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Preface

Scope of the Book

Research and development of various parallel mechanism applications in engineer-
ing is now being performed in every industrial field. Parallel robot-based machine
tool development is considered a key technology of robot applications in the future
of manufacturing industries. The study described in this book is concerned with the
basic theory, approaches, and algorithms in the field of parallel robot-based machine
tools. A family of new alternative mechanical architectures which could be used
for machine tools with parallel architecture is introduced. The kinematic analysis,
stiffness analysis, kinetostatic modeling, optimization, design of these mechanism
systems, and reconfigurable parallel kinematic machine tools are also discussed in
the book.

The book includes the basic conceptions in parallel kinematic machines at the
forefront of this field. It can be used as graduate textbook in advanced machine tools,
or as a research monograph. This book is also suitable as a reference for engineers,
researchers, and students who range from senior undergraduates to doctoral students
who are interested in parallel robotics or advanced machine tools technology. This
book gives the audience a deep understanding of the classical applications of parallel
mechanisms in the field of mechanical manufacturing.

Features of the Book

� This book focuses on the junction of parallel robot and machine tools. A suc-
cessful application of parallel mechanisms in the field of machine tools, which is
also called parallel kinematic machines tools, has been the developing trend of
advanced machine tools.

� This book results from the author’s research in the field of parallel robotic ma-
chine tools over the last 10 years.

� This book not only includes the main aspects and important issues of robotic ma-
chine tools, but also references novel conceptions and approaches, i.e. the general
kinetostatic model, artificial intelligence-based performance optimization, global
stiffness model, and others.
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viii Preface

� Most of the existing books regarding parallel kinematic machines were built upon
the concept of traditional “Gough–Stewart” mechanism types. This suggests that
most of the parallel mechanisms developed have six degrees of freedom. How-
ever, in many applications, five or less degrees of freedom are required. Hence,
there is a need to study parallel mechanisms with less than six degrees of free-
dom, which this book focuses on.

� The analysis approaches proposed in this book are novel. If audiences can under-
stand these issues and grasp these analytic approaches, they will open the gate to
the advancing fronts of parallel robot-based machine tools.

� Other related books are complex and hard to read. As the organization princi-
ples of this book are from easy to hard, audiences can easily access the keys to
understanding the theories of this book.

� A large number of case studies and numerical analyses help the audience master
the main ideas of the book in both theory and practice.

Oshawa, Ontario, Canada, June 2009 Dan Zhang
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Chapter 1
Introduction

1.1 The History of Parallel Robots

The demands for higher performance of general-purpose industrial robots are
increasing continuously. In particular, the need for truly adaptive automation in
many applications has led to higher requirements for operational accuracy, load
capacity, task flexibility, reliability, and cycle time with robots. Examples of such
needs are higher precision assembly, faster product handling, better measurements,
surface finishing, and milling capabilities. Furthermore, there is a high demand
for off-line programming to eliminate touch-up of programmed positions; in other
words, robots must perform their task with better load capacity and accuracy in
operations. A general trend of meeting these demands and requirements is to make
use of parallel robots, which have excellent potential capabilities, including high
rigidity, high accuracy, and high loading capacities.

Parallel robots generally comprise two platforms, which are connected by at least
two kinematic chains, and to provide relative motion between a moveable platform
and a base platform. In fact, parallel robots have become an indispensable part of
general robots both in industry and in academia. Besides, with the rapid devel-
opment of parallel robots a few decades ago, the research on mechanism theory,
mobility analysis, dimensional synthesis, kinematics and dynamics modeling, and
design optimization have been increasing in a large scale.

Centuries ago, the English and French mathematicians attained a keen interest in
polyhedral. It was from this obsession that the first theoretical works involving par-
allel mechanisms, specifically six-strut platforms, were developed. However, there
were very few scholars who actually read and studied these works.

In 1928, a spherical parallel robot (shown in Fig. 1.1) as a conceptual amusement
device was invented by James E. Gwinnet. This is perhaps the first spatial parallel
mechanism. Unfortunately, the entertainment industry did not pay attention to such
an invention at that time.

Ten years later, Willard L.V. Pollard designed a novel parallel robot for auto-
matic spray painting, which was claimed as the first industrial parallel robot. This
three-legged robot was capable of five degree-of-freedom motion – three for the po-
sition of the tool head, and the other two for orientation. However, this robot was

D. Zhang, Parallel Robotic Machine Tools, DOI 10.1007/978-1-4419-1117-9 1,
c� Springer Science+Business Media, LLC 2010
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2 1 Introduction

Fig. 1.1 Potentially the first spatial parallel mechanism, patented in 1931 (US Patent No.
1,789,680)

never actually built and Pollard’s son, Willard L.V. Pollard Jr. actually designed and
engineered the first industrial parallel robot, as shown in Fig. 1.2.

In 1947, Dr. Eric Gough invented a new six degree-of-freedom parallel robot
that revolutionized the robotic industry – the first octahedral hexapod (called the
universal rig by him). It was applied as a tire-testing apparatus (see Fig. 1.3 (left))
to discover properties of tires subjected to different loads. Figure 1.3 (right) shows
the machine which was put into use in 1954 and retired in 2000. This platform
consists of six identical extensible links, connecting the fixed base to a moving plat-
form to which a tire is attached. The kinematic chains associated with the six legs,
from base to platform, consist of a fixed Hooke joint, a moving link, an actuated
prismatic joint, a second moving link and a ball-and-socket joint attached to the
moving platform. The position and the orientation of the moving platform, together
with the attached wheel, are changed according to the variation of the links length.
This wheel is driven by a conveyor belt, and the mechanism allows the operator to
measure the tire wear and tear under various conditions. The universal rig has been
playing an important role in the field of industry robots and still has great effect
for the academic research of parallel manipulators. Many significant advantages can
be discovered when compared with conventional serial counterparts, such as higher
stiffness and payload, higher force/torque capacity, lower inertia, eminent dynamic
characteristics, less accumulated error of joints, and parallel robots also have simpler
inverse kinematics which is convenient for real-time control. Some disadvantages
also should be mentioned, such as smaller workspace, worse dexterity.

In 1965, Stewart published a paper describing a 6DOF motion platform that
was designed as an aircraft simulator. The so-called “Stewart platform” was a par-
allel mechanism that differentiated from the octahedral hexapod. Figure 1.4 is a
schematic of the Stewart platform. Stewart’s work had a significant impact on the
further development of parallel mechanisms in which he made many suggestions
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Fig. 1.2 The first spatial industrial parallel robot, patented in 1942 (US Patent No. 2,286,571)

Fig. 1.3 The first octahedral hexapod (left, original Gough platform) developed in 1954; and the
Gough platform for tire test (right)



4 1 Introduction

Fig. 1.4 Stewart Platform [137]

Fig. 1.5 An octahedral hexapod patent issued in 1967 (US patent No. 3,295,224)

for uses of the hexapod, and which eventually became reality. He was also responsi-
ble for popularizing Gough’s design in academia. In fact, the contribution of Gough
established the milestone for the development of parallel robots in industry, while,
it is Stewart who introduced it to academia. Over the past decades, there were many
new mechanisms that had been proposed and released by researchers, anyhow, not
so many are adopted by industry.

It is noticed that, in 1962, an engineer named Klaus Cappel, who was from the
Franklin Institute Research Laboratories in Philadelphia, proposed the same octa-
hedral hexapod as Gough’s, to be used as a motion simulator(as shown in Fig. 1.5).
Cappel was granted a patent for his invention in 1967. He is considered as the third
and last pioneer in the field of parallel robots.
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Fig. 1.6 The first flight simulator based on an octahedral hexapod as in the mid 1960s (courtesy
of Klaus Cappel)

The very first flight simulator based upon Cappel’s design was constructed
(as shown in Fig. 1.6). Cappel has also designed various parallel robot systems for
vibration testing. However, it took a long time before these designs were accepted
by industry.

It was these three men (Eric Gough, D. Stewart, and Klaus Cappel) who were
truly the pioneers of the parallel robot. This has paved a way for many new inven-
tions and applications of parallel mechanisms.

Nowadays, parallel robots can be found in many practical applications, such as
aircraft and vehicle simulators [7,11,73,74,111,114], adjustable articulated trusses
[35, 65, 66, 139, 161], medical devices [27, 28, 97, 113, 130, 134, 153], micro-robot
[40,41,78,119,162,163], and force/torque sensor [47,125,129,135]. More recently,
they have been used in the development of high precision machine tools [15,92,152,
167] by many companies such as Giddings & Lewis, Ingersoll, Hexel, Geodetic and
Toyoda, and others. The Hexapod machine tool [12, 15, 70, 104, 122] is one of the
successful applications.

1.2 Introduction of Conventional Machine Tools

Machine tools are the fundamental implements that change the shape, surface, or
properties of a blank object made of metal, plastic, wood, or other material. Produc-
ers’ machine portfolios traditionally focus on a single process technology. Before
the advent of numerical control technology, some producers specialized in turning
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Fig. 1.7 The standard engine lathe (South Bend Lathe Corp)

machines, others in grinding machines, presses, etc. These machine tools include
the following:

1. The lathe, or the engine lathe (Fig. 1.7), is used to produce round work. The
workpiece, held by a work-holding device mounted on the lathe spindle, is re-
volved against a cutting tool, which produces a cylindrical form. Straight and
taper turning, facing, drilling, boring, reaming, and thread cutting are some of
the common operations performed on a lathe.

2. The drill (Fig. 1.8), which is one of the most common machine tools. Drills cut
cylindrical holes in objects.

3. Milling Machine: The horizontal milling machine (Fig. 1.9), and the vertical
milling machine (Fig. 1.10), are the two of the most useful and versatile machine
tools. Both machines use one or more rotating milling cutters having single or
multiple cutting edges.

4. Grinder (Fig. 1.11): grinding wheels remove material from an object by rubbing
against it, slowly wearing the material away. The grinding wheel is typically used
near the end of the machining task, to smooth a finish or to obtain extremely
accurate dimensions.

5. Metal Saw: Sawing is a cutting operation in which the cutting tool is a blade
(saw) having a series of small teeth, with each tooth removing a small amount of
material. Metal-cutting saws are used to cut metal to the proper length and shape.
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Fig. 1.8 The drill press is
commonly used to produce
holes (Clausing
Industrial Inc)

Fig. 1.9 The universal knee and column type horizontal milling machine is used for machine flat,
angular, and contoured surfaces (Cincinnati Machine, a UNOVA Co.)
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Fig. 1.10 A standard vertical
milling machine (Bridgeport
Machines, Inc.)

Fig. 1.11 The surface grinder is commonly used to finish flat surfaces (DoAll Co.)
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Machine tools have advanced along with technology. Inventions such as nu-
merical control, computer numerical control, artificial intelligence, vision systems,
superabrasive cutting tools, stereo lithography, etc., have changed the way goods
are manufactured. These developments have improved machine tools and forever
changed manufacturing processes, so that today it is possible to automatically pro-
duce high-quality products quickly, accurately, and at lower cost than ever before,
and at the same time, the mechanism is also very different from that of the con-
ventional machine tool. Modern machine tools based on parallel kinematic (PK)
technology that offer faster, more accurate and less costly alternatives to conven-
tional systems than most conventional machine tools for component manufacture or
assembly. Conventional machine tools have serial knematic archtechture, with each
axial of movement supporting the following axis and providing its motion. A sig-
nificant drawback of conventional machine is that the moving parts must be heavy
enough to provide the necessary stiffness to control the bending movements. This
impacts the dynamic performance and reduces operational flexibility.

1.3 Parallel Robot-based Machine Tools

Because of the recent trend toward high-speed machining, there is a demand to
develop machine tools with high dynamic performance, improved stiffness, and re-
duced moving mass. Parallel mechanisms have been adopted to develop this type of
machine. Generally, parallel robot-based machine tool is called parallel kinematic
machine [21, 175–177].

Hexapod machine tool, as one kind of parallel kinematic machines, has been
widely studied and developed by researchers. Matar [104] defines a “Hexapod” as
a geometric structure where a hexagon provides the points on a frame for six struts,
which are then collected into pairs to form a triangle, whose position in free space
can be uniquely described by the struts length.

The parallel kinematic mechanism offers higher stiffness, lower moving mass,
higher acceleration, potential higher accuracy, reduced installation requireme-
nts, and mechanical simplicity relative to existing conventional machine tools
[24, 127, 154, 160, 171]. By virtue of these attributes, the parallel kinematic mech-
anism offers the potential to change the current manufacturing paradigm. It has the
potential to be a highly modular, highly reconfigurable, and high precision machine.
Other potential advantages include high dexterity, the requirement for simpler and
fewer fixtures, multi-mode manufacturing capability, and a small foot print. A com-
parison between the Hexapod machine tools and the conventional machine tools is
given by Giddings and Lewis. It shows that the Hexapod machine tool has improved
machine tools substantially in terms of precision (about 7 times), rigidity (about
5 times), and speed (about 4 times) [96].

So far, there are several companies and institutes involved in research and de-
velopment of this kind of machine tool. Aronson [12] summarized the four major
companies, and they are Giddings and Lewis, Ingersoll Milling Machine Co., Hexel
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Fig. 1.12 Six-axis Hexapod machining center

Corporation and Geodetic Technology International Ltd. Giddings and Lewis did
some of the early pioneering effort on the Variax, the Giddings and Lewis hexapod
machine. Moreover, the industrial interest is continually growing [112].

Figure 1.12 represents a parallel mechanism module from Ingersoll Milling
Machine Co. [93], it consists of a fixed upper dome platform and a moving
lower platform, connected by six struts, which are precision ballscrews. On the
upper platform, the six struts are driven by motor driven ballnuts. These alter the
position and attitude of the lower platform by extending or retracting the struts.
The ballscrews join the lower platform at three points, with two struts sharing a
ball-and-socket joint. Various head attachments can be incorporated to suit a variety
of applications. Each individual axis (leg drive) is independent from the others and
comes with a personality file containing information such as error mapping (e.g.,
lead pitch variation), mounting offsets, physical performance, and thermal expan-
sion characteristics. There are some other institutes and industry doing research
and development work in this area. They are NEOS Robotics (Tricept series), Toy-
oda Machine Works (HexaM Machine), ITIA-CNR (ACROBAT), Seoul National
University (ECLIPSE), Sandia Hexapod Testbed, Swiss Federal Institute of
Technology (Hexaglide), Materials Engineering Division (MMED) from Lawrence
Livermore National Laboratory (LLNL) (Octahedral Hexapod), SMARTCUTS (Si-
multaneous MAchining through Real Time Control of Universal Tooling System)
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(modular 3-DOF parallel link mechanism), LME Hexapod machine (Hexapod
software model), University of Stuttgart (modular parallel mechanism design), and
others.

Moreover, there are also many publications concerning the research and de-
velopment of parallel kinematic machines. Heisel [68] presents the precision
requirements for parallel kinematic machine tools design. Wang et al. [151] discuss
the design and kinematics of parallel mechanisms for manufacturing. Pritschow
and Wurst [122] describe a systematic design procedure that allows the evaluation
of the technological feasibility of hexapods, and the parallel kinematic machines
(PKMs) types that are currently being investigated by European researchers are
presented in [121]. Wavering [155] introduces the history of PKMs research at the
NIST Manufacturing Engineering laboratory, the current research areas and the
potential directions for future work. Abbasi et al. [6] address a parametric design
methodology for a special 6-6 parallel platform for contour milling. Warnecke et al.
[154] present the analysis, designs, and variants of parallel-structure-based machine
tools, different design variants are compared with regard to the load of the structures
and the singularities. Gopalakrishnan and Kota [55] study various parallel manip-
ulator configurations and the possibility of their integration under the evaluation of
reconfigurable machining systems. The modular concepts for PKMs are proposed
in the paper, similarly to [158]. An approach to Parallel Kinematic Machines design
integrating tools for machine configuration, synthesis, and analysis is presented
in [145]. Fassi et al. [45] present an approach to the development of a computer
aided configuration tool for parallel kinematic machines. The goal of this tool is to
enable a quick comparison between different machine structures. Bianchi et al. [22]
propose a virtual prototyping environment for PKMs analysis to ease the industrial
adoption of PKMs by availability of methodologies and integrated tools able to
analyze PKMs of any architecture in a short period of time, providing the key data
needed to design the machine. Weck et al. [156] discuss the substantial features of
PKMs with special focus on structurally caused problems in design, control, and
calibration and takes Ingersoll Octahedral Hexapod and the Dyna-M concept as
examples for possible solutions. Some industrial applications are reported in the
literature. For instance, Honegger et al. [71] present the adaptive control of the
Hexaglide. Ryu et al. [132] present the “Eclipse” machine tool designed for rapid
machining with their research of kinematic analysis. Powell et al. [120] focus on
the Giddings and Lewis Variax Hexapod machine tool by presenting different metal
cutting tests and analyzing the machine tools performances. T Ronshoff et al. [144]
present the structure and characteristics of the hybrid manipulator “Georg V” at
Hannover University. Pierrot and Shibukawa [117] report the patented machine
tools “HEXA” and “HexaM” at Toyoda Machine Works Ltd and Clavel [128] dis-
play the “Delta” parallel robot. Pritschow and Wurst [123] propose a systematic
methodology for the design of different PKM topologies. Merlet [106] develops
the software for the optimal design of a specific PKM class Stewart platform-
based mechanisms. Boeij et al. [23] propose numerical integration and sequential
quadratic programming method for optimization of a contactless electromagnetic
planar 6-DOF actuator with manipulator on top of the floating platform. Chablat and
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Angeles [31] investigate on optimum dimensioning of revolute-coupled planar ma-
nipulators based on the concept of distance of Jacobian matrix, to a given isotropic
matrix which was used as a reference model. Zhang et al. [178] develope an in-
tegrated validation system for PKM that consists of kinematic/dynamic analysis
module, kinetostatic model, CAD module, FEM module, CAM module, optimiza-
tion module, and virtual environment for remote control. Pond and Carretero [118]
apply the Jacobian matrix to determine the dexterity of parallel mechanisms regard-
less of the number and type of degrees of freedom of the mechanism. Company
and Pierrot [38] develope a 3-axis PKM intended to be used for high-speed point-
to-point displacement and simple machining. It was observed that the trajectory
planning in the joint coordinate system is not reliable without taking into consider-
ations of cavities or holes in the joint workspace. Li and Xu [98] study the stiffness
characteristics of a three-prismatic-universal-universal translational PKM, where
the stiffness matrix was derived intuitively with an alternative approach considering
actuations and constraints. Bi and Lang [20] develope a concept so-called joint
workspace for design optimization and control of a PKM, and some others.

In summary, all the existing parallel kinematic machines can be classified as
follows:

1. From the viewpoint of the frame, two approaches to (PKMs) frame design ex-
ist. Ingersoll Milling Machine Co. (in conjunction with National Institute of
Standards and Technology, NIST) (Fig. 1.12), Hexel Corporation, and Geodetic
Technology International Ltd. all use a separate frame that suspends the hexapod,
while Giddings and Lewis connected the spindle platform directly to the table
platform (Fig. 1.13), thus avoiding thermal distortion and improving stiffness.

2. From the viewpoint of the structure, a new design called the Triax – not techni-
cally a hexapod – has been investigated by Giddings and Lewis. It will operate in
only three axes. In contrast to the Hexapod machine from Ingersoll or Giddings
and Lewis, The Institute for Control Technology of Machine Tools and Con-
struction Units (ISW) of the University of Stuttgart has developed a Hexapod
[122] whose motion is generated by linear movement of the base points of fixed
length links and not by changing the leg length (Fig. 1.14). The Hexaglide [71]
(Fig. 1.15) from Swiss Federal Institute of Technology also falls into this type.

3. From the viewpoint of workspace volume, the Hexaglide [71] (Fig. 1.15)
from the Swiss Federal Institute of Technology differs from the Hexapod by
the fact that the joints are placed on parallel guideways. Thus, instead of chang-
ing the total length of the legs, they have the possibility to make the guideways
longer to extend the workspace of the machine in one direction. All other di-
mensions stay unaffected. This makes the Hexaglide an ideal mechanism for the
machining of long parts. The Hexaglide is also easier to build and to measure
than the Hexapod.

4. From the viewpoint of actuated joints, there are three types of parallel kinematic
machines:

� Prismatic actuated machines with variable leg lengths and fixed joints (e.g.,
Ingersoll, Neos Robotics),
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Fig. 1.13 The Variax Hexacenter (Figure from Giddings and Lewis)

Fig. 1.14 Kinematic structure of the 6-dof machine tools
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Fig. 1.15 Kinematic structure of the Hexaglide

� Linear Motion (LM) actuated machines with fixed leg lengths and base joints
movable on linear guideways (e.g., HexaM, ECLIPSE, Hexaglide, Triaglide,
Linapod),

� Revolute actuated machines with fixed leg lengths (e.g., Delta, Hexa),

5. From the viewpoint of research methodology, there are OKP (One-of-a-Kind
Production) design methodology (e.g., Tricept, HexaM), which is suitable for
those industrial companies, and systematic design of Hexapods using modular
robot methodology (e.g., Linapod). Modular robot concepts and techniques have
been of interest in the robotics field since the 1980s [32, 37], since selecting an
industrial robot that will best suit the needs of a forecast set of tasks can be a diffi-
cult and costly exercise. This problem can be alleviated by using a modular robot
(system) that consists of standard units such as joints and links, which can be ef-
ficiently configured into the most suitable leg geometry for these tasks. From this
point of view, modular robots introduce a new dimension to flexible automation
in terms of hardware flexibility, compared with conventional industrial robots.

Figure 1.16 shows some of the possible configurations of parallel kinematic
mechanisms that can be found primarily in [1]. The patented machine tools in
Fig. 1.16a “Hexa” [147] and Fig. 1.16b “Rotary Hexapod” [34] are revolute actuated
ones while Fig. 1.16c 6-dof parallel mechanism [9] and Fig. 1.16d “Eclipse” [132]
are the combination of revolute and prismatic actuated mechanisms. Figure 1.16e
6-dof “minimanipulator” [140] uses 2 prismatic actuators with fixed leg lengths and
Fig. 1.16f [18] displays the combination of a linear driven base point and variable
strut lengths.

Philosophically, most of the work above was built upon the concept of the tra-
ditional “Gough-Stewart” mechanism type. This suggests that most parallel mech-
anisms have six degrees of freedom. A question left open in previous work is: The
vast majority of the machining is done with less than 6-dof, so why should we pay
for six? In this book, we will focus our attention on 5-dof or less than 5-dof paral-
lel mechanisms (Fig. 1.17), since machining consists in orienting an axisymmetric
body (the tool), which requires only five degrees of freedom.
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Fig. 1.16 Selected parallel kinematic mechanisms. (a) The “Hexa” robot (Uchiyama 1994).
(b) The “Rotary Hexapod” by Hexel (Chi 1999). (c) Circular movement of the base point.
(d) “Eclipse” from SNU. (e) 6-dof “minimanipulator”. (f ) Combination of linear driven base point
and variable strut length
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Fig. 1.17 CAD model of the 5-dof parallel mechanism (Figure by Gabriel Coté)

In this book, we propose a series of n-dof parallel mechanisms which consist of
n identical actuated legs with six degrees of freedom and one passive leg with n
degrees of freedom connecting the platform and the base. The degree of freedom
of the mechanism is dependent on the passive leg’s degree of freedom. One can
improve the rigidity of this type of mechanism through optimization of the link
rigidities to reach the maximal global stiffness and precision.

1.4 Scope and Organization of this Book

Conventional machine tools are usually based on a serial structure. There are as
many degrees of the freedom as required, and the axes are arranged in series. This
leads to a single kinematic chain. The axes are usually arranged according to the
Cartesian axes, which means there is a X, Y, and Z axis and rotational axes if needed.
These machines are easy to operate because each axis directly controls one Cartesian
degree of freedom and there is no coupling between the axes.

A parallel kinematic machine promises to increase stiffness, higher speed, and
acceleration due to reduced moving mass, reduced production, and installation
costs. Research in this kind of architectures for machine tools has been growing



1.4 Scope and Organization of this Book 17

since the 1980s [12,15,70]. Although a number of new devices were patented, none
seems to take the structure flexibility into account. Although the joints and links
have become commercially available, the study for the most promising architecture
for machine tools through kinetostatic analysis, dynamics, and optimization is still a
challenge. The aim of this book is to provide readers the new alternative mechanical
architectures which could be used in the design of a machine tool with parallel or
hybrid architecture. To reach this goal, the objectives are set as follows:

1. Development of a topological representation and generation of all possible ar-
chitectures that will provide 5 degrees of freedom between the tool and the
workpiece. The topological representation serves to develop a database for con-
ceptual design to obtain the most promising kinematic architectures for 5-dof or
fewer than 5-dof machine tools. The key consideration in achieving this objective
are (1) both the tool and the workpiece can be actuated independently and 5 dofs
are required for manufacturing tasks, (2) the possible combinations of 5 dofs are:
(5, 0), (4, 1), and (3, 2), and (3) for each of these combinations, the kinematic
chains involved may lead to several possibilities (serial, parallel, or hybrid) and
additionally, redundancy may be an option. At the end of this study, a detailed
list of possible topologies will be obtained and the most promising architectures
will be highlighted.

2. Development of geometric design model. The key task is for the topologies se-
lected in the previous study, to define geometric parameters and investigate the
geometric design. The geometric design must take into account the actuation is-
sues, the working volume, and mechanical interferences. The selected designs
will be modeled using Pro-Engineer, which will facilitate this step. Again, all
possibilities of configurations will be investigated.

3. Development of a general model of the stiffness of the mechanisms screened out
from the list of some promising configurations. Using a formulation based on
lumped flexibilities, write a general model of the stiffness of the concerned mech-
anisms. Using this model, all concerned mechanisms will be analyzed for their
stiffness and accuracy at the tool, which is the most important property of the
mechanism. In the lumped model, links and actuators will be replaced by springs
whose stiffness will represent the stiffness of the link or the actuator.

4. Development of the kinetostatic modeling for parallel robot design. Kinematic/
static duality can be derived by considering the power input to and output from a
system, which can neither store nor dissipate energy, namely, a system in which
kinetic energy, strain energy, friction and damping are all absent and where grav-
itational forces are considered as external forces applied to the system. Thus,
term “Kinetostatic Analysis” as such: Given the mechanism motion, calculate
the unknown internal joint forces and external input forces or torques. Kine-
tostatic analysis includes two analyzes: (1) kinematic solutions to provide the
mechanism motion, (2) stiffness solutions to relate the forces and torques to the
motion. Using the kinetostatic model developed in the preceding step, the most
promising architectures for stiffness (accuracy) based on constraints associated
with size and geometry can be optimized.
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5. Development of reconfigurable parallel robotic machine tools. The new design
uses an adjustable architecture, so the machine tool has the capability to machine
all five sides of a workpiece, and adjust the depth, clearance of interference and
dynamic performance. The proposed reconfigurable 5-DOF parallel kinematic
machine can machine 5 sides of the workpiece freely with a simple mechanism,
hence providing savings in the motion system construction and implementation.
The reconfigurable system was implemented by an adjusting architecture. The
findings have significant potential for industrial applications.

6. Development of the synthetical methodology for performance evaluation and de-
sign optimization. The mean value and the standard deviation of the stiffness
distribution are proposed as the design indices. The mean value represents the
average stiffness of the parallel robot manipulator over the workspace, while
the standard deviation indicates the stiffness variation relative to the mean
value. In general, the higher the mean value the less the deformation and the
lower the standard deviation, the more uniform the stiffness distribution over
the workspace. A design optimization based on these global stiffness indices is
further investigated. At this point, a multi-objective optimization issue will be de-
fined. Genetic algorithms based Pareto optimal frontier set in the solution space
can be obtained as the results of comprehensive stiffness design, and other per-
formance indices are also considered.

7. Development of the optimal calibration method. It is known that calibration is
best performed in the least sensitive error region within an entire workspace.
Because of the complexity of the error sources, it is difficult to develop the cali-
bration model if all the errors will be considered. Errors including manufacturing
and assembly error, thermal error, and nonlinear stiffness error are considered as
a single error source (pseudo-error source), which only causes the deviation of
joint variables. Artificial neural network will be applied to describe the complex
nonlinear relationship between joint variables and deviation of joint variables
with respect to the measured pose of the end-effector. The pseudo-error in ar-
bitrary joint variable can be obtained and thus the control parameters can be
adjusted accordingly.

8. Development integrated environment of parallel manipulator-based machine.
The system included a kinematic/dynamic analysis, kinetostatic modeling, CAD
module, FEM module, CAM module, optimization module and a visual envi-
ronment for simulation and collision detection of the machining and deburring
process. It represents an integration for the design, analysis, optimization, and
simulation of the parallel kinematic machine. An approach for web-based real-
time monitoring and remote control is also developed. The effectiveness of the
system is shown through results obtained by the National Research Council of
Canada, during the design of a 3-DOF Tripod parallel robotic machine. Notable
advantages of the new system included ease and efficiency, thereby allowing a
real-time simulation.

Although the proposed investigation is aimed at the most promising 5-dof or
fewer than 5-dof machine tools architectures, those issues addressed in the eight ob-
jectives are fundamental. Therefore, the results of the work can provide a framework
for facilitating a further study of parallel mechanisms for machine tools.



Chapter 2
Kinematics of Mechanisms

2.1 Preamble

Robot kinematics is the study of the motion (kinematics) of robotic mechanisms.
In a kinematic analysis, the position, velocity, and acceleration of all the links are
calculated with respect to a fixed reference coordinate system, without considering
the forces or moments. The relationship between motion and the associated forces
and torques is studied in robot dynamics. Forward kinematics and inverse kinemat-
ics are the main components in robot kinematics.

Forward kinematics (also known as direct kinematics) is the computation of the
position and orientation of a robot’s end effector as a function of its joint angles.
Inverse kinematics is defined as: given the position and orientation of a robot’s end-
effector, calculate all possible sets of joint motion that could be used to attain this
given position and orientation.

From the viewpoint of robot structure, robot can be divided into two basic types:
serial robot and parallel robot. Besides, there is a hybrid type, which is the combi-
nation of serial and parallel robots. Serial robots have open kinematic chain, which
can be further classified as either articulated or cartesian robots.

In the following, the basic mathematical and geometric concepts including
position and orientation of a rigid body are presented (Sect. 2.2). Translational
coordinate transformation, rotational coordinate transformation and homogeneous
transformation are introduced in Sect. 2.3. Denavit–Hartenberg expression of kine-
matic parameters is discussed in Sect. 2.4. Section 2.5 describes the derivation of
Jacobian Matrix. Finally, the conclusions are given in Sect. 2.6.

2.2 Position and Orientation of Rigid Body

2.2.1 Rotation Matrix

To explain the relationship between parts, tools, manipulator etc., some concepts
such as position vector, plane, and coordinate frame are utilized.

D. Zhang, Parallel Robotic Machine Tools, DOI 10.1007/978-1-4419-1117-9 2,
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Fig. 2.1 Presentation
of position

The motion of a robot can be described by its position and orientation, which is
called pose as well. Once the reference coordinate system has been established, any
point in the space can be expressed by a (3 � 1) vector. For orthogonal coordinate
system fOa � xayazag, any point p in the space can be written as follow:

ap D

2
4

px
py
pz

3
5 ; (2.1)

where px ; py ; pz denote the components of the vector p along the coordinate axis
xa; ya; za, respectively. Here, p is called position vector, which is shown in Fig. 2.1.

To investigate the motion and manipulation of robots, not only the description of
position is needed, but also the orientation is likewise important. To define the ori-
entation of point b, we should assume that there is an orthogonal coordinate system
fOb � xbybzbg attached to the point. Here, xb; yb; zb denote the unit vectors of the
coordinate axes. With respect to the reference coordinate system fOa � xayazag,
the orientation of point b is expressed as follow:

a
bR D

�
axb ayb azb

�
D

2
4

r11 r12 r13
r21 r22 r23
r31 r32 r33

3
5 ; (2.2)

where a
b
R is called rotation matrix. a

b
R has nine elements in total, but only three of

them are independent. The following constraint conditions should be satisfied by
the nine elements:

axb � axb D ayb � ayb D azb � azb D 1; (2.3)

axb � ayb D ayb � azb D azb � axb D 0: (2.4)

It can be concluded that the rotation matrix a
b
R is orthogonal, and the following

condition should be satisfied:

a
bR�1 D a

bRT I jabRj D 1: (2.5)
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The rotation matrix with respect to the rotation transformation by an angle �
about the axis x; y; z, respectively, can be calculated:

R.x; �/ D

2
4
1 0 0

0 c� �s�

0 s� c�

3
5 ; (2.6)

R.y; �/ D

2
4
c� 0 s�

0 1 0

�s� 0 c�

3
5 ; (2.7)

R.z; �/ D

2
4
c� �s� 0

s� c� 0

0 0 1

3
5 ; (2.8)

where s� D sin � and c� D cos �
Suppose that coordinate frames fBg and fAg have the same orientation. But the

original points of the two coordinate frames do not overlap. Using the position
vector apOb to describe the position related to frame fAg. apOb is called the trans-
lational vector of frame fBg with respect to frame fAg. If the position of point p in
the coordinate frame fBg is written as bp, then the position vector of p with respect
to frame fAg can be written as follows:

ap D bpC apOb ; (2.9)

That is equation of coordinate translation which is shown in Fig. 2.2.
Suppose that coordinate frames fBg and fAg have the same orientation, but their

orientation is different. Using the rotation matrix a
b
R to describe the orientation of
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p
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Fig. 2.2 Translational transformation
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Fig. 2.3 Rotational
transformation

frame fBg with respect to frame fAg, then the transformation of point p in frames
fAg and fBg can be deduced as:

ap D a
bR � bp; (2.10)

where ap denotes the position p with the reference coordinate system fAg, and bp
denotes the position p with the reference coordinate system fBg. It is called equation
of coordinate rotation which is shown in Fig. 2.3.

The following equation can be deduced:

b
aR D a

bR�1 D a
bR�T : (2.11)

For the common condition, neither the original points of frames fAg and fBg
overlap nor they have the same orientation. Use the position vector apOb to describe
the original point of frame fBg with respect to frame fAg; use the rotation matrix
a
b
R to describe the orientation of frame fBg with respect to frame fAg. To any point

in the space, the transformation can be found:

ap D a
bR � bpC apOb : (2.12)

2.2.2 Euler Angles

The Euler angle I, shown in Fig. 2.4, defines a rotation angle � around the z-axis,
then a rotation angle � around the new x-axis, and a rotation angle ' around the new
z-axis.

Rz� D

2
4
c� �s� 0

s� c� 0

0 0 1

3
5 ; Ru0� D

2
4
1 0 0

0 c� �s�

0 s� c�

3
5 ; Rw00' D

2
4
c' �s' 0

s' c' 0

0 0 1

3
5 :

(2.13)



2.2 Position and Orientation of Rigid Body 23

Fig. 2.4 Euler angle I

Fig. 2.5 Euler angle II

Resultant Eulerian rotation matrix generates:

R D Rz�Ru0�Rw00' D

2
4
c�c' � s�s'c� �c�s' � s�c'c� s's�

s�c' C c�s'c� �s�s' C c�c'c� �c�s�

s's� c's� c�

3
5 :

(2.14)

The Euler angle II, shown in Fig. 2.5, defines a rotation of angle � around the
z-axis, then a rotation of angle � around the new y-axis, and finally a rotation angle
' around the new z-axis.

Note the opposite (clockwise) sense of the third rotation �. Matrix with Euler
Angle II generates:

2
4
�s�s' C c�c'c� �s�c' � s�c'c� c�s�

c�s' C s�c'c� c�c' � s�c'c� s's�

�c's� s's� c�

3
5 (2.15)
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2.3 Homogeneous Transformation

If the coordinates of any point in an orthogonal coordinate system is given, then the
coordinates of this point in another orthogonal coordinate system can be calculated
by homogeneous coordinate transformation.

The transformation (2.12) is inhomogeneous to point bp, but it can be expressed
by an equivalent homogeneous transformation:

�
ap
1

�
D

�
a
b
R apOb

01�3 1

�
D

�
bp
1

�
; (2.16)

where the vector .4 � 1/ denotes the coordinates in three-dimensional space. It still
can be noted as ap or bp. The above equation can be rewritten in the format of
matrix:

ap D a
bT � bpC apOb ; (2.17)

where the vector .4 � 1/ of ap and bp is called homogeneous coordinates, here,

a
bT D

�
a
b
R apOb

04�1 1

�
: (2.18)

In fact, the transformation (2.18) is equivalent to (2.12). The (2.17) can be
rewritten as

ap D a
bR � bpC apOb : (2.19)

Suppose vector ai C bj C ck describes one point in the space, where i; j; k are
the unit vector of the axes x; y; z, respectively. This point can be expressed by the
translational homogeneous transformation matrix.

Trans(a,b,c) D

2
664

1 0 0 a

0 1 0 b

0 0 0 c

0 0 0 1

3
775 ; (2.20)

where Trans denotes translational transformation.
If a rigid body rotates about x, y and z-axis with � , then the following equations

can be obtained:

Rot.x; �/ D

2
664

1 0 0 0

0 c� �s� 0

0 s� c� 0

0 0 0 1

3
775 ; (2.21)
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Rot.y; �/ D

2
664

c� 0 s� 0

0 1 0 0

�s� 0 c� 0

0 0 0 1

3
775 ; (2.22)

Rot.z; �/ D

2
664

c� �s� 0 0

s� c� 0 0

0 0 1 0

0 0 0 1

3
775 ; (2.23)

where Rot denotes rotational transformation.
As the transformation is based on the fixed reference frame, a left-handed multi-

plication of transformation sequences is followed. For example, a rigid body rotates
90ı about the z-axis of the reference frame, then it rotates another 90ı about the
y-axis and finally it translates 4 unit lengths along x-axis of the fixed reference frame,
the transformation of this rigid body can be described as:

T D Trans(4,0,0)Trans(y,90)Trans(z,90) D

2
664

0 0 1 4

1 0 0 0

0 1 0 0

0 0 0 1

3
775 : (2.24)

The above matrix represents the operations of rotation and translation about the
primary reference frame. The six points of the wedge-shaped object (Fig. 2.6(a))
can be expressed as:

2
664

0 0 1 4

1 0 0 0

0 1 0 0

0 0 0 1

3
775

2
664

1 �1 �1 1 1 �1

1 0 0 0 4 4

0 0 2 2 0 0

1 1 1 1 1 1

3
775 D

2
664

4 4 6 6 4 4

4 �1 �1 1 1 �1

0 0 2 2 4 4

1 1 1 1 1 1

3
775 :

(2.25)
Figure 2.6(b) shows the result of transformation.

Fig. 2.6 Transformation of wedge-shaped object
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In the above sections, the rotational transformation matrix with respect to rota-
tions about x, y and z-axis has been analyzed. Here is the rotation matrix in the
common situation: rotation about any vector (axis) with � .

Suppose f is the unit vector of z-axis in coordinate frame C, namely:

C D

2
664

nx ox ax 0

ny oy ay 0

nz oz az 0

0 0 0 1

3
775 ; (2.26)

f D axi C ayj C azk: (2.27)

Therefore, rotation about vector f is equivalent to rotation about z-axis in coordinate
frame C, thus one has,

Rot.f; �/ D Rot.c; �/: (2.28)

If the coordinate frame fTg is known with respect to reference coordinate frame,
then another coordinate frame fSg can be calculated with respect to frame fCg,
because,

T D CS; (2.29)

Where, S is the relative position of T with respect to C, then,

S D C�1T : (2.30)

The rotation of T about f is equivalent to the rotation of S about z-axis of frame fCg,

Rot.f; �/T D CRot.z; �/S; (2.31)

Rot.f; �/T D CRot.z; �/C�1T : (2.32)

Then the following equation can be derived,

Rot.f; �/ D CRot.z; �/C�1: (2.33)

As f is the z-axis of frame fCg, then it can be found that Rot.z; �/C�1 is just the
function of f, because,

CRot.z; �/C�1 D

2
664

nx ox ax 0

ny oy ay 0

nz oz az 0

0 0 0 1

3
775

2
664

c� �s� 0 0

s� c� 0 0

0 0 1 0

0 0 0 1

3
775

2
664

nx ox ax 0

ny oy ay 0

nz oz az 0

0 0 0 1

3
775

�1

:

(2.34)
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Note that z D a; vers� D 1 � c�; f D z. Equation (2.34) can be simplified as,

Rot.f; �/ D

2
664

fxfxvers� C c� fyfxvers� � fzs� fzfxvers� C fys� 0

fxfyvers� C fzs� fyfyvers� C c� fzfyvers� � fxs� 0

fxfzvers� C fzs� fyfzvers� C fxs� fzfzvers� C c� 0

0 0 0 1

3
775 :

(2.35)

Each basic rotation transformation can be derived from the general rotation trans-
formation, i.e., if fx D 1; fy D 0 and fz D 0, thenRot.f; �/ D Rot.x; �/. Equation
(2.35) yields,

Rot.x; �/ D

2
664

1 0 0 0

0 c� �s� 0

0 s� c� 0

0 0 0 1

3
775 ; (2.36)

which is identical to (2.21).

2.4 Denavit–Hartenberg Representation

Denavit–Hartenberg (DH) representation is a generic and simple method to define
the relative motion parameters of two consecutive links and joints. Any arbitrary
type of mechanism can be represented using the DH method to relate the position
and orientation of the last link to the first one.

In studying the kinematic motion between two jointed links, the DH method de-
fines the position and orientation of two consecutive links in a chain, link i with
respect to link .i � 1/ using a 4 � 4 homogeneous transformation matrix. With ref-
erence to Fig. 2.7, let axis i denotes the axis of the joint connecting link .i � 1/ to
link i. Four parameters should be determined, which are �i ; di ; ai , and ˛i . �i denotes
the rotation angle measured from axis xi�1 to xi with respect to zi axis. dn de-
notes the displacement measured from axis xn�1 to xn with respect to zn axis. ai
denotes the displacement measured from axis zi to ziC1 with respect to xi axis.
˛i denotes the rotation angle measured from axis zi to ziC1 with respect to xi axis.

Following steps can help to determine the link and joint parameters of the whole
kinematic model.

� Number the joints from 1 to n starting with the base and ending with the end-
effecter

� Establish the base coordinate system. Establish a right-handed orthonormal co-
ordinate system .x0; y0; z0/ at the supporting base with z0 axis lying along the
axis of motion of joint 1

� Establish joint axis. Align the zi with the axis of motion (rotary or sliding) of
joint i C 1
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Fig. 2.7 Denavit–Hartenberg
kinematic description

� Establish the origin of the ith coordinate system. Locate the origin of the ith
coordinate at the intersection of the zi and zi�1 or at the intersection of common
normal between the zi and zi�1 axes and the zi axis

� Establish xi axis. Establish xi D ˙.zi�1 � zi /=kzi�1 � zik or along the common
normal between the zi�1 and zi axes when they are parallel

� Establish yi axis. Assign yi D C.zi�xi /=kzi�xik to complete the right-handed
coordinate system

� Find the link and joint parameters

With the parameters defined in Fig. 2.5, the DH model transformation matrix can
be obtained as follows

i�1
i T D Ai D Rot.z; �i / � Trans.0; 0; di / � Trans.ai ; 0; 0/ � Rot.x; ˛i /; (2.37)

Ai D

2
664

c�i �s�ic˛i s�is˛i aic�i
s�i c�ic˛i �c�is˛i ais�i
0 s˛i c˛i di
0 0 0 1

3
775 : (2.38)

2.5 Jacobian Matrix

To describe a micro-motion of robot, differential coefficient is utilized for coordinate
transformation. Given a coordinate frame fTg,

T C dT D Trans.dx; dy; d z/Rot.f; d�/T; (2.39)
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where Trans.dx; dy; dz/ denotes the differential translation of dx; dy; dz; and
Rot.f; d�/ denotes the differential rotation about the vector f . Then dT can be
calculated as follows:

dT D ŒTrans.dx; dy; dz/Rot.f; d�/ � I �T: (2.40)

The homogeneous transformation expressing differential translation is

Trans.dx; dy; dz/ D

2
664

1 0 0 dx
0 1 0 dy
0 0 1 dz
0 0 0 1

3
775 : (2.41)

For the formula of general rotation transformation

Rot.f; d�/

D

2
664

fxfxvers� C c� fyfxvers� � fzs� fzfxvers� C fys� 0

fxfyvers� C fzs� fyfyvers� C c� fzfyvers� � fxs� 0

fxfzvers� C fzs� fyfzvers� C fxs� fzfzvers� C c� 0

0 0 0 1

3
775 :

(2.42)

Since lim�!0 sin � D d�; lim�!0 cos � D 1; lim�!0 vers � D 0; differential rota-
tional homogeneous transformation can be expressed as,

Rot.f; d�/ D

2
664

1 �fzd� fyd� 0

fzd� 1 �fxd� 0

�fzd� fxd� 1 0

0 0 0 1

3
775 : (2.43)

Since � D Trans.dx; dy; d z/Rot.f; d�/; it yields,

� D

2
664

1 0 0 dx

0 1 0 dy

0 0 1 d z
0 0 0 1

3
775 D

2
664

1 �fzd� fyd� 0

fzd� 1 �fxd� 0

�fyd� fxd� 1 0

0 0 0 1

3
775 �

2
664

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

3
775

D

2
664

0 �fzd� fyd� dx

fzd� 0 �fxd� dy

�fyd� fxd� 0 d z
0 0 0 0

3
775 (2.44)
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The differential rotation d� about vector f is equivalent to the differential
rotation with respect to the x, y and z-axis, namely ıx ; ıy ; and ız, respectively. Then
fxd� D ıx ; fyd� D ıy ; fzd� D ız: Displace the above results into (2.44) yields:

� D

2
664

0 �ız ıy dx

ız 0 �ıx dy

�ıy ıx 0 d z
0 0 0 1

3
775 : (2.45)

If d D dxi C dyj C dzk; ı D ıxi C ıyj C ızk, then the differential motion vector
of rigid body or coordinate frame can be expressed as follows:

D D
�
dx dy d z ıx ıy ız

�T
D

�
d

ı

�
: (2.46)

The linear transformation between motion speed of manipulator and each joint
can be defined as the Jacobian matrix of a robot. This Jacobian matrix represents the
drive ratio of motion velocity from the space of joints to the space of end-effector.
Assume the motion equation of manipulator

x D x.q/ (2.47)

represents the displacement relationship between the space of operation (end-
effector) and the space of joints. Differentiating (2.47) with respect to time yields,

Px D J.q/ Pq; (2.48)

where Px is the generalized velocity of end-effector in operating space. Pq is the joint
velocity. J.q/ is 6�n partial derivative matrix which is called Jacobian Matrix. The
component in line i and column j is:

Jij .q/ D
@xi .q/

@qj
; i D 1; 2; : : : ; 6I j D 1; 2; : : : ; n (2.49)

From (2.49), it is observed that Jacobian Matrix J.q/ is a linear transformation from
the velocity of joints space.

The generalized velocity Px of rigid body or coordinate frame is a six-dimensional
column vector composed of linear velocity v and angular velocity w.

Px D

�
v
w

�
D lim
�t!0

1

�t

�
d
ı

�
: (2.50)
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Equation (2.50) can be rewritten as

D D
�

d
ı

�
D lim
�t!0

Px�t: (2.51)

Replace (2.48) into (2.50), one has:

D D lim
�t!0

J.q/ Pq�t; (2.52)

D D J.q/dq: (2.53)

For a robot with n joints, its Jacobian matrix is a 6�nmatrix, in which the first three
lines denote the transferring rate of end-effector’s linear velocity, and the last three
lines denote the transferring rate of end-effector’s angular velocity. Jacobian matrix
can be expressed as:

�
v
w

�
D

�
Jl1 Jl2 � � � Jln

Ja1 Ja2 � � � Jan

�
D

2
6664

Pq1
Pq2
:::

Pqn

3
7775 : (2.54)

The linear velocity and angular velocity of an end-effector can be expressed as the
linear function of each joint velocity Pq

v D Jl1 Pq1 C Jl2 Pq2 C � � � C Jln PqnI w D Ja1 Pq1 C Ja2 Pq2 C � � � C Jan Pqn; (2.55)

where Jli and Jai means the linear velocity and angular velocity of end-effector
resulted in joint i .

2.6 Conclusions

In this chapter, kinematics of robot manipulators is introduced, including the con-
cept of reference coordinate frame, translational transformation, rotational trans-
formation and homogeneous transformation, as well as the basic knowledge in
robot kinematics, such as Euler angle, Denavit–Hartenberg representation, and Ja-
cobian matrix of robot. These are the important knowledge in parallel robotic
machine design.



Chapter 3
Architectures of Parallel Robotic Machine

3.1 Preamble

One of the objectives of this book is to find the most promising kinematic structures
that can be used for machine tool design. Hence, some well-known principles are
applied to investigate all the possibilities of structure in detail. A mechanism is de-
fined as a kinematic chain with one of its components (link or joint) connected to the
frame. A kinematic chain consists of a set of links, coupled by joints (cylindrical,
planar, screw, prismatic, revolute, spherical, and Hooke) between adjacent links. In
this chapter, a topological study of different combinations of kinematic chain struc-
tures are performed using a graph representation approach. The number of links
and joints for the desired system and their interconnections, neglecting geometric
details (link length and link shape), are described. The possible architectures that
provide 5 degrees of freedom between the tool and the workpiece are generated. In
Sect. 3.2, basic kinematic elements of mechanisms are introduced, and the classifi-
cation of mechanisms is given based on the motion relation. In Sect. 3.3, the basic
concept of the graph representation of a kinematic structure is addressed. Then,
the Chebychev–Grübler–Kutzbach criterion is introduced in Sect. 3.4. A topolog-
ical study of the kinematic structures is described in Sect. 3.5. Requirements for
possible kinematic structures are set up. Furthermore, the structural representation
of kinematic chains and architectures with consideration of parallel and hybrid cases
is illustrated. In Sect. 3.6, a remark on the role of redundancy is given. A summary
with discussion of related work is presented in Sect. 3.7.

3.2 Fundamentals of Mechanisms

3.2.1 Basic Kinematic Elements of Mechanisms

A mechanism is defined as a kinematic chain with one of its components (link or
joint) connected to the frame. A kinematic chain consists of a set of links, coupled
by joints between adjacent links.

D. Zhang, Parallel Robotic Machine Tools, DOI 10.1007/978-1-4419-1117-9 3,
c� Springer Science+Business Media, LLC 2010
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3.2.1.1 Prismatic Joint (P, also called sliders)

A prismatic joint allows two components to produce relative displacement along
the common axis. The included angle between the two components is a constant
value, called deflection angle. The displacement and deflection angle describe the
spatial relative relationship of the two components, which forms a prismatic joint.
A prismatic joint is a one degree-of-freedom kinematic pair, which provides single-
axis sliding function, and it can be used in places such as hydraulic and pneumatic
cylinders. The CAD model of a prismatic joint is shown in Fig. 3.1.

3.2.1.2 Revolute Joint (R, also called pin joint or hinge joint)

A revolute joint allows two components produce relative rotation along the joint
axis. The vertical dimension between the two components, is a constant value called
offset distance. The vertical dimension and offset distance describe the spatial rel-
ative relationship of the two components which forms a revolute joint. A revolute
joint, as a one degree-of-freedom kinematic pair, provides single-axis rotation func-
tion. Revolute joints is the most commonly found joint in industrial and research
robots, and it can be found in many classic applications, such as door hinges, fold-
ing mechanisms, and other uniaxial rotation devices. The CAD model of a revolute
joint is shown in Fig. 3.2.

Fig. 3.1 The CAD model of prismatic joint

Fig. 3.2 The CAD model
of revolute joint
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3.2.1.3 Hooke Joint (H, also called universal joint, Cardan joint
or Hardy-Spicer joint)

Hooke joint allows two components to produce two degree-of-freedom relative
independent rotation along two perpendicular axes. Generally, a Hooke joint is
equivalent to two revolute joints whose axes must be completely perpendicular,
namely HD RR. The CAD model of a Hooke joint is shown in Fig. 3.3.

3.2.1.4 Spherical Joint (S, also called ball-in-socket joint)

A spherical joint allows one element to rotate freely in three dimensions with respect
to the other about the center of a sphere. The sense of each rotational degree-of-
freedom is defined by the right-hand rule, and the three rotations together form a
right-hand system. The relative pose of two components can be confirmed by three
Euler angles, � (rotate along the original z-axis), � (rotate along the new x-axis), and
' (rotate along the new z-axis). A spherical joint is kinematically equivalent to three
intersecting revolute joints. The CAD model of a Hooke joint is shown in Fig. 3.4.

Fig. 3.3 The CAD model
of Hooke joint

Fig. 3.4 The CAD model
of Spherical joint



36 3 Architectures of Parallel Robotic Machine

3.2.2 Classification of Mechanisms

Mechanisms can be divided into planar mechanisms and spatial mechanisms,
according to the relative motion of the rigid bodies.

Serial mechanisms have been extensively studied in terms of their design, kine-
matic and dynamic modeling, and control by many researchers. When properly
designed, the serial structure has the benefit of possessing a large workspace vol-
ume in comparison to the physical size of the mechanism. Since serial mechanisms
only have one open kinematic chain, this means that the serial mechanisms only
have one possibility in architecture.

Parallel mechanism is closed-loop mechanism in which the end-effector is con-
nected to the base by at least two independent kinematic chains [106]. This can
be further divided into fully-parallel and hybrid mechanism. Fully-parallel mecha-
nism is the one with an n-DOF end-effector connected to the base by n independent
kinematic chains, each having a single actuated joint. The hybrid one has the com-
bination of serial and parallel mechanisms.

Because their errors are averaged instead of added cumulatively, parallel robots
are more accurate than serial robots. First, since the moving platform of parallel
mechanism is supported by several kinematic chains, the system stiffness of the
end-effector is largely improved. Furthermore, this also strengthens the structural
stability. Contrarily, serial mechanism usually is a single-arm structure. To some ex-
tent, a large number of motors increase the burden of the end-effector and affect the
structural stability of serial mechanism. Second, the specific configuration of paral-
lel mechanism makes it have obvious advantages in the abilities of reconfiguration,
restoration, and payload. Third, the error of the end-effector of serial mechanism
will be accumulated and amplified based on each joint error; contrarily, the error
of parallel mechanism is smaller and its accuracy is higher. Fourth, the actuators of
serial robot usually are located on the end of each rod end. It will increase the inertia
and exacerbate the transfer ability of system. For parallel mechanisms, the actuators
can be located on the base to decrease the motion load.

With the development of the theory of advanced spatial mechanism and the tech-
nology of robotics, parallel robotic machines have been an important branch of
robotic technology. Furthermore, the research activities of the theories and appli-
cations of parallel robots are becoming increasing. Nevertheless, many scholars
have done intensive investigations on the dimension synthesis, kinematics, dy-
namics, workspace, and singularity of parallel mechanisms, most of the existing
work regarding parallel mechanisms was built upon the concept of traditional
Gough-Stewart mechanism type. Because of the opposition and unitarian of serial
mechanisms and parallel mechanisms in philosophy, the hybrid mechanisms can be
built through the combination of parallel and serial mechanisms and play an impor-
tant role in some specific application background.

The number of independent coordinates to completely determine the location
of an object in space can be called the degree-of-freedom of the object. In the
Cartesian coordinate system, three independent coordinates (xyz) must be used to
confirm the position of a particle with random motion. Thus, a free particle has three
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translational degree-of-freedom. Likelihood, the free motion of a rigid body in three
dimensional spaces can be decomposed into the translational motion of its barycen-
ter and the rotational motion with respect to the axis of barycenter. Therefore, a
rigid body with random motion totally has six degree-of-freedom: three translations
(xyz) to measure its position and three rotations (�; �; ') to measure its pose. The
definition of degree-of-freedom for parallel mechanism, similar to the motion of a
rigid body in space, is the sum of independent translational degree-of-freedom and
independent rotational degree-of-freedom of end-effector (attached to the moving
platform) with respect to a fixed coordinate system. Generally, the fixed coordinate
system is attached to the fixed base. Sometimes, the end-effector can only produce
motion in a plane. Since a rigid body has three degree-of-freedom in a plane: two
translations in (xy) and one autogiration, the planar parallel mechanism has at most
three degrees of freedom.

A brief introduction of parallel mechanism based on the classification of space
dimension and degree-of-freedom is given as follows.

1. Planar two degrees of freedom parallel mechanism
Cervantes [30] proposed a simplified approach which allowed the generation of
the workspace of a complete class of 2-dof manipulators with the type of RPRPR.

Tensegrity structure is combined by a group of continuous/discontinuous
draw bar to form a self-stress, self-supporting reticulated linkage structure.
Arsenault [13] designed a planar two degree-of-freedom modular parallel mech-
anism based on the principle of tensegrity.

2. Planar three degrees of freedom parallel mechanism
Zhang [179] proposed a planar three degree-of-freedom parallel mechanism with
redundant actuation. Since specific driven redundancy method is adopted, the
closed-form solution for the forward kinematics was derived.

3. Spatial three degrees of freedom parallel mechanism
Clavel’s delta parallel robot [128] is the classic case of spatial three degree-of-
freedom mechanism. The parallelograms are adopted in three symmetrical legs
to improve the dynamics performance. Delta robot has 50 gravitational accel-
erations in the environment of laboratory. Even in the industrial field, it still
has 12 gravitational accelerations. In the process of three degree-of-freedom
linear motion, the leg in the parallelogram must always keep parallel to its
opposite side.

4. Spatial four degrees of freedom parallel mechanism
Alvarado [50] proposed a four degree-of-freedom CPS+PS+HPS parallel mech-
anism with three legs. The numerical analysis results showed the efficiency of
screw theory when dealing with the issues of kinematics and singularity of sim-
ple parallel mechanism.

Lu [100] analyzed the kinematics and active/passive force of a four degree-
of-freedom 3SPU+UPR mechanism with three rotations and one translation.

Inspired by Clavel’s Delta robot, Olivier et al. [39] developed the prototype of
H4 robot using parallelogram mechanism.
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Kong et al. [85] proposed a general approach for the type synthesis of a class
of parallel mechanisms based on screw theory. The common ground of these
mechanisms is that they have completely same branch chain, 3T1R.

5. Spatial five degrees of freedom parallel mechanism
Alizade [8] discussed a kind of five degree-of-freedom 4UPS+UPU asymmetry
parallel mechanism with three rotations and two one translations.

6. Spatial six degrees of freedom parallel mechanism
Gough-Stewart platform is the original of spatial six degree-of-freedom parallel
mechanism.

3.3 Graph Representation of Kinematic Structures

A kinematic chain can be described as a set of rigid bodies attached to each other
by kinematic pairs, resulting in a mechanical network containing joints and links
[56]. A kinematic structure represents the kinematic chain without considering the
detailed geometric, kinematic, and functional properties. The range of kinematic
structures given particular constraints on the number and type of joints and links
can be examined exhaustively. This range represents a set of logical possibilities for
design of a particular type of mechanism. This set is a framework in which designs
are to be realized.

A systematic method of enumerating all the possible kinematic chains – kine-
matic architectures – is needed to meet the required degrees of freedom, i.e. 3-dof,
4-dof, and 5-dof. There were several methods reported in the literature: Hunt [76]
used the theory of screw systems to enumerate parallel mechanisms exhaustively;
Earl et al. [44] proposed a network approach, which enables consideration of two or
more structures into another one. A graph representation will be introduced in this
chapter.

Graph theory is a field of applied mathematics [67], which provides a useful
abstraction for the analysis and classification of the topology of kinematic chains,
and it offers a systematic way of representing the topology of complex kinematic
chains. The graph of a kinematic chain consists of a diagram where each link is
represented by a point and each joint by a line. Thus, the graph representation of
a kinematic chain will take the form of a collection of points connected by lines.
The graph representation of kinematic chains has been used by many researchers
[16, 56, 146, 180, 181].

3.4 Design Criteria

The degree of freedom (or mobility) of a kinematic chain [76] can be defined as
the minimum number of independent variables necessary to specify the location of
all links in the chain relative to a reference link. The choice of the reference link
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does not affect the resulting mobility. A preliminary evaluation of the mobility of a
kinematic chain can be found from the Chebychev-Grübler-Kutzbach formula.

l D d.n � g � 1/C

gX
iD1

fi ; (3.1)

where l is the degree of freedom of the kinematic chain, d is the degree of freedom
of each unconstrained individual body (6 for the spatial case, 3 for the planar case)
[77]; n is the number of rigid bodies or links in the chain; g, the number of joints;
and fi , the number of degrees of freedom allowed by the ith joint.

For example, to design a 5-DOF parallel robotic machine, the possibility of par-
allel mechanisms can be investigated for the combinations of dofs in (5,0), (4,1),
and (3,2). The workpiece can be fixed (0-dof), or move along one axis (1-dof) or
move along the X and Y axes (2-dof) or rotate about one or two axes. Hence, one
will consider the possibilities of parallel mechanisms with 5-dof, 4-dof, 3-dof, and
2-dof; besides, the case with 6-dof is taken as an option with redundancy. The detail
is shown as follows.

1. DOF distributions for each leg
For a given parallel platform, we can always make the following assumptions:

number of known bodiesD 2 (platform and base),
number of parallel legs D L, and
degree of freedom of the ith leg D fli ,

then one can rewrite (10.1) as

l D 6

"
2C

LX
iD1

.fli � 1/ �

LX
iD1

fli � 1

#
C

gX
iD1

fi

D 6 � 6LC

gX
iD1

fi : (3.2)

From this equation, it is apparent that there exist thousands of possibilities for
5-dof or less than 5-dof cases. Hence, some constraints introduced and are spec-
ified as follows:

� From the viewpoint of fully-parallel mechanism, the maximum number of
parallel legs are kept equal to the degree of freedom of the mechanism, thus
to guarantee the possibility of installing one actuator in each leg, one has

L � l: (3.3)

� Although two-leg spatial parallel mechanisms are of little direct use indepen-
dently, they are useful to constructing “Hybrid” mechanisms, the minimum
number of the leg is given by

L � 2: (3.4)
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Table 3.1 The possible degree-of-freedom distribution for each leg
Degree of freedom Number of legs fl1 fl2 fl3 fl4 fl5 fl6

lD 2 LD 2 2 6
3 5
4 4

lD 3 LD 2 3 6
4 5

LD 3 3 6 6
4 5 6
5 5 5

lD 4 LD 2 4 6
5 5

LD 3 4 6 6
5 5 6

LD 4 4 6 6 6
5 5 6 6

lD 5 LD 2 5 6
LD 3 5 6 6
LD 4 5 6 6 6
LD 5 5 6 6 6 6

lD 6 LD 2 6 6
LD 3 6 6 6
LD 4 6 6 6 6
LD 5 6 6 6 6 6
LD 6 6 6 6 6 6 6

On the basis of the constraints represented by (3.3) and (3.4), and one can enu-
merate the possible dofs distributions as in Table 3.1. It is noted that these are the
basic combinations for different architectures, and one can remove or add legs
which have 6-dof for symmetric purpose in any of the basic structures at ease.

3.5 Case Study: Five Degrees of Freedom Parallel
Robotic Machine

Since both the tool and the workpiece can be actuated independently and that 5-DOF
are required for manufacturing tasks, the possible combinations of 5 dofs are: (5,0),
(4,1), and (3,2) as indicated in previous section. For each of these combinations,
the kinematic chains involved may lead to several possibilities (serial, parallel, or
hybrid). The followings are the details for this enumeration process.
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3.5.1 Serial Mechanisms

The serial mechanisms have many drawbacks. Because of the serial nature of
actuation and transmission, related masses must be mounted distal to the base of
the mechanism leading to a small ratio of payload over machine mass, poor dy-
namic performance in terms of acceleration capability, and poor system stiffness
presented at the end-effector. Since a lower axis has to carry both the loads (in all
directions) and the weights of all its upper axes, dynamic behaviors of the lower
axes will be poor, especially to machine tools which carry high loads. In addition,
the serial structure leads to joint errors being additive, and combined with the inher-
ent low system stiffness, this leads to poor accuracy at the end-effector. Thus, the
drawbacks in their structures limit the performance.

3.5.2 Parallel Mechanisms

Among the three possibilities (serial, parallel, and hybrid), the parallel mechanisms
are the basic and the most important ones in building all the possible architectures,
because of the disadvantages of the serial mechanisms. The hybrid mechanisms will
be built through the combination of parallel mechanisms.

1. Possible Structures
The variables for combining different kinds of architectures are mainly decided
by (1) leg length; (2) position of the base points; or (3) both the leg length and
position of the base points.

(a) Possible Legs
On the basis of the required DOF distributions for each leg, one can find
different kinds of legs to meet the requirement through the combination of
different joints such as spherical joint (with 3-dof), Hooke joint (with 2-dof),
revolute joint ( with 1-dof) and prismatic joint (with 1-dof). One can combine
them to meet the dof requirements for each leg shown in Table 3.2, where

S: spherical joint
R: revolute joint
H: Hooke joint
P: prismatic joint

Table 3.3 shows all the possible legs with a different degree-of-freedom.
(b) Vertex structures

From the literature related to the Stewart platform, various architectures have
been developed or proposed for the platform mechanisms, such as 3-6, 4-4,
4-5, and 4-6 (the numbers of vertices in the mobile and base plates) plat-
forms [33,48,63,99,169]. Since two spherical joints can be combined to one
concentric spherical joint, one can obtain two types of vertices for parallel
mechanisms as shown in Fig. 3.5.
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Table 3.2 Possible joint combinations for different degrees of freedom
Number of possibilities DOFsD 2 DOFsD 3 DOFsD 4 DOFsD 5 DOFsD 6
1 2R 1R2P 1S1P 1S2R 2S
2 2P 2R1P 1S1R 1S2P 1S1H1P
3 1R1P 3R 1R3P 1S1R1P 1S1H1R
4 1H 3P 2R2P 1S1H 1S3R
5 1H1R 3R1P 1H3R 1S3P
6 1H1P 4R 1H2R1P 1S2R1P
7 1S 4P 1H1R2P 1S1R2P
8 1H2R 1H3P 1H4R
9 1H2P 5R 1H3R1P
10 1H1R1P 4R1P 1H2R2P
11 3R2P 1H1R3P
12 2R3P 1H4P
13 1R4P 6R
14 5P 5R1P
15 4R2P
16 3R3P
17 2R4P
18 1R5P
19 6P

Table 3.3 Possible leg types with different degrees of freedom
Possible numbers DOFsD 2 DOFsD 3 DOFsD 4 DOFsD 5 DOFsD 6
1 2R 1S 2R1H 1H2R1P 1S2R1P
2 1R1P 2R1P 1H1R1P 2H1R 1S1H1P
3 1H 1R2P 1S1P 2H1P 1S1H1R
4 3R 1S1R 1S1R1P1 1S1R1P
5 3P 2R2P 1S2R1 1S1H1P
6 1H1R 1R3P 1S2P 2S
7 1H1P 3R1P 1H3P 1S3P
8 4R 1H1R2P 1S3R
9 4P 1H3R 1H2R2P
10 1H2P 4R1P 1H3R1P
11 5R 1H4R
12 5P 6R
13 1R4P 6P
14 3R2P 1H4P
15 2R3P 3R3P
16 1H1R3P
17 5R1P
18 1R5P
19 2R4P
20 4R2P
Total possibilities 3 7 10 15 20
1They are only suitable for those with identical legs, e.g., 3-DOF mechanism.
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a b

Fig. 3.5 Two types of vertex structures

Fig. 3.6 Possible
architectures with 3 legs

3-3

LEG=3

On the basis of these two vertex structures, various types of parallel mecha-
nism structures can be obtained through different arrangements of the joints
on the base and mobile platforms.

(c) Platform structures
Once the type of vertex structure is decided, one can obtain the platform
structure according to the number of vertices.

2. Possible architectures for parallel mechanisms
On the basis of the above analysis, one can assemble all the possible architectures
as shown in Figs. 3.6 – 3.9.

3. The most promising architectures
As listed in Tables 3.1 and 3.2, although we have already given constraints to
DOF distributions for each leg, there are still lots of possible combinations for
parallel mechanisms which meet the machine tool’s DOF requirement, e.g., for
DOFsD 3, from Table 3.1, there are 3 possible combinations of legs with degree-
of-freedom of 3, 4, 5, and 6. Meanwhile, from Table 3.2, there are 7, 10, 14, and
19 possible combinations for legs with dofs of 3, 4, 5, and 6, thus we still have
many architectures through the permutation and combination. To find the most
promising architectures, the criteria for selection of joints and legs are given as
follows

(a) Proper number and type of DOFs
In order to ensure the required motions (i.e., 5-dof between the tool and
the workpiece) in Table 3.4, the DOFs distribution numbers and the type of
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3-4
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4-44-3

3-3

Fig. 3.7 Possible architectures with 4 legs

Fig. 3.8 Possible architectures with 5 legs

motions for each leg should be properly arranged. Each leg can be facilitated
with spherical, prismatic, Hooke and revolute joints.

(b) Simplicity and practicability
The legs used in machine tools must be simple and practical. For the sake of
the simplicity and dexterity of mechanism, we prefer to use “spherical”pairs
as the joints between link and platform for those legs with more than 3 dofs.
Since the serially connected revolute joints easily lead to “Singularity” and
the “manufacturability” is difficult, so we abandon to use of more than 2
revolute joints connected in series.
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Fig. 3.9 Possible architectures with 6 legs

Table 3.4 The possible motion distributions for required 5-dof between the tool and the workpiece
DOFs (machine tools) Motion of workpiece Motion of machine tool
lD 3 X, Y: translation Z: translation, X, Y: rotation

X, Y: rotation X, Y, Z: translation
combination of R & T X, Y, Z: combination of R & T

lD 4 X (or Y) translation X, (or Y), Z: translation; X, Y: rotation
X, (or Y): rotation X, Y, Z: translation; X, (or Y): rotation
combination of R & T X, Y, Z: combination of R & T

lD 5 fixed X, Y, Z: translation; X, Y: rotation

(c) Elimination of passive prismatic joints
Because it is difficult to control passive prismatic joints, in order to avoid the
existence of passive prismatic joints, we specify

Number of actuators � Number of prismatic joints (3.5)

Meanwhile, as we desire to put the actuators at the base of each link, there-
fore at most one prismatic joint can be used for each leg.



46 3 Architectures of Parallel Robotic Machine

Table 3.5 Possible leg types with different degrees of freedom
Possible numbers DOFsD 2 DOFsD 3 DOFsD 4 DOFsD 5 DOFsD 6
1 2R 1S 2R1H 1H2R1P 1S2R1P
2 1R1P 2R1P 1H1R1P 2H1R 1S1H1P
3 1H 2H1P 1S1H1R
4 1S1R1P1

5 1S2R1

6 1S1H1

Total possibilities 3 2 2 6 3
1They are only suitable for those with identical legs, e.g., 3-DOF mechanism.

Table 3.6 The possible architectures
Possible architectures

Degree of Number Possible with identical
freedom of legs fl1 fl2 fl3 fl4 fl5 fl6 architectures dof structure L D l

l D 2 L = 2 2 6 9 9 9
3 5 12 12 12
4 4 3 2 2

l D 3 LD 2 3 6 6 6
4 5 12 12

LD 3 3 6 6 12 6 6
4 5 6 36 36 36
5 5 5 56 6 6

l D 4 LD 2 4 6 6 6
5 5 6 3

LD 3 4 6 6 12 6
5 5 6 18 9

LD 4 4 6 6 6 20 6 6
5 5 6 6 36 9 9

l D 5 LD 2 5 6 9 9
LD 3 5 6 6 18 9
LD 4 5 6 6 6 30 9
LD 5 5 6 6 6 6 45 9 9

l D 6 LD 2 6 6 9 3
LD 3 6 6 6 10 3
LD 4 6 6 6 6 15 3
LD 5 6 6 6 6 6 21 3
LD 6 6 6 6 6 6 6 28 3 3

Total 429 179 98

(d) Elimination of the rotation around the Z axis
Since the rotation around the Z axis is not needed, we can introduce a n-dof
passive leg into the mechanism to reach the desired motion. “Spherical joint”
on the movable platform will be replaced by “Hooke joint” C “Prismatic
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joint” or “Hooke joint” C “Revolute joint” so as to constrain the rotation
around the Z axis. The passive constraining leg will be put in the center
of the platform to minimize the torque and force. Since the external loads
on the platform will induce a bending and/or torsion in the passive leg, its
mechanical design is a very important issue, which can be addressed using
the kinetostatic model later. In this case, the actuators are put in each of the
identical legs and leave the special one (different DOFs) as the passive link
since its structure in design size is larger than the other legs to sustain the
large wrench.

(e) Structure of the mechanisms
The study is based on fully-parallel mechanisms, but one can add legs (with
6-dof) to keep the structure symmetric. For the shape of the platforms, one
should avoid the use of regular polygon, since it may lead to geometry
singularity.

Based on the discussion above, we eliminate some of the impractical joint
combinations and obtain the prospective ones as shown in Table 3.5.

Through the combinations of the possibilities, we obtain the number of the
most promising possible architectures shown in Table 3.6. When L D l , we
obtain a fully-parallel mechanism.

3.5.3 Hybrid Mechanisms

A hybrid (serial-parallel) mechanism is a combination of serial and parallel mech-
anisms. It comprises two parallel actuated mechanisms connected in series, one of
them is the upper stage, the other is the lower stage, and the moving platform of the
lower stage is the base platform of the upper stage. This special structure results in
a mechanism with the attributes of both. It provides a balance between exclusively
serial and parallel mechanisms and better dexterity. It can even improve the ratio of
workspace to architecture size and the accuracy.

To meet the required 5-dof motion, 2-dof and 3-dof parallel mechanisms are
chosen to construct the “Hybrid” mechanisms. Since the upper stage is connected
with the end-effector, and it requires high stiffness, so a 3-dof parallel mechanism is
considered as the upper stage while a 2-dof parallel stage is taken as the lower stage.

For a 2-dof parallel mechanism – the lower stage of hybrid mechanism – both
planar and spatial parallel mechanisms can be considered. Referring to (3.2), for
planar mechanisms (d D 3), then one has

l D 3

"
2C

LX
iD1

.fli � 1/ �

LX
iD1

fli � 1

#
C

gX
iD1

fi

D 3 � 3LC

gX
iD1

fi (3.6)
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Table 3.7 The possible
degree-of-freedom
distribution for planar
mechanisms

Degree of freedom Number of legs fl1 fl2 fl3

lD 2 LD 2 2 3
lD 3 LD 3 3 3 3

2 3 4

Therefore, the possible DOFs distribution for planar mechanisms can be found in
Table 3.7.

The hybrid motions (5-dof) can be arranged as follows:

� Upper stage: X, Y axes rotation, Z axis translation; lower stage: X, Y axes trans-
lation
One can realize this motion through either the combination of 3SPR as upper
stage and “Linear motion components” (LM) as the lower stage (special case) or
the combination of 3SPR as upper stage and 3RRR planar parallel mechanism as
the lower stage.

� Upper stage: X, Y axes translation, Z axis translation; lower stage: X, Y axes
rotation
One can realize this motion through the combination of 3SRR as upper stage and
2-dof spherical parallel mechanism as the lower stage. Because of the complexity
in manufacturing spherical parallel mechanisms, low stiffness, low precision, and
small workspace, we discard spherical parallel mechanisms in our research.

The “Hybrid” mechanisms can also be implemented in an alternative way, i.e.,
using positioning head (wrist) for machine tools design, this will be described in the
next section.

3.6 Redundancy

The main purpose of adopting redundancy is to improve reliability and dexterity. To
make the parallel kinematic machines capable of arbitrarily positioning and orient-
ing the end-effector in a three-dimensional workspace, redundancy factor may be
considered. In this book, only 3-dof, 4-dof, 5-dof, and 6-dof spatial parallel mech-
anisms are discussed. Generally, all these types of mechanisms are used for base
platform, one can select a positioning head (wrist) with 1-dof, 2-dof, or 3-dof in
conjunction with the base platform. This constructs a hybrid mechanism and it will
lead to some redundant cases.

3.7 Conclusions

The kinematic structures used for 5-dof or less than 5-dof machine tools design
with their underlying design principles have been made more explicit through the
discussion and enumeration in this chapter. From the results obtained, it can be
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seen that both the tool and the workpiece can be actuated independently and that
5-dof is required for manufacturing tasks, the possible combinations of degree-of-
freedom are: (5,0), (4,1), and (3,2). Moreover, for each of these combinations, the
kinematic chains involved lead to several possibilities (serial, parallel, or hybrid)
and additionally, redundancy is taken as an option. Finally, a detailed list of possible
topologies has been obtained and the most promising architectures are pointed out
under the design criteria.



Chapter 4
Planar Parallel Robotic Machine Design

4.1 Preamble

Parallel kinematic machines with their unique characteristics of high stiffness (their
actuators bear no moment loads but act in a simple tension or compression) and
high speeds and feeds (high stiffness allows higher machining speeds and feeds
while providing the desired precision, surface finish, and tool life), combined with
versatile contouring capabilities have made parallel mechanisms the best candidates
for the machine tool industry to advance machining performance. It is noted that the
stiffness is the most important factor in machine tool design since it affects the pre-
cision of machining. Therefore, to build and study a general stiffness model is a very
important task for machine tool design. In this chapter, we will build a general stiff-
ness model through the approach of kinematic and static equations. The objective
of this model is to provide an understanding of how the stiffness of the mechanism
changes as a function of its position and as a function of the characteristics of its
components. This can be accomplished using stiffness mapping.

There are two methods to build mechanism stiffness models [170]. Among them,
the method which relies on the calculation of the parallel mechanism’s Jacobian
matrix is adopted in this book.

It will be shown that the stiffness of a parallel mechanism is dependent on the
joint’s stiffness, the leg’s structure and material, the platform and base stiffness, the
geometry of the structure, the topology of the structure, and the end-effector position
and orientation.

Since stiffness is the force corresponding to coordinate i required to produce a
unit displacement of coordinate j, the stiffness of a parallel mechanism at a given
point of its workspace can be characterized by its stiffness matrix. This matrix re-
lates the forces and torques applied at the gripper link in Cartesian space to the
corresponding linear and angular Cartesian displacements. It can be obtained using
kinematic and static equations. The parallel mechanisms considered here are such
that the velocity relationship can be written as in (4.1),

P� D JPx; (4.1)
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where P� is the vector of joint rates and Px is the vector of Cartesian rates – a six-
dimensional twist vector containing the velocity of a point on the platform and its
angular velocity. Matrix J is usually termed Jacobian matrix, and it is the mapping
from the Cartesian velocity vector to the joint velocity vector. From (4.1), one can
conclude that

ı� D Jıx; (4.2)

where ı� and ıx represent joint and Cartesian infinitesimal displacements, respec-
tively. Then, one can get the stiffness of this mechanism using the principle of
kinematic/static duality. The forces and moments applied at the gripper under static
conditions are related to the forces or moments required at the actuators to main-
tain the equilibrium by the transpose of the Jacobian matrix J. This is also true for
parallel mechanism [? ], and one can then write

F D JT f; (4.3)

where f is the vector of actuator forces or torques, and F is the generalized vector
of Cartesian forces and torques at the gripper link, which is also called the wrench
acting at this link [14,165]. The actuator forces and displacements can be related by
Hooke’s law, one has

f D KJ ı� (4.4)

with KJ D diagŒk1; : : : ; kn�, where each of the actuators in the parallel mechanism
is modeled as an elastic component, KJ is the joint stiffness matrix of the parallel
mechanism, ki is a scalar representing the joint stiffness of each actuator, which is
modeled as linear spring, and the i th component of vector f, noted fi is the force or
torque acting at the i th actuator. Substituting (4.2) into (4.4), one obtains

f D KJJıx: (4.5)

Then, substituting (4.5) into (4.3), yields

F D JTKJJıx: (4.6)

Hence, KC, the stiffness matrix of the mechanism in the Cartesian space is then
given by the following expression

KC D JTKJ J: (4.7)

Particularly, in the case for which all the actuators have the same stiffnesses, i.e.,
k1 D k2 D � � � D kn, then (4.7) will be reduced to

K D kJTJ; (4.8)

which is the equation given in [57].
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The stiffness matrix is a positive semidefinite symmetric matrix whose eigenval-
ues represent the coefficients of stiffness in the principal directions, which are given
by the eigenvectors. These directions are in fact represented by twist vectors, i.e.,
generalized velocity vectors. Moreover, the square root of the ratio of the smallest
eigenvalue to the largest one gives the reciprocal of the condition number � of the
Jacobian matrix [83], which is a measure of the dexterity of the mechanism [56]. It
can be written as

1

�
D

s
�min

�max
; (4.9)

where �min and �max are the smallest and largest eigenvalues of the stiffness matrix,
respectively.

From (4.7), it is clear that if the Jacobian matrix of a mechanism J is singular,
then obviously, the stiffness matrix of the mechanism, JTKJ J is also singular, thus
the mechanism loses stiffness, there is no precision also for the mechanism. Hence,
one can study the precision of machine tools through their stiffness model, and then
find the most suitable designs.

The flexibilities included in the model can be classified in two types [36] 1) the
flexibilities at the joints and 2) the flexibilities of the links. Hence, the complete
lumped model should include the following three submodels:

� The Denavit–Hartenberg model which defines the nominal geometry of each of
the kinematic chains of the mechanism, the kinematics described by the Denavit–
Hartenberg matrix are straightforward and systematic for mechanisms with rigid
links. They are also effective for mechanisms with flexible links

� A lumped joint model which is defined in Table 4.1
� An equivalent beam model at each link which accounts for the deformations of

the link caused by the external forces and torques

In order to simplify the model of the stiffness, link stiffnesses will be lumped into
local compliant elements (spring) located at the joints. This is justified by the fact
that no dynamics is included in the model (it is purely kinematic) and that limited
numerical accuracy is acceptable. Indeed, the objective of this study is to obtain
engineering values for the stiffness and to determine which areas of the workspace
lead to better stiffness properties.

Physically, the bending deformation in joints is presented in different ways. In
the planar case, the unactuated revolute joint does not induce any bending whereas
in the spatial case, a bending is presented in a direction perpendicular to the joint.
Hence, it is necessary to establish a lumped joint model for each possible case. In
the lumped joint model, deformations caused by link flexibility can be considered
as virtual joints fixed at this point; the details are given in [62] and Table 4.1.

A linear beam is shown in Fig. 4.1, where F is the external force, E the elas-
tic modulus, L the length of the beam, and I is the section moment of inertia of
the beam. In a lumped model, the flexible beam will be replaced by a rigid beam
mounted on a pivot plus a torsional spring located at the joint, as illustrated in
Fig. 4.1b. The objective is to determine the equivalent torsional spring stiffness that
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Table 4.1 Lumped joint models for planar system

Joint type
If actuated,
the equivalent model

If unactuated,
the equivalent model

Revolute 2 Torsional springs

τr

τj

No bending

Prismatic Actuated spring Uncertainty

will produce the same tip deflection as that of the beam under the load F . As it can
be seen on the figure, the lumped model will lead to a different orientation of the tip
of the beam. However, assuming that the deformation is small, angle � will also be
small, thus the difference in orientation between the original beam and the equiva-
lent link can be neglected. Moreover, since in the mechanisms considered here, the
legs are attached to the platform with spherical joints, there is not any moment pre-
sented at the spherical joint, hence, the end link orientation of the beam is irrelevant.
Let ı be the deflection of the beam. Based on the Castiliano’s theorem [143], one
can build an equivalent rigid beam model based solely on the deflection of the free
end. With a force F applied at the free end of the beam, the resulting deformation
can be written as (see Fig. 4.1a)

ı D
FL3

3EI
(4.10)
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Fig. 4.1 Link deformation induced by wrench

and assuming small deformations, the corresponding rotational deformation of an
equivalent rigid beam with a torsional spring would be

� '
ı

L
: (4.11)

Let the deflection in both cases (Fig. 4.1a, 4.1b) be the same. Substituting (4.10)
into (4.11), yields

� D
FL2

3EI
; (4.12)

where ı is the flexible beam’s deflection at the free end and � is the rigid beam’s
rotation around the joint.

Since the flexible beam model can be lumped into a torsional spring with equiva-
lent stiffness kb at the shoulder joint (Fig. 4.1b), based on the principle of work and
energy, one has

1

2
F ı D

1

2
kb.�/

2; (4.13)

where kb is the lumped stiffness of the flexible beam. Substituting (4.11) to (4.13),
one obtains

FL� D kb�
2 (4.14)

or
kb D

FL
�
: (4.15)
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Fig. 4.2 Link deformation induced by torque

Substituting (4.12) into (4.15), one obtains the equivalent stiffness for the flexible
beam as

kb D
3EI
L
: (4.16)

Here the lumped stiffness expression for a single flexible beam undergoing twist-
ing is addressed. A linear beam is shown in Fig. 4.2, where m(Nm) is the external
torque,G.N=m2/ the shear elastic modulus, l(m) the length of the beam, and I .m4/

is the section moment of inertia of the beam. Similarly to the preceding section, the
flexible beam is replaced by a rigid beam mounted at the end plus a torsional spring
located at the end. The objective is to determine the equivalent torsional spring
stiffness that will produce the same tip deflection as that of the beam under the
load m. Assuming that the deformation is small, angle � will also be small, then,
with a twist m applied at the free end of the beam, the resulting deformation can be
written as

�� D
ml
GI

for circular cylinder; (4.17)

�� D
ml

Gˇh3b
for rectangular parallelepiped; (4.18)
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where b is the height of the flexible beam, h is the width of the flexible beam and ˇ
is a coefficient related to b and h. Since one has

m D kt�� (4.19)

hence one can obtain the lumped stiffness kt of the beam as

kt D
GI
l

for circular cylinder; (4.20)

kt D
Gˇh3b

l
for rectangular parallelepiped: (4.21)

4.2 Planar Two Degrees of Freedom Parallel Robotic Machine

As shown in Fig. 4.3, we take the case of revolute type into account. A planar two-
degree-of-freedom mechanism can be used to position a point on the plane and the
Cartesian coordinates associated with this mechanism are the position coordinates
of one point of the platform, noted .x; y/. Vector � represents the actuated joint
coordinates of the planar parallel mechanism and is defined as � D Œ�1; �2; : : : ; �n�T,
where n is the number of degrees of freedom of the mechanism studied, and the only
actuated joints are those directly connected to the fixed link [59, 61, 133].

As illustrated in Fig. 4.3, a 2-dof planar parallel mechanism is constructed by four
movable links and five revolute joints (noted as O1 to O5). The two links – whose
length are l1 and l3 – are the input links. They are assumed to be flexible beams, and

Y

X

l3

l4

O2

O4

l1

l2

θ θ2

O1(x1, y1) O3(x3, y3)

O5 (x , y)

Fig. 4.3 A planar 2-dof parallel mechanism with revolute actuators
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points O1 and O3 are the only actuated joints in this planar 2-dof parallel mecha-
nism. The lengths of the other two links are denoted as l2 and l4, respectively. Point
O5.x; y/ is the point to be positioned by the mechanism. The origin of the fixed
Cartesian coordinate system is located on joint O1. .x1; y1/ and .x3; y3/ are the
coordinates of points O1 and O3, respectively, and one has x1 D y1 D y3 D 0.

At points O2 and O4, one has

x2 D l1 cos �1 C x1; (4.22)
y2 D l1 sin �1 C y1; (4.23)
x4 D l3 cos �2 C x3; (4.24)
y4 D l3 sin �2 C y3: (4.25)

From this figure, one obtains

l22 D .x � x2/
2 C .y � y2/

2; (4.26)
l24 D .x � x4/

2 C .y � y4/
2: (4.27)

Substituting (4.22) – (4.25) into (4.26) – (4.27), one gets

l22 D .x � l1 cos �1/2 C .y � l1 sin �1/2; (4.28)
l24 D .x � .l3 cos �2 C x3//2 C .y � l3 sin �2/2: (4.29)

The kinematic relationship can be obtained as follows

F.�;p/ D
�

.x � l1 cos �1/2 C .y � l1 sin �1/2 � l22
.x � .l3 cos �2 C x3//2 C .y � l3 sin �2/2 � l24

�
D 0: (4.30)

Let
P� D

�
P�1
P�2

�
; Pp D

�
Px

Py

�
: (4.31)

One can obtain the Jacobian matrices of the parallel mechanism as

A D
@F
@p
; B D

@F
@�
: (4.32)

In particular, the Jacobian matrices of this planar 2-dof parallel mechanism are as
follows:

A D
�

.x � l1 cos �1/ .y � l1 sin �1/
.x � l3 cos �2 � x3/ .y � l3 sin �2/

�
; (4.33)

B D
�
.x sin �1 � y cos �1/l1 0

0 Œ.x � x3/ sin �2 � y cos �2�l3

�
: (4.34)
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The velocity equations can be written as A PpC B P� D 0 and

J D �B�1A D
�
a1=d1 b1=d1
a2=d2 b2=d2

�
(4.35)

with

a1 D x � l1 cos �1; (4.36)
a2 D x � l3 cos �2 � x3; (4.37)
b1 D y � l1 sin �1; (4.38)
b2 D y � l3 sin �2; (4.39)
d1 D �.x sin �1 � y cos �1/l1; (4.40)
d2 D �Œ.x � x3/ sin �2 � y cos �2�l3: (4.41)

In order to compute the Jacobian matrix of (4.35), one has to know the joint an-
gles of Fig. 4.3 first. Therefore, it is necessary to calculate the inverse kinematics of
this planar 2-dof parallel mechanism to determine the joint angles for any given end-
effector position and orientation. Unlike many serial mechanisms, the calculation of
the inverse kinematics of a parallel mechanism is generally straightforward.

From (4.28), one obtains

2l1x cos �1 C 2l1y sin �1 D x2 C y2 C L21 � L
2
2; (4.42)

therefore, one can obtain �1 as follow

sin �1 D
BC CK1A

p
A2 C B2 � C 2

A2 C B2
; (4.43)

cos �1 D
AC �K1B

p
A2 C B2 � C 2

A2 C B2
; (4.44)

where

A D 2l1x; (4.45)
B D 2l1y; (4.46)
C D x2 C y2 C L21 � L

2
2; (4.47)

K1 D ˙1 (4.48)

and K1 is the branch index, which can be used to distinguish the four branches of
the inverse kinematic problem. In the same way, from (4.29), one obtains

2l3.x � x3/ cos �2 C 2l3y sin �2 D .x � x3/2 C y2 C l23 � l
2
4 : (4.49)
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Hence one obtains the joint angle �2 as

sin �2 D
BC CK2A

p
A2 C B2 � C 2

A2 C B2
; (4.50)

cos �2 D
AC �K2B

p
A2 C B2 � C 2

A2 C B2
; (4.51)

where

A D 2l3.x � x3/; (4.52)

B D 2l3y; (4.53)

C D .x � x3/
2 C y2 C l23 � l

2
4 ; (4.54)

K2 D ˙1: (4.55)

Again, K2 is the branch index.
Assume the actuator stiffnesses of O1 and O3 are k1 and k01, respectively, and

the lumped stiffness for beam O1O2 and O3O4 are kb and k0b. Then the compound
stiffness at points O1 and O3 are written as

k D
k1kb

k1 C kb
; (4.56)

k0 D
k01k
0
b

k01 C k
0
b
; (4.57)

where k, k0 are the total stiffnesses at the active joint, k1, k01 are the actuator stiff-
nesses and kb, k0b are the lumped stiffnesses as indicated in (4.16). One can find the
kinetostatic model for this planar 2-dof parallel mechanism by using (4.7), i.e.,

KC D JTKJJ; (4.58)

where KJ is the joint stiffness matrix of the parallel mechanism and J is the Jacobian
matrix of this planar 2-dof parallel mechanism.

The analysis described above is now used to obtain the stiffness maps for this
planar 2-dof parallel mechanism. The maps are drawn on a section of the workspace
of the variation of the end-effector’s position.

A program has been written with the software Matlab. Given the values of l1 D
l4 D 0:5m, l2 D 0:6m, l3 D 0:8m, and O1O3 D 0:7m. The contour graph can be
shown in Fig. 4.4.
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Fig. 4.4 Stiffness contour graph for a planar 2-dof parallel mechanism with revolute actuators

4.3 Planar Three Degrees of Freedom Parallel Robotic Machine

A symmetric mechanism identical to the one studied in [56] and [58] is now an-
alyzed with the procedure described above. The characteristics of this mechanism
are as follows: Points Ai , i D 1; 2; 3 and points Bi , i D 1; 2; 3 (Fig. 4.5) are, re-
spectively, located on the vertices of an equilateral triangle and that the minimum
and maximum lengths of each of the legs are the same. The mechanism is therefore
completely symmetric. The dimensions and the stiffness of each leg are given in
Table 4.2.
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Fig. 4.5 A planar 3-dof
parallel mechanism with
prismatic actuators

O’(x, y)B1

B3

B2

x’

y’

y

x
O

φ

A1 (xa1, ya1)
A2 (xa2, ya2)

A3 (xa3, ya3)

Table 4.2 Geometric properties of symmetric planar parallel
mechanism (all length units in mm and stiffness units in N/m)
i xai yai xbi ybi ki

1 �1/2 �
p
3/6 �1/12 �

p
3/36 1,000

2 1/2 �
p
3/6 1/12 �

p
3/36 1,500

3 0
p
3/3 0

p
3/18 700

Since one has

xi D x � L cos�i � xai ; i D 1; 2; 3; (4.59)
yi D y � L sin�i � yai ; i D 1; 2; 3; (4.60)

pi D

q
x2i C y

2
i ; i D 1; 2; 3; (4.61)

where L is the length of the gripper and pi is the length of the leg. The Jacobian
matrix is given by [56] as follows

J D

2
4
a1=p1 b1=p1 c1=p1
a2=p2 b2=p2 c2=p2
a3=p3 b3=p3 c3=p3

3
5 (4.62)

with

ai D x � xai � L cos�i ; (4.63)
bi D y � yai � L sin�i ; (4.64)
ci D .x � xai /L sin�i � .y � yai /L cos�i : (4.65)

Hence, according to (4.7), one can find the stiffness model for this planar three-
degrees-of-freedom parallel mechanism.
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(� D 	=2)



4.3 Planar Three Degrees of Freedom Parallel Robotic Machine 67

y

x

A3

A1

A2

B2

B1

B3
(x,y)

Fig. 4.10 Validation model of the planar 3-dof parallel mechanism in Pro/Motion

Table 4.3 Geometric
properties of planar parallel
mechanism (all units in mm)

i xai yai xbi ybi ki

1 0 0 84.547 48.464 400
2 150 49 84.547 81.536 400
3 0 130 55.91 65 400

The above model is now used to obtain the stiffness maps for this planar 3-dof
parallel mechanism. Given the values shown in Table 4.2, one can obtain the stiff-
ness contour and mesh graphs in x, y, and � shown in Figs. 4.6 – 4.9.

One can find from the stiffness map that the symmetric mechanism is in a singu-
lar configuration when positioned at the center of the workspace. Also, from such
stiffness maps, one can determine which regions of the workspace will satisfy some
stiffness criteria. From the mesh graphs, one can view the stiffness distribution more
intuitively.

A model (Fig. 4.10) for this planar 3-dof parallel mechanism has been built using
the software Pro/Engineer to simulate the physical structure on Pro/Motion.

With the geometric properties given in Table 4.3 and the center of the trian-
gle located at .75; 65/, after applying the forces and torque Fx D 100 N; Fy D
100 N; 
 D 60 Nm at the center of the triangle, the three legs deform. One ob-
tains the deformation of the center using Pro/Motion as �x D 0:09697 mm, �y D
0:14959 mm, �� D �0:0020. Meanwhile, the results obtained from the equations
developed in the previous section are �x D 0:0962 mm, �y D 0:1548 mm,
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�� D �0:0020. This shows that the results from Pro/Motion and the kinetostatic
model are very close to each other.

4.4 Conclusions

A general stiffness model for fully- parallel mechanisms with different actuator
stiffnesses has been presented in this chapter. It has been shown that this general
stiffness model can be used to evaluate the stiffness properties of parallel mecha-
nisms. Examples have been given to illustrate how this model is used. Meanwhile,
the lumped models for joints and links are proposed. They can be applied to establish
kinetostatic models for both 2-dof and 3-dof mechanisms which are also mentioned
in this chapter. Finally, the reliability of the stiffness model has been demonstrated
using the computer program Pro/Engineer.



Chapter 5
Spatial Parallel Robotic Machines
with Prismatic Actuators

5.1 Preamble

In this chapter, we first introduce a fully six degrees of freedom fully-parallel robotic
machine with prismatic actuators. Then several new types of parallel mechanisms
with prismatic actuators whose degree of freedom is dependent on a constraining
passive leg connecting the base and the platform is analyzed. The mechanisms are
a series of n-dof parallel mechanisms which consist of n identical actuated legs
with six degrees of freedom and one passive leg with n degrees of freedom con-
necting the platform and the base. This series of mechanisms has the characteristics
of reproduction since they have identical actuated legs, thus, the entire mechanism
essentially consists of repeated parts, offering price benefits for manufacturing, as-
sembling, and maintenance.

A simple method for the stiffness analysis of spatial parallel mechanisms is
presented using a lumped parameter model. Although it is essentially general, the
method is specifically applied to spatial parallel mechanisms. A general kinematic
model is established for the analysis of the structural rigidity and accuracy of this
family of mechanisms. One can improve the rigidity of this type of mechanism
through optimization of the link rigidities and geometric dimensions to reach the
maximized global stiffness and precision. In what follows, the geometric model of
this class of mechanisms is first introduced. The virtual joint concepts are employed
to account for the compliance of the links. A general kinematic model of the family
of parallel mechanisms is then established and analyzed using the lumped-parameter
model. Equations allowing the computation of the equivalent joint stiffnesses are de-
veloped. Additionally, the inverse kinematics and velocity equations are given for
both rigid-link and flexible-link mechanisms. Finally, examples for 3-dof, 4-dof,
5-dof, and 6-dof are given in detail to illustrate the results.

D. Zhang, Parallel Robotic Machine Tools, DOI 10.1007/978-1-4419-1117-9 5,
c� Springer Science+Business Media, LLC 2010
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5.2 Six Degrees of Freedom Parallel Robotic Machine
with Prismatic Actuators

5.2.1 Geometric Modeling and Inverse Kinematics

A 6-dof parallel mechanism and its joint distributions both on the base and on the
platform are shown in Figs. 5.1–5.3. This mechanism consists of six identical vari-
able length links, connecting the fixed base to a moving platform. The kinematic
chains associated with the six legs, from base to platform, consist of a fixed Hooke
joint, a moving link, an actuated prismatic joint, a second moving link, and a spher-
ical joint attached to the platform. It is also assumed that the vertices on the base
and on the platform are located on circles of radii Rb and Rp, respectively.

A fixed reference frame O � xyz is connected to the base of the mechanism and
a moving coordinate frame P � x0y0z0 is connected to the platform. In Fig. 5.2, the
points of attachment of the actuated legs to the base are represented with Bi and
the points of attachment of all legs to the platform are represented with Pi , with
i D 1; : : : ; 6, while point P is located at the center of the platform with the coordi-
nate of P.x; y; z/.

The Cartesian coordinates of the platform are given by the position of point P
with respect to the fixed frame, and the orientation of the platform (orientation of
frame P � x0y0z0 with respect to the fixed frame), represented by three Euler angles
�; � , and  or by the rotation matrix Q.

Fig. 5.1 CAD model of the
spatial 6-dof parallel
mechanism with prismatic
actuators (Figure by Thierry
Laliberté and Gabriel Coté)
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Fig. 5.2 Schematic
representation of the spatial
6-dof parallel mechanism
with prismatic actuators
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If the coordinates of point Bi in the fixed frame are represented by vector bi ,
then we have

pi D

2
4
xi
yi
zi

3
5 ; r

0

i D

2
4
Rp cos �pi

Rp sin �pi

0

3
5 ; p D

2
4
x

y

z

3
5 ; bi D

2
4
Rb cos �bi

Rb sin �bi

0

3
5 ; (5.1)
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where pi is the position vector of point Pi expressed in the fixed coordinate frame
whose coordinates are defined as .xi ; yi ; zi /, r0i is the position vector of point Pi
expressed in the moving coordinate frame, and p is the position vector of point P
expressed in the fixed frame as defined above, and

�bi D

2
66666664

�b1

�b2

�b3

�b4

�b5

�b6

3
77777775
D

2
66666664

�b

2	=3 � �b

2	=3C �b

4	=3 � �b

4	=3C �b

��b

3
77777775
; �pi D

2
66666664

�p1

�p2

�p3

�p4

�p5

�p6

3
77777775
D

2
66666664

�p

2	=3 � �p

2	=3C �p

4	=3 � �p

4	=3C �p

��p

3
77777775
: (5.2)

Similarly, the solution of the inverse kinematic of this mechanism can be written as

�2i D .pi � bi /T.pi � bi /; i D 1; : : : ; 6: (5.3)

5.2.2 Global Velocity Equation

Since the mechanism is actuated in parallel, one has the velocity equation as

At D B P�; (5.4)

where vectors P� and t are defined as

P� D
�
P�1 � � � P�6

�T
; (5.5)

t D
�
!T PpT

�T
; (5.6)

where ! and Pp are the angular velocity and velocity of one point of the platform,
respectively, and

A D
�

m1 m2 m3 m4 m5 m6

�T
(5.7)

B D diagŒ�1; �2; �3; �4; �5; �6� (5.8)

and mi is a six-dimensional vector expressed as

mi D

�
.Qr0i / � .pi � bi /

.pi � bi /

�
: (5.9)
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Therefore, Jacobian matrix J can be written as

J D B�1A: (5.10)

The derivation of the relationship between Cartesian velocities and joint rates is
thereby completed.

5.2.3 Stiffness Model

Since the mechanism is fully parallel, the stiffness of the mechanism has been
obtained as

K D JTKJJ: (5.11)

Given the geometric properties as

�p D 22:34
ı; �b D 42:883

ı;

Rp D 6 cm; Rb D 15 cm;
Ki D �1; i D 1; : : : ; 6

ki1 D 1; 000 N=m; i D 1; : : : ; 6 ;

where ki1 is the actuator stiffness, and the Cartesian coordinates are given by

x 2 Œ�4; 4� cm; y 2 Œ�4; 4� cm; z D 51 cm;
� D 0; � D 0;  D 0;

The stiffness model described above is now used to obtain the stiffness mappings.
Fig. 5.4 shows the stiffness mappings on a section of the workspace of the platform.
From such plots one can determine which regions of the workspace will satisfy some
stiffness criteria.

Another example of mechanism is the INRIA “left-hand” prototype described in
[57]. The dimensions are given in Table 5.1, the stiffness mappings and mesh graphs
are illustrated in Fig. 5.5, the results show the same trends of stiffness as in [57].

From the graphs, one observes that K�x and K�y , Kx and Ky are symmetric
with respect to each other, and in Fig. 5.4a the stiffness in X becomes higher when
the platform moves further from the Y -axis. This was to be expected because when
the platform moves aside along the X -axis, the projection of the legs on this axis
becomes larger, and the mechanism is stiffer in Y . The same reasoning applies to
Fig. 5.4b for the stiffness in Y .

In Fig. 5.4d, 5.4e, the torsional stiffnesses in �x and �y are shown, the stiffness
is larger when it moves further from the Y -axis. In Fig. 5.4c, the stiffness in Z is
higher near the center of the workspace, which is the best position for supporting
vertical loads. It can also be noted that the stiffness in Z is much larger than the
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Fig. 5.4 Stiffness mappings of the spatial 6-dof parallel mechanism with prismatic actuators (all
length units in m)
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Fig. 5.4 (continued)



76 5 Spatial Parallel Robotic Machines with Prismatic Actuators

Table 5.1 Geometric properties of the INRIA prototype (all lengths are in
centimeters)
i 1 2 3 4 5 6

bix 9:258 13:258 4:000 �4:000 �13:258 �9:258

biy 9:964 3:036 �13:000 �13:000 3:036 9:964

biz 2:310 2:310 2:310 2:310 2:310 2:310

xi 3:000 7:822 4:822 �4:822 �7:822 �3:000

yi 7:300 �1:052 �6:248 �6:248 �1:052 7:300

zi �3:710 �3:710 �3:710 �3:710 �3:710 �3:710

Li 51 51 51 51 51 51

stiffness in theX or Y directions. This is due to the architecture chosen, which aims
at supporting heavy objects in an environment where the gravity is acting along
the negative direction of Z-axis. All these are in accordance with what would be
intuitively expected.

Table 5.2 shows the variation of the stiffness with Kactuator. Clearly, the Carte-
sian stiffnesses in each direction are increased with the improvement of the actuator
stiffness.

5.3 General Kinematic Model of n Degrees of Freedom Parallel
Mechanisms with a Passive Constraining Leg and Prismatic
Actuators

5.3.1 Geometric Modeling and Lumped Compliance Model

5.3.1.1 Geometric Modeling

An example of parallel mechanisms belonging to the family of mechanisms studied
in this chapter is shown in Figs. 5.6 and 5.7. It is a 5-dof parallel mechanism with
prismatic actuators. This mechanism consists of six kinematic chains, including five
variable length legs with identical topology and one passive leg which connects
the fixed base to the moving platform. In this 5-dof parallel mechanism, the kine-
matic chains associated with the five identical legs consist, from base to platform,
of a fixed Hooke joint, a moving link, an actuated prismatic joint, a second mov-
ing link, and a spherical joint attached to the platform. The sixth chain (central leg)
connecting the base center to the platform is a passive constraining leg and has an
architecture different from the other chains. It consists of a revolute joint attached
to the base, a moving link, a Hooke joint, a second moving link, and another Hooke
joint attached to the platform. This last leg is used to constrain the motion of the
platform to only 5 dof. This mechanism could be built using only five legs, i.e., by
removing one of the five identical legs and actuating the first joint of the passive
constraining leg. However, the uniformity of the actuation would be lost.
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Fig. 5.5 Stiffness mappings of the spatial 6-dof parallel mechanism with prismatic actuators
(using data of INRIA prototype) (all length units in m)
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Fig. 5.5 (continued)
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Table 5.2 The Cartesian stiffness as a function of the actuator stiffness
Kactuator Kx Ky Kz K�x K�y K�z

200 20.5936 20.5936 1158.81 2.08586 2.08586 0.0444375
600 61.7809 61.7809 3476.44 6.25759 6.25759 0.133313

1,000 102.968 102.968 5794.06 10.4293 10.4293 0.222188
2,000 205.936 205.936 11588.1 20.8586 20.8586 0.444375
3,000 308.904 308.904 17382.2 31.2879 31.2879 0.666563
4,000 411.872 411.872 23176.3 41.7173 41.7173 0.888751
6,000 617.809 617.809 34764.4 62.5759 62.5759 1.33313

Fig. 5.6 CAD model of the spatial 5-dof parallel mechanism with prismatic actuators (Figure by
Gabriel Coté)

Similarly, families of 3-dof and 4-dof parallel mechanisms can be built using
three or four identical legs with 6 dof and one passive constraining leg with 3 or 4
dof, respectively, and they will also be discussed in this chapter. The aim of using
the passive leg is to limit the degrees of freedom to the desired ones. Since the
external loads on the platform will induce bending and/or torsion in the passive
leg, its mechanical design is a very important issue which can be addressed using
the kinetostatic model proposed here. It should be noted, however, that the final
geometry and mechanical design of the passive leg may be significantly different
from the generic representation given in Fig. 5.6.
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Fig. 5.7 Schematic
representation of the spatial
5-dof parallel mechanism
with prismatic actuators

Table 5.3 Lumped joint compliance models for spatial system
Joint type If actuated, the equivalent model If unactuated, the equivalent model
Spherical N/A No transformation
Hooke N/A No transformation

Revolute 4 Torsional springs 2 torsional spring

4 Torsional springs 2 Torsional springs

5.3.1.2 Lumped Models for Joint and Link Compliances

In order to obtain a simple kinetostatic model, link compliances are lumped at the
joints as described in [15]. In this framework, link bending stiffnesses are replaced
by equivalent torsional springs located at virtual joints (joints with dotted lines in
Table 5.3), as illustrated in Table 5.3. Actuator stiffnesses are also included and
modeled as torsional or linear springs for revolute and prismatic actuators, respec-
tively. For instance, the actuated revolute joint with flexible link can be lumped to
4 (four) torsional springs including 2 (two) bendings, 1 (one) twist, and 1 (one)
actuator. The details are described in [15].
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5.3.2 Inverse Kinematics

Since the platform of the mechanism has n degrees of freedom, only n of the
six Cartesian coordinates of the platform are independent. For the 5-dof mecha-
nism of Fig. 5.6, the independent coordinates have been chosen for convenience as
.x; y; z; �i ; �j /, where x; y; z are the position coordinates of a reference point on the
platform and .�i ; �j / are the joint angles of the Hooke joint attached to the platform.
Other coordinates may be chosen.

Assume that the centers of the joints located on the base and on the platform
are located on circles with radii Rb and Rp, respectively. A fixed reference frame
O � xyz is attached to the base of the mechanism and a moving coordinate frame
P � x0y0z0 is attached to the platform. In Fig. 5.7, the points of attachment of the ac-
tuated legs to the base are represented with Bi and the points of attachment of all
legs to the platform are represented by Pi , with i D 1; : : : ; n. Point P is the refer-
ence point on the platform and its position coordinates are P.x; y; z/.

The Cartesian coordinates of the platform are given by the position of point P
with respect to the fixed frame, and the orientation of the platform (orientation of
frame P � x0y0z0 with respect to the fixed frame), represented by matrix Q.

If the coordinates of the point Pi in the moving reference frame are represented
with .x0i ; y

0
i ; z
0
i / and the coordinates of the pointBi in the fixed frame are represented

by vector bi , then for i D 1; : : : ; n, one has

pi D

2
4
xi
yi
zi

3
5 ; r

0

i D

2
4
x0i
y0i
z0i

3
5 ; p D

2
4
x

y

z

3
5 ; bi D

2
4
bix
biy
biz

3
5 ; (5.12)

where pi is the position vector of point Pi expressed in the fixed coordinate frame
whose coordinates are defined as .xi ; yi ; zi /, r0i is the position vector of point Pi
expressed in the moving coordinate frame, and p is the position vector of point P
expressed in the fixed frame as defined above.

One can then write
pi D pCQr0i; (5.13)

where the rotation matrix can be written as a function of the n joint angles of the
.nC 1/th leg. This matrix is written as

Q D Q0Q1 � � �Qn; n D 3, 4, or 5; (5.14)

where Q0 is the rotation matrix from the fixed reference frame to the first frame
(fixed) of the passive constraining leg.

In order to solve the inverse kinematic problem, one must first consider the pas-
sive constraining leg as a serial n-dof mechanism whose n Cartesian coordinates
are known, which is a well-known problem [10, 72, 84, 94, 95, 102]. Once the solu-
tion to the inverse kinematics of this n-dof serial mechanism is found, the complete
pose (position and orientation) of the platform can be determined using the direct
kinematic equations for this serial mechanism.
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Subtracting vector bi from both sides of (5.13), one obtains

pi � bi D pCQr0i � bi ; i D 1; : : : ; n; n D 3, 4, or 5: (5.15)

Then, taking the Euclidean norm on both sides of (5.15), one has

k pi � bi kDk pCQr0i � bi kD �i ; i D 1; : : : ; n; n D 3, 4, or 5; (5.16)

where �i is the length of the i th leg, i.e., the value of the i th joint coordinate. The
solution of the inverse kinematic problem for the n-dof platform is therefore com-
pleted and can be written as

�2i D .pi � bi /T.pi � bi /; i D 1; : : : ; n; n D 3, 4, or 5: (5.17)

5.3.3 Jacobian Matrices

5.3.3.1 Rigid Mechanisms

The parallel mechanisms studied here comprise two main components, namely, the
constraining leg – which can be thought of as a serial mechanism – and the actuated
legs acting in parallel.

Considering the constraining leg, one can write

JnC1 P�nC1 D t; n D 3, 4, or 5; (5.18)

where t D
�
!T PpT

�T
is the twist of the platform, with ! the angular velocity of the

platform and

P�nC1 D
�
P�nC1;1 � � � P�nC1;n

�T
; n D 3, 4, or 5: (5.19)

is the joint velocity vector associated with the constraining leg. Matrix JnC1 is the
Jacobian matrix of the constraining leg considered as a serial n-dof mechanism.

5.3.3.2 Compliant Model

If the compliance of the links and joints is included, .6� n/ virtual joints are added
in order to account for the compliance of the links [62]. Hence, the Jacobian matrix
of the constraining leg becomes

J0nC1 P�
0
nC1 D t; n D 3, 4, or 5; (5.20)
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where

P� 0nC1 D
�
P�nC1;1 � � � P�nC1;6

�T
; n D 3, 4, or 5: (5.21)

5.3.3.3 Global Velocity Equation

Now considering the parallel component of the mechanism, the parallel Jacobian
matrix can be obtained by differentiating (5.17) with respect to time, one obtains

�i P�i D .pi � bi /T Ppi ; i D 1; : : : ; n: (5.22)

Since one has
PQ D ˝Q (5.23)

with

˝ D 1 � ! D

2
4
0 �!3 !2
!3 0 �!1
�!2 !1 0

3
5 (5.24)

differentiating (5.13), one obtains

Ppi D PpC PQr0i : (5.25)

Then, for n D 3, 4, or 5, (5.22) can be rewritten as

�i P�i D .pi � bi /T. PpC PQr0i /
D .pi � bi /T. PpC˝Qr0i /
D .pi � bi /T PpC .pi � bi /T˝Qr0i
D .pi � bi /T PpC .pi � bi /TŒ! � .Qr0i /�
D .pi � bi /T PpC Œ.Qr0i / � .pi � bi /�T!; i D 1; : : : ; n: (5.26)

Hence, one can write the velocity equation as

At D B P�; (5.27)

where vector P� is defined as

P� D
�
P�1 P�2 � � � P�n

�T
: (5.28)

and

A D

2
6664

mT
1

mT
2
:::

mT
n

3
7775 ; B D diagŒ�1; �2; : : : ; �n�; (5.29)
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where mi is a vector with six components, which can be expressed as

mi D

�
.Qr0i / � .pi � bi /

.pi � bi /

�
: (5.30)

Hence, (5.18) or (5.20) relates the twist of the platform to the joint velocities of
the passive constraining leg through the serial Jacobian matrix JnC1 or J0nC1 while
(5.27) relates the twist of the platform to the actuator velocities through parallel
Jacobian matrices A and B. It should be pointed out that the dimensions of matrix
JnC1 will be .6�n/, matrix J0nC1 will be .6�6/, matrix A will be .n�6/ and matrix
B will be .n � n/. The derivation of the relationship between Cartesian velocities
and joint rates is thereby completed.

5.3.4 Kinetostatic Model for the Mechanism with Rigid Links

In this section, the velocity equations derived in Sect. 5.3.3.3 will be used to obtain
the kinetostatic model for the mechanism with rigid links.

According to the principle of virtual work, one has


T P� D wTt; (5.31)

where 
 is the vector of actuator forces applied at each actuated joint and w is the
wrench (torque and force) applied to the platform and where it is assumed that no
gravitational forces act on any of the intermediate links. In practice, gravitational
forces may often be neglected in machine tool applications.

One has w D
�

nT fT
�T

where n and f are, respectively, the external torque and
force applied to the platform.

Rearranging (5.27) and substituting it into (5.31), one obtains


TB�1At D wTt: (5.32)

Now, substituting (5.18) into eq. (5.32), one has


TB�1AJnC1 P�nC1 D wTJnC1 P�nC1: (5.33)

The latter equation must be satisfied for arbitrary values of P�nC1 and hence one can
write

.AJnC1/TB�T
 D JnC1Tw: (5.34)

The latter equation relates the actuator forces to the Cartesian wrench, w, applied
at the end-effector in static mode. Since all links are assumed rigid, the compliance
of the mechanism will be induced solely by the compliance of the actuators. An
actuator compliance matrix C is therefore defined as

C
 D ��; (5.35)
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where 
 is the vector of actuated joint forces and �� is the induced joint
displacement. Matrix C is a (n � n) diagonal matrix whose i th diagonal entry
is the compliance of the i th actuator.

Now, (5.34) can be rewritten as


 D BT.AJnC1/�TJnC1Tw: (5.36)

The substitution of (5.36) into (5.35) then leads to

�� D CBT.AJnC1/�TJnC1Tw: (5.37)

Moreover, for a small displacement vector ��, (5.27) can be written as

�� ' B�1A�c; (5.38)

where �c is a vector of small Cartesian displacement and rotation defined as

�c D
�
�pT �˛T

�T
(5.39)

in which �˛, the change of orientation, is defined from (5.23) and (5.24) as

�˛ D vect.�QQT/; (5.40)

where �Q is the variation of the rotation matrix and vect.�/ is the vector linear
invariant of its matrix argument.

Similarly, (5.18) can also be written, for small displacements, as

JnC1��nC1 ' �c; (5.41)

where��nC1 is a vector of small variations of the joint coordinates of the constrain-
ing leg.

Substituting (5.38) into (5.37), one obtains

B�1A�c D CBT.AJnC1/�TJT
nC1w: (5.42)

Premultiplying both sides of (5.42) by B, and substituting (5.41) into (5.42), one
obtains,

AJnC1��nC1 D BCBT.AJnC1/�TJT
nC1w: (5.43)

Then, premultiplying both sides of (5.43) by .AJnC1/�1, one obtains,

��nC1 D .AJnC1/�1BCBT.AJnC1/�TJT
nC1w (5.44)

and finally, premultiplying both sides of (5.44) by JnC1, one obtains,

�c D JnC1.AJnC1/�1BCBT.AJnC1/�TJT
nC1w: (5.45)
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Hence, one obtains the Cartesian compliance matrix as

Cc D JnC1.AJnC1/�1BCBT.AJnC1/�TJT
nC1 (5.46)

with
�c D Ccw; (5.47)

where Cc is a symmetric positive semidefinite (6 � 6) matrix, as expected.
It is pointed out that, in nonsingular configurations, the rank of B, C, and JnC1

is n, and hence the rank of Cc will be n, where n D 3, 4, or 5, depending on the
degree of freedom of the mechanism. Hence, the nullspace of matrix Cc will not be
empty and there will exist a set of vectors w that will induce no Cartesian displace-
ment �c. This corresponds to the wrenches that are supported by the constraining
leg, which is considered infinitely rigid. These wrenches are orthogonal comple-
ments of the allowable twists at the platform. Hence, matrix Cc cannot be inverted
and this is why it was more convenient to use compliance matrices rather than stiff-
ness matrices in the above derivation.

In Sect. 5.3.5, the kinetostatic model will be rederived for the case in which the
flexibility of the links is considered. In this case, stiffness matrices will be used.

5.3.5 Kinetostatic Model for the Mechanism with Flexible Links

According to the principle of virtual work, one can write

wTt D 
T
nC1
P� 0nC1 C 


T P�; (5.48)

where 
 is the vector of actuator forces and P� is the vector of actuator veloc-
ities (actuated legs), and 
nC1 is the vector of joint torques in the constraining
leg. This vector is defined as follows, where KnC1 is the stiffness matrix of
the constraining leg,


nC1 D KnC1��
0
nC1: (5.49)

Matrix KnC1 is a diagonal (6 � 6) matrix in which the i th diagonal entry is zero
if it is associated with a real joint while it is equal to ki if it is associated with a
virtual joint, where ki is the stiffness of the virtual spring located at the i th joint.
The stiffness of the virtual springs is determined using the structural properties of
the flexible links as shown in Chap. 5.

From (5.20) and (5.27), (5.48) can be rewritten as

wTt D 
T
nC1.J

0
nC1/

�1tC 
TB�1At: (5.50)

Since this equation is valid for any value of t, one can write

w D .J0nC1/
�T
nC1 C ATB�T
; (5.51)
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which can be rewritten as

w D .J0nC1/
�TKnC1��

0
nC1 C ATB�TKJ��; (5.52)

where KJ is a (n � n) diagonal joint stiffness matrix for the actuated joints.
Using the kinematic equations, one can then write:

w D .J0nC1/
�TKnC1.J0nC1/

�1�cC ATB�TKJB�1A�c (5.53)

which is in the form
w D K�c; (5.54)

where K is the Cartesian stiffness matrix, which is equal to

K D Œ.J0nC1/
�TKnC1.J0nC1/

�1 C ATB�TKJB�1A� (5.55)

Matrix K is a symmetric (6 � 6) positive semidefinite matrix, as expected. How-
ever, in this case, matrix K will be of full rank in nonsingular configurations. Indeed,
the sum of the two terms in (5.55) will span the complete space of constraint
wrenches.

5.3.6 Examples

5.3.6.1 5-dof Parallel Mechanism

This mechanism is illustrated in Fig. 5.6, the compliance matrix for the mechanism
with rigid links can be written as

Cc D J6.AJ6/�1BCBT.AJ6/�TJT
6; (5.56)

where
C D diagŒc1; c2; c3; c4; c5�; (5.57)

where ci is the stiffness of the i th actuator and J6 is the Jacobian matrix of the rigid
constraining leg in this 5-dof case. Matrices A and B are the Jacobian matrices of
the structure without the passive constraining leg.

Similarly, the stiffness matrix for the mechanism with flexible links can be writ-
ten as

K D Œ.J06/
�TK6.J06/

�1 C ATB�TKJB�1A�; (5.58)

where
K6 D diagŒ0; k62; 0; 0; 0; 0�; (5.59)
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Table 5.4 Cartesian compliance of the 5-dof mechanism with flexible links and with rigid links
Ka Kpassive ��x ��y ��z �x �y �z

1,000 1,000 0.0862844 0.0980888 0.261173 0.0735117 0.0303542 0.000255386
1,000 101Ka 0.0862729 0.098054 0.259051 0.0734333 0.0303281 0.000255386
1,000 102Ka 0.0862717 0.0980506 0.258838 0.0734254 0.0303255 0.000255386
1,000 103Ka 0.0862716 0.0980502 0.258817 0.0734246 0.0303252 0.000255386
1,000 104Ka 0.0862716 0.0980502 0.258815 0.0734245 0.0303252 0.000255386
1,000 105Ka 0.0862716 0.0980502 0.258815 0.0734245 0.0303252 0.000255386
1,000 Rigid 0.0862716 0.0980502 0.258815 0.0734245 0.0303252 0.000255386

Fig. 5.8 CAD model of the
spatial 4-dof parallel
manipulator with prismatic
actuators (Figure by Gabriel
Coté)

where k62 is the stiffness of the virtual joint and J06 is the Jacobian matrix of the
compliant passive constraining leg in this 5-dof case, while A and B are the Jacobian
matrices of the structure without the special leg.

The comparison between the mechanism with rigid links (without virtual joints)
and the mechanism with flexible links (with virtual joints) is given in Table 5.4.

5.3.6.2 4-dof Parallel Mechanism

This mechanism is illustrated in Fig. 5.8, the compliance matrix for the mechanism
with rigid links can be written as

Cc D J5.AJ5/�1BCBT.AJ5/�TJT
5; (5.60)
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Table 5.5 Cartesian compliance of the 4-dof mechanism with flexible links and with rigid links
Kactuator Kpassive ��x ��y ��z �x �y �z

1,000 1,000 0.52371 1.41939 1:5� 10�3 0.915208 5:78� 10�4 0.0111974
1,000 101Ka 0.523128 1.41007 1:5� 10�4 0.912371 5:78� 10�5 0.0111751
1,000 102Ka 0.51707 1.40514 1:5� 10�5 0.909087 5:78� 10�6 0.0111429
1,000 103Ka 0.516464 1.40464 1:5� 10�6 0.908758 5:78� 10�7 0.0111396
1,000 104Ka 0.516404 1.4046 1:5� 10�7 0.908726 5:78� 10�8 0.0111393
1,000 105Ka 0.516398 1.40459 1:5� 10�8 0.908722 5:78� 10�9 0.0111393
1,000 106Ka 0.516397 1.40459 1:5� 10�9 0.908722 5:78� 10�10 0.0111393
1,000 107Ka 0.516397 1.40459 1:5� 10�10 0.908722 5:78� 10�11 0.0111393
1,000 Rigid 0.516397 1.40459 0.0 0.908722 0.0 0.0111393

where
C D diagŒc1; c2; c3; c4� (5.61)

with ci is the compliance of the i th actuator and J5 is the Jacobian matrix of the
rigid constraining leg in this 4-dof case. Matrices A and B are the Jacobian matrices
of the structure without the constraining leg.

Similarly, the stiffness matrix for the mechanism with flexible links can be writ-
ten as

K D Œ.J05/
�TK5.J05/

�1 C ATB�TKJB�1A�; (5.62)

where
K5 D diagŒ0; k52; 0; k54; 0; 0� (5.63)

with k52 and k54 are the stiffnesses of the virtual joints. Matrix J05 is the Jacobian
matrix of the compliant constraining leg in this 4-dof case, while A and B are the
Jacobian matrices of the structure without the constraining leg.

The compliance comparison between the mechanism with rigid links (without
virtual joints) and the mechanism with flexible links (with virtual joints) is given in
Table 5.5. Again, the effect of the link flexibility is clearly demonstrated.

5.3.6.3 3-dof Parallel Mechanism

This mechanism is illustrated in Fig. 5.9, the compliance matrix for the rigid mech-
anism can be written as

Cc D J4.AJ4/�1BCBT.AJ4/�TJT
4; (5.64)

where C D diagŒc1; c2; c3�, with c1; c2, and c3 the compliance of the actuators and
J4 is the Jacobian matrix of the constraining leg in this 3-dof case. Matrices A and
B are the Jacobian matrices of the structure without the special leg.

Similarly, the stiffness matrix for the mechanism with flexible links can be
written as

K D Œ.J04/
�TK4.J04/

�1 C ATB�TKJB�1A�; (5.65)
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Fig. 5.9 CAD model of the spatial 3-dof parallel mechanism with prismatic actuators (Figure by
Gabriel Coté)
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Fig. 5.10 The passive constraining leg with flexible links

where
K4 D diagŒk41; k42; k43; 0; 0; 0�; (5.66)

where k41; k42, and k43 are the stiffnesses of the virtual joints introduced to account
for the flexibility of the links in the constraining leg. The architecture of the con-
straining leg including the virtual joints is represented in Fig. 5.10, and J04 is the
Jacobian matrix of the constraining leg in this 3-dof case, while A and B are the
Jacobian matrices of the structure without the constraining leg.
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Table 5.6 Comparison of the mechanism compliance between the mechanism
with rigid links and the mechanism with flexible links
Ka Kpassive ��x D ��y ��z �x D �y �z

1,000 1,000 0.192784 10�3 4:624� 10�4 3:4569� 10�4

1,000 10Ka 0.192509 10�4 4:624� 10�5 3:4567� 10�4

1,000 102Ka 0.192081 10�5 4:624� 10�6 3:4566� 10�4

1,000 103Ka 0.192038 10�6 4:624� 10�7 3:4566� 10�4

1,000 104Ka 0.192034 10�7 4:624� 10�8 3:4566� 10�4

1,000 105Ka 0.192034 10�8 4:624� 10�9 3:4566� 10�4

1,000 106Ka 0.192034 10�9 4:624� 10�10 3:4566� 10�4

1,000 107Ka 0.192034 10�10 4:624� 10�11 3:4566� 10�4

1,000 Rigid 0.192034 0.0 0.0 3:4566� 10�4

The comparison between the mechanism with rigid links (without virtual joints)
and the mechanism with flexible links (with virtual joints) is given in Table 5.6. The
Cartesian compliance in each of the directions is given for a reference configuration
of the mechanism, for progressively increasing values of the link stiffnesses.

From Table 5.6, one can find that with the improvement of the link stiffness, the
mechanism’s compliance is very close to that of mechanism with rigid link, this
means that one can consider the flexible mechanism as a rigid one only if the link
stiffness reaches a high value. This indicates that one cannot neglect the effects of
link flexibility. It is also applicable to practical application. An industrial example
of Tricept machine tools is presented and analyzed in Zhang and Gosselin [101].

5.4 Conclusions

A 6-dof fully parallel robot manipulator with prismatic actuators has been in-
troduced and analyzed using kinetostatic method. Then, a new family of n-DOF
parallel mechanisms with one passive constraining leg has been introduced in this
chapter. This type of architecture can be used in several applications including
machine tools. The kinematic analysis of this family of spatial parallel ndof mech-
anisms has been presented. The geometric configurations of the mechanisms are
shown. In this chapter, only mechanisms with prismatic actuators have been dis-
cussed. Solutions for the inverse kinematic problem have been given. The Jacobian
matrices obtained have been used to establish the kinetostatic model of the mech-
anisms. The lumped link and joint compliances have been used for the study of
the Cartesian compliance. Finally, examples have been investigated and numeri-
cal results have been obtained. The results clearly demonstrate the relevance of the
kinetostatic analysis in the context of design of such mechanisms.
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Additionally, there are some common design guidelines for this series of
mechanisms, they are:

1. With the improvement of link stiffness, the mechanism’s compliance is very close
to that of mechanism with rigid link, this suggests that we can assume the flexible
mechanism to be rigid only if the link stiffness reaches a high value .107Ka/.

2. The passive constraining leg’s lumped stiffness does not affect all directional
stiffnesses, it only plays the role of limiting the platform’s motion to the desired
ones.

3. The limitation of the platform’s degree of freedom is dependent on the actuator
stiffness and link stiffness.

4. If the passive constraining leg’s lumped stiffness is fixed as the same value as
actuator’s (Ka), then it cannot adequately limit the motion to the desired degree-
of-freedom, only if the passive constraining leg’s lumped stiffness is large enough
.102Ka/, then it begins to efficiently play the role of limiting the platform motion
to the desired ones.



Chapter 6
Spatial Parallel Robotic Machines
with Revolute Actuators

6.1 Preamble

In this chapter, first, a six degrees of freedom fully parallel robotic machine with
revolute actuators is presented and analyzed. Then, a serial of parallel manipulators
with 3-dof, 4-dof, and 5-dof whose degree of freedom is dependent on an additional
passive leg, this passive leg is connecting the center between the base and the mov-
ing platform. Together with the inverse kinematics and velocity equations for both
rigid-link and flexible-link mechanisms, a general kinetostatic model is established
for the analysis of the structural rigidity and accuracy of this family of mechanisms,
case studies for 3-dof, 4-dof, and 5-dof mechanisms are given in detail to illustrate
the results.

6.2 Six Degrees of Freedom Parallel Robotic Machine
with Revolute Actuators

6.2.1 Geometric Modeling

Figures 6.1 and 6.2 represent a 6-dof parallel mechanism with revolute actuators.
This mechanism consists of six actuated legs with identical topology, connecting
the fixed base to a moving platform. The kinematic chains consist – from base to
platform – of an actuated revolute joint, a moving link, a Hooke joint, a second
moving link, and a spherical joint attached to the platform. A fixed reference frame
O � xyz is connected to the base of the mechanism and a moving coordinate frame
P � x0y0z0 is connected to the platform.

D. Zhang, Parallel Robotic Machine Tools, DOI 10.1007/978-1-4419-1117-9 6,
c� Springer Science+Business Media, LLC 2010

93
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Fig. 6.1 CAD model of the spatial 6-dof parallel mechanism with revolute actuators (Figure by
Thierry Laliberté and Gabriel Coté)
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Fig. 6.2 Schematic representation of the spatial 6-dof parallel mechanism with revolute actuators
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6.2.2 Global Velocity Equation

6.2.2.1 Rigid Model

The global velocity equation for rigid model can be expressed as

At D B P�; (6.1)

where vectors P� and t are defined as

P� D
�
P�1 � � � P�6

�T
; (6.2)

t D
�
!T; PpT

�T
(6.3)

and

A D
�

m1 m2 m3 m4 m5 m6

�T
(6.4)

B D diagŒ.p1 � b01/
Te1; .p2 � b02/

Te2; .p3 � b03/
Te3;

.p4 � b04/
Te4; .p5 � b05/

Te5; .p6 � b06/
T e6� (6.5)

and mi is a six-dimensional vector expressed as

mi D

�
.Qr0i / � .pi � b0i /

.pi � b0i /

�
; i D 1; : : : ; 6 (6.6)

and again, the Jacobian matrix J can be written as

J D B�1A: (6.7)

6.2.2.2 Compliant Model

For the case of compliant model, one can obtain the global velocity equation as

At D B P�; (6.8)

where vector P� is defined as

P� D
�
P�11 P�12 P�21 P�22 P�31 P�32 P�41 P�42 P�51 P�52 P�61 P�62

�T
(6.9)
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matrix A and its terms are as given in (6.4) and (6.6) and

B6�12 D

2
66666664

b11 b12 0 0 0 0 0 0 0 0 0 0

0 0 b21 b22 0 0 0 0 0 0 0 0

0 0 0 0 b31 b32 0 0 0 0 0 0

0 0 0 0 0 0 b41 b42 0 0 0 0

0 0 0 0 0 0 0 0 b51 b52 0 0

0 0 0 0 0 0 0 0 0 0 b61 b62

3
77777775
; (6.10)

where
bij D .pi � b0i /

Tdij ; i D 1; : : : ; 6; j D 1; 2 (6.11)

The derivation of the relationship between Cartesian velocities and joint rates is
thereby completed.

6.2.3 Stiffness Model

Again, the stiffness of the structure has been obtained as

K D JTKJJ: (6.12)

One obtains
t D J0 P�; (6.13)

where
J0 D A�1B (6.14)

according to the principle of virtual work, one has


T P� D wTt; (6.15)

where 
 is a vector of the actuator torques applied at each actuated joint or joint
with spring. If we assume that no gravitational forces act on any of the intermediate
links and w is a vector composed of forces and moments (hereafter called wrench)
applied by the end-effector. Substituting (6.13) into (6.15) one can obtain


 D J0Tw: (6.16)

The joint forces and displacements of each joint can be related by Hooke’s law, i.e.,


 D KJ��: (6.17)

�� only includes the actuated joints and joint with springs, i.e.,

KJ�� D J0Tw (6.18)
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hence
�� D K�1J J0Tw: (6.19)

premultiplying by J0 on both sides, one obtains

J0�� D J0K�1J J0Tw: (6.20)

Substituting (6.13) into (6.20), one obtains

t D J0K�1J J0Tw; (6.21)

therefore, one obtains the compliance matrix of the mechanism � as follow

� D J0K�1J J0T (6.22)

and the system stiffness matrix is

K D ŒJ0K�1J J0T�
�1
; (6.23)

where

KJ D diagŒk11; k12; k21; k22; k31; k32; k41; k42; k51; k52; k61; k62� (6.24)

where ki1 is stiffness of the i th actuator and ki2 is the lumped stiffness of each leg.
In order to illustrate the effect of the flexible links on the parallel mechanism, an

example of 6-dof mechanism is presented. The parameters are given as

�p D 22:34
ı; �b D 42:883

ı;

Rp D 6 cm; Rb D 15 cm;
li1 D 46 cm; li2 D 36 cm; i D 1; : : : ; 6

ki1 D 1; 000Nm; i D 1; : : : ; 6;

where ki1 is the stiffness of each leg, li1, li2 are the link lengths for the 1st and 2nd
link of each leg, and the Cartesian coordinates are given by

x 2 Œ�3; 3� cm; y 2 Œ�3; 3� cm; z D 68 cm;
� D 0; � D 0;  D 0:

Figure 6.3 shows the variation of the stiffness for the above example. The com-
parison between the parallel mechanism with rigid link and the parallel mechanism
with flexible links is given in Table 6.1. The results are similar to those obtained in
previous cases.

From Fig. 6.4, one can find that Kx and Ky , K�x and K�y are symmetric with
respect to each other. In Fig. 6.4(a), the stiffness in X becomes higher when the
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Fig. 6.3 Evolution of the stiffness as a function of the link’s lumped stiffness in different directions

Table 6.1 Comparison of the mechanism stiffness between the mechanism with rigid
links and the mechanism with flexible links
Kactuator Klink Kx Ky Kz K�x K�y K�z

1,000 1,000 3,700.65 3,700.65 10,082.1 18.1478 18.1478 20.633
1,000 101Ka 6,967.15 6,967.15 18,981.4 34.1665 34.1665 38.8454
1,000 102Ka 7,641.67 7,641.67 20,819.1 37.4743 37.4743 42.6062
1,000 103Ka 7,716.37 7,716.37 21,022.6 37.8406 37.8406 43.0227
1,000 104Ka 7,723.92 7,723.92 21,043.2 37.8777 37.8777 43.0648
1,000 105Ka 7,724.68 7,724.68 21,045.2 37.8814 37.8814 43.069
1,000 106Ka 7,724.76 7,724.76 21,045.4 37.8818 37.8818 43.0694
1,000 107Ka 7,724.76 7,724.76 21,045.4 37.8818 37.8818 43.0695
1,000 Rigid 7,724.76 7,724.76 21,045.4 37.8818 37.8818 43.0695
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Fig. 6.4 Stiffness mappings of the spatial 6-dof parallel mechanism with revolute actuators
(6 legs) (all length units in m)
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Fig. 6.4 (continued)
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platform moves further from the Y -axis. This was to be expected because when
the platform moves aside along the X -axis, the projection of the legs on this axis
becomes larger, and the mechanism is stiffer in Y . And the same reasoning applies
to Fig. 6.4(b) for the stiffness in Y .

In Fig. 6.4d, e, the torsional stiffnesses in �x and �y are shown, the stiffness is
larger when the platform moves further from the Y -axis. However, in the center of
the workspace, the Kz is at its minimum, and the stiffness in the Z becomes higher
when the platform moves further from the center of the workspace. On the other
hand, from Fig. 6.4(f), the stiffness in �z is higher near the center of the workspace,
which is the best position for supporting torsional loads around Z-axis. All these
are in accordance with what would be intuitively expected.

6.3 General Kinematic Model of n Degrees of Freedom Parallel
Mechanisms with a Passive Constraining Leg and Revolute
Actuators

6.3.1 Geometric Modeling and Lumped Compliance Model

An example of parallel mechanism belonging to the family of mechanisms studied
in this chapter is shown in Figs. 6.5 and 6.6. It is a 5-dof parallel mechanism with
revolute actuators.

Fig. 6.5 CAD model of the spatial 5-dof parallel mechanism with revolute actuators (Figure by
Gabriel Coté)
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Fig. 6.6 Schematic representation of the spatial 5-dof parallel mechanism with revolute actuators

In order to obtain a simple kinetostatic model, link compliances are lumped at the
joints should be considered. In this framework, link bending stiffnesses are replaced
by equivalent torsional springs located at virtual joints.

6.3.2 Inverse Kinematics

6.3.2.1 Solution for the Case of Mechanisms with Rigid Links

In order to solve the inverse kinematic problem, one must first consider the passive
constraining leg as a serial n-dof mechanism whose n Cartesian coordinates are
known, which is a well-known problem. Once the solution to the inverse kinematics
of this n-dof serial mechanism is found, the complete pose (position and orienta-
tion) of the platform can be determined using the direct kinematic equations for this
serial mechanism. Figure 6.7 illustrates the configuration of the i th actuated joint
of the mechanism with revolute actuators. Point B 0i is defined as the center of the
Hooke joint connecting the two moving links of the i th actuated leg. Moreover, the
Cartesian coordinates of point B 0i expressed in the fixed coordinate frame are rep-
resented as .b0ix ; b

0
iy ; b

0
iz/ and the position vector of point B 0i in the fixed frame is

given by vector b0i . Since the axis of the fixed revolute joint of the i th actuated leg is
assumed to be parallel to the xy plane of the fixed coordinate frame, one can write
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Fig. 6.7 The i th actuated
revolute joint
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b0ix D bix � li1 sin.�bi C ˇi / cos �i1; i D 1; : : : ; n; n D 3, 4, or 5; (6.25)
b0iy D biy C li1 cos.�bi C ˇi / cos �i1; i D 1; : : : ; n; n D 3, 4, or 5; (6.26)
b0iz D biz C li1 sin �i1; i D 1; : : : ; n; n D 3, 4, or 5; (6.27)

where �bi is the angle between the positive direction of the x-axis of the base coor-
dinate frame and the line connecting points O and Bi and �i1 is the joint variable –
rotation angle around the fixed revolute joint – associated with the i th actuated leg,
ˇi is the angle between the positive direction of the line connecting points O and
Bi and the axis of the i th actuated joint. Moreover, li1 is the length of the first link
of the i th actuated leg. From the configuration of Fig. 6.7, the relationships between
the parameters can be written as

.b0ix�xi /
2C.b0iy�yi /

2C.b0iz�zi /2 D l2i2; i D 1; : : : ; n; n D 3, 4, or 5; (6.28)

where xi ; yi ; zi are the coordinates of point Pi and li2 is the length of the second
link of the i th actuated leg.

Substituting (6.25) – (6.27) into (6.28), one has

Ei cos �i1 C Fi sin �i1 D Gi ; i D 1; : : : ; n; n D 3, 4, or 5; (6.29)

where

Ei D .yi � biy/ cos.�bi C ˇi / � .xi � bix/ sin.�bi C ˇi /; (6.30)
Fi D zi � biz; (6.31)

Gi D
.xi � bix/

2 C .yi � biy/
2 C .zi � biz/2 C l2i1 � l

2
i2

2li1
(6.32)
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and angle �i1 can be obtained by

sin �i1 D
FiGi CKiEi

p
Hi

E2i C F
2
i

; i D 1; : : : ; n; n D 3, 4, or 5; (6.33)

cos �i1 D
EiGi �KiFi

p
Hi

E2i C F
2
i

; i D 1; : : : ; n; n D 3, 4, or 5; (6.34)

where Ki D ˙1 is the branch index of the mechanism associated with the configu-
ration of the i th leg and

Hi D E
2
i C F

2
i �G

2
i ; i D 1; : : : ; n; n D 3, 4, or 5: (6.35)

Finally, the solution of the inverse kinematic problem is completed by performing

�i1 D atan2Œsin �i1; cos �i1�; i D 1; : : : ; n; n D 3, 4, or 5: (6.36)

Meanwhile, referring to Fig. 6.7, the vector of leg length can be written as

b0i D bi C li1Qti1di ; i D 1; : : : ; n; n D 3, 4, or 5 (6.37)

with

Qti1 D

2
4

cos.�bi C ˇi / � sin.�bi C ˇi / 0

sin.�bi C ˇi / cos.�bi C ˇi / 0

0 0 1

3
5 ; i D 1; : : : ; n; n D 3, 4, or 5

(6.38)

and

di1 D

2
4

0

cos �i1
sin �i1

3
5 ; i D 1; : : : ; n; n D 3, 4, or 5 (6.39)

assuming that the distance between points Pi and B 0i is noted li2, then one has

l2i2 D .pi � bi /T.pi � bi /; i D 1; : : : ; n; n D 3, 4, or 5: (6.40)

6.3.2.2 Solutions for the Mechanisms with Flexible Links

In order to uniquely describe the architecture of a kinematic chain, i.e., the relative
location and orientation of its neighboring pair axes, the Denavit–Hartenberg nota-
tion is used to define the nominal geometry of each of the serial kinematic chains
of the parallel mechanism. A coordinate frame Fi is defined with the origin Oi and
axes Xi , Yi , Zi , this frame is attached to the .i � 1/th link. Figure 6.8 represents
one of the identical kinematic chains for the n-dof parallel mechanism discussed
above. Joint 2 is a virtual joint used to model the compliance of the driven link.
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Fig. 6.8 One of the identical
kinematic chains with flexible
links
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From Fig. 6.8, one has �i2 D 0, when there is no deflection. Angles �i3 and �i4
can be obtained by writing the coordinates of point Pi in Frame 3 as

xi3 D li2 cos �i4 cos �i3; i D 1; : : : ; n; n D 3, 4, or 5; (6.41)
yi3 D li2 cos �i4 sin �i3; i D 1; : : : ; n; n D 3, 4, or 5; (6.42)
zi3 D li2 sin �i4; i D 1; : : : ; n; n D 3, 4, or 5; (6.43)

and

Œp�3 D QT
i2QT

i1QT
i0Œpi � b0i �; i D 1; : : : ; n; n D 3, 4, or 5: (6.44)

then, combining (6.41) – (6.43) and (6.44), one can find �i3 and �i4 easily.
From Fig. 6.8, one can express the position of point B 0i as

b0i D bi CQi0ai1 CQi0Qi1ai2; i D 1; : : : ; n; n D 3, 4, or 5; (6.45)

where Qi0, ai1, ai2 and Qi1 can be expressed as

ai1 D

2
4
0

0

0

3
5 ; ai2 D

2
4
li1 cos �i2
li1 sin �i2

0

3
5 ; Qi1 D

2
4

cos �i1 0 sin �i1
sin �i1 0 � cos �i1
0 1 0

3
5 ; (6.46)

Qi0 D

2
4
� sin.�bi C ˇi / 0 cos.�bi C ˇi /

cos.�bi C ˇi / 0 sin.�bi C ˇi /

0 1 0

3
5 : (6.47)
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6.3.3 Jacobian Matrices

6.3.3.1 Rigid Mechanisms

The parallel mechanisms studied here comprise two main components, namely, the
passive constraining leg – which can be thought of as a serial mechanism – and the
actuated legs acting in parallel.

Considering the passive constraining leg, one can write

JnC1 P�nC1 D t; n D 3, 4, or 5; (6.48)

where JnC1 consists of ei and ri , t D
�
!T PpT

�T
is the twist of the platform,

! is the angular velocity of the platform, and P�nC1 D
�
P�nC1;1 � � � P�nC1;n

�T
; .n D

3, 4, or 5/ is the joint velocity vector associated with the passive constraining leg.
Matrix JnC1 is the Jacobian matrix of the passive constraining leg which is taken as
a serial n-dof mechanism.

6.3.3.2 Compliant Model

If the compliances of the links and joints are included, .6�n/ virtual joints will then
be added to the passive constraining leg in order to account for the compliance of
the links [62]. Hence, the Jacobian matrix of the passive constraining leg becomes

J0nC1 P�
0
nC1 D t; n D 3, 4, or 5; (6.49)

where

P� 0nC1 D
�
P�nC1;1 � � � P�nC1;6

�T
; n D 3, 4, or 5: (6.50)

6.3.3.3 Global Velocity Equations

1. Rigid Model:
Now, considering the parallel component of the mechanism, the parallel Jacobian
matrix can be obtained by differentiating (6.37), (6.39), and (6.40) with respect
to time. One has

Pb0i D li1Qti1
Pdi ; i D 1; : : : ; n; n D 3, 4, or 5; (6.51)

Pdi1 D

2
4

0

� sin �i1
cos �i1

3
5 P�i1; i D 1; : : : ; n; n D 3, 4, or 5; (6.52)

.pi � b0i /
T Pb0i � .pi � b0i /

T Ppi D 0; i D 1; : : : ; n; n D 3, 4, or 5: (6.53)
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One obtains

Ppi D PpC PQr0i ; i D 1; : : : ; n; n D 3, 4, or 5 (6.54)

assuming

ei D li1Qti1

2
4

0

� sin �i1
cos �i1

3
5 ; i D 1; : : : ; n; n D 3, 4, or 5 (6.55)

then
Pb0i D ei P�i1; i D 1; : : : ; n; n D 3, 4, or 5 (6.56)

therefore (6.53) can be rewritten as (for i D 1; : : : ; n; n D 3, 4, or 5)

.pi � b0i /
Tei P�i1 D .pi � b0i /

T PpC Œ.Qr0i / � .pi � b0i /�
T!: (6.57)

Hence, one has the velocity equation as

At D B P�; (6.58)

where vector P� and t are defined as

P� D
�
P�1 � � � P�n

�T
; n D 3, 4, or 5; (6.59)

t D
�
!1 !2 !3 Px Py Pz

�T
; (6.60)

vector ! is the angular velocity of the platform, and

A D

2
6664

aT
1

aT
2
:::

aT
n

3
7775 ; B D diagŒ.p1 � b01/

Te1; : : : ; .pn � b0n/
Ten�; (6.61)

where ai is a six-dimensional vector, which can be expressed as

ai D
�
.Qr0i / � .pi � b0i /

.pi � b0i /

�
; i D 1; : : : ; n; n D 3, 4, or 5: (6.62)

2. Compliant Model:
Differentiating (6.45) and (6.46) with respect to time, one has

Pb0i D Qi0
PQi1ai2 CQi0Qi1 Pai2; i D 1; : : : ; n; n D 3, 4, or 5; (6.63)
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Pai2 D

2
4
�li1 sin �i2
li1 cos �i2

0

3
5 P�i2; i D 1; : : : ; n; (6.64)

PQi1 D

2
4
� sin �i1 0 cos �i1
cos �i1 0 sin �i1
0 0 0

3
5 P�i1; i D 1; : : : ; n; n D 3, 4, or 5: (6.65)

For i D 1; : : : ; n; n D 3, 4, or 5, assuming

di1 D Qi0

2
4
� sin �i1 0 cos �i1
cos �i1 0 sin �i1
0 0 0

3
5 ai2; di2 D Qi0Qi1

2
4
�li1 sin �i2
li1 cos �i2

0

3
5 (6.66)

then one has

Pb0i D di1 P�i1 C di2 P�i2; i D 1; : : : ; n; n D 3, 4, or 5: (6.67)

Differentiating (6.40) with respect to time, one obtains (6.53), and following a
derivation similar to the one presented above for the mechanism with rigid links,
for i D 1; : : : ; n; n D 3, 4, or 5, one obtains

.pi � b0i /
T.di1 P�i1 C di2 P�i2/ D .pi � b0i /

T PpC Œ.Qr0i / � .pi � b0i /�
T!:

(6.68)

Hence one has the velocity equation as

At D B1 P�1 C B2 P�2; (6.69)

where vectors P�1 and P�2 are defined as

P�1 D
�
P�11 � � � P�n1

�T
; n D 3, 4, or 5; (6.70)

P�2 D
�
P�12 � � � P�n2

�T
; n D 3, 4, or 5; (6.71)

matrices A, B1 and B2 are given as

A D
�

a1 a2 a3 a4 a5 a6
�T

(6.72)

B1 D diagŒb11; : : : ; bn;2n�1�; n D 3, 4, or 5; (6.73)

B2 D diagŒb12; : : : ; bn;2n�; n D 3, 4, or 5; (6.74)



6.3 General Kinematic Model of n Degrees of Freedom Parallel Mechanisms 109

where ai is a six-dimensional vector and bi;2i�1, bi;2i are the diagonal items of
B1 and B2, respectively. They can be expressed as

ai D
�
.Qr0i / � .pi � b0i /

.pi � b0i /

�
; i D 1; : : : ; n; n D 3, 4, or 5; (6.75)

bi;2i�1 D .pi � b0i /
Tdi;1; i D 1; : : : ; n; n D 3, 4, or 5; (6.76)

bi;2i D .pi � b0i /
Tdi;2; i D 1; : : : ; n; n D 3, 4, or 5: (6.77)

6.3.4 Kinetostatic Model for the Mechanism with Rigid Links

According to the principle of virtual work, one can finally obtain the Cartesian com-
pliance matrix with the same approach as in Chap. 5.

Cc D JnC1.AJnC1/�1BCBT.AJnC1/�TJT
nC1 (6.78)

with
�c D Ccw; (6.79)

where Cc is a symmetric positive semidefinite (6 � 6) matrix, as expected.

6.3.5 Kinetostatic Model for the Mechanism with Flexible Links

Again, based on the principle of virtual work, one can write

wTt D 
T
nC1
P� 0nC1 C 


T
1
P�1 C 


T
2
P�2; (6.80)

where 
1 and 
2 correspond to a partition of vector 
 , in components associated with
P�1 and P�2, respectively, i.e., the first and second joint of each leg. 
 is the vector of
actuator forces, P� is the vector of actuator velocities (actuated joints and joints with
virtual springs), and 
nC1 is the vector of joint torques in the passive constraining
leg. This vector is defined as follows, where KnC1 is the stiffness matrix of the
passive constraining leg,


nC1 D KnC1��
0
nC1; (6.81)


1 D Kj1��1; (6.82)

2 D Kj2��2; (6.83)

Kj1 D diagŒk11; : : : ; kn1�; (6.84)
Kj2 D diagŒk12; : : : ; kn2�: (6.85)
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Matrix KnC1 is a diagonal 6�6matrix in which the i th diagonal entry is zero if it is
associated with a real joint or it is equal to ki if it is associated with a virtual joint,
where ki is the stiffness of the virtual spring located at the i th joint. k11; : : : ; kn1 are
the compound stiffnesses of actuators and first links stiffnesses while k12; : : : ; kn2
are the first links stiffnesses. One can rewrite (6.69) as

P�1 D B�11 At � B�11 B2 P�2: (6.86)

Substituting (6.86) and (6.49) into (6.80), one can obtain

wTJ0nC1 P�
0
nC1 D 


T
nC1
P� 0nC1 C 


T
2
P�2 C 


T
1B�11 AJ0nC1 P�

0
nC1 � 


T
1B�11 B2 P�2: (6.87)

Since there are 11 degrees of freedom in the compliant mechanism, this equation
must be satisfied for any value of P� 0nC1 and P�2. Therefore, one can equate the coef-
ficients of the terms in P� 0nC1 and the terms in P�2, hence one can obtain

.J0nC1/
Tw D 
nC1 C .J0nC1/

TATB�T
1 
1; (6.88)


2 D BT
2B�T

1 
1: (6.89)

Substituting (6.81), (6.82), and (6.83) into (6.88) and (6.89), one obtains

.J0nC1/
Tw D KnC1��

0
nC1 C .J0nC1/

TATB�T
1 Kj1��1; (6.90)

��2 D K�1j2BT
2B�T

1 Kj1��1: (6.91)

Substituting (6.91) into (6.69), one obtains

At DW P�1; (6.92)

where
W D B1 C B2K�1j2BT

2B�T
1 Kj1: (6.93)

Substituting (6.92) into (6.90), one obtains

.J0nC1/
Tw D KnC1.J0nC1/

�1�cC .J0nC1/
TATB�T

1 Kj1W�1A�c; (6.94)

i.e.,
w D ..J0nC1/

�TKnC1.J0nC1/
�1 C ATB�T

1 Kj1W�1A/�c; (6.95)

which is in the form
w D K�c; (6.96)

where K is the stiffness matrix, which is equal to

K D Œ.J0nC1/
�TKnC1.J0nC1/

�1 C ATB�T
1 Kj1W�1A�: (6.97)
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Matrix K is a symmetric (6�6) positive semidefinite matrix, as expected. Matrix
K will be of full rank in nonsingular configurations. Indeed, the sum of the two
terms in (6.97) will span the complete space of constraint wrenches.

6.3.6 Examples

6.3.6.1 5-dof Parallel Mechanism

This mechanism is illustrated is Fig. 6.5, the compliance matrix for the mechanism
with rigid links can be written as

Cc D J6.AJ6/�1BCBT.AJ6/�TJT
6; (6.98)

where

C D diagŒc1; c2; c3; c4; c5� (6.99)

with c1; c2; c3; c4 and c5 the compliances of the actuators and J6 is the Jacobian
matrix of the passive constraining leg in this 5-dof case. Matrices A and B are the
Jacobian matrices of the structure without the passive constraining leg.

Similarly, the stiffness matrix for the mechanism with flexible links can be writ-
ten as

K D .J06/
�TK6.J06/

�1 C ATB�T
1 Kj1W�1A; (6.100)

where

K6 D diagŒ0; k62; 0; 0; 0; 0�; (6.101)
Kj1 D diagŒk11; k21; k31; k41; k51�; (6.102)
Kj2 D diagŒk12; k22; k32; k42; k52�; (6.103)

where k62 is the stiffness of the virtual joint of the passive constraining leg, and J06
is the Jacobian matrix of the passive constraining leg in this 5-dof case. Matrices A
and B are the Jacobian matrices of the structure without the passive constraining leg.

The comparison between the parallel mechanism with rigid links (without virtual
joints) and the parallel mechanism with flexible links (with virtual joints) is given
in Table 6.2.

6.3.6.2 4-dof Parallel Mechanism

This mechanism is illustrated is Fig. 6.9, the compliance matrix for the mechanism
with rigid links will be

Cc D J5.AJ5/�1BCBT.AJ5/�TJT
5 (6.104)
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Table 6.2 Comparison of the 5-dof mechanism compliance between the mechanism with flexi-
ble links and the mechanism with rigid links
Kactuator Klink ��x ��y ��z �x �y �z

1,000 1,000 0.255808 0.478997 0.766154 0.00479741 0.0116413 0.00169207
1,000 101Ka 0.137552 0.257339 0.412528 0.00257412 0.00625667 0.000910745
1,000 102Ka 0.125726 0.235173 0.377165 0.0023518 0.0057182 0.000832613
1,000 103Ka 0.124543 0.232956 0.373629 0.00232956 0.00566435 0.000824799
1,000 104Ka 0.124425 0.232734 0.373275 0.00232734 0.00565897 0.000824018
1,000 105Ka 0.124413 0.232712 0.37324 0.00232712 0.00565843 0.00082394
1,000 106Ka 0.124412 0.23271 0.373236 0.00232709 0.00565838 0.000823932
1,000 107Ka 0.124412 0.23271 0.373236 0.00232709 0.00565837 0.000823931
1,000 Rigid 0.124412 0.23271 0.373236 0.00232709 0.00565837 0.000823931

Fig. 6.9 CAD model of the spatial 4-dof parallel mechanism with revolute actuators (Figure by
Gabriel Coté)

where

C D diagŒc1; c2; c3; c4� (6.105)

with c1; c2; c3, and c4 are the compliances of the actuators and J5 is the Jacobian
matrix of the constraining leg in this 4-dof case. Matrices A and B are the Jacobian
matrices of the structure without the passive constraining leg.

Similarly, the stiffness matrix for the mechanism with flexible links can be
written as

K D .J05/
�TK5.J05/

�1 C ATB�T
1 Kj1W�1A; (6.106)
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Table 6.3 Comparison of the 4-dof mechanism compliance between the mechanism with flexible
links and the mechanism with rigid links
Kactuator Klink ��x ��y ��z �x �y �z

1,000 1,000 3.46122 0.138363 1:5� 10�3 0.0146575 1:32691 � 10�3 0.000271569
1,000 101Ka 1.49876 0.0703633 1:5� 10�4 0.00717397 1:32691 � 10�4 0.000106446
1,000 102Ka 1.30251 0.0635633 1:5� 10�5 0.00642561 1:32691 � 10�5 0.0000899335
1,000 103Ka 1.28289 0.0628833 1:5� 10�6 0.00635078 1:32691 � 10�6 0.0000882822
1,000 104Ka 1.28093 0.0628153 1:5� 10�7 0.0063433 1:32691 � 10�7 0.0000881171
1,000 105Ka 1.28073 0.0628085 1:5� 10�8 0.00634255 1:32691 � 10�8 0.0000881006
1,000 106Ka 1.28071 0.0628079 1:5� 10�9 0.00634247 1:32691 � 10�9 0.000088099
1,000 107Ka 1.28071 0.0628078 1:5� 10�10 0.00634246 1:32691 � 10�10 0.0000880988
1,000 Rigid 1.28071 0.0628078 0.0 0.00634246 0.0 0.0000880988

where

K5 D diagŒ0; k52; 0; k54; 0; 0�; (6.107)

Kj1 D diagŒk11; k21; k31; k41�; (6.108)

Kj2 D diagŒk12; k22; k32; k42�; (6.109)

where k52 and k54 are the stiffnesses of the virtual joints of the passive constraining
leg, J05 is the Jacobian matrix of the passive constraining leg in this 4-dof case,
while A and B1, B2 are the Jacobian matrices of the structure without the passive
constraining leg.

The comparison between the parallel mechanism with rigid links (without virtual
joints) and the parallel mechanism with flexible links (with virtual joints) is given
in Table 6.3. Again, the effect of link flexibility is clearly demonstrated.

6.3.6.3 3-dof Parallel Mechanism

This mechanism is illustrated is Fig. 6.10, the compliance matrix for the rigid mech-
anism can be written as

Cc D J4.AJ4/�1BCBT.AJ4/�TJT
4; (6.110)

where Cc D diagŒc1; c2; c3�, with c1; c2 and c3 are the compliances of the actuators
and J4 is the Jacobian matrix of the passive constraining leg in this 3-dof case. A and
B are the Jacobian matrices of the structure without the passive constraining leg.

Similarly, the stiffness matrix for the mechanism with flexible links will be writ-
ten as

K D Œ.J04/
�TK4.J04/

�1 C ATB�T
1 Kj1W�1A� (6.111)
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Fig. 6.10 CAD model of the
spatial 3-dof parallel
mechanism with revolute
actuators (Figure by Gabriel
Coté)

Table 6.4 Comparison of the 3-dof mechanism compliance between the mechanism with flexible
links and the mechanism with rigid links
Kactuator Klink ��x ��y ��z �x �y �z

1,000 1,000 0.09937 0.09937 10�3 1:06152� 10�3 1:06152 � 10�3 0.000186579
1,000 101Ka 0.02904 0.02904 10�4 1:06152� 10�4 1:06152 � 10�4 0.0000975989
1,000 102Ka 0.02201 0.02201 10�5 1:06152� 10�5 1:06152 � 10�5 0.0000887009
1,000 103Ka 0.02131 0.02131 10�6 1:06152� 10�6 1:06152 � 10�6 0.0000878111
1,000 104Ka 0.02123 0.02123 10�7 1:06152� 10�7 1:06152 � 10�7 0.0000877221
1,000 105Ka 0.02123 0.02123 10�8 1:06152� 10�8 1:06152 � 10�8 0.0000877132
1,000 106Ka 0.02123 0.02123 10�9 1:06152� 10�9 1:06152 � 10�9 0.0000877123
1,000 107Ka 0.02123 0.02123 10�10 1:06152� 10�10 1:06152 � 10�10 0.0000877122
1,000 Rigid 0.02123 0.02123 0.0 0.0 0.0 0.0000877122

where W is defined in (6.93) and

K4 D diagŒk41; k42; k43; 0; 0; 0�; (6.112)
Kj1 D diagŒk11; k21; k31�; (6.113)
Kj2 D diagŒk12; k22; k32� (6.114)

and J04 is the Jacobian matrix of the passive constraining leg with virtual joints.
The comparison between the parallel mechanism with rigid links (without virtual

joints) and the parallel mechanism with flexible links (with virtual joints) is given
in Table 6.4. The Cartesian compliance in each of the directions is given for a refer-
ence configuration of the mechanism, for progressively increasing values of the link
stiffnesses.

From Table 6.4, one can find that with the improvement of link stiffness, the
mechanism’s compliance with flexible links is very close to that of mechanism with
rigid links. This means that one can assume the flexible mechanism to be rigid only
if the link stiffness reaches a high value.
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6.4 Conclusions

In this chapter, mechanisms with revolute actuators (whose degrees of freedom are
3, 4, 5 and 6) have been considered. Solutions for the inverse kinematic problem
have been given. The Jacobian matrices obtained have been used to establish the
kinetostatic model of the mechanisms. The lumped models of the link and joint
compliances have been used for the study of the Cartesian compliance. It has been
shown that the kinetostatic analysis can be used to assess the stiffness properties of
this family of mechanisms. Finally, examples have been investigated and numerical
results have been obtained and the results clearly demonstrate the relevance of the
kinetostatic analysis in the context of design of such mechanisms.



Chapter 7
Reconfigurable Parallel Kinematic
Machine Tools

7.1 Preamble

The evolution of manufacturing systems is triggered by the dynamic customer
environment of its time. The main characteristics of today’s customers’ environ-
ment are mass customization and responsiveness to market demand, and thus the
reconfigurable manufacturing system has been suggested for such environment.
A reconfigurable manufacturing system (RMS) is one designed at the outset for
rapid change in its structure, as well as its hardware and software components, in
order to quickly adjust its production capacity and functionality within a part fam-
ily in response to sudden market changes or intrinsic system change [87]. Ideal
reconfigurable manufacturing systems possess six main characteristics: Modularity,
Integrability, Customized flexibility, Scalability, Convertibility, and Diagnosability
(US patent, No. 6,349,237). These characteristics provide a RMS with exactly the
functionality and production capacity needed, and also the system can be economi-
cally adjusted exactly when needed [105].

The components of RMS are: CNC machines [86], Reconfigurable Machine
Tools [90], Reconfigurable Inspection Machines (US patent No. 6,567,162), and
material transport systems (such as gantries and conveyors) that connect the ma-
chines to form the system. As the main component of reconfigurable manufacturing
systems, the reconfigurable machine tools are machine tools that are built from ma-
chine modules [46]. Therefore, research and development in reconfigurable robots
can generally be divided into two categories. One studies the most suitable modular
architecture for robots. This includes the development of independent joint modules
with various specifications and link modules as well as rapid interfaces between
joints and links. The other is aimed at providing a CAD system for rapid formula-
tion of a suitable configuration through a combination of those modular joints and
links – a modular robot in its best conformity to a given task. In this chapter, first, we
give some general idea about design procedures of reconfigurable parallel robotic
machine tools, and then focus on the design of reconfigurable machine tools.

A machine module could be an actuator, a joint, a link, a tool holder, or a
spindle. These modules are designed to be easily reconfigured to accommodate

D. Zhang, Parallel Robotic Machine Tools, DOI 10.1007/978-1-4419-1117-9 7,
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new machining requirements. Therefore, the reconfigurable machine tools have the
characteristics of modularity, convertibility, integratebility, customization, flexibil-
ity, and cost effectiveness.

The main objective of reconfigurable machine tool design is reconfigurable com-
ponents that are reliable and costeffective. It is noted that machine design will be
conducted at the component level. Some researchers already focused on the RMT
study. Koren and Kota (US patent 5,943,750) received a patent for an RMT where
the type, location, and number of spindles could be adjusted in response to changing
product requirements. Landers et al. [90, 91] presented an overview of reconfig-
urable machine tools and their characteristics. Zhang et al. [170,172,173] developed
a generic kinetostatic model for RMT stiffness analysis and design optimization.
Yigit and Ulsoy [164] discussed the vibration isolation of RMTs and proposed dif-
ferent isolation strategies based on the RMT requirement.

As described by Koren et al. [87], the modular construction of parallel robotic
machine, allows it to be used as a special class of reconfigurable machine tools, con-
sists of simple and identical modules that can be configured into different machines.
Parallel robotic machines can be also used as particular modules for machining lines.

According to Jovane [82], reconfigurable parallel robotic machines should have:

� Modular and reconfigurable structure with the possibility to change the total
degree of freedom (DOF)

� Light structure and high dynamic performances, as a standard parallel robotic
machine

� Possibility to use innovative materials in the machine design
� Possibility to use fast actuators such as linear motors
� Due to the intrinsic modularity, a DOF decoupling is recommended
� Low complexity in the kinematic chains

7.2 Theoretical Design

In order to maintain production process to be optimal, the machining systems must
be adapted to the new demands. The adaptation process is called reconfiguration.
Reconfiguration is the modification of the structure, the capacity, and technology
at a later date. This is achieved by replacing, complementing, or removing self-
contained functional modules. A reconfigurable machine tool (RMT) design has
three phases (1) requirement definitions, (2) configuration generation, and (3) con-
figuration selection. In addition, one should develop the machine modules for an
RMT before the design process starts. The idea of RMT goes beyond the concept
of modularity in which a RMT allows mass customization, facilitates easy inte-
gration of new technologies, is cost-effective, and provides high-speed capability.
Systematic design tools have been developed for RMT. Zatarain et al. [168] propose
a method to analyze the dynamic stiffness of a machine tool using precalculated
component information. Roberto P Kerez R. et al. [116] applies a concurrent design
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Fig. 7.1 Overview of RMT design methodology

reference model to RMT development. Wei Liu et al. present a methodology to
optimize RMT design and warehouse based on a modified fuzzy-Chebyshev pro-
gramming approach. Moon and Kota [109] have introduced the design methodology
for RMT development. With the method, an example of such RMT that has been de-
veloped by the author and his colleagues at National Research Council of Canada is
shown in Fig 7.1.

The machining operation is transformed into a task matrix (i.e., a homogeneous
transformation matrix (HTM)) that contains the necessary motion requirements for
the machine tool. The functional requirements of the machining operation are used
to generate graph representations of candidate machine tools. A graph gives the
overall topology of the machine tool and structural and kinematic functions are as-
signed to various portions of the graph. A library of machine tool modules (e.g.,
spindles, slides) containing structural and kinematic information for each module
via HTMs, as well as connectivity information, is examined. Modules are assigned
to various portions of the graph. The product of their HTMs is compared to the task
matrix. If these matrices are equal, then the machine tool is kinematically viable.
In this manner, all possible configurations can be determined. The viable config-
urations will be further reduced by other criteria (e.g., DOF, static and dynamic
stiffness, thermal growth characteristics). This methodology also determines which
modules must be added or deleted for each part in the part family.

In short, the key feature of this methodology is the use of screw-theory-based
mathematical representation to transform a given description of machining tasks
to be performed (process planning data) into a machine tool concept that is capa-
ble of performing the prescribed tasks. Starting from machining operations data, a
set of feasible structural configurations of the machine is determined using graph
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theory. Various kinematic functions, (motions and base position) are then mapped
to individual entities in each structural configuration. Using a precompiled param-
eterized library of commercially available machine modules, each function is then
mapped to a feasible set of modules. This provides a set of kinematically feasible
machine tools that provide desired motions.

7.3 Kinematics Model

In order to design the reconfigurable parallel kinematic machines properly, there are
several criteria that need to be followed with, here are some major issues:

� The degree of freedom of the architecture
� Design constraints used for most promising typology selection
� Kinetostatic model for stiffness analysis and design optimisation

Mobility. A preliminary evaluation of the mobility of a kinematic chain can be
found from the Chebychev–Grübler–Kutzbach formula.

M D d.n � g � 1/C

gX
iD1

fi ; (7.1)

Where M denotes the mobility or the system DOF, d is the order of the system
(d D 3 for planar motion and d D 6 for spatial motion), n is the number of the
links including the frames, g is the number of joints, and fi is the number of DOFs
for the ith joint.

Constraints. In order to ensure the required motions (i.e., 5-dof between the ma-
chine tool and the workpiece), the DOFs distribution numbers and the type of
motions for each leg should be properly selected. Each leg can be facilitated with
spherical, prismatic, Hooke and revolute joints.

The legs used in machine tools must be simple and practical to implement. For
the sake of the simplicity and dexterity of mechanism, we prefer to use “spherical”
pairs as the joints between link and the moving platform for those legs with more
than 3 dofs. Since the serially connected revolute joints easily lead to singularities
and the manufacturability is difficult, so we forgo their use for cases where more
than 2 revolute joints connected in series.

This book focus on fully parallel mechanisms, but one can add legs (with 6-dof)
to keep the structure symmetric. For the shape of the platforms, one should avoid
the use of regular polygon, since it may lead to architecture singularities.

There are four basic types of joints, they are: revolute joint, Hook (universal)
joint, Spherical joint, and prismatic joint (Fig. 7.2). One can develop the reconfig-
urable parallel robotic machine by combination of those joints and links.

In Figs. 7.3–7.5, we proposed a series of reconfigurable parallel mechanisms
which consist of n identical actuated legs with six degrees of freedom and one
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Fig. 7.2 Basic modular components

Fig. 7.3 Reconfigurable parallel robot with 3dof

Fig. 7.4 Reconfigurable parallel robot with 4dof
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Fig. 7.5 Reconfigurable parallel robot with 5dof

passive leg with n degrees of freedom connecting the platform and the base. The
degree of freedom of the mechanism is dependent on the passive leg’s degree of
freedom. One can improve the rigidity of this type of mechanism through optimiza-
tion of the link rigidities, so as to reach a maximized global stiffness and precision.
Finally, this series of mechanisms have the characteristics of reproduction since they
have identical actuated legs, thus, the entire mechanism essentially consists of re-
peated parts, offering price benefits for manufacturing, assembling, and purchasing.
It acts as a kind of reconfigurable parallel machines, based on a number of identical
active kinematic chains plus a passive central leg, to compensate torsion. The recon-
figuration process consists on the possibility to change the total DOF by adding or
removing active struts, and, consequently constraining the passive leg.

7.4 Case Study

Figure 7.6 shows a 5-dof reconfigurable parallel robotic machine. Reconfigurable
architectures are implemented by adjusting the three guideways and the combina-
tion with the X- and Y-table modules. This particular design employs an X–Y table
to produce two degrees of freedom. These are translations along both the X- and
Y-axes. The actual mechanism accounts for the other three degrees of freedom, i.e.,
translation along the Z-axis and rotations about the X- and Y-axes. These motions
are produced by three motors which drive each of the three sliding rods. Each rod
has a slider at both ends which moves along the slots in the base structure in order
to guide the sliding rods. Additionally, connected to each sliding rod is a revolute
joint which may also freely move along the rod. This motion is due to the fact that
a slider which is attached to the revolute joint may move freely along a slot lo-
cated in the sliding rod. Connected to each revolute joint are a moving link and a
spherical joint. Each of these three “legs” is attached to the moving platform. The
moving platform actually represents a main spindle which may hold different ma-
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Fig. 7.6 Generic configuration of the 5-axis reconfigurable parallel kinematic machine

Fig. 7.7 Horizontal configuration of the 5-axis reconfigurable parallel kinematic machine

chining tools, such as a drill, milling cutter, lathe tool, etc. Thus, a work piece is
placed upon the X–Y table and the tool is able to machine all sides of the work
piece. There are four variations of this machine. The first (Fig. 7.6) is the generic
configuration where each of the sliding rods is approximately at a 45ı angle to the
horizontal and vertical slots. The second configuration (Fig. 7.7) is the horizontal
position. Here, the sliding rods are essentially in a horizontal position and therefore,
the system is at a maximum stiffness. The third (Fig. 7.8) is the vertical position
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Fig. 7.8 Vertical configuration of the 5-axis reconfigurable parallel kinematic machine

Fig. 7.9 Combination configuration of the 5-axis reconfigurable parallel kinematic machine

where the sliding rods are in a vertical position. This allows the system maximum
access to the sides of a work piece; however, the system is at a minimum stiffness.
The fourth configuration (Fig. 7.9) is a combination position. In this arrangement,
two of the sliding rods are horizontal while one is vertical. This position is also used
when work is required on the sides of a work piece.
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7.5 Conclusions

The design of reconfigurable parallel robotic machine tools has been addressed in
the chapter. Design methodology for this type of machine tool, especially for recon-
figurable parallel robotic machine tool is discussed in detail. Examples are given
to show the procedures of design and implementation. Since reconfigurable parallel
robotic machine is a new type of machine tool, there are many issues that need to be
addressed before it can be adopted widely. These issues include technology, accu-
racy, logistics, and implementation issues. However, reconfigurable parallel robotic
machine has great promising to allow manufacturers to upgrade manufacturing fa-
cilities at minimal cost and develop manufacturing systems and product design
simultaneously.



Chapter 8
Performance Evaluation of Parallel
Robotic Machines

8.1 Preamble

Global stiffness and optimal calibration are the two crucial issues for parallel robotic
machines for their performance, since global stiffness is directly related to the
rigidity and accuracy of a parallel robotic machine, while optimal calibration can
effectively improve the performance of the parallel robotic machine. In this chapter,
both issues will be introduced and discussed. An example of a novel 3DOF parallel
robotic machine will be illustrated in the chapter to show the detail of how to imple-
ment the global stiffness evaluation and optimal calibration. The method introduced
in this chapter is very generic and can be applied in all types of robotic systems.

8.2 Global Stiffness Evaluation

8.2.1 Case Study: A Novel Three Degrees of Freedom Parallel
Manipulator

Unlike the most existing 3-DOF parallel manipulators, the 3DOF parallel manipu-
lator shown in this chapter contains a hybrid and uncoupled motion. The objective
of the new design is to improve the system stiffness, eliminate coupled motions at
the reference point, and simplify the kinematic model and control.

As shown in Fig. 8.1, the new parallel manipulator includes two innovative fea-
tures. First, the universal joint of the passive link is located on the moving platform
rather than on the base platform, thus eliminating the motions along the x and y
translations and the z rotation. Second, the reference point on the moving platform
has hybrid and independent motions with x and y rotations and a z translation. The
new manipulator has three platforms: the base platform, labeled as B1B2B3, the
middle platform, designated as M1M2M3, and the moving platform, identified as
E1E2E3. The base platform is fixed on the ground, and the middle platform is used
to support the path, BiMi , of the actuated links,DiEi . The moving platform is used
to mount a tool and helps to support the passive link, which is joined to the middle

D. Zhang, Parallel Robotic Machine Tools, DOI 10.1007/978-1-4419-1117-9 8,
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Fig. 8.1 The proposed 3-DOF parallel manipulator: (a) CAD model; (b) Schematic model

platform at the other end. The actuated linksDiEi are connected to the moving plat-
form by a Spherical joint at Ei , and to a slider joined at the active ball screw by a
universal joint at Di . The passive link with the prismatic joint is fixed to the middle
platform at one end and connected to the end-effector platform by a universal joint
at the other end.
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The following parameters define other details of the structure:

� The angle ˛i (iD1,2,3) between xb and ObBi
� The angle ˇi (iD1,2,3) between xe and OeEi
� The size of the base platform lb
� The size of the end-effector platform le
� The direction of a guide-way �
� The length of an active link li
� The offset of the spherical joints on the platform z0

8.2.2 Kinematic Modeling

The 3-DOF manipulator is structured by two coordinate systems, Oe � xeyeze and
Ob � xbybzb, which are attached to the end-effector and base platforms, respectively.

For the origin of the end-effector, Oe, the translational motions along xe and ye
as well as the rotational motion along ze are eliminated because of the use of the
passive leg:

xe D ye D 0; (8.1)
�y D 0: (8.2)

Therefore, the motions of Oe can be denoted by �x ; �y ; ze, where �x and �y are
the rotational motions along xe and ye, and ze is the translational motion along zb.
The pose of the end-effector with respect to the coordinate system Ob � xbybzb can
be represented as

Tb
e D

�
Re Pe

0 1

�
D

2
664

c�y 0 s�y 0

s�xs�y c�x �s�xc�y 0

�c�xs�y s�x c�xc�y ze

0 0 0 1

3
775 ; (8.3)

where c and s denote the cosine and sine functions, respectively, Tb
e is the pose of

the end-effector with respect to the coordinate system Ob � xbybzb , Re is the 3 � 3
orientation matrix of the end-effector, and Pe is the location of Oe.

The inverse kinematics can be formulated by finding the joint motions when the
pose of the end-effector Tb

e is known. The joint motions are denoted by ui , and
the pose of the end-effector, Tb

e , is determined by the motions of Oe.�x ; �y ; ze/.
When solving the inverse kinematic problem, one can assume that the length of the
support bar is constant.

The location of the connection between the end-effector platform and an active
link is

Pb
ei D RePe

ei C Pb
e D

2
4

lecˇic�y C z0s�y
lecˇis�xs�y C lesˇic�x � z0s�xc�y

�lecˇic�xs�y C lesˇis�x C ze C z0c�xc�y

3
5 ; (8.4)
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where

Pb
ei D

h
xb

ei yb
ei zb

ei

iT
;

Pe
ei D

�
lecˇi lesˇi z0

�T
:

In (8.4), z0 is the offset of the spherical joint with respect to Oe. Equation (8.4)
can be differentiated as follows:

2
64
ıxb

ei
ıyb

ei
ızbei

3
75 D ŒJi �3�3

2
4
ı�x
ı�y
ıze

3
5 ; (8.5)

where

Ji D

2
4

0 �lecˇis�y C z0c�y 0

.lecˇis�y � z0c�y/c�x � lesˇis�x .lecˇic�y C z0s�y/s�x 0

.lecˇis�y � z0c�y/s�x C lesˇic�x �.lecˇic�y C z0s�y/c�x 1

3
5 :

Since the active links have a fixed length, it can be shown that

j ObEi �ObBi � BiDi jDj DiEi j .i D 1; 2; 3/ (8.6)

Equation (8.6) yields
k2i1 C k

2
i2 C k

2
i3 D l

2
i ; (8.7)

where

ki1 D x
b
ei � .lb � uic�/c˛i ;

ki2 D y
b
ei � .lb � uic�/s˛i ;

ki3 D zb
ei � ui s�:

Assuming that there is only linear motion in the actuator of each active link, that
the active link is a two-force component, and that only axial deformation occurs,
then (8.7) can be differentiated as:

�
ıui
ıli

�
D

2
664
�
ki1

ki4
�
ki2

ki4
�
ki3

ki4
ki1

li

ki2

li

ki3

li

3
775 �

2
664
ıxb

ei

ıyb
ei

ızb
ei

3
775 .i D 1; 2; 3/; (8.8)

where
ki4 D ki1c�c˛i C ki2c�s˛i � ki3s�:
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Substituting (8.5) into (8.8),

2
4
ıu1
ıu2
ıu3

3
5 D ŒJt �3�3

2
4
ı�x
ı�y
ıze

3
5 D

2
4
.Jt;1/1�3
.Jt;2/1�3
.Jt;3/1�3

3
5
2
4
ı�x
ı�y
ıze

3
5 ; (8.9)

where
Jt;i D

h
� ki1
ki4
�ki2
ki4
�ki3
ki4

i
� Ji :

The twist of the platform can be defined as

t D
�
!T PpT

�T
D
�
ı�x ı�y ıze

�
; (8.10)

i.e.,

P� D Jt D
�
ıl1 ıl2 ıl3

�T

2
4
ıl1
ıl2
ıl3

3
5 D ŒJa�3�3

2
4
ı�x
ı�y
ıze

3
5 D

2
4
.Ja;1/1�3
.Ja;2/1�3
.Ja;3/1�3

3
5
2
4
ı�x
ı�y
ıze

3
5 ;

where

Ja;i D
�
ki1

li

ki2

li

ki3

li

�
� Ji :

8.2.3 The Global Stiffness Evaluation

In this section, a practical case will be examined for the parameters of the manipu-
lator provided in Tables 8.1 and 8.2.

Using the kinematic model, the workspace is simulated, as shown in Fig. 8.2. The
working ranges of �x , �y , and ze are .�40ı; 40ı/, .�40ı; 40ı/, and .0:440; 0:608/,
respectively.

Table 8.1 Kinematic
parameters

˛i (�30ı, 90ı, �150ı)
ˇ (�30ı, 90ı, �150ı)
lb 374.25 mm
le 75 mm
li 353 mm
� 50ı

Ze0 13 mm
Prismatic joint (active) 240.272˙ 85 mm
Spherical joint (passive) (�45ı, 45ı)
Universal joint (passive) (�50ı, 50ı)
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Table 8.2 Dynamic parameters
Mass (kg) Mass center Moment of inertia (kg m2) (Ixx; Iyy ; Izz)

Moving platform
Total 1.0 Oe (0.0, 0.0, 0.0)
Platform 0.38 Oe (0.002830, 0.002123, 0.004953)

Support bar 0.1945 Fi (0.000717, 0.000717, 0.000010)
Slider 0.3045 Di

Passive leg 0.2 P

Fig. 8.2 The workspace for the proposed parallel manipulator

The calculation methodology of global stiffness is similar with the general cases
studied the previous Chaps. 5 and 6. In performing the system stiffness simulation,
the stiffness coefficients of the links are calculated as:

kt D 1:5177 � 10
10;

ka D 9:5950 � 10
7;

k�x D 899:6698=.ze � zb/
3;

k�y D 899:6698=.ze � zb/
3;

k�z D 697:4185=.ze � zb/
2:

Note that stiffness coefficients depend on the z-coordinate of the end-effector
platform.

Over this cross-section, the results of the evaluation are shown in Table 8.3. The
stiffness of the motion and constrained axes are illustrated in Fig. 8.3. Stiffness is an
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Table 8.3 Stiffness over the section ze D .min ze C max ze/=2

Principal axis Minimum Maximum Average
Actuated links
�x 5:6056� 107 1:3026� 108 1:1461 � 108

�y 4:5293� 107 1:3140� 108 1:1088 � 108

Tz 3:6701� 1010 3:7756� 1010 3:7464 � 1010

Passive link
Tx 6:0793� 107

Ty 6:0793� 107

�z 5:9621� 104

Global 6:1633� 109 6:3544� 109 6:3015 � 109

important factor in the design of machine tools, since it affects the precision of the
machining. Specifically, global stiffness, illustrated in Fig. 8.4, is directly related to
system rigidity.

From the preceding analysis of mechanical stiffness, a number of conclusions
can be drawn. First, the distribution of stiffness varies between the motion axes and
the constrained axes. The stiffness on the motion axes is the greatest at the center
position �x D �y D 0, and the stiffness on the constrained axes is the same over the
cross-section in the case of the z-coordinate. Second, the stiffness on the z translation
is the greatest, and it is the weakest on the z rotation. Finally, the distribution of
global stiffness is similar to the distribution of stiffness on a motion axis, where the
center position possesses the highest value.

The stiffness for the weakest z rotation axis can be enhanced by increasing the ra-
dius of the passive link. Since the stiffness is proportional to the stiffness coefficient
of the component, the stiffness on the constrained axes is completely determined by
the passive link.

8.3 Optimal Calibration Method

Error is one of the crucial factors, which affects the performance indices of paral-
lel robots. According to the sources and characteristics, the error of parallel robots
can be classified as in Table 8.4. For the error sources of parallel robots, it can be
divided into two main types-vibration error and quasistatic error. Vibration error is
the operational inaccuracy induced by the vibration of tools, system axis, or mo-
tor. Quasistatic error includes the kinematic parameter error (or manufacturing and
assembly error), thermal error, and nonlinear stiffness error.

This differs from many studies reported in the past literature. The thermal er-
ror induced in the sliding motion (i.e., actuator leg) is a major error source in the
operation of the end-effector [4], and it is distributing over the entire structure of
a robotic mechanism. The nonlinear stiffness error may be caused by materials of
links and joints and/or external forces and/or moments which induce deformation
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Stiffness on �x

Stiffness on �y

Stiffness on ze

Fig. 8.3 Stiffness on the cross-section ze D .min zeCmax ze/=2: (a)Stiffness on �x ; (b)Stiffness
on �y ; (c)Stiffness on ze
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Fig. 8.4 Global stiffness over the cross-section ze D .min ze C max ze/=2

Table 8.4 The error classification of parallel robots

(large deformation or small deformation). The errors over an entire workspace can
be visualized to guide effectively the design process. It can be expressed with the
notion of an error map (analogous to the stiffness map, as mentioned earlier). The
error map will allow an active participation of designers in determining strategies
for error compensation and understanding sources of errors (i.e., manufacturing and
assembly, thermal, or nonlinear stiffness) to determine a way to remove/reduce the
errors.

In this section, we will discuss how to conduct effective error compensation and
calibration, thereby reducing its impact to the operational accuracy. The source of
manipulator error is in a wide range. In addition to the main factors, such as the error
induced by geometric size and thermal effect, there are many other factors, e.g., load
deformation, gear clearance, voltage fluctuations external environment, etc. So it is
very difficult to establish a general error model considering all the error sources. On
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Fig. 8.5 Relationship of the pseudo-error source and the error of end-effector

the basis of the method of pose compensation of the end-effector, the multi-error
sources included manufacturing and assembly error, and thermal effect error and
nonlinear stiffness error can be abstracted as a single error source, namely pseudo
error source. The relationship of the pseudo-error source and the end-effector error
is shown in Fig. 8.5.

Assuming that the ideal pose the end-effector of parallel robot with respect to the
fixed reference frame can be defined as

Posereal D fx; y; z;  ; �; �g; (8.11)

where, the first three elements express position values, and the last three elements
express orientation values. The homogeneous matrix of the end-effector with respect
to the fixed reference frame can be expressed by TO

P ,

TO
P D

2
664

c c� c s�s� � s c� c s�c� C s s� x

s c� s s�s� C c c� s s�c� � c s� y

�s c�s� c�c� z
0 0 0 1

3
775 : (8.12)

When the real pose is not equal to the ideal value, it has

Posereal D fx
0; y0; z0;  0; � 0; �0g

D fx C�x; y C�y; zC�z;  C� ; � C��; � C��g; (8.13)
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where, Posereal is the real pose of the end-effector with respect to the fixed refer-
ence frame. Thus, when error happens, the homogeneous matrix TO

P.Error/ can be
obtained as

TO
P.Error/ D

2
664

c 0c� 0 c 0s� 0s�0 � s 0c�0 c 0s� 0c�0 C s 0s�0 x0

s 0c� 0 s 0s� 0s�0 C c 0c�0 s 0s� 0c�0 � c 0s�0 y0

�s 0 c� 0s�0 c� 0c�0 z0

0 0 0 1

3
775 : (8.14)

The energy function of pose error of the end-effector can be expressed as

E D Exyz C 
 � E �� ; (8.15)

where, position error is defined by Euclidean distance, namely

Exyz D .�x
2 C�y2 C�z2/1=2: (8.16)

Likelihood, orientation error can be expressed by cosine:

E �� D cos�1.c � c. C� /C c� � c.� C��/C c� � c.� C��//: (8.17)

The system stiffness model and the neural network approach can be applied for
the calibration process. It is known that calibration is best performed in the least
sensitive error region within an entire workspace. Furthermore, calibration should
be conducted with the minimum number of joint configurations, as the calibration

Fig. 8.6 The error compensation flow
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process is extremely time-consuming. The system stiffness model is based on the
kinetostatic model, with which the explicit expression of system stiffness can be
generated at any pose. Thus, the critical components that have the largest effect on
system stiffness can be identified. Because of the complexity of the error sources, it
is difficult to develop the calibration model if all the errors will be considered. In this
book, errors including manufacturing and assembly error, thermal error, and non-
linear stiffness error are considered as a single error source (pseudo-error source),
which only causes the deviation of joint variables. The neural network can be ap-
plied to describe the complex nonlinear relationship between joint variables (control
parameters) and deviation of joint variables with respect to the measured pose of the
end-effector. With neural network, the pseudo-error in arbitrary joint variable can be
obtained and thus the control parameters can be adjusted accordingly (as shown in
Fig. 8.6). This approach is generic and feasible for all types of robotic system. The
method has been validated by the result reported by Vener et al. [149].

8.4 Conclusions

This chapter demonstrated how to conduct the global stiffness evaluation and to
improve the parallel robotic machine through optimal calibration. A unique 3-DOF
parallel robotic machine with pure 3-DOF motion is taken as an example. Through
this chapter, people can implement the performance evaluation and improvement
effectively using the introduced method.



Chapter 9
Design Optimization of Parallel
Robotic Machines

9.1 Preamble

Optimization plays an important role in engineering design problems; it deals with
problems of minimizing or maximizing a function with several variables. The pur-
pose of optimization design is aiming at enhancing the performance indices by
adjusting the structure parameters such as link length, radii of fixed platform and
moving platform, and its distance between the center points of the two platforms.
The approach can been called dimensional-synthesis-based performance optimiza-
tion of parallel manipulator. In the optimum design process, several performance
criteria could be involved for a design purpose, such as stiffness, dexterity, accu-
racy, workspace, etc.

Many researchers have studied on the issue of optimal design of robot manip-
ulators [19, 89, 166, 178]. Zhao et al. [182] exploited the least number method of
variables to optimize the leg length of a spatial parallel manipulator for the pur-
pose of obtaining a desired dexterous workspace. Stock and Miller [138] presented
a method for multidimensional kinematic optimization of the linear Delta robot ar-
chitecture’s geometry. A utility objective function was formulated incorporating two
performance indices, including manipulability and space utilization. Rout and Mittal
[131] proposed the experimental approach for the optimization of the dimension of
2-dof R–R planar manipulator. Kucuk and Bingul [89] optimized the workspace of
two spherical three links robot manipulators using the local and global performance
indices. Mitchell et al. [108] presented kinematic optimization to confirm the small-
est configuration that would satisfy the workspace requirements for a lightweight
and compact surgical manipulator. Chablat and Angeles [31] investigated on opti-
mum dimensioning of revolute-coupled planar manipulators based on the concept of
distance of Jacobian matrix to a given isotropic matrix which was used as a reference
model. Boeij et al. [23] proposed numerical integration and sequential quadratic pro-
gramming method for optimization of a contactless electromagnetic planar 6-dof
actuator with manipulator on top of the floating platform. Ceccarelli and Lanni [29]
investigated the multiobjective optimization problem of a general 3R manipulator
for prescribed workspace limits and numerically using an algebraic formulation. As
the primary components of artificial intelligence approach, genetic algorithms and

D. Zhang, Parallel Robotic Machine Tools, DOI 10.1007/978-1-4419-1117-9 9,
c� Springer Science+Business Media, LLC 2010
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artificial neural networks play the important roles in various fields of science and
technology. In this chapter, the two methods are applied as the optimization criteria
for the synthesis of stiffness and other criteria.

The traditional optimization methods can only handle a few geometric variables
due to the lack of convergence of the optimization algorithm. However, genetic algo-
rithms have applied the powerful and broadly applicable stochastic search methods
and optimization techniques, and they can escape from local optima [69]. There-
fore, genetic algorithms have been selected as the best candidate to address the
convergence issue and are suitable for performance optimization of the proposed
mechanism in the previous several chapters. Neural networks possess the capabil-
ity of complex function approximation and generalization by simulating the basic
functionality of the human nervous system in an attempt to partially capture some of
its computational strengths. Since the solution of objective function must be solved
before using genetic algorithms, neural networks will be conducted to represent the
objective functions of performance indices. On the investigation of multiobjective
optimization problem in design process, since it is impossible to maximize or mini-
mize all objective function values if they are conflicting with each other, the trade-off
process should be executed. This methodology will pave the way for providing not
only the effective guidance, but also a new approach of dimensional synthesis for
the optimal design of general parallel mechanisms.

For the mechanisms studied here, the highest global stiffness are desired so as
to reach the high rigidity and high precision. This can be achieved either through
maximizing the global stiffness or through minimizing the global compliances for
a certain parallel mechanism by selecting mechanism’s geometric parameters (link
length, height, etc.) and behavior parameters (link stiffness). In this chapter, the
optimization criteria are first established. An optimization process based on genetic
algorithms is applied for the global stiffness of all the proposed spatial parallel/
hybrid mechanisms for 6dof to 3dof, and the rationale for using this method together
with the determination of parameters and objective function are addressed as well.
The detailed analysis of the kinetostatics of the parallel mechanisms conducted in
previous chapters will now be used to define and optimize their geometric sizes and
properties. Furthermore, for the issue of multiobjective optimization, two cases are
investigated where the integration methodology of genetic algorithms and artificial
neural networks is implemented to search the optimal architecture and behavior
parameters in terms of various optimization objectives including global stiffness,
dexterity, and manipulability.

9.2 Optimization Objective and Criteria

In this book, the main consideration for the optimization criteria is to maxi-
mize global stiffness (or minimize the global compliances). The global stiffness/
compliance used here is the diagonal entry of the Cartesian stiffness/compliance ma-
trix. It represents the pure stiffness/compliance in each direction. Genetic algorithm
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methods are used to conduct the optimal design of the system in terms of a better
system stiffness. The objective functions are established and maximized/minimized
in order to find the suitable geometric parameters (coordinates of the attachment
points, coordinates of the moving platform, link length, vertex distributions at base
and moving platform, platform height, etc.) and behavior parameters (actuator stiff-
ness, actuated link stiffness, kinetostatic model stiffness, etc.) of the mechanisms.
Since the objective function is closely related to the topology and geometry of the
structure, the general optimization methodology can be described as follows:

� Analyze the requirements including the stiffness, the mechanical interferences,
the workspace properties, and the singularities

� Analyze the constraints including geometric size and properties
� Establish a reasonable initial guess of the geometry of the mechanism, then use

a numerical optimization to further improve the kinematic properties and ensure
the optimum characteristics are obtained. Finally, a program gives a potential
solution to allow the verification of other important properties.

9.3 Basic Theory of Evolutionary Algorithms

Introduced in the 1970s by John Holland [69], genetic algorithms are part of the
larger class of evolutionary algorithms that also include evolutionary program-
ming [49], evolution strategies [126], and genetic programming [88]. The genetic
algorithms (GAs) are powerful and broadly applicable stochastic search and opti-
mization techniques based on the evolutionary principle of natural chromosomes
[53]. Specifically, the evolution of chromosomes due to the operation of crossover
and mutation and natural selection of chromosomes based on Darwin’s survival-
of-the-fittest principles are all artificially simulated to constitute a robust search and
optimization procedure. The genetic algorithms are the computer simulation of such
evolution where the user provides the environment (function) in which the popula-
tion must evolve.

A comparison between conventional optimization methods and genetic algo-
rithms is now given. The conventional methods are usually limited to convex regular
functions while the genetic algorithm is robust, global, and generally more straight-
forward to apply to all kinds of functions including multimodal, discontinuous,
and nondifferentiable functions. Goldberg [53] has summarized the differences as
follows:

1. Genetic algorithms work with a coding of the solution set, not the solutions
themselves.

2. Genetic algorithms search from a population of solutions, not a single solution.
3. Genetic algorithms use payoff information (fitness function), not derivatives or

other auxiliary knowledge.
4. Genetic algorithms use probabilistic transition rules, not deterministic rules.
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In recent years, the GAs have been applied to a broad range of real-world
problems [25, 26, 42, 43, 51, 54, 107, 110, 157] such as ecosystem modeling, com-
binatorial and parametric optimization, reliability design, vehicle routing and
scheduling, machine intelligence, robotic trajectory optimization, neural networks
implementations, pattern recognition, analysis of complex systems, and financial
prediction.

The basic procedure of genetic algorithms can be described as follows:

1. Create an initial population: The initial population of chromosomes is created
randomly.

2. Evaluate all of the individuals (apply some function or formula to the individuals)
The fitness is computed in this step. The goal of the fitness function is to numer-
ically encode the performance of the chromosomes.

3. Selection: Select a new population from the old population based on the fitness of
the individuals as given by the evaluation function. In this step, the chromosomes
with the largest fitness rates are selected while the chromosomes with low fitness
rates are removed from the population.

4. Genetic operations (mutation and crossover): If the parents are allowed to mate, a
recombination operator is employed to exchange genes between the two parents
to produce two children. If they are not allowed to mate, the parents are placed
into the next generation unchanged. A mutation simply changes the value for a
particular gene.

5. Evaluate these newly created individuals.
6. Repeat steps 3–5 (one generation) until the termination criteria have been

satisfied.

Suppose P.t/ and C.t/ are parents and children in current generation t , then a
genetic algorithm is expressed in Fig. 9.1. From Fig. 9.1, one can find that there are
only two kinds of operations included in genetic algorithms, i.e., genetic operations
(crossover and mutation) and evolution operation (selection).

Fig. 9.1 The structure
of genetic algorithms

begin

  t = 0;

  initialize P(t);

  evaluate P(t);

  while (unfinished condition) do

    select P ’ (t) from P(t);

    reproduce C(t) from P ’ (t);

    mutate C(t);

    evaluate  C(t);

    t = t + 1; 

  end

end
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Genetic algorithms have the advantages of robustness and good convergence
properties, namely:

� They require no knowledge or gradient information about the optimization prob-
lems. They can solve any kind of objective functions and any kind of constraints
(i.e., linear or nonlinear) defined on discrete, continuous, or mixed search spaces.

� Discontinuities present on the optimization problems have little effect on the
overall optimization performance.

� They are effective at performing global search (in probability) instead of local
optima.

� They perform very well for large-scale optimization problems.
� They can be employed for a wide variety of optimization problems.

Genetic algorithms have been shown to solve linear and nonlinear problems by
exploring all regions of state space and exponentially exploiting promising areas
through mutation, crossover, and selection operations applied to individuals in the
population [107].

In the present work, there are many optimization parameters (up to 13 variables,
depending on mechanism, make up the optimization problem) and complex ma-
trix computations. Hence, it is very difficult to write out the analytical expressions
for each stiffness element. Moreover, with traditional optimization methods, only
a few geometric parameters [60] could be handled due to the lack of convergence
of the optimization algorithm when used with more complex problems. This arises
from the fact that traditional optimization methods use a local search by a conver-
gent stepwise procedure (e.g., gradient, Hessians, linearity, and continuity), which
compares the values of the next points and moves to the relative optimal points.
Therefore, genetic algorithms are the best candidate for the optimization problems
studied here.

In order to use genetic algorithms properly, several parameter settings have to be
determined, they are: chromosome representation, selection function, genetic op-
erators, the creation of the population size, mutation rate, crossover rate, and the
evaluation function.

1. Chromosome representation:
This is a basic issue for the GA representation, it is used to describe each in-
dividual in the population of interest. In the original algorithm, each individual
or chromosome used to be expressed as a sequence of genes from binary digits
(0 and 1) [69]. However, it has been shown that more natural representations are
more efficient and produce better solutions [107]. Michalewicz [107] has done
extensive experimentation comparing real-valued and binary genetic algorithms
and shows that the real-valued genetic algorithm is an order of magnitude more
efficient in terms of CPU time. He also shows that a real-valued representation
moves the problem closer to the problem representation which offers higher pre-
cision with more consistent results across replications [107]. It outperformed
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binary genetic algorithm and simulated annealing in terms of computational
efficiency and solution quality [124]. Hence, real-valued expressions are used
in our case to represent each individual or chromosome for function optimiza-
tion. For the problem studied here, the chromosomes consist of the architecture
parameters (coordinates of the attachment points, coordinates of the moving plat-
form, link lengths, vertex distributions at base and moving platform, platform
height, etc.) and behavior parameters (actuator stiffness, actuated link stiffness,
kinetostatic model stiffness, etc.) of the mechanisms.

2. Selection function:
This step is a key procedure to produce the successive generations. It determines
which of the individuals will survive and continue on to the next generation.
A probabilistic selection is performed based on the individual’s fitness such that
the better individuals have an increased chance of being selected. There are sev-
eral methods for selection: roulette wheel selection and its extensions, scaling
techniques, tournament, elitist models, and ranking methods [53, 107]. In our
case, the normalized geometric ranking method [81] is used since it only requires
the evaluation function to map the solutions to a partially ordered set and it tends
to eliminate chromosomes with extreme values, thus allowing for minimization
and negativity. In normalized geometric ranking methods, Joines and Houck [81]
define a probability of selection Pi for each individual as

P Œselecting the i th individual� D q0.1 � q/.r�1/; (9.1)

where q represents the probability of selecting the best individual; r represents
the rank of the individual, where 1 is the best; P is the population size; and q0 =
q=.1 � .1 � q/P /.

3. Genetic operators:
The operators are used to create new children based on the current generation
in the population. Basically, there are two types of operators: crossover and mu-
tation. Crossover takes two individuals and produces two new individuals while
mutation alters one individual to produce a single new solution.

In binary representations, the applications of these two types of operators are
only binary mutation and simple crossover.

In real-valued representations, the applications of these two types of oper-
ators have been developed by Michalewicz [107], they are uniform mutation,
nonuniform mutation, multi-nonuniform mutation, boundary mutation, simple
crossover, arithmetic crossover, and heuristic crossover [107].

Uniform mutation randomly selects one variable and sets it equal to a uniform
random number while boundary mutation randomly selects one variable and sets
it equal to either its lower or upper bound.

Nonuniform mutation randomly selects one variable and sets it equal to
a nonuniform random number; according to [107], it is defined as follows:
If sxt D .x1; x2; x3; : : : ; xm/ is a chromosome (t is the generation number)
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and the element xj was selected for nonuniform mutation, the result is a vector
sx
tC1 D .x1; x2; x3; : : : ; x

0
j ; : : : ; xm/, where

x0j D xj C�.t;UB � xj /; if a random digit is 0; (9.2)
x0j D xj ��.t; xj � LB/; if a random digit is 1; (9.3)

where UB and LB are the upper and lower bounds for the variable and �.t; y/ is
given by

�.t; y/ D y.1 � r.1�
t
G /

b

/; (9.4)

where r is a uniform random number between (0,1), G represents the maximum
number of generations, t is the current generation, and b is a parameter deter-
mining the degree of dependency on the generation number.

4. Population size:
The population size represents the number of individuals or chromosomes in
the population. Usually, larger population sizes increase the amount of variation
present in the initial population and it requires more fitness evaluations. If the
population loses diversity, the population is said to have premature convergence
and little exploration is being done. For longer chromosomes and challenging
optimization problems, larger population sizes are needed to maintain diversity –
higher diversity can also be achieved through higher mutation rates and uni-
form crossover – and hence better exploration. Usually, the population size is
determined by the rule of thumb of 7–8 times the number of the optimization
parameters.

5. Mutation rate:
The mutation rate is defined as the percentage of the total number of genes in the
population [51]; it determines the probability that a mutation will occur. Mutation
is employed to give new information to the population and also prevents the
population from becoming saturated with similar chromosomes (premature con-
vergence). Large mutation rates increase the probability that good schemata will
be destroyed, but increase population diversity. The best mutation rate is appli-
cation dependent but for most applications it is between 0.001 and 0.1.

6. Crossover rate:
The crossover rate (denoted by pc) is defined as the ratio of the number of off-
spring produced in each generation to the population size, P [51]. This ratio
controls the expected number pc � P of chromosomes to undergo the crossover
operation. The best crossover rate is application dependent but for most applica-
tions it is between 0.80 and 0.95.

7. Evaluation functions:
Evaluation functions are subject to the minimal requirement that the function can
map the population into a partially ordered set. In the present work, the sum of
diagonal elements in stiffness/compliance matrix with relative weight factors for
each direction is set as the evaluation function.
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9.4 Single-Objective Optimization

9.4.1 Objective of Global Stiffness

In this research, the stiffness for certain mechanism configurations is expressed by
a (6 � 6) matrix, as discussed before. The diagonal elements of the matrix are
the mechanism’s pure stiffness in each Cartesian direction. To obtain the optimal
stiffness in each direction, one can write an objective function, (9.5), with stiffness
element to maximize or write an objective function, (9.6), with compliance elements
whose negative is to be maximized, i.e., maximize(val) where

val D 
1K11 C 
2K22 C 
3K33 C 
4K44 C 
5K55 C 
6K66 (9.5)

or
val D �.�1�11 C �2�22 C �3�33 C �4�44 C �5�55 C �6�66/; (9.6)

where, for i D 1; : : : ; 6, Kii represents the diagonal elements of the mechanism’s
stiffness matrix, �ii represents the diagonal elements of mechanism’s compliance
matrix, 
i is the weight factor for each directional stiffness, which characterizes
the priority of the stiffness in this direction, and �i is the weight factor for each
directional compliance, which characterizes the priority of the compliance in this
direction.

This would maximize/minimize the SUM of the diagonal elements. Although
we could not maximize/minimize each diagonal element individually, we always
can optimize each stiffness by distributing the weighting factors. Once the objective
function is written, a search domain for each optimization variable (lengths, angles,
etc.) should be specified to create an initial population. The limits of the search
domain are set by a specified maximum number of generations or population con-
vergence criteria, since the GAs will force much of the entire population to converge
to a single solution.

For the optimization of the stiffness, a real-valued method is used combined with
the selection, mutation, and crossover operators with their optional parameters used
for all these types of parallel mechanism stiffness/compliance function optimization
as shown in Table 9.1. The first optional parameter is the number of times to apply
the operators for real-valued representation, Gm represents the maximum number
of generations, and b is a parameter determining the degree of dependency on the
generation number, we use 3 in our case [107]. The other optional parameters de-
pend on the operators we are using. Since Matlab requires matrices to have the same
length in all rows, many of the parameters are 0 indicating that they are really place
holders only. In the following sections, we will describe it in more detail.
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Table 9.1 Genetic algorithm
parameters used for
real-valued stiffness function
optimization

Name Parameters
Uniform mutation [4 0 0]
Nonuniform mutation [4 Gm b]
Multi-nonuniform mutation [6 Gm b]
Boundary mutation [4 0 0]
Simple crossover [2 0]
Arithmetic crossover [2 0]
Heuristic crossover [2 3]
Normalized geometric selection 0.08

9.4.2 Spatial Six-Degree-of-Freedom Mechanism
with Prismatic Actuators

The spatial 6-dof mechanism with prismatic actuators is shown in Figs. 5.2 and 5.3.
In order to obtain the maximum global stiffness, five architecture and behavior pa-
rameters are used as optimization parameters, the vector of optimization variables is

s D ŒRp; Rb; z; Tp; Tb�; (9.7)

where Rp is the radius of the platform, Rb is the radius of the base, z is the height
of the platform, Tp and Tb are the angles to determine the attachment points on the
platform and on the base, and their bounds are

Rp 2 Œ5; 10� cm; Rb 2 Œ12; 22� cm;
z 2 Œ45; 56� cm;

Tp 2 Œ18; 26�
ı; Tb 2 Œ38; 48�

ı:

In this research work, the objective function of (9.5) is maximized where the fol-
lowing is assumed


i D 1; i D 1; : : : ; 6;

P D 80;

Gmax D 100;

where P is the population size and Gmax is the maximum number of generations.
The genetic algorithm is implemented in Matlab to search for the best solutions.

The results are given only for one case with � D 0; � D 0, and  D 0. Figures 9.2
and 9.3 show the evolution of the best individual and the optimal parameters for 40
generations, respectively. The architectural and behavior parameters found by the
GA after 40 generations are

s D ŒRp; Rb; z; Tp; Tb� D Œ10; 12; 56; 18; 48�
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Fig. 9.2 The evolution of the
performance of the 6-dof
mechanism with prismatic
actuators

Fig. 9.3 The evolution of the geometrical parameters of the 6-dof mechanism with prismatic
actuators

and the stiffness in each direction is

K D ŒKx ; Ky ; Kz; K�x ; K�y ; K�z �

D Œ34:1918; 34:1918; 5931:6164; 29:65808182; 29:65808182; 0:68092535�:

The sum of the stiffness is 6059.997.
Before optimization, the parameters for this mechanism were given as

s0 D ŒRp; Rb; z; Tp; Tb� D Œ6; 15; 51; 22:34; 42:88�
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and the stiffness in each direction was

K0 D ŒK 0x ; K
0
y ; K

0
z; K

0
�x
; K 0�y ; K

0
�z
�

D Œ102:968; 102:968; 5794:06; 10:4293; 10:4293; 0:222188�

and the stiffness sum is 6021.08. Hence, after optimization, the stiffness sum is
improved 1.01 times.

9.4.3 Spatial Six-Degree-of-Freedom Mechanism
with Revolute Actuators

A spatial 6-dof mechanism with revolute actuators is represented in Fig. 6.2. The
vertex distribution is the same as in Fig. 5.3. From Fig. 6.3, it is clear that the Carte-
sian stiffness is a monotonically increasing function of the link stiffness (for all
the case with revolute actuators). Nevertheless, there exists a critical link stiff-
ness, which has tiny effects on mechanism’s Cartesian stiffness when it is larger
than the critical link stiffness, therefore, for all mechanisms with revolute actuators,
link stiffness are also included as optimization parameters. Seven optimization pa-
rameters are specified in this mechanism for maximizing the mechanism’s global
stiffness. The vector of optimization variables can be expressed as

s D ŒRp; Rb; z; Tp; Tb; l1; l2�; (9.8)

where Rp is the radius of the platform, Rb is the radius of the base, z is the height
of the platform, Tp and Tb are the angles to determine the attachment points on the
platform and on the base, l1 and l2 are the link lengths, and the bound for each
parameter is

Rp 2 Œ5; 7� cm; Rb 2 Œ14; 16� cm;

z 2 Œ66; 70� cm;

Tp 2 Œ20; 26�
ı; Tb 2 Œ40; 45�

ı;

l1 2 Œ42; 48� cm; l2 2 Œ32; 40� cm:

In this case, the objective function of (9.5) is maximized assuming


i D 1; i D 1; : : : ; 6;

P D 80;

Gmax D 40;

where P is the population size and Gmax is the maximum number of generations.
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Fig. 9.4 The evolution of the
performance of the 6-dof
mechanism with revolute
actuators

Fig. 9.5 The evolution of the geometrical parameters of the 6-dof mechanism with revolute
actuators

A program based on the genetic algorithm is applied to search for the best
solutions. The results are given only for one configuration with � D 0; � D 0,
and  D 0. Figures 9.4 and 9.5 show that, after 40 generations, the track of the best
individual and the optimal parameters converge to the final best solution. The opti-
mal geometric and behavior parameters obtained by the GA after 40 generations are

s D ŒRp; Rb; z; Tp; Tb; l1; l2� D Œ5; 16; 70; 20; 45; 42; 32�
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and the stiffness in each direction is

K D ŒKx ; Ky ; Kz; K�x ; K�y ; K�z �

D Œ18873:14; 18873:14; 159835:85; 199:79; 199:79; 41:04�:

The sum of the stiffness is 198022.766.
Initially, the geometric and behavior values were given for this mechanism as

s0 D ŒRp; Rb; z; Tp; Tb; l1; l2�

D Œ6; 15; 68; 22:34; 42:883; 46; 36�

and the stiffness in each direction was

K0 D ŒK 0x ; K
0
y ; K

0
z; K

0
�x
; K 0�y ; K

0
�z
�

D Œ7725; 7725; 21045; 37:8818; 37:8818; 43:0695�:

The stiffness sum is 36613.8. Therefore, after optimization, the stiffness sum is
improved 5.4 times.

9.4.4 Spatial Five-Degree-of-Freedom Mechanism
with Prismatic Actuators

The spatial 5-dof mechanism with prismatic actuators is shown in Figs. 5.6 and 5.7.
In order to obtain the maximum global stiffness, the global compliance (since there
are infinite terms among the diagonal stiffness elements) is minimized. However,
it is clear that the Cartesian stiffness is a monotonically increasing function of the
link and actuator stiffness (for all the case with prismatic actuators). Hence, the
optimum solution always corresponds to the maximum link or actuator stiffness and
these parameters are not included in the optimization variables. Seven parameters
are specified as optimization parameters, they are

s D ŒRp; Rb; l61; l62; z; Tp; Tb�; (9.9)

where Rp is the radius of the platform; Rb is the radius of the base; l61 and l62 are
the link length for the first and second link of the passive leg, respectively; z is the
height of the platform; Tp and Tb are the angles to determine the attachment points
on the platform and on the base; and their bounds are

Rp 2 Œ10; 14� cm; Rb 2 Œ20; 26� cm;
l61 2 Œ52; 70� cm; l62 2 Œ52; 70� cm;

z 2 Œ66; 70� cm;
Tp 2 Œ18; 26�

ı; Tb 2 Œ38; 48�
ı:
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In this work, the objective function of (9.6) is minimized assuming

�i D 1; i D 1; : : : ; 6;

P D 80;

Gmax D 40:

Results are given here only for the case with �65 D �	 and �66 D 2	=3.
Figures 9.6 and 9.7 show the evolution of the best individual and the optimal pa-
rameters for 40 generations, respectively. The architectural and behavior parameters
found by the GA after 40 generations are

s D ŒRp; Rb; l61; l62; z; Tp; Tb�

D Œ14; 21:2; 52; 70; 66; 18; 48�

and the compliances in each direction are

� D Œ��x ; ��y ; ��z ; �x ; �y ; �z�

D Œ0:03687; 0:03113; 0:03646; 0:03962; 0:01657; 2:46 � 10�4�:

The sum of the compliances is 0.16.
Before optimization, the parameter values of the mechanism were given as

s0 D ŒRp; Rb; l61; l62; z; Tp; Tb�

D Œ12; 22; 68; 68; 68; 22:34; 42:883�

Fig. 9.6 The evolution of the
performance of the 5-dof
mechanism with prismatic
actuators
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Fig. 9.7 The evolution of the geometrical parameters of the 5-dof mechanism with prismatic
actuators

and the compliances in each direction were

�0 D Œ�0�x ;�
0
�y
;�0�z

;�0x ;�
0
y ;�
0
z�

D Œ0:08627; 0:0981; 0:2588; 0:07342; 0:030325; 2:55 � 10�4�:

The compliance sum is 0.54714. After optimization, the compliance sum is im-
proved 3.4 times.

9.4.5 Spatial Five-Degree-of-Freedom Mechanism
with Revolute Actuators

The schematic representation of this type mechanism and its vertex distribution is
shown in Figs. 6.5 and 6.6, respectively. Twelve architecture and behavior param-
eters are specified as optimization parameters to minimize the compliances. They
can be represented as a vector of s

s D ŒRp; Rb; l61; l62; l1; l2; z; Tp; Tb�; (9.10)
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whereRp is the radius of the platform;Rb is the radius of the base; l61 and l62 are the
link lengths for the first and second link of the passive leg, respectively; l1 and l2 are
the link lengths for the first and second link of the each actuated leg, respectively;
z is the height of the platform; Tp and Tb are the angles to determine the attach-
ment points on the platform and on the base; and the bound of each optimization
parameter is

Rp 2 Œ5; 7� cm; Rb 2 Œ14; 18� cm;

l61 2 Œ67; 70� cm; l62 2 Œ67; 70� cm;

l1 2 Œ33; 35� cm; l2 2 Œ45; 47� cm;

z 2 Œ66; 70� cm; Tp 2 Œ18; 30�
ı; Tb 2 Œ38; 50�

ı:

For this mechanism, the objective function of (9.6) is minimized with

�i D 1; i D 1; : : : ; 6;

P D 80;

Gmax D 40:

Results are given here for the case with �65 D �	 and �66 D 2	=3. Figures 9.8
and 9.9 show the evolution of the best individual and the optimal parameters for
40 generations, respectively. The mechanism’s geometric and behavior parameters
found by the GA after 40 generations are

s D ŒRp; Rb; l61; l62; l1; l2; z; Tp; Tb�

D Œ7; 18; 69:052; 67:179; 33; 45; 70; 18:92; 50:03�

Fig. 9.8 The evolution of the
performance of the 5-dof
mechanism with revolute
actuators
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Fig. 9.9 The evolution of the geometrical parameters of the 5-dof mechanism with revolute
actuators

and the compliances in each direction are

� D Œ��x ;��y ;��z ;�x ;�y ;�z�

D Œ7:77 � 10�2; 0:10345; 0:24256; 1:116 � 10�3; 1:87 � 10�3; 2:67 � 10�4�:

The sum of the compliances is 0.33977.
The initial guess of the geometric and structure behavior parameters of the mech-

anism was given as

s0 D ŒRp; Rb; l61; l62; l1; l2; z; Tp; Tb�

D Œ6; 15; 68; 68; 34; 46; 68; 22:34; 42:883�

and the compliances in each direction were

�0 D Œ�0�x ;�
0
�y
;�0�z

;�0x ;�
0
y ;�
0
z�

D Œ0:1244; 0:2327; 0:3732; 0:001; 0:002464; 3:589 � 10�4�:

The compliance sum is 0.734195. Hence after optimization, the compliance sum is
improved 2.16 times.
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9.4.6 Spatial Four-Degree-of-Freedom Mechanism
with Prismatic Actuators

Figure 5.8 shows the spatial 4-dof mechanism with prismatic actuators. For this
mechanism, the optimization parameters are

s D ŒRp; Rb; l51; l52; z; Tp; Tb�; (9.11)

where Rp is the radius of the platform; Rb is the radius of the base; l51 and l52 are
the link lengths for the 1st and 2nd link of the passive leg, respectively; z is the
height of the platform; Tp and Tb are the angles to determine the attachment points
on the platform and on the base, and their bounds are

Rp 2 Œ10; 14� cm; Rb 2 Œ20; 26� cm;

l51 2 Œ52; 70� cm; l52 2 Œ52; 70� cm;

z 2 Œ66; 70� cm; Tp 2 Œ25; 35�
ı; Tb 2 Œ55; 65�

ı;

Again, the compliances are minimized as above.
Results are given here only for one case with �55 D �	=3 and �56 D 2	=3.

Figures 9.10 and 9.11 show the evolution of the best individual and the optimal
parameters for 40 generations, respectively. The geometric and behavior parameters
found by the GA after 40 generations are

s D ŒRp; Rb; l51; l52; z; Tp; Tb�

D Œ14; 26; 70; 55; 66; 35; 55�

Fig. 9.10 The evolution of
the performance of the 4-dof
mechanism with prismatic
actuators
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Fig. 9.11 The evolution of the geometrical parameters of the 4-dof mechanism with prismatic
actuators

and the compliances in each direction are

� D Œ��x ;��y ;��z ;�x ;�y ;�z�

D Œ0:12; 0:5742; 3:747 � 10�3; 0:3165; 5:006 � 10�11; 3:345 � 10�3�:

The sum of the compliances is 1.017897.
Initially, the parameters for this mechanism were given as

s0 D ŒRp; Rb; l51; l52; z; Tp; Tb�

D Œ12; 22; 68; 68; 68; 30; 60�

and the compliances in each direction were

�0 D Œ�0�x ;�
0
�y
;�0�z

;�0x ;�
0
y ;�
0
z�

D Œ0:5164; 1:4046; 1:5 � 10�10; 0:9087; 5:78 � 10�11; 0:011139�:

The compliance sum is 2.84085. Therefore, after optimization the compliance sum
has been improved 2.8 times.
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9.4.7 Spatial Four-Degree-of-Freedom Mechanism
with Revolute Actuators

A spatial 4-dof mechanism with revolute actuators is shown in Fig. 6.9. The
parameters are

s D ŒRp; Rb; l51; l52; L1; L2; z; Tp; Tb�; (9.12)

where Rp is the radius of the platform; Rb is the radius of the base; l51 and l52 are
the link lengths for the first and second link of the passive leg, respectively; L1 and
L2 are the link lengths for the first and second link of the actuated leg, respectively;
z is the height of the platform; Tp and Tb are the angles to determine the attachment
points on the platform and on the base; and their bounds are

Rp 2 Œ5; 7� cm; Rb 2 Œ14; 16� cm;
l51 2 Œ67; 69� cm; l52 2 Œ67; 69� cm;
L1 2 Œ33; 35� cm; L2 2 Œ45; 47� cm;

z 2 Œ66; 70� cm;
Tp 2 Œ25; 35�

ı; Tb 2 Œ55; 65�
ı;

Results are given here for one case with �55 D �	=3 and �56 D 2	=3.
Figures 9.12 and 9.13 show the evolution of the best individual and the optimal
parameters for 40 generations, respectively. The optimum geometric and behavior
parameters for this configuration are

s D ŒRp; Rb; l51; l52; L1; L2; z; Tp; Tb�

D Œ7; 16; 67; 69; 35; 47; 66; 35; 55�

Fig. 9.12 The evolution of
the performance of the 4-dof
mechanism with revolute
actuators
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Fig. 9.13 The evolution of the geometrical parameters of the 4-dof mechanism with revolute
actuators

and the compliances in each direction are

� D Œ��x ;��y ;��z ;�x ;�y ;�z�

D Œ0:28857; 0:019376; 8:66 � 10�5; 9:39 � 10�4; 5:751 � 10�11; 3:646 � 10�5�:

The sum of the compliances is 0.29518.
The initial guess for this mechanism was

s0 D ŒRp; Rb; l51; l52; L1; L2; z; Tp; Tb�

D Œ6; 15; 68; 68; 34; 46; 68; 30; 60�

and the compliances in each direction were

�0 D Œ�0�x ;�
0
�y
;�0�z

;�0x ;�
0
y ;�
0
z�

D Œ1:2807; 0:0628078; 0; 0:00276278; 0; 0:00003838�:

The compliance sum is 1.3463. Hence, after optimization, the total compliance is
improved 4.56 times.
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9.4.8 Spatial Three-Degree-of-Freedom Mechanism
with Prismatic Actuators

The spatial 3-dof mechanism with prismatic actuators is shown in Fig. 5.9. The
parameters are

s D ŒRp; Rb; z�; (9.13)

where Rp is the radius of the platform, Rb is the radius of the base, z is the height of
the platform, and their bounds are set as

Rp 2 Œ5; 10� cm; Rb 2 Œ12; 14� cm;
z 2 Œ66; 70� cm:

Here only the case with �45 D 	=2 and �46 D 0 is discussed. Figures 9.14 and
9.15 show the evolution of the best individual and the optimal parameters for 40
generations, respectively. After 40 generations, the optimal geometric and behavior
parameters found by the GA are

s D ŒRp; Rb; z�

D Œ10; 12; 70�

and the compliances in each direction are

� D Œ��x ;��y ;��z ;�x ;�y ;�z�

D Œ6:8355 � 10�2; 6:8355 � 10�2; 0; 0; 0; 3:4177 � 10�4�:

The sum of the compliances is 0.137.
The initial geometric and behavior values for this mechanism were given as

s0 D ŒRp; Rb; z�

D Œ6; 15; 68�

Fig. 9.14 The evolution of
the performance of the 3-dof
mechanism with prismatic
actuators
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Fig. 9.15 The evolution of the geometrical parameters of the 3-dof mechanism with prismatic
actuators

and the compliances in each direction were

�0 D Œ�0�x ;�
0
�y
;�0�z

;�0x ;�
0
y ;�
0
z�

D Œ0:192; 0:192; 0; 0; 0; 3:4566 � 10�4�:

The compliance sum is 0.3844. Therefore, after optimization, the total compliance
is improved 2.81 times which is a minor gain.

9.4.9 Spatial Three-Degree-of-Freedom Mechanism
with Revolute Actuators

The spatial 3-dof mechanism with revolute actuators is shown in Fig. 6.10. The pa-
rameters are

s D ŒRp; Rb; l1; l2; z�; (9.14)

where Rp is the radius of the platform, Rb is the radius of the base, l1 and l2 are the
link length, z is the height of the platform, and their bounds are

Rp 2 Œ5; 7� cm; Rb 2 Œ14; 16� cm;
l1 2 Œ33; 35� cm; l2 2 Œ45; 47� cm;

z 2 Œ66; 70� cm:
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Fig. 9.16 The evolution of
the performance of the 3-dof
mechanism with revolute
actuators

Fig. 9.17 The evolution of the geometrical parameters of the 3-dof mechanism with revolute
actuators

Here only one case with �45 D 	=2 and �46 D 0 is analyzed. Figures 9.16 and
9.17 show the evolution of the best individual and the optimal parameters for 40
generations, respectively. After running the program for 40 generations, the optimal
architectural and behavior parameters can be found as

s D ŒRp; Rb; l1; l2; z�

D Œ7; 16; 33; 45; 70�
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and the compliances in each direction are

� D Œ��x ;��y ;��z ;�x ;�y ;�z�

D Œ1:0782 � 10�2; 1:0782 � 10�2; 0; 0; 0; 2:64 � 10�5�:

The sum of the compliances is 0.018659.
Before optimization, a series of parameters were guessed as

s0 D ŒRp; Rb; l1; l2; z�

D Œ6; 15; 34; 46; 68�

and the compliance in each direction can be computed as

�0 D Œ�0�x ;�
0
�y
;�0�z

;�0x ;�
0
y ;�
0
z�

D Œ2:12264 � 10�2; 2:12264 � 10�2; 0; 0; 0; 3:82 � 10�5�:

The compliance sum is 0.04249. Hence, after optimization, the total compliances is
improved 2.28 times.

9.4.10 The Tricept Machine Tool Family

The schematic representation of the Tricept machine tool and the geometry of the
joint distribution both on the base and the platform are shown in Figs. 9.18 and 9.19,
respectively. The vector of optimization variables is therefore

s D ŒRp; Rb; z�; (9.15)

where Rp is the radius of the platform, Rb is the radius of the base, z is the height of
the platform, and their bounds are specified based on the dimensions of the Tricept
machine tool

Rp 2 Œ200; 300�mm; Rb 2 Œ400; 600�mm;
z 2 Œ900; 1500�mm:

The case with �41 D 	=2 and �42 D 0 is discussed here. Figures 9.20 and
9.21 show the evolution of the best individual and the optimal parameters for 40
generations, respectively. The optimal architectural and behavior parameters found
by the GA after 40 generations are

s D ŒRp; Rb; z� D Œ300; 600; 900�
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Fig. 9.18 Schematic
representation of the Tricept
machine tool

Fig. 9.19 Position of the
attachment points on the base
and platform

and the compliances in each direction are

� D Œ��x ;��y ;��z ;�x ;�y ;�z�

D Œ2:0576� 10�3; 2:0576� 10�3; 0; 1:667� 10�3; 1:667� 10�3; 3:703� 10�4�:

The sum of the compliances is 0.0078189. Before optimization, the dimensions of
the Tricept machine tool provided by Neos Robotics AB were

s0 D ŒRp; Rb; z� D Œ225; 500; 1300�
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Fig. 9.20 The evolution of
the performance of the
Tricept machine tool

Fig. 9.21 The evolution
of the geometrical parameters
of the Tricept machine tool

and the compliances in each direction were

�0 D Œ�0�x ;�
0
�y
;�0�z

;�0x ;�
0
y ;�
0
z�

D Œ2:786� 10�3; 2:786� 10�3; 0; 4:708� 10�3; 4:708� 10�3; 3:4825� 10�4�:

The sum of the compliances is 0.0153369. Hence, after optimization, the sum of the
compliances is improved by a factor of 1.96 just by slightly enlarging the radius of
the base and the platform.
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9.5 Multiobjective Optimization

9.5.1 Case Study 1: Three Degrees of Freedom Parallel
Manipulator – Two Translations and One Rotation

9.5.1.1 Structure Description

The new 3-dof parallel manipulator is composed of a base structure, a moving plat-
form, and three legs connecting the base and platform. Among those three legs, two
of them are in same plane and consist of identical planar four bar parallelograms
as chains connected to the moving platform by revolute joints, while the third leg
is one rectangular bar connected to the moving platform by a spatial joint. There is
one revolute joint on the top end of each leg, and the revolute joint is linked to the
base by an active prismatic joint.

The CAD model of the 3-dof parallel mechanism is shown in Fig. 9.22.
The dof for a closed-loop kinematic chain can be determined using the

Chebychev–Grübler–Kutzbach formula [170]:

l D d.n � g � 1/C

gX
iD1

fi ; (9.16)

where l is the degree of freedom of the kinematic chain; d the degree of freedom
of each unconstrained individual body (6 for the spatial case, 3 for the planar case);

Fig. 9.22 CAD modeling of
3-dof parallel manipulator
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n the number of rigid bodies or links in the chain; g the number of joints; and fi is
the number of degrees of freedom allowed by the i th joint.

With eq. (9.16), the degree of freedom of the proposed parallel manipulator is

M D 6.8 � 9 � 1/C .5C 5C 5/ D 3: (9.17)

In Fig. 9.22, the parallelograms play the role of improving the kinematics perfor-
mance and the leg stiffness can be increased largely [21]. In regard to the types of
actuated joints, they can be either revolute or prismatic. Since the prismatic joints
can easily achieve high accuracy and heavy loads, the majority of the 3-dof parallel
mechanism in reality use actuated prismatic joints.

The output link of a planar parallelogram mechanism will remain in a fixed ori-
entation with respect to its input link, and the parallelogram can ensure the desired
output, in terms of translation and rotation. The advantages of the proposed parallel
manipulator are as follows:

1. The use of the parallelogram structure can greatly increase the stiffness of the
legs.

2. Two identical chains offer good symmetry.
3. The joint which connects the third leg and the moving platform gives the rotation

about y-axis with respect to reference frame attached to the end-effecter.

A kinematics model of the manipulator is shown in Fig. 9.23. The vertices of the
moving platform are pi .i D 1; 2; 3/, and the vertices of the base are bi .i D 1; 2; 3/.

Fig. 9.23 Schematic
representation
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A global reference system O W O � xyz is located at the point of intersection b1b2
and Ob3. Another reference system, called the moving frame O 0 W O 0 � x0y0z0, is
located at the center of p1p2 on the moving platform. The given position and orien-
tation of the end-effecter (the moving platform) is specified by its three independent
motions: y, z pure translations and � pure rotation about y-axis. The position is
given by the position vectors .O0/O and the orientation is given by rotation matrix
Q as follows:

.O0/O D . x y z/T; (9.18)

where x D 0 and

Q D

2
4

cos� 0 sin�
0 1 0

� sin� 0 cos�

3
5 ; (9.19)

where angle � is the rotation about y-axis. The coordinates of the point pi in refer-
ence system .O0/ can be described by the vector .pi /O0 .i D 1; 2; 3/

.p1/O0 D

0
@
�r

0

0

1
A ; .p2/O0 D

0
@
r

0

0

1
A ; .p3/O0 D

0
@
0

r

0

1
A : (9.20)

The vectors .bi /O .i D 1; 2; 3/ in frame O W O � xyz will be defined as position
vectors of joints:

.b1/ D

0
@
��1
0

0

1
A ; .b2/ D

0
@
�2
0

0

1
A ; .b3/ D

0
@

0
�3

0

1
A : (9.21)

The vector .pi /O .i D 1; 2; 3/ in frame O W O � xyz can be written as

.pi /O D Q.pi /O0 C .O0/O : (9.22)

That is

.p1/O D

2
4

cos� 0 sin�
0 1 0

� sin� 0 cos�

3
5
0
@
�r

0

0

1
AC

0
@
0

y

z

1
A D

0
@
�r cos�

y

r sin� C z

1
A ; (9.23)

.p2/O D

2
4

cos� 0 sin�
0 1 0

� sin� 0 cos�

3
5
0
@
r

0

0

1
AC

0
@
0

y

z

1
A D

0
@

r cos�
y

�r sin� C z

1
A ; (9.24)

.p3/O D

2
4

cos� 0 sin�
0 1 0

� sin� 0 cos�

3
5
0
@
0

r

0

1
AC

0
@
0

y

z

1
A D

0
@

0

r C y

z

1
A : (9.25)
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The inverse kinematics of the manipulator can be solved by applying the following
constraint equation:

kpi � bik D L: (9.26)

Hence, one can obtain the required actuator inputs:

�1 D
p
L2 � y2 � .zC r sin�/2 C r cos�; (9.27)

�2 D
p
L2 � y2 � .z � r sin�/2 C r cos�; (9.28)

�3 D
p
L2 � z2 C y C r: (9.29)

Equations (9.27), (9.28), and (9.29) can be differentiated with respect to time to
obtain the velocity equations,

.�1 � r cos�/ P�1 C y Py C .zC r sin�/PzC r.�1 sin� C z cos�/ P� D 0; (9.30)

.�2 � r cos�/ P�2 C y Py C .z � r sin�/PzC r.�2 sin� � z cos�/ P� D 0; (9.31)

Œ�3 � .y C r/� P�C Œ�3 � .y C r/� Py C zPz D 0: (9.32)

Rearranging (9.30), (9.31), and (9.32) we have

A P� D B Pp; (9.33)

where P� is the vector of input velocities defined as

P� D . P�1; P�2; P�3/
T (9.34)

and Pp is the vector of output velocities defined as

Pp D . Py; Pz; P�/T (9.35)

Matrices A and B can be expressed as

A D

2
4
r cos� � �1 0 0

0 r cos� � �2 0

0 0 y C r � �3

3
5 ; (9.36)

B D

2
4

y zC r sin� r.�1 sin� C z cos�/
y z � r sin� r.�2 sin� � z cos�/

y C r � �3 z 0

3
5 : (9.37)

The Jacobian matrix of the manipulator can be written as

J D A�1B or K D J�1 D B�1A: (9.38)
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9.5.1.2 Optimization

The purpose of optimization design is to enhance the performance indices by
adjusting the structure parameters. We propose the mean value and the standard de-
viation of the global stiffness as the design indices in this paper. It is noted that the
trace of the matrix is an invariant of the matrix, so the distribution of the system stiff-
ness (matrix) is the distribution of the trace. The mean value represents the average
stiffness of the parallel robot manipulator over the workspace, while the standard
deviation indicates the stiffness variation relative to the mean value. In general, the
higher the mean value the less the deformation, and the lower the standard devia-
tion the more uniform the stiffness distribution over the workspace. In this paper, the
suitability of these design indices for the system stiffness will be examined by devel-
oping their relationship with the stiffness of links and joints. We will further study
a design optimization based on the stiffness indices. A multiobjective optimization
problem will be defined. Ideally, it may require that the mean value should be a max-
imum, but the standard deviation is a minimum. However, these two goals could be
in conflict, so a trade-off process (e.g., Pareto set theory) will be considered.

The goal of structure parameters design, which is also called dimensional syn-
thesis, is to confirm the best geometric configuration according to objective function
and geometric restriction.

Since only a few geometric parameters can be handled due to the lack of con-
vergence, this arises from the fact that traditional optimization methods use a local
search by a convergent stepwise procedure, e.g., gradient, Hessians, linearity, and
continuity, which compares the values of the next points and moves to the rela-
tive optimal points [60]. Global optima can be found only if the problem possesses
certain convexity properties which essentially guarantee that any local optimum is a
global optimum. In other words, conventional methods are based on a point-to-point
rule; it has the danger of falling in local optima. The genetic algorithms are based
on the population-to-population rule; it can escape from local optima.

For the implementation of genetic algorithms, one problem is how to model
the objective function. It is very difficult and time-consuming exercise especially
when the parameters are multifarious and the objective functions are too complex
that genetic algorithm cannot work well based on the analytical expression of the
performance indices. In artificial neural networks implementation, knowledge is
represented as numeric weights, which are used to gather the relationships between
data that are difficult to realize analytically. The network parameters can be iter-
atively adjusted to minimize the sum of the squared approximation errors using a
gradient descent method, thereby being utilized to represent the system stiffness for
the 3-dof parallel manipulator.

Stiffness is a very important factor in many applications including machine tool
design, as it affects the precision of machining. Induced vibration is explicitly linked
to machine tool stiffness. For a metal-cutting machine tool, high stiffness allows
higher machining speeds and feeds while providing the desired precision, thus re-
duces vibration (such as chatter). Therefore, to build and study a general stiffness
model of parallel mechanisms is very important for machine tool design.
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From the viewpoint of mechanics, the stiffness is the measurement of the ability
of a body or structure to resist deformation due to the action of external forces. The
stiffness of a parallel mechanism at a given point of its workspace can be charac-
terized by its stiffness matrix. This matrix relates the forces and torques applied at
the gripper link in Cartesian space to the corresponding linear and angular Cartesian
displacements.

The velocity relationship of parallel mechanisms can be written as

P� D J Px; (9.39)

where P� is the vector of joint rates and Px is the vector of Cartesian rates, a six-
dimensional twist vector containing the velocity of a point on the platform and its
angular velocity. Matrix J is the Jacobian matrix in (9.23).

From (9.24), one can conclude that

ı� D Jıx; (9.40)

where ı� and ıx represent joint and Cartesian infinitesimal displacements, respec-
tively. Then, one can get the stiffness of this mechanism using the principle of
kinematic/static duality. The forces and moments applied at the gripper under static
conditions are related to the forces or moments required at the actuators to maintain
the equilibrium by the transpose of the Jacobian matrix J. One can then write

F D JTf; (9.41)

where f is the vector of actuator forces or torques and F is the generalized vector of
Cartesian forces and torques at the gripper link. The actuator forces and displace-
ments can be related by Hooke’s law, one has

f D KJı�: (9.42)

Here KJ is the joint stiffness matrix of the parallel mechanism, with KJ D

diagŒk1; : : : ; kn�, where each of the actuators in the parallel mechanism is mod-
eled as an elastic component. ki is a scalar representing the joint stiffness of each
actuator, which is modeled as linear spring. Substituting (9.25) into (9.26), one
obtains

f D KJJıx: (9.43)

Then, substituting (9.28) into (9.26), yields

F D JTKJJıx: (9.44)

Hence, KC, the stiffness matrix of the mechanism in the Cartesian space is then
given by the following expression

KC D JTKJJ: (9.45)
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Particularly, in the case for which all the actuators have the same stiffness, i.e.,
k D k1 D k2 D � � � D kn, then (9.30) will be reduced to

KC D kJTJ: (9.46)

Furthermore, the diagonal elements of the stiffness matrix are used as the system
stiffness value. These elements represent the pure stiffness in each direction, and
they reflect the rigidity of machine tools more clearly and directly. The objective
function for mean value and standard deviation of system stiffness can be written as:

�-stiffness D E.tr.KC//; (9.47)

� -stiffness D D.tr.KC//; (9.48)

where E.�/ and D.�/ represent the mean value and the standard deviation, respec-
tively, and tr is the trace of the stiffness matrix KC.

In order to obtain the optimal system stiffness of the 3-dof parallel manipulator,
three geometrical parameters are selected as optimization parameters. The vector of
optimization variables is

s D fL; h; rg; (9.49)

where L is link length, h is the height of the moving platform, r is the radii of fixed
platform, and their bounds are

L 2 Œ1; 2�m; h 2 Œ0:5; 0:8�m; r 2 Œ0:1; 0:3�m (9.50)

The standard back propagation learning algorithm, as the most popular train-
ing method for feed-forward neural network, is based on the principle of steepest
descent gradient approach to minimize a criterion function representing the instan-
taneous error between the actual outputs and the predicted outputs.

The criterion function can be expressed as follows:

E D

KX
kD1

E2k D
1

2NK

KX
kD1

"
NX
iD1

.yik � tik/
2

#
; (9.51)

where K is the number of output neurons, N is the vector dimension, and yik, tik
are the predicted outputs and actual outputs of the kth output neuron of the ith input
dimension, respectively.

The basic training steps of back propagation neural network are included as
follows:

1. Initialize the weights and bias in each layer with small random values to make
sure that the weighted inputs of network would not be saturated.

2. Confirm the set of input/output pairs and the network structure. Set some related
parameters, i.e., the desired minimal , the maximal iterative times, and the learn-
ing speed.
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3. Compare the actual output with desired network response and calculate the
deviation.

4. Train the updated weights based on criterion function in each epoch.
5. Continue the above two steps until the network satisfy the training requirement.

Figure 9.24 shows the topology of network developed as the objective function to
model the analytical solution of mean value of the system stiffness (�-stiffness). In
this case, two hidden layers with sigmoid transfer function are established in which
eight neurons exist, respectively. The input vectors are the random arrangement of
discretization values from the three structure variables.

Figure 9.25 illustrates the training result using standard back propagation learn-
ing algorithm, where the green curve denotes the quadratic sum of output errors
with respect to ideal output values. After training for 474 times, target goal error is
arrived.

The genetic algorithms can be implemented to search for the best solutions after
the trained neural network is ready for the objective function. To avoid the time-
consuming iterative operation using traditional technologies, the issue of stiffness
optimization can be converted into network optimization. Figure 9.26 shows the
evolution process of the best individual (network) based on genetic algorithms. The
optimal �-stiffness value is 2,218.

The evolution of �-stiffness arises from the optimization of architecture and be-
havior variables in the implementation process of genetic algorithm as shown in
Fig. 9.27. By adjusting the three parameters simultaneously with genetic operators
such as selection, crossover, and mutation, the optimal objective is obtained. The
final values of three parameters searched by genetic algorithm are

s D fL; h; rg D f1:5718m; 0:78579 m; 0:18845 mg: (9.52)

Fig. 9.24 The topology of feed forward neural network for the solution of �-stiffness
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Fig. 9.25 Network training of the objective function about �-stiffness

Fig. 9.26 The evolution of
�-stiffness

The topology of neural networks is similar with the above instance for the opti-
mization of variance of system stiffness (� -stiffness), in which the only difference
is that there are 12 neurons exist in each hidden layer. Figure 9.28 illustrates the
training result of the objective function about � -stiffness with the back propagation
algorithm, where the solid curve denotes the quadratic sum of output errors with
respect to ideal output values. After training for 294 times, target goal error is ar-
rived. The optimization process of � -stiffness with genetic algorithm is illustrated
in Fig. 9.29. After global stochastic search for 40 generations, optimal � -stiffness
value is convergent at 0.47. The evolution of geometrical parameters for � -stiffness
optimization is described in Fig. 9.30. Compared with Fig. 9.27, it can be found that
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Fig. 9.27 The evolution of geometrical parameters for �-stiffness optimization

Fig. 9.28 Network training of the objective function about �-stiffness

the corresponding convergent points of the three parameters in these two figures are
not the same, i.e.,

s D fL; h; rg D f1:5718m; 0:78579m; 0:18845mg: (9.53)

In other words, the two objective functions are conflicted with each other. This
issue will be addressed in the following section where multiobjective optimization
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Fig. 9.29 The evolution of �-stiffness

Fig. 9.30 The evolution of geometrical parameters for �-stiffness optimization

based on Pareto-optimal solution is conducted. Multiobjective optimization prob-
lems consist of simultaneously optimizing several objective functions that are quite
different from those of single-objective optimization. One single global optimal
search is enough for single-objective optimization task. However, in a multiobjec-
tive optimization problem, it requires to find all possible tradeoffs among multiple
objective functions that usually conflict with each other. The set of Pareto-optimal
solutions is generally used for decision maker.
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The basic concept of multiobjective optimization is the concept of domination
[115]. In the issue of maximizing the k objective functions, decision vector (sets of
variable) x* is the Pareto-optimal solution if no other decision vectors satisfy both
the following conditions:

fi .x/ � fi .x
�/; 8i 2 f1; 2; : : : ; kg; (9.54)

fj .x/ > fj .x
�/; 9j 2 f1; 2; : : : ; kg: (9.55)

With the same method, if both of the following conditions are true, decision
vector x dominates y in the maximization issue, noted by x > y. That is:

fi .x/ � fi .y/; 8i 2 f1; 2; : : : ; kg; (9.56)

fj .x/ > fj .x
�/; 9j 2 f1; 2; : : : ; kg: (9.57)

According to the above formulae, Pareto-optimal set can be defined as: if there is
no solution in the search space which dominates any member in the set P , then the
solutions belonging to the set P constitute a global Pareto-optimal set. The Pareto-
optimal set yields an infinite set of solutions, from which the desired solution can
be chosen. In most cases, the Pareto-optimal set is on the boundary of the feasible
region. Typical application of Pareto-based approach can be found in [64]. Since the
implementation of genetic algorithms – including selection, crossover, and mutation
operation – focuses on the whole colony which is consisted by all individuals, and
generally, Pareto-optimal solutions for multiobjective optimization issues are a mul-
tidimensional set. Therefore, genetic algorithms are the effective method to address
the Pareto-optimal solutions of multiobjective optimization issues.

Following initial parameters of Pareto-based genetic algorithms are set before
implementation:

Number of subpopulation D 3
Number of individuals in each subpopulation D 50, 30, 40
Mutation range D 0.01
Mutation precision D 24
Max generations for algorithm terminationD 200

After optimization, the possible optimal solutions in the whole solution space are
obtained without combining all the objective functions into a single one by weight-
ing factors. Figure 9.31 shows the Pareto-optimal frontier sets in which the designers
can intuitively determine the final solutions depending on their preferences. Hence,
the analysis process and cycle time is reduced. From this figure, the trade-off be-
tween the objectives of�-stiffness and � -stiffness is demonstrated in the distributing
trend of these Pareto points for selecting compromisingly. If any other pair of de-
sign variables is chosen from the upper/right area of Figure 9.31, its corresponding
values will locate an inferior point with respect to the Pareto frontier. Besides, the
lower/left side is the inaccessible area of all the possible solution pairs. That is why
Pareto solutions are called Pareto-optimal frontier sets. Figure 9.32 illustrates the
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Fig. 9.31 Pareto-optimal frontier sets

Fig. 9.32 Pareto search space: best individuals at end of optimization

solution distribution in the three-dimensional Pareto search space. It shows that a
set of satisfied optimal solutions which provide enough information about alter-
native solutions for the decision maker with great diversity can be obtained with
Pareto-based genetic algorithms. Therefore, the simulation shows the efficiency of
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the proposed single-objective and multiobjective optimization design methodology
of the 3-dof parallel manipulator.

9.5.2 Case Study 2: Tripod Compliant Parallel Micromanipulator

9.5.2.1 Structure Description

As shown Fig. 9.33, the mechanism is treated as two separated components: a par-
allel mechanism with three 7-dof SPS legs and a branched chain with a 3-dof RPR
passive leg. Compared to common tripod parallel mechanism with no passive leg,
more advantages can be found in this design. First, its motion comes solely from ac-
tuation of the prismatic components which facilitates in control and analysis of the
motion paths of the mechanism. Second, it provides an adequate working envelope
and due to the nature of the deformation incurred by the joints, it has a relatively
high duration. Finally, it has a high accuracy but still leaves room for improvement
due to the fact that input angles are used as the reliant factor. This also further com-
plicates the motion control slightly and the Jacobian matrix. Since rotation about
the z-axis is not required, this leg constrains that motion.

It also minimizes the torque and force on the other components of the mech-
anism. However, it must sustain induced bending and torsion created by external
loads on the moving platform. The additional leg provides further stiffness at the
end effecter and increases the overall precision and repeatability.

The repeated use of spherical joints has both advantages and disadvantages as-
sociated with it. It can cut down on the cost of the equipment because there are

Fig. 9.33 Conceptual design
of the parallel compliant
micro-manipulator
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Fig. 9.34 Kinematical
structure of a 3SPS+RPR
parallel mechanism

less different types of parts required. This also facilitates the manufacturing and as-
sembly processes. However, the use of spherical joints does limit the motion and
working envelope of the mechanism. Because the motion required of the device is
so tiny, this drawback can be neglected. In terms of analysis and motion control,
it appears to be suitable also. Each of the two mechanisms is solved separately to
determine the inverse kinematics.

There are some important assumptions that must be noted before progressing
with the inverse kinematic modeling. It is assumed that each leg is driven by one
actuator which drives the prismatic joint. It is supposed that the centers of the joints
which form a triangle on both the base and moving platform are located on cir-
cles. The centers of these circles serve as the origins for both the fixed reference
frame, denoted by O fx; y; zg in Fig. 9.34 and a moving coordinate frame, denoted
by P fx0; y0; z0g. The points of attachment of the revolute joints at the base are ex-
pressed by Bi and of the spherical joints at the moving platform by Pi where iD 1,
2, 3. Points B1, B2, and B3 lie on the x–y plane. Similarly, points P1, P2, and P3
lie on the y0–z0 plane. Furthermore, each platform is supposed to be an equilateral
triangle.

9.5.2.2 Performance Indices Optimization

The goal of structure parameters design, which is also called dimensional synthesis,
is to confirm the best geometric configuration according to objective function and
geometric restriction. To make sure that the parallel manipulator will possess well
performance such as high system stiffness and dexterity, dimensional synthesis for
optimization is one of the significant steps in the design process of parallel manip-
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ulators. Both the single-objective optimizing and multiobjective optimizing issues
will be investigated in this section to demonstrate the validity of synthesis of radial
basis function network (RBFN) and genetic algorithm for this case.

As one type of feed-forward neural networks that is different from common net-
works such as back propagation networks, RBFN has a special structure consisting
of two layers: a nonlinear hidden layer and a linear output layer. Each of the units
in hidden layer applies a fixed-feature detector which uses a specified kernel func-
tion (i.e., Gaussian, thin plate spline, or multiquadratic) to detect and respond to
localized portions of the input vector space. The network output is a weighted lin-
ear summation of the output of the hidden neurons [52, 141]. One advantage of
radial basis networks over BPNN is that the localized nature of the hidden layer re-
sponse makes the networks less susceptible to weight loss. The RBFN is a universal
function approximation approach that demonstrates more robustness and flexibility
than traditional regression approaches such as polynomial fits. The RBFN works
by choosing not just a single nonlinear function, but a weighted sum of a set of
nonlinear functions (Fig. 9.35).

The kernel functions in the hidden layer produce a localized response to the input
by using the distance between the input vector and the center associated with the
hidden unit as the variable. Suppose the input sample X 2 Rn, the corresponding
output of RBFN is:

�j .x/ D kj .
��X � Cj

��
2
; �/; (9.58)

where Cj is the center associated with the hidden node j and � is the controlling
coefficient of kernel function for hidden node j, which represent a measure of the
spread of data.

��X � Cj
�� is a norm of X ! Cj that is usually Euclidean, which

denotes the distance between the input vector X and Cj . kj is a kernel function with
radial symmetry, which achieves the unique maximum at the point of Cj . Generally,
Gaussian function is selected as the kernel function, namely,

kj .
��X � Cj

��
2
; �/ D exp

 
�

��X � Cj
��2
2

2�2

!
: (9.59)

Fig. 9.35 The topology of
RBFN
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The response of each output node is calculated by a linear function of its input
(including the bias), that is the output of hidden layer. Suppose that the number of
hidden neurons and output neurons isK andM , respectively, the output value ym of
the mth output neuron for the input variable X can be represented by the following
equation:

ym D

KX
iD1

wmikj .
��X � Cj

�� ; �/; (9.60)

where wmi , which is adjusted to minimize the mean square error of the net output,
is the weight between the mth output neuron and the ith hidden neuron.

Most of the training algorithms for RBFN have been divided into two stages.
First, using unsupervised learning algorithm, the centers for hidden layer nodes can
be determined. After the centers are fixed, the widths are determined in a way that
reflects the distribution of the centers and input patterns. The pseudoinverse learning
algorithm yields improved performance at a fraction of the computational and struc-
tural complexity of existing gradient descent algorithms for net weights training.

According to (9.60), the expression of error cost function E.W / is as:

E.W/ D
1

2
kT � Yk2F ; (9.61)

where T is the net target output and k�kF represents the F -norm of the given matrix.

E.W/ D
1

2
kT �HWk2F D

1

2
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jD1

LX
iD1

 
tij �

mX
kD1

hikwkj

!2
; (9.62)

where H denotes the output matrix of hidden layer. The partial derivative of E.W /
can be calculated as:

@E.W/

@W
D
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@E
@wuv
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M�M

(9.63)
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Thus following equation can be deduced:

�
@E
@wuv

�

M�M

D HT.T �HW/: (9.65)

To achieve zero error of the net output, it has

HTHW D HTE: (9.66)
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Then the optimal solution of weights W � can be obtained as

W� D .HTH/�1HTE D HCE; (9.67)

where HC is the Moore–Penrose pseudoinverse of hidden output H.
Since only a few geometric parameters can be handled due to the lack of con-

vergence, this arises from the fact that traditional optimization methods use a local
search by a convergent stepwise procedure, e.g., gradient, Hessians, linearity, and
continuity, which compares the values of the next points and moves to the rela-
tive optimal points [60]. Global optima can be found only if the problem possesses
certain convexity properties which essentially guarantee that any local optimum is a
global optimum. In other words, conventional methods are based on a point-to-point
rule; it has the danger of falling in local optima.

The genetic algorithms are based on the population-to-population rule; it can
escape from local optima. Genetic algorithms have the advantages of robustness
and good convergence properties, i.e.,

1. They require no knowledge or gradient information about the optimization prob-
lems; only the objective function and corresponding fitness levels influence the
directions of search.

2. Discontinuities present on the optimization problems have little effect on the
overall optimization performance.

3. They are generally more straightforward to introduce, since no restrictions for
the definition of the objective function exist.

4. They use probabilistic transition rules, not deterministic ones.
5. They perform well for large-scale optimization problems.

Genetic algorithms have been shown to solve linear and nonlinear problems by
exploring all regions of state space and exponentially exploiting promising areas
through mutation, crossover, and selection operations applied to individuals in the
population. Therefore, genetic algorithms are suitable for the optimization problems
studied here.

Although a single-population genetic algorithm is powerful and performs well
on a wide variety of problems. However, better results can be obtained by intro-
ducing multiple subpopulations. Figure 9.36 shows the optimization rationale of the
extended multipopulation genetic algorithm adopted in this research.

Multiobjective optimization problems consist of simultaneously optimizing sev-
eral objective functions that are quite different from those of single-objective
optimization. One single global optimal search is enough for single-objective op-
timization task. However, in a multiobjective optimization problem, it is required to
find all possible tradeoffs among multiple objective functions that are usually con-
flicting with each other. The set of Pareto-optimal solutions is generally used for
decision maker.
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Fig. 9.36 Schematic
representation of the
optimization rationale based
on genetic algorithms

Following initial parameters of Pareto-based genetic algorithms are set before
implementation:

Number of subpopulation D 5
Number of individuals in each subpopulation D 110, 90, 90, 100, 110
Mutation range D 0.01
Mutation precision D 24
Max generations for algorithm terminationD 80

Global stiffness (compliance), dexterity, and manipulability are considered to-
gether for the simultaneous optimization. After implementation, the possible op-
timal solutions in the whole solution space are obtained without combining all the
objective functions into a single-objective function by weighting factors. Figure 9.37
shows the Pareto-optimal frontier sets in which the designers can intuitionistically
determine the final solutions depending on their preferences. Hence, the analysis
process and cycle time is reduced in large scale. From this picture, trade-off between
the objectives of system stiffness, dexterity, and manipulability is demonstrated in
the distributing trend of these Pareto points for selecting compromisingly. It shows
that a set of satisfied optimal solutions which provide enough information about al-
ternative solutions for the decision maker with great diversity can be obtained with
Pareto-based genetic algorithms. Therefore, the simulation shows the efficiency of
the proposed single-/multiobjective optimization methodology of the 3-dof parallel
manipulator.
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Fig. 9.37 Pareto-optimal solutions and Pareto frontier in the solution space

9.6 Conclusions

The kinetostatic model with its underlying design principles has been made more
explicit through the implementation of optimization based on genetic algorithms in
this chapter. A very remarkable implementation is the optimization of the Tricept
machine tool family. After slightly adjusting the radius of the platform and the base,
the total global stiffness can be improved 1.96 times. For the other mechanisms, the
global stiffness are all obviously improved (normally 1.01–5.4 times). The kineto-
static model analyzed and obtained in previous chapters is employed for optimal
structure design. From the results which have been achieved, it can be seen that
the kinetostatic model can be applied for flexible mechanism analysis and global
stiffness analysis and it can be further used as an optimization tool for parallel mech-
anisms. Moreover, the versatility of genetic algorithm compared to the conventional
optimization methods is shown in this chapter; it is quite appropriate for dealing
with multiparameters problem.



Chapter 10
Integrated Environment for Design and Analysis
of Parallel Robotic Machine

10.1 Preamble

Because of the recent trend toward high-speed machining HSM, there is a demand
to develop parallel kinematic machine with high dynamic performance, improved
stiffness, and reduced moving mass [2,11,93,148]. However, as researchers at Gid-
dings and Lewis have indicated, full integration of standard automation components,
CAD, and a user interface are required before making its parallel kinematic machine
readily available for the general market. A virtual environment that can be used for
PKM design, analysis, and simulation is urgently demanded. Several efforts have
been done on this topic. Pritschow [122] proposed a systematic methodology for
the design of different PKM topologies. Merlet [106] developed the software for the
optimal design of a specific PKM class – Stewart platform-based mechanisms. Jin
and Yang [79,80] proposed a method for topology synthesis and analysis of parallel
manipulators. Huang et al. [75] made some efforts on conceptual design of 3dof
translational parallel mechanisms. Nevertheless, there is no complete virtual system
existing for PKM design and analyze from the literature.

With the objective of developing a practical methodology and related virtual en-
vironment for PKM analysis and design, several activities have been conducted
at Integrated Manufacturing Technologies Institute of National Research Council
of Canada. PKM is a key component of reconfigurable manufacturing systems in
different industrial sectors. It is very important for PKM designers to design and
analysis the potential PKM with an integrated virtual environment before fabrica-
tion. The virtual environment is used for modeling, simulation, planning, and control
of the proposed PKM.

An instance of a virtual parallel machine tool will include models of the machine
tool and workpiece mechanics, the cutting process and the control system. The in-
stance of a virtual parallel machine tool will be the reference model for an existing
machine tool. A 3D virtual environment is both a visualization tool as well as an
interface to the virtual machine tool or the actual machine tool. The software envi-
ronment is also a design tool for constructing the modular components of a parallel
machine tool as well as the integrated system design.

D. Zhang, Parallel Robotic Machine Tools, DOI 10.1007/978-1-4419-1117-9 10,
c� Springer Science+Business Media, LLC 2010
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The objectives of the virtual environment are to develop:

1. A software environment for modeling, simulation, control of parallel machine
tools

2. Machine tool simulations that can predict the geometry and surface finish of parts
3. Basic modeling and simulation capabilities of using the NRC 3-dof PKM as an

example
4. Reconfigurable control systems
5. Systems for real-time inspection of machining operations and path planning in

terms of singularity free and workspace verification.

10.2 Case Study

In general, a systematic design methodology for parallel kinematic machine design
and analysis consists of two engines: a generator and an evaluator. Some of the func-
tional requirements identified are transformed into structural characteristics. These
structural characteristics are incorporated as rules in the generator. The generator de-
fines all possible solutions via a combinational analysis. The remaining functional
requirements are incorporated as evaluation criteria in the evaluator to screen out
the infeasible solutions. This results in a set of candidate mechanisms. Finally the
most promising candidate is chosen for product design. Therefore, the architecture
of the virtual environment is illustrated in Fig. 10.1. It consists of several modules
from conceptual design (selection of the most promising structure) to embodiment
design, from kinematic/dynamic analysis (evaluation criteria) to design optimiza-
tion, simulation and control. In the following, the key components of the system are
described in detail.

For each of kinematic mechanisms, the kinematic chains involved may lead to
several possibilities (serial, parallel, or hybrid). A preliminary evaluation of the
mobility of a kinematic chain can be found from the Chebychev–Grbler–Kutzbach
formula.

M D d.n � g � 1/C

gX
iD1

fi ; (10.1)

where M denotes the mobility or the system DOF, d is the order of the system
(d D 3 for planar motion, and d D 6 for spatial motion), n is the number of the
links including the frames, g is the number of joints, and fi is the number of DOFs
for the i th joint.

Kinetostatic analysis [170] is essential for PKMs that are used for metal cut-
ting, which requires large forces. Higher stiffness, equivalently lower compliance,
means little deformation, resulting in better surface finish and longer tool life. In this
chapter, two global compliance indices are introduced, namely the mean value and
the standard deviation of the trace of the generalized compliance matrix. The mean
value represents the average compliance of the PKM over the workspace, while the
standard deviation indicates the compliance fluctuation relative to the mean value.
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Fig. 10.1 Integrated environment for PKM design and analysis

In this model, it includes forward/inverse kinematics, workspace evaluation, veloc-
ity analysis, stiffness modeling, singularity analysis, and kinetostatic performance
indices. The model will efficiently support the designer in the choice of a topolog-
ical class of reconfigurable machine tools (RMT) and in the configuration of the
machine belonging to that class.

An analysis package (MatLab) is used for comparative study of the character-
istics of the RMT (i.e., manipulability, kinematics, stiffness mapping, workspace,
kinetostatic, and dynamic analysis) to help the designer in selecting the most
promising mechanism for a specific task. This tool will be used also for the devel-
opment of control algorithms (i.e., inverse kinematic, interpolation, and real-time
software collision checking). The kinetostatic model can be used to localize critical
components, which mostly influence the global stiffness of the machine and further
used for design optimization.

The dynamic model [174] will be used for accurate control and controller evalu-
ation. The model should account for any factors that significantly affect the dynamic
behavior of the parallel mechanisms. This includes joint friction, link flexibility, and
eigenfrequencies used for the optimization of the model based servo (and for model
verification). A general modeling method for the dynamic analysis of the PKM will
be developed. In dynamic model, the mass/inertia, gravity of each component (in-
cluding the links between the fixed base and the moving platform) will be included
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in this model. And this model will provide the relationship between the applied
force/torque on the tool and the driving force/torque of the actuators as well as the
constraint f orce/torque of all joints of the PKM.

Lagrange’s formulation is used for dynamic modeling of the 3-dof NRC parallel
kinematic machine. First, dynamic equations of the moving platform and the legs
are formulated and then are assembled.

In the present work, there are many optimization parameters and complex ma-
trix computations. Hence, it is very difficult to derive the analytical expressions for
each stiffness element and workspace volume. Moreover, with traditional optimiza-
tion methods, only a few geometric parameters can be handled due to the lack of
convergence of the optimization algorithm when used with more complex prob-
lems [3]. This arises from the fact that traditional optimization methods use a local
search by a convergent stepwise procedure (e.g., gradient, Hessians, linearity, and
continuity), which compares the values of the next points and moves to the relative
optimal points. Global optima can be found only if the problem possesses certain
convexity properties that essentially guarantee that any local optimum is a global op-
timum. Classical optimization methods are based on point-to-point rules, and have
the danger of falling in local optima, while the genetic algorithms are based on
population-to-population rules, which allow them to escape from local optima. For
this reason, genetic algorithms are selected as the best candidate for the optimization
problems studied here.

Genetic algorithms have been shown to solve linear and nonlinear problems by
exploring all regions of state space and exponentially exploiting promising areas
through mutation, crossover, and selection operations applied to individuals in the
population [4].

To use genetic algorithms properly, several parameter settings have to be de-
termined, and they include chromosome representation, selection function, genetic
operators, the creation of the population size, mutation rate, crossover rate, and the
evaluation function. They are described in more detail as follows. Among these
parameters, the chromosome representation is a basic issue for the GA represen-
tation, and it is used to describe each individual in the population of interest. For
the reconfigurable parallel kinematic machine tools, the chromosomes consist of
the architecture parameters (coordinates of the attachment points, coordinates of the
moving platform, vertex distributions at base and moving platform, platform height,
etc.) and behavior parameters (actuator stiffness, actuated link stiffness, etc.) of the
mechanisms. The roulette wheel approach [4] is applied as a selection function.

A CAD module, used for the implementation from conceptual design phase to
embodiment design phase – developed with Unigraphics, will support the designer
for further finite element analysis and evaluation of the structure deformation and
stress. The CAD module also can be used for simulation to check the interference.
Meanwhile, it can be used to generate drawings for fabrication.

Reducing costs and increasing production throughout are two of the major
challenges facing manufacturing companies today. Therefore, a CAM module is
necessary for manufacturing systems. A CAM system is developed to meet the
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challenges with a set of capabilities for NC tool path creation, simulation, and veri-
fication. It delivers a single manufacturing solution capable of efficiently machining
everything from holes to airfoils. The manufacturing application of Unigraphics
allows one to interactively create NC machining programs, generate tool paths, vi-
sualize material removal, and post process. The CAM module can generate tool
paths for several types of machining, such as planar and cavity milling, sequential
milling, turning, surface contouring, drilling, thread milling, post builder, etc.

CAE module is used for finite element analysis (FEA). FEA software (Nastran) is
required to do deformation and stress analysis of mechanical components included
in the RMT. It can be further used to investigate mechanical properties and integrity
of machined surfaces generated in high speed machining. It can be used to predict
residual stresses and surface properties, determine the effects of diverse cutting-edge
preparations and machining parameters (cutting speed, feed rate, and depth-of-cut)
on the residual stress, distribution.

The Wise-ShopFloor is designed to provide users with a web-based and sensor-
driven intuitive shop floor environment where real-time monitoring and control are
undertaken. It utilizes the latest Java technologies, including Java 3D and Java
Servlets, as enabling technologies for system implementation. Instead of camera
images (usually large in data size), a physical device of interest (e.g., a milling ma-
chine or a robot) can be represented by a scene graph-based Java 3D model in an
applet with behavioral control nodes embedded. Once downloaded from an applica-
tion server, the Java 3D model is rendered by the local CPU and can work on behalf
of its remote counterpart showing real behavior for visualization at a client side. It
remains alive by connecting with the physical device through low-volume message
passing (sensor data and user control commands). The 3D model provides users
with increased flexibility for visualization from various perspectives, such as walk-
through and fly-around that are not possible by using stationary optical cameras,
whereas the largely reduced network traffic makes real-time monitoring, remote
control, on-line inspection, and collaborative trouble-shooting practical for users on
relatively slow hook-ups (e.g., modem and low-end wireless connections) through a
shared Cyber Workspace [150].

By combining virtual reality models with real devices through synchronized real-
time data communications, the Wise-ShopFloor allows engineers and shop floor
managers to assure normal shop floor operations and enables web-based trouble-
shooting – particularly useful when they are off-site.

The generalized stiffness matrix of a PKM relates a wrench including the forces
and moments acting on the moving platform to its deformation. It represents how
stiff the PKM is in order to withstand the applied forces and moments. By definition,
the following relationship holds

w D Kıx; (10.2)

where w is the vector representing the wrench acting on the moving platform, ıx
is the vector of the linear and angular deformation of the moving platform, and K
is the generalized stiffness matrix. Vectors w and ıx are expressed in the Cartesian
coordinates O � xyz.
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Since PKMs are parallel structures, the moving platform stiffness is a combi-
nation resulting from all serial chains including actuators. Figure 10.2 shows a
schematic illustration of a 3 degree-of-freedom PKM with fixed-length legs that
is built at NRC-IMTI. In this type of PKM, the moving platform is driven by sliding
the fixed-length legs along the guideways. The advantages of the structure are the
following: with this basic structure of parallel mechanism, it can be easily extended
to 5-dof by adding two gantry type of guideways to realize the 5-dof machining;
meanwhile, with the fixed length legs, one can freely choose the variety of leg forms
and materials, and to use linear direct driver to improve the stiffness, and it is lack
of heat sources to keep the precision in a high level, the stiffness is stable compare
to variable legs.

Three types of compliance contribute to the deformation of the moving platform,
namely actuator flexibility, leg bending, and axial deformation. A simple way of
deriving the generalized stiffness matrix is to use the force relation and the infinites-
imal motion relation as given below

w D JTf; (10.3)
ıq D Jıx; (10.4)

where J is the Jacobian matrix that relates the infinitesimal motion between the
subserial chains and the moving platform, f is the vector representing forces in the
sub-serial chains; ıq is the vector representing infinitesimal motion of the subserial
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Fig. 10.3 CAD model of the
tripod based PKM

chains. The infinitesimal motion of the subserial chains is referred to as the compo-
nent deformation in the subserial chains. The component deformation would induce
the forces, which are called the branch forces in the subserial chains (Fig. 10.3).

Considering the local stiffness in the subserial chains, denoted by K, the branch
forces induced by the branch deformation can be written as

f D Kıq: (10.5)

The substitution of (10.4) and (10.5) into (10.3) yields

w D Kıx; (10.6)

where the generalized stiffness matrix K is given as

K D JTKJ: (10.7)

Equation (10.6) can be rewritten in terms of compliance as

ıx D Cw; (10.8)

where C is the generalized compliance matrix and C D K�1. The generalized com-
pliance matrix represents how much the moving platform would deform under the
applied wrench w.
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When (10.8) is applied to consider the aforementioned three types of compliance,
the following three types of the moving platform deformation would be induced

ıxt D CtwI ıxb D CbwI ıxa D Caw; (10.9)

where subscripts t, b, and a indicate the deformation due to the torsion in the ac-
tuators, bending and axial deformation of the legs, respectively. Since these three
deformations occur in a serial fashion, the total deformation can be considered as
follows (based on the superposition theory in [142]).

ıx D ıxt C ıxb C ıxa: (10.10)

This leads to the following compliance model,

ıx D CGw; (10.11)

where the total generalized compliance matrix CG is given as

CG D Ct C Cb C Ca: (10.12)

In (10.12), Ct D K�1t , Cb D K�1b , and Ca D K�1a , and (10.12) can be rewritten as

CG D K�1t CK�1b CK�1a ; (10.13)

where
Kt D JT

t KtJtI Kb D JT
b KbJbI Ka D JT

a KaJa: (10.14)

The total generalized stiffness matrix considering the three types of compliance can
be written as

KG D C�1G : (10.15)

From (10.13), it can be seen that CG is defined by three different Jacobians and local
stiffness corresponding to the three types of compliance.

The total generalized compliance matrix as defined in (10.12) does not have the
appropriate units due to multiplication of the Jacobian. For this reason, a weighting
matrix is applied to CG that becomes

CW DWCGW; (10.16)

where the weighting matrix is defined as

W D diag.1; 1; 1; L;L;L/: (10.17)

In (10.16), L is a parameter with length unit. CW is a 6 � 6 matrix with the appro-
priate compliance units.



10.2 Case Study 195

As shown in (10.12b), the compliance matrix is determined by the inverse of the
stiffness matrix. Considering (10.13) and (10.15), the total generalized compliance
matrix can be expressed as

CW DWŒ.JT
t /KtJt/

�1 C .JT
b KbJb/

�1 C .JT
a KaJa/

�1�W: (10.18)

For the prototype under study, it is an over-constrained kinematic system, and three
Jacobains Jt, Jb and Ja are 3� 6 matrices. For this reason, the generalized inverse is
applied and (10.18) is rewritten as

CW D CWt C CWb C CWa; (10.19)

where

CWt D WJt
CKt

�1
.Jt
C/

TW; (10.20)

CWb D WJb
CKb

�1
.Jb
C/

TW; (10.21)

CWa D WJa
CKa

�1
.Ja
C/

TW: (10.22)

In (10.18), the superscript “C” indicates the generalized inverse matrix.
The generalized compliance matrix CG varies over the PKM workspace. Con-

ventional kinetostatic analysis methods, such as stiffness mapping, would require a
large number of graphs to provide an overview of the stiffness variation. An alter-
native, however, could be based on statistical analysis. This method was proposed
to evaluate the generalized mass matrix of PKMs over the workspace. On the basis
of this concept, the mean value and the standard deviation of a selected parame-
ter can be used to evaluate the variation over the workspace. Since the trace of the
generalized compliance matrix is invariant, it is selected as a parameter for global
kinetostatic analysis. The mean value and the standard deviation are defined as

� D E.tr.CW//; (10.23)

� D SD.tr.CW//; (10.24)

where E.�/ and SD.�/ are the mean value and the standard deviation, and tr rep-
resents trace operation. The mean value represents the average compliance of the
PKM over the workspace, while the standard deviation indicates the compliance
fluctuation relative to the mean value. In general, the lower the mean value the lesser
the deformation, and the lower the standard deviation the more uniform the compli-
ance distribution over the workspace.

The method presented is generic and can be readily expanded to any kind of PKM
or completely new topology of PKM. It is quite efficient for the conceptual design
stage to rapidly configure and evaluate several configurations. It can be further used
for geometry optimization.
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The two global compliance indices introduced in (10.19) and (10.20) are used.
In terms of CW, they are rewritten as

�W D E.tr.CW//; (10.25)
�W D SD.tr.CW//: (10.26)

With the two indices, analysis can be conducted to consider the effect of change in
leg and actuator flexibility. To do so, the following two stiffness ratios are defined

˛1 D kb=ktI ˛2 D ka=kt; (10.27)

where kt is the actuator’s stiffness and it is fixed, kb is the stiffness induced by
compliant link bending, ka is the stiffness induced by axial deformation, 1 and 2
change from 0.5 to 2.5. If the two ratios are less than 1, it indicates that the actuator
is relatively stiffer than the leg. If they are equal to 1, the leg and the actuator are
equally stiff. If the ratios are larger than 1, then the leg is relatively stiffer than
the actuator. The term ˛1 is for the leg bending and the term ˛2 for the leg axial
deformation. In terms of ˛1 and ˛2, CWa and CWb can be rewritten as

CWb D .1=˛1/WJb
CKt

�1
.Jb
C/

TW; (10.28)

CWa D .1=˛2/WJa
CKt

�1
.Ja
C/

TW: (10.29)

To investigate the effect of change in leg and actuator flexibility on the global kine-
tostatic behavior of the prototype, the differences of the mean value and standard
deviation are used and they are defined for the three types of compliance under
consideration as

��Wt D E.tr.CW � CWt//; (10.30)
��Wb D E.tr.CW � CWb//; (10.31)
��Wa D E.tr.CW � CWa//; (10.32)
��Wt D SD.tr.CW � CWt//; (10.33)
��Wb D SD.tr.CW � CWb//; (10.34)
��Wa D SD.tr.CW � CWa//: (10.35)

The differences defined in (10.25)–(10.26) indicate the proximity of CWt, CWb and
CWa to CW. A smaller value would mean a larger contribution to the total general-
ized compliance.

Figure 10.4 shows the simulation result considering the full motion range of the
moving platform in the vertical direction. For the purpose of examining the two
ratios, three regions are divided. Region 1 is for ˛1; ˛2 < 1, corresponding to the
case that the leg is more flexible than the actuator. Region 2 is for ˛1; ˛2 > 1, and
˛2 > ˛1, corresponding to the case that the actuator is more flexible than the leg,
while for the leg, the bending is larger than the axial deformation. Region 3 is for
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Fig. 10.4 Simulation results of global compliance mean value uW and global standard deviation
�W: Region 1: ˛1; ˛2 < 1, the leg is more flexible than the actuator. Region 2: ˛1; ˛2 > 1, and
˛2 > ˛1, the actuator is more flexible than the leg, while for the leg, the bending is larger than the
axial deformation. Region 3: ˛1; ˛2 > 1, and ˛1 > ˛2, the actuator is more flexible than the leg,
while for the leg, the axial deformation is larger than the bending

˛1; ˛2 > 1 and ˛1 > ˛2, corresponding to the case that the actuator is more flexible
than the leg, while for the leg, the axial deformation is larger than the bending. As
shown in Fig. 10.4, for small ˛1, i.e., when the bending is larger, it induces very
large compliance at the moving platform. Hence the bending may be considered as
a main factor.

The aim of optimization for PKMs is to minimize the global compliance and
maximize the workspace volume. Therefore, it is a multiobjective optimization
problem. The objective function is given as

val D max.1=�C 1=� C V /; (10.36)

where � represents the mean value of the trace of the global compliance matrix of
the PKMs; � is its standard deviation; and V is the workspace volume of the PKMs.

The methods for determination of the workspace can be found in the literature,
and the method used here is the inverse kinematics-based method [103].

In the cases being studied, there are many parameters and the complicated ma-
trix computation making it difficult to write out the analytical expressions for each
stiffness element. Using traditional optimization methods, only a few geometric pa-
rameters [3] can be handled because of the lack of convergence of the optimization
algorithm when used with more complex problems. This arises from the fact that
traditional optimization methods use a local search by a convergent stepwise proce-
dure (e.g., gradient, Hessians, linearity, and continuity), which compares the values
of the next points and moves to the relative optimal points. Global optima can be
found only if the problem possesses certain convexity properties that essentially



198 10 Integrated Environment for Design and Analysis of Parallel Robotic Machine

guarantee that any local optima is a global optimum. In other words, conventional
methods are based on point-to-point rule; it has the danger of falling in local optima.

Genetic algorithms (GAs) are powerful and broadly applicable stochastic search
and optimization techniques based on evolutionary principles [5]. The genetic algo-
rithms are based on population-to-population rule; it can escape from local optima.
Therefore, genetic algorithms are the suitable for such optimization problems.

To use genetic algorithms properly, several parameter settings have to be deter-
mined, they are: chromosome representation, selection function, genetic operators,
the creation of the population size, mutation rate, crossover rate, and the evaluation
function. They are described in more detail as follows:

Chromosome representation. This is a basic issue for the GA representation; it is
used to describe each individual in the population of interest. For the problem stud-
ied here, the chromosomes consist of the architecture parameters (coordinates of
the attachment points, coordinates of the moving platform, vertex distributions at
base and moving platform, platform height, etc.) and behavior parameters (actuator
stiffness, actuated link stiffness, etc.) of the mechanisms.

Selection function. This step is a key procedure to produce the successive genera-
tions. It determines which of the individuals will survive and continue on to the next
generation. In the study, the roulette wheel approach is applied.

Genetic operators. The operators are used to create new children based on the
current generation in the population. Basically, there are two types of operators:
crossover and mutation. Crossover takes two individuals and produces two new in-
dividuals, while mutation alters one individual to produce a single new solution.

Population size. The population size represents the number of individuals or chro-
mosomes in the population.

Mutation rate. The mutation rate is defined as the percentage of the total number
of genes in the population; it determines the probability that a mutation will occur.
The best mutation rate is application dependent but for most applications is between
0.001 and 0.1. In the case studied, mutation rate is 0.1.

Crossover rate. The best crossover rate is application dependent but for most ap-
plications it is between 0.80 and 0.95. For the case studied, crossover rate is 0.85.

Evaluation functions. Evaluation functions are subject to the minimal requirement
that the function can map the population into a partially ordered set.

Simulations are carried out on the 3-dof PKM prototype built at the Integrated
Manufacturing Technologies Institute of the National Research Council of Canada
as shown in Fig. 10.2. The base platform is a triangular plate with a side length of
245.5 mm and the moving platform is another triangular plate with a side length of
139.7 mm. The guideway length is 95.25 mm and the sliding leg length is 215.9 mm.
The guideway angle relative to the vertical direction is 20ı. The three stiffness values
of the prototype are kt D 1:26e10N=m, kb D 3:13e10N=m, ka D 1:95e7N=m, and
they are the same for the three subserial chains.
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For the problem studied here, the chromosomes consist of the architecture
parameters including coordinates of the attachment points, coordinates of the mov-
ing platform, link length, vertex distributions at base and moving platform, platform
height, etc. Hence, the parameters selected for optimization are the following:
Rp; Rm; hm; �; where Rp is the radius of the moving platform; Rm is the radius
of the middle plate; hm is the height of the middle plate with respect to the base
plate; � is the rotation angle of the middle plate with respect to Cartesian Z-axis.
And their bounds are

Rp 2 Œ60:96; 128:9� mm; Rm 2 Œ128:9; 304:8� mm;
hm 2 Œ243:84; 365:76� mm; � 2 Œ�	=3; 0� rad;

Some other parameters are set as

P D 40;

Gmax D 100;

where P is the population and Gmax the maximum number of generations.
One can rewrite the objective function (27) as

Val.i/ D W�=�CW�=� CWrRmax CWzZrange (10.37)

with i D 1; 2; 3 : : : 40; Rmax is the maximum radius of the workspace; Zrange is the
range of movement in Cartesian Z-axis direction; and Wx is the weight factor for
each entry. In this case, W� D 1;W� D 1;Wr D 0:1IWz D 0:05:

The objective functions are established and maximized to find the suitable geo-
metric parameters (coordinates of the attachment points, coordinates of the moving
platform, link length, vertex distributions at base and moving platform, platform
height, etc.) and behavior parameters (actuator stiffness, actuated link stiffness,
kinetostatic model stiffness, etc.) of the mechanisms. Since the objective function
is closely related to the topology and geometry of the structure, and it is used to
increase working volume to a certain value and to minimize the mean value and
standard deviation of the global compliance matrix.

Once the objective function is written, a search domain for each optimization
variable (lengths, angles, etc.) should be specified to create an initial population.
The limits of the search domain are set by a specified maximum number of genera-
tions, since the GAs will force much of the entire population to converge to a single
solution.

It is very difficult to optimize both global stiffness and workspace to their max-
imum values simultaneously, as larger workspace always leads smaller stiffness,
and vice versa [159]. However, one can solve the problem by determining which
item between workspace and stiffness is the dominant one for design and appli-
cation, and maximize the dominant one while set the other one as a constant (but
set as larger than the original). In this research, we set the workspace to a certain
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Fig. 10.5 The evolution of the performance of the NRC PKM

value, i.e., the radius of workspace is 304.8 mm, and then maximize the global stiff-
ness. The algorithm converged at the 95th generation (Fig. 10.5). The optimized
structure parameters are: ŒRp; Rm; hm; �� D Œ151; 259:8; 280:5;�0:1762�, and the
increased radius of the workspace is 304.8 mm; the range of movement alongZ-axis
is 304.8 mm; the sum compliance of the structure is 0.1568 mm/N.

The proposed methodology is implemented to design and optimization of the
reconfigurable PKMs built at NRC-IMTI. The chromosomes consist of the archi-
tecture parameters including coordinates of the attachments at base and moving
platforms, link length, platform height, coordinates of the moving platform. After
optimization, the global stiffness is improved by a factor of 1.5, and workspace is in-
creased 12%. A detailed example of industrial application is presented and analyzed
in [170].

Java 3D is designed to be a mid to high-level fourth-generation 3D API [17].
What sets a fourth-generation API apart from its predecessors is the use of scene-
graph architecture for organizing graphical objects in the virtual 3D world. Unlike
the display lists used by the third-generation APIs (such as VRML, OpenInventor,
and OpenGL), scene graphs can isolate rending details from users while offering
opportunities for more flexible and efficient rendering. Enabled by the scene-graph
architecture, Java 3D provides an abstract, interactive imaging model for behavior
and control of 3D objects. Because Java 3D is part of the Java pantheon, it assures
users ready access to a wide array of applications and network support functionality
[136]. Java 3D differs from other scene graph-based systems in that scene graphs
may not contain cycles. Thus, a Java 3D scene graph is a directed acyclic graph.
The individual connections between Java 3D nodes are always a direct relationship:
parent to child. Figure 10.6 illustrates a scene graph architecture of Java 3D for the
NRC PKM. This test bed is a gantry system, which consists of an x-table and a 3-dof
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PKM unit mounted on a y-table. The end effecter on the moving platform is driven
by three sliding-legs that can move along three guide-ways, respectively.

As shown in Fig. 10.6, the scene graph contains a complete description of the
entire scene with a virtual universe as its root. This includes the geometry data, the
attribute information, and the viewing information needed to render the scene from
a particular point of view. All Java 3D scene graphs must connect to a Virtual Uni-
verse object to be displayed. The Virtual Universe object provides grounding for the
entire scene. A scene graph itself, however, starts with BranchGroup (BG) nodes.
A BranchGroup node serves as the root of a branch graph of the scene graph. The
TransformGroup nodes inside of a branch graph specify the position, the orientation,
and the scale of the geometric objects in the virtual universe. Each geometric object
consists of a Geometry object, an Appearance object, or both. The Geometry object
describes the geometric shape of a 3D object. The Appearance object describes the
appearance of the geometry (color, texture, material reflection characteristics, etc.).
The behavior of the 3-dof PKM model is controlled by Behavior nodes, which con-
tain user-defined control codes and state variables. Sensor data processing can be
embedded into the codes for remote monitoring. Once applied to a TransformGroup
node, the so-defined behavior control affects all the descending nodes. In this ex-
ample, the movable objects (X-Table, Y-Table, and Moving Platform) are controlled
by using three control nodes, for on-line monitoring/control and off-line simula-
tion. As the Java 3D model is connected with its physical counterpart through the
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Fig. 10.7 Web-based remote monitoring and control

control nodes by low-volume message passing (real-time sensor signals and control
commands, etc.), it becomes possible to remotely manipulate the real NRC PKM
through its Java 3D model.
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Web-based remote device monitoring and control are conducted by using the
StatusMonitor and CyberController, which communicate indirectly with the device
controller through an application server. In the case of PKM monitoring and control,
they are further facilitated by the kinematic models, to reduce the amount of data
traveling between web browsers and the PKM controller. The required position zc
and orientations �x ; �y of the moving platform are converted into the joint coordi-
nates si .i D 1; 2; 3/ by the inverse kinematics for both Java 3D model rendering at
client-side and device control at server-side. The three sliding-legs of the PKM are
driven by three 24V DC servomotors combined with three lead screws. Each actu-
ator has a digital encoder .1:25�m=count/ for position feedback. The position data
si .i D 1; 2; 3/ of the sliding-legs are multicast to the registered clients for remote
monitoring, while only one user at one time is authorized to conduct remote con-
trol. A sampling rate of 1 kHz is used for the case study. Figure 10.7 shows how the
PKM is manipulated from one state to another within the proposed Wise-ShopFloor
framework. The ToolZ (zc), Pitch (�x), and Roll (�y) are the three independent vari-
ables that define the position and orientations of the moving platform of the PKM.

10.3 Conclusions

An integrated virtual environment for PKM design, analyze, validation, path plan-
ning, and remote control is proposed in the article, it can be used in the early stage
for conceptual design of PKM and embodiment design stage with the CAD model
and simulation. An example is implemented under the system. It is shown that the
system is very efficient and generic for most of the PKM design and analyze.
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Boër CR, Molinari-Tosatti L, Smith KS (eds) Parallel kinematic machines – theoretical as-
pects and industrial requirements. Springer, Berlin, pp 131–150

69. Holland JH (1975) Adaptation in natural and artificial systems. The University of Michigan
Press, Ann Arbor, MI

70. Hollingum J (1997) Features: Hexapods to take over? Ind Robot 24:428–431
71. Honegger M, Codourey A, Burdet E (1997) Adaptive control of the hexaglide, a 6 dof parallel

manipulator. In: Proceedings of the IEEE international conference on robotics and automa-
tion, Albuquerque, USA

72. Hong KS, Kim YM, Choi C, Shin K (1997) Inverse kinematics of a serial manipulator: kine-
matic redundancy and two approaches for closed-form solutions. In: Proceedings of IEEE
international conference on robotics and automation, pp 780–785

73. Hostens I, Anthonis J, Ramon H (2005) New design for a 6 dof vibration simulator with
improved reliability and performance. Mech Syst Signal Process 19(1):105–122



208 References

74. Huang JY, Gau CY (2002) A pc cluster high-fidelity mobile crane simulator. Tamkang J Sci
Eng 5(1):7–20

75. Huang T, Li Z, Li M, Chetwynd D, Gosselin CM (2004) Conceptual design and dimensional
synthesis of a novel 2-dof translational parallel robot for pick-and-place operations. ASME J
Mech Des 126:449–455

76. Hunt KH (1978) Kinematic geometry of mechanisms. Clarendon Press, Oxford
77. Hunt KH (1983) Structural kinematics of in-parallel-actuated robot-arms. ASME J Mech

Transm Autom Des 105(4):705–712
78. Jensen KA, Lusk CP, Howell LL (2006) An xyz micromanipulator with three translational

degrees of freedom. Robotica 24(3):305–314
79. Jin Q, Yang TL (2004) Synthesis and analysis of a group of 3-degree-of-freedom partially

decoupled parallel manipulators. ASME J Mech Des 126:301–306
80. Jin Q, Yang TL (2004) Theory for topology synthesis of parallel manipulators and its appli-

cation to three-dimension-translation parallel manipulators. ASME J Mech Des 126:625–639
81. Joines J, Houck C (1994) On the use of non-stationary penalty functions to solve constrained

optimization problems with genetic algorithms. In: 1994 IEEE international symposium evo-
lutionary computation, Orlando, FL, pp 579–584

82. Jovane F, Negri SP, Fassi I, Tosatti LM (2002) Design issues for reconfigurable pkms. In: 3rd
Chemnitz parallel kinematics seminar: development methods and application experience of
parallel kinematics

83. Klein CA, Blaho BE (1987) Dexterity measures for the design and control of kinematically
redundant manipulators. Int J Robot Res 6(2):72–83

84. Kohli D, Osvatic M (1993) Inverse kinematics of general 6r and 5r, p serial manipulators.
Trans ASME J Mech Des 115(4):922–931

85. Kong XW, Gosselin CM (2004) Type synthesis of 3t1r 4-dof parallel manipulators based on
screw theory. IEEE Trans Robot Autom 20:181–190

86. Koren Y (1983) Computer control of manufacturing systems. McGraw-Hill, New York
87. Koren Y, Jovane F, Heise U, Moriwaki T, Pritschow G, Ulsoy G, VanBrussel H (1999) Re-

configurable manufacturing systems. CIRP Ann 48(2):6–12
88. Koza JR (1991) Evolving a computer program to generate random numbers using the ge-

netic programming paradigm. In: Proceedings of 4th international conference on genetic
algorithms, pp 37–44

89. Kucuk S, Bingul Z (2005) Robot workspace optimization based on a novel local and global
performance indices. In: IEEE ISIE, pp 20–23

90. Landers R, Min BK, Koren Y (2001) Reconfigurable machine tools. CIRP Ann 49(1):
269–274

91. Landers RG (2000) A new paradigm in machine tools: reconfigurable machine tools. In:
Japan–USA symposium on flexible automation

92. Lauffer J et al (1996) Milling machine for the 21st century-goals, approach, characterization
and modeling. In: Proceedings of SPIE – the international society for optical engineering
smart structures and materials, pp 326–340

93. Lauffer JP, Hinnerichs TD, Kuo CP, Wada B, Ewaldz D, Winfough B, Shankar N (1996)
Milling machine for the 21st century – goals, approach, characterization and modeling. In:
Proceedings of SPIE – the international society for optical engineering smart structures and
materials 1996: industrial and commercial applications of smart structures technologies, San
Diego, vol 2721, pp 326–340

94. Lee HY, Reinholtz CF (1996) Inverse kinematics of serial-chain manipulators. Trans ASME
J Mech Des 118(3):396–403

95. Lee S, Kim S (1993) Efficient inverse kinematics for serial connections of serial and parallel
manipulators. In: Proceedings of the 1993 IEEE/RSJ international conference on intelligent
robots and systems, pp 1635–1641

96. Lewis G (1996) Automation technology: from imagination to reality. Catalog of
Giddings & Lewis

97. Li T, Payandeh S (2002) Design of spherical parallel mechanisms for application to laparo-
scopic surgery. Robotica 20(2):133–138



References 209

98. Li YM, Xu QS (2008) Stiffness analysis for a 3-puu parallel kinematic machine. Mech Mach
Theory 43(2):186–200

99. Lin W, Crane III CD, Griffis M (1994) Closed-form forward displacement analyses of the 4–5
in-parallel platforms. ASME J Mech Des 116:47–53

100. Lu Y, Hu B (2007) Analyzing kinematics and solving active/constrained forces of a 3spuCupr
parallel manipulator. Mech Mach Theory 42:1298–1313

101. M GC, Zhang D (2000) Kinetostatic modeling of n-dof parallel mechanisms with passive con-
straining leg and revolute actuators. In: Proceedings of year 2000 parallel kinematic machines
international conference

102. Manocha D, Canny JF (1992) Efficient inverse kinematics for general serial manipulators. In:
Proceedings of the 1992 Japan–USA symposium on flexible automation, pp 125–129

103. Masory O, Wang J (1995) Workspace evaluation of stewart platforms. Adv Robot 9(4):
443–461

104. Matar G (1997) Hexapod: application-led technology. Prototyping Technol Int 70–720pt
105. Mehrabi M, Ulsoy G, Koren Y (2000) Reconfigurable manufacturing systems: key to future

manufacturing. J Intell Manuf 11(4):403–419
106. Merlet JP (2000) Parallel robots. Kluwer, New York
107. Michalewicz Z (1994) Genetic algorithms + data structures = evolution programs. AI Series.

Springer, New York
108. Mitchell JH, Jacob R, Mika N (2006) Optimization of a spherical mechanism for a mini-

mally invasive surgical robot: theoretical and experimental approaches. IEEE T Biomed Eng
53(7):1440–445

109. Moon YM, Kota S (1999) A methodology for automated design of reconfigurable machine
tools. In: Proceedings of the 3rd CIRP international seminar on manufacturing systems,
pp 297–303

110. Nearchou AC (1998) Solving the inverse kinematics problem of redundant robots operating in
complex environments via a modified genetic algorithm. Mech Mach Theory 33(3):273–292

111. Nguyen CC et al (1993) Adaptive control of a stewart platform-based manipulator. J Robot
Syst 10(5):657–687

112. Owen J (1999) Tomorrow’s machines in paris. SME Manuf Eng 123(2):118–129
113. Parenti-Castelli V et al (2004) On the modeling of passive motion of the human knee joint by

means of equivalent planar and spatial parallel mechanisms. Auton Robot 16(2):219–232
114. Park MK et al (2001) Development of the pnu vehicle driving simulator and its performance

evaluation. In: Proceedings of IEEE international conference on robotics and automation,
pp 2325–2330

115. Pedrajas NG, Martnez CH, Perez JM (2002) Multi-objective cooperative coevolution of arti-
ficial neural networks. Neural Netw 15:1259–1278
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