Stochastic Synchrony in the Olfactory Bulb
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Abstract Oscillations in the 30-100 Hz range are common in the olfactory bulb
(OB) of mammals. The principle neurons (mitral cells) of the OB are believed to be
responsible for these rhythms. We suggest that the mitral cells, which prefer to fire
in a limited range could be synchronized by receiving correlated statistically random
inputs (stochastic synchrony). We explore the mechanisms of stochastic synchrony
using a combination of experimental, computational and theoretical methods.

Introduction

From the earliest recordings of brain electrical signals, synchronized oscillatory ac-
tivity of large populations of neurons has been seen as a prominent feature of brain
activity [8]. This synchronized activity occurs in a variety of brain areas and across
a wide range of frequencies. The oscillations are particularly prominent at certain
areas of the brain and in certain frequency bands [9]. The vertebrate olfactory bulb
[1] generates several different prominent oscillations including low-frequency oscil-
lations that are related to respiration, and also much higher-frequency oscillations
in the 30-100 Hz range. Oscillations in the range of 40-80 Hz are observed in many
brain areas and are known as gamma oscillations. These signals have attracted
considerable interest because of their potential role in cognitive function and/or
dysfunction. Here we describe some recent work that led us to propose a novel
mechanism in which synchronization in the gamma frequency band can be caused
by correlations of random, noise-like fluctuations and to apply this mechanism to
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the understanding of oscillatory synchrony in the mouse olfactory bulb. We also
discuss the possibility that similar mechanisms may account for gamma band syn-
chronization across other brain areas, particularly across areas that are not tightly
coupled, but which may receive correlated fluctuations.

Basic Circuitry of the Olfactory Bulb Mediates Recurrent
and Lateral Inhibition

The main features of main olfactory bulb circuitry are indicated in Fig. 2a, b and
have been recently reviewed [16,30,48]. The principal cells of the olfactory bulb, the
mitral cells, receive many excitatory inputs from olfactory receptor neurons in the
nose. These inputs are made onto the highly branched tuft of the primary dendrite
of the mitral cell. These cells in turn provide output to higher brain areas. Mitral
cell activity is modulated by several circuits intrinsic to the bulb, most notably by
dendrodendritic recurrent and lateral inhibition mediated by olfactory bulb granule
cells [3,10,25,49-51,60]. These circuits are believed to refine the spatial pattern of
activity across bulbar neurons [2, 59] and also are known to play an important role
in altering the timing of mitral cell activity [46].

Activity of granule cells triggers release of glutamate containing vesicles in
mitral cell dendrites [25, 26, 33, 43]. This glutamate binds to NMDA and AMPA
receptors on the dendritic spines of postsynaptic granule cells, depolarizing them.
In some cases this depolarization is localized to a particular spine, resulting in re-
lease of GABA from only that spine, back onto the mitral cell [14]. Such local
release mediates a form of recurrent inhibition. In other cases, stronger depolariza-
tion may cause the granule cell to fire an action potential [15,33] which propagates
throughout the dendritic tree of the granule cell, and may cause widespread release
of GABA onto the dendrites of many mitral cells. Such global activation of granule
cells is believed to cause a form of lateral inhibition.

Slow Kinetics of Lateral Inhibition are Incompatible
with Synchronization of Fast Oscillations

Networks coupled by recurrent and lateral inhibition have been widely studied
as generators of gamma oscillations [61, 63]. However, recent physiological data,
mostly from in vitro preparations [40] indicate that olfactory bulb circuitry is more
complicated and more dynamic than previously believed [3,4, 13,24,48,49, 54, 60].
Of particular relevance to discussions of high-frequency oscillatory synchrony is
the observation that recurrent [25, 33, 47] and lateral inhibition [61] in vitro and
in vivo [33] have decay times of approximately 350 ms. These long decay times
are not due to slow kinetics of individual synaptic currents, but rather because the
overall IPSC is made up of a prolonged barrage of small synaptic currents, and the
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rate of events in this barrage decays over several hundred milliseconds. These bar-
rages of synaptic events are probably caused by long latency and repeated firing
of olfactory bulb granule cells [27]. Each of these individual currents has a short
time constant (10-ms decay) and the entire current is blocked by application of
GABAA receptor antagonists. Thus, time course of granule cell-mediated inhibi-
tion spans more than 10 average gamma cycles, but is made up of many fast events.
This slow time constant of lateral inhibition is incompatible with the synchroniza-
tion of gamma oscillations [11, 61, 62]. However, we have described and propose
further study of a mechanism whereby the fast fluctuating divergent outputs from
single granule cells to multiple mitral cells provides a mechanism for synchronizing
fast oscillations in mitral cells. To understand the mechanisms that may lead to this
synchronization, we consider the known properties of olfactory bulb neurons and
circuits.

Gamma Oscillations are Intrinsic to Olfactory Bulb
and to Mitral Cells

Gamma oscillations have been observed in recordings from the olfactory bulb for
many years [1,41]. These oscillations can be readily observed by field potential
recordings both in awake behaving and in anaesthetized animals [39, 53]. In vivo
recordings in anaesthetized animals in which connections from cortex to the ol-
factory bulb were severed have shown that olfactory bulb gamma oscillations are
generated intrinsically in the bulb, not requiring feedback connections from cor-
tex [39]. These oscillations do depend on inhibition as they are not seen during
pharmacological blockade of GABAA receptors and they are altered by genetic ma-
nipulation of GABAA receptors [41]. Recent work has further shown that gamma
frequency oscillation can even be induced in acute olfactory bulb slices [18, 29]
clearly indicating that they can be generated by the intrinsic bulbar circuitry [18,29].
This in vitro synchronization is prevented by blockade of GABAA receptors [29],
and also of gap junctions, sodium current, and glutamate receptors [18].

Mitral Cells are Oscillators with a Preferred Frequency of 40 Hz

The biophysical properties of mitral cells have been investigated in detail in recent
years. Mitral cells tend to have rather depolarized resting membrane potentials (—50
to —60 mV) and fire rather narrow action potentials (1-ms half width). Subthreshold
current steps generate 25-50 Hz oscillations of subthreshold membrane potential in
mitral cells [12] indicating that these cells have subthreshold resonance in the low
gamma frequency range. Further depolarization by current steps of moderate ampli-
tude result in long slow depolarizations which eventually generate high-frequency
spiking [5]. These periods of spiking are interrupted by pauses that last hundreds of
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milliseconds, during which subthreshold oscillations in the membrane potential are
again observed [12]. Increasing the amplitude of the current step results in shorter
pauses in firing without a large effect on the frequency of firing during the spiking
period [5]. Thus, increasing the amplitude of DC current injection causes a change in
the average firing rate without much change in the most common interspike interval
[5]. A similar phenomenon has been observed during in vivo whole cells recordings.
In these recordings, many mitral cells show fluctuations in membrane potential that
track the respiration cycle, which occurs in the theta frequency range (2-5 Hz) [33].
When these cells fire action potentials, these spikes generally occur during the peak
of the theta cycle. A single theta cycle can be associated with multiple spikes and
these spikes occur with an instantaneous frequency of approximately 40 Hz, inde-
pendent of whether the cell fire as few as 2 or as many as 6 spikes in the single theta
cycle. Thus a tripling of the average firing rate can occur even when the spikes that
are generated have an interspike interval of 25 ms.

These observations show that individual mitral cells are strongly biased to fire
in the gamma frequency range and that firing in this frequency range occurs across
a wide range of steady state current values and/or a wide range of in vivo input
strengths. Given that cells with similar firing rates are more easily synchronized,
such dominance of gamma frequency spiking may be important for generating os-
cillatory synchrony across mitral cells. Our basic hypothesis is that odor inputs result
in depolarization of the mitral cells and induce them to fire. Their tendency (due to
intrinsic properties) to fire in a narrow frequency range (even if the inputs slowly
vary) means that they can be treated as mathematical oscillators whose phase (but
not frequency) is modulated by locally correlated inhibitory input from the granule
cells. Interestingly, the firing rate of mitral cells does not vary much over several
orders of magnitude of odor concentration when the granule cells are present [55].
Thus, we suggest that the long-lasting strong recurrent inhibition from the granule
cells serves as a brake to mitral cell activity and keeps the firing rate in a ret-
ricted range. The fast correlated noisy transients that ride on the inhibition will
serve to synchronize a local population of mitral cells as we will see in the next
section.

Noise-Induced Oscillatory Synchrony

In the olfactory system, gamma frequency oscillations (20-80Hz) have been ob-
served since the earliest recordings [1] and are enhanced during certain states and
olfactory behaviors [28, 44]. The mechanisms by which olfactory bulb gamma os-
cillations are generated and synchronized are not, however, well understood. Some
fast oscillations are intrinsic to the bulb circuitry [39] even being observed in slice
preparations [18, 29], suggesting that the intrinsic connectivity can give rise to
synchronization. One long-standing hypothesis has been that recurrent and lateral
inhibition mediated by dendrodendritic mitral cell-granule cell synapses (reviewed
by [48]) are critical for the generation and synchronization, respectively, of high
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frequency oscillations in the olfactory bulb [6,34,52]. According to this hypothesis,
mitral cell activity leads to recurrent inhibition which in turn stops mitral cell firing
for some period. Synchronization is then achieved via lateral inhibition between mi-
tral cells. That is, when one mitral cell inhibits its own firing, it also inhibits other
mitral cells. Thus, the timing of the pauses in firing will be similar across mitral cells
[12,29]. Decaying inhibition then allows resumption of firing which again evokes
recurrent and lateral inhibition. Several variants of this model have been proposed
to explain olfactory bulb fast field potential oscillations [28,29,35,39,42,52]. How-
ever, little direct evidence showing that this mechanism can account for synchronous
fast oscillations in the olfactory system has been provided. Alteration of inhibition
changes fast field potential oscillations in vivo and in vitro [18,29,41], but this is
consistent with other mechanisms (see below).

As described above, the kinetics of lateral inhibition in the olfactory bulb find it to
be inconsistent with this proposed mechanism of gamma oscillations. We then use
experimental and computational approaches to investigate the possibility that the
olfactory bulb is using a different mechanism to generate synchronous oscillations.
Specifically, we have shown that a mechanism that has been described theoretically
[38,58] but not previously applied to real oscillating neurons accounts for synchro-
nization of fast olfactory bulb oscillations. According to this mechanism, mitral
cells firing in a roughly oscillatory pattern are synchronized by correlated, but ape-
riodic inputs received from common granule cells. Such a mechanism of generating
synchronous oscillations has not been observed experimentally in neural systems,
though it may explain some previously observed phenomena [23,45].

Stochastic Synchrony

Based on the above considerations, we suppose that the mitral cells can be regarded
as noisy oscillators which receive some common (and thus correlated) input from
surrounding granule cells. We can now ask if this is sufficient to cause some degree
of synchronization and if so, what properties of the noise, correlation, and oscillators
are necessary for this synchrony. First consider N identical nonlinear oscillators
sharing a common signal:

dx;

i = FXD+aE0+V1-4250) (1)

where & (¢) is a common noise term and Z;(¢) are independent uncorrelated
noise terms. (The noise could be colored, white, Poisson, etc). We assume that
X' = F(X) admits a stable limit cycle oscillator. If ¢ = 0, then the intrinsic
uncorrelated noise will drive the oscillators apart, however, for non-zero ¢, there
is some shared signal which could lead to partial synchrony of the oscillators.
Figure 1 shows an example simulation of 50 Hodgkin—Huxley oscillators (stan-
dard HH model with 10 wA/cm? current injected so that they oscillate regularly)
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Fig. 1 Shared white noise between 50 HH oscillators. Upper left shows the averaged potentials
of all 50 neurons as a function of the degree of correlation in the inputs. Remaining plots show
potential as a function of time for these correlations.

with various values of g. The top left of the figure shows the average potential
of all 50 cells: as the degree of shared input increases, a strong periodic rhythm
emerges. Figure 2 shows that this behavior is not restricted to neural models. Fig. 2a,
b show the underlying anatomy and membrane dynamics underlying stochastic syn-
chrony in the olfactory bulb. In [19], we injected partially correlated input currents
into a mitral cell and recorded the resulting potential. Figure 2c1 shows two tri-
als of current injection (red and black curves) with 0% and 80% correlation. The
potential traces of the mitral cells to these currents are shown in Fig.2c2. There
are clearly many more overlapping spikes when the correlation is high. To quan-
tify this, we computed the cross-spectral density for different levels of correlation.
As seen in figure 2c3,4, this grows with increased correlation and shows a peak
in the 15-40Hz range commonly found in the OB. These two figures demonstrate
that common noise could play a large role in determining the synchrony between
neurons.
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Fig. 2 Stochastic synchrony in mitral cells. (a) Diagram showing two uncoupled mitral cells with
common granule cell; (b) Shared IPSPs between motral cells; (c1) Input currents 0% correlation
and 80% correlation shown; (c2) Mitral cell responses to these two stimuli; (€¢3) Cross spectral
density with different correlations; (c4) Power boost in the 15-40 Hz range due to correlation. (We
depict the area under the curves in figure ¢3 in the 15-40 Hz range divided by the total area under
each curve.).

Phase Reduction and Lyapunov Exponents

To mathematically quantify the mechanism underlying stochastic synchrony, we ap-
ply the theory of phase reduction to (1). Since the oscillators are uncoupled and
independent, we need only consider a pair of them to understand the phenomena.
To consider the most general scenario, we assume that the oscillators can be slightly
different and that the noise they receive is small. Furthermore, since we are in-
terested in the role of shared currents, we assume that the only component of the
oscillator which is perturbed is the somatic compartment and that the component
of the vectors, =, &; are &, £;, respectively. Then, (see [58]) a pair of oscillators
reduces to the pair

01
0

o1 + AB)[gER) + V1 - q26(1)] 2)
Wy + AB)[GER) + V1 - g26(1)]. 3)

In absence of stimuli, these oscillators fire at frequencies, w; and if the oscilla-
tors are identical, w; = w;. The crucial function in this model is A(6), the phase
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resetting curve of the oscillator. Mathematically, A(6) is proportional to the voltage
component of the solution, Y (¢) to the linear adjoint equation:

Y'(t)=-DxFU)TY(@), YT()U @) =1

where U’(t) = F(U(t)) is a stable limit cycle solution. Heuristically and experi-
mentally, A(0) is computed as follows. Let us define the phase of the oscillator to
be the time since it has last produced an action potential. Thus, 0 < 6 < P where P
is the period of the oscillator. Suppose that we inject a brief current pulse at phase,
0 of the oscillation. This will cause an action potential to occur at a time P which
is not generally the same time as the time, P when it would normally occur. The
phase resetting curve (PRC) for the stimulus is:

PRC(0,a) = P — P

where, a parameterizes the magnitude of the perturbation (for example, the total
charge delivered to the neuron). The quantity, A(0) := lim,—.o PRC(0, a)/a defines
the infinitesimal PRC or the voltage component of the adjoint.

Figure 3 shows PRCs from both model and real neurons. One point that we want
to make is that there are two qualitatively different types of PRCs: those which have
both a negative and positive component and those which are strictly nonnegative.
The PRCs on the left have a negative and positive component.

Given the PRC, A(f), the noise, §; and the heterogeneity, w; we can now
quantify the degree of synchronization for the uncoupled pair, (2-3). Let us first
assume that they are identical and the noise is completely correlated. We can ask if
solutions which start near synchrony will converge to synchrony and if so, how fast
they will converge. (For simplicity, we will assume that A has period 1 without loss
of generality.) Subtract the two equations and let ¢ = 6, — 6;. Then for ¢ small

¢' = [A(01 + ¢) — A(O)]E(1) =~ A'(01)9E(1).

We can study how ¢ varies over time when £(¢) is white by applying Ito’s lemma.
Let y =log¢. Then

2
¥ =80 + N OF).

where o2 is the variance of the noise, £(7). y undergoes Brownian motion with a
negative drift term. Since ¢ = exp(y), on average, ¢(¢) will decay like exp(At)
where A is the average drift:

02

A= i ‘/T N G0)2, ar =
TS T Sy W, =7

T—o00

1
/ A'(9)?P(6) deb, 4)
0
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Fig. 3 Phase resetting curves. (al,2) The Hodgkin—Huxley model and the Traub model with a

calcium-dependent potassium current. (b1,2) PRCs from hippocampal neurons under different
dynamic clamp scenarios. (Data provided by Theoden Netoff.)

where we have used the ergodicity of the noisy process to derive the last equality
and where P(0) is the invariant density of the phase

0=—-w

2
dP 02 dA(6) (dA(@)P). )

do 2 do do

If, instead of continuous noise processes, there are Poisson inputs, then the system
of equations reduces to a pair of discrete maps [36]:

On+1 = 60, + 01 + 0A(6y)
bnr1 ~ [1 + oA (6,)]¢n.
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where o is the magnitude of the pulse. For this model
1
A =/ log (1 4+ oA'(9)) P(9) db, (6)
0

1
P) = /0 00 —x —0A(x))P(x) dx (7

where Q(x) is the periodized density for an exponential distribution. Note that if
o is small, then we can expand (6) and we obtain the same equation as in (4)
for the parameter A which is called the Lyapunov exponent. In both cases, it is
clearly a negative quantity, so that common noise will always cause nearby oscil-
lators to converge to synchrony. The rate at which they converge is proportional to
A, so that more negative values of A correspond to greater stochastic synchrony. In
two papers, Tateno and Robinson [56,57] explored the Lyapunov exponent in model
neurons and in cortical slices.

In recent work, Abouzeid and Ermentrout (in preparation) consider the pair of
equations (4) and (5) along with a constraint

1
/ ao[ AP + a1 [A ()] + az[A"(1)]? dt =1
0

as an optimization problem in which one tries to minimize A. They find using the
Euler-Lagrange equations and perturbation methods that the optimal PRC is close to
a sine wave, A(t) = C sin 2rt. One can also use specific parameterizations of A(¢)
which are close to the shapes of biological PRCs and then treat the optimization as a
standard calculus problem. Indeed, consider A(t) = [sin(2xt 4+ a) — sin(a)]/N(a)
where N(a)? = 3/2 — cos(a)? is chosen so the L2 norm of A(t) is 1. If we assume
weak noise, then P(6) is roughly 1 and

2
., 2m

3—2cosa

Ax—0

which clearly has a maximum at ¢ = 0. On the other hand, if we fix the square
of A’(t) or A”(¢) then the parameter a can be arbitrary. Similar approaches can be
applied to the discrete Poisson case of equations (6) and (7). We remark that Tateno
and Robinson found a similar result, PRCs with both negative and positive lobes
have a more negative value for A.

Noise Color and Reliability

Related to stochastic synchrony is the question of reliability of spikes. That is, given
the same stimulus over and over again, how reliably times are the spikes of a neuron
(or alternatively, how well correlated are the voltage traces). In a groundbreaking
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Fig. 4 Reliability in the HH model. Left panel shows spike rasters for 100 trials in which a con-
stant current is applied and there is independent white noise. Right panel shows the same with an
additional frozen noise current applied

paper, Bryant and Segundo [7] showed that a frozen white noise stimulus could pro-
duce very reliable spikes in a molluscan neuron. This was later applied by Mainen
and Sejnowski [31] to cortical neurons. Figure 4 shows an example of this phenom-
ena in the HH model. 100 trials are shown in which a constant current is applied at
t = 0 which lasts for 500 ms. Below the spike rasters, we have binned the number of
cells firing in a short time window. The initially reliable spikes degrade over time.
On the other hand, if a small frozen noise signal is added on top of the constant
current, then a large fraction of spikes can be reliably maintained over the duration
of the stimulus. The implications for this in coding are reviewed in Ermentrout et al
(2008).
We can quantify reliability as

R = lim (1/T) fo s1(1)s2(t) dt
T—o0 (I/T) jO Sl(l‘)z dr s

where s;(¢) is a measure of the spike times, for example, a narrow Gaussian centered
at the spike times of two signals. Note that this is like the normalized correlation. In
an unpublished calculation, we show that when a stimulus is presented repeatedly
in the presence of independent white noise, the reliability is related to the Lyapunov
exponent:

R V=21b , )

/261 + o2

where b is a parameter related to the Gaussian smoothing of the spike times and og
is the extrinsic (independent) noise. Note that as og — 0, R — 1. Since reliability
is a monotonic function of —A, this means that the maximal reliability occurs when
—A is largest.
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Conventional wisdom is that white noise is the best stimulus for reproducible
spikes. However, if the frozen noise is small and the neurons are (noisy) oscillators,
then it turns out that colored noise can produce greater reliability. Galan et al. [22]
demonstrate this for both real and model neurons. Equation (8) shows that the relia-
bility is related to the Lyapunov exponent, so that we will try to calculate this in the
presence of colored noise generated by the Ornstein-Uhlenbeck process:

de = —BEdt + /BdW,

where B determines the autocorrelation of the noise, C(f) = (£(0)£(z)) =
exp(—p|t|) and W(t) is delta-correlated noise with variance, 02/2. Recall that the
Lyapunov exponent satisfies

ot
A= Tll)moo - /0 A'(O(t))E(t) dt, 9)
where 6(r) satisfies
0'(t) = 1+ 8(0(1))&(t). (10)

For small noise 0 < 1, we can approximate the phase,

0(t) =1+ / A(s)E(s) ds
0

and thus (9) is

) ] T ” t
A & lim T/o A (t)/0 A(s)C(t —s) ds.

T—o00

For example, if A(f) = asin2x6 and C(¢) = exp(—p|t|), then

B
A Kﬂz + 472

where K is a positive constant dependent on the magnitude of the noise, but not .

In this case, clearly the most negative A occurs when 8 = 2.

Figure 5a shows that there is a clear peak in the value of reliability as a function
of T := 1/ for model and real neurons driven to fire at about 40 Hz. Figure 5b
shows the approximate value of the Lyapunov exponent from the calculations for
a sinusoidal PRC along with the values obtained from a Monte Carlo simulation.
For PRCs dominated by the first Fourier mode, the rule of thumb is that the opti-
mal time constant for colored noise is 7o, ~ P /2w where P is the period of the
oscillator.
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Fig. 5 Reliability as a function of the noise color. (a) Experiments and simulations show the peak
of reliability for a 40-Hz oscillator at about 4 ms time constant. (b) Montecarlo and theory for a
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Input/Output Correlations

To study the output vs. input correlations, we consider (2) and (3) where w; = w;
but ¢ < 1. Nakao et al. [37] studied this problem for white noise and Marella and
Ermentrout [32] for Poisson inputs. In both cases, one is interested in the stationary
density for the phase-differences between the two oscillators, that is, the random
variable, ¢ := 0, — 0;. It turns out that through a series of perturbation expansions,
one obtains the same result no matter whether the noise is white or Poisson:

K
P(¢.c) = ho) (11)
1— € 1(0)

where .
h@) = /0 AS)AG + ¢),

¢ = 2q/(1 + q) is the correlation, and K is a normalization so that the integral is
1. Note that as ¢ — 1, this distribution approaches a delta function corresponding
to perfect synchrony. One way to characterize the degree of synchrony is the “order
parameter”

1
z(c) :=/ cos2msP(s,c)ds
0
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which is zero for a uniform P and 1 for a delta function. Another way to characterize
the degree of synchrony is to look at the deviation of the peak from the uniform
distribution P (0, c) — 1. Marella and Ermentrout [32] explore the dependence of
z and other order parameters on the shape of the PRC. In particular, they examine
z(g) with different PRC shapes and find that if the L? norm of the PRC is kept
constant, PRCs which have the smallest DC component maximize this function. As
a final example, for small correlation, ¢, Marella and Ermentrout obtain a simple
expression for the deviation of the peak

(A)?
PO,c)—1=c|1—-
(0.¢) (A2)
where (x) = fol x(s) ds. If we keep the L2 norm of the PRC constant, say 1, then
the denominator is 1 and the peak deviation is maximal when A has zero mean —
that is, no DC component.

Summary

Oscillations are ubiquitous in the nervous system and in the olfactory bulb in partic-
ular. In order for there to be large macroscopic local field potentials, there must be
a good deal of synchrony in the rhythmic behavior of the principle cells, here, the
mitral cells. Inhibition persists for too long and there is no direct coupling between
these neurons. Thus, we have posited that a primary mechanism for synchronization
is shared “noisy” inhibitory postsynaptic currents (inhibitory miniature events) from
the interneurons, granule cells. We have characterized the degree of this so-called
stochastic synchronization by reducing complex neuronal networks to dynamics of
the phases of each neural oscillator. This has allowed us to derive some expression
for the degree of synchrony as a function of properties of the noise and properties of
the underlying oscillations. Furthermore, our simple theories have been put to ex-
perimental tests both in complicated membrane models and in real central nervous
system neurons.
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