
Chapter 4
Confirmatory Factor Analysis

As mentioned in the last chapter, a measurement model of the type illustrated in
Fig. 4.1 is assumed in confirmatory factor analysis.
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Fig. 4.1 A graphical
representation of multiple
measures with a confirmatory
factor structure

The objective of a confirmatory analysis is to test if the data fit the measure-
ment model.

4.1 Confirmatory Factor Analysis: A Strong
Measurement Model

The graphical representation of the model shown in Fig. 4.1 can be expressed by the
system of equations: ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

X1 = λ11F1 + ε1
X2 = λ21F1 + ε2
X3 = λ31F1 + ε3
X4 = λ42F2 + ε4
X5 = λ52F2 + ε5

(4.1)
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Equation (4.1) can be expressed in matrix notation as

x
5×1

= �
5×2

F
2×1

+ e
5×1

(4.2)

with

E[e] = 0 (4.3)

E[ee′] = D = diag{δii} (4.4)

E
[
FF′] = � (4.5)

If the factors are assumed independent:

E
[
FF′] = I (4.6)

While we were referring to the specific model with five indicators in the expres-
sions above, the matrix notation is general and is identical if we now consider a
measurement model with q indicators and a factor matrix containing n unobserved
factors.

x
q×1

= �
q×n

F
n×1

+ e
q×1

(4.7)

The theoretical covariance matrix of x is given by

E
[
xx′] = E

[
(�F + e) (�F + e)′

] = E
[
�FF′�′ + ee′] (4.8)

= �E
[
FF′]�′ + E

[
ee′] (4.9)

� = ���′ + D (4.10)

Therefore Equation (4.10) expresses how the covariance matrix is structured,
given the measurement model specification in Equation (4.7). The structure is
simplified in case of the independence of the factors:

� = ��′ + D (4.11)
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The notation used above was chosen to stay close to the notation in the previous
chapter to facilitate the comparison, especially between exploratory factor analysis
and confirmatory factor analysis. However, we now introduce the notation found
in LISREL because the software refers to specific variable names. In particular,
Equation (4.7) uses ξ for the vector of factors and δ for the vector of measurement
errors:

x
q×1

= �x
q×n

ξ
n×1

+ δ
q×1

(4.12)

with

E
[
ξξ ′] = � (4.13)

and

E
[
δδ′] = θ δ . (4.14)

The methodology for estimating these parameters is presented next.

4.2 Estimation

If the observed covariance matrix estimated from the sample is S, we need to find
the values of the lambdas (the elements of �) and of the deltas (the elements of D),
which will reproduce a covariance matrix as similar as possible to the observed one.
Maximum likelihood estimation is used to minimize S – �. The estimation consists
in finding the parameters of the model which will replicate as closely as possible
the observed covariance matrix in Equation (4.10). For the maximum likelihood
estimation, the comparison of the matrices S and � is made through the following
expression:

F = Ln |�| + tr
(

S�−1
)

− Ln |S| − (q) (4.15)

This expression follows directly from the maximization of the likelihood func-
tion. Indeed, based on the multivariate normal distribution of the data matrix Xd

N×q
,

which has been mean-centered, the sampling distribution is

f (X) =
N∏

i=1

(2π)−
q
2 |�|− 1

2 exp

{
−1

2
xd′

i �−1xd
i

}
(4.16)

which is also the likelihood

� = �(parameters of �|X) =
N∏

i=1

(2π)−
q
2 |�|− 1

2 exp

{
−1

2
xd′

i �−1xd
i

}
(4.17)
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(4.18)

L = −N

2

[
qLn (2π)+ Ln |�| + tr

(
S�−1
)]

(4.19)

Therefore, given that the constant terms do not impact the function to maxi-
mize, the maximization of the likelihood function corresponds to minimizing the
expression in Equation (4.15) (note that the last terms –Ln|S|–(q) are constant
terms).

The expression F is minimized by searching over values for each of the parame-
ters. If the observed variables x are distributed as a multivariate normal distribution,
the parameter estimates that minimize the Equation (4.15) are the maximum
likelihood estimates.

There are 1/2(q)(q+1) distinct elements that constitute the data; this comes from
half of the symmetric matrix to which one needs to add back half of the diagonal
in order to count the variances of the variables themselves (i.e., [(q)×(q)/2+q/2]).
Consequently, the number of degrees of freedom corresponds to the number of dis-
tinct data points as defined above minus the number of parameters in the model to
estimate.

In the example shown in Fig. 4.5, ten parameters must be estimated:

5λij
′s + 5δii′s.

These correspond to each of the arrows in the figure, i.e., the factor loadings and
the variances of the measurement errors. There would be 11 parameters to estimate
if the two factors were correlated.

4.2.1 Model Fit

The measure of the fit of the model to the data corresponds to the criterion that
was minimized, i.e., a measure of the extent to which the model, given the best
possible values of the parameters, can lead to a covariance matrix of the observed
variables that is sufficiently similar to the actually observed covariance matrix.
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We first present and discuss the basic chi-square test of the fit of the model. We
then introduce a number of measures of fit that are typically reported and those
which alleviate the problems inherent to the chi-square test. We finally discuss how
modification indices can be used as diagnostics for model improvement.

4.2.1.1 Chi-Square Tests

Based on large-sample distribution theory, v = (N − 1)F̂ (where N is the sample
size used to generate the covariance matrix of the observed variables and F̂ is the
minimum value of the expression F as defined by Equation 4.15) is distributed as a
chi-squared with the number of degrees of freedom corresponding to the number of
data points minus the number of estimated parameters, as computed in the example
above. If the value of v is significantly greater than zero, the model is rejected; this
means that the theoretical model is unable to generate data with a covariance matrix
close enough to the one obtained from the actual data.

This follows from the normal distribution assumption of the data. As discussed
above, the likelihood function at its maximum value (L) can be compared with L0,
the likelihood of the full or saturated model with zero degrees of freedom. Such
saturated model reproduces the covariance matrix perfectly so that � = S and
tr(S�–1) = tr(I) = q. Consequently

L0 = −N

2

[
qLn (2π)+ Ln |S| + q

]
(4.20)

The likelihood ratio test is

−2 [L − L0] ∼ χ2
df =[q(q+1)/2]−T (4.21)

where T is the number of parameters estimated.
Equation (4.21) results in the expression:

N
[
Ln |�| + tr

(
S�−1
)

− Ln |S| − (q)
]

(4.22)

which is distributed as a chi-squared with [q(q + 1)/2] – T degrees of freedom.
It should be noted that the comparison of any nested models is possible. Indeed,

the test of a restriction of a subset of the parameters implies the comparison of two of
the measures of fit v, each distributed as a chi-squared. Consequently, the difference
between the value vr of a restricted model and vu, the unrestricted model, follows a
chi-square distribution with the number of degrees of freedom corresponding to the
number of restrictions.

One problem with the expression v or Equation (4.22) is that it contains N, the
sample size. This means that as the sample size increases, it becomes less likely that
one will fail to reject the model. This is why several other measures of fit have been
developed. They are discussed below. While this corresponds to the statistical power
of a test consisting in rejecting a null hypothesis that a parameter is equal to zero,
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it is an issue in this context because the hypothesis which the researcher would
like to get support for is the null hypothesis that there is no difference between
the observed covariance matrix and the matrix that can be generated by the model.
Failure to reject the hypothesis, and therefore “accepting” the model, therefore, can
be due to the lack of power of the test. A small enough sample size can contribute to
finding fitting models based on chi-square tests. The parallel is the greater difficulty
in finding fitting models when the sample size is large.

4.2.1.2 Other Goodness-of-Fit Measures

The LISREL output gives a direct measure (GFI) of the fit between the theoretical
and observed covariance matrices following from the fit criterion of Equation (4.15),
and it is defined as

GFI = 1 −
tr

[(
�̂

−1
S − I
)2]

tr

[(
�̂

−1
S
)2] (4.23)

From this equation, it is clear that if the estimated and the observed variances
are identical, the numerator of the expression subtracted from 1 is 0 and, therefore,
GFI = 1. To correct for the fact that the GFI is affected by the number of indicators,
an adjusted goodness-of-fit index (AGFI) is also proposed. This measure of fit cor-
rects the GFI for the degrees of freedom, just like an adjusted R-squared would in a
regression context:

AGFI = 1 −
[

(q) (q + 1)

(q) (q + 1) − 2T

]
[1 − GFI] (4.24)

where T is the number of estimated parameters.
As the number of estimated parameters increases, holding everything else

constant, the adjusted GFI decreases.
A threshold value of 0.9 (for either the GFI or the AGFI) has become a norm for

the acceptability of the model fit (Bagozzi and Yi 1988, Baumgartner and Homburg
1996, Kuester, Homburg and Robertson 1999).

Another index that is often found to assess model fit is the root mean square error
of approximation (RMSEA). It is defined as a function of the minimum fit function
corrected by the degrees of freedom and the sample size:

RMSEA =
√

F̂0

d
(4.25)

where

F̂0 = Max
{(

F̂ − [d/ (N − 1)
])

,0
}

(4.26)

d = [q (q + 1) /2
]− T (4.27)
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A value of RSMEA smaller than 0.08 is considered to reflect reasonable errors
of approximation and a value of 0.05 indicates a close fit.

4.2.1.3 Modification Indices

The solution obtained for the parameter estimates uses the derivatives of the objec-
tive function relative to each parameter. This means that for a given solution, it
is possible to know the direction in which a parameter should change in order to
improve the fit and how steeply it should change. As a result, the modification
indices indicate the expected gains in fit that would be obtained if a particu-
lar coefficient should become unconstrained (holding all other parameters fixed
at their estimated value). Although not a substitute for theory, this modification
index can be useful in analyzing structural relationships and, in particular, in
refining the correlational assumptions of random terms and for modeling control
factors.

4.2.2 Test of Significance of Model Parameters

Because of the maximum likelihood properties of the estimates which follow from
the normal distribution assumption of the variables, the significance of each param-
eter can be tested using the standard t statistics formed by the ratio of the parameter
estimate and its standard deviation.

4.3 Summary Procedure for Scale Construction

Scale construction involves several steps. The process brings the methods discussed
in the previous chapter (Chapter 3) with those presented in this one. These include
the following statistical analyses, which provide a guide in scale construction:
exploratory factor analysis (EFA), confirmatory factor analysis (CFA), and relia-
bility coefficient alpha. The confirmatory factor analysis technique can also be used
to assess the discriminant and convergent validity of a scale. We now review these
steps in turn.

4.3.1 Exploratory Factor Analysis

Exploratory factor analysis can be performed separately for each hypothesized
factor. This demonstrates the unidimensionality of each factor. One global fac-
tor analysis can also be performed in order to assess the degree of independence
between the factors.
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4.3.2 Confirmatory Factor Analysis

Confirmatory factor analysis can be used to assess the overall fit of the entire
measurement model and to obtain the final estimates of the measurement model
parameters. Although sometimes performed on the same sample as the exploratory
factor analysis, when it is possible to collect more data, it is preferable to perform
the confirmatory factor analysis on a new sample.

4.3.3 Reliability Coefficient α

In cases where composite scales are developed, this measure is useful to assess the
reliability of the scales. Reliabilities of less than 0.7 for academic research and 0.9
for market research are typically not sufficient to warrant further analyses using
these composite scales.

In addition, scale construction involves determining that the new scale developed
is different (i.e., reflects and measures a construct which is different) from measures
of other related constructs. This is a test of the scale’s discriminant validity. It also
involves a test of convergent validity, i.e., that this new measure relates to other
constructs it is supposed to be related to, while remaining different.

4.3.4 Discriminant Validity

A construct must be different from other constructs (discriminant validity) but are
nevertheless mutually conceptually related (convergent validity). The discriminant
validity of the constructs is ascertained by comparing measurement models where
the correlation between the constructs is estimated with one where the correlation
is constrained to be one (whereby assuming a single factor structure). The discrim-
inant validity of the constructs is examined for each pair at a time. This procedure,
proposed by Bagozzi, Yi and Phillips (1991) indicates that, if the model where the
correlation is not equal to 1 improves significantly the fit, the two constructs are
distinct from each other, although they can possibly be significantly correlated.

4.3.5 Convergent Validity

The convergent validity of the constructs is assessed by comparing a measurement
model where the correlation between the two constructs is estimated with a model
where the correlation is constrained to be equal to zero. This test can also be per-
formed simply to test the independence of the constructs. For example, if several
constructs are used to explain other dependent variables, it is desirable that the
explanatory factors are uncorrelated to identify the separate effects of these fac-
tors. In such a case, the researcher would hope to fail to reject the null hypothesis
that the correlations are zero. In the context of assessing convergent validity, the
researchers would want to check that the constructs being measured (likely to be a
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newly developed construct) are related to other constructs they are supposed to be
related to according to the literature and theory. Here, the researcher would hope
to reject the null hypothesis that the correlation is zero. In comparing the restricted
and the non-restricted models, a significant improvement in fit due to removing the
restriction of independence indicates that the two constructs are related, which con-
firms convergence validity. Combining the two tests (that the correlation is different
from one and different from zero) demonstrates that the two constructs are differ-
ent (discriminant validity) although related with a correlation significantly different
from zero correlation (convergent validity).

4.4 Second-Order Confirmatory Factor Analysis

In the second-order factor model, there are two levels of constructs. At the first
level, constructs are measured through observable variables. These constructs are
not independent and, in fact, their correlation is hypothesized to follow from the
fact that these unobserved constructs are themselves reflective of common second-
order unobserved constructs of a higher conceptual level. This can be represented
as in Fig. 4.2.

The relationships displayed in Fig. 4.2 can be expressed algebraically by the
following equations:

y
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= �
p×m

η
m×1
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p×1

(4.28)
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Fig. 4.2 Graphical
representation of a
second-order factor analytic
model
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and

η
m×1

= �
m×n

ξ
n×1

+ ζ
m×1

(4.29)

The first equation (4.28) expresses the first-order factor analytic model. The
unobserved constructs η are the first-order factors; they are measured by the reflec-
tive items represented by the variables y. The second equation (4.29) shows that the
constructs η are derived from the second-order factors ξ. The factor loadings cor-
responding to, respectively, the first-order and second-order factor models are the
elements of matrices � and �. Finally, the errors in measurement are represented
by the vectors ε and ζ.

In addition to the structure expressed by these two equations, we use the
following notation of the covariances:

E
[
ξξ ′] = �

n×n
(4.30)

E
[
ζζ ′] = 

m×m
(4.31)

and

E
[
εε′] = �ε

p×p
(4.32)

Furthermore, we assume that the ζ’s are uncorrelated to the ξ’s and similarly that
the ε’s are uncorrelated to the η’s.

If the second-order factor model described by the equations above is correct, the
covariance matrix of the observed variables y must have a particular structure. This
structure is obtained as

E
[
yy′] = E

[
(�η + ε) (�η + ε)′

]
(4.33)

If we develop:

E
[
yy′] = �E

[
ηη′]�′+E

[
εε′] (4.34)

Replacing η by its value expressed in Equation (4.29):

E
[
yy′] = �E

[
(�ξ + ζ ) (�ξ + ζ )′

]
�′+E
[
εε′] (4.35)

E
[
yy′] = �

(
�E
[
ξξ ′]�′ + E

[
ζζ ′])�′+E

[
εε′] (4.36)

E
[
yy′] = � = �

(
���′+

)
�′ + �ε (4.37)

where the elements on the right-hand side of Equation (4.37) are model parame-
ters to be estimated, such that their values combined in that structure reproduce
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as closely as possible the observed covariance matrix S calculated from the
sample data.

The estimation procedure follows the same principle as described above for the
simple confirmatory factor analytic model. The number of parameters is, however,
different.

How many parameters need to be estimated?
We typically define the covariance matrices �, ψ, and �ε to be diagonal.

Therefore, these correspond to n + m + p parameters to be estimated, to which
one would need to add the factor loading parameters contained in matrices � and �.
Taking the example in Fig. 4.2, n = 2, m = 5, and p = 11. One of the factor loadings
for each first-order factor should be set to 1 to define the units of measurement of
these factors. Consequently, � contains 11 – 5 = 6 parameters to be estimated and �

contains five parameters that need to be estimated. That gives a total of 2 + 5 + 11 +
6 + 5 = 29 parameters to estimate. Given that the sample data covariance matrix (an
11 × 11 matrix) contains (11 × 12)/2 = 66 data points, the degrees of freedom are
66 – 29 = 37.

The same measures of fit as described above for confirmatory factor analysis are
used to assess the appropriateness of the structure imposed on the data.

4.5 Multi-group Confirmatory Factor Analysis

Multi-group confirmatory factor analysis is appropriate to test the homogeneity
of measurement models across samples. It is particularly useful in the context of
cross-national research where measurement instruments may vary due to cultural
differences. This corresponds to the notion of measurement invariance. From that
point of view, the existing model described by Equation (4.2) must be expanded
along two dimensions: (1) several sets of parameters must be estimated simultane-
ously for each of the groups and (2) some differences in the means of the unobserved
constructs must be recognized between groups while they are ignored (assumed to
be zero) in regular confirmatory factor analysis. These expansions are represented
in Equations (4.38), (4.39) and (4.40). Equation (4.40) is identical to the simple
confirmatory factor analytic model.

The means of the factors are represented by the vector κ in Equation (4.39),
which contains n rows for the mean of each of the n factors. The vector τx

in Equation (4.38) contains q rows for the scalar constant term of each of the
q items:

x
q×1

= τ x
q×1

+ �x
q×n

ξ
n×1

+ δ
q×1

(4.38)

E
[
ξ
] = κ

n×1
(4.39)

E
[
δδ′] = θ δ

q×q
(4.40)
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Therefore, the means of the observed measures x are:

μx
q×1

= E [x] = τ x
q×1

+ �x
q×n

E

[
ξ

n×1

]
= τ x

q×1
+ �x

p×n
κ

n×1
(4.41)

Such a model with a mean structure such as in Equation (4.41) imposed can
be estimated if we recognize that the log likelihood function specified in Equation
(4.19) now contains not only the parameters that determine the covariance matrix �
but also the expected values of the x variables, so that

S = (X − μx
) (

X − μx
)′ (4.42)

Consequently, the objective function or the log likelihood function when model-
ing the means in addition to the covariance structure is

L = −N

2

[
qLn (2π)+ Ln |�| + tr

{(
X − μx

) (
X − μx

)′
�−1
}]

(4.43)

We now add a notation to reflect that the model applies to group g with g =
1, . . ., G:

∀g = 1, . . .G: x(g)

q×1
= τ (g)

x
q×1

+�(g)
x

q×n
ξ (g)

n×1
+ δ(g)

q×1
(4.44)

and

E
[
ξ (g)
]

= κ (g) (4.45)

For identification, it is required that one of the groups serves as a reference with
the means of its factors centered at zero (the same requirement as for a single group
confirmatory factor analysis). Usually group 1 serves as that reference, although, in
principle, it can be any group:

κ (1) = 0 (4.46)

It is also necessary to fix one factor loading for each factor in �x to define the
measurement unit of the unobserved constructs.

The estimation is again based on the maximum likelihood. The log likelihood is
the sum of the log likelihoods for all the groups so that we now search for the values
of the parameters which maximize:

L = −1

2

G∑
g=1

N(g)
[

q(g)Ln (2π)+ Ln
∣∣∣�(g)
∣∣∣

+tr

{(
X(g) − μ(g)

x

) (
X(g) − μ(g)

x

)′
�(g)−1
}] (4.47)
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It is then possible to impose equality constraints on the parameters to be esti-
mated by defining them as invariant across groups. Different types of invariance can
be imposed and tested.

Metric invariance concerns the constraint of equality of factor loadings across
groups:

�(g)
x = �(g′)

x = �x (4.48)

Scalar invariance restricts the scalar constants to be identical across groups:

τ (g)
x = τ (g′)

x = τ x (4.49)

In order to illustrate the types of restrictions that need to be imposed, let us
consider the example of two groups, depicted in Fig. 4.3.

For the first item of the first group, the measurement model is

x(1)
1 = τ 1 + ξ

(1)
1 + δ

(1)
1 (4.50)

with

κ
(1)
1 = 0 (4.51)

This means that the latent construct ξ
(1)
1 is measured in the units of x(1)

1 .
Constraining τ 1 to be equal across groups is identical for identification as esti-

mating it in one group and fixing the value in the other groups to be equal across
groups. For the first item of the second group, the measurement model is

x(2)
1 = τ 1 + ξ

(2)
1 + δ

(2)
1 (4.52)

Even though the mean of ξ
(2)
1 can be different from ξ

(1)
1 , the measurement unit is

fixed to be the units of x(1)
1 .

For the model to have different factor means κ that are meaningful, the following
conditions must be met:

1. Metric invariance, i.e., the same factor loadings �x across groups.
2. Scalar invariance, i.e., the same constant for the scale of each item τx across

groups.
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These issues are particularly relevant in cross-cultural research where measure-
ment instruments must be comparable across cultures/countries and especially when
the factor means are of interest to the research.

4.6 Application Examples Using LISREL

We now present examples of confirmatory factor analysis using LISREL8 for
Windows (or AMOS). These examples include the test of a single factor analytic
structure and the estimation of a factor analytic structure with two correlated factors.

4.6.1 Example of Confirmatory Factor Analysis

The following example in Fig. 4.4 shows the input file for LISREL8 for Windows:
An exclamation mark indicates that what follows is a comment and is not part of

the LISREL8 commands. Therefore, the first real input line in Fig. 4.4 starts with
DA, which stands for data. On that line, NI indicates the number of input (observed)
variables (6 in this example), MA=KM indicates the type of matrix to be modeled,
KM for correlation, or CV for covariance.

The second line of the input is used to specify how to read the data. RA indicates
that the raw data will be read (from which the correlation matrix will be automati-
cally computed) and FI=filename indicates the name of the file containing that data,
where filename is the Windows file name including the full path.

The third line, with LA, indicates that next come the labels of the indicator (input)
variables. These are shown as Q5, Q7, etc., on the following line.

The next line specifies the model, as indicated by the code MO at the beginning
of that line. NX indicates the number of indicators corresponding to the exogenous
constructs (here, there are six). NK stands for the number of ksi constructs (we have
a unique factor in this example). PH=ST indicates that the covariance matrix phi is

!Examp4-1.spl 
!Raw Data From File: Examp4-1.txt 
 
DA NI=6 MA = KM XM = 9 
RA FI=C:\SAMD2\Chapter4\Examples\Examp4-1.txt 
LA  
Q5 Q7 Q8 Q12 Q13 Q14 
MO NX = 6 NK = 1 PH = ST TD = SY 
LK                 
FactorOne      !The First Factor 
FR LX(1,1) LX(2,1) LX(3,1) LX(4,1) LX(5,1) LX(6,1) TD(3,2) TD(6,5) 
Path Diagram 
OU SE TV AD = 50 MI 

Fig. 4.4 LISREL input example for confirmatory factor analytic model (examp4-1.spl)
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specified here as a standardized matrix, i.e., a correlation matrix with 1’s in the diag-
onal and 0’s off-diagonal. The covariance matrix of the measurement model error
terms, theta delta, is specified as a symmetric matrix (TD=SY). A diagonal matrix
(TD=DI) could have presented a simpler model where all covariances are zero.
However, this example illustrates how some of these parameters can be estimated.

LK, on the next line, stands for the label of the ksi constructs, although there is
only one of them in this example. That label “FactorOne” follows on the next line.

The following line starting with FR is the list of the parameters that are estimated
where LX stands for lambda x and TD for theta delta. Each is followed by the row
and column of the corresponding matrix, as defined in the model specification in
Equations (4.2) and (4.4).

The line “Path Diagram” indicates that a graphical representation of the model is
requested.

The last line of the input file describes the output (OU) requested. SE means
standard errors, TV their t-values and MI the modification indices.

The LISREL8 output of such a model is given in Fig. 4.5.
In the output, as shown in Fig. 4.5, after listing the instruction commands

described earlier according to the model specified in the corresponding input file,
the observed covariance matrix (in this case a correlation matrix) to be modeled is
printed.

The “Parameter Specifications” section indicates the list and number of param-
eters to be estimated, with a detail of all the matrices containing the parameters.
The value zero indicates that the corresponding parameter is fixed and is not to be
estimated. Unless specified otherwise, the default value of these fixed parameters is
set to zero.

The number of iterations shows the number that was necessary to obtain conver-
gence and the parameter estimates follow. Below each parameter estimate value, its
standard error is shown in parentheses and the t-value below it.

Then follow the goodness-of-fit statistics, among which those described earlier
can be found. The example run in Fig. 4.5 shows that the single factor model rep-
resents well the observed correlation matrix since the chi-squared is not statistically
significant and the GFI is high with a value of 0.98.

The modification indices are reasonably small, which indicates that freeing
additional parameters would not lead to a big gain in fit.

The diagram of such a confirmatory factor analytic model is shown in Fig. 4.6.

4.6.2 Example of Model to Test Discriminant Validity
Between Two Constructs

The following example is typical of an analysis where the goal is to assess the valid-
ity of a construct. Figure 4.7 shows the input file to estimate a two-factor model
(such analyses are usually performed two factors at a time because the modeling
of all the factors at once typically involves problems too big to obtain satisfactory
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L I S R E L  8.30

BY

 Karl G. Jöreskog & Dag Sörbom

This program is published exclusively by
Scientific Software International, Inc.

7383 N. Lincoln Avenue, Suite 100
Chicago, IL 60646-1704, U.S.A.

 Phone: (800)247-6113, (847)675-0720, Fax: (847)675-2140
Copyright by Scientific Software International, Inc., 1981-99 
  Use of this program is subject to the terms specified in the

Universal Copyright Convention.
Website: www.ssicentral.com

The following lines were read from file C:\SAMD2\CHAPTER8\EXAMPLES\EXAMP4-1.SPL:

!Examp4-1.spl
!Raw Data From File: Examp4-1.txt

DA NI=6 MA = KM XM = 9
RA FI=C:\SAMD2\Chapter4\Examples\Examp4-1.txt
LA
Q5 Q7 Q8 Q12 Q13 Q14
MO NX = 6 NK = 1 PH = ST TD = SY
LK
FactorOne !The First Factor
FR LX(1,1) LX(2,1) LX(3,1) LX(4,1) LX(5,1) LX(6,1) TD(3,2) TD(6,5)
Path Diagram
OU SE TV AD = 50 MI

!Examp4-1.spl

Number of Input Variables 6
Number of Y - Variables 0
Number of X - Variables 6
Number of ETA - Variables 0
Number of KSI - Variables 1
Number of Observations  138

!Examp4-1.spl

 Covariance Matrix to be Analyzed

Q5 Q7 Q8 Q12 Q13  Q14
 -------- --------   --------   -------- -------- --------

 Q5  1.00
 Q7  0.47 1.00
 Q8  0.58 0.75 1.00
Q12  0.55 0.60 0.65   1.00
Q13  0.44 0.40 0.51   0.50 1.00
Q14  0.39 0.44 0.57   0.55 0.59 1.00

!Examp4-1.spl

Parameter Specifications

 LAMBDA-X

 FactorOn
 --------

 Q5  1
 Q7  2
 Q8  3

Fig. 4.5 LISREL8 for Windows output example for confirmatory factor analytic model (examp4-
1.out)
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Q12  4
Q13  5
Q14  6

 THETA-DELTA

Q5 Q7 Q8 Q12 Q13  Q14
 -------- --------   --------   -------- -------- --------

 Q5  7
 Q7   0  8
 Q8   0 9 10
Q12   0 0 0 11
Q13   0 0 0  0  12
Q14   0 0 0  0  13   14

!Examp4-1.spl

Number of Iterations =  7

LISREL Estimates (Maximum Likelihood)

 LAMBDA-X

 FactorOn
 --------

 Q5  0.68
(0.08)

8.45

 Q7  0.71
(0.08)

8.69

 Q8  0.83
(0.08)
11.01

Q12  0.81
(0.08)
10.64

Q13  0.62
(0.08)

7.46

Q14  0.66
(0.08)

8.07

 PHI 

 FactorOn
 --------

1.00

 THETA-DELTA

Q5 Q7 Q8 Q12 Q13  Q14
 -------- --------   --------   -------- -------- --------

 Q5  0.54
(0.08)

7.09

 Q7  - - 0.50
 (0.08)

6.44

 Q8  - - 0.16 0.31
 (0.06) (0.06)

2.81 4.99

Q12  - - - - - -   0.35

Fig. 4.5 (continued)
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(0.06)
  5.54

Q13  - - - - - - - - 0.62
 (0.08)

7.36

Q14  - - - - - - - - 0.18 0.57
 (0.06)  (0.08)

2.89 7.17

 Squared Multiple Correlations for X - Variables

Q5 Q7 Q8 Q12 Q13  Q14
 -------- --------   --------   -------- -------- --------

0.46 0.50 0.69   0.65 0.38 0.43

Goodness of Fit Statistics

Degrees of Freedom = 7
Minimum Fit Function Chi-Square = 6.61 (P = 0.47)

Normal Theory Weighted Least Squares Chi-Square = 6.27 (P = 0.51)
Estimated Non-centrality Parameter (NCP) = 0.0

90 Percent Confidence Interval for NCP = (0.0 ; 9.27)

Minimum Fit Function Value = 0.048
Population Discrepancy Function Value (F0) = 0.0

90 Percent Confidence Interval for F0 = (0.0 ; 0.068)
Root Mean Square Error of Approximation (RMSEA) = 0.0

90 Percent Confidence Interval for RMSEA = (0.0 ; 0.098)
P-Value for Test of Close Fit (RMSEA < 0.05) = 0.71

Expected Cross-Validation Index (ECVI) = 0.26
90 Percent Confidence Interval for ECVI = (0.26 ; 0.32)

 ECVI for Saturated Model = 0.31
ECVI for Independence Model = 3.02

Chi-Square for Independence Model with 15 Degrees of Freedom = 402.09
Independence AIC = 414.09

Model AIC = 34.27
Saturated AIC = 42.00

Independence CAIC = 437.65
Model CAIC = 89.26

Saturated CAIC = 124.47

 Root Mean Square Residual (RMR) = 0.020
Standardized RMR = 0.020

Goodness of Fit Index (GFI) = 0.98
 Adjusted Goodness of Fit Index (AGFI) = 0.95
Parsimony Goodness of Fit Index (PGFI) = 0.33

Normed Fit Index (NFI) = 0.98
Non-Normed Fit Index (NNFI) = 1.00

 Parsimony Normed Fit Index (PNFI) = 0.46
Comparative Fit Index (CFI) = 1.00
Incremental Fit Index (IFI) = 1.00
 Relative Fit Index (RFI) = 0.96

Critical N (CN) = 383.87

!Examp4-1.spl

Modification Indices and Expected Change

No Non-Zero Modification Indices for LAMBDA-X

No Non-Zero Modification Indices for PHI

 Modification Indices for THETA-DELTA 

Q5 Q7 Q8 Q12 Q13  Q14
 -------- --------   --------   -------- -------- --------

 Q5  - -

Fig. 4.5 (continued)
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 Q7  0.50 - -
 Q8  1.00 - - - -
Q12  0.00 3.20 3.82 - -
Q13  0.96 0.43 0.00   0.00 - -
Q14  2.38 0.54 1.23   0.33 - -  - -

 Expected Change for THETA-DELTA 

Q5 Q7 Q8 Q12 Q13  Q14
 -------- --------   --------   -------- -------- --------

 Q5  - -
 Q7  -0.03 - -
 Q8  0.04 - - - -
Q12  0.00 0.08  -0.09 - -
Q13  0.05 -0.03 0.00   0.00 - -
Q14  -0.08 -0.03 0.04   0.03 - -  - -

Maximum Modification Index is   3.82 for Element ( 4, 3) of THETA-DELTA

  The Problem used  6608 Bytes (=  0.0% of Available Workspace)

Time used: 0.172 Seconds

Fig. 4.5 (continued)

Q50.54

Q70.50

Q80.31

Q120.35

Q130.62

Q140.57

FactorOn 1.00

Chi-Square=6.27, df=7, P-value=0.50813, RMSEA=0.000

0.68

0.71

0.83

0.81

0.62

0.66

0.16

0.18

Fig. 4.6 Path diagram of confirmatory factor analytic model (examp4-1.pth)

fits). The commands are identical to those described earlier, except that now two
constructs, “FactorOne” and “FactorTwo”, are specified.

The LISREL8 output corresponding to this two-factor confirmatory factor struc-
ture is shown in Fig. 4.8. The description of this output is similar to the one
described above involving a single factor. The major difference is the estimate of
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!Examp4-2.spl 
!Raw Data From File: Examp4-2.txt 

DA NI=12 MA = KM XM = 9 
RA FI=C:\SAMD2\Chapter4\Examples\Examp4-2.txt 
LA  
Q5 Q7 Q8  Q12 Q13 Q14  
Q6 Q9 Q10 Q11 Q17 Q18 

MO NX = 12 NK = 2 PH = ST TD = SY      !CORR = Free 
LK                 
FactorOne       !Competence Destroying
FactorTwo      !Competence Enhancing 
FR LX(1,1) LX(2,1) LX(3,1) LX(4,1) LX(5,1) LX(6,1) C 
   LX(7,2) LX(8,2) LX(9,2) LX(10,2) LX(11,2) LX(12,2) C 
   TD(3,2) TD(6,5) TD(8,7) TD(10,8) TD(10,7) 
Path Diagram 
OU SE TV RS MR FS AD = 50 MI 

Fig. 4.7 LISREL8 for Windows input for model with two factors (examp4-2.spl)

the correlation between the two factors, which is shown to be –0.56 in this particu-
lar example. The diagram representing that factor analytic structure is shown in the
next figure (Fig. 4.9).

Figure 4.10 shows the input file for a factor analytic structure where a single
factor is assumed to be reflected by all the items.

Figure 4.11 is the output for such a factor analytic structure where a single factor
is assumed to be reflected by all the items.

The resulting chi-squared (χ2 = 126.75 in Fig. 4.11) can be compared with the
chi-squared resulting from a model with a correlation between the two factors (χ2 =
54.78 in Fig. 4.6). The χ2 difference (126.75–54.78) has one degree of freedom and
its significance indicates that there are indeed two different constructs (factors), i.e.,
demonstrating the discriminant validity of the constructs.

4.6.3 Example of Model to Assess the Convergent
Validity of a Construct

Next, in order to assess the convergent validity, one needs to compare the fit of a
model with zero correlation between the factors with a model where the factors are
correlated (as in Fig. 4.6). The input file for a model with independent factors (zero
correlation) is shown in Fig. 4.12.

The output file for such a model with independent factors (zero correlation) is
shown in Fig. 4.13.

The independent factor model has a chi-squared of 84.34 (Fig. 4.13), which
when compared with the chi-squared of the model estimating a correlation between
the two constructs (Fig. 4.6) shows a chi-squared difference of 29.56. This differ-
ence being significant (with one degree of freedom at the 0.05 level), this indicates
that the constructs are not independent, i.e., showing convergent validity of the two
constructs.
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Fig. 4.8 LISREL8 for Windows output for model with two factors (examp4-2.out)
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Fig. 4.8 (continued)
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Fig. 4.8 (continued)
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Fig. 4.8 (continued)
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Fig. 4.8 (continued)
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Fig. 4.8 (continued)
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Fig. 4.8 (continued)
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Fig. 4.8 (continued)
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Fig. 4.8 (continued)

Instead of defining the variances of the unobserved constructs to unity, the result
would have been the same if one lambda for each construct had been fixed to one
but the variances of these constructs had been estimated. This is illustrated with
the input, which would be needed for running this model with AMOS (although
it can be done easily with LISREL8 following the principles described above, this
example uses AMOS to introduce its commands).

The input of the corresponding two-factor confirmatory factor model with AMOS
is shown in Fig. 4.14.

In AMOS, such as shown in Fig. 4.14, each equation for the measurement
model can be represented with a variable on the left-hand side of an equation
and a linear combination of other variables on the right-hand side. These equa-
tions correspond to the measurement model as specified by Equation (4.2). Inserting
“(1)” before a variable on the right-hand side indicates that the coefficient is fixed
to that value and that the corresponding parameters will not be estimated. The
program recognizes automatically which variables are observed and which are
unobserved.

Correlations are indicated by “variable1 <> variable2”, where variable1 and
variable2 are the labels of observed variables or of hypothetical constructs. The
output provides similar information as available in LISREL8.
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Q50.58

Q70.51

Q80.36

Q120.30

Q130.64

Q140.55

Q60.68

Q90.69

Q10

Q110.61

Q170.52

Q180.52

FactorOn 1.00

FactorTw 1.00

Chi-Square=55.76, df=48, P-value=0.20619, RMSEA=0.035

0.65

0.70

0.80

0.84

0.60

0.67

0.57

0.56

0.65

0.62

0.69

0.69

-0.56

0.18

0.19

0.25

0.23

0.35 0.58

Fig. 4.9 LISREL8 for Windows path diagram for model with two factors (examp4-2.pth)

 
!Examp4-3.spl  
!Raw Data From File: Examp4-2.txt 
 
DA NI=12 MA = KM XM = 9 
RA FI=C:\SAMD2\Chapter4\Examples\Examp4-2.txt 
LA  
Q5 Q7 Q8  Q12 Q13 Q14  
Q6 Q9 Q10 Q11 Q17 Q18 
 
MO NX = 12 NK = 1 PH = ST TD = SY  
LK                 
FactOne        
 
FR LX(1,1) LX(2,1) LX(3,1) LX(4,1) LX(5,1) LX(6,1) C 
   LX(7,1) LX(8,1) LX(9,1) LX(10,1) LX(11,1) LX(12,1) C 
   TD(3,2) TD(6,5) TD(8,7) TD(10,8) TD(10,7) 
Path Diagram 
OU SE TV RS MR FS AD = 50 MI 

Fig. 4.10 LISREL8 for Windows input for model with single factor (examp4-3.spl)
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Fig. 4.11 LISREL8 for Windows output of model with single factor (examp4-3.out)
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Fig. 4.11 (continued)
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Fig. 4.11 (continued)
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Fig. 4.11 (continued)
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Fig. 4.11 (continued)
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Fig. 4.11 (continued)
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Fig. 4.11 (continued)
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Fig. 4.11 (continued)
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Fig. 4.11 (continued)

!Examp4-4.spl  
!Raw Data From File: Examp4-2.txt 

DA NI=12 MA = KM XM = 9 
RA FI=C:\SAMD2\Chapter4\Examples\Examp4-2.txt 
LA  
Q5 Q7 Q8  Q12 Q13 Q14  
Q6 Q9 Q10 Q11 Q17 Q18 

MO NX = 12 NK = 2 PH = DI TD = SY  
LK                 
FactOne       !Competence Destroying
FactTwo      !Competence Enhancing 
FR LX(1,1) LX(2,1) LX(3,1) LX(4,1) LX(5,1) LX(6,1)  
   LX(7,2) LX(8,2) LX(9,2) LX(10,2) LX(11,2) LX(12,2) 
   TD(3,2) TD(6,5) TD(8,7) TD(10,8) TD(10,7) 
Path Diagram 
OU SE TV RS MR FS AD = 50 MI 

Fig. 4.12 LISREL8 for Windows input for model with two independent factors (examp4-4.spl)
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4.6.4 Example of Second-Order Factor Model

Next, we present an example of second-order factor analysis using the same data
as in the previous examples. Since two factors are correlated, we can test a model
where these two factors reflect a single higher-order construct. Figure 4.15 shows
the LISREL input file.

For the most part, the input file contains instructions similar to the description
of the input files of regular confirmatory factor analysis. It should be noted that
the sample size is included on the data line (“NO=145”). The differences are in
the model statement where NX has been replaced by NY, the number of indicator
variables for the η’s. NE corresponds to the number of first-order factors (the η’s).
NK is set to one in this example because only one second-order factor is assumed.
GA indicates that the elements of the � matrix will be fixed by default, although we

                                L I S R E L  8.30 

                                       BY 

                         Karl G. Jöreskog & Dag Sörbom 

                    This program is published exclusively by 
                    Scientific Software International, Inc. 
                       7383 N. Lincoln Avenue, Suite 100 
                        Chicago, IL 60646-1704, U.S.A. 
            Phone: (800)247-6113, (847)675-0720, Fax: (847)675-2140 
        Copyright by Scientific Software International, Inc., 1981-99  
          Use of this program is subject to the terms specified in the 
                        Universal Copyright Convention. 
                          Website: www.ssicentral.com 

 The following lines were read from file C:\SAMD2\CHAPTER8\EXAMPLES\EXAMP4-4.SPL:

 !Examp4-4.spl   

 !Raw Data From File: Examp4-2.txt 

 DA NI=12 MA = KM XM = 9 
 RA FI=C:\SAMD2\Chapter4\Examples\Examp4-2.txt 
 LA 
 Q5 Q7 Q8  Q12 Q13 Q14 
 Q6 Q9 Q10 Q11 Q17 Q18 

 MO NX = 12 NK = 2 PH = DI TD = SY  !CORR = 0 
 LK 
 FactOne      !Competence Destroying 
 FactTwo     !Competence Enhancing 
 FR LX(1,1) LX(2,1) LX(3,1) LX(4,1) LX(5,1) LX(6,1) C 
 LX(7,2) LX(8,2) LX(9,2) LX(10,2) LX(11,2) LX(12,2) C 
 TD(3,2) TD(6,5) TD(8,7) TD(10,8) TD(10,7) 
 Path Diagram 
 OU SE TV RS MR FS AD = 50 MI 

 !Examp4-4.spl   

                           Number of Input Variables 12 

Fig. 4.13 LISREL8 for Windows output of model with two independent factors (examp4-4.out)
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Number of Y - Variables 0
Number of X - Variables 12
Number of ETA - Variables 0
Number of KSI - Variables 2
Number of Observations  134

!Examp4-4.spl 

 Covariance Matrix to be Analyzed

Q5 Q7 Q8 Q12 Q13  Q14
 -------- --------   --------   -------- -------- --------

 Q5  1.00
 Q7  0.46 1.00
 Q8  0.57 0.74 1.00
Q12  0.53 0.60 0.64   1.00
Q13  0.43 0.40 0.51   0.49 1.00
Q14  0.40 0.44 0.58   0.56 0.59 1.00
 Q6  -0.13 -0.27  -0.20  -0.36   -0.06 -0.19
 Q9  -0.17 -0.26  -0.18  -0.38   -0.08 -0.11
Q10  -0.13 -0.27  -0.22  -0.40   -0.19 -0.26
Q11  -0.26 -0.25  -0.23  -0.36   -0.18 -0.19
Q17  -0.19 -0.29  -0.32  -0.34   -0.26 -0.32
Q18  -0.20 -0.27  -0.21  -0.40   -0.10 -0.22

 Covariance Matrix to be Analyzed

Q6 Q9 Q10 Q11 Q17  Q18
 -------- --------   --------   -------- -------- --------

 Q6  1.00
 Q9  0.56 1.00
Q10  0.36 0.33 1.00
Q11  0.58 0.70 0.41   1.00
Q17  0.38 0.41 0.44   0.43 1.00
Q18  0.40 0.38 0.47   0.42 0.47 1.00

!Examp4-4.spl 

Parameter Specifications

 LAMBDA-X

FactOne FactTwo
 -------- --------

 Q5   1  0
 Q7   2  0
 Q8   3  0
Q12   4  0
Q13   5  0
Q14   6  0
 Q6   0  7
 Q9   0  8
Q10   0  9
Q11   0 10
Q17   0 11
Q18   0 12

 THETA-DELTA

Q5 Q7 Q8 Q12 Q13  Q14
 -------- --------   --------   -------- -------- --------

 Q5  13
 Q7   0 14
 Q8   0 15 16
Q12   0 0 0 17
Q13   0 0 0  0  18
Q14   0 0 0  0  19   20
 Q6   0 0 0  0 0    0
 Q9   0 0 0  0 0    0
Q10   0 0 0  0 0    0
Q11   0 0 0  0 0    0
Q17   0 0 0  0 0    0
Q18   0 0 0  0 0    0

Fig. 4.13 (continued)
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         THETA-DELTA 

                  Q6         Q9        Q10        Q11        Q17        Q18
            --------   --------   --------   --------   --------   --------
       Q6         21
       Q9         22         23
      Q10          0          0         24
      Q11         25         26          0         27
      Q17          0          0          0          0         28
      Q18          0          0          0          0          0         29

 !Examp4-4.spl 

 Number of Iterations = 29

 LISREL Estimates (Maximum Likelihood)               

         LAMBDA-X    

             FactOne    FactTwo   
            --------   --------
       Q5       0.67        - -
              (0.08)
                8.11

       Q7       0.71        - -
              (0.08)
                8.50

       Q8       0.83        - -
              (0.08)
               10.76

      Q12       0.80        - -
              (0.08)
               10.31

      Q13       0.62        - -
              (0.08)
                7.29

      Q14       0.67        - -
              (0.08)
                8.19

       Q6        - -       0.56
                         (0.09)
                           6.08

       Q9        - -       0.56
                         (0.09)
                           5.97

      Q10        - -       0.65
                         (0.09)
                           7.35

      Q11        - -       0.62
                         (0.09)
                           6.78

      Q17        - -       0.68
                         (0.09)
                           7.75

      Q18        - -       0.70
                         (0.09)
                           7.97

         PHI         
         Note: This matrix is diagonal.

Fig. 4.13 (continued)
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             FactOne    FactTwo    
            --------   -------- 
                1.00       1.00 

         THETA-DELTA  

                  Q5         Q7         Q8        Q12        Q13        Q14    
            --------   --------   --------   --------   --------   -------- 
       Q5       0.56 
              (0.08) 
                7.04 

       Q7        - -       0.50 
                         (0.08) 
                           6.32 

       Q8        - -       0.16       0.32 
                         (0.06)     (0.06) 
                           2.74       4.91 

      Q12        - -        - -        - -       0.36 
                                               (0.07) 
                                                 5.55 

      Q13        - -        - -        - -        - -       0.62 
                                                          (0.09) 
                                                            7.22 

      Q14        - -        - -        - -        - -       0.18       0.55 
                                                          (0.06)     (0.08) 
                                                            2.83       6.92 

       Q6        - -        - -        - -        - -        - -        - - 

       Q9        - -        - -        - -        - -        - -        - - 

      Q10        - -        - -        - -        - -        - -        - - 

      Q11        - -        - -        - -        - -        - -        - - 

      Q17        - -        - -        - -        - -        - -        - - 

      Q18        - -        - -        - -        - -        - -        - - 

         THETA-DELTA  

                  Q6         Q9        Q10        Q11        Q17        Q18    
            --------   --------   --------   --------   --------   -------- 
       Q6       0.68 
              (0.10) 
                6.87 

       Q9       0.25       0.69 
              (0.08)     (0.10) 
                3.21       6.91 

      Q10        - -        - -       0.57 
                                    (0.09) 
                                      6.31 

      Q11       0.24       0.36        - -       0.62 
              (0.08)     (0.08)                (0.10) 
                3.08       4.40                  6.53 

      Q17        - -        - -        - -        - -       0.53 
                                                          (0.09) 
                                                            5.96 

      Q18        - -        - -        - -        - -        - -       0.51 
                                                                     (0.09) 
                                                                       5.74 

Fig. 4.13 (continued)
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         Squared Multiple Correlations for X - Variables          

                  Q5         Q7         Q8        Q12        Q13        Q14    
            --------   --------   --------   --------   --------   -------- 
                0.44       0.50       0.68       0.64       0.38       0.45 

         Squared Multiple Correlations for X - Variables          

                  Q6         Q9        Q10        Q11        Q17        Q18    
            --------   --------   --------   --------   --------   -------- 
                0.32       0.31       0.43       0.38       0.47       0.49 

                           Goodness of Fit Statistics 

                             Degrees of Freedom = 49 
               Minimum Fit Function Chi-Square = 84.34 (P = 0.0013) 
       Normal Theory Weighted Least Squares Chi-Square = 77.75 (P = 0.0055) 
                 Estimated Non-centrality Parameter (NCP) = 28.75 
             90 Percent Confidence Interval for NCP = (8.62 ; 56.81) 

                        Minimum Fit Function Value = 0.63 
                Population Discrepancy Function Value (F0) = 0.22 
              90 Percent Confidence Interval for F0 = (0.065 ; 0.43) 
             Root Mean Square Error of Approximation (RMSEA) = 0.066 
            90 Percent Confidence Interval for RMSEA = (0.036 ; 0.093) 
               P-Value for Test of Close Fit (RMSEA < 0.05) = 0.16 

                  Expected Cross-Validation Index (ECVI) = 1.02 
             90 Percent Confidence Interval for ECVI = (0.87 ; 1.23) 
                         ECVI for Saturated Model = 1.17 
                        ECVI for Independence Model = 5.81 

      Chi-Square for Independence Model with 66 Degrees of Freedom = 748.31 
                            Independence AIC = 772.31 
                                Model AIC = 135.75 
                              Saturated AIC = 156.00 
                            Independence CAIC = 819.08 
                               Model CAIC = 248.79 
                             Saturated CAIC = 460.03 

                      Root Mean Square Residual (RMR) = 0.17 
                             Standardized RMR = 0.17 
                        Goodness of Fit Index (GFI) = 0.91 
                   Adjusted Goodness of Fit Index (AGFI) = 0.86 
                  Parsimony Goodness of Fit Index (PGFI) = 0.57 

                          Normed Fit Index (NFI) = 0.89 
                        Non-Normed Fit Index (NNFI) = 0.93 
                     Parsimony Normed Fit Index (PNFI) = 0.66 
                        Comparative Fit Index (CFI) = 0.95 
                        Incremental Fit Index (IFI) = 0.95 
                         Relative Fit Index (RFI) = 0.85 

                             Critical N (CN) = 119.15 

 !Examp4-4.spl   

         Fitted Covariance Matrix 

                  Q5         Q7         Q8        Q12        Q13        Q14    
            --------   --------   --------   --------   --------   -------- 
       Q5       1.00 
       Q7       0.47       1.00 
       Q8       0.55       0.74       1.00 
      Q12       0.53       0.56       0.66       1.00 
      Q13       0.41       0.43       0.51       0.49       1.00 
      Q14       0.45       0.48       0.56       0.54       0.59       1.00 
       Q6        - -        - -        - -        - -        - -        - - 
       Q9        - -        - -        - -        - -        - -        - - 
      Q10        - -        - -        - -        - -        - -        - - 
      Q11        - -        - -        - -        - -        - -        - - 
      Q17        - -        - -        - -        - -        - -        - - 
      Q18        - -        - -        - -        - -        - -        - - 

Fig. 4.13 (continued)
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         Fitted Covariance Matrix 

                  Q6         Q9        Q10        Q11        Q17        Q18    
            --------   --------   --------   --------   --------   -------- 
       Q6       1.00 
       Q9       0.56       1.00 
      Q10       0.37       0.36       1.00 
      Q11       0.58       0.70       0.40       1.00 
      Q17       0.38       0.38       0.45       0.42       1.00 
      Q18       0.39       0.39       0.46       0.43       0.48       1.00 

         Fitted Residuals 

                  Q5         Q7         Q8        Q12        Q13        Q14    
            --------   --------   --------   --------   --------   -------- 
       Q5       0.00 
       Q7      -0.01       0.00 
       Q8       0.02       0.00       0.00 
      Q12       0.00       0.03      -0.02       0.00 
      Q13       0.02      -0.03       0.00       0.00       0.00 
      Q14      -0.05      -0.04       0.02       0.02       0.00       0.00 
       Q6      -0.13      -0.27      -0.20      -0.36      -0.06      -0.19 
       Q9      -0.17      -0.26      -0.18      -0.38      -0.08      -0.11 
      Q10      -0.13      -0.27      -0.22      -0.40      -0.19      -0.26 
      Q11      -0.26      -0.25      -0.23      -0.36      -0.18      -0.19 
      Q17      -0.19      -0.29      -0.32      -0.34      -0.26      -0.32 
      Q18      -0.20      -0.27      -0.21      -0.40      -0.10      -0.22 

         Fitted Residuals 

                  Q6         Q9        Q10        Q11        Q17        Q18    
            --------   --------   --------   --------   --------   -------- 
       Q6       0.00 
       Q9       0.00       0.00 
      Q10      -0.01      -0.03       0.00 
      Q11       0.00       0.00       0.01       0.00 
      Q17       0.00       0.03      -0.01       0.01       0.00 
      Q18       0.01       0.00       0.01      -0.01      -0.01       0.00 

 Summary Statistics for Fitted Residuals 

 Smallest Fitted Residual =   -0.40 
   Median Fitted Residual =   -0.03 
  Largest Fitted Residual =    0.03 

 Stemleaf Plot 

 - 4|00  
 - 3|866  
 - 3|422  
 - 2|977766665  
 - 2|322100  
 - 1|9999887  
 - 1|3310  
 - 0|865  
 - 0|4332111110000000000000000000000  
   0|1111222233 

         Standardized Residuals   

                  Q5         Q7         Q8        Q12        Q13        Q14    
            --------   --------   --------   --------   --------   -------- 
       Q5        - - 
       Q7      -0.39        - - 
       Q8       0.89        - -        - - 
      Q12       0.04       1.59      -1.65        - - 
      Q13       0.56      -0.90      -0.10       0.01        - - 
      Q14      -1.38      -1.05       1.00       0.77        - -        - - 
       Q6      -1.54      -3.17      -2.33      -4.13      -0.66      -2.23 
       Q9      -1.95      -2.97      -2.07      -4.34      -0.92      -1.28 
      Q10      -1.45      -3.06      -2.48      -4.58      -2.17      -2.96 
      Q11      -3.05      -2.91      -2.66      -4.11      -2.13      -2.18 
      Q17      -2.16      -3.32      -3.67      -3.92      -3.04      -3.66 
      Q18      -2.33      -3.08      -2.42      -4.62      -1.13      -2.49 

Fig. 4.13 (continued)
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         Standardized Residuals   

                  Q6         Q9        Q10        Q11        Q17        Q18    
            --------   --------   --------   --------   --------   -------- 
       Q6        - - 
       Q9        - -        - - 
      Q10      -0.18      -0.83        - - 
      Q11        - -        - -       0.23        - - 
      Q17      -0.06       0.92      -0.19       0.22        - - 
      Q18       0.23      -0.11       0.41      -0.44      -0.22        - - 

 Summary Statistics for Standardized Residuals 

 Smallest Standardized Residual =   -4.62 
   Median Standardized Residual =   -0.87 
  Largest Standardized Residual =    1.59 

 Stemleaf Plot 

 - 4|66311  
 - 3|97732111000  
 - 2|9755433222211  
 - 1|96554311  
 - 0|9987442221110000000000000000000  
   0|22246899  
   1|06 
 Largest Negative Standardized Residuals 
 Residual for       Q6 and       Q7  -3.17 
 Residual for       Q6 and      Q12  -4.13 
 Residual for       Q9 and       Q7  -2.97 
 Residual for       Q9 and      Q12  -4.34 
 Residual for      Q10 and       Q7  -3.06 
 Residual for      Q10 and      Q12  -4.58 
 Residual for      Q10 and      Q14  -2.96 
 Residual for      Q11 and       Q5  -3.05 
 Residual for      Q11 and       Q7  -2.91 
 Residual for      Q11 and       Q8  -2.66 
 Residual for      Q11 and      Q12  -4.11 
 Residual for      Q17 and       Q7  -3.32 
 Residual for      Q17 and       Q8  -3.67 
 Residual for      Q17 and      Q12  -3.92 
 Residual for      Q17 and      Q13  -3.04 
 Residual for      Q17 and      Q14  -3.66 
 Residual for      Q18 and       Q7  -3.08 
 Residual for      Q18 and      Q12  -4.62 

 !Examp4-4.spl   

                         Qplot of Standardized Residuals 

  3.5.......................................................................... 
     .                                                                       .. 
     .                                                                      . . 
     .                                                                    .   . 
     .                                                                  .     . 
     .                                                                 .      . 
     .                                                               .        . 
     .                                                             .          . 
     .                                                            .           . 
     .                                                    x     .             . 
     .                                                        .               . 
     .                                              x        .                . 
     .                                             x       .                  . 
     .                                             x     .                    . 
     .                                         x  x     .                     . 
 N   .                                      x x       .                       . 
 o   .                                      *       .                         . 
 r   .                                   x*        .                          . 
 m   .                                  x        .                            . 
 a   .                               * xx      .                              . 
 l   .                          xx x          .                               . 
     .                      x xxx           .                                 . 
 Q   .                  xxxx              .                                   . 
 u   .             xxx                   .                                    . 
 a   .            xx                   .                                      . 

Fig. 4.13 (continued)
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 n   .          x*                   .                                        . 
 t   .     x  x *                   .                                         . 
 i   .    x*                      .                                           . 
 l   .   x*                     .                                             . 
 e   . xx                      .                                              . 
 s   *                       .                                                . 
     *                     .                                                  . 
     x                    .                                                   . 
     x                  .                                                     . 
     x                .                                                       . 
     .               .                                                        . 
     x             .                                                          . 
     .           .                                                            . 
     .          .                                                             . 
     .        .                                                               . 
     .      .                                                                 . 
     .     .                                                                  . 
     .   .                                                                    . 
     . .                                                                      . 
 -3.5.......................................................................... 
   -3.5                                                                      3.5 
                             Standardized Residuals 

 !Examp4-4.spl   

 Modification Indices and Expected Change 

         Modification Indices for LAMBDA-X        

             FactOne    FactTwo    
            --------   -------- 
       Q5        - -       0.20 
       Q7        - -       2.35 
       Q8        - -       1.02 
      Q12        - -      15.73 
      Q13        - -       0.49 
      Q14        - -       0.89 
       Q6       0.20        - - 
       Q9       0.00        - - 
      Q10       1.35        - - 
      Q11       0.82        - - 
      Q17       3.42        - - 
      Q18       0.78        - - 

         Expected Change for LAMBDA-X     

             FactOne    FactTwo    
            --------   -------- 
       Q5        - -       0.03 
       Q7        - -      -0.10 
       Q8        - -       0.06 
      Q12        - -      -0.27 
      Q13        - -       0.05 
      Q14        - -      -0.07 
       Q6      -0.03        - - 
       Q9       0.00        - - 
      Q10      -0.09        - - 
      Q11      -0.06        - - 
      Q17      -0.14        - - 
      Q18      -0.07        - - 

         Modification Indices for PHI             

             FactOne    FactTwo    
            --------   -------- 
  FactOne        - - 
  FactTwo      25.54        - - 

         Expected Change for PHI          

             FactOne    FactTwo    
            --------   -------- 
  FactOne        - - 
  FactTwo      -0.54        - - 

Fig. 4.13 (continued)
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         Modification Indices for THETA-DELTA     

                  Q5         Q7         Q8        Q12        Q13        Q14    
            --------   --------   --------   --------   --------   -------- 
       Q5        - - 
       Q7       0.42        - - 
       Q8       0.99        - -        - - 
      Q12       0.00       3.59       4.40        - - 
      Q13       0.94       0.21       0.01       0.04        - - 
      Q14       2.41       1.07       1.55       0.52        - -        - - 
       Q6       1.18       1.09       0.17       1.21       3.24       1.12 
       Q9       0.27       1.11       0.94       4.50       0.55       1.37 
      Q10       1.81       0.33       0.80       3.39       0.09       0.33 
      Q11       4.05       0.76       0.19       1.19       2.12       0.24 
      Q17       0.35       0.37       2.98       1.85       1.56       1.03 
      Q18       0.34       0.47       1.19       3.71       2.34       0.04 

         Modification Indices for THETA-DELTA     

                  Q6         Q9        Q10        Q11        Q17        Q18    
            --------   --------   --------   --------   --------   -------- 
       Q6        - - 
       Q9        - -        - - 
      Q10       0.00       0.94        - - 
      Q11        - -        - -       0.52        - - 
      Q17       0.10       0.78       0.03       0.06        - - 
      Q18       0.12       0.00       0.16       0.19       0.05        - - 

         Expected Change for THETA-DELTA  

                  Q5         Q7         Q8        Q12        Q13        Q14    
            --------   --------   --------   --------   --------   -------- 
       Q5        - - 
       Q7      -0.03        - - 
       Q8       0.05        - -        - - 
      Q12       0.00       0.09      -0.10        - - 
      Q13       0.05      -0.02       0.00      -0.01        - - 
      Q14      -0.08      -0.05       0.05       0.04        - -        - - 
       Q6       0.06      -0.05       0.02      -0.05       0.09      -0.05 
       Q9       0.02      -0.04       0.03      -0.09       0.03       0.05 
      Q10       0.08      -0.03       0.04      -0.09      -0.02      -0.03 
      Q11      -0.09       0.03      -0.01       0.04      -0.06       0.02 
      Q17       0.03       0.03      -0.07       0.07      -0.07      -0.05 
      Q18      -0.03      -0.03       0.04      -0.09       0.08      -0.01 

         Expected Change for THETA-DELTA  

                  Q6         Q9        Q10        Q11        Q17        Q18    
            --------   --------   --------   --------   --------   -------- 
       Q6        - - 
       Q9        - -        - - 
      Q10       0.00      -0.05        - - 
      Q11        - -        - -       0.04        - - 
      Q17      -0.02       0.05      -0.01      -0.01        - - 
      Q18       0.02       0.00       0.03      -0.02      -0.02        - - 

 Maximum Modification Index is   25.54 for Element ( 2, 1) of PHI 

 !Examp4-4.spl   

 Covariances 

         X - KSI  

                  Q5         Q7         Q8        Q12        Q13        Q14    
            --------   --------   --------   --------   --------   -------- 
  FactOne       0.67       0.71       0.83       0.80       0.62       0.67 
  FactTwo        - -        - -        - -        - -        - -        - - 

         X - KSI  

                  Q6         Q9        Q10        Q11        Q17        Q18    
            --------   --------   --------   --------   --------   -------- 
  FactOne        - -        - -        - -        - -        - -        - - 
  FactTwo       0.56       0.56       0.65       0.62       0.68       0.70 

Fig. 4.13 (continued)
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 !Examp4-4.spl   

 Factor Scores Regressions 

         KSI  

                  Q5         Q7         Q8        Q12        Q13        Q14    
            --------   --------   --------   --------   --------   -------- 
  FactOne       0.17       0.10       0.32       0.31       0.10       0.14 
  FactTwo        - -        - -        - -        - -        - -        - - 

         KSI  

                  Q6         Q9        Q10        Q11        Q17        Q18    
            --------   --------   --------   --------   --------   -------- 
  FactOne        - -        - -        - -        - -        - -        - - 
  FactTwo       0.11       0.07       0.26       0.14       0.29       0.31 

          The Problem used    23472 Bytes (=  0.0% of Available Workspace) 
                           Time used:    0.207 Seconds 

Fig. 4.13 (continued)

! FactorOne vs. FactorTwo in AMOS with non-zero Theta-Deltas 
$Standardized 
$Smc 

$Structure 
Q5  = ( 1 ) FactorOne + (1) eps5 
Q7  =  FactorOne + (1) eps7 
Q8  =  FactorOne + (1) eps8 
Q12 =  FactorOne + (1) eps12 
Q13 =  FactorOne + (1) eps13 
Q14 =  FactorOne + (1) eps14 

Q6  = ( 1 ) FactorTwo + (1) eps6 
Q9  =  FactorTwo + (1) eps9 
Q10 =  FactorTwo + (1) eps10 
Q11 =  FactorTwo + (1) eps11 
Q17 =  FactorTwo + (1) eps17 
Q18 =  FactorTwo + (1) eps18 

eps8  <> eps7 
eps13 <> eps14 
eps6  <> eps9 
eps6  <> eps11 
eps9  <> eps11 

$Include = Examp4-5.amd 

Fig. 4.14 AMOS input example for confirmatory factor analytic model (examp4-5.ami)

will specify which elements to estimate in the “FREE” line below. The covariance
matrix of the second-order factors is set to be diagonal (“PH=DI”), although in our
example, this matrix is simply a scalar. The labels for the first-order factors are the
same as in the earlier example of regular confirmatory factor analysis, except that
they now correspond to the η’s, which is why they are introduced by “LE” (Label
Etas). The labels for the second-order factor are “new,” which follows the “LK”
(Label Ksis).
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!Examp4-6.spl 
!Raw Data From File: Examp4-2.txt 
DA NI=12 MA = KM XM = 9 NO=145 
RA FI=C:\SAMD2\CHAPTER4\Examples\Examp4-2.txt 
LA  
Q5 Q7 Q8  Q12 Q13 Q14  
Q6 Q9 Q10 Q11 Q17 Q18 

MO NY = 12 NE = 2 NK = 1 GA = FI PH = DI   
LE                 
FactorOne      !Competence Destroying 
FactorTwo     !Competence Acquisition 
LK 
New 
VA 1 LY 1 1 LY 7 2 
FR LY(2,1) LY(3,1) LY(4,1) LY(5,1) LY(6,1) LY(8,2) LY(9,2) LY(10,2) C
LY(11,2) LY(12,2) GA(1,1) GA(2,1) 
ST 1 ALL 
Path Diagram 
OU SS NS 

Fig. 4.15 Input for second-order factor analysis using LISREL 8 (examp4-6.spl)

One of the factor loadings for each first-order factor is fixed to one in order to
define the unit of the factors to the units of that item. Finally, the parameters to be
estimated are freed; they are the elements of the factor loading matrix � and �.

The output corresponding to this second-order factor analysis is shown in
Fig. 4.16.

The graphical representation of the results is shown in Fig. 4.17.
The results of this second-order factor analysis indicate a poor fit of the model

with a chi-squared, which is highly significant. Nevertheless, the parameter esti-
mates for the second-order factor loadings on the first-order factors correspond to
what would be expected from the correlation pattern between these two constructs
(a positive loading on FactorOne and a negative loading on FactorTwo).

L I S R E L  8.54

BY

 Karl G. J”reskog & Dag S”rbom

This program is published exclusively by
Scientific Software International, Inc.

7383 N. Lincoln Avenue, Suite 100
Lincolnwood, IL 60712, U.S.A. 

 Phone: (800)247-6113, (847)675-0720, Fax: (847)675-2140
Copyright by Scientific Software International, Inc., 1981-2002
  Use of this program is subject to the terms specified in the

Universal Copyright Convention.
Website: www.ssicentral.com

Fig. 4.16 LISREL output for second-order factor analytic model (examp4-6.out)
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 The following lines were read from file C:\ SAMD2\CHAPTER4\Examples\Examp4_6.spl: 
 
 !Examp4-6.spl 
 !Raw Data From File: Examp4-2.txt 
 DA NI=12 MA = KM XM = 9 NO=145 
 RA FI=C:\ SAMD2\CHAPTER4\Examples\Examp4-2.txt 
      
               -------------------------------- 
                EM Algorithm for missing Data:  
               -------------------------------- 
      
           Number of different missing-value patterns=        7 
           Convergence of EM-algorithm in     5 iterations 
           -2 Ln(L) =     5842.05710 
           Percentage missing values=   0.60 
     
      Note:  
        The Covariances and/or Means to be analyzed are estimated 
        by the EM procedure and are only used to obtain starting 
        values for the FIML procedure  
     
 LA 
 Q5 Q7 Q8  Q12 Q13 Q14 
 Q6 Q9 Q10 Q11 Q17 Q18 
   
 MO NY = 12 NE = 2 NK = 1 GA = FI PH = DI 
 LE 
 FactorOne 
 FactorTwo 
 LK 
 New 
 VA 1 LY 1 1 LY 7 2 
 FR LY(2,1) LY(3,1) LY(4,1) LY(5,1) LY(6,1) LY(8,2) LY(9,2) LY(10,2) C 
 LY(11,2) LY(12,2) GA(1,1) GA(2,1) 
 ST 1 ALL 
 Path Diagram 
 OU SS NS 
 
 !Examp4-6.spl                                                                   
 
                           Number of Input Variables 12 
                           Number of Y - Variables   12 
                           Number of X - Variables    0 
                           Number of ETA - Variables  2 
                           Number of KSI - Variables  1 
                           Number of Observations   140 
 
 !Examp4-6.spl                                                                   
 
         Covariance Matrix        
 
                  Q5         Q7         Q8        Q12        Q13        Q14    
            --------   --------   --------   --------   --------   -------- 
       Q5       1.00 
       Q7       0.46       1.00 
       Q8       0.57       0.74       1.00 
      Q12       0.53       0.61       0.65       1.00 
      Q13       0.44       0.40       0.51       0.51       1.00 
      Q14       0.39       0.45       0.57       0.54       0.59       1.00 
       Q6      -0.14      -0.25      -0.17      -0.35      -0.06      -0.22 
       Q9      -0.16      -0.24      -0.15      -0.34      -0.08      -0.11 
      Q10      -0.12      -0.25      -0.18      -0.37      -0.20      -0.26 
      Q11      -0.24      -0.22      -0.21      -0.33      -0.19      -0.19 
      Q17      -0.18      -0.29      -0.29      -0.33      -0.26      -0.31 
      Q18      -0.19      -0.23      -0.21      -0.40      -0.11      -0.24 
 
         Covariance Matrix        
 
                  Q6         Q9        Q10        Q11        Q17        Q18    
            --------   --------   --------   --------   --------   -------- 
       Q6       1.00 
       Q9       0.61       1.00 
      Q10       0.41       0.35       1.00 
      Q11       0.59       0.70       0.43       1.00 
      Q17       0.43       0.42       0.45       0.42       1.00 

Fig. 4.16 (continued)
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      Q18       0.36       0.40       0.49       0.45       0.48       1.00 

 !Examp4-6.spl                                                                   

 Parameter Specifications 

         LAMBDA-Y     

            FactorOn   FactorTw 
            --------   -------- 
       Q5          0          0 
       Q7          1          0 
       Q8          2          0 
      Q12          3          0 
      Q13          4          0 
      Q14          5          0 
       Q6          0          0 
       Q9          0          6 
      Q10          0          7 
      Q11          0          8 
      Q17          0          9 
      Q18          0         10 

         GAMMA        

                 New 
            -------- 
 FactorOn         11 
 FactorTw         12 

         PHI          

                 New 
            -------- 
                  13 

         PSI          

            FactorOn   FactorTw 
            --------   -------- 
                  14         15 

         THETA-EPS    

                  Q5         Q7         Q8        Q12        Q13        Q14 
            --------   --------   --------   --------   --------   -------- 
                  16         17         18         19         20         21 

         THETA-EPS    

                  Q6         Q9        Q10        Q11        Q17        Q18 
            --------   --------   --------   --------   --------   -------- 
                  22         23         24         25         26         27 

 !Examp4-6.spl                                                                   

 Number of Iterations =  7 

 LISREL Estimates (Maximum Likelihood)                

         LAMBDA-Y     

            FactorOn   FactorTw    
            --------   -------- 
       Q5       1.00        - - 

       Q7       1.14        - - 
              (0.15) 
                7.67 

       Q8       1.21        - - 
              (0.15) 
                8.24 

Fig. 4.16 (continued)
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      Q18       0.36       0.40       0.49       0.45       0.48       1.00 
 
 
 !Examp4-6.spl                                                                   
 
 Parameter Specifications 
 
         LAMBDA-Y     
 
            FactorOn   FactorTw 
            --------   -------- 
       Q5          0          0 
       Q7          1          0 
       Q8          2          0 
      Q12          3          0 
      Q13          4          0 
      Q14          5          0 
       Q6          0          0 
       Q9          0          6 
      Q10          0          7 
      Q11          0          8 
      Q17          0          9 
      Q18          0         10 
 
         GAMMA        
 
                 New 
            -------- 
 FactorOn         11 
 FactorTw         12 
 
         PHI          
 
                 New 
            -------- 
                  13 
 
         PSI          
 
            FactorOn   FactorTw 
            --------   -------- 
                  14         15 
 
         THETA-EPS    
 
                  Q5         Q7         Q8        Q12        Q13        Q14 
            --------   --------   --------   --------   --------   -------- 
                  16         17         18         19         20         21 
 
         THETA-EPS    
 
                  Q6         Q9        Q10        Q11        Q17        Q18 
            --------   --------   --------   --------   --------   -------- 
                  22         23         24         25         26         27 
  
 
 
 !Examp4-6.spl                                                                   
 
 Number of Iterations =  7 
 
 LISREL Estimates (Maximum Likelihood)                
 
         LAMBDA-Y     
 
            FactorOn   FactorTw    
            --------   -------- 
       Q5       1.00        - - 
  
       Q7       1.14        - - 
              (0.15) 
                7.67 
  
       Q8       1.21        - - 
              (0.15) 
                8.24 

Fig. 4.16 (continued)
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      Q12       1.12        - - 
              (0.14) 
                7.78 
  
      Q13       0.84        - - 
              (0.13) 
                6.40 
  
      Q14       0.92        - - 
              (0.14) 
                6.78 
  
       Q6        - -       1.00 
  
       Q9        - -       0.99 
                         (0.12) 
                           8.47 
  
      Q10        - -       0.69 
                         (0.11) 
                           6.21 
  
      Q11        - -       1.09 
                         (0.13) 
                           8.71 
  
      Q17        - -       0.78 
                         (0.12) 
                           6.49 
  
      Q18        - -       0.78 
                         (0.12) 
                           6.43 
  
 
         GAMMA        
 
                 New    
            -------- 
 FactorOn       0.27 
              (0.08) 
                3.54 
  
 FactorTw      -0.61 
  
 
         Covariance Matrix of ETA and KSI         
 
            FactorOn   FactorTw        New    
            --------   --------   -------- 
 FactorOn       1.76 
 FactorTw      -0.69       1.59 
      New       1.12      -2.53       4.15 
 
         PHI          
 
                 New    
            -------- 
                4.15 
  
 
         PSI          
         Note: This matrix is diagonal. 
 
            FactorOn   FactorTw    
            --------   -------- 
                1.45       0.05 
              (0.37)     (0.34) 
                3.95       0.14 
  
 
         Squared Multiple Correlations for Structural Equations   
 
            FactorOn   FactorTw    
            --------   -------- 

Fig. 4.16 (continued)
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                0.17       0.97 

         THETA-EPS    

                  Q5         Q7         Q8        Q12        Q13        Q14    
            --------   --------   --------   --------   --------   -------- 
                2.46       1.49       0.88       1.33       1.97       1.85 
              (0.32)     (0.22)     (0.16)     (0.20)     (0.25)     (0.25) 
                7.64       6.76       5.36       6.63       7.73       7.53 

         THETA-EPS    

                  Q6         Q9        Q10        Q11        Q17        Q18    
            --------   --------   --------   --------   --------   -------- 
                1.42       0.98       1.59       0.99       1.75       1.83 
              (0.21)     (0.16)     (0.21)     (0.17)     (0.23)     (0.24) 
                6.82       6.15       7.70       5.75       7.54       7.63 

         Squared Multiple Correlations for Y - Variables          

                  Q5         Q7         Q8        Q12        Q13        Q14    
            --------   --------   --------   --------   --------   -------- 
                0.42       0.60       0.74       0.63       0.39       0.44 

         Squared Multiple Correlations for Y - Variables          

                  Q6         Q9        Q10        Q11        Q17        Q18    
            --------   --------   --------   --------   --------   -------- 
                0.53       0.62       0.32       0.66       0.36       0.35 

              Global Goodness of Fit Statistics, Missing Data Case 

                -2ln(L) for the saturated model =        5842.057 
                -2ln(L) for the fitted model    =        5958.628 

                             Degrees of Freedom = 51 
               Full Information ML Chi-Square  = 116.57 (P = 0.00) 
             Root Mean Square Error of Approximation (RMSEA) = 0.096 
            90 Percent Confidence Interval for RMSEA = (0.073 ; 0.12) 
              P-Value for Test of Close Fit (RMSEA < 0.05) = 0.00094 

 !Examp4-6.spl                                                                   

 Standardized Solution            

         LAMBDA-Y     

            FactorOn   FactorTw    
            --------   -------- 
       Q5       1.33        - - 
       Q7       1.51        - - 
       Q8       1.60        - - 
      Q12       1.49        - - 
      Q13       1.11        - - 
      Q14       1.22        - - 
       Q6        - -       1.26 
       Q9        - -       1.25 
      Q10        - -       0.87 
      Q11        - -       1.37 
      Q17        - -       0.98 
      Q18        - -       0.98 

         GAMMA        

                 New    
            -------- 
 FactorOn       0.42 
 FactorTw      -0.99 

         Correlation Matrix of ETA and KSI        

Fig. 4.16 (continued)



114 4 Confirmatory Factor Analysis

            FactorOn   FactorTw        New    
            --------   --------   -------- 
 FactorOn       1.00 
 FactorTw      -0.41       1.00 
      New       0.42      -0.99       1.00 

         PSI          
         Note: This matrix is diagonal. 

            FactorOn   FactorTw    
            --------   -------- 
                0.83       0.03 

                           Time used:    0.125 Seconds 

Fig. 4.16 (continued)

Fig. 4.17 Second-order factor analytic model (examp4-6.pth)

4.6.5 Example of Multi-group Factor Analysis

The example we will use to illustrate the analysis of factors across groups con-
cerns the subjective wellbeing of men in three different countries (USA, Austria,
and Australia). There are five items to measure subjective wellbeing. Figure 4.18
lists the input for doing this analysis in LISREL.
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USAM 
DA NI=5 NG=3 NO=226 MA=CM 
RA=C:\SAMD2\CHAPTER4\EXAMPLES\usam.txt 
MO NX=5 NK=1 TX=FR KA=FI TD=SY,FI 
LK 
SWB 
PA LX 
5(1) 
FI LX 1 1 
VA 1 LX 1 1 
FR TD 1 1 TD 2 2 TD 3 3 TD 4 4 TD 5 5 TD 5 4 
OU MI 
AUSTRIAM 
DA NO=63 
RA=C:\SAMD2\CHAPTER4\EXAMPLES\austriam.txt 
MO LX=FR TX=FR KA=FI TD=SY,FI 
LK 
SWB 
PA LX 
5(1) 
FI LX 1 1 
VA 1 LX 1 1 
FR TD 1 1 TD 2 2 TD 3 3 TD 4 4 TD 5 5 TD 5 1 
OU 
AUSTRALIAM 
DA NO=56 
RA=C:\SAMD2\CHAPTER4\EXAMPLES\australiam.txt 
MO LX=FR TX=FR KA=FI TD=SY,FI 
LK 
SWB 
PA LX 
5(1) 
FI LX 1 1 
VA 1 LX 1 1 
FR TD 1 1 TD 2 2 TD 3 3 TD 4 4 TD 5 5 
PD 
OU 

Fig. 4.18 Unconstrained
CFA for subjective wellbeing
of men in three countries
(examp4-7.ls8)

We indicate that the data file contains raw data (rather than correlations or covari-
ances) by specifying on the third line “RA=” followed by the full name of the file,
including the directory path. The first line indicates the label for the first group
(country, in this case).

The second line indicates that the data contain five indicators (“NI=5”), that
there will be three groups (“NG=3”), the number of observations in the first group
(“NO=226”) and that the covariance matrix will be analyzed (“MA=CM”).

The model line (which starts with “MO”) indicates that there will be 5× indi-
cators (observed items), one factor ξ (“NK=1”), and that Tau is to be estimated
(“TX=FR”) but Kappa is fixed (“KA=FI”). �δ is specified as symmetric because
we will estimate some of the covariance terms that appeared to be non-zero.

We label the Factor as “SWB” for subjective Wellbeing, following the line LK
for Label Xsi. The Lambda matrix is then specified with five rows of 1’s and the first
value is fixed to the value 1 (the line “FI LX 1 1” fixes the parameter and the line
“VA 1 LX 1 1” sets it to the value 1). The diagonal elements of the measurement
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error covariance matrix are then freed so that these elements can be estimated (as
well as one of the covariances).

Then the output line “OU MI” requests that the modification indices be included
in the output.

Similar information is then entered in turn for the other two groups, except that
some of the parameters do not need to be repeated.

The path diagram is requested through the instruction “PD”.
For this unconstrained analysis, the confirmatory factor analysis is conducted

country by country separately. The chi-square for the three countries is the sum of
the chi-squares for each of the three groups.

Because no constraints are imposed, the construct means cannot be estimated and
each mean (in each country) is zero. Figure 4.19 gives the values of the estimated
parameters on a graphical representation of the model.

Fig. 4.19 Unconstrained estimates (examp4-7.pth)

It is clear from Fig. 4.19 that the estimated loading parameters are country
specific.

In metric invariance, the factor loadings are constrained to be the same across
groups. The scalar values Tau can, however, vary across groups, which makes it
impossible to assess different means for the construct across groups. Figure 4.20
lists the input to run such a partially constrained model.

The input in Fig. 4.20 is identical to the unconstrained estimation, except for the
statement concerning the factor loadings in the second and third group. Indeed, for
these two countries, the statement “LX=IN” indicates that these parameters must
be constrained to be invariant, i.e., equal across groups. Figure 4.21 provides the
output for this problem.

Although the error variances vary across countries, the factor loadings are identi-
cal, i.e., invariant. As indicated above, the means of the unobserved factors are still
zero for each group.

In the scalar invariance model, the factor loadings are equal, i.e., invariant across
groups as in metric invariance. However, in addition, the scalars Tau are also invari-
ant. This is indicated as in Fig. 4.22 with “TX=IN” for the last two groups for Tau
to be invariant or equal across groups.

The means are then shown in Fig. 4.23.
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USAM 
DA NI=5 NG=3 NO=226 MA=KM 
RA=C:\SAMD2\CHAPTER4\EXAMPLES\usam.txt 
MO NX=5 NK=1 TX=FR KA=FI TD=SY,FI 
LK 
SWB 
PA LX 
5(1) 
FI LX 1 1 
VA 1 LX 1 1 
FR TD 1 1 TD 2 2 TD 3 3 TD 4 4 TD 5 5 TD 5 4 
OU MI 
AUSTRIAM 
DA NO=63 
RA=C:\SAMD2\CHAPTER4\EXAMPLES\austriam.txt 
MO LX=IN TX=FR KA=FI TD=SY,FI 
LK 
SWB 
FR TD 1 1 TD 2 2 TD 3 3 TD 4 4 TD 5 5 TD 5 1 
OU 
AUSTRALIAM 
DA NO=56 
RA=C:\SAMD2\CHAPTER4\EXAMPLES\australiam.txt 
MO LX=IN TX=FR KA=FI TD=SY,FI 
LK 
SWB 
FR TD 1 1 TD 2 2 TD 3 3 TD 4 4 TD 5 5 
PD 
OU 

Fig. 4.20 LISREL input for
metric invariance model of
subjective wellbeing for three
countries (examp4-8.ls8)

Fig. 4.21 Output for metric invariance (examp4-8.pth)

It can be seen from Fig. 4.23 that the means of the SWB factor in the USA
and Austria are almost the same (zero for the USA and close to zero for Austria but
slightly below as indicated by the negative sign before the 0.00). However, the mean
is –0.58 for SWB in Australia, indicating an inferior perception of wellbeing in that
country relative to the USA and Austria.

The full outputs are not listed here, as they provide the same information as in
the case of single-group confirmatory factor analysis. The chi-squared of each of
these models can be compared because these are nested constrained models. The
difference in chi-squares with the proper difference across models in the degrees
of freedom is also chi-squared distributed and can serve to test the extent of the
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USAM 
DA NI=5 NG=3 NO=226 MA=CM 
RA=C:\SAMD2\CHAPTER4\EXAMPLES\usam.txt 
MO NX=5 NK=1 TX=FR KA=FI TD=SY,FI 
LK 
SWB 
PA LX 
5(1) 
FI LX 1 1 
VA 1 LX 1 1 
FR TD 1 1 TD 2 2 TD 3 3 TD 4 4 TD 5 5 TD 5 4 
OU MI 
AUSTRIAM 
DA NO=63 
RA=C:\SAMD2\CHAPTER4\EXAMPLES\austriam.txt 
MO LX=IN TX=IN KA=FR TD=SY,FI 
LK 
SWB 
FR TD 1 1 TD 2 2 TD 3 3 TD 4 4 TD 5 5 TD 5 1 
OU 
AUSTRALIAM 
DA NO=56 
RA=C:\SAMD2\CHAPTER4\EXAMPLES\australiam.txt 
MO LX=IN TX=IN KA=FR TD=SY,FI 
LK 
SWB 
FR TD 1 1 TD 2 2 TD 3 3 TD 4 4 TD 5 5 
PD 
OU 

Fig. 4.22 LISREL input for
scalar invariance model
(examp4-9.spl)

USA AUSTRIA AUSTRALIA

Fig. 4.23 Factor means with scalar invariance model (examp4-9.pth)

loss in fit due to the imposition of the constraint. Insignificant chi-squares when
imposing metric invariance first and scalar invariance next lead to conclude the
appropriateness of a comparison across groups.

The outputs of the three models under different constraints are not included
beyond their graphical representations. The basic statistics needed are (1) the num-
ber of data points to be reproduced, (2) the number of parameters to be estimated,
and (3) the chi-square values for each of the models.

First, we calculate the number of data points available. For each country, there
is a 5×5 covariance matrix, which provides 15 different data points, i.e., 45 for the
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three countries. In addition, there are five means for the five items for each country,
i.e., 15 means. The total number of data points is, therefore, 45+15 = 60.

Next, we calculate the number of parameters to be estimated for each model.
Table 4.1 provides the details.

In the unconstrained model, there are four lambdas to be estimated for each coun-
try (one loading must be fixed to unity to define the unit of measurement); this is
indicated in the corresponding cell of the table by “4+4+4”. In both the metric and
scalar invariance models, there are only four lambdas to be estimated since these
lambdas are constrained to be equal across groups. The error term variances are five
for each country but for two countries, a covariance term has also been estimated
(although Figs. 4.19 and 4.21 show two estimated covariances �δ per country, one
covariance in the USA and Austria is close to zero so that only one covariance for
each of these two countries and none for Australia are estimated in the model for
which the chi-squares are shown in Table 4.1); this explains the “6+6+5”, as no
covariance is estimated for the third country.

Table 4.1 Number of parameters and degrees of freedom of each model

Parameter Unconstrained
model

Metric invariance
model

Scalar invariance
model

�x 4+4+4 4 4
� 1+1+1 1+1+1 1+1+1
�δ 6+6+5 6+6+5 6+6+5

5+5+5 5+5+5 5
κ 0 0 0+1+1
# of parameters 47 39 31
# of degrees of freedom 13 21 29
Chi-squared 14.79 25.26 40.00

When subtracting the number of parameters from the number of data points (i.e.,
60), one obtains the degrees of freedom for each model.

Given the nested structure of these three models, it is possible to compare the
extent to which imposing additional constraints makes the fit worse. When compar-
ing the unrestricted model to the metric invariance constraint (same loadings across
groups), the chi-squared goes from 14.79 to 25.26, that is a difference of 10.47,
which is chi-squared distributed with 8 degrees of freedom (21–13). The critical
chi-squared with 8 degrees of freedom at α = 0.05 is 15.51. Consequently, we fail to
reject this difference as significant. This supports the restriction that there is metric
invariance.

Similarly, we can further evaluate the impact of the restriction that there is
scalar invariance by comparing the chi-squares of the metric invariance model
with that of the scalar invariance model. The chi-square increases from 25.26 to
40.00 when imposing the constraint that the tau’s are the same, even if we now
can estimate the mean of the unobserved construct relative to one of the coun-
tries (USA) that serves as reference. The difference (40.00 – 25.26) = 14.74 is
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still not significant with 8 degrees of freedom (29 – 28) at α = 0.05. We therefore
conclude for scalar invariance, which allows us to interpret the means estimated
under this scalar invariance model. These means are shown in Fig. 4.23, as indicated
above.

4.7 Assignment

Using the SURVEY data, estimate the parameters of a measurement model corre-
sponding to a confirmatory factor analysis of two or three constructs. Include an
analysis of convergent and discriminant validity.

Considering a categorical variable that distinguishes between respondents, define
several groups of respondents (e.g., respondents of different ages). Then, perform a
multi-group analysis to test the invariance of the measurement model of your choice.

The SAS file listed in Fig. 4.24 shows an example of how to create a new data
file to use with LISREL containing a subset of the data especially that may contain
only the items relevant for your analysis.

/*     Assign4.sas     */ 
filename survey 'C:\SAMD2\CHAPTER4\Assignments\survey.asc'; 
data new; 
infile survey firstobs=19; 
input   (Age Marital Income Educatn HHSize Occuptn Location 
        TryHair LatStyle DrssSmrt BlndsFun LookDif 
        LookAttr GrocShp LikeBkng ClthFrsh WashHnds Sportng LikeClrs 
        FeelAttr TooMchSx Social LikeMaid ServDnrs SaveRcps LikeKtch) (3.)
       #2 (LoveEat SpirtVal Mother ClascMsc Children Applianc ClsFamly 
        LovFamly TalkChld Exercise LikeSelf CareSkin MedChckp 
        EvngHome TripWrld HomeBody LondnPrs Comfort Ballet Parties 
        WmnNtSmk BrghtFun Seasonng ColorTV SlppyPpl Smoke) (3.) 
       #3 (Gasoline Headache Whiskey Bourbon FastFood Restrnts OutFrDnr 
        OutFrLnc RentVide Catsup KnowSont PercvDif BrndLylt 
        CatgMotv BrndMotv OwnSonit NecssSon OthrInfl DecsnTim 
        RdWomen RdHomSrv RdFashn RdMenMag RdBusMag RdNewsMg 
        RdGlMag) (3.) 
       #4 (RdYouthM RdNwsppr WtchDay WtchEve WtchPrm 
        WTchLate WtchWknd WtchCsby WtchFmTs WtchChrs WtchMoon 
        WtchBoss WtchGrwP WtchMiaV WtchDns WtchGold WtchBowl) (3.); 
data _NULL_; 
set new; 
TAB = ','; 
FN = " C:\SAMD2\CHAPTER4\Assignments\SURBSUB.CSV"; 
file PLOTFILE filevar=FN; 
put TryHair TAB LatStyle TAB DrssSmrt TAB BlndsFun TAB LookDif; 
run; 

Fig. 4.24 SAS code example to create a new data file containing a subset of the full survey data
to use with LISREL
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