The calculus of variations and the forced
pendulum

Paul H. Rabinowitz!

Abstract Consider the equation of forced pendulum type:
' +V,(t,u) =0 (%)

where ' = d/dt and V is smooth and 1-periodic in its arguments. We will show how
to use elementary minimization arguments to find a variety of solutions of (x). We
begin with periodic solutions of () and then find heteroclinic solutions making one
transition between a pair of periodics. Then we construct heteroclinics and homo-
clinics making multiple (even infinitely many) transitions between periodics. If time
permits, we may also discuss the construction of related mountain pass orbits of (x).

1 Introduction

The goal of these lectures is to show how elementary variational techniques, in
particular minimization arguments, can be used to extract a considerable amount
of information about dynamical behavior. We do this for the setting of a forced
pendulum model problem. This is a favorite proving ground for many techniques.
Among works that are related to ours, we mention in particular [Mor], [A], [Ma82],
[Ma93], [B88], [B89], and [Mos86].

The approach taken here uses essentially nothing from the theory of dynam-
ical systems other than the uniqueness of solutions of the initial value problem.
Therefore, these techniques can also be used for certain classes of problems for par-
tial differential equations. In part our arguments are simplifications of ones used
in [RS]. A disadvantage of our approach is that it does not capture finer dynamical
structure that can be obtained using stable and unstable manifolds or notions like
hyperbolicity.
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Fig. 1 Schematic of the physical pendulum.

Fig. 2 Schematic of an orbit asymptotic from v to w.

Fig. 3 Schematic of an orbit asymptotic from w to v.

The simple pendulum is modeled by u” +sinu = 0, u representing the angle made
with the vertical direction. More generally we will consider a forced model

(DE) —u" +V,(t,u) =0,

where V satisfies

(V1) V € C*(R%R) and is 1-periodic in t and in u.
Equivalently V € C?(T? R), where T? is the 2-torus.

A caveat is in order here: V is the negative of the usual potential energy.

The simplest solutions of (DE) are periodic ones, e.g. if V,(¢,z) =0 for all t € R
and z € Z, each such z is an equilibrium, and therefore periodic solution of (DE).
By (V1), if v is a solution of (DE), so is v+ k for all k € Z. Therefore we can seek
solutions of (DE) that are asymptotic to a pair of periodics v and w.

We say such a solution is heteroclinic from v to w (Fig. 4). Such solutions un-
dergo one ‘transition’. Likewise we can try to find 2, k or infinite transition solutions.
Thus a 2-transition solution is homoclinic to v or w (see Figs. 2—4). It turns out there
are infinitely many solutions of each type, distinguished by the amount of time they
spend near v or w.
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Fig. 5 Graphs of 2-transition orbits between v and w.

v+2

v+1

Fig. 6 A monotonic orbit asymptotic to v in the past and to v+ 2 in the future.

v+3

Fig. 7 An orbit which makes several transitions.

There is another kind of 2-transition solution which is monotone: u(t + 1) >
u(t) (Fig. 1). In the simplest case, such a solution is heteroclinic from v to v + 2.
Likewise, there are k and infinite-translation such solutions, and we can concatenate
these two types of solutions (Fig. 7).

Within each type of solution as well as for the mixed type, one can seek a so-
called symbolic dynamics of solutions that will be described later.

We will show how elementary minimization arguments can be used to find some
of these solutions. Unfortunately we will not have enough time to treat the monotone
and mixed cases. We begin with the simplest case of periodic solutions and then treat
progressively more complex cases.

2 Periodic solutions

Periodic solutions are the easiest to find. We assume V satisfies (V;). Set E =
W12(T1), the class of 1-periodic functions having square integrable derivatives, i.e.

1
el = el = [ ()
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Note that u € E implies u € C(T"), in fact u € C'/?(T"), i.e. u is Holder continuous
of order 1/2. Let

1
L) = 3l P+V(tu),

be the Lagrangian associated with (DE) with the corresponding functional

(u) = /0 'L(wydr.

Then I € C(E,R) (even C?) and for u,¢ € E, the Frechet derivative, I'(u)¢ is
given by

1
! . H _ _
F()9 = lim & (1(u-+ ho) —1(u)
1
. / (9" + Vilt,u)$) dr.
J0
If I'(u) = 0, we say u is a critical point of I and ¢ = I(u) is called a critical value
of 1. Note also, if
1
| W' +Vate.we)dr =0 ()
0

for all ¢ € E, u is called a weak solution of (DE). Then we have a “regularity”
theorem:

Theorem 2.1. u is a classical solution of (DE) if and only if u € E and u is a weak
solution of (DE).

Theorem 2.1 reduces the existence of periodic solutions of (DE) to finding crit-
ical points of / in E. In the study of partial differential equations, such regularity
theorems are often rather delicate. For the above special case, the proof is quite di-
rect. Since the regularity question will also come up in more complicated settings
later, we treat it here for the simplest case.

Proof of Theorem 2.1. If u is a classical solution of (DE), multiplying (DE) by ¢ € E
and integrating over [0, 1] yields (1). Conversely suppose u is a weak solution of (1).
Taking ¢ = 1 shows

/OlV(t,u)dt = [V(1,u)] =0,

i.e. the constant term in the Fourier expansion of V (¢,u) vanishes. It is a calculus
exercise to show there is a unique g € C>(T!,R) solving

—G+Vu(t,u) =0, [g] =0. 2

Multiplying (2) by ¢ € E and integrating over [0, 1] shows

1
/O (49" +V,(t,u)p)dt =0. (3)
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Subtracting (3) from (1) gives

1
/ (W —q) ¢'dt =0 @)
0
for all ¢ € E. Choosing ¢ = u — g, (4) implies ' — ¢’ = 0 and therefore u = g+
const € C*(T',R). O

How do we find critical points of 1? The simplest possibilities are minima. Thus
set
¢ = inf I(u). ®)

uckE

Note that 7 is bounded from below by Vp = ming2 V. Let (u,) be a minimizing
sequence for (5), i.e. I(u,) — ¢ as n — oo. Therefore there is an M > 0 such that

I(uy) = /01 (;(u;)z—l—V(Z,u,,)) dt <M.

Hence
|7 < 2(M = Vh). 6)

Observe that u,, + j, is also a minimizing sequence for (5) for any choice of j, €
Z. Therefore u,, may not be bounded. But we can choose j, so that [u, + j,] € [0, 1].
Thus without loss of generality, [u,] € [0,1). Since

un (1) —up(x) = /xt u,(s)ds,

()=l + [ ([ cras)

1
a0 < 1 [z = 1+ 2. a

one has
and therefore

Now (6) and (7) show u,, is bounded in the Hilbert space E. Therefore there is a
v € E such that along a subsequence, u, — v (i.e. weakly in E). The functional I is
weakly lower semicontinuous. Hence

c <I(v) < lim I(u,) = ilgfl =c. 8)

n—oo

Thus (8) shows /(v) = ¢ and v minimizes I over E. Moreover v is a critical point of
I on E. Indeed take ¢ € E. Then y(h) = I(v+h¢) € C'(R,R) and has a minimum
at = 0. Hence

v(0)=0=1(v)¢ 9)

for all ¢ € E. Thus v is a weak and therefore by Theorem 2.1, a classical solution of
(DE).
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As was noted above, the minimizing sequence {u,} is bounded in E and there-
fore in C'/2(T"). Hence the subsequence {u,} can be assumed to converge to v in
L""(?I‘1 ). Although it is not important here, for future reference, we have a stronger
form of convergence:

Proposition 2.1. u, — v in E (i.e. in W'2(T")).

Proof. 1f not there is a § > 0 such that ||u}, —V'||,2 > &. Set ¢, = u, — v. Then
I(un) = 1(v+¢n)
17 1
= [ 3R e IR Vo) -V V)| ar
1 1
> I(v)+§52+/ Vo, +V(t,v+¢a) —V(,v)] dt. (10)
0
As n — oo, I(u,) — I(v) while the term on the right in (10) approaches zero. Thus
0 >1/282, a contradiction. O
Set Mo = {u € E : I(u) = c}. We have shown iy # 0.
Example 1: If V = 0, then 2y = R.
Example 2: If V = a(¢)(cos(2mu — 1)), then 9y = Z.
Theorem 2.2. My is an ordered set, i.e. vyw € My implies v=w, v < w, orv > w.
Proof. If not, there are points &,7n € [0, 1] such that v(&) = w(§) and, e.g. v(n) <
w(n). Set ¢ = max(v,w) and ¥ = min(v,w). Then ¢,y € E and
2 <I(¢)+1(y)=1I(v)+1(w)=2c. (11)

Hence by (11), I(¢) = ¢ =I(y) and ¢,y € M. Consequently by Theorem 2.1, ¢
and y are classical 1-periodic solutions of (DE). Set y = ¢ —wsox >0, x(§)=0
and therefore x'(£) =0, and x(n) > 0. (DE) implies

X'+ Vu(t,0) = Valt,w) = 0= 2"+ f(1)x, (12)
where
o) = { Lo b if (1) > w(r)
Vi (2, 0(1)) it (1) = w(r)
and f € C(T',R). Thus y is a C? solution of the linear equation (12) with x (&) =

0 = x'(&). Therefore the uniqueness of solutions to the initial value problem for
(12) implies ) = 0, contrary to (1) > 0. Hence 90 is ordered. O

Next let k € Z. Note that V is k-periodic in t so we can seek k-periodic solutions
of (DE). Let u € W!2(kT') = E;. Set

h = [ L
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and
oy = inf I (u).

ucky

By our above arguments,

={u€E: k(u)= o} #0,

any u € 9 is a classical k-periodic solution of (DE), and 91, is an ordered set.
Surprisingly we gain nothing new by varying k as the next result shows:

Proposition 2.2. 91y = 9. and oy = kc.

Proof. Let v € M. Then v(-+1) € My. If v(t) = v(t + 1) for all v € My, then
My = Mo and o = kc. Otherwise for some v € Ny,

(a) v(t+1) < (1),

or

(b) v(t+1) > v(z).

If (a) occurs, v(t) = v(t +k) <--- <v(t+1) < v(t), a contradiction, and similarly
for (b). O

Proposition 2.2 can be used to show that the members of 97y possess another mini-
mality property.

Proposition 2.3. Let v € My and a,b € R with a < b. Set
A={weW"[a,b] : w(a) =v(a),w(b) =v(b)}
and forw € A, let I (w) = fabL(w) dt. Then

S (v) = inf I (w) =ca. (13)

wEA

Proof. .# is weakly lower semi-continuous so as earlier, there is a u € A such that
& (u) = ca. Choose a < a, and § > b with o, € Z. Extend u to [@, B] viau =v in
[a,a]U[b, B] and further extend u to R as a  — o periodic function. Hence u € Eg_
so by Proposition 2.2,

Iﬁfa(v) Slﬁfoc(”) (14)
But

Ig—o(v) /L )di+ .7 (v +/L

flﬁ () (15)

Thus by (14)—~(15), S (v) = I (u) =c4. O
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Remark: The minimization problem (13) is a special case of

irelgf(w) (16)
where
B={weW"a,b]: w(a) = r,w(b) =s}.

By the argument of (5)—(9), problem (16) has a minimum which is a classical solu-
tion of (DE). In several future arguments we will use this observation to establish
that the minimizers of certain variational problems are in fact classical solutions of
(DE).

Returning to My, since it is ordered, either {(¢,u(t)) |t € R,u € My} = R?, i.e.
My foliates R, or there are points (x,z) € R? such that z # u(x) for any u € My,
i.e. Mo merely laminates R?. In this latter case there is a smallest w € 90y and
largest v € M such that v(x) < z < w(x). Hence by Theorem 2.2, v(¢) < w(t) for
all# € R. We then call v and w a gap pair. It is known that this latter case is generic;
indeed given any v € 9, there is a W € C?(T!,R) such that the 90 associated with
V+eWis {v+k|keZ} for all small € >0 [RS].

3 Heteroclinic solutions

Suppose v,w € 9y are a gap pair. We seek solutions of (DE) that are heteroclinic
from v to w (or from w to v). A natural approach is to try to find them as minimiz-
ers of [p L(u)dt over a class of functions having the desired asymptotic behavior.

However if fol Lv)dt = c = fol L(w)dt # 0, then for each admissible function u,
Jr L(u)dr will be infinite. Thus this approach must be modified. The above func-
tional must be “renormalized” so that it is finite on the above class of functions.

This can be done merely assuming (V}), but it is technically simpler to assume V
is also time reversible. Hence suppose

(Va) V(—t,z)=V(t,z)forallt,z€ R
A key consequence of (V) is:

Proposition 3.1. IfV satisfies (Vi) and (V»),

f= inf I(u) = 1
¢ uew1.2[0,1] (u) ¢ 0

and if u € My, then u(t) = u(—t).

Proof. Set 9 = {u € W'2[0,1] : I(u) = ¢}. The existence argument of the previous
section implies 9t # 0. Clearly ¢ < c. To get equality, let u € W'2[0,1]. Then

I(u) = /()I/ZL(u)dt—F/l;zL(u)dt =o+p.
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Say oo < . Define ¢ () = u(t) for0 <t <1/2,and ¢(t) =u(l—¢)for1/2 <t <1.
Then ¢(0) = ¢(1) so ¢ extends naturally to an element of E and by (V2), I(¢) =
20 < I(u). Therefore

c=inf/I< inf =¢
E w12[0,1]

so ¢ = ¢ and My C M. But if u € M, then I(9) = ¢ so ¢ € My. Since ¢ = u
on [0, 1/2], uniqueness of solutions of the initial value problem for (DE) implies
u=¢on[0,1],ie. u € My. Moreover u(t) = u(1 —t) = u(—t) via the 1-periodicity
ofu. O

With the aid of Proposition 3.1, a renormalized functional can be introduced. For
pEZanduc WI};CZ(R,R), define

p+1
ap(u) = / L(u)dt —c.
p
By Proposition 3.1, a p(u) > 0 for all such p and u. Now we define the renormalized
functional:
J(u) = Z ap(u).
PEZ
Thus J(u) > 0.
With v, w a gap pair, we define,
I =T u(v,w)
12 .
={ueW, (RR): [lu— V|‘L2[i,i+1] —0,i — —oo}
I = L.(v,w)
{u e W2 (R,R) : [Ju—wll2 40 — 0,i — oo}

loc

and take as the associated class of admissible functions

L=Lww)={ucWRR) :v<u<winlonl,

loc

Clearly I # 0 and there are u’s in I such that J(u) < ec. Define

c1 =ci(v,w) = inf J(u). (2)
uelj

Then we have

Theorem 3.1. IfV satisfies (V1) - (V2), and v, w are a gap pair, then
LM =M (vw)={ueli : J(u)=c1} #0.
2. Any U € 9y is also a classical solution of (DE).
Ju<U<U(-+1)<w.
4. 9N, is an ordered set.
5. Any U € 9y is minimal in the sense of Proposition 2.3.
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Proof. Let {u;} be a minimizing sequence for (2). Since we are dealing with an
unbounded domain, some extra care must be taken here to ensure that {u;} has a
nontrivial limit. E.g. if 9t # 0@ and U € M, up = U(- — k) € I] and u; converges
in C2 tov ¢ I3. To avoid such complications, {u;} will be normalized as follows.
Ifuelisoisu(-—1)foranyl € Zand J(u(-—1)) =J(u). As | — —oo,u|/™ —vin
L? and as [ — oo, u|§+' — win L?. Therefore there is a unique / = /(«) € Z such that

1

Jo Gt = 1) =v(t))dr > L [ (w—v)dr.

Thus without loss of generality, {u;} can be chosen so that /(1) = 0.
Since {uy} is a minimizing sequence, there is an M > 0 such that for all k € N,

{fﬁl(u(t_l) —v(t))dt < L[} (w—v)dti<0,icZ 3)

J(u) < M. )
Hence for all p € N,
14 p+1
Y aiig) = / Lw)di— (2p+1)c <M )
—-p —pP
and (5) implies
p+1
[ P ar <, ©
-p

where M) depends on p but not k. Since v < u < w, {1} is bounded in Wll’2 (R,R).

oc
Consequently thereisa U € WILCZ such that along a subsequence u; — U weakly in

1,2 1,2
wh )

loc oc

and in L, . (In fact in the spirit of Proposition 2.1, uy — U in W, '~ along a
subsequence, but we do not need this additional information). Since [ ;1 L(u)dt is

weakly lower semi-continuous,

zp: a(U) <M
i=—p

for all p € N and hence J(U) < M. Moreover by (3),

1

S U —vydr < [f(w—v)dt,i<0,icZ
Jo (U =v)dt > [o (w—v)dt.

)

We claim U € Ij. The L}, convergence of {u} implies v < U < w. Thus we
need only show U satisfies the asymptotic requirements of I7. To do so, note first
that since J(U) < o0, a,(U) — 0 as |p| — oo, i.e. f,{’“L(U)dt — cas |p| — oo. Set
Uy,(t) = U(t + p) for t € [0,1]. Then U, € W'2[0,1] and I(U,) — ¢ as |p| — .
Hence as |p| — oo, {U,} is a minimizing sequence for (1). Consequently along a
subsequence {U,} converges weakly in W12 and strongly in L™ to u™ € 90%. But
v < U, < w implies either u™ = v or u* = w. By (7), as p — —oo,
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;/Ol(w—v)dt>/:H(U—v)dt:/ol(Up—v)dt—>/01(u_—v)dl.

Therefore u~ = v and since v is the only possible limit of a subsequence of {U), } as
p — —oo, the full sequence U, — v as p — —oo,

It remains to prove that U, — w as p — oo. For this, we no longer have (7)
to help as for p — —oo, so more work is required. Following the argument of
Proposition 2.1, we can assume U, — u™ in W12[0, 1] along our subsequence. In
fact, U, — u™ along the full sequence as p — oo for otherwise there are a pair of
subsequences such that U, — v in W2 along the first, and Up — win W2 along
the second as p — . But U, cannot only be close (in W12[0,1] and therefore in
L[0,1]) to both v and w. Therefore there is an € > 0 and a third subsequence such
that along it, |[Up — @||y12(9,1) = € as p — o for ¢ =v and ¢ =w.

Now we have

Lemma 3.1. For any € > 0, there is a y(€) > 0 such that ||Up — @||y12101) = €
implies I(Uy,) > ¢+ y(€)

Proof. Otherwise, there is a sequence of p’s going to infinity such that /(U,) — ¢
while [|U, — ¢l|y120;) > €. As above along a subsequence, U, — v or w in

W'2[0,1], a contradiction. O

Completion of the Proof of Theorem 3.1. Let S={p € N: ||{U, —u"||}12[0,1] > €}.
Then by Lemma 3.1,

JU)> Y ay(U) =Y v(e) =co,

peS peS

contrary to J(U) <M. Thus U, — u™ in W'2[0,1] as p — oo.

Now finally to show that u™ = w, suppose u™ = v. By the reasoning just used and
(7), there is an i € Z, i < 0, and € > 0 such that ||U; — (I)le.z[(),l] > ¢ with ¢ = v and
¢ = w. Hence by Lemma 3.1

a;(U) = y(e).
Therefore for large k,

1
ai(uk) > 5’}/(8) (8)

Choose 6 > 0 and free for the moment. Since u™ = v, there is a ¢ > 0 such
that ||Uy — v[|z=[0,1] < 6/2. Hence along our subsequence for all large k, ||ux —
Ullr=(g,g+1] < /2. Thus [[v — ug|r=[g441) < 6 for large k. Define u; to be equal
to v fort < g, equal to ¢y for g <t < g+ 1, and equal to uy for g+ 1 < ¢, where ¢
is a minimizer of the variational problem

q+1
inf / L(w)dt
q
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over
K={uecW"g,q+1]:ulq)=v(g),ulg+1)=ulg+1)}.
The minimality properties of v and w imply v < ¢ < w and therefore u; € I. Set
u(t) =v(t) +(t —q)(ux(g+1) —v(g+1)) sou € X.
Moreover
aq(¢) < aq(u) < B(5) ©)
where $(8) — 0 as 6§ — 0. Now by (8)—(9)

oo

J(ue) = I () = Y lap () — ap(ur)]

< p(s)- 1&). (10)

Choosing 6 so small that (5) < %y(s), (10) contradicts that {uy} is a minimizing
sequence for (2). Thus U € I}, and J(U) > ¢;. On the other hand,

Za, ) < hmmfZa, uy) < hmmf](uk) =

so letting p — oo, we conclude J(U) = c;. This establishes statement 1 of Theorem
3.1.

To prove statement 2 of Theorem 3.1, first we will obtain the minimality property
5. If it is not true, there are numbers r < s and a function

o c{ucW"[rs]: u(r)=U(r) and u(s) = U(s)}

/rXL(¢)dt</rsL(U dt

Since v and w satisfy the minimality property, we can assume v < ¢ < w. But then
replacing U} by @[ gives U* € I with J(U*) < J(U), contrary to Theorem 3.1,
part 1. Therefore U satisfies the minimality property and by the remark following
Proposition 2.3, U is a solution or (DE).

Next, statement 4 of Theorem 3.1 follows by a mild variant of the proof of The-
orem 2.2; Suppose U, W € ;. Thus ¢ = max(U,W) and y = min(U,W) € I] so
forall p e N,

such that

¥ lai(9) + aw)] = L ai(U) + ax(W)].

Letting p — oo, this shows

2c1 <J(@)+J(y) =J(U) +J(W) =2c



The calculus of variations and the forced pendulum 379

Therefore ¢, y € 911, so by what has already been shown, ¢ and y are solutions of
(DE) with ¢ > y. The proof then concludes as for Theorem 2.2.

Lastly to verify statement 3 of Theorem 3.1, note that v < U,U(- + 1) < w with
equality impossible by the argument of Theorem 2.2 again. Moreover since U, U (- +
1) € My, which is ordered, either; (i) U(r) = U+ 1), (i) U(t) > U(t+1), or
(iii) U(r) < U(t +1). If alternative (i) holds, U is 1-periodic and therefore U ¢ I3
while (i) implies U (t) > U(t +k) — w(t) as k — co. Thus U > w and again U ¢ Ij.
Thus (iii) holds. O

We conclude this section with a result that shows the gap condition is not only
sufficient for there to exist minimizing heteroclinics from v to w, but also is neces-

sary.

Theorem 3.2. Let V satisfy (Vi) - (V2), and further let v,w € M with v < w. Suppose
there is a U € I (v,w) such that

JU)= inf J(u).
( ) ueli (v,w) (u)

Then v and w are a gap pair.

Proof. Otherwise there is a ¢ € M such that v < ¢ < w. There is a smallest oc € R

such¢(a) =U(a).DefineW(¢r) =U(t), fort <o, W(t) =¢(¢t) wheno <r < ax+1,

and W(r) =U(t—1) when a+1<¢. Then W € I} (v,w) and J(W) = J(U). Set
S={uecW?a—1/2,a+1/2]: u(a+1/2) =W(a+1/2)}.

The remark following Proposition 2.3 shows there is a y € S such that y is a solution

of (DE) and

a+1/2 ~a+1/2

L(y)dt =i f/ L(u)dt.
/1171/2 (v) thIG]S a—1/2 ()

We claim

o+1/2 o+1/2

A= L()dr < / L(W)dt =B.
Ja—1/2 a—1/2

Indeed if A = B, W is a solution of (DE) in (¢ —1/2,a+1/2). ButW = ¢ in [@, @+
1/2]. Since ¢ is a solution of (DE) for all ¢, uniqueness for solutions of the initial
value problem for (DE) imply W = ¢ in (ot — 1/2, 0t + 1/2). Since U minimizes
J in I3 (v,w), as in Theorem 3.1, U is a solution of (DE) on R. But U =W = ¢
in (a —1/2,). Therefore U = ¢, contrary to [[U —v||;2;,41 — 0 as i — —co.
Thus A < B. But then gluing W|%_'* 1o y o W[z, ,
J(®) < J(W) contrary to the minimality of W. O

produces @ € I3 (v,w) with

Remark: Theorem 3.2 does not exclude the possibility of there being a heteroclinic
solution of (DE) in I (v,w). If there is one, it cannot be a minimizer. In fact if v, f,
and g, w are gap pairs with f < g, there is a monotone heteroclinic U from v to w.
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my my ms my

Fig. 8 An admissible u.

4 Multitransition solutions: the simplest case

Suppose v, w are a gap pair for (DE). In Section 3 we showed there are heteroclinic
solutions of (DE) in 9t (v,w). The same argument gives heteroclinic solutions in
11 (w,v). The goal of this section is to find solutions of (DE) which lie between v
and w, undergo two transitions, and are homoclinic to v or to w.

We will show there are infinitely many such solutions provided that 9% (v, w) and
M1 (w, v)have gaps. The solutions are obtained as local minima of J on appropriate
classes of functions. To introduce a suitable class of admissible functions, let m =
(ml,...,m4) S z* and p = (pl,...,p4) S R4 with m; <mj;y1 and 0 < p; << 1.

Define

Yio=Yipmp = {u: ulmy) —v(m) < pr,w(mz) —u(my) < pa}

V34 =Ysamp = {u: wimz) —u(mz) < p3, u(ms) —v(ms) < ps}

Y=Yup={ue W]’Z(R,R) v<u<w}nYi2NYaa.

loc

The numbers p; have to be chosen in a special way which we postpone until needed.
Set
b=byp = infJ(u) (1)

ucY

Proposition 4.1. For all (m,p), there is a U = Uy, p €Y such that J(U) = b.

Proof. 1t is straightforward to show there is a i € Y such that J(&1) < eo. Let {u,}
be a minimizing sequence for (1). We can assume J(u,) < J(i1). As for Theorem
3.1, this implies {u, } is bounded in WZLCZ and there is a U € W, such that along a

loc
subsequence, u, — U weakly in both WZIOC2 and L;; . This latter convergence implies

U satisfies the pointwise constraints of Y, so U € Y. As in Section 3, J(U) =b. O

Proposition 4.2. U satisfies (DE) except possibly att = m;, 1 <i < 4 (independently
of p and m).

Proof. This follows since U possesses a minimality property for each interval in the
complement of the m;. Eg. For r < s < my, U minimizes [ L(u)dt over
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{ueW'2lrs] s u(r) = U(r), u(s) = U(s)}

Hence by the remark following Proposition 2.3, U satisfies (DE) in (r,s). O

Next we will show that U is asymptotic to v as || — oo. For this we require that
p1 and p4 be small.

Proposition 4.3. For py (resp. pa) sufficently small,
—oo (resp. | — o).

U— V||W1~2[i.i+1] —0asi—

Proof. We treat the p; case. Since J(U) = b < oo, [[U = @||y12); ;1) — 0as i — —oo,
where ¢ € [v,w] via the proof of Theorem 3.1. If ¢ = w, for any & > 0, there is an
1 € Z,1 <my such that [[U —wl[y12 ;1) < 8.

Let y; be a minimizer of the problem:

l

inf [ L(u)dr
-1
over
{fue W[l — 1,0 : u(l — 1) =w(l — 1), u(l) = U(I)}.
As in (9)
ar-1(y1) < B(8) 2
with (8) — 0 as § — 0. Similarly let f be a minimizer of the problem
my+1
inf L(u)dt
mj

over
{ue Wl’z[ml,ml +1]: u(my) =U(my),u(m +1)=v(m; +1)}
and again as in (9),

am, () < B(p1)- 3)

Set U be equal to w for t <[ —1, equal to y; for [ —1 <t <, equal to U for
I <t<mp,equalto fform <t <mj+1,andequal tovform;+1<rt.
Then U € Ij(w,v) and

m1—1 mj

Z a;(U) = ai(U)—a;—1(U) —am, (U)

i=l i=l—1
= J(U —ar—1(y) —Qm (f)
> ci(w,v) —B(8) —B(p1) (4)

via (2)-(3).
On the other hand, let g be a minimizer of
inf [ L(u)dt

ml—l
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over
{ue W2 [my —1,my] : u(my —1) =v(m; — 1), u(m;) =U(m;)}

Then as for (2)-(3),
am,-1(8) < B(p1). )

Set U* equal to v for t < mj — 1, and equal to g for m; — 1 <t < m;. By the
minimality property of U in (—oo,m;], and (5)

my—1 my—1
Z a;(U) < Z a;(U") < B(p1). (6)
Since » B
; a;i(U) < ; a(U),
(4)—(6) imply
ci(w,v) < B(8)+2B(p1) (7)

which is impossible for é and p; small. Thus U is asymptotic to v as t — —oo and
similarly as t — co. 0O

Next we will obtain an upper bound for b = by, p.

Proposition 4.4. Let € > 0. Then there is an my(€) such that if my —my,mg —m3 >

m()(&‘),
bmp <c1(vw)+er(w,v)+€

Proof. Let U € M, (v,w). Then there are o, 8 € Z with a < B such that if f, g are
respectively minimizers of

/oe L(u)dt, /-13+l L(u)dt

a—1 B
o {fuewla—1,0]: u(a—1)=v(a—1),u(e) =U(a)},
{ueW"[B,B+1]: u(B) =T(B),u(B+1) =w(B+1)}.
Then

ag-1(f), ag(g) < (8)

Gluing v|*2' to fto U ﬁ to g tow|% , defines U* € I3 (v,w) (Fig. 9). Since J(U) =
B+1

C](V, W) by (8)’
=
JU*) = ag-1(F)+ Y, ai(U)+ag(3) 9)

o

€
< cl(v,w)—l—i



The calculus of variations and the forced pendulum 383

{ YR fa BiI

Fig. 9 The construction of U* in Proposition 8.

Similarly let U € 9t (w,v). As above there are 7,5 € Z with r < s such that if f,
respectively g are the minimizers of

/rilL(u)dt, /SHIL(u)dt

over
{fuew[r—1,r:u(r—1)=w(r—1),u(r) =U(r)},
{ueW2[s,s+1]: u(s) =U(s), u(s+1) =v(s+1)}.
then e
ar—1(f), as(g) < T (10
and gluing w|" ! to ftoU[}to gtov|y,, produces U, € I'j(w,v) with
€
J(Uy) Scl(w,v)—i—E. (11

Finally set U**(t) equal to U*(t —my + 8 4 1) for t < my, and equal to U, (t —
m3+r— 1) for my <t.By construction U™** satisfies the constraints of Yiupatt =my
and m3. Formy—m; > B—a+2, U*(m) =U*"(m—m+B+1)=v(ia—1)
= v(m;) so U** satisfies the constraint at t = m;. Similarly the constraint at t = my
holds if my4 —m3 > s — r+ 2. Therefore U** € ¥, p and by (9) and (11),

bmp <J(U™) <ci(v,w)+ci(wv)+€e O

Next we will refine our choice of p. Recall 9% (v,w) and 9t (w,v) have gaps.
Define p_ : M (v,w) — (0,w(0) —v(0)) via p_(u) = u(0) — v(0). Therefore p_ is a
monotone function of u and p_ (9 (v,w)) has gaps. Choose p; to lie in such a gap,
ie.

p1 € (0,w(0) = v(0)\ p— (M1 (v, w)).

Note that p; can be chosen as small as desired since f € 9 implies f(- —1) €
M (v,w) for any [ € Z so for large I, p_(f(- — 1)) is near 0.

Similarly define p; : 9 (v,w) — (0,w(0) —v(0)) via p4(u) = w(0) — u(0) so
P+ is also monotone and p4 (9 (v, w)) has gaps. Choose p; in such a gap. Likewise
p—, P+ : My (w,v) — (0,w(0) —v(0)) as above. Choose p3 and py4 in associated gaps.
An important consequence of this choice of the p; is:
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Proposition 4.5. Let
A(vw)={uei: u(0)—v(0)=p; orw(0)—u(0)=p}.

Set
di(vyw)=inf J(u) (12)

ucA; (v,w)

Then for |p| small, dy(v,w) > ¢ (v,w).

Remark Defining A; (w,v) and d; (w,v) in the obvious way, we also have d; (w,v) >
c1(w,v).

Proof of Proposition 4.5. Let {u,} be a minimizing sequence for (12). As in the
proof of Theorem 3.1, there is a P € WZLS such that along a subsequence u,, — P
weakly in WZIOC2 and also in Lj; . This latter convergence implies v < P < w and P
satisfies one of the constraints at r = 0.

Also, as earlier J(P) < oo and therefore P asymptotes to v or w as t — —oo and
ast — oo. If (a) P(0) = v(0) + py, since p; is small, the argument of Proposition 4.3
shows [|P —v||y12);;41) — 0 as i — —eo, while if (b) w(0) = P(0) + p, similarly
[P —wlly12[41) — 0 asi— oo

Suppose (a) holds. Then either (c) ||P — V| ‘W1,2[jh]-+1] —0as j—ooor(d)]||P—
wllw12(j, 1) — 0as j— 0. If (c) occurs, uy, (0) is near v(0) 4 p1 along a subsequence
as n — oo. Hence as in the proof of Lemma 3.1, there is a ¥(p;) > 0 (independent of
n) such that

ao(un) > v(p1) 13)

for large n. Moreover for any § > 0, there is an [ = [(8) € N such that ||u, —
V||z=(1141) < & for large n along the subsequence.

Now in the spirit of the proof of Proposition 4.3, set u;, equal to v, on ¢t <[, equal
tog,onl <t <[+ 1,andequal to u, ont > [+ 1 where g, minimizes

1+1
/l L(w)dt

{fue WL1+1]: u(l) =v(l), u(l+1) = u,(14+1)}.

Thus as in (9) again,

over

ar(u,) < B(8). (14)
Now by (13)—(14),
J(up) > ao(uy) + iai(u,,) (15)
I+1

> ¥(p1) +iai<u;;> ~ar(g)

= (1) +J(u,) = B(8).
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Choosing 6 so that B(6) < 1/2y(p;) and noting that u; € I3 (v,w), (15) yields

1
J(n) 2 c1(v,w) + 2 7(p1)- (16)

Thus di (v,w) > c1(v,w) + 2 ¥(p1) for this case.

On the other hand, if (a) and (d) occur, P € Aj(v,w) and by earlier argu-
ments J(P) = di(v,w). Since Aj(v,w) C Ii(v,w), di(v,w) > c1(v,w). If d; = ¢y,
then P € M (v,w) and by Theorem 3.1, P is a solution of (DE). Consequently
P(0) —v(0) = p; = p—(P) € p—(9M;(v,w)) contrary to the choice of p;. Thus
dy > c1. The remaining cases are treated in the same fashion as above. 0O

With the aid of Proposition 4.5, we have:

Proposition 4.6. Set

u= %min(dl (v,w) —c1(v,w),di(w,v) —c1(w,v)).

If |p| is small and U satisfies an m; constraint with equality, then for m3 —my >> 1,
bmp > c1(v,w) +ci(w,v) + 1. (17)

Assuming Proposition 4.6 for the moment, combining Proposition 4.5 and Propo-
sition 4.6 we have
U< bpp—ci(v,w)—ci(wyv) <e (18)

provided that an m; constraint holds with equality. Here y depends only on p and
m3 —my while my —my, ma —m3 > mp(€). Thus choosing € < u, (18) yields a
contradiction. Therefore U satisfies (DE) for all t and we have

Theorem 4.1. If (V) )~(V2) hold, v and w are a gap pair, and in addition 0, (v, w)
and M (w,v) have gaps, then for |p| small and miy1 — m; large, there is a U =
Up,p € Yinp which is a solution of (DE) with J(U) = by, p.

Remark: That U satisfies the constraints with strict inequality implies U has a local
minimization property.

Corollary 4.1. There are infinitely many distinct 2-transition solutions of (DE).
Proof. Simply take different sets of (m;)’s with m; | —m; larger and larger. O

To complete the proof of Theorem 4.1, we give the
Proof of Proposition 4.6. By the minimality property of U |3,
m3 . m3
/ LU)di=inf [ L(u)ds (19)
my UEA my

where
A={ue Wl"z[mz,mﬂ fu(m) =U(my), u(ms) =U(m3)}.
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Since py,p3 are small and w(my) — U (myz) < pa, w(mz) —U(m3) < p3, as in (9),
(19) implies

11137]

Y. ai(U) < B(p2) +B(p3)- (20)

i=m2
We claim that given any ¢ > 0, there is an a(c) > 0 such that for m3 —my >
a(0), [|U=wlly12(;41) < o for some g € [my,m3 — 1]. Otherwise by Lemma 3.1,

1

m3—1

Y. a;(U) > (m3—ma—1)y(o) 2D

Jj=my

which goes to infinity as m3 —my — oo. But this is contrary to (20) which shows that
the left hand side of (21) is small.

Now suppose for convenience that we have equality at an m; or my constraint
point. Set @(z) equal to U(z) for ¢ < g, equal to f(¢) for g <7 < g+ 1, equal to w(t)
fort > g+ 1, where f minimizes

q+1
/ L(w)di
q

{ucW"[g,q+1]: u(g) =U(q),u(¢g+1) =w(g+1)}.

Therefore @ € I3 (v, w).
Similarly set ¥ (z) equal to w(t) for r < g, equal to g(z) for ¢ <t < g+ 1, and
equal to U(¢) forr > g+ 1, where g minimizes

q+1
/ L(w)dr
q

{ueW'[g,q+1]: ulg) = w(g), u(g+1) =U(g+1)}.
Therefore @ € I (w,v) and

over

di(v,w) +c1(wv) SJ(@) +J(¥) <J(U) —ag(U) +aq(f) +aq(g)  (22)

Since ||U — w||yi2p4+1) < 0 it follows as in (9) again that aq(f) + aq(g) <
2B(0) — 0 as 0 — 0. Then for o so small that

2B(o) < i, (23)

J(U) = b and (22)-(23) imply (17). O
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5 Multitransition solutions: general case

The ideas used in proving Theorem 4.1 work equally well to get k transition solu-
tions of (DE) and then even infinite transition solutions via a limit argument, pro-
vided that the construction does not depend on k. However, given Theorem 4.1, there
is a simpler geometrical argument giving the k and infinite transition cases, as well
as an associated symbolic dynamics of solutions. We will illustrate with the case of
k =3 and then discuss the general case.

Choose p,r € R* and m,n € Z* such that there are associated solutions U and
W of (DE) with U € Y, 5 (v,w), and W € Y, -(w,v). We seek a 3-transition solution
heteroclinic from v to w. For j € Z, set Tju(t) = u(t — j). Because of their asymptotic
properties for j; >> 1, 7; U(r) < W(z) forall r € R.

Take j» >> ji. Then 7; U < 7;,W. Finally take j3 >> j>. Then 7;,U < 7;,W.
For simplicity, we will take j; = j, jo =2}, j3 = 3 for sufficiently large j. Consider
{T_le 1 le N} and {T(3+i)jU T e N}

Delete from the region between the graphs of v and w the set of points above
all of the shifted W’s we have mentioned and below the shifted U’s. Denote the
remaining region by R and set

Y(R)={ueW.?: (t,u(t)) € R}.

(See Fig. 10). Define

R) = inf J(u).
<(R) uequ(R) ()

Then we have:
Theorem 5.1. Under the hypothesis of Theorem 4.1

I.MR)={uecY(R):J(u)=c(R)} #0.

2. Any U € M(R) is a classical solution of (DE) and is interior to R.

3NU =Yz = 0, i = —oo, and [|U — w2 111) — 0,1 — oo

4. U has a local minimization property: for any r < s, U minimizes |} L(u)dt over
the class of W' [r,s] functions with u(r) = U(r), and u(s) = U (s) provided that
s — r sufficiently small.

Proof. We will sketch the proof. A minimizing sequence converges as earlier to
U lying in R with J(U) = ¢(R). Since J(U) < oo, (3) of the theorem holds due

Fig. 10 AU in Y (R).
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to the form of R. The boundary of R consists of curves possessing local or global
minimization properties and this readily implies (4), which in turn gives the first part
of (2). Lastly the basic existence and uniqueness theorem for ordinary differential
equations implies U cannot touch dR as in the proof of Theorem 2.2. O

Next we will show how to generalize Theorem 5.1 and at the same time get
a symbolic dynamics of solutions (Fig. 10). Choose U, W, and j as above so in
particular the graphs of 74 ;U and W do not intersect. This implies the same is true
of the graphs of 7;;U and 7;;W for all i,/ € Z. Define

L={o={0i}icz: 0i €{+,—}}.

For each o € X, we define a region R(o) lying between the graphs of v and w as
follows. Set
S={(t,2): t e Ryw(t) <z<w(r)}.

If 0; = +, remove the region below 7;;U from S; if 0; = —, remove the region above
7;W from S. R(o) is what remains after carrying out this excision process for all
i € Z. Then we have;

Theorem 5.2. For each ¢ € X, there is a solution Uy s of (DE) with the graph of
Ugr(o) lying in R(0). Moreover Ugr(c) has the local minimization property of Theo-
rem 5.2.

Remark: If 6; = —, UR(G) will be L™ close to v on a large interval while if o; = +,
Ur(s) Will be L™ close to w on a large interval. In particular if o; = — for all i
near —oo, Up() asymptotes to v as 1 — —oo, while if 6; = + for all i near oo, Ug(q)
asymptotes to w as t — oo. The dynamics of the symbol o reflect the dynamics of
the solution Ug(q)-

Proof of Theorem 5.2. We will sketch the proof. First we introduce four subsets of
X
Ittt ={occX:0;=+ foralllarge |i|}

X~ ={oe€ZX: o =— forall large |i|}

It~ ={o€X: 0;=+ forall large negative i, and 6; = — for all large positive i}

Y t={o€X:o0;=— forall large negative i, and o; = + for all large positive i}

Let £* be the union of these four sets. Any o € X* has a finite number of changes
of o; as i increases. For o0 € X*, set
Y(0)={uecW,?: (t,u(r)) € R(c) forall € R},

and define

= inf J(u).
o) = 5L, w
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Then ¢(0) < o and the proof of Theorem 5.1 shows there is a Ug(s) € Y (0) such
that Ug () satisfies (2) and (4) of Theorem 5.1 and also possess the asymptotics
associated with o.

Next suppose ¢ = {0;}cz € Z\Z*. For each n € N, define f,,(c) € £* via f,,(0)
equal to o}, |i| < n, equal to G, i > n, and equal to 6_, when i < —n. Therefore by
what was previously shown, there is a U, € Y (f,(0)) such that J(U,) = c(fn(0)).

Since v < U,, < w, the functions U, are uniformly bounded. By (DE), they are also
bounded in C2. Therefore using (DE), as n — oo, U, converges along a subsequence
in C? to U(o), a solution of (DE). Moreover for any [ € N, if n > [, for |t| < I, the
graph of U, lies in

R(fn(0)) N{(1,2) : |t < Lv(t) <z <w(t)}

=R(6)N{(1,2): || <Lv(t) <z <w(t)}

from which it follows that the graph of U lies in R(o). Finally the local minimality
property is preserved by the L7 - convergence of the U,. O

We conclude this section with some open questions. First, is it possible to give
a variational characterization of U(o) for o € X\X*? The difficulty is that for
such o, J(U(0)) = . We suspect that a second renormalization of J can be made
which allows for a direct variational characterization of U (o). A second question is
whether it is possible to classify these multi-transition solutions. How many para-

meters do they really depend on?

6 The tip of the iceberg

In a sense the class of solutions of (DE) we have studied in these lectures merely
represent the tip of the iceberg. All of these solutions lie between a gap pair. Even
if we had had time to study the monotone solutions of (DE) mentioned in the intro-
duction that cross a finite number of gaps, we are still only dealing with bounded
solutions which therefore have rotation number O.

For p € Z and g € N it is straightforward to find minimal solutions of (DE)
satisfying u(t + ¢) = u(t) + p. In terms of the pendulum, they make p rotations
in time ¢ and have rotation number p/q. Thus replacing 9%, by such a class of
minimizers, there are analogues of the results of the previous sections. There are
also minimal solutions with an irrational rotation number which can be obtained as
limits of the rational ones.

In addition to these minimal solutions there are nonminimal solutions that can be
obtained variationally. E.g. there are mountain pass solutions lying between a gap
pair v,w. In fact there is a sequence {u,} of such solutions with periods which go
to infinity as n — oo. Likewise there are mountain pass heteroclinics between a gap
pair in 9 (v,w). These facts can be proven using versions of the mountain pass
theorem.
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