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Selected Proofs on Sphere Packings

7.1 Proof of Theorem 1.3.5

7.1.1 A proof by estimating the surface area of unions of balls

Let B denote the unit ball centered at the origin o of E3 and let P :=
{c1 +B,c2 + B, ..., ¢, + B} denote the packing of n unit balls with centers
C1,Ca,...,C, in E3 having the largest number C(n) of touching pairs among
all packings of n unit balls in E2. (P might not be uniquely determined up to
congruence in which case P stands for any of those extremal packings.) First,
observe that Theorem 1.4.1 and Theorem 2.4.3 imply the following inequality
in a straightforward way.

Lemma 7.1.1
nvols(B)

VOlg(U?zl C; —+ 2B) -

Second, the well-known isoperimetric inequality [97] yields the following.
Lemma 7.1.2
n n
36mvol> <U ci + 2B> < svol3 (bd (U ci + 2B>> .
i=1 i=1
Thus, Lemma 7.1.1 and Lemma 7.1.2 generate the following inequality.

Corollary 7.1.3

4(187)3n3 < svoly (bd (U ci + 23)) .

i=1
Now, assume that c¢; + B € P is tangent to ¢; + B € P for all j € T},

where T; C {1,2,...,n} stands for the family of indices 1 < j < n for which
lci — c;|| = 2. Then let S; := bd(c; +2B) and let Cs, (c;, §) denote the open
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spherical cap of S; centered at c¢; € S; having angular radius . Clearly, the
family {Cs, (c;, §),J € Ti} consists of pairwise disjoint open spherical caps of
S;; moreover,

ZjGT,; svoly (Csi (cj, %)) B ZjeTi Sarea (C’(uij7 %))

svoly (Ujer,Cs, (¢, %)) Sarea (Ujer,C(uij, %))

where u;; = 1(c; — ¢;) € S? and C(u;5,F) C S* (resp., C(u;;, %) C S?)
denotes the open spherical cap of S? centered at u;; having angular radius

% (resp., %) and where svoly(-) (resp., Sarea(-)) denotes the 2-dimensional

surface volume measure in E? (resp., spherical area measure on S?) of the
corresponding set. Now, Molnér’s density bound (see Satz 1 in [200]) implies

that
ZjeTi Sarea (C’(uij, %))

< 0.89332 . 7.2
Sarea (UjeT,iC(uij’ %)) "

In order to estimate svoly (bd (| ¢; + 2B)) from above let us assume
that m members of P have 12 touching neighbours in P and k£ members of
P have at most 9 touching neighbours in P. Thus, n — m — k members of P
have either 10 or 11 touching neighbours in P. Without loss of generality we
may assume that 4 < k < n — m. Based on the notation just introduced, it
is rather easy to see, that (7.1) and (7.2) together with the well-known fact
that the kissing number of B is 12, imply the following estimate.

Corollary 7.1.4

svols (bd <U ci+ 2B>) < 12.573(n — m — k) + 38.9578k
i=1

38.9578
3

Hence, Corollary 7.1.3 and Corollary 7.1.4 yield in a straightforward way
that

<

(n—m—k)+ 38.9578k .

1.1822n3 —3k <n—m —k . (7.3)

Finally, as the number C(n) of touching pairs in P is obviously at most

%(12n7(n7mfk)f3k) ,

therefore (7.3) implies that

C(n) < = (12n — (n—m — k) — 3k) < 6n — 0.5911n3 < 6n — 0.59n%,

N |

finishing the proof of Theorem 1.3.5.
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7.1.2 On the densest packing of congruent spherical caps of special
radius

We feel that it is worth making the following comment: it is likely that (7.2)
can be replaced by the following sharper estimate.

Conjecture 7.1.5

.. Sarea (C(u;;,
Z]ETq‘, ( ( J 6)) <6<1\g§> =0.8038... )

Sarea (Ujer,C(uj, 3)) —
. . . . 2
with equality when 12 spherical caps of angular radius & are packed on S=.

If so, then one can improve Theorem 1.3.5 as follows.

Proposition 7.1.6 Conjecture 7.1.5 implies that

3(187)3

21

2

C(n) < 6n— nd =6n—1.8326...n% .

Proof: Indeed, Conjecture 7.1.5 implies in a straightforward way that

svoly (bd ( U ci+ 2B>>
=1

1 V3 8
6(1\?)167r (1 - 2) C(n) = 16mn — ?C(n) .

The above inequality combined with Corollary 7.1.3 yields

< 16mn —

8
4(187r)én% < 167mn — %C’(n) ,

from which the inequality of Proposition 7.1.6 follows. (]

7.2 Proof of Theorem 1.4.7

7.2.1 The Voronoi star of a Voronoi cell in unit ball packings

Without loss of generality we may assume that the d-dimensional unit ball
B C E? centered at the origin o of E¢ is one of the unit balls of the given unit
ball packing in E?,d > 2. Let V be the Voronoi cell assigned to B. We may
assume that V is bounded; that is, V is a d-dimensional convex polytope in
E<.

First, following [218], we dissect V into finitely many d-dimensional
simplices as follows. Let F; denote an arbitrary i-dimensional face of V,
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0 <i<d-—1. Let the chain Fy C F} C --- C Fy_1 be called a flag of V, and
let F be the family of all flags of V. Now, let f € F be an arbitrary flag of V
with the associated chain Fy C F} C --- C F4_1. Then let v; € F;_; be the
point of Fy_; closest to o, 1 <14 < d. Finally, let V; := conv{o,vy,...,v4},
where conv(-) stands for the convex hull of the given set. It is easy to see that
the family V := {V; | f € F and dim(V;) = d} of d-dimensional simplices
forms a tiling of V (i.e., Uv,eyVy = V and no two simplices of V have an
interior point in common). This tiling is a rather special one, namely the d-
dimensional simplices of V have o as a common vertex; moreover the union
of their facets opposite to o is the boundary bdV of V. Finally, as shown in
[218], for any V; € V with V§ = conv{o, v1,...,v4} we have that

5
+Z < |lvill = dist (0, conv{vi, Vis1,...,va}),1 < i < d, (7.4)
i

where dist(-,-) (resp., || - ||) stands for the Euclidean distance function (resp.,

norm) in E<.

Second, we define the Voronoi star V* C 'V assigned to the Voronoi
cell V as follows. Let Vy € V with V; = conv{o,vy,...,vq}. Then let
v := HNlin{v; }, where H denotes the hyperplane parallel to the hyperplane
aff{v1,...,v4} and tangent to B such that it separates o from aff{vq,...,v4}
(with lin(+) and aff(-) standing for the linear and affine hulls of the given sets
in E?). Finally, let V3 = conv{o, V], Vv2,...,vq} and let the Voronoi star
V* of V be defined as V* := Uy, ey V7. It follows from the definition of
the Voronoi star and from (7.4) that the following inequalities and (surface)
volume formula hold:

1 < ||vi|| = dist (0, conv{v],va,...,va}) < |[vi], (7.5)

57
,_:1 < |lv4]] = dist (o, conv{v;, vit1,...,v4q}),2<i<d, and (7.6)
i

1
volg(V*) = Esvold,l(de), (7.7)
where volg(-) (resp., svolg_1(+)) refers to the d-dimensional (resp., (d — 1)-

dimensional) volume (resp., surface volume) measure.

7.2.2 Estimating the volume of a Voronoi star from below

As an obvious corollary of (7.7), we find that Theorem 1.4.7 follows from the
following theorem.

Theorem 7.2.1 volg(V*) > ¥4,

gd
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Proof: The main tool of our proof is the following lemma of Rogers. (See
[218] and [219] for the original version of the lemma, which is somewhat dif-
ferent from the equivalent version below. Also, for a strengthening we refer
the interested reader to Lemma 7.3.11.)

Lemma 7.2.2 Let W := conv{o,w1,...,wg} be a d-dimensional simplex of
E? having the property that lin{w; —w; | i < j < d} is orthogonal to the vector
w; in E? for all1 <i < d—1 (i.e., let W be a d-dimensional orthoscheme
in B?). Moreover, let U := conv{o,uy,...,uq} be a d-dimensional simplex
of E? such that ||u;|| = dist (o, conv{u;, w;i1,...,uq}) for all 1 < i < d. If
[lwi]| < |lu;|| holds for all1 < i <d, then

voly (W) < VOld(U)
volg(BN'W) ~ voly(BNU)’

where B stands for the d-dimensional unit ball centered at the origin o of E?.

Now, let W be the orthoscheme of Lemma 7.2.2 with the additional prop-
2i
1
simplex of edge length 2 in E? can be dissected into (d + 1)! d-dimensional

simplices, each congruent to W. This implies that

erty that ||w;|| = for all 1 < i < d. Notice that a regular d-dimensional

volg;(BN'W)
= 7.8
od voly (W) (78)
Finally, let U := V} = conv{o, v}, va,...,vq} for Vy € V. Clearly, (7.5)
and (7.6) show that W and U, just introduced, satisfy the assumptions of
Lemma 7.2.2. Thus, Lemma 7.2.2 and (7.8) imply that

1y (V%
1 < M. (7.9)
o4 ~ vola(BNV3})
Hence, (7.9) yields that
Wy vola(V7)
— < voly(BNV})———— = voly(V3%) = volg(V*),
o4 V;V I volg(B N Vf) V;V s
finishing the proof of Theorem 7.2.1. O

7.3 Proof of Theorem 1.4.8

7.3.1 Basic metric properties of Voronoi cells in unit ball packings

Let P be a bounded Voronoi cell, that is, a d-dimensional Voronoi polytope of
a packing P of d-dimensional unit balls in E¢. Without loss of generality we
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may assume that the unit ball B = {x € E¢| dist(o,x) = ||x|| < 1} centered
at the origin o of E? is one of the unit balls of P with P as its Voronoi cell.
Then P is the intersection of finitely many closed halfspaces of E¢ each of
which is bounded by a hyperplane that is the perpendicular bisector of a line
segment ox with x being the center of some unit ball of P. Now, let Fy_;
be an arbitrary (d — i)-dimensional face of P, 1 < ¢ < d. Then clearly there
are at least ¢ + 1 Voronoi cells of P which meet along the face Fy_;, that
is, contain Fy_; (one of which is, of course, P). Also, it is clear from the
construction that the affine hull of centers of the unit balls sitting in all of
these Voronoi cells is orthogonal to aff F;_;. Thus, there are unit balls of these
Voronoi cells with centers {o0,x1,...,x;} such that X = conv{o,xy,...,x;} is
an i-dimensional simplex and of course, aff X is orthogonal to aff F;;_;. Hence,
if R(Fy_;) denotes the radius of the (¢ — 1)-dimensional sphere that passes
through the vertices of X, then

R(F;_;) = dist(o,aff Fy_;), where 1 <i <d.

As the following statements are well known and their proofs are relatively
straightforward, we refer the interested reader to the relevant section in [56]
for the details of those proofs.

Lemma 7.3.1 If Fy ;1 C Fy_; and R(Fy_;) = R < /2 for somei,1 <i <

d—1, then
2

T < R(Fy—i—1).

Corollary 7.3.2 /245 < R(Fy) for all1 <i<d.

Lemma 7.3.3 If R(F;_;) < V2 for some i,1 < i < d, then the orthog-
onal projection of o onto aff Fy_; belongs to relintFy_; and so R(Fy_;) =
dist(o, Fiy—;).

7.3.2 Wedges of types I, II, and III, and truncated wedges of

types I, and 11

Let Fy C F} C -+ C Fy_1 be an arbitrary flag of the Voronoi polytope P.
Then let r; € Fy_; be the uniquely determined point of the (d—¢)-dimensional
face Fy_; of P that is closest to the center point o of P; that is, let

r; € F;_; such that ||r;|| = min{||x|| | x € F4—;}, where 1 <i <d.

Definition 7.3.4 If the vectors ri,...,r; are linearly independent in E<,
then we call conv{o,ry,...,r;} the i-dimensional Rogers simplex assigned
to the subflag Fy_; C --- C Fy_1 of the Voronoi polytope P, where 1 <
i < d. If conv{o,ry,...,vrg} C E? is the d-dimensional Rogers simplex

assigned to the flag Fy C --- C Fy_1 of P, then conv{rg_;,...,rq} is
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called the i-dimensional base of the given d-dimensional Rogers simplex and
dist(o, aff{r4_;,...,rq}) = dist(o, aff F;) = R(F;) is called the height assigned
to the i-dimensional base, where 1 < i <d.

Definition 7.3.5 The i-dimensional simplex Y = conv{o,yi,...,y;} C E¢
with vertices yo = 0,y1,-..,Y: 15 called an i-dimensional orthoscheme if for
each 7,0 < j < i —1 the vector y; is orthogonal to the linear hull lin{y) —
vili+1<k<i}, wherel <i<d.

It is shown in [218] that the union of the d-dimensional Rogers simplices of
the Voronoi polytope P is the polytope P itself and their interiors are pairwise
disjoint. This fact together with Corollary 7.3.2 and Lemma 7.3.3 imply the
following metric properties of Rogers simplices in a straightforward way.

Lemma 7.3.6
(1) If conv{o,ry,...,r;} is an i-dimensional Rogers simplex assigned to the

subflag Fy_; C --- C Fy_1 of the Voronoi polytope P, then ,/jZle < lrj]| for
all 1 <j <4, where1 <i<d.

(2) If Fq_y C -~ C Fy_1 is a subflag of the Voronoi polytope P with
R(Fy_;) < V2, then conv{o,r1,...,1;} is an i-dimensional Rogers simplex
which is, in fact, an i-dimensional orthoscheme (in short, an i-dimensional
Rogers orthoscheme) with the property that each r; € relintFy_j,1 < j < is
the orthogonal projection of o onto affFy_;, where 1 <1 < d.

(3) If Fy C --- C Fy_1 is a subflag of the Voronoi polytope P C E?,3 < d with
R(Fy) < /2, then the union of the 2-dimensional bases of the d-dimensional
Rogers simplices that contain the orthoscheme conv{o,ry, ...,rq_o} is the
(uniquely determined) 2-dimensional face Fy of the Voronoi polytope P that is
totally orthogonal to conv{o,ry,...,rq_2} at the point rq—o and so, ||rg—s| =
dist(o, aff Fy) with ry_o € relintFy.

Now we are ready for the definitions of wedges and truncated wedges.
Recall that for any 2-dimensional face F, of the Voronoi polytope P C E¢, d >

3 we have that \/% < R(F3).

Definition 7.3.7
(1) Let Fy be a 2—dimensional face of the Voronoi polytope P C E d >

3 with \/% < R(Fy) < @ and let conv{o,ry,...,rq_2} be any
(d — 2)-dimensional Rogers simplex with rq_o € relintFy. Then the union
W of the d-dimensional Rogers simplices of P that contain the orthoscheme
conv{o,ry,...,r4_2} is called a wedge of type I (generated by the (d — 2)-
dimensional Rogers orthoscheme conv{o,ry,...,rq_2}). Fy is called the 2-
dimensional base of Wi, and ||rq—o|| = dist(o,aff F5) is the height of W
assigned to the base Fs.
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(2) Let Fy be a 2-dimensional face of the Voronoi polytope P C B¢, d > 3 with
\/Q(del) < R(F,) < dQ—fl and let conv{o,ry,...,rq_o} be any (d — 2)-

dimensional Rogers simplex with rqy_o € relintFy. Then the union Wiy
of the d-dimensional Rogers simplices of P that contain the orthoscheme
conv{o,ry,...,rqg_o} is called a wedge of type II (generated by the (d — 2)-
dimensional Rogers orthoscheme conv{o,r1,...,r4_2}). Fy is called the 2-di-
mensional base of Wi, and ||rg—o| = dist(o,aff F») is the height of Wiy
assigned to the base Fs.
(8) Let conv{o,ry,...,rq} be the d-dimensional Rogers simplex assigned to
the flag Fy C Fy--- C Fy_y of the Voronoi polytope P C E¢,d > 3 with
ﬁdl < R(Fy). Then Wy = conv{o,ry,...,rq} is called a wedge of type
111

At this point, it useful to recall, that for any vertex Fj of the Voronoi

polytope P C E¢ we have that dZ—fl < R(F).

Definition 7.3.8 Let B = {x € E4| dist(o,x) = x| < ,/dQT‘_il}.
(1) If W7 is a wedge of type I with the 2-dimensional base Fy which is gener-

ated by the (d — 2)-dimensional Rogers orthoscheme conv{o,ry,...,rq_2} of
the Voronoi polytope P C E¢,d > 3, then

W, =conv ((BNF)U{o=rg,...,rq_3})

is called the truncated wedge of type I with the 2-dimensional base B N Fy
generated by the (d — 2)-dimensional Rogers orthoscheme

conv{o,ry,...,r4_2}.

(2) If Wi is a wedge of type II with the 2-dimensional base Fy which is
generated by the (d—2)-dimensional Rogers orthoscheme conv{o,r1,...,rq_2}
of the Voronoi polytope P C B¢, d > 3, then

W, = conv ((Eﬂ FQ) U {0 =Tr0,..., I‘d,3})

is called the truncated wedge of type I with the 2-dimensional base B N Fy
generated by the (d — 2)-dimensional Rogers orthoscheme

conv{o,ry,...,r4_2}.

As the following claim can be proved by Lemma 7.3.6 in a straightforward
way, we leave the relevant details to the reader.

Lemma 7.3.9
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(1) Let W (resp., W) denote the wedge of type I (resp., of type II) with the
2-dimensional base Fy which is generated by the (d — 2)-dimensional Rogers
orthoscheme conv{o,ry,...,rq 2} of the Voronoi polytope P C E4 d > 3.
If the points x,y € aff Fy are chosen so that the triangle Argy_oxy has a
right angle at the vertex x, then conv{o,r1,...,rq_2,X,y} is a d-dimensional
orthoscheme. Moreover, if z € affFy is an arbitrary point, then conv{o =
ro,...,rq—3,2} is a (d — 2)-dimensional orthoscheme.

(2) Let W denote the wedge of type I with the 2-dimensional base Fy which is
generated by the (d— 2)-dimensional Rogers orthoscheme conv{o = rg,ry,...,
rq—2} of the Voronoi polytope P C E?, d > 3. Let Qo C aff F» and Q5 C aff Fy
be compact convex sets with relintQo Nrelint@Q% = 0. If Ky = Q2 (resp.,
K3 =Q3) and Kj = conv(K;_1U{rq—;}) (resp., Ki = conv(K;_;U{rq—;}))
for j =3,...,d, then Kq = conv(Q2 U {0 = ro,...,ra3}) (resp., Kj =
conv(Q3 U{o =ry,...,r4-3})), moreover relint Ky Nrelint K3 = 0. A similar
statement holds for Wyy.

(3) Let W1 (resp., W) denote the wedge of type I (resp., truncated wedge
of type I) with the 2-dimensional base Fy (resp., B N Fy) which is generated
by the (d — 2)-dimensional Rogers orthoscheme conv{o = rg,r1,...,rq—2} of
the Voronoi polytope P C B d > 3. If Ky = Fy (resp., Ky = BN Fy) and
K; = conv(K;_1U{rq_;}) forj =3,....d, then K4 = W (resp., K4 = W).
Similar statements hold for Wiy and Wi;.

We close this section with the following important observation published
in [56], and refer the interested reader to [56] for the details of the seven-page
proof, which is based on Corollary 7.3.2 and Lemma 7.3.3.

Lemma 7.3.10 Let BN Fy be the 2-dimensional base of the type I truncated
wedge Wt (resp., type II truncated wedge W 1) in the Voronoi polytope P C
E? of dimension d > 8. Then the number of line segments of positive length
in relbd(B N Fy) is at most 4.

7.3.3 The lemma of comparison and a characterization of regular
polytopes

Recall that B = {x € E| dist(0,x) = ||x|| < 1} and let
S = {x € E| dist(0,x) = ||x|| = 1}.

Then let H C E? be a hyperplane disjoint from the interior of the unit ball
B and let @ C H be an arbitrary (d — 1)-dimensional compact convex set. If
[0, Q] denotes the convex cone conv({o} U Q) with apex o and base @, then
the (volume) density 6([o, @], B) of the unit ball B in the cone [0, @] is defined

o vola([o, Q] N B)

5([07Q}7B) - Vold([onD ’
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where voly(-) refers to the corresponding d-dimensional Euclidean volume
measure. It is natural to introduce the following very similar notion. The

surface density §([o, @], S) of the unit sphere S in the convex cone [0, Q] with
apex o and base @ is defined by

abxnsy:&dﬁiﬁégma’

where Svolg_1(+) refers to the corresponding (d — 1)-dimensional spherical
volume measure. R

If h = dist(o, H), then clearly h - d([o,Q],B) = §([o,Q], S). We need the
following statement, the first part of which is due to Rogers [218] and the
second part of which has been proved by the author in [55].

Lemma 7.3.11 Let U = conv{o, uy,...,uq} be a d-dimensional orthoscheme
in E? and let V. = conv{o,vy,...,vq} be a d-dimensional simplex of E?
such that ||v;|| = dist(o,conv{v;, vit1,...,vq}) for all 1 < i < d—1. If

1 < |lw|| < ||vill holds for all 1 <i < d, then
(1) 6(U,B) > §(V,B) and

(2) 5(U, S) > 3(V, S).

For the sake of completeness we mention the following statement that
follows from Lemma 7.3.11 using the special decomposition of convex poly-
topes into Rogers simplices. Actually, the characterization of regular poly-
topes through the corresponding volume (resp., surface volume) inequality
below was first observed by Boroczky and Mathéné Bognar [91] (resp., by the
author [55]). (In fact, it is easy to see that the statement on surface volume
implies the one on volume.) For more details on related problems we refer the
interested reader to [93].

Corollary 7.3.12 Let U’ be a reqular convex polytope in E® with circumcen-
ter o and let s; denote the distance of an i-dimensional face of U’ from o,
0<i<d—1.IfV'isan arbitrary convex polytope in E¢ such that o € intV’
and the distance of any i-dimensional face of V' from o is at least s; for all
0<i<d-—1, then volg(V') > volg(U’) (resp., svolg_1 (V') > svoly_1(U")).
Moreover, equality holds if and only if V' is congruent to U’ and its circum-
center is 0.

7.3.4 Volume formulas for (truncated) wedges

Definition 7.3.13 Let x1,...,%Xn,n > 1 be points in B, d > 1 and let X C
E? be an arbitrary convex set. If Xo = X and X,, = conv ({Xp,— (m—1) fUXm—1)
form =1,...,n, then we denote the final convex set X, by

[X1y. .., Xn, X].
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Definition 7.3.14 Let W; (resp., W) denote the wedge (resp., truncated
wedge) of type I with the 2-dimensional base Fy (resp., B N Fy) which is
generated by the (d—2)-dimensional Rogers orthoscheme conv{o,r1,...,rq_2}
of the Voronoi polytope P C B¢, d > 4. Then let

Qr=r1,...,rq_3,F] (resp.,Q; = [r1,...,r4_3, BN FY))

be called the (d — 1)-dimensional base of the type I wedge Wi = [0, Q7]
(resp., type I truncated wedge W = [0, Q]). Similarly, we define the (d—1)-
dimensional bases Qrr and Qr; of Wit and Wr. Finally, let

hy = |lr1l],he = [lr2 — 1|, ., ha—2 = |lrg—2 — ra_3]|.

Lemma 7.3.15 Let Wy (resp., W) denote the wedge of type I (resp., of
type I1) with the 2-dimensional base Fy which is generated by the (d — 2)-
dimensional Rogers orthoscheme conv{o,ri,...,r4_2} of the Voronoi polytope
P Cc E4 d > 4. Then we have the following volume formulas.

(1) vola—1(Q1) = 2 (ngj hi> vola(Fy) and

(2) voly(W;) = 2 (Hj;f hi> voly (Fy).
_ Sumilar formulas hold for the corresponding dimensional volumes of Q;,
Wi, Qir, Wir, Qpp, and Wiy.

In general, if K C afft F» is a conver domain, then

(3) vola_i (e, . ra—s. K]) = 2oy, (Hj.’;f h) volo(K) and
(4) vola([o,T1, ..., T4_3, K]) = 2 (Hf;f hi) vola (K).

Proof: The proof follows from Lemma 7.3.6 and Lemma 7.3.9 in a straight-
forward way. O

7.3.5 The integral representation of surface density in (truncated)
wedges

The central notion of this section is the limiting surface density introduced as
follows.

Definition 7.3.16 Let Wy (resp., W) denote the wedge of type I (resp.,
of type II) with the 2-dimensional base F» which is generated by the (d — 2)-
dimensional Rogers orthoscheme conv{o,r1,...,rq_2} of the Voronoi polytope
P Cc E¢,d > 4. Then choose a coordinate system with two perpendicular axes
in the plane aff Iy meeting at the point rq_s. Now, if x is an arbitrary point
of the plane aff Fy, then for a positive integer n let T,(x) C aff F» denote
the square centered at x having sides of length % parallel to the fized coor-
dinate azes. Then the limiting surface density g]im ([o,r1,...,v4-3,%],5) of
the (d — 1)-dimensional unit sphere S in the (d — 2)-dimensional orthoscheme
[0,1r1,...,rq_3,X] is defined by
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Otim ([0,r1,...,r4-3,%],5) = lim ¢ ([o,r1,...,rq—3,T,(x)],5).
n—oo
Based on this we are able to give an integral representation of the surface
density in a (truncated) wedge.

Lemma 7.3.17 Let Wy (resp., W) denote the wedge of type I (resp., of
type II) with the 2-dimensional base Fy which is generated by the (d — 2)-
dimensional Rogers orthoscheme conv{o,r1,...,r4_2} of the Voronoi polytope
P CcE¢ d>4.

(1) If x € aff F» and y € aff F» are points such that ||x|| < ||y||, then

Otim ([0,71, - ., Ta_3,%],8) > b ([0,71,...,Ta_3,¥],5).

(2) For the surface densities of the unit sphere S in the wedge Wy and in the
truncated wedge W we have the following formulas.

~ . SVOldfl([O,QI] N S)
d(Wi,5) = volg—1(Qr)
1 ~
- m /F2 5lim ([0, ... 7rd—37x]’ S) dx
and Svoly_1([0,@,] N S)
~_ B volg_1([o,@;] N
AW 8 = @)

1 / ~
= Oim ([0,11, ..., rq_3,%],5) dx,
VOIQ(B N Fg) BNFs

where dx stands for the Euclidean area element in the plane aff Fy. Similar
formulas hold for Wi and W;.

(8) In general, if K C aft Fy is a convex domain, then the surface density of the
unit sphere S in the d-dimensional convexr cone [o,r1,...,rq_3, K| with apex
o and (d — 1)-dimensional base [r1,...,rq_3, K] can be computed as follows.

. 1 .
5([0,r1,...,rd,3,K],S):m/}{éhm([o,rl,...,rd,g,x],S) dx.

Proof:
(1) Tt is sufficient to look at the case ||x|| < [ly||. (The case ||x|| = ||yl
follows from this by standard limit procedure.) Then recall that

~

0([o,r1,...,vq-3,T,(x)],S8) = h16 ([o,r1,...,r4—3,Th(x)],5)

and

~

0([o,r1,...,v4-3,Tn(y)],S) = h1d (Jo,r1, ..., va—3, Tn(y)], S).

Thus, it is sufficient to show that if n is sufficiently large, then
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d([o,r1,...,vq—3, T, (x)],S) > 6 ([o,r1,...,v4-3,T0(y)],S).

This we can get as follows. We can approximate the d-dimensional convex
cone [o,r1,...,rq_3,T,(x)] (resp., [o,r1,...,rq3,T,(y)]) arbitrarily close
with a finite (but possibly large) number of non-overlapping d-dimensional
orthoschemes each containing the (d — 3)-dimensional orthoscheme [o,rq, ...,
rq—3] as a face and each having all the edge lengths of the 3 edges going out
from the vertex o and not lying on the face [o,r1,...,r4_3] close to ||x|| (resp.,
ly]]) for n sufficiently large (see also Lemma 7.3.9). Thus, the claim follows
from (1) of Lemma 7.3.11 rather easily.

(2),(3) It is sufficient to prove the corresponding formula for K.

A typical term of the Riemann—-Lebesgue sum of

1 ~
m /I((Shm ([071'1, tte ’rd—-?)ax]; S) dx
is equal to
1 ~
V012(K>5 (lo,r1, ... va—3, Tn(Xm)], S) vola (T (x5m)), m € M.

Using Lemma 7.3.15 this turns out to be equal to

VOld—l([rla -, g3, Tn(xm)])
VOldfl([I‘l, ey rg_3, K])

5([o,r1, ... ra—z, Tu(xm)], 5)

~ Svolg_1([o,r1,...,rq—3, Th(X)] N S)
V01d71<[r1, N ,I‘dfg,K])

Finally, as the union of the non-overlapping squares T, (x,,), m € M is a good
approximation of the convex domain K in the plane aff F;, we get that

Z Svolg_1([o,r1,...,r4—3, Tn(xm)] N S)

oy volg—1([r1,...,r4—3, K])

_ Y oment Svolg_1([o,r1,. .., rq-3, T, (%Xm)] N S)
VOldfl([I'h e ,I‘dfg,KD

is a good approximation of

Svolg_i ([o,r1,...,ra—3,K]NS) =
=d(lo,ry,...,rq_3, K], S).
vola—1([r1,-- - Ta3, K)) ([o.r1,... ra—s, K], 5)

This completes the proof of Lemma 7.3.17. O
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7.3.6 Truncation of wedges increases the surface density

Lemma 7.3.18 Let Wy (resp., W) denote the wedge of type I (resp., of
type 11) with the 2-dimensional base Fy which is generated by the (d — 2)-
dimensional Rogers orthoscheme conv{o,ry,...,rq_2} of the Voronoi polytope
PC Ed,d > 4. Then

~ o~

3(Wr,8) < 6(Wp,5) (resp., (W1, S) < A(WH,S)) .

Proof: Notice that (1) of Lemma 7.3.17 easily implies that if 0 < voly(F,\B),

then for any x* € Fy with ||x*|| = % we have that

1

BN gim sy ey d—3y 7S d
volo(F5 \ B) /Fz\B lim ([0, 11 rqy_3,x|,S)dx

S glim ([0; ry,... 7rd—37X*]a S)
1 .
- Olim ([0, 11, ..., rq_3,%],5) dx.
o VOlQ(BﬂFg) /BﬂFg : ([ ! =3 ] )
Thus, if 0 < voly(F» \ B), then (2) of Lemma 7.3.17 yields that

~ 1 -~
(S(WDS)_M F25lim([0,r1,...,rd_3,x],5)dX
_ voly(B N Fy) _ j / Stim ([o,r1,...,rq_3,x],5)dx
vola (Fy) vola(B N F) JBAR,
vola (F> \ B) _ 1 _ / gﬁm([o,rl,,._,rd_g,x],S)dx
vola(F2)  volo(F> \B) Jr\B
vola(B N Fy) _ j / Stim ([o,r1,...,r4—3,x%],5)dx
VOIQ(FQ) VOIQ(B n FQ) BNF,
+V012(F2\B) ' 71 / ghm([o,rl,,..,rd,g,x],S)dX
voly (Fy) vola(B N Fy) JBAR,

1 - S
O S— Stim ([0,71, ..., Ta_3,x],S) dx = 0(W7y, S).
volo(B N Fy) /Bﬁle (lory,...,ra-3,x], §) dx = 6(Wy, 5)

As the same method works for W;; and W, this completes the proof of
Lemma 7.3.18. O
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7.3.7 Maximum surface density in truncated wedges of type I

Let W; denote the truncated wedge of type I with the 2-dimensional base
B N F, which is generated by the (d — 2)-dimensional Rogers orthoscheme
conv{o,ry,...,rq_s} of the Voronoi polytope P C E¢,d > 8. By assumption
[ is a 2-dimensional face of the Voronoi polytope P with

2(d - 2) 2(d— 1)
Voo Sh=R(E) < /==

Let Go C aff F» (resp., G C aff F) denote the closed circular disk of radius

2d 2—]7,2
— 2 —
go(h) =/ 7= —h (reSp., g(h) = I h2)

centered at the point ry_o. It is easy to see that G C relintGqy for all

\/@ <h< \/@. (Moreover G = Gy for h = \/@.) Notice that

Gy = B N aff [, thus Corollary 7.3.2 implies that there is no vertex of the
face Fy belonging to the relative interior of Go. Moreover, as h = R(Fy) < v/2

Lemma 7.3.1 yields that ﬁ < R(Fy) holds for any side F of the face Fy,

hence G C F» and of course, G C BN Fy = Gy N Fy. Now, let M C aff F, be
a square circumscribed about G. A straightforward computation yields that

g;((:)) is a strictly decreasing function on the interval [\/ %, \/@)
(ie., & (g;((:))) < 0 on the interval <\/2(dd_12), \/ 2(‘2_1))) and

2(d—2)
go ( d—1 ) 2d
=/ <V2.
p ( 2(d—2)> d+1

d—1

Thus, the vertices of the square M do not belong to Gy. Finally, as d > 8
Lemma 7.3.10 implies that there are at most four sides of the face F5 that
intersect the relative interior of Gy.

The following statement is rather natural from the point of view of the
local geometry introduced above, however, its three-page proof based on
Lemma 7.3.11 and Lemma 7.3.17 published in [56] is a bit technical and so,
for that reason we do not prove it here; instead we refer the interested reader
to the proper section in [56].

Lemma 7.3.19 Let W, denote the truncated wedge of type I with the 2-
dimensional base BN Fy which is generated by the (d — 2)-dimensional Rogers
orthoscheme conv{o,r1,...,rq_o} of the Voronoi polytope P C E¢ d > 8.
Then

o~

5(W[,S) < g([O,I‘l, .o, rg_3,Gg N M],S)
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It is clear from the construction that we can write g( [o,r1,...,r4-3,Go N
M], S) as a function of d — 2 variables, namely

3(51’ e 7£d73;€d72) = Z5‘\([()71‘17 e ,I'd,3,G0 N M]75)7

where & = ||r1]],...,&a—3 = ||ra—3l|,€a—2 = ||[ra—2|| = h. Corollary 7.3.2 and
the assumption on h imply that

2 2(d
i+ 1 7€1,~~~7md73—

[2(d —2) [2(d —1)
—2 = ﬁgfd—2:h< —a

Notice that if ||r;|| = m; for all 1 <4 < d — 2, then [o,r1,...,1r4-3,Go N M]
can be dissected into four pieces each being congruent to W and therefore
0([o,r1,...,rq—3, Go N M],S) =374.

T) < &q—3,

m1:1§§17...,mi:

Lemma 7.3.20

~

AEr, . aosyEaz) < Alma,. .., ma_3,Ma_2) = Ga.
Proof: For any fixed £4_2 = h, (2) of Lemma 7.3.11 easily implies that
AA(&, cos€a3,h) < AA(mh ooy ma_3,h).

Finally, using Lemma 7.3.11 again, it is rather straightforward to show that

the function A (ma,...,mg—3,h) as a function of h is decreasing on the interval
(1/ j 12), \/ 2d— U) From this it follows that

A(ma, ... ,mg_3,h) < A(my,...,ma_3,ma_2) = G,
finishing the proof of Lemma 7.3.20. O

Thus, Lemma 7.3.19 and Lemma 7.3.20 yield the following immediate es-
timate.

Corollary 7.3.21 Let W; denote the truncated wedge of type I with the 2-
dimensional base BN Fy which is generated by the (d — 2)-dimensional Rogers
orthoscheme conv{o,ry,...,r4_2} of the Voronoi polytope P C E4 d > 8.
Then

o~

S(Wp,S) <54

7.3.8 An upper bound for the surface density in truncated wedges
of type II

It is sufficient to prove the following statement.
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Lemma 7.3.22 Let W denote the truncated wedge of type II with the 2-
dimensional base BN Fy which is generated by the (d — 2)-dimensional Rogers
orthoscheme conv{o,ry,...,rq 2} of the Voronoi polytope P C E4 d > 4.
Then

6(WH, S) < ay.

Proof: By assumption F5 is a 2-dimensional face of the Voronoi polytope P
with
2(d-1) 2d

< h = R(F _—
g Sh=RE) <77
Let Gy C aff F» denote the closed circular disk of radius go(h) = d+1 — h2

centered at the point ry_o. As h = R(F3) < V2, therefore Lemma 7.3.1 yields
that

2d
< R(F;
d+1°- \/W < B
holds for any side F; of the face F5. Thus,
BN Fy, =Gy
and so o R
(5(W11, S) = (5([0, ry,...,rq_s, Go], S)
It is clear from the construction that we can write 5A( [o,r1,...,r4_3,Go],S)

as a function of d — 2 variables, namely

A\*(Elv cee 75(1—3;5(1—2) = g([ovrla oy g3, GOL S)?

where & = ||r1]],...,&a—3 = ||ra—3l|,€a—2 = ||ra—2|| = h. Corollary 7.3.2 and
the assumption on h imply that

24 2(d —
my=1<¢&,...,m; = z+1*§“'”’md73: (d )<£d737
-1 2d
:h _—
s =

For any fixed ;_2 = h, (2) of Lemma 7.3.11 easily implies that
A*(&, .. Eamg h) < A*(ma, ..., ma_s, h).
Finally, again applying (2) of Lemma 7.3.11 we immediately get that
AA*(ml, ceymg_3,h) < A\*(ml, cey Mg, MY_o) < T4.

This completes the proof of Lemma 7.3.22. O
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7.3.9 The overall estimate of surface density in Voronoi cells

Let P be a d-dimensional Voronoi polytope of a packing P of d-dimensional
unit balls in E¢,d > 8. Without loss of generality we may assume that the
unit ball B = {x € E? | dist(0,x) = ||x|| < 1} centered at the origin o of E¢
is one of the unit balls of P with P as its Voronoi cell. As before, let S denote
the boundary of B.

First, we dissect P into d-dimensional Rogers simplices. Then let conv{o,
ri, ..., rq} be one of these d-dimensional Rogers simplices assigned to the
flag say, Fop C --- C Fg_1 of P. Asr; € F;_;,1 < i < d it is clear that
aff{rg_o,r4_1,rq} = aff F» and so

dist(o, aff {rg_2,r4—1,r4}) = dist(o, aff F5) = R(F3).

Notice that Corollary 7.3.2 implies that |/ =5 Ad=2) 2) < R(F3).
Second, we group the d-dimensional Rogers simplices of P as follows.

(1): 1t ,/% < R(F) < 4/ @, then we assign the Rogers simplex

conv{o, ry, ...,rq} to the type I wedge W with the 2-dimensional base Fy
generated by the (d—2)-dimensional Rogers orthoscheme conv{o,ry,...,rq_o}
of the Voronoi polytope P € E¢, d > 8

2(d—1
(2): If /22D < R(Ry) < /24,
conv{o, ry, ...,rq} to the type IT wedge W;; with the 2-dimensional base Fj

generated by the (d—2)-dimensional Rogers orthoscheme conv{o,ry,...,rq_2}
of the Voronoi polytope P € E?¢,d > 8.

(3): 1f /22 <

.,rq} to itself as the type IIT wedge Wyy;.
As the wedges of types I, II, and IIT of the given Voronoi polytope P
sit over the 2-skeleton of P and form a tiling of P it is clear that each d-
dimensional Rogers simplex of P belongs to exactly one of them. As a result,

in order to show that the surface density 0(P, 5) = Si;/lzljlf(lb(fg,) = svold(iv;?b 3

then we assign the Rogers simplex

R(Fy), then we assign the Rogers simplex conv{o, ry,

of the unit sphere S in the Voronoi polytope P is bounded from above by a4,
it is sufficient to prove the following inequalities.

( ) (Wlu ) < /U\d7

2): 0(Wi1, S) < Ga,

(3): 8(Wrr1, S) < Ga.

This final task is now easy. Namely, Lemma 7.3.18, Corollary 7.3.21, and
Lemma 7.3.22 yield (1) and (2) in a straightforward way. Finally, (3) follows
with the help of (2) of Lemma 7.3.11 rather easily.

For the details of the proof of 4 < o4, based on the so-called “Lemma
of Strict Comparison”, we refer the interested reader to the proper section in
[56].

This completes the proof of Theorem 1.4.8.
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7.4 Proof of Theorem 1.7.3

7.4.1 The signed volume of convex polytopes

Definition 7.4.1 Let P := conv{p1,p2,...,Pn} be a d-dimensional convex
polytope in B d > 2 with vertices p1,Pa;-- -, Pn- If F := conv{pi,,...,Pi, }
is an arbitrary face of P, then the barycenter of F is

| =

Cp =

k
> pi, (7.10)
j=1

Let Fp € Fy C --- C F;,0 <1 < d—1 denote a sequence of faces,
called a (partial) flag of P, where Fj is a vertex and F;_; is a facet (a face
one dimension lower) of F; for ¢ = 1,...,l. Then the simplices of the form
conv{cr,,Cr,...,Cr } constitute a simplicial complex Cp whose underlying
space is the boundary of P.

We regard all points in E¢ as row vectors and use q7 for the column vector
that is the transpose of the row vector q. Moreover, [q1, . .., qq] is the (square)
matrix with the ith row q;.

Choosing a (d — 1)-dimensional simplex of Cp to be positively oriented,
one can check whether the orientation of an arbitrary (d — 1)-dimensional
simplex conv{cp,,Cp,,...,cr,_,} of Cp (generated by the given sequence of
its vertices), is positive or negative. Let sign (conv{cFo,cFl,...,ch_l}) be
equal to 1 (resp., —1) if the orientation of the (d — 1)-dimensional simplex
conv{cr,,Cry,...,Cr,_, } is positive (resp., negative).

Definition 7.4.2 The signed volume V (P) of P is defined as

1 .
a Z sign (conv{cp,,Cr,,...,cp,_, }) detlcr, cpy, ..., Cryy ],

" FoCF1CCFaq1
(7.11)
where the sum is taken over all flags of faces Fy C Fy C --- C Fy_1 of P, and
det[] is the determinant function.

The following is clear.

Lemma 7.4.3

1 .
V(P) = a Z sign (conv{cp,,Cr,,...,Cr_,}) Cr ACp, A= ACE,_,,

" FoC--CFy_y

where A stands for the wedge product of vectors. Moreover, one can choose
the orientation of the boundary of P such that V(P) = volg(P), where voly(+)
refers to the d-dimensional volume measure in B¢, d > 2.
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7.4.2 The volume force of convex polytopes

We wish to compute the gradient of V(P), where P = conv{p1,pa,...,Pn}
is regarded as a function of its vertices p1,p2,...,Pn. 1o achieve this we
consider an arbitrary path p(t) = p + tp’ in the space of the configurations
p := (P1,P2;---,Pn), where p’ := (p,P5, ..., p,). Based on Definition 7.4.1,
Definition 7.4.2, and Lemma 7.4.3 we introduce V (P(¢)) as a function of ¢
(with ¢ being an arbitrary real with sufficiently small absolute value) via

;' S sign (convien, (1), en, , (1)}) detlen, (1), . cr, , (1)

" FoCF1C-CF4-1

1 .
=5 Z sign (conv{cp, (t),...,cr,_, ()}) Cr () A+ Acp,_, (1),
" FoCF1CCFq1

where cp(t) = %Z?Zl p;,(t) for any face F' = conv{p;,,...,p;,} of P.
Clearly, V (P(0)) = V(P). Moreover, evaluating the derivative 4V (P(t))
of V (P(t)) at t = 0, collecting terms, and using the anticommutativity of the
wedge product we get that

d 1 ¢
—V (P(t)) t=0 = = > N; Ap; 12
dtv( () [e=0 al ; A Pis (7.12)
where each N; is some linear combination of wedge products of d — 1 vectors
p; with p; and p; sharing a common face.

Definition 7.4.4 We call N := (N1,Na,...,N,,) the volume force of the
d-dimensional convex polytope P C E? with n vertices.

The following are some simple properties of the volume force. We leave
the rather straightforward proofs to the reader.

Lemma 7.4.5 Let N := (N,Ns,...,N,,) be the volume force of the d-
dimensional convex polytope P C B4, d > 2 with vertices p1,Pa,--.,Pn. Then
the following hold.

(1) Each N; is only a function of the vertices that share a face with p;, but
not p; itself.

(2) Assume that the origin o of E? is the barycenter of P; moreover, let
T :E? — E? be an orthogonal linear map satisfying T(P) = P. If T(p;) = pj,

For more details and examples on volume forces we refer the interested
reader to the proper sections in [34].
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7.4.3 Critical volume condition

Let P := conv{pi1, P2, ..., Pn} be a d-dimensional convex polytope in E?, d >
2 with vertices p := (p1, P2, .- -, Pn)- Let G be a graph defined on this vertex
set p. Here, G may or may not consist of the edges of P. We think of the edges
of G as defining those pairs of vertices of P that are constrained not to get
closer. In the terminology of the geometry of rigid tensegrity frameworks each
edge of G is a strut. (For more information on rigid tensegrity frameworks and
the basic terminology used there we refer the interested reader to [222].)

Let p’ := (p},P5, ..., P,,) be an infinitesimal flex of G(p), where G(p)
refers to the realization of G over the point configuration p. That is, for each
edge (strut) {i,7} of G we have

(pi —pj) - (P; —Pj) >0, (7.13)

where “” denotes the standard inner product (also called the “dot product”)
in E9.

Let e denote the number of edges of G. Then the rigidity matriz R(p)
of G(p) is the e X nd matrix whose row corresponding to the edge {i,j} of
G consists of the coordinates of d-dimensional vectors within a sequence of
n vectors such that all the coordinates are zero except maybe the ones that
correspond to the coordinates of the vectors p; — p; and p; — p; listed on
the ith and jth position. Another way to introduce R(p) is the following.
Let f : E" — E° be the map deﬁned by x = (X1,X2,...,%Xn) = (..., ||x; —
x;||%,...). Then it is immediate that 1-L f|x_, = R(p). Now, we can rewrite
the inequalities of (7.13) in terms of the rigidity matrix R(p) of G(p) (using
the usual matrix multiplication applied to R(p) and the indicated column
vector) as follows,

R(p)(p)" >0, (7.14)

where the inequality is meant for each coordinate.

For each edge {7, j} of G, let w;; be a scalar. We collect all such scalars into
a single row vector called the stress w := (...,wjj,...) corresponding to the
rows of the matrix R(p). Append the volume force N := (N7, Ny,...,N,) as
the last row onto R(p) to get a new matrix ﬁ(p), which we call the augmented
rigidity matriz. So, when performing the matrix multiplication }Al(p) (p")T, we
find that the result is a column vector of length e+1 having (p; —p;) - (P} —Pj)
on the position corresponding to the edge {i,j} of G, and having " _, Ny -p},
on the (e + 1)st position. Also, it is easy to see that

(w,1)R(p) wa Y+ Ny, ... (7.15)

where each sum is taken over all p; adjacent to p; in G, and we collect d
coordinates at a time.
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Definition 7.4.6 Let N = (Ny,Ns,...,N,,) be the volume force of the d-
dimensional convex polytope P C B d > 2 with vertices p = (p1,P2,---,
Pn). We say that the stress w = (...,w;j,...) resolves N if for each i we
have that Zj wi;j(pi —P;) + N; = o or, equivalently, (w,1)R(p) = o, where o
denotes the zero vector.

Definition 7.4.7 The d-dimensional convez polytope P C E¢ d > 2 and the
graph G defined on the vertices of P satisfy the critical volume condition if
the volume force N can be resolved by a stressw = (..., w;j,...) such that for
each edge {i,j} of G, w;; < 0.

Theorem 7.4.8 Let the d-dimensional convex polytope P C B4, d > 2 and
the strut graph G, defined on the vertices of P, satisfy the critical volume
condition. Moreover, let p' = (p},Ph, ..., P,,) be an infinitesimal flex of the
strut framework G(p) (i.e., let p’ satisfy (7.13)). Then

d
dtV <)|t0 dIZN /\pz>0

i=1
with equality if and only if (p; — p;) - (P; — Pj) = 0 for each edge {i,j} of G.

Proof: The assumptions, (7.15), the associativity of matrix multiplication,
and (7.12) imply in a straightforward way that

n

0=o0-p = (w, 1)R( = > wi;(Pi—py) - (P —P)) + D> _Ni-pj

{i,5} i=1
= wij(p ) - (P} — p+ZNAp<ZNAp—dW(mH
& J 7 ] — 1 - 7 dt =U»
2,7 i=

where N; is regarded as a d-dimensional vector so that N; A p} can be inter-
preted as the standard inner product N; - p;, with appropriate identification
of bases. We clearly get equality if and only if (p; — p;) - (P} — pg) =0 for
each edge {i,j} of G. O

7.4.4 Strictly locally volume expanding convex polytopes

The following definition recalls standard terminology from the theory of rigid
tensegrity frameworks. (See [105] for more information.) Consider now just
the bar graph G, which is the graph G with all the struts changed to bars, and
take its realization G(p) sitting over the point configuration p = (p1, pa, . - .,
pr). (Here bars mean edges whose lengths are constrained not to change.) We
say that the infinitesimal motion p’ = (p}, ph, ..., pP,) is an infinitesimal flex
of G(p) if for each edge (bar) {i,j} of G, we have

(pi — p;) - (P; — Pj) = 0.
This is the same as saying R(p)(p’)T = o for the rigidity matrix R(p).
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Definition 7.4.9 We say that p’ is a trivial infinitesimal flex if p’ is a (di-
rectional) derivative of an isometric motion of B4, d > 2. We say that G(p)
(resp., G(p)) is infinitesimally rigid if G(p) (resp., G(p)) has only trivial
infinitesimal flezes.

Theorem 7.4.10 Let the d-dimensional convez polytope P C E¢, d > 2 and
the strut graph G, defined on the vertices of P, satisfy the critical volume
condition and assume that the bar framework G(p) is infinitesimally rigid.
Then

d 1<
il P(t)) =0 = a ZNi Ap; >0
Ti=1
for every non-trivial infinitesimal flex p’ = (p}, P5, .- ., D)) of the strut frame-

work G(p).

Proof: By Theorem 7.4.8 we have that £V (P(t)) [i=o = & >r_; N;Ap} > 0.
If %V (P(t)) |t=0 = 0, then applying Theorem 7.4.8 again, p = (P1,pPh, .-+
p;,) must be an infinitesimal flex of the bar framework G(p). However, then
by the infinitesimal rigidity of G(p), this would imply that p’ is trivial. Thus,
&V @) li=o0 > 0. U

The following definition leads us to the core part of this section.

Definition 7.4.11 Let P C E% d > 2 be a d-dimensional convex polytope
and let G be a strut graph defined on the vertices p = (p1,P2,---, Pn) of P.
We say that P is strictly locally volume expanding over G, if there is an € > 0
with the following property. For every q = (q1,9s,...,q,) satisfying

lpi —qil| <eforalli=1,....,n (7.16)

and
lpi — pjll < |ldi — q;| for each edge {7, 5} of G, (7.17)

we have V(P) < V(Q) (where V(Q) is defined via (7.10) and (7.11) substi-
tuting q for p) with equality only when P is congruent to Q, where Q is the
polytope generated by the simplices of the barycenters in (7.10) using q instead

of p-

Theorem 7.4.12 Let the d-dimensional convez polytope P C E¢, d > 2 and
the strut graph G, defined on the vertices of P, satisfy the critical volume
condition and assume that the bar framework G(p) is infinitesimally rigid.
Then P is strictly locally volume expanding over G.

Proof: The inequalities (7.17) define a semialgebraic set X in the space of
all configurations {(qi,q,...,qs)|q; € E%,i =1,...,n}. Suppose there is no
€ as in the conclusion. Add V(P) > V(Q) to the constraints defining X. By
Wallace [245] (see [105]) there is an analytic path p(t) = (p1(¢), p2(t),.. .,
pn(t)),0 <t < 1, with p(0) = p and p(t) € X, p(t) not congruent to p(0) for
0<t<1. So,
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[pi = pill < [[pi(t) — p;(#)]| for each edge {i,j} of G and (7.18)

VP)>V(P(t) for0<t<1. (7.19)

Then after suitably adjusting p(¢) by congruences (as in [105] as well as
[107]) we can define

d"p(t)
P/ = Wh:o

for the smallest & that makes p’ a non-trivial infinitesimal flex. (Such k exists
by the argument in [105] as well as [107]).

Because (7.18) holds we see that p’ is a non-trivial infinitesimal flex of
G(p) and (7.19) implies that

d

—V (P()) |t=0 < 0.

SV (P() =0 <

But this contradicts Theorem 7.4.10, finishing the proof of Theorem 7.4.12.
|

7.4.5 From critical volume condition and infinitesimal rigidity to
uniform stability of sphere packings

Here we start with the assumptions of Theorem 1.7.3 and apply Theo-
rem 7.4.12 to each P; and Gp restricted to the vertices of P;, 1 < i < m.
Then let ¢y > 0 be the smallest € > 0 guaranteed by the strict locally volume
expanding property of Theorem 7.4.12. All but a finite number of tiles are
fixed. The tiles that are free to move are confined to a region of fixed volume
in E¢,d > 2. Each P, is strictly locally volume expanding, therefore the vol-
ume of each of the tiles must be fixed. But the strict condition implies that
the motion of each tile must be an isometry. Because the tiling is face-to-face
and the vertices are given by Gp» we conclude inductively (on the number of
tiles) that each vertex of Gp must be fixed. Thus, P is uniformly stable with
respect to €y introduced above, finishing the proof of Theorem 1.7.3.
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