13
Path Planning

Path planning includes three tasks: 1—Defining a geometric curve for the
end-effector between two points. 2—Defining a rotational motion between
two orientations. 3—Defining a time function for variation of a coordinate
between two given values. All of these three definitions are called path
planning. Figure 13.1 illustrates a path of the tip point of a 2R manipulator
between points P; and P; to avoid two obstacles.

FIGURE 13.1. A path of the tip point of a 2R manipulator to avoid two obstacles.

13.1 Cubic Path

A cubic function is the simplest polynomial to determine the time behavior
of a variable between two given values, rest-to-rest.

A cubic path in joint space for the joint variable ¢(t), or in Cartesian
space for a Cartesian coordinate ¢(t), between two points ¢(to) and q(ts)
is

q(t) = ag + a1t + ast?® + azt? (13.1)

_Q1t(2) (to — 3ts) + qot} (3to — ty) - qoty + qito

tr—to) K

R.N. Jazar, Theory of Applied Robotics, 2nd ed., DOI 10.1007/978-1-4419-1750-8 13,
© Springer Sciencet+Business Media, LLC 2010



730 13. Path Planning

qo — q1
a = 6tgtp—2 I
(tr —to)’
dhts (t% F oty — 262) + dito (2t§ 82— totf)
+ : - (13.3)
(ty —to)
W o~ W (3to + 3ty) + q1 (=3to — 3ty)
, =
(tr — to)’
d, (totf o2y t}) g (2t§ 2 totf>
_ ; (13.4)
(ts —to)
20 — 2 Pty —t Uty —t
as = qo0 @ +qp(ts 0:))) +q1 (ty —to) (13.5)
(tr —to)
and
q(to) = qo q(to) = qp
qty) = a5  q(ty) =g} (13.6)

Proof. A cubic polynomial has four coefficients. Therefore, it can satisfy
the position and velocity constraints at the initial and final points. For
simplicity, we call the value of the variable, the position, and the rate of the
variable, the velocity. Assume that the position and velocity of a variable
at the initial time ¢t and at the final time ¢ are given as (13.6).

Substituting the boundary conditions in the position and velocity equa-
tions of the joint variable

qt) = ap+ ait+ ast® + ast® (13.7)
q(t) = ay+ 2ast + ast? (13.8)
generates four equations for the coeflicients of the path.
1 to 15 ti ao 90
0 1 2t 3t0 ay q(')
. = 13.9
1 tf t? t‘} a2 qf ( )
0 1 2 32 || as a5
Their solutions are given in (13.2) to (13.5).
In case that tg = 0, the coefficients simplify to
ap = 4qo (1310)
@ = q (13.11)
3 (g5 — o) — (2616 + Q}) ty
ay = . (13.12)
t
f
—2(qr — qo) + (q6 + Q'f) ty
as = 3 . (13.13)

f
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FIGURE 13.2. Kinematics of a rest-to-rest cubic path.

It is also possible to employ a time shift and search for a cubic polynomial
of the form

q(t) = ao + ay (t — to) + ast (t — to)* +az (t — to)” . (13.14)

Now, the boundary conditions (13.6) generate a set of equations

1 0 0 0 ao %
0 1 0 0 a1 d,
= 13.15
Uty —t0) (-t (-t | faa | T ] g | (B
0 1 2(t; —to) 3(ty—to)° as s
with the following solutions:
ag Q(/]
a1 qo
ar | = | —(tr —t0)7* (340 — 3ar — 2toqy — tods + 2t5ah + tffl})
3 (tr —t0) ™" (2a0 — 2a5 — todh — tod} +tsgh + tfq})
(13.16)

A disadvantage of cubic paths is the acceleration jump at boundaries
that introduces infinite jerks. m

Example 348 Rest-to-rest cubic path.
Assume q(0) = 10deg, ¢(1) = 45deg, and ¢(0) = ¢(1) = 0. The coeffi-
cients of the cubic path are

ap =10 a1 =0 az = 105 az = —170 (13.17)
that generate a path for the variable as

q(t) = 10 + 105t* — 70t deg . (13.18)
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FIGURE 13.3. Kinematics of a to-rest cubic path in joint space.

The path information is shown in Figure 13.2.

Example 349 To-rest cubic path.

Assume the angle of a joint starts from 6(0) = 10 deg, 0(0) = 12deg /s
and ends at 0(2) = 45deg, 0(0) = 0. The coefficients of a cubic path for
this motion are:

81 —29
ag = 10 a]p = 12 ag = — az = —— (1319)
2 2
The kinematics of this path are
0(t) = 10+ 12t + 40.5¢* — 14.5¢> deg (13.20)
O(t) = 81t —43.5t> + 12 deg/s (13.21)
0(t) = 81 —87tdeg/s> (13.22)

and are shown graphically in Figure 13.3.

Example 350 Rest-to-rest path with a constant velocity in the middle.

Assume we need a rest-to-rest path with a constant given velocity ¢ = .
forty <t <ty where ty <t <ty <ty. We show the boundary conditions
to be satisfied as

q(to) = qo d(to) = g0
ity = q t<t<ty
alty) = a5 d(ty) =dj- (13.23)

The path has three parts: rest-to, constant-velocity, and to-rest. We need
an equation for the rest-to part of the motion to achieve the given velocity.
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A quadratic path has three coefficients and can be utilized to satisfy three

conditions.

a(t) = ag+ ait+ ast? (13.24)
@i(t) = a1+ 2ast (13.25)

The conditions are the initial position and velocity, and the final constant
velocity. Assuming tg = 0 the conditions for the rest-to path are

71(0) = qo 41(0)=0 qQi(t1) = q.. (13.26)

that generate the following equations:

g = ao (13.27)
0 = a (13.28)
g, = 2asty. (13.29)
Therefore, the rest-to path is:
/
@) = go + 2‘17%2 0O<t<t (13.30)
1

Given the specific constant velocity q. shows that the path in the middle
part is:
@2(t) = q (13.31)
@t) = qdt+C b <t <ty (13.32)
The constant of integration can be found by utilizing the position condition
att=1t;.

/

W+t = g +G (13.33)
2%,
1
C, = qo—§t1qé (13.34)

There are four conditions for the to-rest part of the path. Therefore, it
can be calculated utilizing a cubic equation

q3(t) = by + byt + bat® + bt (13.35)
G3(t) = by + 2bot + 3b3t? (13.36)

and the following boundary conditions:

as(ty) = qr (13.37)

gs(ty) = 0 (13.38)
1

a3(t2) = a2(t2) =2 = q:ba+ g0 — 5hac (13.39)

q(t2) = dalte) = q, (13.40)
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These conditions generate three equations

Loty t} t1}2 bo qr
0 1 2 32 || b 0
= 13.41
1ty 2 ba itz + qo — $t1q. (13.41)
0 1 2 3t bs qe
with the following solutions:
! t3 — 3tot?
bO = *tgt? 9 D) 2 +q2 3 3f 2f 2
—2tats + 13 + 3 —t§ + 13 — 3tat? + 363t
—t3 + 33t ¢
13.42
T TE AT 3002 + 303ty (1342)
2
A e Y PN S
—2tp +13 + 2 —t3 + t% — 3tat? + 363t
ty
—6t 13.43
MU 3ttt 1 363t (1343)
—tg — 2ty =3ty — 3ty
by = q. +
2 bty 3+ 68 P 16— 3ta03 + 363ty
3ty + 3ty
13.44
U TS 31 + 33t (13.44)
by = qc +92 a2
—2toty + 15+ 17 T —t3 1t} — 3tat + 3t3ts
ar
—2— - 13.45
—t5 + 3 — 3tat} + 313ty ( )
for
ta <t <ty. (13.46)
A graph of the path for the following values is illustrated in Figure 13.4.
t,, = 0.4s t2:0.7S tles
@0 = 0  gf=060deg q. =50deg /s (13.47)

Example 351 A quadratic path through three points.
A quadratic path passing through three points (q1,t1), (q2,t2), and (g3, t3)
18:
(t —t2) (t —t3) ¢ (t—t3) (t —t1) ¢
1 2
(t1 —t2) (t1 — t3) (ta —t3) (t2 — t1)
(t—t1) (t—t2)
g3
(ts —t1) (tz — t1)

q(t)

(13.48)
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FIGURE 13.4. A piecewise rest-to-rest path with a constant velocity in the mid-
dle.

As an example, the path passing through (10deg,0), (25deg,0.5), and
(45deg, 1) is:

(t—05)(t—1) (t—1)t t(t—0.5)
t) = 10 25 45
alt) 05— T Tos0s 0 T T 1
= —g (14.0¢ — 19.0t — 4.0) (13.49)
The velocity of the path at both ends are:
G(0) = 47.5deg/s (13.50)
G(1) = —225deg/s (13.51)

13.2  Polynomial Path

The number of required conditions determines the degree of the polynomial
for ¢ = q(t). In general, a polynomial path of degree n,

q(t) = ap + art + azt® + -+ + a,t" (13.52)

needs n + 1 conditions. The conditions may be of two types: positions at
a series of points, so that the trajectory will pass through all specified
points; or position, velocity, acceleration, and jerk at two points, so that
the smoothness of the path can be controlled.

The problem of searching for the coefficients of a polynomial reduces to a
set of linear algebraic equations and may be solved numerically. However,
the path planning can be simplified by splitting the whole path into a
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series of segments and utilizing combinations of lower order polynomials
for different segments of the path. The polynomials must then be joined
together to satisfy all the required boundary conditions.

Example 352 Quintic path.
Forcing a variable to have specific position, velocity, and acceleration at
boundaries introduces sixz conditions:

ato) = a  d(to)=ay  d(to) =a)
a(ty) = ar  qlty)=ay  Qlty) =qy (13.53)
A five degree polynomial can satisfy these conditions
q(t) = ap + art + ast® + ast® + ast* + ast® (13.54)
and generates a set of sixz equations:
1Lt 8§ 5 £ ao do
SEEE RN
A A S S e T
0 1 2ty 3t3 4t} 5t ay q
0 0 2 6ty 12t5 20t} as qf

A rest-to-rest path with no acceleration at the rest positions with the
following conditions:

q(0) = 10deg  ¢(0)=0  §(0)=0
g(1) = 45deg  ¢(1)=0  §(1)=0 (13.56)

can be found by solving a set of equations for the coefficients of the polyno-
maal

1 000 O O ao 10
01 00 0 O ax 0
00 2 0 0 O az | | O
1111 1 1 ||al|" |45 (13.57)
01 2 3 4 5 ay 0
00 2 6 12 20 as 0
which shows
ap 10
aq 0
az | _ 0
as | = 350 | (13.58)
aq —525
as 210
The path equation is then equal to
q(t) = 10+ 350¢> — 525t* + 210¢°. (13.59)

which is shown in Figure 13.5.
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FIGURE 13.5. A quintic rest-to-rest path.

Example 353 A jerk zero at a start-stop path.
To make a path start and stop with zero jerk, a seven degree polynomial

q(t) = ag + a1t + ast® + azt® + ast* + ast® + agt® + art’ (13.60)

and eight boundary conditions must be employed.
q0) = ¢ ¢0)=0 Go)=0  ¢(0)
1) = g q1=0 G1)=0 d1)=

Such a zero jerk start-stop path for q(0) = 10deg and q(1) = 45deg,
can be found by solving the following set of equations for the unknown
coefficients ag, a1, - , a7

0
0  (13.61)

10000 0 0 0 ao 10
01000 0 0 O a 0
00200 0 0 O as 0
0006 0 0 0 0 as | | 0
1111 1 1 1 1 ag | | 45 (13.62)
0123 4 5 6 7 as 0
0 0 2 6 12 20 30 42 ag 0
|00 0 6 24 60 120 210 | [ a7 | | O |

which provides

q(t) = 10 + 1225t — 2940t> + 2450t° — 700¢". (13.63)

A graph of this path is illustrated in Figure 13.6.
Figures 13.2, depicts the path of a rest-to-rest motion with no condition
on the acceleration and jerk. Figure 13.5 shows an improvement by forcing
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FIGURE 13.6. A jerk zero at start-stop path.

the motion to have zero accelerations at start and stop. In Figure 13.6,
the motion is forced to have zero acceleration and zero jerk at start and
stop. Hence, it shows the smoothest start and stop. However, increasing the
smoothness of the start and stop increases the peak value of acceleration.

Example 354 Constant acceleration path.

A constant acceleration path has two segments with positive and negative
accelerations. Let’s assume the absolute value of the positive and negative
accelerations are given.

|4(to)| = ac (13.64)

The first half of the motion has a positive acceleration that needs a second
degree polynomial

Qi(to) = act (13.65)
1
@ (to) = §act2 +qo (13.66)
for
1
0<t< sty (13.67)

The constants of integration are found based on the initial conditions.
n(0)=g¢  ¢@(0)=0 (13.68)

For the second half of the path, we may start with a second degree polynomial

1
@2(t) = ao + a1t + ast? Sty <t<ty (13.69)
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FIGURE 13.7. A constant acceleration path.

and impose the following boundary conditions:

@(ty) = qr
go(ty) = 0
ty try 1
n(5) = @ly)=gads +ao (13.70)

These conditions generate three equations for the unknown coefficients

Lty 3 ao ar
0 1 2t a | = 0 (13.71)
0 1 az %act? +qo

with the following solution:

ao qr —ty (qur%act?)
a | = 2q0 + iact? (13.72)
a —% (qO —+ %CI«J?)

A constant acceleration path is shown in Figure 13.7 for the conditions
qo = 10deg, g5 = 45deg, t; = 1, and a. = 200 deg /s>

Example 355 Point sequence path.

A path can be assigned via a series of points that the variable must attain
at specific times. The points may also be defined to approximate a trajectory.
Consider an example path specified by four points qo, q1, g2, and qs, such
that the points are reached at times tg, t1, to, and ts respectively. In addition
to positions, we usually impose constraint on initial and final velocities and
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accelerations. The conditions for such a sequence of points can be

qdo q(to) =0

q1
q2

q3 q(t3) =0

4(to) =0

4(ts) = 0.

A seven degree polynomial can be utilized to satisfy these

q(t)

ag + a1t + a2t2 + a3t3 + a4t4
+ast® + agt® + art”

The set of equations for the unknown coefficients is

OO R KRR, OO

5

£
3t2

that can be simplified to

OO R R R, OOKF

0 0
1 0
0 2
0.4 042
0.7 0.7°
11
12
0 2

0
0

0
0.43
0.7%

1

3

6

to  to
a3 5td
12¢2 2083
o f
ty  t3
ZR
4¢3 5t3

0 0
0 0
0 0
0.4* 045
0.7* 0.7°
11
4 5
1220

for the following example data.

N
~— N N N

10deg
20 deg
30deg
45 deg

.t
6t5 TS
30ty 425
9t
5t
g
6t3  7tS

0 0
0 0
0 0
046 0.47
0.7 0.77
11
6 7
30 42
4(0) =0
4(1) =0

ao
ai
a2
as
Gy
as
aeg
ar

ag
ax
a2
as
a4
as
ag
ar

(13.73)

etght conditions.

(13.74)

(13.76)

(13.77)
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FIGURE 13.8. A point sequence path.

The solution for the coefficients is:

ao
aj
a2
as
Qay
as
ae
ar

10
0
0
1500.5
—7053
12891
—10380
3076.9

These coefficients generate a path as shown in Figure 13.8.

This method provides a continuous and differentiable function for the ¢
variable. Continuity and differentiability of ¢ = q(t) is an advantage that
provides a continuous velocity, acceleration, and jerk. However, the number
of equations increases by increasing the number of points, which needs larger

data storage and increases the calculating time.

Example 356 Splitting a path into a series of segments.
Instead of using a single high degree polynomial for the entire trajectory,
we may prefer to split the trajectory into some segments and use a series

of low degree polynomials.

Consider a path for the following boundary conditions:

741

(13.78)

(13.79)
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which must also pass through three middle points given below.

qt)) = @
q(t2) = @
q(ts) = g3 (13.80)

Let’s split the entire path into four segments, namely q,(t), q2(t), g3(t), and
qa(t).

q(t)  for qto) < qi(t) <q(t1) and to<t<ty
@2(t)  for q(t1) < q2(t) < q(tz) and t; <t <ty
qs(t)  for qt2) < qs(t) < q(ts) and t2<t<ts
qa(t)  for q(ts) < qu(t) < q(ts) and t3<t<ty

The boundary conditions for the first segment are

ai(to) = qo qi(to) =0 Gi(to) =0
q1(t1) T (13.81)

which can be satisfied by a cubic function.
@1(t) = ag + a1 (t — to) + as (t — to)” + az (t — to)* (13.82)

The coefficients can be calculated by solving a set of equations

1 0 0 0 ap q0
0 1 0 0 a | | o0
0o 0 2 0 a |~ | 0 (13.83)
1 (t1—to) (t1— t0)2 (t1 — t0)3 as q1

that provides

q1 — qo

T (13.84)

ap = qo a; =0 az =0 az =

The path in the second segment must satisfy the following boundary condi-
tions:

@t) = ¢
G(t)) = Gi(t) = ay +2as (t1 —to)* + 3as (t1 — to)*
q1 — qo
= 3
qo + T—
@) = @ (13.85)

A quadratic polynomial will satisfy these conditions:

qa(t) = by + byt + bot? (13.86)
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The coefficients are the solutions of

1 # t% bo q1
0 1 2t1 bl = qo + SH (1387)
1 ty 13 by 92
that provide
5 —2t1to + 13
by = L 2
0 R e s VA B
3 —Go+q1
-t — + 33— 13.88
Yt t <QO —lo+ 1 ) ( )
tl tl
bp = 2 -2
! Nt +2+8 Pt + 2+ 6
i1+ 12 —Qo+q1
+— + 33— 13.89
—li + 12 (q() —to+ 11 ) ( )
q1 q2
by = —
2 TSI N L TRV B
—qo+q1
- + 33— 13.90
i+ b <q0 T ) (13.90)
The boundary conditions in the third segment are:
a(t2) = ¢ 43(t2) = Ga(t2) = by + 2bato
as(ts) = g (13.91)
We can satisfy these conditions with a quadratic equation
qs3 (t) =co+ Clt + CQtQ (1392)
that provides three equations for the unknown coefficients.
1ty 13 Co P
0 1 2t Cc1 = b1 + 2bsto (1393)
1 i3 t% C2 q3
The coefficients are:
i3 t
= —to————— (by + 2bat ——
Co 2—t2—|—t3(1+ 22)+q5—2t2t3+t§—|—t§
—2tots + t3
2ts + 1 (13.94)

az —2tat3 +t5 + 13
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ty +ts ts
T ) . S—
“ —ta + 13 (b1 + 2bs12) + 202 —2tat3 +13 + 13
to
B otots + 12+ £2
1 q2
(Y e - E—
@ gy et - e

4B
—2tgts + 15 + 13

The boundary conditions for the fourth segment are

Ga(t3) = ¢3(t3) = c1 + 2cat3
Ga(t)) =0  Ga(ts) =0

q(ts) = g3
qa(ts) = q

which needs a fourth degree polynomial to be satisfied.

Q4(t) = do + dlt + d2t2 + d3t3 + d4t4

(13.95)

(13.96)

(13.97)

(13.98)

Substituting the boundary conditions generates a set of four equations for

the coefficient.

Loty 1§ 3 3 do a3
0 1 2t St% 4t% dq c1 + 2cats
1 t4 ti ti tﬁ d2 = qa
0 1 2ty 3t3 4t} ds 0
0 0 2 6ty l?ti dy 0

As an example, a set of conditions given by

to=0 t;, =04 t,=07 t3=09 t4=1
q(0) = 10deg  ¢(0)=0  G(0)=0
q(0.4) = 20deg
q(0.7) = 30deg
q(0.9) = 35deg
q(1) 45deg  ¢:(1)=0  G(1)=0
provides
q(t) 10 + 156.25¢°
@(t) = —41.56 + 222.78t — 172.2¢>
q3(t) = 148.99 — 321.67t + 216.67t*
au(t) 198545 — 827166.6672t

+1290500t2 — 893500¢> + 231666.67t*

(13.99)

(13.100)

(13.101)

(13.102)
(13.103)
(13.104)

(13.105)
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FIGURE 13.9. Spliting a path into a series of segments.

which is shown in Figure 13.9 graphically.

The disadvantage of the segment method is the lack of a smooth overall
path and having a discontinuous acceleration. To increase the smoothness
of the path, we need to use higher degree polynomials and put constraints
on acceleration and possibly jerk.

Fquations (18.102)-(13.105) indicate that:

Gi(ty) = 375 Go(t1) = —344.4 (13.106)
Go(ta) = —3444  Gs(te) = 433.34 (13.107)
G3(ts) = 433.34  Gu(ts) = 7900 (13.108)
41 (t1) # Go(t1) Ga(t2) # G (t2) G3(ts) # Ga(ts) (13.109)

Therefore, the acceleration of the path is not continuos at the connection
points and show a finite jump. A jump in acceleration introduces an in-
finity jerk. Having continuos acceleration is the minimum requirement for
smoothness of a path. A piecewise path with continuous acceleration is called
spline.

Example 357 % Least-squares polynomial.

When the number of points to approximate a trajectory is too large, we
may use a low degree polynomial to pass close to the points. Least-squares
s an applied method to determine the coefficients of a selected polynomial
to approximate the path.

Consider a path with N given points,

pi=pt) =123, N (13.110)

and a polynomial of degree n that is supposed to approximate the path. If
N =n+1 then the polynomial passes exactly through all given points. To
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work with low degree polynomials, we choose n < N + 1.
q=ap+ait+agt? +--- + a,t" (13.111)

Having the N points (13.110) and the polynomial (13.111), we define an
error e; at t;.

€ =pi— G =pi — Ao — art; — ast] — -+ — ant} (13.112)

Sum of €2 for all points p; is the total error e.

N N
e:Ze? :Z(pi—ao—alti—agt?—~-~—ant?)2 (13.113)

The minimum error e provides the best approxzimate polynomial (13.111).
At the minimum, all the partial derivatives de/Odagy, de/day, - -, de/day
vanish. These conditions generate n + 1 equations:

N
de
(9_610 = —2Z(pi—a0—alti—agt?—~-~—ant?):0
i=1
de ol
8_a1 = —QZti(pi—ag—alti—agt?—---—ant?):0
i=1
de ol
e = =2 "8 (pi — ao — axt; — agt — -+ —apt}) =0 (13.114)
" i=1
Dividing each equation by —2 and rearrangement gives n + 1 equations to
be simultaneously solved for the coefficients a;, i =1,2,--- ,n.
N N N
TEESE) SNSRI WA 9
i=1 i=1 i=1

N N N N
aOZtiﬁ-ath?—F-“ﬁ-anZt?H = Ztipi
i=1 i=1 i=1 i=1

N N N N
ap Y a4 a5 = Y U (13.115)
1=1 =1 1=1 1=1

Rearrangement makes a set of linear equations to be solved for a;, i =
1’ 27 BRI ¢}

[Ala=Db (13.116)



13. Path Planning 747

where,
N N N
N Zi:l Li Zi:l tzz T Zi:l ti
N N N N 1
(4] = Yt i t] Yt MLt (13.117)
N N N N
Zi:l t? Zi:l t?“ Zi:l t?” U Zizl t%n
N
ao > i1 Di
N
ay Zi:l tzpz
= b= N . 13.118
a .(1_2. D1 tzzpi ( )
a N
" Y im1 tipi

13.3 % Non-Polynomial Path Planning

A path of motion in either joint or Cartesian spaces may be defined based
on different mathematical functions. Harmonic and cycloid functions are
the most common paths.

q(t) = ag+ ajcosast+ azsinast (13.119)
q(t) = ao+ait —azsinast (13.120)

However, we may also use other function approximate methods such as
Fourier,

qt) = %A—Z[Ancos(nm)—l—anin(nx)] (13.121)
n=1

A = / o(t)dt (13.122)
T™J -7
1 ™

A, = —/ q(t) cos (nx) dt (13.123)
™ —T
1 ™

B, = ;/ q(t) sin (nz) dt (13.124)

Legendre,

aw(t) = > Li(t)g(t:) (13.125)
i=0

Li(t) = ﬁ Pl 01,2, m (13.126)

(] t _ t] ) ) b ) M
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FIGURE 13.10. A harmonic path.
Chebyshev.

Gn1(t) = 2tqn(t) — gn-1(t) (13.127)
wt) = 1  qt)=t (13.128)

Example 358 Harmonic path.
Consider a harmonic path between two points q(to) and q(ty)

q(t) = ao + a1 cos ast + az sinast (13.129)

with the rest-to-rest boundary conditions.

q(to) = qo q(to) =0
qty) = qr q(ty) =0 (13.130)

Applying the conditions to the harmonic equation (15.129) provides the
following solution:

1

q(t) = B (qf +qo0 — (g — qo) cos

M) . (13.131)

ty —1to
A plot of the solution is depicted in Figure 13.10 for the following numerical
values:

to = 0 tp=1

q0

qr = 45deg gy =0. (13.132)

|
—_
o
[N
@
03
[}
o
|
o
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FIGURE 13.11. A cycloid path.
Example 359 A cycloid path.

A cycloid path between two points q(to) and q(ty) with rest-to-rest bound-
ary conditions

= 0
alty) = a5 q(ty) =0 (13.133)

q(t) = qo +

4 — % (W(t —to) 1. M) (13.134)

™ tp—to 2 tr —to

A plot of the cycloid path is illustrated in Figure 18.11 for the following
numerical values:

to = 0 ty=1
go = 10deg =0
qr = 45deg gy = 0. (13.135)

Comparing Figure 13.11 with 13.5 indicates that the main kinematic
characteristics of a cycloid path are similar to quintic rest-to-rest path.

13.4 Manipulator Motion by Joint Path

Having the joint variables as functions of time, and employing the forward
kinematics of manipulators, allows us to calculate the path of motion for
the end-effector.
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Example 360 2R manipulator motion based on joints’ path.
Assume that we have calculated the paths of the two joints of a 2R planar
manipulator according to cubic functions, and they are:

01(t) = 10+ 105t* — 70t* deg (13.136)
02(t) = 10+ 350t3 — 525t* 4 210t deg (13.137)

The joints’ paths satisfy the following conditions:

01(0)
01(1)

10deg  0,(0) =
45deg  01(1)

|
o o

(13.138)

02(0) = 10deg  65(0) =0
02(1) = 4bdeg  03(1)=0  B5(1)=0 (13.139)

The forward kinematics of a 2R manipulator are found in Example 141
as below.

T, = T 'Th
c (01 + 02) —8 (91 + 02) 0 l1cl1 + lac (91 + 92)
8(91 +92) 6(91 +92) 0 Il1s61 + s (91 +92)
0 0 1 0 (13.140)
0

0 0 1

The fourth column of °Ty indicates the Cartesian position of the tip point
of the manipulator in the base frame. Therefore, the X andY components
of the tip point are:

X = licosby +lycos (01 +62) (13.141)
Y = ll sin 01 + l2 sin (01 + 02) (13142)

Substituting 61 and 0y from (13.136) and (13.137) provides the time vari-
ation of the position of the tip point. These variations, for Iy =1ls = 1m
are shown in Figure 18.12, while the configurations of the manipulator at
initial and final positions are shown in Figure 13.13.

As long as the joint variables are defined and given as functions of time,
it is immaterial which joint turns first. The joint variables are relative
coordinates and the final configuration of the robot would be the same. They
can even turn together.

Mowving a robot by applying a set of joint paths is not always a proper
method. In case the joint variables are not monotonic in time and are
fluctuating, defining a joint path is more complicated. Furthermore, it is
not easy to move the end-effector of a robot on a desired geometric path by
defining joint paths.
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FIGURE 13.12. X and Y components of the tip point position of a 2R planar
manipulator.

FIGURE 13.13. Configuration of a 2R manipulator at initial and final positions.
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FIGURE 13.14. A 2R robot moveing along a given line.

Example 361 A 2R robot moving along a line.
Let us consider a 2R manipulator with

lh =1,=025 (13.143)

that its tip point is supposed to move on a given line Y = f(X) as is shown
in Figure 13.14.
Y = —0.25998 X + 0.3705 (13.144)

Assume that the first angle is moving between 45 deg and 135 deg in 10sec
45deg < 61 < 135deg (13.145)

based on a cubic path.

=T 3 T s

0<t<10 13.146
17200 " 1000 < b s ( )

The elbow joint R will move on a circle and at the beginning is at:
Xp, = 025 cos% = 0.176 78 (13.147)

Vi,

0.25sin % = 0.176 78 (13.148)

Point Py must be on the line (13.144) at a distance d = 0.25 from Ry.

d \/(X —0.17678)* 4+ (Y — 0.176 78)*

\/(X —0.17678) + (—0.25998 X + 0.3705 — 0.176 78)*
0.25 (13.149)



13. Path Planning 753

Therefore, Py is at:
Xp, =0.41122 Yp, =0.26359 (13.150)

and initial values of angles ¢ and 05 are:

Vo, =Ya, _ . 026359 —0.17678
Xp, — Xp, 0.41122 —0.176 78

0.354 63 rad ~ 20.319 deg (13.151)

¢ = arctan

o = 0, — = Z —0.35463
= 0.43077rad ~ 24.681 deg (13.152)

The elbow joint R at the final position is at:
37
Xr, = 0.25cos Vil —0.176 78 (13.153)

Yr,

3
0.25 sin Tﬁ = 0.176 78 (13.154)

Point Py must be on the line (13.144) at a distance d = 0.25 from Rs.

d \/(X+0.176 78)* + (Y —0.17678)*

\/(X +0.176 78)% + (—0.25998X + 0.3705 — 0.176 78)?
= 025 (13.155)

Therefore, Py is at:
Xp, = —2.8188 x 1072 Yp, =0.37783 (13.156)

and final values of angles ¢ and 0y are:

et YPo = Yea o 0.37783—0.17678
L Xp, — Xp, —2.8188 x 102 1 0.176 78
= 0.93432rad ~ 53.533 deg (13.157)
3
0y = 01— = f —0.93432
= 1.4219rad ~ 81.469 deg (13.158)

To determine 0o during the motion, we should follow the same procedure.
Let us find the position of the elbow joint R as a function of ;.

Xpr =0.25cos0; Yr = 0.25sin 60, (13.159)
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The tip point P must be on the line (13.144) at a distance d = 0.25 from
the elbow joint R.

d = \/(Xp —0.25c0s601)° + (Yp — 0.25sin60;)*

= \/(Xp —0.25c0s61)° + (—0.25998 X p + 0.3705 — 0.25 sin 0;)*
= 025 (13.160)

Solution of this equation for Xp and substitution in (13.144) provides the
coordinates (Xp,Yp) of the tip point P during the motion. Then, the angle
@ and 02 would be:

Yp - YR Yp — 0.25sin 91

7XP X, = arctan —XP 025080, (13.161)
Yp — 0.25sin 91
Xp —0.25cos 04

¢ = arctan

02

01 — ¢ =0, — arctan (13.162)

Therefore, to make the point P moving along the line (13.144), while 01 is
varying as (18.146), the angle 65 must vary according to (13.162).

13.5 Cartesian Path

Cartesian path planning is mathematically similar to joint space path plan-
ning. Having the coordinates of the start and stop point of the end-effector
as

Py=Py(Xo, Yo, Zo) Pr=P(X1,Y1,7) (13.163)

we can connect the points by a geometric space curve
Z =27 (X) Y =Y (X) (13.164)

where,
X (to) = Xo X (tf) = Xy. (13.165)

Then, we may define a time path for one of the coordinates, say X, between
Py and Py to determine the kinematic behavior of the other coordinates on
the geometric path (13.164).

A point-to-point path can also be planned by connecting the points, or
designing a path to pass close to but not necessarily through the points. A
practical method is to design a path utilizing straight lines with constant
velocity, and deform the corners to have a smooth transition.

The path connecting points ry to ro, and passing close to the corner ry
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Iy

FIGURE 13.15. Transition parabola between two line segments as a path in
Cartesian space.

on a transition curve, can be designed by a piecewise motion.

r(t):rl—t t(rl—l‘o) togtétl—tl
— L0
t—t —t)?
r(t) r1—( - ) (r1 —ro)
4t/ (- to) (13.166)
(tth’ftl) , , ’
— t—t <t<t;+t
W =gy 2 pmhstshT
t—t )
I‘(t)— 1— (1‘2—1‘1) th+t <t<ty
to — 11

The path starts from ry at time ¢y and moves with constant velocity v; =
ﬁ along a line until a point at switching time ¢; — ¢’. At this time, the
path switches to a constant acceleration parabola. At another switching
point at time t; + ¢/, the path switches to the second line and moves with
constant velocity vo = ‘;;::11 toward the destination at point ry. The time
t1 —to is the required time to move from rg to ry and ¢ — ¢ is the required
time to move from r; to ry, if there were no transition path. The path is

shown in Figure 13.15 schematically.

Proof. The first line segment starts from a point ry at time ¢y and, without
any deformation, it arrives at point r; at time ¢; via a constant velocity.
The second line ends with a constant velocity at point ro at time ¢5 and,
without deformation, it would start from point r; at time ¢;.
Pl—tl t(I‘l—I‘o) to <t <t
r(t) = hto (13.167)
r; — — (rg —rq) t1 <t <to

to —ty
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We introduce an interval time ¢ before arriving at r; to switch from the
line to a transition curve. The transition curve is then between times t; —t’
and t; + t’. The simplest transition curve is a parabola, which, at the end
points, has the same speed as the lines.

The boundary positions of the transition curve on the first and second
lines are respectively at

t/
I'(tl — t/) = I — (51 (13168)
t1 — 1o
t/
I‘(tl + t/) = r+ 05 (13169)
to — 11
where,
61 = TI]—1Ip (13170)
62 = I9 —TIj. (13171)

The velocity at the beginning and final points of the transition curve are
respectively equal to:

1
Pt —t) = 41 (13.172)
t1 —to
1
f‘(tl + t,) = P (13173)
to — 11

Assume the acceleration of motion along the transition curve is constant
¥(t) =¥, = const (13.174)

and therefore, the transition curve after integration is equal to
1
r(t) =r(ty —t) + (t—t, +t)i({t —t') + §(t —t + )% (13.175)

Substituting (13.168) and (13.172) provides

t—1t 1
L5+ =it —t +1)% (13.176)
t1 —to 2

r(t)=r; +

The transition curve r(¢) must be at the end point when t =¢; + ¢/

! /

t
02=r11 +
2 1t

Oy + 2. 12 (13.177)
2 — 11 1 —to

I‘(tl -l—t/) =TI + n

therefore, the acceleration on the curve must be

¥ _i( 92 J ) (13.178)

CT o \ty—t1 1 —to
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Hence, the curve equation becomes

(-t —t)? (t+t —1y)?
VA4t —to) A (ta— 1)

r(t)=r1—0 (13.179)
showing that the path between ry and ry has a piecewise character given
in (13.166).

A Cartesian path followed by the manipulator, plus the time profile along
the path, specify the position and orientation of the end frame. Issues in
Cartesian path planning include attaining a specific target from an initial
starting point, avoiding obstacles, and staying within manipulator capa-
bilities. A path is modeled by n points called control points. The control
points are connected via straight lines and the transient parabolas will be
implemented to exclude the sharp corners.

An alternative method is applying an interpolating or approximating
method, such as least-squared, to design a continuous path over the control
points, or close to them. m

Example 362 A path in 2D Cartesian space.

Consider a line in the XY plane connecting (1,0) and (1,1), and another
line connecting (1,1) and (0,1). Assume that the time is zero at (1,0), is
t =1secat(1,1), and ist = 2sec at (0,1). For an interval time t' = 0.1 sec,
the position vector at control points are

ro = i (13.180)
o= i+) (13.181)
ry J (13.182)
t/ t/
r(t,—t) = 11— —06 =i+ (1 - —>j (13.183)
tl tl
t/ t/
I‘(tl ‘l‘t/) = r+—60y= (1 . —) 1+ (13184)
to to
where
(51 = Iy —Ig—= j (13185)
62 = I —TI] = —1. (13186)

The path of motion is then expressed by the following piecewise function as
shown in Figure 13.16:

i+ 0<t<0.9
i) =4 (1-5)i+ (1-454E5) 09<ie<ia (13as7)

2—1t)i+) 1.1<t<2
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FIGURE 13.16. A transition parabola connecting two lines.

The velocity of motion along the path is also a piecewise function given

below.
J 0<t<09
Pt) =< 5% -7 09<¢e<11
—i 11<t<2

Example 363 A 2R manipulator following a line.
Assume the 2R manipulator in Figure 15.14 has

lh=10=025

and its tip point is supposed to move on a given line Y = f(X).

Y = —0.25998X + 0.3705

The manipulator moves form Py to Py in 10sec.

Xp, =041122  Yp, = 0.26359

Xp, =—28188x 1072  Yp, =0.37783

Let us define a rest-to-rest cubic path for X.

X =0.41122 — 0.01149096t2 + 0.000766064¢>

(13.188)

(13.189)

(13.190)

(13.191)

(13.192)

(13.193)

We determine the equation of Y as a function of t by substituting X = X (t)

in the line equation (13.190).

Y = —1.9916 x 10743 + 2.9874 x 1072¢? + 0.26359

(13.194)
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13.6 % Rotational Path

Consider an end-effector frame to have a rotation matrix ¢ Ry at an initial
orientation at time ¢o. The end-effector must be at a final orientation Ry
at time t¢. The rotational path is defined by the angle-axis rotation matrix
Rﬂ7¢

Rosg= "Ry = “RL Ry (13.195)
that transforms the end-effector frame from the final orientation “ Ry to the
initial orientation ¢ Ry. The axis of rotation %4 is defined by a unit vector

expressed in the initial frame. Therefore, the desired rotation matrix for
going from initial to the final orientation, would be

R, ,= “R} “Ry. (13.196)

Keeping "% constant, we can define an angular path for ¢ to vary Ri’;ﬁ’ &
from “Ry to “Ry at t;.

To control a rotation, we may define a series of control orientations &Ry,
GRy, ---, “R,, between the initial and final orientations, and rotate the
end-effector frame through the control orientations. When there is a control
orientation “R; between the initial and final orientations, then the initial
orientation Ry transforms to the control orientation “R; using an angle-
axis rotation Rog ¢ , and then it transforms from the control orientation
G R, to the final orientation using a second-angle axis rotation Rigg,-

Rogg, = YRRy (13.197)
Rige, = CRTCR; (13.198)

Proof. According to the Rodriguez rotation formula (3.4),
"Ry = Rog 4 =1Icosg+ "0 0" vers ¢ + “aisin ¢ (13.199)

the angle and axis that transforms a frame By to another frame By are
found from

1
cos¢ = 5 (tr ("Ry) —1) (13.200)
_ 1
00 = 2Sin¢(°Rf—OR?). (13.201)

If ¥Ry is the rotation matrix from By to the global frame G, and 9 Ry is
the rotation matrix from By to G, then

“R; = “Ry "Ry (13.202)

and therefore,
"Rj = Ros 4= “RE “Ry. (13.203)
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We define a linearly time dependent rotation matrix by varying the angle
of rotation about the axis of rotation

ORf(t) = Roﬁv(ttf:ttglo )é (13204)
11 (t) 12 (t) 713 (t)
= 7"21(15) T292 (t) T23 (t) to S t S tf
r31(t)  732(t) 7s3(t)

where, t( is the time when the end-effector frame is at orientation ¢ Ry and
ty is the time at which the end-effector frame is at orientation GRf, and

t—t t—1
rii(t) = u%vers 9 ) ¢ + cos 9 )¢
—to tr — to

t—1t
ro1(t) = wjugvers ( ) ¢ + ugz sin ( 0 ) 10)
ty —to
-t t—1t
r31(t) = wjugvers ( 0 — ug sin ( 0 ) ¢ (13.205)
ty —to
—1 t—t
ri2(t) = wjugvers 0 — 3 sin 0 10
—t ty —to

t
roo(t) = u3vers to + cos 0
- to ty
t—1o
ra2(t) = wugugvers " ¢ (13.206)
f—to

(
ris(t) = u1u3ver<
G

— to . )
ros(t) = wugugvers — uyp sin
— o tr—to
) t—to
ra3(t) = wjvers ¢ + cos @. (13.207)
tf - to ty —to

The matrix °R¢(t) can turn the final frame about the axis of rotation *a

onto the initial frame, and therefore,
“Rf = YRy "Ry (). (13.208)

If there is a control orientation frame ©R; between the initial and final
orientations, then

SRi = CYRy°R; (13.209)
“Ry = CR, 'Ry (13.210)
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and therefore,
Rogy, = °Ri=C°RI°R (13.211)
Rizs, = 'Ry= Rl CRy. (13.212)

The rotation matrices °R; and 1Rf may be defined as linearly time
varying rotation matrices by

YRi(t) = Rog (t=to 4 to<t<t

T1—t
Rp() = Ry ot (13.213)

~ t—t .
(7= - =

Using these variable matrices, we can turn the end-effector frame from the
initial orientation @ Ry about °@ to achieve the control orientation © Ry, and
then turn the end-effector frame about @ to achieve the final orientation
SRy.

Following the parabola transition technique of section 13.5, we may define
an orientation path connecting Ry and GRf, and passing close to the
corner orientation “R; on a transient rotation path. The path starts from
“Ry at time ty and turns with constant angular velocity along an axis
until ¢ = ¢; — ¢’. At this time, the path switches to a rotational parabolic
path with constant angular acceleration. At another switching orientation
at time ¢t = t; + ¢/, the path switches to the second path and turns with
constant velocity toward the destination orientation “Ry. The time t; —to
is the required time to move from Ry to “Ry, and ty — t; is the required
time to move from “R; to GRf if there were no transition path.

We introduce an interval time t' before arriving at orientation “R; to
switch from the first path segment to a transition path. The transition
path is then between times t; — ¢’ and t; + t'. At the second switching
orientation, the transition path ends at the same angular velocity as the
third path segment.

The boundary positions of the transition path between the first and third
segments are respectively

CRi(ti —t') = YRy °Ryi(t; —t)

%Ry Roq 1oy, t=t; —t' (13.214)
“Re(ty+t) = YRy 'Ry(ty +1)

“Ri Ry vy, t=1t; +t. (13.215)

tr—t1

The transition path is then equal to

t—t —t (=t —1)2 trt —t)?
Rt(t> _ GROORl(l _( 1) ) 1Rf<g

2t/ At (t1 — to) 4t (ty — ty)

— GRyR (13.216)

Lottt (=t —t9)2 R . pt! — )2
Ot (S 5—— 217 (11 —tg) )0 luv((t,ﬂitl))%
at (t,f—tl)

ti—t < t<t1 4+t
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and the entire path is:

R(t) = "Ri(t) = Ry (=10, to<t<t,—t
Nty —tg /70

R(t) = Ry(t) t—t' <t <ty 4+t (13.217)
R(t)='Re(t) = Rig izt ), b+t <t <t
NEp—tp

Example 364 Rotation about Z-azis.
Consider a body B which is initially coincident with the global coordinate
frame G at t = 0. So, its initial transformation matriz is an identity.

Ry =1 (13.218)

B is suppose to be at © Ry after 10sec.

-1 0 0
“Ry=| 0 -1 0 (13.219)
0 0 1

The axis of rotation >Ry is the Z-axis, and the angle of rotation is w. The
transformation matriz between the initial and final orientations of By and
BQ 18:

-1 0 0
Ry = YRTCRy=| 0 -1 0 (13.220)
0 0 1

Let us define a cubic rest-to-rest path for the angle of rotation c.

_3m ., T o3

= — — 13.221
“T 7000 500 ( )
The angular path of B between By an By is:
[ cosa —sina 0
Ry = sina  cosa 0 (13.222)
0 0 1
r L 37 T i 3T i
cos mtz - mtg — sin mtz — th 0
= sin f’—&]t2 — %t?’ cos %ﬂ — %t?’ 0
I 0 0 1
Example 365 Rotation about X -axis.
A body B is initially at
1 0 0
0 s _sin T
GR, = 570 M0 (13.223)

0 sinl cos T
SlI’l10 COS10
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The body is supposed to be at © Ry in 10 sec.

1 0 0
0 T .
Ry = cosy Tsmg (13.224)
0 sin” T
sin—  cos <
2 3

The axis of rotation 2Ry is the X -awis, and the angle of rotation is %W =
5 — 15- We define a cubic rest-to-rest path for the angle of rotation vy

T 3rt? t3

= — — 13.225
Y= 10" 250 1250 ( )
to determine the angular path of B between G an By is:
1 0 0
“Ry=| 0 cosy —siny (13.226)
0 siny cosvy
At any time t, the body B with respect to By is at ' Ry.
'R, = Rg°R, (13.227)

1 0 0
0 0.951cosvy —0.309siny —0.309cosvy — 0.951sin7y
0 0.309cos~vy+0.951siny  0.951cosvy — 0.309sin vy

13.7 Manipulator Motion by End-Effector Path

Cartesian path planning is the most natural application of path planning.
Considering the pick and place motion as the main job of industrial robot,
we have to determine a desired geometric path for the end-effector in the
3-dimenssional Cartesian space of the base frame. We may then define
a time path for one of the coordinates, say X, and determine the time
history of the other coordinates by using the geometric path. Having the
time functions of the coordinates of the end-effector, we can determine the
velocity, acceleration and jerk behavior of the end-effector.

Inverse kinematics will determine the kinematics of joint variables. Sub-
stituting the joint variables’ position, velocity, and acceleration in the dy-
namic equations of motion provide the required actuators’ torque or force
to move the end-effector on the desired path with the planned kinematics.

The geometric Cartesian path is an applied method of path planning in
robotics, because it can control the level of force and jerk inserted by the
hand of a robot to the carrying object. Path planning in Cartesian space
also determines the geometric constraints of the external world. However,
a Cartesian path needs inverse kinematics to determine the time history of
the joint variables.
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FIGURE 13.17. lllustration of a 2R panipulator when the tip point moves on a
straight line y = 1.5.

Example 366 Joint path for a designed Cartesian path.

Consider a rest-to-rest Cartesian path from point (1,1.5) to point (—1,1.5)
on a straight line Y = 1.5. A cubic polynomial can satisfy the position and
velocity constraints at initial and final points.

X(0) = Xo= X(0)=X,=0
X(1) = X;=-1 X1)=X;=0 (13.228)

The coefficients of the polynomial are
ag = 1 a; = 0 ags = —6 asz = 4 (13229)
and the Cartesian path is:

X = 1-6t>+4° (13.230)
Y = 15 (13.231)

The inverse kinematics of a 2R planar manipulator is calculated in Fxample
184 as

2_(x2 2
0 = L2atan2 (htls) = (X +Y§ (13.232)
(X2 +Y?) = (b — o)

X (I3 + I3 cos03) + Yipsin b
Y (ll + I cos 92) — Xlosin Oy

6, = atan2 (13.233)

where the sign () indicates the elbow-up and elbow-down configurations
of the manipulator. Depending on the initial configuration at point (1,1.5),
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the manipulator is supposed to stay in that configuration. Let’s consider an
elbow-up configuration. Therefore, we accept only those values of the joint
valuables that belong to the elbow-up configuration. Substituting (15.230)
and (18.231) in (13.232) and (13.233) provides the path in joint space.

0, = <2atan2 (b + 12)2 — (467 — 662 + 2'5)2 (13.234)
(463 — 612 + 1) — (I — Io)?

(1 — 62 + 4t3) (I1 + l2 cosB2) + 1.515 sin Oy
1.5 (I3 + 13 cosfs) — (1 — 6t2 + 4t3) I sin 6

6, = atan2 (13.235)

A graphical illustration of the manipulator at every 1/30th of the total
time is shown in Figure 13.17.

Example 367 A 2R manipulator on a line.
Consider the 2R manipulator of Figure 13.14 with

lh =102=0.25m (13.236)
that its tip point is supposed to move on a given line
Y = —0.25998X + 0.3705 (13.237)
between Py and Py in 10 sec.

Xp, = 041122 Yp, = 0.26359 (13.238)

1

Xp, = —0.0282  Yp, =0.37783 (13.239)

Defining a rest-to-rest cubic path for X, we determine the Cartesian path
of the tip point.

X = 0.41122 — 0.0131826t* 4 0.00087884t> (13.240)
Y = —0.00022848t> + 0.003427t* 4 0.26359 (13.241)

The kinematics of the tip point are shown in Figures 13.18 to 13.20.
Employing the inverse kinematics of equations (6.39) and (6.42), we find
the variation of the joint angles as are shown in Figure 13.21.
Let us divide the total time of the motion in n = 40 equal intervals. The
configuration of the manipulator at each time step are shown in Figure
13.22.

Example 368 A 2R manipulator on a line with no end acceleration.
Consider the 2R manipulator of Figure 13.14 with

1 =103=0.25m (13.242)
that its tip point is supposed to move on a given line

Y = —0.25998X + 0.3705 (13.243)
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FIGURE 13.18. Cartesian coordinates of the tip point versus time.
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FIGURE 13.19. Components of the tip point velocity versus time.
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FIGURE 13.20. Components of the tip point acceleration versus time.
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FIGURE 13.21. The variation of joint angles of the 2R manipulator.
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01 02 03 04

FIGURE 13.22. The configuration of the 2R manipulator at 42 equal time steps.

between P; and P in 10 sec.

Xp, = 041122  Yp = 0.26359 (13.244)
Xp, = —0.0282  Yp, =0.37783 (13.245)

Let us define a quintic path for X to apply a zero acceleration at both ends.

X = 0.41122 — 0.0043942¢% + 0.00065913¢*
—0.0000263652¢ (13.246)

Substituting X in the line equation (13.243), we also determine the varia-
tion of Y.

Y = 0.26359 + 0.0011424t> — 0.00017136t*
+0.0000068544t° (13.247)

Using the Cartesian components (13.246) and (13.247), we determine the
kinematics of the tip point as are shown in Figures 13.28 to 15.20.

Using Equations (6.39) and (6.42), we find the variation of the joint
angles as are shown in Figure 15.26.

Example 369 A 2R manipulator on a line with no end acceleration.
Consider the 2R manipulator of Figure 13.27 with equal arms’ length.

ll = 12 =0.25m (13248)
The tip point is supposed to move from Py to Py in 10sec.

Xp, = 041122 Yp, = 0.26359 (13.249)

1

Xp, = —0.0282  Yp, =0.37783 (13.250)
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FIGURE 13.23. Cartesian coordinates of the tip point versus time on a no end
acceleration path.
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FIGURE 13.24. Components of the tip point velocity versus time on a no end
acceleration path.
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FIGURE 13.25. Components of the tip point acceleration versus time on a no
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FIGURE 13.26. The variation of joint angles of the 2R manipulator on a no end
acceleration path.
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Forbidden zone

FIGURE 13.27. A few circular paths between P; and P» to go around forbidden
zone at Ps.

However, there is a circular forbidden zone at point Ps, where the tip point
cannot pass.
Xp, =0.19151 Yp, =0.32071 (13.251)

(X —Xp,)> + (Y — Yp,)” = 0.025 (13.252)

To find a path between Py and Py to go around Ps, let us choose a cir-
cular arc with a center on the bisector of P1Ps. Figure 138.27 depicts a few
optional paths. The arc must be in the working space of the manipulator,
which is a circle ring about the base point.

(h—1)° < X24Y2<(lh+1y) (13.253)
0 < X*+Y?<05? (13.254)

The center of the circular path should be on the following line.
Y —Yp, =3.8464 (X — Xp,) (13.255)
Let us pick a point Po to be the center of the circular path at:
Xe=0.1 Yo = —0.06 (13.256)
Therefore, the equation of the path is:
(X — Xo)2+ (Y —Ye)? = 0.452 (13.257)
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FIGURE 13.28. Cartesian coordinates of the tip point versus time on a circular
path.

This path is shown in Figure 13.27 with a dashed line.
We use a quintic time-path for X to apply a zero acceleration at both
ends.
X = 0.41122 —0.0043942¢ + 0.00065913t*
—0.0000263652t° (13.258)

Substituting X in the path equation (13.257), we determine the time-path
of Y.

Y =Yeo+ \/0.452 — (X = X¢)? (13.259)

The kinematics of the tip point are shown in Figures 13.28 to 13.30. Equa-
tions (6.39) and (6.42), provides the joint angles as are shown in Fig-
ure 13.81. The configuration of the manipulator at 42 equal time steps are
shown in Figure 13.32.

Example 370 Articulated manipulator on a line.
Figure 13.33 illustrates an articulated manipulator. Assume that

lL=05m Ilb=10m I3=10m. (13.260)

The tip point of the manipulator is supposed to move from point Py to Py
i 10 sec.

1.5 —-1.0
rp, = 0.0 rp, = 1.0 (13261)
1.0 1.5

Using a quintic path for X, we find the following function to express the
time variation of X.

X = 1.5 - 0.025¢* + 0.00375¢t* — 0.00015¢° (13.262)
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FIGURE 13.29. Components of the tip point velocity versus time on a circular
path.
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FIGURE 13.30. Components of the tip point acceleration versus time on a circular
path.



774 13. Path Planning

deg

120

100

80

60

40

FIGURE 13.31.

FIGURE 13.32. The configuration of the 2R manipulator at 42 equal time steps
on a circular path.
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FIGURE 13.33. An articulated manipulator.

Let us connect Py and P» by a straight line and determine the time variation
of Y and Z.

Yp, — Yp,
Xp, — Xp,
= 0.010£> — 0.0015t* + 0.00006t° (13.263)

Y - YPI + (X - XPl)

Zp, — Zp,
— (X - X
+XP2_XP1( Pl)

14 0.005t> — 0.00075¢* + 0.00003¢° (13.264)

Z = Zp

Using the inverse kinematic equations, we can determine the time history
of joint variables of the manipulator as are shown in Figure 13.34.

(13.265)

03 = arccos (ll —Z+h sm92> — 09

l3

05 = 2 arctan

_ /2 _
Co t CCZ 1 (13.266)
1

arctan Z X>0
0, = + (13.267)

arctany—i—ﬂ' X <0
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FIGURE 13.34. The time history of joint variables of an articulated manipulator.

WX, X°

= 22,7 +12 l Z2  (13.2
Cl 1 1 + 2 + COS 01 3 + COS2 91 "‘ ( 3 68)
Cy = 24l =27 (13.269)
205X X2
= P_2,Z+12— — 2 Z? (13.2
C3 ll l] + ZQ COS 01 3 COS2 91 + ( 3 70)
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13.8 Summary

A serial robot may be assumed as a variable geometrical chain of links
that relates the configuration of its end-effector to the Cartesian coordi-
nate frame in which the base frame is attached. Forward kinematics are
mathematical-geometrical relations that provide the end-effector configu-
ration by having the joint coordinates. On the other hand, the inverse
kinematics are mathematical-geometrical relations that provide joint coor-
dinates for a given end-effector configuration.

The Cartesian path of motion for the end-effector must be expressed
as a function of time to find the links’ velocity and acceleration. The first
applied path function that can provide a rest-to-rest motion is a cubic path
for a variable ¢;(t) between two given points g;(to) and ¢;(t)

qi(t) =ag + a1t + a2t2 + a3t3. (13271)

By increasing the requirements, such as zero acceleration or jerk at some
points on the path, we need to employ higher polynomials to satisfy the
conditions. An n degree polynomial can satisfy n + 1 conditions. It is also
possible to split a multiple conditional path into some intervals with fewer
conditions. The interval paths must then be connected to satisfy their
boundary conditions.

A path of motion may also be defined based on different mathematical
functions. Harmonic and cycloid functions are the most common paths.
Non-polynomial equations introduce some advantages, due to simpler ex-
pression, and some disadvantages due to nonlinearity.

When a path of motion either in joint or Cartesian coordinates space is
defined, forward and inverse kinematics must be utilized to find the path
of motion in the other space.

Rotational maneuver of the end-effector about the wrist point needs a
rotational path. A rotational path may mathematically be defined similar
to a Cartesian path utilizing the Rodriguez formula and rotation matrices.
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13.9 Key Symbols

ac
ai,bi,ci
B

C

G, By

l

q

constant acceleration

coefficient of path equation

body coordinate frame

constant of integral

global coordinate frame, Base coordinate frame
length

dependent variable coordinate, joint variable
Cartesian variable

position vectors, homogeneous position vector
the element of row ¢ and column j of a matrix
rotation transformation matrix

dependent variable, time

initial time

final time

axis of rotation

local coordinate axes

global coordinate axes

difference of position vectors
rotary joint angle, joint variable
angle of rotation

inverse of the matrix [ ]
transpose of the matrix [ ]
equivalent

orthogonal

link number ¢

779
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Exercises

1. Notation and symbols.

Describe their meaning.

a-ty b-ty c-q(t) d-t

. Rest-to-rest cubic path.

Find a cubic path for a joint coordinate to satisfy the following con-
ditions:

(a)
q(0) = —10deg, ¢(1) = 45deg, ¢(0) =4(1) =0

(b)
q(0) = 0deg, ¢(1) = 50deg, ¢(0) =¢(1) =0
(c)
q(0) = 10deg, ¢(1) = 60deg, ¢(0) = ¢(10) =0

. To-rest path.
Find a quadratic path to satisfy the following conditions:

¢(0) = ~10deg, (1) = 45deg, (1) = 0.

Calculate the initial velocity of the path using the quadratic path.
Then, find a cubic path to satisfy the same boundary conditions as
the quadratic path. Compare the maximum accelerations of the two
paths.

. Constant velocity path.

Calculate a path to satisfy the following conditions:
q(0) = —10deg, ¢(10) = 45deg, ¢(0) = ¢(10) =0

and move with constant velocity ¢ = 25 deg / sec between 12 deg and
35deg.

. Constant acceleration path.

Calculate a path with constant acceleration § = 25 deg / sec? between
12deg and 35 deg, and satisfy the following conditions:

q(0) = —10deg, ¢(10) = 45deg, §(0) = ¢(10) = 0.
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6. Zero jerk path.
Find a path to satisfy the following boundary conditions:

q(0) =0, ¢(1) = 66deg, ¢(0) =¢(1) =0
and have zero jerk at the beginning, middle, and end points.

7. Control points.
Find a path to satisfy the conditions

q(0) = 10deg, ¢(1) =95deg, ¢(0) =¢(1) =0
and pass through the following control points:

q(0.25) = 30deg, ¢(0.5) = 65deg

8. A jerk zero at start-middle-stop path.

To make a path have jerk as close to zero as possible, an eight degree
polynomial

q(t) = ag + a1t + agt® + ast® + ast* + ast® + agt® + art” + art®
and nine boundary conditions can be employed. Find the path.
q(0) =0 4(0)=0 ¢G0)=0 ¢(0)=0

q(0.5)=0
q(1) =120deg  ¢(1)=0 ¢(1)=0 4(1)=0

9. Point sequence path.

The conditions for a sequence of points are given here. Find a path
to satisfy the conditions given below.

(a)

q(0) = 5deg 4(0)=0 ¢0)=0
q(0.4) = 35deg

q(0.75) = 65 deg

q(1) =100deg  ¢(1)=0 (1) =0
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10. Splitting a path into a series of segments.

783

Using the splitting method, find a path for the following conditions:

q(0) = 5deg q(0)=0 40)=0
q(2) = 15deg

q(4) = 35deg

q(7.5) = 65deg

q(10) = 100deg  (10) =0 G(10) = 0.

by breaking the entire path into four segments.

q1(t) for  q(0) <qi(t) <q(2) and
q2(t)  for  q(2) < q2(t) <q(4) and
g5() for  gd) < gs(t) < g(75) and
qs(t) for q(7.5) < qa(t) <q(10) and

11. % Extra conditions.

0<t<?2
2<t<4
4<t<T75
7.5 <t <10

To have a smooth overall path in the splitting method, we may add
extra conditions to match the segments. Solve Exercise 10 having a

zero jerk transition between segments.

12. Y Least-squared path.

Using the least squared method, find the best polynomial path of
degree n to approximate a path given by the following points.

(a)
(b)
()
(d)

3 3 3
i
A A

3
|

13. % Least-squared path and boundary conditions.

Using the least squared method, find the best polynomial path of
degree n to approximate a path given by the following points and
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conditions.
q(0) = 5deg q(0)=0 ¢(0)=0
q(2) = 15deg
q(4) = 35deg
q(7.5) = 65 deg
q(10) = 100deg  ¢(10) =0 G(10) = 0.
(a) n=2.
(b) n=3.
(¢) n=4.
(d) n=5.

14. 2R manipulator motion to follow a joint path.
Find the path of the endpoint of a 2R manipulator, with I; = Iy =
1m, if the joint variables follow the given paths:
0,(t) = 10+ 156.25¢3
O2(t) = —41.56 4 222.78t — 172.2¢

15. 3R planar manipulator motion to follow a joint path.

Find the path of the endpoint of a 3R manipulator, with

l1 = 1m
lo, = 0.65m
ls; = 0.35m

if the joint variables follow these given paths:

0,(t) = —41.56 + 222.78t — 172.2t2
Oo(t) = 148.99 — 321.67t + 216.67t>
O3(t) = 198545 — 827166.6672t

+1290500t* — 893500¢> + 231666.67¢*
Calculate the maximum acceleration and jerk of the endpoint.

16. RFRJ|R articulated arm motion.

Find the Cartesian trajectory of the endpoint of an articulated ma-
nipulator, shown in Figure 5.22, if the geometric parameters are

d1 = 1m
d, = 0
l2 = 1m

l3:1m
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and the joints’ paths are:

01(t) = —41.56 4 222.78t — 172.2¢
Oo(t) = 148.99 — 321.67t + 216.67t>
05(t) = 198545 — 827166.6672¢

+1290500¢2 — 893500t + 231666.67t*

17. Cartesian paths.

Connect the following points with a straight line. Determine the
Cartesian coordinates as functions of time for rest-to-rest paths in
t=1s.

(a)

P =(15,15)  Py=(—05,15)
(b)

P =(0,0) Py=(1,15)

(c)

P =(-15,1)  Py=(05,1.5)
(d)

P =(-15,1,0) P, =(05,1.51)

(e)

P =(-1,0,-1) P, =(-05,15.1)
18. Cartesian path for a 2R manipulator.

Consider a 2R planar manipulator.

(a) Calculate a cubic rest-to-rest path in Cartesian space to join the
following points with a straight line.

P =(151)  Py=(-05,15)

(b) Calculate and plot the joint coordinates of the manipulator, with
[y = Iy = 1 m, that follows the Cartesian path.

(c) Calculate the maximum angular acceleration of the joint vari-
ables.

19. Cartesian path for a 3R manipulator.

Consider a 3R articulated manipulator with I; = [, = I3 = 1 m.

(a) Calculate a cubic rest-to-rest path in Cartesian space to join the
following points with a straight line.

P =(-15,1,0) P,=(05,151)
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FIGURE 13.35. A 2R manipulator moves on a path made of two semi-circles.

20.

21.

(b) Calculate and plot the joint coordinates of the manipulator that
follows the Cartesian path.

(¢) Calculate the maximum angular velocity and acceleration of the
joint variables.

% Joint path for a given Cartesian path.

Assume that the endpoint of a 2R manipulator moves with constant
speed v = 1m/ sec from P; to Py, on a path made of two semi-circles,
as shown in Figure 13.35. The center of the circles are at (0.75m,
0.5m) and (—0.75m, 0.5m).

(a) Calculate and plot the joints’ path if I; =ls = 1m.

(b) Calculate the value and positions of the maximum angular ve-
locity in joint variables.

(¢) Calculate the value and positions of the maximum angular ac-
celeration in joint variables.

(d) Calculate the value and positions of the maximum angular jerk
in joint variables.

% Obstacle avoidance and path planning.

Let us determine a path between P, = (1.5,1) and P, = (—1,1) to
avoid the obstacle shown in Figure 13.36. The path may be made of
two straight lines with a transition circular path in the middle. The
radius of the circle is » = 0.5 m and the center of the circle is at the
lower point of the obstacle. The lines connect to the circle smoothly.

The endpoint of the 2R manipulator, with [y = lo = 1 m, starts at rest
from P, and moves along the first line with constant acceleration. The
endpoint keeps its speed constant v = 1 m/sec on the circular path
and then moves with constant acceleration on the final line segment
to stop at Ps.
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(-0.25,1) (0.25,1)

(0.75,0)

OPZ

FIGURE 13.36. An obstacle in the Cartesian space of motion for a 2R manipu-
lator.

(a) Calculate and plot the joints’ paths.

(b) Find the value and position of the maximum angular velocity
for both joints’ variable.

(¢) Find the value and position of the maximum angular accelera-
tion for both joints’ variable.

(d) Find the value and position of the maximum angular jerk for
both joints’ variable.

22. Y Joint path for a given Cartesian path.
(a) Connect the points P, = (1.1,0.8,0.5) and P, = (—1,1,0.35)

with a straight line.

(b) Find a rest-to-rest cubic path and plot the Cartesian coordinates
X, Y, and Z as functions of time.

(c) Calculate the joints’ path for an articulated manipulator, shown
in Figure 5.22, if the geometric parameters are:

d = 1m
d = 0

lo = 1m
I3 = 1m

(d) Find the value and position of the maximum angular velocity,
acceleration, and jerk for the joints’ variable.

23. % Transition parabola.
In Exercise 21, connect the points P, = (1.5,1) and P, = (—1,1) with
two straight lines, using Py = (0,0.6) as a corner. Design a parabolic
transition path to avoid the corner if the total time of motion is 12 sec
and
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24.

25.

26.

13. Path Planning

a) the interval time is ¢/ = 1sec.

(a)

(b) the interval time is ¢’ = 2sec.
¢) the interval time is ¢’ = 5sec.
)
)

(
(d) the interval time is ¢’ = 8sec.
(e) the interval time is ¢’ = 10sec.

% Rotational path.

Consider a body frame B that turns 90 deg about Z-axis. Determine
the rotation transformation matrix © Rp(t) such that

(a) the rotation takes place in ¢ = 1s and the angular velocity is
constant.

(b) the rotation takes place in ¢ = 1s and the rotation is rest-to-rest.

% Combined rotational path.

Consider a body frame B that turns 90 deg about Z-axis and 60 deg
about X-axis.

(a) Determine the rotation transformation matrix  Rp(t) such that
the body first turns about Z-axis in t; = 1s rest-to-rest, and
then turns about X-axis in t9 = 1s rest-to-rest.

(b) Multiply the rotation matrices of Rz (t) and Rx (). Now CRp(t)
has only one time variable. Where would B be after ¢t = 1s?

(¢) Multiply the rotation matrices of Rz and Rx and determine
@ Rp. Determine the angle and axis of rotation of “Rp. Define
a rest-to-rest path for the angle of rotation to move B from
initial to final orientation in t = 1s.

% Euler angles rotational path.

Assume that the spherical wrist of a 6 DOF robot starts from rest
position and turns about the axes of the final coordinate frame Bg in
order z-z-z for ¢ = 15deg, 8 = 38deg, and ¥ = 77deg. The frame
Bg is installed at the wrist point.

(a) Design a rest-to-rest cubic rotational path for the angles ¢, 0,
and 1, if each rotation takes 1sec.

(b) Find the axis and angle of rotation, (u, ¢), that moves the wrist
from the initial to the final orientation.

(c) Design a cubic rotational path for the axis-angle rotation if it
takes 3 sec.

(d) Calculate the Euler angles path ¢(t), 6(t), and (¢t) for this
motion.
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(e) Calculate and compare the maximum angular velocity, acceler-
ation, and jerk for ¢, 6, and v in the first and second motions
in part a and c.

(f) Calculate the maximum angular velocity, acceleration, and jerk
of ¢ in the second motion in part c.
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