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Abstract The metabolic network of E. coli is one of the most well studied biochem-
ical systems, with an abundance of in vitro and in vivo data available for quantitative
estimation of its kinetic parameters. In this chapter, we present our approach to
developing mathematical description of individual enzymatic reactions within bac-
terial metabolic networks. This description is based on the detailed consideration
of enzyme catalytic mechanisms and includes several stages: reconstruction of the
enzyme catalytic cycle, derivation of the reaction rate equation, and validation of
its parameters on the basis of available in vitro experimental data. We illustrate
our strategy with the models developed for three E. coli enzymes with rather com-
plicated regulatory mechanisms: allosteric tetramer phosphofructokinase-1, citrate
synthase with its regulation by ATP and pH, and �-galactosidase validated against
time dependencies of its substrates. The modeling results clearly demonstrate that
developing detailed enzyme kinetic models is essential to capture key regulatory
properties of enzymes. The kinetic models allow to integrate large sets of in vitro
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experimental data available for E. coli enzymes and to get insight into important
regulatory features of their catalytic mechanism.

10.1 Introduction

The last several years have seen substantial progress in molecular biology and ge-
netic research of E. coli (Han and Lee 2006, Ishii et al. 2007, Perna et al. 2001).
Sequence information on the genomes of hundreds of different organisms has stim-
ulated the emergence of functional genomics, a discipline that sets out to understand
the meaning of sequenced data using high throughput small molecule, gene and
protein expression data. Life scientists have transformed old-style protein chemistry
into proteomics, and traditional biochemistry into metabolomics. These new fields
provide essential clues to the underlying metabolic, gene regulatory and signaling
networks that operate in cells, tissues and organisms under different conditions.

Cellular metabolism of E. coli, the integrated interconversion of more then
two thousands of metabolic substrates through more then one thousand enzyme-
catalyzed biochemical reactions, is the most investigated system of intracellular
molecular interactions (Feist et al. 2007). When one has knowledge of most, or all,
of the major biological entities and stoichiometry of their interactions an illusion
could appear that this voluminous knowledge will enable us to predict whole cell
behavior for the purposes of mechanistic understanding and bioengineering control.
Indeed, in some cases, it is possible to make plausible predictions based on “static”
non temporal information without relying upon kinetic data (Edwards et al. 2001,
Kim et al. 2008, Price et al. 2004, Schütz et al. 2007). Recently, stoichiometric
metabolic models (SMM) and metabolic engineering techniques have been success-
fully applied to improve production of succinic acid, lactic acid, L-threonine, and
L-valine by E. coli. (Lee et al. 2007, Lee et al. 2005, Park et al. 2007). Unfortunately,
SMM techniques cannot predict cellular bahaviour in non-steady state conditions. It
results in high level of false positive predictions (Lee et al. 2006). Time series data
cannot be easily integrated to SM models as well, so it is difficult to validate SM
models, as steady state or chemostat cultures are reqired. It is difficult to incorporate
to SMM real data from batch or fed batch experiments, and time series after systems
perturbations (immediately or short after the intervention) (Ishii et al. 2007).

The discrepancy between SMM predictions and experimental data is usually ex-
plained by the statement that ultimately the real cell will mimic in silico behavior
after process of evolution. But, the questions why and how the process of evolution
itself is happening, which physico-chemical properties of proteins are subject of
selective pressure are not addressed at all.

Indeed, overall cellular behavior is determined not only by available biological
entities, but mainly by their dynamic interactions and individual properties. Activ-
ities of most if not all of the enzymes involved in cellular metabolism are often
regulated by the end products and intermediates of corresponding pathways. This
complex network of positive and negative feedbacks, as well as genetic regulation
of expression levels, provides flexible adaptation of the metabolic network to fast
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and slow changes in environmental conditions. It is the overall dynamic nature of
the whole cell that determines not only its present properties, but its future ones as
well. The cellular regulatory system is responsible for maintenance of homeostasis
and for transitions between different physiological states. That is why when mod-
eling cellular metabolism, it is essential to consistently describe its key regulatory
properties. The regulatory system of E. coli metabolism is known to have an hier-
archical architecture, including regulatory effects at the levels of enzyme activity,
gene transcription and translation. Consistent mathematical description of this com-
plex multilevel regulatory system requires accurate consideration of the regulatory
properties of individual components involved in the metabolic network – enzymes,
which further contribute to the regulatory properties of the whole system. This task
becomes extremely important with the recent expansion of a new discipline – syn-
thetic biology, the ultimate goal of which is to design and build engineered biolog-
ical systems with predefined properties (Barrett et al. 2006, Endy 2005).

In this paper we present kinetic modelling approach applied to modeling the
individual enzymatic reactions within metabolic networks of E. coli, which allows
capture of the key regulatory properties of these networks. Our approach is based on
the detailed consideration of the enzyme catalytic cycle and on the utilization of all
available experimental data characterizing the kinetics of the enzyme being studied.
This modeling approach includes several stages. The first is the reconstruction of a
catalytic cycle of the enzymes. This cycle represents both interaction of the enzyme
with substrates and products and the effect of different inhibitors and activators. The
second stage is the derivation of the reaction rate equation that defines quantitative
dependence of the rate of the enzyme performance on concentrations of substrates,
products and effectors. The third and last stage is the identification of the parameters
for into the rate equation based on the available experimental data. To illustrate our
approach and its stages, as well as to demonstrate how different types of experi-
mental data can be incorporated into the kinetic model, we present our developed
kinetic models for several E. coli enzymes which are known to have complicated
patterns of regulation of their activity: phosphofructokinase 1, �-galactosidase and
citrate synthase.

10.2 Methods

10.2.1 Basic Principles of Kinetic Description of Enzymatic
Reactions Using In Vitro Experimental Data

As a part of our strategy to make the models scalable and comparable with different
kinds of experimental data, we develop both detailed and reduced descriptions for
every appropriate biochemical process to make the models scalable and comparable
with different kinds of experimental data. The detailed reaction description includes
the exact molecular mechanism of the reaction, i.e. enzyme catalytic cycle. Usually,
the detailed kinetic model of an enzyme reaction represents a set of ordinary differ-
ential equations describing the totality of elementary reactions within the enzyme
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catalytic cycle, such as substrate binding, catalytic transformation of substrates into
products, product release, etc. It defines the dynamics of all possible enzyme in-
termediate states (free enzyme, enzyme-substrate, enzyme-product complexes), as
well the time course of substrates and products consumption/production. The re-
duced description represents the reaction rate as an explicit analytic function of the
concentration of substrates and products.

In our approach, for each active protein involved in the model of metabolic net-
work, i.e. enzyme with catalytic function, we identify from the literature or hy-
pothesize the catalytic cycle based on 3D structures and other relative biological
information. Basing on the developed scheme of the catalytic mechanism we can
construct a detailed kinetic model of the enzyme catalytic cycle. In most cases
such a detailed model can further be replaced with a reduced description of the
reaction rate. To derive the corresponding rate equations from the catalytic cycle,
we use quasi-steady state and rapid equilibrium approaches (Demin and Goryanin
2008). The catalytic cycle of each enzyme is described by non-linear differential
equations. Initially, concentrations of substrates, products and effectors (inhibitors
and activators) are assumed to be buffered, i.e. do not change with time.

The quasi-steady state of the system is calculated as a function of substrates,
products, inhibitors, activators, total protein concentrations and all kinetic constants
of the processes. The rate law for every process is derived as a flux from the catalytic
cycle for this quasi-steady state. Finally, the rate law depends on temporal changes
of the total concentration of the protein, concentrations of the effectors (activators,
inhibitors, agonists, and antagonists), substrates, products and the values of the ki-
netic parameters (Km, Ki, Kd and elementary rate constants).

The level of detailed elaboration of the catalytic cycles of selected enzymes and
subsequent derivation of rate equations are fully determined by the available exper-
imental data on the structural and functional organization of the enzyme. Indeed, if
the catalytic cycle of the enzyme is established and proved experimentally then we
use it to derive the rate equation. If the mechanism underlying enzyme operation is
unknown we infer a “minimal” catalytic cycle that

1. satisfies all structural and stoichiometric data available from literature
2. allows us to derive a rate equation describing all available kinetic experimen-

tal data
3. is the mathematically simplest catalytic cycle of all possible ones satisfying

clauses 1 and 2.

Another challenge in developing a mathematical description of enzyme catalysis
based on in vitro data is that the kinetic experimental data available from literature
are usually obtained under different conditions (pH, temperature). This means that
we should account for these parameters in our model, i.e.

4. construct such a catalytic cycle and derive such a rate equation that satisfies
available experimental data describing the dependence of enzyme activity on
pH, temperature and other experimental conditions
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5. the mechanism describing the dependence of the reaction rate on pH and tem-
perature should be taken into account in the catalytic cycle of the enzyme in the
simplest of all possible ways

Parameter estimation is the third stage of model development. To estimate the
kinetic parameter values we use the following sources:

1. literature data on the values of Km, Ki, Kd, rate constants, pH optimum, etc;
2. electronic databases; only a few databases with specific kinetic content are

available at the moment, in particular EMP (Selkov et al. 1996) and BRENDA
(Shomburg et al. 2002)

3. Experimentally measured dependencies of the initial reaction rates on concen-
trations of substrates, products, inhibitors and activators

4. Time series data from enzyme kinetics

However, many processes, such as enzyme reactions, have not been studied ki-
netically. Moreover, many kinetic parameters cannot be estimated from the literature
or databases due to a lack of available experimental data. One remedy is to express
these unknown or “free” parameters via other available measured kinetic param-
eters. The result is the establishment of functional relationships between “free”
parameters and measured kinetic parameters. Each parameter value, of course, is
constrained by physico-chemical properties and any other information available
from other organisms or related processes. The more constraints available, the more
defined is the system.

To illustrate the basic principles of construction of catalytic cycles and deriva-
tion of rate equations described above we present the results of the modeling of
three enzymes of E. coli metabolism: phosphofructokinase-1, �-galactosidase and
citrate synthase. We demonstrate how kinetic data measured at different conditions
(pH, temperature and others) can be taken all together to construct a quantitative
description of enzyme catalytic activity and its regulation. The method developed
in this section allows us to predict kinetic behaviour of the enzymes at any set of
experimental or cellular conditions.

10.3 Results

10.3.1 Kinetic Modeling of Phosphofructokinase-1 (pfkA)
from E. coli Cells

Phosphofructokinase-1 (PfkA) catalyzes the transfer of 
-phosphate from ATP to
fructose-6-phosphate (F6P) resulting in ADP and fructose-1,6-biphosphate (F16bP)
production (Babul 1978, Blangy et al. 1968, Kotlarz and Buc 1982):

AT P + F6P
P f k A−−−−−−→
Mg2+

AD P + F16bP
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This reaction is of importance in regulation of glycolysis and gluconeogenesis
(Ausat et al. 1997, Babul 1978, Berger and Evans 1991, Blangy et al. 1968, Deville-
Bonne et al. 1991a, Deville-Bonne et al. 1991b, Kotlarz and Buc 1982, Rye et al.
1995, Saier and Ramseier 1996, Saier et al. 1996, Waygood and Sanwal 1974).
E. coli cells contain two isozymes of this enzyme: PfkA and PfkB (Babul 1978,
Kotlarz and Buc 1982). PfkA, studied in this work, is considered to be a key phos-
phofructokinase in E. coli metabolism (Kotlarz and Buc 1977, Torres and Babul
1991, Vinopal and Fraenkel 1974, 1975).

Unlike PfkB, PfkA has a rather complicated regulatory profile: purine nucleotide
diphosphates, ADP (Babul 1978, Blangy et al. 1968, Kotlarz and Buc 1982) and
GDP (Ausat et al. 1997), are acting as activators, phosphoenolpyruvate (PEP) is the
inhibitor (Babul 1978, Blangy et al. 1968, Kotlarz and Buc 1982). In this case, all the
regulators of this enzyme are allosteric, by virtue of the fact that binding sites found
for effectors do not overlap with catalytic ones (Reeves and Sols 1973). Moreover,
phosphorylation of fructoso-6-phosphate is carried out in the presence of Mg2+ ions
(Babul 1978, Blangy et al. 1968, Kotlarz and Buc 1982).

The evidence in favor this protein being an allosteric enzyme is as follows: the
quaternary structure of the enzyme (tetramer); complex regulatory profile due to the
presence of complementary allosteric sites at the monomer; and sigmoid dependen-
cies of initial rates of the reaction on F6P concentrations (Babul 1978, Blangy et al.
1968, Kurganov 1978).

In this part we constructed the kinetic model of phosphofructokinase-1, that de-
scribes the majority of the experimental data known for this enzyme. This model
examins the properties of phosphofructokinase-1 such as substrate and product in-
hibition, cooperativity and competition at joint action of allosteric effectors.

10.3.1.1 Catalytic Cycle of Phosphofructokinase-1 Construction

An approach to modeling the kinetics of allosteric enzymes has been developed by
Monod, Wyman, Changeux (MWS) (Monod et al. 1965) and it is traditionally used
by a majority of modellers. At the same time this modeling approach is valid only
for the enzymes which catalyze the reactions of irreversible isomerization, since
enzyme-binding of only one substrate is taken into account and the catalytic stage is
thought to be irreversible. Moreover, MWS-based modeling includes several strong
assumptions that make it practically impossible to use it while modeling real en-
zymes (Kurganov 1978). There exist a number of generalizations for the MWS-
based modeling techniques, which allow the inclusion of allosteric regulation in
models of enzymes with more complicated mechanisms. We took a generalization
offered in (Ivanitsky et al. 1978), which assumes that the enzyme can exist in two
states: R (relaxed) and T (tense). Unlike standard MWS-based modeling, in this
approach the functional difference between R and T states is not only in different
affinities of substrates, products and effectors with respect to the enzyme, but also in
the catalytic properties of these states. In other words, not only Michaelis constants
and dissociation constants as in MWS-based modeling (Monod et al. 1965), but also
catalytic constants (Deville-Bonne et al. 1991b) are different for R and T states. One
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another important difference is as follows: a catalytic cycle of separate subunits is
taken into consideration in the generalization alluded. This gives us a possibility to
take into account detail kinetic mechanism of an enzyme and estimate a contribution
of product inhibition.

The rate of reaction may be modulated by variation of the relationship between
the states of the enzyme. By this means allosteric regulation is introduced, since
enzyme-binding of the effectors in a site, which is separate from catalytic one, will
disturb the equilibrium. For instance, activators (that demonstrate the best affinity
to R-form) shift the balance to the R-state; and vice versa, inhibitors (which bind
more with the T-form) shift the balance to the T-state. In this case, the action of
the effectors (activation or inhibition) will be determined only by the ratio of disso-
ciation constants of different forms of the enzyme (Kurganov 1978). The existing
experimental data on regulation of phosphofructokinase-1 hold that its regulation is
carried out in just this manner, since binding sites both for PEP, and for ADP (GDP),
have been found separately from the catalytic cycle (Ausat et al. 1997, Babul 1978,
Blangy et al. 1968, Reeves and Sols 1973).

Catalytic Cycle of Separate Subunit

Since we have found no unambiguous opinions as to the mechanism of action of
a single subunit in the literature on phosphofructokinase-1, we proposed that the
monomer of phosphofructokinase-1 and its isozyme PfkB have a similar mecha-
nism of action. In (Campos et al. 1984) the monomer of phosphofructokinase-2
was shown to operate by the mechanism of Ordered Bi Bi, in accordance with the
classification offered by Cleland (Cleland 1963). First F6P and then ATP binds with
the enzyme resulting in phosphorylation (Campos et al. 1984, Ewings and Doelle
1980, Guixe and Babul 1985). Furthermore, as ATPMg2− was a substrate of the
reaction, we added to the catalytic cycle a competitive inhibition of the free form
of ATP4−. This inhibition can be registered when the complete ATP concentration
increases in a system with a fixed Mg2+ concentration. The pH effect on the activity
of the enzyme has been taken into account in a standard way suggested by Cornish-
Bowden (Cornish-Bowden 2001), as was shown for the E. coli enzyme imidazole
glycerol phosphate synthase (Demin et al. 2004). Having summarized the above
material, it is possible to construct the profile of the catalytic cycle of a separate
subunit of phosphofructokinase-1.

10.3.1.2 Derivation of the Rate Equation of Phosphofructokinase-1

The rate equation, a generalization of MWS modeling by Popova and Sel’kov for
multisubstrate reactions is written as follows (Ivanitsky et al. 1978):

V = n · f
(

1 + ( f ′/
f )Q

)
/(1 + Q)

Q = L0

⎛

⎝

(
1 + I/

K t
i

)

(
1 + I/

K r
i

) · Er

Et

⎞

⎠
n

(10.1)
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where f is the rate equation derived on the basis of catalytic cycle of single subunit
in r-state, f ′ – the rate equation derived on the basis of catalytic cycle of single
subunit in t-state, Er – concentration of free enzyme in r-state, Et – concentration
of free enzyme in t-state, L0 – constant equilibrium for r/t-transition, I – allosteric
effecter, n – number of enzyme’s subunits.

Q is a function of a state, it determines the relation between R and T forms of
the enzyme. In order to write the function of a state of the enzymes under study, we
should, in accordance with a regulatory profile, take into account the action of all
allosteric effectors (Ivanitsky et al. 1978, Kurganov 1978):

f =
V f orward

mr ·
(

AT P Mg2− · F6P − AD P Mg− · F16bP/
K eq

)

Z R
S P · Z pH

;

Z pH = 1 + H+/
Kd H 1

+ Kd H 2
/

H+;

Z R
S P = Kir F6P · Kmr AT P Mg2− + Kmr AT P Mg2− · F6P ·

(
1 + AT P4−

Kir AT P4−

)
+

+ Kmr F6P · AT P Mg2− + AT P Mg2− · F6P+

+ Kmr F6P · AT P Mg2− · FbP/
Kir FbP

+

+ AT P Mg2− · F6P · AD P/
Kir AD P

+

+ Kmr F6P · AT P Mg2− · AD P · FbP/
Wr · Kmr AD P · Kir FbP

+

+ Wr/
K eq ·

⎛

⎝
Kmr FbP · F6P · AD P/

Kir F6P
+ Kmr AD P · FbP+

+ Kmr FbP · AD P + AD P · FbP

⎞

⎠ ;

(10.2)

f is the rate equation derived on the basis of catalytic cycle of a single subunit.
The expression of reaction rate (the reaction runs by the mechanism of Ordered
Bi Bi), borrowed from Cleland (Cleland 1963), was slightly modified, and com-
petitive inhibition of ATP4− and pH effects were added. Moreover, experimental
findings suggest that the reaction, catalyzed by phosphofructokinase-1, is virtually
irreversible (Babul 1978):

K eq = Wr
Kir F6P · Kmr AT P Mg2−

Kir FbP · Kmr AD P
= W t

Kit F6P · Kmt AT P Mg2−

Kit FbP · Kmt AD P
(10.3)

An expression for f ′ appears in much the same manner, with the only difference
from f that the expression for f ′ contains the constants of binding and catalytic
constants of the T-state.
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Er and Et is the expression for a free form of the enzyme in R-and T-states (Ivan-
itsky et al. 1978), respectively:

Q = Lo

⎛

⎜⎜⎝

(
1 + AD P

Kef t AD P
+ G D P

Kef t G D P

)(
1 + P E P

Kef t P E P

)

(
1 + AD P

Kef r AD P
+ G D P

Kef r G D P

)(
1 + P E P

Kef r P E P

) Er

Et

⎞

⎟⎟⎠

n

Er = Kir F6P · Kmr AT P Mg2− · Eo

Z R
S P

Et = Kit F6P · Kmt AT P Mg2− · Eo

Z T
S P

(10.4)

Substitution of expressions (10.2, 10.3, and 10.4) in (10.1) gives a complete equa-
tion of the rate of a reaction, catalyzed by phosphofructokinase-1.

10.3.1.3 Estimation of the Parameters of the Rate Equation
of Phosphofructokinase-1

As a result of the above, the model contains 20 parameters, two of which we could
take from the literature data – K d AT P Mg = 0.0588 (Taquikhan and Martell
1962), w p f k1 = 0, 08 (Babul 1978). In order to determine the remaining param-
eters appearing in the rate equation, we fitted the model with experimental data.
In total, the 11 experimental curves published in (Ausat et al. 1997, Babul 1978,
Deville-Bonne et al. 1991a) were used to determine 18 parameters. It should be
noted that the curves obtained in our model correlate rather well with the experi-
mental data (Figs. 10.1a–d, and 10.2a). In addition, the obtained parameter values
and analysis of behavior of the model may lead to the following conclusions:

1. Phosphofructokinase-1 has a distinct allostericity associated with different affini-
ties of substrates to states of the enzyme. At the same time, the difference be-
tween Michaelis constants of R- and T-states reaches several orders. The above
has a great influence on the shape of the curves of initial reaction rate dependence
on substrate concentrations (Figs. 10.1b, and 10.2a).

2. Figure 10.2a clearly shows that substrate inhibition appears in the experimental
in vitro system at a total ATP concentration of more than 10 mM and at a fixed
concentration of Mg2+ ions (10 mM); at a total ATP concentration of 20 mM,
the phosphofructokinase reaction rate in the in vitro system is only 20% of the
maximum. The mechanism of this inhibition is coupled with emergence in the
system of a free form, ATP4− (Fig. 10.2b), which, as mentioned above, acts as an
inhibitor by competing with the substrate, magnesium form ATPMg2−, for the
catalytic site. The values of identified parameters also point to a possibility of
substrate inhibition (Table 10.1). So, the ATP4− molecule free from magnesium
ions has better affinity to the enzyme than the magnesium form.
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Fig. 10.1 The comparison of experimental data on PfkA-1 and model results. (a) PfkA relative
maximal activity dependence on pH described by the model and experimental data (Park et al.
2007); (b) PfkA relative activity dependence on F6P concentration described by the model and
experimental data (Barrett et al. 2006): curve 1 (�) − ATP = 1 mM, Mg2+ = 10 mM, GDP =
0 mM, pH = 8.2; curve 2 (�) − ATP = 1 mM, Mg2+ = 10 mM, GDP = 2 mM, pH = 8.2; (c)
PfkA relative activity dependence on PEP concentration described by the model and experimental
data (Lee et al. 2005): ATP = 1 mM, Mg2+ = 10 mM, F6P = 1 mM, pH = 8.2; (d) PfkA
relative activity dependence on F6P concentration described by the model and experimental data
(Lee et al. 2005): curve 1 (�) − ATP = 1 mM, Mg2+ = 10 mM, ADP = 0.5 mM, PEP =
0 mM, pH = 8.2; curve 2 (�) − ATP = 1 mM, Mg2+ = 10 mM, ADP = 0 mM, PEP =
1 mM, pH = 8.2; curve 3 (�) − ATP = 1 mM, Mg2+ = 10 mM, ADP = 1 mM, PEP =
0.1 mM, pH = 8.2; curve 4 ( ) − ATP = 1 mM, Mg2+ = 10 mM, ADP = 1 mM, PEP =
1 mM, pH = 8.2

3. Another property of phosphofructokinase-1, the significant effect of which on the
kinetic curves we have shown, is that, besides allosteric ADP activation, there
is an apparent product inhibition by this metabolite. In other words, ADP can
compete with ATPMg2+ for the catalytic site. Although product inhibition has
no effect on reaction rate that would be noticeable under experimental condi-
tions, it shows up in the combined action of allosteric effectors (curves 2, 3, 4 on
Fig. 10.1d). Parameter values obtained from fitting also suggest the possibility
of significant inhibition by ADP. So, K mr AD P = 0.69 mM, evidencing fair
affinity of ADP molecule to phosphofructokinase-1.

4. The analysis of fitted parameter values for the binding of effectors in allosteric
sites shows that the activators ADP and GDP bind almost exclusively with the
R-state of the enzyme, while the inhibitor PEP binds with the T-state. This proves
that any significant synergy due to a combined action of allosteric effectors is
impossible, because it is impossible for antagonistic regulators to bind simulta-
neously with a single subunit.

5. Activation of phosphofructokinase-1 by GDP (Fig. 10.2b) is probably also mod-
ulated by competitive inhibition, provided that GDP is bound in the catalytic
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Fig. 10.2 Effect of PfkA
inhibition by ATP4−. (a)
ATP4−, Mg2+ and ATPMg2−

concentration dependence on
the total ATP concentration;
(b) PfkA relative activity
dependence on the total ATP
concentration described by
the model and experimental
data (Lee et al. 2005):
F6P = 1 mM, Mg2+ =
10 mM, pH = 8.2
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site instead of ATPMg2+. Such a situation is observed in some kinases that use
different nucleotide phosphates in their action, e.g., pyruvatekinase-1 from E.
coli (Waygood and Sanwal 1974). Most probably, GDP and ADP are bound in
the same regulatory site (Ausat et al. 1997), therefore competition is possible in
the presence of two effectors in the medium. The results of fitting (Table 10.1)
show that ADP has nearly two times better affinity to the allosteric site than
GDP: K ir AD P = 0.0737 mM, whereas K ir G D P = 0.122 mM. However,
the absence of experimental data prevents any unambiguous conclusions.

10.3.2 The Kinetic Model of β-galactosidase from E. coli Cells

�-galactosidase (EC 3.2.1.23) is an important enzyme of Escherichia coli involved
in sugar utilization. Together with lac-permease, this protein is encoded in the re-
gion of the lac-operon, which is the most popular model system for the study of
transcription regulation in prokaryotes.

The enzyme has a complex catalytic cycle and catalyzes several reactions in
a single catalytic site. As has been shown previously, the main catalytic activity
of �-galactosidase at the addition of lactose to the medium reverts to hydrolysis
of the latter with the formation of glucose and galactose monosaccharides (Huber
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Table 10.1 PfkA model parameters values estimated from experimental data

Model parameter Value (mM) Reference

Kmr ATPMg 8.13e-05 (Kim et al. 2008, Lee et al. 2006)
Kmr F6P 2.05e-05 (Kim et al. 2008, Lee et al. 2006)
Kir F6P 1.84 (Kim et al. 2008, Lee et al. 2006)
Kir ATP 3.17e-05 (Kim et al. 2008, Lee et al. 2006)
Kefr PEP 200 (Kim et al. 2008)
Kefr ADP 7.37e-02 (Kim et al. 2008)
Kefr GDP 0.197 (Lee et al. 2006)
Kir FbP 2.58e-02 (Kim et al. 2008)
Kmr FbP 5.5 (Kim et al. 2008)
Kir ADP 1000 (Kim et al. 2008)
Kmr ADP 0.69 (Kim et al. 2008)
Kmt ATPMg 3.35 (Kim et al. 2008, Lee et al. 2006)
Kit ATP
Kmt F6P 780 (Kim et al. 2008, Lee et al. 2006)
Kit F6P
Keft PEP 33.1 (Kim et al. 2008, Lee et al. 2006)
Keft ADP
Keft GDP 8.56e-03 (Kim et al. 2008, Lee et al. 2006)
Kit FbP 2.6e-01 (Kim et al. 2008)
Kmt FbP 1 (Kim et al. 2008)
Kmt ADP 61 (Lee et al. 2006)
Kit ADP 143 (Kim et al. 2008)
Lo 660 (Kim et al. 2008)
Kd H 1 1e+03 (Kim et al. 2008)
Kd H 2 1e+03 (Kim et al. 2008)

14.4 (Kim et al. 2008, Lee et al. 2006)
3.78e-12 (Park et al. 2007)
6.97e-05 (Park et al. 2007)

et al. 1976), as well as reaction of isomerization with the formation of allolactose
(Burstein et al. 1965, Jobe and Bourgeois 1972). This work (Huber et al. 1976) has
also shown that a certain amount of tri- and tetrasaccharides appear in the medium.

In this section we have constructed a kinetic model of �-galactosidase, which
describes both hydrolysis and transgalactosidase activity of the enzyme. On the
basis of experimental data available currently, kinetic parameters of the model have
been found. Using the constructed model, we analysed correlation between different
enzyme activities under different conditions.

10.3.2.1 Construction of �-galactosidase Catalytic Cycle

The catalytic cycle of E. coli �-galactosidase (Fig. 10.3) was constructed based on
the scheme proposed in (Huber et al. 1976), extended by the addition of trisaccha-
ride formation stages. The scheme describes both hydrolase and transgalactosidase
activities of �-galactosidase. Stages 1a and 2a show the binding of lactose (lac) and
allolactose (alac), respectively, with the catalytic center of free enzyme (E) with
the formation of enzyme-substrate complex (E lac and E alac, respectively). Stages
1b and 2b describe decomposition of disaccharides to glucose and galactose in the
catalytic center of the enzyme, which results in the formation of a ternary complex
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Fig. 10.3 The catalytic cycle
of �-galactosidase
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(E gal glc). According to the literature data (Huber et al. 1984, Huber et al. 1976),
the process of glucose (glc) and galactose (gal) dissociation occurs in sequence
(Stages 6, 3), via an intermediate enzyme form bound with galactose (E gal). It
follows from the scheme that the processes of lactose and allolactose hydrolysis are
described by stages 1a-1b-6-3 and 2a-2b-6-3, and the transgalactosidase reaction
proceeds through stages 1a-1b-2b-2a.

The reactions of galactosilation of lactose (4a-4b-4c) and allolactose (5a-5b-5c)
are shown to be the main reactions of oligosaccharide formation in E. coli (Reeves
and Sols 1973). We propose that, by analogy with glucose galactosilation (stages
6-1b-1a), these processes are realized through binding of lactose (stage 4a) or allo-
lactose (stage 5a) to the enzyme form E gal with the formation of trisaccharides X1
and X2 (specifying two types of trisaccharides: gal +lac = X1, gal +alac = X2).

10.3.2.2 Derivation of the Rate Equation of �-galactosidase

To simplify derivation and analysis of the equation for the rate of beta-galactosidase
functioning, each process of trisaccharide formation (4a-4b-4c and 5a-5b-5c)
was described by a single integral stage, neglecting intermediate enzyme forms
(Fig. 10.4). It was an enforced approximation, because at present rather little is
known about rate constants of these elementary stages, and the lack of kinetic data
prevented us from assessing the contribution of each of them.

Fig. 10.4 The reduced
catalytic cycle of
�-galactosidase used for
derivation of the rate equation
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The simplified scheme of the catalytic cycle for the enzyme is given in Fig. 10.4.
The corresponding rate as well as the rate or dissociation constant is indicated near
each arrow.

With approximation of quasi stationary concentrations (Cornish-Bowden 2001),
and entering a condition of the stationary for all the forms of the enzyme, the fol-
lowing system of equations was obtained

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(E lac)′ = v1a − v1b = 0,

(E alac)′ = v2a − v2b = 0,

(E gal glc)′ = v1b + v2b − v6 = 0,

(E)′ = v4 + v5 − v1a − v2a − v3 = 0,

(E gal)′ = v3 + v6 − v4 − v5 = 0,

(10.5)

where dash is a complete time derivative. Solving this system with respect to the
rate of reactions, we found that in a stationary (steady) state the rates of separate
stages of catalytic cycle correlate with each other as follows:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

v1a = v1b,

v2a = v2b,

v6 = v1b + v2b,

v3 = −v1b − v2b + v4 + v5.

(10.6)

Thus, it turned out that all rates of elementary stages can be expressed via four
velocities v1b, v2b, v4 i v5, hereinafter called «independent».

To derive the equation of the velocity of �-galactosidase, we formulated the
velocities for the elementary stages of the catalytic cycle using mass action law
assumption (Kotlarz and Buc 1977).

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

v1b = k1 · E lac − k−1 · E gal glc,

v2b = k2 · E alac − k−2 · E gal glc,

v3 = k3 · E · gal − k−3 · E gal,

v4 = k4 · E gal · lac − k−4 · E · X1,

v5 = k5 · E gal · alac − k−5 · E · X2.

(10.7)

The expressions of the velocities (10.7) were substituted into the fourth equation
of the system (10.6) and the following equation was obtained:

k3 · gal · E + k1 · E lac + k2 · E alac + k−4 · X1 · E + k−5 · X2 · E−
− k−3 · E gal − k−1 · E gal glc − k−2 · E gal glc−
− k4 · lac · E gal − k5 · alac · E gal = 0.

(10.8)
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We also accounted for the law of mass conservation for the total enzyme
concentration:

E − E lac − E alac − E gal glc − E gal = E0. (10.9)

According to (Huber et al. 1984) the velocities of binding of lactose, allolactose
and glucose are well above the rates of catalysis. So, we used approximation of fast
equilibrium for stages 1a, 2a and 6. This allowed us, using the ratio of the constants
of equilibrium for all quasi equilibrium stages, to express concentrations of different
forms of the enzyme as concentrations of free form of the enzyme E and the complex
of the enzyme and galactose E gal:

E lac = E · lac

Kl
,

E alac = E · alac

Ka
,

E gal glc = E gal · glc

Kg
.

(10.10)

Substitution of the expression (10.10) in the formulae (10.8, 10.9) gives a system
of two linear equation with respect to E i E gal

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

E

(
1 + lac

Kl
+ alac

Ka

)
+ E gal

(
1 + glc

Kg

)
= E0,

E

(
k3gal + k1

lac

Kl
+ k2

alac

Ka
+ k−4 X1 + k−5 X2

)
−

−E gal

(
k−3 + k−1

glc

Kg
+ k−2

glc

Kg
+ k4lac + k5alac

)
= 0.

Solving the system, the expressions for stationary concentrations of the enzyme
states E and E gal were obtained

E = E0

�

{
k−3 + glc

Kg
(k−1 + k−2) + k4lac + k5alac

}
,

E gal = E0

�

{
k3gal + k1

lac

Kl
+ k2

alac

Ka
+ k−4 X1 + k−5 X2

}
,

(10.11)

where

� =
{

k3 + glc

Kg
(k−1 + k−2) + k4lac + k5alac

}(
1 + lac

Kl
+ alac

Ka

)
+

+
{

k3gal + k1
lac

Kl
+ k2

alac

Ka
+ k−4 X1 + k−5 X2

}(
1 + glc

Kg

)
.
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The concentrations of other stationary forms of the enzyme can be expressed
using the formula (10.10). With knowledge of stationary concentrations of all the
forms of the enzyme, it is possible to calculate the velocity of any elementary stage.
Using (10.7, 10.10, and 10.11) we obtained the following

v1b = E0

�

{
k1

lac

Kl

(
k−3 + (k−1 + k−2)

glc

Kg
+ k4lac + k5alac

)
−

− k−1
glc

Kg

(
k3gal + k1

lac

Kl
+ k2

alac

Ka
+ k−4 X1 + k−5 X2

)} (10.12)

in much the same manner for other key velocities

v2b = E0

�

{
k2

alac

Ka

(
k−3 + (k−1 + k−2)

glc

Kg
+ k4lac + k5alac

)
−

− k−2
glc

Kg

(
k3gal + k1

lac

Kl
+ k2

alac

Ka
+ k−4 X1 + k−5 X2

)}
(10.13)

v4 = E0

�

{
k4lac

(
k3gal + k1

lac

Kl
+ k2

alac

Ka
+ k−4 X1 + k−5 X2

)

− k−4 X1

(
k−3 + (k−1 + k−2)

glc

Kg
+ k4lac + k5alac

)}
(10.14)

v5 = E0

�

{
k5alac

(
k3gal + k1

lac

Kl
+ k2

alac

Ka
+ k−4 X1 + k−5 X2

)
(10.15)

− k−5 X2

(
k−3 + (k−1 + k−2)

glc

Kg
+ k4lac + k5alac

)}

The foregoing presents equations of the velocities for all the elementary stages.
These expressions include the rate and dissociation constants. In order to describe
the behavior of the real enzyme, the parameters of equations should be determined
based on experimental data. In this case the experimental data were taken from
(Burstein et al. 1965). The experiment was as follows. To a solution, containing
0.5 M of lactose, at zero point of time, �-galactosidase was added in such a way
that its final concentration was equal to 130 �g per 1 ml. Concentration of lactose,
allolactose, galactose, glucose and total concentration of oligosaccharides measured
for 10 h have been measured parameters of the system.

Since the system described contains neither influxes nor effluxes of the mat-
ter, then in accordance with a kinetic profile depicted in Fig. 10.5 the change of
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Fig. 10.5 �-galactosidase
metabolites concentrations
dependence on time
described by the model and
experimental data (Saier and
Ramseier 1996): triangles
(1-lactose concentration),
rhombuses (2-allolactose
concentration), circles
(3-galactose concentration),
squares (4-glucose
concentration). Experimental
conditions: 130 �g of
β-galactosidase on 1 ml of
the solution, T = 30 ◦C,
pH = 7.2, MgSO4 6.7 mM,

NaCl 10 mM
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concentrations of the metabolites in time is determined only by the activity of the
enzyme and the following can be written

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(lac)′ = −v1a − v4,

(alac)′ = −v2a − v5,

(gal)′ = −v3,

(glc)′ = −v6,

(X1)′ = v4,

(X2)′ = v5.

(10.16)

In terms of the expression (10.6), which resulted from the approximation of qua-
sistationary concentrations for all the forms of the enzyme, the system transforms
into the following one

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(lac)′ = −v1b − v4,

(alac)′ = −v2b − v5,

(gal)′ = −v1b − v2b − v4 − v5,

(glc)′ = v1b + v2b,

(X1)′ = v4,

(X2)′ = v5.

(10.17)
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The given system is a system of differential equations with concentrations of
metabolites as variables. The system of Equations (10.18) represents two first linear
integrals which correspond to the mass conservation laws for two monosaccharides-
glucose and galactose:

glc + lac + alac + (X1 + X2) = const1,

gal + lac + alac + 2 (X1 + X2) = const2.
(10.18)

With the values of concentrations of metabolites in the system under study
at zero point of time, it is possible to determine the values of the parameters
const1 i const2. So, quantitative description of the above experiment reduces to a
solution of Cauchy problem

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(lac)′ = −v1 − v4,

(alac)′ = −v2 − v5,

(X1)′ = v4,

(X2)′ = v5,

glc = 0, 5M − lac − alac − (X1 + X2) ,

gal = 0, 5M − lac − alac − 2 (X1 + X2) ,

(10.19)

with initial terms

lac0 = 0, 5M,

alac0 = glc0 = gal0 = X10 = X20 = 0M.

10.3.2.3 Identification of the Parameters of ���-galactosidase Rate Equation

In order for the model to describe the behavior of the real system it is necessary to
identify the parameters included in the equation of the rate of an enzyme based on
experimental data. In our work we used as a criterion of adequacy of the model con-
structed to the real enzyme a sum of quadratic deviations of theoretical values, the
results of modelling from the experimental points from the work (Huber et al. 1976).
In this connection a search of optimal values of the model parameters determined
by the system of Equation (10.19) was in designating of such a set of constants,
where the criterion should reach a minimum. Minimization of deviation was made
according to the Hook-Jeeves technique within the wide range of possible values of
the constants of rate and dissociation.

All the algorithms used for solving the system of differential equations and
searching optimal values of the parameters were developed using the DBsolve soft-
ware 7.01 (Gizzatkulov et al. 2004). The parameters identified for �-galactosidase
are given in Table 10.2. Experimental estimates available for some constants are
given in brackets. Figure 10.5 represents the results of fitting of experimental data
with our developed model.
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Table 10.2 �-galactosidase model parameters values estimated from experimental data published
in (Huber et al. 1976)

Model
Model parameter Value parameter Value

k1 1, 0 · 104 min−1 k−1 0, 8 · 103 min−1

k2 4 · 104 min−1 k−2

1, 0 · 104 min−1

(2, 3 104 min−1

(Kurganov 1978))
k3 3 · 101 min−1 mM−1 k−3 1, 6 · 104 min−1

k4 2 · 101 min−1 mM−1 k−4 0, 8 · 103 min−1 mM−1

k5 2 · 101 min−1 mM−1 k−5 0, 8 · 103 min−1 mM−1

Kl

0,7 mM (1,3 mM (Kotlarz
and Buc 1977)) Kg

14 mM (17 mM
(Kurganov 1978))

Ka 0,8 mM

We used the model to study the ratio between different activities of an enzyme.
�-galactosidase has several activities: formation of glucose and galactose, transfor-
mation of lactose into allolactose and synthesis of trisaccharides. Which of these
activities are dominating and how does the contribution of each activity depend on
the concentration of the substrates and products? The answers to these questions
enable us to understand better how the functioning of an enzyme is controlled by
the substrate. To solve this problem we used the equations of the rates at fixed zero
values of the concentration of allolactose, galactose, glucose and trisaccharides and
changing concentration of lactose within the range of 0–5 mM (Fig. 10.6). It is pos-
sible to interpret this study as an attempt to forecast theoretically the experimental
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Fig. 10.6 The model fluxes distribution and their dependences on lactose concentration: 1- sta-
tionary rate of lactose consumption. 2,3,4,5-stationary synthesis rates of allolactose, galactose,
glucose, and trisaccharides correspondingly. The model conditions: alac = oligo = 0 mM, glc =
0–1000 mM, gal = 0–1000 mM
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data on measuring initial rates of lactose utilization and synthesis of various prod-
ucts depending on the concentration of the main substrate.

As seen from Fig. 10.6 the dependence of the rate of lactose consumption on the
concentration of the latter in the conditions has clear deviation from the classical law
of Michaelis-Menten, namely, at lactose concentrations higher than 10 mM a small
decrease of the consumption rate is seen. The rates of the synthesis of glucose and
galactose have a pronounced optima; at lactose concentration of 25 mM the yield
is maximal. The rate of allolactose synthesis under the same conditions increases
monotonically within the whole range studied. At a lactose concentration of 25 mM
the rate of allolactose synthesis becomes equal to the rate of monosaccharides syn-
thesis. It should be noted that the situation where the rate of allolactose synthesis can
exceed the rate of monosaccharides formation in vivo is most probably impossible,
since actual lactose concentration inside the bacterium is deliberately lower than the
modeled one.

Within the whole range of lactose concentrations the outflow of the substance
for the synthesis of byproducts (trisaccharides) turns out to be very low and does
not exceed 3% of the rate of lactose consumption. We can conclude that under
conditions close to the intracellular ones the substance outflow for the synthesis
of trisaccharides can be ignored without any loss in exactness described.

Besides the data shown in Fig. 10.6 we studied how the permanent reaction rates
depended on the concentrations of glucose and galactose (data are not available),
since metabolites could be in higher concentrations in actual bacteria. It turned
out that at concentrations up to 1 mM of each of the monosaccharides the values
of the fixed rates remained unchanged. It is possible to explain this by the fact
that equilibrium of lactose hydrolysis is significantly shifted towards higher values,
hence decomposition is, in fact, irreversible in the range studied resulting in weak
sensitivity of the enzyme to monosaccharides.

We constructed a kinetic model of E. coli �-galactosidase, and determined the pa-
rameters included in the rate expression. The model obtained enables us to describe
not only experimental data used for identification of the parameters, but to predict
the behavior of the enzyme for other conditions (for example in vivo). Besides we
showed in the work that the model used can “simulate” another type of experiment,
like measuring of initial rates at variable concentrations of one of the substrates.

10.3.3 Kinetic Model of the E. coli Citrate Synthase

Citrate Synthase (EC 2.3.3.1, gltA) is the key enzyme of the Krebs cycle – the central
part of the cell’s energy metabolism. It catalyzes the first step of carbon atoms en-
tering to the cycle, i.e. acetyl coenzyme A (AcCoA) condensates with oxaloacetate
(OAA) resulting in citrate (Cit) production and release of coenzyme A (CoA) (Nei-
dhardt and Curtiss 1996): AcCoA + OAA = Cit + CoA. The enzyme has complex
regulation by the key metabolites (ATP, NADH) which reflect energy state of the
cell. That is why it is so imprtant to obtain realistic description of the enzyme as a
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part of the whole model of E. coli central metabolism. To date there is no generally
accepted opinion in literature about the mechanism of the E. coli citrate synthase
reaction. There exists disagreement in assumptions about the mechanism of citrate
synthase reaction: whether substrates binding to the enzyme is arbitrary (Wright and
Sanwal 1971a) or ordered (Pereira et al. 1994). The order of substrates binding is
also disputed. In our model we have assumed AcCoA being the first substrate ac-
cording to ATP inhibition studies (Jangaard et al. 1968a). Citrate synthase is known
to have a complex regulatory pattern – the activity of the enzyme is pH-dependent
and is modulated by inhibitors – ATP, NADH, 2-ketoglutarate. We have accounted
for these regulators in our developed catalytic cycle for citrate synthase. We have
derived the rate equation, and estimated the enzyme’s kinetic parameters. Their val-
ues have been verified using an independent set of experimental data published in
(Jangaard et al. 1968a). The enzyme’s concentrations in E. coli cells grown under
aerobic conditions on acetate and glucose have been estimated from E. coli cell
extracts’ specific activities.

When constructing the model we have used the following facts about E. coli
citrate synthase functioning, known from literature:

1. Citrate synthase of gram-negative bacteria is a hexamer. Sigmoid dependence of
initial rate on AcCoA was obtained under zero concentration of KCl in (Pereira
et al. 1994). The effect was not observed under 0.1 M KCl addition (Pereira et al.
1994). As the concentration of 0.1 M KCl is physiological for E. coli we have
not described the sigmoid dependence observed under KCl = 0.

2. The reaction is practically irreversible with an equilibrium constant of 2.24∗106

(Guynn et al. 1973).
3. NADH and a-ketoglutarate are citrate synthase’s inhibitors noncompetitive to

oxaloacetate (Jangaard et al. 1968a).
4. ATP is the inhibitor competitive in respect to AcCoA and noncompetitive to

oxaloacetate (Jangaard et al. 1968a).
5. The enzyme’s maximal activity depends on pH without inhibitors and with ATP

addition (Jangaard et al. 1968a). It was shown that ATP moves the maximum of
the bell-shaped pH-dependence to the right and decreases the rate in its maxi-
mum (Jangaard et al. 1968a).

6. E. coli Citrate synthase kinetic parameters known from literature:

K AcCoA
m = 0.11 mM (Faloona and Srere 1969a);

K O AA
m = 0.021 (pH 8.1, t = 21◦C in the presence of 0.1M KCl)

(Faloona and Srere 1969a);

K AcCoA
d = 0.7 mM (pH 8.0) (Faloona and Srere 1969b);

kcat = 4860 l/ min (pH 8.0) (Donald et al. 1991);

pHopt = 7.3(Jangaard et al. 1968a). (10.20)
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10.3.3.1 Construction of Citrate Synthase Catalytic Cycle

As there is disagreement about citrate synthase’s mechanism we have used exper-
imental data on the enzyme inhibition by ATP. ATP was shown to be a competi-
tive inhibitor with respect to AcCoA and noncompetitive to oxaloacetate (Jangaard
et al. 1968a). This can be observed only when AcCoA is the first substrate. So
we have assumed that citrate synthase functions according to Irreversible Ordered
Bi Bi mechanism by Cleland classification (Cleland 1963), with AcCoA binding
first. The scheme of this catalytic cycle is presented in Fig. 10.7. We also have
taken into account inhibitors �-ketoglutarate and NADH which bind to two enzyme
forms – enzyme bound with AcCoA, and enzyme bound with AcCoA and OAA
(Fig. 10.7). This assumption allowed us to describe experimental data on enzyme
inhibition. ATP binding to free enzyme form was also included into the scheme
(Fig. 10.7). Moreover we have described dependence of the enzyme activity on pH
(pH-dependence). The classic assumption (Cornish-Bowden 2001) was applied that
enzyme can be protonated in its active site and the singly protonated form is active
whereas non protonated and doubly protonated forms are inactive (Fig. 10.7). To
describe ATP effects on pH-dependence (see clause 5) we have assumed that the
active form is ATP bound to doubly protonated enzyme as only in this case the
maximum could decrease and its shift to the higher values of proton concentration
could be observed.

10.3.3.2 Derivation of Citrate Synthase Rate Equation

Derivation of Rate Equation in Terms of Catalytic Cycle Parameters

As the reaction is almost irreversible (Guynn et al. 1973) we have described the en-
zyme working only in a forward direction in respect of rate dependence on substrates
and effectors concentrations. On the scheme (Fig. 10.7) the stages of substrates
binding are shown as reversible and the stage of product formation is irreversible
with rate constant k3. The rate equation has been derived based on the assumption
that stages of effector and proton binding are much faster than the catalytic stage
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E-AcCoA-OAA

AcCoA OAA

E

E0

E2
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H

K1

K2

E-AcCoA0 E-AcCoA 2
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H
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E2-ATP
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k–2
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CoA

ATP
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KG
iK 1

NADH
iK 1

NADH
iK 2 KG

iK 2

Fig. 10.7 The scheme of E. coli citrate synthase catalytic cycle. Designations: E – Citrate Syn-
thase; E0, E-AcCoA0, E-AcCoA-OAA0 – deprotonated enzyme forms; E, E-AcCoA, E-AcCoA-
OAA – once protonated enzyme forms; E2, E-AcCoA2, E-AcCoA-OAA2 – twice protonated en-
zyme forms



10 Kinetic Modeling of E. coli Enzymes: Integration of in vitro Experimental Data 199

and the stages of substrates binding. The stages of protons binding were character-
ized by two parameters: dissociation constants for proton dissociation from doubly
and singly protonated enzyme forms. With these assumptions we have derived the
following rate equation for citrate synthase:

V = C S
k1k2k3 · AcCoA · O AA

(k−1k3 + k−1k−2 + k2k3 · O AA)

(
1 + K H

d1

H
+ H

K H
d2

(
1 + AT P

K AT P
i

))
+

+ AcCoA(k1k3 + k1k−2)

(
1 + K H

d1

H
+ H

K H
d2

+ K G

K K G
i1

+ N ADH

K N ADH
i1

)
+

+ k1k2 · AcCoA · O AA

(
1 + K H

d1

H
+ H

K H
d2

+ K G

K K G
i2

+ N ADH

K N ADH
i2

)

(10.21)

Here k1,−1, k2,−2, k3 are rate constants for corresponding stages of the catalytic
cycle, CS is the enzyme concentration, K H

d1, K H
d2, K AT P

i , K K G
i1 , K K G

i2 , K N ADH
i1 ,

K N ADH
i2 are dissociation constants for corresponding inhibitors and protons.

Derivation of Rate Expression in Terms of Kinetic Parameters (Michaelis
Constants, Inhibition Constants, Catalytic Constants etc.)

To express rate equation (10.21) in terms of experimentally measured kinetic pa-
rameters we have found their expressions from Equation (10.21):

Vmax = C S
k3(

1 + K H
d1

H
+ H

K H
d2

) ; K AcCoA
m = k3

k1
; K O AA

m = k3 + k−2

k2
(10.22)

Using these expressions (10.22) we could rewrite rate equation in the following
form:

V = C S
kcat0 · AcCoA · O AA

(K AcCoA
d · K O AA

m + K AcCoA
m · O AA)

(
1 + K H

d1

H
+ H

K H
d2

(
1 + AT P

K AT P
i

))
+

+ AcCoA · K O AA
m ·

(
1 + K H

d1

H
+ H

K H
d2

+ K G

K K G
i1

+ N ADH

K N ADH
i1

)
+

+ AcCoA · O AA ·
(

1 + K H
d1

H
+ H

K H
d2

+ K G

K K G
i2

+ N ADH

K N ADH
i2

)

(10.23)
here,

kcat0 = k3; K AcCoA
d = k−1

k1
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10.3.3.3 Estimation of the Citrate Synthase Kinetic Parameters

There were 12 parameters in rate equation (10.23): three of them were known
from literature, 8 parameters have been estimated from in vitro experimental data
whereas enzyme concentration in E. coli cells could not be found from in vitro
data and was estimated from E. coli cell extract specific activity. As the catalytic
constant of the enzyme was estimated in literature under fixed pH value conditions
(kcat = 4860 1/ min, pH 8.0 (Donald et al. 1991)), we have used it for parameter

kcat0 determination: kcat0 = kcat

(
1 + K H

d1
H + H

K H
d2

)
. So we have reduced the number

of unknown parameters to 7. Further, we have determined some of the parameters
from experimental data obtained in the absence of inhibitors. We have used initial
rate dependencies on substrate AcCoA from two sources (Faloona and Srere 1969b,
Wright and Sanwal 1971b): five curves with different concentrations of oxaloacetate
(Fig. 10.8a,b), two initial rate dependencies on oxaloacetate with fixed concentration
of AcCoA (Faloona and Srere 1969b) (Fig. 10.8c), and pH-dependence (Jangaard
et al. 1968b) (Fig. 10.8d). We have found such a set of parameters which allowed us
to describe all these data with a rate equation (10.23). Fitting results are presented
on Fig. 10.8 Here is the list of parameter values:

K H
d1 = 1e − 5 m M ; K H

d2 = 2e − 4 m M ; K AcCoA
m = 0.18 m M ;

K O AA
m = 0.04 m M ; K AcCoA

d = 0.1 m M ; K AT P
i = 0.58 m M

)a

c) d)

OAA, mM
0.350.30.250.20.150.10.050

0.22

0.18

0.14

0.1

0.06

0.02

0

1

2

V, mM/min

)b

AcCoA, mM
0.80.70.60.50.40.30.20.10

0.22

0.18

0.14

0.1

0.06

0.02

0

V, mM/min

AcCoA, mM
0.060.050.040.030.020.010

0.1

0.09

0.07

0.05

0.03

0.01
0

1

2

4

3

V, mM/min

876

0.04

0.03

0.02

0.01

0

1

2

pH

V, mM/min

9

Fig. 10.8 Citrate synthase initial rate dependence on substrates concentrations and pH described
by experimental points and rate equation (10.23): (a) OAA concentration: 1–0.1; 2–0.02; 3–
0.005; 4–0.01 mM (Ivanitsky et al. 1978); (b) OAA concentration was 0.5 mM (Ivanitsky et al.
1978); (c) AcCoA concentration: 1–0.5; 2–0.25 mM (Ewings and Doelle 1980); (d) AcCoA =
0.05 mM; OAA = 0.1 mM; ATP concentration: 1–0; 2–2 mM (Cleland 1963)
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Fig. 10.9 Citrate synthase initial rate dependence on concentrations of substrates in the presence
of inhibitors described by experimental points and rate equation (10.23)

To estimate the inhibition constants we have used experimental data on initial
reaction rate dependence on substrates concentrations in the presence of different
concentrations of the inhibitors �-ketoglutarate and NADH (Wright and Sanwal
1971b):

K K G
i1 = 0.015 mM; K K G

i2 = 0.256 mM; K N ADH
i1 = 3.3e − 4 mM;

K N ADH
i2 = 8.4e − 3 mM.

The results of fitting are shown on Fig. 10.9.
On the next stage we have verified our model of citrate synthase functioning on

experimental data which were not used for fitting. We have used the data on initial
rate dependence on substrates concentration in the presence of ATP (Jangaard et al.
1968b). It was shown that the rate equation (10.23) and estimated parameters values
allowed us to describe the independent set of experimental curves (Fig. 10.10).

Estimation of citrate synthase concentration depending on E. coli growth condi-
tions
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Fig. 10.10 Model verification. Citrate synthase initial rate dependence on concentrations of sub-
strates described by experimental points (Cleland 1963) and rate equation (10.23)



202 E.A. Mogilevskaya et al.

Specific citrate synthase activity (SA) of E. coli cells extract grown on acetate
has been measured in (Cornish-Bowden 2001):

SA = 0.25 micromoles/min∗ mgextract protein

Assuming that 1 mg of E. coli cells protein corresponds to 5.5 microL of in-
tracellular volume (Jangaard et al. 1968b) we have calculated the enzyme’s max-
imal rate from the specific activity: Vmax = 45.5 mM/ min. Further citrate syn-
thase concentration can be calculated by dividing of maximal rate by catalytic con-
stant of the enzyme. In this case, however, we should use the value of catalytic
constant obtained at the same pH as the maximal velocity value, i.e. at physi-
ological pH of 7.3 (Padan et al. 1981). We have calculated the required value
of the catalytic constant in accordance with the obtained pH-dependence of the
enzyme:

k pH7.3
cat = kcat0(

1 + K H
d1

H
+ H

K H
d2

) = 9941(
1 + 1e − 5

1e − 4.3
+ 1e − 4.3

2.2e − 4

) = 6966 (1/ min)

So we could calculate citrate synthase concentration in E. coli grown aerobically
on acetate:

C Sacetate = V acetate
max /k pH7.3

cat = 6.5 (microM)

In the same way we have calculated the enzyme concentration which should be
observed in E. coli cell grown aerobically on glucose. We have used citrate synthase
specific activity measured on the extract of E. coli cells grown on glucose:

SA = 0,05 micromoles/min∗mgextract protein (Peng and Shimizu 2003).

Maximal velocity has been calculated as Vmax = 9 mM/ min, and citrate syn-
thase concentration in the cell in these conditions was estimated:

C Sglucose = V glucose
max /k pH7.3

cat = 1.3 (microM)

So we have constructed a kinetic model of E. coli citrate synthase functioning –
the rate equation has been derived and kinetic parameters have been estimated. We
have taken into account known inhibitory effects and pH dependence of the enzyme
activity. This allowed us to describe a set of experimental data obtained under dif-
ferent pH values. Plausibility of the model was confirmed by its ability to describe
an independent data set (Jangaard et al. 1968b) which had not been used for model
parameters determination. Citrate synthase concentrations in E. coli cells grown
aerobically on acetate and glucose have been obtained.
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10.4 Conclusion

We have illustrated our kinetic modeling approach using three E. coli enzymes.
We propose that only a detailed description of individual enzymes allows realistic
kinetic models of the whole pathways in the cell to be obtained. The ultimate goal is
to integrate all available in vitro experimental data in the description of the enzyme.
First, we use relevant data to reconstruct the enzyme’s catalytic cycle. Then we
derive the rate equation of the enzyme. The next and most complicated step is to de-
fine such values of kinetic parameters from the rate equation that would allow us to
describe all experimental dependencies measured in vitro. Here we have illustrated
our strategy with three non-trivial and rather complicated enzyme models: allosteric
tetramer phosphofructokinase-1, citrate synthase with its regulation by ATP and pH,
and �-galactosidase validated against time dependencies of its substrates.

Analysis of the phosphofruktokinase-1 model allowed us to predict new opera-
tional properties of phosphofructokinase-1, such as cooperative action of allosteric
effectors (PEP, ADP and GDP), competitive inhibition by free form of ATP and
influence of magnesium ions on the enzyme rate.

We used the modelling to study the ratio between different activities of β-
galactosidase. It turned out, that at lactose concentration of 25 mM the rate of al-
lolactose synthesis becomes equal to the rate of monosaccharides synthesis. Within
the whole range of lactose concentrations the outflow of the substance for the syn-
thesis of trisaccharides does not exceed 3% of the lactose consumption. We also
found that concentrations of glucose and galactose up to 1 mM did not change the
consumption and production rates.

The kinetic model of E. coli citrate synthase allowed us to get insight into some
important regulatory features of the enzyme catalytic mechanism. According to ATP
inhibition studies (Jangaard et al. 1968b) we have proposed Ordered Bi Bi citrate
synthase’s mechanism with AcCoA binding first. Inhibition experimental data al-
lowed us to accept the hypothesis that the inhibitors alpha-ketoglutarate and NADH
binds to two enzyme forms (the enzyme bound with AcCoA and with both AcCoA
and OAA). To describe ATP effects on pH-dependence (Jangaard et al. 1968b) we
have assumed that the active enzyme form corresponds to the complex of twice
protonated enzyme with ATP. With the use of our model we managed to estimate
the concentration of citrate synthase in E. coli cells grown aerobically on acetate
and glucose.

The models we presented in this paper prove that developing of detailed enzyme
kinetic models can be essential to capture the enzyme regulatory properties. We
illustrated how the detailed kinetic model of the enzyme can be further reduced to
derive a reaction rate equation which inherits key regulatory effects included in the
original detailed description, and allows to consistently approximate large sets of
in vitro experimental data. Individual reaction rates derived in such a way can be
further integrated into higher level kinetic models of E. coli metabolic pathways.
Pathway models will in their turn allow investigating higher level regulatory effects
in bacterial metabolic networks, observed in cellular extracts and in vivo. We hope
that the kinetic modeling approach in general, and three kinetic models of E. coli
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enzymes in particular, will be useful for future whole cell models of E. coli, and
practical applications in metabolic engineering and synthetic biology.

Acknowledgments For support of this work we acknowledge GlaxoSmithKline, Institute for Sys-
tems Biology Sankt Petersburg, EU FP6 EC-MOAN and Centre for Systems Biology at Edinburgh
(CSBE). CSBE is a Centre for Integrative Systems Biology supported by BBSRC and EPSRC.

Abbreviations

PfkA Phosphofructokinase-1
F6P fructose-6-phosphate
F16bP fructose-1,6-biphosphate
PEP phosphoenolpyruvate
ATPMg2− magnesium form of ATP
lac lactose
alac allolactose
glc glucose
gal galactose
oligo oligosaccharides
E gal, E lac, E alac �-galactosidase enzyme form bound with galactose,

lactose, allolactose
E gal glc ternary complex of �-galactosidase enzyme form

bound with galactose and glucose
gltA Citrate Synthase
CS Citrate synthase concentration
AcCoA acetyl coenzyme A
OAA oxaloacetate
Cit citrate
CoA coenzyme A
KG 2-ketoglutarate
H proton
SA specific activity of the enzyme
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