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Abstract: Tissues are structurally and compositionally complex materials that must function in a
coordinated fashion at multiple length scales. Many of the structural proteins in soft
tissues and in cells form biopolymer networks that provide mechanical benefits and coor-
dinate cell-directed physiological activities. Complicated phenomena operate at multiple
scales and are governed to varying degrees by the properties of networks; thus, mechan-
ical models are a necessary tool to unravel the relationships among individual network
components and to determine the aggregate properties and functions of cells and tissues.
In this work, we review major biopolymers, their function, and the general mechani-
cal behavior of biopolymer gels. We then discuss some network imaging techniques
and methods for constructing and modeling networks /in silico/ – including multi-scale
methods. Finally, we return to the specific biopolymers, including actin, microtubules,
intermediate filaments, spectrin, collagen I and IV, laminin, fibronectin, and fibrin, and
discuss what has been learned from the different models. Biopolymer network models,
especially when combined with ever-improving experimental methods, have the potential
to answer many fundamental questions in mechanobiology
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19.1. INTRODUCTION

Tissues are complex materials composed of cells and extracellular matrix (ECM)
proteins that must function in a coordinated fashion at multiple length scales.
Biopolymer networks that form the ECM vary in composition and organization in a
manner that confers suitable mechanical properties to the tissue and allows tissues
to function in their physiological capacity. Mechanical loads and constraints applied
to the whole tissue are transmitted down through the matrix and into the cells. The
cells, which are stabilized and detect mechanical forces through the cytoskeleton –
an intracellular network – then respond through a variety of dynamic activities that
can lead to growth, remodeling, and adaptation.
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The network architecture provides many beneficial properties to cells and tis-
sues. Networks produce strong and stable structures with a minimum investment in
materials. Their open configuration enables various transport processes (e.g. nutrient
diffusion) to occur with less hindrance, and permits cell locomotion when appropri-
ate (e.g. white blood cells). Also intrinsic to networks is the ability to communicate
signals rapidly and at a distance. In terms of mechanical signaling, such a system
may provide a means to coordinate cell behavior within tissues [1, 2].

With many complicated phenomena operating at multiple scales and governed to
varying degrees by the properties of networks, mechanical models become a neces-
sary tool for unraveling the relationships between individual network components
and the aggregate properties and function of cells and tissues. A sampling of the
kinds of questions about cell and tissue function that mechanical models can provide
answers to includes:

• How do tissue material parameters depend on the biopolymers and networks
structure, e.g. what components and deformations contribute to the elastic
response and where does time-dependent viscous behavior come from?

• How does the ECM microstructure reorganize to accommodate macroscopic
strain? Do fibers rotate, stretch, bend, or buckle?

• What do those rearrangements mean in terms of mechanical signals that can be
sensed by cells?

• How does a cell sense mechanical force and translate that into a decision to act
in a certain way? For example, how do stimuli cause synthesis or degradation?

• How do mechanical changes in the ECM lead to different diseases, and how
might they be prevented?

• What components and what structural arrangements are necessary to produce a
functional engineered-tissue?

The questions listed above are all inherently multiscale, with the tissue scale
(∼10–3 m), cell scale (∼10–5 m), ECM fiber scale (∼10–7 m), biomacromolecular
scale (∼10–9–10–8 m), and atomic scale (∼10–10 m). Although not all scales neces-
sarily need to be studied to answer every question, any approach to understanding
mechanobiology and biomechanics from a structural standpoint must respect their
scale-spanning nature.

In this work, which emphasizes network mechanics, we focus on the transitions
from biopolymer to cell (as in the cytoskeleton), biopolymer to tissue (as in base-
ment membrane), and fiber to tissue (as in ECM or bioartificial tissues). In each case,
the network consists of long, thin units connected in a structured or unstructured
manner.

In the next section, we briefly review the major biopolymers and their function,
followed by some general mechanical properties of biopolymer gels. We then dis-
cuss various methods to analyze images of networks and construct computer models
there of. Next, we discuss the current approaches to network modeling in the gen-
eral case and different methods that have emerged. Finally, we return to the specific
biopolymers and discuss what has been learned from the different models.
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19.2. BIOPOLYMERS OF INTEREST

Cells interact with the physical world, and that interaction depends on networks
inside and outside the cell. Inside the cell, a network of actin filaments, micro-
tubules, intermediate filaments, and other proteins come together to form the
cytoskeleton. This ensemble of intracellular proteins stabilizes the cell structure and
plays a role in many cellular phenomena, including changes in cell shape and cell
division. In addition, the cytoskeleton appears to play a prominent role in translating
environmental cues, both mechanical and chemical, into a cellular response, which
may take the form of biosynthetic activity [3–6] or even programmed cell death
(apoptosis) [7, 8].

Outside the cell, a network of proteins, most commonly with collagen as the
backbone, forms the extracellular matrix. The ECM composition and organiza-
tion confers functionality to a tissue and provides a conduit for mechanical signals
to alter cellular response. In many tissues, the ECM is in a constant state of
turnover. The cells in the host tissue respond to changes in the microenvironment
by degrading and synthesizing ECM proteins. Such changes can lead to growth and
adaptation, e.g. tissue growth with exercise [9], or can lead to disease, for exam-
ple glaucomatous damage to the optic nerve head [10] or hypertensive arterial wall
thickening [11]. Other-ECM related diseases are congenital and result in impaired
tissue function with devastating consequences. In Alport’s syndrome, for example,
the genes encoding for a crucial component of the basement membrane malfunction
[12]. The basement membrane structure is altered, which greatly impairs the molec-
ular sieve structure of the kidney glomerulus, making it vulnerable to high pressures
and more susceptible to proteolytic attack. Consequently, understanding the inter-
play between molecular interactions and macroscopic tissue mechanics is crucial to
understanding many pathologies.

In this section, we introduce and briefly describe some of the monomers that form
key intracellular and extracellular networks. The interested reader should consult the
references listed in Table 19-1 for a more comprehensive review on each protein.

19.2.1. Intracellular Networks

19.2.1.1. Actin

Actin filaments (F-actin) are composed of a linear chain of G-actin subunits that
are constantly and dynamically added to or removed from the ends of F-actin in a
manner dependent on the local G-actin concentration. This process enables the cell
to reorganize the cytoskeleton, migrate, attach to a substrate, and respond to sig-
naling [13–17]. The G-actin subunits, which are approximately 2–3 nm in diameter
[18] form semiflexible F-actin filaments that are approximately 5–7 nm in diame-
ter and can ultimately assemble into hierarchical bundles and networks that span
the interior of the cell. For a single actin filament, the stretching stiffness is Ks =
4.4×10–8 N [19], the bending stiffness is Kb = 7.3×10–26 Nm2, and the persistence
length (defined later) is lp = 17 mm [20]. Actin molecules associate readily with
divalent cations (Mg2+ and Ca2+ in particular) giving the molecule the capacity to
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Table 19-1 Intracellular and extracellular biopolymers

Type
Approximate
dimensions

Macromolecular
structure Mechanical function Reference

Intracellular
Actin 5 nm dia, 10–20 μm

length
Bundles and

networks
Cytoskeletal tension

component
[14]

Microtubules 25 nm dia, 10–20 μm
length

Hollow tubes
emanating from
MTOCa

Cytoskeletal
compression
component

[231]

Intermediate
filaments

Variable, between 5
and 25 nm dia

Filaments coupled
to cytoskeletal
junctions

Cytoskeletal
junctional
component

[28]

Spectrin 200 nm long
head-to-tail
tetramers

Intertriangulated
network with
Actin

Cytoskeletal
compression
component

[232]

Extracellular
Collagen I ∼300 nm long, 1.5

nm diab, assembles
into higher order
fiber structures

Fibers Extracellular matrix
component

[33]

Collagen
IV

800 nm long
hexameric units

Polygonal
network

Extracellular matrix
component

[12]

Laminin Cruciform, 75 nm
wide, 115 nm long

Ionically
cross-linked
network

Extracellular matrix
component

[50]

Fibronectin 2–3 nm dia, 60–70 nm
length

Fibrillar network Extra- to intracellular
mechano-
transduction

[52]

Fibrin Fibrinogen monomer
5–7 nm dia, 45 nm
length, assembles
into larger fibrin
fibers upto hundreds
of nm in dia

Branched network Clot formation [56, 233]

aMTOC (microtubule organizing center).
bTropocollagen.

complex with ADP and ATP. The conversion of ATP to ADP via hydrolysis through
the ATPase myosin results in a conformational change in the F-actin molecule. This
mechanochemical phenomenon driven by myosin has led to the colloquial reference
of myosin as a motor protein and gives F-actin the capability to induce mechanical
forces within the interior of a cell [21–23]. Furthermore, the protein ARP23 causes
branching of actin filaments, contributing to the network structure [24].

19.2.1.2. Microtubules

Microtubules are another major cytoskeletal component critical to cell function.
They are created when tubulin, a heterodimer of α-tubulin and β-tubulin, polymer-
izes to form stiff hollow tubes ∼25 nm in diameter. Microtubules are also controlled
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by the polymerization/depolymerization of their subunits. Microtubules are involved
in a number of cellular processes including vesicle transport and cell division [25].
Their rigidity helps support organelles and maintain cell shape. Microtubules may
also oppose the tensile forces generated by F-actin [26, 27].

19.2.1.3. Intermediate Filaments

Intermediate filaments (IFs) comprise a third classification of cytoskeletal compo-
nents that are more stable structures than F-actin and microtubules [28]. IFs, which
are ∼10 nm in diameter, are “intermediate” in size when compared to F-actin and
microtubules. Intermediate filaments can be found at the transcellular junctions (e.g.
gap junctions, tight junctions, desmosomes and adherens junctions) as well as at
anchoring plaques to the extracellular matrix (e.g. focal adhesions and hemidesmo-
somes). IFs are also linked to F-actin on the interior of a cell creating a pathway for
the mechanotransduction of extracellular mechanical phenomena.

19.2.1.4. Spectrin

Spectrin, a cytoskeletal component specific to the red blood cell, is composed of a
dimer of either α-spectrin or β-spectrin, both of which are ∼250 kDa. The dimers
arrange in an anti-parallel arrangement forming tetramers that associate with short
actin filaments (∼15 subunits) creating an inter-triangulated actin-spectrin network
conferring mechanical stability and enabling a blood cell to compress and subse-
quently expand [29, 30]. The spectrin-actin network is intrinsically important to the
transport of erythrocytes, allowing the erythrocyte to modulate shape as it passes
through narrow capillaries [31].

19.2.2. Extracellular Networks

The ECM functions as a support and anchoring structure for cells and as a means
of tissue compartmentalization. The following components represent the major
network-forming ECM molecules, and include type I collagen, type IV collagen,
laminin, fibrin and fibronectin.

19.2.2.1. Collagen I

Collagen – the most abundant protein in the body – refers to a family of structurally
and functionally related proteins that consist of three helically wrapped polypep-
tide chains [32, 33]. Type I collagen is a fibrillar collagen and accounts for 90%
of all collagen (other fibrillar collagens include types II, III, V, IX). The funda-
mental unit of collagen, tropocollagen, is 280 nm in length and 1.5 nm in diameter
[34]. Tropocollagen is composed of three polypeptide chains, or α-chains, that wrap
around each other to form a right-handed triple helix. Tropocollagen is secreted into
the ECM where it is modified enzymatically, assembled into quarter-staggered sub-
fibrils, and covalently cross-linked [35]. Subfibrils associate laterally into fibrils and
fibers, a distinction based mainly on size. Fibril diameters range from 10 nm to sev-
eral hundred nm. They can organize into higher-order fibril bundles or fibers that
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can be hundreds of nanometers in diameter [36] and hundreds of micrometers in
length [37]. For collagen-I, the properties of the triple helical monomer have been
measured to be Ks = 5.08×10–10 N, Kb = 3.36×10–37 N-m2, and a persistence
length lp = 14.5 nm [38]. In aqueous conditions, collagen fibers have been reported
to have Young’s Moduli ranging from 32 to 900 MPa [39–42]. The bending stiffness
for native collagen fibers ranges from 3×10–15 N-m2 to 6×10–15 N-m2 [43]. Many
collagen fibers are heterotypic, meaning they are composed of more than one type
of collagen [44]. Due to the complexity of native tissues, reconstituted collagen gels
have served as simple but important in vitro tissue models [45–47].

19.2.2.2. Collagen IV

Unlike the fibrillar collagens, type IV collagen assembles into a mesh-like net-
work that serves as the scaffolding for basement membranes. Basement membranes
anchor and support endothelial and epithelial cells to connective tissue and pro-
vide physical barriers that allow for tissue compartmentalization. Collagen IV is
comprised of three polypeptide chains associated as a triple helix and measuring
approximately 400 nm in length [12, 48]. Six genetically distinct type IV collagen
chains exist and are denoted as α1–α6. The chains assemble specifically forming
three heterotrimers [α1(IV)]2,α2(IV), α3(IV), α4(IV),α5(IV), and α5(IV)]2,α6(IV)].
The relative concentration of each heterotrimer is dependent upon the tissue and
the functional requirements of the collagen IV network. Type IV collagen interacts
cooperatively with a variety of proteins and glycoproteins in forming the membrane
[49]. Additionally, collagen IV can be reconstituted in vitro [49].

19.2.2.3. Laminin

Laminin has many functional roles in the ECM that relate primarily to cell attach-
ment, including induction and maintenance of cell polarity, establishment of tissue
barriers and compartments, organization of cells into tissues, and prohibition of
attachment-induced cell death [50]. Laminin is a cross-shaped heterotrimer of gly-
coproteins comprised of several combinations of α, β, and γ subunits resulting in
15 distinct heterotrimers. In general, the molecule is comprised of three short arms
of ∼37 nm and a long arm of ∼77 nm. All ends of the molecule have a globu-
lar domain providing functionality. In vitro, laminin can aggregate into networks
in a concentration-dependent and thermally-reversible manner in the presence of
divalent ions such as Ca2+ and Mg2+ [48].

19.2.2.4. Fibronectin

Fibronectin (FN) is a cell-secreted, soluble dimer, which polymerizes into an insol-
uble fibrillar network that facilitates cell attachment to the ECM (collagen types
I–III and V, in particular) [51]. The fibronectin subunit, a dimer of polypeptide
subunits 60–70 nm in length and 2–3 nm in diameter, associate into dimers that inter-
act directly with integrins on a cell surface [22, 52]. Cytoskeletal tension created
across the integrin stretches the FN dimer and exposes FN-FN binding sites to other
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interstitial FN dimers, resulting in FN fibril and network formation. Because FN
directly attaches to the cytoskeleton, and the FN network is assembled by mechani-
cal mediation, it is thought that FN plays an important role in influencing cell shape,
organization, and locomotion. Additionally, FN deposition is observed in a wide
variety of wound healing processes, usually preceding the deposition of a more
permanent collagen matrix [53].

19.2.2.5. Fibrin

Fibrin networks form during blood clotting as part of the wound healing process.
Fibrin is formed from the assembly of fibrinogen, a trinodular ∼340 kDa protein
present in plasma that is 45 nm in total length [54]. Polymerization is catalyzed
by thrombin, which enzymatically cleaves the N-termini of the α and β chains
creating the “A” and “B” polymerization sites, respectively. The fibrin monomers
arrange in a half-staggered arrangement aligning complimentary bonding sites cre-
ating oligomers that arrange in pairs creating dual-stranded protofibrils. Protofibrils
associate laterally-forming fibers which ultimately aggregate, constrained by the
ionic conditions, into bundles with a paracrystalline structure and distinctive banded
pattern [55]. The bundles undergo branching creating a three-dimensional network
that is covalently cross-linked by factor VIIIa concomitantly with the release of fib-
rinopeptide B [56]. In addition to its in vivo function, fibrin has also emerged as an
attractive scaffold for tissue engineering [57, 58].

19.2.3. The Mechanical Behavior of Biopolymers

The biopolymers above can be examined in their native state, but frequently are
purified and reconstituted in gel form. The in vitro gel is a much simpler system
than cells and tissues, while still providing many of the rich mechanical properties
observed in the in vivo systems. The bulk properties of gels are frequently mea-
sured with a rheometer. A common test performed involves casting a biopolymer
gel between two surfaces, often parallel plates, and oscillating one plate back and
forth at frequency ω while the other is held fixed. In the small strain limit of a linear
viscoelastic material, the stress-strain response is given by

σ (ω,t) = G′(ω)γ (ωt) + G′′(ω)
γ̇ (ωt)

ω
, (19-1)

where σ denotes the stress, γ denotes the strain, G′ denotes the elastic modulus and
G′′ denotes the loss modulus. For a perfectly elastic material G′′ = 0, and for a per-
fectly viscous material G′ = 0. For typical biopolymers such as actin and collagen,
the elastic character of the gel dominates at low frequencies (less than 100 Hz) – G′
is an order of magnitude greater than G′′ [59, 60] – thus making it possible to mea-
sure the elastic properties of the network with these tests. The viscoelastic character
of the gels stems from molecular-level rearrangements and fluid-solid interactions
(poroelasticity). The viscoelastic behavior is important but will not be discussed
here. For more information see [47, 61–65].
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The gel’s elastic character depends on the biopolymer concentration c and the
cross-links formed. One typically observes power-law scaling of the form G′ ∼ cx,
where for actin x = 1.4 when no cross-linker is present [66], and x = 2.5 in the pres-
ence of very strong and stiff cross-linkers [60]. Another parameter of significance
is the ratio of cross-linker to polymer concentration, R. Again, there is typically
power-law scaling of the form G′∼Ry, but a transition point exists, where at small
R, y = 0.1, whereas at larger R,y may range from 0.4 [67] to 2.0 [68], depending
on the stiffness of the cross-linker. Recently, it has also been observed that when
sheared, these materials tend to compress and pull the shear plates together [69].

At small strains, typically less than 10%, it is reasonable to treat biopolymer gels
as linear viscoelastic materials. At larger strains, however, they typically stiffen,
with a modulus that can increase by 2–3 orders of magnitude [70]. A number of
models give alternative explanation for this stiffening. At very large strains, the
material breaks, undergoing irreversible deformation. Some materials, including
actin, fail earlier at increasing densities [60] while other materials, like collagen,
break at the same strain regardless of the density [71]. These mechanical properties
are summarized in Figures 19-1, 19-2 and 19-3.

In addition to shear, extension and compression tests have also been con-
ducted on biopolymer networks (mostly collagen) – for a review see [47].
In uniaxial extension, unconstrained network fibers rotate and align with the
displacement axis before the network stiffens due to fiber resistance to axial

Figure 19-1. G′ Properties of actin from. The elastic modulus (G′) and maximum strain (γmax) for actin
networks cross-linked with scurin, as a function of actin concentration (cA) and cross-linker/actin ratio
(R). From [204] with permission
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Figure 19-2. Strain stiffening properties of biopolymers. From [70] with permission

stretch [72–75] thereby producing the characteristic J-shaped stress-strain curve
observed in soft tissues [71, 76, 77]. The rapidity of stiffening is dependent
on network properties and constraints. For example, a more cross-linked net-
work stiffens faster at a lower extension, as does a network that is constrained

Figure 19-3. Nonaffine-affine transition in mechanical beam networks. G′ scaling with L/λ, where
λ = lc(lc/lb)1/3. Note that when the spacing between cross-links is large, the network is much less stiff
than the nonaffine network. (Reprinted with permission from Head et al. [143]. Copyright (2003) by the
American Physical Society. http://prola.aps.org/abstract/PRE/v68/i6/e061907)
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transversely from contracting inward when stretched. Soft tissues and colla-
gen gels exhibit a reduction in the peak stress and the amount of hysteresis
between the loading/unloading curves that converges to a stable value when the
stretch protocol is repeated at the same rate and to the same extent (preconditioning).
It has been suggested that this behavior is due to microstructural rearrangements,
although the specific cause remains unknown. One possibility is that non-covalent
interactions between fibers continue to break as a result of the cyclic stretch until a
stable configuration is reached.

The gel response to compression testing is more complicated, and the dissipation
mechanisms involve molecular interactions and interstitial flow. Gels are often con-
fined laterally in a chamber and compressed with a porous piston to allow fluid flow
out of the gel [65, 78], an experiment inspired by the articular cartilage community
[79, 80]. In collagen gels, the network response was found dependent on the time
scale of the deformation, with step and ramp tests resulting in fiber collapse near the
piston or fiber bending that induced network restructuring throughout the gel [62].

Higher collagen concentration generally translates to better mechanical proper-
ties, but again it is unclear whether the underlying cause is more cross-links, larger
fibers, or other changes to the network architecture. It is well known that colla-
gen fiber and network architecture is highly dependent on the gelation conditions,
including pH, temperature, and ionic concentration [71, 81, 82]. In the absence of
cross-linker, it has been found that the storage modulus scales with collagen den-
sity cc by G′ ∼ c(2.45±0.25)

c [83, 84]. This is markedly different from the G′ ∼ c1.4
a

for uncrosslinked actin, which suggests that even in the absence of chemical cross-
linkers, the fibers naturally cross-link, a conclusion in agreement with macroscale
observations as well [62].

As already noted, tissues are compositionally and architecturally more com-
plex than single-phase biopolymer networks. As a result, other ECM components,
including proteoglycans, elastin, laminin, and fibronectin, have been added to col-
lagen gels in order to assess their impact on tissue mechanics [85, 86]. In general,
the changes in G′ and G′′ were concentration dependent with the additives either
aggregating collagen fibers together, as was the case with the proteoglycans studied,
or thickening the fibers by coating them. Regardless of the macromolecule added,
interpreting the results of such experiments is difficult because it is not known how
the proteins affect network assembly or how the resulting structure compares to
native tissues.

Nevertheless, these studies are relevant to understanding how tissues are built,
particularly skin and cartilage, which share similar structural arrangements. Tissues
like tendons, on the other hand, are highly organized and cross-linked into a
hierarchical structure designed to resist high tensile load and store energy and
do not behave like collagen gels. A discussion on the mechanical properties of
soft tissues is quite involved and beyond the scope of this review. The inter-
ested reader is referred to the works of Fung [76] and Humphrey [87] for more
information.
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19.3. NETWORK IMAGING, EXTRACTION, AND GENERATION

19.3.1. Imaging

19.3.1.1. Fiber-Level Imaging

To produce an accurate representation of a biopolymer network, one must first
obtain images of the microstructure. The difficulties involved are many, and each
imaging technique has its advantages and disadvantages. The most common means
for obtaining microstructural information relies on light level histology techniques
[34]. Different colored dyes or stains are applied to thin, fixed sections of tissue to
visualize the different matrix components. Histology is relatively inexpensive and
easy to do, and it can provide spatial information for multiple species. Histology’s
main detractions are that it is labor intensive and only moderate in resolution (submi-
cron). In addition, the information obtained is two-dimensional and prone to artifact,
which can arise during fixation, dehydration, sectioning, or staining. More specific
staining can be achieved, often through the use of fluorescent antibodies that bind
specifically to the target molecule. When the sample is illuminated with a specific
bandwidth of light, only the tagged molecules are imaged. Serial sections through a
sample can be reconstructed into 3d datasets of the tissue’s microstructure [88, 89],
or to obtain fiber orientation [90]. These methods are again labor intensive and
often produce artifacts, and the 3D reconstructions are computationally demand-
ing. More importantly, the real-time microstructural response to macroscopic loads
is not accessible.

More advanced imaging technologies have emerged, which are also capable of
providing 3D data sets. Magnetic resonance imaging (MRI) [91], computed tomog-
raphy (CT) and micro CT (μCT) [92–94], and optical coherence tomography (OCT)
[95–98] have all been applied to tissues, most notably bone. These techniques allow
3-D imaging of living tissues, but are limited in their ability to identify differences
in soft tissues and do not provide sufficient resolution to image at the scale of the
microstructure [99].

In the case of purified gels, confocal microscopy [75, 100–102], and multiphoton
microscopy [82] can be used obtain 3-D images of the networks without destroying
their network architecture. Typically, the point spread function of the system is on
the order of 500 nm, whereas for collagen, the fiber radius is often less than 100 nm
[83]. Thus while fibers of small diameters are visible, the precise radii of the fibers
and details of the fibril architecture cannot be resolved.

Electron microscopy (EM) provides a range of techniques useful for visualiz-
ing the microstructure in detail because resolution is on the nm scale. EM has
been used to directly observe a variety of biomolecules, including type IV colla-
gen [103], laminin [104], and spectrin [105]. Scanning electron microscopy (SEM)
is often used because of its superior depth of field, which also has the disadvantage
that quantification of fiber dimensions is difficult without resorting to stereoscopic
techniques. Transmission electron microscopy (TEM) is much more suited to quan-
titative measurements because the sample is sectioned into thin slices. TEM can
also be combined with other preparatory techniques, such as quick-freeze/deep
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etch, where a replica coating of the sample is imaged instead of the sample itself
[106, 107]. Sample preparation in EM is also difficult and sample artifacts sim-
ilar to those that occur in light level techniques are also present. Because of the
higher resolution, however, artifacts are magnified and present greater difficulties
in extracting the true microstructure. Cryo-(SEM) presents a more pristine picture
than conventional SEM because water-associated structures are not dehydrated. In
this technique, the sample is rapidly frozen so that the water vitrifies [108, 109].
3-D reconstructions are also possible using electron tomography, which has been
used to reconstruct cell structures [110] and single molecules, including collagen
and fibrillin [111].

19.3.1.2. Indirect (Population-Level) Imaging

Non-invasive, indirect measurements of the fiber microstructure are possible by
probing the sample’s optical properties. Techniques, such as small-angle light scat-
tering (SALS) [112] and polarimetric fiber alignment imaging (PFAI) [72, 113] do
not image the fibers directly, but instead make quantitative measurements of the
fiber population based on the optical properties of submicroscopic fiber networks.
In SALS, the pattern of scattered laser light transmitted through a sample provides
a local fiber orientation distribution, which can be used to generate dynamic align-
ment maps during mechanical testing of tissues [114]. PFAI exploits the birefringent
properties of the fiber and the difference in refractive index between fiber and solu-
tion to assess principal fiber direction and degree of alignment by measuring the
change in amplitude and phase of the elliptically polarized light transmitted through
the sample. Consequently, it can only be employed if the biopolymer network is
birefringent, as is the case with collagen and fibrin. PFAI has been used exten-
sively to generate 2-D network alignment maps in a variety of static [72, 115,
116] and dynamic [62, 117, 118] bioartificial tissue systems. Indirect techniques
do not have the resolution that confocal methods have but they are easier to imple-
ment and can survey whole tissue samples under a variety of loading schemes. One
limitation, however, is that the samples must be sufficiently transparent (i.e. thin
enough). Otherwise sample sectioning or optically clearing the tissue with a hyper-
osmotic solution may be required [114]. Another issue is that neither method can
discriminate between different fiber populations. For example, a fiber orientation
distribution obtained from a remodeled fibrin gel cannot distinguish fibrin fibers
from newly formed collagen fibers. Regardless of the real-time imaging method
used, gaps between scales still exist which can only be addressed with multi-scale
computational models and a cohort of imaging techniques.

19.3.2. Network Extraction

Another issue is how to describe the microstructure once an image or representa-
tion of the microstructure is obtained. Morphometric and stereologic methods have
often been employed to describe tissue microstructure [119, 120]. These descrip-
tors can provide exact quantities, such as volume fraction and number of objects, or
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distributions, such as fiber length, width, and orientation angle. Several tensor repre-
sentations have been employed to describe material anisotropy and micro-structural
alignment [121, 123]. They can be constructed from image-based measurements,
such as mean intercept length [119, 124] or from Fourier transform methods (FTM)
[125], and are convenient for capturing the principal direction and strength of fiber
alignment.

Other image processing techniques have also been used to extract fiber and net-
work features, as well as to map myocardial fiber orientation [126] and to quantify
cytoskeletal reorganization in response to shear [127], stretch [128], and wound
healing [129]. Some of these methods involve first thresholding the intensity image
into a binary image. Additional processing might include the use of filters for edge
detection and gradient calculation [126], or skeletonization and tracking [130] to
determine fiber orientation and magnitude, or to reconstruct the network [83, 131,
132]. In addition, Fourier methods [125, 129, 133, 134] and the Hough transform
[135, 136] have proven useful for obtaining fiber distributions. The majority of these
methods have been developed for 2-D images, and some have been extended to
3-D [83, 131, 132, 137] For more information on image processing techniques see
Gonzalez et al. [138].

19.3.3. Model Network Generation

A variety of methods have been implemented to create networks, not all based on
measurements of the microstructure. The simplest network model assumes an ideal-
ized geometry representative of the material, such as a hexagonal cellular solid unit
cell [139]. Another possibility is to use an established algorithm, such as Voronoi
tessellation or Delauney triangulation, to subdivide a region into a mesh. Methods
of this type are useful but generate more ordered, cellular-solid-like networks,
which only share some features with fibrous networks [140, 141]. Consequently,
one should consider whether the material to be modeled is more appropriately
described as a cellular solid or fiber network when creating the network geometry
(Figure 19-4).

The generation of random 2-D straight-fiber networks, known as a Mikado
model, involves randomly selecting network properties from a distribution func-
tion (e.g. uniform, von Mises, etc.). Typically, fiber position and angle are selected
randomly, and locations where fibers intersect are made into cross-links [141–144].
Other distributed networks properties can be used to shape the network including
fiber length and aspect ratio [145, 146]. In some cases the networks created are
periodic, meaning that fibers that overlap the box boundaries are made to wrap
back around to the other side [145, 147]. Periodic boundaries are generally used
to remove end effects and to more easily impose network properties, such as total
fiber length and network volume fraction [145].

These techniques can be extended to generate 3-D networks but an additional
angle (ranging from 0 to π ) must be included. Automatic 3-D skeletonization algo-
rithms have been developed for extracting the network structure [83, 131, 132] from
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Figure 19-4. Cellular vs. Fibrous Networks. (a) A random cellular network produced via Voronoi tes-
sellation using random points. (b) A random fiber network created from a random growth algorithm. See
Huessinger [139] for details on the differences

images and recently, Stein et al. [83] have validated that the architectures extracted
by these algorithms have realistic geometric and mechanical properties.

Most of our work has focused on the mechanics of biopolymer gels and tissue
equivalents [74, 117, 148–150]. In these studies, 3-D fiber networks were created
in a stochastic process that resembles the process of collagen fiber formation in
gels. First, a number of seed points are generated inside of a box. A fiber grows
bidirectionally from each seed point until intersecting the boundary or another fiber.
We have recently set up the method to generate statistically equivalent networks
to those obtained from polarized light imaging by adjusting the random direction
distribution and checking to match the observed structure [117].

19.3.4. Network Generation via Energy Minimization

Networks can also be generated through energy minimization techniques such as
the Metropolis-Hastings (MH) importance sampling algorithm [151, 152] (a Monte
Carlo technique). MH is used to generate the structure and interactions of dynamic
chemical systems from time-independent and stochastic rules [153–155]. If the rules
of the simulation are posed adequately, two differing and commensurate sequences
of random numbers should generate statistically equivalent results (i.e. the results
will agree to within a small “statistical error”). Consequently, the MH algorithm
is a powerful tool to bridge how nanoscale chemical energetics yield macroscopic
networks with determinable mechanical properties.

The underlying principle of the MH algorithm is to calculate a thermodynamic
minimal average energy 〈U〉, of an ensemble of m molecules, {n1,...,nm}, at a given
temperature, T, using the following equations:

〈U〉 = 1

Q

∫
U (n1,...,nm) exp

[−U (n1,...,nm)
/

kT
]

dn1...dnm, (19-2)

Q =
∫

exp
[−U (n1,...,nm)

/
kT

]
dn1...dnm, (19-3)
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where k is the Boltzmann constant. The difficulty in performing such a calculation
is that the normalizing quotient, Q, is generally not known for complex systems
such as molecular biofibril networks. To circumvent the lack of knowledge of the
normalizing quotient, instead an estimate of 〈U〉 can be made based upon a series
of K unique configurations of molecules, &j {n1,...,nm}for j=1,. . .,J, such that

〈U〉 = 1

J

J∑

j=1

U
(
&j

)
. (19-4)

As K becomes large, the estimate of 〈U〉 approaches the expected minimum value
of the internal energy of an ensemble of molecules. The simulation space must be
initially seeded with molecules in a way that precludes infinite energy interactions
(e.g. interactions that violate volume exclusion). After initially seeding of the sim-
ulation space, an initial energy is calculated based on the thermal properties of
the system, the interaction potentials, and distances of the interaction sites. Next
a molecule is chosen randomly and displaced a random distance generating a new
configuration. The energy of the new configuration is calculated. As long as the quo-
tient of thermodynamic probability of the new configuration is less than a random
number ζ , generated on the interval of (0,1), the new configuration and associated
energy are accepted. Otherwise, the molecule is returned to the starting position.
The acceptance criteria is explicitly demonstrated by

ζ ≤ exp
[− (

U′
j − U ( j )

)/
kT

]
, (19-5)

where U( j ) denotes the baseline energy prior to reconfiguration and U′
j is the

energy of the new system following the displacement of the randomly chosen
molecule.

Figure 19-5. Collagen IV Network Generated with MH algorithm. The network is initialized as a col-
lection of α1α1α2 (∼80%) and α3α4α5 (∼20%) monomers randomly selected in the simulation space.
System energy is decreased as 7S domains are brought within bonding proximity of other 7S domains
(∼3 nm). Over the course of 5×106 Metropolis steps, the system begins to converge upon the global
energy minimum of the system. (a) Initial network before energy minimization and (b) network fol-
lowing energy minimization via the Metropolis-Hastings algorithm. Notice the increase in heterogeneity
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As the algorithm proceeds, the result is convergence to the minimal energy
configuration of a network comprised of the initial fiber set. The algorithm is
designed to prohibit convergence upon local energy minima and is sensitive to
the level of correlation between random numbers. Consequently, a high-quality
pseudo-random-number-generating algorithm is critical to ensure that results are
statistically valid (see [153, 154] for a more thorough discussion on this topic). This
application of the MH algorithm is thus a means to generate a network from the
associated fundamental subunits using an energy minimization approach. An exam-
ple of a collagen IV network generated using the MH algorithm is demonstrated in
Figure 19-5.

19.4. GENERAL MODELING APPROACHES FOR BIOPOLYMER
NETWORKS

19.4.1. Definitions

In the following, we define a biopolymer network to be a collection of intercon-
nected fibers. Depending on the biopolymer of interest, a fiber may consist of a true
fiber, a fibril, a filament, or a bundle of filaments, which themselves are composed
of monomers, depending on the network of interest. Where two fibers interact, we
define there to be a node. There are two major types of nodes: entanglements and
cross-links. An entanglement is a point at which two or more fibers are in close
proximity, such that the possibility of contact alters the deformation properties of
the network. A cross-link is defined to be a point where two fibers are chemically
linked together. A segment of length ls is defined to be a piece of the fiber between
two neighboring nodes.

We also define various types of polymer networks based on the flexibility of the
fibers that make up the network. Flexibility is determined by the persistence length
lp of a fiber, which gives the typical length over which a fiber remains straight. For
a fiber of length L parameterized by s, lp is given by

〈cos [θ (s) − θ (0)]〉 = exp
[−s/lp

]
, (19-6)

where θ(s) is the tangent angle of the fiber with respect to its main axis [156]
and 〈x〉 is the expected value of x. It can also be shown that lp = Kb

/
kT , where

Kb is the bending stiffness, k is the Boltzmann constant, and T is the temperature
[156]. The bending stiffness is a function of the fiber’s Young’s modulus and the
moment of inertia of the cross-sectional area. A flexible network, like rubber, is
one where lp << ls. Such networks are dominated by the entropic stiffness of the
segments [157]. For a semi-flexible polymer network, such as actin, lp ≈ ls [63,
64, 158]. These networks are considerably more complex because both mechanical
and entropic properties of the fibers play a role in the network dynamics. On the
other extreme are mechanical networks, such as collagen-I gels where lp >> ls, and
the fibers have very long thermal persistence lengths and the entropic effects are
negligible [84].
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19.4.2. Affine Theory

A variety of approaches exist for modeling biopolymer networks. One common
assumption employed is that the network deformation can be described as an affine
transformation. An affine transformation preserves the collinearity of points and the
ratio between distances. A typical example is that of simple shear, which maps the
point (x,y) to (x+γ y,y).

Affine theories have been used to describe the properties of flexible gels, such
as rubber [157], where the persistence length is much shorter than the distance
between nodes. Here, it has been found that the elastic modulus, G′, scales with
the cube of the mesh size, ξ . Mesh size is defined as the average of sphere diameter
that fits inside the network without touching the fibers. For semiflexible biopoly-
mer networks, the persistence length is on the same order of the mesh size, and the
entanglement length le is used to describe the network. MacKintosh et al. [158]
and Morse [63, 64] have developed an affine deformation theory for semiflexible
biopolymer networks. By treating the polymer as an entropic worm-like-chain, they
derive a force-displacement curve for an individual polymer chain to be:

F ∼ K2
b

kT

dl

l4e
, (19-7)

where dl is the length change of a segment. The force-displacement curve is related
to the modulus of the material by assuming there are ξ2 fibers per area, and that
dl = γ le, where γ is the shear strain. This gives

G′ ∼ K2
b

kT

dl

ξ2l3e
. (19-8)

To relate G′ to the polymer concentration, one must first determine the depen-
dency of Kb, ξ , and le on concentration. MacKintosh et al. [158], assume the fibers
do not bundle and thus Kb is independent of c. Previous experiments [66] indi-
cate that for non-cross-linked actin, ξ ∼ c−1/2. For le, various relationships have
been used. For a densely cross-linked gel, le ∼ ξ , and G′ ∼ c2.5. However, the
precise relationship between le and ξ may be more complex. On the other hand,
modeling the chain as a fluctuating rod gives le ∼ ξ4/5 [158], whereas if one also
assumes that the bending stiffness of the polymer depends on the polymer length,
as is the case when polymer bending is dominated by shear (discussed below),
then le ∼ ξ4/3. The affine theory has also been used to explain strain stiffening of
biopolymer gels [70] as well as the negative normal stresses observed during shear
[69]. Affine-deformation models have also been used to simulate the mechanical
response of fibrillar tissues [159], including heart valve [160], cornea [161], skin
[162], and articular cartilage [163], accounting for multiple co-existing networks or
non-fibrillar tissue components as needed.

While the affine model predicts behavior in line with what has been observed
experimentally, it is not clear that the assumption of affine deformation is valid at
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the length scale of the fibers. The nonaffinity of a deformation can be measured in
a number of ways [164] and is typically done by looking at the difference in length,
angle, or vector difference between the observed deformation and that predicted for
a purely affine deformation. Nonaffine deformations have been observed in practice
[72, 102, 114, 117, 165, 166] but disagreement still exists on the applicability of the
affine assumption for biopolymer networks [167, 168].

One difficulty with the affine assumption is that the network segments deform
independently, and thus the details of network interactions are lost. Such an assump-
tion allows a simpler material description that in some applications may be sufficient
for the problem. Within this framework, however, there is no obvious way to account
for fiber synthesis or degradation, nor does it allow one to model failure at the cross-
links or in individual network fibers. The need for more detailed understanding of
networks has led to the development of various non-afifne models, described in the
next section.

19.4.3. Nonaffine Models

In modeling non-affine networks, there are three main choices the modeler must
make: (1) the constitutive model for the individual fiber segments, (2) the properties
of the nodal interactions, and (3) the network organization of the segments. The
choice, in part, depends on what type of questions the modeler intends to answer.
The individual segments may be treated as linear or nonlinear springs, which only
stretch, or as beams or worm-like-chains, which also resist bending and torsion.
Additional relationships may be needed to account properly for the bending stiffness
if the segment is composed of a bundle of interacting filaments.

Nodes can be treated either as cross-links or entanglements. While macroscopic
scaling theories account for both (discussed later), with the exception of Rodney
et al. [169], all microstructural models presented here assume that fibers are chem-
ically cross-linked, or sufficiently entangled that on the time scale of interest they
are and unable to slip at the nodes. In addition, the analysis is greatly simplified by
neglecting steric interactions between fibers, which may contribute to the mechan-
ical response. Nodes may be treated as freely rotating pin joints, welded joints of
fixed angle, or linear or torsional springs.

19.4.3.1. Spring Model

We begin by exploring networks of randomly oriented springs, studied by Kellomaki
et al. [144]. In this model, each segment acts as a linear spring, and the springs are
connected at freely rotating pin joints. Kellomaki et al. [144] showed that under
small deformations, such a network is floppy and has zero shear modulus. That is,
under small deformations, the network is able to rearrange itself without changing
the length of any of the springs. The floppiness of the network can be explained
in two ways. One is that for a network cluster to be rigid, it must be composed of
triangles that share a common side. Such a structure requires the existence of points
where three fibers overlap. In a randomly generated Mikado network, the probability
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of three fibers intersecting at a single point is almost surely zero, so it is impossi-
ble for a stiff cluster of fibers to percolate the network. An alternative framework
for analyzing network properties is based on Maxwell counting [170]. Consider a
d dimensional space composed of Nv vertices connected by Nc segments. The con-
dition number is defined to be the average number of segments that connect to a
single node and is given by z = 2Nc/Nv. The total number of degrees of freedom
in the network (ignoring rigid motions) is given by Nf = Nvd − Nc, where d is the
spatial dimensionality. For a rigid network Nf = 0, giving Nc = Nvd, and requiring
z = 2d, where d is the spatial dimensionalty. For a network of Mikado model struc-
ture, even if the free ends are removed (of condition number 1), we are left with
vertices that are connected by 2–4 springs. Because the condition number is less
than four the network is floppy. An important implication of this model is that the
assumptions associated with the affine model discussed above are inconsistent. If a
biopolymer gel is modeled as a network of randomly oriented springs, even if the
springs are nonlinear, the network cannot resist shear at infinitesimal deformation.
In contrast, springs in the affine model stretch immediately. Furthermore, the spring
network does not deform affinely because it is able to rearrange itself under small
deformations without changing the length of its springs.

Chandran and Barocas [73] have also studied random spring networks with the
goal of modeling collagen gels. They studied networks generated by an artificial
polymerization algorithm, described above, and these networks also have a condi-
tion number that is less than 4. Similar to Kellomaki et al. [144], they find that the
network deformations are significantly different from affine and in particular, fibers
are likely to reorient rather than stretch, thus leading to smaller stretch ratios than
would be seen in the affine case even though the fiber orientation averaged over the
entire population remained close to the affine value.

The Mikado and polymerization models are attractive in that the network archi-
tecture is reminiscent of biopolymer networks, but their main problem is that
networks of zero modulus at small strains are unrealistic. To study rigid spring net-
works, Wyart et al. [171] explore the strain stiffening properties of networks formed
by an alternative algorithm, in which the space is seeded with a number of nodes and
then a condition number is imposed by connecting vertices that are close. Buxton
and Clarke [172] have also studied beam networks formed in this way. This method
allows one to explore the transition from floppy to rigid networks as the condition
number increases. However, because this network architecture is not representative
of most biopolymer networks, we do not discuss its properties further.

A fourth architecture for modeling biopolymers is the Arruda-Boyce eight-chain
network model, used by Palmer and Boyce [173] for modeling actin networks. The
model represents the network as a unit cell containing eight segments, each con-
necting a corner of the box to the center. Incompressibility is imposed on the cell
such that even though the network alone is floppy, the network in combination with
the incompressibility constraint is stiff. These models have the advantage of being
easy to solve, but like the random networks of Wyart et al. above, they are not
representative of true biopolymer networks. Nevertheless, by tuning the segment
parameters, one can match experimental data for skin [174] and actin networks
[173]. In modeling actin, Palmer and Boyce [173] based their force-displacement



576 E.A. Sander et al.

curves on the theory of MacKintosh [158], described above. This modeling frame-
work allows consideration of prestress, but unfortunately, gives no way to predict it
in the network, so the prestress must be fit to each data set individually.

19.4.3.2. Beam Models

In light of the above the result that realistic, spring networks have G ′= 0, it is nec-
essary to account for the bending energy of the segments as well, or, at a minimum,
to introduce torsional springs at the nodes [74]. Explicitly accounting for fiber bend-
ing is typically accomplished by treating each segment as a worm-like-chain (WLC)
that contains both stretching and bending energy. Numerically, segment bending can
be implemented either by using a discrete WLC model [175] or a finite element
algorithm [145, 176], where the segments are represented as beams having both a
stretching stiffness Ks, and a bending stiffness Kb. Often, the segments are treated as
elastic rods using Euler-Bernoulli beam theory, and thus the mechanical stretching
stiffness is given by Ks = EA and Kb = EI, where E is the Young’s modulus of an
individual fiber, A = πR2 is the cross-sectional area, R is the rod radius, and I is the
area moment of inertia of the rod. The total energy in a filament is given by,

H = 1

2
Kb

L∫

0

(
∇2u

)2
dl + 1

2
Ks

L∫

0

ε2dl, (19-9)

where the segment is of length L, the transverse displacement is given by u, the
curvature is given by ∇2u, and the axial strain given by ε. From the above expres-
sions, one can also define a spring stiffness for a segment. The mechanical stretching
stiffness for a cylindrical fiber segment is given by ks = Ks

/
lc, while the bending

stiffness is kb = Kb
/

l3c , where lc is the mean spacing between nodes.
If the segment consists only of a single isotropic, linear elastic filament of

radius r, then I = Ifil = πr4
/

4. However, in many biopolymer networks, includ-
ing actin and collagen, the segment is in fact a bundle of fibers. If the bundles are
tightly coupled together by a stiff and rigid cross-linker, as is the case for actin
cross-linked by scurin [177], then a similar formula applies, I = πR4

/
4, with R the

radius of the bundle. In the case of loose intrasegment coupling, we instead have
I = NfilIfil = R2/r2Ifil = π(Rr)2/

4. In this case, the bundle is much more flexible
as I ∼ R2r2 instead of R4. There also exists a third, intermediate regime, determined
by the nondimensional parameter α = kxL2

/
(EAδ) [178, 179], in which kx is the

cross-link stiffness at a node, L is the segment length, and δ is the mean spacing
between nodes. For small α, the coupling is weak and Kb ∼ E (Rr)2. For very large
α, the coupling is strong and Kb ∼ ER4. For intermediate values of α, the formula
for Kb is more complicated, depending upon L, δ, and kx [178]. In the case of actin
bundles, three regimes have been observed, depending upon the cross-linker used
[179].

The first step in understanding the mechanical properties of these networks is to
explore the G′ behavior as a function of the network density. For the Mikado model,
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we define two densities: a nondimensional density q = NL2
/

A, and a dimensional
density ρ = NL/A, where N is the number of fibers of length L (possibly contain-
ing multiple segments) in a box of area A, and ρ has units of [1/length]. In two
dimensions, it is possible to link lc directly to N, L, and A and at large q, it is
given by lc = 2/qπ [180]. The mechanical properties of these networks have been
shown to depend critically on q [181], and also on the average number of nodes per
segment L

/
lc [143]. Here, we choose to describe the network mechanics in terms

of L
/

lc, though the two choices are equivalent [180]. For low L
/

lc, the system is
made up of isolated rods and small, unconnected clusters. In such a system, there
is no connected path from one side to the other and G′ = 0. At L

/
lc= 5.42 [143],

conductivity percolation occurs, meaning that a path exists connecting two oppo-
site sides of the network. In the case that the nodes can resist rotation (e.g. welded
joints), the system has also achieved rigidity percolation, and the connected compo-
nent can resist deformation. In the case that the nodes are treated as freely rotating
pin joints, rigidity percolation does not occur until L

/
lc = 5.93 [143].

Above rigidity percolation, there are two mechanical regimes, based on whether
the deformations are affine or nonaffine. In the case of kb << ks, the fibers are long
and thin, and the spacing between cross-links is large. Since the bending stiffness
is relatively low, the network responds to deformation by the bending of its fibers,
which is inherently non-affine. For freely rotating cross-links, it has been shown
both through simulation and through a self consistent analysis of the floppy modes
of the system that G′ ∼ kb

(
L

/
lc

)3.67 ∼ Kbρ
6.67L3.67 [141], exhibiting an extreme

sensitivity to the network density. The system behaves fundamentally differently
when ks >> kb. In this regime, deformations are affine and G′ ∼ ks ∼ EAρ, and the
modulus depends only linearly on density. The critical length at which the transition
occurs is given by lcrti = L

[(
ρ − ρf

)
L

]−2.84. Thus far, this scaling transition has
not been fully explored in three-dimensional simulations. However, Huisman et al.
[182] have studied artificially generated networks designed to be similar to actin,
and Stein et al. [84] have studied collagen networks of realistic architecture. Both
have found that at small deformations, the primary mode of energy storage is in
bending, and at small strains the deformations are highly non-affine. This result
lends further support to the idea that the affine assumption is erroneous for most
biopolymer networks.

As discussed in more detail below, cross-linked biopolymer networks typically
scale by G′ ∼ c2−3, where c is the polymer concentration. This is quite different
than either scaling regime for the Mikado model. Thus the importance of the above
results is not in the specific scaling laws derived, but in the observation that there
are two distinct mechanical regimes, one dominated by affine stretching and another
dominated by nonaffine bending.

19.4.3.3. Entropic Beam Model

An additional level of detail that can be added to the model is the entropic com-
ponent of the stretching stiffness of an individual filament. In this framework, the
stretching stiffness ks of a segment is modeled as two springs connected in series:
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an elastic element kel = EA
/

lc, and an entropic element given by ken = K2
b

/
kTl4c .

The total stretching stiffness is given by k−1
s = k−1

el + k−1
en and is dominated by

the more compliant of the two elements. In the case that the entropic stiffness is
weakest, we have ks ∼ l−4

c , which is markedly different from ks ∼ l−1
c for purely

mechanical networks. Fibrous networks exhibit G′ scaling that is very sensitive to
the cross-link behavior. For rigid cross-links, G′ ∼ Aks + Bkb, where rather than
acting in series, the stretching elements now act in parallel, with the stronger of the
two dominating the elastic response. For flexible cross-links, however, in the case of
inextensible fibers (kel → ∞), k0.5

b k0.5
s . For these systems too, it is found that there

is a critical average segment length lcrit, such that for networks with lc < lcrit, the
deformations are affine and when lc > lcrit, the deformations are nonaffine. Thus
including the entropic properties of the network gives qualitatively different scaling
laws for G′, but the nonaffine/affine transition is still present.

19.4.4. Finite Strain

19.4.4.1. Strain Stiffening

The above section focused on the small-strain behavior of networks. Soft tissues, in
particular, routinely deform beyond the small strain limit, ranging anywhere from
2% to over 40% strain depending on the tissue [76]. The typical load-deformation
response of cells and soft tissues in uniaxial tension is non-linear, starting with a
long, extensible toe region, followed by a linear and then exponential increase in
the force. The stiffening observed at high strains is universal, but the cause of strain
stiffening is unclear; the proposed mechanisms underlying it are dependent on the
type of model used, and the mechanisms may be different for different biopolymers.

Storm et al. [70] have used the affine theory developed by MacKintosh [158]
to show that the strain stiffening of a large number of polymers could qualitatively
be explained by an affine deformation of a network of strain stiffening filaments.
Similar behavior can also be produced by network reorganizations in which fibers
are free to rotate with the deformation, both in spring [74, 149] and beam mod-
els [84, 146, 147, 182, 183]. It is likely that the precise nature of strain stiffening
depends upon the specific properties of the biopolymers, as well as the manner in
which they are organized. Tissues are denser and more cross-linked than gels, and
their strain stiffening response may derive from both molecular entropic effects and
ECM geometry. In some instances, the scale of a problem involving tissues may
warrant the use of affine theories [166], although experiments show that at least
some tissue fiber deformations are not affine [114, 166, 184].

19.4.5. Bridging Scales – Multiscale Behavior of Networks

19.4.5.1. Representative Volume Element

A common approach used in relating the macroscopic behavior of a material to its
microstructure is to find a region in which the microstructure is structurally typical
to the entire sample [185]. Such a region is referred to as a representative volume
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element (RVE). RVEs possess a characteristic length scale that is at least an order of
magnitude larger (and preferably larger) than the length scale of heterogeneity in the
microstructure. As a result, the whole material can be subdivided into a repeating
array of RVEs, joined at their boundaries. Because the RVE is periodic and it is
similar mechanically to the whole material, analysis can be conducted on the RVE
alone.

Once an RVE has been selected, the analysis that follows assumes that the
microstructure deforms continuously with the macroscopic strain field (the affine
assumption). Such is the approach taken with cellular solid models [139, 186],
which have been used to study a variety of materials, including metals and plas-
tics [139], bone [187–189], and connective tissue in the optic nerve head [190].
Cellular networks can be setup with idealized, regular geometries that permit ana-
lytical solutions, or they can be created with irregular structures and probed with the
finite element method [141, 191]. Either way, the bulk properties of the material can
be related to the microstructure.

The analysis, however, is not limited to the behavior of one archetypal RVE. The
RVE mechanical response can vary spatially, as in homogenization theory, where
RVEs in the material develop different levels of strain to accommodate the inhomo-
geneous macroscopic displacement field [192–194]. The strategies to link scales in
soft tissues are more challenging because large deformations are possible; hence,
techniques based on a small strain assumption, such as many forms of homogeniza-
tion, will fail. More importantly, linking strategies that rely on periodicity cannot
incorporate macroscopic heterogeneity.

Our group has developed a multi-scale computational model that relies on the
method of volume averaging [195] to link the macroscopic level to the micro-
scopic level [74, 117, 149]. Because a material average volume is formulated (i.e.
a volume that deforms with the material) large deformations are easily addressed.
Furthermore, macroscopic heterogeneity, manifested as regional differences in the
local ECM microstructure, can be accommodated naturally by employing different
RVE network structures, provided that the regional differences are larger than the
scale of the RVE. To clarify, the RVE domain should be bigger than the scale of
microscopic gradients but smaller than that of macroscopic gradients [196]. As a
result, the model provides a means to study the dependency of macroscopic tissue
mechanics on the underlying ECM microstructure, which for our purposes is typi-
cally represented as a network of collagen fibers contained within an RVE [74, 117,
149, 150]. Consequently, the remainder of this discussion applies to collagen fiber
networks, but other networks (e.g. electrospun fibers [195]) can also be examined
with the method provided their attributes are accounted for in the fiber constitutive
equation and volume averaging equation detailed below.

19.4.5.2. Volume Averaging

In the model, the macroscopic domain is represented with a Galerkin finite element
(FE) model (Figure 19-6). However, in place of a macroscopic constitutive equation,
the stress needed for the FE solution is obtained by solving the force balance on the
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Figure 19-6. Multiscale modeling with volume averaging. The multiscale model relies on volume aver-
aging theory to link scales. The macroscopic problem is represented using the Galerkin finite element
method. RVEs containing fiber networks are centered at the integration points in the element, and the
RVE boundaries are deformed with the macroscopic deformation field. Fiber forces in the network are
volume averaged and the resulting macroscopic stress tensor is used in the macroscopic stress balance
to solve for the new macroscopic displacement field. This process iterates going back and forth between
scales until convergence is achieved

fiber network contained within an RVE. The RVEs are centered at the FE integration
points, and their boundaries are displaced based on the macroscopic deformation
field. Boundary displacements produce forces in the fibers that are transmitted via
fiber crosslinks, with the result that the fibers in the network reorganize to achieve
force equilibrium. The network fiber stress is averaged over the RVE to obtain the
macroscopic average Cauchy stress tensor, which is then used in the macroscopic
stress balance to determine the new macroscopic deformation field, and the process
iterates until convergence is achieved.

The method utilizes three basic equations: (1) a constitutive equation to relate
fiber stress to fiber strain (2) an equation that relates the average macroscopic stress
to the volume average of the local fiber stresses (3) and an equation for the force
balance at the macroscopic level. A fourth expression to incorporate rotational stiff-
ness at the nodes can also be used [74]. A number of constitutive equations have
been proposed for collagen fibers [160, 193, 198] that represent the fiber as strong
in tension and weak in compression. In previous work [73, 149], we have found that
the fiber constitutive equation used only has a minor influence on the macroscopic
behavior. For convenience, we employ an exponential constitutive equation [160] to
relate the fiber force, F, as

F = Ef Af

B

[
exp (Bεf ) − 1

]
, (19-10)
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where Ef and B are constitutive constants, and Af is the fiber cross-sectional area.
The Green’s strain of the fiber, εf, is given in terms of the fiber stretch ratio, λf,

as εf = 0.5
(
λ2

f − 1
)

. Equation (19-10), at the low-strain limit, reduces to a linear

model with elastic modulus Ef.
In volume averaging [195, 199], the macroscopic Cauchy stress tensor, Sij, is

determined by averaging the microscopic stress field, sij, over the RVE volume, V,

Sij = 1

V

∫

V

sijdV . (19-11)

Here we use index notation with uppercase and lowercase letters to refer to
macroscopic and microscopic variables, respectively. The microscopic stress can
be rewritten as sij = skjδik, where δik is the Kronecker delta. Because the gradient
of the direction vector, x, is equivalent to δik (∇x = xi,j = δij), Eq. (19-11) can be
rewritten as

Sij = 1

V

∫

V

skjxi,kdV = 1

V

∫

V

(
skjxi

)
, k dV− 1

V

∫

V

skj,kxidV . (19-12)

The second term on the RHS vanishes because microscopic equilibrium requires
that skj,k = 0. Applying the divergence theorem allows the macroscopic stress to be
calculated as integral of the RVE surface tractions, tj, over the RVE surface,

Sij = 1

V

∮

∂V

nkskjxidA = 1

V

∮

∂V

xitjdA. (19-13)

The tractions occur at the locations where network segments intersect the RVE
boundary (cross-links). For thin segments, x varies little over the segment-boundary
intersection. Thus,

∫
nkskjxidA ≈ xi

∫
nkskjdA = xiFj, and the components of Sij are

given in terms of the crosslink positions, x, and forces, F, as

Sij = 1

V

∑

boundary nodes

xiFj, (19-14)

The final equation needed is the macroscopic stress balance. Since the averag-
ing volume is material and changes with the macroscopic displacement, additional
terms must be incorporated (see Chandran [74]). The advantages of material
description are (1) it is consistent with how the microstructure deforms, (2) it sat-
isfies the mass balance implicitly, and (3) the macroscopic gradients are naturally
applied as the boundary conditions of the RVE [74].
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The macroscopic stress balance is given as

Sij,i = 1

V

∮

∂V

(
sij − Sij

)
uk,inkdA, (19-15)

where u is RVE boundary displacement and n is the unit normal vector. The right
hand side of Eq. (19-8) arises from the correlation between inhomogeneous dis-
placement of the RVE boundary and local inhomogeneities in the stress field. In the
case of a fixed RVE, the RHS would be zero.

19.5. APPLICATIONS TO BIOPOLYMERS

Now that the general methods used to model biopolymer networks have been
discussed, we examine the application of network models to specific problems.

19.5.1. Actin

Actin is a popular choice for microstructural analysis due to its critical role in a
number of cellular events and biological processes, including cell motility [179].
Of particular interest is the wide spectrum of actin cross-linkers, whose effect
on network formation and mechanics has important implications for normal cell
function. When no cross-linker is present, the networks are extremely compliant
(G′ < 0.5 Pa) and elasticity scales with concentration as G′ ∼ c7/5

a [200]. The
addition of a cross-linker can bring the modulus to 100 Pa or larger, clearly demon-
strating their importance in network formation. Cross-linkers, however, can serve
two functions. First, they can group individual filaments into a larger bundle, which
can strongly influence the bending stiffness [179, 201]. Second, they can connect
filaments and bundles together to form a network. Cross-linkers vary in length
with shorter molecules, such as scurin and fascin, forming relatively tight bundles
whereas longer molecules, such as filamin and α-actinin form looser bundles. Heavy
meromyosin cross-links while forming no bundles at all. The effect that various
cross-linkers have on the actin networks is summarized in Table 19-2. Remarkably,
scurin [60, 68], fascin [202], and HMM [203] all have similar effects in terms of
the scaling of G′ with respect to the actin concentration and cross-linker ratio, with

Table 19-2. Effect of cross-linkers on actin network properties

Cross-linker None Filamin [67] HMM [201] Fascin [61] Scurin [60, 68]

Bundle formation None Loose None Tight Tight
G′ (Pa) 0.1–0.5 1–10 0.1–100 0.1–100 0.1–100
G′ ∼ cA

x 1.4 2.2 2.4 2.5
G′ ∼ Rx (large R) N/A 0.4 1.2 1.5 2
G′ ∼ γ crit

x N/A –1.0 –0.4 –0.6
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G′ ∼ c(2.35±0.15)
a R(1.6±0.4). An additional parameter that is tracked is the critical

strain γcrit ∼ R(−0.7±0.3), which indicates the onset of strain stiffening, and again is
relatively similar for the three different cross-linkers.

Many models exist that have been used to explain some of these data, including
the affine stretching model of worm-like chains [68, 158], the nonaffine 8-chain
model [173], and the nonaffine bending model [167, 202]. All three models have
also been able to explain the strain stiffening behavior of biopolymers [70, 147,
173]. In vivo, turnover of the actin network may contribute to its apparent viscosity.
That is, a stressed fiber may disassemble and be replaced by new, unstressed fibers.
The significance of this phenomenon varies with cell type, phenotype, and activity.
While non-affinity has been directly observed at short length scales in scurin-cross-
linked actin networks [102], the community does not yet agree upon whether such
nonaffinity is sufficient to invalidate the affine theory [168]. The 8-chain model of
Palmer and Boyce [173] requires one to refit the network prestress at each actin
density. Thus their model makes the prediction that lower density networks have
higher degrees of prestress, but such a prediction has yet to be validated.

Finally, it has been observed that the maximum strain that a gel can withstand
decreases with increasing density [204]. This is hypothesized to be due to a short-
ening of the space between cross-links, which according to entropic stiffening
hypothesis, means that the fibers reach their maximum state of strain sooner [158].

19.5.2. Microtubules, IFs, and the Cytoskeleton

Microtubules and IFs have been cast into gels and subjected to rheology tests to
determine their individual mechanical characteristics [205, 206]. However, the net-
works were formed in vitro from purified monomer and may differ substantially
from those formed inside a cell. It is important to understand the individual proper-
ties of these proteins, but how they integrate with actin to form the cytoskeleton is
the ultimate goal, and much remains to be learned.

Wang and Stamenovic explore the contribution of IFs to cellular mechanics
by measuring cell stiffness to applied stress in adherent wild-type and vimentin-
deficient fibroblasts through magnetic twisting cytometry [207]. At high applied
stress (>> 10 dynes/cm2), the stiffness of the vimentin-deficient fibroblasts is much
smaller than the wild-type fibroblasts, while at a stress of 10 dynes/cm2, the stiffness
is comparable. A six-strut tensegrity model (discussed below) was able to replicate
the stiffening that resulted from cytoskeletal fiber realignment.

Microtubules and IFs are integrated into the cytoskeleton, and therefore can
affect the properties of the whole cell. One perspective on the structure-function
relationship between the cell, its cytoskeleton, and the extracellular matrix is the
hypothesis that the cell is a tensegrity (tensional integrity) structure [26, 208, 209].
In this model, the stability of the cytoskeleton is derived from a balance between
a continuous filament network (actin and intermediate filaments) under tension
and isolated compression-resistant elements (microtubules and thick actin bundles).
Without internal tension, or “prestress”, which can be generated through the cell’s
contractile machinery, the cytoskeleton would collapse. External forces, which are
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transmitted from the ECM to the cytoskeleton through focal adhesions, cause the
cytoskeleton to reorganize and stabilize until equilibrium is achieved. Support for
this view appears to be based largely on its intuitive appeal and model predictions
that match cell stiffening behavior with increasing tension and surface attachments
[210, 211]. The non-linear behavior observed derives from geometric changes in
the network, a behavior also observable in random fiber networks without compres-
sion elements. Although the concept of tensegrity is attractive, and experimental
evidence shows that microtubules can buckle under cellular loading [212], the exact
nature of the complex interactions that define cytoskeletal mechanics remains poorly
understood.

19.5.3. Spectrin

Spectrin has been studied as triangulated networks of Hookean springs of non-zero
force-free length and finite maximum length [212]. Triangulated networks are gen-
erated from infinitely thin hard rods with six-fold vertices. Under compression, the
six-fold symmetric structures undergo a phase transition to two-fold network sym-
metry as studied analytically at zero temperature or through Monte Carlo simulation
with a non-zero temperature [212]. In subsequent studies, a six-fold symmetric
network of polymer chains, representing the actin-spectrin cytoskeleton of the ery-
throcyte, is generated and the geometrical and elastic properties are determined
[214] and found to be in agreement with the shear modulus, of 6.6×10–3 dynes/cm
at 25◦C, for the erythrocyte cytoskeleton as determined from micromechanical
techniques [215].

With respect to modeling the macroscopic erythrocyte structure, an intertriangu-
lated network of chains becomes unwieldy. Consequently, Boey, et al., represented
the spectrin chains using a worm-like chain potential providing a tractable and more
physically realistic representation of an intertriangulated spectrin network than the
original Hookean spring representation [214]. An ensemble-averaging technique
was applied to non-axisymmetrical deformed shapes, analogous to an erythrocyte
undergoing micropipette aspiration, demonstrating how the triangulated mesh of
the spectrin-actin cytoskeleton imposes the macroscopic geometry of the erythro-
cyte [216]. Discher and colleagues’ simulation results from three structural models
of the spectrin network attached to a bilayer suggest that the network exists in a
prestressed condition of compression balanced through tension created by the lipid
bilayer [216]. Lee et al. later confirmed that the prestressed erythryocyte mem-
brane is capable of sustaining large anisotropic strains using fluorescently-patterned
photobleaching of a rhodamine phalloidin-labeled spectrin-actin cytoskeleton [214,
217].

Additionally, the equilibrium shape of the human erythrocyte has been investi-
gated using spectrin-level energetics [218]. Li and colleagues populated spherical
and biconcave structures with spectrin networks capable of 2,3,. . .,9 element junc-
tions. After the initial shape was populated, cytosol was removed allowing the shape
to deflate with fixed spectrin connectivities. Coarse-grained molecular dynamics
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was employed to find the equilibrium shape of the deflated RBC employing a worm-
like chain free energy model for the spectrin tetramer links. As a consequence of
the hypothesis that spectrin networks are constantly undergoing remodeling at some
sufficiently small characteristic time scale, Li et al., employed a liquefied network
structure evolution algorithm to relax the in-plane shear elastic energy of the macro-
scopic network shape which permits the evolution to discocyte and stomacyte shapes
based on the approach of Discher and colleagues [213, 214, 216, 217].

19.5.4. Collagen I

Similarly to actin, collagen I has been modeled extensively due to its abundance
and central structural role in many tissues. For this review, we focus on network
models, where the fibers are modeled as tension resisting springs [73] or tension
and moment resisting beams [84]. As with the networks applied to actin, these mod-
els show that significant matrix restructuring occurs in a highly non-affine manner.
In addition, uniaxial deformations applied to random networks result in nonlinear
stiffening, which arises from fiber rotations that gradually lead to fiber stretch. In
the small-strain limit, most of the energy in the network is stored in fiber and cross-
link bending (when bending is accounted for). At large strains the primary energy
storage mode is fiber stretching, and thus the large strain modulus scales linearly
with density [84].

Our multiscale model was originally developed for collagen gels, which appear
smooth and continuous on the macroscopic scale but are in fact composed of discrete
fibers. The model was applied to collagen gels [74, 149] and extended to complex
geometries [219] by means of a sophisticated computational environment. A rep-
resentative example can be seen in Figure 19-7, which shows the stretching of a

Figure 19-7. Heterogeneous test sample. A model system was constructed with a highly aligned central
“wound” region and a more isotropic surrounding region. The sample was stretched uniaxially to 30%
strain. The highly aligned central region deformed less than the surrounding isotropic region. Images are
2-D projections of a 3-D result
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Figure 19-8. Image based multiscale modeling. One quadrant of a cell-seeded, compacted collagen gel
was tested mechanically while microstructural orientation and strength of alignment was measured using
polarized light. A unique 3-D, interconnected fiber network was generated for each finite element to
match the average experimental values in the corresponding location in the experiment. (a) The model
predictions (red ) are overlaid on the experiment in white. For an off-axis hold test, in which the hori-
zontal axis remained stationary while the vertical axis was displaced to a stretch ratio of 1.3, the model
reasonably captured the local kinematics with some obvious differences. (b) The networks underwent
significant restructuring in a location dependent manner. The network near the top right corner started
off with moderate alignment in the horizontal direction. Fibers were free to rotate towards the vertical
and stretch to accommodate the strain created by movement of the vertical grip. (c) This network, which
was already aligned in the vertical direction increased in alignment with the stretch

sample with inhomogeneous structure. The model was also applied to electrospun
synthetic polymer networks [197], demonstrating its generality.

As noted earlier, an important challenge in such modeling is acquiring structural
information, and as the sophistication of the model increases, so too does its need
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for structural specification. Sander et al. [117] have recently shown that the mul-
tiscale scheme can be specified based on polarized-light imaging, with each finite
element in the model set at the average orientation measured for it in a sample.
The sample was subsequently stretched in an off-axis hold test, which was concur-
rently simulated. The force and strain results were compared between the model and
experiment, and agreement was good with fitting parameters based only on the con-
stitutive equation for the fibers (an example of this kind of simulation is presented
in Figure 19-8).

Because many tissues contain multiple components, a rule-of-mixtures model
was applied to arterial wall mechanics [150], with a network phase representing the
collagen fibrils in the vessel wall and an incompressible continuous phase repre-
senting the non-collagenous tissue (Figure 19-9 shows typical simulation results
and comparison to Experiment). The model agreed well with experimental data
on decellularized porcine carotid artery [220] and contained an important result:
it was predicted that the non-collagenous material is in compression even when
the vessel is inflated. That is, the role of the non-collagenous material in the
model is to prevent vessel wall and/or lumen collapse, not solely to provide elastic
recoil.

In some tissues, it has been observed that collagen fibrils/fibers/bundles are
undulated and possess “crimp”, and it has been hypothesized that their nonlinear
stress-strain response is in part the result of collagen fibers straightening out [221].
When undulations were incorporated into a network model, the effect was to delay
the stiffening response [147].

Affine theories for collagen have also fit well to some experimental data when
fiber-level properties are not required to match fiber level measurements [160, 222,
223].

Figure 19-9. Simulated inflation of a decellularized artery [150]. (a) The simulation involves four steps:
an initial open artery is constructed, it is closed to produce a prestressed artery, the artery is stretched lon-
gitudinally, and finally it is inflated. (b) Pressure-diameter curve for the simulation (line) and experiment
(dots, [220]) are in good agreement with only two fitting parameters, the fiber stiffness and the matrix
stiffness



588 E.A. Sander et al.

19.5.5. Type IV Collagen

In spite of the importance of basement membrane, structural modeling has lagged
behind that of collagen I or actin. A notable exception is the recent work of Burd
[224]. Burd examined two phenomenological models (a linear elastic model and
a Fung-type hyperelastic model), concluding neither model correlates satisfactorily
with the mechanical properties of the collagen IV network present in the human lens
capsule. Instead, a regular hexagonal lattice of pin-jointed bars was created and sub-
sequently perturbed randomly to create an irregular polygonal structure, as used by
Cavalcante et al. [225] for collagen-elastin networks. Representing the lens capsule
as an irregular lattice of collagen IV embedded in a hyperelastic sheet correlated
well with published data.

19.5.6. Fibronectin, Laminin, and the ECM

DiMilla and colleagues studied cell migration through a mathematical model elu-
cidating the dependence of migration velocity on cellular mechanics and surface
receptors binding with complementary ligands present in the extracellular substra-
tum such as fibronectin and laminin [226]. They conclude that cytoskeletal force
generation, cellular polarity, and adhesion dynamics are required for persistent cell
motility. The model predicts how cell speed varies with a variety of phenomena
including cytoplasmic rheology, intracellular contractile force, receptor/ligand den-
sities and kinetics [226]. Ingber and Wang explored how the mechanical tension
and the extracellular matrix through adhesion to the ligand fibronectin influence
cytoskeletal mechanics [227]. Magnetic beads were coated with fibronectin of vary-
ing density, and a mechanical tension was applied to adherent endothelial cells
through a magnetic twisting device. Ingber and Wang find that the cytoskeletal
stiffness increases proportionally with the applied stress controlled by the magnetic
twisting device and fibronectin density. A model is presented coupling cell mechan-
ics to the applied stress [227]. Bischofs et al. developed a tension-elasticity model
to correlate cell morphology as a consequence of adhesion to fibronectin-patterned
substrates [227]. Bischofs derived a modified Laplace law from analytical results
and computer simulation to describe filamentous network mechanics and contractil-
ity [227]. Such results demonstrate the coupling of extracellular adhesion influences
cytoskeletal organization and cell shape.

19.6. SUMMARY

Two major challenges, in our opinion, remain for the community. The first is
describing the segments and nodes in the network. Much work is now being done
at the molecular scale [229], but we do not yet have network-level models that
can incorporate molecular-level information. A similar rise in single-molecule and
single-fiber experimental methods [19, 20, 41, 230] has not yet resulted in better
fiber models in networks, which are still largely restricted to simple descriptions
(springs, beams, or worm-like chains, none of which truly captures the full range
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of behaviors seen at the molecular/fiber level). The challenge is even greater when
nodes are considered. Pin joints, rigid crosses, and moment springs are all idealiza-
tions that do not capture the complex molecular interactions that characterize the
junction between two fibers, and they are assuredly different for different biopoly-
mers. It is expected that future scientists, armed with improved computer hardware
and software, will incorporate our new knowledge of molecular detail as it arises.

The other major challenge, as suggested by our choice of title, is understanding
how a network of many components can be interpreted in terms the one continu-
ous material it appears to be on the macroscopic scale. We have seen in this paper
how numerous researchers have explored the relationship between fibers and how
the network properties vary with, for example, fiber or cross-link density, but a vast
majority of the work has focused on these phenomena from a physical or mate-
rial standpoint, working on the assumption of macroscopic homogeneity and often
emphasizing a single component. While these studies represent a critical first step
in any analysis, we need methods to incorporate multiple components and, as often
occurs in biological systems, heterogeneity at all length scales. Only when these
phenomena are understood will we truly be able to understand the behavior of the
one tissue in terms of its many components.

19.7. NOMENCLATURE

A Cross-sectional area of a fiber, [m2]
B Constitutive constant relating to fiber force
c Concentration of polymer, [mol/L]
d Spatial dimension
dl Differential change in fiber length, [m]
E Young’s modulus of an individual fiber, [Pa]
U(j) Exact energy of an ensemble of molecules in configuration j, [J]
Ef Fiber constitutive constant, [N]
U

′
j Exact energy of an ensemble of molecules in configuration j with

a slight perturbation to one randomly chosen molecule, [J]
〈U〉 Expected average energy of an ensemble of molecules, [J]
F Force along a fiber, [N]
G

′
(ω) Elastic modulus, [Pa]

G
′ ′
(ω) Loss modulus, [Pa]

H Total energy of a filament, [J]
I Area moment of inertia of a rod, [m4]
Ifil Area moment of inertia of a filament, [m4]
J The last configuration for an ensemble of molecules undergoing

an energy minimization scheme
Kb Bending stiffness of a material, [N•m2]
Ks Stretching stiffness of a material, [N]
j A series of configurations for an ensemble of molecules
k Boltzmann constant, 1.3806503×10–23 [J/K]
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kb Bending stiffness of an individual fiber segment of length ls,
[N/m]

kel Elastic component of stretching stiffness of an individual fiber of
length ls, [N/m]

ken Entropic component of stretching stiffness of an individual fiber
of length ls, [N/m]

ks Stretching stiffness of an individual fiber in a network, [N]
kx Cross-link stiffness at a node, [N]
L Length of a segment in a fiber network, [m]
lc Mean displacement between nodes in a network, [m]
lcrit Critical length between cross-links through which a transition

between affine and non-affine deformations, [m]
le Entanglement length for a fiber, [m]
lp Persistence length for a fiber, [m]
ls Length of a fiber segment [m]
m General representation to denote the last molecule in an ensemble

of molecules
N Number of fibers in a network
Nc Number of connecting segments for N vertices in a d dimensional

space
Nf Number of network degrees of freedom in a network
Nfil Number of filaments in a network
Nν Number of nodes in a network
ni Denotes the ith molecule of an ensemble of m molecules
nk Normal vector
Q Normalization quotient for calculating the average energy of an

ensemble of molecules
q A non-dimensional network density
R Ratio of cross-linking component to actin concentration in a

solution, or the radius of an individual fiber, [m]
r Radius of an elastic filament, [m]
Sij Cauchy stress tensor, [Pa]
s Axial parameterization of fiber length, [m]
sij Microscopic stress field, [Pa]
T Absolute temperature, [K]
t Time, [sec]
tj Surface traction, [Pa]
u Transverse displacement, [m]
uk,i Boundary displacement, [m]
∇2u Curvature, [m–1]
V Volume, [m3]
x Power law exponent relating biopolymer concentration to elastic

modulus
y Power law exponent relating cross-linker-polymer ratio and elas-

tic modulus
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z Condition number of a network (average number of fibers that
connect to a node)

α Dimensionless parameter
δ Mean spacing between nodes in a fiber network, [m]
δik Kronecker delta
ε Axial strain
εf Green’s strain of a fiber
γ (ωt) Shear strain
γ̇ (ωt) Shear strain rate, [s–1]
&k {n1,...,nm} An individual configuration of m molecules
σ (ω,t) Stress, [Pa]
λf Stretch ratio of a fiber
θ Angular parameterization of the tangent angle of a fiber with

respect to the longitudinal fiber axis, [radians]
ρ Total fiber length per unit area of a 2-D Mikado network, [m–1]
ρc Critical fiber length per unit area of a 2-D Mikado network at

which percolation occurs, [m–1]
ξ A random number on the interval (0,1), or the mesh size of a

network
ω Frequency, [radians/s]
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