi [34, 35].
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2. Two-phase Stefan problem. We come back to the two-phase Stefan problem
(5.74), (5.75), (5.77), (5.78); that is

C16—kiAB=f in Q_{(x,1); B(x,1) < 0}
G606, — kA0 = f in 01 = {(x,1); 8(x,r) >0},  (5.90)
(kiVOT —k,VO™)-Vo(x) =—p on S,

where t = o(x) is the equation of the interface S.
We may write system (5.90) as

%y(@)—AK(O) S5f in 0, (5.91)

where 7: R — 2R is given by (5.71). Indeed, for every test function ¢ € Cr(Q) we
have

(5 ©)-2K(®) (0
=~ [ (r0)0+K(B)ag)dxas

:Cl/ 9,(pdxdt+C2/ GIdxdtfkl/ OAO dxdt
0 0. 0

(5.92)
k/ AOddH—/(k 6" k‘99> d / dxd
- X k= 5 — X
2 Q+(P : 275y 15y o p Q+(Pz
:/ (C16 —kiAO)pdxdi+ | (C26, — koAB)dxdr
o- (038
+/((k2V9+fk1V9‘) Vo +p)dx=0.
s
If we denote by B the function y~'K; that is,
kICflr for r <0,
B(r)=<0 for 0 <r<p, (5.93)

kaCy'(r—p) for r>p,

we may write (5.91) in the form (5.87).
Problem (5.87) can be treated as a nonlinear accretive Cauchy problem in two
functional spaces: H () and L' ().

3. The Hilbert space approach. In the space H~'(£), consider the operator

A={[pwl e H ' (Q)NL(Q)) xH 1 (Q); w=—Av,
veEHNR), v(x) € B(y(x)), ae.xeQ}.

We assume that
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B! is everywhere defined and bounded on the bounded subsets of R.  (5.94)

Then, by Proposition 2.10, A is maximal monotone in H~'(Q) x H~'(Q). More
precisely, A = d¢, where ¢ : H~!(2) — R is defined by

. /Q JO)dx if ye LN(Q)NH(Q), jy) € L'(Q),
(W%

+oo otherwise,

where dj = f3.

Then, we may write problem (5.87) as

dy

7 +Ay > f in (0,7),

(5.95)
¥(0) = yo,

and so, by Theorem 4.11, we obtain the following existence result.

Theorem 5.3. Let § be a maximal monotone graph in R X R satisfying condition
(5.94). Let f € L'(0,T; H~'(Q)) and let yo € H'(Q)NL' () be such that yo(x) €
D(B), a.e. x € Q. Then, there is a unique pair of functions y € C([0,T|;H~'(Q))N
WL2(0,T;H 1(R)) and v: Q — R, such that v(t) € H} (), Vt € [0,T] satisfying

%—Av:f7 a.e.inQ=Qx(0,T),
V(1) €BO(x1),  ae (x1)€Q, (5:56)
y(x,0) = yo(x), a.e. in Q.
11/ % eL’(0,T;:H™'(Q)), t'?vel*0,T:H}(Q)). (5.97)
Moreover; if j(yo) € L'(Q), then
% eL*(0,T:H '(Q)),  veL*(0,T;:Hy(Q)). (5.98)
Ifyo € D(A) and f € WHL([0,T];H1(Q)), then
% eL”(0,T;H ' (Q)), veL™(0,T;Hy(RQ)). (5.99)

We note that the derivative dy/dt in (5.96) is the strong derivative dy/dt of the
function ¢t — y(-,¢) from [0,7] into H~' (L), and it coincides with the derivative
dy/dt in the sense of distributions on Q. It is readily seen that the solution y (see
Theorem 5.3) is a generalized solution to (5.87) in the sense of definition (5.88).

4. The L'-approach. In the space X = L' (), consider the operator
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A= {yw € LN(Q)x L' (Q); w=—Av,

. (5.100)
v e Wy (2), v(x) e B(y(x)), ae.xecQ}.

We have seen earlier (Theorem 3.5) that A is m-accretive in L' (2) x L' (). Then,
applying the general existence Theorem 4.2, we obtain the following.

Proposition 5.11. Let B be a maximal monotone graph in R X R such that 0 € 3(0).
Then, for every f € L'(0,T;L'(Q)) and every yo € L' (), such that yo(x) € D(B),
a.e. x € Q, the Cauchy problem

%(tHAy(t) > f(t) in (0,T), (5.101)
y(()) = Y0,

has a unique mild solution y € C([0,T];L'(R)).

We note that D(A) = {yo € L'(2); yo(x) € D(B), a.e. x € Q}.

Indeed, (14 €B) 'yo — yo in L'(Q) as € — 0, if yo € D(B), ae. x € 2, and
(I+€A)~"yo — yo if j(vo) € L' ().
Proposition 5.11 amounts to saying that
y(t) = lirr(l) ye(t) in L'(Q), uniformly on [0, 7],
E—

where yg is the solution to the difference equations

L 0el0) —yelt—e) ~ Avel)) = fele) in @ % (0.7),

ve(x,t) € B(ve(x,1)), a.e.in Q x (0,7T), (5.102)
ve =0 on dQ x (0,T),
ye(t) = o for t <e,xe€ Q.

The function t — ve(t) € WOl '1(Q) is piecewise constant on [0,T] and fe(t) = f;.
Vt € [ig, (i+ 1)€] is a piecewise constant approximation of f : [0,T] — L'(Q).

By (5.102), it is readily seen that y is a generalized solution to problem (5.87).
In particular, it follows by Proposition 5.11 that the operator A defined by (5.100)
generates a semigroup of nonlinear contractions S(¢) : D(A) — D(A). This semi-
group is not differentiable in L' (£2), but in some special situations it has regularity
properties comparable with those of the semigroup generated by the Laplace ope-
rator on L? () under Dirichlet boundary conditions. In fact, we have the following
smoothing effect of nonlinear semigroup S(¢) with respect to the initial data.

Theorem 5.4. Let B € C'(R\ {0}) NC(R) be a monotone function satisfying the
conditions

BO)=0,  B(r)=>Clr|*,  Vr#£o0, (5.103)

where & > 0if N <2 and o0 > (N —2)/N if N > 3. Then, S(t)(L'(Q)) C L=(Q) for
everyt >0,
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IS()y0ll (@) < € W/NeT2MNyg MEWED) s 0, (5.104)

and S(t)(LP(R2)) C LP(Q) forallt > 0and 1 < p < oo.

Proof. First, we establish the estimates

(N=2)/N
—1¢|P =1 ¢|((pta—1)N)/(N-2)
424 g1+ € ([ a2y ) 510
<Al VFeL @) A0,

for N > 2, and

. 1/q
—1 —1 £|(p+1-a)q </ 14
[T+ AA)~ f||, +CA (/Q(IHA) 1l dx) < Q|f| dx, (5.106)
Yg>1,

if N =2. Here || - ||, is the L” norm in Q, C is independent of p > 1, and A is the
operator defined by (5.100).
We set u = (I+AA)~! f; that is,

{u?tAB(u)f in Q,

A
B(u)=0 on JQ. G107

We recall that (u) € Wol’q(Q), where 1 < g <N/(N —2) (see Corollary 3.1).
Multiplying equation (5.107) by |u|?~! signu and integrating on , we get

[ tulrdxap(p=1) [ B2 vuPdx < [ |firax.
Q Q Q

Now, using the identity

4 2
\u|p+a73|Vu|2:m ‘V‘Ml“ﬂrail)/z‘ y a.e.in Q2
and condition (5.103), we get
42
/| S p( / ’V| |(pa- 1/2‘ dx<C/ flPdx.  (5.108)

On the other hand, by the Sobolev embedding theorem

2 (N=2)/N
/ ‘V|u|(1’+°‘—1)/2‘ dx<C </ |u|(P+“—1>N/<N—2>dx> it N> 2,
Q Q

and
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2 1/q
/ ’V|u|(p+a—1)/2‘ dx < C </ |M(P+a—1)/qu> , Vg > 1,
Q Q

for N = 2. Then, substituting these inequalities into (5.108), we get (5.105) and
(5.106), respectively.
We set J; = (I+21A)~! and

(P(M) = ”quv W( ) C””Hp;+aa 11 WN/(N-2)"
Then, inequality (5.105) can be written as
eUN+AYLS) S o(f),  Vfell(Q).

This yields
QUL +AYULN =0 ). Yk

Summing these equations from k = 1 to k = n, and taking A = #/n, yields
)+ Z V(). f) = o(f)-

Recalling that, by Theorem 4.3, J.
that

2] /n f — S(¢) for n — oo, the latter equation implies

N+ [ ws@nas=o(),  vizo (5.109)

In particular, it follows that the function ¢t — @(S(z)f) is decreasing and so is

t — w(S(¢)f). Then, by (5.109), we see that @(S(¢) f) +tw(S(t)f) < o(f), Vi > 0;
that is,

IS F115+ClIS@ ANt vy < Il V>0, (5.110)

where C is independent of p and f.
Let p, be inductively defined by

il = (put 00— 1) ——.
Pnt1 = (pn+ )N—2

Then, by (5.110), we see that

N/ N-2mir - 1S f I
IS (tas1) £l pais = C(th ty )’

where to = 0 and ,, 1| > t,,. Choosing t,,+1 —t, =1/(2"*1), we get after some calcu-
lation that

n—oo

2 u
imsup SO/ <l (7)o
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where Ut = N/2, because p,, is given by

() e () )

(here, we have used the fact that & > (N —2)/N), we get the final estimate

1S(t) flo0 < C||f||2p0/ 2po+N(a—1)) 7(N/(2P0+N(05*1)))7 Vpo > 1,

as claimed.
The case N = 2 follows similarly. Moreover, by inequality (5.105) and the expo-
nential formula defining S(z), it follows that

ISOp <fllps VPEL(Q),  1=0.

This completes the proof of Theorem 5.4. [J

The Porous Media Equation in RV

Consider now equation (5.87)in Q = RV, for N = 1,2,3 :

d
= —AB() > in RY x (0,7),
0. - o<x>, xeRY, (.11
B((1)),y(r) e L'(R"), Vrel[0,T].
where d/dt and A are taken in the sense of distributions on (0,7) x R" (see (5.88)).
We may rewrite equation (5.111) in the form (5.83) on the space X = L! (RN ), where
Ay = {—Aw; w(x) € B(y(x)), ae.x € Q, w,Aw € LI(RV)}, ¥y € D(A),
D(A) = {yc L'(RY); 3w c L'(RY), Aw € L'(R"), w(x) € B(y(x)), a.e. x € RV},
where Aw is taken in the sense of distributions. Here 8 is a maximal monotone
graph in R x R such that 0 € $(0) and 0 € intD(3) if N = 1,2. Then, as shown

earlier in Theorem 3.7, A is m-accretive in L (RN ) X RY and so, by Theorem 4.1,
we obtain the following.

Proposition 5.12. Assume that f € L'(0,T;L'(RN)) and yy € L'(RY) is such that
Jw € L'(RN), Aw € L'(RY), w(x) € B( (x)) a.e. x € RN, Then, problem (5.111)
has a unique mild solution y € C([0,T];L' (RV)).

Remark 5.3. The continuity of solutions to (5.111) with respect to ¢ is studied in
the work of Bénilan and Crandall [9]. In this context, we mention also the work of
Brezis and Crandall [16] and Alikakos and Rostamian [1].
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Localization of Solutions to Porous Media Equations

A nice feature of solutions to the porous media equation are finite time extinction
for the fast diffusion equation (i.e., B(y) = y%, 0 < a < 1), and propagation with
finite velocity for the low diffusion equation (i.e., 1 < & < o). We refer the reader
to the work of Pazy [36] and to the recent book of Antontsev, Diaz, and Shmarev [2]
for detailed treatment of this phenomena. (See also the Vasquez monograph [40] for
a detailed study of the localization of solutions to a porous media equation.) Here,
we briefly discuss the extinction in finite time.

Proposition 5.13. Let y € C([0,0); L' () NH~1(Q)) be the solution to equation

9 _

S —HA(|signy) =0 in Q2 (0,0), (5.112)

where yo € H 1 (Q)NLY(Q), 0n >0,0<a <1 ifN=12and 1/5<a<1if
N = 3. Then,

y(x,1) =0 for t > T(yo),
where

o' ®
T(y()) = u,yl_:a .

Ifa=0and N =1, then y(x,t) = 0 for t > (|yo|—-1)/U7.

Proof. Assume first that N > 1. As seen earlier, the equation has a unique smooth
solution y € W!2([0, T]; H~!(Q)) for each T > 0. Multiplying scalarly in H~'(Q)
equation (5.112) by y and integrating on (0, T'), we obtain

1d

- 2 o+l g >
3 DO u [ bso*lar=o. >0

Now, by the Sobolev embedding theorem (see Theorem 1.4), we have

. N
Yy(s)[=1 < [y(5)[at1(q) forall @ >0if N=1,2and for o0 > NT2

it N >3.
(Here, | - |y is the H~ () norm.) This yields

d
SPOR 2 5 <0, 2o,

and therefore
d l-o I+
PO +uy T <0, ae.r>0.

Hence,
o' 1®
ufyl-‘rl}l )

ly(t)|]-1=0 forr>

If N = 1, then, multiplying scalarly in H~! () equation (5.112) by y(t), we get
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1 d

> a4 YO +uly(0)]0) <0, ae.r>0.

This yields (we have [y[1(q) > ¥lyo|-1):

()| =1 +uy <lyol-1, V>0

and, therefore,
b1 =0 forr> 20 g
uy

Remark 5.4. The extinction in finite time is a significant nonlinear behavior of so-
lutions to fast diffusion porous media equations and this implies that the diffusion
process reaches its critical state (which is zero in this case) in finite time. The case
o = 0 models an important class of diffusion processes with self-organized critica-
lity, the so-called Bak’s sand-pile model.

5.4 The Phase Field System

Consider the parabolic system

29

)
—0(t,x)+ /¢ 3

ot
0
Efp(t,X)—OﬂAfp(t,X)—K((P(I,X)—<P3(I7X))
+66(t,x) = fa(t,x), in Q,
8(0,x) =60(x),  ¢(0,x) = @o(x), x€Q,
6 =0, 0 =0, on dQ x (0,7),

(t,x) —kAO(t,x) = fi(¢,x), in Q=0 x(0,7),

(5.113)

where £k, o, x,0 are positive constants. This system, called in the literature the
phase-field system, was introduced as a model of a phase transition process in
physics and, in particular, the melting and solidification phenomena. (See Caginalp
[18].) In this latter case, 8 = 0(¢,x) is the temperature, whereas @ is the phase-field
transition function. The two-phase Stefan problem presented above can be viewed
as a particular limit case of this model. In fact, it can be obtained from the two-phase
Stefan model of phase transition by the following heuristic argument.

As seen earlier, the two-phase Stefan problem (5.74) and (5.75) can be rewrit-
ten as

%Y(Q) —AK(8)=f in 2/(2 x(0,T)),

where 7 is the multivalued graph (5.71); that is, y = C 4 pH. Equivalently,

% 9(0)0 —AK(0)=f in 2'(Qx(0,T)), (5.114)
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where @ : R — Riis given by the graph

C if 6 <0,
0) = 5.115
v(0) c+b ire>o. G115
The idea behind Caginalp’s model of phase transition is to replace the multivalued
graph ¢ by a function ¢ = ¢(z,x), called the phase function and equation (5.114) by

20 o

(0] 5 +6 3 AK(0) = f. (5.116)
The phase function ¢ should be interpreted as a measure of phase transition and
more precisely as the proportion related to the first phase and the second one. For
instance, in the case of liquid—solid transition, one has, formally, ¢ > 1 in the liquid
zone {(z,x); u(¢,x) > 0} and ¢ < 0 in the solid zone {(z,x); u(¢,x) < 0}. In general,
however, ¢ remains in an interval [@,, ¢*] which is determined by the specific phy-
sical model. This is the reason why ¢ is taken as the solution to a parabolic equation
of the Ginzburg-Landau type

0

a—(f—ocA(p—K(go—(p3)+66:f2, (5.117)
which is the basic mathematical model of phase transition. Equations (5.116) and
(5.117) lead, after further simplifications, to system (5.113).

As regards the existence in problem (5.113), we have the following.

Theorem 5.5. Assume that @g, 0 € HO](.Q) NH*(Q), Q CRY, N =1,2,3, and
that fi,f, € WH2([0,T);L*(R)). Then, there is a unique solution (8, @) to system
(5.113) satisfying

(6,9) € W'([0,T]:L*(2))* N (L7(0,T: Hy(2)NH*(Q)))*.  (5.118)

Proof. We sety = 0 + (¢ and reduce system (5.113) to

d

Ey—kAy—i—ka(p:fl in Q,

d

5 @ aAe—K(o— ) +5(y—lp)=fo in g, 119
¥(0) =yo = 60+ L¢po, ©(0)=¢@pin Q, y=¢=0 on Z.

In the space X = L?(Q) x L>(Q) consider the operator A : X — X,

4 (y) B (—kAy+k£A<p )
o) \—adp—k(p—*)+5(y—Lo)
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with the domain D(A) = {(y,9) € (H*(2)NH} (2))% ¢ € L°(2)}. Then, system
(5.119) can be written as

d(vy y\ (A
dt(‘P)H‘(‘P)_(fZ)’ o
<y>(0)<y0>'

¢ 20

In order to apply Theorem 4.4 to (5.120), we check that A is quasi-m-accretive in X.
To this aim we endow the space X = L?(Q) x L*() with an equivalent Hilbertian
norm provided by the scalar product

< (y > ; <{> > =a(n,y) @)+ (9,9)2)
¢ ¢

where a = o/ k¢?. Then, as easily seen, we have

() () (6) ()

2 TI(HV()’—y*)Hiz(Q) + HV((P_ ¢*)||i2(g)) - w(Hy_y*”iZ(_Q) + H(P - (P*H?}(Q))v

(5.120)

for some @,n > 0. Clearly, this implies that A is quasi-accretive; that is, A + @/ is
accretive.
Now, consider for g1,g2 € L?(£2) the equation

A<y>+A<y>:<gl>; (5.121)
¢ ¢ 82

that is,
Ay —kAy+klAQ = g in Q,
Ao —ade—x(p—@°)+8(y—Le) =g, (5.122)
y=0=0 on JQ.

System (5.122) can be equivalently rewritten as

Ay y y q1
T A +F - , 5.123
((A—K—€6)(p+6y> 0<(p> <<P> <112> ( :

where F,Ag : L*(2) x L*(Q) — L*(Q) x L*(L) are given by
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AR G e
Vo) \—asg

D(Ag) = (H*(Q) x Hy(2))

“(2)- ()

D(F) = L*(Q) x L5(R).

and

By the Lax—Milgram lemma (Lemma 1.3), it is easily seen that Ag is m-accretive
and coercive in X = L?(Q) x L*>(). On the other hand, F is quasi-m-accretive and

)G o) oo

Hence, by Proposition 3.8, Ay + F is quasi-m-accretive and this implies that (5.123)
has a solution for A sufficiently large. (]

Remark 5.5. The liquid and solid regions in the case of a melting solidification pro-
blem are those that remain invariant by the flow t — (0(¢), @(¢)). This is one way
of determining in specific physical models the range interval [@,, ¢*] of phase-field
function ¢. A more general nonlinear phase-field model is proposed and studied
by Bonetti, Colli, Fabrizio, and Gilardi [12] in connection with a phase transition
model proposed by Fremond [26]. More precisely, under our notation this system is
of the following form

Ju 0
E—E(G((p))—)ﬂlogu:f,

e / ,
Ho=-—VAQ+F (@) +uG(9) =0,

and the above functional treatment applies as well to this general problem.

5.5 The Equation of Conservation Laws

We consider here the Cauchy problem

@—&-iia-(y)zo in RV x RT
ot = ox; ’ (5.124)
y(x,0) = yo(x), xeRY,

where a = (aj, ...,ay) is a continuous map from R to RY satisfying the condition
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la(r)]l

limsup ——— < oo,
|r|—0 7|

and yg € L' (RV).

This equation can be treated as a nonlinear Cauchy problem in the space
X = L'(R"). In fact, we have seen earlier (Theorem 3.8) that the first-order
differential operator y — YN, (d/dx;)a;(y) admits an m-accretive extension
A CL'(RV) x L'(RV) defined as the closure in L' (RV) x L' (RV) of the operator
Ay given by Definition 3.2.

Then, by Theorem, 4.3, the Cauchy problem

d
T30 in (0,4),
¥(0) =yo,

has for every yg € D(A) a unique mild solution y(¢) = S(¢)yo given by the exponen-
tial formula (4.17) or, equivalently,

y(t) = liII(l) Ye(#) uniformly on compact intervals,
E—

where y; is the solution to difference equation

e (e(t) —ye(t —€)) +Aye(t) =0 for 1 > g,

(5.125)
ve(t) =yo for t <O.

We call such a function y(r) = S(t)yo a semigroup solution or mild solution to the
Cauchy problem (5.124).

We see in Theorem 5.6 below that this solution is in fact an entropy solution to
the equation of conservation laws.

Theorem 5.6. Let y = S(t)yo be the semigroup solution to problem (5.124). Then,
(i) S()LP(RN) c LP(RN) forall 1 < p < oo and
IS@)yollzrmyy < Iyollowyy, — Vyvo € DA)NLP(RY). (5.126)

(i) If yo € D(A)NL>(RYN), then

T
| L (en kg 5127
+sign(v(x.0) ~R)(aly(x.1)) —a(k)) - o)) dxds >0

for every @ € C3(RY x (0,T)) such that ¢ >0, and all k € RN and T > 0.

Here ¢, = d¢/dt and @, = V,.0.



240 5 Existence Theory of Nonlinear Dissipative Dynamics

Inequality (5.127) is Kruzkhov’s [30] definition of entropy solution to the Cauchy
problem (5.124) and its exact significance is discussed below.

Proof of Theorem 5.6. Because, as seen in the proof of Theorem 3.8, (I + }»A)_l
maps L? (RY) into itself and

14+ A4) oy < ooy VA >0, ue LP(RY) for 1 < p < e,

we deduce (i) by the exponential formula (4.17).

To prove inequality (5.126), consider the solution y to equation (5.125), where
yo € L'(RY)NL=(RY) and Ag = A. (Recall that L' (R¥)NL=(RY) C R(I+AA)~!
for all A > 0.) Then, ||ye(?)[|zowv) < [[ollzrrw) for p = 1,c0 and so, by Definition
3.2 and by (5.125), we have

/RN(Signo()’e(xJ)*k)(a(k(%f))*a(k)))’(Px(xJ)
+8()’8(x7t —€) _YS(X’[))SigHO(yS<x7t) _k)(p(xat))dx >0, (5.128)
VkeR, ¢ €C3(RY x (0,T)), ¢ >0,1€(0,T).

On the other hand, we have

(e (x,t — &) — e (x,1))signg (ve (x,1) — k)
= (ye(x,t —€) —k)signg(ye (x,1) —k) — (e (x,1) — k)signg (ye (x,1) — k)
< ze(x, 1 —€) —ze(x,1),

where z¢(x,1) = |ye(x,1) — k|-
Substituting the latter into (5.128) and integrating on RV x [0, 7], we get

T
| L (steng (e = B atre(x.0)) —a(k) - i)
+& N ze(x,t — €) — ze(x,1)) @(x, 1) )dxdt > 0.
This yields
T
| (seno(re(e.t) = K)(atre () — alk) - pu(x.))dwds
0 R
£ T
ol _ ~1
e /0 /RN ve (x,1) — K| @(x,1)dxdi + & /0 /RN 2e(x,1) @ (x,1)dxdr
T
+e! / / ze(x,1) (@ (x,t +€) — @(x,7))dxdt > 0.
JT—e JRN
Now, letting € tend to zero, we get (5.127) because yg(¢) — y(¢) uniformly on [0, T

in L'(RY) and &7 (z¢ (x,¢ — €) — ze(x,1)) — [y(x,t) — k|. This completes the proof
of Theorem 5.5.
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As mentioned earlier, equation (5.124) is known in the literature as the equation
of conservation laws and has a large spectrum of applications in mechanics and was
extensively studied in recent years. A function 11 : R — R is called an entropy of
system (5.124) if there is a function g : R — R” (the entropy flux associated with
entropy 1) such that V2 > 0 and

Va;i(y) =Vn(y)-Va;(y),  WyeRY, j=1..N.

(Such a pair (1,¢) is called an entropy pair.)
The bounded measurable function y : [0, 7] x RV — R is called an entropy solu-
tion to (5.124) if, for all convex entropy pairs (1,¢),

9 N00,0) + divg((6.2) <O in 7R < (0.7));

that is,

[ [ 00000 +400,9)- 90 e 2 0

forall ¢ € C3((0,7) xRY), ¢ > 0.

If take 1 (y) = |y — k| and g(y) = signy(y — k) (a(y) —a(k)), we see that y satisfies
equation (5.127). The existence and uniqueness of the entropy solution were proven
by S. Kruzkhov [30]. (See also Bénilan and Kruzkhov [11] for some recent results.)
Recalling that the resolvent (I +AA)~! of the operator A can be approximated by
the family of approximating equation (3.74), one might deduce via the Trotter—Kato
Theorem 4.14 that the entropy solution y can also be obtained as the limit for € — 0
to solutions ye to the parabolic nonlinear equation

dy
i eAy+(a(y))x=0,
t
in RV which is related to Hopf’s viscosity solution approach to nonlinear conserva-
tion laws equations.

5.6 Semilinear Wave Equations

The linear wave equation perturbed by a nonlinear term in speed can be conveniently
written as a first order differential equation in an appropriate Hilbert space defined
below and treated so by the general existence theory developed in Chapter 4.

We are given two real Hilbert spaces V and H such that V C H C V' and the
inclusion mapping of V into H is continuous and densely defined. We have denoted
by V' the dual of V and H is identified with its own dual. As usual, we denote by || - ||
and |- | the norms of V and H, respectively, and by (-, ) the duality pairing between
V and V' and the scalar product of H.

We consider the second-order Cauchy problem
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2

i,+ +B(d>9ﬁ ¥(0) = yo, d

2 (0) =y, (5.129)

dr? dt

where A is a linear continuous and symmetric operator from V to V' and BC V x V’
is maximal monotone operator. We assume further that

(Ayy)+aly > oy,  Wyev, (5.130)

where @ > 0 and o € R.
One principal motivation and model for equation (5.129) is the nonlinear hyper-
bolic boundary value problem

2

gy +5( )Bf(xt) in Qx(0,T),
y=0 on dQ x (0,T), (5.131)

w0 =300, L0 =y e

dt

where 3 is a maximal monotone graph in R X R and Q is a bounded open subset of
RY with a smooth boundary.
As regards problem (5.129), we have the following existence result.

Theorem 5.7. Let f € WY1 ([0,T]; H) and yo €V, y1 € D(B) be given such that
{Ayo+ By } N H #0. (5.132)
Then, there is a unique function’y € W'=([0,T];V)NW?2=([0,T];H) that satisfies
d+ (dy d+
A B T
(D) orm0s(5H0)s 50, wep

dy

E(O):yla

(5.133)
¥(0) = yo,
where d* /dt(dy/dt) is considered in the topology of H and (d* /dt)y in V.
Proof. Let X =V x H be the Hilbert space with the scalar product
(U1, Uz) = (Auy,uz) + ot(ug,uz) + (vi,v2),

where U] = [ul,vl], Uz = [MQ,VQ].
In the space X, define the operator &7 : D(«/) C X — X by

D(&f) = {[u,v] €V x H;{Au+Bv} NH # 0},
(5.134)
o [u,v] = [-v;{Au+Bv}NH]+o[u,v], [u,v] € D(),

where
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W a(u,v)
°= p{<<Au,u>+a|u|2+|v|2>

We may write equation (5.129) as a first-order differential system

;uEV,vEH}.

dy .
I —z=0 in (0,7),
dy
E +Ay+Bz> f.
Equivalently,
@O+ AU - oUW S F(), e (0.T),
dt (5.135)
U(0) = U,
where
U@)=),z0],  F@)=[0,/0)],  Uo= oyl

It is easily seen that 7 is monotone in X x X. Let us show that it is maximal mono-
tone; that is, R(I+ «7) =V x H, where I is the unity operator in V x H. To this end,
let [g,h] € V x H be arbitrarily given. Then, the equation U + «7U > [g,h] can be
written as

y—z+0y=g,

z+Ay+Bz+0z3 h.

Substituting y = (14 6)~!'(z+ g) in the second equation, we obtain
(1+0)z+(14+0) 'Az4+Bz3h—(1+0) 'Ag.

Under our assumptions, the operator z L (1+0)z+ (1 — o) 'Az is continuous,
positive, and coercive from V to V'. Then, R(I'+B) = V' (see Corollary 2.6, and so
the previous equation has a solution z € D(B) and a fortiori [g,h] € R(I + «).

Then, the conclusions of Theorem 5.7 follow by Theorem 4.6 because there is a
unique solution U € W!=([0,T];V x H) to problem (5.135) satisfying

%U(r)JrMU(t)—oU(t) S F(1), Vi €1[0,T):

d+
E)’
d+
Ez(t)+Ay(t)+B(z(t)) 3 f(1), Vi €10,T),

(1) = z(¢), Vi €[0,T),

where (d* /dt)y is in the topology of V whereas (d* /dt)z is in the topology of H. []
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The operator B that arises in equation (5.129) might be multivalued. Moreover,
if B=d@, where ¢ : V — R is a lower semicontinuous convex function, problem
(5.129) reduces to a variational inequality of hyperbolic type.

In order to apply Theorem 5.7 to the hyperbolic problem (5.131), we take V =
Hy(2),H=1*(Q),V'=H '(Q),A=—A,and B: H}(2) — H ' () defined by
B = d¢, where ¢ : H}(2) — Riis the function

o) = [ jbtNdr. Ve Hy(@), B=2j. (5.136)

The operator B is an extension of the operator (Boy)(x) = {w € L*(Q); w(x) €
B(y(x)), ae.x € Q}, from H} () to H~!(2). It should be said that, in general, the
operator B does not coincide with By. The simplest example is j(r) =0if 0 <r <1,
j(r) = +oo otherwise. In this case, d¢ = dlx, where K = {y € H} (Q); 0 <y(x) < 1,
a.e.,x€Q}. Then u € d@(y) satisfies i (y—z) > 0, Vz € K and, therefore, (@) =0
for all ¢ € Ci’(L2). Hence, u is a measure with support on dQ. More generally (see
Brezis [13]), if ¢ is defined by (5.136), then u € d@(y) € H (), and then y is
a bounded measure on Q and y = U,dx+ Ly where the absolutely continuous part
La € L' (£2) has the property that i, (x) € B(y(x)), a.e. x € Q. However, if D(8) =R,
then, by Lemma 2.2, if u € H~'(Q2)NL'(Q) is such that u(x) € B(y(x)), a.e. x € 2,
then it € By.
Then, by Theorem 5.7, we get the following.

Corollary 5.5. Let B be a maximal monotone graph in R x R and let B = d @, where
@ is defined by (5.136). Let yo € H} (Q)NH?*(Q), y1 € HY(R), and f € L*(Q) be
such that df/dt € L*(Q) and

po(x) € B(y1(x), ae xcQ forsome py € L*(Q). (5.137)

Then, there is a unique functiony € C([0,T]; H} (R)) such that

@ .12 .l 372)’ o .72
2 eco. T @)NC0TEH (), 2 €170, @) (139)
dt d 0
o F0-50+8(550) 250, vep)
d 5.139
W0 =nl), L0 =n@,  in o, o4
y=0, on dQ x (0,T).

Assume further that D(B) = R. Then, Ay(t) € L'(Q) forallt €[0,T) and
d’ dy
dt dt

where p(x,t) € B((dy/dt)(x,1)), a.e. x € Q.

(We note that condition (5.139) implies (5.132).)

(x,1) — Ay(x,1) + u(x,t) = f(x,1), x€eR, t€0,T), (5.140)
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Problems of the form (5.131) arise in wave propagation and description of the
dynamics of an elastic solid. For instance, if 3(r) =
behavior of an elastic membrane with the resistance proportional to the velocity.

If j(r) = |r|, then B(r) = sign r and so equation (5.139) is of multivalued type.

As another example, consider the unilateral hyperbolic problem

%y . dy
Ity in{ () € 0 5 () > v |,
9%y d .
92 >Ay+f7 y, v in Q, (5.141)
y=0 on dQ x[0,7T),
dy .
y(x,O)z ( ), N (x 0)= ( ) in Q,

where y € H?(Q) is such that y < 0, a.e. on dQ. This is a reflection-type pro-
blem for the linear wave equation with constraints on velocity that exhibits a free
boundary type behavior with moving boundary.

Clearly, we may write this variational inequality in the form (5.129), where V =
HY(Q),H=1*Q),A=—A,and BC H}(Q) x H () is defined by

Bu={weH '(Q); (wu—v) >0, ¥eK}
forallu e D(B)=K={u€ H}(Q); u> vy, ae.in Q}.
By Theorem 5.7, we have therefore the following existence result for problem

(5.141).

Corollary 5.6. Let f, f; € L*(Q) and yo € H} (Q)NH?*(Q), y1 € H}(Q) be such that
y1(x) > y(x), a.e. x € Q. Then, there is a unique function y € W'=([0,T]; H} (Q))
with dy/dt € WH=([0,T]; L*(RQ)) satisfying

/Q <CZ % (x,t) <3§ (x,t)u(x)) +Vy(x,1)-V (‘;? (x,,)u(x))) dx

d
S/Qf(x,f) ((i(x,t)—u(X)) dx, Vuek,vtel0,T), (5.142)

y(x,0) = yo(x), %(x,O) =y1(x), Vx € Q.

Problem (5.142) is a variational (or weak) formulation of the free boundary problem
(5.141).

The Klein—-Gordon Equation

We consider now the hyperbolic boundary value problem
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9%y .
ﬁ—Ay-i-g(y):f in 2x(0,7)=0,

d . 5.143
y(x,0) = yo(x), (% (x,0)=yi(x) in Q, ( )
y=0 on dQ x (0,T) =X,

where Q is a bounded and open subset of RV, with a sufficiently smooth boundary
(of class C2, for instance), and g € W1*°°(R) satisfies the following conditions.

i) g ()| <L(A+|r|P),ae.r e R,where 0 < p <2/(N—2)if N> 2, and p is
any positive number if 1 <N < 2;
(i) rg(r)>0,VreR.

In the special case where g(y) = pt|y|Py, assumptions (i) and (ii) are satisfied
for0 <p <2/(N—2)if N> 2, and for p > 0 if N < 2. For p = 2, this is the
classical Klein—Gordon equation, arising in the quantum field theory (see Reed and
Simon [37]).

In the sequel, we denote by y the primitive of g, which vanishes at 0: y(r) =
Jo g(t)dt, Vr e R.

Theorem 5.8. Let f,(df/dt) € L*(Q) and yo € H} (2)NH?*(Q), y1 € H} (Q) be
such that y(yy) € L'(Q). Then, under assumptions (i) and (ii) there is a unique
function y that satisfies

y € L=(0,T;Hy(2) NH*(2))NC'([0,T]; Hy (22)),
2
%GC([O,T];Hg(Q)), %GL‘”(O,T;LZ(_Q)), (5.144)
y(y) € L=(0,T;L1(Q)),
and 52

875 —Ay+3g(y) =1, ae.inQ,

5 (5.145)
Y0 =3, 5 ®0)=yE, acreQ.

Proof. As in the previous case, we write equation (5.143) as a first-order differential
equation in X = HJ () x L*(Q); that i,

dy dz

o —Ay+g() =7 in [0,T]. (5.146)

Equivalently,

%U(t) AU +GU@) = F(), 1€ [0.T],

U(O) - [)’07)’1],

where U (1) = [y(1), (1)}, G(U) = [0.8(y)], AoU = [z, ~Ay]. and F(r) = [0, /(1))

(5.147)
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The space X = H} () x L?(2) is endowed with the usual norm:
2 2 2
1k = Il @) a2y U =2l

It should be said that although the operator Ay + G is not quasi-m-accretive in the
space X, the Cauchy problem (5.147) can be treated with the previous method.
We note first that the operator G is locally Lipschitz on X. Indeed, we have

1G(y1,21) = G(y2,22)Ix = [18(1) —82)ll2()-

On the other hand, we have
1
180 —g(02)] < | ¢ G+ =Ap)aatn - o)

1
< Lly —Y2\/0 (1+[A(y1 —y2) +2|7)dA

§C|y1—y2|(max(|y1|”,|y2|p)+1), vyl7y2€R-

Hence, for any z € L?() and y; € H} (), i = 1,2, we have

./_Qz(x)(g(M(x))—g(yz(x)))dx
SC/Q |2(x)| [y1 (x) = y2 ()] (max |y (x) |7, |y2 (x)]?) + 1)dx

and, therefore, by the Holder inequality,

/QZ(g(yl) —8(y2))dx < Cllzll 2 y1=y2ll8 (@) max([Iy1ll 725 ) 1211720 )
+Cllzll 29y ly1 =21l 12(0):

where
1+1+]—1
B & 2

Now, we take in the latter inequality § = N and § = 2N/(N —2). We get

llg(y1)—g(y2)ll2
< Cllyt=y2llanv—2) max([[y1[1x,, 12/l 5,) +Cllyi=y2ll2, Vy1,y2 € HY Q).

Then, by the Sobolev embedding theorem and assumption (i), we have
illvy < Cillyilgyay =12,
1 =y2llan/v-2) < Collyr =2l @)

(We have denoted by || - ||, the L” norm.) This yields
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18(v1) —&(2)ll2 < Cliyt = y2ll gy () (max(fly: ||25<Q)7 ||y2HZ(; @) T
and, therefore,
1G(v1,21)—G(y2,22) [Ix
< Cllyi=y2lpgy o) (1 max(llyi [, 0 121 o)) (5.148)
Vy1,y2 € Hy (),
as claimed. [

To prove the existence of a local solution, we use the truncation method presented
in Section 4.1 (see Theorem 4.8). _
Let r > 0 be arbitrary but fixed. Define the operator G : X — X,

G(y,2) i ¥l o) <7
G(y.2) = y
Glr———:.,2 if yllgro) >r
( I @) Ho(@)

By (5.148), we see that the operator G is Lipschitz on X. Hence, Ao + G is @-m-
accretive on X and, by Theorem 4.6, we conclude that the Cauchy problem

%U(t) +AU(t)+GU(t) =F(t), ae.te(0,T), (5.149)
U(0) = [yo,y1],

has a unique solution U € W'*([0,T];X). This implies that there is a unique
y € Wh=([0,T]; H} (R)) with dy/dt € W'=([0,T];L*(2)) such that

d2y -
T2 =AW +E60) =10, ae1e(0.T),

J (5.150)
¥(0) =30, 5 (0= in 2,

where g: H} () — L?(Q) is defined by

gy if [Mgg0) =7

gk = y
glr—— if ||Yllyio)>r
( ||yH(;(Q>> (@)

Choose r sufficiently large such that ||yo]| @) <’ Then, there is an interval
[0,T;] such that ||y(¢ )||H y <rforzel0, T]and Iy (z )||H y > rfort > T, We
have therefore

9%y

ﬁ*Ayﬂ;(y) =f in Qx(0,T,),
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and multiplying this by y, and integrating on Q x (0,7), we get the energy equality
@I+ 013 ) +2 | vO0)
t
= 113+ IvolZy gy 2 [ wox))dx+2 / | frdxas
0 Q 0 Jo

Because y(y) >0 and y(yo) € L' (), by Gronwall’s lemma we see that

T
Iy (12 < (3 + 1ol ) + 21 W00 1@+ [ 1£(5)]l2ds
0( ) 0

and, therefore,
)13+ IOy ) +2 [ W)
. 12
< nlB+ ol 42 [ wookas+ [ 110 1Bas)
T,
< (1B + 013 g+ 2100l )2+ [ 17 ).

The latter estimate shows that, given yo € H} (), y1 € L*(Q), T >0, and f €
L*(Qr), there is a sufficiently large r such that ||y(t)||H6 (@) < rforz€[0,T]. We
may infer, therefore, that for r large enough the function y found as the solution
to (5.150) is, in fact, a solution to equation (5.145) satisfying all the conditions of
Theorem 5.8.

The uniqueness of y satisfying (5.144) and (5.145) is the consequence of the
fact that such a function is the solution (along with z = dy/dt) to the @-accretive
differential equation (5.149).

By the previous proof, it follows that, if one merely assumes that

YEHNRQ), ymeLXR),  ylo) el (Q),

then there is a unique function y € C([0,T]; H} (R)), dy/dt € C([0,T];L*(R)), that
satisfies equation (5.143) in a mild sense. However, if w(yo) ¢ L'(Q) or, if one
drops assumption (ii), then the solution to (5.143) exists locally in time, only; that
is, in a neighborhood of the origin.

Under appropriate assumptions on g and f3, the above existence results extend to
equations of the form

D-arep(P)ren=s  mo

0J .
ye0) =300, 0=y in 2,
y=0 on dQ x (0,7T).
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(See Haraux [28].) In Barbu, Lasiecka and Rammaha [5], the local and global ex-
istence of generalized solutions is studied in the case of more general equations of
the form 5
9%y kp (9

= —A = =Py in Qx(0,T
S - Are b8 (5 ) =biry in@x .7)

where B(r) < Cor™, [y B(s)ds > Cr"t 0 <k <N/(N+2), 1 <p<oco.
It turns out that, if 1 < p < k+m, then there is a global solution but every solution

is only local and blows up if p is greater than m + k. For other recent results in this
context we refer also to the work of Serrin, Todorova, and Vitillaro [38].

5.7 Navier-Stokes Equations

The classical Navier—Stokes equations

31, 1) = VoAy(xt) + (v- V)y(x,1) = f(x,1) + Vp(x,1),
xeQ,t<(0,7)

V-y)(x,1) =0, V(x,t) € Q x(0,T) (5.151)

y=0 on dQ x (0,T)

¥(x,0) = yo(x), xeQ

describe the non-slip motion of a viscous, incompressible, Newtonian fluid in an
open domain Q C RY, N =2 3. Here y = (y1,y2,...,yn) is the velocity field, p is
the pressure, f is the density of an external force, and vy > 0 is the viscosity of the
fluid.

We have used the following standard notation

- )
Vy:dlvy:ZDlyla Dl:a ’ lzl) N
i—1 Xi
N
(y'v)y:Z)’iDiij j=1,...,N.

i=1

By a classical device due to J. Leray, the boundary value problem (5.151) can be
written as an infinite-dimensional Cauchy problem in an appropriate function space
on . To this end we introduce the following spaces

H={ye*Q)";V-y=0,y-v=00n0dQ} (5.152)
V={ye (Hy(Q)"; V-y=0}. (5.153)

Here Vv is the outward normal to 0.
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The space H is a closed subspace of (L?(£2))" and it is a Hilbert space with the
scalar product

(2) = /Qy~zdx (5.154)

1/2
and the corresponding norm |y| = ( Jo \y\zdx) . (We denote by the same symbol

|-| the norm in RV, (L*(Q))", and H, respectively.) The norm of the space V is
denoted by || - || :

12
bl = ([ 1wwfas) 5159

We denote by P: (L?(2))N — H the orthogonal projection of (L?(2))" onto H (the
Leray projector) and set

a(y,z) = / Vy-Vzdx,  Yy,zeV. (5.156)
Q
A= —PA, D(A) = (H*(Q))"nV. (5.157)
Equivalently,
(Av,z) =a(y,z),  Wyz€eV. (5.157)

The Stokes operator A is self-adjoint in H, A € L(V, V') (V' is the dual of V with the
norm denoted by || - ||y) and

(Avy) =yl wyev. (5.158)
Finally, consider the trilinear functional
N
b(y,z,w) = /Q i;y,p,z widx,  Vy,z,weV (5.159)
and we denote by B : V — V' the nonlinear operator defined by
By=P(y-V)y (5.160)

or, equivalently,
(By,w) = b(y,y,w), VYwe V. (5.160)

Let f € L*(0,T;V') and yo € H. The function y : [0, T] — H is said to be a weak
solution to equation (5.151) if

y e L*0,T;V')nC,([0,T);H)nWhi([0,T]; V") (5.161)

%(Y(f%W)+Voa(y(t),1//)+b(y(t)7y(f)7ll/)=(f(t)ﬂ//)7 a.e.1€(0,T),

¥(0) = yo, Yyev.

(5.162)



252 5 Existence Theory of Nonlinear Dissipative Dynamics

(Here (-,-) is, as usual, the pairing between V,V’ and the scalar product of H.)
Equation (5.162) can be equivalently written as

dy
dr
¥(0) =0

(£) + VoAy(r) + By(t) = (1), ae.t€(0,T) (5.163)

where dy/dt is the strong derivative of function y: [0,7] — V.

The function y is said to be the strong solution to (5.151) if y € W1 ([0, T]; H) N
L*(0,T;D(A)) and (5.163) holds with dy/dt € L'(0,T;H) the strong derivative of
functiony : [0,7] — H.

There is a standard approach to existence theory for the Navier—Stokes equation
(5.163) based on the Galerkin approximation scheme (see, e.g., Temam [39]). The
method we use here relies on the general results on the nonlinear Cauchy problem
of monotone type developed before and, although it leads to a comparable result, it
provides a new insight into existence theory of this problem.

It should be said that equation (5.163) is not of monotone type in H, but it can be
treated, however, into this framework by an argument described below.

Before proceeding with the existence for problem (1.1), we pause briefly to
present some fundamental properties of the trilinear functional b defining the inertial
operator B (see Constantin and Foias [19], Temam [39]).

Proposition 5.14. Let 1 <N < 3. Then
b(y,z,w) = —=b(y,w,z), Vy,z,w €V (5.164)
1Dy 2, W) < Cll [l |2l y i1 W » Vet € Vi v E Viny, W € Vi (5.165)

where m; >0, i =1,2,3 and

N
m1+m2+m325 ifmi# —, Vi=1,2,3,
(5.166)

,  forsomei=1,2,3.

(SIS

N
m1+mz+m3>§ ifm; =

Here V,,, = V N (H" (2))V.

Proof. 1t suffices to prove (5.165) for y,z,w € {y € (C5'(2))"; V-y =0}. We have
b(y,z,w) = /Q)’iDiZjodx = /Q (viDi(zjw;) — yiDiw z;)dx
= —/QyiDiwjzjdx: —b(y,z,w)

because V -y = 0. By Holder’s inequality we have

11 1
—F—+—<1 (5.167)

1602, w)| < Dyilg, [Dizj] ,, W], ol
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(Here |-|, is the norm of L/(£2).) On the other hand, by the Sobolev embedding
theorem we have (see Theorem 1.5)

1 1 m
H™(Q)CL%(Q) for—=-——
(@) CL(Q) for - =5-

if m; < N/2. Then, (5.167) yields

‘b(y7sz)| S CHy”ml ||Z||mz+l ||WHm3

ifm <N/2,i=1,2,3.
If one m; is larger than N/2 the previous inequality still remains true because, in
this case,
H™(Q)CL™(Q).
If m; = N /2 then
H™(Q)C (L1(Q)
q>2

and so (5.167) holds for 1 /g>+1/¢g3 < 1 and q; = € where
1 1 1

- =1 —— —
€ 9 g3
Then (5.165) follows for m| +my +m3 > N /2 as claimed.
We have also the interpolation inequality

llutllm < cllaell)™*|ul| &y, for @ =m—£€[0,1]. (5.168)

In particular, it follows by Proposition 5.14 that B is continuous from V to V'.
Indeed, we have

(By—Bz,w) =b(y,y —z,w) +b(y —z,z,w),  VweV
and this yields (notice that || - || = || - ||; and |Ay| = |y|2)
|(By — Bz,w)| < C(|Iylllly = zlllwll + [ly =zl Izl [wl])-
Hence

By —Bz|ly: < Clly—z[|(Iyl| + llzll),  Vy,z€V. (5.169)

We would like to treat (5.163) as a nonlinear Cauchy problem in the space H. How-

ever, because the operator VoA + B is not quasi-m-accretive in H, we first consider a

quasi-m-accretive approximation of the form taken in the proof of Theorem 4.8.
For each M > 0 define the operator By, : V — V’ (see (4.67))

By if Iyl <M,

Byy =4 M? .
WB)’ if [[y|| > M,
y
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and consider the operator Iy : D(Iyy) CH — H
Tii=VeA+By,  D(Iiy) = D(A). (5.170)
Let us show that I, is well defined. Indeed, we have
Lyl < VolAy[+[Buyl, Yy € D(A).
On the other hand, by (5.165) for m; = 1, my = 1/2, m3 = 0, we have for ||y|| <M
|(Buy. w)| = |60y, w)]| < Cllyl 1y 2w

because [[yl|5, < [ly[|'/*[Ay|'/. Hence

Bay| < Clay|'PIyIP2, Wy e D(A).

Similarly, we get for ||y|| > M

1/2)1.,113/2 1/2)1.,113/2
IMyI_|| ||2|y|/||y|\/<C|Ay|/||y|\/

This yields
ITigy| < volay|+Clay| 2 |lylI%, Wy e D(A) (5.171)

as claimed. [J
Lemma 5.2. There is oy such that Iy + ol is m-accretive in H x H.
Proof. We show first that for each v > 0
(I +A)y—Iy+A)z,y—2) > ||y—z|| Vy,z € D(A), for A > C},.
To this end we prove that
|(Buy — Buz,y—z)| < %||y—Z||2+CM|y—Z|2. (5.172)

We treat only the case N = 3 because N = 2 follows in a similar way.
Let ||y|, ||z < M. Then we have

(Bumy —Bumz,y—z) = (By—Bz,y —z) = b(y,y,y —z) —b(2,2,y — 2)
=by—zyy—2)+blz,y—zy—2)=bly—z,y,y—2).

Hence, by Proposition 5.14, for m; = 1, my =0, m3 = 1/2 we have
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|(Buy—Buz,y—2)| = |b(y—z,y,y=2)| < Clly=z[lIlllly—zl 2
< Cly—z[yllly—"?
< Cully=2l*ly—2|"
< 2 ly=2lP+Culy—2P

as desired.
Now consider the case where ||y|| > M, ||z|| > M. We have

(Buy —Bumz,y—=z)

M? M* M
=T (b()’a%y—z) _b(szay_Z)) + (2 - 2) b(ZaZ7y_Z>
[yl Iy~ lzll

2

M 2 2
= Wb(y_Z7y,y_Z)+M2 (HZ”Hyll> b(Z,Z,y_Z)~
y

2
1P el
This yields
CcM?
|Bry—Buz,y=2)| < o Iy=2ly—2l?
cMm? ) )
o3 [IelP= 1P [l =z 2
1P

v 2 2
< 5 =zl +Cyly—2l".

Assume now that ||y|| > M, ||z|]| < M. We have

|(Buy —Bmz,y —z)| = ‘| P b(y,y,y—2) —b(z,2,y —2)
M2
<|— —1||b(z,z,y—2)| + zlb(y,y, z) —b(z,2,y —2)|
[l [l
< ||Y||2 1/2 1/2 b
<C——5— e || P lly =zl y —z| 2|( —2,5,y—2)|

3/2 1/2
< Cyly—2ll*ly—="

which again implies (5.172), as claimed.
We note also that by (5.169) it follows that

1Bsy — Buzllys < Clly—zl[([Iyl +ll]),  ¥yzeV, (5.173)

where C is independent of M.
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Let us now proceed with the proof of oy,-m-accretivity of I;. Consider the ope-

rator

Fyu = voAu+ Byu+ oyu, Yu € D(Fy) (5.174)
D(Fy) = {u €V; voAu+Byu € H}. '

By (5.172) we see that for oy; > Cyy the operator u — VoAu + Byu + Opu is mono-
tone, coercive, and continuous from V to V’. Hence its restriction to H; that is, Fy
is maximal monotone (m-accretive) in H X H. To complete the proof it suffices to
show that D(Fy) = D(A) for oy large enough. (Clearly D(A) C D(Fy).)

Note first that by (5.165) we have

|(Buy, w)| < Clb(y,y,w)| <ClylllIylls W],  YweH,
and this yields by interpolation (see (5.168))
[Bu ()] < CllylI?ay]'/? < Culay] /2.

Hence

1 1
Ayl < 3Tyl + [Buy]) < - (L] +Culay'?),  VyeD(A);

that is,
|Ay| < Cp(|Taay| + 1), Yy € D(A). (5.175)

Now we consider the operators

Fyy =wo(1-€)A, D(Fy) = D(A)
Ff = VoA + By + aml, D(Fg) ={u€V; evoAu+Byu € H},

where oy is large enough so that F is m-accretive in H x H. (We have seen above
that such an o exists.)
We have

|FZ()| < evolAy| + [Bay| + oy

< evolAy| + CulAy|"* + owly| < e(1+ 8)|Ay] + awly| +Cly
(1+5

<
~ v(l-

IFM y)| + amlyl +Ciy, ¥y € D(A) = D(Fyy).

Thus for € small enough it follows by Proposition 3.9 that F}, + F{, with the domain
D(A) is m-accretive in H x H. Because Fy = F}, + F5 on D(A) C D(Fy) we infer
that D(Fj) = D(A) as claimed. O

For each M > 0 consider the equation

dy _
= O+ vody(@) +Buy(t) = f(t),  1€(0,T) (5.176)

¥(0) =yo.
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Proposition 5.15. Let yy € D(A) and f € WH'([0,T);H) be given. Then there is
a unique solution yyy € W'([0,T];H) N L*(0,T;D(A)) NC([0,T]; V) to equation
(5.176). Moreover, (d* /dt)yu(t) exists for all t € [0,T) and

d+
EyM(t)quOAyM(t)JrBMyM(t) = f(1), Vi €[0,T). (5.177)

Proof. This follows by Theorem 4.4. Because Iysyy = VoAyy +Buym € L°(0,T; H),
by (5.175) we infer that Ayy, € L*(0,T;H). As dyy /dt € L*(0,T;H), we conclude

also that yyr € C([0,T];V)NL™(0,T;D(A)), as claimed. O

Now we are ready to formulate the main existence result for the strong solutions
to Navier—Stokes equation (5.151) ((5.151)').

Theorem 5.9. Let N = 2,3 and f € W'([0,T];H), yo € D(A) where 0 < T < oo.
Then there is a unique functiony € W= ([0, T*); H)NL*(0,T*;D(A))NC([0,T*]; V)
such that

dy(t)

= VWA +By(1) = f(t), aer€(0,T7), (5.178)

¥(0) = yo,
for some T* =T*(||yo||) < T. If N =2 then T* = T. Moreover, y(t) is right diffe-
rentiable and

+
cj{—ty(t)—i-voAy(t)—f—By(t) = f(¢), Vi € [0,T"). (5.179)

Proof. The idea of the proof is to show that for M sufficiently large the flow y(¢),
defined by Proposition 5.15, is independent of M on each interval [0, 7] if N = 2 or
on [0,T(yo)] if N = 3. Let yy be the solution to (5.176); that is,

%(t)+v0AyM(t)+BMYM(I):f(t), ae.t1€(0,T),
(5.180)
¥(0) =yo.

If we multiply (5.180) by yys and integrate on (0,7), we get
2 ! 2 2 LT 2
O +vo [ (o) Pds <€ (ol + 5 [ r@Par). o
Next, we multiply (5.180) (scalarly in H) by Ay(¢). We get

% yas ()11 + volAyar () < |(Baayaa (), Avaa (£)| 4 £ (1) | A,
ae.r€(0,7).

N =

This yields
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ot

()P +vo [ 1Ay () ds
T , (5.181)

<o (bl o [ 1r0Ra+ [ 1Euamias).

On the other hand, for N = 3, by (5.165) we have (the case N =2 is treated separately

below)
|(Buym,Aym)| < |b(ym,ym,Aym)|

< Cllslllmll olomd
< Cllym | *ayu’?,  ae.r€(0,T).

(Everywhere in the following C is independent of M, vy.) Then, by (5.181) we have
2 ! 2
w1 +vo | Avm(s)ds
1 [T '
<l o [ 1r@Pars [  a(o) s

I I v [
<c(IbolP 5 [ 1rwRar 5 [ oo)%s) + 3 [ 1o Pas
Vo Jo Vo Jo 2 Jo
vVt €[0,T].
Finally,
Vo !
o)1+ 5 [ Ayae(s) s
L . (5.182)
<o (Il +5- [ 176+ [ Iom(o)s).
00 Vo Jo

Next, we consider the integral inequality

1 T 1 t
0P <G (ol oo [ 1r6Pas+ - [ bu)lfas). 6189

We have )

ym@|” < e@(t),  Vte(0,T),
where c

¢ <@, Ve (0T)

Vo
LT 2
0(0) = Co ol +- [ r)ds ).
0 /0

This yields

vo@3(0) \"? v
Pl < <v0—3r<p3<o>) e (0’ 3<p30<o>> '
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Hence

30 1/3
||yM<r>|2s(%) L owe(r),  (5.184)

where
Vo

T = .
3 2 1 T 2 :
365 (Iboll*+ - [ 17)Pds
Vo Jo

Then, by (5.182) we get

t T
P+ [ avws)Pas < ca(@) (ol + - [ rtoPar).

(5.185)
0<t<T*-6.
For N =2, we have (see (5.165))
|(Buaywa, Ayan)| < Clym] " [[yll|Ayaa |2
Vo 2, C 4
< 2A el .
<3 |Aym| +VOHyMH
This yields
Vo t
I )P+ 5 [ ayai(s) s
1 T 1
< (ol +op [ 0P [ wo)1fas).
0J0 Vo Jo
Then, by (5.182) and the Gronwall lemma, we obtain
b1+ [ Wm(o)Pas <€ (Il + - [ 110 Par)
2 Jo - vo Jo ’ (5.186)

Vi €(0,T).

By (5.184), (5.186) we infer that for M large enough, ||yy(?)|| < M on (0,T*) if
N =3 or on the whole of (0,7) if N = 2.

Hence Byyy = Byy on (0,7%) (respectively on (0,7)) and so yy =y is a solu-
tion to (5.178). This completes the proof of existence.

Uniqueness. If y1,y, are two solutions to (5.178), we have

2 ) =3P +vollyi () ()P

<|(B(y)(t) = By2(t),y1(t) = ya(1))]
= [b(y1(t),y1(t),y1(t) = y2(2)) —b(y2(t),y2(2), 31 () — y2(1))|
<Cllyr(6) =y )P Uy O+ [y20)l),  ae.r€(0,T7).
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Hence, y; = y;.
It is useful to note that the solution y to (5.178) satisfies the estimates

t 1 (T
b+ [ @R <c (ol + 5 [ oPas) 68y
and (for N = 3)

@I +vo [ ' lay(s)2ds

| o (5.188)
e+ [ robar) ([ 725 41). e
Vo Jo o T*—t
whereas, for N = 2,
O+ [ 1) Pas < (ool + - [0 Par).
0 vo Jo (5.189)

Vi€ (0,T),

where C is independent of yg and f.
If N =2, we have a sharper estimate for y. Indeed, if we multiply (5.178) by tAy
and integrate on (0,7), we get after integration by parts

S0P+ vo [ slav(s)Pas
t 1 t
= [ 6b(3(). (). Av() = s(£(5). Av(s)ds + 5 [ 5(s)]Pds
0 0
<c /0 s|Ay(s>|3/2|y<s>\1/2||y<s>||ds+% /0 slAy(s)|*ds
1t 1/t
+5 [ slr@Pas+ 5 [yl
Then, by (5.188), we get the estimate

t T
()P [ savioPas<e(boP+ o [ 1o Par).
Vre(0,7T).

(5.190)

Estimates (5.186), (5.188), and (5.190) suggest that equation (5.151) could have a
strong solution y under weaker assumptions on yg and f. We show below that this is
indeed the case. [

Theorem 5.10. Let yo € H, f € L*(0,T;H), T >0, and N = 2. Then there is a
unique solution
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y € C(]0,T);V)NC,([0,T];H)NL*(0,T;V),
1'%y € I2(0,T;D(A)) NL=(0,T;V),

d d
129 C 120 7-H Y 12/0+€) o TV
t S 0 ’ ) , O? ’

to equation (5.178); that is,

D)+ vody(1) +By(1) = (1), a1 € (0,7)

¥(0) = yo.

(5.191)

Ifyo €V, theny € L*(0,T;V)NL*(0,T;D(A)).
Proof. Let {y}} C D(A) and {f;} € W"'([0,T];H) be such that

y{; — yo strongly in H,
fi — f  strongly in L?(0,T;H).

By (5.187), (5.190), we have
> (T 2 2 (T 2
ly;(®)] +/0 ly; ()] "de +1|y;(0)| +/0 tlAy;(0)|"dt<C,  1€(0,T).
Then, by (5.165), we obtain that

T
/ || By;(t 2/ (1+e) dt+/ I‘Byj(t)‘zdtgc, Ve >0
0

because
By, 0)| = [67.35,0)] < Clyi| "Iy, [Avs] )
and
|Byj @) < Clyjll[lysllel-
This yields
1By | < Clys] "y [avil ",
1Byl < Cllyillellyill < €llvsll ™ il
Hence

2/(14€) dvi(t
H‘ (0

[ o

Because the embeddings D(A) CV C H C V' are compact, it follows by the Ascoli—
Arzela theorem that on a subsequence, again denoted y;, we have

v
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Jj—reo

yj(t) — () inC([0,T;V')
yi —y weak-star in L= (0,T;H),
weakly in L?(0,T;V),

s d
NG % — I d%l weakly in L*(0,T;H)
Ay; — Ay weakly in L*(0,T;V"),

Viyj — iy weak-star in L=(0,T;V),
weakly in L?(0,T;D(A)).

Moreover, by the Aubin compactness theorem, we have
Vty;(t) — /ty(t)  uniformly in H on [0,T]
Viy; — \/ty strongly in L*(0,T;V).
Next, we have
|(Byj(1) = By(1), @) | < [b(y;(1) = y(1),3; (1), @)| + |6 (3(1),y;(t) = (t), 9)|
< Cly(r) =y ||y 1) = 3(0) ||1/2|Ay1 OIS OIS
+ Cly @l =y O 2O 2|40 0) = y0) gl

1/2

Hence,
By (1) = By(1)| < C[ly;(0)—y@)]|"*(|Ay; ()] [yi0) = y@) [y ()]

|1/2 ’1/2).

+ @)1 A ) —y)] 2]y, ()

We have, therefore,
T 5 b
/0 t*|By;(t) —By(t)|"dt -0 as j — oo.

Letting j — oo, we conclude that y satisfies, a.e. on (0,7), equation (5.191) and that

O + b0+ [ (O +a P <

2
O‘ )mga

where d /dt is considered in the sense of distributions.
2 T 2
s +vo |~ JAvi(6)ar < €

2/ (1+¢) dy
— (¢
Y

+t

If yo € V, then we have
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and this implies the last part of the theorem. This completes the proof. (The unique-
ness follows as in the proof of Theorem 5.9.) [

Theorem 5.11. Let N =3, yo € V, and f € L*(0,T;H). Then there is

Ty =T([lyoll, ||fHL2(0,T;H))

such that on (0,Ty) equation (5.151) has a unique solution

y € L=(0,T;;V)NL*(0,T5;D(A) NC([0, T ]; H)
dy

= € L*(0,Ty;H), By € L*(0,Ty;H).

Proof. Let {yé} and {f;} be as in the proof of Theorem 5.10 (yé — yp in V this

time.) By the above estimates (see (5.188)), we have

T T
2 0 2 1 *
Iy @)+ vo [ lay o) Par <€ (||y02 o f<s>|2ds) . MelT),
where T < T* < T.
We also have (see (5.165))

1/2 1/2

<alay;0|'?, vee(,1y).

2
)mgc

yj(t) — y(t)  strongly in H uniformly on [0, T]
weak-star in L*(0,T;V)

1By; (1)] < Clly; )| |4y; )|

[ <|By.,-<r> %0

Hence, on a subsequence

v;(0)]

Hence,

dyj _ 4y
dt dt
Ay; — Ay  weakly in L*(0,T;H)

By, — 1 weakly in L?(0,T;H).

weakly in L?(0,T; H)

Moreover, by the Aubin compactness theorem we have y; — y strongly in L*(0,T;V).
Note also that, by (5.165), we have

3/2

|(By; — By, 0)| < C(ly; [ A0; =)+ [[ys =] ID1]32) 1-

Hence,
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T T ) 1/2 T 1/2
|By; = Byldr <C ([ |lv;—y|[dr v =] |AGy; —y)|ar
0 0 0
T T
+f |Ay|”2||y||3/2dr)sc [ sl 0 asj—o
and, therefore,

By; — By strongly in LY(0,T;H),

which implies that 1 = By. Hence, y is a strong solution on (0, 7;;'). The uniqueness
is immediate. [

The main existence result for a weak solution to equation (5.151) ((5.151)') is
Leray’s theorem below.

Theorem 5.12. Let yo € H, f € L*(0,T;V'). Then there is at least one weak solution
y* to equation (5.151). Moreover,

d *
Tyt e I*B0,T;V")  forN=3. (5.192)
d k
Tyr e Y0490, 1;V")  for N =2. (5.193)

If N =2, there is a unique weak solution satisfying (5.193).

Proof. We return to approximating equation (5.176) and note the estimates

T T
0P+ [ Iow0lPar < (P + [ 170 Bar). (5.194)
0 0

(For simplicity, we denote below by |- |. the norm || - ||y of V'.) We also have by
(5.165)

|(Buym (1), w)] < Cllym ()13 ol O Iw] < Clyma 1 lyaa @) 1w

Hence, |Byyum|, < C||y114||3/2sz|1/2 and, therefore,
T 4/3 2 [T 2
| B! dl§C<|y0| +/ If(t)l*dt> (5.195)
Tldyy ,\[*? 2 (T 2
/ DM () dt<C<yo| +/ |f(t)*dt>. (5.196)
0 | dt . 0

For N =2 we have (see (5.165)) form; =€, my =0, m3 =1,

[Buyw (1)), < Clym (O]~ [lym ()] < Callyme (1))

Hence,
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/ T (| dym
0 dt

Assume now that yo € H and f € L*(0,T;V").
Lety) € D(A) and {f;} C W"1([0,T]; H) be such that

2/(1+¢)

+ |BMyM|§/<‘+8>> dt<C forN=2. (5.197)

*

Yo —yo inH,  fj— f inL*(0,T;V").

Let y; be the corresponding solution to equation (5.151). By estimates (5.195)-
(5.197), we have for a constant C independent of M,

I (Hyj||2+ Hi,y’ " \BMyj|i/3> di+ |y <€ (5.198)
if N=3, and
/UT <||y,~(z)||2+H‘Zytf 2/<1+s)+| vil/t +8)>dt+|yj(l)|2<c (5.199)
if N=2.

Hence, on a subsequence we have
yj —yu  weaklyin L*(0,T;V)
Ay; — Ayy  weakly in L2(0,T;V’)

dyj _ dym

5 o weakly in L*3(0,T;V') if N = 3

weakly in L¥ (1€ (0,T;V') if N =2
Buy; — nu weakly in L*3(0,T;V') if N = 3
weakly in L2 (1+8)(0,T;V') if N = 2.

Moreover, recalling inequality (5.172) we get

2d[|y, yk(t)\2+EHyj(t —w@)|?

< o |y;(1) | +|£i(0) = fie@) ||y () =y @) |, -

By Gronwall’s lemma we have
2 | P T 2
i) =@ < sk +¢ [ 150 — o)

and, therefore,
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’ 2 i )P ’ 2
/0 () =yi(e)||"ar < € (‘yoyo' +/0 |£(0) fk(t)|*dt) :
Hence,

yj —ym strongly in L*(0,T;V)NC([0,T);H).

Clearly, we have

dji;” (t) +vAym(t) +mu(t) = f(t), ae.te(0,T)

ym(0) = yo.
On the other hand, by (5.165), where m; = 1, my = 0, m3 = 1, it follows that

[Baryj = Buym |, < Clly; =y (|| + ylD)-
Hence,
Bmy; — Byym =nu  strongly in L'(0,T;V").

We have shown therefore that for each yo € H and f € L>(0,T;V') the equation
dym

5 (£) + VAyM(t) +Buym(t) = f(t), ae.t€(0,T)

ym(0) =yo

(5.200)

has a solution yy € L2(0,T;V)NC([0,T]; H) with dyy /dt € L*/3(0,T;V') if N = 3,
dyy /dt € L¥(1F8)(0,T;V') if N = 2. Moreover, yy satisfies estimates (5.194)—
(5.196).

Now, we let M — . Then on a subsequence, again denoted M, we have

yu — y* weak-star in L= (0,T;H)
weakly in L?(0,T;V)

dyw  dy’

oM 2

in 74/3 RYAW —
” 7 weakly in L*/°(0,T; V') if N =3

weakly in L¥ (148 (0, T;V') if N =2

Ayy — Ay* weakly in L*(0,T;V’)

Byyw — N weakly in L3(0,T;V') if N =3
weakly in L2/(1+€) (0, T; V') if N = 2.

We have

*

D)+ A () 410 = £, ac.in (0.7)

y*(0) = yo.
To conclude the proof it remains to be shown that 1(t) = By*(¢), a.e.z € (0,T).
We note first that, by Aubin’s compactness theorem, for M — oo,

(5.201)
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yu — y"  strongly in L2(0,T;H).

We note also that by (5.194) we have m{t; |[yn(t)|| > M} < C/M>.
Let ¢ € L™(0,T;7¥). Then, we have

T
[ 1B~y gl

< [ 1Byu=By" @)lar+C [l (vl w72+ 112
M M

where Ey = {t; ||lym(t)|| > M}. Hence, by estimates (5.194) we have

T
| VB~ By @)lar
T
S/O (lb(YM_y*a)’Ma(PN"_‘b(y*ayM_y*a(P)Ddt+CM_2||(P||L°°(O,T;V)'

Recalling that yy; — y* strongly in L(0,T; H) and weakly in L>(0,T;V), we get
T

—oo J

where 7' = {¢ € C7(R2); divp =0}. Hence, n = By* and this concludes the proof.
If N = 2, the solution is unique. Indeed, for two such solutions y;,y, we have

1 d 2 2
3 E|Y1 = w2 +volyr =y2lI" + b1 —y2,y1,91 —=y2) =0, ae.t€(0,T).
This yields
1 d 2 2
2 Eb’l =2+ wollyr =2 < Cll» —)’2\\1/2\\Y1||||y1 —y2||1/2

< Chyr=yalllyr =y2llly1l-
By Gronwall’s lemma, we get y; = y. [

Remark 5.6. The existence results presented in this section are classic and can be
found in a slightly different form in the monographs of Temam [39], Constantin
and Foias [19]. However, the semigroup approach used here is new and it closely
follows the work of Barbu and Sritharan [6].

Perhaps the main advantage of the semigroup approach is that one can apply the
general theory developed in Chapter 4 to get existence, regularity, and approxima-
tion results for Navier—Stokes equations.

In fact, as shown earlier, the Navier—Stokes flow ¢ — y(¢) is the restriction to
[0,T] of the flow ¢t — yu(f) generated by an equation of quasi-m-accretive type.
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Bibliographical Remarks

There is an extensive literature on semilinear parabolic equations, parabolic varia-
tional inequalities, and the Stefan problem (see Lions [33], Duvaut and Lions [22],
Friedman [27]and Elliott and Ockendon [23] for significant results and complete re-
ferences on this subject). Here, we were primarily interested in the existence results
that arise as direct consequences of the general theory developed previously, and
we tried to put in perspective those models of free boundary problems that can be
formulated as nonlinear differential equations of accretive type. The L!-space semi-
group approach to the nonlinear diffusion equation was initiated by Bénilan [8] (see
also Konishi [29]), and the H ! () approach is due to Brezis [15]. The smooth-
ing effect of the semigroup generated by the semilinear elliptic operator in L' ()
(Proposition 5.5) is due to Evans [24, 25]. The analogous result for the nonlinear
diffusion operator in L' () (Theorem 5.4) was first established by Bénilan [8], and
Véron [41], but the proof given here is essentially due to Pazy [36]. For other re-
lated contributions to the existence and regularity of solutions to the porous medium
equation, we refer to Bénilan, Crandall, and Pierre [10], and Brezis and Crandall
[16]. The semigroup approach to the conservation law equation (Theorem 5.6) is
due to Crandall [20]. Theorem 5.7 along with other existence results for abstract hy-
perbolic equations has been established by Brezis [15] (see also Haraux’s book [28]
and Barbu [4]). The semigroup approach to Navier—Stokes equations was developed
in the works of Barbu [3] and Barbu and Sritharan [6] (see also Barbu and Sritharan
[7] and Lefter [32] for other results in this direction).
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