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Approximate symbolic models for control

This chapter continues the generalization from exact to approximate similar-
ity, now in the context of symbolic models for control. We discuss approximate
feedback composition and refinement, and show how the techniques developed
in Chapter 10 can be suitably extended to control systems and switched affine
systems. Nonlinear extensions of these results are presented as special topics.

Notation

The following notation is used in this chapter. For any matrix P € R»*", PT
denotes the transposed matrix. Matrix P is said to be symmetric if P = P,
and is said to be positive definite if for every x € R", 2 # 0 implies 7 Pz > 0.
We denote by SP(n) the set of all symmetric and positive definite matrices in
R™*™. The minimum and the maximum eigenvalues of a matrix P € R™*" are
denoted by A, (P) and Apf(P), respectively. For any « € R™, ||x|| represents

the Euclidean norm of = defined by ||z|| = (2 4+ 23 + ... + 22)* where z; is
the ith component of the vector x. This norm induces a norm in the space

of matrices that can be computed as [|A|| = )\J%M(ATA) for any A € R™™.
The exponential of any matrix A € R"*™ is denoted by e and is the analytic
function Y°;° & A’. The ball of radius € R centered at z € R" is denoted
by B, (x) and defined as the set of all the points 2’ € R™ satisfying ||z—z'|| < r.
If Z CR™ and n € RT, [Z],, denotes the subset [Z],, C Z defined by:

Z), = {ZEZ | zi:ki%n for some k; € Z and i = 1,2,...,n}.
Note that we can cover Z by balls of radius 7 centered at the points in [Z],,.
This observation is used several times in this chapter.

Given a subset W C Z we denote by ¢ : W — Z the natural inclusion of
W in Z taking w € W to «(w) = w € Z. The identity map on Z is denoted by
1z : 7 — Zwhilenwyx : X, X X3 x U, x Uy, — X, X X denotes the projection
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sending (24, Tp, Ua, up) € Xq X Xp X Uy X Up t0 (24, xp) € Xo X Xp. A relation
R C Z x W is surjective when for every w € W there is a z € Z satisfying
(z,w) € R.

A metric on aset Z is a function d : Z x Z — R{ satisfying: d(z, 2’) = 0 iff
z=2d(z,2)+d(Z,2") > d(z,2"); d(z,2") = d(7, z). A metric d is said to
be norm-induced if d(z, y) = ||z —y|| for some norm ||-|| and for every z,y € Z.
A metricd: Z x Z — Rar on the set Z induces a pseudo-metric on 27, the set
of all subsets of Z. Such pseudo-metric, called the Hausdorff pseudo-metric

. — —
and denoted by dy, is defined by dj, (K, W) = max {dh(K7 W), dn (W, K)},

where cT;;(K, W) = supyex infyew d(k, w) is the directed Hausdorff pseudo-
metric and K, W C Z. We recall that the Hausdorff pseudo-metric dy, satisfies
all the requirements of a metric except that W = W’ implies d (W, W') =0
but dy, (W, W’) = 0 does not imply W = W".

A function f :]a,b[— R™, a,b € R, is said to be piecewise continuous if
there exists an ordered sequence of real numbers a =i < iy < ...<ip =0
such that for every j € {1,2,... k — 1}, the restriction of f to the interval
lij,1j41[ is continuous. A piecewise continuous function f :]a,b[— R™ is es-
sentially bounded if there exists a compact set K C R™ such that f(t) € K for
almost all ¢ €]a,b]. When f :]Ja,b[— R™ is an essentially bounded piecewise
continuous function, the supremum norm of f, denoted by || f]|, is the supre-
mum of the set {r € Ry | 3t €la,b] r=||f(t)|| A f(t) € K}. The domain of
a function f: Z — W is denoted by dom f.

11.1 Stability of linear control systems

We review a few stability results needed for the study of approximate simu-
lations and bisimulations. The reader is expected to have read Section 8.1.2
where several concepts related to control systems were introduced. Here, we
consider affine control systems described by the affine differential equation:

d
76 = AE+Cx+Di+h (11.1)

with £(t) € R™, x(t) € R™, 6(t) € RY, x € C, § € D, A € R™*" C € RV,
DeR"™ heR" andt € Rar . We distinguish between two different kinds
of inputs: control inputs y, and disturbance inputs . We are thus taking
U=CxDand v = x,9) according to the notion of continuous-time control
system introduced in Section 8.1.2. Independently of the nature of the inputs,
a solution to (11.1) can always be written in the form:

oxs(T) = Va4 /0 " A= (Cx(t) + D§(t) + h) dt. (11.2)

Affine control systems are denoted by the septuple X' = (R",C, D, A,C, D, h)
or by the sextuple X = (R",C,D, A,C, D) when h = 0. In the later case we
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speak of a linear control system. Although we are interested in the slightly
more general class of affine control systems, it is sufficient to consider the
stability properties of linear control systems. In some of the results we will
assume the absence of disturbances, i.e., D = 0. In such cases we denote X
by the quadruple (R",C, A, C).

Definition 11.1 (Input-to-state stability). A linear control system
(R™,C,D, A,C, D) is said to be input-to-state stable (ISS) when there exist
constants k, \, pe, pa € RT such that for any x € R™, any x € C, any 6 € D,
and any t € RT, the following inequality is satisfied:

€axs (@)1 < we™ [lll + pellx|l + palld]l- (11.3)

Inequality (11.3) extends inequality (10.3) from linear dynamical systems
to linear control systems. The next step is to extended also the concept of
Lyapunov function.

Definition 11.2 (ISS Lyapunov function). Let (R",C,D,A,C,D) be a
linear control system and consider a function V : R™ — R satisfying the
following three properties:

1.V is continuous on R™ and smooth on R™\{0};
2.V(x) >0 for all x € R"™;
3. V(x) =0 implies x = 0.

The function V is an ISS-Lyapunov function for X if there exist constants
A, 0, 04 € RT such that for all x € R"\{0}, c € R™, and d € R!, the following
inequality holds:

oV
55 (Az + Ce+ Dd) < =2V (2) + ocl|el] + oal|d]. (11.4)

Inequality (11.4) entails the differential inequality:

d
Z Vol < =AVol+a|x|+odldl

that can be integrated to provide the estimate:

Vot < e Vi) + 2R — e+ 2l - e

< e MVE) + Il + 611 (11.5)

Inequality (11.5) can be combined with (10.5) to fully characterize ISS in
terms of ISS-Lyapunov functions as stated in the next result.

Theorem 11.3. A linear control system X is input-to-state stable iff X ad-
mits an ISS-Lyapunov function.
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For linear systems, the above theorem can be strengthened by assert-
ing that ISS implies the existence of an ISS-Lyapunov function of the form
V(z) = VaT Pz with P € SP(n). Moreover, it can be shown that a linear
control system (R™,C,D,A,C, D) is ISS iff the origin is an asymptotically
stable equilibrium point for the linear dynamical system (R™, A). The ISS
assumption is thus very simple to check since Theorem 10.2 asserts that it
suffices to determine if all the eigenvalues of the matrix A have negative real
part.

Although input-to-state stability is the assumption upon which all the
results in this chapter rely, there is a straightforward extension to a wider
class of control systems. When a linear control system X' is not ISS, it may be
rendered ISS by suitably designing a linear feedback control law xy = K&+ x/
transforming X' into the linear control system defined by:

d
%g =(A+CK){+CxX' + Dé

with new control input y’. ISS is achieved whenever K makes the real part of
the eigenvalues of A + C'K negative. The results in this chapter remain valid
for this larger class of systems even though, for simplicity, we will directly
assume input-to-state stability.

11.2 Control and switched systems as systems

11.2.1 Control Systems

In Chapter 10 we introduced the system S, (X) describing the time-triggered
sampled version of a given dynamical system Y. A simple generalization is
available for control systems.

Definition 11.4. The system S; = (X, U, — ) associated with a control
system X = (R™,C x D, f) and with T € R™ consists of:

X, =R
U, ={x€C|domyx=[0,7]};

e I —f» x’ if there exist x € U, 6 € D, and a trajectory &gys : [0,7] — R”

of X satisfying &xys(T) = 2';
YT = Rn;
H. =1:X; — R".

The output set Y, = R™ of S;(X) is naturally equipped with the norm-
induced metric d(y,y’) = ||y — ¢'[|. In addition to control systems, we also
consider switched systems.



11.2 Control and switched systems as systems 171
11.2.2 Switched systems

Switched systems are a class of hybrid dynamical systems frequently aris-
ing in embedded control applications. We restrict the discussion to the case
where the continuous-time dynamics in each finite state is given by an affine
dynamical system.

Definition 11.5 (Switched affine system). A hybrid dynamical system:
Y= (Sav {Inwa}xaexa’ {Guta}tae " 7{Reta}ta6 " 7{f$a}$aEXa)

is said to be a switched affine system if the following conditions are satisfied:

1.U, = X,;

2. — = {(za,ta,xl) € Xo X Xo X Xy | ug =l };
3. In,, =R" for every x, € X4;

4- GU(z, w2y = R for every (xq,uq, ;) € —;

5. Re(a, uq,a) (w6) = @3 for every (zq,uq, ) € — and zp € Ing, ;

6. fv,(xy) = Az, xp + hy, for some matric Ay, € R™ ™, some vector
he, € R", and all x, € X4, xp € Ing, .

In a switched affine system it is possible, at any time and independently
of the infinite state, to switch from any finite state to any other finite state
without changing the infinte part of the state. This possibility is described by
the several requirements in Definition 11.5. The first two requirements ask that
for every two finite states z,, 2/, € X, there exists one and only one transition

between them: z, %» a! . The third and sixth requirements ask that in each

finite state x, € X, the switched system behaves like the affine dynamical
system (R™, A, h,,). The fourth requirement allows for discrete transitions
to take place at any time and for any value of the infinite part of the state.
Finally, the fifth condition declares that discrete transitions do not alter the
infinite part of the state. These restrictions also imply that a switched affine
system is completely defined by the finite set of states X,, and the collection
of affine dynamical systems {(R", A, ,hs, )}z, ex, . For this reason, we also
denote a switched affine system by the triple X' = (X,,R™, {As,, ha, o, ex.)-

Ezxample 11.6. Switched affine systems provide a useful framework for switch-
ing control. Suppose that several affine controllers:

c=Kiz+hi,c=Kox+hg,...,c=Kpx + hy,
have been designed to control the linear system:

= At + Oy, E(t) €R™, x(t) ER™t € R,



172 11 Approximate symbolic models for control

If these controllers can be used independently of the infinite state x € R"™, we
have a switched affine system X' described by:

({17 27 s 7p}7Rn7 {A + OKi7 Chi}i6{1,2,...,p})-

A software module deciding which controller is executed and when, can now
be seen as a supervisory controller acting on the switched affine system X. <

When switched affine systems are viewed as models for switching control,
the supervisory controller is typically implemented as a periodic task, with
period 7, running on a microprocessor. This implies that discrete transitions
only happen at instants that are integer multiples of 7. An appropriate model
for this kind of system is S, (X)), capturing only transitions of duration 7.

Definition 11.7. The system S;(X) = (X, U, — , Y. H.) associated
with a switched affine system ¥ = (X4, R™, {Ay,, ho, o,ex,) and with T € RT
consists of:

XT — Rn’.

Ur = Xo;
e = %» a’ if there exists a solution &, : [0, 7] — R™ of the affine dynamical

system (R™, Ay, , hy,) satisfying &, (1) = o/;
Y'r _ Rn;
H, =1: X, — R".

Note that S;(X) is both infinite-state as well as metric with a norm-
induced metric.

11.3 Approximate feedback composition and controller
refinement

The controller refinement process carries over, mutatis mutandis, from the
exact to the approximate case. We recall that in Chapter 1 we simplified
the representation of the composition S, X7 S, whenever the interconnection
relation 7 satisfied the condition:

(Ta, 1) € mx(Z) = Ho(za) = Hp(as).
In the current approximate context, we consider the generalized condition:
(xa,mp) € mx(T) = d(Hu(zy), Hp(zp)) < &

and make the additional assumption that d is norm-induced. Note that this
assumption entails that Y, = Y, are normed vector spaces with the same
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norm. Under these assumptions, we denote the composition by:

Sa X% Sb = (XabaXabOa Ualn ?’ 5 ab;Hab)

and simplify its representation to:
Xap = 1x(I);
Xabo = Xap N (Xao X Xpo);
Uab = Ua X Ub;

o (zamp) M2

(«,,xp) if the following three conditions hold:
1. z, u—i» xl in Sg;
u .
2. ap —Z» xp, in Sp;
3. (Ta, Tpy Uqg, up) € T;
Yoo =Y, =Y
Hap(%a,x0) = 5 (Ha(za) + Hy(xs)).
The apparently arbitrary choice of output map is justified by the following
three important properties of approximate composition:
1. S X% Sy, is commutative, i.e., Sq X5 Sy =5 Sy x5 Se;
2. S, x2Sy, generalizes exact composition, i.e., Sq X% Sy = Sy X7 Sp;
3. 8a x5 Sy satisfies the following version of Proposition 6.3.

Proposition 11.8. Let S, and Sy be metric systems with Y, = Y, normed
vector spaces with the same norm-induced metric, and let T be an intercon-
nection relation satisfying:

(x4, mp) € mx(T) = d(Hu(xy), Hy(zp)) < e

Then, the following holds:

1
° Sa X% Sb jés Sa;

1
o S, x5S, =% S
Proof. The proof of this result is the same as the proof of its exact counterpart,
Proposition 6.3, except for the computation of the precision. We thus focus on

1 1

this part and consider only S, x% Sy jgg S, since the case S, x5 S jgs Sy

can be similarly proved. The desired %e—approximate simulation relation from
Sq x5 Sy to S, is given by:

Ry ={((wa,7p),2),) € Xap X X, | e = 2}
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For any ((z4,2p),zs) € R, it is simple to see that:

d(Hab(xaaxb)aHa(xa)) = HlHa(ma) + le(SCb) - Ha(xa)

= H a(Ta) + Hb(xb)

= S(Ha(w), H)) < 3¢

since (zq,2p) € mx(Z). O

With the notion of approximate composition at our disposal we venture
into approximate feedback composition.

Definition 11.9 (Approximate feedback composition). A system S.
is said to be e-approximately feedback composable with a system Sg, if there
exists an e-approzimate alternating simulation relation R from S, to S,. When
S, is e-approzimate feedback composable with S, the feedback composition of
Se and Sq, with interconnection relation F = R°, is given by S. X% S,.

Proposition 8.7 also admits an approximate version.

Proposition 11.10. Let S,, Sy, and S, be systems with the same output
set, assume that S, is .eq-approvimately feedback composable with S, and
let cR, be the corresponding .€,-approximate alternating simulation relation.
If there exists a 4ep-approximate alternating simulation relation Ry from S,
to Sy then S, xi;‘% S is feedback composable with Sy, and the corresponding

(c€a + aEb)-approzimate alternating simulation relation is given by:
caRb = {(($C,$a)7$b) S (Xc X Xa) X Xb | (xcaxa) S cRa A (Il?a,itb) S aRb}~

The proof of this result consists in inserting the word approximate in
several locations along the proof of Proposition 8.7 and is therefore omitted.
Proposition 11.10 suggests how to refine a controller S,,,; synthesized to solve
a simulation game for an approximate finite-state abstraction S,ps of S and a
specification Sgpec. If the simulation game is solved exactly, i.e., with ¢ = 0,
we have:

Scont XF Sabs jos Sspec-

Assuming the abstraction Sg;s to be related to the original system S by
an e-approximate alternating simulation relation, we can invoke Proposi-
tion 11.10 to conclude that Seon: X7 Saps is e-approximately feedback com-
posable with S. Therefore, using S’_,.; = Scont XF Saps as a controller for S
we obtain:

Séont xg+5 S _<2E Sl

0
cont — Scont XF Sabs js Sspec

which shows the specification approximately simulating the controlled system

Slont X§ S with precision Le.
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11.4 Symbolic models for affine control systems

The abstractions constructed in Chapter 10 for dynamical systems relied on
quantizing the set of states and approximating the transitions of S,(X). A
natural generalization to control systems leads to the following construction.
Definition 11.11. The system S-, = (X7y, Ury, - Yo, Heyy) associated
with a control system X = (R",C x D, f) and with 7, € RT consists of:

Xy = [R"y;
Tn:{XEC | dom x = [0, 7]};
o 1z —» 2/ if there exist y € Ury, 6 € D, and a trajectory &,y ¢ [0, 7] — R™

of 3 satisfying 1€axs (T) = 2'[| < m;
Y., =R";
H.)=1: X7 — R™

The system S, (X)) can be regarded as a time and space quantization of a
control system X. It is constructed by approximating the transitions of S, (X)
so as to enforce departure from and arrival at states in X, = [R"],. This
construction is not guaranteed to result in a system approximately simulated
by S-(X) since the mismatch between outputs of S,,(X) and S, (X) can grow
without bounds along any two external behaviors. In Chapter 10 we relied on
asymptotic stability to overcome this difficulty in the context of dynamical
systems. A similar strategy can be employed for control systems in order to
establish the existence of an approximate alternating simulation relation from
Srn(X) to S (X). Moreover, such relation would desirably be surjective since
this allows us to relate any state of S, (%) to a state of S;,(X) for which a
controller can be designed.

Theorem 11.12. Let ¥ = (R",C,D,A,C,D,h) be an affine control system
and assume that the linear dynamical system, (R™, A) admits a Lyapunov
function V' of the form V(z) = VaT Pz with P € SP(n). For any desired
precision ¢ € RT, for any desired time quantization T € R, and for any
space quantization n € R™ satisfying:

7 < min {'yflge (1 - ef)‘T) ,aflge} , (11.6)
the relation R, C X,y x X defined by:
R. ={(r,2;) € Xop x X7 | V(zr — 27y) < e} (11.7)

is a surjective e-approzimate alternating simulation relation from S;,(X) to
S-(X).
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Proof. The proof consists in showing that R, satisfies all the requirements in
the definition of approximate alternating simulation relation.

We first note that R. is surjective since R" C U,c[rn), By(x) implies that
for every x; € X; = R" there exists ., € X, satisfying ||z, — x| < 7. It
follows from the sequence of inequalities (10.9) that (2, z,) € R..

The first requirement in Definition 9.6 follows immediately from the def-
inition of X;¢ and X0, and from the observation that z,,0 € Xr0 C Xro
implies (750, 2+0) € Re for 270 = 0.

The second requirement is a consequence of the definition of R.. If
(Xry, @+) € Re, then V(z,y—x,) < ae which leads, by (10.5), to ||z, — .| < e.

We now consider the third requirement which requires us to show that
(Try, x+) € R. implies:

Vury € Ury(2ry) Fur € Ur(2,) Val € Post,, (z.) 3z, € Posty,, ()

with (27, ,2/) € R.. Fix an input u,, € U,(z;,) and note that it follows

TN YT

from the definition of U, that u., € U;(z,). We then choose u, to be u,,
i.e., Ur = Ury. Let now 2! € Post, (x,). This means that 2/ =&, ., 5(7) for
some essentially bounded piecewise continuous curve § € D. Consider a state

u77776

x’, € Post,, (v,) satisfying 2, — xl, in Sr,(Y) and recall that, by
definition of S, (X), we have:

€0, yurys (T) = Zop | < 1. (11.8)

We claim that (27,,27) € R.. To prove the claim, consider the sequence of
inequalities:

(@ = Earpurns (7)) + VNrryurns (1) — 2 |

(a‘% + / AT (Cuy (1) + DI(E) + ) dt
0

My [T AT Curyl0) + D30 + 1)) 4
0

(eATacT — eATxﬂ,) +n
(€2,00(T) — &2 00(T)) + 11
eV (&,00(0) = &a.,00(0)) + 71
TV (27— 1) +m

e Mae +n

IA N
< <

IN

IN A CIA

ae

where the first, second, fifth, seventh, and eight inequalities are a consequence
of (10.6), (11.8), (10.16), (11.7), and (11.6), respectively. O

Although we established the existence of a surjective e-approximate al-
ternating simulation relation from S;,(X) to S;(X), one problem remains
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unsolved: how do we compute S, (X)? We address this problem in two steps.
First, we treat the case where disturbance inputs are absent: D = 0. By
choosing a finite set C of control inputs curves, it becomes possible to com-
pute S;,(X) using numerical methods. The errors introduced by numerical
simulation can be explicitly accounted for, as discussed in Chapter 10. In
practice, the choice of the set C is based on domain knowledge about the sys-
tem and problem being solved. When a solution to a control synthesis problem
fails to exist for the abstraction, one can choose a larger set C and compute a
new and more faithful abstraction of the system to be controlled. Ideally, one
would like to avoid this iterative process and construct directly a symbolic
model that can be used to prove or disprove the existence of a controller. This
is possible for the important case where the inputs are kept constant during
the intervals [0, 7], commonly referred to as digital control or sampled-data
control. The appropriate system model for this situation is the abstraction
Srnw ().

Definition 11.13. The system Srpw = (Xrnw, Urnw, T Yo, Hepe) as-
sociated with a control system X = (R™,C x D, f) and with T,n,w € RT
consists of:

Xrnw = [R"]y;

Urnpo ={x € C [ x(t) = x(¥') € [R™], Vt,¢" € [0,7] = dom x};
o 1z —+ 2/ if there exist x € Urnw, 0 € D, and a trajectory &z : [0, 7] — R™

TNnWw
of X satisfying ||€zys(T) — 2’| < n;
anw = Rn;

Hopo =11 Xopo — R™.

The assumption of piecewise constant inputs is satisfied by most embed-
ded control systems implemented in digital platforms. The frequency of the
updates is dictated by the dynamics of the physical system being controlled
and by the frequency of the embedded microprocessor executing the control
software. Under this assumption we can strengthen Theorem 11.12 from sim-
ulation to bisimulation.

Theorem 11.14. Let X = (R",C, A,C,h) be an affine control system where
C is the set of all constant curves, and assume that the linear control system
(R™,C, A, C) admits an ISS-Lyapunov function V of the form V(z) = V2T Pz
with P € SP(n). For any desired precision € € RY, for any desired time
quantization T € RT, for any desired input quantization w € RT, and for any
space quantization n € RT satisfying:

7 < min {’y_lgg (1 - e_’\T) - 'y_l)\_lacw,&_lga} , (11.9)
the relation R C Xy x X defined by:
R. ={(zr,2;) € Xy x X7 | V(2r —24yy) < e} (11.10)

is an e-approzimate bisimulation relation between S.(X) and S;,(X).
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Inequality (11.9) describes the tradeoff between precision, time quantiza-
tion, space quantization, and input quantization. It specializes to (10.7), when
inputs are absent, thus making Theorem 10.8 a special case of Theorem 11.14.

Proof. We only present the main steps since the proof mirrors the proof of
Theorem 11.12. The first important step is to show that the third requirement

in Definition 9.2 holds. For this, we consider a pair (2, Z;y.) € R., we assume
that z, L;» 7., and we seek to show that (27,27, ,) € R. where 2’ satisfies

Urnew

, . . )
T W - for an input wrype € Urpw (Z7nw) close to u, in the sense:

[

Note that such input always exists since R™ C Uy, erm, Bu(u). The member-
ship (27, 27,,,) € Re follows from the following sequence of inequalities where
we use 2" = x; — Trpw, U = Ur — Urpy, and the inequality (11.5):

V(z) - xlrnw) < V(@7 = &armotirnn (7)) + W&or it (T) — xf,_,]wH(ll.ll)

<V <6ATxT +/ AT (Cu, 4 h)dt (11.12)
0

—eATa:mw — / eA(Tft)(C’uTW + h)dt) +n (11.13)
0

<V <eATx” + /T eA(T_t)Cu”dt> + 1 (11.14)
<V o &gmun(T) van (11.15)
< €MV 0 & (0) + Ellu” | +m (11.16)
< €V (@r = @) + |+ (11.17)
< e Mae+ %w—i—’yn (11.18)
< ae. (11.19)

TNw /

The reverse direction is similarly shown. If (2, ) € Re and 274 7”'7_W> T

Urnw

') € Re where 2 is given by z, —— z/.
T

then we claim that (27,27,

The claim follows directly from inequalities (11.11) through (11.19) by us-
ing u; = Urpe. O

Example 11.15. To illustrate Theorem 11.12 we consider the linear control

system defined by:
—-11 0
=[] el
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Since the origin is not an asymptotically stable equilibrium point for (R™, A),
we first design the feedback control law:

u= Kz ="7x1 — 629 +

rendering the origin an asymptotically stable equilibrium point for the linear
dynamical system (R™, A+ C'K) where:

-1 1
wvex-[1]

Using the function V(x) = vaT Pz with:

1 L
— 6
P[4 7]

as a Lyapunov function we obtain:

-

17 _16—42 15 17

e >\ = — o= —.
W 17 0 YT YT 16

For a sampling time 7 = 0.25 and a precision € = 0.1 we conclude from (11.6)

that 7 needs to be smaller than 0.017. We choose n = % ~ 0.014, restrict
X to the set [—1,1] x [—1,1], and define C as the finite set consisting of con-
stant input curves assuming values on {—0.5,—0.25,0,0.25,0.5}. Although
Sry(X) is only guaranteed to be approximately simulated by S;(X), several
control problems that are difficult to solve directly on S;(X) become fairly
straightforward computations on S, (X). Consider the safety game for system
Sr(X) and specification set [—0.35, —0.15] x [—0.15,0.15]. Tt is quite difficult
to solve this problem on S;(X), but it is immediate to solve it on S, (%)
due to its finite-state nature. According to the discussion in Section 11.3, if
we synthesize a controller Sg,,; solving the safety game for system S, (%)
and specification set W, the controller Scon: X7 Sr(X) solves the safety
game for system S, (X) and specification set Wze. Therefore, we define W as
W =[[-0.3,-0.1] x [-0.1,0.1]], and use the operator Fy defined in Chap-
ter 6 to solve the safety game. The solution of this game is shown in Figure 11.1
where transitions with the same source and destination are not displayed to
keep the figure legible.

Ezxample 11.16. The synthesis of trajectories satisfying desired specifications
can also be easily done on S,,(X). Assume that we are interested in designing
a periodic trajectory passing through (0.2,0) and (—0.2,0). Since S;,(X) is
finite-state, this problem reduces to a simple search on a graph. A possible
solution is shown in Figure 11.2 where, in addition to the transitions of S, (X),
we also show several trajectories of the closed-loop system. More elaborate
control problems can be solved on S, (%) with similar ease by resorting to
the synthesis algorithms in Chapter 6. <



180

0.10

0.05

0.00

-0.05

-0.10

0.10

0.05

-0.15
e o
.

o o
o o
o o

0.05

. 0.10

Approximate symbolic models for control

.

e.'%@%‘“\‘:% "
JLK \i

NN
2N
NN SAN
R

AN

1
)

A
N
A

29:%%

/)

-0.10

Fig. 11.1. Solution to the safety game for system S-,(X) and specification set
W =[[-0.3,-0.1] x [-0.1,0.1]],. The left figure shows the states in W from which
it is possible to control the system to remain within W. The right figure shows the
corresponding transitions for which the source and destination are not the same

state.
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Fig. 11.2. Periodic trajectory passing through the points (—0.2,0) and (0.2,0). The
left figure shows the transitions of S-,(X). The right figure shows several trajectories
of the controlled system for different initial conditions.
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When disturbance inputs are present, it is still possible to construct a
finite-state system which is e-approximate anternatingly bisimilar to S, (%)
by a careful analysis of reachable sets. From equality (11.2) we know that
all the possible contributions of the control and disturbance inputs to & are
captured by the reachable sets:

Rrc = {x eX, x= / AT Ox(t)dt, x € C} )
0

R.p = {x €X,:x= / AT DS(t)dt, 6 € D} :
0

Through these sets we can indirectly quantize the inputs leading to the system
Sron(2).
Definition 11.17. The system Srpy = (Xenn, Urnn, o Yo, Henyy) asso-
ciated with an affine control system X = (R",C,D, A,C, D), with ,n € RT,
and with a set D, C [R™],, satisfying dy(Dy, R-p) <1, consists of:

Xonn = [R"];

Uryy is any subset of [R™], satisfying dpn(Uryy, Rrc) < n;

e Ty X if there exist x € Uryy, 6 € Dy, and a trajectory

om0
Eerpno0 2 [0, 7] — R™ of X satisfying:
€2 pm00(T) + X + 06—l |l < n; (11.20)
Yoy = R";

Hopy =11 Xopy — R™.

The construction of Sr,,(X) requires the knowledge of the reachable sets
R-c and R,p. However, the computation of these sets does not need to be
exact. Using the method described in Section 7.6, we can compute approxi-
mations R,.¢ and R,p to the sets R.¢ and R,p with approximating errors
ec and ep, i.e.:

~ ~

dh(R‘rCaRTC) < €c dh(RTD;RTD) < €D.

Hence, we can redefine X,,, as [R"],_¢.—e, and declare the existence of a

/

o u ~ o~
transition s, p— xl ., when (€. o00(T) +X +0—al,,|

| <n—ec—ep for

some Y € ﬁfc and 8 € 7%7@. With this new state set and transition relation
we have:

[€2,,m00(T) + X +6 =, | = [[€0,,00(T) + X +0 =2, +Xx =X+ 0=
< ”517777,00(7-) + 5(\ +0 - x;nn”
+lx = Xl + 116 =6l
<n—ec—eptetep <

thus maintaining the validity of the next result intact.
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Theorem 11.18. Let ¥ = (R™",C, D, A,C,D,h) be an affine control system
and assume that the linear control system (R™,C, D, A,C, D) admits an 1SS-
Lyapunov function V' of the form V(x) = VaT Px with P € SP(n). For any
desired precision ¢ € RT, for any desired time quantization T, and for any
space quantization n € RT satisfying:

1
7 < min {gfylge(l - e”),algs} , (11.21)

the relation R, C X, x Xy, defined by:
R. = {(zr,2ryn) € Xr X Xopy | V(27 — 1) < g} (11.22)

is an e-approzimate alternating bisimulation relation between S;(X) and
Srpn(X).

Proof. We first show that R. is an e-approximate alternating simulation from
S+(X) to Srpy(X). The first two requirments in Definition 9.6 are proved as
in Theorem 11.12.

Regarding the third requirement, let (z,,2,,,) € R, and recall that we
need to show that:

Vi, € Ur(27) Iuryy € Urgy(Tryy) Vi, € Posty, ., (¥ry,) 327 € Posty, ()

satisfying (27, a?’mn) € R.. Choose any u, € U,(x,) and let u,,, be any input
in Urpy(279y) satisfying:

Note that such input exists by definition of U,,. Let now x'ﬂm be any state
in Post,,,,, (Z7y,). This means that:

<. (11.23)

/ AT Cu (1) dt — gy
0

HgITm;OO(T) + Urnn + 6"'7777 - x;nn” S n (1124)

for some 6,y € D). By definition of D), there exists 0, € D such that:

We then choose . to be the element of Post,,_(z,) given by 2/ =&, _y.s.(T)

and we claim that (z7,27,,) € Re. The claim is a direct consequence of the

/ eATTIDE ()t — Sy || < . (11.25)

0
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following chain of inequalities where we used (10.6), (11.5), (11.23), (11.25),
(11.22), (11.24), (11.21), and 2" = z; — Tpy:

T

§V(e

+v

V&, ) <V (o = Ay~ [ A0 Cxrlt) 4 D0+ 1)t

0

! e xry, — / e (Cx - (t) + D6 (t) + h) dtH
0

T™m

AT AT
-

eAT Ty + / AT (Cxr (t) + D (t) + h) dt — 2,
0

Tnn

<V (&er00(T))

+v

+v

+

eArxTnn+/0 eA(T_t)hdt-l-umn + S _x/ﬂm

/ ATTDCON, () dt — Uy,
0

/ eATTIDE, () dt — Gy
0

< eiATV (5@’”00 (O)) + Y ||§:c7-m700 + Urnn + 57—1717 - xlﬂmu
+yn+n
< e Mae + 3y < ae.

The proof that
Srnn(X) to S-(X) is

R-' is an e-approximate alternating simulation from
similar and thus omitted. 0O

The previous result can also be used in the context of verification when
C = 0. In this case, we regard the affine control system (11.1) as a closed-loop
system affected by an adversarial input § and the verification objective is to

prove that a certain

property holds, independently of §.

11.5 Symbolic models for switched affine systems

The abstraction techniques developed for dynamical and control systems re-

markably generalize

to switched affine systems. At this point, the reader

should be able to foresee how such generalization unfolds. The first step con-
sists in quantizing the states and approximating the transitions of a switched

affine system.
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Definition 11.19. The system S;,(X) = (X7, Ury, - Yo, Heyy) associ-

ated with a switched affine system X = (X4, R",{A;,, he, }o.cx,) and with
7,m € RY consists of:

XT?? - [Rn]n;
U‘rn = Xa;
o I —>u; a2’ if there exists a solution &, : [0,7] — R™ of the affine dynamical
system (R™, Ay, hu,) satisfying €, (7) — 2/ < n;
an =R";
H.yy=1: X7 — R".

A close analysis of the proof of Theorem 11.14 reveals that its conclu-
sion does not depend on the particular form of the differential equation
£ = A¢ + Cx + h but only on the inequality 2% (Az+Cc) < —AV(z) +oc|c|.
For many affine switched systems it is p0551ble to find a single Lyapunov
function V satisfying the inequalities:

ov

8—Aza$ < )\V( ) Vma S Xa.
When this is the case we say that V' is a common Lyapunov function for X.
The arguments in the proof of Theorem 11.14 apply directly to this case and
provide the following corollary.

Corollary 11.20. Let X = (X4, R",{A4,,, hs, }a.ex,) be a switched affine
system admitting a common Lyapunov function V of the form V(x) = VaT Px
with P € SP(n). For any desired precision € € RY, for any desired time
quantization T € RT, and for any space quantization n € R satisfying:

7 < min {’y*lge (1 — e*”) ,aflge} , (11.26)
the relation R. C X, x X, defined by:
R. ={(zr,2) € X; x X0y | V(zr —24yy) < e} (11.27)
is an e-approximate bisimulation relation between S;(X) and Sr,(X).

This result can be used in two different ways. When the inputs X, are
regarded as adversarial, S,,(X) can be used to verify properties that hold
independently of the disturbance input. When X, is regarded as a set of
control inputs, then S;,(X) can be used for control design.

Corollary 11.20 can also be extended to the case when there exists a Lya-
punov function V,, for every linear dynamical system (R", A, ). It is well
known that existence of such Lyapunov functions does not imply the exis-
tence of a common Lyapunov function for Y. In this case, a more elaborate
construction is required, building upon the concept of dwell time used to study
the stability properties of switched systems.



11.5 Symbolic models for switched affine systems 185

Example 11.21. We revisit the boost DC-DC converter of Chapter 1, repre-
sented in Figure 1.7. This is a switched affine system with two modes of
operation corresponding to the two positions of the switch. The dynamics in
mode 1 is described by (1.16) and (1.17) while the dynamics in mode 2 is
described by (1.18) and (1.19). The values of the components, given in the
per unit system, are:

C =70,L =3,Rc =0.005, Ry, = 0.05,v, = 1, Ry = 1.

Before proceeding with our analysis, we make the linear change of coordinates

defined by :
21 10 X1
z9 o 05 X9

to better condition the problem numerically.

The purpose of the boost DC-DC converter is to regulate the voltage across
the load resistor Ry. This objective can be reformulated as the regulation of
the current flowing through the inductor, which is one of the infinite state
variables. In order to synthesize a controller, we regard this problem as an
instance of a safety game where the specification set W contains the desired
values for the current. Although safety games are difficult to solve on S, (X),
we can use Corollary 11.20 to construct the finite-state abstraction S, (%) and
solve the safety game on S, (X). One possible common Lyapunov function is

V(z) = V2T Pz with:

p_ [1.02240.0084
~ 10.0084 1.0031

and satisfying:

ov ov
0z 0z

Therefore, A = min{0.0138,0.00139} = 0.0138. A bound for v can be com-
puted using the expression in the proof of Proposition 10.5: v = 1.0256. We
select a sampling time 7 = 0.2 and a precision of ¢ = 3. Although this pre-
cision is not useful for practical purposes, it will keep the symbolic model
Srn(X) small so that it can be easily visualized. From inequality (11.26) we

obtain the bound 7 < 0.00807 and set n = ﬁ ~ 0.0071. With these parame-
ters we construct Sr,(X) and consider the safety game with specification set
W = [1.2,1.6] x [5.6,5.8] that is easily solved by iterating the operator Fy,
studied in Chapter 6. In Figure 11.3, the reader can find the points in W
where mode 1 should be used and the points in W where mode 2 should be
used. The fixed-point of Fy is displayed in Figure 11.4 and the closed-loop

system S. X £ S7,(X) is represented in the book’s cover. <

A1z < —0.0139V Asz < —0.0138V.
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Fig. 11.3. Solution of the safety game for system S;,(X) and specification set
W =[1.2,1.6] x [5.6,5.8]. The points in W where mode 1 should be used are shown
in the left figure and the points in W where mode 2 should be used are shown in
the right figure.
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Fig. 11.4. Solution of the safety game for system S;,(X) and specification set

W =[1.2,1.6] x [5.6,5.8]. The fixed-point of the operator Fy is represented as the
superposition of the images in Figure 11.3.

11.6 Advanced topics

In this section we show how Theorem 11.12 and Theorem 11.14 can be gen-
eralized to nonlinear control systems. The exposition will be swift and relies
on advanced control theoretical concepts.

We make extensive use of comparison functions of class C and KL to sim-
plify the arguments. A continuous function v : Rj — R, is said to belong to
class KC if it is strictly increasing and v(0) = 0;  is said to belong to class Koo
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if v € K and v(r) — oo as r — co. A continuous function 8 : Ry x R — R
is said to belong to class ICL if for each fixed s, the map 5(r, s) belongs to
class Koo with respect to r and, for each fixed 7, the map 3(r, s) is decreasing
with respect to s and 3(r,s) — 0 as s — oc.

In a nonlinear context we need to replace the asymptotic stability assump-
tion with the stronger assumption of incremental stability.

Definition 11.22 (Incremental global asymptotic stability). A con-
trol system X = (R™ U, f) is incrementally globally asymptotically stable
(0-GAS) if it is forward complete and there exists a KL function B such that
for any t € R0+, any x,x’ € R™, and any v € U, the following inequality is
satisfied:

||§.L’U(t) - gz"u(t)H < B(Hx - xl” at)' (1128)

We also need the stronger notion of incremental input-to-state stability.

Definition 11.23 (Incremental global input-to-state stability). A con-
trol system X = (R™ U, f) is incrementally globally input-to-state stable
(6-1SS) if it is forward complete and there exist a KL function 8 and a K
function p such that for any t € Ry, any z,2' € R", and any v,v' € U, the
following inequality is satisfied:

1€00(t) = Laror ()| < B(ll = 2"[[ 1) + p([v = V")) (11.29)

It is clear that 6-ISS implies 6—GAS since (11.28) can be obtained
from (11.29) by setting v = v’. Both ~GAS and ¢6-ISS can be character-
ized by dissipation inequalities.

Definition 11.24 (0—GAS Lyapunov function). A smooth function
V:R" xR" - R is called a —GAS Lyapunov function for a control sys-
tem X = (R™, U, f), if there exist X\ € RT and Ko functions o and @ such
that for any x,2’ € R™ and any u € R™ we have:

o[l —2')) £ V(z,2') <a(llz —2|])

oV ov ., )

Function V' is called a 6—1SS Lyapunov function for X, if there exist K
functions «, @, and o such that for any x,z’ € R™ and any u,u’ € R™ we
have:

allz = 2')) < V(z,2') <a(|lz - 2[])
ov

T W) £ AV (') + ol — ),

o o)+

The following result completely characterizes 0—GAS and 6—ISS in terms of
existence of Lyapunov functions.
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Theorem 11.25. For any control system X = (R™ U, f) the following holds:

1. if the elements of U assume values on compact set K C R™, then X is
0—GAS if and only if it admits a 6—GAS Lyapunov function;

2. if the elements of U assume values on closed and convexr set K C R™
containing the origin, and if f(0,0) =0, then X is §—-ISS if it admils a
0—-ISS Lyapunov function. Moreover if the elements of U assume values on
compact set K C R™ | existence of a 0—1SS Lyapunov function is equivalent
to 6-15S.

Theorems 11.12 and 11.14 can now be generalized to the nonlinear context.

Theorem 11.26. Let X = (R™, U, f) be a control system admitting a 6-GAS
Lyapunov function V' satisfying:

V(z,a') = V(x,2") < (" - 2"])

for some class Ko function v and for every x,a’', 2" € R™. For any desired
precision € € RT, for any desired time quantization 7 € R™, and for any space
quantization n € RT satisfying:

n < min {7y ((1- e*ale)),a toale)}, (11.30)
the relation R. C X,y x X defined by:
R. ={(zrn,2;) € Xppy x X7 | V(2r,279) < ale)} (11.31)

is a surjective e-approzimate simulation relation from Sy, (X) to S;(X). More-
over, if V is a §-1SS Lyapunov function and U contains only constant curves,
then for any desired precision € € RT, for any desired time quantization
7 € RT, for any desired input quantization w € RT, and for any space quan-
tization n € R satisfying:

n <min {7y (a(e)(1 — e ) — A low), @ toa(e)}, (11.32)

the relation (11.31) is an e-approzimate bisimulation relation between Sy, (X)

and S;(X).

Proof. The proof parallels the proof of Theorems 11.12 and 11.14. The only
modification is the replacement of the sequence of inequalities used to prove
the third condition in Definitions 9.5 and 9.6. We only provide the details for
the inequalities (11.11) through (11.19) since the same argument applies to
the remaining ones.

V(‘rfm xfrnw) = V(J};, SIT‘UUJU‘T’”L‘J (T)) + ,Y(ngrnwuﬂ'nw (T) - ‘rirnw ||)
< V(&rur (1) &arpuirne (7)) + (1)

< eV (@r, @) + 50+ ()
g

< 7)\7'
Se ale) + 5

w+(n) < ale).
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11.7 Notes

The results in this chapter are quite recent and based on [PGT08, GPT09,
PTO09]. Earlier work relating stability properties of control systems to the
existence of approximate simulation relations appeared in [Tab06, Tab08a].
In [GPT09], the reader can find a nonlinear version of Corollary 11.20 that
does not require a common Lyapunov function. Instead, it relies on the con-
cept of dwell time from the switched systems literature. The generalization of
Theorem 11.18 to nonlinear systems is reported in [PT09].

The boost DC-DC example is taken from [GPMO04] and was also used
in [GPTO09]. In this reference, the interested readers can find a more detailed
treatment of Example 11.21.

The discussion of 4-ISS properties in Section 11.6 follows [Ang02] where
the proof of Theorem 11.25 can be found.

Although we only used the notions of approximate simulation and bisimu-
lation to construct finite-state abstractions, they can also be used to construct
infinite-state abstractions to simplify controller design problems [GP09].

Controller synthesis based on finite-state approximate models had already
been discussed in [RO98, MROO02] although the notion of approximation used
in these references corresponds that what we defined as a simulation relation.

As mentioned in Section 10.5, the abstraction techniques discussed in
Part IV have not yet been extended to hybrid systems. The main difficulty
consists in inferring, from the entrance of a single trajectory in a guard set,
the entrance of the surrounding trajectories in the same guard set . The ex-
ception of switched systems, discussed in Section 11.5, is easy to explain since
for this class of hybrid systems the guards coincide with the invariant sets.
A very recent and promising research direction that may lead to the desired
extension is a direct study of the stability properties of hybrid systems and
its corresponding Lyapunov functions [CTGO07, CGTO08|.





