Chapter 1
Fundamental Functional Analysis

Abstract The aim of this chapter is to provide some standard basic results pertaining
to geometric properties of normed spaces, convex functions, Sobolev spaces, and
variational theory of linear elliptic boundary value problems. Most of these results,
which can be easily found in textbooks or monographs, are given without proof or
with a sketch of proof only.

1.1 Geometry of Banach Spaces

Throughout this section X is a real normed space and X* denotes its dual. The value
of a functional x* € X* atx € X is denoted by either (x*,x) or x*(x), as is convenient.
The norm of X is denoted by || - ||, and the norm of X* is denoted by || - ||. If there
is no danger of confusion we omit the asterisk from the notation || - || and denote
both the norms of X and X* by the symbol || - ||.

We use the symbol lim or — to indicate strong convergence in X and w-lim or
— for weak convergence in X. By w*-lim or — we indicate weak-star convergence
in X*. The space X* endowed with the weak-star topology is denoted by X ;.

Define on X the mapping J : X — 2X:

J@) = {x € X7 () = [P = 7} vxex. (L1

By the Hahn-Banach theorem we know that for every xo € X there is some xj € X*
such that (x5, x0) = ||xo|| and ||x§|| < 1.

Indeed, the linear functional f : Y — R defined by f(x) = al|xo|| for x = axo,
where Y = {oxg; o € R}, has a linear continuous extension x5 € X* on X such
that | (xj,x)| < [|x[| Vx € X. Hence, (x{;,x0) = ||xo|| and ||x5|| < 1 (in fact, ||xj]| = 1).
Clearly, x;|[xo|| € J(x0) and so J(xp) # 0 for every xo € X.

The mapping J : X — X* is called the duality mapping of the space X. In general,
the duality mapping J is multivalued.
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2 1 Fundamental Functional Analysis

The inverse mapping J ! : X* — X defined by J~!(x*) = {x € X; x* € J(x)} also
satisfies
=1l 5,2 = [l = ()17}

If the space X is reflexive (i.e., X = X**), then clearly J~! is just the duality mapping
of X* and so D(J~!) = X*. As a matter of fact, reflexivity plays an important role
everywhere in the following and it should be recalled that a normed space is reflexive
if and only if its dual X* is reflexive (see, e.g., Yosida [16], p. 113).

It turns out that the properties of the duality mapping are closely related to the
nature of the spaces X and X*, more precisely to the convexity and smoothing pro-
perties of the closed balls in X and X*.

Recall that the space X is called strictly convex if the unity ball B of X is strictly
convex, that is the boundary dB contains no line segments.

The space X is said to be uniformly convex if for each € > 0, 0 < € < 2, there is
8(€) > 0 such thatif ||x|| = 1, |[y|| = 1, and [x—y|| > &, then |x+y|| < 2(1—&(¢)).

Obviously, every uniformly convex space X is strictly convex. Hilbert spaces
as well as the spaces L”(2), 1 < p < oo, are uniformly convex spaces (see, e.g.,
Kothe [13]). Recall also that, by virtue of the Milman theorem (see, e.g., Yosida
[16], p. 127), every uniformly convex Banach space X is reflexive. Conversely, it
turns out that every reflexive Banach space X can be renormed such that X and X*
become strictly convex. More precisely, one has the following important result due
to Asplund [4].

J' () = {xex;

Theorem 1.1. Let X be a reflexive Banach space with the norm || - ||. Then there is
an equivalent norm || - ||o on X such that X is strictly convex in this norm and X* is
strictly convex in the dual norm || - |[;;.

Regarding the properties of the duality mapping associated with strictly or uni-
formly convex Banach spaces, we have the following.

Theorem 1.2. Let X be a Banach space. If the dual space X* is strictly convex,
then the duality mapping J : X — X* is single-valued and demicontinuous (i.e., it is
continuous from X to X}). If the space X* is uniformly convex, then J is uniformly
continuous on every bounded subset of X.

Proof. Clearly, for every x € X, J(x) is a closed convex subset of X*. Because J(x) C
dB, where B is the open ball of radius ||x|| and center 0, we infer that if X* is
strictly convex, then J(x) consists of a single point. Now, let {x,} C X be strongly
convergent to xo and let x;; be any weak-star limit point of {J(x,)}. (Because the
unit ball of the dual space is w*-compact (Yosida [16], p. 137) such an x{ exists.)
We have (x§,x0) = ||x0[|> > [[x}]|> because the closed ball of radius |[xo|| in X* is
weak-star closed. Hence ||xo ||*=|x5||>— (x5, x0). In other words, xj=J(xo), and so

J(xn) = J(x0),
as claimed. (J

To prove the second part of the theorem, let us first establish the following lemma.
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Lemma 1.1. Let X be a uniformly convex Banach space. If x, — x and
limsup,,_., ||x.]| < ||x||, then x, — x as n — eo.

Proof. One can assume of course that x # 0. By hypothesis, (x*,x,) — (x*,x) for
all x € X, and so, by the weak lower semicontinuity of the norm in X,

[l < liminf [lx, || < [l

Hence, lim,_. ||x,|| = ||x||. Now, we set
Xn X
Yn= 71> Y=1"
[l ]

Clearly, y, — y as n — oo. Let us assume that y, /4 y and argue from this to a
contradiction. Indeed, in this case we have a subsequence yy,, ||y, —y|| > €, and
so there is 6 > 0 such that ||y, + || < 2(1 — ). Letting ny — oo and using once
again the fact that the norm y — ||y|| is weakly lower semicontinuous, we infer that
ly]l < 1—6. The contradiction we have arrived at shows that the initial supposition
is false. O

Proof of Theorem 1.2 (continued). Assume now that X* is uniformly convex. We
suppose that there exist subsequences {u,},{v,} in X such that ||u,|], ||v.|| < M,
ltn — va|| — O for n — oo, ||J(up) — J(vn)|| > € > O for all n, and argue from this
to a contradiction. We set x,, = i, ||| =", y» = vu||vp|| . Clearly, we may assume
without loss of generality that ||u,|| > @ > 0 and that ||v,|| > a > 0 for all n. Then,
as easily seen,

1% =ynll = 0 asn— oo

and
(J(xn) +J (), Xn) = ||x,,||2 + ||ynH2 + (X0 = Yns S (¥n)) = 2 — [|xn — ynl|-
Hence | |
EHJ(XH)"‘J(yn)” > I_EHxn_ynH? Vn.

Inasmuch as ||J(x,)|| = ||/ (yn)|| = 1 and the space X* is uniformly convex, this
implies that lim,_..(J(x;) —J(¥,)) = 0. On the other hand, we have

J(un) =T (i) = l[uen ]| (J (6n) = I (vn)) =+ ([[ttn ]| = [[Val ) (),
so that limy, . (J(1t,) —J(vs)) = O strongly in X*. OJ

Now, let us give some examples of duality mappings.

1. X = H is a Hilbert space identified with its own dual. Then J = I, the iden-
tity operator in H. If H is not identified with its dual H*, then the duality map-
ping J : H — H* is the canonical isomorphism A of H onto H*. For instance, if
H=H}(Q)and H* = H '(Q) and Q is a bounded and open subset of R", then
J = A is defined by
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(Au,v) = /Q Vu-Vvdx, Yu,v € H(} (Q). (1.2)

In other words, J = A is the Laplace operator —A under Dirichlet homo-
geneous boundary conditions in 2 C RY. Here H}(Q) is the Sobolev space
{ue L*(Q);Vuc L*(2); u=0on dN}. (See Section 1.3 below.)

2. X =LP (), where 1 < p < o and Q is a measurable subset of RV, Then, the
duality mapping of X is given by

J(u)(x) = |u(x)|p72u(x)Hu||12‘;&2), ae.x€Q, Vuel?P(Q). (1.3)

Indeed, it is readily seen that if @, is the mapping defined by the right-hand side
of (1.3), we have

2/p 2/q 1 1
&, (u)udx — / rax) = / @ qd) . where — + - =1.
/_Q p(U)udx < Q|u| x> ( Q| ()] 9dx w erep—i—q

Because the duality mapping J of LP() is single-valued (because L? is uni-
formly convex for p > 1) and @, (u) € J(u), we conclude that J = @), as claimed.
If X = L'(Q), then as we show later (Corollary 2.7)

J(u) = {v € L(); v(x) € signu(x) - [[u|1(q), a.e. x € 2} (1.4

3. Let X be the Sobolev space Wol’p(.Q), where 1 < p < oo and € is a bounded and
open subset of RY. (See Section 1.3 below.) Then,

P72 Ju _
( a)ﬁ) 455 (15)

In other words, J : Wol’p(Q) —W14(Q), (1/p)+(1/q) = 1, is defined by

du
8x,~

N9
J(u) :_;8)6,-

P u Y el Wwewl (). (16
E x||“||w(;‘p(m’ veW,"(Q). (1.6)

N du

J(u),v) = / -—

v =X |5

We later show that the duality mapping J of the space X can be equivalently

defined as the subdifferential (Gateaux differential if X* is strictly convex) of the
function x — 1/2|x||°.

1.2 Convex Functions and Subdifferentials

Here we briefly present the basic results pertaining to convex analysis in infinite-
dimensional spaces. For further results and complete treatment of the subject we
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refer the reader to Moreau [14], Rockafellar [15], Brezis [8], Barbu and Precupanu
[6] and Zalinescu [17].

Let X be a real Banach space with dual X*. A proper convex function on X is
a function @ : X — (—oo, +oo] = R that is not identically +o and that satisfies the
inequality

P((1=2)x+4y) < (1-2)p(x) +210(y) (1.7)

forall x,y € X and all A € [0,1].
The function ¢ : X — (—oo, +o0] is said to be lower semicontinuous (1.s.c.) on X if

1i£1§£f¢(u) > o(x), Vx e X,
or, equivalently, every level subset {x € X; ¢(x) < A} is closed.

The function @ : X —] — co, +o00] is said to be weakly lower semicontinuous if it
is lower semicontinuous on the space X endowed with weak topology.

Because every level set of a convex function is convex and every closed convex
set is weakly closed (this is an immediate consequence of Mazur’s theorem, Yosida
[16], p. 109), we may therefore conclude that a proper convex function is lower
semicontinuous if and only if it is weakly lower semicontinuous.

Given a lower semicontinuous convex function ¢ : X — (—oo, +o0] = R, @ 2 oo,
we use the following notations:

D(@) = {x €X; @(x) <o} (the effective domain of @), (1.8)
Epi(@) = {(x,A) € X XR; ¢(x) <A} (the epigraph of ¢). (1.9)

It is readily seen that Epi(¢) is a closed convex subset of X x R, and as a matter
of fact its properties are closely related to those of the function ¢.

Now, let us briefly describe some elementary properties of l.s.c., convex func-
tions.

Proposition 1.1. Let ¢ : X — R be a proper; Ls.c., and convex function. Then @ is
bounded from below by an affine function; that is there are x;; € X* and 8 € R such
that

o(x) > (x5,x)+ B, VxeX. (1.10)

Proof. Let E(¢) = Epi(¢) and let xp € X and r € R be such that ¢(xp) > r. By
the classical separation theorem (see, e.g., Brezis [7]), there is a closed hyperplane
H={(x,A) € X xR; —(x,x) + A = o} that separates E(¢) and (xo,r). This means
that

—(xp,x)+ 1 > a, Vx€eE(p) and — (x3,x0)+r<a.

Hence, for A = ¢(x), we have
*(XS,X)+([)(X) 27()(6,)60)4"', VXGX’

which implies (1.10). O
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Proposition 1.2. Let ¢ : X — R be a proper, convex, and Ls.c. function. Then @ is
continuous on intD(@).

Proof. Letxy € intD(¢p). We prove that ¢ is continuous at xy. Without loss of gene-
rality, we assume that xo = 0 and that ¢(0) = 0. Because the set {x: @(x) > —¢} is
open it suffices to show that {x: @(x) < €} is a neighborhood of the origin. We set
C={xeX; ox)<e}n{xeX; o(—x) < €}. Clearly, C is a closed balanced set
of X (i.e., ax € C for |a| < 1 and x € C). Moreover, C is absorbing; that is, for every
x € X there exists & > 0 such that ox € C (because the function t — ¢(zx) is convex
and finite in a neighborhood of the origin and therefore it is continuous). Because X
is a Banach space, the preceding properties of C imply that it is a neighborhood of
the origin, as claimed. O

The function ¢* : X* — R defined by

¢*(p) = sup{(p,x) — @(x); x € X} (1.11)
is called the conjugate of ¢.

Proposition 1.3. Let ¢ : X — R be Ls.c., convex, and proper. Then @* is Ls.c., con-
vex, and proper on the space X*.

Proof. As supremum of a set of affine functions, @* is convex and 1.s.c. Moreover,
by Proposition 1.2 we see that ¢* # co. [J

Proposition 1.4. Let ¢ : X — (—oo,+o0] be a weakly lower semicontinuous function
such that every level set {x € X; @(x) < A} is weakly compact. Then @ attains its
infimum on X. In particular, if X is reflexive and @ is an L.s.c. proper convex function
on X such that

m (x) = e, (1.12)

[l —ee

then there exists xo € X such that @(xp) = inf{@(x); x € X }.

Proof. Letd =inf{@(x); x € X} and let {x,} C X suchthatd < @(x,) <d+(1/n).
Then {x,} is weakly compact in X and, therefore, there is {x,, } C {x,} such that
Xy, — x as ny — oo. Because ¢ is weakly semicontinuous, this implies that ¢(x) <d.
Hence ¢(x) =d, as desired. If X is reflexive, then formula (1.12) implies that {x € X
©(x) < A} are weakly compact. As seen earlier, every convex and l.s.c. function is
weakly lower semicontinuous, therefore we can apply the first part. [

Given a function f from a Banach space X to R, the mapping f' : X x X — R

defined by
: +Ay)—f(x)
(xyy) = lim LEFAN =) €x 1.13
f(xy) lim 1 , XYEX, (1.13)

(if it exists) is called the directional derivative of f at x in direction y.

The function f : X — R is said to be Gdteaux differentiable at x € X if there exists
Vf(x) € X* (the Gateaux differential) such that
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flxy)=(Vf(x),y), VreX. (1.14)

If the convergence in (1.13) is uniform in y on bounded subsets, then f is said to be
Fréchet differentiable and V f is called the Fréchet differential (derivative) of f.

Given an l.s.c., convex, proper function ¢ : X — R, the mapping d¢ : X — X*
defined by

dp(x) ={x" € X"; o(x) < o(y) + (x",x—y), Vye X} (1.15)

is called the subdifferential of ¢.

In general, d¢ is a multivalued operator from X to X* not everywhere defined
and can be seen as a subset of X x X*.

An element x* € d@(x) (if any) is called a subgradient of ¢ in x. We denote as
usual by D(d @) the set of all x € X for which d¢(x) # 0.

Let us pause briefly to give some simple examples.

1. @(x) =1/2||x|*>. Then, d¢@ = J (the duality mapping of the space X). Indeed, if
x* € J(x), then

* * 1
(¢ ox—y) =[xl = ("3) =2 S (WP = )%, ¥xex.

Hence x* € d(x). Now, let x* € d@(x); that is,

1 2 2 *

FUHE=IVIF) < 0" =yox). - Wy eX. (1.16)
We take y = Ax, 0 < A < 1, in (1.16), getting

* 1 2
(x) 2 5 X (1+2).

Hence, (x*,x) > ||x||*>. If y = Ax, where A > 1, we get that (x*,x) < ||x||>. Hence,

(x*,x) = ||x[|* and ||x*|| > ||x||. On the other hand, taking y = x + Au in (1.16),
where A > 0 and u is arbitrary in X, we get

1

A u) < 5 (bet Al = 1),

|

which yields
(%, 0) < {J]| [Juel]-

Hence, ||x*|| < ||x||. We have therefore proven that (x*,x) = ||x[|> = ||x*||*> as
claimed.

2. Let K be a closed convex subset of X. The function Ix : X — R defined by

(1.17)

0, ifxeKk,
Ix(x) =

+oo,  ifx¢K,
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is called the indicator function of K, and its dual function H,
Hk(p) =sup{(p,u); uc K},  VpeX",

is called the support function of K. It is readily seen that D(dIx) = K, dIx(x) =0
for x € intK (if nonempty) and that

Alg(x) =Ng(x)={x" € X*; (x",x—u) >0, Vu e K}, Vxe K. (1.18)

For every x € dK (the boundary of K), Nk (x) is the normal cone at K in x.

3. Let ¢ be convex and Géiteaux differentiable at x. Then d@(x) = V¢(x). Indeed,
because ¢ is convex, we have

Plx+A(y—x)) < (1-2)o(x)+20(y)
for all x,y € X and 0 < A < 1. Hence,

<p(x+“y;x)) —2) < o)~ p(),

and letting A tend to zero, we see that V@ (x) € d@(x). Now, let w be an arbitrary
element of d¢@(x). We have

e(x)—o(y) < (mx—y),  VyeX.
Equivalently,

w >(wy), VA0, yex,

and this implies that (V¢ (x) —w,y) > 0 for all y € X. Hence, w = Vo (x).

By the definition of d ¢ it is easily seen that ¢(x) = inf{@(«); u € X} iff 0 € dp(x).
There is a close relationship between d¢ and d¢@*. More precisely, we have the
following.

Proposition 1.5. Let X be a reflexive Banach space and let ¢ : X — R be an l.s.c.,
convex, proper function. Then the following conditions are equivalent.

i) x*edo(x),
(i) ox)+ " (x") = (x",x),
(i) xe€de*(x*).

In particular, d@* = (d¢p)~!

and (¢*)" = ¢.
Proof. By definition of ¢*, we see that
QD*(X*)Z(X*,X)—(P()C), Vx e X,

with equality if and only if 0 € d,(—(x*,x) + ¢ (x)). Hence, (i) and (ii) are equivalent.
Now, if (ii) holds, then x* is a minimum point for the function ¢*(p) — (x, p) and so
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x € do*(x*). Hence, (ii) = (iii). Because conditions (i) and (ii) are equivalent for
©*, we may equivalently express (iii) as @* (x*) 4+ (¢*)*(x) = (x*,x). Thus, to prove
(i) it suffices to show that (¢*)* = ¢. It is readily seen that (¢*)* = @™ < @. We
suppose now that there exists xo € X such that ¢**(xp) < ¢(xp), and we argue from
this to a contradiction. We have, therefore, (xg, @**(xp)) ¢ Epi(¢) and so, by the
separation theorem, it follows that there are x; € X* and & € R such that (x,x0) +
@™ (xo) > sup{(x5,x) + ad; (x,A) € Epi(¢@)}. After some calculation, it follows
that o < 0. Then, dividing this inequality by —c, we get that

— (%3 ) — 97 (x0) > sup{ (x3,— =) ~4: (x.2) € Epi(p) |

e ) wreom)e (),

which clearly contradicts the definition of ¢**. [J

We mention without proof the following density result. (See, e.g., [2].)

Proposition 1.6. Let ¢ : X — R be an Ls.c., convex, and proper function. Then
D(d ) is a dense subset of D(@).

Proposition 1.7. Let ¢ be an Ls.c., proper, convex function on X. Then intD(¢@) C
D(d9).

Proof. Let xo € intD(¢@) and let V = B(xp,r) = {x; ||x —x0|| < r} be such that
V C D(¢). We know by Proposition 1.2 that ¢ is continuous on V and this implies
that the set C = {(x,A) € V x R; @(x) < A} is an open convex set of X x R. Thus,
there is a closed hyperplane, H = {(x,4) € X xR; (x{;,x) + A = a}, that separates
(x0, @(x0)) from C. Hence, (xf,x0) + ¢ (x0) < & and

(x5,X)+A > a, V(x,A) € C.
This yields
@(x0) —@(x) < —(xg,x0—x),  VxeW.

But, for every u € X, there exists 0 < A < | such that x = Axp+ (1 —A)u € V.
Substituting this x in the preceding inequality and using the convexity of @, we
obtain that

o(x0) < @(u) + (xg5,x0 —u), VueX.

Hence, xo € D(d @) and x; € d@(xp). O
There is a close connection between the range of subdifferential d¢ of a lower

semicontinuous convex function ¢ : X — R and its behavior for ||x|| — c. Namely,
one has

Proposition 1.8. The following two conditions are equivalent.

G) R(IQ) =X*, and d¢* = (@)~ is bounded on bounded subsets,
(i) limyy e @(x)/[x]| = +oo.
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Proof. (jj) = (j). If (jj) holds, then by Proposition 1.4 it follows that for each f € X*
the equation f € d@(x) or, equivalently, 0 € d(¢(x) — f(x)), has at least one solution
x € D(d@). Moreover, if { f} remains in a bounded subset of X*, the same is true of
(99)7'f.

() = (jj). By Proposition 1.5 we have

o(x) > (x",x) — @ (x), VxteX* VxeX.
This yields, for x* = pJ(x)||x| 7",
o(0) = pllall = @" (I ()lIx| ™), Vp >0, VxeX.

Because @* and d ¢* are bounded on bounded subsets, the latter implies (jj). O

1.3 Sobolev Spaces and Linear Elliptic Boundary Value
Problems

Throughout this section, until further notice, we assume that 2 is an open subset of
RY. To begin with, let us briefly recall the notion of distribution. Let f = f(x) be a
complex-valued function defined on Q. By the support of f, abbreviated supp f, we
mean the closure of the set {x € Q; f(x) # 0} or, equivalently, the smallest closed
set of Q outside of which f vanishes identically. We denote by C¥(Q), 0 < k < oo,
the set of all complex-valued functions defined in £ that have continuous partial
derivatives of order up to and including k (of any order < oo if k = o). Let C5(£2)
denote the set of all functions ¢ € C¥(Q) with compact support in Q.

It is readily seen that Ci’(£2) is a linear space. We may introduce in Ci’(2) a
convergence as follows. We say that the sequence {¢} C C(£2) is convergent to
¢, denoted @ = ¢, if

(a)  There is a compact K C £2 such that supp@; C K forallk=1,....
(b)  limg_e D*@r = D*@ uniformly on K for all o = (ety,..., Q).

Here D% = D¢ ---D, Dy, = d/dx;, i = 1,...,n. Equipped in this way, the space
Ci(£2) is denoted by Z(£2). As a matter of fact, Z(£2) can be redefined as a locally
convex, linear topological space with a suitable chosen family of seminorms.

Definition 1.1. A linear continuous functional u on 2(Q) is called a distribution
on Q.

In other words, a distribution is a linear functional u on Cy’(£2) having the pro-
perty that limy_... u( @) = 0 for every sequence { ¢} C C7 (L) such that ¢ = 0.

The set of all distributions on £2 is a linear space, denoted by 2'(Q).

The distribution is a natural extension of the notion of locally summable function
on Q forif f € L} (), then the linear functional us on CJ(£2) defined by

loc
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ur(9) = [ fWeldr, Vo eC(@)

is a distribution on £2; that is, uy € 174 (). Moreover, the map f — uy is injective
from L., (Q) to 7'(Q).

Given u € 9'(Q), by definition, the derivative of order @ = (o, ..., o), D%u,
of u, is the distribution

(D%u)(9) = (—1)lu(D%g), Vo e 2(Q), where || =04+ -+ .

Let 2 be an open subset of R and let m be a positive integer. Denote by H™ (L)
the set of all real valued functions u € L?(Q) such that distributional derivatives
D%u of u of order || < m all belong to L2(£2). In other words,

H™(Q) ={ucL*(Q); D*uc*(Q), |a| <m}. (1.19)

This is the Sobolev space of order m on Q. It is easily seen that H" () is a linear
space by (u; +up)(x) = uj(x) + up(x), (Au)(x) = Au(x), VA € R, ae., x € Q,
under the convention that two L?(Q) functions u;,u, represent the same element
of H™(Q) if u;(x) = uz(x), a.e., x € Q. In other words, we do not distinguish two
functions in H™ () that coincide almost everywhere. In this context we say that
u € H"(Q) is continuous, differentiable, or absolutely continuous if there exists a
function # € H™ () which has these properties and coincides almost everywhere
with u on Q.

We present below a few basic properties of Sobolev spaces and refer to the books
of Brezis [7], Adams [1] and Barbu [5] for proofs.

Proposition 1.9. H"(Q) is a Hilbert space with the scalar product

vy, =Y /QD“u(x)Dav(x)dx, Yu,v € H"(R2). (1.20)

o[ <m

If Q = (a,b), — < a < b < o, then H' () reduces to the subspace of absolutely
continuous functions on the interval [a, b] with derivative in L?(a,b).

Proposition 1.10. H'(a,b) coincides with the space of absolutely continuous func-
tions u : [a,b] — R having the property that u' € L*(a,b). Moreover, for each func-
tion u € H'(a,b) the derivative D'u in the sense of distributions coincides with the
ordinary derivative u' that exists almost everywhere.

More generally, for an integer m > 1 and 1 < p < oo, one defines the Sobolev space
WhP(Q)={uell(Q), D*uc L’ (Q), |a|] <m} (1.21)

with the norm

1/p
[ t]lmp = ( Y /Q|D0<u(x)|”dx> : (1.22)

ja[<m
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For 0 < m < 1, the space W™P? () is defined by (see Adams [1], p. 214)

WP (Q) = {u €L (); m €Lr(Qx Q)}

with the natural norm. Form > 1,m = s+a, s = [m], 0 < a < 1, define
WP (Q) ={ue W (Q); D*u e W (Q); |a| < s}.

It turns out that, if u € WP (a,b), then there is an absolutely continuous function
i with @ € LP(a,b) such that i(x) = u(x) and @' (x) = (D'u)(x), a.e., x € (a,b).
Conversely, any absolutely continuous function u with «' in L?(a,b) belongs to
WP (a,b) and ' coincides, a.e. on (a,b), with the distributional derivative D'u
of u.

Proposition 1.10 and its counterpart in wlp (£2) show that, in one dimension, the
Sobolev spaces are just the classical spaces of absolutely continuous functions with
derivatives in LP(£2).

It turns out, via regularization, that C’ (R ) is dense in H' (R).

We recall that an open subset  of RV and its boundary 9 are said to be of class
C! if for each x € dQ there are a neighborhood U of x and a one-to-one mapping ¢
of 0= {x= (¥,xy) €RY; |¥|| < 1, |xy| < 1} onto U such that

peC(Q), ¢ 'eCU)., o¢0)=UNQ,  @(Q)=UNoQ,

where QO = {(x',xy) € Q; xy >0}, Qo = {(x,0); ||¥'|| < 1}.
We are now ready to formulate the extension theorem for the elements of the
space H'(£), a result upon which most of the properties of this space are built.

Theorem 1.3. Let Q be an open subset of RN that is of class C'. Assume
that either dQ is compact or Q = Rﬁ. Then, there is a linear operator
P:H'(Q) — H'(RY) and a positive constant C independent of u, such that

(Pu)(x) =u(x), aex€eQ, Vu e H'(Q), (1.23)
[Pull 2wy < Cllull2(0) Vu e H'(Q), (1.24)
[1Pul| 1 vy < Cllullgi () Yuec H'(Q). (1.25)

Theorem 1.3 follows from the next extension result.
Letu € H'(Q+) and let u* : Q — R be the extension of u to Q

oy u(x',xn) ifxy >0
u' (X xy) = , .
ulx',—xy) ifxy <O0.

Then u* € H'(Q) and ||“*||L2(Q) < 2Hu||L2(Q+)a ”u*HHl(Q) < 2||“||H1(Q+)' The ge-
neral result follows by a specific argument involving partition of unity (see, e.g.,
Brezis [7] or Barbu [5]).
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Now, we mention without proof an important property of the space H'(Q)
known as the Sobolev embedding theorem.

Theorem 1.4. Let Q be an open subset of RN of class C' with compact boundary
00, or Q = RIX, or Q =RN. Then, if N > 2,

1
N

HY(Q)C L (Q) for % = (1.26)

| —

IfN =2, then H' () C LP(Q) for all p € [2,0[.

The inclusion relation (1.26) should be considered of course in the algebraic and
topological sense; that is,

[ull o () < Cllullgi(q) (1.27)

for some positive constant C independent of u.
Theorem 1.4 has a natural extension to the Sobolev space W™?(Q) for any
m > 0. More precisely, we have (see Adams [1], p. 217)

Theorem 1.5. Under the assumptions of Theorem 1.4, we have

« N 1
WP (Q) C L (Q fl1<p<—, —=
@cu@ ii<p<l.

WmP(Q) C L1(£2) forall > p if p=

m
Na

)

SN

WmP(Q) C L=(RQ) if p> %

Remark 1.1. If Q is a bounded and open subset of R of class C!, then the following
norm on W17 (Q),

ull1,p = [Vulpr (@) + ulaa),
where | <g<p'if 1<p<N,1<g<owifp=Nand1 <g<ewifp>N,

1 1 1

P p N
is equivalent with the norm (1.22) for m = 1 (see, e.g., Brezis [7], p. 170).
We note also the following compactness embedding result.

Theorem 1.6. Let Q be an open and bounded subset of RN that is of class C'. Then,
the injection of the space H'(Q) into L*(Q) is compact.

The “trace” to 9Q of a Function u € H'(Q)

If Q is an open C! subset of RV with the boundary 9, then each u € C(Q) is
well defined on Q. We call the restriction of u to dQ the trace of u to dQ and it
is denoted by yy(u). If u € L*>(Q), then yy(u) is no longer well defined. We have,
however, the following.
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Lemma 1.2. Let Q be an open subset of class C' with compact boundary dQ or
Q= Rﬁ. Then, there is C > 0 such that

10 l200) < Cllullg gy, VueCyRY). (1.28)

Taking into account that for domains Q of class C! the space {u|q; u € C5(RV)}
is dense in H! (Q) (see, e.g., Adams [1], p. 54, or Brezis [7], p. 162), a natural way
to define the trace of a function u € H'(Q) is the following.

Definition 1.2. Let Q be of class C' with compact boundary or Q = RY. Let
u€ H'(Q). Then y(u) = limj_eo Y (1) in L2(9Q), where {u;} C C7(R") is such
that u; — uin H'(Q).

It turns out that the definition is consistent; that is, % (u) is independent of {u;}.
Indeed, if {u;} and {i;} are two sequences in C3(R") convergent to u in H'(2),
then, by (1.28),

110(uj — ;)| 20y < Clluj—@jllg1o) — 0 as j— e

Moreover, it follows by Lemma 1.2 that the map } : H'(Q) — L?(9Q) is conti-
nuous. As a matter of fact, it turns out that the trace operator u — Jp(u) is conti-
nuous from H'(Q) to H'/2(Q) and so it is completely continuous from H' () to
L*(0Q).

In general (see Adams [1], p. 114), we have W™ (Q) C L1(d) if mp < N and

< WW=Dp
~ (N—mp)

P<q

Definition 1.3. Let Q be any open subset of RY. The space Hé (Q) is the closure
(the completion) of C}(£2) in the norm of H'(Q).

It follows that H{ (22) is a closed subspace of H'(£2) and in general it is a proper
subspace of H'(€). It is clear that H} (£2) is a Hilbert space with the scalar product

N du v
(u,v), —;/ﬂa—xl a—)qu—i—/guvdx

with the corresponding norm

1/2
il = ( 9+ 2oyax)
Roughly speaking, H] (€2) is the subspace of functions u € H'() that are zero

on 0. More precisely, we have the following.

Proposition 1.11. Let Q be an open set of class C' and let u € H'(Q). Then, the
following conditions are equivalent.



1.3 Sobolev Spaces and Linear Elliptic Boundary Value Problems 15

(i) ueH}(Q).
(i) () =0

Proposition 1.12 below is called the Poincaré inequality.

Proposition 1.12. Let Q be an open and bounded subset of RN. Then there is C > 0
independent of u such that

lullr2@) < ClIVul 20 Vu € Hy ().

In particular, Proposition 1.12 shows that if €2 is bounded, then the scalar product

(u,v)) = /Q Vu(x) - Vo(x)dx

and the corresponding norm

= [ o)

define an equivalent Hilbertian structure on Hj (22).
We denote by H~'() the dual space of H}(R); that is, the space of all linear
continuous functionals on H{ (22). Equivalently,

H Q) ={uec 7'(Q); [u(@)| <Culollm@q), VoECT(Q)})
The space H~!(Q) is endowed with the dual norm
Jull 1 = sup{lu(@)l: @l <1}, Vue H(Q).
By Riesz’s theorem, we know that H~!(Q) is isometric to H} (€2). Note also that
HY(Q)CcL*(Q)cH '(Q)

in the algebraic and topological sense. In other words, the injections of L() into
H~1(Q) and of H}(Q) into L?(£2) are continuous. Note also that the above injec-
tions are dense.

There is an equivalent definition of H~!(£) given in Theorem 1.7 below.

Theorem 1.7. The space H™'(Q) coincides with the set of all distributions
u € 9'(Q) of the form

u-ﬁH—Z g){l in 2'(Q), where f; € L*>(Q),i=1,...,N.

The space WO1 ?(Q), p > 1, is similarly defined as the closure of C}(£2) into
WP (Q) norm. The dual of WOl P(Q) is the space
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w(Q), 1

1 1
—4 - =
P 9
defined as in Theorem 1.7 with fy, fi,..., fv € L.

Variational Theory of Elliptic Boundary Value Problems

We begin by recalling an abstract existence result, the Lax—Milgram lemma, which is
the foundation upon which all the results of this section are built. Before presenting
it, we need to clarify certain concepts.

Let V be a real Hilbert space and let V* be the topological dual space of V. For
each v € V* and v € V we denote by (v*,v) the value v*(v) of functional v* at v.
The functional a : V x V — R is said to be bilinear if for each u € V, v — a(u,v) is
linear and for each v € V, u — a(u,v) is linear on V. The functional « is said to be
continuous if there exists M > 0 such that

a(u)| < Mllully [vllv,  Vuvev.
The functional a is said to be coercive if

a(u,u) > ol|ull?, Yuev,
for some w > 0, and symmetric if

a(u,v) =a(v,u), Yu,v € V.

Lemma 1.3 (Lax-Milgram). Let a : V XV — R be a bilinear, continuous, and
coercive functional. Then, for each f € V*, there is a unique u* € V such that

a(u*,v) = (f,v), YveV. (1.29)

Moreover, the map f — u* is Lipschitzian from V* to V with Lipschitz constant
< o~ If a is symmetric, then u* minimizes the function u — (1/2)a(u,u) — (f,u)
on'V; that is,

%a(u*,u*) —(f,u") = min{;a(u,u) —(fiu); ue V} . (1.30)

If a is symmetric, then the Lax—Milgram lemma is a simple consequence of
Riesz’s representation theorem. Indeed, in this case (u,v) — a(u,v) is an equiva-
lent scalar product on V and so, by the Riesz theorem, the functional v — (f,v) can
be represented as (1.29) for some u* € V. In the general case we proceed as follows.
For each u € V, the functional v — a(u,v) is linear and continuous on V and we
denote it by Au € V*. Then, the equation

a(u,v) = (f,v), YwevV
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can be rewritten as Au = f. Then, the conclusion follows because R(A) is simulta-
neously closed and dense in V*.

Weak Solutions to the Dirichlet Problem

Consider the Dirichlet problem

(1.31)

—Au+c(x)u=f inQ,
u=0 on 0%,

where Q is an open set of RV, ¢ € L*(Q), and f € H~!(Q) is given.

Definition 1.4. The function u is said to be a weak or variational solution to the
Dirichlet problem (1.31) if u € H} () and

/Q Vu(x) - Vo(x)dr+ /Q c(u(x)p(x)dx = (£, ) (1.32)

for all ¢ € H}(Q) (equivalently, for all ¢ € C3(Q)).

In (1.32), Vu is taken in the sense of distributions and (f, ¢) is the value of the
functional f € H~1(Q) into ¢ € H}(Q). If f € L*(Q) C H~!(Q), then

(1.0)= [ Fx)o)dx.
By the Lax—Milgram lemma, applied to the functional
a(u,v) = / (Vu(x) - Vv(x) + cuv)dx, u,v €V =H}Q),
Q

we obtain the following.

Theorem 1.8. Let Q be a bounded open set of RN and let ¢ € L*(Q) be such that
c(x) >0, a.e. x € Q. Then, for each f € H~'(Q) the Dirichlet problem (1.31) has a
unique weak solution u* € H} (). Moreover, u* minimizes on H} (Q) the functional

> [ (Vul + el ()dx— (£, (1.33)
Ja
and the map f — u* is Lipschitzian from H () to H} (Q).

Weak Solutions to the Neumann Problem

Consider the boundary value problem
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—Au+cu=f inQ,

1.34
%:g ondQ, (139

where ¢ € L”(Q), c(x) > p >0, and f € L*(Q), g € [*(0Q).

Definition 1.5. The function u € H'(Q) is said to be a weak solution to the Neu-
mann problem (1.34) if

/Vu~Vvdx+/ cuvdx:/fvdx+/ gvdo, WweH (Q). (1.35
Q Q Q 2Q

Because for each v € H'(Q) the trace % (v) is in L?(9Q), the integral [, gvdo
is well defined and so (1.35) makes sense.

Theorem 1.9. Let Q be an open subset of RN. Then, for each f € L*(Q) and
g € L*(9Q), problem (1.34) has a unique weak solution u € H'(Q) that minimizes
the functional

u— = /|Vu (xX)|? 4 c(x)u?(x))dx — /f f/a!)gudcr on H'(Q).

Proof. One applies the Lax-Milgram lemma on the space V = H'(Q) to the
functional a(u,v) = [o(Vu-Vv+ cuv)dx, Yu,v € H'(Q), and (f,v) = [, fvdx
+ [508vdo. 0

Regularity of the Weak Solutions

We briefly recall here the regularity of the weak solutions to the Dirichlet problem

“Au=f inQ, 136
u=0 on dQ. '

By Theorem 1.8 we know that if € is a bounded and open subset of RY and
f € L*(Q), then problem (1.36) has a unique solution u € H} (). It turns out that
if dQ is smooth enough, then this solution is actually in H*(Q) N H} (). More
precisely, we have the following theorem.

Theorem 1.10. Let Q be a bounded and open subset of RN of class C*. Let
f€L*Q) and let u € H}(Q) be the weak solution to (1.36). Then, u € H*(Q)
and

lullz2@) < ClIf 2@ (1.37)

where C is independent of f.

To prove the theorem, one first shows that u € H*(Q') for each open subset
Q' C Q compactly embedded in Q (interior regularity). The most delicate part
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(boundary regularity) follows by the method of tangential quotients due to L. Niren-
berg. In short, the idea is to reduce problem (1.36) to an elliptic Dirichlet problem on
RY and to estimate separately the tangential quotients (Vu);, h = (hi,...,hy_1,0)
and the normal quotient (Vu);,, & = (0, ...,0,hy) in order to show that v € H*(RY).
For details we refer to Brezis’ book [7]. (See also [5].)

In particular, Theorem 1.10 implies that if A : H} (Q) — H~'(Q) is the elliptic
operator A = —A in 2'(Q); that is,

(Au,(p):/ Vu-Vodr, VoeHL(Q),
Q0

then
{uc HY(Q); Auc [X(Q)} C H*(Q)

and
lullp2) < ClAullzq),  Yue Hy(2)NH*(Q).

Theorem 1.10 remains true if € is an open, convex, and bounded subset of RV,
For the proof which uses some specific geometrical properties of Q2 we refer the
reader to Grisvard [10]. More generally, we have the following.

Theorem 1.11. If Q is of class C"? and f € H™ (), then the weak solution u to
problem (1.36) belongs to H"2(Q) and

[ullmsz SCfllm, — Vf € H"(Q).

Ifm > N/2, then u € C*(Q). In particular, if Q is of class C* and f € C*(Q), then

ueC>(Q).
We conclude this section with a regularity result for the weak solution u € H'(Q)

to Neumann’s problem

u—Au=f 1in€Q,

0 (1.38)
2y on dQ.

av
Theorem 1.12. Under the assumptions of Theorem 1.10 the weak solution
u € H'(Q) to problem (1.38) belongs to H*(Q) and

lullzio) < Cllfllia)ys — VfELX(RQ). (1.39)

Theorem 1.10 remains true in LP(L) for p > 1. Namely, we have (Agmon,
Douglis and Nirenberg [2])

Theorem 1.13. Let Q be a bounded open subset of RN with smooth boundary dQ
and let 1 < p < oo. Then, for each f € LP(Q), the boundary value problem

—Au=f in Q, u=0 on QR

has a unique weak solution u € WJ”’(.Q) NW2P(Q). Moreover, one has
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lullw2e@) < Clfllr @),

where C is independent of f.

The Space BV (Q2)

Let Q be an open subset of R with smooth boundary 9.
A function f € L'(£) is said to be of bounded variation on  if its gradient D f
in the sense of distributions is an RY-valued measure on Q; that is,

1Df] = sup{ [ rdivwas v e G@RY), [y < 1} < oo,
or, equivalently,
Il = [, Ipreoa,

where |Df]| is the total variation of measure Df.
The space of all functions of bounded variation on €2 is denoted by BV (). It is
a Banach space with the norm

1 fllBvi@) = [fli@) + [IDfIl-

Let f € BV(Q). Then there is a Radon measure iy on Q and a {;-measurable
function oy : Q — RY such that |6 (x)| = 1, iy, a.e., and

/fdivwdgz—/ w-opduy, Yy eCh(Q:RY). (1.40)
Q Q

For each f € BV (Q) there is the trace ¥(f) on dQ (assumed sufficiently smooth)
defined by

[ raivwag = [ wopdus+ [ v(fyy-van,
Q Q 0Q
Yy € C(Q;RV),

(1.41)

where v is the outward normal and dHV~! is the Hausdorff measure on 9.
We have that |y(f)|y € L' (0Q;dHN ).

We denote by BV?(Q) the space of all BV () functions with vanishing trace
on dQ. By the Poincaré inequality it follows that, on BV?(Q), ||Df|| is a norm
equivalent with [| f{|gy0 ).

Theorem 1.14. Let 1 < p < N/(N —1) and  be a bounded open subset. Then,
we have BV (Q) C LP(Q) with continuous and compact embedding. Moreover, the
function u — ||Dul| is lower semicontinuous in LP (Q).

We refer the reader to Ambrosio, Fusco and Pallara [3] for proofs and other basic
results on functions with bounded variations.
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Weak compactness in L' (Q)

Let © be a measurable subset of RY. Contrary to what happens in L”() spaces
with 1 < p < oo that are reflexive, a bounded subset .2 of L!(£) is not necessarily
weakly compact. This happens, however, under some additional conditions on .Z .

Theorem 1.15. (Dunford—Pettis) Let .4 be a bounded subset of L' () having the
property that the family of integrals { [ u(x)dx; E C Q measurable, u € .4} is uni-
formly absolutely continuous; that is, for every € > 0 there is §(€) > 0 independent
of u, such that [ |u(x)|dx < € for m(E) < 8(€) (m is the Lebesgue measure). Then
the set .M is weakly sequentially compact in L' (Q).

For the proof, we refer the reader to Edwards [9], p. 270.
Theorem 1.15 remains true, of course, in (L' (2))™", m € N.

1.4 Infinite-Dimensional Sobolev Spaces

Let X be a real (or complex) Banach space and let [a, b] be a fixed interval on the
real axis. A function x : [a,b] — X is said to be finitely valued if it is constant on
each of a finite number of disjoint measurable sets Ay C [a,b] and equal to zero on
[a,b] \ UrAg. The function x is said to be strongly measurable on [a,b] if there is
a sequence {x,} of finite-valued functions that converges strongly in X and almost
everywhere on [a,b] to x. The function x is said to be Bochner integrable if there
exists a sequence {x,} of finitely valued functions on [a,b] to X that converges
almost everywhere to x such that

b
lim [ ||x,(z) —x(2)||dt = 0.
a

n—oo

A necessary and sufficient condition guaranteeing that x : [a,b] — X is Bochner
integrable is that x is strongly measurable and that | ab |lx(#)||dt < eo. The space of all
Bochner integrable functions x : [a,b] — X is a Banach space with the norm

b
Il = [ o),

and is denoted by L' (a,b;X).
More generally, the space of all (classes of) strongly measurable functions x from

[a,b] to X such that
b /p
o= ([ Woear) <o

for 1 < p < coand [[x|. = esssup,cf ) [[X(2)]| < oo, is denoted by L”(a,b;X). This
is a Banach space in the norm || - || ,.
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If X is reflexive, then the dual of L”(a,b;X) is the space L9(a,b;X*), where
p<eo, 1/p+1/qg =1 (see Edward [9]). Recall also that a function x : [a,b] — X
is said to be weakly measurable if for any x* € X*, the function t — (x*,x(¢)) is
measurable. According to the Pettis theorem, if X is separable then every weakly
measurable function is strongly measurable, and so these two notions coincide.

An X-valued function x defined on [a,b] is said to be absolutely continuous on
[a, b] if for each & > 0 there exists §(€) such that Y¥_, ||x(t,) —x(s,)|| < €, whenever
YN e —sn| < 8(€) and (ty,8n) N (tm Sm) = @ for m # n. Here, (t,,,5,) is an arbitrary
subinterval of (a,b).

A classical result in real analysis says that any real-valued absolutely continuous
function is almost everywhere differentiable and it is expressed as the indefinite
integral of its derivative. It should be mentioned that this result fails for X-valued
absolutely continuous functions if X is a general Banach space.

However, if the space X is reflexive, we have (see, e.g., Komura [12]):

Theorem 1.16. Let X be a reflexive Banach space. Then every X -valued absolutely
continuous function x on [a,b] is almost everywhere differentiable on [a,b] and

x(t) = x(a) +/l %x(s)ds, Vt € [a,b], (1.42)

where (dx/dt) : [a,b] — X is the derivative of x; that is,

d o x(t+e) —x(1)
Ex(t) = Jim € '

Let us denote, as above, by Z(a,b) the space of all infinitely differentiable real-
valued functions on [a,b] with compact support in (a,b), and by 2'(a,b;X) the
space of all continuous operators from Z(a,b) to X. An element u of Z'(a,b;X) is
called an X-valued distribution on (a,b). If u € 9'(a,b;X) and j is a natural number,
then

u (@) = (—1)/u(e), Vo€ (a,b),

defines another distribution u(/ ), which is called the derivative of order j of u.
We note that every element u € L'(a,b;X) defines uniquely the distribution
(again denoted u)

(@) = '/a.bu(t)(p(t)dt, Vo € D(a,b), (1.43)

and so L' (a,b;X) can be regarded as a subspace of %'(a,b;X). In all that follows,
we identify a function u € L' (a,b;X) with the distribution u defined by (1.43).

Let k be a natural number and 1 < p < oo, We denote by W+ ([a,b];X) the space
of all X-valued distributions u € 2'(a,b;X) such that

M(l> c Lp(a7b’X) forj: 07 17...7](. (144)

Here, ul) is the derivative of order Jj of u in the sense of distributions.
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We denote by AP([a,b];X), 1 < p < o, the space of all absolutely continuous
functions u from [a,b] to X having the property that they are a.e. differentiable on
(a,b) and (du/dt) € L?(a,b;X). If the space X is reflexive, it follows by Theorem
1.16 that u € A" ([a,b]; X) if and only if u is absolutely continuous on [a,b] and
(du/dt) € LP(a,b;X).

It turns out that the space W' can be identified with A"». More precisely, we
have (see Brezis [7]) the following theorem.

Theorem 1.17. Let X be a Banach space and let u € LP(a,b;X), 1 < p < oo. Then
the following conditions are equivalent.

i) uew'(la,b];X).

(i) There is u’ € AVP([a,b]; X) such that u(t) = u’(t), a.e., t € (a,b).

Moreover, u' = du®/dt, a.e. in (a,b).

Proof. For simplicity, we assume that [a,b] = [0, T].
Let u € WIP([0,T]; X); that is, u € LP(0,T;X) and ' € LP(0,T;X), and define
the regularization u, of u,

T
(1) = n /0 W(s)p((t—s)mds, Vi€ [0,T], (1.45)

where p € Z(R) is such that [p(s)ds =1, p(¢) = p(—t), suppp C [—1,1]. Tt is
well known that u, — u in LP(0,T;X) for n — oo. Note also that u, is infinitely
differentiable. Let ¢ € 2(0,T) be arbitrary but fixed. Then, by (1.45), we see that

T du,
o dt

(H)o(r)dt = —/OT Uy (1) %) (t)dt = —/OT u(t) % (¢)dt

T ! |
=i (¢y) :/ u,@dt if suppp C (,T— ) .
0 n n

d 1 1
CZ" =u,, ae.in (n,T—n>.

On the other hand, letting n tend to oo in the equation

Hence,

() — thn(s) = x' ‘fj"r” (1)dr,

we get
13
u(t) — u(s) = / W (1)dT, ae.t,se (0,T),

because (u'), — u’ in L?(0,T;X). The latter equation implies that  admits an ex-
tension to an absolutely continuous function «° on [0, ] that satisfies the equation

W) —u(0) = / d(t)de,  Vie[0,T).
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Hence, (i) = (ii).

Conversely, assume now that u € A'"7([0,T];X). Then,

T T _ _
() = — / w00 ()t = —tim [ u(r) 2D=0C=8)
0 e—0Jo €
1 (T-¢ 1 (T
= —lim — (u(t) —u(t+€))o(t)dt — lim — u(t)o(r)dt
e—0 € Jo e—-0E& Jr—¢
€
tiim > [y —e)dr, Vo e 2(0.T).
e—0E& Jo
Hence
, T du
wlo)= | 4 e,  Yee2(0.T)

This shows that «’ € LP(0,T;X) and ' = du/dt. O

Theorem 1.18. Let X be a reflexive Banach space and letu € LP (a,0;X), 1 < p < 0.
Then the following two conditions are equivalent.

i uew(a,]:X).
(i1) There is C > 0 such that

b—h
/ ult +h) —u(t)|[Pdt < ClhP,  Vhe[0,b—d]

with the usual modification in the case p = oo.
Proof. (i) = (ii). By Theorem 1.17, we know that
1+ Jy,0
u(t +h) — u(t) = / S (s, Vrr+he b,
s

t

where u® € A7 ([a,b];X) that is, (du®/dt) € LP(a,b;X). This yields via the Holder
inequality and Fubini theorem

b—h b—h t+h
/ et + ) — u(r) [Pt < |h|p*1/ d;/
a a Jt

and this implies estimate (ii).

p

dO
aw i as

du®||” b
a d<h1’/
25 || ds =1l |

(i1) = (i). Let u,, be the regularization of u. A simple straightforward computation
involving formula (1.45) reveals that {u,} is bounded in L” (a, b; X ). Because u, — u
in L?(a,b;X), ul, — ' in 9'(a,b;X), and {u},} is weakly compact in LP(a,b;X),
which is reflexive, we infer that u’ € L?(a,b;X), as claimed. U

Remark 1.2. 1f u € W' ([a, b]; X), then it follows as above that

b—h
/ (e + 1) —u(e)|de < Clh|,  Vhe[0,b—adl.
Ja
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However, this inequality does not characterize the functions u in W'!([a, b]; X), but
the functions u with bounded variation on [a, b].

Let V be a reflexive Banach space and H be a real Hilbert space such that
V C H C V' in the algebraic and topological senses. Here, V' is the dual space of V
and H is identified with its own dual. Denote by | - | and || - || the norms of H and V,
respectively, and by (-,-) the duality between V and V'. If vy, v, € H, then (v,v2) is
the scalar product in H of v; and v;.

Denote by W),([a,b];V), 1 < p < oo, the space

1 1
W, ([a,b;V) ={u e LP(a,b;V); u' € L(a,b;V")}, ;—F;:l, (1.46)

where i’ is the derivative of u in the sense of 2'(a,b;V). By Theorem 1.17, we
know that every u € Wy([a,b];V) can be identified with an absolutely continuous
function u” : [a,b] — V'. However, we have a more precise result.

Theorem 1.19. Let u € W,([a,b];V). Then there is a continuous function
u®: [a,b] — H such that u(t) = u®(t), a.e., t € (a,b). Moreover, ifu,v € W,(|a,b;V),
then the function t — (u(t),v(t)) is absolutely continuous on [a,b] and

%(u(t),v(t)) = (' (t),v(t))+ (u(t),V(t)), aet€ (a,b). (1.47)

Proof. Letu,v € Wy([a,b];V) and y(r) = (u(t),v(r)). As we have seen in Theorem
1.17, we may assume that u,v € AC([a,b]; V') and

b—¢ _ q
lim w — u/(t) dt =0,
Elo a € \"d

b—€ _ q
llm M — v/(t) dt = 0.
810 a € v/

Then, we have, by the Holder inequality,

b—e
lim
€l0 Ja

yite)—w@) (u' (1), v(2)) — (u(r),v'(¢))

£

Hence, y € W' ([a,b];R) and (dy/dt)(t) = (u/(t),v(t)) + (u(t),V (t)), a.e.t € (a,b),
as claimed.
Now, in equation (1.47) we take v = u and integrate from s to . We get

S O~ ao)P) = [ 6/ (2),u(e))a.

Hence, the function t — |u(z)| is continuous. On the other hand, for every v € V the
function ¢ — (u(t),v) is continuous. Because |u(¢)| is bounded on [a, b], this implies
that for every v € H the function  — (u(z), v) is continuous; that is, u(z) is H-weakly
continuous. Then, from the obvious equation
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Ju(t) = u(s)[* = |u(0) P+ u(s)]* —2(u(t),u(s)), V.5 € [a,b]

it follows that limy_, |u(z) — u(s)| = 0, as claimed. OJ

The spaces W' ([a,b];X), as well as W, ([a,b]; V), play an important role in the

theory of differential equations in infinite-dimensional spaces.

The following compactness result, which is a sharpening of the Arzela—Ascoli

theorem, is particularly useful in this context.
Theorem 1.20 (Aubin). Let Xy, X;,X> be Banach spaces such that Xo C X| C X3,

X;

reflexive for i = 0,1,2, and the injection of X into X is compact. Let 1 < p; < oo,

i=0,1. Then the space

W = LP(a,b:Xo) "W ' 71 ([a, b]; X,)

is compactly embedded in L' (a,b; X).

The proof relies on the following property of the spaces X; (see Lions [11], p. 58).

For every € > 0 there exists C¢ > 0 such that

ullx; < ellullx, +Cellullx,,  VueXo.
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