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A Continuing Influence in Dynamics

A well-established method for studying a given dynamical system is to identify
the compact invariant objects, such as equilibria, periodic orbits and invariant
tori, and to consider the local behavior around them. This local information
then needs to be assembled in a consistent way, frequently with the help of
geometric and topological arguments, to obtain a unified global picture of the
system. The aim is to find qualitative (and often also quantitative) repre-
sentations of the different types of behavior that the system may exhibit in
dependence of key parameters. The main result of such an effort is a bifur-
cation diagram, that is, information on the division of parameter space into
regions of topologically different behavior together with representative phase
portraits. The list of theoretical tools one may employ is long, well developed
and dates back at least to the 19th century. However, even when one consid-
ers seemingly simple systems, theoretical tools need to be supplemented with
numerical calculations.

Mainly for technological reasons, numerical methods have a shorter history
than theoretical tools. The first and commonly used tool is numerical time
integration, which allows one to explore the dynamics by solving a (possibly
large) number of initial value problems. This approach is very practical for
the representation of chaotic attractors, and especially their ‘fingerprints’ in
a suitable Poincaré section. However, when it comes to the study of how the
behavior changes as a function of parameters the tool of choice is numerical
continuation — one also speaks of path following or homotopy methods. The
basic idea is to compute an implicitly defined curve of a suitable system of
equations that defines the dynamical object under consideration. In its basic
form, numerical continuation implements the stability and bifurcation theory
of equilibria of differential equations. More global objects, such as periodic
and homoclinic orbits, and their bifurcations can be computed by setting up
defining equations in the form of boundary value problems.

Path following in combination with boundary value problem solvers has
emerged as a continuing and strong influence in the development of dynamical
systems theory and its application in many diverse fields of science. It is widely
acknowledged that the software package Auto — developed by Eusebius J.
Doedel about thirty years ago and further expanded and developed ever since
— plays a central role in the brief history of numerical continuation. When
we were thinking how best to present the origin and development of Auto,
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a copy of the first edition of the Auto86 manual, with its authentic ochre
Caltech cover, came in very handy. We quote from the preface, dated May
1986:

The Auto package was first written in 1979. It was based on a
related program written in 1976 while the author was working with H.B
Keller at the California Institute of Technology. A first publication
referring to the package by its current name appeared in [22].

Applications often revealed some inadequacy in the algorithms and
resulted in changes. The applications also pointed to additional capa-
bilities that would be useful to have integrated in the package, and effort
was spent on making it easy to use. This explains the delay in publica-
tion of an extensive account of the algorithm implemented. Indeed, the
difference in effort between a theoretical analysis of a new method and
its implementation and integration appears to be considerable. We are
confident, however, that the methods and software presented here will
be of some use in the numerical exploration of nonlinear phenomena
in ordinary differential equations.

This quote not only highlights the intricate interplay at the very earliest stage
between the development of the software and applications, but it also contains
a major understatement: Auto has not just been “of some use”, but it has
been used by many hundreds of researchers from all around the world! To
give a rough idea of its impact in the general scientific community, ISI Web of
Knowledge reveals that the different versions of the Auto manual, which was
never published other than as a Caltech preprint, has more than 700 citations.
Similarly, the seminal reference [22] in the quote, the paper E.J. Doedel, Auto:
A program for the automatic bifurcation analysis of autonomous systems,
Cong. Num. 30 (Proc. 10th Manitoba Conf. Num. Math. and Comp.), 1981,
265–284, has more than 400 citations.

This book has been compiled on the occasion of Sebius Doedel’s 60th
birthday with the aim to illustrate the power and versatility of numerical
continuation techniques. As is demonstrated in the chapters of this book,
many recent developments build on the ideas of Sebius Doedel as implemented
in the package Auto, whose core of path following routine and collocation
boundary value problem solver is essentially still the same as when it was
released in 1986. It lies in the nature of the subject and the versatility of
Sebius Doedel’s work that we had to make a choice about which topics to
include. The emphasis of this book is on continuation methods for different
types of systems and dynamical objects, and on examples of how numerical
bifurcation analysis can be used in concrete applications. While recognizing
that there are other topics that could have been included, we believe that this
choice is in the spirit of the original motivation for the development of Auto

as expressed in the above quote. In this way, we hope to give an impression
of the continuing influence and future potential of these powerful numerical
methods for the bifurcation analysis of different types of dynamical systems.
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The book opens with an extended foreword by Herb Keller, who is widely
recognized as the founding father of numerical continuation. Chapter 1 is an
edited part of lecture notes that Sebius Doedel has been using in his own
courses. It introduces the basic concepts of numerical bifurcation analysis and
forms a basis for the remainder of the book. The other eleven chapters by
leading experts focus on selected topics that have been influenced strongly by
Sebius Doedel’s work. In fact, at least half of the chapters discuss research
in which he has been involved as a co-author. Chapter 2 by Willy Govaerts
and Yuri Kuznetsov surveys recent developments of interactive continuation
tools. Chapter 3 by Mike Henderson is concerned with higher-dimensional
continuation, and Chap. 4 by Bernd Krauskopf and Hinke Osinga discusses
the computation of invariant manifolds with a continuation approach. The
next three chapters are devoted to applications. In Chap. 5 Don Aronson and
Hans Othmer consider the dynamics of a SQUID consisting of two Josephson
junctions. Chapter 6 by Sebastian Wieczorek discusses global bifurcations
in laser systems, and Chap. 7 by Emilio Freire and Alejandro Rodŕıguez-
Luis demonstrates the use of numerical bifurcation analysis for the study of
electronic circuits. The remaining chapters deal with continuation for spe-
cial types of dynamical systems. Chapter 8 by John Guckenheimer and Drew
LaMar is concerned with slow-fast systems, and Chap. 9 by Jorge Galán-
Vioque and André Vanderbauwhede with symmetric Hamiltonian systems.
Spatially extended systems are the topic of Chap. 10 by Wolf-Jürgen Beyn
and Vera Thümmler and of Chap. 11 by Alan Champneys and Björn Sand-
stede. Finally, in Chap. 12 Dirk Roose and Róbert Szalai survey numerical
continuation techniques for systems with delay.

We are very grateful for the enthusiastic support from all who were in-
volved in this book project. First of all, we thank all authors for their con-
tributions and for making every effort to stay within the limits of a tight
production schedule. We also thank Tom Spicer of Canopus Publishing Ltd
for his support of this project from its conception to the final production of
the book. Last, but not least, we would like to thank Sebius Doedel for his
support over many years of collaboration, and for agreeing to the publication
of Chap. 1 without knowing exactly what we were up to. Happy birthday,
Sebius!

Bernd Krauskopf, Hinke Osinga and Jorge Galán-Vioque
Bristol and Sevilla, March 2007.



Foreword

Herbert B Keller

California Institute of Technology, Pasadena, USA, and University of California,
San Diego, USA.

Sebius (diminutive for Eusebius) Doedel obtained his Ph.D. in Applied Math-
ematics from the University of British Columbia in 1976. His advisor was my
friend and ex-colleague Jim Varah. As a consequence, I was able to employ
Sebius as a Research Fellow in Applied Mathematics at Caltech in 1975. Over
the next 26 years, he spent 13 of them at Caltech. However, he was also much
appreciated at Concordia University, where he was employed in 1979 and
rapidly rose to Professor of Computer Science, winning many awards which
fortunately included several years on leave with pay!

We cycled together occasionally, even in Holland, where Sebius was born.
I remember one ride in particular, when on a rather warm day we went east
from Pasadena to Claremont, about 28 miles each way. Somewhere along the
way, I became quite thirsty and so we stopped to get a cool drink. We sat
outside, relaxed and, I thought, enjoyed our drinks. I started to wax poetic
about how nice it was enjoying the outdoors and lovely California weather
when Sebius said: “Herb, do you know where we are?” I said: “sure, near
Claremont.” He replied: “This is Pomona, the drive-by shooting capital of the
world — I can’t wait to get out of here.” I have never again enjoyed going
past that part of our ride.

Early during his first appointment at Caltech, Sebius became interested
in bifurcation phenomena, two-point boundary value problems and numerical
path-following or continuation methods, perhaps as a result of sitting in on my
course in these areas. In 1976, I was writing the paper [17] in which pseudoar-
clength continuation was introduced and Sebius was willing to do some calcu-
lations to illustrate how these methods worked. Of course, he did a wonderful
job producing all of the results in §7 of that paper, but more importantly, as
a result, he essentially started working on Auto at that time. The first publi-
cation on Auto appeared in 1981 [7]. It has evolved dramatically since then,
culminating in Auto2000 [22], a fully parallel code in C++ with great graph-
ics (available for free via http://sourceforge.net/projects/auto2000/)
that was produced mainly by Randy Paffenroth, working at Caltech under
Sebius’s direction.
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Auto is without a doubt the most powerful and efficient tool for determin-
ing the bifurcation structure of nonlinear parameter-dependent systems of al-
gebraic and ordinary differential equations. Influenced by his colleagues at the
University of British Columbia, who developed COLSYS [5], Sebius has em-
ployed orthogonal collocation approximations and mesh refinement to obtain
extremely high accuracy. The code is able to determine heteroclinic, homo-
clinic and periodic orbits, both stable and unstable, by means of a two-point
boundary value problem formulation. Using a brilliant elimination procedure,
the relatively sparse Jacobian is reduced to a low-dimensional dense matrix
from which the Floquet multipliers are computed. The bifurcation structure
at singular points is readily determined in this way.

The development of Auto is but one of the main projects that Sebius
has undertaken. In the course of this work powerful theoretical results have
been produced, many with colleagues and his students, in the general areas
of bifurcation theory, dynamical systems, periodic orbits, delay differential
equations, collocation methods for nonlinear elliptic PDEs, coupled oscillator
theory, control of bifurcation phenomena, continuation theory of manifolds,
and numerous additional topics. However, there is no doubt that the Auto

software has had a tremendous impact on many applied mathematics areas
and is, indeed, one of the leading tools in scientific computing. The code has
been incorporated into many other large software systems that solve nonlinear
problems involving continuation and bifurcation phenomena.

Essentially, all of the authors contributing to this volume have been coau-
thors with Sebius on papers related to the work presented here. However,
I would like to point out a few of my favorite contributions made through
these collaborations, not all of which have been fully appreciated yet. A bril-
liant contribution is contained in a paper by Wolf-Jürgen Beyn and Sebius
Doedel [6], in which it is shown that a continuous nonlinear boundary value
problem and the corresponding discretized problem have the same number of
solutions for all sufficiently fine meshes.

Sebius introduced a very powerful technique to keep computed families of
periodic solutions of autonomous differential equations in phase. The idea is
simply to minimize the ‘distance’ between neighboring solutions with respect
to a change in phase. That is, if u(t, λ) is the solution over the normalized
period 0 ≤ t ≤ 1 at parameter value λ, then the neighboring solution u(t, λ+δ)
with phase shift θ lies at distance

D2(θ) =

∫ 1

0

||u(t+ θ, λ+ δ)− u(t, λ) ||2 dt.

We seek to minimize this distance with respect to the phase shift θ. Standard
calculus of variations near zero leads to the integral condition∫ 1

0

u̇∗(t, λ+ δ)u(t, λ) dt = 0.
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This is a generalization of the standard Poincaré phase or transversality condi-
tion that is applied only at one point on the orbit. However, the above global
condition is much more robust in calculations, as has been shown in many
examples [9, 10, 12] (the Poincaré condition remains preferable for analytical
proofs). I am not sure when this global condition first appeared in the liter-
ature, but we have referred to it in [16] as having been introduced by Sebius
in 1981 [7], which also happens to be his first publication on Auto.

Many of Sebius’s publications have to do with periodic solutions of dy-
namical systems. These arise in a great variety of applications starting with
chemical reactors [23], then on to systems of oscillators [2, 21], heteroclinic
orbits [9] in which the above phase condition is crucial, resonances in excitable
systems [1] such as forced Fitzhugh-Nagumo systems, current biased and cou-
pled Josephson junctions [3, 4], delay differential equations [11, 13, 14], mod-
ified Van der Pol oscillators [8], conservative and Hamiltonian systems [20],
cardiac pacemakers [19], the circular restricted three-body problem and the
figure-eight orbit of Chenciner and Montgomery [12, 15], and many more. A
large number of these contributions are in the bio-physics area and, thus, it
turns out that Sebius may be a closet biologist.

More recently, Sebius has returned with others to the important problem
of computing higher-dimensional manifolds, either stable or unstable [18].

This brief account of some of Sebius’s publications and obvious collabo-
rations does not do justice to the impact he has had in the field of scientific
computation. He has had numerous students, extremely well trained, and
now making their own contributions. Furthermore, he has worked with many
outstanding scientists and has invariably enhanced their ability to do signifi-
cant scientific computations so much that it would be difficult to measure his
tremendous influence in our field. Hopefully, he will continue as he reaches
maturity.

H. B. Keller
Caltech / UCSD
November, 2006
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Lecture Notes on Numerical Analysis of

Nonlinear Equations

Eusebius J Doedel

Department of Computer Science, Concordia University, Montreal, Canada

Numerical integrators can provide valuable insight into the transient behavior
of a dynamical system. However, when the interest is in stationary and peri-
odic solutions, their stability, and their transition to more complex behavior,
then numerical continuation and bifurcation techniques are very powerful and
efficient.

The objective of these notes is to make the reader familiar with the ideas
behind some basic numerical continuation and bifurcation techniques. This
will be useful, and is at times necessary, for the effective use of the software
Auto and other packages, such as XppAut [17], Content [24], Matcont

[21], and DDE-Biftool [16], which incorporate the same or closely related
algorithms.

These lecture notes are an edited subset of material from graduate courses
given by the author at the universities of Utah and Minnesota [9] and at
Concordia University, and from short courses given at various institutions,
including the Université Pierre et Marie Curie (Paris VI), the Centre de
Recherches Mathématiques of the Université de Montréal, the Technische
Universität Hamburg-Harburg, and the Benemérita Universidad Autónoma
de Puebla.

1.1 The Implicit Function Theorem

Before starting our discussion of numerical continuation of solutions to nonlin-
ear equations, it is important first to discuss under what conditions a solution
will actually persist when problem parameters are changed. Therefore, we
begin with an overview of the basic theory. The Implicit Function Theorem
(IFT) is central to our analysis and we discuss some examples. The discus-
sion in this section follows the viewpoint of Keller in graduate lectures at the
California Institute of Technology, a subset of which was published in [23].
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1.1.1 Basic Theory

Let B denote a Banach space, that is, a complete, normed vector space. In
the presentation below it will be implicitly assumed that B is Rn, although
the results apply more generally. For x0 ∈ B, we denote by Sρ(x0) the closed
ball of radius ρ centered at x0, that is,

Sρ(x0) = {x ∈ B | ||x− x0 ||≤ ρ}.

Existence and uniqueness of solutions is obtained by using two theorems.

Theorem 1 (Contraction Theorem). Consider a continuous function F :
B → B on a Banach space B and suppose that for some x0 ∈ B, ρ > 0, and
some K0 with 0 ≤ K0 < 1, we have

||F (u)− F (v) || ≤ K0 ||u− v ||, for all u,v ∈ Sρ(x0),

||F (x0)− x0 || ≤ (1−K0) ρ.

Then the equation
x = F (x), x ∈ B,

has one and only one solution x∗ ∈ Sρ(x0), and x∗ is the limit of the sequence

xk+1 = F (xk), k = 0, 1, 2, . . . .

Proof. Let x1 = F (x0). Then

||x1 − x0 ||=||F (x0)− x0 ||≤ (1−K0) ρ ≤ ρ.

Thus, x1 ∈ Sρ(x0). Now assume inductively that x0,x1, · · · ,xn ∈ Sρ(x0).
Then for k ≤ n we have

||xk+1 − xk || = ||F (xk)− F (xk−1) || ≤ K0 ||xk − xk−1 ||
= · · · ≤ Kk

0 ||x1 − x0 ||
≤ Kk

0 (1−K0) ρ.

Thus,

||xn+1 − x0 || ≤ ||xn+1 − xn || + ||xn − xn−1 || + · · ·+ ||x1 − x0 ||
≤ (Kn

0 +Kn−1
0 + · · ·+ 1) (1−K0) ρ

= (1−Kn+1
0 ) ρ

≤ ρ.

Hence xn+1 ∈ Sρ(x0), and by induction xk ∈ Sρ(x0) for all k. We now show
that {xk} is a Cauchy sequence:
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||xk+n − xk || ≤ ||xk+n − xk+n−1 || + · · ·+ ||xk+1 − xk ||
≤ (Kn−1

0 +Kn−2
0 + · · ·+ 1)Kk

0 (1−K0) ρ

= (1−Kn
0 )Kk

0 ρ

≤ Kk
0 ρ.

For given ε > 0, choose k such that Kk
0 ρ <

1
2 ε. Then

||xk+� − xk+m ||≤||xk+� − xk || + ||xk+m − xk ||≤ 2Kk
0 ρ < ε,

independently of � and m. Hence, {xk} is a Cauchy sequence and, therefore,
converges to a unique limit limxk = x∗, where x∗ ∈ Sρ(x0). Since we assumed
that F is continuous, we have

x∗ = limxk = limF (xk−1) = F (limxk−1) = F (limxk) = F (x∗).

This proves the existence of x∗. We get uniqueness as follows. Suppose there
are two solutions, say, x,y ∈ Sρ(x0) with x = F (x) and y = F (y). Then

||x− y ||=||F (x)− F (y) ||≤ K0 ||x− y || .
Since K0 < 1, this is a contradiction. ��
The second theorem ensures the parameter-dependent existence of a solution.

Theorem 2 (Implicit Function Theorem). Let G : B × Rm → B satisfy:

• G(u0,λ0) = 0 for u0 ∈ B and λ0 ∈ Rm;
• Gu(u0,λ0) is nonsingular with bounded inverse,

||Gu(u0,λ0)
−1 ||≤M

for some M > 0;
• G and Gu are Lipschitz continuous, that is, for all u,v ∈ Sρ(u0), and for

all λ,μ ∈ Sρ(λ0) the following inequalities hold for some KL > 0:

||G(u,λ)−G(v,μ) || ≤ KL (||u− v || + ||λ− μ ||),
||Gu(u,λ)−Gu(v,μ) || ≤ KL (||u− v || + ||λ− μ ||).

Then there exists δ, with 0 < δ ≤ ρ, and a unique function u(λ) that is
continuous on Sδ(λ0), with u(λ0) = u0, such that

G(u(λ),λ) = 0, for all λ ∈ Sδ(λ0).

If G(u,λ0) = 0 and if Gu(u0,λ0) is invertible with bounded inverse, then
u0 is called an isolated solution of G(u,λ0) = 0. Hence, the IFT states that
isolation (plus Lipschitz continuity assumptions) implies the existence of a
locally unique solution family (or solution branch) u = u(λ), with u(λ0) =
u0.
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Proof. We use the notation G0
u = Gu(u0,λ0). Then we rewrite the problem

as

G(u,λ) = 0 ⇔ G0
u u = G0

u u−G(u,λ)

⇔ u =
(
G0

u

)−1
[G0

u u−G(u,λ)]︸ ︷︷ ︸
≡F(u,λ)

.

Hence, G(u,λ) = 0 if and only if u is a fixed point of F(·,λ). (Note that the
corresponding fixed point iteration is, in fact, the Chord Method for solving
G(u,λ) = 0.) We must verify the conditions of the Contraction Theorem.
Pick u,v ∈ Sρ1

(u0), and any fixed λ ∈ Sρ1
(λ0), where ρ1 is to be chosen

later. Then

F(u,λ)− F(v,λ) =
(
G0

u

)−1 {
G0

u [u− v]− [G(u,λ)−G(v,λ)]
}
. (1.1)

By the Fundamental Theorem of Calculus, we have

G(u,λ)−G(v,λ) =

∫ 1

0

d

dt
G(tu + (1− t)v,λ) dt

=

∫ 1

0

Gu(tu + (1− t)v,λ) dt [u− v]

= Ĝu(u,v,λ) [u− v],

where in the last step we used the Mean Value Theorem to get Ĝ. Then (1.1)
becomes

||F(u,λ)− F(v,λ) ||
≤ M ||G0

u − Ĝu(u,v,λ) || ||u− v ||

= M ||
∫ 1

0

Gu(u0,λ0)−Gu(tu + (1− t)v,λ) dt || ||u− v ||

≤ M
∫ 1

0

||Gu(u0,λ0)−Gu(tu + (1− t)v,λ) || dt ||u− v ||

≤ M
∫ 1

0

KL (||u0 − (tu + (1− t)v)︸ ︷︷ ︸
∈Sρ1

(u0)

|| + ||λ0 − λ ||) dt ||u− v ||

≤ M KL 2ρ1︸ ︷︷ ︸
≡K0

||u− v || .

Therefore, if we take

ρ1 <
1

2M KL
,

then K0 < 1. The second condition of the Contraction Theorem is also satis-
fied, namely,



1 Numerical Analysis of Nonlinear Equations 5

||F(u0,λ)− u0 ||
= ||F(u0,λ)− F(u0,λ0) ||
= ||(G0

u

)−1
[G0

u u0 −G(u0,λ)]− (G0
u

)−1
[G0

u u0 −G(u0,λ0)] ||
= ||(G0

u

)−1
[G(u0,λ0)−G(u0,λ)] ||

≤ M KL ||λ− λ0 ||
≤ M KL ρ,

where ρ (with 0 < ρ ≤ ρ1) is to be chosen. We want the above to be less than
or equal to (1−K0)ρ1, so we choose

ρ ≤ (1−K0) ρ1
M KL

.

Hence, for each λ ∈ Sρ(λ0) we have a unique solution u(λ). We now show that
u(λ) is continuous in λ. Let λ1,λ2 ∈ Sρ(λ0), with corresponding solutions
u(λ1) and u(λ2). Then

||u(λ1)− u(λ2) ||
= ||F(u(λ1),λ1)− F(u(λ2),λ2) ||
≤ ||F(u(λ1),λ1)− F(u(λ2),λ1) || + ||F(u(λ2),λ1)− F(u(λ1),λ2) ||
≤ K0 ||u(λ1)− u(λ2) || +
||(G0

u

)−1
[G0

u u(λ2)−G(u(λ2),λ1)]−
(
G0

u

)−1
[G0

u u(λ2)−G(u(λ2),λ2)] ||
≤ K0︸︷︷︸

<1

||u(λ1)− u(λ2) || +M KL ||λ1 − λ2 || .

Hence,

||u(λ1)− u(λ2) ||≤ M KL

1−K0
||λ1 − λ2 ||,

which concludes the proof of the IFT. ��
So far, under mild assumptions, we have shown that there exists a locally

unique solution family u(λ). If we impose the condition that F(u,λ) is con-
tinuously differentiable in λ, then we can show that u(λ) is also continuously
differentiable. To this end, the Banach Lemma is very useful.

Lemma 1 (Banach Lemma). Let L : B → B be a linear operator with
||L ||< 1. Then (I + L)−1 exists and

||(I + L)−1 ||≤ 1

1− ||L || .

Proof. Suppose I + L is not invertible. Then there exists y ∈ B, y �= 0, such
that

(I + L)y = 0.
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Thus, y = −Ly and
||y ||=||Ly ||≤||L || ||y ||<||y ||,

which is a contradiction. Therefore, (I+L)−1 exists. We can bound the inverse
as follows:

(I + L)(I + L)−1 = I

⇔ (I + L)−1 = I − L(I + L)−1

⇔||(I + L)−1 || ≤ 1+ ||L || ||(I + L)−1 ||
⇔||(I + L)−1 || ≤ 1

1− ||L || .

This proves the Banach Lemma. ��
The Banach Lemma can be used to show the following.

Lemma 2. Under the conditions of the IFT, there exists M1 > 0 and δ > 0
such that Gu(u,λ)−1 exists and ||Gu(u,λ)−1 ||≤M1 in Sδ(u0)× Sδ(λ0).

Proof. Using again the notation G0
u = Gu(u0,λ0), we have

Gu(u,λ) = G0
u + Gu(u,λ)−G0

u

= G0
u [I + (G0

u)−1 (Gu(u,λ)−G0
u)︸ ︷︷ ︸

≡L

].

Similar to how we verified the second condition of the Contraction Theorem
in the proof of the IFT, we can show that

||L ||≤M KL (||u− u0 || + ||λ− λ0 ||) ≤M KL 2δ.

As for the IFT, we choose

δ <
1

2M KL
,

and conclude that, therefore, (I + L)−1 exists and

||(I + L)−1 ||≤ 1

1−M KL 2δ
.

Hence, Gu(u,λ)−1 exists and

||Gu(u,λ)−1 ||=||(G0
u)−1 (I + L)−1 ||≤ M

1−M KL 2δ
≡M1,

as required. ��
We are now ready to prove differentiability of the solution branch.

Theorem 3. In addition to the assumptions of the IFT, assume that the
derivative Gλ(u,λ) is continuous in Sρ(u0) × Sρ(λ0). Then the solution
branch u(λ) has a continuous derivative uλ(λ) on Sδ(u0)× Sδ(λ0).
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Proof. Using the definition of (Fréchet) derivative, we are given that there
exists Gu(u,λ) such that G(u,λ)−G(v,λ) = Gu(u,λ) (u−v)+R1(u,v,λ),
where R1(u,v,λ) is such that

||R1(u,v,λ) ||
||u− v || → 0 as ||u− v ||→ 0. (1.2)

Similarly, there exists Gλ(u,λ) such that G(u,λ)−G(u,μ) = Gλ(u,λ) (λ−
μ) +R2(u,λ,μ), where R2(u,λ,μ) satisfies

||R2(u,λ,μ) ||
||λ− μ || → 0 as ||λ− μ ||→ 0. (1.3)

We must show that there exists uλ(λ) such that

u(λ)− u(μ) = uλ(λ) (λ− μ) + r(λ,μ),

with ||r(λ,μ) ||
||λ− μ || → 0 as ||λ− μ ||→ 0.

Now

0 = G(u(λ),λ)−G(u(μ),μ)

= G(u(λ),λ)−G(u(μ),λ) + G(u(μ),λ)−G(u(μ),μ)

= Gu(u(λ),λ) (u(λ)− u(μ)) +R1(u(λ),u(μ),λ)

+Gλ(u(μ),λ) (λ− μ) +R2(u(μ),λ,μ).

Lemma 2 guarantees the existence of Gu(u(λ),λ)−1, and we find

u(λ)− u(μ) = −Gu(u(λ),λ)−1 [Gλ(u(μ),λ) (λ− μ)− (R1 +R2)]

= −Gu(u(λ),λ)−1 [Gλ(u(λ),λ) (λ− μ)− r],

where
r = [Gλ(u(λ),λ)−Gλ(u(μ),λ)] (λ− μ) +R1 +R2.

Let us, for the moment, ignore the harmless factor Gu(u(λ),λ)−1 and consider
each term of r. Since u and Gλ are continuous, we have

|| [Gλ(u(λ),λ)−Gλ(u(μ),λ)] (λ− μ) ||
||λ− μ || → 0 as ||λ− μ ||→ 0.

Also, the existence of Gλ implies (1.3)

||R2(u(λ),λ,μ) ||
||λ− μ || → 0 as ||λ− μ ||→ 0.

Using (1.2), we have
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||R1(u(λ),u(μ),λ) ||
||λ− μ || =

||R1(u(λ),u(μ),λ) ||
||u(λ)− u(μ) ||

||u(λ)− u(μ) ||
||λ− μ || → 0,

as || λ − μ ||→ 0 because the second factor is bounded due to continuity of
u(λ) (see the end of the proof of the IFT). Thus,

uλ(λ) = −Gu(u(λ),λ)−1 Gλ(u(λ),λ).

To prove that uλ is continuous it suffices to show that Gu(u(λ),λ)−1 is
continuous. Indeed,

||Gu(u(λ),λ)−1 −Gu(u(μ),μ)−1 ||
= ||Gu(u(λ),λ)−1 [Gu(u(μ),μ)−Gu(u(λ),λ)]Gu(u(μ),μ)−1 ||
≤ M2

1 KL(||u(μ)− u(λ) || + ||μ− λ ||),

which concludes the proof of Theorem 3 ��
Remark 1. In fact, if Gλ is Lipschitz continuous then uλ is Lipschitz contin-
uous (we already assume that Gu is Lipschitz continuous). More generally,
it can be shown that uλ is Ck if G is Ck, that is, u inherits the degree of
continuity of G.

We now give some examples where the IFT is used to show that a given
solution persists, at least locally, when a problem parameter is changed. We
also identify some cases where the conditions of the IFT are not satisfied.

1.1.2 A Predator-Prey Model

Our first example is that of a predator-prey model defined as{
u′1 = 3u1(1− u1)− u1u2 − λ(1− e−5u1),
u′2 = −u2 + 3u1u2.

(1.4)

We can think of u1 as ‘fish’ and u2 as ‘sharks’, while the term λ(1−e−5u1) rep-
resents ‘fishing’, with ‘fishing-quota’ λ. When λ = 0 the stationary solutions
are

3u1(1− u1)− u1u2 = 0
−u2 + 3u1u2 = 0

}
⇒ (u1, u2) = (0, 0), (1, 0), ( 1

3 , 2).

The Jacobian matrix is

J =

(
3− 6u1 − u2 − 5λe−5u1 −u1

u2 −1 + 3u1

)
= J(u1, u2;λ).

Hence, we have
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1

3

4

lambda

u1

u2

1

2

4

5
8

9

Fig. 1.1. Stationary solution branches of the predator-prey model (1.4). Solution 2
and solution 4 are branch points, while solution 8 is a Hopf bifurcation point.

J(0, 0; 0) =

(
3 0
0 −1

)
, eigenvalues 3, −1 (unstable);

J(1, 0; 0) =

(
3 −1
0 2

)
, eigenvalues − 3, 2 (unstable);

J( 1
3 , 2; 0) =

(−1 − 1
3

6 0

)
, eigenvalues

⎧⎪⎪⎨
⎪⎪⎩

(−1− μ)(−μ) + 2 = 0 ⇔
μ2 + μ+ 2 = 0 ⇔
μ± = −1±√−7

2 ;
Re(μ±) < 0 (stable).

All three Jacobians at λ = 0 are nonsingular. Thus, by the IFT, all three
stationary points persist for (small) λ �= 0. In this problem we can explicitly
find all solutions (see Fig. 1.1):

I: (u1, u2) = (0, 0).

II: u2 = 0 and λ =
3u1(1− u1)

1− e−5u1
. (Note that lim

u1→0
λ = lim

u1→0

3(1− 2u1)

5e−5u1
= 3

5 .)

III: u1 = 1
3 and 2

3 − 1
3u2 − λ(1− e−5/3) = 0 ⇒ u2 = 2− 3λ(1− e−5/3).

These solution families intersect at two branch points, one of which is (u1, u2, λ) =
(0, 0, 3/5).

The stability of Branch I follows from:

J(0, 0;λ) =

(
3− 5λ 0

0 −1

)
, eigenvalues 3− 5λ, −1.
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Fig. 1.2. Bifurcation diagram of the predator-prey model (1.4). The periodic solu-
tion branch is also shown. For stationary solutions the vertical axis is simply u1, while
for periodic solutions max(u1) is plotted. Solid/dashed lines denote stable/unstable
solutions. Open squares are branch points; the solid square is a Hopf bifurcation.

Hence, the trivial solution is unstable if λ < 3/5, and stable if λ > 3/5, as
indicated in Fig. 1.2. Branch II has no stable positive solutions. At λH ≈
0.67 on Branch III (Solution 8 in Fig. 1.2) the complex eigenvalues cross
the imaginary axis. This crossing is a Hopf bifurcation. Beyond λH there are
periodic solutions whose period T increases as λ increases; see Fig. 1.3 for some
representative periodic orbits. The period becomes infinite at λ = λ∞ ≈ 0.7.
This final orbit is called a heteroclinic cycle.

From Fig. 1.2 we can deduce the solution behavior for increasing λ: Branch
III is followed until λH ; then the behavior becomes oscillatory due to the
periodic solutions of increasing period until λ = λ∞; finally, the dynamics
collapses to the trivial solution (Branch I).

1.1.3 The Gelfand-Bratu Problem

The IFT is not only useful in the context of solution branches of equilibria.
The periodic orbits in Sect. 1.1.2 are also computed using the IFT principle.
This section gives an example of a solution branch of a two-point boundary
value problem. The Gelfand-Bratu problem [12] is defined as{

u′′(x) + λeu(x) = 0, ∀x ∈ [0, 1],
u(0) = u(1) = 0.

(1.5)
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Fig. 1.3. Some periodic solutions of the predator-prey model (1.4). The final orbits
are very close to a heteroclinic cycle.
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Fig. 1.4. Bifurcation diagram of the Gelfand-Bratu equation (1.5). Note that there
are two solutions for 0 < λ < λC , where λC ≈ 3.51. There is one solution for λ = λC

and for λ ≤ 0, and are no solutions for λ > λC .
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Fig. 1.5. Some solutions to the Gelfand-Bratu equation (1.5).

If λ = 0 then u(x) ≡ 0 is a solution. We show here that this solution is
isolated, so that there is a continuation u = ũ(λ), for |λ| small. Consider

u′′(x) − λeu(x) = 0,
u(0) = 0, u′(0) = q,

}
⇒ u = u(x; q, λ).

We want to solve u(1; q, λ)︸ ︷︷ ︸
≡F(q,λ)

= 0, for |λ| small. Here F(0, 0) = 0.

We must show (IFT) that Fq(0, 0) ≡ uq(1; 0, 0) �= 0:

u′′q (x) − λ0e
u0(x) uq = 0,

uq(0) = 0, u′q(0) = 1,

}
where u0 ≡ 0.

Now uq(x; 0, 0) satisfies {
u′′q = 0,

uq(0) = 0, u′q(0) = 1.

Hence, uq(x; 0, 0) = x, so that uq(1; 0, 0) = 1 �= 0.

1.1.4 A Nonlinear Eigenvalue Problem

The equations for column buckling (from nonlinear elasticity theory) [31] are
given by
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u′′1(x) + μu1(x) = 0,
u′3(x) + 1

2u
′
1(x)

2 + μβ = 0,

for x ∈ [0, 1], with {
u1(0) = u1(1) = 0,
u3(0) = −u3(1) = λ (λ > 0),

where μ is a stress (to be determined) and β is another physical constant; take
β = 1. Note that the boundary conditions are ‘overspecified’ (to determine
μ). We rewrite the equations as the first order system⎧⎨

⎩
u′1 = u2, u1(0) = u1(1) = 0,
u′2 = −μu1,
u′3 = − 1

2u
2
2 − μ, u3(0) = −u3(1) = λ.

(1.6)

Note that u1 ≡ u2 ≡ 0 implies u′3 = −μ, so that u3(x) = λ − μx, with
u3(0) = λ and u3(1) = λ − μ = −λ. Thus, we must have μ = 2λ, so that
u3(x) = λ− 2λx = λ(1− 2x). Hence,

u1 ≡ u2 ≡ 0, u3(x) = λ(1− 2x), μ = 2λ,

is a solution for all λ. Are these solutions isolated? In the formal set-up,
consider

u′1 = u2, u1(0) = 0,
u′2 = −μu1, u2(0) = p,
u′3 = − 1

2u
2
2 − μ, u3(0) = λ.

⎫⎬
⎭⇒ u = u(x, p, μ;λ).

We must have

u1(1, p, μ;λ) = 0,
u3(1, p, μ;λ) + λ = 0,

}
∼ F(p, μ;λ) = 0,

with F : R2 × R → R2. So the question is: Is (Fp | Fμ)(λ) nonsingular along
the basic solution branch?

To answer the above question quickly, we omit explicit construction of F.
We linearize (1.6) about u1,u2, u3, μ, and λ, with respect to u1, u2, u3, and
μ, acting on v1, v2, v3, and μ, to obtain the linearized homogeneous equations⎧⎨

⎩
v′1 = v2, v1(0) = v1(1) = 0,
v′2 = −μv1 − μu1,
v′3 = −u2v2 − μ, v3(0) = −v3(1) = 0.

In particular, the linearized homogeneous equations about u1 ≡ u2 ≡ 0,
u3(x) = λ(1− 2x), and μ = 2λ are

v′1 = v2, v1(0) = v1(1) = 0,
v′2 = −2λv1,
v′3 = −μ, v3(0) = −v3(1) = 0.

⎫⎬
⎭⇒ μ = 0, v3 ≡ 0.
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Now, if 2λ �= k2π2, k = 1, 2, 3, . . . , then{
v′′1 + 2λv1 = 0,

v1(0) = v1(1) = 0,

has the unique solution v1 ≡ 0 and, hence, also v2 ≡ 0. Thus, if λ �= 1
2k

2π2

then the basic solution branch is locally unique. However, if λ = 1
2k

2π2 then
the linearization is singular, and there may be bifurcations. (In fact, there are
buckled states.)

1.1.5 The Pendulum Equation

The equation of a damped pendulum subject to a constant torque is given by

mRφ′′(t) + εmφ′(t)︸ ︷︷ ︸
damping

+mg sinφ(t) = I︸︷︷︸
torque

,

that is,

φ′′(t) +
ε

R
φ′(t) +

g

R
sinφ(t) =

I

mR
.

Scaling time as s = c t we have φ′ = dφ
dt = dφ

ds
ds
dt = c φ̇ and, similarly, φ′′ = c2 φ̈,

we obtain

c2 φ̈(s) +
ε c

R
φ̇(s) +

g

R
sinφ(s) =

I

mR
,

φ̈+
ε

R c
φ̇+

g

R c2
sinφ =

I

mR c2
.

Choose c such that g
R c2 = 1, that is, c =

√
g/R, and set ε̃ = ε/(Rc) and

Ĩ = I/(mRc2). Then the equation becomes φ̈+ ε̃ φ̇+ sinφ = Ĩ, or, dropping
the ,̃ and using ′,

φ′′ + ε φ′ + sinφ = I. (1.7)

We shall consider special solutions, called rotations, that satisfy φ(t + T ) =
φ(t) + 2π, for all t or, equivalently,

φ(T ) =

≡0︷︸︸︷
φ(0) +2π (= 2π),

φ′(T ) = φ′(0),

where T is the period.
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The Undamped Pendulum

First consider the undamped unforced pendulum

φ′′ + sinφ = 0,

that is, (1.7) with ε = I = 0. Suppose the initial data for a rotation are
φ(0) = 0, and φ′(0) = p > 0. We have φ(T ) = 2π, and φ′(T ) = φ′(0) = p.
Integration gives ∫ t

0
φ′ φ′′ dt+

∫ t

0
φ′ sinφ dt = 0

⇔ 1
2φ
′2∣∣t

0
− cosφ

∣∣∣t
0

= 0

⇔ 1
2φ
′(t)2 − cosφ(t) =

1

2
p2 − 1

⇔ 1

2
φ′(t)2︸ ︷︷ ︸

kinetic energy

+ 1− cosφ(t)︸ ︷︷ ︸
potential energy

=
1

2
p2.

Thus,

φ′(t) = dφ
dt =

√
p2 − 2 + 2 cosφ(t)

⇔ dt
dφ =

1√
p2 − 2 + 2 cosφ

⇔ ∫ 2π

0
dt
dφ dφ =

∫ 2π

0

1√
p2 − 2 + 2 cosφ

dφ

⇔ T =

∫ 2π

0

1√
p2 − 2 + 2 cosφ

dφ.

We see that
T → 0 as p→∞,

and

T →
∫ 2π

0

1√
2 + 2 cosφ

dφ = ∞ as p→ 2.

In fact, rotations exists for all p > 2.

The Forced Damped Pendulum

We now consider the forced damped pendulum (1.7),

φ′′ + ε φ′ + sinφ = I,

with φ(0) = 0 (which sets the phase) and φ′(0) = p. We write the solution
as φ = φ(t; p, I, ε). Do there exist rotations, i.e., does there exist T such that
φ(T ; p, I, ε) = 2π and φ′(T ; p, I, ε) = p?
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Theorem 4. Let φ0 be a rotation of the undamped unforced pendulum:

φ′′0 + sinφ0 = 0,

φ0(0) = 0, φ′0(0) = p0,
φ0(T0) = 2π, φ′0(T0) = p0.

Then there exist (smooth) functions T = T (p, ε) and I = I(p, ε), with
T (p0, 0) = T0 and I(p0, 0) = 0, such that φ(t; p, I(p, ε), ε) is a rotation of
period T (p, ε) of the damped forced pendulum

φ′′0 + ε φ′ + sinφ0 = I,

φ(0; p, I(p, ε), ε) = 0, φ′(0; p, I(p, ε), ε) = p,
φ(T (p, ε); p, I(p, ε), ε) = 2π, φ′(T (p, ε); p, I(p, ε), ε) = p.

for all (p, ε) sufficiently close to (p0, 0).

Proof. The Jacobian matrix with respect to T and I, of the algebraic system{
φ(T ; p, I, ε) − 2π = 0,
φ′(T ; p, I, ε) − p = 0,

evaluated at p = p0, T = T0, and I = ε = 0, is

J0 =

(
φ′0 φ0

I

φ′′0 φ0′

I

)
(T0).

We must show that detJ0 �= 0. We have

φ′′0 + sinφ0 = 0 ⇒ φ′′0(T0) = − sin (φ0(T0)) = − sin (2π) = 0,

φ′0(T0) = p0 �= 0.

Thus, detJ0 �= 0 if φ0′

I (T0) �= 0. Here, φI satisfies

φ′′I + ε φ′I + φI cosφ = 1, φI(0) = φ′I(0) = 0.

In particular,

φ0′′

I + φ0
I cosφ0 = 1, φ0

I(0) = φ0′

I (0) = 0.

From
φ0′′

I φ′0 + φ0
I cosφ0 φ

′
0 = φ′0,

and
φ′′0 + sinφ0 = 0 ⇒ φ′′′0 + cosφ0 φ

′
0 = 0,

we have
φ0′′

I φ′0 − φ0
I φ
′′′
0 = φ′0.

Using integration, we find



1 Numerical Analysis of Nonlinear Equations 17∫ T0

0

φ0′′

I φ′0 −
∫ T0

0

φ0
I φ
′′′
0 =

∫ T0

0

φ′0 = 2π,

φ0′

I φ
′
0

∣∣∣T0

0
−
∫ T0

0

φ0′

I φ
′′
0 − φ0

I φ′′0︸︷︷︸
− sin φ0

∣∣∣∣∣∣∣
T0

0

+

∫ T0

0

φ0′

I φ
′′
0 = 2π,

φ0′

I (T0) φ
′
0(T0)︸ ︷︷ ︸
p0

−φ0′

I (0)︸ ︷︷ ︸
0

φ′0(0) = 2π.

Hence,

φ0′

I (T0) =
2π

p0
�= 0.

��
A more general analysis of this type for coupled pendula can be found in [1]
(see also Chap. 5).

1.2 Continuation of Solutions

As mentioned, the IFT plays an important role in the design of algorithms
for computing families of solutions to nonlinear equations. Such continuation
methods are applied in a parameter-dependent setting. Hence, we consider
the equation

G(u, λ) = 0, u, G(·, ·) ∈ R
n, λ ∈ R.

Let x ≡ (u, λ). Then the equation can be written as

G(x) = 0, G : R
n+1 → R

n.

1.2.1 Regular Solutions

A solution x0 of G(x) = 0 is regular [22] if the n (rows) by n + 1 (columns)
matrix G0

x ≡ Gx(x0) has maximal rank, i.e., if Rank(G0
x) = n.

In the parameter formulation G(u, λ) = 0, we have

Rank(G0
x) = Rank(G0

u | G0
λ) = n⇔

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(i) G0
u is nonsingular,

or

(ii)

⎧⎨
⎩

dimN (G0
u) = 1,

and
G0

λ �∈ R(G0
u).

Here, N (G0
u) denotes the null space of G0

u, and R(G0
u) denotes the range of

G0
u, i.e., the linear space spanned by the n columns of G0

u.
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λ

0

λ 0

0x
u

u

Fig. 1.6. A solution branch of G(u, λ) = 0; note the two folds.

Theorem 5. Let x0 ≡ (u0, λ0) be a regular solution of G(x) = 0. Then, near
x0, there exists a unique one-dimensional continuum of solutions x(s), called
a solution family or a solution branch, with x(0) = x0.

Proof. Since Rank(G0
x) = Rank(G0

u | G0
λ) = n, either G0

u is nonsingular and
by the IFT we have u = u(λ) near x0, or else we can interchange columns
in the Jacobian G0

x to see that the solution can locally be parametrized by
one of the components of u. Thus, a unique solution family passes through a
regular solution. ��
Remark 2. We remark here that the second case in the above proof is that of
a simple fold ; see also Fig. 1.6.

1.2.2 Parameter Continuation

In the parameter-dependent setting we assume that the continuation param-
eter is λ. Suppose we have a solution (u0, λ0) of

G(u, λ) = 0,

as well as the direction vector u̇0 = du/dλ, and we want to compute the
solution u1 at λ1 = λ0 +Δλ; this is illustrated in Fig. 1.7.

To compute the solution u1 we use Newton’s method{
Gu(u

(ν)
1 , λ1)Δu

(ν)
1 = −G(u

(ν)
1 , λ1),

u
(ν+1)
1 = u

(ν)
1 +Δu

(ν)
1 , ν = 0, 1, 2, . . . .

(1.8)

As initial approximation, we use

u
(0)
1 = u0 +Δλu̇0.

If Gu(u1, λ1) is nonsingular and Δλ is sufficiently small, then the convergence
theory for Newton’s method guarantees that this iteration will converge.
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λ λ
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(0)
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d λ

at λ0 )
u

10

1

0

Δλ

(= 

Fig. 1.7. Graphical interpretation of parameter continuation.

After convergence, the new direction vector u̇1 can be computed by solving

Gu(u1, λ1) u̇1 = −Gλ(u1, λ1).

This equation follows from differentiating G(u(λ), λ) = 0 with respect to λ
at λ = λ1. Note that, in practice, the calculation of u̇1 can be done without
another LU -factorization of Gu(u1, λ1). Thus, the extra work to find u̇1 is
negligible.

As an example, consider again the Gelfand-Bratu problem of Sect. 1.1.3
given by {

u′′(x) + λeu(x) = 0, ∀x ∈ [0, 1],
u(0) = u(1) = 0.

If λ = 0 then u(x) ≡ 0 is an isolated solution; see Sect. 1.1.3. We discretize
this problem by introducing a mesh,

0 = x0 < x1 < · · · < xN = 1,

xj − xj−1 = h, 1 ≤ j ≤ N, h = 1/N.

The discrete equations are:

uj+1 − 2uj + uj−1

h2
+ λeuj = 0, j = 1, . . . , N − 1,

with u0 = uN = 0. (More accurate discretization is discussed in Sect. 1.3.1.)
Let

u ≡

⎛
⎜⎜⎝

u1

u2

·
uN−1

⎞
⎟⎟⎠ .

Then we can write the above as G(u, λ) = 0, where G : Rn × R → Rn, with
n = N − 1.
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u 0
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u( ), λ 00

Fig. 1.8. Graphical interpretation of pseudo-arclength continuation.

For the parameter continuation we suppose that we know λ0, u0, and u̇0.

Then we set λ1 = λ0 + Δλ and apply Newton’s method (1.8) with u
(0)
1 =

u0 +Δλ u̇0. After convergence find u̇1 from

Gu(u1, λ1) u̇1 = −Gλ(u1, λ1),

and repeat the above procedure to find u2, u3, and so on. Here,

Gu(u, λ) =

⎛
⎜⎜⎜⎜⎝
− 2

h2 + λeu1 1
h2

1
h2 − 2

h2 + λeu2 1
h2

. . .
. . .

1
h2 − 2

h2 + λeuN−1

⎞
⎟⎟⎟⎟⎠ .

Hence, we must solve a tridiagonal system for each Newton iteration. The
solution branch has a fold where the parameter-continuation method fails; see
Figs. 1.4 and 1.5.

1.2.3 Keller’s Pseudo-Arclength Continuation

In order to allow for continuation of a solution branch past a fold, Auto

[8, 11, 12] uses Keller’s Pseudo-Arclength Continuation [22]. Suppose we have
a solution (u0, λ0) of G(u, λ) = 0, as well as the direction vector (u̇0, λ̇0) of the
solution branch. Pseudo-arclength continuation solves the following equations
for (u1, λ1): {

G(u1, λ1) = 0,

(u1 − u0)
∗ u̇0 + (λ1 − λ0) λ̇0 −Δs = 0.

(1.9)

Figure 1.8 shows a graphical interpretation of this continuation method. New-
ton’s method for pseudo-arclength continuation becomes
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Fig. 1.9. Parameter-independent pseudo-arclength continuation.

(
(G1

u)(ν) (G1
λ)(ν)

u̇∗0 λ̇0

) (
Δu

(ν)
1

Δλ
(ν)
1

)
= −

(
G(u

(ν)
1 , λ

(ν)
1 )

(u
(ν)
1 − u0)

∗ u̇0 + (λ
(ν)
1 − λ0) λ̇0 −Δs

)
,

with the new direction vector defined as(
G1

u G1
λ

u̇∗0 λ̇0

) (
u̇1

λ̇1

)
=

(
0

1

)
,

Note that

• In practice (u̇1, λ̇1) can be computed with one extra back-substitution;
• The orientation of the branch is preserved if Δs is sufficiently small;
• The direction vector must be rescaled, so that indeed || u̇1 ||2 +λ̇2

1 = 1.

Theorem 6. The Jacobian of the pseudo-arclength system is nonsingular at
a regular solution point.

Proof. Let x = (u, λ) ∈ Rn+1. Then pseudo-arclength continuation can be
written as

G(x1) = 0,

(x1 − x0)
∗ ẋ0 −Δs = 0, (|| ẋ0 ||= 1).

Figure 1.9 shows a graphical interpretation. The matrix in Newton’s method

at Δs = 0 is

(
G0

x

ẋ∗0

)
. At a regular solution we have N (G0

x) = Span{ẋ0}. We

must show that

(
G0

x

ẋ∗0

)
is nonsingular at a regular solution. Suppose, on the

contrary, that

(
G0

x

ẋ∗0

)
is singular. Then there exists some vector z �= 0 with

G0
x z = 0 and ẋ∗0 z = 0.

Thus, z = cẋ0, for some constant c. But then

0 = ẋ∗0 z = cẋ∗0 ẋ0 = c || ẋ0 ||2= c,

so that z = 0, which is a contradiction. ��



22 Eusebius J Doedel

Consider pseudo-arclength continuation for the discretized Gelfand-Bratu
problem of Sect. 1.1.3. Then the matrix(

Gx

ẋ∗

)
=

(
Gu Gλ

u̇∗ λ̇

)

in Newton’s method is a ‘bordered tridiagonal’ matrix of the form⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

• • •
• • • •

• • • •
• • • •

• • • •
• • • •

• • • •
• • •

• • • • • • • • •

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

We now show how to solve such linear systems efficiently.

1.2.4 The Bordering Algorithm

The linear systems in Newton’s method for pseudo-arclength continuation are
of the form (

A c
b∗ d

)(
x
y

)
=

(
f
h

)
.

The special structure of this extended system can be exploited; a general
presentation of the numerical linear algebra aspects of extended systems can
be found in [20, 24]. If A is a sparse matrix whose LU -decomposition can be
found relatively cheaply (e.g., if A is tridiagonal), then the following bordered
LU -decomposition [22] will be efficient:(

A c
b∗ d

)
=

(
L 0
β∗ 1

)(
U γ

0∗ δ

)
.

After decomposing A = LU (which may require pivoting) we compute γ, β,
and δ from

Lγ = c,

U∗β = b,

δ = d− β∗γ.

The linear system can then be written as
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L 0
β∗ 1

)(
U γ

0∗ δ

)(
x
y

)
︸ ︷︷ ︸

≡
⎛
⎝ f̂

ĥ

⎞
⎠

=

(
f
h

)
,

and we can compute the solution (x, y) through the following steps:

Lf̂ = f ,

ĥ = h− β∗f̂ ,

y = ĥ/δ,

Ux = f̂ − yγ.

Theorem 7. The bordering algorithm outlined above works if A and the full

matrix A ≡
(
A c
b∗ d

)
are nonsingular.

In the proof of Theorem 7 we make use of the Bordering Lemma [22]

Lemma 3 (Bordering Lemma). Let A ≡
(
A c
b∗ d

)
. Then

(a) A nonsingular ⇒ A nonsingular if and only if d �= b∗A−1c;

(b) dimN (A) = dimN (A∗) = 1 ⇒ A nonsingular if

{
c �∈ R(A),
b �∈ R(A∗);

(c) If dimN (A) ≥ 2 then A is singular.

Proof. (a) (A nonsingular)

In this case A =

(
A 0
b∗ 1

)(
I A−1c
0∗ e

)
, where e = d− b∗A−1c. Clearly,

A is nonsingular if and only if e �= 0.

(b) (dimN (A) = 1)

Suppose A is singular in this case. Then there exist z ∈ Rn and ξ ∈ R,
not both zero, such that

A =

(
A c
b∗ d

)(
z
ξ

)
=

(
Az + ξc
b∗z + ξd

)
=

(
0
0

)
.

We see that c ∈ R(A) if ξ �= 0, which contradicts the assumptions. On
the other hand, if ξ = 0 and z �= 0 then

N (A) = Span{z} and b ∈ N (A)⊥.



24 Eusebius J Doedel

Since, in general, N (A)⊥ = R(A∗), it follows that b ∈ R(A∗), which also
contradicts the assumptions.

(c) (dimN (A) ≥ 2)

This case follows from a rank argument. ��
Proof (Theorem 7). The crucial step in the bordering algorithm is the com-

putation of z = ĥ/δ. Namely, we must have δ �= 0. Since δ is determined in
the bordered LU -decomposition, we have

δ = d − β∗γ = d − (U∗−1b)∗(L−1c)
= d − b∗U−1L−1c = d − b∗(LU)−1c
= d − b∗A−1c,

which is nonzero by Conclusion (a) of the Bordering Lemma. ��
Remark 3. In pseudo-arclength continuation we have

A =

(
A c

b∗ d

)
=

(
Gu Gλ

u̇∗0 λ̇0,

)

that is, A = Gu, which is singular at a fold. Therefore, the bordering algorithm
will fail when it is used exactly at a fold. In practice, the method may still work.
We consider another approach, used in Auto, when discussing collocation
methods in Sect. 1.3.1.

1.3 Boundary Value Problems

Consider the first-order system of ordinary differential equations

u′(t)− f(u(t),μ, λ) = 0, t ∈ [0, 1],

where
u(·), f(·) ∈ R

n, λ ∈ R, μ ∈ R
nμ ,

subject to boundary conditions

b(u(0),u(1),μ, λ) = 0, b(·) ∈ R
nb ,

and integral constraints∫ 1

0

q(u(s),μ, λ) ds = 0, q(·) ∈ R
nq .

We want to solve this boundary value problem (BVP) for u(·) and μ. In order
for this problem to be formally well posed we require that

nμ = nb + nq − n ≥ 0.

We can think of λ as the continuation parameter in which the solution (u,μ)
may be continued. A simple case is nq = 0, nb = n, for which nμ = 0.
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1.3.1 Orthogonal Collocation

Auto solves boundary value problems using the method of orthogonal collo-
cation with piecewise polynomials [2, 7]. This method is very accurate, and
allows adaptive mesh-selection. The set-up is as follows.

First, we introduce a mesh

{0 = t0 < t1 < · · · < tN = 1},

with
hj = tj − tj−1, (1 ≤ j ≤ N).

Define the space of (vector-valued) piecewise polynomials Pm
h as

Pm
h =

{
ph ∈ C[0, 1] | ph|[tj−1,tj ]

∈ Pm
}
,

where Pm is the space of (vector-valued) polynomials of degree ≤ m. The
orthogonal collocation method with piecewise polynomials [3] consists of find-
ing ph ∈ Pm

h and μ ∈ Rnμ , such that the following collocation equations are
satisfied:

p′h(zj,i) = f(ph(zj,i),μ, λ), j = 1, . . . , N, i = 1, . . . ,m,

and such that ph satisfies the boundary and integral conditions. The collo-
cation points zj,i in each subinterval [tj−1, tj ] are the (scaled) roots of the
mth-degree orthogonal polynomial (Gauss points); see Fig. 1.10 for a graph-
ical interpretation. Since each local polynomial is determined by (m + 1)n,
coefficients, the total number of degrees of freedom (considering λ as fixed) is
(m+ 1)nN + nμ. This is matched by the total number of equations:

collocation: mnN,
continuity: (N − 1)n,
constraints: nb + nq (= n+ nμ).

If the solution u(t) of the BVP is sufficiently smooth then the order of accuracy
of the orthogonal collocation method is m, i.e.,

||ph − u ||∞= O(hm).

At the main meshpoints tj we have superconvergence:

maxj |ph(tj)− u(tj) |= O(h2m).

The scalar variables μ are also superconvergent [7].
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Fig. 1.10. The mesh {0 = t0 < t1 < · · · < tN = 1}. Collocation points and
‘extended-mesh points’ are shown for the case m = 3, in the jth mesh interval. Also
shown are two of the four local Lagrange basis polynomials.

1.3.2 Implementation in Auto

The implementation in Auto [12] is done via the introduction of Lagrange
basis polynomials for each subinterval [tj−1, tj ]. Define

{�j,i(t)}, j = 1, . . . , N, i = 0, 1, . . . ,m,

by

�j,i(t) =

m∏
k=0,k 
=i

t− tj− k
m

tj− i
m
− tj− k

m

,

where

tj− i
m

= tj − i

m
hj .

The local polynomials can then be written as

pj(t) =

m∑
i=0

�j,i(t)uj− i
m
.

With the above choice of basis

uj approximates u(tj) and uj− i
m

approximates u(tj− i
m

),

where u(t) is the solution of the continuous problem.
Then the collocation equations are

p′j(zj,i) = f(pj(zj,i),μ, λ), i = 1, . . . ,m, j = 1, . . . , N,
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u0 u 1
3

u 2
3

u1 u2 uN T λ

• • • • • • • • • •

• • • • • • • • • •

• • • • • • • • • •

• • • • • • • • • •

• • • • • • • • • •

• • • • • • • • • •

• • • • • • • • • •

• • • • • • • • • •

• • • • • • • • • •

• • • • • • • • • •

• • • • • • • • • •

• • • • • • • • • •

• • • • • • • • • •

• • • • • • • • • •

• • • • • • • • • •

• • • • • • • • • •

• • • • • • • • • •

• • • • • • • • • •

• • • • • •

• • • • • •

• • • • • • • • • • • • • • • • • • • • • •

• • • • • • • • • • • • • • • • • • • • • •

Fig. 1.11. Structure of the Jacobian for the case of n = 2 differential equations
with the number of mesh intervals N = 3, the number of collocation points per
mesh interval m = 3, the number of boundary conditions nb = 2, and the number
of integral constraints nq = 1. The last row corresponds to the pseudo-arclength
equation, which is not included in the nq = 1 count. From E.J. Doedel, H.B. Keller,
J.P. Kernévez, Numerical analysis and control of bifurcation problems (II): Bifurca-
tion in infinite dimensions, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 1(4) (1991)
745–772 c©1991 World Scientific Publishing; reproduced with permission.

the discrete boundary conditions are

bi(u0,uN ,μ, λ) = 0, i = 1, . . . , nb,

and the integrals constraints can be discretized as

N∑
j=1

m∑
i=0

ωj,iqk(uj− i
m
,μ, λ) = 0, k = 1, . . . , nq,

where the ωj,i are the Lagrange quadrature coefficients.
The pseudo-arclength equation is∫ 1

0

(u(t)− u0(t))
∗ u̇0(t) dt+ (μ− μ0)

∗ μ̇0 + (λ− λ0) λ̇0 −Δs = 0,

where (u0,μ0, λ0), is the previously computed point on the solution branch,
and (u̇0, μ̇0, λ̇0), is the normalized direction of the branch at that point. The
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u0 u 1
3

u 2
3

u1 u2 uN T λ

• • • • • • • • • •

• • ◦ • • • • • • •

• • ◦ ◦ • • • • • •

• • ◦ ◦ ◦ • • • • •

• • ◦ ◦ ◦ ◦ • • • •

• • ◦ ◦ ◦ ◦ • • • •

• • • • • • • • • •

• • ◦ • • • • • • •

• • ◦ ◦ • • • • • •

• • ◦ ◦ ◦ • • • • •

• • ◦ ◦ ◦ ◦ • • • •

• • ◦ ◦ ◦ ◦ • • • •

• • • • • • • • • •

• • ◦ • • • • • • •

• • ◦ ◦ • • • • • •

• • ◦ ◦ ◦ • • • • •

• • ◦ ◦ ◦ ◦ • • • •

• • ◦ ◦ ◦ ◦ • • • •

• • • • • •

• • • • • •

• • ◦ ◦ ◦ ◦ • • ◦ ◦ ◦ ◦ • • ◦ ◦ ◦ ◦ • • • •

• • ◦ ◦ ◦ ◦ • • ◦ ◦ ◦ ◦ • • ◦ ◦ ◦ ◦ • • • •

Fig. 1.12. The system after condensation of parameters. The entries ◦ have been
eliminated by Gauss elimination.

discretized pseudo-arclength equation is

N∑
j=1

m∑
i=0

ωj,i [uj− i
m
− (u0)j− i

m
]∗ (u̇0)j− i

m

+(μ− μ0)
∗ μ̇0 + (λ− λ0) λ̇0 −Δs = 0.

The implementation in Auto includes an efficient method to solve these
linear systems [12]; this is illustrated in Figs. 1.12–1.15. Note that the figures
only illustrate the matrix structure; the indicated operations are also carried
out on the right-hand side, which is not shown in the figures. Figure 1.12
shows the system after condensation of parameters. The entries marked with
◦ have been eliminated by Gauss elimination. These operations can be done
in parallel [34]. The condensation of parameters leads to a system with a
fully decoupled sub-system that can be solved separately. The decoupled sub-
system is marked by ∗ in Fig. 1.13

1.3.3 Numerical Linear Algebra

The complete discretization consists of

mnN + nb + nq + 1,
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u0 u 1
3

u 2
3

u1 u2 uN T λ

• • • • • • • • • •

• • ◦ • • • • • • •

• • ◦ ◦ • • • • • •

• • ◦ ◦ ◦ • • • • •

� � ◦ ◦ ◦ ◦ � � � �

� � ◦ ◦ ◦ ◦ � � � �

• • • • • • • • • •

• • ◦ • • • • • • •

• • ◦ ◦ • • • • • •

• • ◦ ◦ ◦ • • • • •

� � ◦ ◦ ◦ ◦ � � � �

� � ◦ ◦ ◦ ◦ � � � �

• • • • • • • • • •

• • ◦ • • • • • • •

• • ◦ ◦ • • • • • •

• • ◦ ◦ ◦ • • • • •

� � ◦ ◦ ◦ ◦ � � � �

� � ◦ ◦ ◦ ◦ � � � �

� � � � � �

� � � � � �

� � ◦ ◦ ◦ ◦ � � ◦ ◦ ◦ ◦ � � ◦ ◦ ◦ ◦ � � � �

� � ◦ ◦ ◦ ◦ � � ◦ ◦ ◦ ◦ � � ◦ ◦ ◦ ◦ � � � �

Fig. 1.13. This is the same matrix as in Fig. 1.12, except that some entries are now
marked by a �. The � sub-system is fully decoupled from the remaining equations and
can, therefore, be solved separately. From E.J. Doedel, H.B. Keller, J.P. Kernévez,
Numerical analysis and control of bifurcation problems (II): Bifurcation in infinite
dimensions, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 1(4) (1991) 745–772 c©1991
World Scientific Publishing; reproduced with permission.

nonlinear equations, in the unknowns

{uj− i
m
} ∈ R

mnN+n, μ ∈ R
nμ , λ ∈ R.

These equations can be solved by a Newton-Chord iteration. The structure
of the associated Jacobian is illustrated in Fig. 1.11 for a system of n = 2
differential equations, with N = 3 mesh intervals, m = 3 collocation points
per mesh interval, nb = 2 boundary conditions, and nq = 1 integral constraint.
In a typical problem N will be larger, say, N = 5 for ‘very easy’ problems, and
N = 200 for ‘very difficult’ problems. The ‘standard’ choice of the number of
collocation points per mesh interval is m = 4.

The decoupled � sub-system can be solved by nested dissection. This pro-
cedure eliminates some of the �-entries, but also introduces some new nonzero
entries due to fill-in; see Fig. 1.14. However, the structure reveals a new decou-
pled sub-system that can be solved completely; this subsystem is highlighted
in Fig. 1.15 with +. The + sub-system consists of two sub-matrices A0 and
A1, as in Fig. 1.15. For periodic solutions, the Floquet multipliers are the
eigenvalues of the matrix −A−1

1 A0 [18].
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u0 u 1
3

u 2
3

u1 u2 uN T λ

• • • • • • • • • •

• • ◦ • • • • • • •

• • ◦ ◦ • • • • • •

• • ◦ ◦ ◦ • • • • •

� � ◦ ◦ ◦ ◦ � � � �

� � ◦ ◦ ◦ ◦ ◦ � � �

• • • • • • • • • •

• • ◦ • • • • • • •

• • ◦ ◦ • • • • • •

• • ◦ ◦ ◦ • • • • •

� � ◦ ◦ ◦ ◦ ◦ ◦ � � � �

� � ◦ ◦ ◦ ◦ ◦ ◦ ◦ � � �

• • • • • • • • • •

• • ◦ • • • • • • •

• • ◦ ◦ • • • • • •

• • ◦ ◦ ◦ • • • • •

� � ◦ ◦ ◦ ◦ ◦ ◦ � � � �

� � ◦ ◦ ◦ ◦ ◦ ◦ � � � �

� � � � � �

� � � � � �

� � ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ � � � �

� � ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ � � � �

Fig. 1.14. The decoupled � sub-system solved by nested dissection. This procedure
eliminates some of the �-entries, but also introduces some new nonzero entries due
to fill-in.

1.4 Computing Periodic Solutions

Periodic solutions can be computed very effectively by using a boundary value
approach. This method also determines the period very accurately. Moreover,
the technique allows asymptotically unstable periodic orbits to be computed
as easily as asymptotically stable ones.

1.4.1 The BVP Approach.

Consider the first-order system

u′(t) = f(u(t), λ), u(·), f(·) ∈ R
n, λ ∈ R.

Fix the interval of periodicity by the transformation t �→ t
T . Then the equation

becomes

u′(t) = T f(u(t), λ), u(·), f(·) ∈ R
n, T, λ ∈ R, (1.10)

and we seek solutions of period 1, i.e.,

u(0) = u(1). (1.11)
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u0 u 1
3

u 2
3

u1 u2 uN T λ

• • • • • • • • • •

• • ◦ • • • • • • •

• • ◦ ◦ • • • • • •

• • ◦ ◦ ◦ • • • • •

� � ◦ ◦ ◦ ◦ � � · · � �

� � ◦ ◦ ◦ ◦ ◦ � · · � �

• • • • • • • • • •

• • ◦ • • • • • • •

• • ◦ ◦ • • • • • •

• • ◦ ◦ ◦ • • • • •

� � ◦ ◦ ◦ ◦ ◦ ◦ � � · · � �

� � ◦ ◦ ◦ ◦ ◦ ◦ ◦ � · · � �

• • • • • • • • • •

• • ◦ • • • • • • •

• • ◦ ◦ • • • • • •

A0 • • ◦ ◦ ◦ • • • • •

+ + ◦ ◦ ◦ ◦ ◦ ◦ + + + +
+ + ◦ ◦ ◦ ◦ ◦ ◦ + + + +
+ + A1 + + + +
+ + + + + +
+ + ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ + + + +
+ + ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ + + + +

Fig. 1.15. The same matrix as in Fig. 1.14, except with some entries now marked
by +. Note that the + sub-system is decoupled from the other equations, and can,
therefore, be solved separately.

Note that the period T is one of the unknowns.
Equations (1.10)–(1.11) do not uniquely specify u and T . Assume that

we have computed (uk−1(·), Tk−1, λk−1) and we want to compute the next
solution (uk(·), Tk, λk). Then uk(t) can be translated freely in time: if uk(t)
is a periodic solution then so is uk(t+ σ) for any σ. Thus, a phase condition
is needed. An example is the Poincaré orthogonality condition

(uk(0)− uk−1(0))∗ u′k−1(0) = 0,

where the phase of the next condition is fixed such that the difference at
time t = 0 is perpendicular to the tangent vector of the current solution; this
is illustrated in Fig. 1.16. In the next section we derive a numerically more
suitable phase condition.

1.4.2 Integral Phase Condition

If ũk(t) is a solution then so is ũk(t + σ), for any σ. We want the solution
that minimizes

D(σ) =

∫ 1

0

|| ũk(t+ σ)− uk−1(t) ||22 dt.
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u k-1 (0)

u
k-1 (0)

u (0)
k

Fig. 1.16. Graphical interpretation of the Poincaré phase condition.

The optimal solution ũk(t+σ̂), must satisfy the necessary conditionD′(σ̂) = 0.
Differentiation gives the necessary condition∫ 1

0

(ũk(t+ σ̂)− uk−1(t))
∗ ũ′k(t+ σ̂) dt = 0.

Writing uk(t) ≡ ũk(t+ σ̂), gives∫ 1

0

(uk(t)− uk−1(t))
∗ u′k(t) dt = 0.

Integration by parts, using periodicity, gives∫ 1

0

uk(t)∗ u′k−1(t) dt = 0. (1.12)

This is the integral phase condition [8].

1.4.3 Pseudo-Arclength Continuation

In practice, we use pseudo-arclength continuation to follow a family of periodic
solutions; see Sect. 1.2.3. In particular, this allows calculation past folds along
a family of periodic solutions. It also allows calculation of a ‘vertical family’
of periodic solutions, which has important applications to the computation
of periodic solutions to conservative systems [14, 30] (see also Chap. 9). For
periodic solutions the pseudo-arclength equation is∫ 1

0

(uk(t)− uk−1(t))
∗ u̇k−1(t) dt

+ (Tk − Tk−1)
∗ Ṫk−1 + (λk − λk−1) λ̇k−1 = Δs.

(1.13)

Equations (1.10)–(1.13) are the equations used in Auto for the continuation
of periodic solutions. In summary, given uk−1, Tk−1, and λk−1, we solve the
system
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LAMBDA

MAX U1

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

-0.25

0.00

0.25

0.50

0.75

1.00

1.25

Fig. 1.17. Bifurcation diagram of the stationary solution u(t) ≡ 0 of (1.14).

u′k(t) = T f(uk(t), λk),

uk(0) = uk(1),∫ 1

0

uk(t)∗ u′k−1(t) dt = 0,∫ 1

0

(uk(t)− uk−1(t))
∗ u̇k−1(t) dt + (Tk − Tk−1) Ṫk−1 + (λk − λk−1) λ̇k−1 = Δs,

where
u(·), f(·) ∈ R

n, λ, T ∈ R.

1.4.4 A Vertical Family of Periodic Orbits

Consider the system of equations{
u′1 = λu1 − u2,
u′2 = u1(1− u1).

(1.14)

Note that u(t) ≡ 0 is a stationary solution for all λ. Another stationary

solution is u(t) ≡
(

1
−λ
)

.

The bifurcation diagram for u(t) ≡ 0 is shown in Fig. 1.17, but we can
also analyze the behavior analytically. The Jacobian along the solution family
u(t) ≡ 0 is (−λ −1

1 0

)
,
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U1

U2

-0.50 -0.25 0.00 0.25 0.50 0.75 1.00
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-0.50

-0.25

0.00

0.25

0.50

0.75

Fig. 1.18. A phase plot of some periodic solutions of (1.14).

SCALED TIME
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0.50
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Fig. 1.19. Solution component u1 of (1.14) as a function of the scaled time vari-
able t.

with eigenvalues
−λ±√

λ2 − 4

2
.
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-0.50

-0.25
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0.25

0.50
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Fig. 1.20. Solution component u2 of (1.14) as a function of the scaled time vari-
able t.

Hence, the eigenvalues are complex for λ ∈ (−2, 2). The eigenvalues cross the
imaginary axis when λ passes through zero. Thus, there is a Hopf bifurcation
along u(t) ≡ 0 at λ = 0, and a family of periodic solutions bifurcates from
u(t) ≡ 0 at λ = 0. As shown in Fig. 1.17, the emanating family of periodic
solutions is ‘vertical’. Some periodic solutions are shown in Fig. 1.18 in the
(u1, u2)-plane. These solutions are plotted versus time in Figs. 1.19 and 1.20.

Along this family the period tends to infinity. The final infinite-period
orbit is homoclinic to (u1, u2) = (1, 0). The time diagrams in Figs. 1.19 and
1.20 illustrate how the ‘peak’ in the solution remains in the same location.
This is a result of the integral phase condition (1.12) and very advantageous
for discretization methods.

1.4.5 FitzHugh-Nagumo Equations

The Fitzhugh-Nagumo equations of nerve-conduction are{
v′ = c

(
v − 1

3v
3 + w

)
,

w′ = −(v − a+ bw)/c.
(1.15)

Let b = 0.8 and c = 3. Note that there is a stationary solution (v(t), w(t)) =
(0, 0) for a = 0.

We compute the solution family, starting at (v(t), w(t)) = (0, 0) for a = 0,
with Auto. The bifurcation diagram is shown in Fig. 1.21. Note that the
solution is unstable for a small and becomes stable after a Hopf bifurcation at
a ≈ 0.4228. Figure 1.21 also shows the emanating family of periodic solutions,
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Parameter a

MAX V
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Fig. 1.21. Bifurcation diagram of the Fitzhugh-Nagumo equations (1.15).
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Fig. 1.22. The periodic solution of (1.15) at a = 0.

which turns back toward a = 0; the periodic solution at a = 0 is shown in
Fig. 1.22.
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Forcing Amplitude r

MAX V

0.0
2.5

5.0
7.5
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12.5
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17.5
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0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

Fig. 1.23. Continuation of (1.16) from r = 0 to r = 20.

1.4.6 Periodically Forced and Non-Autonomous Systems

In this section we illustrate computing periodic solutions to non-autonomous
systems. The classical example of a non-autonomous system is a periodically
forced system. In Auto periodic orbits of a periodically forced system can be
computed by adding a nonlinear oscillator with the desired periodic forcing
as one of its solution components. An example of such an oscillator is{

x′ = x + βy − x(x2 + y2),
y′ = −βx + y − y(x2 + y2),

which has the asymptotically stable solution

x(t) = sin (βt), y(t) = cos (βt).

As an example, consider again the FitzHugh-Nagumo equations of Sect. 1.4.5,
where we assume that the first component of the equations is periodically
forced by −r cosβt. Coupling the oscillator to the Fitzhugh-Nagumo equa-
tions gives: ⎧⎪⎪⎨

⎪⎪⎩
x′ = x + βy − x(x2 + y2),
y′ = −βx + y − y(x2 + y2),
v′ = c(v − 1

3v
3 + w − ry),

w′ = −(v − a + bw)/c,

(1.16)

where we take b = 0.8, c = 3, and β = 10. For a = 0 and r = 0 there exists
the solution
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Scaled Time
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Fig. 1.24. Solutions along the continuation path of (1.16) from r = 0 to r = 20.

x(t) = sin (βt), y(t) = cos (βt), v(t) ≡ 0, w(t) ≡ 0.

We continue this solution in the forcing amplitude r, from r = 0 to, say,
r = 20. The result is shown in Fig. 1.23, with some of the solutions along this
family plotted versus time in Fig. 1.24.

If the forcing is not periodic, or difficult to model by an autonomous os-
cillator, then the equations can be rewritten in autonomous form as follows.
The non-autonomous system{

u′(t) = f(t,u(t)), u(·), f(·) ∈ Rn, t ∈ [0, 1],
b(u(0),u(1)) = 0, b(·) ∈ Rn ,

can be transformed into⎧⎪⎪⎨
⎪⎪⎩

u′(t) = f(v(t),u(t)), u(·), f(·) ∈ Rn, t ∈ [0, 1],
v′(t) = 1, v(·) ∈ R,
b(u(0),u(1)) = 0, b(·) ∈ Rn ,
v(0) = 0,

which is autonomous, with n+ 1 ODEs and n+ 1 boundary conditions.

1.5 Computing Connecting Orbits

Orbits that connect fixed points of a vector field are important in many
applications. A basic algorithm, which can be represented in various forms
[25, 6, 19] consists of continuation of solutions to the equations
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u′(t) = T f(u(t),λ), u(·), f(·, ·) ∈ R
n, λ ∈ R

nλ , (1.17){
f(w0,λ) = 0,
f(w1,λ) = 0,

(1.18){
fu(w0,λ)v0i = μ0iv0i, i = 1, . . . , n0,
fu(w1,λ)v1i = μ1iv1i, i = 1, . . . , n1,

(1.19){
v∗0i v0i = 1, i = 1, . . . , n0,
v∗1i v1i = 1, i = 1, . . . , n1,

(1.20)∫ 1

0

(f(u,λ)− f(û, λ̂))∗ fu(û, λ̂) f(û, λ̂) dt = 0, (1.21){
u(0) = w0 + ε0

∑n0

i=1 c0iv0i,
∑n0

i=1 c
2
0i = 1,

u(1) = w1 + ε1
∑n1

i=1 c1iv1i,
∑n1

i=1 c
2
1i = 1.

(1.22)

Equation (1.17) is the ODE with independent variable t scaled to [0, 1]. Equa-
tion (1.18) defines two fixed points w0 and w1. We assume in (1.19) that
fu(w0,λ) has n0 distinct real positive eigenvalues μ0i with eigenvectors v0i,
and fu(w1,λ) has n1 distinct real negative eigenvalues μ1i with eigenvectors
v1i. Equation (1.20) normalizes the eigenvectors. Equation (1.21) gives the
phase condition, with reference orbit û(t), which is a necessary condition for

D(σ) =

∫ 1

0

||u′(t+ σ)− û′(t) ||2 dt

to be minimized over σ; here we use u′′(t) = fu(u,λ)u′(t) = fu(u,λ) f(u,λ).
Finally, (1.22) requires u(0) to lie in the tangent manifold U0 at ‘distance’ ε0
from w0; similarly, u(1) must lie in S1 at distance ε1 from w1.

Using (1.22) we can eliminate w0 and w1, to be left with n coupled dif-
ferential equations subject to

nc = 2n+ (n+ 1)(n0 + n1) + 3

constraints. In addition to u(t) ∈ Rn we have scalar variables

λ ∈ R
nλ , ε0, ε1 ∈ R,

μ0i, c0i ∈ R, v0i ∈ R
n, i = 1, . . . , n0,

μ1i, c1i ∈ R, v1i ∈ R
n, i = 1, . . . , n1.

The total number of scalar variables equals

nv = nλ + (n+ 2)(n0 + n1) + 2.

Formally, we need nv = nc − n for a single heteroclinic connection; this gives
nλ = n − (n0 + n1) + 1. For a family of connecting orbits, we must use
n − (n0 + n1) + 2 free parameters. Note that T is large and fixed in this
continuation.
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Fig. 1.25. Geometric interpretation of the equations for computing heteroclinic
orbits in the special case n = 2, n0 = n1 = 1.

First consider the special case of a heteroclinic connection between two
saddle points in R2, that is, n = 2, n0 = n1 = 1; a graphical illustration of
this case is shown in Fig. 1.25. Then nλ + 1 = 2, i.e., a branch of heteroclinic
orbits requires two free problem parameters λ = (λ1, λ2). Consider λ2 as fixed
here.

For λ1 = λ∗1 we assume the existence of the heteroclinic connection in
Fig. 1.25(b). Generically, perturbation of λ1 will produce either Fig. 1.25(a)
or Fig. 1.25(c), depending on the sign of the perturbation. If ε0 and ε1 are
sufficiently small, then there exists a λ1 close to λ∗1 for which (1.17)–(1.20)
(and (1.22)) can be satisfied; here, this is satisfied for λ1 as in Fig. 1.25(a).
Furthermore, the radii ε0 and ε1 can be chosen such that the period of the
orbit equals a given large value T , and such that the phase condition (1.21)
is satisfied.

Some more particular cases are:

1. The connection of a saddle to a node in R2.
Here n = 2, n0 = 1, n1 = 2, so nλ = 0. A branch of connections requires
one problem parameter;

2. If n = 3, n0 = 3, n1 = 2,
then nλ = −1, which means that a two-dimensional manifold of connecting
orbits is already possible for fixed problem parameters;
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Fig. 1.26. Bifurcation diagram of the singularly-perturbed BVP (1.23).

3. The homoclinic orbit .
In this case w0 = w1 and n0 + n1 = n, so that nλ = 1. Such orbits can
also be computed as the limit of periodic orbits as the period T →∞.

1.6 Other Applications of BVP Continuation

We end this chapter with two examples where the boundary value continuation
of Auto is applied in special contexts.

Singularly Perturbed BVP

Auto is well suited for computing solutions in systems with multiple timescales.
The numerical sensitivity caused by the difference in timescales is dealt with
by the orthogonal collocation solution technique with adaptive meshes. The
pseudo-arclength continuation ensures detection of changes along the solution
family. Consider the singularly perturbed system [26]

εu′′(x) = u(x)u′(x) (u(x)2 − 1) + u(x),

with boundary conditions

u(0) =
3

2
, u(1) = γ.

The computational formulation is in the form
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Fig. 1.27. Some solutions along the solution branch of (1.23).

{
u′1 = u2

u′2 =
λ

ε

(
u1u2(u

2
1 − 1) + u1

)
,

(1.23)

with boundary conditions

u1(0) =
3

2
, u1(1) = γ.

The parameter λ is a homotopy parameter to locate a starting solution. In
the first run λ varies from 0 to 1 and ε = 1 is fixed. In the second run ε is
decreased by continuation to the desired value. We use ε = 10−3.

Once a starting solution is obtained, we continue the solution for ε = 10−3

in the parameter γ. This third run takes many continuation steps. Figure 1.26
shows the bifurcation diagram with the solution family obtained by continu-
ation in γ. A selection of the solutions along the branch is shown in Fig. 1.27.

1.6.1 Orbit Continuation in IVP

One can also use continuation to compute solution families of initial value
problems (IVP). Using continuation instead of integration of a large number
of initial conditions has the advantage that the manifold described by the
orbits is well covered, even in problems with very sensitive dependence on
initial conditions. As an example, we consider the Lorenz equations given by⎧⎨

⎩
x′ = σ(y − x),
y′ = ρx− y − xz,
z′ = xy − βz,

(1.24)
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Fig. 1.28. Bifurcation diagram of the Lorenz equations (1.24).

with σ = 10 and β = 8/3.
Let us first analyze the stationary solutions of (1.24) as a function of ρ.

A bifurcation diagram is shown in Fig. 1.28. The zero solution is unstable for
ρ > 1. Two nonzero (symmetric) stationary solutions bifurcate at ρ = 1. These
nonzero stationary solutions become unstable for ρ > ρH ≈ 24.7. At ρH there
are Hopf bifurcations, and a family of unstable periodic solutions emanates
from each of the Hopf bifurcation points; only the maximal x-coordinate is
shown in Fig. 1.28, and Fig. 1.29 shows some of these periodic orbits in the
(x, y)-plane. The families of periodic solutions end in homoclinic orbits (infi-
nite period) at ρ ≈ 13.9.

Now let ρ = 28. For this parameter value the Lorenz equations have a
strange attractor . Let

u =

⎛
⎝xy
z

⎞
⎠ ,

and write the Lorenz equations as

u′(t) = f(u(t)).

The origin 0 is a saddle point, with eigenvalues μ1 ≈ −2.66, μ2 ≈ −22.8, μ3 ≈
11.82, and corresponding normalized eigenvectors v1, v2, and v3, respectively.
We want to compute the stable manifold of the origin.

We compute an initial orbit u(t), for t from 0 to T (where T < 0), with
u(0) close to 0 in the eigenspace spanned by v1 and v2, that is,
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Fig. 1.29. Periodic orbits of the Lorenz equations (1.24).

u(0) = 0 + ε

(
cos(θ)

|μ1| v1 − sin(θ)

|μ2| v2

)
,

for, say, θ = 0.
The IVP can be solved with Auto as follows. Scale time t �→ t

T . Then the
initial orbit satisfies

u′(t) = T f(u(t)), 0 ≤ t ≤ 1,

and
u(0) =

ε

|μ1| v1.

The initial orbit has length

L = T

∫ 1

0

|| f(u(s)) || ds.

Thus the initial orbit is a solution of the equation F(X) = 0, where X =
(u(·), θ, T ) (for given L and ε) and

F(X) =

⎧⎪⎪⎨
⎪⎪⎩

u′(t)− T f(u(t)),

u(0)− ε
(

cos(θ)

|μ1| v1 − sin(θ)

|μ2| v2

)
,

T
∫ 1

0
|| f(u(s)) || ds− L .

Once the initial orbit has been integrated up to a sufficiently long arclength L,
we can use pseudo-arclength continuation to find a family of solution segments
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(a)

(b)

Fig. 1.30. The stable manifold of the origin in the Lorenz equations (1.24). Panel
(a) shows the family of orbits that represent part of the manifold. Panel (b) shows
another section of the Lorenz manifold.

that forms an approximation of the Lorenz manifold , the stable manifold of
the origin. The set-up for pseudo-arclength continuation is now:
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F(X1) = 0,

(X1 −X0)
∗ Ẋ0 −Δs = 0, (||Ẋ0 ||= 1),

with X = (u(·), θ, T ) and L and ε fixed. It is important to note here that we
do not just change the initial point (i.e., the value of θ). The continuation
stepsize Δs measures the change in X. An impression of part of the computed
Lorenz manifold is shown in Fig. 1.30. For more detailed results see [13].

1.7 Outlook

We discussed the set-up in Auto for the numerical continuation of families of
solutions to first-order systems of ordinary differential equations. Auto uses
Keller’s pseudo-arclength continuation [22], which can equally well be applied
to solution families of algebraic problems, e.g., families of stationary solutions.
When applied to families of orbits, each continuation step involves solving a
boundary value problem. Auto uses piecewise polynomial collocation with
Gauss-Legendre collocation points (orthogonal collocation) [7, 3], similar to
Colsys [2] and Coldae [4], with adaptive mesh selection [32].

The basic objective behind the continuation methods of Auto is the ability
to perform a numerical bifurcation analysis. Such computational results give a
deeper understanding of the solution behavior, stability, multiplicity, and bi-
furcations, and they often provide direct links to the underlying mathematical
theories. We highlighted only the basic set-up in Auto. For multi-parameter
bifurcation analysis the system that implicitly defines the solution branch
is extended to contain bifurcation conditions; see, for example, [11, 12]. By
monitoring the appropriate bifurcation condition Auto detects, say, a Hopf
bifurcation when continuing a family of stationary solutions in one parame-
ter. This bifurcation point can subsequently be continued by extending the
set-up for pseudo-arclength continuation with extra equations (the bifurcation
condition), and freeing a second parameter. For so-called minimally extended
systems see [20, 24].

There is a need for further refinement of existing continuation algorithms
and software for bifurcation analysis, and there is a need for their extension to
new classes of problems. Probably the greatest challenges lie in the develop-
ment of numerical continuation and bifurcation software for partial differential
equations. There is such a package for scalar nonlinear elliptic PDEs on gen-
eral domains in R2 [5], which is based on multigrid solution techniques; see
also [27, 28, 29]. Good results have also been obtained with stabilized simple
iteration schemes for computing stationary PDE solutions ‘with mostly stable
modes’; see, for example, [33]. There remains a need for general bifurcation
software for systems of elliptic PDEs, subject to general boundary conditions
and integral constraints. For the case of such systems on simple domains in
R2, the generalization of the collocation method of Sect. 1.2.3 carries some
promise. To become comparable in performance to current ODE bifurcation
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software it is necessary to use adaptive meshes. In this case the direct solution
of the linear systems arising in Newton’s method remains feasible, so that a
high degree of robustness is possible. For developments in this directions, see
[10, 15].

The chapters in this book also provide a wide range of examples of exten-
sions and refinements of the continuation algorithms.
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Systematic bifurcation analysis requires the repeated continuation of different
phase objects in free parameters, the detection and analysis of their bifurca-
tions, and branch switching. Such computations produce a lot of numerical
data that must be analyzed and, finally, presented in graphical form. Thus,
continuation programs should not only be efficient numerically but should al-
low for interactive management and have a user-friendly graphics interface.
The development of such programs is progressing rapidly. Here we make an
attempt to survey existing interactive continuation and bifurcation tools and
outline their history and perspectives. This is followed by the presentation
of a framework that organizes the different types of objects and bifurcating
branches. We give a brief overview of how such a framework is implemented in
the recent software environment Matcont. In the final two sections we give
a few examples that illustrate the use of Matcont and indicate directions of
future developments.

2.1 Overview of Existing Software

During the last decades, considerable efforts have been made to develop
general-purpose software tools for bifurcation analysis. One may distinguish
at least three types (generations) of such software:

1. Noninteractive packages and codes,
2. Interactive programs,
3. Software environments.

Since the development of numerical algorithms advances with each generation,
these tools also differ in supported computations. We give here an overview
for each of the above types, with emphasis on the best known packages.
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2.1.1 Noninteractive Packages and Codes

Noninteractive packages and codes first appeared in the beginning of the 1980s
and were written in FORTRAN. They allowed one to continue equilibria and
limit cycles of ODEs, as well as detect and subsequently continue their ba-
sic bifurcations: limit point (saddle-node) bifurcation, Hopf bifurcation, and
period-doubling bifurcation. The most widely used packages of this genera-
tion are Auto86 [12] and Linlbf [24]. Although these two packages sup-
ported a similar level of bifurcation analysis, they employed very different
numerical algorithms. For example, Linlbf bases its test functions to locate
Hopf and Neimark-Sacker bifurcation points on Hurwitz determinants, while
Auto86 bases the detection and location of all local bifurcations on monitor-
ing the eigenvalues (multipliers). Moreover, the continuation of equilibrium
(fixed point) bifurcations in Auto86 is done using extended augmented sys-
tems that include eigenvectors, while in Linlbf minimally augmented systems
are used. The most essential difference, however, lies in the continuation of
limit cycles and their codimension-one bifurcations. In Linlbf these tasks
are performed via numerically constructed and differentiated Poincaré maps,
while Auto86 employs the discretization of the corresponding boundary value
problems using piecewise-polynomial approximations and orthogonal colloca-
tion. The latter proved its superiority for more complex multi-dimensional
ODEs.

Bifurcation theory relies on center manifold reduction, followed by trans-
formation to a normal form. The computation of normal-form coefficients is an
important aspect of bifurcation software; for background we refer to [32]. The
explicit computation of normal-form coefficients is not supported by Auto86,
and Linlbf only computes normal-form coefficients for local codimension-one
bifurcations. There were a few codes available in the 1980s for simple numeri-
cal normal-form and branching analysis, e.g. Stuff [5] and Bifor2 [22], but
switching to the computation of different bifurcating objects required manual
restarting of the code with new initial data.

Several other noninteractive packages for the continuation of simplest bi-
furcations in ODEs also appeared around this time, e.g. Bifpack by Sey-
del [38, 39], and development continues to date, in particular for large-scale
dynamical systems with packages such as Loca

3 by Salinger et al. [35, 36].

2.1.2 Interactive Programs

Interactive programs for the bifurcation analysis of ODEs appeared at the end
of the 1980s, when workstations and IBM-PC compatible computers became
widely available at universities and general research institutes. All programs
of this generation have a simple Graphical User Interface (GUI) with buttons,

3
loca is available via http://www.cs.sandia.gov/loca/.
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Fig. 2.1. Screen snapshot of Auto94/97.

windows, and pull-down menus, and support the on-line input of the right-
hand side of ODEs (through compilation with a FORTRAN or C compiler).
Computed curves could now be plotted directly in a graphics window.

The continuation code Auto86 mentioned above already comes with a
simple interactive graphics program called plaut that allows for graphical
presentation of computed data. There are versions of plaut for most of the
widespread workstations, as well as a Matlab version mplaut4, written by
De Feo. There have been several attempts to improve the user interface of
Auto86 and later versions of Auto. The first interactive version of Auto86

was developed at Princeton University by Taylor and Kevrekidis [41] for SGI
workstations. Another example is XppAut

5 by Ermentrout [15] for work-
stations and PCs, which developed from combining the MS-DOS program
Phaseplane with Auto. XppAut is also capable of simple phase-plane anal-
ysis, including the computation of one-dimensional global invariant manifolds
of equilibria, as is Scigma [40]. Note that XppAut is still widely used and
includes tools for the analysis of delay equations, functional equations, and
stochastic equations. Doedel, Wang, and Fairgrieve also designed the interac-

4 mplaut is available via http://www.math.uu.nl/people/kuznet/cm.
5

XppAut is available via http://www.math.pitt.edu/˜bard/xpp/xpp.html.
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Fig. 2.2. Screen snapshot of LocBif 2.0.

tive version Auto94 for UNIX workstations with X-Windows; see Fig. 2.1.
This version has extended numerical capabilities, including the continuation
of all codimension-one bifurcations of limit cycles and fixed points. The soft-
ware was upgraded in 1997 to support the continuation of homoclinic orbits
using HomCont [9, 13]. This version is called Auto97

6 and there is also the
C-version Auto2000 which has a new interactive graphics browser.

The major difficulty in using all versions of Auto is the analysis of detected
bifurcation points and switching at these points to the continuation of other
bifurcation curves, which requires browsing of several output files and a good
understanding of their formats. However, due to the exceptional numerical
efficiency of Auto, attempts to provide a better GUI for it continue to date;
see, for example, Oscill8

7.
The first user-friendly interactive bifurcation program for bifurcation anal-

ysis was LocBif
8 developed for PCs under MS-DOS by Khibnik, Kuznetsov,

Levitin, and Nikolaev [25]; a screen snapshot of version 2.0 is shown in Fig. 2.2.
The numerical part of the program is based on the non-interactive code

6
Auto is available via http://cmvl.cs.concordia.ca/.

7
Oscill8 is available via http://oscill8.sourceforge.net/doc/.

8
LocBif is available via http://www.math.uu.nl/people/kuznet/LOCBIF;
LocBif works as a DOS-application under MS-Windows, but is no longer
supported.
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Linlbf and allows for continuation of equilibrium, fixed-point, and limit cycle
bifurcations up to codimension three. The program allows for easy switching
between the computation of various curves at detected bifurcation points. The
user can manipulate individual computed bifurcation curves, which are stored
separately in an archive. Version 1.0 of LocBif uses an external FORTRAN
compiler and has a very simple keyboard-based interface, but version 2.0 can
be driven by a mouse and has a special built-in compiler for the right-hand
side. Neither version, however, has special tools to output the computed curves
in a graphic format.

The program Candys/QA
9 by Feudel and Jansen [16] also belongs to this

generation but is less widely used. All programs mentioned so far have closed
architecture.

2.1.3 Software Environments

The first software environments for bifurcation analysis were DsTool
10 and

Content
11, developed in the 1990s. Both programs support the simulation

of ODEs. The user can define/modify a dynamical model, perform a rather
complete analysis, and export the results in a graphical form, all without
leaving the program. Though hard, it is possible to extend them. The pro-
grams have an elaborate GUI and provide off- or on-line help and extensive
documentation for users and developers.

DsTool [3] runs under UNIX or Linux. It performs simple phase-plane
analysis and includes the computation of equilibria and associated one-
dimensional stable and unstable manifolds, along with the continuation of
equilibria and their codimension-one bifurcations, which is done by using parts
of the Linlbf code.

The interactive software Content was developed by Kuznetsov and Lev-
itin with contributions by De Feo, Sijnave, Govaerts, Doedel, and Skovoroda;
a screen snapshot of Content 1.5 is shown in Fig. 2.3. The software runs
on most popular workstations under UNIX and on PCs under Linux or MS-
Windows and supports the continuation of equilibria and their bifurcations of
codimension up to two. Content uses minimal and extended augmented sys-
tems, as described in [19, 20], as well as the continuation of limit cycles using
Auto-like algorithms. Moreover, Content supports the normal-form com-
putations for many equilibrium bifurcations, taking advantage of internally
generated symbolic derivatives of order up to three, and allows for branch
switching by using algebraic branching equations. The software provides ex-
tensive storage, export and import facilities for computed curves and dia-
grams, including their numerical and PostScript formats. Switching between

9
Candys/QA is available via http://www.agnld.uni-potsdam.de/˜wolfgang/

candys.html.
10

DsTool is available via http://www.cam.cornell.edu/˜gucken/dstool.
11

Contentis available via http://www.math.uu.nl/people/kuznet/CONTENT/.
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Fig. 2.3. Screen snapshot of Content 1.5.

various bifurcating objects at special points is very easy and flexible in Con-

tent. The latest software project Matcont
12 is a Matlab interactive toolbox

for the continuation and bifurcation analysis of ODEs [11] that is based on
experience in developing and using Content.

To conclude this section, we mention that numerical bifurcation analy-
sis of smooth iterated maps is also supported by existing software. Location,
analysis, and continuation of fixed-point bifurcations are very similar to those
for equilibria of ODEs, and are supported, for example, by Auto, LocBif,
and Content [18]. Other problems, particularly the analysis of global bifur-
cations, require special algorithms. For example, one needs special algorithms
for the computation of the one-dimensional stable and unstable invariant man-
ifolds of fixed points of maps; implementations for one-dimensional manifolds
already exist in DsTool [29, 30] and Dynamics [34, 43, 44]. Such algorithms
are necessary for the continuation of homoclinic orbits and their tangencies [4],
which is also implemented as an Auto-driver by Yagasaki [42]. The compu-
tation of two- or higher-dimensional invariant manifolds, for example, global
stable and unstable invariant manifolds and invariant tori, and their bifurca-
tions both for ODEs and maps is much more difficult and only a few algorithms

12
Matcont is available via http://www.matcont.ugent.be/.
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are available; see Chap. 4, and [28, 31] for global manifolds and [6, 14, 37] for
invariant tori.

2.2 Bifurcation Objects and Their Relations

The application of bifurcation theory to multi-parameter dynamical systems
requires a clear continuation strategy that should provide rules on how to
increase and decrease the number of control parameters while studying objects
of different codimension. In addition, this strategy should suggest how to
switch between different bifurcations of the same codimension, keeping the
number of control parameters constant. As was first mentioned in [25] from a
theoretical point of view, this strategy must be based on graphs of adjacency [1]
that describe relationships between bifurcations. Below, we present two graphs
of adjacency, describing detection relationships and branching relationships.
The next section identifies the bifurcation objects for ODEs; the equivalent
for maps is done in Sect. 2.2.2.

2.2.1 Bifurcation Objects in ODEs

Tables 2.1 and 2.2 list the codimension-zero, -one, and -two objects that can
be found in generic continuous dynamical systems, along with associated la-
bels based on standard terminology [32]. Table 2.1 lists all objects related
to equilibria and limit cycles, while Table 2.2 focusses on objects related to
homoclinic orbits of equilibria. The relationships between these objects are
complicated.

The detection relationships between the objects in Tables 2.1 and 2.2 are
presented in Figs. 2.4 and 2.5, respectively. For example, the arrows from O

to EP and LC mean that it is generically possible for a computed orbit (O)
to converge to a (stable) equilibrium (EP) or to a (stable) limit cycle (LC).
An arrow from an object A different from O to an object B means that the
continuation of a one-parameter family of objects of type A can generically
lead to the detection of an object of type B, either because object B is a
special case of object A or because it is a limiting case when the parameter
tends to a special value. An example of the first situation is a Hopf bifurcation
point (H) on a curve of equilibria (EP); an example of the second situation
is a homoclinic orbit of a hyperbolic saddle (HHS), because it is the limit
of a branch of periodic orbits (LC) when the period tends to infinity. We do
not distinguish between the two situations, because the difference depends
somewhat on the definition of a family of objects and it may depend on the
implementation of the defining system that is used in the computation of the
branch (e.g. an H point on a family of LC objects). Note that any computation
normally starts with a point P as an initial condition to generate an orbit
O; this first step does not feature in Fig. 2.4. We are interested in generic
detection relationships, which is why the arrows always connect objects from
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Table 2.1. Objects and associated labels related to equilibria and limit cycles of
ODEs

Type of object Label

Point P

Orbit O

Equilibrium EP

Limit cycle LC

Limit Point (fold) bifurcation LP

Hopf bifurcation H

Limit Point bifurcation of cycles LPC

Neimark-Sacker (torus) bifurcation NS

Period Doubling (flip) bifurcation PD

Branch Point BP

Cusp bifurcation CP

Bogdanov-Takens bifurcation BT

Zero-Hopf bifurcation ZH

Double Hopf bifurcation HH

Generalized Hopf (Bautin) bifurcation GH

Branch Point of Cycles BPC

Cusp bifurcation of Cycles CPC

Generalized Period Doubling GPD

Chenciner (generalized Neimark-Sacker) bifurcation CH

1:1 Resonance R1

1:2 Resonance R2

1:3 Resonance R3

1:4 Resonance R4

Fold–Neimark-Sacker bifurcation LPNS

Flip–Neimark-Sacker bifurcation PDNS

Fold-flip LPPD

Double Neimark-Sacker NSNS

one codimension level down to objects on the next codimension level. The only
two exceptions are the arrows from EP to BP and from LC to BPC, which jump
over two codimension levels. In fact, these situations are non-generic, but they
are so often found in systems with equivariance or invariant subspaces that
most software packages support their detection.

The branching relationships between the objects in Tables 2.1 and 2.2 can
be obtained directly from Figs. 2.4 and 2.5, respectively. In general, if there
is an arrow in Fig. 2.4 or 2.5 from an object A different from O to an object
B then for each object of type B there is a unique one-parameter family of
objects of type A that branches off B, provided a total of k+1 free variables is
chosen, where k is the codimension level of A. There are only four exceptions:

1. The arrows from EP to BP and from LC to BPC: there are generically two
codimension-zero curves emanating from the codimension-two points.
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Table 2.2. Objects and associated labels related to homoclinic orbits of equilibria
of ODEs

Type of object Label

Limit cycle LC

Homoclinic orbit of a Hyperbolic Saddle HHS

Homoclinic orbit of a Saddle-Node HSN

Neutral saddle NSS

Neutral saddle-focus NSF

Neutral Bi-Focus NFF

Shilnikov-Hopf SH

Double Real Stable leading eigenvalue DRS

Double Real Unstable leading eigenvalue DRU

Neutrally-Divergent saddle-focus (Stable) NDS

Neutrally-Divergent saddle-focus (Unstable) NDU

Three Leading eigenvalues (Stable) TLS

Three Leading eigenvalues (Unstable) TLU

Orbit-Flip with respect to the Stable manifold OFS

Orbit-Flip with respect to the Unstable manifold OFU

Inclination-Flip with respect to the Stable manifold IFS

Inclination-Flip with respect to the Unstable manifold IFU

Non-Central Homoclinic to saddle-node NCH

Codimension

2

1

0

BP CPC BPC LPNS PDNS LPPD GPDNSNSR1 R3 R4 CH R2

O

HH

LP H LPC NS PD

EP LC

ZHBTCP GH

Fig. 2.4. Detection relationships between bifurcations of equilibria and limit cy-
cles of ODEs; the branching relationships are found by following the arrows in the
opposite directions, with four exceptions as discussed in the text.

2. The arrows from H to HH and from NS to NSNS: there are generically two
codimension-one curves emanating from the codimension-two points.

3. The arrow from NS to ZH: the existence of the NS curve rooted in the ZH

point is subject to an inequality constraint.
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0
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1

Codimension

NSS NFF ND* OF*

LC

HSNHHS

NSF DR* TL* SH IF* NCH

Fig. 2.5. Detection relationships between homoclinic bifurcations of ODEs; here *

stands for S or U; the branching relationships are found by following the arrows in
the opposite directions.

Codimension

0

1

2 CP GPD CH R1 R2 R3 R4 LPPD LPNS PDNS NSNS BP

LP NS PD

FP

O

Fig. 2.6. Detection relationships between dynamical objects for maps.

4. The arrow from NS to HH: there are generically two NS curves emanating
from an HH point.

We note that generically a curve of HHS orbits emanates from a Bogdanov
Takens point (BT), as well as two such curves from a Zero-Hopf bifurcation
point (ZH). These are not indicated in Figs. 2.4 and 2.5.

2.2.2 Bifurcation Objects for Cycles of Maps

In this section we present the equivalent objects and relationships for maps.
Table 2.3 lists the codimension-zero, -one, and -two objects that can be found
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Table 2.3. Objects and associated labels related to equilibria and cycles of maps

Type of object Label

Point P

Orbit O

Fixed Point FP

Limit Point of cycle bifurcation LP

Period Doubling Point of cycles PD

Neimark-Sacker bifurcation NS

Branch Point BP

Cusp bifurcation CP

Generalized Period Doubling GPD

Chenciner (generalized Neimark-Sacker) bifurcation CH

1:1 Resonance R1

1:2 Resonance R2

1:3 Resonance R3

1:4 Resonance R4

Fold–Neimark-Sacker bifurcation LPNS

Flip–Neimark-Sacker bifurcation PDNS

Fold-flip LPPD

Double Neimark-Sacker NSNS

in generic maps, together with the associated labels [32]. The detection rela-
tionships between them are presented in Fig. 2.6. The precise meaning of the
arrows is simpler than in the case of ODEs: if we exclude O then an arrow
from an object A to an object B indicates that object B can generically be
found as a regular point on a branch of objects of type A. The only exception
is the arrow from FP to BP which is again not generic but found in many
examples that exhibit a form of equivariance or have invariant subspaces.

The branching diagram for maps, on the other hand, is far more compli-
cated than for ODEs; this is largely due to the fact that one needs to consider
different iterates of the underlying maps, which causes an additional compli-
cation. For reasons of clarity we, therefore, present two branching diagrams;
see Figs. 2.7 and 2.8. As before, the arrows indicate the type of object to which
one can generically switch from a given codimension-one or -two bifurcation
point. If the arrow is dashed then this switching is subject to additional con-
straints. Furthermore, several switches to branches of lower codimension lead
to curves with double, triple or quadruple iteration number, which is indicated
by the symbols ×2, ×3, and ×4, respectively.

2.3 The Implementation in Matcont

The framework described in the previous section has been implemented in
the recent Matlab-based software environment Matcont [11]. At present
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2
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0

Codimension

R2

NS PD

CP

LP

FP

GPD CH R1 BP

×2 ×2

×2

Fig. 2.7. Partial branching relationships for maps; see also Fig. 2.8. Dashed lines
indicate switching subject to constraints and ×2 indicates switching to a curve with
twice the period.

2

Codimension

1

LPNSR4

NS PD

R3

LP

NSNSPDNSLPPD

×3

×4 ×4

×4

×2

×2

Fig. 2.8. Partial branching relationships for maps; see also Fig. 2.7. Dashed lines
indicate switching subject to constraints and ×2 (×3, ×4) indicates switching to a
curve with twice (three times, four times) the period.

three related Matlab packages are distributed, namely a command-line ver-
sion Cl Matcont and a GUI version Matcont for ODEs, and a command-
line version Cl MatcontM for Maps13. As in Auto and Content, limit
cycles are computed by an approach based on the discretization via piecewise-
polynomial approximation with orthogonal collocation of the corresponding
boundary value problem. However, Matcont uses sparse Matlab solvers

13
Cl Matcont, Matcont, and Cl MatcontM are all available via http://www.

matcont.ugent.be/.



2 Interactive Continuation Tools 63

instead of the original Auto algorithm (a special block elimination; see
Chap. 1). The same approach is applied for homoclinic orbits, in combination
with the continuation of invariant subspaces for the equilibrium end point of
the homoclinic orbit; for details on this method we refer to [10] and for its
implementation in Matcont to [17].

Nearly all functionalities described in Sect. 2.2 are supported. Remaining
functionalities (now under construction) are:

• Branch switching at HH (equilibria), NSNS (limit cycles) and NSNS (cycle
of maps) to the secondary branch of type H, NS (limit cycle) or NS (cycle
of maps), respectively.

• Branch switching from ZH (equilibria) to NS (limit cycles).
• Branch switching from HH (equilibria) to NS (limit cycles).

A computationally more difficult problem is branch switching from ZH to
HHS [8]. It is also planned to have a GUI version for Cl MatcontM and
to introduce automatic differentiation routines for the computation of the
normal-form coefficients, which are now computed either via numerical direc-
tional derivatives or using a user-supplied code. Preliminary evidence indi-
cates that finite difference approximations are not reliable for these compu-
tations. Also, for high-order iterates of maps the normal-form computations
are much faster when using automatic differentiation compared to symboli-
cally generated derivatives. The computation of normal-form coefficients for
codimension-two bifurcations of limit cycles is not yet supported in Matcont

and is another topic for further development.
In some cases normal-form coefficients are not very informative. For exam-

ple, for a limit point of equilibria (LP) the quadratic normal-form coefficient a
is defined up to a nonzero multiple and the LP point is nondegenerate if a �= 0
and degenerate (CP) if a = 0. However, because of truncation and round-off
errors the value computed for a will always be nonzero. Therefore, the value
of a reported at LP points is not very useful. However, provided its continuity
along the LP-branch is ensured, this value is important for the detection of
the CP-points.

In other cases the normal-form coefficients are very useful for the user,
because their values determine the number and type of branches of new objects
that emanate from the bifurcation points and whether these objects are stable
or not. In the following two sections we discuss the cases that are of particular
interest.

2.3.1 Normal-Form Coefficients for Bifurcations of ODEs as Given
in Matcont

The implementation in Matcont provides normal-form coefficients for all
codimension-one and -two bifurcations of equilibria, and periodic normal-form
coefficients for all codimension-one bifurcations of limit cycles; see [32] and
[33] for further details and notation used. We discuss here four cases:
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1. The Hopf bifurcation H of an equilibrium, where the equilibrium has a
pair of purely imaginary eigenvalues, is determined by the first Lyapunov
coefficient l1, which is the real part of the third-order coefficient in the
complex normal form. If l1 < 0 then the Hopf bifurcation is supercritical,
i.e., unstable fixed points coexist with stable periodic orbits on one side
of the bifurcation point in the center manifold. If l1 > 0 then the Hopf
bifurcation is subcritical, i.e., stable fixed points coexist with unstable
periodic orbits on one side of the bifurcation point in the center manifold.

2. The Zero-Hopf bifurcation ZH, also called saddle-node Hopf, fold-Hopf
or zero-pair bifurcation [32], is a codimension-two bifurcation where an
equilibrium has one zero eigenvalue together with a pair of purely imagi-
nary eigenvalues. The normal form involves quadratic coefficients denoted
s and θ; see [32, Lemma 8.11]. An NS curve emanates from the ZH point
only if s θ < 0. The implementation in Matcont also computes a rela-
tively technical term E(0). If E(0) < 0 then time has to be reversed in the
unfolding analysis in [32], i.e., stable becomes unstable, and vice versa.

The above two cases deal with bifurcation of equilibria. For limit cycles we
have:

3. The period-doubling or flip bifurcation PD, where the limit cycle has one
Floquet multiplier at −1, involves the coefficient c in the periodic normal
form that determines the bifurcation. If c < 0 then the flip bifurcation
is supercritical, i.e., unstable periodic orbits coexist with stable double-
period orbits on one side of the bifurcation point in the center manifold.
If c > 0 then the flip bifurcation is subcritical, i.e. stable periodic orbits
coexist with unstable double-period orbits on one side of the bifurcation
point in the center manifold.

4. At a Neimark-Sacker bifurcation NS the limit cycle has a pair of com-
plex conjugate Floquet multipliers on the unit circle. The bifurcation is
determined by the cubic coefficient Re(d) of the periodic normal form. If
Re(d) < 0 then the NS bifurcation is supercritical, i.e., unstable limit cy-
cles coexist with stable invariant tori on one side of the bifurcation point
in the center manifold. If Re(d) > 0 then the NS bifurcation is subcritical,
i.e., stable limit cycles coexist with unstable invariant tori on one side of
the bifurcation point in the center manifold.

2.3.2 Normal-Form Coefficients for Bifurcations of Maps as Given
in MatcontM

The implementation in MatcontM provides normal-form coefficients for all
codimension-one and -two bifurcations of fixed points; see [32] for details. The
codimension-one cases are very similar to the corresponding bifurcations of
limit cycles listed in the previous section. The user should, in particular, be
aware of:
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1. The period-doubling or flip bifurcation PD, where the fixed point has an
eigenvalue −1. The sign of the cubic normal-form coefficient b1 determines
whether the bifurcation is supercritical (b>0) or subcritical (b1 < 0) as
before.

2. The Neimark–Sacker bifurcation NS, where the fixed point has a pair
of complex conjugate eigenvalues on the unit circle. As before, the NS

bifurcation is supercritical (subcritical) if the cubic normal-form coefficient
c1 = Re(d1) is negative (positive) and no strong resonances (1:1, 1:2, 1:3,
1:4) are present.

For codimension-two bifurcation points the user should pay particular atten-
tion to:

1. At a 1:2 Resonance point R2 the fixed point has a pair of complex conju-
gate eigenvalues on the unit circle that are both at −1. The normal form
contains two cubic coefficients C1 and D1 that determine this bifurcation.
If C1 < 0, then an NS curve of double-period cycles emanates from the
R2 point. The MatcontM output is [c, d] = [4C1,−2D1 − 6C1] .

2. At a 1:4 Resonance point R4 the fixed point has eigenvalues ±i. This
bifurcation is determined by a complex normal-form coefficientA0 = a+ib.
If a2+b2−1 > 0 then two half lines l1,2 of limit points of quadruple-period
cycles emanate from the R4 point. If |b| > (1 + a2)/

√
1− a2 then there is

a curve of quadruple-period cycles that contains an NS bifurcation point.
3. At a fold-flip bifurcation LPPD the fixed point has eigenvalues 1 and −1.

MatcontM computes normal-form coefficients a
2e and be

2 ; see [32] for
details. If be > 0 then an NS curve of double period emanates from the
LPPD point. In this case, MatcontM also reports an approximation of
the corresponding first Lyapunov coefficient. The NS points of the second
iterate are stable in the center manifold if this coefficient is negative; they
are unstable if it is positive.

2.4 Examples and Applications

We end this chapter with two examples that illustrate how Matcont is used
in practice. In the next section we describe the process of a continuation
strategy for a vector field. We use the model of a Van der Pol–Duffing oscillator
that is also used in Chap. 4. Section 2.4.2 illustrates the use of MatcontM

for a discrete model of a production strategy involving two competing firms.

2.4.1 The Koper Model

In [27] Koper introduced the following model to describe a three-dimensional
Van der Pol–Duffing oscillator:



66 Willy Govaerts and Yuri A Kuznetsov

Fig. 2.9. Screen snapshot of Matcont with the computed equilibrium and LP

curves of the Van der Pol–Duffing oscillator (2.1).

⎧⎨
⎩
ẋ = (ky − x3 + 3x− λ)/ε1,
ẏ = x− 2y + z,
ż = ε2(y − z).

(2.1)

As in [27] we use ε1 = 0.1 and ε2 = 1. We note that if (x(t), y(t), z(t)) is
a solution of (2.1) for a particular value of λ, then (−x(t),−y(t),−z(t)) is
a solution for −λ. Therefore, bifurcation diagrams in which λ is represented
usually have some symmetry.

We begin the analysis of (2.1) by determining the equilibria. Note that
an equilibrium solution (x0, y0, z0) satisfies x0 = y0 = z0, which must be a
solution of

kx− x3 + 3x− λ = 0. (2.2)

In particular, for λ = 0 and k = 0.15 the equilibria are (0, 0, 0) and (x0, y0, z0)
with x0 = y0 = z0 = ±√3.15 ≈ ±1.77482393492988. By selecting one of
these latter two points in Matcont we compute by numerical continua-
tion the solution of (2.2) as a function of λ; the cubic solution curve is vi-
sualized in the two-dimensional graphics window of the screen snapshot of
Matcont in Fig. 2.9. On the equilibrium curve Matcont detects two limit
points LP at λ = ±2.151860 and reports for both points the critical normal-
form coefficient a = −4.437060. We select one of the LP points, set both k
and λ as free parameters, and compute a curve of LP points that connects
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Fig. 2.10. Limit cycles of (2.1) started from a Hopf point and converging to a
homoclinic orbit.

the two LP points for k = 0.15; this curve is also shown in Fig. 2.9. Dur-
ing the computation of the LP curve Matcont detects two BT points at
(k, λ) = (−0.050000, 1.950209) and (k, λ) = (−0.050000,−1.950209), with
normal-form coefficients (a, b) = (6.870226e + 000, 3.572517e + 001) and
(a, b) = (−6.870226e+000,−3.572517e+001), respectively; two Zero-Neutral
Saddle points (formally ZH) at (k, λ) = (−0.300000, 1.707630) and (k, λ) =
(−0.300000,−1.707630); and a cusp point CP at (k, λ) = (3.000000, 0.000000)
with normal-form coefficient c = 5.649718e − 002. These codimension-two
points are also shown in Fig. 2.9.

Starting from the BT point at λ = 1.950209 we can compute a Hopf curve
in the two free parameters k and λ. We stop, fairly arbitrarily, at the Hopf
point with x0 = y0 = z0 = 0.98460576, k = −0.25185549, and λ = 1.7513143.
Starting from this point we keep k fixed and compute a curve of limit cycles
(LC) as a function of λ; see Fig. 2.10. It is visually clear that the limit cycles
converge to a homoclinic orbit; this can also be inferred from the fact that
the parameters change very slowly at the end of the continuation, while the
period increases rapidly.

When computing limit cycles, Matcont allows for the computation and
visualization of their phase response curves (PRC) [21] as well as the time
derivatives of these phase response curves (dPRC). The study of such curves
is an important subject in the theory of weakly connected neural networks [23].
In particular, it is well known that they take very specific shapes in the neigh-
borhoods of bifurcations of limit cycles [7]. We demonstrate this by presenting
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Fig. 2.11. The phase response curve PRC (a) and its derivative dPRC (b) of a limit
cycle of (2.1) close to a homoclinic orbit.
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Fig. 2.12. Continuation of an orbit of (2.1) that is homoclinic to a hyperbolic
saddle, starting from a limit cycle with large period.

the curves PRC and dPRC in Fig. 2.11 for the limit cycle of the above con-
tinuation at λ = 1.7510571. This limit cycle has period 46.799011, that is, it
is close to a homoclinic orbit.

It is possible in Matcont to start a continuation of homoclinic orbits in
two parameters from a limit cycle close to a homoclinic orbit; see Fig. 2.5.
An example is presented in Fig. 2.12, where we start from the last limit cycle
computed in the previous run, declare it to be of type HHS, and choose k and
λ as the two free parameters. The time length of the discretized part of the
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Fig. 2.13. Continuation of an orbit of (2.1) that is homoclinic to a hyperbolic
saddle, starting from a Bogdanov-Takens point.

orbit is kept fixed at the period of the original limit cycle while the distances
from the end points in the stable and unstable directions are free.

It is also possible to start the continuation of a curve of homoclinic orbits
from a Bogdanov-Takens point BT; cf. Sect. 2.2.1. An example of such a
continuation is presented in Fig. 2.13. Here we started from the BT point at
λ = 1.950209 that is shown in Fig. 2.9. In this case the distance from the end
point in the unstable direction was fixed.

2.4.2 The Duopoly Model

We demonstrate the use of MatcontM for an example of two competing
firms that decide on annual production quantities in a duopoly environment.
The two firms are homogeneous with regard to forming their expectation and
the action effect on each other. The model that we use is the two-dimensional
map

F :

{
x1(t+ 1) = (1− ρ)x1(t) + ρμx2(t)(1− x2(t)),
x2(t+ 1) = (1− ρ)x2(t) + ρμx1(t)(1− x1(t)),

(2.3)

described in [2, 26]. The duopoly model assumes that at each discrete time t
the two firms produce the quantities x1(t) and x2(t), respectively, and decide
their productions x1(t+ 1) and x2(t+ 1) for the next period. The parameter
μ > 0 measures the intensity of the effect that one firm’s actions has on the
other firm. The parameter ρ, which is typically in [0, 1], has an averaging
effect.
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Fig. 2.14. An R4 point on an NS curve of (2.3) with emanating branches of fold
curves of period-four cycles.

We start with parameter values μ = 3.5 and ρ = 0.1. It is checked easily
that F has a fixed point

(x1, x2) =

(
μ+ 1 +

√
(μ+ 1)(μ− 3)

2μ
,
μ+ 1−√(μ+ 1)(μ− 3)

2μ

)
.

We now perform a continuation of fixed points of F with free parameter ρ
and find an NS point at (x1, x2) = (0.857143, 0.428571) for ρ = 0.888889.
The normal-form coefficient is −6.273434e+001. Since it is negative, the NS

bifurcation is supercritical.
Starting from this NS point we can now compute a curve of NS points

in the two free parameters μ and ρ. On this curve we find a 1:4 reso-
nance point R4 at (x1, x2) = (0.849938, 0.439960) for ρ = 1.000000 and
μ = 3.449490. It is worthwhile to note that this R4 point lies precisely
on the boundary of the region where ρ ≤ 1, i.e., the region that is rel-
evant from the application’s point of view. The normal-form coefficient is
A0 = (−3.000000e+000− 9.231411e−017 i). Since |A0| > 1, two cycles of pe-
riod four are born at the R4 point. Furthermore, near the R4 point their region
of existence is bounded by two fold curves of period-four cycles that emanate
from the R4 point. We can start the continuation of these curves from the
codimension-two point R4 in MatcontM. Interestingly, on each of these two
curves an LPPD point (of the fourth iterate) is found. A picture of this situa-
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Fig. 2.15. The diamond-shaped region bounded by period-four LP and PD curves
near the R4 point on the NS curve of (2.3) contains stable period-four cycles.

tion is presented in Fig. 2.14. The lower LPPD point is detected at (x1, x2) =
(0.841586, 0.354516) for ρ = 0.935299 and μ = 3.566686; its normal-form coef-
ficients are a/(2e) = 2.574002e+000 and be/2 = −5.829597e+001. The upper
LPPD point is detected at (x1, x2) = (0.836428, 0.522216) for ρ = 1.071080
and μ = 3.486079, and has normal-form coefficients a/(2e) = 1.733856e+000
and be/2 = −2.471512e+001. We note that the lower LPPD point is in the
region relevant to applications while the upper one is not.

It is further interesting to compute the PD curves that emanate from
the LPPD points and they are presented in Fig. 2.15. The stable period-four
cycles exist in the diamond-shaped region bounded by curves LP and PD of
the fourth iterate F 4.

2.5 Directions for Future Development

We presented an overview of software tools for bifurcation analysis. At present,
the state of the art is a software environment that provides a clear contin-
uation strategy as implemented in Matcont. We showed two examples of
how to use Matcont for ODEs and maps. Matcont has the advantage that
it is implemented in Matlab, which is standard in many applied fields, par-
ticularly in engineering. Furthermore, its numerical capabilities include the
computation of normal-form coefficients and automatic branch switching.
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The development of Matcont is ongoing. In the near future, we hope
to implement the remaining functionalities listed in Sect. 2.3. Furthermore,
we plan to include algorithms for the computation of invariant manifolds and
develop facilities to analyze global bifurcations. Other directions for further
development would be the provision of higher-codimension bifurcations and
the corresponding detection and branching relationships. Moreover, it would
be of interest to generalize the functionalities to other classes of systems, for
example, systems with symmetry or preserved quantities; see also Chap. 9.
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Higher-Dimensional Continuation

Michael E Henderson

IBM T.J. Watson Research Center, Yorktown Heights NY, USA

Numerical continuation in one dimension produces a sequence of points
(ui, λi), i ∈ [0, N), along a set of arcs that are connected at their endpoints.
Each point is the solution of an equation

F (ui, λi) = 0 , F : R
n × R → R

n .

A regular point is a solution F (u0, λ0) = 0 where the Jacobian Fu(u0, λ0)
is nonsingular. According to the Implicit Function Theorem (IFT) there is a
unique curve (u(s), λ(s)) of regular points in some small neighborhood |s| < ε
of a regular point. By extending this small piece of the solution curve, detect-
ing singular points and switching branches at singular points, the continuation
method produces an approximation of the connected component Γ(u0,λ0) of so-
lutions of F (u, λ) = 0 containing (u0, λ0); see Fig. 3.1(a).

Most physical problems depend on more than one parameter. While it can
be useful to study how the solution depends on each parameter separately,
what is really wanted is an understanding of the behavior over some finite
piece of parameter space. This is the higher-dimensional continuation problem.
Instead of solution curves, we wish to find solution manifolds of

F (u, λ) = 0 , F : R
n × R

k → R
n .

Using the IFT again, at a regular point there is a unique manifold of regular
solutions F (u(s), λ(s)) = 0, which exists in some small neighborhood |s| < ε,
s ∈ Rk. The connected component Γ(u0,λ0) is as defined above, but it is a
branched manifold (the solution manifold), rather than a branched curve; see
Fig. 3.1 (b). Singular points on the manifold where the Jacobian has a rank
deficiency of 1 form the boundary of each branch. These singular manifolds
are generically (k − 1)-dimensional submanifolds.

Numerical continuation methods use a local analysis, usually a compu-
tational version of the IFT, which approximates the solution manifold in a
neighborhood of a regular point Ni(ui), and aggregate n of these neighbor-
hoods into a global approximation of the solution manifold M . The geomet-
ric problem of maintaining the aggregate of neighborhoods, and merging a

,
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Fig. 3.1. Panel (a) shows connected components of the solution set of F (u, λ) = 0;
each component consists of a set of smooth arcs that meet at singular points. Panel
(b) shows a branched two-dimensional manifold that consists of a set of smooth
manifolds that meet along shared one-dimensional boundary manifolds.

new neighborhood into the aggregate, is roughly equivalent to advancing-
front mesh generation on a surface. This is not an easy problem, especially in
higher dimensions n and for manifolds of dimension k > 3. In Sect. 3.1 we give
a brief survey of the methods that can be used to represent and manipulate
complexes, which are generalizations of meshes and are used to represent the
branched manifold that approximates M . In Sect. 3.2 we describe five algo-
rithms that are in the literature, and attempt to classify them in terms of the
representations of the manifold as discussed in Sect. 3.1. Finally, in Sect. 3.3
we compare the results of the five algorithms when applied to a sphere.

3.1 Mathematical Setting and Background

In computational and pure mathematics it is necessary to choose a represen-
tation or notation for the object being computed or manipulated. The parallel
between notation and computational representation is quite close, although
the computer is able to deal with expressions that are far too complicated
to be dealt with by hand. A good notation makes manipulations easier and
reduces errors, and a good computational representation makes operations
easier to implement, thus reducing coding errors. The choice of representation
is often not made explicitly, especially when the objects are simple.

The choice of representation also serves to distinguish between algorithms.
Indeed, once the choice of a representation is made there are often fewer
choices of how to proceed. We use this approach in Sect. 3.2 to analyze five
algorithms for higher-dimensional continuation that are in the literature.

For one-dimensional continuation many issues are quite straightforward,
since curves are easily represented as lists of points. However, representing
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surfaces and manifolds is more challenging. In Sect. 3.1.1 we discuss simplicial
and cell complexes, which are general meshes that are commonly used in
algebraic topology. Then we define manifolds and manifolds with boundary,
which are the analogues of curves and arcs in one dimension.

Section 3.1.2 describes two fundamental geometric abstractions, the Voro-
noi and Delaunay tessellations, and a particular generalization of the Voronoi
tessellation that represents the boundary of a union of spherical balls. In
Sect. 3.1.3 we discuss how these topological and geometrical ideas have been
used to represent manifolds and, finally, how to construct the neighborhood
of a regular point.

3.1.1 Cell and Simplicial Complexes, and Manifolds

There are only a few ways to deal with general surfaces, and most are varia-
tions on meshes. In this section we discuss representations of general meshes
in higher dimensions, called cell and simplicial complexes. The Voronoi dia-
gram and Delaunay triangulation are two instances of complexes with special
properties. The Voronoi diagram or tessellation contains information about
neighborhoods of a set of points. There is a variant, the Laguerre-Voronoi
diagram, that provides an efficient means of determining the boundary of a
union of spherical balls. The Delaunay triangulation is related to the Voronoi
diagram, and is frequently used to generate meshes in two and three dimen-
sions.

This subject can be presented in a very opaque, but abstract way. The
author would recommend the books [14, 35] and the paper [16] for reasonably
clear expositions of complexes. Hopefully, the descriptions that follow are as
clear.

A cell complex of dimension k is a set of cells of dimension 0 to k. The 0-
cells (vertices) may (or may not) be identified with points in an n-dimensional
embedding space. If they are not embedded, the complex represents purely
topological information. For our purposes the vertices will be points on or near
the solution manifold. Each p-cell (except the 0-cells) has a set of faces, which
are (p − 1)-cells in the complex. Cells must be compatible with each other:
the intersection of two cells is either empty, or it is a cell in the complex
that both cells have as a common face. This compatibility condition turns out
to create major difficulties for some of the algorithms described in Sect. 3.2
below. Figure 3.2 shows some cells that are not compatible.

A complex is a set of lists: of cells of each dimension, the faces of each
cell with orientations (the boundary), and a list of cells of which the cell is
a face (the co-boundary). Some of this information is redundant, and when
storage is an issue it is necessary to avoid storing redundant information.
Guibas and Stolfi [18] describe a minimal data structure for representing two-
dimensional cell complexes and show that, with operations which are fairly
simple in this representation, a Delaunay triangulation algorithm can be built;
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(a) (b) (c)

Fig. 3.2. Cells that are not compatible, namely 1-cells embedded in 2 (a), 2-cells
embedded in 2 (b), and 2-cells embedded in 3 (c).

see Sect. 3.1.3. For three-dimensional complexes there are similar representa-
tions, e.g., the ‘winged edge’; see, for example, [13, 19].

The basic geometrical object in higher-dimensional continuation is a k-
dimensional branched manifold. (Recall that k is the number of parameters.)
A branched manifold is a set of manifolds with boundaries (the branches),
glued together along common boundaries. The boundaries are sets of singular
points, which are generically (k−1)-dimensional manifolds. Branch switching
is the process of finding the branches that meet at a singular surface.

Convex Polyhedral Cells

Convex polyhedral cells have a particularly nice structure. The polyhedron is
formed by intersecting half-spaces whose planar boundaries contain the faces
of the polyhedron. The cells can be represented by the list of planes that they
lie on. So for example, the set of linear inequalities in three dimensions

P =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

( ê0,−1).(v, 1) ≤ 0
(−ê0, 1).(v, 1) ≤ 0
( ê1,−1).(v, 1) ≤ 0
(−ê1, 1).(v, 1) ≤ 0
( ê2,−1).(v, 1) ≤ 0
(−ê2, 1).(v, 1) ≤ 0

defines a polyhedron (a cube), as is shown in Fig. 3.3(a). Given a vertex v0 (a
0-cell) with representation (0, 2, 4), this indicates that v0 satisfies the linear
system

(ê0,−1).(v0, 1) = 0,
(ê1,−1).(v0, 1) = 0,
(ê2,−1).(v0, 1) = 0.

The representations of the vertices is sufficient to define the rest of the
cells. In a k-dimensional polyhedron each vertex must lie on k or more planes.

R R

R
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Fig. 3.3. A cube with the face and vertex labels (a) and its dual (b), which is an
octahedron.

Cells of dimension p > 0 must lie on exactly k − p faces, and so have k − p
indices. There is an edge between two vertices if the vertices have k−1 indices
in common. For example, for the cube in Fig. 3.3

v0 ∩ v1 = (0, 2, 4) ∩ (0, 2, 5) = (0, 2) ,

v3 ∩ v4 = (0, 3, 4) ∩ (1, 2, 4) = (4) .

So there is an edge with endpoints v0 and v1, but not with endpoints v3 and
v4. The same holds for cells of higher dimension. A p-cell exists that contains
a set of vertices if, and only if, the intersection of the index sets of the vertices
contains k− p indices. This works because each plane corresponds to a single
linear constraint, and a set of indices is just a linear system. For example, in
Rk, k − 1 linear equations define a line. The notation used here is introduced
(in a different guise) in [17, Sec. 2.6]; for more information on polyhedra see,
for example, [17] or [12].

Subtracting a Half-Space from a Convex Polyhedron

One operation on convex polyhedra requires mention, namely, that of inter-
secting the polyhedron with a half-space. This adds a plane to the polyhedron,
and the vertices that are the ‘wrong’ side of the plane and any cell containing
those vertices must be removed. If the convex polyhedron is represented by a
list of inequalities and a list of vertices, then the algorithm described in [12]
may be used.

This algorithm is simple to describe. First the half-space is added to the
list of inequalities, then the vertices are tested for inclusion in the half-space.
Those that are not in the half-space are removed and a new vertex is added
on each edge containing the deleted vertex. The index of these new points is
the index of the edge plus the index of the new inequality. The performance of
the algorithm can be improved by storing not just the vertices but the edges
as well, as is described in [12].
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Fig. 3.4. The simplex (1, 2, 7, 10) and its faces. The faces can be enumerated by
removing from the label of the simplex the index of each vertex in turn. Removing
a vertex index yields the label of the face opposite that vertex. The arrows indicate
the positive ordering of the vertices on the edges.

Simplices

A simplex of dimension k is a set of k + 1 vertices that do not lie in a linear
subspace of Rk. A simplicial complex is a cell complex whose cells are all
simplices. Polyhedra are represented in terms of their faces, but a simplex is
represented in terms of its vertices. The faces of a simplex can be obtained
by simple operations on the list of vertices, so do not have to be tabulated. A
two-dimensional simplex (a triangle) with vertices 1, 4 and 5 is represented as
(1, 4, 5). The natural ordering of the integers determines the order in which
the vertices are listed.

The faces of a k-dimensional simplex are simplices whose representation
is the same as that of the ‘parent’ simplex, but with one vertex dropped.
The face is the one opposite the vertex that is dropped; see Fig. 3.4. This
enumeration holds for (k− 1)-cells down to 0-cells, which have a single index.

Orientation, the Boundary Operator, Duality and the
Co-Boundary Operator

Cells in a complex can have an orientation of ±1. For simplicial cells the sign
can be computed directly from the indices. The orientations of the faces of
a cell are chosen so that the boundary of the boundary of a cell is empty;
see Fig. 3.5. The sets of cells of the various dimensions in the complex are
connected by boundary operators: cells of dimension p are connected to cells
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Fig. 3.5. The Simplex (1, 2, 7, 10) and its faces, oriented so that the boundary of
its boundary is empty.

of dimension p− 1 by the boundary operator dp, and p-cells are connected to
p+ 1 cells by the co-boundary operator dp, as defined below.

Exchanging two adjacent vertices changes the orientation of the simplex,
and the simplex with vertices in numerical order is assigned an orientation of
+1. So for an arbitrary list of vertices the sign of the simplex is the parity
of the permutation that orders the vertex list. As a result there is a simple
expression for the boundary operator:

dp(v0, . . . , vi, . . . , vp) =

p∑
i=0

(−1)i(v0, .., vi−1, vi+1, . . . vp) .

This is illustrated in Fig. 3.5. For example, the face (2, 7, 10) in the simplex
(1, 2, 7, 10) (a tetrahedron) has boundary

d2(2, 7, 10) = (7, 10)− (2, 10) + (2, 7) ,

d1d2(2, 7, 10) = {(10)− (7)} − {(10)− (2)}+ {(7)− (2)} = 0 .

Missing from the representation of a k-dimensional simplicial complex as
a list of the vertices in each simplex is information about how the simplices
are connected. Note, however, that if the complex is the surface of a single
(k+1)-dimensional simplex then the complex is completely defined by the list
of vertices, as is the case in the complex shown in Figs. 3.4 and 3.5. Figure 3.6
illustrates why the orientation is important. The sum (1, 2, 7, 10)+(1, 2, 9, 10)
does not contain the simplex (1, 2, 10), but (1, 2, 7, 10)+(0, 1, 2, 10) does. Note
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Fig. 3.6. The sum of the boundaries of two simplices (1, 2, 7, 10) and (1, 2, 9, 10).
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Fig. 3.7. The simplex (1, 2, 7, 10) (a) and its dual (b).

that, if a cell appears twice in a sum it is only counted once, the addition is
like a signed union of the sets of cells.

For polyhedral cells the boundary operator is usually tabulated, because
it is not expressed easily. For the cube in Fig. 3.3(a) the boundary of face 0 is

d2(0) = (0, 2) + (2, 5)− (1, 2)− (2, 4),

d1d2(0) = (0, 2, 5)− (0, 2, 4) + (1, 2, 5)− (0, 2, 5) + (1, 2, 4)− (1, 2, 5)

+(0, 2, 4)− (1, 2, 4) = 0 .

Figure 3.3(b) shows the dual of the cube with respect to the faces of
the cube, and Fig. 3.7(b) shows the dual of the simplex. Duality is a general
relationship, and like the duality between a vector space and its adjoint space,
the dual of a cell is a linear functional. The dual of σp[i] maps the sum of p-
cells onto the values {−1, 0, 1}. The dual cell σp[i] is the functional that maps
the sum to 1 if σp[i] occurs in the sum with a positive orientation, to −1 if it
occurs with a negative orientation, and to 0 if σp[i] is not present in the sum.
That is,



3 Higher-Dimensional Continuation 85

p cell dual p cell dual p cell dual

0 (0,2,4) (0, 2, 4)T 1 (0,1) (0, 2) 2 (0) (0, 2, 4)
0 (0,2,5) (1) 1 (0,3) (0, 4) 2 (1) (0, 2, 5)
0 (0,4,5) (2) 1 (2,3) (0, 3) 2 (2) (0, 3, 5)
0 (0,3,4) (3) 1 (1,2) (0, 5) 2 (3) (0, 3, 4)
0 (1,2,4) (4) 1 (4,5) (1, 2) 2 (4) (1, 2, 4)
0 (1,2,5) (5) 1 (4,7) (1, 4) 2 (5) (1, 2, 5)
0 (1,3,5) 1 (5,6) (1, 5) 2 (6) (1, 3, 5)
0 (1,3,4) 1 (0,4) (2, 4) 2 (7) (1, 3, 4)

1 (1,5) (2, 5)
1 (3,7) (3, 4)
1 (2,6) (3, 5)

Table 3.1. The cells of the cube and of the dual octahedron from Fig. 3.3(b); all of
the indices refer to the faces of the cube.

σp[i]σp[j] = δij ,

where δij is the Kronecker delta. There is an obvious identification of σp[i]
with σp[i], which is what is meant by the dual of a cell.

The co-boundary operator dp is the adjoint of the boundary operator dp,
defined by the relation

(dpσp[i])σp+1[j] = σp[i]dp+1σp+1[j] .

The boundary operator reduces the dimension of a simplex, and the co-
boundary operator increases the dimension of a dual cell. The boundary op-
erator on the right-hand side of this equation is dp+1 because σp[i] acts on
p-cells and the boundary operator dp+1 produces simplices of dimension p. If
σp+1 is a (p+ 1)-cell then

(dpσp[i])σp+1[j] = σp[i](dp+1σp+1[j]) =
∑

k

(−1)lkσp[i]σp[jk] .

Here the boundary of the jth (p + 1)-dimensional cell is given by the list
of simplices j0, j1, · · · with orientations (−1)l0 , (−1)l1 , · · ·. The co-boundary
boundary operator applied to σp+1[j] is zero unless σp[i] is a face of σp+1[j],
the co-boundary of σp[i] is therefore a signed sum of the duals of the p+1-cells
that are incident on σp[i].

For a simplex there is an expression for the boundary operator dp+1: the
list of simplices containing a face can be found by adding each vertex in turn
to the face. The co-boundary operator for a simplicial complex consisting of
a single simplex can be written explicitly as

dpfp =

p+1∑
i=0

(−1)ifp(v0, .., vi−1, wi, vi, . . . vp) ,
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p σp σk−p+1 dpσp dk−p+1σ
k−p+1 dpσp

0 (10) (1, 2, 7) (2, 7) − (1, 7) + (1, 2) (1,10)-(2,10)+(7,10)
0 (7) (1, 2, 10) (2, 10) − (1, 10) + (1, 2) (1,7)-(2,7)+(7,10)
0 (2) (1, 7, 10) (7, 10) − (1, 10) + (1, 7) (1,2)-(1,7)+(1,10)
0 (1) (2, 7, 10) (7, 10) − (2, 10) + (2, 7) (1,2)-(2,7)+(2,10)
1 (7,10) (1, 2) (10)-(7) (2) − (1) (1,7,10)-(2,7,10)
1 (2,10) (1, 7) (10)-(2) (7) − (1) (1,2,10)-(2,7,10)
1 (2,7) (1, 10) (7)-(2) (10) − (1) (1,2,7)-(2,7,10)
1 (1,10) (2, 7) (10)-(1) (7) − (2) (1,2,10)-(1,7,10)
1 (1,7) (2, 10) (7)-(1) (10) − (2) (1,2,7)-(1,7,10)
1 (1,2) (7, 10) (2)-(1) (10) − (7) (1,2,7)-(1,2,10)
2 (2,7,10) (1) (7,10)-(2,10)+(2,7)
2 (1,7,10) (2) (7,10)-(1,10)+(1,7)
2 (1,2,10) (7) (2,10)-(1,10)+(1,2)
2 (1,2,7) (10) (2,7)-(1,7)+(1,2)

Table 3.2. The simplicial complex that forms the surface of the simplex (1, 2, 7, 10);
compare with Figs. 3.4 and 3.5.

where wi is in turn each of the vertices that are missing from the index of the
cell. For cell complexes the boundary and co-boundary need to be tabulated,
although there is redundant information in the lists. Table 3.1 shows the cells
in the cube and their duals. Note that, in general, we would write the dual
of 1-cell (0, 1) as (0, 1)T . The surface of the simplex (1, 2, 7, 10) from Figs. 3.4
and 3.5 is the simplicial complex shown in Table 3.2.

One of the advantages of this notation is that two simplicial complexes
can be added. The example in Fig. 3.6 removes the face they share from the
boundary. The result is still a simplicial complex, but it is the boundary of
an octahedron. This makes it possible to perform such operations as adding
a ‘handle’ to a cell complex [28]. For simplices there is no need to represent
the faces, since they can be generated from the vertex list. For a simplicial
complex the dual edges to each face of a simplex must be stored (i.e., the pair
of simplices that share the faces). For a cell complex there needs to be a data
structure for storing the lists associated with each cell.

3.1.2 Manifolds

A manifold is the generalization of a surface, but it has a lot of the features
of a cell complex. A k-dimensional manifold is a set of k-dimensional neigh-
borhoods of the origin that are isomorphic to the k-dimensional unit ball
B1(0) = {x | |x| < 1}, called charts, along with adjacency relations indicating
which charts ‘overlap’. Two adjacent charts must agree on some common non-
empty sub-region, which means that there is a one-to-one and onto mapping
from the subregion of one chart to the corresponding subregion of the other;
see Fig. 3.8. The neighborhoods are called chart domains, and the collection
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Fig. 3.8. A manifold is an atlas of overlapping charts, with an identification of
overlapping subregions and one-to-one and onto mappings between them.
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Fig. 3.9. A manifold with boundary is a manifold but, in addition to charts with
domains that are full neighborhoods, there are boundary charts with domains that
are the intersection of a full neighborhood with half-spaces containing the origin.

of charts is called an atlas. This is in reference to navigational charts, which
cover a small piece of the globe and are bound together into an atlas. In this
analogy, the overlaps are needed to move from one chart to the next, and the
adjacency is usually indicated by the number of the neighboring chart in the
margin; see Fig. 3.8.

The relation between a manifold and a cell complex is straightforward. A
chart is a k-cell, the overlap between two charts is a k− 1 cell and a common
face of each chart, and so on. With this interpretation the manifold shown in
Fig. 3.8 is a tetrahedron.

Manifolds with Boundary

A manifold with boundary has special charts called boundary charts. Instead
of a full neighborhood of the origin, the domain of a boundary chart is iso-

morphic to the half-ball B
1/2
1 (0) =

{
x = (x0, x1, . . .) | |x| ≤ 1, x0 ≤ 0

}
. The

restriction to the ball D1(0) =
{
x = (x0, x1, . . .) | |x| ≤ 1, x0 = 0

}
, a full ball

of one dimension less, is a chart on one of the boundary manifolds. The bound-
aries themselves can have boundaries (just as the edges of a square have end
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Fig. 3.10. An embedded manifold with boundary.

points), so instead of a half-ball we really mean a ball that is restricted so
that some set of the coordinates are non-negative; see Fig. 3.9.

This is a second way that manifolds with boundary are like a cell com-
plex. The manifold itself is a cell, and the faces of the cell are the boundary
manifolds.

Embedding a Manifold

The solution manifold M of F (u, λ) is a set of points in Rn, but so far the
definition of a manifold has been in terms of neighborhoods of the origin in
Rk. The relation between a k-dimensional manifold and the solution space Rn

is an embedding of the manifold. (Here we assume that n is large enough so
that the manifold does not self-intersect.) Each chart is assigned a one-to-
one mapping to Rn, called the chart mapping, which must map points in the
overlap of two charts to the same points in the embedding space. With an
embedding the mapping between the overlap of two charts can be expressed
using the chart mapping of one and the inverse of the chart mapping of the
other. For a manifold defined by a system of equations we considered branches
that consist of regular points, and the IFT gives the chart mapping. The
singular boundary manifolds are where this embedding fails; see Fig. 3.10.
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Fig. 3.11. The four main ways of representing a manifold. Panel (a) illustrates the
definition for k = 1 and n = 2, namely a list of overlapping chart mappings from R

k

to R
n. Panel (b) shows a covering or containment in solution space for k = 1 and

n = 3, panel (c) a triangulation for k = 2 and n = 3, and panel (d) a polygonal
tiling for k = 2 and n = 3.

Representing a Manifold

The algorithms described in Sect. 3.2 use different representations of the so-
lution manifold. Allgower and Schmidt’s algorithm [3] represents the solution
manifold as a set of simplices in the embedding space Rn, each of which
contains a piece of the manifold. Rheinboldt’s moving-frame algorithm [31],
Brodzik’s algorithm [9], and Melville and Mackey’s boundary representation
[29] use instead a simplicial complex whose vertices are points on the solution
manifold. The author’s algorithm [20] represents the solution manifold as a
complex with convex polyhedral cells. These three different representations, as
used by the five algorithms described in Sect. 3.3, are illustrated in Fig. 3.11.

3.1.3 Basic Computational Geometry

The representations of manifolds that are used for higher-dimensional continu-
ation are all based on cell or simplicial complexes. In computational geometry
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(a) (b)

Fig. 3.12. The Voronoi diagram (a) of a set of points in the plane, where each
region is the set of points closest to a particular point, and the dual Voronoi and
Delaunay diagrams (b).

two of the most frequently used complexes are the Delaunay triangulation of
a set of points and the dual Voronoi diagram. The Delaunay triangulation in
higher dimensions is in fact not a triangulation, but it is still referred to as a
triangulation. Generically, the Delaunay triangulation is a simplicial complex,
and the Voronoi diagram is a complex with convex polyhedral cells. There is a
large literature on both, and the reader may wish to consult [7, 8, 11, 15, 34],
or any introductory text on computational geometry.

The Delaunay triangulation has good properties for mesh cells, namely it
creates ‘fat’ simplices. In two dimensions it has been proved [30] that, over
all triangulations of a fixed set of points, the Delaunay triangulation is the
one that maximizes the smallest angle in any of the triangles. The Voronoi
diagram contains information about ‘nearest neighbors’, so is used in many
pattern matching applications.

Voronoi Diagrams

Given a set of points ui in Rn, the Voronoi diagram of the points is a de-
composition of Rn into n-cells, each associated with one of the points. The
Voronoi cell Vi of ui is

Vi = {u ∈ R
n | |u− ui| < |u− uj | for all j �= i} .

Here |·| is the Euclidean 2-norm. Figure 3.12(a) shows an example of a Voronoi
diagram for a set of points in the plane.

Each Voronoi region is a ‘domain of influence’ of the respective point. A
Voronoi region also gives information about the nearest neighbors of each
point through (n− 1)-dimensional faces that separate the Voronoi regions of
two nearby points.
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The Laguerre-Voronoi Diagram and the Boundary of a Union of
Spherical Balls

There are several generalizations of the Voronoi diagram [24]. One of them,
the Laguerre-Voronoi diagram or power diagram [4, 5, 6, 22], can be used to
find points on the boundary of a union of spherical balls, an operation which
will be referred to in Sect. 3.2. In the Laguerre-Voronoi diagram each point is
given a weight, which is the radius of the spherical ball about the point.

The face between two Laguerre-Voronoi cells is defined by the equation

|s− si|2 −R2
i = |s− sj |2 −R2

j ,

which is easily solved. We find that points s on this Voronoi face are solutions
of

2(sj − si).s = R2
i −R2

j + |si|2 + |sj |2 ,
which is a plane orthogonal to the line connecting the centers of the two cells.
So the Laguerre-Voronoi diagram has cells with planar faces. Substituting
s = si +α(sj − si), we find that the plane intersects the line between the two
points at

α =
R2

i −R2
j + |si − sj |2

2 |si − sj|2 .

If |si − sj | ≤ Ri + Rj then the plane contains the intersection of the two
spheres, and it divides the part of the first sphere that lies outside the second
from the part that lies inside the second (and vice versa); see Fig. 3.13. The
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(a) (b)

(c)

Fig. 3.14. Panel (a) shows the Laguerre-Voronoi diagram of a set of points in the
plane, where each region is the set of points closest to a particular point for the
distance |s− si|

2 −R2
i . Panel (b) shows that the Laguerre-Voronoi diagram contains

information about the boundary of the union of balls, namely, the boundary of the
union of balls is the union of the part of the boundary of each ball that lies within
its Voronoi region. Panel (c) illustrates that only the part of the Laguerre-Voronoi
diagram is needed that corresponds to overlapping balls; it is called the restricted
Laguerre-Voronoi diagram.

n-cell is the intersection of the half-spaces defined by each pair of points,
so it is a convex polyhedron, and the boundary of the union of balls which
define the diagram is the union of the parts of each sphere that lie inside the
corresponding Laguerre-Voronoi n-cell.

The boundary of a union of spherical balls is the union of the parts of
the spherical boundaries that do not lie inside another ball. Therefore, the
boundary of the union consists of the parts of the spheres that lie inside their
restricted-Laguerre Voronoi diagram; see Fig. 3.14.

The Delaunay Triangulation

The Delaunay triangulation is the dual of the Voronoi diagram in the sense
discussed in Sect. 3.1.1 for complexes; see Fig. 3.15. In two dimensions it has
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(a) (b)

Fig. 3.15. Panel (a) shows the Delaunay tessellation of a set of points in the plane.
Panel (b) illustrates that each simplex in the tessellation satisfies the ‘in circle’ test,
that is, no point lies interior to a Euclidean sphere passing through the vertices of
the simplex.

been shown [30] that Delaunay triangulations, among all possible triangula-
tions of a set of points, maximize the smallest angle in any triangle. In three
dimensions there appears to be a similar property, but it is not clear exactly
what maximum principle there might be. Because of this property of having
‘fat’ cells, the Delaunay triangulation is widely used for mesh generation. For
a more complete explanation of the properties of Delaunay triangulations, and
how they are constructed, see [7, 15, 18, 33].

The Delaunay tessellation can be defined independently of the Voronoi
diagram by means of the ‘in-circle’ test. Each n-cell of the triangulation is
such that no point is inside the Euclidean sphere that contains the vertices of
the n-cell; see Fig. 3.15.

The Coxeter-Freudenthal-Kuhn Triangulation

The Coxeter-Freudenthal-Kuhn triangulation (or tessellation) [2] is a simpli-
cial decomposition of Rn. (It is also described in [3], but with quite a few typo-
graphic errors.) The tessellation is defined in terms of an initial n-dimensional
simplex with n+ 1 vertices labeled vi for i = 0 to n. An (n− 1)-dimensional
face separates two n-dimensional simplices that share the face. If one of the
simplices has vertices (v0, v1, . . . , vn) then in this triangulation the simplex
across the face vi is defined as the simplex with vertices

Pvi
(v0, v1, . . . , vn) := (v0, v1, . . . , vi−1, ṽi, vi+1, . . . , vn) ,

where

ṽi =

⎧⎨
⎩
v1 + vn − v0, i = 0,
vi+1 + vi−1 − vi, 0 < i < n,
vn−1 + v0 − vn, i = n.
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Fig. 3.16. A pivot in the two-dimensional Kuhn triangulation (a), and in the three-
dimensional Kuhn triangulation (b).
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Fig. 3.17. A path simplex decomposition of a square (a) and of a cube (b). The
simplices for the n-dimensional cube are generated by paths with n segments, each
parallel to a coordinate direction, with no direction repeated.

This operation of moving across a face to an adjacent simplex is called a
pivot. Pivoting works for any initial simplex, but one particular choice has an
explicit representation and is well suited to computations. The initial simplex
is a path simplex. A path simplex has vertices that are defined by the end
points of the segments of a piecewise linear path; see Fig. 3.16. In particular,
if the coordinate directions are used as segments, and no coordinate direction
is allowed to appear twice, then the set of path simplices decomposes the
interior of the unit cube; see Fig. 3.17 and [25] where the idea is attributed to
Tucker [26, Problem 3, p. 140]). It is trivial to tile Rn with cubes and, hence,
this decomposition of the cube also gives a simplicial decomposition of Rn.
This is not true for an arbitrary decomposition of the cube, since translation
in a coordinate direction will generate incompatible faces unless opposite faces
of the cube have the same decomposition.

If the coordinate of the ‘lower left’ corner of a cube — the corner that
is closest to the origin in Fig. 3.17(b) — is v0, and the side of the cube
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is length δ then the simplices in this decomposition can be represented by
a translation vector z ∈ Nn, and a permutation π ∈ Sn from the group
of permutations of the symbols {1, · · · , n}. The permutation identifies the
simplex in the decomposition of the cube. The vertices of the simplex with
representation (z, π) are given by the recursion

v0(z, π) = v0 + δz ,

vj+1 = vj + δêπj+1
.

The effect of the pivot across face j (Pj) on the permutation π is

Pjπ =

⎧⎪⎨
⎪⎩
{π0, . . . , πj−1, πj+1, πj , πj+2, . . . , πn−1} , 0 < j < n,

{π1, . . . , πn−1, π0} , j = 0,

{πn−1, π0, . . . , πn−2} , j = n,

and the action on z is

Pjz =

⎧⎪⎨
⎪⎩

z, 0 < j < n,

z + êπ0
, j = 0,

z− êπn−1
, j = n.

3.2 Five Algorithms

We now have the language and tools for describing algorithms for higher-
dimensional continuation. Cell and simplicial complexes are used to represent
the solution manifold, Delaunay triangulations to decompose the manifold,
the restricted Laguerre-Voronoi tessellation to obtain information about the
boundary of a collection of balls, and the Coxeter-Kuhn-Freudenthal tessella-
tion for finding a set of simplices that encloses the solution manifold.

Specifically, we describe five algorithms:

• Allgower and Schmidt’s pattern algorithm [3];
• Rheinboldt’s moving-frame algorithm [31];
• Rheinboldt and Brodzik’s [10] tiling algorithm for k = 2 and Brodzik’s [9]

generalization to any dimension;
• Melville and Mackey’s k = 2 boundary representation algorithm [29];
• and the author’s covering algorithm [20].

All of these algorithms can be viewed as an iterative application of three basic
steps to a representation Mi of the manifold:

1. find a point ui on the boundary of Mi.
2. build a neighborhood Ni of ui.
3. merge Ni into Mi to obtain Mi+1.
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The algorithms differ in how Mi is represented, and how the three operations
are performed.

Continuation of higher-dimensional manifolds is conceptually different
from that of one-dimensional ones. In fact, there are only two ways to repre-
sent a 1-manifold.

The first corresponds to the approach of pseudo-arclength continuation
[23], and it uses a set of polygonal arcs to represent M . Pseudo-arclength
continuation exploits the fact that for 1-manifolds the boundary is a set of
points, so that the merge operation is just a matter of discarding one of the
two intervals that make up the neighborhood of a point on M . However, if a
simplicial approximation ofM is used in higher dimensions then the boundary
of Mi is a (k − 1)-dimensional simplicial complex. Constructing a simplicial
neighborhood of a boundary point so that the simplices are compatible with
Mi seems tractable, but turns out to be a difficult problem.

The second corresponds to simplicial or piecewise-linear continuation [1],
and it uses n-dimensional simplices in Rn to cover M . For 1-manifolds
in Rn+1 simplicial continuation uses an (n + 1)-dimensional Coxeter-Kuhn-
Freundenthal simplicial complex, and only requires pivots across n-cells. This
is because a boundary ‘point’ is the face of an (n+1)-dimensional simplex, and
with k = 1, n-dimensional faces intersect M at a point (or not at all). There
are exactly two simplices that contain this boundary face. One is the simplex
on the boundary and the other can be found with the pivot operation. In
higher dimensions the intersection of M with an (n+ k)-dimensional simplex
is a k-cell, and there are more than two simplices containing an n-dimensional
simplex that intersects M at a point.

It is easier to understand an algorithm when the manifold is flat, so we will
make use of natural parameter continuation to present the five algorithms.

3.2.1 Natural Parameter Continuation

Let us begin with the case that there is a unique solution at each point in
parameter space, and consider the generalization of natural parameter con-
tinuation; see Fig. 3.18. Natural parameter continuation is a fairly obvious
means of adapting an iterative solver for F (u, λ) at a fixed parameter value
to map out the solution manifold. Iterative methods require an initial guess,
and rather than start with the same initial guess at each new parameter value,
the solution at a nearby parameter value is used.

If a set mesh is used, natural parameter continuation selects a point from
the mesh at which the solution is known, and which has a neighbor at which
the solution is not yet known; see Fig. 3.18(a) and (b). If the points in pa-
rameter space are chosen adaptively, the method becomes a generalization
of advancing-front mesh generation, which is a challenging problem in higher
dimensions. The main consideration is that the new point lies on the edge of
the previously computed points, but near enough so that one of the known
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Fig. 3.18. Panel (a) illustrates natural parameter continuation in one parameter;
the solution at the point to the left is used as an initial guess for an iterative
method at the next point. Panel (b) illustrates natural parameter continuation in
two parameters, making use of a rectangular grid on parameter space; the technique
is the same as for one parameter, but the grid vertices are traveled in a predetermined
order. Panel (c) illustrates natural parameter continuation in two parameters, but
with a triangular grid on the region of interest in parameter space. Panel (d) shows
a case where natural parameter continuation fails.

points provides a good initial guess. This makes the boundary of the meshed
region an important object; see Fig. 3.18(c).

3.2.2 Solution Space Continuation

For many interesting problems the solution manifold cannot be expressed as
a function of the parameter. Fig. 3.18(d) shows such a case for k = 2. Natural
parameter continuation would find the lower or upper sheet, depending on the
initial guess, and the iteration would fail to converge beyond the fold.

When k = 1 there are two choices of algorithm. If n (the dimension of
the solution space) is small then simplicial continuation can be used. On the
other hand, pseudo-arclength continuation may be used for any n.

Allgower and Georg’s k = 1 simplicial continuation begins with a simplex
in Rn+1 that contains a point on the solution manifold, which is a branched
curve. If the simplex is sufficiently small and the point is a regular point then
the curve enters this simplex through one face and leaves through another.
With these assumptions a linear approximation of F over the simplex results
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Fig. 3.19. The solution of F = 0 for a piecewise-linear interpolant with the second
parameter fixed. As the second parameter is allowed to change, the entry and exit
points move and the line segment connecting them sweeps out a ruled surface.
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Fig. 3.20. Pseudo arclength continuation (a), and an isola (b) that is repeatedly
traced.

.

in a good approximation to these two points on the (n−1)-dimensional faces of
the simplex. It is important that simplices are used, so that there is a unique,
continuous piecewise-linear interpolant. This also produces a piecewise-linear
solution curve. Figure 3.19 shows the effect of a second parameter on the
piecewise-linear solution of F = 0.

Pseudo-arclength continuation (PSALC) [23] uses the tangent of the solu-
tion curve to define a new parameter. This is done by appending a constraint
that the projection of a solution point (u(s), λ(s)) onto the tangent vector
is s. The curve of solutions is represented as a piecewise-linear arc, and is
extended by using one of the end points and a linear extrapolation for an
initial guess to Newton’s method for the system plus the pseudo-arclength
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Fig. 3.21. Pseudo-arclength continuation in higher dimensions where one parameter
is chosen to follow the corresponding curve on the solution manifold M .

constraint; see Fig. 3.20(a) and Chap. 1. When the solution set is a closed
curve, or isola, the PSALC algorithm will repeatedly trace the isola, as shown
in Fig. 3.20(b). Usually an upper limit on the arclength is included in the con-
ditions that terminate the algorithm. In higher dimensions we will call this
the self-intersection problem, and it is related to the problem of incompatible
simplices.

Figure 3.21 shows the effect of adding an additional parameter to PSALC.
The tangent space is no longer one-dimensional, and it is possible to make a
step in more than one direction. The continuation algorithm must choose in
which direction to step while ensuring that the resulting points sample the
solution manifold uniformly.

3.2.3 Local Analysis

To build a neighborhood of M at a point u0 ∈ Rn a local analysis is required.
The operations used by the five algorithms are

• Find a basis for the k-dimensional tangent space of M at a point u,
• Project a point from the tangent space onto M ,
• Estimate the size of a ball in the tangent space so that points within the

ball project uniquely onto M .
• Determine if an n-dimensional simplex contains a point on a piecewise-

linear approximation to M .
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Fig. 3.22. The tangent space of the solution manifold M at u0 spanned by the
orthonormal basis Φ = [ϕ0, ϕ1] (a), projecting a point s in the tangent space orthog-
onally to obtain a point u on M (b), and the curvature uss(s) of M at u (c).

Finding a Basis for the Tangent Space

The manifold M is defined by the equation F (u) = 0. If u is a point on M
then the tangent space of M at u satisfies

Fu(u)Φ = 0 ,

ΦTΦ = I .

Finding the tangent space means finding a basis for the nullspace of the Ja-
cobian. At a regular point F i

j is full rank, which is rank n, so the nullspace
is k-dimensional; see Fig. 3.22(a). If n is moderately small a singular value
decomposition or QR decomposition might be used. If the problem is large,
one approach is to use the tangent space at a nearby point. This replaces the
first Φ in the normalization, and results in the linear system⎡

⎣Fu(u)

ΦT
0

⎤
⎦Φ =

⎡
⎣ 0

I

⎤
⎦ .
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The columns of Φ0 are the orthonormal basis for the nearby tangent space.
The columns of Φ will not be orthonormal, but Gram-Schmidt can easily
be used to find an orthonormal basis from Φ. This linear system aligns the
new tangent space as much as possible with the old one, which is used in
Rheinboldt’s wrapping algorithm.

Whichever system is used, any structure in Fu should be exploited. For
example, if F is a two point boundary value problem and collocation is used,
then the collocation points can be eliminated to yield a smaller system.

Projecting a Point in the Tangent Space onto M

The projection of a point s ∈ Rk in the tangent space of M at u0 (with
orthonormal basis Φ0) orthogonally to the tangent space is the solution of the
system

F (u) = 0 ,

ΦT (u− u0) = s .

This is illustrated in Fig. 3.22(b). If u0 is a regular point of M and s is small
enough then the Jacobian of this system is nonsingular. Modified Newton’s
method for the nonlinear system results in linear systems with the same matrix
as for the tangent space, but with different right-hand sides.

Estimating the Size of a Ball in the Tangent Space

The IFT in finite-dimensional spaces is a modified Newton’s method, and
there are bounds on the size of the ball in terms of norms of the Jacobian,
its inverse and Lipschitz bounds on the Jacobian. Experience indicates that
local estimates of these quantities are expensive to compute and provide a
very conservative radius. Global bounds can sometimes be found, but then
the estimated radius is even more conservative.

A different approach is to impose a maximum number of Newton iterations
required for the projection, and to reduce the radius by a fixed factor if the
number exceeds the maximum allowed. This is an estimate that comes after
the fact, and the way we posed the continuation method above requires an
estimate before the projection is performed.

Here we present a method from [20] that chooses the radius of the ball so
that the distance from the tangent space to the manifold is roughly constant;
see Fig. 3.22(c). If the rate of convergence of Newton’s method is constant
over the manifold then this method is equivalent to limiting the number of
Newton steps.

Using Taylor’s remainder theorem, we have

|u(s)− u0 − Φs| ≤ 1

2
|uss(ξ)s

2| ,
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Fig. 3.23. The image of an n-dimensional face in a simplicial complex under F
(with the mapping applied only to the vertices). This is equivalent to a global
piecewise linear approximation of F over the complex. The question of whether
an n-dimensional face in a simplicial decomposition of n+k contains a zero of the
interpolant is equivalent to whether 0 lies in the image of the face.

where ξ is some point in the ball ξ ≤ |s|. If a tolerance ε is given on the error
then s must lie in a ball of the radius of the ball in which the error is less than
that tolerance, that is

R(s) =

√
ε

2|uss| .

The second derivative of u is the solution of the system

Fu(u0)uss = −FuuΦΦ ,

ΦT uss = 0 .

It is, therefore, possible to find the second derivative (which is a k× k matrix
whose entries are vectors in Rn), and estimate its norm.

Determining Whether an n-Dimensional Simplex Crosses M

The mapping F (u) takes a simplicial complex with vertices vi ∈ Rn+k and
assigns new coordinates F (vi). In particular, F maps an n-dimensional sim-
plex with vertices in Rn+k into an n-dimensional simplex in Rn (provided the
vertices are regular points and the simplices are small enough); see Fig. 3.23.

If an n-dimensional simplex contains a point on the solution manifold
then it will generically be a single point. Using barycentric coordinates α, the
system for the point is

F (
n+k∑

0

αivi) = 0 ,

n−k∑
0

αi = 1 .

R
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This square system for the unknowns αi is a mapping from a reference sim-
plex in Rn+1 to the simplex with vertices F (vi). In practice, a piecewise-linear
approximation to F is used. Again using barycentric coordinates, the approx-
imation within a p-cell is

F (

p∑
0

αivi) ∼
p∑
0

F (vi)αi .

This expression only depends on the vertices of the p-cell, so the approxima-
tion is continuous between adjacent simplices. The point where the interpolant
is zero is the solution of the (n+ 1)× (n+ 1) linear system

Δα ≡

⎡
⎢⎢⎢⎣
F 0(v0) . . . F 0(vn)

...
...

Fn−1(vn) . . . Fn−1(vn)
1 . . . 1

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
α0

...
αn−1

αn

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

0
...
0
1

⎤
⎥⎥⎥⎦ .

This is one step of Newton’s method when using differences for the
Jacobian. If, say, α0 is eliminated using the last row then we have that
α0 = 1− α1 − . . .− αn, and the system for the remaining αi is⎡
⎢⎣ F 0(v1)− F 0(v0) . . . F 0(vn)− F 0(vn)

...
...

Fn−1(vn)− F 0(v0) . . . F
n−1(vn)− F 0(vn)

⎤
⎥⎦
⎡
⎢⎣ α0

...
αn

⎤
⎥⎦ =

⎡
⎢⎣−F

j(v0)
...

−F j(vn)

⎤
⎥⎦ .

3.2.4 Allgower and Schmidt’s Pattern Algorithm

This algorithm described in [3] extends Allgower and Georg’s one-dimensional
simplicial continuation [1] to arbitrary dimension. It produces a list of (n+k)-
dimensional simplices and points at which a piecewise-linear approximation
to F is zero.

The solution space Rn+k is decomposed as a simplicial complex by us-
ing the Kuhn-Freudenthal triangulation; cf. Sect. 3.1.3. The initial solution
(u0, λ0) is used to choose the origin z so that the simplex (z, π) with π the
identity permutation contains the initial solution. For example, the expres-
sion for the vertices of the simplex can be used to choose z so that the point
with barycentric coordinates (1, . . . , 1)/

√
n+ k is the initial point. A list of

the indices (z, π) of the simplices which will be output is kept, starting with
the initial simplex.

Iteratively, the n-dimensional faces of the simplices in the aggregate that
lie on the boundary are tested to find those that cross M ; cf. Sect. 3.2.3. The
candidate faces are kept in a list, which is updated as simplices are added to
the aggregate. The n-faces of the initial simplex are found by removing all
combinations (without order) of k vertices from the index of the simplex. The
n-dimensional simplices that are found to cross M play the role of points on
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Fig. 3.24. Allgower and Schmidt’s algorithm: a transverse (n−k)-dimensional face
(an edge since n − k = 1 ) and the simplices on which it lies. This collection of
simplices is the neighborhood of the transverse face. The merge is easy, since the
simplices are all drawn from a larger simplicial complex.

the boundary. The points on the piecewise-linear interpolant can be stored,
but are not needed by the algorithm.

With a simplex that crosses M , all of the (n + k)-dimensional simplices
that have this simplex as a face (i.e. the co-boundary) are checked. Any that
are not on the list are added. This is a process of adding k vertices to the
index of the face, with vertices that lie across any (n+k−1)-dimensional face
that contains the boundary simplex. This set of simplices is the neighborhood
of the boundary; see Fig. 3.24.

Finally, the list of boundary points is updated, by removing those that
lie on an (n + k − 1)-dimensional face for which both cells on either side of
the face are in the list, and by adding those n-dimensional faces of the newly
added simplices that lie on (n + k − 1)-dimensional simplices with only one
cell on the list. Finding the index of the simplex on the opposite side of an
(n + k − 1)-dimensional face is a pivot, and the action of the pivot on the
index is known.

3.2.5 Rheinboldt’s Moving-Frame Algorithm

Rheinboldt’s moving-frame algorithm [32] represents M as a k-dimensional
mesh with vertices on M . Any fixed mesh can be used, but there must be an
ordering on the mesh points si and a way to find a point sĩ with ĩ < i and
close to si. For a rectangular mesh this is straightforward.

The initial point is s0, which is mapped to the initial point (u0, λ0), and
Φ0 is any orthonormal basis for the null space of the Jacobian at the initial
point; see Fig. 3.25.

Each mesh point is computed in sequence. At step i, (uĩ, λĩ) is the bound-
ary point.

The neighborhood of the boundary point is not explicitly represented, but
might be defined as the mesh cells with index less than i that include sĩ as a
vertex. The only point without a mapping to M is the point i. The mapped
point (ui, λi) is found by projecting si− sĩ orthogonally onto M by using the
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Fig. 3.25. Rheinboldt’s moving-frame algorithm when using a rectangular mesh,
shown as the natural parameter version (a) and as the solution-space version (b).
The natural order (e.g., left to right and bottom to top) is used on the mesh vertices,
and the continuation advances in the same order. Moves from scan line to scan line
use the point at the beginning of the scan as an initial guess.

tangent space Φĩ. The new tangent space is found by first solving the linear
system

F(u, λ)(ui, λi)Φ̃i = 0 ,

ΦT
ĩ
Φi = I

and then orthonormalizing Φi. The merge operation is trivial as it just involves
incrementing i.

3.2.6 Brodzik’s Tiling Algorithm

Brodzik and Rheinboldt’s continuation method for 2-manifolds [10] and
Brodzik’s extension to arbitrary dimension [9] representM as a k-dimensional
Delaunay triangulation with vertices that lie on M .

The initial simplicial complex is a reference Delaunay triangulation of a
k-dimensional spherical ball. The vertices on M are found by projecting the
set of vertices si onto M by using the tangent space at the initial point.

A boundary point is a vertex on any simplex that has a (k−1)-dimensional
face without two simplices on opposite sides of the face.

The neighborhood is the projection of the vertices of the reference decom-
position of the spherical ball orthogonally onto M , although not all vertices
are projected.

The difficult step in this algorithm is the merge. The points of the current
Delaunay triangulation which are near the boundary point are projected into
the tangent space at the new point

s̃j = ΦT
i ((uj , λj)− (ui, λi)) .
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Fig. 3.26. The natural parameter version of Brodzik and Rheinboldt’s algorithm
[10] and Brodizk’s extension to arbitrary dimension [9].
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Fig. 3.27. The arclength continuation version of Brodzik and Rheinboldt’s algo-
rithm [10] and Brodizk’s extension to arbitrary dimension [9].
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Fig. 3.28. A homotopy in the radius R of the circle about λi for obtaining a starting
point on the boundary of the neighborhood of λi for Melville and Mackey’s boundary
algorithm.

The previously computed vertices carry with them part of the entire Delaunay
triangulation. First, points from the spherical ball that lie inside this projected
triangulation are discarded. Next, points from the sphere that lie too close to a
vertex of the triangulation are also discarded. Finally, the remaining points are
projected orthogonally onto M and the Delaunay triangulation is updated to
include the new vertices. This last step is done in the tangent space. It involves
removing some of the cells from the triangulation and replacing them with
new cells; see Fig. 3.26.

The extension to an arclength continuation is done as follows. The points
that are near the boundary point are projected onto the tangent space at the
boundary point. Then one proceeds as if the tangent space coordinates were
the parameters in the natural parameter continuation; Fig. 3.27.

3.2.7 Melville and Mackey’s Tiling Algorithm

Melville and Mackey’s algorithm [29] is strictly two-dimensional. M is not
explicitly represented, rather the boundary of the triangulation is represented
as a polygonal curve with vertices on M .

The initial polygon is found using PSALC, starting at the initial solution,
and solving the modified system

F (u, λ) = 0 ,
|u− u0|2 + |λ− λ0|2 −R2 = 0 .

To obtain an initial solution for this system, a homotopy can be performed
in the radius R. To this end, one starts at R = 0 when (u0, λ0) is a solution
and increases R to a final value that is chosen to be roughly the desired
resolution ofM . With a point on the intersection ofM and the sphere, PSALC
can be used to trace the intersection of M and the sphere clockwise relative
to Φ0. The polygon formed by the computed points is the initial boundary
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Fig. 3.29. The natural parameter version of Melville and Mackey’s boundary rep-
resentation algorithm for k = 2. Starting on the boundary of the region of interest,
a neighborhood is constructed by continuing around a circle (a); this neighborhood
is then merged with the region of interest (b).
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Fig. 3.30. Melville and Mackey’s boundary representation algorithm for k = 2 and
n = 3.

polygon. The tangent space Φi at each point on the boundary is found as in
the moving-frame algorithm, which preserves the orientation of tangent space;
see Fig. 3.28.

With an explicit representation of the boundary, any vertex will serve as
a boundary point.
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Fig. 3.31. The natural parameter version of the author’s covering algorithm.

The neighborhood of the boundary point is a circular disk of radius R,
represented by its boundary. Two PSALCs are done in the tangent space of
the boundary point. The first to the circle, and the second around the circle.

The merge operation starts by projecting the part of the existing boundary
whose vertices are near the boundary point into the tangent space at the
boundary point. This leaves a relatively simple two-dimensional problem of
clipping the boundary of the neighborhood against the existing boundary; see
Figs. 3.29 and 3.30.

3.2.8 The Author’s Covering Algorithm

This algorithm [20] represents the solution manifold M as a union of the
projection of spherical balls. Each ball lives in the tangent space of a point
ui on M , and is represented by its radius Ri, an orthonormal basis for the
tangent space Φi, and a restricted Laguerre-Voronoi polyhedral k-cell Pi.

The initial condition is found by finding Φ0, estimating the size of the ball
(cf. Sect. 3.2.3), and setting P0 to a cube slightly larger than the spherical
ball.

The boundary point is found by selecting a ball with a polyhedral vertex
that lies outside its spherical ball. If the ratio of the radii of neighboring balls
is within

√
2 then the origin (the center of the ball) is inside the polyhedron.

Then a boundary point can be found by finding the intersection of a line
between the origin and the exterior vertex and the sphere.

The neighborhood of the boundary point is the projection of a spherical
ball in the tangent space at the boundary point onto M . The polyhedron for
the boundary point is initialized to a cube centered about the origin.

The merge requires finding neighboring balls and subtracting complemen-
tary half-spaces from their polyhedra. The half-spaces are found by projecting
each center into the tangent space of the neighbor and using a ball of the same
radius, but now in the other tangent space; see Figs. 3.31 and 3.32.
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Fig. 3.32. The author’s covering algorithm in solution space. To update the poly-
hedra Pi the centers of neighboring neighborhoods are projected into the tangent
space at ui.

3.3 Performance of the Algorithms

We have tried to cast each of these algorithms as an iteration of the three basic
steps. Suppose that Mi is the part of the manifold that has been computed
up to step i. Then Mi+1 is found by selecting either a point or transverse
face ui that lies on the boundary of Mi, constructing a neighborhood N (ui)
of that point, and merging the neighborhood into Mi to get Mi+1. The five
algorithms differ in how they perform these steps, but there are two common
challenges that they must address.

The first challenge is that all algorithms use a simplicial or cellular approx-
imation to the manifold. To perform the merge the simplices in the neighbor-
hood must be compatible with those inMi, that is, they must either be disjoint
or have an intersection which is a face. Allgower and Schmidt’s pattern al-
gorithm maintains compatibility by selecting simplices from a decomposition
of the entire region of interest, as does Rheinboldt’s moving-frame algorithm.
Therefore, compatibility is guaranteed for these two algorithms unless the
mapping from simplices to M becomes singular. Melville and Mackey do not
attempt to store a representation of Mi, but instead keep its boundary as a
set of polygons, which is then updated. Their approach is limited to k = 2,
although, in principle, a simplicial approximation could be maintained for the
boundary in higher dimensions. However, in that case the compatibility issue
arises again. Brodzik’s algorithm maintains a Delaunay triangulation on M
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and deals with compatibility by removing points and recomputing the trian-
gulation locally. Finally, the author’s algorithm avoids the compatibility issue
by representing Mi as a set of overlapping neighborhoods. However, under-
neath this covering is a type of Voronoi triangulation of Mi, whose dual is a
Delaunay triangulation, which aids in finding boundary points. So it is possi-
ble to view the algorithm as having a merge — but by way of a method that
is not easily described without the Voronoi cells.

The second challenge is to avoid computing part of the manifold more than
once. This means that the boundary must be maintained in some form or
other. In Allgower and Schmidt’s pattern algorithm care is taken not to pivot
to a simplex that is already inMi. This is done by using a clever integer coding
of the simplices and keeping a coded list of simplices for Mi. Rheinboldt’s
moving-frame algorithm does not address the issue, but since there are a
finite number of ‘boundary’ vertices in the reference k-dimensional complex,
the algorithm at least terminates and does not cycle. Melville and Mackey
explicitly represent the boundary and update the boundary of Mi to find the
boundary of Mi+1. Brodzik’s algorithm detects the overlap of simplices, but
simply removes one of the overlapping simplices to leave a gap. The author’s
algorithm indirectly represents the boundary in terms of polyhedra in the
tangent space, which ensures that new points are within a given tolerance of
the boundary.

To illustrate how the five algorithms actually perform we implemented
them all, except Brodzik’s, and applied them to the simple example of com-
puting a sphere given by

F (u) = |u|2 − 1

for k = 2 and n = 3.
For these dimensions Allgower and Schmidt’s algorithm produces a decom-

position of the sphere; see Fig. 3.33(a). Even though the simplices in R3 are
fairly uniform, their intersection with the sphere is not, so that the method
can be expected to produce small triangles.

As described above, for a rectangular mesh Rheinboldt’s moving-frame
algorithm covers parts of the sphere more than once. Although square cells
were used in the k-dimensional reference space, the projection to the sphere
results in clustering of vertices near the poles (the initial point and tangent
space define an equator); see Fig. 3.33(b).

Melville and Mackey’s algorithm is able to cover the sphere, and to avoid
covering it more than once. Each vertex obtained lies on a curve on the sphere,
namely on the intersection of the spherical neighborhood in R3 that is used to
define a curve about the boundary point. In this case these curves are circular
arcs; see Fig. 3.33(c).

Brodzik’s algorithm not only leaves gaps, but the triangles on the sphere
are of a range of sizes; see Fig. 3.34.

The author’s algorithm successfully covers the entire sphere, and produces
polygonal Voronoi regions on the sphere; see Fig. 3.33(d).
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Fig. 3.33. Comparison of different methods when applied to a sphere. Panel (a) is
the result of Allgower and Schmidt’s pattern algorithm with tetrahedra selected from
a decomposition of 3 with 5 ∗ 20 ∗ 20 ∗ 20 = 40000 tetrahedra; the five-tetrahedral
decomposition of the cube was used, with eight copies reflected so that there are
no incompatibilities. Panel (b) is the result of Rheinboldt’s moving-frame algorithm
with a 50x50 mesh of size 0.1. Panel (c) is the result of Melville and Mackey’s
algorithm, which produces a set of boundaries (curves) on the sphere, which in this
case are circular arcs. Panel (c) is the result of the author’s algorithm with the
maximum radius of 0.1 and tolerance ε = 0.01.

The result of these computations is an approximation to a branched man-
ifold, but no mention has been made yet of how to compute the singular
boundary manifolds or how to move from one branch to another. In [21] there
is a discussion of branch switching for manifolds that, although it is cast in
terms of the author’s algorithm, could be applied to all of the algorithms ex-
cept Allgower and Schmidt’s pattern algorithm. The idea is that moving from
a point on M to a point projected orthogonal to the tangent space is one step
of PSALC. Therefore, singular points may be detected as usual in PSALC.
Branch switching is a little more complicated. For simplicial continuation each

R



3 Higher-Dimensional Continuation 113

xc

(a) (b)

Fig. 3.34. Brodzik’s algorithm applied to a sphere (with a larger simplex edge than
those above). Panel (a) shows the ‘gap’ that is left when the neighborhoods of points
like xc are dropped; these overlap neighborhoods whose centers, as measured around
the boundary, are not close to xc. Panel (b) shows the same computation with a dif-
ferent tolerance, which allows triangles to be more skewed; this additional flexibility
results in a smaller gap, but a lower quality triangulation. From M.L. Brodzik, The
computation of simplicial approximations of implicity defined p-dimensional man-
ifolds, Computers Math. Applic. 36(6) (1998) 93–113 c© 1998 by Elsevier Science;
reprinted with permission.

of the n-dimensional faces of the simplices are checked for points on M , so
unless a singular point lies at a vertex of the complex, there is no difficulty.

3.4 Conclusions

How a mathematical object is represented can affect the complexity of an
algorithm. The five algorithms for higher-dimensional continuation of implic-
itly defined surfaces discussed here all use different representations of either
the solution manifold or the neighborhood of a boundary point. They draw
on techniques from algebraic topology, computational geometry, linear pro-
gramming (the algorithm for subtracting a half-space from a polyhedron),
and differential geometry. When the results are placed side by side, it can be
seen that all five algorithms are a variation of constructing an approximately
spherical neighborhood of a point (or face) on the boundary, and merging the
neighborhood into the whole.

Lastly, a practical note. Some work has been done on visualizing solution
manifolds [27], but it is still not clear how one should visualize a 3-manifold
computed with any of these algorithms.
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Computing Invariant Manifolds via the

Continuation of Orbit Segments

Bernd Krauskopf and Hinke M Osinga

Department of Engineering Mathematics, University of Bristol, United Kingdom

A key feature of packages such as Auto [12, 15], Content [24] and Matcont

[11] is a collocation solver for two-point boundary value problems (BVPs); see
also Chaps. 1 and 2. In conjunction with pseudo-arclength continuation, it
is possible to find the solution of a two-point BVP and then continue it in
parameters. This basic idea will be known to most readers as the standard
technique to compute a one-parameter branch of periodic orbits. However, the
continuation of BVPs is a much more versatile tool and the solution need not
be a periodic orbit, but may be any specified orbit segment. For example, the
continuation of a suitable orbit segment is utilized in the HomCont extension
for the computation of connecting orbits; see [7] and also [13, 21, 43].

In this chapter we focus on the idea of representing an invariant global
manifold of a dynamical system as a family of orbit segments, which can
then be computed as a solution family of a suitable BVP. Note that the thus
computed object lies entirely in the phase space, rather than the product
of phase space and parameter space. More specifically, we consider an n-
dimensional autonomous vector field

ẋ = f(x, λ) (4.1)

where x ∈ Rn and f : Rn × Rm → Rn is sufficiently smooth. The multi-
dimensional parameter λ ∈ Rm remains fixed in most methods presented here,
in which case we drop the dependence of f on λ for notational convenience.
The vector field (4.1) induces a flow ϕt on Rn that determines the dynamics.

The global dynamics of (4.1) is determined by its equilibria, periodic orbits
and invariant tori, together with their global stable and unstable manifolds.
Equilibria and their stability properties can often be found analytically. How-
ever, since ϕt is rarely known explicitly, the task of finding periodic orbits,
invariant tori and global manifolds generally requires the use of numerical
techniques. We focus on the computation of an invariant manifold of (4.1)
that can be viewed as a one-parameter family of orbit segments. In other
words, in terms of the underlying vector field, we consider two-dimensional
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manifolds. This allows us to make use of the boundary value solver in Auto

[12, 15] to continue the respective orbit segments in order to build up the
manifold. Note that the same set-up can be used for higher-dimensional man-
ifolds, but then one needs to employ multi-parameter continuation methods;
see [2, 29] and Chap. 3.

Let us assume that (4.1) has an equilibrium x0, that is, f(x0) = 0. We
further suppose that x0 is a hyperbolic saddle, which means that the Jacobian
matrix Df(x0) at x0 has eigenvalues in both the open left-half and the open
right-half of the complex plane, but not on the imaginary axis. The stable
manifoldW s(x0) associated with x0 has the property that all orbits contained
in W s(x0) tend to x0 in forward time:

W s(x0) =
{
x ∈ R

n | ϕt(x) → x0 as t→∞} .
Similarly, the unstable manifold Wu(x0) is defined as the set of all orbits that
tend to x0 in backward time:

Wu(x0) =
{
x ∈ R

n | ϕt(x) → x0 as t→ −∞} .
The Stable Manifold Theorem [45] guarantees the existence of global stable
and unstable (immersed) manifolds that are as smooth as f . Furthermore,
the dimension of the (un)stable manifold is equal to the number of (un)stable
eigenvalues.

Equivalent notions of stable and unstable manifolds exist if (4.1) has a
saddle periodic orbit Γ with period TΓ . That is, Γ has Floquet multipliers both
inside and outside the unit circle of the complex plane, and only the trivial
Floquet multiplier (associated with the direction tangent to Γ ) on the unit
circle. As before, the Stable Manifold Theorem [45] guarantees the existence
of global stable and unstable (immersed) manifolds W s(Γ ) and Wu(Γ ) that
are as smooth as f . They are defined as the set of orbits that tend to Γ in
forward and backward time, respectively:

W s(Γ ) =
{
x ∈ R

n | ϕt(x) → Γ as t→∞}
and

Wu(Γ ) =
{
x ∈ R

n | ϕt(x) → Γ as t→ −∞} .
Note that the dimensions of W s(Γ ) and Wu(Γ ) are equal to one plus the
number of stable and unstable Floquet multipliers, respectively.

This chapter is organized as follows. We first consider in Sect. 4.1 the com-
putation of the one-dimensional intersections of a two-dimensional manifold
with a chosen Poincaré section. As we show in Sect. 4.2, our set-up is particu-
larly useful in the context of slow-fast systems and even allows us to compute
slow manifolds near a folded node. We then discuss in Sect. 4.3 how one can
compute two-dimensional global manifolds as a family of orbit segments. In
Sect. 4.3.3 we explain how one can compute two-dimensional invariant tori
with quasiperiodic dynamics in this set-up. We end with conclusions and an
outlook to future research in Sect. 4.4.
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4.1 One-Dimensional Global Manifolds in a Poincaré

Section

The Poincaré map of an n-dimensional vector field as given by (4.1) is defined
on an (n− 1)-dimensional section Σ ⊂ Rn. The image P (x) of a point x ∈ Σ
under the Poincaré map P is then defined as the next (or kth for some integer
k > 0) intersection of the orbit through x with Σ. Considering a Poincaré
map is a standard tool to study the properties of a periodic orbit Γ of a
vector field. The section Σ is chosen transverse to Γ and P is defined such
that an (isolated) intersection point γ0 of Γ with Σ is a fixed point, that is,
P (γ0) = γ0. Then locally near γ0 the map P is a diffeomorphism, so that the
dynamics of P on Σ near γ0 describes the local dynamics near Γ ; see, for
example, [27, 41, 53].

Suppose now that the vector field (4.1) has a saddle periodic orbit Γ .
To keep this exposition simple, we assume that the dimension of the phase
space is n = 3. In this case the periodic orbit Γ has two-dimensional stable
and unstable manifolds W s(Γ ) and Wu(Γ ), respectively. Furthermore, we
consider the standard situation that the Poincaré section Σ is a suitable two-
dimensional plane transverse to Γ , so that there exists a point γ0 ∈ Γ ∩
Σ. When properly defined in a neighborhood of γ0 as the kth return to Σ,
the Poincaré map P is a diffeomorphism and γ0 is a saddle fixed point of
P . As a consequence, the Stable Manifold Theorem guarantees the existence
of one-dimensional smooth (un)stable manifolds W s(γ0) and Wu(γ0) in the
region where P is a diffeomorphism. Moreover, globally we can view W s(γ0)
and Wu(γ0) as the intersections of the corresponding stable and unstable
manifolds of Γ . That is,

W s(γ0) = W s(Γ ) ∩Σ

and
Wu(γ0) = Wu(Γ ) ∩Σ .

Note that this definition has the advantage of being very geometrical. It fol-
lows from the properties of the manifolds W s(Γ ) and Wu(Γ ) in R3 that the
(generalized) global manifolds W s(γ0) and Wu(γ0) exist and are a union of
manifolds in Σ.

Indeed, W s(γ0) and Wu(γ0) are not necessarily single connected curves,
because P is typically not a global diffeomorphism. In general, P is discontin-
uous at points where the flow is tangent to Σ and we define the discontinuity
locus C as

C := {x ∈ Σ | f(x) · nx = 0} , (4.2)

where nx is the normal to Σ at x and the dot denotes the inner product in R3.
(If Σ is a hyperplane then nx = n is independent of x.) The complement of C
consists of open regions of Σ. In the region that contains γ0, we can define P
in a continuous and smooth manner and W s(γ0) and Wu(γ0) are well defined



120 Bernd Krauskopf and Hinke M Osinga

as the global manifolds of the fixed point γ0 of the map. The intersections of
W s(Γ ) and Wu(Γ ) with Σ become more interesting as soon as W s(γ0) and
Wu(γ0) cross the discontinuity locus C.

Let us consider a simple example, where the three-dimensional vector field
has a saddle periodic orbit Γ and we can choose a two-dimensional planar
Poincaré section Σ that intersects Γ transversely at exactly two points, say,
γ0 and γ1. Near both γ0 and γ1 one can define the Poincaré map P as a
local diffeomorphism (the second return to Σ). In the simplest case, the set
C is a single smooth curve that divides the plane Σ into the two regions of
local definition of P . In this situation, the stable and unstable manifolds of
γ0 and γ1 in Σ may cross C. One possibility is that a branch of W s(γ0) coin-
cides with a branch of W s(γ1), effectively connecting γ0 and γ1; see already
Fig. 4.2(c). This corresponds in the three-dimensional phase space to the case
that Σ intersects one side of W s(Γ ) in a single curve. There are other, more
complicated possibilities of how Σ may intersect W s(Γ ). For example, the
intersection in Σ may consist of a closed curve that corresponds to a piece of
W s(p0) that is not connected to any saddle; see already Fig. 4.4.

4.1.1 The ManBVP Method

From an algorithmic point of view, it is not a good idea to compute W s(γ0)
and Wu(γ0) by finding W s(Γ ) or Wu(Γ ) first and then determine their inter-
section with Σ. Rather we will find W s(γ0) and Wu(γ0) directly as subsets of
Σ by using what we call the ManBVP method. The key idea is to consider
the manifolds as one-parameter families of solutions to two-point boundary
value problems. Our method as reviewed here was introduced in [16], where
more details can be found.

The main essence of the ManBVP method is that one should think of the
Poincaré map not only as assigning P (x), but as assigning the entire orbit
segment

{ϕt(x) | 0 ≤ t ≤ tx}.
Here tx is the appropriate return time to the section Σ, which depends con-
tinuously on x. In particular, for γ0 ∈ Γ ∩Σ we have P (γ0) = γ0 and tγ0

= TΓ

is the period of Γ . The orbit segment that constitutes the action of P on x
is the solution u of the two-point boundary value problem that solves (4.1)
subject to the boundary conditions u(0) = x ∈ Σ and u(tx) ∈ Σ.

The ManBVP method has the key advantage that the locus C is no
longer a discontinuity boundary in the space of boundary value problems. It
is explained here for the computation of a one-dimensional unstable manifold
Wu(γ0) of a saddle fixed point γ0 ∈ Σ that is associated with a saddle pe-
riodic orbit Γ of (4.1). A one-dimensional stable manifold can be computed
in exactly the same way by reversing time. We assume that the single unsta-
ble Floquet multiplier λu of Γ is positive, i.e. λu > 1, so that the associated
Poincaré map P is orientation preserving onWu(γ0); if λu < −1, then Γ must
be covered twice to define the image of γ0 under P , that is, tγ0

= 2TΓ .
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Fig. 4.1. Graphical illustration of the ManBVP algorithm.

The ManBVP method approximates Wu(γ0) as an ordered list of mesh
pointsM = {φ0, φ1, . . . , φN} up to a prescribed arclength L. The computation
starts from the saddle periodic orbit Γ , which we find by continuation with
Auto [12, 15]. The periodic orbit is viewed as an orbit segment that defines
the image of γ0 under the Poincaré map P . We continue this orbit segment
in Auto [12, 15] not as a periodic orbit but as an orbit with both boundary
points in Σ. The first boundary point of the orbit segment is initially varied
along the unstable eigenvector of γ0 in Σ. In this way, the other boundary
point of the orbit segment begins to trace out an approximation of the initial
piece of Wu(γ0). We then allow the first boundary point to vary along this
initial piece and subsequently computed parts of the manifold, so that the
other boundary point continues to trace out more and more of the unstable
manifold.

Figure 4.1 gives an impression of how the ManBVP method works. The
variation of the first boundary point along the computed piece is done using
a piecewise-linear approximation of Wu(γ0) between mesh points in M . The
distance between consecutive points φk ∈ M ⊂ Σ varies depending on the
local curvature of Wu(γ0); in this sense, the method can be seen as an adap-
tation and refinement of the method in [36] to the specific context of general
Poincaré maps.

Set-Up of the Two-Point Boundary Value Problem

To set up a two-point boundary value problem that has solutions with end
points on Wu(γ0) we look for solutions of the system

u′(t) = T f(u(t)), (4.3)

with boundary conditions
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u(0) ∈ Σ, (4.4)

u(1) ∈ Σ. (4.5)

Note that (4.3) is in a scaled form so that all orbit segments have total time
1. Hence, the orbit segment {ϕt(x) | 0 ≤ t ≤ tx} associated with the image
P (x) of a point x ∈ Σ is rescaled as {u(t/tx) | 0 ≤ t ≤ 1} and the ‘period’
T = tx is now a parameter in the system.

We obtain a one-parameter family of solutions to (4.3)–(4.5) by letting
u(0) vary along the one-dimensional piecewise-linear approximation of (a first
piece of) Wu(γ0) instead of the two-dimensional space Σ. To this end, we let

Li(τ) = (1− τ)φi−1 + τφi, 0 ≤ τ ≤ 1,

denote the (parametrized) line segment between the already computed mesh
points φi−1 and φi. Then boundary condition (4.4) is replaced by

u(0)− Li(τ) = 0, (4.6)

where the index i varies as the computation progresses. Note that (4.6) auto-
matically ensures that u(0) ∈ Σ in case Σ is a hyperplane. For non-planar Σ
this introduces an error that is of the same order as the mesh error on M ; we
refer to [16] for details.

In order to detect during a computation that the end of the line segment
Li(τ) has been reached we introduce the user-defined functions

UZ(0) = τ,

UZ(1) = τ − 1.

When such an event is detected the algorithm switches either to the next
or the previous line segment. Indeed, it is necessary to allow switches to the
previous line segment, that is, to let u(0) trace Wu(γ0) backwards toward γ0;
namely, this occurs as soon as Wu(γ0) has crossed the discontinuity locus C.

The selection of the mesh points in M is based on the same accuracy con-
ditions as the method for diffeomorphisms in [36]. To decide when to generate
the next point φk+1 we calculate the distance

Δk :=||u(1)− φk ||
between the end boundary point and the last computed mesh point, and the
angle

αk := ∠(φk−1, φk,u(1))

between the last two computed mesh points and the end boundary point dur-
ing the continuation. We then monitor the user-defined accuracy conditions

UZ(2) = αmax − αk,

UZ(3) = (Δα)max −Δkαk,

UZ(4) = Δmin −Δk
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where αmax, (Δα)max, and Δmin are prespecified bounds set by the user; for
the examples below and in Sect. 4.2.1 we used αmax = 0.3, (Δα)max = 10−5,
and Δmin = 10−4. Note that the above conditions minimize the number of
mesh points required for achieving the accuracy conditions, so that the mesh
selection with respect to the curvature of the manifold is more refined here
than that in [36].

The first segment L1(τ) is defined by the line through γ0 in Σ in the
eigendirection associated with the unstable Floquet multiplier λu; see [16] for
details on how to find this direction. We assume that τ = 1 when a prespecified
maximum distance δ along this initial segment is reached. Indeed, this initial
distance δ has an important influence on the overall error of the approximation
to Wu(γ0); see [36]. Starting from the scaled orbit that represents Γ , we
continue the one-parameter family of solutions along L1(τ) while monitoring
the distance

Δ1 =||u(1)− u(0) ||
and the angle

α1 = ∠(γ0,u(0),u(1)).

When either of the accuracy conditions are met then the continuation stops
and we set φ1 = u(0) and φ2 = u(1). We then continue the computation
along the line segment L2(τ). Hence, the initial line segment between φ0 and
φ1 may, in fact, be shorter than the prespecified maximum distance δ.

During the computation we also record the orbit segments uk that are
used to find the points φk = uk(1) of M . These orbit segments give a good
impression of the relevant part of the two-dimensional manifoldWu(Γ ) in the
full phase space and provide further insight into the geometry of the manifolds.

Semiconductor Laser with Optical Injection

In this section we illustrate the performance of the ManBVP method by com-
puting the stable and unstable manifolds of a model for an optically injected
semiconductor laser. Manifolds in this system were also considered in [9] and
we show here how the ManBVP method is able to compute a one-dimensional
manifold across the discontinuity boundary C. The laser system is modeled
by the so-called rate equations{

Ė = K +
(

1
2 (1 + iα)n− iω)E ,

ṅ = −2γn− (1 + 2Bn)
(|E|2 − 1

)
,

(4.7)

and is well known to have rich dynamics; see Chap. 6 and [58]. Here,
E = (Ex, Ey) is the complex electric field and n is the population inver-
sion (the number of electron-hole pairs). The two main parameters are the
injected field strength K, and the detuning ω between the frequency of the
free-running laser and the injected frequency. The material properties of the
laser are described by the values of α, B and γ.
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We use the parameter values α = 2, B = 0.015, γ = 0.035, and choose
ω = 0.270 and K = 0.290, as in [9]. We study the Poincaré map P on the
section given by the plane Σ = {(E, n) | n = 0}. For this choice of parameters
a saddle periodic orbit Γ intersects Σ at four points denoted γ0, γ1, γ2, and γ3
in consecutive order. The discontinuity boundary C, where the flow is tangent
to Σ, is given by ṅ = 0 ⇔ |E| = 1 and ṅ > 0 for points with |E| < 1, whereas
ṅ < 0 for points with |E| > 1. Figure 4.2 gives an overview of the computations
of W s(Γ )∩Σ (black curves). The intersection points of the periodic orbit are
indicated by crosses. Panel (a) also shows a period-four sink (triangles) and
how Wu(Γ ) intersects Σ (grey curves). Since the manifold Wu(Γ ) does not
interact with C, it is of less interest here.

Figure 4.2(b) shows the branches of stable manifolds that spiral in toward
singular points on Σ. Notice that the two branches starting from γ1 and γ3
never interact with C. This means that the associated Poincaré map is a
diffeomorphism along the entire branch, and there is no particular difficulty
to calculate these branches. On the other hand, the two branches starting
from γ0 and γ2 cross C several times. A similar observation can be made
in Fig. 4.2(c) and we discuss here the behavior of the branch of W s(γ0) in
more detail. Figure 4.2(d) shows two branches of the stable manifold that are
disconnected from the four saddle points, which we also discuss in more detail
below.

Let us first focus on the left branch of W s(γ0) as an example of a branch
that crosses C. This branch of W s(γ0) is shown in Fig. 4.2(c) and the crossing
through C is more clearly illustrated in Fig. 4.3. Each row in Fig. 4.3 shows
the orbit segments used in the computation of an initial piece of W s(γ0)
together with the time profile of the last orbit segment computed for this
part. The black dots in the time profiles are the mesh points used by Auto

[12, 15] and the green line is Σ. As can be seen in Fig. 4.3(a1), the boundary
points u(0) of the orbit segments all lie near γ0. Since time is reversed to
compute a stable manifold, the orbit segments first flow downward from Σ.
They next intersect Σ near γ3 and so on until they return to Σ for the fourth
time. The boundary points u(1) are added to the mesh M representing the
initial piece of W s(γ0). The time profile in Fig. 4.3(a2) is representative for
all orbit segments in Fig. 4.3(a1) and shows three intersections with Σ (green
line) between u(0) and u(1); note that the end of the orbit segment is flowing
downward into the section. Row (b) in Fig. 4.3 shows the computation exactly
up to the point where W s(γ0) intersects C. The time profile in panel (b2)
shows that the last computed orbit segment still has three intersections with
the section between u(0) and u(1), but now the orbit segment is tangent to
Σ at u(1). As we continue to compute W s(γ0) past C, the ends of the added
orbit segments now flow upward into Σ. Row (c) of Fig. 4.3 shows this change
in behavior between orbit segments before and past C. The time profile in
panel (c2) shows that there are now four intersections of the last computed
orbit segment with Σ between u(0) and u(1). This orbit segment is again
representative for all orbit segments that end on the other side of C. As we
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Fig. 4.2. The stable and unstable manifolds, as computed by the ManBVP algo-
rithm, of the four-periodic saddle {γ0, γ1, γ2, γ3} (crosses) of (4.7) in Σ = {n = 0}
with α = 2, B = 0.015, γ = 0.035, ω = 0.270, and K = 0.290. The flow is tan-
gent to Σ along the unit circle labeled C. Panel (a) shows all computed parts of
the stable and unstable manifolds of {γ0, γ1, γ2, γ3}. Panel (b) highlights branches
of stable manifolds that spiral into singular points, panel (c) those that join two
of the saddle points, and panel (d) two disjoint pieces of manifold. From J.P. Eng-
land, B. Krauskopf and H.M. Osinga, Computing one-dimensional global manifolds
of Poincaré maps by continuation, SIAM J. Appl. Dyn. Sys. 4(4) (2005) 1008–1041
c© 2005 by the Society for Industrial and Applied Mathematics; reprinted with per-
mission.

already observed in Fig. 4.2(c), W s(γ0) continues until it reaches γ3. Indeed,
since γ3 is the next intersection of Γ when following Γ backward in time from
γ0, the extra intersection picked up once u(1) crosses C makes this possible.
Note that the same branch can also be computed as one of the branches of
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Fig. 4.3. A demonstration of how W s(γ0) of system (4.7) is computed across C.
Rows (a)-(c) show the computations before, at, and after the intersection with C,
respectively. Panels in the left column show orbit segments on W s(Γ ) used to com-
pute W s(γ0). The time profiles of the last orbit segment computed in each case are
shown in the right column (blue line), where the black dots indicate the mesh points
and Σ is the green line. From J.P. England, B. Krauskopf and H.M. Osinga, Com-
puting one-dimensional global manifolds of Poincaré maps by continuation, SIAM
J. Appl. Dyn. Sys. 4(4) (2005) 1008–1041 c© 2005 by the Society for Industrial and
Applied Mathematics; reprinted with permission.
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W s(γ3), where the computation starts out with orbit segments that intersect
Σ three times in between u(0) and u(1), and which become orbit segments
that intersect Σ only two times in between the boundary points as soon as C
is crossed.

Figure 4.4(a) shows an enlarged view of Fig. 4.2(d). The blue branch that
spirals around C is not connected to any of the intersection points of Γ .
However, all points on this disjoint segment lie on orbits that intersect Σ on
W s(γ1). This part of W s(γ1) is also colored blue in Fig. 4.4(a). Figure 4.4(b)
shows the orbits segments used in the computation of this disjoint part. All
orbit segments have u(0) on W s(γ1) and this part ofW s(γ1) is traversed back
and forth several times as u(1) crosses C. The segment traced out by u(1) is
an isolated submanifold that is due to the way W s(Γ ) intersects Σ. We are
able to compute this disjoint piece by choosing an already computed point on
W s(γ1) and integrating it backward in time until it intersects Σ again. We
then correct the solution such that it satisfies the boundary conditions and
use the ManBVP method to trace the entire isolated branch.

4.2 Global Manifolds of Slow-Fast Systems

In its simplest form, a slow-fast system can be written as{
ẋ = g(x, y, ε),
εẏ = f(x, y, ε),

(4.8)

where (x, y) ∈ Rn (in this section we again consider the case n = 3) and ε
determines the separation of slow and fast time scales. It is well known that a
slow-fast system of the form (4.8) with ε� 1 typically displays extreme sen-
sitivity to the initial condition [33]. However, the inherent accuracy of solving
two-point boundary problems (for example, with Auto’s collocation routines
as in our case) allows one to deal efficiently with the problem of a possible sen-
sitivity of the initial value problem. As a consequence, the ManBVP method
is able to compute global manifolds reliably also in the context of systems
with multiple time scales. This is demonstrated below in Sect. 4.2.1 where we
compute stable and unstable manifolds in a Poincaré section for a Van der
Pol-Duffing oscillator modeled by Koper [4, 35]. As is shown in Sect. 4.2.2, a
slight variation of the ManBVP method can be used to compute slow mani-
folds and their intersections, which are known as maximal canard orbits; see
also Chap. 8.

4.2.1 The Koper Model

We consider the Van der Pol-Duffing oscillator [4, 18, 35] as modeled by the
equations
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⎩
ẋ = ky − x3 + 3x− λ,
εẏ = x− 2y + z,
εż = y − z,

(4.9)

where ε determines the difference between two time scales. System (4.9), which
is often referred to as the Koper model, is also one of the examples in Chap. 2;
note that, while a slow-fast system can be written in different ways (on the
slow or the fast time scale) its implementation in Auto is always the same due
to the introduction of the time variable T . We take ε = 0.1, such that the x-
variable evolves on a time scale ten times faster than y and z. A saddle periodic
orbit Γ exists for k = −22.5 and λ = 18, together with an attracting orbit of
roughly twice the period. We choose the plane Σ = {(x, y, z) | z = −0.83},
which Γ intersects at two points γ0 and γ1. The flow of (4.9) is tangent to Σ
along the line C = {y = z = −0.83}; ż > 0 for points with y < −0.83 and
ż < 0 for points with y > −0.83.

Figure 4.5(a) shows the stable and unstable manifolds of γ0 and γ1 in Σ,
along with the computed orbit segments in panel (b). The saddles γ0 and γ1
are indicated by green crosses. The period-doubled attractor intersects Σ only
twice, at the points indicated by blue squares. One branch of Wu(γ0) and one
branch of W s(γ0) cross C and connect to γ1. The other branch of Wu(γ0)
tends to one of the sinks, as does one branch of Wu(γ1). The other branch
of W s(γ0) tends to −∞. Finally, the branch of W s(γ1) that does not connect
to γ0 spirals in toward a special point, namely the intersection point of the
one-dimensional stable manifold of a saddle equilibrium located below Σ; see
the green point below Σ in panel (b).

It is particularly challenging to compute W s(γ0) and W s(γ1). Not only
are the Floquet multipliers λu and λs of Γ negative, so that we need to use a
double covering, but λs is also very strongly contracting. Namely, λu ≈ −3.03
and λs ≈ −9.25 × 10−4. Hence, the contraction along the stable manifold is
1/(λs)2 = O(106). It is precisely this difference in scales that makes it impos-
sible to compute even the Poincaré map by solving an initial value problem.
However, the ManBVP method is able to compute both manifolds of γ0 and
γ1 in Σ; indeed, u(0) varies only on the order of O(10−9) during the compu-
tation of the entire branch of W s(γ0) that connects to γ1.

As Fig. 4.5(b) shows, many orbit segments are needed during the com-
putation. In particular, we are effectively computing the part of the two-
dimensional manifold W s(Γ ) that below Σ accumulates on the segment of
the stable manifold of the (green) saddle equilibrium.

4.2.2 Slow Manifolds and Canards Near a Folded Node

In this section we compute slow manifolds associated with a singularity that
is known as a folded node of a slow-fast system in R3. Suppose that the slow
variable x in (4.8) is two-dimensional (and, hence, y ∈ R) and that the critical
manifold S := {(x, y) ∈ R3; f(x, y, 0) = 0} is a nondegenerate folded surface
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in a neighborhood of the origin. Hence, the associated slow subsystem is sin-
gular along the fold curve. Such a folded critical manifold is the generic case
where Fenichel theory [20, 33] cannot be applied because the required normal
hyperbolicity breaks down along the fold curve. In particular, this situation
creates the interesting phenomenon (especially for ε �= 0) that the two sheets
of the associated slow manifold, one of which is locally attracting or stable and
one locally repelling or unstable, may intersect along special orbits known as
canard solutions. A canard solution has the unusual property that it follows
the unstable sheet for a certain amount of time before being repelled; see also
Chap. 8 and, for example, [5, 26, 54].

A folded node is a singular point on the fold line that corresponds to a
node equilibrium of the desingularized slow subsystem (where time has been
rescaled by the factor

√
ε) [5, 26, 54, 57]. A blow-up procedure, followed by

the restriction to a specific chart on the blown-up locus and desingularization
lead to a normal form near the folded node. Following [57], the normal form
can be written as the vector field⎧⎨

⎩
ẋ = 1

2μy − (μ+ 1)z +O(
√
ε),

ẏ = 1,
ż = x+ z2 +O(

√
ε).

(4.10)

Here μ is the ratio of the strong and the weak eigenvalue of the folded sin-
gularity of the reduced flow; the critical manifold of the original system is
represented by the set {x+ z2 = 0}.

We consider here the so-called maximal canards near the folded node,
which correspond to intersections of the stable sheet C− and the unstable
sheet C+ of the slow manifold for ε = 0 in (4.10). To this end, we compute
the sheet C− as a family of orbit segments with a slight modification of the
ManBVP method. Note that the sheet C+ is the image of C− under the
symmetry (x, y, z, t) �→ (x,−y,−z,−t).

We consider orbit segments between the x-section Σξ = {x = −ξ} and the
y-sectionΣη = {y = η} where ξ and η are suitable constants. The manifold C−

is a smooth perturbation of the stable sheet of the critical manifold (where
z is negative) away from the fold curve (at z = 0) where Fenichel theory
fails. Hence, for sufficiently large ξ the intersection curve of the sheet C−

with the x-section Σξ is approximated well by the one-dimensional line L =
{(x, z) = (−ξ,√ξ)}; in our computations we used ξ = 100 throughout. The
idea is now to continue the solution of the family of orbit segments u with
u(0) ∈ L and u(1) ∈ Ση, while monitoring the accuracy condition in terms
of the curve traced out by u(1) in Ση as is explained in Sect. 4.1.1. In other
words, loosely speaking C− is the ‘unstable manifold of the line L’. As starting

condition we use the explicit solution γs(t) = (−μ2

4 t
2 + μ

2 , t,
μ
2 t), which is

known as the strong maximal canard; there is a second explicit solution given
by γw(t) = (− 1

4 t
2 + 1

2 , t,
1
2 t), which is known as the weak maximal canard; see

[57].
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Fig. 4.6. The slow manifolds C− and C+ of system (4.10) for μ = 14.5. Panel (a)
shows C− up to the y-section Σ0.8, the inset panel (b) shows the intersection curves
of C− and C+ in the y-section Σ0.0, and panel (c) shows how the surfaces C− and
C+ between the y-sections Σ−0.8 and Σ0.8 intersect in maximal canards γs, γw and
η1 to η4.

Figure 4.6 shows the slow manifolds C− and C+ of (4.10) for μ = 14.5.
Panel (a) gives a global overview of the two-dimensional slow manifold C−

(red surface) computed up to the y-section Σ0.8 (green). This surface was
rendered from the orbit segments that were used in the computation of the
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curve C− ∩ Σ0.8. The chosen viewpoint emphasizes that C− is close to the
critical manifold {x = −z2} only for large negative x. Indeed near x = 0
the manifold C− starts to spiral and develops several folds. Also shown are
the explicitly known maximal canards γs and γw. Figure 4.6(b) shows the
intersections with the y-section Σ0.0 of the slow manifolds C− (red curve)
and C+ (blue curve); compare with [57]. The intersection points between
both curves are maximal canards, of which the strong maximal canard γs is
highlighted. Figure 4.6(c) presents an enlarged view of the geometry of C−

(red surface) and C+ (blue surface) between the y-sections Σ−0.8 and Σ0.8.
The manifolds C− and C+ intersect along the maximal canards γs and γw,
as well as the additional maximal canards η1 to η4 (black curves). Notice how
the maximal canards η1 to η4 spiral around the weak maximal canard γw. For
a more detailed study of maximal canards in (4.10) and their dependence on
the parameter μ we refer to [10].

4.3 Two-Dimensional Global Manifolds of Vector Fields

In the previous sections we computed one-dimensional manifolds in a Poincaré
section. Almost as a by-product, the orbit segments that are used in the
computation give an impression of a part of the associated two-dimensional
manifold of the underlying vector field.

In this section, we show how one can use the idea of continuing a family
of orbit segments to find enough and suitable orbit segments such that an
entire first part of a two-dimensional manifold is computed. In contrast to
how we selected a mesh, and corresponding orbit segments, in the previous
section, we are now interested in obtaining a good representation of the en-
tire two-dimensional object, and not just of a one-dimensional intersection
curve. Such a continuation of orbit segments, with a number of choices for
the boundary condition as detailed below, can be readily implemented in the
package Auto [12, 15]. While in general the resulting mesh has quite a lot
of mesh points, the computations are very accurate and remarkably fast; see
[39, Sec. 3] for a general overview of this method. The key property of the
continuation procedure is that the step size measures the change of the entire
computed orbit segment (and various parameters), and not just the change at
one of the end points. This means that, generally, the computation produces
a reasonable distribution of orbit segments along the manifold.

We first explain and demonstrate the method by computing the unstable
manifolds of the secondary saddle equilibria or saddle periodic orbits in the
Lorenz system [42]. We then discuss briefly how the basic idea of solving
suitable boundary value problems plays an important role in our own methods
for growing global (un)stable manifolds as a family of geodesic level sets.
Finally, we show how a suitable family of orbit segments can be used in a
scheme to find and follow a quasiperiodic invariant torus.
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4.3.1 A 2D Global Manifold as a Solution Family of BVPs

Let us now assume that the vector field (4.1) has a saddle equilibrium x0

with a two-dimensional unstable manifold Wu(x0), meaning that the Jaco-
bian Df(x0) has exactly two eigenvalues λu

1 and λu
2 with positive real part.

Suppose further that v1 and v2 are the associated (generalized) eigenvectors.
By definition, Wu(x0) consists of all orbits that converge to x0 in backward
time. The Stable Manifold Theorem [45] implies that Wu(x0) is tangent at
x0 to the plane spanned by v1 and v2. Therefore, we approximate Wu(x0) by
the collection of orbit segments that start on this plane at distance δ from x0.
That is, we are looking for solutions of the system

u′(t) = T f(u(t)), (4.11)

u(0) = x0 + δ(cos(θ)v1 + sin(θ)v2), (4.12)

where θ and T are free parameters. If the eigenvalues λu
1 and λu

2 are real, then
it is advantageous to choose the initial conditions on the ellipse given by the
ratio of the eigenvalues as

u(0) = x0 + δ

(
cos(θ)

v1

|λu
1 |

+ sin(θ)
v2

|λu
2 |
)
. (4.13)

In other words, boundary condition (4.12) is replaced by (4.13) during the
continuation.

A first orbit segment to start the continuation can be generated using
Auto as well. Namely, for arbitrary fixed θ = θ0 (0 ≤ θ0 < 2π) and T = 0,
the (constant) orbit u(t) = x0 + δ(cos(θ0)v1 + sin(θ0)v2) with 0 ≤ t ≤ 1 is a
solution for system (4.11)–(4.12). An actual trajectory for the specific value of
θ0 is then obtained using continuation in the free parameter T while keeping
the angle θ0 fixed. While this may seem like a complicated way of integrating
from an specific initial condition, it has the benefit that the output files of this
first step in Auto are then compatible with subsequent continuation steps.
In the case of computing a stable manifold, one simply generates an orbit for
T < 0, that is, integrating backward in time.

During the continuation of this first orbit, one can monitor a user-defined
function (a suitable end-point condition) that becomes the second bound-
ary condition in the continuation that generates the two-dimensional mani-
fold. That is, once the first orbit is generated, we continue this solution as a
boundary value problem where the initial condition on the small circle (4.12),
or ellipse (4.13) varies with the angle θ, which is now a free parameter in the
continuation. The resulting one-parameter family of orbit segments forms an
approximation of (a part of) Wu(x0). It is important to note that the angle
θ, which defines the initial condition, is not the sole continuation parameter
that determines the stepsize for the next orbit segment in the family. Instead
each continuation step is taken in the full product space of the (discretized)
functions u(·) and the parameters. That is, the continuation stepsize includes
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variations along the entire orbit, and θ is not fixed a priori, but is one of the
variables solved for in each continuation step.

There are several options for the second boundary condition that defines
the one-parameter solution family. We discuss several here, but our list is
certainly not exhaustive.

1. Fixed integration time
Probably the simplest choice is to compute a first orbit for fixed angle
θ = θ0 up to a suitable integration time T = T0, after which (4.11)–(4.12)
is continued in the angle θ while the parameter T is kept fixed. An example
of a computation with this choice for the second boundary condition can be
found in [14], where the computation of the unstable manifold of one of the
nontrivial equilibria in the Lorenz system [42] is used to find heteroclinic
connections to the origin 0. Namely, the orbits that (almost) connect to 0
spend a very long time near 0. Hence, when T is fixed, these connecting
orbits stand out by their short arclength; see [14, Fig. 9].

2. Fixed arclength
Another obvious choice is to fix the total arclength of the orbit segments.
To this end, one imposes the integral constraint∫ 1

0

T ||f(u(s)) || ds− L = 0 (4.14)

along the orbit segment, while solving (4.11)–(4.12). During the continu-
ation, both θ and T are free parameters and L is kept at a desired fixed
arclength. A computation with a fixed arclength was used in [39, Sec. 3] for
the computation of the stable manifold of the origin in the Lorenz system
[42].

3. Fixed product of arclength and integration time
It may be advantageous in certain calculations to fix the product L × T ,
where L is the total arclength along the orbit segment as defined above.
This is particularly useful if Wu(x0) contains connecting orbits with a
finite arclength of less than L. Since a connecting orbit is characterized
by the fact that T → ∞, keeping the product L × T fixed allows one to
continue orbit segments on Wu(x0) in θ past connecting orbits.

4. Constrained end point
Similar to what was done in Sect. 4.1 one can restrict the end point u(1)
to a codimension-one section of the phase space. This is done by adding
to system (4.11)–(4.12) the equation

g(u(1), θ, T )− α = 0.

Here g is an appropriate functional, chosen to control the end point in
a desirable manner, for example, by requiring one coordinate to have a
particular fixed value. The free parameters are again the angle θ and the
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integration time T , while α is kept fixed. We discuss an example of this
condition in more detail in the next section.

Indeed there are many other options to restrict the computations to a spe-
cific part of Wu(x0), which makes this approach rather flexible. For example,
the integrand of (4.14) in option 2 can be replaced by any other appropriate
functional h = h(u(s), θ, T ) to control the orbit in a desirable manner. Fur-
thermore, one can choose a combination of end point conditions and integral
constraints, but this is beyond the scope of this chapter.

2D Unstable Manifolds in the Lorenz System

We now give a more detailed example of how the above set-up can be used
to compute (un)stable manifolds even if they have a very complex geometry.
To this end, we consider the well-known Lorenz equations [42], which can be
written as the vector field ⎧⎨

⎩
ẋ = σ(y − x),
ẏ = �x− y − xz,
ż = xy − βz.

(4.15)

As is well known, the now classic parameters values of σ = 10, β = 8/3
and � = 28 lead to the Lorenz butterfly attractor, arguably the most famous
example of a chaotic attractor.

In [14] a detailed study is presented of how the two-dimensional stable
manifold W s(0) of the origin 0 and the two-dimensional unstable manifolds
Wu(p+) and Wu(p−) of the other two saddle equilibria p+ and p− intersect
in a combinatorial structure of heteroclinic orbits. Note that the points p+

and p− and the manifolds Wu(p+) and Wu(p−) are each other’s image under
rotation by π about the z-axis, which is a symmetry of (4.15). Hence, it is
sufficient to compute Wu(p+).

While Auto has no problems computing one-parameter families of orbit
segments onWu(p+), it is a challenge to render this manifold as a nice surface.
This is because Wu(p+) accumulates on the Lorenz attractor, which means
that it folds back over itself (and its counterpart Wu(p−)) infinitely often and
exponentially closely. The key ingredient here is to identify suitable families
of orbit segments. To this end, we take the well-established topological point
of view of identifying the different sheets to obtain a branched surface, which
is known as the template of the Lorenz system [22, 23].

Specifically, we generate an approximate template for Wu(p+) by consid-
ering the two families of orbit segments shown in Fig. 4.7 (a) and (b). Both
start along a fixed vector in the unstable eigenspace of p+ (at the diamonds)
and one family of orbit segments winds only around p+, while the other winds
once around p−. The end points of both families (indicated by the black hori-
zontal lines) are constrained to lie in the plane Σ = {z = �−1}, which passes
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Fig. 4.7. The two families of orbit segments used to compute a template for W u(p+)
of (4.15). The orbit segments start in the unstable eigenspace (at the �) of W u(p+)
and end in the section Σ28 = {z = 27}, either near p+ (a1) or near p− (b1). Both
families limit on the two singular orbit segments in panels (a2)/(a3) and (b2)/(b3),
which are composed of a heteroclinic connection to 0 (of type R or Rl) and an
initial piece of W u(0). From E.J. Doedel, B. Krauskopf and H.M. Osinga, Global
bifurcations of the Lorenz manifold, Nonlinearity 19(12) (2006) 2947–2972 c© 2006
by Institute of Physics Publishing; reprinted with permission.
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(a) (b)

(c) (d)

Fig. 4.8. The unstable manifolds of the nontrivial saddles p± and of the saddle
periodic orbit Γ±, respectively, as represented by the family of orbits in Fig. 4.7,
for ρ = 28.0 (a), ρ = 23.0 (b), ρ = 19.0 (c), and ρ = 14.0 (d). From E.J. Doedel,
B. Krauskopf and H.M. Osinga, Global bifurcations of the Lorenz manifold, Nonlin-
earity 19(12) (2006) 2947–2972 c© 2006 by Institute of Physics Publishing; reprinted
with permission.

through p+ and p−. In other words, we use option 4 of the boundary condi-
tions above by imposing the additional boundary condition that u(1) ∈ Σ.
This choice was made so that the two families ‘cover’ most of the right and
left wings of the Lorenz attractor, respectively.

We now explain this set-up and the different continuation steps in more
detail. Since the eigenvalues of p+ are complex conjugate, which implies that
orbits near p+ spiral around p+, it is convenient to use the initial condition

u(0) = x0 + r v1 (4.16)
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instead of (4.12). Here v1 is the real part of the complex conjugate pair of
eigenvectors associated with the eigenvalues of the linearization at p+, and r
is the radial distance from p+. Note that increasing r from one intersection to
the next of the same orbit (a fundamental domain of the return map to this
direction) is equivalent to changing the angle θ in (4.12) over 2π.

To generate an initial orbit segment of the family shown in Fig. 4.7(a)
we choose r = r0 = 5.5 fixed and continue the solution u(t) = x0 + r0 v1,
T = 0 in the free parameter T . Note that Wu(p+) is extremely flat near p+ so
that a point on the linear approximation at distance r0 = 5.5 from p+ is still
very close to Wu(p+). This is advantageous, because additional revolutions
around p+, of which there are more and more as r → 0, can only be resolved
accurately if a large number of mesh points is used. By using a quite large
value for r0 it suffices to use 800 mesh points. During this first run, we monitor
the end-point condition

PAR(12) = u(1)z − (�− 1) (4.17)

where u(1)z denotes the z-component of u(1). Hence, every time PAR(12) is
zero, which is detected as a user defined point (UZ in Auto), the end point
u(1) lies in Σ. The user can then select any such orbit segment, which is how
we obtained the two families in Fig. 4.7(a) and (b).

The next step of the process then consists of an Auto run where we con-
tinue system (4.11) with (4.16) and (4.17) as boundary conditions, and r and
T as free parameters. In the case of the orbit segments in Fig. 4.7(a), in one
direction the end point u(1) moves closer to p+. The last orbit segment in
this run is shown in Fig. 4.7(a2), where we can observe how the orbit passes
extremely close to 0 before making its loop around p−. Indeed, the orbit seg-
ments accumulate on a heteroclinic connection concatenated with a first piece
of the left branch of the one-dimensional unstable manifold Wu(0) of 0. The
heteroclinic connection is of type R, that is, it only spirals around p+ and never
around p− before converging to 0. When running the continuation in the op-
posite direction, the end point u(1) moves further away from p+ and the orbit
segments accumulate on the heteroclinic connection of type Rl concatenated
with a first piece of the right branch of Wu(0); the last orbit segment for this
run is shown in Fig. 4.7(a3). Note that the initial point u(0) (indicated by the
diamond) virtually does not move during these computations.

The second part of the template for Wu(p+) is generated in a similar
way. Here the starting orbit is generated from an initial condition at distance
r0 = 5.7 from p+ so that it spirals more than once around p−. The next time
when u(1) passes through Σ after the first loop around p− is where we stop
the continuation in T and use the resulting orbit segment to start the second
run. The resulting family of orbit segments is shown in Fig. 4.7(b1). The con-
tinuation in one direction leads to u(1) moving closer to p−, where the last
orbit segment is very close to the heteroclinic connection of type R concate-
nated with a first piece of the right branch of Wu(0); see Fig. 4.7(b2). The
continuation in the opposite direction has the effect that the orbit segments
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accumulate on the heteroclinic connection Rl concatenated with a first piece
of the left branch of Wu(0); the last orbit in this run is shown in Fig. 4.7(b3).
Again, u(0) (indicated by the diamond) hardly changes in these runs.

The two families shown in Fig. 4.7(a1) and Fig. 4.7(b1) can be used to
representWu(p+). To renderWu(p+) as a surface we generate a triangulation
by connecting corresponding mesh points on neighboring orbit segments. The
result as generated by the package Geomview [46] is shown in Fig. 4.8(a); this
image also shows the symmetric counterpart Wu(p−). The resulting surface
is indeed a good representation of the template of the Lorenz system; its
boundary is given by pieces of the unstable manifold of the origin.

Topologically the same orbit families as in Fig. 4.7 can be used to compute
the unstable manifolds of the saddle equilibria p± and the bifurcating saddle
periodic orbits Γ± for different values of the parameter �. Figure 4.8(b)–(c)
shows the manifolds Wu(Γ+) and Wu(Γ−) for � = 23.0, � = 19.0, � = 14.0,
respectively; the periodic orbits Γ± are shown as black curves. Notice how for
decreasing � the periodic orbits Γ± (black curves) grow. At the same time, the
‘hole’ in the respective template around the (now attracting) equilibria grows.
Eventually, for � ≈ 13.9265 the periodic orbits Γ± disappear in a homoclinic
bifurcation with the origin; see [14] for more details of this bifurcation.

One can notice some artifacts in the surface rendering in Fig. 4.8. They
occur because the orbit segments that are used to render the surface are not
evenly spaced everywhere. In fact, in some regions they are very close together.
For example, very many mesh points in Fig. 4.7 are contained in the very first
part of Wu(p+) where the orbit segments spiral around p+; this part of the
surface could be represented with a lot fewer mesh points. Furthermore, the
distance between mesh points on a given orbit segment is roughly given by
the arclength of the orbit segment divided by the number of mesh points.
Therefore, our straightforward way of generating a triangulated surface from
the Auto data results in quite elongated triangles in some parts of Wu(p+).
While the actual error is quite small (since all orbit segments lie onWu(p+) in
very good approximation), the angles between neighboring triangles may be
quite large. Therefore, the artificial lighting scheme of Geomview generates
some color differences on the surface.

More generally, the construction of a ‘smoother’ triangulation from Auto

data of orbit segments would require some serious post processing. Effectively,
one would need to decide where and how to ‘thin out’ the data to have a
uniform bound on the sizes and aspect ratios of the triangles in the overall
triangulation.

4.3.2 A BVP Set-Up to Find Geodesic Level Sets

As we have just seen, the generation of a mesh of a prescribed quality from
a computed one-parameter family of orbit segments is not a simple matter.
While the continuation step size is such that the orbit segments are never
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far apart, this does not generally guarantee a nice rendering of the two-
dimensional surface. This problem occurs because the orbit segments are only
required to be good approximations of solutions to the BVP, and there are
no restrictions placed on the position of the mesh points with regard to the
geometry of the computed surface. In fact, all other methods for computing
global manifolds are addressing the mesh generation from a more geometri-
cal point of view; see the recent survey [39] for more details. In particular,
Henderson [30, 39] stays closest to the idea of representing a global manifold
as a one-parameter family of orbit segments. The difference is that he uses
curvature information to cover the manifold with ‘fat trajectories’, so that the
computed mesh points on suitably chosen orbit segments are well distributed
over the manifold.

We now explain how the GlobalizeBVP implementation [17] of our own
method [37, 38] for the computation of two-dimensional global (un)stable man-
ifolds of vector fields makes use of Auto’s collocation and pseudo-arclength
continuation routines. The main idea behind this method is to build up the
manifold as a collection of geodesic level sets. This is a very natural choice from
a geometrical point of view, as the goal is to generate a circular mesh centered
around the equilibrium x0 (or periodic orbit Γ ) that grows radially in steps
that are dictated by the local curvature. Each circle has the property that the
mesh points on it lie at the same geodesic distance from x0 (or Γ ). Hence, the
GlobalizeBVP method also views the manifold as a one-parameter family
of curves — geodesic level circles in the case of a two-dimensional manifold
— but these curves are not directly related to the dynamics of the vector field
(4.1). In contrast to the method discussed in Sect. 4.3.1, each geodesic circle
cannot be expressed as the solution of a family of two-point boundary value
problems. Instead, it is generated one point at a time.

Let us consider again the computation of a two-dimensional unstable man-
ifold Wu(x0) of a saddle point x0. The GlobalizeBVP method starts with
N equally-spaced mesh points on the circle (4.12) in the unstable eigenspace
centered at x0 with radius δ. The piecewise-linear closed curve Cδ through
these mesh points is an approximation of the first geodesic level set, at dis-
tance δ from x0. Let us denote the last computed geodesic level set by Cr and
suppose that we wish to find the next geodesic level set Cb at a distance Δ
from Cr.

For each mesh point rk on Cr we wish to find the point bk on Cb that lies
closest to rk. To this end, we define a plane Frk

(approximately) perpendicular
to Cr at rk. The (unknown) intersection Wu(x0) ∩ Frk

is a one-dimensional
curve that is (locally) well defined. Note that any point in Wu(x0) ∩ Frk

lies
on an orbit that passes through Cr since, by definition, orbits on Wu(x0)
come from x0. The curve Wu(x0)∩Frk

is parametrized locally near rk by the
end points u(1) ∈ Frk

of solutions u(t), 0 ≤ t ≤ 1 to a one-parameter family
of two-point boundary value problems. Namely, we solve system (4.11)

u′(t) = T f(u(t))
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with the boundary conditions

u(0) ∈ Cr, (4.18)

u(1) ∈ Frk
. (4.19)

The continuation starts from the trivial solution u(t) = rk, 0 ≤ t ≤ 1 with
T = 0. We then continue in the parameter T while we monitor the distance

ΔT =||u(1)− rk ||

between the end point u(1) and the mesh point rk until the required distance
Δ is reached, which defines the point bk on the new geodesic level set.

Once bk is found, it is tested against similar accuracy criteria as those
explained in Sect. 4.1. Namely, we restrict the angle α between points on
three successive geodesic level sets and the product Δα. This maintains a
good resolution of the manifold; if bk is not acceptable then the geodesic level
set currently being computed is discarded and Δ is reduced. If all points on
Cb are found and acceptable then the geodesic level set is added to the mesh
representation of Wu(x0). We refer to [17, 37, 38] for further details.

While earlier implementations [37, 38] used a shooting technique for solv-
ing the boundary value problem to find the new point bk, the GlobalizeBVP

implementation [17] directly calls Auto’s collocation and pseudo-arclength
continuation routines. In fact, the set-up of the continuation of the one-
dimensional curve Wu(x0)∩Frk

is conceptually just as the computation of a
one-dimensional global manifold in a Poincaré section discussed in Sect. 4.1.1.
Namely, the start point u(0) is continued along the piecewise-linear represen-
tation of the geodesic circle Cr, while the end point u(1) is confined to lie
in the plane Fr; see [17] for details in terms of the respective user-defined
functions.

Stable Manifold in Chua’s Circuit

We now illustrate the GlobalizeBVP method by computing the stable man-
ifoldW s(0) of the origin in Chua’s circuit [8] with a smooth cubic nonlinearity;
see also [1, 55] and Chap. 7. The system is given by⎧⎨

⎩
ẋ = α (y − a x3 − c x),
ẏ = x− y + z,
ż = −β y − γ z,

(4.20)

where we take α = 10.0, β = 15.0, γ = 0.01, a = 0.1, and c = −0.2 as in [17].
For these parameters the origin has one unstable and two stable eigenvalues,
which are a complex conjugate pair. The strong spiralling dynamics onW s(0)
makes it particularly challenging to find a good approximation of this global
manifold.
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W s(0)

Cb

(a)

(b)

Fig. 4.9. Computation of W s(0) in Chua’s circuit (4.20) with the GlobalizeBVP

method. Panel (a) shows the orbit segments used in the computation of the geodesic
level set Cb at geodesic distance 0.75 from 0, and panel (b) the mesh with 64 geodesic
level sets when W s(0) is computed up to geodesic distance 2.1875.

We start the computation with 20 mesh points equally distributed on a
circle with radius 0.2 in the stable eigenplane centered around 0. The first
few geodesic level sets are shown in Fig. 4.9(a). The surface shown is built up
from geodesic level sets at distances 0.25, 0.35, 0.55, and 0.65. Figure 4.9(a)
shows the orbit segments generated by the GlobalizeBVP method to find
the next geodesic level set Cb at distance 0.75 by solving system (4.11) with
boundary conditions (4.18) and (4.19). Here Cr is the piecewise-linear curve
through the mesh points on the geodesic level set at distance 0.65, that is, the
boundary of the already computed piece of W s(0). The grey dots are the new
mesh points on Cb and the black dots are the other end points of the orbit
segments on Cr.

Notice that about half of the orbit segments move far away from 0 before
ending on Cb, which is a direct consequence of the nature of the dynamics
on W s(0). We remark that the example of Chua’s circuit is quite extreme
in this respect. In fact, the required orbit segments become even longer for
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geodesic level sets at larger distances. This is in contrast to, for example, the
two-dimensional stable manifold of the origin of the Lorenz system, which is
characterized by two real positive eigenvalues. Generally speaking, the need
to find quite long orbit segments by our BVP approach is the price we pay for
obtaining the parametrization of the global manifold by geodesic level sets.
On the positive side, this parametrization is geometrically optimal in the sense
that it is given by the geometry of the manifold and not by the dynamics on
it. Furthermore, it allows us to derive rigorous error bounds that go to zero
with the user specified accuracy parameters; see [38] for details.

Figure 4.9(b) shows the stable manifold W s(0) in Chua’s circuit (4.20)
computed up to geodesic distance 2.1875. Notice how W s(0) folds quite
sharply along the top and bottom edges of the image. The surface is ren-
dered so that the computed mesh is visible. The computed manifold W s(0)
is built up from a total of 64 geodesic level sets, that is, concentric topolog-
ical circles; the distance between them is determined by the local curvature
as was explained above. The radial curves are approximate geodesics. Notice
how during the course of the computation many new mesh points are added,
which then give rise to new approximate geodesics. Similarly, mesh points
may be removed, which can be identified in the mesh as an end point of an
approximate geodesic; an example can be seen in the top left of Fig. 4.9(b).
For more images of W s(0) we refer to [17].

Stable Manifold of an Optimal Control Problem

The representation of a global manifold by approximate geodesic level sets
can be exploited for visualization purposes. As we demonstrate now with an
example of a two-dimensional stable manifold in a four-dimensional phase
space, this is a particularly useful feature when the phase space is higher
dimensional. Specifically, we consider an inverted planar pendulum that is
balanced on a cart subject to a horizontal control force [28, 32, 44]. The
system can be written as⎧⎪⎨

⎪⎩
ẋ1 = x2,

ẋ2 =
g
l sin(x1)− 1

2mrx
2
2 sin(2x1)− mr

m lcos(x1)u
4
3 −mr cos2(x1)

,
(4.21)

where x1 is the angle measured from the upright position (not taken modulo
2π), x2 is its angular velocity, mr is the mass fraction of the pendulum with
respect to the total mass (of pendulum and cart), l is the length of the pendu-
lum, and g is the Earth’s gravitational constant. The function u constitutes
a control that is supposed to stabilize the point (x1, x2) = (0, 0), which is the
unstable equilibrium corresponding to the upright position.

A cost is associated with the stabilization via the instantaneous cost func-
tion

Q(x1, x2, u) = μ1x
2
1 + μ2x

2
2 + μ3u

2 (4.22)
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that penalizes both the state and the control, as long as the origin is not
stabilized. Here μ1, μ2 and μ3 are positive parameters. Pontryagin’s maximum
principle [56] ensures that an optimal control u exists that minimizes the
cost function Q over the infinite time interval [0,∞). The optimal solution is
represented by points on the two-dimensional stable manifold W s(0) of the
four-dimensional vector field given by the Hamiltonian

H(x1, x2, p1, p2) = Q(x1, x2, u
∗(x1, x2, p1, p2)) + p1x2 +

p2 f(x1, x2) + p2 c(x1, x2)u
∗(x1, x2, p1, p2) (4.23)

where u∗(x1, x2, p1, p2) = − 1
2μ3

c(x1, x2)p2. Namely, for any given initial con-

dition (x1, x2, p1, p2) onW s(0), the projection of the corresponding trajectory
onto the (x1, x2)-plane corresponds to a stabilizing solution via the (implicitly
defined) feedback control u = u∗(x1, x2, p1, p2) that locally minimizes (4.22).
Indeed, if in this projection W s(0) covers a point (x1, x2) more than once,
then typically only one of these solutions is optimal and the others are only
suboptimal; see [28, 44] for more details.

Figure 4.10 shows W s(0) for the parameters in [32], namely mr = 0.2,
l = 0.5 m, and cost function parameters μ1 = 0.1, μ2 = 0.05 and μ3 = 0.01.
The two-dimensional manifoldW s(0) was computed up to a geodesic distance
of approximately 26.25. It is rendered transparent in Fig. 4.10 and shown as
four projections onto the three-dimensional subspaces that one obtains by
setting one of the coordinates to zero. The transparent rendering allows one
to see how W s(0) ‘sits’ in each of the three-dimensional projections. Note
that the computed part of W s(0) is a topological disk that is parametrized by
the geodesic level sets. In particular, the boundary of the computed manifold
has the same geodesic distance to the origin, which lies in the center of the
manifold.

To help further with the interpretation of the geometry of W s(0) in R4, a
single geodesic band can be ‘moved’ over the manifold to observe how its geom-
etry changes simultaneously in all four projections. As an example, Fig. 4.10
shows the geodesic band covering the range 19–20 in a different color. Note
that the band is unknotted and that it divides the manifold W s(0) into an
inner disk and an outer annulus, which is not so obvious in Fig. 4.10(d).

4.3.3 A Two-Point Boundary Value Problem Set-Up for the
Computation of Quasiperiodic Invariant Tori

An invariant torus of a given dynamical system of the form (4.1) is a two-
dimensional compact invariant manifold that can be viewed as the two-
dimensional analogue of an equilibrium or a periodic orbit. Invariant tori
are born, for example, in a Neimark-Sacker bifurcation, where a pair of com-
plex conjugate Floquet multipliers of a periodic orbit crosses the unit circle
in the complex plane, or they arise from the uncoupled case in a system of
coupled oscillators. The bifurcating torus is initially normally hyperbolic [31],



146 Bernd Krauskopf and Hinke M Osinga

(a) (b)

(c) (d)

Fig. 4.10. The two-dimensional stable manifold W s(0) in (x1, x2, p1, p2)-space of
the controlled inverted pendulum (4.23). The surface is rendered transparent and is
shown simultaneously in the four projections p2 = 0 (a), p1 = 0 (b), x2 = 0 (c), and
x1 = 0 (d); the differently colored band covers geodesic distances 19.0–20.0.

which means that it is persistent under small perturbations. Depending on the
rotation number, the dynamics on the torus is either quasiperiodic (equiva-
lent to a parallel flow on the standard torus) or locked, in which case there
is an attracting and a repelling periodic orbit on the torus. Locked dynam-
ics occurs in so-called resonance or Arnol′d tongues, parameter regions that
are bounded by saddle-node bifurcations of the locked periodic orbits on the
torus. The resonance tongues emerge from points on a Neimark-Sacker curve
where the rotation number is rational, while the quasiperiodic tori exist along
one dimensional curves that start from points where the rotation number is
irrational. The overall picture is truly two-dimensional in parameter space;
see, for example, [3, 41, 52] as entry points to the extensive literature. A main
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difficulty is that invariant tori may lose their normal hyperbolicity in many
different ways, some of which are still not fully understood.

It may not be too surprising that the computation of invariant tori is still
considered a very challenging task. In fact, only a few specialized algorithms
exist; see [49] for a recent overview. We review here the algorithm presented
in [50] for the computation of quasiperiodic invariant tori, because it utilizes
the two-point boundary value solver of Auto. Namely, the idea is to view a
quasiperiodic invariant torus T of (4.1) as an invariant circle TΣ in a suitable
Poincaré section Σ that is chosen transverse to T. The associated Poincaré
map that leaves TΣ invariant can be formulated as a two-point boundary value
problem in the same way as was done in Sect. 4.1.

To explain the method from [50] in detail we need the dependence of (4.1)
on the parameter λ and, for convenience, we assume that it is of the form
λ = (α, β). We restrict our discussion to the case of a two-dimensional torus
T, but it is straightforward to generalize the method to higher-dimensional
tori. The idea is to construct a two-point BVP in two steps: we start with the
invariance condition for invariant circles of the time-T map of (4.1) and then
replace the time-T map with a BVP.

An invariant circle u(θ) of the time-T map ϕT of (4.1), where θ ∈ S1 is
parametrized over [0, 2π], satisfies the invariance condition

u(θ + 2π�) = ϕT (u(θ), α, β), (4.24)

where � is the rotation number of ϕT restricted to the invariant circle [6,
34]. The invariance condition (4.24) is discretized by approximating u with a
Fourier polynomial

u(θ) = c1 +

N∑
k=1

c2k sin θ + c2k+1 cos θ,

where cj ∈ Rn are real coefficient vectors, and requiring that (4.24) holds at
the Q = 2N + 1 collocation points θj = 2πj/Q, j = 1, . . . , Q. Note that the
discretized solution is not unique. First of all, T is still unknown and, secondly,
the solution u(θ) is not isolated because for any phase shift s ∈ S1 the shifted
function u(θ + s) is also a solution.

By identifying xj(0) = u(θj) and xj(1) = u(θj +2π�) and substituting the
initial value problem {ẋj = f(xj , α, β), xj(0) = u(θj)} for the time-T map
ϕT in (4.24), one obtains the BVP
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ẋj = Tf(xj , α, β), (4.25)

ċj = 0, (4.26)

xj(0) = u(θj), (4.27)

xj(1) = u(θj + 2π�), (4.28)
n∑

i=1

∫ 2π

0

ũ′i(θ)ui(θ) dθ = 0, (4.29)

n∑
i=1

∫ 1

0

(x1,i(t)− x̃1,i(t))x
′
1,i(t) dt = 0. (4.30)

Here boundary conditions (4.27) and (4.28) represent the invariance condition
(4.24), while (4.29) and (4.30) are phase conditions that determine a unique
return time T and phase shift s. Note that s does not occur explicitly in (4.29)
and that (4.30) cannot be simplified similarly to (4.29), because x1 is not
periodic in t; see also [47, 48, 50]. Condition (4.26) on the Fourier coefficients
can be omitted, but is necessary if one wants to implement (4.25)–(4.30) in
Auto.

System (4.25)–(4.30) consists of 2Q n-dimensional ODEs and 2Q n-
dimensional boundary conditions for the functions xj and cj , and two scalar
phase conditions for T and the parameter α. Continuation of a solution of
this system with respect to β is a way to compute a codimension-one family
of quasiperiodic invariant tori with the fixed rotation number �.

Tori in an Electronic Circuit Model

To demonstrate the method we consider the model of an electronic circuit that
was investigated in detail in [49, 51]. The system can be written in vector-field
form as the parametrically forced system⎧⎪⎪⎨

⎪⎪⎩
ẋ = y,

ẏ = (β/2− α)y − (β − α)y3 − (1 + α sin 2t)x,

ṫ = 1,

(4.31)

where α is the forcing amplitude and β determines the nonlinear damping.
For α = 0 system (4.31) is autonomous and its flow ϕt(x, y, t) in the phase
space R× R× S1 is a superposition of the flow in the two-dimensional (x, y)-
space with the constant flow given by ṫ = 1. For β > 0 there is a limit cycle
in (x, y)-space and, hence, system (4.31) has a normally attracting invariant
torus, which persists as an invariant manifold for sufficiently small forcing
amplitude α [19]. For a specified rotation number � a start solution for α = 0
is found by continuing the β-family of periodic solutions in the (x, y)-plane and
interpolating it as a function of the rotation number � = π/T (β). Here T (β)
is the period of the periodic solutions that for (4.31) increases monotonically
as a function of β.



4 Computing Invariant Manifolds 149

3 4 5 6 7
0

0.1

0.2

0.3

0.4

0.5

0.6

β

α

(b)

(c)

(d)(a) (b)

(c) (d)

Fig. 4.11. The bifurcation diagram (a) of (4.31) with selected resonance tongues and
curves of quasiperiodic tori, together with three quasiperiodic tori (b)–(d) computed
as solutions to (4.25)–(4.30). The torus is shown as a gray surface and the closed
curves at t = 0 and t = π represent the same invariant circle. The thin black curves
connecting these circles are orbit segments used in the computation; only every
fourth orbit is shown for clarity.

Figure 4.11 shows the result of computations of quasiperiodic invariant
tori of (4.31) with the above BVP set-up (4.25)–(4.30). The computations
were performed with N = 64 Fourier modes and a second-order Gauß collo-
cation scheme with 300 mesh points. Panel (a) shows from left to right the
Arnol′d tongues for the rotation numbers � ∈ { 3

7 ,
2
5 ,

3
8 ,

1
3} as grey wedges

and the quasiperiodic curves for the rotation numbers � = N
140

√
2 with

N ∈ {41, 38, 35} as bold black curves. Figure 4.11(b)–(d) shows sample so-
lutions of the BVP (4.25)–(4.30), that is, representations of quasiperiodic
invariant tori that were obtained at the marked positions in panel (a) during
the continuation along the left-most quasiperiodic curve. The tori are shown
as gray tubes that are bounded by bold black closed curves representing the
invariant circle at t = 0 and t = π. The thin black curves are orbits on the
tori that connect the points xj(0) = u(θj) with xj(1) = u(θj + 2π�), which
are part of the solution of (4.25)–(4.30); for clarity, only every fourth orbit
is shown. Notice the change to the torus from Fig. 4.11(b) to Fig. 4.11(d)
when α is increased towards the top of the locus where the torus loses normal
hyperbolicity and the computation stops.
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4.4 Summary and Outlook

The basic idea of continuing the solution of a two-point boundary value prob-
lem is very versatile. As we have demonstrated in this review, it can also be
used to compute different types of global manifolds, including one-dimensional
(un)stable manifolds in Poincaré maps, two-dimensional global manifolds of
vector fields, slow manifolds in slow-fast systems, as well as quasiperiodic in-
variant tori. The common theme here is that one needs to consider a suitable
family of orbit segments. The continuation of this family can then be achieved
by making use of the collocation solver and continuation routines of Auto.

In this chapter we have given a flavor of how the BVP solver of a pack-
age such as Auto can be used in less obvious ways. We hope that this will
stimulate further research into the computation of invariant manifolds, and
we mention two directions of ongoing research.

As the wide range of applications indicates, there are other types of invari-
ant objects that can be computed within the presented general framework. In
particular, there is an interest in manifolds that are associated with a certain
subset of the stable or unstable eigenvalues or Floquet multipliers [31, 59]. Ex-
amples are the computations of a weak unstable manifold in a delay equation
model of a laser with phase conjugate feedback [25], and of a two-dimensional
surface (with the method in Sect. 4.3.1) that separates forward and backward
phase resets in a model of a cardiac pacemaker [40].

Another interesting possibility is the computation of higher-dimensional
global manifolds in a similar fashion, where the manifold is now represented as
a family of orbit segments that is parametrized by more than one continuation
parameter. Combining the general BVP set-up presented here with higher-
dimensional continuation as discussed in Chap. 3 provides a quite natural
approach for computing, for example, two-dimensional manifolds in Poincaré
maps and three-dimensional global manifolds in vector fields. However, there
remain interesting open questions concerning the representation and visual-
ization of the resulting data.
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Josephson [8] predicted in 1962 that a DC tunnel current would flow between
two superconductors connected by a thin insulating layer of thickness less
than about 20 Å in the absence of a voltage difference, an effect now called
the DC Josephson effect. The quantum-mechanical current, called the super-
conducting current, arises from the tunneling of Cooper pairs of electrons of
opposite spin and momenta and is given by

Is = Ic sinφ, (5.1)

where Ic is the critical current and φ is the difference of the phases of the wave
functions of the two superconductors. This gives the ideal current through a
junction, but in real circuits there are resistive and capacitive currents as well.
One of the standard models of a more realistic circuit is the so-called Stewart-
McCumber resistively-shunted-junction (or RSJ) model, which is described
by the following equation for the current [6, 9]:

hC

2e

d2φ

dt2
+

h

2eR

dφ

dt
+ Ic sinφ = I. (5.2)

Here h is Planck’s constant, e is the charge on an electron, h/2e is the flux
quantum, C is the capacitance, R is the resistance, and I is the imposed bias
current. To simplify (5.2) define the frequency Ω =

√
2eIc/hC and the scaled

time τ = Ωt; then (5.2) becomes

φ̈+ εφ̇+ sinφ = i, (5.3)

where ε = (ΩRC)−1, i = I/Ic, and the dot denotes derivation with respect
to the rescaled time τ .

A very useful correspondence of this system to a pendulum provides insight
into the dynamics studied later. In fact, the pendulum will serve as the basic
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Fig. 5.1. Two pendula coupled via a torsion bar. From D.G. Aronson, E.J. Doedel
and H.G. Othmer, The dynamics of coupled current-biased Josephson junctions II,
Internat. J. Bifur. Chaos Appl. Sci. Engrg. 1(1) (1991) 51–66 c©1991 by World
Scientific Publishing; reprinted with permission.

physical model; see also [1]. Suppose that a pendulum consists of a bob of
mass m that is attached to a (weightless) rod of length L. Then the equation
of motion is

Λ
d2φ

dt2
+ η

dφ

dt
+mgL sinφ = T, (5.4)

where Λ = mL2 is the moment of inertia of the pendulum, g is the gravi-
tational acceleration, η is the damping, φ is the angle between the bob and
vertical measured from the downward position, and T is the applied torque.
After non-dimensionalization this leads to (5.3).

When a ring of superconducting material contains two Josephson junc-
tions, the result is a superconducting quantum interference device (SQUID),
so called because the wave functions of the Cooper pairs at each junction
interfere. SQUIDS are among the most sensitive devices for detecting mag-
netic fields — a SQUID is capable of detecting magnetic fields of around 2
picotesla, i.e., at the quantum flux level. The coupling between phases across
the junctions is proportional to the difference of phases, and therefore, the
system of equations governing a SQUID is{

φ̈1 + εφ̇1 + sinφ1 = γ(φ2 − φ1) + I,

φ̈2 + εφ̇2 + sinφ2 = γ(φ1 − φ2) + I.
(5.5)

Here, γ is the coupling coefficient, and the dimensionless bias current I is
assumed to be the same for both junctions.

An identical pair of equations governs the motion of two pendula coupled
by a linear torsional spring or bar, and forced with an applied torque I; see
Fig. 5.1. We use this system as the paradigm in this chapter and we attempt
to synthesize the results of [3, 5] and the unpublished study [2], which are all
written in collaboration with Eusebius Doedel. The work involves extensive
numerical studies that were carried out using DsTool, MatLab, and primar-
ily, Auto. In the next section we analyze the equilibria of (5.5). Section 5.2



5 The Dynamics of SQUIDs and Coupled Pendula 157

considers the undamped undriven case, which is part of the unpublished re-
sults in [2]. We analyze both equilibria and periodic orbits for this case, and
also discuss the computation of heteroclinic connections. Finally, Sect. 5.3
shows the existence of so-called rotations, periodic solutions with a period
that is an integer multiple of the forcing frequency. We discuss their stability
in Sect. 5.4 and draw some conclusions in Sect. 5.5.

5.1 Equilibria and Their Stability

We begin by analyzing the existence and stability of equilibria for the coupled
system. Clearly (5.5) is invariant under the transformation φi → φi + 2π
and, thus, defines a flow on the product space {S1 × R}2. In addition, (5.5)
is invariant under the transformations φi → φi+1 (mod 2) and (φi, I) →
(−φi,−I). Therefore, we assume that I ≥ 0 from now on. In order to analyze
(5.5) it is convenient to introduce the variables

r =
1

2
(φ1 − φ2) and s =

1

2
(φ1 + φ2),

where r is (half) the instantaneous phase difference and s is the average phase
difference. In these variables, and when written as a first-order system, (5.5)
becomes ⎧⎪⎪⎨

⎪⎪⎩
ṙ = u,
ṡ = v,
u̇ = −εu− sin r cos s− 2γr,
v̇ = −εv − cos r sin s+ I.

(5.6)

If γ = 0 then the pendula are uncoupled, and if r = 0 then they are in phase or
synchronized. The subspace r = u = 0 is invariant under the flow associated
with this system and we refer to it as the in-phase subspace. The dynamics on
this subspace are well characterized, even when the forcing is time dependent,
because the fourth-order system reduces to a second-order system [4, 13].

The equilibria of (5.6) are given by (R,S, 0, 0), where R and S are solutions
to the system {

sinR cosS = −2γR,
cosR sinS = I.

(5.7)

Solutions with |R| > 0 are called asynchronous equilibria, and those with
R = 0 are called synchronous equilibria. Clearly the existence of equilibria is
independent of the damping, but the forcing must be small enough (|I| < 1)
to have an equilibrium. In the SQUID context this means that the bias cur-
rent must be smaller than the superconducting current. In addition, solutions
must satisfy |R| < 1/2γ, and therefore the asynchronous solutions approach
synchronous solutions as the coupling strength increases.

With a slight abuse of notation we use the abbreviation (R,S) for equi-
libria, and in this notation we have the following: for γ = 0 system (5.7) has
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two countably infinite families of equilibria {(Rm, Sm)} and {(Rn, Sn)} that
satisfy

Rm = arccos (−1)mI, Sm =
2m+ 1

2
π (5.8)

and
Rn = nπ, Sn = (−1)n arcsin I, (5.9)

respectively. If we define σ = arcsin I then the complete set of solutions to
(5.8) is generated by 2π-translates in S and π-translates along the diagonal of
the basic sets

(R,S) =
(
±
[π
2
− σ

]
,
π

2

)
and (R,S) = (0, {σ, π − σ}) . (5.10)

For example, the π-translation along the diagonal of the basic set results in
the four equilibria(

3π

2
− σ, 3π

2

)
,

(
π

2
+ σ,

3π

2

)
, (π, 2π − σ) , and (π, 2π + σ) .

When the applied torque vanishes (5.7) reduces to

sinR = ±2γR. (5.11)

This equation has infinitely many solutions at γ = 0, and the number of
solutions decreases to zero by a sequence of saddle-node bifurcations as |γ|
increases. The last solution disappears at the value for which the line y =
±2γR is first tangent to the curve y = sinR.

The local stability of any equilibrium of (5.6) is determined by the eigen-
values of the Jacobian of the right-hand side of (5.6), which is

J =

⎡
⎢⎢⎣

0 0 1 0
0 0 0 1

− cosR cosS − 2γ sinR sinS −ε 0
sinR sinS − cosR cosS 0 −ε

⎤
⎥⎥⎦ =

[
0 I2
L −εI2

]
.

The eigenvalues of J are solutions to the pair of quadratic equations

λ2 + ελ− κ± = 0.

Here κ± are the eigenvalues of L, that is,

κ± =
1

2

(
trace(L)±

√
(trace(L))2 − 4det(L)

)
,

where

trace(L) = −2(cosR cosS + γ),

det(L) = (cosR cosS)
2 − (sinR sinS)2 + 2γ cosR sinS.
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(a)

(b)

Fig. 5.2. The first five sets of equilibria of (5.6) for ε = 0.15 as a function of the
coupling strength γ for I = 0 (a) and for I = 0.25 (b). Solid and dashed curves
denote stable and unstable solutions, respectively; saddle-node bifurcations arise at
the values of γ where there is a vertical tangent. From D.G. Aronson, E.J. Doedel
and H.G. Othmer, The dynamics of coupled current-biased Josephson junctions II,
Internat. J. Bifur. Chaos Appl. Sci. Engrg. 1(1) (1991) 51–66 c©1991 by World
Scientific Publishing; reprinted with permission.

Equilibria for which κ± are both negative are stable, those with κ+ κ− < 0
have a one-dimensional stable manifold, and those for which κ± are both
positive have a two-dimensional unstable manifold.

If γ = 0, the characteristic equation of L is

(κ+ cosR cosS)
2 − (sinR sinS)2 = 0.

and, therefore, for (R,S) given by (5.10) we have that



160 Donald G Aronson and Hans G Othmer

• κ+ = κ− = − cosσ < 0 for (R,S) = (0, σ),
• κ+ κ− = − cos2 σ < 0 for (R,S) = (±(π

2 − σ), π
2 ),

• κ+ = κ− = cosσ > 0 for (R,S) = (0, π − σ).

Thus, of the four points, only (R,S) = (0, σ) is stable, and the same pattern
is found for all the translates of these points. In terms of the phase angles of
the individual pendula, the existence and stability of equilibria at γ = 0 can
be summarized as follows. The three types of solutions are:

1. solutions with φ1, φ2 ∈ (0, π/2); these are asymptotically stable for any
ε > 0.

2. solutions with φ1 ∈ (0, π/2) and φ2 ∈ (π/2, π); these have a three-
dimensional stable manifold and a one-dimensional unstable manifold.

3. solutions with φ1, φ2 ∈ (π/2, π); these have a two-dimensional stable man-
ifold and a two-dimensional unstable manifold.

At γ = 0 there exists an infinite number of other equilibria for which R �= 0,
each of which can be continued for small |γ| because none of the equilibria
that exist at γ = 0 is critical in the sense that the Jacobian has one or more
eigenvalues on the imaginary axis. These equilibria and their continuations
are naturally grouped into families of four equilibria, as determined above, by
the various choices of φ1 and φ2 at γ = 0. By translation in S, each of these
families determines an equivalence class of families modulo 2π. For any γ �= 0
only finitely many of these exist, the remaining ones having disappeared via
saddle-node bifurcations. Each of the families contains four equilibria at γ = 0,
from which the entire family can be generated by continuation. The resulting
families are shown in Fig. 5.2(a) for zero forcing and in Fig. 5.2(b) for I = 0.25;
here we plotted the phase difference R versus γ. For the nth family, n �= 0,
the four solutions at γ = 0 can be denoted as (φd, φd − 2nπ), (φu, φd − 2nπ),
(φd, φu − 2nπ), and (φu, φu − 2nπ), where φd = σ, and φu = π − φd; see
also [5].

5.2 Hamiltonian Dynamics

In the absence of damping and forcing (5.5) reduces to the Hamiltonian system

φ̈1 + sinφ1 = γ(φ2 − φ1),

φ̈2 + sinφ2 = γ(φ1 − φ2),
(5.12)

where the energy is given by

H =
1

2

(
φ̇2

1 + φ̇2
1

)
− (2 + cosφ1 + cosφ2) +

γ

2
(φ1 − φ2)

2.

In this section we summarize a portion of the results on the undamped un-
driven case from the unpublished work [2].
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Fig. 5.3. The branch of antidiagonal solutions and some bifurcating branches for
γ = 0.01. Where necessary, periods have been doubled to ensure that branches
connect continuously.

The uncoupled system (5.12) with γ = 0 has equilibria at all points
em,n = (mπ, nπ) in the (φ1, φ2) configuration plane. In the basic square
(−π, π) × (−π, π) there are heteroclinic orbits joining the diagonal points
e−1,−1 and e1,1, the antidiagonal points e1,−1 and e−1,1, as well as all four
pairs of neighboring corner points. The system is doubly periodic, which gen-
erates the entire plane.

For γ �= 0 the doubly periodic structure is destroyed since the energy
surfaces are bounded by the zero-velocity cylinders

− (2 + cosφ1 + cosφ2) +
γ

2
(φ1 − φ2)

2 = 0.

The symmetry that comes from translation by 2π along the diagonal remains.
When (5.12) is written in (r, s) variables, one sees from (5.6) that the

diagonal r ≡ 0 and the antidiagonal s ≡ 0 are invariant. On the diagonal
there are equilibria at (kπ, 0) for all integers k. These equilibria are centers
for k even, while they are saddles for k odd. On the antidiagonal the equilibria
are (ρ, 0), where ρ is given by the solution of (5.11) with the negative sign.
Let us suppose that there is a minimal positive solution ρ = ρ1. To construct
an antidiagonal solution to (5.6) (with I = ε = 0) we solve the initial value
problem

r̈ + sin r + 2γr = 0, r(0) = 0 and ṙ(0) = p. (5.13)

The first integral for this problem is

1

2
ṙ2 − cos r + γr2 =

1

2
p2 − 1.
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φ1 φ1
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(c) (d)

Fig. 5.4. The (φ1, φ2) component of selected solutions in Fig. 5.3.

The solution corresponds to a heteroclinic orbit joining the equilibria (±ρ1, 0)
if

p(ρ1) = p1 =
√

2− 2 cos (ρ1) + 2γρ21.

For ρ < ρ1 the solution p(ρ) corresponds to a periodic orbit about the origin.
For these solutions the energy is given by

H(p) = p2 − 4.

For H = H1 := H(p1) the solution to (5.13) has infinite period. As H (and
therefore p) is reduced, there is a value H2 ∈ (0,H1) such that the periodic
orbit is hyperbolic for H ∈ (H2,H1) and elliptic for H < H2. Moreover, a
new solution branch bifurcates from the antidiagonal solution at H = H2.
The bifurcation diagram is given in Fig. 5.3 and selected solutions on the
bifurcating branch are shown in Fig. 5.4; the bifurcation at H = H2 is label
2 in Fig. 5.3. Solutions on the new branch connect the zero-velocity surfaces
about (−π, π) and (π,−π). Note that the period becomes infinite as H ↘ 0,
and at H = 0 this branch seems to be generated by a concatenation of the
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φ2

φ1

Fig. 5.5. The long-time integration of certain initial conditions on the zero-energy
surface results in an intriguing petal structure. Color indicates the velocity of the
solution, where blue/green is slow and red is fast. (Courtesy of John Guckenheimer.)

heteroclinic orbits that connect the zero-velocity surfaces about (±π,∓π) to
the equilibrium point at (−π,−π).

With further reduction of H a value H3 ∈ (0,H2) is reached (label 3
in Fig. 5.3) at which a degenerate period-doubling bifurcation occurs. This
bifurcation generates a branch of ‘butterfly’-shaped orbits that undergo ad-
ditional bifurcations and disappear in an infinite-period orbit at H = 0; two
of these butterfly-shaped orbits are shown in Fig. 5.4(a), and further bifur-
cated orbits are shown in Fig. 5.4(b). The bifurcation also generates a branch
of ‘horseshoe’-shaped orbits that are symmetric about the antidiagonal; see
Fig. 5.4(c) and (d). As we will see, the horseshoes play an important role in
the overall dynamics of the system. The horseshoe branch persists through
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φ2 φ2

φ1 φ1

(a) (b)

Fig. 5.6. Heteroclinic orbits in the (φ1, φ2)-plane. Panel (a) shows an orbit in the
unstable manifold of the horseshoe orbit for γ = 0.036377. This orbit connects to the
stable manifold of the symmetric partner of the horseshoe orbit. Panel (b) connects
the unstable equilibrium (−π, 0, −π, 0) to the stable manifold of the horseshoe orbit
for γ = 0.03638.

(a) (b) (c)

φ1 φ1 φ1

φ2 φ2 φ2

Fig. 5.7. Connecting orbits between horseshoe orbits in neighboring cells. Here,
(γ, H) = (0.05, 0) in panel (a), (γ, H) = (0.0268297698, 0) in panel (b), and (γ, H) =
(0.05, −0.22049) in panel (c).

H = 0. There is a value H4 < 0 (label 4 in Fig. 5.3) at which there is a
saddle-node bifurcation leading to a second branch of horseshoes. The second
branch ends in an infinite-period orbit at H = 0, where it appears to be the
concatenation of three hetero- or homoclinic orbits; two examples are shown
in Fig. 5.4(c). Note that for H ∈ (H4, 0) there are two distinct branches of
horseshoes.

Figure 5.5 shows the result of a long-time integration in configuration space
of system (5.12) with γ = 0.01. The trajectory lies on the zero-energy surface
and has initial condition

φ1(0) = −π, φ̇1(0) = 0, φ2(0) = −3.141585,
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Fig. 5.8. Solutions to (5.12) on the zero-energy surface in the (φ1, φ2)-plane. Panel
(a) shows a heteroclinic orbit for γ = 0.03638 that connects the unstable equi-
librium (−π, 0, −π, 0) to its diagonal translate (π, 0, π, 0). Panel (b) shows a so-
lution integrated for time T ∈ [0, 700] with γ = 0.01; the initial condition is
φ1(0) = −φ2(0) = 2.690233, and φ̇1(0) and φ̇2(0) are chosen so that the energy
is zero.

with φ̇2(0) determined by the requirement of zero energy. The unbounded
trajectory forms an intriguing petal structure. The equilibria where the two
pendula are in the upright position lie along the diagonal at the base of
the ‘petals’. In this motion each pendulum crosses the upright position and
changes its direction many times. The petals facing out from the diagonal of
the vine-like structure are created when one pendulum crosses the upright po-
sition while the other stops and reverses direction. The trajectory moves back
and forth along the diagonal in a seemingly erratic fashion. This and similar
trajectories are induced by the rich structure of connecting orbits joining the
horseshoes and the equilibria, as we now describe briefly.

Figure 5.6(a) shows a heteroclinic connection between the unstable mani-
fold of the horseshoe orbit for γ = 0.036377 and the stable manifold of its sym-
metric partner (i.e., its reflection in the main diagonal). Figure 5.6(b) shows
a heteroclinic orbit that connects the unstable equilibrium (−π, 0,−π, 0) to
the stable manifold of the horseshoe orbit for γ = 0.03638. Figure 5.7 shows
connections between horseshoes in neighboring cells. Panels (a) and (b) show
two solutions in the zero-energy surface, while panel (c) shows a solution for
H = −0.22049. Figure 5.8(a) shows a heteroclinic connection between the un-
stable equilibrium (−π, 0,−π, 0) and its diagonal translate (π, 0, π, 0). These
connections provide the escape routes from cell to cell, but not all trajecto-
ries are ejected from their initial cells; many are simply trapped inside the
horseshoes, as shown in Fig. 5.8(b).
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5.3 Rotations

In addition to equilibria and periodic solutions, system (5.5) may also have
running solutions or k-rotations. These are are solutions for which there exists
a time T > 0 such that φj(t + T ) = φj(t) + 2kπ for some integer k ≥ 1.
One can anticipate that rotations exist only for the appropriate relationship
between the damping and the applied torque in the dissipative case. If we
map the configuration space onto a cylinder then these solutions are periodic
with period T . To construct a k-rotation we solve the initial value problem
for system (5.6) with

s(0) = 0, ṡ(0) = p2, r(0) = p3, and ṙ(0) = p4.

Solutions depend on the three ‘state’ parameters p = (p2, p3, p4) and the three
‘system’ parameters ε, γ, I. For simplicity we regard the coupling strength
γ > 0 as fixed and only deal with the two system parameters q = (ε, I). A
solution to the initial value problem, written in the form

[s(t;p,q), r(t;p,q)] ,

is a k-rotation if there exists a minimal T > 0 such that⎧⎪⎪⎨
⎪⎪⎩
s(T ;p,q)− 2πk = 0
ṡ(T ;p,q)− p2 = 0,
r(T ;p,q)− p3 = 0,
ṙ(T ;p,q)− p4 = 0.

(5.14)

It is easy to see that in the Hamiltonian case (q = 0) there exist T0 >
0 and state parameters p0 such that [s(t;p0,0), r(t;p0,0)] is a k-rotation
with period T0 for each k ≥ 1. We define P0 = (T0,p0,0) and say that a
continuation of the solution [s(t;p0,0), r(t;p0,0)] to a neighborhood of P0 is
regular if there is a distinguished state parameter and a distinguished system
parameter such that the remaining state and system parameters are all smooth
functions of the distinguished ones in a full neighborhood of P0.

It is an easy consequence of the Implicit Function Theorem that in-phase
rotations (k = 1) always have a regular continuation. Here, we consider the
general case, which is more complicated. The differential of (5.14) at P0 is the
matrix

Δ = (Δ0 | ζε | ζI) ,
where

Δ0 =

⎡
⎢⎢⎣
ṡ sp2

sp3
sp4

s̈ ṡp2
ṡp3

ṡp4

ṙ rp2
rp3

rp4

r̈ ṙp2
ṙp3

ṙp4

⎤
⎥⎥⎦
∣∣∣∣∣∣∣∣
P0

, ζε =

⎛
⎜⎜⎝
sε
ṡε
rε
ṙε

⎞
⎟⎟⎠ , and ζI =

⎛
⎜⎜⎝
sI
ṡI
rI
ṙI

⎞
⎟⎟⎠ .

Here, Δ0 is the differential of the Hamiltonian continuation problem, that is,
the problem of continuing (s, r)(P0) to a neighborhood of P0 in the subspace
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q = 0. For the Hamiltonian problem, conservation of energy provides a rela-
tionship between s, ṡ, r, and ṙ so that, generically, only three of them are
independent, i.e., generically

rank(Δ0) = 3. (5.15)

When (5.15) holds then there is a regular continuation of (s, r)(P0) if there
exists

ζ∗ ∈ span{ζε, ζI} such that ζ∗ /∈ range(Δ0), (5.16)

that is, ζ∗ can be chosen such that

rank(Δ0 | ζ∗) = 4.

Let X(t) denote the fundamental matrix solution to the variational system
associated with (5.6) at (s, r)(P0). As is shown in [3], the differential Δ0 then
becomes

Δ0 = (ζT | ξ2 | ξ3 | ξ4),
where

ζT =

⎛
⎜⎜⎝
ṡ
s̈
ṙ
r̈

⎞
⎟⎟⎠
∣∣∣∣∣∣∣∣
P0

=

⎛
⎜⎜⎝

p02
0
p04

−2γp03 − sin p03

⎞
⎟⎟⎠

and the ξj for j = 2, 3, 4 are the corresponding columns of X(T0) − Id. In
order to satisfy (5.15) and (5.16) there are two possibilities: either

rank(X(T0)− Id) = 3 and ζT ∈ range(X(T0)− Id) (5.17)

or
rank(X(T0)− Id) = 2 and ζT /∈ range(X(T0)− Id). (5.18)

If (5.17) holds there is no distinguished state parameter and hence no regular
continuation. We note that this case was never observed in any of the numer-
ical studies reported in [3]. On the other hand, possibility (5.18) is known to
occur. Suppose (5.18) holds and let {i1, i2, i3} be a permutation of {2, 3, 4}
such that

range(X(T0)− Id) = span{ξi1 , ξi2}.
Then there is a Hamiltonian continuation of (s, r)(P0) with T , pi1 , and pi2

expressed as smooth functions of pi3 in a neighborhood of p0i3 . If, in addition,
(5.16) holds then there is a regular continuation in a neighborhood of P0.

The choice of distinguished system parameter is arbitrary. Suppose, for in-
stance, that (s, r) is a regular continuation of (s, r)(t;p0,0) with distinguished
system parameter ε. Then we have a relation of the form I = H(·, ε), where
H is a smooth function. However, k-rotations must satisfy the kinetic energy
relation
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(a)

(b)

Fig. 5.9. Solutions of (5.12) for γ = 0.175 as a function of the kinetic energy for
I = 0 (a) and variable I (b). From D.G. Aronson, E.J. Doedel and H.G. Othmer,
The dynamics of coupled current-biased Josephson junctions II, Internat. J. Bifur.
Chaos Appl. Sci. Engrg. 1(1) (1991) 51–66 c©1991, with permission from World
Scientific Publishing; reprinted with permission.

I =
ε

2kπ

∫ T

0

(ṡ2 + ṙ2) dt.

It follows that
∂H

∂ε

∣∣∣∣
P0

> 0.

Therefore, we can invert H to obtain ε = h(·, I) and we get a regular contin-
uation with I as the distinguished system parameter.
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Figure 5.9(a) shows some branches of 2-rotations with q = 0 and γ =
0.175; the plot shows the period T versus the kinetic energy. Figure 5.9(b)
shows the equivalent solutions for q = (0.01, I) with I variable. The bifurca-
tion at label 21 in Fig. 5.9(a) does not persist as ε is increased since there is
a regular continuation at this point. The bifurcations to the right of label 21
do persist, because condition (5.16) fails in this case.

5.4 Stability and Bifurcations of the In-Phase Rotations

Most of the solution branches shown in Fig. 5.9(a) are 2-rotations for the
Hamiltonian system. The exception is the left-most branch of synchronous or
in-phase rotations. Here we investigate the stability and bifurcation proper-
ties of these solutions and their extensions to the damped/driven regime. To
simplify the analysis we scale the damping ε and the torque I together by
assuming that I = εA for some fixed A > 0. It is clear that system (5.5)
has a one-parameter family of rotations Ωτ (ε) defined by φ1(t) = φ(t) and
φ2(t) = φ(t+ τ) for each τ ∈ R when γ = 0. It was shown in [5] that the only
member of this family that can be continued for γ �= 0 is the in-phase rotation
Ω0(ε). In this section we discuss the stability of Ω0(ε) as the parameters ε
and γ are varied.

It is known that for fixed A > 4/π and each ε > 0, the equation

φ̈+ sinφ = ε(A− φ̇) (5.19)

has a unique rotation solution for which φ̇ > 0 [12]. If we translate time
so that φ(0) = 0 then there is a unique positive ξ(ε) > 2 such that the
rotation solution satisfies φ̇(0) = ξ(ε). As ε → 0, we have ξ(ε) → ξ0, where
ξ0 = ξ0(A) > 2 is the unique solution of

2πA =

∫ 2π

0

√
ξ2 − 2 + 2 cos θ dθ.

Note that ξ0 can have any value in the interval (2,∞) depending on the choice
of A > 4/π. We denote the rotation solution by φ∗(ε) and its period by T ∗(ε).

In order to determine the stability of the in-phase rotation φ∗(ε) we must
find the associated Floquet multipliers, which are the eigenvalues at t = T ∗(ε)
of the fundamental matrix solution to the variational system associated with
(5.6) at φ∗(ε). For this purpose it is convenient to order the variables as
(r, u, s, v). Then we have to solve the system

V̇ =

⎡
⎢⎢⎣

0 1 0 0
− cosφ∗(ε)− 2γ −ε 0 0

0 0 0 1
0 0 − cosφ∗(ε) −ε

⎤
⎥⎥⎦V (5.20)
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subject to the initial condition V (0) = Id. System (5.20) decomposes into the
two 2× 2 subsystems

Ẋ =

[
0 1

− cosφ∗(ε)− 2γ −ε
]
X, X(0) = Id (5.21)

and

Ẋ =

[
0 1

− cosφ∗(ε) −ε
]
Y, Y (0) = Id. (5.22)

Subsystem (5.22) determines stability with respect to the in-phase subspace
and subsystem (5.21) determines stability with respect to the orthogonal com-
plement of this subspace. It is easy to see that Y = (φ̇, φ̈)T is a T ∗(ε)-periodic
solution of (5.22). Therefore, the Floquet multipliers associated with subsys-
tem (5.22) are 1 and exp (−ε T ∗(ε)), regardless of the value of γ. Thus, to
determine the stability of φ∗(ε) it suffices to study the 2× 2 system (5.21).

Let Ψ(t, γ, ε) denote the fundamental matrix solution to (5.21). Then the
Floquet multipliers are the eigenvalues of Ψ(T ∗(ε), γ, ε), that is, the roots of

λ2 −Θ(γ, ε)λ+ exp (−ε T ∗(ε)) = 0,

where
Θ(γ, ε) = trace(Ψ(T ∗(ε), γ, ε).

Therefore, the multipliers are

λ± =
1

2

(
Θ ±

√
Θ2 − 4 exp (−ε T ∗(ε))

)
,

and it follows that φ∗(ε) is stable if |Θ| < 1 + exp (−ε T ∗(ε)) and unstable if
|Θ| > 1 + exp (−ε T ∗(ε)).

When ε → 0, the second-order equation associated with system (5.21)
reduces to a Hill equation

ẍ+ (2γ − q(t))x = 0, (5.23)

where the potential is given by

q(t) = − cosφ∗(ε)(t)|ε=0 . (5.24)

Moreover,

Θ(γ, ε) → Θ0(γ) =
(
ψ1(T0) + ψ̇2(T0)

)
,

where ψ1 and ψ2 are solutions to (5.17) that satisfy ψ1(0) = ψ̇2(0) = 1 and
ψ̇1(0) = ψ2(0) = 0, and T0 = T ∗(0).

The general theory for Hill’s equation [11] shows that there exists a se-
quence of eigenvalues

−∞ < γ0 < γ1 ≤ γ2 < γ3 ≤ γ4 < · · ·
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γ
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Θ0(γ) ε(a)
(b)

Fig. 5.10. The graph of Θ0(γ) (a) and the locus of period-doubling bifurcations from
φ∗(ε) for A = 5/3 (b). The in-phase rotation is unstable in the hatched region. From
E.J. Doedel, D.G. Aronson and H.G. Othmer, The dynamics of coupled current-
biased Josephson junctions I, IEEE Trans. Circ. Sys. 35(7) (1988) 810–817 c©1988
by IEEE; reprinted with permission.

with γj →∞ as j →∞, such that

|Θ0| < 2 and Θ̇0 < 0 on (γ0, γ1) ∪ (γ4, γ5) ∪ · · · ,
|Θ0| < 2 and Θ̇0 > 0 on (γ2, γ3) ∪ (γ6, γ7) ∪ · · · ,
Θ0 > 2 on (−∞, γ0) ∪ (γ3, γ4) ∪ (γ7, γ8) ∪ · · · ,
Θ0 < −2 on (γ1, γ2) ∪ (γ5, γ6) ∪ · · · .

(5.25)

At γ = 0 system (5.21) reduces to (5.22), which has a T0-periodic solution.
Thus, 0 is an eigenvalue of (5.23) with T0-periodic boundary conditions, and
we know from previous remarks that the associated eigenfunction is strictly
positive. It follows from Sturm-Liouville theory that 0 is the smallest eigen-
value for this problem and, therefore, γ0 = 0. Consequently, Θ0(γ) > 2 for all
γ < 0.

According to Goldberg’s theorem [7], equation (5.23) has exactly one finite
interval of instability if and only if the potential q is periodic and integrable,
and satisfies

q̈ = 3q2 + αq + β (5.26)

for some constants α and β, that is, if and only if q is an elliptic function.
In the present case, since φ∗(0) is a rotation it follows from (5.24) that q is
periodic. Moreover, using (5.19) with ε = 0 and its first integral, one can
verify that (5.26) is satisfied. Thus, there is precisely one finite interval of
instability for γ > 0, and the numerical computations performed in [5] show
that this interval is (γ1, γ2). It follows that γ2j−1 = γ2j for all j > 2 and
that |Θ0(γ)| = 2 for γ = γ2j with j > 1. The graph of Θ0(γ) is shown in
Fig. 5.10(a).

The second-order equation corresponding to (5.21) is

ẍ+ εẋ+ (2γ + cosφ∗(ε))x = 0. (5.27)
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T

γ

Fig. 5.11. The bifurcation diagram for (5.6), represented as the period T versus γ
for A = 5/3. From E.J. Doedel, D.G. Aronson and H.G. Othmer, The dynamics of
coupled current-biased Josephson junctions I, IEEE Trans. Circ. Sys. 35(7) (1988)
810–817 c©1988 by IEEE; reprinted with permission.

T T

γ γ

(a) (b)

Fig. 5.12. Details of the bifurcation diagram shown in Fig. 5.11. The points in
panel (a) labeled 1, 4, and 5 are transcritical bifurcations, while those labeled 2
and 3 are period-doubling bifurcations. There are two regions of stability along
the asynchronous branch that bifurcates at label 3. Panel (b) shows a blow-up
of the region around label 5 in panel (a). From E.J. Doedel, D.G. Aronson and
H.G. Othmer, The dynamics of coupled current-biased Josephson junctions I, IEEE
Trans. Circ. Sys. 35(7) (1988) 810–817 c©1988 by IEEE; reprinted with permission.

If γ = 0 then x1(t) = φ̇∗(ε)(t) is a strictly positive T ∗(ε)-periodic solution to
(5.27) for any ε > 0. Thus, γ = 0 is an eigenvalue of (5.27) for any ε > 0, and
it is a simple eigenvalue because
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x2(t) = φ̇∗(ε)(t)
∫ t

0

e−ετ

[φ̇∗(ε)(τ)]2
dτ

is a linearly independent non-periodic solution. Using these solutions one can
construct the fundamental matrix solution to (5.21) and show that Θγ(0, ε) <
0. It follows that the infinite instability interval (−∞, 0) remains invariant
for ε > 0 and that φ∗(ε) becomes stable as γ increases through 0. Numerical
computations show that there is a ‘vertical’ bifurcation from φ∗(ε) at γ = 0;
the numerical results are described in more detail below.

By continuity, the unique instability interval (γ1, γ2) for ε = 0 persists for
sufficiently small ε > 0. The numerical computations done in [5] strongly
suggest that the remaining eigenvalues γ2j disappear for ε > 0. Conse-
quently, for sufficiently small ε > 0 the rotation solution φ∗(ε) is unstable
for λ ∈ (−∞, 0) ∪ (γ1(ε), γ2(ε)) and stable otherwise. Furthermore, there ex-
ists ε̃ = ε̃(A) > 0 such that γ1(ε̃) = γ2(ε̃), and φ∗(ε) is unstable on R− and
asymptotically stable on R+ whenever ε > ε̃; see Fig. 5.10(b). Note that the
bifurcations at γ = γj(ε), j = 1, 2, are period-doubling bifurcations, because
the multiplier passes through −1; see Fig. 5.10(a). In the Hamiltonian case
these two bifurcations project onto the point labeled ‘Period Doubling’ in
Fig. 5.9(a).

We now discuss the numerically computed bifurcation behavior in the
interval (γ1, γ2) for the value ε = ε∗ = 0.15 used in [10]. Then the period-
doubling bifurcations from φ∗(ε) are at γ1 = 0.1275 and γ2 = 0.6132. Solution
branches that bifurcate from φ∗(ε∗) at γ = γ1 and γ = γ2 are shown in
Fig. 5.11 with enlarged views given in Fig. 5.12. Rotations that correspond to
some of the labels in Fig. 5.12 are shown in Fig. 5.13.

All rotations in Figs. 5.11 and 5.12 have winding number 2, so that
φi(T )−φi(0) = 4π, where T is the integration time. The bifurcating branches
then connect continuously to the horizontal branch φ∗(ε∗). The solutions with
labels 2 and 3 in Fig. 5.12(a) denote the two period-doubling bifurcations from
φ∗(ε∗). The branch that emanates from label 2 terminates at an orbit of in-
finite period. The same holds for the branch that emanates from label 3.
The solution with label 6 in Fig. 5.12(b) can be thought of as an approxi-
mation to the infinite-period orbit that terminates the branch; it is shown in
Fig. 5.13(a). The infinite-period orbit is a ‘double homoclinic loop’, i.e., an
orbit that passes through the same saddle point twice. Note that this branch
contains two regions of stable rotations. The solutions with labels 4 and 5
in Fig. 5.12(a) are secondary transcritical bifurcations, not period-doubling
bifurcations. The bifurcating tertiary branches from labels 4 and 5 also termi-
nate in infinite-period orbits past the solutions labeled 7 and 8, respectively;
compare Figs. 5.13(b) and (c). These branches also contain stable portions
and further bifurcations that are not shown in Figs. 5.11 and 5.12.

The ‘oscillating’ branch of solutions in Fig. 5.11 is shown in a blow-up in
Fig. 5.12(b); it contains the solutions labeled 9, 10, and 11, which are plot-
ted in Figs. 5.13(d), (e), and (f), respectively. This branch terminates in an
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Fig. 5.13. Some rotations corresponding to the labels in Fig. 5.12. From E.J. Doedel,
D.G. Aronson and H.G. Othmer, The dynamics of coupled current-biased Josephson
junctions I, IEEE Trans. Circ. Sys. 35(7) (1988) 810–817 c©1988 by IEEE; reprinted
with permission.

infinite-period orbit at both end points of the γ interval in which it exists. The
solutions with labels 9 and 11 can be considered as approximations to these
orbits. Solution 9 approximates an infinite-period orbit containing two distinct
unstable equilibria, each of which has one complex conjugate pair of eigenval-



5 The Dynamics of SQUIDs and Coupled Pendula 175

ues; see Fig. 5.13(d). Solution 11, at the other end of the branch, is a double
homoclinic loop; see Fig. 5.13(f). Along this branch there are small intervals
of stable behavior near the limit points. For example, one such stable interval
is near the solution with label 10 on the lower part of the branch. These stable
regions are so small that they cannot be distinguished in Fig. 5.12(b). They
are bounded by bifurcations that lead to more complicated solution types.
Many of these more complicated, stable solutions can be observed numeri-
cally by careful choice of initial data and accurate integration. For example,
a stable rotation such as solution 10 in Fig. 5.13(e) can be obtained by ac-
curately choosing initial data near solution 10 in Fig. 5.12(b), on the small
portion of the branch that consists of stable rotations.

5.5 Conclusions

We presented an overview of the dynamics of a model of a ring of supercon-
ducting material that contains two Josephson junctions, which is known as
a SQUID. The resulting system equations are identical (in non-dimensional
form) to the equations modeling two pendula that are coupled by a linear
torsional spring or bar and forced with an applied torque. Our analysis in-
volved intensive use of Auto to construct bifurcation diagrams and rotating
solutions that can only be found explicitly for the Hamiltonian case.

A complex bifurcation structure organizes the existence of rotation solu-
tions. We focused particularly on the case of fixed coupling parameter γ and
varying damping coefficient ε and forcing I. We found the conditions under
which in-phase rotation solutions that exist for ε = 0 persist; the resulting
branch leads to a series of bifurcating branches. In particular, there is a region
of relatively small values of γ and ε in which the in-phase rotation is unstable.

Maginu [10] was the first to observe the instability for intermediate val-
ues of γ and suitable ε and I. His numerical studies indicate the presence of
chaos in the unstable range. The results discussed here provide a more de-
tailed, though still incomplete, understanding of the transitions in dynamics
suggested in [10].
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Global Bifurcation Analysis in Laser Systems

Sebastian M Wieczorek

Mathematics Research Institute, University of Exeter, United Kingdom

Nonlinear dynamics of lasers has been a lively theoretical and experimen-
tal field since the invention of the laser in 1960. Its focus in the last two
decades have been instabilities in widely used semiconductor lasers. Nonlin-
ear studies of laser systems contributed to the field of dynamical systems
with general phenomena including chaos, (chaotic) synchronization of coupled
oscillators, competition, excitability, delay-induced instabilities, unfolding of
high-codimension bifurcations, bifurcation cascades, and spatial patterns; see
[1, 28, 30, 36, 51, 63] for general reading and further references. These stud-
ies also deepened the understanding of nonlinear phenomena that are im-
portant for technological applications, e.g. external-modulation response of
semiconductor lasers for faster Internet connections [57]. Furthermore, nonlin-
ear analysis of laser systems stimulated and helped to validate the feasibility
of novel, chaos-based applications including secure communication schemes
[4, 50], chaotic radars [34], and instability-based laser sensors [56].

Much of the recent progress in the field of laser dynamics is owing to the
application of numerical continuation techniques. The study of lasers with
tools from bifurcation theory started already in 1987 with the work of Mal-
oney and coworkers on the nonlinear dynamics of three-level molecular lasers
[37]. By now, there are over one hundred publications where tools from bi-
furcation theory are used to investigate dynamics of various laser systems.
To explain the strong impact that numerical continuation techniques had and
are still having on the field of nonlinear laser dynamics we mention here four
key properties that we found to be very influential in our research. Namely,
numerical continuation techniques:

1. facilitate immensely the systematic search of an extensive and many-
dimensional parameter space to identify the important contributions. In-
teresting phenomena may be missed by the traditional approach of simula-
tion of the governing equations by direct time integration. Indeed, numeri-
cal continuation supplements numerical simulation by enabling parameter
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studies to be performed to the necessary detail and accuracy, and with
relatively modest computational resources;

2. allow the study of global homoclinic and heteroclinic bifurcations, which
are often associated with interesting nonlinear effects but cannot be stud-
ied otherwise;

3. supplement and expand analytical bifurcation studies, which are them-
selves invaluable but generally restricted to small neighborhoods of param-
eter space, for example, near isolated individual bifurcations. Numerical
bifurcation analysis is the tool of choice for those problems that cannot be
addressed with analytical techniques but are of great importance to physi-
cists, chemists, biologists, and engineers. For example, using the analytical
results on bifurcation curves expected near a codimension-two bifurcation
point, continuation techniques give answers to questions such as where
these bifurcation curves go and to which other codimension-two bifurca-
tion points they connect. Do phenomena occupy regions of the parameter
space that can be experimentally detectable or that are of any practi-
cal interest? From a more general bifurcation theory point of view, this
question concerns a better understanding of the organizing properties of
bifurcations;

4. may actually stimulate real laser experiments where bifurcation diagrams
are used as ‘road maps’ to guide experimentalists through the complexity
and variety of nonlinear laser dynamics.

The aim of this chapter is to give a taste of how continuation techniques can be
used to understand complicated dynamics in laser systems. At the same time,
laser systems emerge as natural candidates to study how global bifurcation
phenomena manifest themselves in a real system. In this sense, this chapter
should also be seen as a contribution to the wider field of dynamical systems.
Specifically, we present here the following two concrete examples of a global
bifurcation analysis in semiconductor laser systems.

• In Sect. 6.1 we consider structures of global n-homoclinic bifurcations that
lead to the phenomenon of multi-pulse excitability in semiconductor lasers
with optical injection [58, 62, 64]; and

• in Sect. 6.2 we present the backbone of the bifurcation set for two back-
to-back coupled lasers in which we find the counter-intuitive appearance
of chaos at practically vanishing coupling [53, 54].

Both examples feature interesting global bifurcation structures that have a
physical meaning and actually stimulated real laser experiments. The word
‘global’ in this context refers to objects in phase space that are due to certain
arrangements of stable and unstable invariant manifolds, as well as to asso-
ciated bifurcation structures in parameter space. In terms of the parameter
space we use the physically motivated approach of calculating k-parameter
bifurcation sets (usually for k = 2) for several fixed values of an additional
(k + 1)st parameter. These k-dimensional bifurcation sets, which consist of
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various local and global bifurcations, are slices that are influenced or even
determined by unfoldings of certain codimension-(k + 1) bifurcations or sin-
gularities. These so-called organizing centers provide links between various
types of bifurcations that appear at first glance to be (and are often thought
of as) unrelated. While analytical techniques typically force investigators to
focus on particular bifurcations, which imposes some sense of isolation of the
particular phenomenon under investigation, numerical bifurcation analysis al-
lows one to connect seemingly unrelated pieces. The goal is to get to a deeper
understanding of the dynamics by obtaining a consistent and global bifurca-
tion picture of the given (laser) system; see also Chaps. 2 and 7.

6.1 Multi-Pulse Excitability and n-Homoclinic Orbits in

an Optically Injected Laser

This section is based on [58] and describes intricate structures of n-homoclinic
orbits and their bifurcations in the rate equation model of an injection
laser. The analysis reveals how codimension-two and -three homoclinic bi-
furcations act as organizing centers of the bifurcation diagram. First, we
find heteroclinic cycles known as T-point bifurcations; we are dealing here
with the case that both saddles involved have a pair of complex conjugate
eigenvalues. Such T-point bifurcations were found in systems from applica-
tions [2, 19, 20, 22, 26, 32, 47, 68] and their unfolding is known to involve
n-homoclinic orbits for any n [9, 10]. Secondly, we find double-homoclinic or-
bits to a saddle-focus, where there are two different homoclinic connections
to a single saddle-focus. (This should not be confused with a 2-homoclinic or-
bit.) This codimension-two global bifurcation has been studied in an abstract
setting in [27, 40, 44]. The bifurcations of 1-homoclinic orbits are known,
but the possible unfoldings are not yet fully understood. We present sketches
of relevant bifurcation curves associated with these global bifurcations and
show with numerical bifurcation diagrams how they manifest themselves in
the optically injected laser model. Also, we explain how these n-homoclinic
bifurcations give rise to the phenomenon of multi-pulse excitability.

All curves of global bifurcations and the associated homoclinic and hete-
roclinic orbits were calculated with the HomCont [11, 12] part of the contin-
uation package Auto [16]; the invariant manifolds and time series illustrating
multi-pulse excitability were computed with the package DsTool [5].

6.1.1 Optically Injected Laser

From the dynamical systems point of view, a free-running class-B laser (the
active-medium polarization decays much faster than the population inversion
and electric field) is a damped nonlinear oscillator characterized by a stable
equilibrium with two complex-conjugate eigenvalues. This situation can be
changed drastically when the laser is subjected to an external optical signal,
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active medium
      laser laser output ?injected plane wave

Fig. 6.1. A laser that is being injected with an external optical field.

as discussed here and sketched in Fig. 6.1. With optical injection it becomes
a driven nonlinear oscillator: one of the nicest physical systems to show a
fascinating array of nonlinear dynamics. Several kinds of complex and chaotic
dynamics were discovered; see, for example, [3, 17, 21, 35, 29, 59, 63]. Of
particular importance is the fact that this system is very well described by a
set of three autonomous ordinary differential equations for the complex electric
field E = Ex+iEy and the population inversion n (the number of electron-hole
pairs in the case of a semiconductor laser) [48, 59]. These so-called single-mode
rate equations for this system can be written in dimensionless form as{

Ė = K +
(

1
2 (1 + iα)n− iω)E

ṅ = −2Γn− (1 + 2Bn)(|E|2 − 1) .
(6.1)

The two main parameters are the injected field amplitude K and the detuning
ω, the frequency difference between the injected light and the frequency of the
laser without injection. The explicit time dependence in the drive term pro-
portional to K was eliminated thanks to the S1 symmetry of the system [63].
While K and ω can easily be changed in an experiment, the parameters B,
Γ and α describe material properties of a given laser. Specifically, B is the
rescaled lifetime of photons in the laser cavity and Γ is the rescaled damping
rate of the so-called relaxation oscillations, which are an exchange of energy
between the electric field E and the population n of a characteristic frequency
ωR in a free-running laser. We use the realistic valuesB = 0.015 and Γ = 0.035
throughout in our study.

The material constant α, called the linewidth enhancement factor, can
be very different for different lasers, and it is known that changing α has a
very large effect on the dynamics of the injected laser [59]. The parameter
α describes the coupling between the phase and the amplitude of the electric
field E, and it is in the range of α ∈ [1, 10] for typical semiconductor lasers.
On the other hand, (6.1) for α = 0 models injected solid-state and CO2 lasers,
which have a negligible phase-amplitude coupling. This is our motivation for
studying how the bifurcation set in the (K,ω)-plane depends on α, that is,
on the main material property of the particular laser under consideration.
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Fig. 6.2. Sketches of phase portraits near the boundary of a homoclinic tooth in two
unfolding parameters μ1 and μ2. From S. Wieczorek and B. Krauskopf, Bifurcations
of n-homoclinic orbits in optically injected lasers, Nonlinearity 18(3) (2005) 1095–
1120 c© 2005 by Institute of Physics Publishing; reprinted with permission.

6.1.2 Homoclinic Teeth

The phenomena we are interested in appear in what we call ‘homoclinic teeth’.
What we mean by a homoclinic tooth is sketched in Fig. 6.2. It is the region
bounded by the curve h1 of a 1-homoclinic bifurcation and the grey part
of the curve Sl of local saddle-node bifurcations. The two curves meet at
two points A1 and A2 of codimension-two non-central saddle-node homoclinic
bifurcations. This codimension-two bifurcation was identified in [31] as an
organizing center for multi-pulse excitability (single pulse excitability in this
case of a curve of 1-homoclinic bifurcations); see [6, 14, 15] for more details
on its unfolding. Figure 6.2 shows sketches of phase portraits for different
locations of parameter space near the homoclinic tooth. Notice, in particular,
that the saddle-node bifurcation takes place on a periodic orbit along the
parts marked Sg (where g stands for global), but this is not the case along Sl

(where l stands for local).
In the part of region 3 that is close to the curves h1 and Sg the laser is 1-

excitable: a small perturbation to above the stable manifold of the saddle s will
lead to a large excursion, which follows the one-dimensional unstable manifold
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of s, before the laser relaxes back to the attractor a. By comparison, in region
2 there is a smooth invariant circle, but the laser is still excitable close to the
curve Sg: a perturbation beyond the stable manifold of s will lead to a large
excursion around the invariant circle and back to a. In fact, phase portraits 2
and 3 are topologically equivalent. However, away from the codimension-two
points A, they may relate to different physical phenomena. On the one hand,
phase portrait 2 represents phase locking because the smooth invariant circle
is centered at the origin of the complex E-plane. Hence, an excitable response
associated with phase portrait 2 is mainly of the form of a 2π phase slip with
only slight variations in the electric field intensity. On the other hand, the
upper branch of the unstable manifold in phase portrait 3 evolves away from
the origin of the complex E-plane so that an excitable response leads to a
short (30 ps in our case) and distinct intensity pulse. Near A, the difference
in the excitable response for the phase portraits 2 and 3 disappears. The
curve het is not a bifurcation curve, but when crossing it there is a change
of the direction from which the relevant branch of the unstable manifold of
the saddle approaches the attractor. Consequently, the closure of the unstable
manifold of the saddle is a smooth curve in region 2, while this is not the case
in region 3; see [31] for more details.

The homoclinic tooth is shown to intersect with the dashed curve ns where
the saddle is neutral, that is, the absolute values of the real parts of the real
eigenvalue and of the pair of complex conjugate eigenvalues are equal. What
the dynamics looks like inside the tooth crucially depends on whether one
is above or below ns. Along the parts of h1 below ns, often called a simple
Shil’nikov case, the homoclinic orbit bifurcates into an attracting periodic or-
bit [Fig. 6.2(4a)]. On the other hand, along the parts of h1 above ns, often
called a chaotic Shil’nikov case, the bifurcating periodic orbit is no longer
stable [Fig. 6.2 (4b)]. Breaking this type of homoclinic orbit leads to the cre-
ation of n-homoclinic orbits for any n. While the curve ns is not a bifurcation
curve, each of its intersection points B1 and B2 with h1 is a codimension-two
homoclinic bifurcation, known as a Belyakov point [7, 24]. Belyakov points
mark the transition between the two cases of homoclinic orbits and, hence,
give rise to an intricate structure of n-homoclinic orbits.

How homoclinic teeth arise in (6.1) is shown in Fig. 6.3 with panels of
the (K,ω)-plane of (6.1) near the locking region for increasing values of α as
indicated. It shows the curves S of saddle-node bifurcations and the curves
H of Hopf bifurcations (both gray), the supercritical parts of which bound
the locking region of the injected laser; see [59]. Also shown is the neutral
saddle curve ns. All these curves are given by local conditions at equilibria of
(6.1) and can be found analytically. The curve h1 of 1-homoclinic bifurcations,
on the other hand, cannot be found analytically. It was computed with the
Auto/HomCont. The computations do not distinguish between a generic
(codimension-zero) homoclinic connection along the parts Sg in Fig. 6.2 and
the codimension-one homoclinic bifurcation along h1. In other words, when the
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bold black curve in Fig. 6.3 coincides with S then the saddle-node bifurcation
takes place on a periodic orbit. If it leaves S we find a homoclinic tooth.

For α = 0 (the case of a solid-state or CO2 laser) the (K,ω)-plane is
symmetric and there are no homoclinic teeth. As α is increased, homoclinic
teeth start to grow along the saddle-node bifurcation curve S that forms the
lower boundary of the locking range. (The other boundary is the Hopf bifur-
cation curve H.) Initially the teeth are quite small [panels (b)–(c)] but then
they grow in size with α and the bifurcation diagram changes qualitatively,
showing the existence of codimension-three phenomena. At α = 1.21 [panel
(c)] the first tooth starts to intersect the neutral saddle curve ns. What is
more, new teeth start to appear between already present teeth [panel (e)].
All teeth keep growing, and the tooth closest to the saddle-node Hopf point
G1 develops a rather bizarre shape [panels (f)–(i)]. On top of this, when α
increases neighboring teeth may merge, meaning that the curve h1 detaches
from the curve S. This occurs at codimension-three points when two neigh-
boring non-central saddle-node homoclinic bifurcation points come together
and vanish. Furthermore, one notices the appearance of codimension-two ho-
moclinic bifurcation points (dots along the curve h1 in panels (h) and (i)).
They are created when the section given by fixed α crosses a minimum in the
respective codimension-two bifurcation curve, which is discussed in detail in
Sect. 6.1.5.

To study how new teeth are born and neighboring teeth merge we con-
tinued with HomCont the curve of codimension-two non-central saddle-node
homoclinic bifurcations in (K,ω, α)-space [6, 45]. The projection of this curve
onto the (α, ω)-plane is shown in Fig. 6.4(a), while Fig. 6.4(b) shows a sketch
of a non-central saddle-node homoclinic orbit. The left-hand fold points of
the curve in Fig. 6.4(a) are points where teeth are born, while right-hand fold
points are points where two neighboring teeth merge. This figure clearly shows
that there are no teeth for α < 0.5. New teeth are then born one-by-one as α
is increased. Secondary teeth appear from about α = 2 on. Merging teeth can
be observed from about α = 2.2 onward when the first two teeth (nearest G1)
merge. Successively teeth for larger negative detuning ω also merge. In fact
for α > 7.5 there appears to be one giant tooth, if one still wants to call it
that. It is already clear that the situation becomes increasingly complicated
with α.

6.1.3 Complex Structure of n-Homoclinic Bifurcations

Complex structures of global homoclinic and heteroclinic bifurcations arise
inside the homoclinic teeth as a result of interactions of the curves of 1-
homoclinic orbits. The fact that the curve ns intersects the first homoclinic
tooth, for example, for α = 2.0 in Fig. 6.3 (d), giving rise to two Belyakov
points, already allows us to conclude from general theory [7, 24] that there
must be further curves of n-homoclinic orbits. We remark that the exact
combinatorics of these n-homoclinic orbits is still not fully understood [24].



184 Sebastian M Wieczorek

0.25 0.5 0.75 1 1.25 1.5 1.75

-1.5

-1

-0.5

0

0.5

1

1.5

0.25 0.5 0.75 1 1.25 1.5 1.75

-1.5

-1

-0.5

0

0.2 0.4 0.6 0.8 1 1.2 1.4

-3

-2

-1

0

0.2 0.4 0.6 0.8 1 1.2 1.4

-3

-2

-1

0

0.2 0.4 0.6 0.8 1 1.2

-3

-2

-1

0

0.2 0.4 0.6 0.8 1 1.2

-3

-2

-1

0

1

α = 0.0

α = 2.0

α = 4.0

α = 1.21

α = 3.0

α = 6.0

(a) (b)

(c) (d)

(e) (f)

K K

K K

K K

ω

ω

ω

ω

ω

ω

G1

G2

H

h1

h1

S

S

G1

S

ns

h1

H

G1

S

S

H

ns

h1

H G1

H

S

ns

h1

H

G1

S

ns

h1

H

G1

S

ns

h1

Fig. 6.3. Homoclinic teeth in the locking region as a function of α. From S. Wiec-
zorek and B. Krauskopf, Bifurcations of n-homoclinic orbits in optically injected
lasers, Nonlinearity 18(3) (2005) 1095–1120 c© 2005 by Institute of Physics Publish-
ing; reprinted with permission.



6 Global Bifurcation Analysis in Laser Systems 185

1 2 3 4 5 6 7

-3

-2

-1

0

ω
Sh

α

(a) (b)
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orbit (b). From S. Wieczorek and B. Krauskopf, Bifurcations of n-homoclinic orbits
in optically injected lasers, Nonlinearity 18(3) (2005) 1095–1120 c© 2005 by Institute
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The question is how these n-homoclinic orbits are organized inside the
homoclinic teeth. At the same time, we obtain an impression of a Belyakov
bifurcation in a concrete system. Furthermore, one may ask where the associ-
ated n-homoclinic bifurcation curves go and to which other codimension-two
points they connect. In short: what is the bifurcation diagram, as far as one
can assemble it? These questions cannot be addressed by analytical studies
in a neighborhood near codimension-two points but they require the use of
continuation techniques. From a bifurcation theory point of view, this is the
next step towards the understanding of the organizing properties of global
bifurcations. Physically, we reveal structures that stretch over large regions in
the parameter plane and become experimentally accessible, that is, potentially
relevant for real applications of optically injected lasers.

Figure 6.5 (a1) shows curves hn of n-homoclinic orbits for n ≤ 4 inside
the first tooth for α = 2.0, while Fig. 6.5 (a2) is an enlargement near the
saddle-node bifurcation curve S. Many of these curves extend from the region
above ns to below ns and in crossing ns have further Belyakov points on them.
The picture that emerges is that of a complicated arrangement of nested n-
homoclinic bifurcation curves. Most interestingly, several curves extend to
very near the curve S, and some even attach to S at points of non-central
saddle-node n-homoclinic orbits.

We now focus on what happens to the infinite number of hn-tongues when
the Belyakov points are gone, that is, the homoclinic tooth is entirely below
the curve ns. One straightforward scenario would be that all the hn curves
disappear when B1 and B2 merge. However, this is not the case here. Fig-
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Krauskopf, Bifurcations of n-homoclinic orbits in optically injected lasers, Nonlin-
earity 18(3) (2005) 1095–1120 c© 2005 by Institute of Physics Publishing; reprinted
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ure 6.5 (b1)–(b2) shows the first tooth for α = 1.21, just as it touches the
curve ns. This is a codimension-three phenomenon in (K,ω, α)-space where
two Belyakov points coincide and then disappear when α is decreased, as is
shown in Fig. 6.5 (c1)–(c2). (The curve B of Belyakov points in (K,ω, α)-
space has a minimum.) Even though the tooth is well below the curve ns for
α = 1.0, there are still curves of n-homoclinic orbits inside it. In particular,
we find that the curves h2 and h3 are attached to S.

Our numerical investigation suggests that there are only finitely many
curves of n-homoclinic orbits for α < 1.21. To illustrate how subsequent curves
hn appear with increasing α we marked one of them with a star. For α = 1.0
[Fig. 6.5 (c2)] h2

∗ is the last homoclinic curve that just emerged from the
saddle-node bifurcation curve S. As α is increased above α = 1.0, the curve h2

∗
develops two extra noncentral-homoclinic points on S, forms a sort of bridge,
and provides space for the next homoclinic curve to emerge [Fig. 6.5 (b2)].
This process seems to repeat, such that for α > 1.21 there exist infinitely
many curves hn.

6.1.4 Multi-Pulse Excitability

The regions bounded by h2 and h3 near S appear to be large enough to be
experimentally accessible [60]. In such a region the laser exhibits multi-pulse
excitability. We remark that our study shows that this phenomenon can be
found even for surprisingly low values of α; see also [31, 62]. An example is
shown in Fig. 6.6 for α = 1.0. The phase portrait in Fig. 6.6 (a1) is as that
of region 3 in Fig. 6.2 — the laser is 1-pulse excitable. A small perturbation
above the excitability threshold, given by the stable manifold of the saddle
point, results in the laser sending out a single pulse; see Fig. 6.6 (a2). In the
region bounded by h2, on the other hand, the phase portrait is close to a
2-homoclinic orbit and the laser produces two pulses in reaction to a single
perturbation; see Fig. 6.6 (b1)–(b2). Finally, three pulses result in the region
bounded by the curve h3, as is illustrated in Fig. 6.6 (c1)–(c2). Indeed, it
is possible to find n-pulse excitability for any n, but the regions for n > 4
become impractically small.

It is important to note a key ingredient for multi-pulse excitability to
occur, namely the fact that the respective curve hn extends all the way below
ns. For the parameters above ns the hn-tongues are so narrow that they
become hard to distinguish, even numerically. Furthermore, there exist an
infinite number of unstable periodic orbits in the phase space for parameters
outside the tongues. As a result, the excitable response is often irregular and
unpredictable as the trajectory bounces between the unstable orbits before it
decides to return to the stable equilibrium. On the other hand, below ns the
tongues are easily distinguishable and the phase portraits are simpler as there
are no unstable periodic orbits. Consequently, the system can be prepared
to be well within hn (certainly for n ≤ 3) where the excitable response is
predictable and consist of a certain number of pulses.
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and B. Krauskopf, Bifurcations of n-homoclinic orbits in optically injected lasers,
Nonlinearity 18(3) (2005) 1095–1120 c© 2005 by Institute of Physics Publishing;
reprinted with permission.

6.1.5 Codimension-Two Homoclinic Bifurcations

We now study in considerable detail the structure and bifurcations associ-
ated with the curve h1 that forms the boundary of the homoclinic teeth.
In particular, we show that codimension-two double-homoclinic and T-point
bifurcations play a prominent role in organizing the dynamics.

Figure 6.7 shows an enlargement near the first homoclinic tooth (or what
is left of it) for α = 4.5; compare with Fig. 6.3. Notice the two points D1

and D2 where additional homoclinic bifurcation curves emerge. The phase
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portrait at D1 and D2 show that we are dealing with a codimension-two
double-homoclinic orbit [9, 40]: both branches of the unstable manifold spi-
ral back to the saddle point. This means that there are simultaneously two
individual homoclinic orbits associated with the same saddle point.

The two phase portraits at D1 and D2 are topologically equivalent and
both lie on the primary branch of the curve h1. This can be seen in the further
enlargement of the (K,ω)-plane in Fig. 6.8, where panels (a)-(e) show the 1-
homoclinic orbit in phase space at the indicated parameter points along h1.
As D2 is approached the unstable manifold forming a homoclinic orbit comes
closer and closer (from below) to the saddle and then leaves a neighborhood
of the saddle roughly along the other branch of the unstable manifold. Finally,
at D2 there are two simultaneous homoclinic orbits, one for each branch of the
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unstable manifold. Effectively, the original 1-homoclinic orbit along the curves
h1 has split into two homoclinic orbits. Notice that the curve h1 accumulates
back on itself at D2, as is also sketched in the inset of Fig. 6.8.
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This scenario agrees with what is known in the literature about the double-
homoclinic bifurcation [9, 40]. Again, not all details of this codimension-three
global bifurcation are known, but key features are as sketched in Fig. 6.9 (for
the case of a saddle focus as we encounter it here). The double-homoclinic
orbit D exists at the intersection point of two curves h1

a and h̃1 of two different
homoclinic orbits to the same saddle that contain each a different branch of
the unstable manifold of the saddle. As sketched, there is a third curve h1

b of
homoclinic orbits that accumulates on the curve h1

a. The accumulation is as
shown when the saddle quantity is larger than one [9, 40], which is the case
we encounter, because all double-homoclinic orbits occur above the curve ns.

Note that the analysis in the literature is in terms of a small tubular
neighborhood around the double-homoclinic orbits as sketched in panel D.
In this neighborhood the curves h1

a and h1
b are unrelated. However, as can

be seen in Fig. 6.8, they may be one and the same curve accumulating back
on itself. In fact, we find this to be the typical situation in system (6.1). We
finally stress that the pointsDi that we encounter here are of codimension-two
because the two simultaneous homoclinic orbits are not related by symmetry.
Unlike in the case of a codimension-one symmetric double-homoclinic orbit, it
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is possible to perturb parameters such that one of the homoclinic connections
is broken and the other persists.

In Fig. 6.7 and Fig. 6.8 we found the double-homoclinic points D1 and
D2 as the end points of the curve h1 as it accumulates on itself. However, we
know from Fig. 6.9 that there must be a curve h̃1 of a second homoclinic orbit
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crossing at Di. In order to find this new homoclinic orbit we split off the new
homoclinic orbit from the data of the approximate double-homoclinic orbit
at Di (given as the end point of the curve h1). We then follow this second
codimension-one homoclinic orbit in the (K,ω)-plane.

The result is shown in Fig. 6.10. The point D2 is indeed the intersection
point of two curves of codimension-one homoclinic orbits. The new curve h̃1

also contains D1 and has two end points. One end point is a point D3 of
a double-homoclinic orbit, which lies on the curve h̃1 itself. The other end
point is a point denoted by T1 that is reached in a spiraling fashion, as is also
sketched in the inset.

At the point T1 we encounter a bifurcation that is now generally referred
to as a T-point bifurcation. This type of codimension-two heteroclinic cycle
was studied in a general system, that is, one without any symmetry, in [9, 10]
in a tubular neighborhood around the heteroclinic orbits at the T -point. Note
that the T-point bifurcation is often associated with vector fields that have
the Z2-symmetry of a rotation by π around an invariant axis. In this case,
the heteroclinic cycle involves two saddle-foci, which are each others images
under the symmetry, and the origin (more generally, a point in the invariant
subspace of the symmetry), which is also a saddle-focus. This Z2-symmetric
T-point bifurcation was initially found and studied in the Lorenz system [22],
but also occurs in other systems with rotational symmetry, such as an optically
pumped three-level laser [20], an electronic oscillator [19], and a semiconductor
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laser with phase-conjugate feedback [26]. It was recently also discovered in
systems with the Z2-symmetry of point-reflection [2, 32]; see also Chap. 7.

What we find is a general T-point bifurcation (that is, in a system without
symmetry) for the case that both saddles involved are of saddle foci. The
approach to the point T is illustrated in Fig. 6.10(a)–(e) with images of the
1-homoclinic orbit in phase space at the indicated parameter points along the
curve h̃1.

The situation (a part of the bifurcation diagram near a T-point) is sketched
in Fig. 6.11. As the point T is approached along h1, the homoclinic orbit ap-
proaches a second saddle focus, passing closer and closer by the saddle. At
the point T1 there are two heteroclinic connections: a codimension-two hetero-
clinic connection (black) where the one-dimensional unstable manifold of the
first saddle coincides with the one-dimensional stable manifold of the second
saddle, and a generic (codimension-zero) heteroclinic connection (gray), given
as the intersection curve of the two-dimensional stable manifold of the first
saddle and the two-dimensional stable manifold of the second saddle.

According to general theory [9, 10] there must exist a second spiraling
curve of homoclinic connection to the other (lower) saddle, leading to another
curve in parameter space that spirals into T1. Furthermore, it is known that
there are many more curves of n-homoclinic bifurcations, which pass close
to the saddles an arbitrary number of times. We did not attempt to find
all these bifurcation curves, but instead concentrated on the structure of 1-
homoclinic bifurcation curves. Nevertheless, the injection laser appears to be
a good model in which to study global bifurcations near T-point bifurcations
in more detail.

The bifurcation diagram in Fig. 6.10 is still quite incomplete. The curve h̃1

of homoclinic orbits also accumulates on itself at D3. So, as we did near the
double-homoclinic point D1, we find and follow the second codimension-one
homoclinic that must exist near D3. This gives the continuation of the curve
h1 shown in Fig. 6.12, which ends at the point D1. Furthermore, we followed
from near T1 the codimension-one homoclinic orbit of the (upper) saddle point
to lower values of α (see already Fig. 6.13), where we discovered a second T-
point bifurcation T2. We then followed this T-point back to α = 4.5. As can
be seen in Fig. 6.12, the point T2 is the end point of two spirals. In fact both
spirals turn out to belong to one and the same closed curve of codimension-one
two-homoclinic orbit h̃2 as is illustrated by the sketch in the inset.

The bifurcation diagram in Fig. 6.12 is quite intricate: it involves several
double-homoclinic and T-point bifurcations. Unraveling it required detailed
numerical continuation with HomCont, guided by theoretical knowledge of
which homoclinic orbits are possible near the different codimension-two points.
We finally remark, that Fig. 6.12 shows a ‘skeleton’ consisting of curves of 1-
homoclinic bifurcations. Indeed the existence of the T-points suggests that
there are n-homoclinic orbits for arbitrary n.
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6.1.6 Folds of Codimension-Two Homoclinic Bifurcation Curves

We know from Fig. 6.3 that the complicated structure of codimension-two
bifurcations in Fig. 6.12 is not present for smaller values of α. The question
arises of how it disappears.

It turns out that an important ingredient in this change of the bifurca-
tion diagram are minima (more generally, a fold) with respect to α of certain
curves of codimension-two homoclinic bifurcations in the three-dimensional
(K,ω, α)-space. This phenomenon is of codimension three, where one codi-
mension is due to the fold with respect to α. The other two codimensions
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are due to the special object in phase space, in this case a codimension-two
homoclinic bifurcation. One might speak of a codimension-two-plus-one event
to distinguish it from codimension-three bifurcations, where all codimensions
are due to a codimension-three object in phase space.

We already encountered this phenomenon in the creation and disappear-
ance of points of codimension-two saddle-node homoclinic bifurcation (see the
folds with respect to α in Fig. 6.4) and in the creation, with increasing α, of
Belyakov points in the tangency between the curves ns and h1 (see Fig. 6.5).
In this section we consider two other examples, namely a fold of a curve of
T-point bifurcations and a fold of a curve of double-homoclinic bifurcations.
As we will see now, in both these examples the fold of the codimension-two
curve is accumulated by singularities in associated surfaces of codimension-one
global bifurcations.

We first consider the case of T-point bifurcations. Figure 6.14 shows what
happens to the points T1 and T2 of T-point bifurcations as α is decreased. After
the disappearance of the point D3, the points T1 and T2 move closer and closer
to each other. There are a number of codimension-three events where the spiral
around T1 touches that around T2. Each such event leads to a new closed curve
surrounding both T1 and T2 and the curve of homoclinic orbits connecting T1
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and T2, as in Fig. 6.14 (c). This process continues until the points T1 and
T2 finally coincide, leaving behind a number of closed concentric curves of
homoclinic orbits, as in Fig. 6.14 (d). These closed curves then disappear one
by one as α is decreased further. (We remark that this phenomenon has been
found independently in [2] in the Z2-symmetric Chua’s circuit with a cubic
nonlinearity; see also Chap. 7.) Finding this transition numerically was quite a
challenge because the curves involved are no longer connected. We succeeded
by starting from suitable points and continuing the respective homoclinic orbit
in α.

The individual changes in the structure of the curve h̃1 are due to a classical
singularity, namely the passage through an α-degenerate point. At such a
point, the tangent space to the h̃1 surface in (K,ω, α)-space does not have
an α-component (the derivative with respect to α is zero). There are two
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Fig. 6.15. In the (K, ω, α)-space the curve of T -point bifurcation is surrounded by
a surface of homoclinic bifurcation h̃1 that spirals onto the T -curve; compare with
Fig. 6.14. From S. Wieczorek and B. Krauskopf, Bifurcations of n-homoclinic orbits
in optically injected lasers, Nonlinearity 18(3) (2005) 1095–1120 c© 2005 by Institute
of Physics Publishing; reprinted with permission.

cases depending on the index of the α-degenerate point, namely the transition
through a saddle and the transition through an extremum. Note that these
singularities are also called the simple bifurcation and the isola bifurcation;
see, for example, [23] for details.

This explanation in terms of singularity theory is a consequence of the
geometry of bifurcation surfaces and curves in (K,ω, α)-space. In fact, the
whole sequence of events of T1 and T2 coming together and disappearing can
be nicely explained with the sketch in Fig. 6.15 of how the surface h̃1 of
homoclinic bifurcations spirals around the curve T of T-point bifurcations.
The curve of T-point bifurcations is a smooth curve with a minimum with
respect to α, and it is surrounded by a surface of codimension-one homoclinic
bifurcations that spirals towards this curve. The panels in Fig. 6.14 are two-
dimensional cross sections for fixed α through this surface. If α is large enough,
the curve T is intersected in two points T1 and T2 and the spiraling near these
two points must be clockwise and counter-clockwise, respectively. The inter-
section of the surface with the section is a single curve for sufficiently large
α. However, nearer the minimum of the curve T the surface has α-degenerate
points where its tangent space does not have an α-component. Passing through
each such point constitutes a basic codimension-one singularity of the surface
of homoclinic bifurcations. More precisely, above the minimum of the curve T
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disappear via codimension-three resonant double-homoclinic bifurcation as α is de-
creased. From S. Wieczorek and B. Krauskopf, Bifurcations of n-homoclinic orbits
in optically injected lasers, Nonlinearity 18(3) (2005) 1095–1120 c© 2005 by Institute
of Physics Publishing; reprinted with permission.

there are infinitely many passages through saddles, which accumulate on the
minimum of the curve T . Globally, this creates the closed concentric curves
by connecting the respective homoclinic curves in a different way. Below the
minimum of T , on the other hand, each concentric circle disappears by con-
tracting to a single point, which is the passage through an extremum (with
respect to a parameter, in this case α) in a two-dimensional surface h̃1. We fi-
nally remark that it would be quite a challenge to produce a numerical picture
of the surface sketched in Fig. 6.15.

Our second example is the merging and disappearance of the points D1

and D2 as α is decreased from α = 4.5 to α = 4.0. Figure 6.16 shows four
numerical bifurcation diagrams in this transition. As the points D1 and D2

are moving closer together we again encounter a passage through a saddle
point. This happens between panels (a) and (b) of Fig. 6.16 and it leads to a
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Fig. 6.17. The sketch of how D1 and D2 disappear via codimension-three resonant
double-homoclinic bifurcation in the two unfolding parameters μ1 and μ2. Compare
with Fig. 6.16. From S. Wieczorek and B. Krauskopf, Bifurcations of n-homoclinic
orbits in optically injected lasers, Nonlinearity 18(3) (2005) 1095–1120 c© 2005 by
Institute of Physics Publishing; reprinted with permission.

change in how the curves h1 in the cross section in the (K,ω)-plane connect.
After this event, the curve h1 in Fig. 6.16(b) connects the two points D1

and D2. In a further passage through a saddle point the curve h1 pinches
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off to create an isola, which is the situation shown in Fig. 6.16(c). In fact,
the isola is very close to the new connection between D1 and D2. Numerical
continuation suggests that more and more isolas are formed as D1 and D2

come closer together. These isolas then disappear in passages through minima.
Furthermore, α passes through the minimum of the D curve in the (K,ω, α)-
space. As a result, the curves h̃1 and h1 in Fig. 6.16(d) no longer intersect
and the points D1 and D2 have disappeared.

To clarify the situation, we sketch the transition leading to the disappear-
ance of D1 and D2 in Fig. 6.17. It can again be understood by the geometry
of bifurcation surfaces in (K,ω, α)-space, which in this case are organized
around a minimum (with respect to α) of the curve D of double-homoclinic
bifurcations. Figure 6.17(a)–(c) and (f) are topologically as the numerical
bifurcation diagrams in Fig. 6.16(a)–(d), respectively. We remark that it be-
comes more and more difficult to resolve numerically the different, small and
disjoint intersection curves of the surface h1 in (K,ω, α)-space. The sketches
in Fig. 6.17(d) and (e) are based on our numerical investigations, and indicate
how the transition appears to take place. However, the exact details, in partic-
ular, the order in which isolas are created and shrink to points and disappear
is yet unknown. Our continuation study suggests the basic ingredients of this
transition and can reveal some of the first steps in the specific transition at
hand. This scenario agrees with what is known about the (local) codimension-
two bifurcation diagrams near a double-homoclinic bifurcation as sketched in
Fig. 6.9, but a complete study of this codimension-two-plus-one phenomenon
remains a challenge.

The fact that we encounter minima in curves T and D confirms the experi-
ence from simulations and experiments that the dynamics and the bifurcation
diagram of the injected laser become more complicated as the line-width en-
hancement factor α is increased [59]. Indeed, when α is increased past these
minima extra organizing centers, T-points or double homoclinic bifurcation
points, are born. These events are associated with infinitely many transitions
through saddles and extrema in surfaces of global bifurcations. Furthermore,
general theory shows that the emerging T-points or double homoclinic bifur-
cation points are organizing centers that give rise to n-homoclinic orbits for
any n.

6.1.7 A Self-Similar Cascade Phenomenon

As a final example of the increase in the complexity with α we show in Fig. 6.18
the bifurcation diagram in the (K,ω)-plane for α = 6.0 near the point G1.
Notice that we only show the different parts of the curve h1 of one-homoclinic
orbits, which form what is left from the left most homoclinic tooth near G1;
compare with Fig. 6.3(f). Near the points D1 and D2, that were already found
for α = 4.5, we find two new points D4 and D5; compare with Fig. 6.7. The
different bifurcation curves are very close together, and the inset shows a
topological sketch of the bifurcation diagram. Notice further that two extra
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and the phase portraits at the codimension-two points D6 and D6. From S. Wiec-
zorek and B. Krauskopf, Bifurcations of n-homoclinic orbits in optically injected
lasers, Nonlinearity 18(3) (2005) 1095–1120 c© 2005 by Institute of Physics Publish-
ing; reprinted with permission.

double-homoclinic bifurcation points D6 and D7 have just been created in the
same way as D1 and D2 previously. This is another example of the passage
through a minimum of a curve D of double-homoclinic orbits; compare with
Fig. 6.7.

Figure 6.18 shows that in the injected laser we are dealing with a type of
cascade phenomenon: complicated bifurcation scenarios found for one tooth
also occur for all the other teeth when α is increased.

6.1.8 Concluding Remarks on Injected Lasers

This section presented a detailed study of the bifurcations of n-homoclinic
orbits in the rate equations describing a semiconductor laser with optical in-
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jection. The corresponding curves of n-homoclinic bifurcations are organized
in what we call homoclinic teeth, experimentally accessible regions inside the
locking region of the laser. The analysis of the bifurcation diagram from a
global viewpoint proved to provide new insight into the nature of global bifur-
cations and allowed us to identify a cascade phenomenon where complicated
bifurcation scenarios repeat for subsequent homoclinic teeth.

The injection laser rate equations emerged as a concrete vector field in
which complicated global bifurcations can be found and studied. Specifically,
we found in this three-dimensional vector field (without any additional sym-
metries) T-point bifurcations and double-homoclinic orbits. By making exten-
sive use of continuation techniques for homoclinic and heteroclinic orbits, it is
possible to study these codimension-two global bifurcations themselves, and
also to find out how they organize the corresponding bifurcation diagrams.

When changing a third parameter, we found a new phenomenon, namely
complicated transitions in two-parameter bifurcation diagrams that are due to
folds (in this case, minima) in codimension-two curves of global bifurcations.
These ‘codimension-two-plus-one events’ come with accumulations of singu-
larity transitions through saddles and extrema, which can be explained by the
geometry of surfaces of global bifurcations in a three-dimensional parameters
space. Our results raise a number of questions of bifurcation theory. In par-
ticular, a detailed study of the unfoldings of the ‘codimension-two-plus-one
events’ remains a challenging task.

From the physical point of view, we presented here how the regions in which
one may find multi-pulse excitability depend on the linewidth-enhancement
factor α. Our results confirm that the dynamics and bifurcations of an in-
jected laser are more complex the larger the linewidth enhancement factor α.
Most importantly, they stimulated new laser experiments. The already demon-
strated good agreement between theory and experiment on the level of local
bifurcations in the injection laser [65, 66] has now been extended to global
bifurcations such as the ones described here. In fact, the predicted effect of
multi-pulse excitability was recently measured independently by two different
groups [8, 25].

6.2 Phase-Locking Anomaly in Two Back-to-Back

Coupled Lasers

This section is based on [53, 54] and concerned with the dynamics and bifur-
cations of two coupled lasers. We model the system with spatial composite-
cavity modes that describe the entire coupled-laser structure [13, 43]. This is
in contrast to the more usual approach of modeling the individual uncoupled
lasers and then introducing the coupling via ad-hoc terms in the equations of
motion.

It is generally believed that the transition from weakly-coupled to totally
isolated lasers occurs smoothly. This means that, as the coupling approaches
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Fig. 6.19. Two back-to-back coupled lasers (top), and a pair of composite-cavity
modes (bottom).

zero, there is an uninterrupted vanishing of the detuning range over which
phase-locking is achieved. We show here that there is an anomaly in the tran-
sition from coupled to totally isolated lasers. Namely, this transition does not
occur smoothly but is interrupted with the occurrence of instabilities and even
chaotic dynamics. Importantly, there exists an open interval of the coupling
strength where phase locking is impossible at any detuning.

To understand these counter-intuitive phenomena we study in detail
two-dimensional bifurcation diagrams in the plane of laser detuning and
coupling strength for different values of the linewidth enhancement factor
α; see Sect. 6.1.1. The analysis reveals various codimension-two bifurca-
tions including saddle-node-Hopf and generalized Hopf bifurcations, 1:1 and
1:2 resonances, and homoclinic-doubling points. In particular, we identify
codimension-three bifurcations leading to the appearance of a gap in the
phase-locking region with increasing α. Furthermore, we perform a detailed
study of bifurcations of periodic orbits, and specifically their origins and mu-
tual connections, to show how the gap is gradually occupied by instabilities
and chaos with increasing α.
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6.2.1 Composite-Cavity Description of Two Back-to-Back Coupled
Lasers

We consider two laser cavities with instantaneous (no time delay) coupling:
cavity A of length L is coupled via a common mirror of transmission T to
cavity B of length L + dL; see Fig. 6.19. For the consistent description of
coupling and optical nonlinearities, we expand the spatiotemporal laser field
E(z, t) in terms of standing waves un(z) for the entire double-cavity cavity
structure [13, 43, 53]

E(z, t) =
1

2

∑
j

[
Ej(t)e

−iΨj(t)uj(z) + c.c.
]
. (6.2)

Such standing waves are called composite-cavity modes. This is in contrast
to the usual approach that neglects spatial effects in the coupling. Notice,
that in the composite-cavity-mode picture, the resulting equations describe
interaction of composite-cavity modes rather than individual lasers [52].

Mathematically, the situation is described by a system of two globally cou-
pled oscillators that can be described by the set of five autonomous ordinary
differential equations

Ėj = −γEj + Cjjγ ×
∑

k=1,2

{
[CA

kj(1 + βNA) + CB
kj(1 + βNB)] cos(ψkj)

−αβ[CA
kj(1 +NA) + CB

kj(1 +NB)] sin(ψkj)
}
Ek, (6.3)

Ψ̇j = Ωj + Cjjγ ×
∑

k=1,2

{
αβ[CA

kj(1 +NA) + CB
kj(1 +NB)] cos(ψkj)

+[CA
kj(1 + βNA) + CB

kj(1 + βNB)] sin(ψkj)
}Ek

Ej
, (6.4)

ṄA/B = Λ− (NA/B + 1)−
∑

k,j=1,2

C
A/B
kj (1 + βNA/B) cos(ψkj)EkEj , (6.5)

where j = 1, 2 and ψkj = Ψk − Ψj is the phase difference between mode
k and mode j. (Note that it is sufficient to consider the equation for the
phase difference ψ12 between the two electric fields.) Equations (6.4)–(6.5)
are coupled to the algebraic constraints

sin

[
Ωj

c
nb(2L+ dL)

]
= 2

√
1− T
T

sin

[
Ωj

c
nbL

]
sin

[
Ωj

c
nb(L+ dL)

]
, (6.6)

A2
jL

⎡
⎣1

2
−

sin
(
2

Ωj

c nbL
)

4
Ωj

c nbL

⎤
⎦+B2

j (L+ dL)

⎡
⎣1

2
−

sin
[
2

Ωj

c nb(L+ dL)
]

4
Ωj

c nb(L+ dL)

⎤
⎦(6.7)

+A2
j

2c

Ωjnb

√
1− T
T

sin2

(
Ωj

c
nbL

)
= L,
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Aj sin

(
Ωj

c
nbL

)
= −Bj sin

[
Ωj

c
nb(L+ dL)

]
, (6.8)

CA
jk(T, dL) =

1

L

∫ 0

−L

dzuj(z)uk(z), (6.9)

CB
jk(T, dL) =

1

L

∫ L+dL

0

dzuj(z)uk(z). (6.10)

Differential equations (6.3)–(6.5) describe the time evolution of the real field
amplitudes E1 and E2 of the composite-cavity modes, their phase difference
ψ12, and the population inversion in lasers A (NA) and B (NB). The modal
frequencies Ω1 and Ω2 are determined from the transcendental equation (6.6),
the modal amplitudes A1/2 and B1/2 are determined from (6.7)–(6.8), and the
coupling coefficients CA

jk and CB
jk are determined from the spatial overlap of

the composite-cavity modes; see (6.9)–(6.10). More details on the derivation of
the model, algebraic constraints, and dimensionless parameters can be found
in [13, 52, 53].

The aim is to calculate two-dimensional bifurcation diagrams of system
(6.3)–(6.5) in the (T, dL)-plane for different fixed values of the linewidth en-
hancement factor α. For the other parameters we chose the realistic values,
namely for the refractive index nb = 3.4, for the dimensionless gain coefficient
β = 9.82, for the dimensionless excitation rate Λ = 2 in cavity A and B, and
for the ratio of the composite-cavity and population decay rates γ = 10. Be-
cause of the nature of the model, the bifurcation analysis of the coupled-laser
system is not as straightforward as in the case of the optically injected laser
in Sect. 6.1. The two main issues are:

1. the coupling parameters (which are the main bifurcation parameters)
namely, the coupling-mirror transmission T and the cavity-length mis-
match dL, appear in (6.3)–(6.5) implicitly through the modal frequencies
Ω1 and Ω2 and integrals CA

jk and CB
jk as described by (6.6)–(6.10);

2. the system has two types of periodic solutions: those where the phase
difference ψ12 is bounded within a 2π interval, and those where ψ12 is
unbounded, that is, ψ12(t) is periodic modulo 2π; the latter oscillations
are also called rotations [16].

The first issue can be overcome by appending the algebraic constraints (6.6)–
(6.10) to the system of ODEs (6.3)–(6.5) and solving the extended system,
that is, by performing continuation of solutions to (6.3)–(6.5) and (6.6)–(6.10)
simultaneously. The second issue becomes problematic only near transitions
between periodic solutions with bounded and unbounded phase. (Each indi-
vidual type of periodic solution is readily continued with Auto.) Such transi-
tions are common near interesting phenomena (e.g., codimension-two saddle-
node-Hopf points with re-injection) and may cause technical inconvenience.
This issue can be overcome in the case of two laser modes by appropriate
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change of variables [46]. However, it remains an interesting issue for the bi-
furcation analysis of multi-mode lasers where phase relations between more
than two individual modes need to be taken into account.

6.2.2 Symmetry Properties

It is interesting to discuss symmetries in the presence of two composite-cavity
modes. Because each composite mode has different spatial overlap with the
active media there is no perfect symmetry in the system of coupled-cavity
lasers. However, for long (compared to the wavelength λ = 1μm) cavities this
difference is small enough so that the system appears to have some symmetries.
If L � λ (this works well already when L ∼ 10λ), we have that CA

jj � CB
kk,

and CA
jk � −CB

jk for j �= k . Furthermore, if L � λ and dL ∼ λ we have

that the symmetry (CA
jj , dL) → (CB

jj ,−dL). One consequence of the above

relations is the (approximate) reflection symmetry (ψkj , N
A, NB , α, Λ, dL) →

(ψkj ± π,NB , NA, α, Λ,−dL). Hence, the bifurcation diagram in the (T, dL)
plane can be symmetric with respect to the change dL→ −dL, provided that
both lasers have equal excitation rates Λ and equal linewidth enhancement
factors α.

Another consequence is the symmetry in the phase space. Under the as-
sumption of equally pumped lasers, equal losses for both composite-modes,
and zero linewidth enhancement factor α = 0, if {E0

1 , E
0
2 , ψ

0
12, N

0
A, N

0
B} is an

equilibrium, then we notice that {E0
1 , E

0
2 , ψ

0
12 ± π,N0

B , N
0
A} is an equilibrium

too. Each of the two points may sometimes be associated with lasing at a
single composite-cavity mode. Whether both of them are stable at the same
time depends on the competition between the composite-cavity modes. Strong
competition results in bistability between these two equilibria [42].

6.2.3 Chaos in Practically Isolated Microcavity Lasers

In recent studies focusing on coupled lasers little attention has been devoted
to dynamical properties of practically uncoupled lasers, although such lasers
are encountered in a wide range of applications. By practically uncoupled or
isolated lasers, we mean two or more lasers where the desire is for the lasers
to operate totally independent of one another, while in practice, only partial
isolation is possible. Practically isolated lasers are encountered in the modern
technology of micro-optical circuits, where one faces the problem of reducing
cross-talk between laser diodes that are densely integrated onto a single chip.

Figure 6.20 depicts the bifurcation diagram in the (T, dL)-plane for two
microcavities described by (6.3)–(6.5) with L = 2.8μm and α = 2, where su-
percritical bifurcations are plotted as solid curves, and subcritical bifurcations
as dashed curves. Phase-locking of lasers corresponds to the situation where
both lasers emit light of constant intensities and the same frequency. This
can be achieved in two ways: through phase locking of the composite-cavity
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Fig. 6.20. Bifurcation diagram of (6.3)–(6.5) in the (T, dL/λ)-plane of coupled
microcavity lasers (a), and an enlargement for very small T (b). From S. Wieczorek
and W.W. Chow, Chaos in practically-isolated microcavity lasers, Phys. Rev. Lett. 92
(2004) 213901 c© 2004 by the American Physical Society; reprinted with permission.

modes or when both lasers operate at a single composite-cavity mode. In the
{E1, E2, ψ12, NA, NB} phase space, phase locking is represented by an equilib-
rium. The phase-locking region in Fig. 6.20(a), where the lasers operate with
a single composite-cavity mode, is indicated by the region between the two
supercritical branches of Hopf bifurcation curve H. The locked state is lost
when H is crossed towards higher values of |dL|. No other transition is visible
at this scale and the general features at moderate coupling are similar to what
is generally expected. The transition from weakly-coupled to totally isolated
lasers appears to occur smoothly, i.e., with an uninterrupted vanishing of the
phase locking region, as the coupling approaches zero.

However, the coupled-laser behavior contains an anomaly, whose presence
is only noticeable with significant magnification of the (T, dL) parameter space
in the vicinity of the origin as shown in Fig. 6.20(b). There, we find the curves
of saddle-node and Hopf bifurcation, S and H, respectively. These curves are
tangent at four codimension-two saddle-node-Hopf points where they change
from sub- to super-critical. These saddle-node-Hopf points are often origins of
complex bifurcation structures that give rise to chaos [33]. Starting from the
right, the phase-locking region closes near G+

2 and G−2 where the two branches
of S merge. Phase-locking reappears at G+

1 and G−1 and ends at the origin
of the (T, dL)-plane. In the notation of [33] G1 and G2 belong to different
types of saddle-node-Hopf points. Both types are associated with a complex
web of bifurcations roughly indicated by the shaded region in Fig. 6.20(b)
and studied in more detail in the next section. As the coupling approaches
zero, one expects the oscillators to be more independent. Instead, they start
interacting in a most complicated way and exhibit mutually induced chaotic
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oscillations. An interesting question arises as to the origin of this intriguing
and counter-intuitive example of coupled nonlinear-oscillator behavior.

6.2.4 Origin of the Interrupted Phase-Locking Region

To explore the dependence of the coupled-laser instabilities on the resonator
length L, and to avoid technical difficulties associated with continuation of
bifurcation curves across eight orders of magnitude in T (see Fig. 6.20) we
now consider longer laser cavities with L = 280μm.

Bifurcations of Equilibria for α = 0

The case of α = 0 is highly degenerate and has an uninterrupted phase-
locking range as is shown in Fig. 6.21. The two composite-cavity modes are in
strong competition leading to bistable locking range. Saddle-node and Hopf
bifurcations associated with both stationary points are tangent at T ≈ 0.027,
at four codimension-two saddle-node-Hopf points. Starting inside the locking
range and increasing |dL|, the locking is lost either via saddle-node bifurcation
(T < 0.027) or via Hopf bifurcation (T > 0.027). Although there are two
different bifurcations responsible for the locking-unlocking transition, one can
distinguish three different locking-unlocking mechanisms.

For T < 0.027 each of the two bifurcating stable equilibria has contri-
butions from both composite modes; see Fig. 6.21(a). Here, frequency sep-
aration of the two composite-cavity modes is small, and the laser locking-
unlocking transition is a transition between two composite-cavity modes which
are phase-locked and two composite-cavity modes which are phase-unlocked.
Locking of the lasers arises from phase-locking of the composite-cavity modes.
In the {E1, E2, ψ12, NA, NB} space this is represented by two (there is bistabil-
ity) saddle-node bifurcations of equilibria that take place on a single periodic
orbit. Unlocked operation is represented by a single stable periodic orbit.

For T > 0.15, each of the two bifurcating stable equilibria has a large
contribution from one composite mode, and a vanishing contribution from the
other composite mode. The laser locking-unlocking transition is a transition
between a single composite-cavity mode (see Fig. 6.21(a)) and two phase-
unlocked composite-cavity modes. Locking of the lasers arises from strong
competition (owing to strong cross-saturation) between the two composite
modes [13, 52]. In the {E1, E2, ψ12, NA, NB} space, this is represented by two
supercritical Hopf bifurcations leading to two stable periodic orbits. It also
involves saddle-node bifurcation of periodic orbits in which one of these stable
orbits disappears. Consequently, unlocked operation is represented by a single
stable periodic orbit [53] and no instabilities appear with increasing |dL|.

The most interesting region lies in between the two, near the points
G±j , where neither the composite-mode phase-locking nor the competing
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Global view of nonlinear dynamics in coupled-cavity lasers-a bifurcation study, Opt.
Comm., 246(4–6) (2005) 471–493 c© 2004 by Elsevier Science; reprinted with per-
mission.

composite-cavity-mode description is valid. This is where the beat note fre-
quency ψ̇12 comes close to the laser’s characteristic relaxation oscillation fre-
quency, which is known to give rise to nonlinear resonances and chaos. For
0.027 < T < 0.1, starting within the phase-locking region, locking of the lasers
is lost via undamping of the relaxation oscillation at a Hopf bifurcation. The
two stable stationary points become unstable and each of them gives rise to
one stable periodic orbit. Outside the phase-locking region and near G±j , these
two periodic orbits (bistability in unlocked operation) encounter instabilities
leading to complicated dynamics and chaos. It is interesting to note that, as T
increases, the transition between the first and the second locking mechanism
is clear cut, indicated by G±j . On the other hand, the transition between the
second and the third locking mechanism happens continuously and involves
saddle-node bifurcation of periodic-orbits.

As a result of the degeneracy of the case α = 0, in the projection of the
bifurcation diagram onto the (T, dL/λ) plane shown in Fig. 6.21(b) bifurca-
tions of different stationary states appear as a single curve or point. How can
this degeneracy be removed?

Influence of α on Bifurcations of Equilibria

To explore the dynamics of different types of lasers and to understand how
qualitative differences in the behavior of different lasers come about, we focus
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our attention on the evolution of the phase-locking region with increasing α.
The two phase-locking regions in Fig. 6.22, associated with the two stable
equilibria, are distinguished by left-inclined and right-inclined patterning, re-
spectively. Let us recall that bifurcation theory predicts four different types
of saddle-node Hopf points. All four points G±j from Fig. 6.22(a) are of type
IV in the notation from [33].

Increasing α above zero unfolds the otherwise degenerate bifurcation di-
agram in Fig. 6.22(a) so that for nonzero α neither bifurcation curves nor
G±1 and G±2 fully overlap any longer [Fig. 6.22(b)]. One phase-locking re-
gion, associated with G+

1 and G−1 , expands along the dL/λ axis and moves in
the direction of lower values of T . The other phase-locking region, associated
with G+

2 and G−2 , moves together with G+
2 and G−2 in the direction of higher

values of T . Furthermore, the phase-locking region associated with G+
1 and

G−1 is no longer bounded by the entirely supercritical Hopf bifurcation curve.
Codimension-two generalized-Hopf bifurcation points Hg appear where the
Hopf curve changes from supercritical to subcritical. Throughout the range
of α under consideration, the type of G+

2 and G−2 remains unchanged. On the
other hand, G+

1 and G−1 change from type IV to type III (in the notation
from [33]) at α � 0.5. The bifurcation diagram in Fig. 6.22(c) shows that the
curve H has a cusp at G+

1 and G−1 which makes this a very special point,
namely a bifurcation of codimension at least three. During the change in the
type of G+

1 and G−1 the two associated branches of H, one supercritical and
the other subcritical, locally exchange their order. This has important conse-
quences to where the chaotic dynamics associated with G±1 appear; see the
next subsection for explanation. Increasing α further results in less overlap
between the two phase-locking regions to the point where they no longer coa-
lesce [Fig. 6.22(d)]. At α = 1 the two phase-locking regions are well separated
and a gap appears where the coupled-cavity lasers never lock. This gap in-
creases with further increase of α [Fig. 6.22(e)] so that for α = 3 there are
two distinct phase-locking regions [Fig. 6.22(f)], one at low coupling-mirror
transmissions 0 < T < 0.01 and the other at relatively high coupling-mirror
transmissions 0.45 < T < 1. Furthermore, the generalized Hopf points Hg

are gone and both phase-locking regions are again bounded by the entirely
supercritical parts of S and H.

Bifurcations of Periodic Orbits

The next question concerns nonlinear oscillations for parameter settings
within the gap between the two phase-locking regions. In a coupled-cavity
laser periodic orbits emerge along Hopf bifurcation curves H, along curves S
of global saddle-node homoclinic bifurcation, and along homoclinic bifurcation
curves h. In particular, we already identified two types of codimension-two bi-
furcations, namely saddle-node-Hopf points G±j and generalized Hopf points
Hg. Both are sources of bifurcations of periodic orbits and, hence, starting



212 Sebastian M Wieczorek

0.05 0.1 0.15

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

0.05 0.1 0.15

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

0.05 0.1 0.15

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

0.05 0.1 0.15

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

0.1 0.2 0.3

-1.5

-1

-0.5

0

0.5

1

1.5

0.1 0.2 0.3 0.4 0.5

-3

-2

-1

0

1

2

3

G
+

1,2

G
−

1,2

H

S

G
+

1

G
+

2

G
−

1

G
−

2

Hg

Hg

H

H

S

S

G
+

1

G
+

2

G
−

1

G−

2

Hg

Hg

H

H

S

S

G
+

1

G
−

1

G
+

2

G
−

2

Hg

Hg

H

H

S

S

G
+

1

G
−

1

G
−

2

G
+

2
Hg

Hg

H

H

S

S

G
+

1

G
−

1

G
−

2

G
+

2

H

H

S

S

(a) α = 0 (b) α = 0.3

(c) α = 0.5 (d) α = 1

(e) α = 2 (f) α = 3

dL
 /

λ
[1

0 
   

]
−2

dL
 /

λ
[1

0 
   

]
−2

dL
 /

λ
[1

0 
   

]
−2

T T

Fig. 6.22. Phase-locking region of (6.3)–(6.5) in the (T, dL/λ)-plane for different
values of the linewidth enhancement factor α. S and H are tangent and change
from supercritical to subcritical at codimension-two saddle-node-Hopf points G±j .
H also changes from supercritical to subcritical at generalized Hopf points Hg. The
color coding is as in Fig. 6.21. From S. Wieczorek and W.W. Chow, Global view
of nonlinear dynamics in coupled-cavity lasers-a bifurcation study, Opt. Comm.,
246(4–6) (2005) 471–493 c© 2004 by Elsevier Science; reprinted with permission.



6 Global Bifurcation Analysis in Laser Systems 213

points for further analysis. Note that in the plots of curves of bifurcations of
periodic orbits we do not distinguish between super- and subcritical parts.

As expected from general theory [33], there is a torus bifurcation curve
T emerging from each point G±j [Fig. 6.23(a)]. Only two of four T curves
are visible (since the case α = 0 is degenerate). These torus curves involve
two frequencies, the relaxation oscillation frequency and the inter-mode fre-
quency. They are associated with a resonance tongue structure (not shown
here) and denote the onset of either quasiperiodic (parameter settings be-
tween the tongues) or periodic oscillations (parameter settings within a res-
onance tongue) when the solid black curves T are crossed from the right to
the left [38]. Also, they signal the appearance of chaos via the break-up of a
2-torus when the resonance tongues start to overlap. The curves T terminate
at 1:2 resonance points [33, Sec. 9.5.3] where they connect to period-doubling
curves PD1. The PD1 curves are the first steps in an infinite period-doubling
cascade to chaos [18]. The secondary period-doubling curves PDn>1 may be
arranged in nested or unnested islands of period-doublings [61]. In either
case, period-doubling islands are associated with chaotic dynamics. One of
the period-doubling curves from Fig. 6.23(a) does not form a closed loop but
terminates at two homoclinic-doubling bifurcation points B1 [39]. Further-
more, there is a non-degenerate saddle-node-of-periodic-orbit curve SL where
one of the two stable periodic orbits, born along the degenerate H curve, dis-
appears. The overall dynamical picture for α = 0 consists of the uninterrupted
bistable phase-locking region and complicated, sometimes chaotic, dynamics
found outside of the phase-locking region and near the points G±j .

When α is increased from zero [Fig. 6.23(b)], the degenerate bifurcation
diagram unfolds and one clearly sees four torus curves connecting to period-
doubling curves at four 1:2 resonance points. Interestingly, regions of compli-
cated dynamics associated with G±2 start to overlap with the phase-locking
region associated with G±1 . There, depending on the initial condition, the
coupled lasers may either be phase-locked or exhibit complicated unlocked
oscillations. At the generalized Hopf points Hg, the curve SL attaches to the
supercritical branches of H emerging from G+

1 and G−1 , causing the curves H
to change from supercritical to subcritical. Stable periodic orbits born along
these supercritical branches of H disappear at SL.

Increasing α further results in no qualitative changes to saddle-node Hopf
points G±2 nor associated torus and period-doubling bifurcations. As the gap
between the two phase-locking regions appears [Fig. 6.23(c)–(f)], the points
G±2 move in the direction of higher values of T . Concurrently, the two torus
curves T emerging from G+

2 and G−2 are ‘dragged along’, causing the two
attached period-doubling cascades to shift into the gap between the two phase-
locking regions. On the other hand, a number of qualitative changes takes
place near G±1 . For α < 0.5, bifurcations of periodic orbits emerging from G±1
evolve in the direction of increasing |dL/λ|. Near α = 0.5, the type of G+

1 and
G−1 changes.
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The details near G+
1 are shown in Fig. 6.24. Close to α � 0.5 a new curve

SL appears that connects to H at the two Hg points, and has a cusp near
(T, dL/λ) = (0.016, 0.4125) [Fig. 6.24(b)]. The torus curve T detaches from
G+

1 and attaches near the cusp of this new SL curve at 1:1 resonance [33,
Sec. 9.5.2]. At α = 1 [Fig. 6.24(b)] the extra SL curve is gone. The torus
curve T attaches again to G+

1 but ‘flips’ from above to below the curve S
[Fig. 6.24(c)–(d)]. As a consequence, starting at α � 1 [Fig. 6.23(d)], the
two torus curves T emerging from G+

1 and G−1 , and the attached period-
doubling curves PD1, start filling the gap between the two phase-locking
regions [Fig. 6.23(d)–(f)]. For clarity, only parts of the PD1 curves associated
with G+

1 and G−1 are plotted in Fig. 6.23(b)–(f).
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6.2.5 Concluding Remarks on Coupled Lasers

The interesting dynamics of coupled-cavity lasers arises from two types of
nonlinearities: those imparted in the composite-mode properties by the optical
coupling (algebraic constraints), and those imparted in the active medium by
the population dynamics (differential equations). Their interplay results in a
rich display of chaotic oscillations when two conditions are met simultaneously.

(i) The composite-cavity-mode beat note must be close to resonant with the
characteristic (relaxation oscillation) frequency of the active medium, thus
strongly coupling laser fields and active media;

(ii) an appreciable spatial overlap between composite-cavity modes must be
present for a strong coupling of the lasing modes.

Continuation techniques allowed us to uncover a counter-intuitive example
of chaos in ultra-weakly coupled nonlinear-oscillators and to explain how this
unexpected dynamical picture arises with increasing linewidth enhancement
factor α. In particular, an uninterrupted and degenerate (bistable) phase-
locking region at α = 0 unfolds and develops a gap, which is gradually
occupied with instabilities and chaos for α �= 0. The underlying mecha-
nism is a change in the competition between composite-cavity modes that
causes a change in the type of codimension-two saddle-node Hopf points via
a codimension-three cusp singularity on the Hopf bifurcation curve. Further-
more, several other codimension-two bifurcations, including strong resonances,
are identified as sources of instabilities and chaos in coupled-cavity lasers.
Many of the phenomena mentioned are interesting from a bifurcation theory
point of view and should be studied in more detail.

The dependence of the dynamics on the cavity length reveals effects due to
nonlinear optical coupling. With decreasing cavity length, the two conditions
that are necessary for the complicated dynamics to occur shift towards the
origin of the (T, dL/λ) parameter space. Consequently, for short cavities these
two conditions may be satisfied at ultra-low optical coupling (e.g. T < 10−5

for L ∼ 3λ), where lasers are generally expected to act independently. This
bifurcation analysis provided new insight into an overall understanding of
coupled-laser behavior.

6.3 Outlook

The field of nonlinear optical/laser systems is expanding in many new direc-
tions. Examples of new types of optical systems include nanoscale photonic-
crystal lasers [41], optical resonators with quantum coherence [55, 67], and
multimode quantum-dot lasers [49]. Owing to their nanoscale and quantum
coherence, these systems are expected to have strong optical nonlinearities
that are different from those found in conventional optical/laser systems. New
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nonlinear phenomena are waiting to be uncovered and, based on our experi-
ence so far, we believe that continuation techniques are the tool of choice.

The nonlinear analysis of these newly emerging optical systems faces math-
ematical challenges such as handling high-dimensional multimode systems,
ODEs with algebraic constraints, and multiple time scales. It is, therefore, an
easy prediction that the bifurcation analysis of newly emerging problems in
laser physics and photonics will continue to stimulate and contribute to the
further development of continuation techniques themselves.
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It is well known that the creation of the modern geometrical theory of dy-
namical systems by Poincaré at the end of the 19th century was motivated
by problems arising in celestial mechanics [41]. Perhaps it is not so widely
known that the dynamics of electronic circuits played an important role at
the early stages of the development of this theory. In the 1920s Van der Pol
[47] described the periodic oscillations of self-sustained circuits in terms of the
limit cycles of Poincaré. He performed experiments with periodically excited
circuits and measured, for the first time, complex behavior in a nonlinear sys-
tem. In the 1930s there was pioneering work of Andronov’s Russian school on
the theory of oscillations in electronic, mechanical and control systems [11].

It is important to realize that these first applications of Poincaré’s quali-
tative theory to electronic circuits led to new concepts and theoretical results.
Examples of this include Liénard’s theorems [40, Chap. 3], as motivated by
the works of Van der Pol, the development of bifurcation theory for planar
systems by Andronov and co-workers [9], and the introduction of the concept
of structural stability by Andronov and Pontriaguin [10].

The relationship between the mathematical theory of ordinary differential
equations (ODEs) and the dynamics of electronic circuits was initially very
close, but this did not continue for very long. In fact, one might speak of a di-
vorce between the two fields in the subsequent development, where electronic
devices and systems became ever more complex and of greater dimension.
Starting with the invention of the transistor in the 1950s, there was a true
explosion in the size of electronic circuits, culminating in the ascent of the
microchip — a complex circuit with thousands or even millions of compo-
nents. In theoretical investigations of such electronic circuits one can hardly
find a trace of the geometrical theory of dynamical systems. One of the few
exceptions is the almost forgotten work of Hayashi’s school in Japan on the
global dynamics in experiments with analog computers [46].

On the other hand, in the 1960s and 1970s the mathematical theory of
dynamical systems experienced much development, with the introduction of
new ideas by Smale, Arnol′d, Lorenz, Yorke, and Feigenbaum, to name just
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a few of the contributors. The theory as we know it today (see, for example,
the textbooks [32, 36, 49]) sheds light on the structure of complex dynamic
behavior (by which we mean recurrent, aperiodic and chaotic) that is present
in numerous nonlinear models arising in applications; see, for example, the
recent survey [35] and references therein.

With these theoretical developments there came a renewed interest in the
dynamics of electronic circuits in the early 1980s, when new ideas and meth-
ods were introduced to the study of (periodic or non-periodic) oscillations
generated by nonlinear electronic circuits of low dimension. However, the the-
ory usually only provides a framework for different phenomena that one may
find in a given circuit. To perform an effective study of the actual dynamics it
is necessary to resort to numerical methods. In order to obtain a global view
of the dynamics in phase space and of the bifurcations in parameter space,
one needs to employ numerical methods that go beyond mere numerical simu-
lation. Indeed, what is needed is the technique of numerical continuation that
has been developed since about the 1980s and is now available in the form
of several software packages, most notably the package Auto [19]; see also
Chaps. 1 and 2.

In this chapter we demonstrate how complicated dynamical behavior and
bifurcations can be found and identified in ODE models of electronic circuits.
The combination of theoretical methods and numerical techniques allows one
to obtain a deep understanding of a wide range of dynamical phenomena.
In particular, electronic circuits provide concrete examples of unfoldings of
singularities that act as organizing centers of the dynamics.

Specifically, we consider in Sect. 7.1 a three-dimensional modified Van der
Pol oscillator as studied in [20]. We show that there are co-existing canard
periodic orbits, which we find and continue with Auto. The core of the chap-
ter is the bifurcation analysis in Sect. 7.2 of a three-dimensional ODE model
of a modified Van der Pol-Duffing electronic circuit; see [28] and references
therein. This system exhibits very complex dynamics and associated bifurca-
tion structures. We concentrate here on an extensive study of (global) dynam-
ics associated with Arnol′d (or resonance) tongues and on a global bifurcation
known as a T-point bifurcation. In the process we identify a number of global
bifurcations, including homoclinic bifurcations, Shil′nikov-Hopf bifurcations,
T-point bifurcations and T-point-Hopf bifurcations.

7.1 Canards in a Modified Van der Pol Circuit

We consider here the electronic circuit shown in Fig. 7.1. It is obtained from
the well-known Van der Pol circuit with a battery by adding a linear RC
parallel branch. This circuit was chosen as a convenient system to study canard
periodic orbits in a three-dimensional phase space.

Canard orbits arise due to the slow-fast nature of the system and have
first been found in the Van der Pol equation with a battery (that is, without
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Fig. 7.1. Circuit scheme of a three-dimensional modified Van der Pol circuit with
a parallel linear RC branch.

the RC branch in Fig. 7.1). Canards are composed of slow segments that
closely follow parts of the S-shaped slow manifold of the Van der Pol system,
and they exist in exponentially small parameter regions. Their existence was
first shown with techniques from non-standard analysis [15]. The name canard
(French for duck) was adopted because the shape of these periodic orbits; see
also [18] and Chap. 8.

By applying Kirchhoff’s laws and a suitable rescaling of the state and time
variables [20], the electronic circuit in Fig. 7.1 can be represented by the vector
field

εẋ = −α
(
x3

3
− x
)

+
z − x
R

− y,
ẏ = x− a, (7.1)

ż = −z − x
R

.

System (7.1) has exactly one equilibrium, which may undergo a degenerate
Hopf bifurcation. A numerical study in [20] with Auto and DsTool [33]
corroborates the analytical results and provides evidence of new global bi-
furcation phenomena, including cusp bifurcations of periodic orbits, period-
doubling bifurcations, and the presence of chaotic attractors.

We concentrate here on canard periodic orbits of (7.1). Figure 7.2 shows
the situation for R = 3, α = 0.7 and ε = 0.001. Panel (a) is a plot of the period
of a periodic orbit as a function of the parameter a. The branch of periodic
orbits emerges from a Hopf bifurcation point H and then is almost vertical in
a very narrow interval of the parameter a. Indeed the periodic orbit grows
very fast in size in this interval until it takes the typical shape of relaxation
oscillations, which exist along the horizontal part of the branch. It is known
for the Van der Pol equation that the parameter interval of canard solutions is
exponentially small in ε. In other words: the life of canards is very short. The
sudden growth of the periodic orbit is also referred to as a canard explosion.

The enlargement in Fig. 7.2(b) of the narrow a-interval where canard orbits
exist shows that the branch of periodic orbits actually has four saddle-node
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(a) (b)

(c) (d)

Fig. 7.2. Canard orbits of (7.1) for R = 3 and α = 0.7. Panel (a) shows the
bifurcation diagram for ε = 0.001, and panel (b) is an enlargement. Panel (c) shows
four co-existing canard periodic orbits for a = 0.7286 and ε = 0.001 in projection
onto the (x, y)-plane, and panel (d) the loci of folds in (a, ε)-plane. From E.J. Doedel,
E. Freire, E. Gamero and A.J. Rodŕıguez-Luis, An analytical and numerical study
of a modified Van der Pol oscillator, J. Sound Vibr. 256 (2002) 755–771 c© 2002 by
Elsevier Science; reprinted with permission.

bifurcations of periodic orbits (folds with respect to a). As a consequence,
there are up to four co-existing canard orbits, for example, those for a = 0.7286
(labeled 1 to 4) that are shown in Fig. 7.2(c). Canard orbit 1 does not have a
‘head’ while orbits 2–4 are canards ‘with a head’. Note that the shape of orbit
4 is very close to a relaxation oscillation. The four folds can been continued in
the (a, ε)-plane, which results in the curves in Fig. 7.2(d); observe the presence
of two cusp points (one of them in the bottom right corner) on the fold curve.

We remark that the bifurcation diagram of Fig. 7.2(a) is very similar to
the one for a canard explosion in the Van der Pol equations; see [27] and
Chap. 8. According to [50, Fig. 4.7], the period of the periodic orbit does
not simply decrease from the value it has when it is a relaxation oscillation.
Instead, it first increases up to a maximum (corresponding to the largest
canard without a head) and only then decreases very rapidly until the Hopf
bifurcation is reached. This agrees with what we find for (7.1) in Fig. 7.2(a)
and (b), but note that the situation is richer because of the presence of saddle-
node bifurcations.
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Fig. 7.3. Periodic orbits of (7.1) and their bifurcations for R = 4, α = 2 and ε =
0.25. Panel (a) shows the bifurcation diagram; solid curves indicate stable objects
and dashed curves unstable ones. Panel (b) shows three co-existing periodic orbits
for a = 0.93. Panel (c) is an enlargement of the bifurcation diagram near the upper
fold, where we now show the L2-norm of the periodic orbits, and panel (d) shows
periodic orbit 7 in projection onto the (x, y)-plane. Panels (e) and (f) show chaotic
attractors for a = 0.939648 and for a = 0.9396485, respectively. From E.J. Doedel,
E. Freire, E. Gamero and A.J. Rodŕıguez-Luis, An analytical and numerical study
of a modified Van der Pol oscillator, J. Sound Vibr. 256 (2002) 755–771 c© 2002 by
Elsevier Science; reprinted with permission.

Figure 7.3 shows the situation for R = 4, α = 2 and ε = 0.25, that is, for a
larger value of ε. This allows us to study the bifurcation diagram in more detail
with Auto. The bifurcation diagram is shown in panel (a). When decreasing a,
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2
2

0

G

G1

v1

C

iL

L

v

C G3

Fig. 7.4. Scheme of the modified Van der Pol-Duffing electronic oscillator.

the equilibrium becomes unstable at the supercritical Hopf bifurcation point
H, where a branch of stable periodic orbits emerges. This branch has two
folds, so that there are up to three co-existing periodic orbits (labels 1–3),
of which two are stable; see Fig. 7.3(b). To study the bifurcation diagram
near the upper saddle-node of periodic orbits, panel (c) shows an enlargement
that also shows period-doubling bifurcations and branches of period-doubled
orbits. Note that the branch of period-two orbits has a fold on the left. Indeed
we find a cascade of period-doubling bifurcations; orbits 4 and 5 are on the
principal branch, orbit 6 on the branch of period-two orbits, orbit 7 on the
branch of period-four orbits, and orbit 8 on the branch of period-eight orbits.
Figure 7.3(d) shows period-four orbit 7 in projection onto the (x, y)-plane.

Because the periodic orbits undergoing successive period-doubling bifur-
cations are stable, one expects that there exist chaotic attractors in a narrow
a-interval. That this is indeed the case is shown in Fig. 7.3(e) and (f); where
the latter chaotic attractor is ‘fully developed’.

7.2 Bifurcations in a Modified Van der Pol-Duffing

Circuit

Several different ways have been proposed to modify the classical Van der
Pol circuit to obtain an electronic circuit with three states. Examples of such
circuits can be found in [26, 31, 34, 37, 38, 43]; see also the review of different
configurations in [28].

In this section we consider the modified Van der Pol-Duffing electronic
circuit sketched in Fig. 7.4. This system has been suggested as a random wave-
form generator [43], and it consists of a parallelRCL-circuit and an RC-circuit
that are coupled by a nonlinear conductance; see [28] and references therein.
To arrive at an ODE model, we take the voltages at the capacitors and the
current across the inductance as state variables, and model the current-voltage
characteristics of conductances by means of odd third-order polynomials. In
dimensionless variables the circuit is described by the three-dimensional vector
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field

ẋ = −
(
ν + β

r

)
x+

β

r
y − A3

r
x3 +

B3

r
(y − x)3,

ẏ = βx− (β + γ)y − z −B3(y − x)3 − C3y
3, (7.2)

ż = y,

where r > 0 represents the ratio between the two capacitances. Note that
system (7.2) has a Z2-symmetry due to its invariance under the transformation
(x, y, z) �→ (−x,−y,−z).

We now summarize the local bifurcations of (7.2) in dependence on the
parameters ν, β and γ. The origin is always an equilibrium. A pitchfork bi-
furcation of equilibria occurs on the plane {ν + β = 0}, which creates two
symmetry-related equilibria that exist for ν + β < 0. The origin as well as
the nontrivial equilibria undergo Hopf bifurcations. System (7.2) exhibits two
different kinds of Takens-Bogdanov bifurcations (double-zero eigenvalue). The
first is of homoclinic type and occurs on the straight line {(ν, β) = (−√r,√r)}
where γ �= −√r; the second is of heteroclinic type and occurs on the straight
line {(ν, β) = (

√
r,−√r)} where γ �= √

r. A detailed analysis of the Hopf and
Takens-Bogdanov bifurcations in system (7.2) and their degeneracies can be
found in [4].

There are also Hopf-pitchfork bifurcations of (7.2), which occur on the
line segment {(ν, β) = (γ,−γ)} where γ2 < r. Furthermore, there is a
codimension-three singularity corresponding to a degeneracy of the Hopf-
pitchfork bifurcation, whose normal form and unfolding is the topic of [3].
How this bifurcation, which occurs for γ ≈ −0.4519, organizes the dynamics
of (7.2) is discussed in [5, 6, 7]. Moreover, system (7.2) exhibits a triple-zero
bifurcation at the critical values νc = −βc = γc = ±√r; see [29] for more
information.

In this section we focus on two topics, namely the intriguing bifurcation
structure inside weak resonance tongues and global bifurcation phenomena,
especially those associated with T-point bifurcations.

7.2.1 Analysis of Arnol′d Tongues

We now present some results on the numerical analysis of Arnol′d tongues
in the system; see [8] and further references therein. Specifically, we consider
(7.2) for fixed r = 0.6, A3 = 0.3286, B3 = 0.9336 and C3 = 0.

Figure 7.5(a) shows the Floquet multipliers of the periodic orbit that un-
dergoes a torus (or Neimark-Sacker) bifurcation HH for γ = −0.6; shown is the
the argument (angle between the horizontal axis and the Floquet multiplier
of the complex conjugate pair with positive imaginary part) versus parame-
ter β. When the argument fails to vary monotonically we say that the torus
bifurcation has an angular degeneracy [39]; this occurs in Fig. 7.5(a) at the
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Fig. 7.5. Arnol′d tongues of (7.2) for γ = −0.6. Panel (a) shows the arguments of the
characteristic multipliers versus β along the torus bifurcation curve; D is an angular
degeneration point. Panel (b) depicts Arnol′d tongues close to the torus bifurcation
curve HH of 1:p resonances for p = 11, 12, 15, 20 and 25, close to the HH curve, panel
(c) the Arnol′d tongues for the 2:21, 1:11, 2:23, 1:12 and 2:25 resonances, and panel
(d) details of the Arnol′d tongues for the 1:11 (closed resonance zone) and 1:12 (first
open resonance zone) resonances. From A. Algaba, M. Merino and A.J. Rodŕıguez-
Luis, Takens-Bogdanov bifurcations of periodic orbits and Arnold’s tongues in a
three-dimensional electronic model, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 11
(2001) 513–531 c© 2001 by World Scientific Publishing; reprinted with permission.

maximum D of the parabola-like curve (where the Floquet multipliers of the
periodic orbit reverse their direction of movement on the unit circle). The
appearance of this angular degeneracy is a consequence of the existence of the
point A, associated to a double +1 characteristic multiplier of a periodic orbit
(since the argument is zero at both endpoints of HH).

The value of the argument at the angular degeneracy point D (of ≈ 35.3
degrees) indicates that 1:p and 2:q resonances will appear on the curve HH

only for p ≥ 11 and q ≥ 21. Several of these 1:p Arnol′d tongues are shown in
Fig. 7.5(b) in a neighborhood of HH. In Fig. 7.5(c) we show, for γ = −0.6, the
angular degeneracy point D on the torus curve HH as well as the first 1:p and
2:q resonance zones close to it. The numerical computations show that the
first three (2:21, 1:11, 2:23) resonance zones are closed, which suggests that
the point D is of ‘banana-type’ [39].
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Fig. 7.6. Arnol′d tongues of (7.2) for γ = −0.69217. Panel (a) shows the partial
bifurcation set where the torus curve HH now has two parts, while panel (b) depicts
the arguments of the respective characteristic multipliers with the points TBS1 and
TBS2. Panels (c) and (d) show details of Arnol′d tongues on HH1 and on HH2, re-
spectively. From A. Algaba, M. Merino and A.J. Rodŕıguez-Luis, Takens-Bogdanov
bifurcations of periodic orbits and Arnold’s tongues in a three-dimensional electronic
model, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 11 (2001) 513–531 c© 2001 by
World Scientific Publishing; reprinted with permission.

In the remainder of this section we will concentrate on the first two lower
1:p resonances, which are the 1:11 and 1:12 resonances. Note that, for γ =
−0.6, they correspond respectively to a closed resonance zone (1:11) and to
the first open resonance zone (1:12) in the (ν, β)-plane; see Fig. 7.5(d).

We now change γ to observe the evolution of the 1:11 Arnol′d tongue. When
γ is decreased, we detect that for γc ≈ −0.69205 the torus curve collides at a
point TBS with a period-doubling curve of the asymmetric periodic orbit that
emerges in a Hopf bifurcation of the nontrivial equilibria.

For γ < γc the torus curve appears to be split into two parts, as is shown
in Fig. 7.6(a) for γ = −0.69217. The first part of the torus curve, HH1, joins
the Hopf-pitchfork point HP with the point TBS1 (where the periodic orbit has
a non-diagonalizable double Floquet multiplier −1). The second part of the
torus curve, HH2, connects the points TBS2 and A. At these codimension-two
points the periodic orbit has a non-diagonalizable double Floquet multiplier
−1 and a diagonalizable double Floquet multiplier +1, respectively. In fact,
TBS1 and TBS2 correspond to cubic homoclinic-type Takens-Bogdanov bifur-
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Fig. 7.7. Qualitative partial bifurcation set in (ν, β, γ)-space that explains why
the torus curve splits; filled circles are points on the Hopf-pitchfork curve HP, filled
squares correspond to points on the Takens-Bogdanov curve TBS, filled triangles
stand for points on the Hopf-saddle-node of periodic orbits curve A, and inverted
filled triangles indicate points on the angular degeneracy curve D. From A. Algaba,
M. Merino and A.J. Rodŕıguez-Luis, Takens-Bogdanov bifurcations of periodic orbits
and Arnold’s tongues in a three-dimensional electronic model, Internat. J. Bifur.
Chaos Appl. Sci. Engrg. 11 (2001) 513–531 c© 2001 by World Scientific Publishing;
reprinted with permission.

cations of periodic orbits [36]. This splitting of the torus curve induces the dis-
appearance of the angular degeneration point D, as can be seen in Fig. 7.6(b).

Figure 7.7 is a qualitative partial bifurcation set in (ν, β, γ)-space that
explains why the torus curve splits. A degenerate Hopf-pitchfork point DHP

appears on the curve HP when it intersects with the curve Hd of degenerate
Hopf bifurcation of the origin. On one side of DHP a curve of points A appears.
The torus surface HH is bounded initially by the curves HP and A. As the
Floquet multipliers have argument zero on both curves, an angular degeneracy
curve D exists on the torus surface. Since the maximum value of the argument
increases when separating from DHP (decreasing γ), there is a point where the
curve D ends (when the maximum is 180 degrees). This situation occurs exactly
when the surface of period-doubling bifurcations PD reaches the torus surface.
From this moment on, the torus surface is also bounded by a parabola-shaped
curve of Takens-Bogdanov bifurcations of periodic orbits TBS. This means
that the torus surface has a ‘parabolic hole’: it does not exist between the
two branches of TBS. Therefore, the points TBS1 and TBS2 appear in a slice of
constant γ.
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Fig. 7.8. Arnol′d tongue for the 1:11 resonance for γ = −0.60184 (a), and for
γ = −0.6018 (b). From A. Algaba, M. Merino and A.J. Rodŕıguez-Luis, Takens-
Bogdanov bifurcations of periodic orbits and Arnold’s tongues in a three-dimensional
electronic model, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 11 (2001) 513–531 c©
2001 by World Scientific Publishing; reprinted with permission.

Now that we know how the torus loci change due to the presence of Takens-
Bogdanov bifurcations of periodic orbits, we focus on Arnol′d tongues and
their evolution. We will see that two different types of Takens-Bogdanov bi-
furcations of periodic orbits will be also present, including a cascade of one of
them.

Figure 7.6(c)-(d) shows how the 1:11 Arnol′d tongues emerge from HH1

and HH2, respectively. Note that the right branch of folds that emerges from
the 1:11 resonance on HH1 crosses this curve when it moves away from its
starting point on HH1; see Fig. 7.6(c). The same happens for the right curve of
saddle-node bifurcations starting at the 1:11 resonance on HH2; see Fig. 7.7(d).
Such a crossing implies that periodic orbits (of approximately eleven times the
period of the principal periodic orbit) exist on both sides of the curves HH1 and
HH2. This phenomenon is not a consequence of the splitting of the torus curve
(since it also occurs, for example, for γ = −0.65 when there is only one torus
curve). Rather it is due to the evolution of the curves HH and the boundaries
(saddle-node bifurcations of periodic orbits) of the 1:11 resonance zones with
γ. (In the (ν, β, γ)-space the surfaces HH and SN11 intersect independently of
the collision of the surface PD with HH.)

The continuation of these saddle-node curves of periodic orbits shows that
both right branches are connected, whereas the left branches are disconnected;
see Fig. 7.6(a). (Recall that for γ = −0.6 the 1:11 resonance zone is a closed
region.) Moreover, in the present situation the repelling periodic orbit under-
goes a period-doubling bifurcation (which is again different from the behavior
for γ = −0.6); see the curve PD11 in Fig. 7.6(c) and (d), which has not been
included in panel (a) as it would be indistinguishable from the saddle-node
curves that limit the 1:11 resonance zone.

The question arises how the resonance zones evolve from being open to
being closed when γ changes between γ = −0.69217 and γ = −0.6. To see how
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Fig. 7.9. Partial bifurcation set inside the Arnol′d tongues of the open 1:11 reso-
nance zones for γ = −0.601285 (a), γ = −0.60134 (b), and γ = −0.60135 (c). Panel
(d) shows the partial bifurcation set inside the 1:12 Arnol′d tongues of the open 1:12
resonance zone for γ = −0.5973. From A. Algaba, M. Merino and A.J. Rodŕıguez-
Luis, Takens-Bogdanov bifurcations of periodic orbits and Arnold’s tongues in a
three-dimensional electronic model, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 11
(2001) 513–531 c© 2001 by World Scientific Publishing; reprinted with permission.

this happens we increase γ from γ = −0.69217. At γ ≈ −0.60184 the upper
and lower left branches of the resonance zone touch, so that, for smaller γ,
two separate resonance regions are created; see Fig. 7.8(a) and (b). Note that
the saddle-node curves that bound the closed resonance zone emerge from the
curve HH but the curves of the open zone are not related to HH.

We conclude that, for the initial value of γ = −0.6, there exists not only
the closed 1:11 resonance zone shown in Fig. 7.5(d) but also the open zone
in Fig. 7.8(a). In fact, this open resonance zone exists even before the closed
resonance zone (which appears for γ ≈ −0.5957).

Note that inside the closed 1:11 resonance zone the periodic orbits do
not exhibit any bifurcation. Both are hyperbolic, one of saddle type and the
other repelling. However, the study of the periodic orbits inside the open 1:11
resonance zone for γ = −0.6 shows that the stability of one of them changes
relative to the periodic orbits inside the closed resonance zone for the same
value of γ. Now one periodic orbit is a saddle and the other is attracting. The
latter undergoes a period-doubling bifurcation when crossing the curve PD11.
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Obviously, the change in the stability of one of the periodic orbits in the
1:11 resonance zones indicates that, as γ varies, some additional bifurcation
has to be present on the saddle-node curve that bounds the open resonance
zone. This bifurcation is necessary to make possible the contact between the
open and the closed 1:11 resonance zones. To understand this situation we
investigate the partial bifurcation set inside this region for values of γ close
to the value where the two regions join.

Moving again the control parameter γ we see in Fig. 7.9(a) that a closed
torus curve HH11 of the 11-period orbit appears in the parameter plane (this
curve does not exist for γ = −0.60128). As γ decreases, this closed curve ap-
proaches the saddle-node curve that bounds the open region of the 1:11 reso-
nance. In this way, two quadratic homoclinic-type Takens-Bogdanov points of
periodic orbits TB111 and TB211 are created; see Fig. 7.9(b). For even lower γ,
when the torus curve HH11 interacts with the curve of period-doubling PD11,
it splits into two curves HH111 and HH211; see Fig. 7.9(c). Two new Takens-
Bogdanov points of periodic orbits (symmetric and of homoclinic type), TBS111

and TBS211, appear. Note that both curves HH111 and HH211 connect two
Takens-Bogdanov points that are on the saddle-node curve SN11 and on the
period-doubling curve PD11, respectively.

We have checked whether the presence of closed torus curves also occurs
for other resonances. The answer is affirmative, but a difference may appear.
In the above case of a 1:11 resonance, the torus curve first collides with SN11

and later with PD11, whereas in other resonances the torus curve first collides
with the period-doubling curve and later with the saddle-node curve. This is
illustrated for the 1:12 resonance in Fig. 7.9(d). The curve HH12 starts and
ends at two symmetric homoclinic-type Takens-Bogdanov points of periodic
orbits, TBS112 and TBS212.

Several possible scenarios are proposed in [39] where angular degeneracy
points are present, all involve Hopf-Hopf bifurcations and most involve Takens-
Bogdanov points. These authors wonder whether there is some model that
presents such a behavior in relation to the torus curve and its resonance
tongues; see [39, Fig. 5(d)-(e)]. The three-dimensional autonomous model (7.2)
considered here exhibits four of the five possible situations for the global
continuation of a Hopf-Hopf curve in a two-parameter family, namely:

1. continuation in each direction may terminate at a quadratic Takens-
Bogdanov point (non-diagonalizable double Floquet multiplier +1); see
Fig. 7.9(b);

2. continuation in each direction may terminate at a cubic homoclinic
Takens-Bogdanov point (nondiagonalizable double Floquet multiplier−1);
this was found for the 1:12 resonance in Fig. 7.9(d);

3. continuation in one direction may terminate at a quadratic Takens-
Bogdanov point, while continuation in the other direction terminates at
a cubic homoclinic Takens-Bogdanov point; see Fig. 7.9(c); and

4. continuation may provide a closed curve; see Fig. 7.9(a).
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Fig. 7.10. Arnol′d tongues for the 1:12 resonance for γ = −0.6 (a), and detail inside
the 1:12 resonance zone of the upper region (b). From A. Algaba, M. Merino and
A.J. Rodŕıguez-Luis, Takens-Bogdanov bifurcations of periodic orbits and Arnold’s
tongues in a three-dimensional electronic model, Internat. J. Bifur. Chaos Appl.
Sci. Engrg. 11 (2001) 513–531 c© 2001 by World Scientific Publishing; reprinted
with permission.

After we discussed the evolution of the Arnol′d tongues from closed to
open (when γ is changed) and how Takens-Bogdanov points of periodic orbits
appear, we now describe the bifurcation set in a neighborhood of these Takens-
Bogdanov points. To illustrate that the respective dynamical behavior occurs
generically for all the weak 1:p resonances (not only for the 1:11 resonance)
we consider the 1:12 resonance for γ = −0.6. As mentioned before, it is the
first resonance that appears in an open region.

Figure 7.10(a) shows the principal torus curve HH and the Arnol′d tongues
of the 1:12 resonance SN12. Notice how the torus curves HH112 and HH212 con-
nect the saddle-node curves SN12 with the period-doubling curve PD12. To see
clearly what bifurcations are present we show in Fig. 7.10(b) an enlargement
of the region where the curve HH112 exists. We observe a cascade of torus
bifurcations HH112, HH124, and so on, that connects SN12 with PD12, PD12 with
PD24, and so on. Therefore, we have found a cascade of Takens-Bogdanov bi-
furcations of periodic orbits. The first point TB12 is of quadratic type whereas
the other Takens-Bogdanov points (TBS112, TBS124, and so on) are of cubic
homoclinic type.

7.2.2 Isolas, Cusps and Global Bifurcations

We start with a regime that is organized by homoclinic connections of
Shil′nikov type. Specifically, we report on a detailed numerical study of one
type of periodic orbit that exhibits an isola structure in the bifurcation di-
agram and cusps of saddle-node bifurcations in a two-parameter bifurcation
set; see [23] for details. The mechanism of isola-creation and its relationship
with global connections is also described. To this end we consider (7.2) for
fixed γ = 0, A3 = 0.3286, B3 = 0.9336 and C3 = 0.
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Fig. 7.11. Projection onto the (x, y)-plane of a periodic orbit for β = 0.4, r = 0.6
(a) that gives rise to a figure-8 isola (b) when the period is plotted against ν. From
F. Fernández-Sánchez, E. Freire and A.J. Rodŕıguez-Luis, Isolas, cusps and global
bifurcations in an electronic oscillator, Dynam. Stab. Sys. 12 (1997) 319–336 c© 1997
by Taylor & Francis; reprinted with permission.
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Fig. 7.12. Schematic partial bifurcation diagram for β = 0.4, r = 0.6 of the pe-
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dashed curves correspond to orbits of saddle-type. For the sake of clarity, only two
branches of the 8-periodic orbits are drawn. From F. Fernández-Sánchez, E. Freire
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with permission.
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Fig. 7.13. Evolution of the oscillation-sliding phenomenon. Projection of the pe-
riodic orbits onto the (x, y)-plane for ν = −1.041162 (a), ν = −1.793874 (b),
ν = −2.045187 (c), and ν = −2.119680 (d). From A. Algaba, F. Fernández-Sánchez,
E. Freire, E. Gamero and A.J. Rodŕıguez-Luis, Oscillation-sliding in a modified van
der Pol-Duffing electronic oscillator, J. Sound Vibr. 249 (2002) 899–907 c© 2002 by
Elsevier Science; reprinted with permission.

Numerical continuation of the periodic orbit shown in Fig. 7.11(a) shows
that its branch in the bifurcation diagram is a closed curve in the shape of
a figure-of-eight; see Fig. 7.11(b). The stability of the orbits in this isola is
shown in Fig. 7.12. Four saddle-node bifurcations, S1 to S4, and four period-
doubling bifurcations, F1 to F4, appear on the figure-8 isola. Also sketched in
Fig. 7.12 is the intricate arrangement of the branches of the first sub-harmonic
periodic orbits, some of which form closed loops and others are S-shaped.

7.2.3 Oscillation-Sliding Between Two Periodic Regimes

We now consider a type of periodic behavior exhibited by (7.2) near a de-
generate Hopf-pitchfork bifurcation [1], where we fix parameters to r = 0.6,
A3 = 0.5, B3 = 0.01, and C3 = −0.1. A degenerate case of the Hopf-pitchfork
bifurcation takes place at γ ≈ −0.2473, and we fix γ close to this special value,
namely at γ = −0.24.

In this context, the principal periodic orbit undergoes a secondary Hopf
bifurcation that gives rise to the appearance of an invariant torus. Its break-
up results in the presence of resonance phenomena with subharmonic periodic
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Fig. 7.14. Bifurcation diagram of the period versus ν for 3T-periodic orbits (a),
4T-periodic orbits (b), 5T-periodic orbits (c), and 10T-periodic orbits (d).

orbits. The numerical continuation of a 3T-periodic orbit in Fig. 7.13 shows
that the periodic orbit ‘slides’ between two different oscillation regimes: a
small- and a large-amplitude periodic orbit.

The bifurcation diagram of this 3T-periodic orbit corresponds to an
isola, shown in Fig. 7.14(a), with sixteen saddle-node bifurcations. But this
oscillation-sliding behavior seems to be present as well in all other subhar-
monic periodic orbits. Figure 7.14(b)–(d) shows the corresponding bifurcation
diagrams for the 4T-, 5T- and 10T-periodic orbits, respectively. Observe the
nice isolas obtained and some rules that they seems to follow. For instance,
the saddle-nodes on the right are organized by pairs that occur approximately
at the same parameter value; there are exactly n− 2 pairs in the nT-periodic
orbit branch. A more detailed understanding of this intricate and aesthetic
dynamical behavior remains a challenge for future research.

7.2.4 T-Point Bifurcation

In a three-dimensional system with at least two equilibria a T-point occurs
when the one-dimensional unstable manifold of one equilibrium and the one-
dimensional stable manifold of the other equilibrium coincide. At the same
time, the two-dimensional manifolds of the two equilibria have a transversal
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Fig. 7.15. Panel (a) is a sketch of a heteroclinic T-point cycle in phase space;
also drawn (dashed line) is its symmetric counterpart. Panel (b) shows the pri-
mary T-point heteroclinic orbit in projection onto the (x, y)-plane that exists for
γ = −0.6 and (ν, β) ≈ (−0.7605, 0.7548). From F. Fernández-Sánchez, E. Freire
and A.J. Rodŕıguez-Luis, T-points in a 2-symmetric electronic oscillator, Nonlin.
Dynam. 28 (2002) 53–69 c© 2002 by Springer; reprinted with permission.

intersection that forms a heteroclinic loop between them. This codimension-
two heteroclinic loop is usually referred to as a T-point bifurcation.

The unfolding in the vicinity of a T-point in a system with one real saddle
(with three real eigenvalues) and a saddle-focus has been analyzed in the
literature. Glendinning and Sparrow [30] consider T-point bifurcations of this
sort in the Lorenz systems (which has an extra symmetry); Bykov considers
in [12] also the case of two real saddles and in [13, 14] the case where both
equilibria are saddle-foci. T-point bifurcations in Z2-symmetric systems are
considered in [24], where it is shown by means of a Shil′nikov-type analysis
that three spiral curves of codimension-one global bifurcations emerge from
the T-point. The first corresponds to homoclinic orbits to the origin, the
second to homoclinic connections of the nontrivial equilibria, and the third to
heteroclinic orbits between the nontrivial equilibria. Figure 7.15(a) shows a
sketch of the heteroclinic T-point cycle between the equilibrium at the origin
and the two (symmetry-related) nontrivial equilibria, C±. The four planes Σi

are used in the construction of a Poincaré return map; the flow is divided into
four parts; the four corresponding maps are composed [24].

To study T-point bifurcations in (7.2) we fix parameters at r = 0.6,
A3 = 0.3286, B3 = 0.9336 and C3 = 0 in this section. Then for γ = −0.6 a pri-
mary T-point exists for (ν, β) ≈ (−0.7605, 0.7548); it is shown in Fig. 7.15(b).
Figure 7.16 shows the three curves HO, HNT and Het of global bifurcations that
were introduced above. When plotted in the (ν, β)-plane, as in panel (a), the
three spirals are so close that it is almost impossible to distinguish them. To
‘open up’ these curves (one by one) one may perform successive changes in the
parameters (one translation, one rotation and one rescaling). Figure 7.16(b)
shows the result of such a rescaling to new parameters ν� and β� for the
homoclinic orbit of the origin HO. Observe how this curve spirals around the
T-point. To open up the other two curves HNT and Het different changes of
parameters are needed.
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Fig. 7.16. Curves spiraling around the T-point for γ = −0.6 of homoclinic orbits
of the origin, HO, homoclinic orbits of the nontrivial equilibria, HNT, and heteroclinic
orbits between the nontrivial equilibria, Het, shown in the (ν, β)-plane (a), and in
the (ν�, β�)-plane (b). From F. Fernández-Sánchez, E. Freire and A.J. Rodŕıguez-
Luis, T-points in a 2-symmetric electronic oscillator, Nonlin. Dynam. 28 (2002)
53–69 c© 2002 by Springer; reprinted with permission.

Finally we illustrate in Fig. 7.17 how the homoclinic connection of the
origin approaches the nontrivial equilibrium on its way towards the T-point.
Panel (a) shows the curve of homoclinic connections of the origin for γ = −0.2
as it spirals into the T-point at (ν, β) ≈ (−0.7098, 0.4796). We focus our at-
tention on three points on this curve (marked by dots) that lie to the left
of the T-point and have the same value of β. The corresponding homoclinic
connections are shown in Fig. 7.17(b)–(d). Notice how the homoclinic orbit
makes, roughly speaking, one more turn around the (left) nontrivial equilib-
rium when the homoclinic curve ‘turns’ one more time around the T-point in
the parameter plane. This is in accordance with the theoretical predictions
[24, Fig. 6].

7.2.5 T-Point-Hopf Bifurcation

It is possible to continue a curve of T-points in a three-dimensional param-
eter space with the package Auto. To perform this calculation we consider
the linear approximations of the one-dimensional manifolds of the equilibria
involved in this heteroclinic loop. Further, we assume that a transversal in-
tersection between the respective two-dimensional manifolds of the equilibria
(the orbit that closes the loop) indeed exist. In our calculation we consider
system (7.2) for fixed A3 = 0.3286, B3 = 0.9336 and C3 = 0.

The continuation in (ν, β, γ)-space of the primary T-points leads to the
curve shown in Fig. 7.18(a). It starts at a triple-zero degeneracy of the origin,
TZ, and ends at the point H when it intersects the surface where the origin ex-
hibits a Hopf bifurcation. Two more degenerate points are detected along this
curve, both when the Shil′nikov quotient δ (also called the saddle-quantity)
of the origin takes the special values δ = 1 at D1 (neutral saddle-focus) and

Z
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Fig. 7.17. Curve of homoclinic connections of the origin spiraling around the
T-point for γ = −0.2 (a). Panel (b)–(d) are projections onto the (x, y)-plane
of three homoclinic orbits corresponding to the three points (from left to right)
that are marked by dots in panel (a). From F. Fernández-Sánchez, E. Freire and
A.J. Rodŕıguez-Luis, T-points in a 2-symmetric electronic oscillator, Nonlin. Dy-
nam. 28 (2002) 53–69 c© 2002 by Springer; reprinted with permission.

δ = 1/2 at D05 (neutrally-divergent saddle-focus). Some features of the com-
plex dynamics originating in these codimension-two homoclinic bifurcation
can be found in [16] and references therein.

As in each plane of constant γ, the homoclinic curve of the origin spirals
around the T-point. When γ is added as the third bifurcation parameter, a
surface of homoclinic connections is expected (at least locally) to spiral around
the T-point bifurcation curve TP. On this surface, there will appear curves of
codimension-two homoclinic connections that end at the corresponding point
on the T-point curve. In this way, the curve of degenerate homoclinic bifur-
cations of the origin with δ = 1 appears in Fig. 7.18(b) in the vicinity of the
point D1 where it ends on the curve TP. Similarly, in Fig. 7.18(c) the curve of
degenerate homoclinic bifurcations of the origin with δ = 1/2 is shown spi-
raling around TP. Finally, the curve of Shil′nikov-Hopf homoclinic connections
appears in Fig. 7.18(d); it ends at the T-point-Hopf point H in panel (a).

We now investigate the evolution of the primary homoclinic connection in
the (ν, β)-parameter plane when the curve of T-points approaches its endpoint,
where a T-point-Hopf bifurcation occurs. In fact, the T-point curve TP emerges
from a triple-zero degeneracy that occurs for γ ≈ −0.7746. When increasing

Z
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Fig. 7.18. Projections onto the (ν, β)-plane of global bifurcation curves that
have been continued in (ν, β, γ)-space. Panel (a) shows the curve of pri-
mary T-points; the following points are marked on this curve: triple-zero
point TZ at (ν, β, γ) ≈ (−0.77457, 0.77457, −0.77457); δ = 1 point D1 at
(ν, β, γ) ≈ (−0.73691, 0.70745, −0.45225); δ = 1/2 point D05 at (ν, β, γ) ≈
(−0.70614, 0.52746, −0.22966); a T-point-Hopf H at (ν, β, γ) ≈ (−0.86103,
0.10899,−0.11867). Panel (b) shows the curve of degenerate homoclinic bifurcations
of the origin with δ = 1, panel (c) the curve of degenerate homoclinic bifurcations
of the origin with δ = 1/2, and panel (d) the curve of Shil′nikov-Hopf homoclinic
bifurcations; the dashed curve TP is the curve of primary T-points.

γ, for instance to γ = −0.6, the curve Hom of primary homoclinic bifurcation
of the origin emerges from a Takens-Bogdanov bifurcation point and ends
spiraling into a T-point; see Fig. 7.16(a). For γ ≈ −0.5921 there is a tangency
(at (ν, β) ≈ (−0.6331, 0.4598)) between the curve Hom and the curve H of
Hopf bifurcation of the origin, which gives rise to a so-called non-transverse
Shil′nikov-Hopf bifurcation point [17]. (See Sect. 7.2.6 below for some more
comments about this bifurcation.) Note that this non-transverse bifurcation
appears as a consequence of the upper limit point (with respect to γ) that
the Shil′nikov-Hopf curve exhibits; see the upper-right corner of Fig. 7.18(d)
(although it shows the (ν, β)-plane).

For γ above the non-transverse critical value, two Shil′nikov-Hopf bifurca-
tions appear. The situation for γ = −0.3 is drawn in Fig. 7.19(a). One branch
of the curve joins the Takens-Bogdanov point TB with a Shil′nikov-Hopf point
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Fig. 7.19. Curve of homoclinic connections to the origin in the (ν, β)-parameter
plane for γ = −0.3 (a), γ = −0.2 (b), γ = −0.12 (c), and γ = 0 (d). The dashed
curve Hopf corresponds to a Hopf bifurcation of the origin; also marked on the
homoclinic curve are points TB of Takens-Bogdanov bifurcation, transition points SF
of the equilibrium from saddle to saddle-focus, points D1 where δ = 1, and D05 where
δ = 0.5, and Shil′nikov-Hopf points SH. For sake of clarity, we have not marked all
SH points in panels (c) and (d).

SH, whereas the second branch emerges from another SH point and ends spi-
raling around the T-point. The codimension-two homoclinic bifurcations that
occur when the origin changes from saddle to saddle-focus (marked as SF),
when δ = 1 (marked as D1), and when δ = 1/2 (marked as D05) are also
indicated in the picture.

When γ is increased to γ = −0.2, as in Fig. 7.19(b), a new pair of
Shil′nikov-Hopf points appear. This is due to the existence of another non-
transverse Shil′nikov-Hopf bifurcation for γ ≈ −0.2594. Now three different
branches of the homoclinic curve exist.

As the T-point-Hopf for γ ≈ −0.11867 is approached, new non-transverse
Shil′nikov-Hopf bifurcations appear and the curve of homoclinic connections
splits into more branches. This phenomenon is a direct consequence of the
limit points on the Shil′nikov-Hopf curve as it spirals around the T-point-
Hopf bifurcation point. For example, for γ = −0.12 eighteen Shil′nikov-Hopf
bifurcations occur; see Fig. 7.19(c). Note that infinitely many Shil′nikov-Hopf
points are predicted by the time the T-point-Hopf occurs [25].
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Fig. 7.20. One of the two homoclinic orbits to a nontrivial equilibrium for ν = −0.9.
Shown are its projection on to the (x, y)-plane (a), and its time profile of variable z
(b).

Past the T-point-Hopf bifurcation, branches of the homoclinic curve dis-
appear as a consequence of non-transverse Shil′nikov-Hopf points (now in the
downward-pointing case [17]). For example, for γ = 0, as in Fig. 7.19(d),
the homoclinic curve has four branches and only seven Shil′nikov-Hopf points
remain. Furthermore, as Fig. 7.20(a) shows, the homoclinic orbit of the non-
trivial equilibria winds closely around the periodic orbit that emerged in the
Hopf bifurcation before returning to the equilibrium. In this way, a hetero-
clinic loop is formed between an equilibrium and the periodic orbit [25]. The
time profile in Fig. 7.20(b) shows that the homoclinic orbit indeed spends a
lot of time near the saddle periodic orbit. Indeed the orbit in Fig. 7.20 is a
nice numerical approximation of the heteroclinic loop. The loop itself consists
of an intersection between the two-dimensional unstable manifold of the non-
trivial equilibrium and the stable manifold of the saddle periodic orbit, and
an intersection between the unstable manifold of the periodic orbit and the
one-dimensional stable manifold of the nontrivial equilibrium.

7.2.6 Non-Transverse Shil′nikov-Hopf Bifurcation

The theoretical analysis of the non-transverse Shil′nikov-Hopf bifurcation
[17, 25] shows that it contains codimension-two non-transversal homoclinic
orbits to equilibria and non-transversal homoclinic tangencies to periodic or-
bits in its unfolding. Two cases are classified: the downward-pointing and the
upward-pointing case, depending on whether the variation of a third parame-
ter causes either the annihilation of a locus of saddle-focus homoclinic orbits to
equilibria, or the uncoupling of this locus from the locus of Hopf bifurcations.
The downward-pointing case of a non-transverse Shil′nikov-Hopf bifurcation
is shown to cause two wiggly curves to coalesce and leave behind finitely many
isolas of periodic orbits. The upward-pointing case, on the other hand, causes
two wiggly curves to coalesce first into infinitely many and then into finitely
many isolas.
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(a) (b)

Fig. 7.21. Bifurcation diagrams for γ = −0.65 for asymmetric periodic orbits in the
upward-pointing case for β = 0.62 (a) and β = 0.58 (b). From A.R. Champneys and
A.J. Rodŕıguez-Luis, The non-transverse Shil′nikov-Hopf bifurcation: uncoupling of
homoclinic orbits and homoclinic tangencies, Physica D 128 (1999) 130–158 c© 1999
by Elsevier Science; reprinted with permission.

(a) (b)

(c) (d)

Fig. 7.22. Bifurcation diagrams for γ = 0 for asymmetric periodic orbits in the
downward-pointing case for β = 0.12 (a), β = 0.14 (b), β = 0.15 (c), and β = 0.16
(d). From A.R. Champneys and A.J. Rodŕıguez-Luis, The non-transverse Shil′nikov-
Hopf bifurcation: uncoupling of homoclinic orbits and homoclinic tangencies, Physica
D 128 (1999) 130–158 c© 1999 by Elsevier Science; reprinted with permission.

Numerical evidence of this bifurcation was found in the electronic circuit
(7.2) for fixed r = 0.6, A3 = 0.3286, B3 = 0.9336 and C3 = 0.

Figure 7.21 shows two β-slices for the upward-pointing case for γ = −0.65.
Panel (a) for β = 0.62 is close to the turning point of the homoclinic locus,
and the two homoclinic orbits on the primary locus are connected by a single
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Fig. 7.23. Panel (a) shows the projection of the T-point bifurcation curve onto
the (ν, β)-plane. It emerges from a triple-zero degeneracy, TZ, and has a fold for
ν ≈ −0.7059. Panels (b)–(d) show partial bifurcation sets consisting of curves of
homoclinic orbits to the origin for ν = −0.7085, ν = −0.7084 and ν = −0.7047,
respectively. From A. Algaba, F. Fernández-Sánchez, E. Freire, M. Merino and
A.J. Rodŕıguez-Luis, Nontransversal curves of T-points: a source of closed curves of
global bifurcations, Phys. Lett. A 303 (2002) 204–211 c© 2002 by Elsevier Science;
reprinted with permission.

branch of asymmetric periodic orbits. There are two isolas for small period,
and the two wiggly curves approaching the two homoclinic orbits are con-
nected. As β is decreased, the two wiggly curves can be seen to annihilate each
other by forming more and more isolas. Figure 7.21(b) shows for β = 0.58 the
first eight isolas in an evident destruction process.

To find the downward-pointing case it is necessary to increase γ to beyond
γ ≈ −0.1187, that is, to the other side of the T-point-Hopf bifurcation. Fig-
ure 7.22 shows bifurcation diagrams in four β-slices for γ = 0 that illustrate
the process in which isolas are created and destroyed.

7.2.7 Non-Transversal T-Point Bifurcation

A model to explain the existence of closed bifurcation curves of homoclinic and
heteroclinic connections in autonomous three-dimensional systems is derived
in [2]. This scenario is related to the failure of transversality in a curve of
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T-points. The predictions deduced from this model strongly agree with the
numerical results obtained for system (7.2) for fixed r = 0.6, A3 = 0.3286,
B3 = 0.9336 and C3 = 0. This phenomenon was also found in an ODE model
of a laser with optical injection; see [48] and Chap. 6.

The presence of a fold in the curve of T-point bifurcations in the (ν, β, γ)-
space is observed in Fig. 7.23(a). This curve emerges from a triple-zero degen-
eracy of the origin, marked TZ [29]. The evolution of the curves of homoclinic
orbits to the origin in the vicinity of the non-transversal T-point are shown
in the (γ, β)-plane for several values of ν in Fig. 7.23(b)–(d). The first two
slices, each with two T-points, show how the first closed curve of homoclinic
connections is formed. On the other side of the critical value of ν, where the
fold occurs, only closed curves appear; Fig. 7.23(d) shows the last two of them.

We remark that other bifurcation curves in the bifurcation set (for ex-
ample, saddle-node and period-doubling bifurcations) must be expected to
be influenced by these changes to the curves of homoclinic connections. Fur-
thermore, some additional degeneracies may be exhibited by the global con-
nections, which would imply an even richer bifurcation scenario; cf. [16] and
Chap. 6.

7.2.8 Bi-Spiraling Curves of Homoclinic Orbits Around a T-Point

In [22] a model was proposed that considers a non-transversal intersection
between the two-dimensional manifolds of the saddle-focus equilibria involved
in a T-point. The study of this model shows the presence of bi-spiraling
curves of homoclinic connections in the parameter plane: the spiral curve
that emerges from a T-point between two saddle-focus equilibria ends at the
same T-point, which it enters via a different spiral. The predictions deduced
from this model strongly agree with the numerical results obtained for (7.2)
where we fix γ = 0.6, r = 0.6, A3 = 0.3286, B3 = 0.9336 and C3 = 0.

Due to the Z2-symmetry, three curves of global connections emerge from
every T-point. However, in the case we consider here, only the curve of homo-
clinic connections to the origin bi-spirals around the T-point TP, as is shown in
Fig. 7.24(a). The other two curves (of homoclinic and heteroclinic connections
to the nontrivial equilibria, respectively) emerge from TP but do not return to
it. This is why they are not shown in the figure. As the bi-spiraling homoclinic
curve is very close to itself when shown in the plane (ν, β), we proceed to ‘open
it up’ with a combination of translations, rotations and scalings as we did in
Fig. 7.16. The result in the rescaled (ν∗, β∗)-plane is shown in Fig. 7.24(b),
where the bi-spiraling is now clearly visible.

Finally, Fig. 7.24(c) and (d) show the two heteroclinic cycles that co-exist
at the T-point TP: they both have the same codimension-two connection be-
tween their one-dimensional manifolds (solid lines), but differ in the transver-
sal intersection between the two-dimensional manifolds (dashed lines).
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Fig. 7.24. A bi-spiraling curve of homoclinic connections to the origin around the
T-point TP, shown in the (ν, β)-parameter plane of (7.2) (a) and in the rescaled
(ν∗, β∗)-plane where the bi-spiraling effect is clearly visible (b). Panels (c) and (d)
are two heteroclinic cycles that co-exist at the T-point TP; both cycles have the same
connection (solid lines) between the one-dimensional manifolds but different inter-
sections between the two-dimensional manifolds (dashed lines). From F. Fernández-
Sánchez, E. Freire, L. Pizarro and A.J. Rodŕıguez-Luis, A model for the analysis of
the dynamical consequences of a nontransversal intersections of the two-dimensional
manifolds involved in a T-point, Phys. Lett. A 320 (2003) 169–179 c© 2003 by Else-
vier Science; reprinted with permission.

7.3 Conclusions and Outlook

A local analysis of degeneracies of equilibria provides interesting informa-
tion about a great variety of behaviors, including equilibria, periodic orbits,
global connections, and their bifurcations. The validity of such an analysis is
restricted, in principle, to a neighborhood in the product of phase and param-
eter space of the degenerate equilibrium in question. The crux of the matter
is that this neighborhood is generally unknown a priori, but it may actually
be of relevant size.

In this survey we have shown with practical examples of electronic circuits
how continuation methods can be used to extend local results and to find
new phenomena. In an interesting feedback process, new bifurcation phenom-
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ena lead to further analytical and numerical study. By contrast, brute-force
simulation usually provides poor results at large computational expense.

Analogue electronic circuits are of obvious importance in many applica-
tions. What is more, they are particularly useful devices from the dynamical
systems point of view, because they allow one, in certain situations, to re-
produce the behavior of a given dynamical system [21, 42, 44]. Indeed, many
interesting dynamical phenomena may be studied experimentally by assem-
bling inexpensive electronic components that are readily available.

The study of electronic circuits presented here also provides evidence that
new theoretical and numerical tools need to be developed for a better under-
standing of possible dynamical behavior. Some of the numerical challenges
are:

1. the detection and continuation of bifurcations of periodic orbits of higher
codimension (in the way it is done, for example, in Content and Mat-

cont);
2. the continuation of bifurcations in piecewise linear systems;
3. the continuation of quasiperiodic orbits; and
4. the inclusion of some continuation procedures into the circuit simulator

SPICE [45].
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References

1. A. Algaba, F. Fernández-Sánchez, E. Freire, E. Gamero, and A. J. Rodŕıguez-
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Luis. Nontransversal curves of T-points: a source of closed curves of global
bifurcations. Phys. Lett. A, 303:204–211, 2002.



7 Bifurcation Analysis of Electronic Circuits 249

3. A. Algaba, E. Freire, and E. Gamero. Hypernormal form for the Hopf-zero
bifurcation. Internat. J. Bifur. Chaos Appl. Sci. Engrg., 8:1857–1887, 1998.

4. A. Algaba, E. Freire, E. Gamero, and A. J. Rodŕıguez-Luis. Analysis of Hopf
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Periodic Orbit Continuation in Multiple Time

Scale Systems

John Guckenheimer and M Drew LaMar

Mathematics Department, Cornell University, USA

Continuation methods utilizing boundary value solvers are an effective tool
for computing unstable periodic orbits of dynamical systems. Auto [7] is the
standard implementation of these procedures. Unfortunately, the collocation
methods used in Auto often require very fine meshes for convergence on
problems with multiple time scales. This inconvenience prompts the search
for alternative methods for computing such periodic orbits; we introduce here
new multiple-shooting algorithms based on geometric singular perturbation
theory.

8.1 Mathematical Setting

The systems that we study are slow-fast systems of the form{
εẋ = f(x, y),
ẏ = g(x, y),

(8.1)

where f : Rm → Rm and g : Rn → Rn are at least C1 and ε > 0 is a
small parameter determining the ratio of time scales between the fast variable
x ∈ Rm and the slow variable y ∈ Rn. The limit ε = 0 is a system of differential
algebraic equations in which motion is constrained to the critical manifold C
defined by f = 0. Rescaling time to the ‘slow time’ τ = εt yields the system{

x′ = f(x, y),
y′ = εg(x, y).

(8.2)

Here, the limit ε = 0 is the family of layer equations in y, also called the
fast subsystems of (8.1). We make two standing assumptions about (8.1) that
further constrain the context for our analysis:

1. The critical manifold C of (8.1) is indeed a manifold and its projection
Π onto the space of slow variables is generic in the sense of singularity
theory;
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2. The limit sets of all trajectories for the layer equations are equilibria, i.e.,
points of C.

At regular points of the projection Π, the manifold C can be represented
locally as the graph of a function x = h(y). Substitution of this expression
into g yields the slow flow on the regular points of C. We shall denote the set
of singular points of Π by S.

Trajectories of (8.1) are typically approximated by candidates, concatena-
tions of trajectories of the slow flow and the layer equations that form contin-
uous curves. Periodic orbits that contain both segments close to trajectories
of the slow flow and segments close to trajectories of the layer equations are
called relaxation oscillations. Trajectory segments close to an unstable sheet
of the critical manifold are called canards. Numerical computation of canards
by forward solution of an initial value problem is not feasible when ε is suffi-
ciently small due to the instability on the fast time scale [14]. Thus, even stable
periodic orbits containing canards cannot be computed by forward numerical
integration from initial points in the basin of attraction of these orbits. As
mentioned earlier, tracking such orbits with collocation methods also seems to
require very fine meshes. Our goal in this paper is to re-examine the compu-
tation of relaxation oscillations, including those with canards. We propose a
multiple-shooting approach, in which different segments of a periodic orbit are
computed differently and then matched with suitably chosen cross-sections.

The next two sections lay out the general framework that we investigate.
Section 8.4 presents two numerical examples, comparing the methods intro-
duced here with Auto computations of the same orbits. Finally, Sect. 8.5
comments on further extension and improvement of these methods.

8.2 Simple Relaxation Oscillations

We consider first the simplest relaxation oscillations, namely, those with a fast-
slow decomposition that makes them readily amenable to analysis. We define
a relaxation oscillation Γ ε to be simple if it is approximated by a candidate
Γ 0 that satisfies the following conditions:

S1: Γ 0 consists of slow segments αi and fast segments βi, i = 1 . . . k, in the
order α1, β1, . . . , αk, βk. The initial and terminal points of αi are pi and
qi. The initial and terminal points of βi are qi and p(i+1) mod k.

S2: Each αi lies on a stable sheet of the critical manifold.
S3: The points qi are saddle-node bifurcations of the layer equations and none

of their eigenvalues have positive real parts. This assumption implies that
there are unique solutions of the layer equations emanating from the points
qi and all nearby fold points of C.

S4: The slow flow satisfies the normal crossing conditions [23] at qi.
S5: Denote by ω(S) the forward limits of trajectories of the layer equations

emanating from the fold points of S satisfying condition S3. We require
that ω(S) is transverse to the slow flow on C at the points pi.
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Note that we have not required that a simple relaxation oscillation be stable
or even hyperbolic, although eigenvalues of a return map in the fast directions
are stable and, indeed, approach zero as ε→ 0.

We want to establish that well-conditioned multiple-shooting methods can
be formulated for the computation of simple relaxation oscillations. Our strat-
egy is to create cross-sections Σi to each of the fast segments βi of a simple
relaxation oscillation Γ ε, compute the flow maps Φε

i from Σi to Σ(i+1) mod k

and then solve the multiple-shooting equations

z(i+1) mod k = Φε
i (zi)

for points zi ∈ Σi.

Theorem 1. Let Γ ε be a hyperbolic simple relaxation oscillation, and Σi and
Φε

i as described above. For ε ≥ 0 sufficiently small, the system of equations

z(i+1) mod k = Φε
i (zi), zi ∈ Σi,

is regular and has an isolated solution with zi = Σi ∩ Γ ε.

Proof. Fenichel theory [10] and a theorem of Levinson [20] imply that the flow
maps Φε

i from Σi to Σ(i+1) mod k are smooth maps that converge to smooth
maps Φ0

i of rank n− 1 as ε→ 0. We remark that the convergence is continu-
ous but not smooth in ε due to several phenomena; for example, asymptotic
expansions of trajectories near the folds involve fractional powers of ε [25].
The point Φ0

i (zi) is obtained by a three-step process:

(1) follow the trajectory of the layer equations with initial condition (zi) to
its limit on the critical manifold;

(2) follow this limit point to its first intersection with a fold of the critical
manifold; and

(3) follow the unstable separatrix of the layer equations from this fold point
to its intersection with Σ(i+1) mod k.

Denote the image of Φ0
(i−1) mod k by Wi. The dimension of Wi is n − 1, the

dimension of folds of the critical manifold. Condition S5 implies that the
restriction of Φ0

i to Wi has full rank n − 1. The restriction of the equations
z(i+1) mod k = Φε

i (zi) to Wi has the same structure as the set of equations for a
multiple-shooting method based upon cross-sections to the flow. The Jacobian
of this system has the block-cyclic structure⎛

⎜⎜⎜⎜⎜⎝
−DΦ0

1|W1
I

−DΦ0
2|W2

I
. . .

. . .

−DΦ0
k−1|Wk−1

I
I −DΦ0

k|Wk

⎞
⎟⎟⎟⎟⎟⎠ .
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As shown by Guckenheimer and Meloon [15], this matrix has maximal rank
if and only if 1 is not an eigenvalue of diag(DΦ0

k|Wk
, . . . , DΦ0

1|W1
), that is,

Γ 0 is a hyperbolic fixed point of the composition Φ0
k|Wk

◦ · · · ◦ Φ0
1|W1

. On
a complementary set of coordinates to the Wi the equations z(i+1) mod k =
Φε

i (zi) reduce to z(i+1) mod k = 0 because Φε
i (zi) vanishes in these directions

by definition. Thus, the full system of equations on the product of the Σi is
regular if and only if Γ 0 is hyperbolic. The equations change continuously
in the C1 topology as ε → 0 [16], so hyperbolicity of Γ 0 implies that the
equations are regular and that Γ ε is hyperbolic for ε > 0 sufficiently small.
This proves the theorem. ��

For a hyperbolic simple relaxation oscillation a multiple-shooting algo-
rithm based upon the cross-sections described above yields a regular system
of equations. In many cases, these equations will be well conditioned uniformly
for small ε. If they are not, additional cross-sections can be inserted. The ef-
fectiveness of the multiple shooting algorithm will be largely determined by
the numerical integration method used to compute the Φε

i .

8.3 Degenerate Slow-Fast Decompositions

The multiple-shooting algorithm described above for locating simple relax-
ation oscillations can be implemented within a standard continuation frame-
work. The procedure may break down when a family of periodic orbits en-
counters degenerate slow-fast decompositions resulting from the failure of one
of the requirements for the orbit to be simple. Here, we examine modifications
of the multiple-shooting algorithm that cope with the instability of canards
in the context of two specific examples of degenerate decompositions [11].

8.3.1 Hopf Bifurcation and Canard Explosions

The lowest-dimensional example of a degenerate slow-fast decomposition oc-
curs at Hopf bifurcations of a systems with one slow and one fast direction
(n = m = 1). The canard explosion of the resulting orbits has been studied
extensively, especially in the system{

εẋ = y − 1
3x

3 + x,
ẏ = a− x (8.3)

near a = 1; see, for example, [2, 8, 9, 13]. (Note that in several studies coordi-
nates have been used that place the point (1,−2/3) of (8.3) at the origin [8].)
It has been proven that the periodic orbits of this system grow monotonically
as a decreases from 1, ‘exploding’ in size from O(ε) to O(1) over a range of a
that is O(exp(−c/ε)) for a suitable c > 0. The trajectories in the middle of this
explosion contain canards that follow the unstable branch of the critical mani-
fold given by y = 1

3x
3−x for an O(1) distance before jumping right or left to a
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stable branch of the critical manifold. Trajectories along the canard segments
of these trajectories diverge from one another at a rate exp(−t(x2 − 1)/ε).
For small values of ε, this divergence effectively prevents accurate computa-
tion of a trajectory for times that are larger than O(ε). However, backward
integration along these canards is highly stable.

To compute the periodic orbits with canards in this family, we adopt a
shooting strategy that shoots forward and backward from one cross-section of
the flow to another cross-section. The cross-sections are chosen so that forward
trajectories do not contain canard segments and backward trajectories do not
contain segments that track the stable part of the slow manifold. The initial
cross-section depends upon where we are in the family, in particular on the
direction of the jump away from the canard segment in a periodic orbit. Over
part of the family, the jump is to the right and there is a single stable slow
segment in the periodic orbit. Over another part of the family, the jump is to
the left and there are two stable slow segments and two fast segments in the
slow-fast decomposition of the trajectory. The behavior that occurs between
these two possibilities is that there is a maximal canard that extends over
the entire length of the unstable branch of the critical manifold. When the
jumps from the canards are to the right, we choose the initial cross-section
to be the line {x = a} where the vector field is horizontal. For jumps to
the left, we choose the initial cross-section {x = −1}, which is crossed by all
trajectories that flow left from the unstable branch of the critical manifold
to the stable branch of the critical manifold. In both cases, we take the final
target cross-section to be {x = a}.

The shooting problem that we seek to solve is Φ+
a (y) = Φ−a (y) where Φ+

a (y)
is the flow map from the initial to the final cross-section in the forward time
direction and Φ−a (y) is the flow map from the initial to the final cross-section
in the backward time direction. There are three remarks that we make about
this problem:

1. The derivatives of both Φ+
a (y) and Φ−a (y) are small for members of the

canard family, but the derivative of Φ+
a (y) is much smaller [8, 12], so the

periodic orbits are stable;
2. The derivative of Φ+

a (y) − Φ−a (y) with respect to a is O(1), so the small
derivative of Φ+

a (y)−Φ−a (y) with respect to y yields an extreme sensitivity
of the solution y to the shooting problem as a function of the parameter
a. Therefore, in the middle of the canard family, we fix the initial point on
the first cross-section and vary a to locate a periodic orbit passing through
the initial point instead of fixing a and trying to locate the solution y of
the shooting equation. Alternatively, we regard the shooting equation as
a continuation problem in the variables (y, a) and use pseudo-arclength or
other continuation strategies to find the curve of solutions to the equation;

3. If we move beyond the range of parameter values for which there are
canards, we are likely to find trajectories that do not reach the target
cross-section. This happens when there is a stable equilibrium point for
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parameters a > 1. When a is large enough so that the vector field has a
stable node, trajectories that follow the right-hand branch of the critical
manifold accumulate at the stable equilibrium point without reaching the
line {x = a}. Implementations of the shooting algorithms need to test for
this possibility and take appropriate action if the shooting equation is not
defined.

8.3.2 Folded Saddles

The forced Van der Pol system⎧⎨
⎩
εẋ = y + x− x3

3 ,
ẏ = −x+ a sin(2πθ),

θ̇ = ω

(8.4)

is a slow-fast system with two slow variables and one fast variable (n = 2,
m = 1). Cartwright and Littlewood studied this system in their seminal work
on chaos in dynamical systems [4, 21, 22]. Recently, Haiduc [17] has extended
the classical results of Cartwright and Littlewood by using geometric singular
perturbation theory; these methods have also been used to investigate the
dynamics of this system numerically [3, 14]. Throughout these studies, folded
saddles play a prominent role in the analysis. Folded saddles are points where
the rescaled slow flow equations{

θ′ = ω(x2 − 1),
x′ = −x+ a sin(2πθ)

(8.5)

have a saddle point. In the original system they are points on the fold curves
where the normal crossing conditions fail. At the folded saddles the slow flow
changes direction from pointing toward the fold to pointing away from the
fold. Canards emanate from the folded saddles along stable manifolds of the
saddles of (8.5) (lifted back to the unstable sheet of the critical manifold of
(8.4)).

Bold et al. [3] used Auto to track families of periodic orbits in the forced
van der Pol system that contain canards emanating from folded saddles. These
computations required fine meshes when applied to the system with ε = 10−3

and even more so with ε = 10−4. We develop here modifications similar to
the ones described above for Hopf bifurcations to compute these trajectories
with multiple-shooting methods that use a small number of cross-sections. We
place cross-sections to the flow at the beginning of canard segments and in
the middle of jumps that leave the canard segments. Backward integration
between these cross-sections is stable since there is a single fast variable and
the unstable sheet of the critical manifold is stable for the reversed time flow.
At folded saddles of a system with two slow and one fast variables, the flow
is parallel to the fold curve. For the forced Van der Pol system this suggests
that we choose the cross-section defined by θ = θfs, where θfs is the value of
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θ at the folded saddle. All trajectories that jump from the unstable sheet of
the critical manifold to a stable sheet intersect one of the planes {x = ±1},
so we choose these planes as the cross-sections for the trajectories that jump
from canards. Periodic orbits of different periods yield different sequences of
intersections with the cross-sections and different defining equations. Unlike
the canard explosions discussed in Sect. 8.3.1, many of the periodic orbits are
embedded in chaotic invariant sets and are unstable.

8.4 Numerical Results

We computed families of periodic orbits containing canards in the Van der Pol
and forced Van der Pol systems with Auto [7] and with our shooting methods.
Our calculations follow the approach in [13] to address the complexity of
periodic orbits in systems with multiple time scales. Thus, we use as many as
1000 mesh points in Auto and error tolerances for both Auto and shooting
on the order of 10−10.

For the multiple-shooting algorithms, we used PyCont, a continuation
package developed for PyDSTool [5]. The shooting algorithms were em-
bedded in a Moore-Penrose continuation framework [1], with the differential
equations numerically integrated using Radau [18], an implicit Runge-Kutta
method. We set the absolute error tolerances in the calculations with Radau to
10−12 and the relative error tolerance to 10−9. These tolerances produced tra-
jectories with sufficient precision so that the truncation errors did not appear
to be significant for the Newton iterations within the shooting method.

In the next two sections we show results for each of the two examples
mentioned above. After presenting the results, we do some comparisons be-
tween Auto and multiple-shooting with the forced Van der Pol system. Since
algorithmic performance is highly dependent on implementation details, e.g.,
programming language used, we assess algorithmic complexity based on four
properties of Newton’s method: the size of Jacobians, condition numbers of
Jacobians, the number of Newton iterations, and domains of convergence.

8.4.1 Hopf Bifurcation and Canard Explosions

Figure 8.1 displays the results of our computations with multiple shooting
of the canard explosion in the Van der Pol oscillator (8.3). Panel (a) shows
the bifurcation diagram and panel (b) is a plot of representative limit cycles.
Three regions are indicated on the bifurcation diagram in Fig. 8.1(a), where
open circles denote the boundaries between them. Region A corresponds to
simple relaxation oscillations, where we use the shooting methods described
in Sect. 8.2. Regions B and C correspond to jump-left and jump-right ca-
nards, respectively; in these regions we use the shooting methods described
in Sect. 8.3.1. The open circle that separates regions B and C corresponds to
a maximal canard. Finally, the solid black circle denotes the Hopf point.
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(a)

(b)

Fig. 8.1. The bifurcation diagram of the Van der Pol oscillator (8.3) near the
canard explosion (a) and the corresponding limit cycles with canard segments (b)
as computed with our shooting method.

In order to start the continuation of canards in the Van der Pol system
with the multiple-shooting algorithm, we proceed as follows. We first find
a simple stable relaxation oscillation numerically for the parameter values
(a, ε) = (0.5, 1.0) using Radau integration. We then continue this orbit in
Auto with ε as the free parameter. The continuation terminates at the peri-
odic orbit with ε = 10−4. Starting from this periodic orbit, we subsequently
continue the family of orbits in Auto with a as the free parameter. This
continuation terminates at a limit cycle in the middle of region B. This limit
cycle is our initial limit cycle for continuation with our shooting methods. We
perform continuation in the forward and backward direction with a as the free
parameter. When moving in the backward direction, we pass from region B to
region A, where canards cease and simple relaxation oscillations exist. At the
transition from B to A, backward integration fails, indicating that we should
change shooting methods. During the continuation in the forward direction
we pass from region B to region C by encountering a maximal canard. In this
situation backward integration also fails, and we must switch cross-sections
from {x = −1} to {x = 1}. Note that the tangent vector to the bifurcation
curve switches: in region B both a and y are increasing, while in region C a
is increasing and y is decreasing. Automated detection of periodic orbits that
separate these regions (open circles) is an important topic for future work.
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Fig. 8.2. Bifurcation diagram of period-three orbits in the forced Van der Pol system
(8.4) computed with shooting. In this example, ε = 10−4 and ω = 1.55.

8.4.2 Folded Saddles

For the continuation of periodic orbits with canards initiated at folded saddles
in the forced Van der Pol system, we start with a period-three simple stable
relaxation oscillation for the parameter values (ε, ω, a) = (10−4, 1.55, 2.5). A
bifurcation diagram, calculated with shooting and a as the free parameter,
is shown in Fig. 8.2. During the computation of the periodic orbits we take
advantage of the symmetry (θ, x, y) �→ (θ + 1.5,−x,−y), which means that
we need only integrate over half the period. We apply the symmetry trans-
formation to the endpoint at the section {θ = θfs + 1.5}, and compare this
point to the endpoint at {θ = θfs}, giving our matching condition. Our initial
cross-sections are {x = ±1}, and thus the matching conditions for shooting
occur in a hyperplane with coordinates (y, θ, a). The sign of x on the initial
cross-section depends on the location of the periodic orbit in the bifurcation di-
agram. There are four regions. Region A corresponds to no canards, where we
start from the cross-section {x = 1} and integrate forward to the cross-section
{x = −1+} (the superscript denotes crossing in the increasing x-direction).
Regions B and D correspond to jump-right canards (right relative to the fast
variable x), where we start from the cross-section {x = 1}, shooting forward to
the cross-section {θ = θfs +1.5} and backward to the cross-section {θ = θfs}.
Finally, region C corresponds to jump-left canards, where we start from the
cross-section {x = −1}, shooting forward to the cross-section {θ = θfs + 1.5}
and backward to the cross-section {θ = θfs}. Transitions between regions are
again denoted by open circles.
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8.4.3 Comparisons

Let us now discuss the convergence of the Newton iterations for each method.
In Auto, a collocation boundary value method is used to find periodic orbits.
With this method, the Jacobian is of dimensionmnN+b+q+1, whereN is the
number of subintervals, m the number of collocation points per subinterval, n
the dimension of the vector field, b the number of boundary conditions and q
the number of integral conditions. We have already mentioned that, due to the
slow-fast structure of the systems, the number of subintervals must be large
for accuracy and convergence (we use N = 1000). The number of collocation
points used per subinterval is set atm = 4 in our calculations. Thus, we expect
the size of the Jacobian to be approximately 8, 000×8, 000 in the Van der Pol
system and approximately 12, 000× 12, 000 in the forced Van der Pol system.
In the multiple-shooting methods, the Jacobian is of dimension (n− 1)s+ 1,
where again n denotes the dimension of the vector field and s is the number
of cross-sections that are used. In the forced Van der Pol system the Jacobian
is 3× 3. Note that we will require more cross-sections when tracking periodic
orbits with multiple canard segments.

Computationally, most of the effort in the shooting methods is in the
integration, while in collocation most of the computational effort is in solving a
large, sparse matrix. The construction of the Jacobian in the multiple-shooting
method involves numerical integration of the vector field, which is an efficient
and speedy process. The Jacobian for collocation is much larger because it
is also used to determine a suitable orbit segment (while in shooting this
is done with an integrator whose accuracy must be controlled separately). It
should be noted that, although the Jacobian is considerably larger with Auto,
efficient numerical techniques are used to invert the Jacobian in two stages
by taking advantage of the sparsity structure of the matrix. The first stage
uses a method known as condensation of parameters to perform independent
eliminations in N blocks of size nm× n(m+ 1). The second stage produces a
reduced Jacobian of size (n+ b+ q+1)× (n+ b+ q+1); see also Chap. 1. This
inversion still requires much more computation than Gaussian elimination on
the matrix of size ((n− 1)s+1)× ((n− 1)s+1) used in our shooting method.

For both Auto and shooting, we performed a full Newton’s method with a
maximum of eight iterations and error tolerances on the order of 10−10. During
the calculations, we kept track of the number of iterations in the convergence
of each step of Newton’s method, as well as the condition number of the
Jacobian. In the forced Van der Pol system the Jacobians for the shooting
methods had O(10) condition numbers, while for Auto the condition numbers
for the reduced Jacobians were O(106).

Domains of convergence for the family FΓ of limit cycles Γ along the
branch B of Fig. 8.2 are displayed in Fig. 8.3; panel (a) shows the domain of
convergence for the multiple-shooting method and panel (b) that for an Auto

computation (with N = 1000 mesh intervals). The thick (approximately) hor-
izontal black line through the origin represents the a-dependent family of limit
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(a)

(b)

c1

c1

c0

c0

Fig. 8.3. Domains of convergence for the computation of limit cycles Γ along branch
B of Fig. 8.2 with the shooting method (a) and with Auto for N = 1000 mesh
intervals.

cycles Γ . The figures are shaded according to the number of iterates needed
for convergence, where shades white to black represent convergence after one
to eight iterations, respectively. In fact, black denotes no convergence of the
method using our error tolerances and choice of maximally eight iterates. Fig-
ure 8.2(a) contains an additional darkest shade of gray that is used for those
points that do not converge in eight iterations but show signs of converging.
Specifically, such points are marked as converging if the function values and
differences between variable values for the last three iterates are decreasing.

The plots were obtained by starting with a specific limit cycle Γ0 and
its intersection γ0 with the cross-section Σ defined by x = 1. The section
Σ is three dimensional with coordinates (y, θ, a). We compute orthonormal
vectors (v0 and v1) in Σ at γ0 so that v0 is tangent to FΓ ∩ Σ and v1 lies
in the plane spanned by v0 and (0, 0, 1). The coordinates c = (c0, c1) in the
figure correspond to the points pc = γ0 + c0v0 + c1v1 ∈ Σ and, thus, the
origin represents γ0. The horizontal black line in the figure is the projection
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(a)

(b)

(c)

c1

c1

c1

c0

c0

c0

Fig. 8.4. The domains of convergence for the computation of limit cycles Γ along
branch B of Fig. 8.2 with Auto depend on the number of mesh intervals; panel (a)
to (c) are for N = 1000, N = 500 and N = 250 mesh intervals, respectively.

of FΓ ∩ Σ onto the plane spanned by (v0,v1). Note that FΓ ∩ Σ appears
horizontal because v0 is tangent to FΓ ∩Σ and the domain represented in the
figure is small.
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For the shooting algorithm, we use the point pc for each grid point
c = (c0, c1) in the figure as the initial point for the algorithm and shade
the pixel according to the number of iterates required for convergence as de-
scribed above. Unfortunately, initialization of Auto requires an entire curve.
To obtain a curve from each of the points pc, we computed trajectories for-
ward and backward as in the shooting algorithm and used the concatenation of
these two trajectory segments to initialize Auto. (Auto computes a mesh of
specified size from the trajectories provided.) Except on FΓ , these curves are
not closed: the final points of the forward and backward trajectory segments
do not match. Since Auto is based upon solving the differential equations
within the space of closed curves, it might be preferable to initialize Auto

with closed curves. Lacking a natural way to produce closed curves at different
distances from FΓ , we did not pursue such a comparison here.

We also tested the dependence of Auto’s domain of convergence on the
number of mesh intervals N . Figure 8.4 displays the results of three computa-
tions. Panel (a) shows an enlargement of Fig. 8.3(b) (with N = 1000). Panels
(b) and (c) are for computations with N = 500 and 250, respectively. The
domain of convergence for Auto decreases with N , and values of N smaller
than 1000 have very small domains of convergence.

8.5 Towards a General Theory

The examples presented above demonstrate that multiple-shooting algorithms
adapted to the slow-fast decomposition of trajectories in multiple time scale
dynamical systems can be effective for computing periodic orbits. These al-
gorithms are able to exploit the advantages of numerical integration methods
for stiff systems to compute canards in vector fields with a single fast variable,
where we use integration backward in time. The strategy presented here relies
upon two ingredients. First, one must choose cross-sections for shooting that
isolate the trajectory segments to be computed in forward time and those to
be computed in backward time and, second, the computation must be placed
in a continuation setting in which the periodic orbits vary at a moderate rate
with respect to the continuation parameter. The rapid change of periodic or-
bits containing canards with respect to system parameters requires that the
root finding procedure performed by the continuation algorithm is able to
vary a system parameter as well as phase space variables.

Development of algorithms that make suitable choices of cross-sections
and continuation strategy is likely to require good methods for automatically
computing aspects of the slow-fast decomposition of trajectories in order to
base locating suitable cross-sections upon this information. In particular, such
methods should determine where degenerate decompositions are encountered
and use information about the types of canards that are associated with these
decompositions.
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Canards in slow-fast systems with more than one fast variable typically lie
along sheets of the critical manifold that consist of saddle points for the layer
equations. Accurate computation of these canards cannot be done with ei-
ther forward or backward numerical integration. Instead, two-point boundary
value solvers, methods that are designed for computing normally hyperbolic
manifolds (see Chap. 4) or methods for shadowing of trajectories of vector
fields [6, 24] will need to be incorporated into shooting methods when one
wants to compute relaxation oscillations that contain these canards. These al-
gorithms will require more computation than numerical integration, but they
still are likely to provide a good alternative to collocation methods for these
problems.
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6. B. Coomes, H. Koçak, and K. Palmer. Rigorous computational shadowing of
orbits of ordinary differential equations. Numer. Math. 69:401–421 1995.

7. E. J. Doedel, R. C. Paffenroth, A. R. Champneys, T. F. Fairgrieve,
Yu. A. Kuznetsov, B. E. Oldeman, B. Sandstede, and X. J. Wang. Auto2000:
Continuation and bifurcation software for ordinary differential equations. avail-
able via http://cmvl.cs.concordia.ca/.

8. F. Dumortier and R. Roussarie. Canard cycles and center manifolds. With an
appendix by Cheng Zhi Li. Mem. Amer. Math. Soc. 121, no. 577, x+100 pp,
1996.

9. W. Eckhaus. Relaxation oscillations, including a standard chase on French ducks.
Lecture Notes in Mathematics, Vol. 985, pages 449–494 (Springer-Verlag, 1983).

10. N. Fenichel, Geometric singular perturbation theory. J. Diff Eq. 31:53–98, 1979



8 Periodic Orbit Continuation in Multiple Time Scale Systems 267

11. J. Guckenheimer. Bifurcation and degenerate decomposition in multiple time
scale dynamical systems. In J. Hogan, A. Champneys, B. Krauskopf, M. di
Bernardo, E. Wilson, H. Osinga, and M. Homer, editors, Nonlinear Dynamics and
Chaos: where do we go from here?, pages 1–21 (Institute of Physics Publishing,
Bristol, 2002).

12. J. Guckenheimer. Bifurcations of relaxation oscillations. In Normal Forms,
Bifurcations and Finiteness Problems in Differential Equations, pages 295–316,
NATO Sci. Ser. II Math. Phys. Chem., Vol. 137 (Kluwer Acad. Publ., Dordrecht,
2004).

13. J. Guckenheimer, K. Hoffman, and W. Weckesser. Numerical computation of
canards. Internat. J. Bifurc. Chaos Appl. Sci. Engrg., 10:2669–2687, 2000.

14. J. Guckenheimer, K. Hoffman, and W. Weckesser. The Forced van der Pol
Equation I: The Slow Flow and its Bifurcations. SIAM J. App. Dyn. Sys. 2:1–35,
2003.

15. J. Guckenheimer and B. Meloon. Computing periodic orbits and their bifurca-
tions with automatic differentiation. SIAM J. Sci. Comp., 22:951–985, 2000.

16. J. Guckenheimer, M. Wechselberger, and L.-S. Young. Chaotic attractors of
relaxation oscillators. Nonlinearity, 19:701–720, 2006.

17. R. Haiduc. Horseshoes in the forced van der Pol equation, PhD dissertation,
Cornell University, 2005.

18. E. Hairer, S. P. Norsett and G. Wanner. Solving Ordinary Differential Equations
I, 2nd. ed. (Springer-Verlag, 1993).

19. C. K. R. T. Jones. Geometric singular perturbation theory. In Dynamical
Systems, Lecture Notes in Mathathematics, Vol 1609, pages 44–120 (Springer-
Verlag, 1995).

20. N. Levinson. Perturbations of discontinuous solutions of non-linear systems of
differential equations. Acta Math., 82:71–106, 1950.

21. J. Littlewood. On nonlinear differential equations of the second order. III. The
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The idea of everything returning eventually to its point of departure has a
strong hold on humanity, with many historical, philosophical and religious
implications. Classical examples are the need to construct a calendar and the
subsequent search for orbits in the solar system in which the planets follow a
closed track and repeat their history over and over again.

Nature, at its most basic level, has decided to be Hamiltonian; non-
Hamiltonian systems come up in physics only as phenomenological models for
the more complicated underlying processes. However, Hamiltonian systems are
nongeneric dynamical systems with remarkable properties, in particular with
respect to periodic orbits. The role of periodic solutions in Hamiltonian sys-
tems and their importance in modern physics was first recognized by Poincaré
[26]. Today periodic orbits are at the basis of both classical and quantum me-
chanics [13]. Poincaré conjectured that periodic orbits, that is, solutions that
return to their initial conditions after some finite time, are densely distributed
among all possible bounded classical trajectories; and he suggested that the
study of periodic orbits would provide the clue to the overall behavior of any
mechanical system. Quoting the original work [26]:

“It seems at first that the existence of periodic solutions could not
be of any practical interest whatsoever. Indeed, the probability is zero
for the initial condition to correspond precisely to those of a periodic
solution. But it may happen that they differ by very little. [...] Here
is a fact which I have not been able to demonstrate rigorously, but
which nevertheless seems very plausible to me. Given equations of the
Hamiltonian form and any particular solution of these equations, we
can always find a periodic solution (whose period may admittedly be
very long) such that the difference between the two solutions is as small
as we wish during as long a time as we wish. Besides this, what renders
these periodic solutions so precious is that they are, so to speak, the

Department of Pure Mathematics and Computer Algebra, Ghent University
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only opening through which we may try to penetrate into the fortress
which has the reputation of being impregnable.”

We know from Arnol′d [2] that a literal interpretation of Poincaré’s state-
ment is not possible: the completely integrable two-degrees-of-freedom Hamil-
tonian system corresponding to the Hamiltonian

H(I1, I2, θ1, θ2) = I1 +
√

2 I2

(in action-angle variables) admits no periodic solutions whatsoever since the
ratio of its frequencies is irrational. However, replacing

√
2 by an arbitrarily

close rational number results in a system that has only periodic orbits. This
insight leads to a reformulation that says that Poincaré’s statement is true for
generic Hamiltonian systems; a more precise statement is given by the Closing
Lemma due to Pugh and Robinson [27], which states that, given a Hamiltonian
and a point in phase space, there exists an arbitrarily close Hamiltonian (in
the C2-sense) for which the given point generates a periodic orbit.

In this chapter we show how two-point boundary value problem continua-
tion can help us to enter the ‘fortress’ Poincaré was talking about. Specifically,
this approach provides us with an efficient tool to compute families of peri-
odic orbits in Hamiltonian systems and allows us to discover numerically how
these families bifurcate and connect. Particular attention will be paid to sym-
metric Hamiltonian systems, where the symmetries and the associated first
integrals typically increase the dimensions of these families. Continuation in
this context is introduced with the simple model example of the mathematical
pendulum, justified theoretically, and then applied to a nontrivial case of com-
puting periodic orbits that are associated with the recently discovered figure-8
solution of the three-body problem. Numerical aspects of the scheme, includ-
ing comparison with a shooting method, are highlighted with the computation
of a periodic solution of the restricted three-body problem.

The chapter is organized as follows. In Sect. 9.1 we discuss several as-
pects of periodic orbits in Hamiltonian systems, in particular, how they are
organized in families and how one can approach the numerical calculation
of these families. The discussion is illustrated with the mathematical pendu-
lum and the restricted three-body problem. In Sect. 9.2 we give an outline
of theoretical continuation results for periodic orbits and relative equilibria;
these results include a set-up for the equations that can be used for numerical
computations. In Sect. 9.3 we present continuation results for the three-body
problem, where we start from the figure-8 and the Lagrange solutions, respec-
tively. These periodic solutions exist for equal masses, and we use one of the
masses as (an external) continuation parameter. It appears that the starting
solutions can be continuously connected to a periodic solution of the restricted
three-body problem. In Sect. 9.4 we draw some general conclusions and give
a brief discussion of open problems.
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9.1 Periodic Solutions in Hamiltonian Systems

It is well known that Hamiltonian (or, more generally, conservative) systems
are quite different from dissipative systems in terms of periodic orbits, their
continuation and their bifurcations. In dissipative systems periodic orbits are
generically isolated and, therefore, an external parameter is required in order
to continue such periodic orbits. For Hamiltonian systems there is the cele-
brated Cylinder Theorem [15], which says that periodic orbits appear in one-
or more-parameter families and that, under appropriate nondegeneracy con-
ditions, these families are persistent under small Hamiltonian perturbations.

Computationally the problem of finding a periodic orbit can be formulated
as a boundary value problem with the period as an additional parameter. In
order to avoid phase shifts and to ensure uniqueness one has to introduce
an appropriate phase condition, which can be either a boundary condition
(Poincaré-type condition) or an integral version of it (see also Chaps. 1, 10
and 11). In dissipative systems this problem is generically well determined:
the periodicity condition together with the phase condition give n + 1 equa-
tions for the n components of the initial point, the period and the external
parameter. Generically these equations can be solved by the Implicit Function
Theorem, giving a one-dimensional solution curve that can be parametrized
by the external parameter.

This scheme does not work for Hamiltonian systems or, more generally,
for systems with a first integral. (Another exceptional case are time-reversible
systems, but we do not consider them here since they require different ar-
guments.) In conservative systems periodic orbits typically belong to one-
parameter families, parametrized by the value of the first integral (the energy
in the Hamiltonian case). This ‘internal’ or ‘natural’ parameter is not ex-
plicitly available in the equations, at least not directly, and this is why the
standard continuation scheme fails. Additional complications arise for Hamil-
tonian systems with several independent constants of motion (symmetries):
here periodic orbits belong to families whose dimension is the number of in-
dependent integrals. In this case, further ‘phase conditions’ are required in
order to identify a single member of such a family uniquely.

9.1.1 Continuation of Periodic Orbits in Conservative Systems

A straightforward approach to continue periodic orbits in conservative sys-
tems is to use the conserved quantity (the energy, in the Hamiltonian case),
to eliminate one of the variables. Then one chooses a suitable Poincaré sec-
tion for the flow and looks for fixed points of the corresponding Poincaré map.
This scheme can be extended to the case of several constants of motion and
has been extensively used in the literature; see, for example, [30]. This ap-
proach requires numerical integration of the differential equations, which can
give errors in the case of very stiff equations or very unstable orbits, and the
section must be adapted at each step in the continuation process to ensure
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transversality. Furthermore, it is difficult to use integral phase constraints,
which, as explained in Chap. 10 of this book, often have significant computa-
tional advantages over the classical Poincaré phase condition. The underlying
idea of this scheme is that of the reduction of the dimension of the problem by
making use of the conserved quantities and/or the symmetries; it is a direct
translation of the standard theoretical treatment of the problem. A classical
example is the N -body problem (see, e.g., [35]) that will be discussed later in
this chapter.

The approach that we propose here extends the dimension rather than re-
ducing it, to get the problem into a form where boundary value continuation
methods can be applied directly; a similar approach is discussed in Chap. 10.
Our formulation not only allows one to prove and extend some basic continua-
tion results for periodic orbits in Hamiltonian systems — such as the Cylinder
Theorem of [17] — but it can also be implemented directly for the numerical
calculation of branches of periodic orbits.

Our starting point is a generalization of some continuation results of Sepul-
chre and MacKay for periodic orbits of systems having a first integral. In [28]
the concept of a normal periodic orbit is introduced and it is shown that such
normal periodic orbits belong to one-parameter families. The key idea of their
approach is to embed the conservative equation in a one-parameter family
of dissipative systems by adding a small gradient perturbation term to the
vector field in such a way that a periodic orbit of the perturbed system can
only exist when the perturbation is zero. Under the normality condition one
can invoke the Implicit Function Theorem to obtain a continuation result for
periodic orbits of the extended system. Because the periodic orbits only exist
when the perturbation is zero, one has in fact a continuation result for the
unperturbed conservative system.

The idea of adding a dissipative term, which allows periodic orbits only
when the dissipation is zero, is not new; for example, it is used in one of the
classical proofs of the Lyapunov Center Theorem where this theorem is shown
to correspond to a vertical Hopf bifurcation; see, e.g., [34]. The idea has been
used for numerical calculations, for example, in [1, 37].

To be more precise, consider a smooth n-dimensional vector field g : Rn →
Rn, and assume that the corresponding system

u̇ = g(u) (9.1)

has a non-trivial first integral F : Rn → R. This means that each orbit of
(9.1) is contained in a level set of F , and consequently ∇F (u) · g(u) ≡ 0. Let
u0(t) be a periodic solution of (9.1) with initial point p0 := u0(0), minimal
period T0 > 0, and monodromy matrix M . This monodromy matrix is given by
M = V (T0), where V : R → L(Rn) is the transition matrix for the variational
equation v̇ = Dg(u0(t)) · v; the eigenvalues of M are the multipliers of the
periodic solution u0(t). Assuming that ∇F (p0) �= 0 one can show that 1 is an
eigenvalue ofM with geometric multiplicitymg ≥ 1 and algebraic multiplicity
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ma ≥ 2; full proofs are in [23]. In order to continue the periodic solution u0(t)
we replace equation (9.1) by the extended equation

u̇ = T [g(u) + α∇F (u)] , (9.2)

which depends on two (real) parameters T and α. We look for 1-periodic
solutions u(t) of (9.2), with (u(0), T, α) near (p0, T0, 0). The basic observation
is that such solutions can only exist for α = 0, since

0 = F (u(1))− F (u(0)) =

∫ 1

0

∇F (u(t)) · u̇(t) dt = αT

∫ 1

0

‖∇F (u(t))‖2 dt.

The integral on the right-hand side is different from zero (namely, ∇F (u(0))
is close to ∇F (p0) �= 0). We conclude that a 1-periodic solution of (9.2)
corresponds (after an appropriate time rescaling) to a T -periodic solution of
(9.1).

We denote the flow of (9.2) by ũ(t; p, T, α), where p ∈ Rn is the initial
value. To find the 1-periodic solutions we are looking for, we must impose
the periodicity condition ũ(1; p, T, α) = p; to avoid phase shifts we must also
impose a phase condition. Therefore, we define a mapping

G : R
n × R× R → R

n × R,

G (p, T, α) := (ũ(1; p, T, α)− p, 〈g(p0), p− p0〉),
where 〈·, ·〉 defines a scalar product on Rn, and we have G(p0, T0, 0) = 0 by
assumption. Now we look for zeros (p, T, α) of G near (p0, T0, 0). Using the
Implicit Function Theorem in combination with the remark above, one can
then prove the following.

Theorem 1. Let u0(t) be a periodic solution of the conservative equation (9.1)
with initial point p0 = u0(0), minimal period T0 > 0 and monodromy matrix
M . Assume that ∇F (p0) �= 0 and that 1 is an eigenvalue of M with geometric
multiplicity mg = 1. Then the solution set of the equation G(p, T, α) = 0
consists locally near (p0, T0, 0) of a unique smooth curve along which α ≡ 0.
More precisely, this solution curve can be written in the form {(p∗(T ), T, 0) |
T near T0} for some smooth p∗ : R → Rn such that p∗(T0) = p0.

This theorem is essentially a re-statement of the Cylinder Theorem for conser-
vative systems [17] in a form that is adapted to numerical implementation. It
forms the simplest case of a more general continuation result for conservative
systems that can be found in [23] and that is described in Sect. 9.2 for the
particular case of Hamiltonian systems. If (9.1) has several independent first
integrals then the condition mg = 1 of Theorem 1 is not satisfied. In this case
the more general theory of [23] is required. This arises in the continuation
of the N -body problem, where apart from the Hamiltonian also the compo-
nents of the total linear momentum and the total angular momentum are first
integrals; we refer to Sect. 9.3 for examples.
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For the numerical implementation of Theorem 1 (or similar results) the
periodicity condition ũ(1; p, T, α) = p is usually replaced by a boundary value
problem for the full solution {u(t) | 0 ≤ t ≤ 1}, and the Poincaré-type phase
condition is replaced by an integral version. Setting ũ0(t) := ũ(t; p0, T0, 0) =
u0(T0t), this leads to a boundary value problem of the following form:

(CON-1) Find (u(t), T, α) near (ũ0(t), T0, 0) such that⎧⎪⎨
⎪⎩
u̇(t) = T [g(u(t)) + α∇F (u(t))] ,

u(1) = u(0),∫ 1

0
〈 ˙̃u0(t)), u(t)− ũ0(t)〉 dt = 0.

(9.3)

In the following sections we show some results of the numerical implemen-
tation of this approach to two particular examples, namely the mathematical
pendulum and the Restricted Three-Body Problem (R3BP). While discussing
these examples we put some emphasis on numerical issues related to the nu-
merical implementation. In particular, in Sect. 9.1.3 we compare the shooting
method with the collocation method from a numerical point of view by com-
puting a ‘benchmark’ periodic solution of the R3BP taken from exercise 4.12
of [3]. In Sect. 9.1.4 we present partial bifurcation diagrams of the R3BP for
two values of the mass ratio that demonstrate the power and versatility of our
continuation scheme.

9.1.2 The Mathematical Pendulum

As a simple introductory example we consider the dimensionless mathematical
pendulum

ẋ1 = x2,
ẋ2 = − sin(x1).

(9.4)

This vector field is a one-degree-of-freedom Hamiltonian system, correspond-
ing to the Hamiltonian H(x1, x2) = 1

2x
2
2 + 1 − cos(x1). The variable x1 ∈

S1 = R/2πZ represents the angular displacement from the vertical axis, and
x2 ∈ R the angular velocity. The Hamiltonian has been chosen such that the
equilibrium at the origin, corresponding to the stable hanging solution, has
zero energy.

Equation (9.4) has a family of periodic orbits corresponding to librations
of the pendulum; they originate at the origin and terminate at a homoclinic
orbit to the saddle point (π, 0). Figure 9.1(d) shows some representative pe-
riodic orbits of this family, which can be parametrized either by the energy,
the period (which increases monotonically from 2π to infinity), or the max-
imal angular displacement. However, neither of these quantities is explicitly
available in (9.4). As we observed before, such behavior (which is nongeneric
in dissipative systems) is typical for conservative systems.

In order to calculate the family of periodic solutions we follow the approach
outlined in Sect. 9.1.1 and replace (9.4) by (a time rescaled version of) the
system
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Fig. 9.1. Continuation results for the mathematical pendulum. Panel (a) shows the
bifurcation diagram in α with the vertical branch of periodic solutions. Panels (b)
and (c) show the period (plotted in a logarithmic scale) and the L2-norm of the
solutions versus the energy H, respectively. Ten representative periodic orbits of the
one-parameter family are shown in panel (d). Panels (e1) and (e2) show the time
evolutions of x1 and x2, respectively, while panel (f) shows the evolution of the time
step along the orbit for two solutions, namely one far from homoclinic and the other
very close to the homoclinic connection.

ẋ1 = x2 + α sin(x1),
ẋ2 = − sin(x1) + αx2.

(9.5)

This system still has two equilibria, the origin which is a stable or an unstable
focus depending on the sign of α, and the saddle (π, 0). For all non-equilibrium
solutions (x1(t), x2(t)) the function h(t) := H(x1(t), x2(t)) is strictly decreas-
ing if α < 0 or strictly increasing if α > 0; this excludes periodic solutions for
α �= 0, which agrees with the theoretical results and is also confirmed by a
phase plane analysis of (9.5). So periodic solutions are only possible for α = 0
in which case (9.5) coincides with (9.4) and we have the family of periodic
orbits mentioned before. The bifurcation diagram for periodic orbits of (9.5),
therefore, looks as in Fig. 9.1(a); this diagram very much resembles that of a
classical Hopf bifurcation, except that in this case the bifurcating branch is
completely vertical. It is also clear that α cannot be used to parametrize the
family of periodic orbits.
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Computationally (9.5) has the desired form, namely, with one external
parameter. Starting the computation from, for example, α = −1 and with
initial point (x1, x2) = (0, 0), a software package such as Auto [7, 9] will locate
(α, x1, x2) = (0, 0, 0) as a Hopf bifurcation point from the trivial solution and,
after switching branches, compute the “vertical branch” of periodic orbits.
Along this branch the value of α, computed as part of the solution for each
continuation step, appears to be zero (up to numerical precision). The results
of such a computation are illustrated in Fig. 9.1; in particular, panels (b)
and (c) illustrate that either the energy H or the period can be used to
parametrize the family of periodic orbits in panel (d). Some further remarks
on the numerical implementation are in order.

1. In the pseudo-arclength continuation technique used by Auto there is no
‘distinguished parameter’. In our particular example α is just one of the
quantities that have to be computed at each continuation step. This allows
(for example) the computation along folds and, as is illustrated by the
example considered here, the continuation of vertical solution branches.

2. Orthogonal collocation with adaptive mesh selection is used in Auto to
solve the boundary value problem at each continuation step. Figure 9.1(f)
shows how the time step varies along the orbit: it shrinks at places where
the solution varies rapidly, whereas it remains large at slowly varying
segments of the orbit. This allows one to compute the family up to orbits
with large period, i.e., very close to the homoclinic orbit that terminates
the branch; see Fig. 9.1(b).

3. The integral phase condition keeps the segments with a rapid variation
of the solution component x2 at practically the same location when the
period becomes large; see Fig. 9.1(e). This allows for bigger continuation
steps compared with phase conditions that allow the dip in the profile to
move. For further details on this particular aspect of the computations
see [8] and Chap. 10.

9.1.3 Collocation Versus Shooting

We now analyze from a numerical point of view a slightly more demanding
example taken from exercise 4.12 of [3]. It is very much related to the other
examples of this chapter, namely, it concerns a periodic orbit of the R3BP. The
aim is to compare a standard shooting method with the orthogonal collocation
method of Auto. Both methods are powerful and versatile enough and have a
long tradition in the dynamical system community. In general, both methods
behave similarly in terms of efficiency and accuracy.

The R3BP describes the dynamics of a body with negligible mass under the
gravitational influence of two massive bodies, called the primaries, which move
in circular orbits about their barycenter. Let (x, y, z) denote the position of the
negligible-mass body in a rotating barycentric coordinate system, where the
x-axis points from the larger to the smaller primary, the z-axis is orthogonal to
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the orbital plane, and the y-axis completes the orthogonal coordinate system.
The units are chosen so that the distance between the primaries, the sum
of the masses of the primaries, and the angular velocity of the primaries are
all equal to one. The problem then depends on a single external parameter,
denoted μ, which is the ratio of the mass of the smaller primary and the
total mass. The larger and smaller primaries are then located at (−μ, 0, 0)
and (1− μ, 0, 0), respectively, and the equations of motion are given by

ẍ = 2ẏ + x− (1− μ)(x+ μ)r−3
1 − μ(x− 1 + μ)r−3

2 ,
ÿ = −2ẋ+ y − (1− μ)yr−3

1 − μyr−3
2 ,

z̈ = −(1− μ)zr−3
1 − μzr−3

2 ,
(9.6)

where

r1 =
√

(x+ μ)2 + y2 + z2 and r2 =
√

(x− 1 + μ)2 + y2 + z2.

This dynamical system has one integral of motion, namely, the Jacobi constant

E =
1

2
(ẋ2 + ẏ2 + ż2)− U(x, y, z)− 1

2
μ(1− μ),

where

U =
1

2
(x2 + y2) +

1− μ
r1

+
μ

r2
.

We have used both a shooting and a collocation method to calculate
a particular ‘benchmark solution’ of (9.6) as described in [3]; it is shown
in Fig. 9.2(a). This solution is periodic and planar (observe that the sub-
space z = 0 is invariant under (9.6)), and corresponds to the mass ratio
μ = 0.01277471 (which is very close to the Earth-moon case). For the calcu-
lations with the shooting method we have used the routine ode45 of Matlab
which is based on an explicit Runge-Kutta (4,5) formula (the Dormand-Prince
pair) with decreasing absolute and relative tolerances. For the collocation ap-
proach we used Auto, that is, piecewise-polynomial collocation with Gauss-
Legendre collocation points; see Chap. 1. This so-called orthogonal collocation
has the desirable property of preserving the symplectic structure of Hamilto-
nian systems. Furthermore, as implemented in Auto, it determines at neg-
ligible cost the characteristic (Floquet) multipliers as a by-product of the
decomposition of the Jacobian of the collocation system. Hence, the stability
and bifurcation properties of the calculated periodic solution are available as
well.

Figure 9.2 shows the results of the calculations with the shooting algo-
rithm; the collocation approach gives essentially identical results. Panel (a1)
and the enlargement (a2) show a near-collision (or flyby) of the negligible,
small mass with the small primary at about t = 6. This results in a strong ac-
celeration of the negligible mass; see Fig. 9.2(b1). This clearly demonstrates
the need for an adaptative mesh so that fast changes in velocity at near-
collisions are properly resolved; see panels (c1) and (c2). Indeed fixed step
methods should be avoided.
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Fig. 9.2. Benchmark periodic orbit of the R3BP with μ = 0.01277471. Panel (a1)
shows the orbit in projection onto the (x, y)-plane, and panel (a2) is an enlargement
close to the near collision; the primaries are depicted by a circle (for mass μ) and
a square (for mass 1 − μ). Panel (b1) shows the rapid change of the velocity of the
negligible mass, and panel (b2) is an enlargement. Similarly, panels (c1) and (c2)
show the time evolution of the velocity component. Panel (d) is a plot of how the
adaptive stepsize used by the RK method of Matlab changes along the orbit; the
sudden drop of the stepsize around t = 6 corresponds to the near collision.

In order to compare the two computational schemes we should study the er-
ror, the number of time steps and the CPU-time. The lack of an exact solution
and the fact that Auto is a compiled program, while the shooting calculation
was performed with Matlab, only allows us to plot the error in the Cauchy
sense. That is, we plot in Fig. 9.3(a) the measure max(‖uk(t) − uk−1(t)‖) of
the convergence between successive iterations as a function of the number of
time steps. From iteration (k − 1) to k we increase the number of time inter-
vals (NTST in Auto) or decrease the tolerances of the ode45 command. As
expected, the solution converges more rapidly as the number of time steps
is increased. The comparison between the error for the shooting algorithm
(squares) and the collocation approach (circles) in Fig. 9.3(a) demonstrates
that both methods show quite similar behavior. This might be expected since
shooting with Matlab uses a fourth-order Runge-Kutta method and colloca-
tion with Auto was performed with degree-four polynomials (i.e., withm = 4
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Fig. 9.3. Evolution of error and stepsize as a function of the number of time steps
for the benchmark periodic orbit of the R3BP from Fig. 9.2. Panel (a) shows the
evolution of the error in the Cauchy sense (max(||uk(t) − uk−1(t)||)) for the shooting
algorithm (squares) and for collocation with Auto (circles). Panel (b) displays the
error of the collocation calculation at all mesh points (circles solid line) and only
at the main mesh points (circles dashed line); this illustrates the phenomenon of
superconvergence at the main mesh points. Both methods use either an adaptive step
or an adaptive mesh; panel (c) shows the maximal (solid lines) and minimal (dashed
lines) stepsize for both methods. Note that both methods perform comparably well
in this example.

collocation points per mesh interval). Indeed, if u(t) is sufficiently smooth
then the global accuracy of collocation is known to be of order m. Note from
Fig. 9.3(b) that convergence for the collocation results is much better at the
main mesh points; this is due to the phenomenon of superconvergence which
guarantees an error of order 2m; see Chap. 1. Finally, panel (c) shows that
the mesh adaptation for both methods is very similar. We remark that an
exhaustive comparison between shooting and collocation should include the
continuation process as well. Furthermore, one should possibly consider mul-
tiple shooting for difficult orbits or long time integration.

9.1.4 Families of Lyapunov Solutions in the R3BP

As an illustration of the power and versatility of our computational approach,
as outlined in Sect. 9.1.1, we now briefly discuss some numerical results about
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Fig. 9.4. Schematic bifurcation diagram for the R3BP (9.6) of the families of peri-
odic orbits that emanate from the Lagrange point L1 for the mass-ratio μ = 0.01215
of the Earth-moon system. From E.J. Doedel, R. Paffenroth, H. Keller, D. Dich-
mann, J. Galán-Vioque and A. Vanderbauwhede, Computation of periodic solutions
of conservative systems with application to the three-body problem, Internat. J.
Bifur. Chaos Appl. Sci. Engrg. 13 (2003) 1353–1381 c© 2003 by World Scientific
Publishing; reprinted with permission.

families of periodic solutions of the R3BP; these results are from [10, 11] where
also an extensive bibliography can be found.

It is well known that for each value of μ system (9.6) has five equilibria,
called the Lagrange points or libration points. Three of the Lagrange points,
denoted L1, L2 and L3, are collinear with the primary bodies; one of them,
L1, lies between the two primaries. Studying the linearization of (9.6) at the
collinear Lagrange points and using the Lyapunov Center Theorem one can
show that from each of these collinear Lagrange points there emanate two
families of periodic orbits: the Lyapunov family containing planar orbits in
the (x, y)-plane, and the family of so-called Vertical orbits that starts off in
the vertical z-direction.

Figure 9.4 shows a schematic bifurcation diagram for the two families
emanating from L1 and for the secondary families of periodic orbits bifurcating
from them; this diagram was calculated for the mass ratio μ = 0.01215 that
corresponds to the Earth-moon system. The five libration points are shown
as grey cubes. The red line (L) represents the Lyapunov orbits and the green
curve (V) represents the Vertical orbits. Any solution branch that intersects
the grey plane has a planar periodic solution at the intersection point. Along
the (red) Lyapunov family there are two branch points; at the first of these the
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Fig. 9.5. Schematic bifurcation diagram of the families emanating from L1 in the
RTBP for mass-ratio μ = 0.09. From E.J. Doedel, V.A. Romanov, R. Paffenroth,
H. Keller, D. Dichmann, J. Galán-Vioque and A. Vanderbauwhede, Elemental peri-
odic orbits associated with the Libration Points in the Circular restricted three-body
problem, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 17 (2007) at press c© 2007 by
World Scientific Publishing; reprinted with permission.

blue family (H) of so-called Halo orbits bifurcates, at the second bifurcation
point the yellow family (Y) branches off, connecting the Lyapunov family to
the Vertical family. On the blue family of Halo orbits there are two symmetry-
related bifurcation points which give rise to the cyan family (C) of orbits. In
turn, along this cyan family there are two symmetry-related branching points
which give the magenta family (M) that connects the non-collinear Lagrange
points L4 and L5; in fact, the magenta family forms the “Vertical family”
emanating from L4 and L5. More details on this bifurcation diagram and on
the orbits represented can be found in [10].

The picture becomes more complicated and more interesting if the mass-
ratio μ is allowed to vary. Detailed computational results for families that
emanate from the five libration points in the R3BP for all values of μ are
presented in [11]. As a stimulating example of the richness and complexity
of the problem we show in Fig. 9.5 the schematic bifurcation diagram for
μ = 0.09. The number of families and subfamilies of periodic orbits and their
interconnections in this example are a stark reminder of the statement of
Poincaré cited above: indeed, periodic orbits play the guiding role in the study
of complicated Hamiltonian systems such as the R3BP.



282 Jorge Galán-Vioque and André Vanderbauwhede

9.2 Theory of Continuation in Hamiltonian Systems

In Hamiltonian systems conserved quantities and symmetries are related by
Noether’s theorem, and they result in families of non-isolated periodic orbits.
In this section we describe how the Implicit Function Theorem can be used
in this situation to prove continuation results via a set-up that can also be
exploited numerically; for full details and proofs we refer to [23].

We use the classical set-up for Hamiltonian systems with n degrees of
freedom. The state space is R2n = Rn×Rn, with elements u = (x, y), and with

the standard scalar product 〈u, ũ〉 =
∑2n

j=1 uj ũj . For each smooth function

H : R2n → R the Hamiltonian vector field XH : R2n → R2n is defined by
XH(u) := J∇H(u), where J ∈ L(R2n) is the standard symplectic matrix
given by J(x, y) := (y,−x). We call

u̇ = XH(u) (9.7)

the Hamilton equation with Hamiltonian H, and we denote the flow of (9.7) by
ϕH(t, u) = ϕt

H(u) (with t ∈ R and u ∈ R2n). A smooth function F : R2n → R

is a first integral (constant of motion) for (9.7) if and only if {F,H} ≡ 0,
where the Poisson bracket {F,H} : R2n → R of F and H is defined by
{F,H}(u) := DF (u) · XH(u). The Poisson bracket is anti-symmetric, that
is, {F,H} = −{H,F}, and, as a consequence, H is a first integral of (9.7).
In case either XH or XF has at least one bounded orbit, the condition that
{F,H} ≡ 0 for F is a first integral of (9.7) is equivalent to the fact that
for all t, s ∈ R the symplectic diffeomorphisms ϕs

F and ϕt
H commute. This

is the statement of Noether’s theorem: first integrals generate symmetries,
and conversely, (symplectic and continuous) symmetries are generated by first
integrals. We denote the space of all first integrals of (9.7) by

F := {F ∈ C∞(R2n; R) | {F,H} ≡ 0}. (9.8)

Now assume that p0 ∈ R2n generates a nontrivial periodic orbit Γ0 :=
{ϕt

H(p0) | t ∈ R} of (9.7), with minimal period T0 > 0. In order to continue
this periodic solution we look for solutions (T, p) near (T0, p0) of the equation

G0(T, p) := ϕH(T, p)− p = 0. (9.9)

This equation has the one-dimensional solution curve {T0} × Γ0. If G0 were
submersive at (T0, p0) then this would (locally) give us all solutions. However,
as we will see, this is not the case. To find out about the submersivity prop-
erties of G0 we calculate the image of DG0(T0, p0) ∈ L(R2n+1; R2n), which is
given by

Im DG0(T0, p0) = Im(M − I)+RXH(p0), M := DϕT0

H ∈ L(R2n). (9.10)

Here M is the monodromy matrix of the periodic orbit Γ0, and its eigenvalues
are the multipliers of the periodic orbit Γ0. Since XH(p0) ∈ Ker(M − I) there
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is always the multiplier 1. We denote by mg and ma the geometric and the
algebraic multiplicity of the eigenvalue 1 of M . It is not hard to show that M
is symplectic, i.e., MTJM = J , and hence ma is even. One can also prove the
following.

Proposition 1. Let W := {∇F (p0) | F ∈ F}, Z0 := {G ∈ F | {G,F}(p0) =
0, ∀F ∈ F}, and Z0 := {XG(p0) | G ∈ Z0}. Let k := dimW . Then

Z0 ⊂ JW ⊂ Ker(M − I) and Im(M − I) + Z0 ⊂W⊥. (9.11)

In particular, mg ≥ k and ma ≥ k + dimZ0.

Clearly H ∈ Z0 and XH(p0) ∈ Z0; therefore, referring back to (9.10), we see
that

Im DG0(T0, p0) = Im(M − I) + RXH(p0) ⊂W⊥. (9.12)

Definition 1. We say that the periodic orbit Γ0 generated by p0 is normal if
in (9.12) we have equality, i.e., if

Im(M − I) + RXH(p0) = W⊥. (9.13)

This notion of normality is a generalization of the one introduced in [28];
for a discussion of the relationship between the normality property and the
submersivity properties of the mapping G0 see [24]. The following proposition
gives conditions for Γ0 to be normal.

Proposition 2. The periodic orbit Γ0 of (9.7) is normal if and only if either
mg = k or mg = k+ 1 and XH(p0) �∈ Im(M − I). In particular, Γ0 is normal
if ma = k + 1.

We remark, in view of Proposition 1, that the condition ma = k+ 1 can only
be satisfied if k is odd and dimZ0 = 1.

The usefulness of the concept of a normal periodic orbit becomes clear
when one combines the following two observations.

1. If p0 ∈ R2n generates a normal periodic orbit Γ0 with minimal period T0

then, by definition of normality, the subspace W is lacking in the image
of DG0(T0, p0), and therefore G0 is not submersive at the point (T0, p0).
We can ‘repair’ this lack of submersivity by adding some artificial terms
to (9.7). More precisely, we replace (9.7) by

u̇ = XH(u) +

k∑
j=1

αj∇Fj(u), α = (α1, α2, . . . , αk) ∈ R
k, (9.14)

where Fj ∈ F (1 ≤ j ≤ k) are chosen such that {∇Fj(p0) | 1 ≤ j ≤ k}
forms a basis of W (typically one will take F1 = H). Denoting the flow of
(9.14) by Φ(t, p, α) and defining G : R× R2n × Rk → R2n by G(T, p, α) :=
Φ(T, p, α) − p we see that G(T, p, 0) = G0(T, p), G(T0, p0, 0) = 0, and
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one can show that G is submersive at (T0, p0, 0). Hence, the solution set
of G(T, p, α) = 0 forms, locally near (T0, p0, 0), a (k + 1)-dimensional
submanifold of R×R2n×Rk. Since G(T, p, α) = 0 means that Φ(t, p, α) is
a T -periodic solution of (9.14), this (k+1)-dimensional solution manifold
is foliated by a k-parameter family of periodic orbits of (9.14).

2. Suppose that u(t) is a T -periodic solution of (9.14), and let F (u) :=∑k
j=1 αjFj(u). Using F ∈ F one then calculates that d/dt F (u(t)) =

‖∇F (u(t))‖2, from which it follows that∫ T

0

‖∇F (u(t))‖2 dt = F (u(T ))−F (u(0)) = 0 ⇒ ∇F (u(t)) = 0, ∀t ∈ R.

In particular ∇F (u(0)) =
∑k

j=1 αj∇Fj(u(0)) = 0. Since the vectors
∇Fj(p0), 1 ≤ j ≤ k, are linearly independent, the same is true for the
vectors ∇Fj(u(0)), 1 ≤ j ≤ k, if u(0) is sufficiently close to p0. We con-
clude that (9.14) can only have a periodic orbit near Γ0 if α = 0. In other
words, all periodic orbits of (9.14) near Γ0 are, in fact, periodic orbits of
(9.7).

By combining the two observations above, it follows that a normal periodic
orbit Γ0 of (9.7) belongs (locally) to a k-parameter family of normal periodic
orbits of the same equation (normality is preserved locally). The question how
we can parametrize this family has a straightforward answer only in the sim-
plest possible case, namely ifma = k+1. Then the family can be parametrized
by the values of the first integrals Fj , 1 ≤ j ≤ k. Such a parametrization may
fail when ma > k + 1.

Complementing the periodicity condition G(T, p, α) = 0 with appropriate
phase conditions also gives an efficient way for actually calculating the periodic
orbits. Starting from the point p0 on Γ0 we can generate a k-dimensional
submanifold of initial points for periodic orbits of (9.7) by applying the flows
of the Hamiltonian vector fields XFj

, 1 ≤ j ≤ k. So what we really need is a
way to calculate a one-dimensional solution curve in the ‘missing direction’;
such a curve is given by the following theorem; see [23] for the proof.

Theorem 2. Let Γ0 = {ϕH(t, p0) | t ∈ R} be a normal T0-periodic solution of
u̇ = XH(u). With the notations introduced before, consider the following set
of equations for (T, p, α) ∈ R× R2n × Rk:

G(T, p, α) = 0, 〈XFj
(p0), p− p0〉 = 0, 1 ≤ j ≤ k. (9.15)

Then near (T0, p0, 0) the solution set of (9.15) consists of a smooth one-
dimensional curve along which α ≡ 0. In the case mg = k this curve can
be parametrized by the period T . Projecting the solution curve onto the phase
space R2n and acting on the projection with the flows of the Hamiltonian vec-
tor fields XFj

, 1 ≤ j ≤ k, generates a (k + 1)-dimensional manifold that is
invariant under the flow of XH . Furthermore, this manifold is foliated by a
k-parameter family of normal periodic orbits of u̇ = XH(u).
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The condition mg = k appearing in Theorem 2 is typically satisfied, so that
the period T can be used as a parameter along the solution curve. For nu-
merical calculations the k phase conditions in (9.15) will usually be replaced
by integral versions; see [8] and Chap. 10 for an extensive discussion of such
integral phase conditions. Also, instead of looking for T -periodic solutions of
(9.14), it is easier to rescale time and to look for 1-periodic solutions of the
rescaled equation. The way to implement the theoretical continuation result
above then takes the form of the following boundary value problem:

(CON-2) Find (u(t), T, α) near (u0(t), T0, 0), with u0(t) := ϕH(T0t, p0), such
that⎧⎪⎪⎨
⎪⎪⎩
u̇(t) = T

(
XH(u(t)) +

∑k
j=1 αj∇Fj(u(t))

)
,

u(1) = u(0),∫ 1

0
〈XFj

(u0(t)), u(t)− u0(t)〉 dt = 0, 1 ≤ j ≤ k.
(9.16)

Such boundary value problems are very well suited for pseudo-arclength con-
tinuation as implemented, for example, in Auto.

In a number of examples (in particular in N -body problems) the Hamil-
tonian vector field XH has a scaling property that allows one to obtain new
solutions from given ones by appropriate rescalings of time and phase space
variables. In this case, Theorem 2 only gives a family of rescaled copies of the
starting periodic orbit Γ0. To obtain a more meaningful result one can fix the
period and perform a continuation in an external parameter.

We now give an example of the type of results one can prove in this direc-
tion. Consider a Hamiltonian Hλ(u) depending smoothly on a real parameter
λ ∈ R and suppose that apart from Hλ the Hamiltonian system

u̇ = XHλ
(u) (9.17)

has some further independent first integrals Fj , 2 ≤ j ≤ k, i.e., {Hλ, Fj} ≡ 0,
2 ≤ j ≤ k, for all λ ∈ R. Suppose also that for λ = 0 equation (9.17) has
a periodic orbit Γ0 = {ϕt

H0
(p0) | t ∈ R} with minimal period T0 > 0. We

set F0 := {F ∈ C∞(R2n; R) | {H0, F} ≡ 0} and W0 := {∇F (p0) | F ∈ F0}.
Finally we assume that {∇H0(p0),∇F2(p0), . . . ,∇Fk(p0)} forms a basis ofW0

and that mg = k. Denote by Φ(t, p, λ, α) the flow of the modified system

u̇ = XHλ
(u) + α1∇Hλ(u) +

k∑
j=2

αj∇Fj(u).

Theorem 3. Under the above assumptions and for each fixed T near T0 the
set of equations

Φ(T, p, λ, α) = p, 〈XFj
(p0), p− p0〉 = 0 (1 ≤ j ≤ k, F1 := H0), (9.18)

has a unique one-dimensional solution branch near (p, λ, α) = (p0, 0, 0). Fur-
thermore, α ≡ 0 along this branch, and it can be parametrized by λ.
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Theorem 3 lends itself to numerical implementation much like Theorem 2. For
an application of Theorem 3 to the three-body problem see Sect. 9.3.

9.2.1 Continuation of Relative Equilibria

As we have seen, Noether’s Theorem states a strong relationship between
symmetries and first integrals of Hamiltonian systems. We now go a bit deeper
into the symmetry aspect; see also Chaps. 10 and 11.

Consider a finite-dimensional subspace G of C∞(R2n; R) with the property
that {F,G} ∈ G for all F,G ∈ G (i.e., G together with the Poisson bracket {·, ·}
forms a Lie algebra). Denote by G the (possibly noncompact) Lie group of
symplectic diffeomorphisms generated by the one-parameter groups {ϕs

F | s ∈
R}, with F ∈ G. If for some Hamiltonian H : R2n → R we have {H,F} ≡ 0
for all F ∈ G (in our earlier notation this means that G ⊂ F) then the
Hamiltonian system (9.7) is equivariant with respect to the group G.

Definition 2. An orbit {ϕH(t, p0) | t ∈ R} of (9.7) is a relative equilibrium
(with respect to the group G) if it is contained in the group orbit G(p0) =
{γ(p0) | γ ∈ G}; this means that there is a mapping γ : R → G such that
ϕH(t, p0) = γ(t)(p0).

It is not hard to show that p0 ∈ R2n generates a relative equilibrium if and only
if there is some F ∈ G such that XH(p0) = XF (p0). This means that p0 is an
equilibrium of the Hamiltonian vector field XH−F and that ϕt

H(p0) = ϕt
F (p0).

If Fj ∈ G, 1 ≤ j ≤ m, are such that {XFj
(p0) | 1 ≤ j ≤ m} forms a basis

of Y := {XF (p0) | F ∈ G} then the condition for p0 to generate a relative
equilibrium is that there exist numbers Ω0

j ∈ R, 1 ≤ j ≤ m, such that

XH(p0) =

m∑
j=1

Ω0
jXFj

(p0). (9.19)

The corresponding relative equilibrium is given by ϕt
H(p0) = ϕt

F (p0), where
F =

∑m
j=1Ω

0
jFj . Together with p0 ∈ R2n also all the other points on the

group orbit G(p0) generate a relative equilibrium; this (m-dimensional) group
orbit is then foliated by the XH -orbits of its elements.

A simple example of relative equilibria appears in the N -body problem
where for G one can take either the rotation group generated by the compo-
nents of the total angular momentum or the Euclidean group generated by the
components of the total linear momentum or the total angular momentum.
For the rotation group the relative equilibria correspond to equilibria in a uni-
formly rotating frame. Well-known examples are the Lagrange points in the
circular restricted three-body problem and the Euler and Lagrange solutions
of the three-body problem with three equal masses; see already Sect. 9.3. In
each of these examples the relative equilibria are also periodic solutions of the
corresponding Hamiltonian system.
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For the remaining part of this subsection we make the restrictive assump-
tion that G ⊂ Z ⊂ F , i.e., {F,G} ≡ 0 for all F ∈ F and all G ∈ G. This
implies, in particular, that G is Abelian. As is shown in forthcoming work of
Wulff and Schebesch [36], one can cancel this assumption by using some more
elaborate symplectic geometry. Assuming (9.19) we complement the Fj ∈ G,
1 ≤ j ≤ m, with some further first integrals Fj ∈ F , m+1 ≤ j ≤ k, such that
{∇Fj(p0) | 1 ≤ j ≤ k} forms a basis of W := {∇F (p0) | F ∈ F}. We also set

L := DXH(p0)−
m∑

j=1

Ω0
jDXFj

(p0) ∈ L(R2n). (9.20)

Proposition 3. Under the conditions above we have

Y ⊂ JW ⊂ Ker(L) and Im(L) + Y ⊂W⊥. (9.21)

As a consequence, 0 is an eigenvalue of L with geometric multiplicity m̃g ≥ k
and algebraic multiplicity m̃a ≥ k +m.

Definition 3. We say that the relative equilibrium generated by p0 is normal
if we have equality in the second inclusion of (9.21), i.e., if

Im(L) + Y = W⊥. (9.22)

This normality condition is satisfied when either m̃g = k or m̃a = k+m. One
can prove the following continuation result for normal relative equilibria [23].

Theorem 4. Let G ⊂ Z, and suppose that p0 ∈ R2n generates a normal
relative equilibrium of XH with respect to G. Then, in the notation introduced
above, the set of equations

XH(p) =

m∑
j=1

ΩjXFj
(p) +

k∑
j=1

αj∇Fj(p), 〈XFj
(p0), p− p0〉 = 0, 1 ≤ j ≤ k,

(9.23)
has a solution set near (p,Ω, α) = (p0, Ω

0, 0) ∈ R2n × Rm × Rk. The solution
set is a smooth m-dimensional submanifold, along which α ≡ 0. For each
(p,Ω, 0) on this solution manifold we have that XH(p) =

∑m
j=1ΩjXFj

(p) and
that p generates a normal relative equilibrium of XH with respect to G.

In case m̃g = k (which is generically satisfied) the solution manifold of (9.23)
can be parametrized by Ω = (Ω1, Ω2, . . . , Ωm). One can then also fix Ω at any
value close to Ω0 and use a similar set-up to continue the relative equilibrium
in external parameters; see the end of the next section for an example.

9.3 Continuation of the Figure-8 Solution

Celestial Mechanics has been at the origin of the theory of dynamical systems
and many of the techniques from that theory were developed to analyze the
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fascinating behavior of a group of massive bodies under the influence of their
mutual gravitational interaction.

The spectacular discovery by Chenciner and Montgomery [5] of the exis-
tence of a new solution of the Three-Body Problem (3BP) with equal masses
in which all three bodies follow the same planar curve with the shape of a ‘fig-
ure eight’ has brought great excitement to the dynamical systems community.
The origin of the name of the orbit becomes apparent from a representation
in physical space such as in Fig. 9.7 (a). This solution was first discovered (nu-
merically) by Moore [20] in the context of a study of possible braid types as-
sociated with the planar N -body problem. The method of proof by Chenciner
and Montgomery is based on variational arguments. After some reductions,
the action integral is minimized on a restricted set of symmetric arcs to prove
the existence of a solution where the three bodies of equal masses chase each
other along a single closed trajectory. However, the variational proof is unable
to determine the stability of the solution.

Simó [31] computed this remarkable solution numerically with great accu-
racy and announced elliptic stability; i.e., the non-trivial characteristic mul-
tipliers of the periodic orbit are on the unit circle. The precise values of
the non-trivial characteristic multipliers (those which are different from one)
are given in [31] as μj = exp(2πiνj), j = 1, 2, with ν1 = 0.00842272 and
ν2 = 0.29809253. Note that the smallness of ν1 indicates that the figure-8
solution is close to a bifurcation. Simó [32] also discovered many (hundreds
of) other similar solutions for three equal bodies, as well as for N equal bodies
with 3 < N < 799 [31]. The defining property of these solutions, which are
referred to as choreographies, is that all bodies follow a single closed curve in
phase space, with a fixed time between each of the bodies. From the historical
point of view, the solution found by Lagrange in 1772, in which the three
bodies form the vertices of an equilateral triangle that rotates with constant
angular velocity around its midpoint, can be considered as the first choreog-
raphy. It has taken more than two hundred years to find the second one.

In this section we apply our continuation scheme to following the figure-8
solution of the 3BP; see also [10, 12] for more details. The original motivation
to study this problem was a conjecture by Joe and Herb Keller that it would
be possible to connect the two simple Lagrange and figure-8 choreographies in
a continuous way by only following periodic orbits. In fact, Marchal [14] has
found a family of periodic orbits in a rotating frame (relative periodic orbits)
that connects these two highly symmetrical solutions. A further reason for try-
ing to connect the Lagrange and figure-8 choreographies has to do with some
controversy about the stability properties of the solution corresponding to the
absolute minimizer of the action over certain homotopy classes of loops in con-
figuration space. In Hamiltonian systems with two degrees of freedom such
minimizing orbits are always unstable [4]; however, for higher-dimensional
systems there are counterexamples. The stable figure-8 solution was obtained
by minimizing the action over all loops with a particular symmetry; see [5].
Assuming that the property that ‘minimizing orbits are unstable’ also holds
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for the equal mass 3BP there must exist some other unstable periodic orbit
in the homotopy class of the figure-8 solution with a lower action. Could this
orbit be the equilateral Lagrange choreography? It is unstable, and its action
value (3π32/3 ≈ 19.60436 when the period equals 2π) is lower than that of
the figure-8 solution (≈ 24.37197), but we do not know whether it is in the
homotopy class of the figure-8 solution. If it is not then the minimizer over
this homotopy class has to be some other unstable periodic orbit which will
then probably not be a choreography. Finding some connection between the
figure-8 and the Lagrange solutions would at least give some partial answers
to the above questions.

We have applied the general continuation scheme of Sect. 9.2 where we
used the numerically computed figure-8 solution as the starting solution. The
equations of motion of three bodies with massesm1,m2 andm3 under mutual
gravitational attraction take the form

ẍ1 = −m2
x1 − x2

|x1 − x2|3 −m3
x1 − x3

|x1 − x3|3 ,

ẍ2 = −m1
x2 − x1

|x1 − x2|3 −m3
x2 − x3

|x2 − x3|3 ,

ẍ3 = −m1
x3 − x1

|x1 − x3|3 −m2
x3 − x2

|x3 − x2|3 .

(9.24)

Here xi = (xi, yi, zi) ∈ R3 denotes the position of the i-th body, i = 1, 2, 3,
and the universal gravitational constant has been set to 1. This system can
be rewritten as a first-order system of dimension eighteen. There are seven
independent conserved quantities: the total energy, the three components of
the total linear momentum P =

∑3
i=1miẋi, and the three components of

the total angular momentum L =
∑3

i=1mixi ∧ ẋi; they are an immediate
consequence of the invariance of the equations under time shifts, translations
and rotations.

Additionally, the equations are invariant under the transformation (t,x) �→
(c

3
2 t, cx), for an arbitrary constant c > 0; see [35]. Due to this scaling prop-

erty there is a trivial continuation of periodic orbits in the period: arbitrarily
close to any periodic orbit there is another one with slightly different period,
obtained from the first by rescaling. Obviously it has the same stability prop-
erties. In order to avoid this trivial continuation we fix the period (say to 2π)
and use instead the mass m1 of the first body as an external continuation
parameter. Both other masses are kept equal to 1. It is not difficult to check
numerically that the figure-8 solution (corresponding to m1 = 1) is normal
(we have mg = k = 7) and, hence, we can apply Theorem 3 with λ = m1.
As already discussed before, when setting up the continuation algorithm the
phase conditions in (9.18) are replaced by integral versions; for the detailed
computational formulation we refer to [10].

The calculations were performed with Auto [7, 9]. While following a one-
parameter family of periodic orbits we also monitor the stability of these orbits
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Fig. 9.6. Local bifurcation diagram near the figure-8 solution under variation of the
mass m1. Solutions for the solid section of the curve are stable and those for dashed
curves are unstable. Stable solutions appear in a narrow window between a pitchfork
bifurcation (BP) and a limit point (LP). Two orbits for the 3BP with equal masses
(m1 = 1) are indicated: at A one finds the stable Chenciner-Montgomery figure-8 so-
lution shown in Fig. 9.7(a), and at B one finds the unstable satellite figure-8 solution
shown in Fig. 9.7(b). From J. Galán, F.J. Muñoz-Almaraz, E. Freire, E.J. Doedel
and A. Vanderbauwhede, Stability and bifurcations of the figure-8 solution of the
three-body problem, Phys. Rev. Lett. 88 (2002) 241101 c© 2002 by the American
Physical Society; reprinted with permission.

and the appearance of new branches at bifurcation points; at such bifurcation
points Auto allows one to switch branches and start a new continuation
process.

Starting at the figure-8 solution for m1 = 1, the first output of our contin-
uation algorithm are the nontrivial characteristic multipliers of this figure-8
solution; we obtain μj = exp(2πiνj) (j = 1, 2), with ν1 = 0.0084227 and
ν2 = 0.2980925. The good agreement with the results of Simó [31] constitutes
a successful practical test for our method.

Figure 9.6 shows the results of the continuation of the figure-8 solution
in a small mass-interval around m1 = 1, where we plot the L2-norm of the
solution as a function of m1. The solution labeled A is the Moore-Chenciner-
Montgomery figure-8 solution that is the starting point of our calculation.
This special planar orbit is plotted in Fig. 9.7(a). When decreasing m1 from
m1 = 1 we obtain a single solution branch with a pitchfork bifurcation at
the point BP. Increasing m1 from A results in a solution branch that reaches
a limit point LP and then continues in the direction of decreasing values
of m1. All solutions along the branch are unstable (hyperbolic), except for
those on the section of the branch between BP and LP where the solutions
are stable (elliptic). This stable part of the branch corresponds to a very
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Fig. 9.7. Representation in physical space of the figure-8 solution (a) and of the
satellite figure-8 solution (b) of the 3BP with equal masses that correspond to labels
A and B in Fig. 9.6. From J. Galán, F.J. Muñoz-Almaraz, E. Freire, E.J. Doedel
and A. Vanderbauwhede, Stability and bifurcations of the figure-8 solution of the
three-body problem, Phys. Rev. Lett. 88 (2002) 241101 c© 2002 by the American
Physical Society; reprinted with permission.

narrow m1-interval of the order of 10−5. Continuing the branch beyond the
limit point we return to a situation where all three masses are equal, i.e.,
m1 = 1. The corresponding solution, labeled B in Fig. 9.6, is hyperbolic and
by construction in the same homotopy class as the figure-8 solution. However,
it has less symmetry and is no longer a choreography: as is shown in Fig. 9.7
(b), the three bodies follow three slightly different figure-8 paths. We refer to
this solution as the ‘satellite figure-8’ solution; it was also found numerically
by Simó [32].

At the bifurcation point (BP) there is a pitchfork bifurcation at which
the interchange symmetry of the second and third body (which both have
the same mass m2 = m3 = 1) is broken. At this bifurcation two symmetry-
related branches are born that are represented by a single curve in Fig. 9.6.
Along these branches the solutions are hyperbolic and the mass m1 increases.
Also along these branches one finds a special point where m1 = 1, so that,
therefore, all three masses are equal. The corresponding solution is the same
as before, namely the satellite figure-8 solution of Fig. 9.7(b) that occurs at
the point B; however, the labeling of the three bodies is now different. The
fact that all three branches intersect at B is due to the chosen representation.

It is clear from (9.24) that by choosing appropriate units one can always
assume that m3 = 1, leaving m1 and m2 as (dimensionless) parameters. Since
the figure-8 solution (corresponding to m1 = m2 = 1) is normal it can be
continued in both these parameters with a multi-parameter version of The-
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Fig. 9.8. Stability region in the (m1, m2)-plane for the continuation of the figure-8
solution. From J. Galán, F.J. Muñoz-Almaraz, E. Freire, E.J. Doedel and A. Van-
derbauwhede, Stability and bifurcations of the figure-8 solution of the three-body
problem, Phys. Rev. Lett. 88 (2002) 241101 c© 2002 by the American Physical So-
ciety; reprinted with permission.

orem 3. Figure 9.8 shows the result of a continuation of solutions with a
numerical determination of their stability. For mass values in the shaded tri-
angular stability region in the (m1,m2)-plane the continued figure-8 solution
is elliptic; the point labeled A in the center corresponds to the figure-8 solu-
tion. Along the border of this stability region (solid curve) the continuation
manifold exhibits a fold (LP), and the two points labeled BP correspond to
branch points. The diagram is obviously symmetric with respect to the diago-
nal m1 = m2, which is a consequence of the invariance of the equations under
the symmetry (x1,x2,m1,m2) �→ (x2,x1,m2,m1).

In principle one could try to continue the figure-8 solution of the 3BP to a
solution of the R3BP by moving along the diagonal and increasing the value
of m1 = m2. However, in practice one finds that, as the two equal masses
become larger, the bodies collide.

There is one further remarkable point that came out of our calculations.
Chenciner and Montgomery [5] obtained the figure-8 solution A by minimizing
the action over a class of loops with some particular symmetry properties. The
satellite figure-8 solution B minimizes the action over a much larger class of
paths. Therefore, the action corresponding to solution B should be less than
or equal to the action corresponding to solution A. This is indeed the case,
but in a rather unexpected way: within the precision of our calculations both
solutions have the same action. Using the standard definition of the action
and making the necessary normalizations, the value of the action integral for
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Fig. 9.9. Bifurcation diagram showing branches of periodic orbits that connect the
3BP with equal masses to the R3BP with μ = 1/2. The solutions corresponding to
the marked points (a)–(d) along the branches are shown in Fig. 9.10.

both solutions is found to be S = 24.37197. This surprising result reveals a
degeneracy that deserves further analysis.

Up to now we have restricted the description of our continuation and bi-
furcation results to a neighborhood of the figure-8 solution. However, nothing
prevents us from carrying out the continuation procedure over larger intervals
for varying massm1. In Fig. 9.9 we show a (partial) global bifurcation diagram
spanning the interval [0, 1] for m1. As before, the plot shows the L2-norm of
some calculated periodic orbits as a function of the mass m1 of the first body,
while the two other masses m2 and m3 are equal to 1. The left-hand border at
m1 = 0 corresponds to the R3BP with two equal primaries (μ = 1/2, known
as the Sitnikov problem), and the right-hand border at m1 = 1 to the 3BP
with three equal masses. Figure 9.10 shows representations in physical space
of the orbits corresponding to the marked points in the bifurcation diagram
of Fig. 9.9.

At the right-hand border of Fig. 9.9 there are two particular solutions of
the 3BP with equal masses, namely the figure-8 solution that is also shown in
Fig. 9.10 (a) and the equilateral Lagrange solution. (The representation of the
Lagrange solution in physical space is simply a circle with radius 3−1/6 and is
not shown in Fig. 9.10). The branch that emerges from the figure-8 solution
and crosses the upper-right part of the diagram is the continuation of the lower
branch in Fig. 9.6 that contains A and BP. All orbits along this branch are
planar; this is an outcome of the calculations, not an imposed condition. The
branch ends (just outside of the diagram) in a collision orbit where the smaller
body (with mass m1) collides with one of the larger bodies. Along the branch
we have located a bifurcation point, marked (b) in Fig. 9.9 and corresponding
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Fig. 9.10. Representation in physical space of solutions (a)–(d) that correspond to
the marked points in the global bifurcation diagram of Fig. 9.9.

to the solution depicted in Fig. 9.10(b). For this solution the small mass follows
the 8-shaped curve in the middle, while the two other masses each follow one
of the curves at the top or the bottom. Along the new branch emanating
from this bifurcation point the planar symmetry is broken, i.e., the solutions
along this branch have a non-vanishing z-component. This branch of three-
dimensional solutions can be continued all the way to m1 = 0. Here we find a
special solution (marked (c) in Fig. 9.9) of the so-called Sitnikov problem, that
is, of the R3BP with equal masses for the primaries (μ = 1/2). Figure 9.10(c)
shows a three-dimensional plot of the solution: the two primaries follow the
same (planar) circular orbit, always staying opposite to each other, while the
negligible mass traces out the other curve that is intertwined with the circle.
We conclude that it is possible, by changing the mass m1, to connect the
figure-8 solution of the 3BP with equal masses to this particular solution of
the R3BP with μ = 1/2. This connection, calculated with the implementation
of Theorem 3 as described before, was first reported in [10]; further details on
the R3BP for μ = 1/2 can be found in [11] and in references therein.

We now turn to the equilateral Lagrange solution and its continuation
when the mass m1 is changed. We choose as our starting orbit the particular
Lagrange orbit with period 2π. This solution of the 3BP with equal masses
is both a (planar) periodic solution as well as a relative equilibrium under
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the group G of rotations generated by the components of the total angular
momentum. However, when we try to continue this Lagrange solution we face
several difficulties. First, the solution is not normal when considered as a
periodic solution. This is mainly due to the fact that it belongs to the so-
called homographic family of planar periodic solutions where the three bodies
are located at the vertices of an equilateral triangle, each traveling along an
appropriate elliptic or circular Kepler orbit; see e.g. [18]. Hence, we cannot
apply the continuation results of Sect. 9.2. On the other hand we also cannot
apply Theorem 4 (or a variant of it) since Z contains only the multiples of the
Hamiltonian and, hence, G �⊂ Z. Both difficulties remain when we consider
only planar solutions xi ∈ R2.

The way out of these difficulties lies in a restriction to planar solutions
that have a fixed center of mass at the origin. When we set zi = 0, i = 1, 2, 3,
in (9.24) then the equivalent first order system is Hamiltonian of dimension
twelve and has four (independent) first integrals, namely: the Hamiltonian,
the two components of the total linear momentum, and the total angular
momentum Q. Along the Lagrange solution (which is a relative equilibrium)
we have ∇H = ∇Q and XH = XQ. Recall that we have fixed the period at 2π,
so that Ω0 = 1. Since the total linear momentum is a constant of motion, we
can choose an inertial frame of reference such that the center of mass remains
fixed at the origin. For a general choice of the masses, this gives the condition

3∑
i=1

mixi = 0 =⇒
3∑

i=1

miẋi = 0. (9.25)

These equations can be used to eliminate the third body from the equa-
tions; see, e.g., [29, §16] where it is shown how this can be done in a
canonical way. The resulting reduced system is Hamiltonian of dimension
eight and with two remaining first integrals, namely: the Hamiltonian H
and the total angular momentum Q, both of course transformed by the
elimination process. Since {H,Q} ≡ 0 we have Z = F and, setting G
equal to the multiples of Q, it follows that G ⊂ Z. Along the Lagrange
relative equilibrium we still have XH = XQ, so that k = m = 1. In
[29] the characteristic polynomial of the operator L was explicitly calcu-
lated and shown to have the form p(λ) = λ2(λ2 + 1)(λ4 + λ2 + γ) with
γ = 27

4 (m1m2+m2m3+m3m1)(m1+m2+m3)
−2 = 9

4 form1 = m2 = m3 = 1.
This shows that the algebraic multiplicity m̃a of the zero eigenvalue equals
2 = k +m. This was confirmed by a symbolic computation in Mathematica,
which also showed that the geometric multiplicity is equal to one, that is,
m̃g = 1 = k. We conclude that for m1 = 1 the Lagrange relative equilibrium
is normal (in the restricted setting) and, hence, we can apply the continuation
results of Sect. 9.2.1.

In order to avoid rescalings we keep, as before, the period fixed at 2π and
use a parameter-dependent version of Theorem 4 to do continuation in the
mass m1 of the first body. Figure 9.9 shows the result of our calculation in
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the form of a unique branch of relative equilibria that connects the Lagrange
solution (lower point at m1 = 1) to a solution of the R3BP with equal pri-
maries (point (d) for m1 = 0). The relative equilibria along this continuation
branch are well known: they are homographic solutions where the three bod-
ies are at the vertices of an equilateral triangle, with the two larger bodies
(with masses m2 = m3 = 1) traveling along a circle around the origin, and
the smaller body with mass m1 rotating along a larger circle. The solution of
the R3BP at the end point (d) of the branch is nothing else but one of the
Lagrange libration points L4 or L5 — which one depends on the direction of
rotation of the starting equilateral Lagrange orbit. In a rotating frame, such
as used in Sects. 9.1.3 and 9.1.4, this solution is an equilibrium. In a fixed
frame the solution looks as shown in Fig. 9.10(d). At each moment the three
masses form an equilateral triangle: the two primaries rotate and are opposite
to each other on the smaller circle, while the negligible mass rotates along the
larger circle.

Along the branch of relative equilibria we find no bifurcations (of relative
equilibria). Indeed, the analytical results of Siegel and Moser [29] mentioned
before show that the algebraic multiplicity m̃a of the zero eigenvalue of the
linearization remains equal to two. Therefore, all of these relative equilibria
are normal and have unique continuations. We also checked numerically that
the geometric multiplicity m̃1 remains equal to 1 along the full branch. The
results of Siegel and Moser also allow us to calculate the multipliers of these
relative equilibria when interpreted as periodic orbits of the planar version of
(9.24). On top of the multiplier 1 with algebraic multiplicity ma = 8 there is
a quadruple of multipliers (μ, μ̄, μ−1, μ̄−1), where μ = exp(2πλ) and λ is any
solution of λ4 + λ2 + γ(m1) = 0 and γ(m1) = 27

4 (2m1 + 1)(m1 + 2)−2.
To conclude this section we observe that, although we have been able

to show continuous connections between both the figure-8 and the Lagrange
solutions, on the one hand, and specific solutions of the R3BP with μ = 1/2,
on the other hand, we have not found a connection from the figure-8 to the
Lagrange solution. Therefore, some of the issues discussed earlier remain open.

9.4 Conclusions

We have shown how two-point boundary value problem continuation software
can be used to compute families of periodic solutions of symmetric Hamilto-
nian systems. The theory and the numerical implementations are well de-
veloped but not complete. Further work is necessary on the continuation
of, first, relative equilibria in the non-Abelian case and, second, of relative
periodic orbits; see [36] for some progress in this direction. How to make
use of reversibility properties in combination with the Hamiltonian structure
also needs further attention; see [22, 24]. An approach for the study of non-
holonomic systems based on the ideas in this chapter has been proposed in
[19].
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In the 3BP and R3BP there are plenty of interesting problems to be in-
vestigated and our results can be of some help in this adventure. However,
as Poincaré announced, and the last 110 years of Celestial Mechanics have
shown, one can spend several lifetimes following periodic orbits in this incred-
ibly complex jungle of trajectories!
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There is a long tradition of making use of continuous symmetries for the anal-
ysis of differential equations; see, for example, the monographs [10, 21, 32]. In
general, such symmetries are expressed as the equivariance of the differential
operator with respect to the action of a Lie group. Solutions of the differential
equation then come in group orbits, and this has interesting consequences,
for example, it may lead to inherent symmetries of solutions or symmetry-
breaking bifurcations. In the theory of equivariant systems one usually tries
to reduce the differential equation to the so-called orbit space, the elements of
which are equivalence classes created by applying the group action to a single
point in phase space. After factoring out the group action in this way, one ap-
plies specific results on existence and uniqueness of solutions, on bifurcations,
or on asymptotic stability.

Contrary to the situation in the theory, the use of continuous equivariances
for efficient numerical computations seems to be rather rare. An early excep-
tion is Eusebius Doedel’s integral phase condition [13] for the computation of
periodic orbits in autonomous ODEs; see also Chap. 1. It is a typical exam-
ple that shows how a judicious use of symmetry (in this case, equivariance
with respect to time shifts) can enhance rather than hamper the efficiency of
a numerical method. Namely, less effort is needed for mesh adaptation and
larger continuation steps are possible. The ODE example also shows another
paradigm of numerical bifurcation analysis. While theory prefers to reduce
problems, e.g., by Lyapunov-Schmidt or center manifold reduction, it seems
advantageous rather to extend the problem for numerical purposes (e.g., by
choosing unfolding parameters) and then add extra constraints (e.g., normal-
izing conditions for eigenvectors). In this way one can keep as much structure
as possible from the original problem and simultaneously use the normalizing
conditions to optimize the conditioning of the extended problem.

In this chapter we discuss the usefulness of phase conditions for the numer-
ical analysis of finite- and infinite-dimensional dynamical systems that have
continuous symmetries. Our main topic is the general approach known as the
freezing method, which was developed in [33] and [7]. It will be presented in
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an abstract framework for evolution equations that are equivariant with re-
spect to the action of a (not necessarily compact) Lie group. Specifically, we
introduce an extra parameter (an element in the associated Lie algebra) that
determines the position on the group orbit and impose further constraints or
phase conditions such that the point in phase space (e.g., the spatial profile
in case of a PDE) varies as little as possible. We show particular applications
of phase conditions to periodic, heteroclinic and homoclinic orbits in ODEs,
to relative equilibria and relative periodic orbits in PDEs, as well as to time
integration of equivariant PDEs.

After reviewing phase conditions that eliminate the time shift in ODEs
in Sect. 10.1, we set up in Sect. 10.2 the general freezing method within an
abstract framework. We then apply our method to the computation of various
spatio-temporal patterns, such as traveling and modulated waves in one, spiral
waves in two, and scroll waves in three space dimensions. For problems in one
space dimension we also investigate asymptotic stability and discuss the errors
introduced by finite boundary conditions.

10.1 Phase Conditions for Orbits in ODEs

Consider a dynamical system generated by an autonomous n-dimensional or-
dinary differential equation

ut = f(u), u(t) ∈ R
n, f : R

n → R
n smooth. (10.1)

Due to its autonomous character the nonlinear differential operator

Lu = ut − f(u)

has a simple equivariance with respect to time shifts. That is, for all γ ∈ R

and for all u in some function space we have

[Lu](· − γ) = L[u(· − γ)]. (10.2)

Depending on the application, appropriate function spaces may be cho-
sen, such as the Sobolev space H1(R,Rn), the space of bounded uniformly
continuous C1-functions C1

unif(R,R
n) or the space of one-periodic functions

C1
per(R,R

n).

10.1.1 Periodic Orbits

In order to determine a periodic orbit of (10.1) we should find a period T > 0
and a solution u(t) of the boundary value problem

ut = f(u), t ∈ [0, T ], u(0) = u(T ).
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Introducing the scaled function v(t) = u(tT ), t ∈ [0, 1] the boundary value
problem for (v, T ) ∈ C1([0, 1],Rn)× R now reads

vt = Tf(v), t ∈ [0, 1], v(0) = v(1). (10.3)

Due to equivariance (10.2) the solutions of (10.3) are only determined up to a
phase shift and a further condition is needed to make the solution unique. In
the first publication on the continuation package Auto [13] Doedel suggested
to use an ‘anchor equation’ (as it was called in [13]) that tries to minimize the
L2 distance to some template function v̂ ∈ C1

per(R,R
n), i.e., tries to minimize

ρ(v, γ) =

∫ 1

0

||v(t− γ)− v̂(t)||22 dt = ||v(· − γ)− v̂||2L2
. (10.4)

By differentiating with respect to γ, a necessary condition for a local minimum
is ∫ 1

0

(v(t− γ)− v̂(t))T v̂t(t) dt = 0. (10.5)

A more formal statement is contained in the following lemma; see [4] for a
proof.

Lemma 1. Suppose that v̂ ∈ C1
per(R,R

n) is a nonconstant 1-periodic function.
Then there exist neighborhoods U of v̂ in the C1-topology and Γ ⊂ R of 0 such
that for any v ∈ U the L2-distance from (10.4) has a unique minimum at
γ = γ(v) ∈ Γ where γ : U → V is a C1-mapping satisfying γ(v̂) = 0 and
condition (10.5).

During computations one selects v such that the phase condition (10.5) holds
at γ = 0, i.e., ∫ 1

0

(v(t)− v̂(t))T v̂t(t) dt = 0. (10.6)

This condition has several advantages over a Poincaré-type condition such as

(v(0)− v̂(0))T f(v̂(0)) = 0. (10.7)

If v̂ is a good approximation of v obtained from continuation along a branch,
then condition (10.6) tries to keep a steep front or a peak of the solution in
the same place. Usually this facilitates mesh adaptation and simultaneously
allows for larger step sizes along branches. This phase condition is now built
into standard continuation packages, such as Auto (with HomCont) [17],
Content [25] and Matcont [12]; see also Chap. 2. It has proved to be most
reliable in many applications.

For an illustration we take the model example from [13], namely(
u1

u2

)
t

=

(
(1− λ)u1 − u2

u1 + u2
1

)
.
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Fig. 10.1. Effect of an integral phase condition (a) and of a point phase condi-
tion (b).

This system is, in fact, Hamiltonian at λ = 1 and a continuous family of
periodic orbits bifurcating from the origin and ending in a homoclinic orbit
exists. For a detailed treatment of the Hamiltonian case we refer to Chap. 9.
Figure 10.1 shows the result of continuing the periodic orbits with both phase
conditions (10.6) and (10.7).

We finally mention that conditions (10.6) and (10.7) are special cases of
the general form ψ(v) = 0, where ψ : C1([0, 1],Rn) → R is a C1-mapping.
Following [4, 16] one can characterize the admissible phase conditions that
lead to a regular solution (v, T ) ∈ C1([0, 1],Rn)× R of the operator equation

F (v, T ) = (vt − Tf(v), v(0)− v(1), ψ(v)) = 0 (10.8)

as follows. Let u(t) be a T -periodic solution of (10.1) such that v(t) = u(tT )
satisfies ψ(v) = 0. Then the pair (v, T ) is a regular solution of (10.8) if, and
only if, 1 is a simple Floquet multiplier and Dψ(v)vt �= 0 where Dψ denotes
the Fréchet derivative of ψ. An easy calculation shows, that the latter condi-
tion requires 〈vt, v̂t〉L2

�= 0 for (10.6) and vt(0)T f(v̂(0)) �= 0 for (10.7). One
may call (10.8) a defining equation for an isolated periodic orbit. The recent
paper [15] provides a considerable extension of this general approach to defin-
ing equations for all codimension-one bifurcations of periodic orbits, namely:
fold (saddle-node), flip (period-doubling) and Neimark-Sacker bifurcations;
see also [26] and Chap. 2.

10.1.2 Homoclinic and Heteroclinic Orbits

It is natural to extend the numerical methods for periodic orbits to orbits
that connect stationary points in infinite time. Such orbits typically occur in
parametrized systems

ut = f(u, λ), u(t) ∈ R
n, f : R

n × R
p → R

n smooth. (10.9)
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Connecting orbits have numerous applications, in particular, they appear as
traveling waves of PDEs; see Sect. 10.2.1.

Definition 1. A pair (ū, λ̄) ∈ C1(R,Rn)×Rp is called a connecting orbit pair
of system (10.9) if ū is a solution at λ = λ̄ and if the limits

lim
t→∞

ū(t) = ū+, lim
t→−∞

ū(t) = ū− (10.10)

exist. The connecting orbit is called homoclinic if ū+ = ū− and heteroclinic
otherwise.

From (10.10) we infer that ū± are stationary points, i.e., f(ū±, λ̄) = 0, and
that ū ∈ C1

b (R,Rn), i.e., C1 and bounded on R. Nondegeneracy of a connecting
orbit may be defined as follows; cf. [3].

Definition 2. A connecting orbit pair (ū, λ̄) is called nondegenerate if the
following conditions hold:

(i) The matrices fu(ū±, λ̄) ∈ Rn,n are hyperbolic with n±s eigenvalues of
negative real part and n±u = n− n±s eigenvalues of positive real part;

(ii) p = n−s − n+s + 1;
(iii) If u ∈ C1

b (R,Rn), λ ∈ Rp satisfies the variational equation
ut = fu(ū, λ̄)u+ fλ(ū, λ̄)λ, then λ = 0 and u = cūt for some c ∈ R.

Conditions (i) and (ii) ensure that the dimension n−u+p of the center-unstable
manifold of (ū−, λ̄) in the extended phase space Rn × Rp and the dimension
n+s+p of the center-stable manifold of (ū+, λ̄) add up to n+p+1, which is one
plus the dimension of the extended phase space Rn × Rp. Condition (iii) then
guarantees that these two manifolds intersect transversely in the connecting
orbit {(ū(t), λ̄) : t ∈ R}. Similar to the periodic case, one can characterize
connecting orbit pairs as regular solutions of an operator equation

F (u, λ) = (ut − f(u, λ), ψ(u, λ)) = 0, (10.11)

where a smooth map ψ : C1
b (R,Rn)×Rp → R defines the phase condition; see

[3] for a proof.

Proposition 1. Let (ū, λ̄) be a connecting orbit pair satisfying ψ(ū, λ̄) = 0
and conditions (i) and (ii) of Definition 2. Then (ū, λ̄) is a regular solution
of (10.11) if, and only if, the orbit pair is nondegenerate and ψu(ū, λ̄)ūt �= 0.

The analogue of the functional (10.4) to be minimized is

ρ(u, γ) =

∫ ∞

−∞
||u(t− γ)− û(t)||22 dt = ||u(· − γ)− û||2L2

= ||u− û(·+ γ)||2L2
,

where we take u ∈ û + H1 and assume that û ∈ C2
b (R,Rn) is a template

function that satisfies ût ∈ H1. Then the phase condition is again obtained
from the necessary condition of a minimum 〈u−û, ût〉L2

= 0. In applications it
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may be unrealistic to assume that such a template function is known, because
this essentially requires one to know ū± beforehand and to choose û such that
||û(t)−ū±|| = O(e−α|t|). In general, ū± will depend on λ and be determined by
f(ū±, λ) = 0. Therefore, Doedel and Friedman [14, 20] suggested to minimize
||ut − ût(· − γ)||L2

, which leads to the phase condition

〈ut − ût, ûtt〉L2
= 0. (10.12)

There are several ways to solve the boundary value problem (10.11) on the
infinite line. One may discretize it by using globally-defined Galerkin functions
or transform the domain R to a bounded interval and then devise methods
that handle the resulting singularities; see [27, 30, 31]. Perhaps the simplest
method that allows one to employ existing boundary value solvers is to ap-
proximate (10.11) by a finite boundary value problem on some large interval
J = [T−, T+]. This approach was proposed and analyzed in [3, 14, 20] and
implemented in the HomCont part of Auto[17].

For u ∈ C1(J,Rn), λ ∈ Rp we consider the finite boundary value problem

FJ(u, λ) = (ut − f(u, λ), B(u(T−), u(T+), λ), ψJ(u, λ)) = 0, (10.13)

where the smooth maps B : R2n+p → Rn+p−1,(u−, u+, λ) �→ B(u−, u+, λ)
and ψJ : C1(J,Rn) × Rp → R determine the boundary condition and the
approximate phase condition, respectively. The error introduced by this ap-
proximation can be estimated as follows; see [3, 20, 40].

Theorem 1. Let (ū, λ̄) be a nondegenerate connecting orbit pair of (10.9)
such that

(i) B(ū−, ū+, λ̄) = 0 and the matrix(
∂B
∂u−

(ū−, ū+, λ̄)X−s
∂B
∂u+

(ū−, ū+, λ̄)X+u

)
∈ R

(n+p−1)×(n+p−1)

is nonsingular, where the columns of X−s ∈ Rn×n−s and X+u ∈ Rn×n+u

form a basis of the stable subspace of fu(ū−, λ̄) and of the unstable sub-
space of fu(ū+, λ̄), respectively;

(ii) ψ(ū, λ̄) = 0, ψJ(ū|J , λ̄) → 0 as J → R, the derivatives DψJ are equicontin-
uous in a uniform neighborhood of (ū|J , λ̄) and |DψJ(ū|J , λ̄)ū′|J | ≥ δ > 0
for some δ > 0.

Then there exist constants ρ,K > 0 and an interval J0 ⊂ R with the following
properties. For all J0 ⊂ J the boundary value problem (10.13) has a unique
solution (uJ , λJ) in a C1-ball of radius ρ and center (ū|J , λ̄). Furthermore,
there is a unique phase shift γJ near zero such that ũ = ū(· − γJ) satisfies
ψJ(ũ|J , λJ) = 0 and the following estimate holds

||ũ|J − uJ ||C1 + ||λ̄− λJ || ≤ C||B(ũ(T−), ũ(T+), λ̄)||. (10.14)
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In view of (10.12) and (10.13) it is natural to take the phase conditions

ψJ(u, λ) = 〈u− û, ût〉L2(J) or ψJ(u, λ) = 〈ut − ût, ûtt〉L2(J).

The most natural choice for boundary conditions are so-called projection
boundary conditions that force the end points u(T−), u(T+) to lie in the tan-
gent spaces of the unstable manifold at ū− and of the stable manifold at ū+.
These conditions may be written as

B(u−, u+, λ) =

(
Y T
−s(λ)(u− − u−(λ))
Y T

+u(λ)(u+ − u+(λ))

)
, (10.15)

where f(u±(λ), λ) = 0 and the columns of Y−s(λ) ∈ Rn×n−s and Y+u(λ) ∈
Rn×n+u form a basis of the stable subspace of fT

u (u−(λ), λ) and of the unstable
subspace of fT

u (u+(λ), λ), respectively. Note that, by Definition 2, (10.15)
imposes n−s+n+u = n+p−1 boundary conditions. Methods to compute these
matrices such that they depend smoothly on the parameter λ were proposed
in [3] and, more recently, via a smooth block Schur decomposition in [11].
For numerous computations that apply this approach to specific examples we
refer to [3, 14, 17, 20].

We finally notice that projection boundary conditions imply exponential
decay of the term on the right-hand side of (10.14). More precisely, we have

||ũ|J − uJ ||C1 + ||λ̄− λJ || = O(e2α−T− + e−2α+T+),

where 0 < α− < Re(μ) for all eigenvalues μ of fu(ū−, λ) with positive real
part and Re(μ) < −α+ < 0 for all eigenvalues of fu(ū+, λ̄) with negative real
part. For the parameter a superconvergence behavior was observed in [3] and
a corresponding estimate proved in [34], namely:

||λ̄− λJ || = O(e(2α−+α+)T− + e−(2α++α−)T+).

10.2 Phase Conditions and Equivariant PDEs

In this section we consider time-dependent PDEs that have continuous sym-
metries in the spatial operator. Therefore, we will be concerned with phase
conditions that act on the spatial variables of the solutions. First, we introduce
the method of freezing that employs phase conditions in order to decompose
a time-dependent solution into a time-dependent group orbit and a spatial
profile that varies as little as possible. Second, this method will be used to
compute relative equilibria, i.e., spatial profiles of which the group orbits are
invariant under the PDE flow. The underlying general approach was developed
independently in [33] and in [7].
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10.2.1 Traveling Waves

A special class of relative equilibria in one space dimension are traveling wave
solutions u(x, t) = v̄(x− λ̄t) of parabolic PDEs

ut = Auxx + f(u), u(·, 0) = u0, x ∈ R, u(x, t) ∈ R
m, (10.16)

where A ∈ Rm×m is positive definite, v̄ denotes the profile of the wave and
λ̄ ∈ R its velocity.

These solutions are stationary in the moving coordinate system which is
obtained via the transformation v(ξ, t) = u(x, t), ξ = x− λ̄t, i.e., v̄ and λ̄ solve

0 = Av̄xx + f(v̄) + λ̄v̄x. (10.17)

Given a stationary solution v̄, each shifted version v̄γ = v̄(· − γ) is also a
solution of (10.17). As in Sect. 10.1 we add a phase condition defined by some
functional ψ in order to obtain a well-posed boundary value problem for (v, λ),
namely:

0 = Avxx + f(v) + λvx,

0 = ψ(v, vx, λ).

The natural choice for ψ stems from the phase condition discussed in Sect. 10.1.
One minimizes the H1-distance or the L2-distance to a template function v̂.
This leads to the functional ψ(v) = 〈v̂x, v − v̂〉H1 or

ψ(v) = 〈v̂x, v − v̂〉L2
. (10.18)

Transforming to a first-order system, we can apply the results from Sect. 10.1
for studying well-posedness (Proposition 1) and approximation (Theorem 1).

In our next step we are going to use phase conditions also for the non-
stationary case. Now we let the transformation into the moving frame depend
on time in the following way

u(x, t) = v(x− γ(t), t), (10.19)

where γ(0) = 0 and we define λ(t) = γ̇(t). In this setting, (10.16) together with
the phase condition transforms into a partial differential algebraic equation
(PDAE) for (v, λ), namely:

vt = Avxx + f(v) + λvx, v(·, 0) = u0,

0 = ψ(v, vx, λ).
(10.20)

Note that the initial value λ(0) is not prescribed but, as usual with DAEs,
is determined by differentiating the constraint ψ = 0 with respect to time
and using the differential equation. In Sect. 10.2.3 we will discuss possible
choices for the phase condition that lead to PDAEs of different index. System
(10.20) can be completed by the simple ODE γ̇ = λ(t), γ(0) = 0 (called the
reconstruction equation in [33]). The traveling wave (v̄, λ̄) now appears as a
stationary solution of system (10.20) and, in case of stability, we expect the
solution of (10.20) to converge to (v̄, λ̄) during time evolution; see Sect. 10.3.
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(a) (b)

Fig. 10.2. Calculation of a wave in the Nagumo equation (10.21): traveling wave
(a) and frozen wave (b).
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Fig. 10.3. Calculation of a wave in the Nagumo equation (10.21): (t, x)-plot of the
frozen wave (a), and time evolution of λ (b).

Example 1. The standard toy example of a traveling wave is a heteroclinic
orbit between two metastable states in the Nagumo equation [23]

ut = uxx + u(1− u)(u− a), u(x, t) ∈ R, x ∈ R, t > 0, (10.21)

where a ∈ (0, 1
2 ). An explicit traveling wave connecting the stationary points

u− = 0, u+ = 1 is

v̄(x) =
(
1 + e

−x√
2

)−1

, λ̄ = −
√

2 ( 1
2 − a). (10.22)

In Fig. 10.2 we show the results of a numerical computation for a = 0.25 with
finite differences in space (Δx = 0.1) and the implicit Euler method in time
(Δt = 0.1). Panel (a) is for the non-frozen system (10.21) and panel (b) for
the frozen system (10.20). In both cases the spatial interval is J = [−30, 30]
and we use Dirichlet boundary conditions. Similar to Sect. 10.1, the frozen
system has the advantage that steep gradients stay in approximately the same
place and the front does not leave the computational domain in finite time. In
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Fig. 10.4. Calculation of a wave in the autocatalytic system (10.23): traveling wave
(a), frozen wave (b), u- and v-components at t = 100 (c), and time evolution of
μ (d).

Fig. 10.3 we show another representation of the frozen wave as a color-coded
(t, x)-plot in panel (a), while panel (b) is the time evolution of the velocity λ.
This type of figure will be used throughout this chapter.

Example 2. We consider an autocatalytic system [1, 28] as given by

ut = auxx − uf(v), a > 0, u, v : R → R,

vt = vxx + uf(v),
(10.23)

where f(v) = vm for v ≥ 0 and zero otherwise. This system has traveling
wave solutions if the parameter m ≥ 2 is not too large. As in [1, 28] we choose
limit values (u−, v−) = (0, 1), (u+, v+) = (1, 0) in order to eliminate a scaling
invariance.

Figure 10.4(a) and (b) show the solution of the original and of the frozen
system, respectively, in an interval of length 100 for the original system and of
length 30 for the frozen system. Here a = 0.1, m = 2, and we use the Crank-
Nicholson method (Δx = 0.1, Δt = 0.1) and Dirichlet boundary conditions.
Figure 10.4(c) and (d) show the u- and v-components of the frozen system
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and the time evolution of μ. Again, the example shows how the method of
freezing allows one to observe phenomena that become visible only after a
transient phase, while in a direct numerical simulation the solution may leave
the finite domain before the steady profile appears.

10.2.2 Freezing Solutions of Equivariant PDEs

Let M be a manifold modeled over some Banach space X and let N be
a submanifold modeled over some dense subspace Y ⊂ X [9]. Consider an
evolution equation

ut = F (u), u(0) = u0, (10.24)

for a vector field F : N → TM where TM denotes the tangent bundle of
M . We assume that (10.24) is equivariant with respect to a finite-dimensional
(possibly noncompact) Lie group G acting on M via

a : G×M →M, (γ, v) �→ a(γ, v),

with the property

a(γ1 ◦ γ2, v) = a(γ1, a(γ2, v)), a(1, v) = v, 1 = unit element in G.

By equivariance we mean that the following relation holds:

a(γ,N) ⊂ N ∀γ ∈ G,
F (a(γ, u)) = Ta(γ, u)F (u), ∀u ∈ N, γ ∈ G,

where Ta : G× TM → TM denotes the tangent action of a. We assume that
the linear map

Ta(γ, v) : TvM → Ta(γ,v)M, w �→ Ta(γ, v)w

is a homeomorphism for each v ∈ M . (Note that a(g, ·) corresponds to Φg :
N → N in [29, 33] and Ta(g, ·) corresponds to Ψg : TM → TM .) Furthermore,
we assume that for any v ∈M the map

a(·, v) : G→M, γ �→ a(γ, v)

is continuous and that it is continuously differentiable for any v ∈ N with
derivative denoted by

da(γ, v) : TγG→ Ta(γ)vM, λ �→ da(γ, v)λ.

For the construction of some spaces that satisfy this smoothness requirement
we refer to [7]. Finally, we denote by Lγ : G→ G, g �→ γ ◦g the multiplication
by γ ∈ G from the left and by dLγ(g) : TgG→ Tγ◦gG its derivative. Then we
define the exponential exp(tμ) for μ in the Lie algebra T1G as the solution of
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γ̇ = dLγ(1)μ.

The evolution of γ(t) describes the motion on the group. Other equivalent
definitions of exp are in common use [9, 10, 29].

Generalizing ansatz (10.19) to u(t) = a(γ(t), v(t)), (10.24) can be trans-
formed into a system for the unknowns v(t) ∈ M , γ(t) ∈ G, μ(t) ∈ T1G as
follows (cf. [7, 33]):

vt = F (v)− da(1, v)μ, v(0) = u0, (10.25a)

γ̇ = dLγ(1)μ, γ(0) = 1. (10.25b)

Lemma 2. For some T > 0 let u ∈ C1((0, T ],M)∩C([0, T ], N) be a solution
of (10.24) and let γ ∈ C1([0, T ], G) be arbitrary with γ(0) = 1. Then v(t)
defined by u(t) = a(γ(t), v(t)) and μ(t) defined by (10.25b) are solutions of
(10.25a). Conversely, assume that v ∈ C1((0, T ],M) ∩ C([0, T ], N) and μ ∈
C1([0, T ], T1G) solve (10.25a) and define γ ∈ C1([0, T ], G) as the solution of
(10.25b). Then u(t) = a(γ(t), v(t)) solves (10.24) on [0, T ].

Proof. Insert the ansatz u(t) = a(γ(t), v(t)) into (10.24) and use equivariance
to obtain

da(γ, v)γ̇ + Ta(γ, v)vt = ut = F (u) = F (a(γ, v)) = Ta(γ, v)F (v). (10.26)

Differentiating the relation a(γ, a(g, v)) = a(γ ◦ g, v), g, γ ∈ G, v ∈ N with
respect to g at g = 1 leads to

Ta(γ, v)da(1, v)μ = da(γ, v)dLγ(1)μ, ∀μ ∈ T1G. (10.27)

Finally, define μ(t) by γ̇(t) = dLγ(1)μ and combine (10.26), (10.27) to find

Ta(γ, v) [vt − F (v) + da(1, v)μ] = 0

and, hence, (10.25a) by the invertibility of Ta(γ, v). The converse is proved
in a similar way. ��
Lemma 2 shows that system (10.25) does not have a unique solution (v, μ, γ).
Rather we have p = dimG additional degrees of freedom that will be fixed
by a phase condition ψ : N × T1G → Rp. The phase condition together with
(10.25a) yields a PDAE for v and μ, namely:

vt = F (v)− da(1, v)μ,
0 = ψ(v, μ).

(10.28)

Equation (10.25b) is called the reconstruction equation in [33]. It is decoupled
from system (10.28) and can be solved by an a-posteriori process.

The traveling waves in Examples 1 and 2 easily fit into the abstract frame-
work.
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Example 3. For the Lie group G = R consider the shift action a(γ, u)(x) =
u(x − γ). There are different possibilities for the choice of spaces M and N .
Either take M = Cunif , N = C2

unif or M = w + L2 ⊃ N = w + H2 where
w ∈ C2

b (R,R2) satisfies wx, wxx ∈ L2 and has the correct limit behavior, e.g.,
w(x) = ū± + O(e−α|x|) as x → ±∞. For the last choice we actually use the
manifold structure of M and N . In both cases we have da(1, v)μ = −μvx and
using a template function v̂ ∈ N the system (10.28) is given by (10.20) with
ψ given in (10.18).

Example 4. Consider a system (10.16) of dimension m = 2 such that the
nonlinearity is equivariant with respect to rotations, i.e.,

f(Rρv) = Rρf(v) ∀v ∈ R
2, ρ ∈ R, where Rρ =

(
cos ρ − sin ρ
sin ρ cos ρ

)
.

Equations of this type arise as real versions of complex-valued systems, such
as the Ginzburg-Landau equation. The Lie group is G = S1×R and the action
a : G× L2 → L2 on u : R → R2 at γ = (ρ, τ) is given by

a(γ, u)(x) = R−ρu(x− τ).

With M = L2, N = H2 we obtain da(1, v)(μτ , μρ) = −vxμτ − Rπ
2
vμρ and

(10.28) has the form

vt = Avxx + μτvx + μρRπ
2
v + f(v),

0 = 〈v̂′, v − v̂〉L2
, 0 = 〈Rπ

2
v, v − v̂〉L2

.

The reconstruction equations read τ̇ = μτ , τ(0) = 0 and ρ̇ = μρ, ρ(0) = 0.

10.2.3 Fixed Versus Minimizing Phase Conditions

In the abstract setting of Sect. 10.2.2 assume that M is a Banach space in
which we have a continuous inner product 〈·, ·〉2 with associated norm ||v||2.
One way to set up a phase condition (in the spirit of Sect. 10.1) is to minimize
the distance of the frozen solution v from the group orbit O(v̂) = {a(γ, v̂) :
γ ∈ G} of a template function v̂; see Fig. 10.5(a). The necessary condition for
a minimum of ‖a(γ, v̂)− v‖2 to occur at γ = 1 is

ψfix(v)μ = 〈da(1, v̂)μ, v − v̂〉2 = 0 ∀μ ∈ T1G. (10.29)

In the beginning one may choose as template the initial value v̂ = u0. Note
that ψ in (10.29) maps into the dual T ∗

1
G of the Lie algebra, which is isomor-

phic to Rp.
Another possibility is to minimize the temporal change ‖vt‖2 at each time

instance which leads to the condition

ψmin(v)μ = 〈da(1, v)μ, vt〉2 = 0 ∀μ ∈ T1G. (10.30)
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Fig. 10.5. Conditions ψfix (a) and ψmin (b).

As is illustrated in Fig. 10.5(b) this condition requires the frozen trajectory
v(t) to be orthogonal to the group orbit of v(t) at all times.

For the case of traveling waves we show how to transform solutions of the
PDAE for both phase conditions into each other, i.e., we transform solutions
(v, λ) of

vt = vxx + f(v) + λvx

0 = 〈v̄x, v − v̄〉L2

(10.31)

into solutions (w, μ) of

wt = wxx + f(w) + λwx

0 = 〈wx, wt〉L2
.

(10.32)

The following Lemma will be used for the stability analysis in Sect. 10.3.3.

Lemma 3. Let (v, λ) be a solution of (10.31). Then (w, μ) defined by

w(x, t) = v(x− η(t), t), μ = λ− η̇,

and

η(t) =

∫ t

0

〈vx(·, τ), vt(·, τ)〉L2

‖vx(·, τ)‖2L2

dτ

is a solution of system (10.32).

Proof. We have

wt = vt − vxη̇ = vxx + f(v) + (λ− η̇)vx = wxx + f(w) + μwx.

With the shift invariance of 〈·, ·〉L2
and the definition of η we get

〈wt, wx〉L2
= 〈vt − η̇vx, vx〉L2

= 0. ��
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10.3 Relative Equilibria and Stability

In this section we study relative equilibria of equivariant evolution equations.
In particular, we consider relative equilibria of parabolic systems in one space
dimension. We use phase conditions to approximate relative equilibria on finite
intervals and study their asymptotic stability in the Lyapunov sense via the
freezing method.

10.3.1 Relative Equilibria

We seek solutions of (10.24) that have the special form u(t) = a(γ(t), v̄) for
some time-independent function v̄.

Definition 3. A solution ū of (10.24) is called a relative equilibrium if it
has the form ū(t) = a(γ̄(t), v̄) for some v̄ ∈ N and for some function γ̄ ∈
C1([0,∞), G).

Without loss of generality we can assume that γ̄(0) = 1. Usually the whole
group orbit O(v̄) = {a(γ, v̄), γ ∈ G} is called a relative equilibrium if it is in-
variant under the semi-flow; see [10, 29]. We found the equivalent constructive
definition above more convenient from a numerical point of view [7], because
it explicitly includes the orbit γ̄(t) on the group. The following lemma shows
the connection between ū, γ̄ and v̄.

Lemma 4. Let ū(t) = a(γ̄(t), v̄) be a relative equilibrium with trivial stabilizer
Sv̄ = {γ ∈ G : a(γ, v̄) = v̄}. Then there exists μ̄ ∈ T1G such that (v̄, μ̄) solve

0 = F (v̄)− da(1, v̄)μ̄ (10.33)

and ˙̄γ = dLγ̄(1)μ̄, γ(0) = 1.
Conversely, if (10.33) holds for (v̄, μ̄) then ū(t) = a(γ̄(t), v̄) with γ̄ =

exp(tμ̄) is a relative equilibrium of (10.24).

Proof. The orbit O(v̄) has tangent space Tv̄O(v̄) = range(da(1, v̄)), and it is
well known [10, Lemma 4.10.4] that dimTv̄O(v̄) = dimG−dimSv̄. Hence, the
stabilizer is trivial if, and only if, da(1, v̄) is one-to-one. By Lemma 2 we find
that μ̄(t) = dLγ(1)−1 ˙̄γ ∈ T1G is continuous and satisfies (10.33). Since v̄ is
independent of t and da(1, v̄) is one-to-one, we obtain that μ̄ is independent
of t as well. ��
Remark 1. If v̄ has nontrivial stabilizer then one can still write γ̄ as an expo-
nential in terms of the Lie algebra of the stabilizer and its normalizer; see [10,
Th. 7.2.4].

Choosing a basis {e1, . . . , ep} in T1G we can identify the Lie algebra with Rp

via μ =
∑p

i=1 μie
i. Further, setting Si(v) = −da(1, v)ei, we find from (10.28)

and Lemma 4 the equation to be solved for (v̄, μ̄), namely:
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0 = F (v) + S(v)μ, where S(v)μ =

p∑
i=1

μiS
i(v),

0 = ψ(v, μ).

10.3.2 Approximation of Relative Equilibria on Finite Intervals

We now treat the special case when the evolution equation (10.24) is a
parabolic system of the form (10.16). We assume that the operators Si

are differential operators Si(v)(x) = Si
0v(x) + Si

1vx(x) for suitable matrices
Si

0, S
i
1 ∈ Rm×m.

For the numerical computation of relative equilibria of (10.16) we solve a
boundary value problem on a finite interval J = [x−, x+], namely:

0 = Avxx + S(v)μ+ f(v), x ∈ [x−, x+], (10.34a)

η = Bv, (10.34b)

0 = 〈Si(v̂)|J , v − v̂|J 〉J , i = 1, . . . , p. (10.34c)

Here v̂ is a template function and B is the two-point boundary operator

Bv = P−v(x−) +Q−vx(x−) + P+v(x+) +Q+vx(x+), P±, Q± ∈ R
2m×m.

The linearization of (10.34a) with respect to v at (v̄, μ̄) is given by

Λu = Auxx+Bux+Cu, B =

p∑
i=1

μ̄iS
i
1, C(x) = f ′(v̄(x))+

p∑
i=1

μ̄iS
i
0. (10.35)

If limx→±∞ v̄(x) = v± and limx→±∞ v̄x(x) = 0 then Λ turns for x→ ±∞ into
the constant-coefficient operator

Λ±v = Avxx +Bvx + C±v, C± = lim
x±∞

C(x).

The main spectral assumptions on Λ are the following:

Hypothesis 1 (spectral condition) The eigenvalue 0 lies in the connected
component of C \ {Σ+ ∪Σ−} that contains a right half-plane, where

Σ± = {s ∈ C : det(−κ2A+ iκB + C± − sI) = 0, for some κ ∈ R}.
Hypothesis 2 (eigenvalue condition) The functions Si(v̄) = −da(1, v̄)ei,
i = 1, . . . , p lie in H2, are linearly independent and span the nullspace of
Λ : H2 → L2, i.e., ker(Λ) = span{S1(v̄), . . . , Sp(v̄)}. Moreover, the algebraic
and the geometric multiplicity of zero are both equal to p.

Hypothesis 1 guarantees that the quadratic eigenvalue problem associated
with Λ± has m stable and m unstable eigenvalues; cf. [6]. In view of condition
(i) of Theorem 1 we consider the determinant (cf. [6])
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D = det

((
P− Q−

)( Y s
−

Y s
−Σ

s
−

) (
P+ Q+

)( Y u
+

Y u
+Σ

u
+

))
, (10.36)

where (Σs
−, Y

s
−), (Σu

+, Y
u
+ ) ∈ Rm×m × Rm×m solve the quadratic eigenvalue

problems
AY Σ2 +BY Σ + C±Y = 0

with Reσ(Σs
−) < 0 and Reσ(Σu

+) > 0. Then we can formulate the determi-
nant condition and a consistency assumption for the boundary conditions.

Hypothesis 3 (boundary conditions) The boundary condition (10.34b)
is satisfied at the stationary points v̄±, i.e., η = P−v̄− +P+v̄+ and the deter-
minant D defined in (10.36) is nonzero.

As in Sect. 10.1, the boundary conditions have to control the terms that grow
in forward time on the positive axis and in backward time on the negative axis.
These are given by the stable or unstable manifolds of the stationary points.
Note that the determinant condition is satisfied for Dirichlet, Neumann and
periodic boundary conditions; cf. [6].

For simplicity we first formulate the theorem for pulses, i.e., we use M =
L2, N = H2. In order to generalize this to fronts one needs the additional
condition a(γ, v̂)− v̄ ∈ H2 for all γ ∈ G.

Hypothesis 4 (phase condition) The phase condition is satisfied by v̄,
i.e., 〈S(v̂), v̄ − v̂〉L2

= 0, v̄ − v̂ ∈ H1, S(v̂) ∈ L2 and the matrix

〈S(v̂), S(v̄)〉L2
=

(∫
R

[Si(v̂)](x)T [Sj(v̄)](x)dx

)p

i,j=1

∈ R
p×p

is nonsingular.

The following approximation result is an adaptation of Theorem 1 to the
current situation; see [39] for a proof.

Theorem 2 (Approximation of relative equilibria on finite intervals).
Assume Hypotheses 1– 4 hold. Then there exist � > 0, T > 0, such that for
min{−x−, x+} > T the boundary value problem (10.34) has a unique solution
(vJ , μJ) in a ball B(v̄|J , μ̄) = {(v, μ) ∈ H2(J,Rm)× Rp : ‖v̄|J − v‖H2 + ‖μ̄−
μ‖ < �}. Further, there exist group elements γJ ∈ G such that ṽ = a(γJ , v̄)
satisfies the following estimate for some α > 0

‖vJ − ṽ|J‖H2 + ‖μJ − μ̄‖ ≤ const e−α min{−x−,x+}.

A similar version for a full discretization with finite differences can be found
in [43]. In that case one obtains an error estimate on the grid Jh = {hn, n− ≤
n ≤ n+} for the approximate solution (vh, μh), namely:

‖vh − v̄|Jh
‖H2

h
+ ‖μh − μ̄‖ ≤ const (h2 + e−αh min{−n−,n+}), (10.37)

where ‖ · ‖H2
h

is the discrete analog of the H2 norm. A similar result holds for

the norm ‖ · ‖∞.
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Fig. 10.6. Approximation errors errλ = |λh − λ̄| (a) and errv = ‖vh − v̄|Jh
‖H2

h
(b).

Example 5. In the case of the Nagumo equation (10.21) from Example 1 we
can compare the approximation with the exact solution. Figure 10.6 shows the
approximation errors of the traveling wave for Dirichlet boundary conditions.
The grid size h was varied logarithmically from 10−4 to 10−1 and the size
of the symmetric interval [−T, T ] linearly from 20 to 80. We observe that
the convergence of ṽ and λ̃ to the exact solution v̄ and λ̄ given in (10.22)
is exponential in T and quadratic in h. This is in good agreement with the
approximation result (10.37).

10.3.3 Stability of Relative Equilibria in One Space Dimension

Stability results for traveling waves on the real line or, more generally, for rel-
ative equilibria are well known for parabolic systems [22, 44]. Here the notion
of asymptotic stability with asymptotic phase is used. By the freezing method
this notion is converted into the usual asymptotic (Lyapunov-) stability. We
now present a stability result for relative equilibria in the frozen setting. To
this end, the spectral assumptions 1 and 2 have to be tightened as follows.

Hypothesis 5 The curves Σ+ ∪ Σ− lie in the open left half-plane and zero
is the only eigenvalue with real part greater equal zero.

Theorem 3. Assume Hypotheses 1, 2, 4 and 5 hold. Then there exist ε, ν > 0
such that for all u0 ∈ v̂ +H1(R) with ||u0 − v̄||H1 ≤ ε the system

vt = Avxx + f(v) + S(v)μ, v(·, 0) = u0,

0 = 〈S(v̂), v − v̂〉L2

has a unique solution v ∈ C1((0,∞), v̂ +H1(R)) ∩ C([0,∞), v̂ +H1(R)) and
μ ∈ C([0,∞),Rp). Moreover, this solution satisfies

||v(·, t)− v̄||H1 + ‖μ(t)− μ̄‖ ≤ const e−νt‖v0 − v̄‖H1 ∀t ≥ 0.
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Remark 2. For the case of traveling waves a proof of this theorem can be
found in [41]. The generalization to arbitrary groups is straightforward by the
techniques used for Theorem 2. It is also shown in [41] that one can allow
more general nonlinearities f(v, vx) of the form

f(u, v) = f1(u)v + f2(u), f1 ∈ C1(Rm,Rm×m), f2 ∈ C1(Rm,Rm),

where f1, f2, f
′
1, f

′
2 are globally Lipschitz. This includes the case of the non-

linearity uux in Burgers equation.
An analogous result for a spatial discretization with finite differences is

given in [41] for traveling waves and in [42] for general relative equilibria in
one space dimension.

Remark 3. We note that a general stability theorem for finite-dimensional
equivariant systems is given in [10, Th. 7.4.2].

For the special case of stationary solutions of (10.31) the local stability esti-
mate reads

‖v(·, t)− v̄‖H1 + |λ(t)− λ̄| ≤ const e−αt‖v0 − v̄‖H1 ∀t ≥ 0. (10.38)

Using the transformation between the different phase conditions ψfix and ψmin

in Lemma 3, we will show how stability transfers to the ψmin-case.
We define the bilinear form b : H1 ×H1 → R via

b(u, v) =

∫
R

−ux(x)TAvx(x) + u(x)T (Bvx(x) + C(x)v(x)) dx

where A,B,C(·) are the bounded matrix functions defined in (10.35). Via
integration by parts we then get

b(v̂x, v) = 〈v̂x, Λv〉L2
for v ∈ H2 and |b(v̂x, v)| ≤ const ‖v‖H1 .

We define the projector P onto v̂⊥x along v̄x and the projected differential
operator ΛP through

Pv = v − v̂x〈v̂x, v̄x〉−1
L2
〈v̂x, v〉L2

, ΛP = PΛ|range(P ).

The following lemma gives the main estimate for solutions of the non-
autonomous PDAE

vt = Λv + μv̄x + g(t, v, μ), v(0) = v0,

0 = 〈v̂x, v〉.
(10.39)

Lemma 5. Assume that g satisfies

‖g(t, v, μ)‖ ≤ const e−βt(‖v‖H1 + ‖μ‖), β > 0. (10.40)

Then there exist ρ > 0 and ν ∈ (0, β) such that any solution (v, μ) of (10.39)
with ‖v0‖H1 < ρ obeys the exponential estimate

‖v(t)‖H1 + ‖μ(t)‖ ≤ const e−νt‖v0‖H1 . (10.41)
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Proof. The proof relies on the estimates for r ∈ range(P ) and some α > 0

‖eΛP t r‖L2
≤ Ke−αt‖r‖L2

, ‖eΛP t r‖H1 ≤ Ke−αtt−
1
2 ‖r‖L2

, (10.42)

which follow from the fact that the eigenvalue 0 has been eliminated from the
spectrum of ΛP ; cf. [41, Lemma 1.24]. By the variation of constants formula
the PDAE (10.39) can be written equivalently as

v(t) = eΛP tv0 +

∫ t

0

eΛP (t−s)P g(s, v(s), μ(s)) ds,

μ(t) = −〈v̂x, v̄x〉−1
L2

[b(v̂x, v(t)) + 〈v̂x, g(t, v(t), μ(t))〉L2
].

(10.43)

Using this form, one first shows via Gronwall estimates as in [41] a global
bound

‖v(t)‖H1 + ‖μ(t)‖ ≤ C‖v0‖H1 ∀t ≥ 0. (10.44)

From the second equation in (10.43) we find with (10.40) that

‖μ(t)‖ ≤ C[‖v(t)‖H1 + e−βt(‖v(t)‖H1 + ‖μ(t)‖)].

Choose T > 0 such that Ce−βT ≤ 1
2 and obtain

‖μ(t)‖ ≤ C‖v(t)‖H1 ∀t ≥ T. (10.45)

Now choose 0 < ν < min(α, β) and use (10.42), (10.44) and (10.45) in the
first equation of (10.43) to obtain

n(t) = ‖v(t)‖H1eνt ≤ C
(
e(ν−α)t‖v0‖H1

+

∫ t

0

e(ν−α)(t−s)

√
t− s eνse−βs(‖v(s)‖H1 + ‖μ(s)‖) ds

)
≤ C

(
e(ν−α)t‖v0‖H1 + e(ν−α)(t−T )

∫ T

0

e(ν−α)(T−s)

√
t− s ‖μ(s)‖ ds

+

∫ t

0

e(ν−α)(t−s)

√
t− s eνs‖v(s)‖H1 ds

)
≤ C

(
e(ν−α)t‖v0‖H1 +

∫ t

0

e(ν−α)(t−s)

√
t− s n(s) ds

)
.

The Gronwall inequality with weak singularities (cf. [22, Lemma 7.1.1]) yields
the assertion. ��
Lemma 6. Let the assumptions of Theorem 3 be satisfied for a nonconstant
solution (v̄, λ̄) ∈ C2

b × R of (10.31). Then there exists a shift γ ∈ R such that
(v̄(·+ γ), λ̄) is an asymptotically stable solution of (10.32).
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Proof. Note that w = vt solves

wt = wxx + f ′(v)w + wxλ+ vxλ̇,

0 = 〈v̂x, w〉,

and that the first equation with μ := λ̇ is equivalent to

wt = Λw + v̄xμ+ (f ′(v)− f ′(v̄))w + (λ− λ̄)wx + (vx − v̄x)μ.

Now we apply Lemma 5 for small ‖v0‖H1 with β = α and

g(t, w, μ) = (f ′(v(t))− f ′(v̄))w + (λ(t)− λ̄)wx + (vx(t)− v̄x)μ.

Note that the exponential decay (10.40) follows from the stability estimate
(10.38). Since g is linear in w and μ, we obtain for all v0 from (10.41) the
estimate

‖vt‖+ ‖λ̇‖ ≤ const e−νt‖v0‖H1 ∀t ≥ 0.

By this estimate the integral

η∞ =

∫ ∞

0

〈vx(·, τ), vt(·, τ)〉
‖vx(·, τ)‖2 dτ

exists and we have

|η(t)− η∞| ≤
∫ ∞

t

|〈vx(·, τ), vt(·, τ)〉|
‖vx(·, τ)‖2 dτ ≤

∫ ∞

t

‖v(·, τ)‖H1‖vt(·, τ)‖
‖vx(·, τ)‖2L2

dτ

≤
∫ ∞

t

(‖v̄‖H1 + Cδ)Ce−ντ

(‖v̄x‖L2
− Cδ)2 dτ ≤ const e−νt.

Together with the local stability estimate (10.38) this leads to

‖w(·, t)− v̄(· − η∞)‖H1 + |μ(t)− λ̄|
≤ ‖v(· − η(t), t)− v̄(· − η∞)‖H1 + |λ(t)− η̇(t)− λ̄|
≤ ‖v(·, t)− v̄‖H1 + ‖v̄ − v̄(·+ η(t)− η∞)‖H1 + |λ(t)− λ̄|+ |η̇(t)|
≤ const e−νt. ��

10.4 Spiral Waves and Beyond

Embedding spiral waves of parabolic systems in R2 into the abstract frame-
work of Sect. 10.2.2 is a considerable task [36, 46]. Therefore we do not pursue
this in detail here.
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10.4.1 Spiral Waves in Two Space Dimensions

Consider a PDE in two space dimensions

ut = Δu+ f(u), t ≥ 0,

u(x, 0) = u0(x), x ∈ R
2.

(10.46)

This equation is equivariant with respect to the Euclidean group SE(2) = S1
�

R2 " (φ, τ) with action a(γ, v)(x) = v(R−φ(x− τ)) and group multiplication

(φ1, τ1) ◦ (φ2, τ2) = (φ1 + φ2, τ1 +Rφ1
τ2),

where Rφ again denotes rotations; cf. Example 4.
Take, for example, v ∈ Cunif = M and N = C2

unif or the subspace Ceucl ⊂
Cunif on which SE(2) acts continuously [46]. Then the infinitesimal generators
da(1, v)ei, i = 1, 2, 3 read da(1, v)e1 = x2vx1

− x1vx2
, da(1, v)e2 = −vx1

,
da(1, v)e3 = −vx2

. For a relative equilibrium u(x, t) = v̄(R−φ(x − τ)) the
wave form v̄ is a solution of

0 = Δv + f(v) + μ̄1(x1vx2
− x2vx1

) + μ̄2vx1
+ vx2

μ̄3

for some μ̄ ∈ se(2). The motion on the group orbit is given by

γ̇ = dLγ(1)μ̄ =

(
1 0
0 Rφ

)
μ̄,

with solution

γ̄(t) =

(
μ̄1t

(I −Rμ̄1t)ξ

)
, where ξ =

1

μ̄1

(−μ̄3

μ̄2

)
.

Then we can represent the relative equilibrium as follows:

ū(x, t) = v̄(R−μ̄1t(x+ (Rμ̄1t − I)ξ)) = v̄(R−μ̄1t(x− ξ) + ξ).

A fixed reference point x̄ ∈ R2 with value v̄(x̄) traces the curve

x(t) = Rμ̄1t(x̄− ξ) + ξ, (10.47)

which is a circle of radius ‖x̄−ξ‖ and center ξ. If one uses a geometric definition
for the tip xtip of a spiral wave (see e.g. [8, 46]) then the tip moves on a circle
of radius rtip = ‖xtip − ξ‖. A special case are rigidly rotating Archimedean
spirals which can be written in polar coordinates as v̄(x) = w(r, φ) with
w(r, φ) → w∞(kr + φ) as r →∞ for some periodic function w∞.

Example 6. We use a diffusive version of Barkley’s system [2] as an example,
namely:

ut = Δu+ 1
εu(1− u)(u− 1

a (v + b)),

vt = DvΔv + u− v.
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Fig. 10.7. Frozen spiral wave of PDE (10.46): time evolution of the u-component
(a) and time evolution of μ (b).

Fig. 10.8. Prediction of the tip-motion of the spiral wave from Fig. 10.7 via (10.47)
(red circle) and tip-motion of the non-frozen spiral starting from the same initial
condition (white trace).

We solve the corresponding PDAE

ut = Δu+ 1
εu(1− u)(u− 1

a (v + b)) + λ1(yux − xuy) + λ2ux + λ3uy

vt = DvΔv + u− v + λ1(yvx − xvy) + λ2vx + λ3vy

0 = 〈yûx − xûy, u− û〉L2
, 0 = 〈ûx, u− û〉L2

, 0 = 〈ûy, u− û〉L2

0 = 〈yv̂x − xv̂y, v − v̂〉L2
, 0 = 〈v̂x, v − v̂〉L2

, 0 = 〈v̂y, v − v̂〉L2

with (û, v̂) = (u0, v0) numerically for the parameters Dv = 0.5, a = 0.5,
b = 0.05, ε = 1

50 by using the Finite Element package Comsol MultiphysicsTM.
In Fig. 10.7 the time evolutions of the u-component and the parameter μ

are displayed. In Fig. 10.8 the prediction of the motion of the tip via (10.47)
(red circle) is compared to the tip motion of the non-frozen spiral starting
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Fig. 10.9. Three-dimensional scroll wave of (10.48), namely: slices of the develop-
ment of u (a) and time evolution of μ (b).

from the same initial conditions (white trace). For the definition of xtip we
used the condition u = 1

2 , v = a
2 − b from [2].

10.4.2 A Scroll Wave in Three Space Dimensions

In three space dimensions (10.46) is equivariant with respect to G = SO(3) �

R3 = SE(3) with action a(γ, v)(x) = v(R−1(x − τ)), γ = (R, τ), τ =
(τ1, τ2, τ3) and group operation γ ◦ γ̃ = (RR̃, τ + Rτ̃). We denote the ro-
tations about the x1, x2 and x3 axes by Rxi

, and find by differentiating with
respect to x1, x2 and x3 the formula

−da(1, ν)μ = μ1(vx2
x3 − vx3

x2) + μ2(vx3
x1 − vx1

x3) + μ3(vx1
x2 − vx2

x1)

+ μ4vx1
+ μ5vx2

+ μ6vx3
.

Example 7. We consider the following λ-ω system in complex form

ut = Δu+ 1− |u|2 − i|u|2u, x ∈ R
3, u(x, t) ∈ C, (10.48)

for which rigidly rotating waves exist [24].
We use an adapted version of the code ezscroll [18] and start in a box

of length 40 with Δx = 0.1 from an initial function given in cylindrical coor-
dinates as

u0(r, ϕ, z) = e
iz
2π r

40 (cos(ϕ) + i sin(ϕ)),

which ensures that in each z-slice a rotating spiral develops. We use periodic
boundary conditions on the z-faces and Neumann boundary conditions on the
x- and y-faces. Therefore, the initial function initiates a scroll wave twisted
once in the z-direction; see [18, 19] for more information on scroll waves and
scroll rings.

Figure 10.9 shows the real part of the solution of the frozen system at the
final time instance, as well as the time evolution of μ. The solution in panel (a)
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is shown in the form of slices in x-,y-,z-directions through the origin (0, 0, 0)
which have been projected to the boundaries to increase visibility. From panel
(b) one can see that first the rotation around and the translations along the
z-axis are active. However, after some transient time only the z-translation is
used to freeze the solution.

We expect that this solution has a nontrivial stabilizer since vertical mo-
tions in the z-direction and rotations about the z-axis can be exchanged.
Nevertheless, our method seems to work. In fact, system (10.48) is actually
equivariant with respect to the seven-dimensional group S1 × SE(3), where
θ = eiρ ∈ S1 acts as in Example 4. Including this symmetry in the computa-
tions leads to ill-conditioned systems when resolving the phase conditions for
the seven parameters.

10.4.3 Relative Periodic Orbits

For relative periodic orbits we have a similar definition as for relative equilib-
ria. We seek solutions of (10.24) that have the special form ū(t) = a(γ̄(t), v̄(t))
for some time periodic function v̄.

Definition 4. A solution ū of (10.24) is called a relative periodic orbit if it
has the form ū(t) = a(γ̄(t), v̄(t)) where γ̄ : R → G is a smooth curve satisfying
γ̄(0) = 1 and v̄ : R → N satisfies v̄, v̄t, F (v̄) ∈ C(R,M), is nonconstant and
time periodic, i.e., v̄(·+ T ) = v̄ for some period T > 0.

As for relative equilibria (see Lemma 3) we can relate ū, γ̄ and v̄.

Lemma 7. Let ū(t) = a(γ̄(t), v̄(t)) be a relative periodic orbit with trivial sta-
bilizer Sv̄(t), t ∈ [0, T ]. Then there exists a T -periodic function μ̄ ∈ C(R, T1G)
such that for all t ∈ R

v̄t = F (v̄)− da(1, v̄)μ̄ (10.49)

γ̄t = dLγ(1)μ̄, γ(0) = 1. (10.50)

Conversely, if μ̄ ∈ C(R, T1G) and v̄ ∈ C1(R,M) with v̄(t) ∈ N ∀t ∈ R are
T -periodic and solve (10.49) then a(γ̄(t), v̄) with γ̄ defined by (10.50) is a
relative periodic orbit of (10.24).

Proof. The proof is similar to that of Lemma 4. For the first assertion define
μ̄(t) by (10.50) and obtain (10.49) from Lemma 2. Equation (10.49) then
shows that μ̄ is T -periodic. The converse follows in a similar manner. ��
Scaling with the period T as in Sect. 10.1, we find that v(t) = v̄(tT ), μ(t)
solve

vt = T [F (v)− da(1, v)μ], t ∈ [0, 1], v(0) = v(1).
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Fig. 10.10. Calculation of a modulated traveling wave in the autocatalytic system
(10.23) for θ = 1

2
: traveling wave (a), frozen wave (b), u- and v-components at

t = 1000 (c), and time evolution of μ (d).

Example 8. Relative periodic orbits in one space dimension are modulated
traveling waves [37]. These have the form ū(x, t) = v̄(x− λ̄t, t) with v̄(x, t) =
v̄(x, t + T ). Such solutions occur, for example, in the autocatalytic system
(10.23) that was already considered in Example 2. We solve the system for
a = 0.1, m = 9 on an interval of length 35 in the frozen case, and of length 300
for the direct simulation with Δx = 0.1, with Dirichlet boundary conditions
and with a θ-method with Δt = 0.1. In Fig. 10.10(a) and (b) the numerical
solutions for θ = 1

2 of the PDE (10.23) and of the corresponding PDAE
(defining the frozen system) are shown. Panel (c) shows the solution at the last
time instance, while panel (d) displays the time evolution of μ. The periodicity
of the wave and the velocity can clearly be seen.

Figure 10.11 shows the modulated traveling wave and the frozen wave when
the implicit Euler method is used, that is, θ = 1. Note that the oscillations
are strongly damped for the standard simulation in panel (a), whereas they
are clearly visible in the frozen case in panel (b).

Combining the principles from Sects. 10.1 and 10.2 for the computation of
relative periodic orbits, we arrive at a boundary value problem (in space and
time) for v ∈ C([0, 1],M),μ ∈ C([0, 1], T1G) and T ∈ R as follows:
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(a) (b)

Fig. 10.11. Calculation of a modulated traveling wave in the autocatalytic system
(10.23) for θ = 1 (implicit Euler method): traveling wave (a), frozen wave (b).

vt = T [F (v)− da(1, v)μ], v(0) = v(1),

0 = ψ(v)λ =

∫ 1

0

〈da(1, v̂)λ, v − v̂〉 dt ∀λ ∈ T1G,

0 = φ(v) =

∫ 1

0

〈v̂t, v − v̂〉 dt.

Here 〈·, ·〉 denotes an inner product on M and v̂ ∈ C([0, 1],M) is a suitable
template function.

10.5 Conclusions and Perspectives

Phase conditions are an effective tool in selecting specific orbits in equivariant
evolution equations. When based on minimization principles they facilitate
mesh adaptation and speed up continuation along branches. In many appli-
cations the underlying symmetry is induced by the Euclidean group SE(d)
acting on functions defined on the whole space Rd. For numerical computa-
tions one has to truncate to bounded domains and use asymptotic boundary
conditions. Truncation in combination with the method of freezing spatio-
temporal patterns in a co-moving frame raises several numerical as well as
theoretical problems. Only a few of them have been tackled in this chapter,
mainly for parabolic systems in one space dimension.

Considerable challenges remain, and we expect the further development of
the field to address theoretical and numerical issues, including the following:

1. Computation and continuation of relative equilibria and relative peri-
odic orbits in equivariant systems, the detection of bifurcation points and
branch switching at symmetry breaking bifurcations; see, for example, the
recent progress by Wulff and Schebesch [45].
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2. Adaptation of the freezing method to relative equilibria with nontrivial
stabilizers.

3. Consideration of linear versus nonlinear stability for spatio-temporal pat-
terns in space dimensions ≥ 2. There are extensive studies of the spectra
associated with systems linearized about spiral waves and their truncation
to bounded domains (see [35, 36, 38]), but a result on nonlinear stability
still seems to be lacking.

4. Development of (implementable) asymptotic boundary conditions for spi-
ral waves, scroll waves and the like.

5. Application of the freezing method to viscous conservation laws. As for
modulated or spiral waves, this case is difficult because of the fact that
the essential spectrum has a quadratic tangency with the imaginary axis;
see [5].
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42. V. Thümmler. Asymptotic stability of frozen relative equilibria. Preprint no.
06-30 of the CRC 701, Bielefeld University, 2006.
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Numerical Computation of Coherent
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Alan R Champneys1 and Björn Sandstede2

1 Department of Engineering Mathematics, University of Bristol, United Kingdom
2 Department of Mathematics, University of Surrey, United Kingdom

In many applications one is interested in finding solutions to nonlinear evolu-
tion equations with a particular spatial and temporal structure. For instance,
solitons in optical fibers and wave guides or buckling modes of long structures
can be interpreted as localized traveling or standing waves of an appropri-
ate underlying partial differential equation (PDE) posed on an unbounded
domain. Spiral waves or other defects in oscillatory media are time-periodic
waves with an asymptotic spatially periodic structure. All of these examples
are referred to as coherent structures. They represent relative equilibria, that
is, their temporal evolution is determined by a symmetry of the underlying
PDE: namely, translational symmetry for traveling waves, rotational symme-
try for spiral waves, and phase symmetry for oscillatory structures.

Given the complexity of typical PDE models, these nonlinear waves are
in general accessible only through numerical computations. One possible ap-
proach is via direct simulation which is, however, expensive and fails to capture
solutions that are either unstable or may have a small basin of attraction. Sim-
ulation therefore often fails to provide valuable information on how branches
of solutions are organized in parameter space.

In this chapter, we give an overview of boundary value problem formula-
tions for coherent structures which provide a robust and less expensive alterna-
tive to simulation. Moreover, setting up well-posed boundary value problems
allows us to continue solutions in parameter space, investigate their spectral
stability directly, and continue branches of solutions efficiently as parameters
vary.

In the next section we outline how PDEs can be supplemented by phase
conditions that allow us to compute nonlinear waves as regular zeros of the
resulting nonlinear system. In the remaining sections, we treat different kinds
of coherent structures, namely traveling waves, time-periodic structures, and
planar localized patterns. In each case we explain how to set up a well-posed
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boundary value problem and illustrate the theory with the results of an ex-
ample computation.

11.1 Symmetries and Phase Conditions

It is desirable to formulate the problem of computing nonlinear waves in such
a way that solutions correspond to regular zeros of an appropriate smooth
function. Indeed, Newton’s method is then applicable and gives a robust and
efficient way of computing zeros. When computing coherent structures, so-
lutions are often not unique due to the presence of translational or other
symmetries in the underlying partial differential equation. In other words,
symmetries may give rise to families of solutions. To make Newton’s method
work, we need to single out one particular solution. This can be done by adding
extra functionals to the problem and identifying additional parameters that
compensate for the added functional to make the overall problem invertible;
see also Chaps. 9 and 10. In this section, we recall how the extra functionals,
which we refer to as phase conditions, can be constructed and the additional
parameters be identified in systems with symmetries.

Thus, consider the equation

ut = f(u), u ∈ X , (11.1)

where X is a Banach space. For ease of exposition, we assume that f maps
X into itself and is smooth; we remark that the first property fails if (11.1)
represents a partial differential equation, but the results that follow actually
hold for PDEs nevertheless; see [39].

The key assumption is that (11.1) is equivariant under the action of a
finite-dimensional Lie group G on X so that

gf(u) = f(gu), ∀g ∈ G, ∀u ∈ X .
We denote by

exp : alg(G) −→ G, ξ �−→ exp(ξ)

the exponential map of the Lie algebra alg(G) of G into G.

Example 1. Take X = C1(R,Rn) and consider the action of G = R defined by
g : X → X , u(·) �→ u(·+ g) for all g ∈ G = R; then exp = id.

Particularly interesting solutions u(t) of (11.1) are relative equilibria which
are equilibria when the group action is factored out. More precisely, u∗ is a
relative equilibrium if there exists ξ∗ ∈ alg(G) so that

u(t) = exp(ξ∗t)u∗ ∀t ∈ R.

Note that u(t) ∈ Gu∗ for all t. We emphasize that u∗ satisfies
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ξ∗u∗ = f(u∗), (11.2)

where we identify an element ξ ∈ alg(G) with the generator

ξ =
d

dt
exp(ξt)

∣∣∣
t=0

: X −→ X

of the one-parameter group exp(ξt).

Example 2 (Example 1 continued). Relative equilibria of the group action g :
X → X , u(·) �→ u(· + g) for g ∈ G = R on X = C1(R,Rn) are of the form
u(x, t) = u∗(x + c0t) for c0 ∈ R. Therefore, they are traveling waves and we
have

ξ∗u∗ :=
d

dt
exp(c0t)u∗

∣∣∣
t=0

=
d

dt
u∗(·+ c0t)

∣∣∣
t=0

= c0u
′
∗(·+ c0t)

∣∣∣
t=0

= c0u
′
∗,

and (11.2) becomes the traveling wave equation c0u
′
∗ = f(u∗).

If u∗ is a relative equilibrium then the entire group orbit Gu∗ consists of
relative equilibria since

gu(t) = g exp(ξ∗t)g−1gu∗ = exp(Adgξ∗t)gu∗

is again a relative equilibrium, where

Adgξ :=
d

dt
g exp(ξt)g−1

∣∣∣
t=0

∈ alg(G).

If G is Abelian, then Adg is the identity, and the velocity ξ∗ is the same for
all relative equilibria in the group orbit Gu∗.

Example 3 (Example 1 continued). With u(t) = u∗(·+c0t), we find that u∗(·+
g + c0t) is a traveling wave for each g ∈ G = R.

Thus, to compute or continue relative equilibria, we need to solve

f(u)− ξu = 0

for (u, ξ) ∈ X × alg(G) and expect to find a family {(gu∗,Adgξ∗); g ∈ G} of
solutions. To find (u, ξ) as a regular zero of an appropriate function, we need
to add phase conditions that single out a relative equilibrium (u∗, ξ∗) among
the family of solutions.

For simplicity, we assume from now on that the Lie group G is Abelian.
The family of relative equilibria is then given by (gu∗, ξ∗) for g ∈ G, and we
have f(gu∗) − ξ∗gu∗ = 0 for all g ∈ G. Choosing g = exp(ξt) and taking the
derivative with respect to t at t = 0, we obtain

fu(u∗)ξu∗ − ξ∗ξu∗ = 0

for all ξ ∈ alg(G). Thus, if we assume that the isotropy group {g ∈ G; gu∗ =
u∗} is discrete, we can conclude that the linearization fu(u∗) − ξ∗ of (11.2)
has a null space of dimension at least dimG with elements ξu∗ for ξ ∈ alg(G).
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ξu∗
Gu∗

u∗

u∗ + N(Φ)

Fig. 11.1. The translated null space u∗ + N(Φ) of an admissible phase condition
is transverse to the group orbit Gu∗ at the relative equilibrium u∗. Imposing the
condition Φ(u − u∗) = 0 restricts u to u∗ + N(Φ) and, therefore, singles out the
relative equilibrium u∗.

Hypothesis 1 Assume that G is Abelian with dimG = m, and (u∗, ξ∗) is a
relative equilibrium such that fu(u∗) − ξ∗ is a Fredholm operator with index
zero. Furthermore, assume that fu(u∗) − ξ∗ has an eigenvalue λ = 0 with
geometric and algebraic multiplicity m and that its null space is given by
{ξu∗}ξ∈alg(G).

We choose linear phase conditions of the form

Φ : X −→ R
m, u �−→ Φu

and say that Φ is admissible if the linear operator

alg(G) −→ R
m, ξ �−→ Φξu∗

is invertible. The following theorem is illustrated in Fig. 11.1.

Theorem 1. Assume that Hypothesis 1 holds and that Φ is an admissible
phase condition. Then the relative equilibrium (u∗, ξ∗) is a regular zero of the
map

F : X × alg(G) −→ X × R
m, (u, ξ) �−→ (f(u)− ξu, Φ(u− u∗)).

Proof. Clearly, F(u∗, ξ∗) = 0. The linearization of F about (u∗, ξ∗) is given
by

L : (u, ξ) �−→ ([fu(u∗)− ξ∗]u− ξu∗, Φu).

The bordering lemma [3, Lemma 2.3] shows that this operator is Fredholm
with index zero and, therefore, it suffices to show that its null space is trivial.
Since the geometric and algebraic multiplicities of the eigenvalue λ = 0 of
fu(u∗)− ξ∗ are equal to each other, there is a spectral decomposition

X = X̃ ⊕ {ξu∗; ξ ∈ alg(G)}
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so that fu(u∗)− ξ∗ is an isomorphism from X̃ into itself. Writing u = ũ+ ζu∗,
we find

L(u, ξ) = L(ũ+ ζu∗, ξ) = ([fu(u∗)− ξ∗]ũ− ξu∗, Φ(ũ+ ζu∗)).

Using again the decomposition of X , we see that ũ = ξ = 0, and the remaining
equation Φζu∗ = 0 finally gives ζ = 0 since Φ is admissible. ��
Remark 1. Suppose that X is a Hilbert space with scalar product 〈·, ·〉. Choose
a basis {ξj}j=1,...,m of alg(G). Then the phase condition

Φ : X −→ R
m, u �−→ (〈ξju∗, u〉)j=1,...,m

is admissible.

Example 4 (Example 1 continued). We wish to find a functional Φ : C1(R,Rn) →
R such that Φu′∗ �= 0. The space C1(R,Rn) is not a Hilbert space, but if u′∗
decays exponentially then

Φu =

∫
R

〈u′∗(x), u(x)〉dx

is an admissible phase condition.

11.2 Traveling Waves: Pulses and Fronts

We consider systems of ordinary differential equations (ODEs) of the form

ux = f(u;α), x ∈ R, u ∈ R
n, f ∈ C1(Rn × R

p,Rn), α ∈ R
p. (11.3)

Such problems typically arise as steady state or traveling wave reductions of
PDEs of the form

Ut = DUXX + F (U ;β), U ∈ R
N .

Here, for a traveling wave U(X, t) = U(X−ct) of speed c, we have x = X−ct,
u = (U, V ) = (U,UX), α = (c, β), and f(u;α) = (V,−D−1[F (U ;β) + cU ]).

Front solutions q(x) of (11.3) at parameter values α∗ correspond to hetero-
clinic connections between equilibria, and solve the following boundary value
problem on the real line⎧⎨

⎩
qx = f(q(x);α∗),

q(x) → u0 as x→ −∞, f(u0;α∗) = 0,
q(x) → u1 as x→∞, f(u1;α∗) = 0.

(11.4)

In the special case that u0 = u1, the pulse q(x) corresponds to a homoclinic
orbit of the ODE.
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To set up a well-posed numerical boundary value problem for solutions of
(11.4), we need to deal with the infinite interval x ∈ (−∞,∞) in some way, to
replace the asymptotic boundary conditions by some regular condition, and
to deal with the translation symmetry q(x) → q(x+g). Several approaches for
performing this task have been proposed, including shooting methods [25, 37],
computation of large-period periodic orbits [40], and mapping the infinite
domain to a finite interval; see, e.g., [26]. We focus here on methods, owing
to Beyn [3] and Friedman and Doedel [15, 18], that involve truncation to a
finite domain [−L,L] and use projection boundary conditions.

Suppose that the matrices fu(uj ;α) have ns
j eigenvalues (counting multi-

plicities) with negative real part, nc
j eigenvalues with zero real part, and nu

j

eigenvalues with positive real part, so that ns
j + nc

j + nu
j = n for j = 1, 2. To

set up a numerical boundary value problem we then look for a solution u(x)
with x ∈ [−L,L] subject to the boundary conditions

P s(u0;α)(u(−L)− u0) = 0, Pu(u1;α)(u(L)− u1) = 0. (11.5)

Here P s(u0, α) is an ns
0 × n matrix whose rows form a basis for the stable

eigenspace of fT
u (u0;α). Accordingly, Pu(u1;α) is an nu

1 × n matrix, whose
rows form a basis for the unstable eigenspace of fT

u (u1;α). The boundary con-
ditions (11.5) thus place the boundary points in the center-unstable eigenspace
of fu(u0;α) and the center-stable eigenspace of fu(u1;α), respectively.

If each of the equilibria uj is hyperbolic, then nc
j = 0, and by simply

counting dimensions of the corresponding stable and unstable manifolds un-
der generic hypotheses on transversality, we find that the codimension of
the parameter set in which there exists a heteroclinic connection is equal
to m = n − (nu

0 + ns
1) + 1. If this number is negative then additional inter-

nal boundary conditions need to be set up to choose a member of the |m|-
dimensional continuum of connections. From now on, we assume that m is
non-negative. Hence, we need to free m parameters, say (α1, . . . , αm), to find
a regular solution to the boundary value problem (11.3) and (11.5). However,
(11.5) represents only

ns
0 + nu

1 = (n− nu
0 ) + (n− ns

1) = n+m

conditions for the n+m+1 unknowns u ∈ Rn and (α1, . . . , αm), so that we need
an extra condition. At the same time, we see that the original problem respects
a translation symmetry since if u(x) solves (11.4), then so does u(x + g) for
any g ∈ R. So, according to the theory of Sect. 11.1, we need a phase condition
that is transverse to the generator ξu = ux. Such a condition can be posed at
a specific point in the domain, for example, at the left-hand boundary

Φ(u) := 〈v, u(−L)〉 = 0 where v is such that 〈v, ux(−L)〉 �= 0. (11.6)

This is equivalent to choosing the left-hand boundary point to be in the
Poincaré section Σ = {u ∈ Rn; 〈v, u〉 = 0}, with the inner product condition
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implying that the corresponding trajectory of (11.3) crosses Σ transversally.
However, for practical implementation in continuation software, one cannot
guarantee a priori that all solutions along a branch will remain transverse to
Σ for all parameter values α. Therefore, it is better to take as phase condition
the integral condition

Φ(u) :=

∫ L

−L

〈u′∗(x), u(x)〉dx (11.7)

where u∗ is a reference solution (for example the previously computed solution
along a continuation branch); see Example 4 and also Chaps. 1, 9 and 10.

Thus we solve the two-point boundary value problem⎛
⎜⎜⎝

ux = f(u;α)
P s(u0;α)(u(−L)− u0)
Pu(u1;α)(u(L)− u1)∫ L

−L
〈u′∗(x), u(x)− u∗(x)〉dx

⎞
⎟⎟⎠ = 0. (11.8)

Under certain nondegeneracy conditions, the existence of a homoclinic solu-
tion to the original problem (11.4) on the infinite interval implies the existence
of a unique solution to the truncated problem (11.8) provided L is sufficiently
large; see [3, 18, 38]. Furthermore, the error involved in the truncation scales
exponentially with L for both the parameter and the solution.

There have been a number of implementations of the above algorithm for
computing homoclinic and heteroclinic connections. For example, the routines
HomCont [7] are part of the package Auto [14]. Some extensions to this basic
algorithm allow one to deal with special situations as we now outline:

Reversibility

Many ODEs arise from reductions of even-order PDEs that contain only
even spatial derivatives. In this case, the ODE can be written as an even-
dimensional reversible system with respect to an involution R so that

f(Ru;α) = −Rf(u;α),

with R2 = id and dim Fix(R) = n/2. Standing symmetric pulses, which are
invariant under x �→ −x, correspond to reversible homoclinic orbits q to a
reversible hyperbolic equilibrium u0, and are of codimension zero in param-
eter space [6, 12]. For such an orbit we can replace the right-hand boundary
condition of (11.5) by the condition u(0) ∈ Fix(R). Note that, provided the
solution q(x) intersects Fix(R) transversally, this boundary condition also
breaks the translation invariance of the system. Therefore, there is no need
for a phase condition. This is good since we require one condition less, which
agrees with having one free parameter less compared to the non-reversible
case. This approach has been used extensively to compute so-called gap soli-
tons in nonlinear optics; see e.g. [11].
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Hamiltonian Systems

Muñoz-Almaraz et al. [33] consider how to compute periodic orbits in Hamil-
tonian systems; see also Chap. 9. Their approach naturally extends to hetero-
clinic connections under generic hypotheses on the connection. Hamiltonian
systems conserve a first integral, the Hamiltonian itself. Noether’s theorem
says that any other independent (in the sense of a Poisson bracket) conserved
quantity C(u) corresponds to a symmetry of the underlying system. Thus each
conserved quantity (including the Hamiltonian) reduces the codimension of
the solution one is trying to compute. Thus we need to remove one boundary
condition for each additional conserved integral, or introduce an extra artifi-
cial parameter. The approach used in [33], for a system with k independent
conserved smooth scalar functionals Cj : Rn × Rp → R for j = 1, . . . , k, is to
introduce artificial parameters α̃ ∈ Rk and solve

ux = f(u;α) +

k∑
j=1

α̃j∂uCj(u;α). (11.9)

It has been proved rigorously that this leads to well-posed boundary value
problems under appropriate generic hypotheses. We record that α̃ = 0 for
the true solution to the boundary value problem and that ∂uCj(u;α) is pre-
cisely orthogonal to the level set of Cj , which is in keeping with the theory of
Sect. 11.1 above. Note that we still need to retain exactly the same projec-
tion boundary conditions (11.5) and (11.7), but now the free parameters are
replaced with the artificial parameters α̃ ∈ Rk.

Nonhyperbolic Equilibria

If u0 = u1 is a nonhyperbolic equilibrium, then one has to make special
considerations to determine the codimension of the homoclinic connection
and, hence, the number of free parameters that is needed. We consider two
cases separately.

Our first case of interest is that when u0 = u1 and nc = 2 with a pair of
purely imaginary eigenvalues in the spectrum. In Hamiltonian or reversible
systems such a linearization is generic, and such points are called saddle-
centers if nu = ns > 0: in this situation, it is then possible to form homo-
clinic connections with exponentially decaying tails that lie in the stable and
unstable manifolds of the equilibrium. Such solutions in reversible systems
correspond to so-called embedded solitons of nonlinear wave problems [46]. To
compute these objects, we must replace the boundary condition (11.5) with

P cs(u0;α)(u(−L)− u0) = 0, u(0) ∈ Fix(R),

where P cs(u0;α) is the spectral projection onto the center-stable eigenspace
of u0 whose rows, therefore, form a basis for the center-stable eigenspace of
fT

u (u0;α).
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The second case we consider is that u0 = u1 is a saddle node. Then pulse
solutions can exist with algebraic decay as x → ±∞. Besides the condition
that u0 is a saddle-node equilibrium, which can be taken to be det fu(u0;α) =
0, we provide the n − 1 boundary conditions (11.5) plus the phase condition
(11.7). In particular, these solutions have codimension one in the parameter
space; see, e.g., [24, §7.1.2].

Saddle-Homoclinic Orbits and Their Orientation

Homoclinic bifurcations of various kinds can be treated by freeing an addi-
tional parameter αj and adding appropriate conditions whose regular zeros
define the extra degeneracy along a branch of homoclinic solutions; see [7] for
a number of examples.

We discuss here a particular kind of codimension-two bifurcation that is
known to lie at the heart of the creation of multi-pulse solutions from a branch
of one-pulses, namely the so-called inclination-flip homoclinic bifurcation. It
is caused by a degeneracy in the global twistedness of the stable and unstable
manifoldsW s,u(u0) of a saddle u0 around its homoclinic orbit q(x); see e.g. [36]
and references therein. At each point q(x) along the homoclinic orbit, the
normal bundle

Z(x) = [Tq(x)W
s(u0) + Tq(x)W

u(u0)]
⊥

of the tangent spaces of stable and unstable manifolds can be defined. Gener-
ically, these tangent spaces intersect along the one-dimensional subspace
spanned by q′(x) and, therefore, Z(x) is one dimensional for each x. The
collection of Z(x) generically forms a one-dimensional bundle along the set
S1 ∼= {u0} ∪ {q(x); x ∈ R} which can be orientable (homeomorphic to a
cylinder) or non-orientable (homeomorphic to a Möbius band). Inclination-
flips occur at codimension-two points in parameter space where this bundle
changes from orientable to non-orientable (or vice versa). An efficient way to
detect inclination-flip points is to compute normal vectors w(x) ∈ Z(x) as
solutions to the adjoint variational problem

wx = −fT
u (q(x);α)w, w → 0 as x→ ±∞. (11.10)

If we truncate, then we can approximate w(x) on the same finite interval
[−L,L] as q(x) by defining boundary conditions

Qu(u0;α)w(−L) = 0, Qs(u1;α)w(L) = 0, (11.11)

where Qu(u0;α) is an nu
0 ×n matrix whose rows form a basis for the unstable

eigenspace of fu(u0;α). Similarly, Qs(u1;α) is an ns
1 × n matrix, whose rows

form a basis for the stable eigenspace of fu(u1;α). Note that a solution to
(11.10) is only defined up to scalar multiplication w → gw. Therefore, we
need a phase condition that fixes the amplitude which we may take to be
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Fig. 11.2. Panel (a) shows a continuation of the branch of single-pulses to the
FitzHugh-Nagumo system (11.15) for γ = 0 and ε = 0.025; the insets show the fast
and the slow pulse for α = 0.02 and a two-pulse orbit that is close to the slow pulse.
Panel (b) is an enlargement near the origin of the solution of the adjoint variational
equation around the pulse at the inclination-flip point and at two points that are
parameter perturbations of O(10−3) along the branch of homoclinic solutions.

Φ(w) =

∫ L

−L

〈w∗(x), w(x)− w∗(x)〉dx = 0, (11.12)

where w∗(x) is a reference solution (for instance, the solution computed at a
previous continuation step). Note though that (11.12) and (11.11) provides
n+1 boundary conditions, so we need to free an additional parameter. In this
case, it is convenient to include a parameter α0 that unfolds the orthogonality
of w and ux:

wx = −fT
u (u(x);α)w + α0f(u(x);α), (11.13)

with the true solution to (11.13), (11.11), and (11.12) satisfying α0 = 0.
We finish with an example, namely, the FitzHugh-Nagumo system; see also

[14] for a demo on switching branches to multi-pulse orbits in this system,
during continuation of a single pulse, and also for references. It is given by
the PDE

ut = uyy − fα(u)− w, fα(u) = u(u− α)(u− 1), (11.14)

wt = ε(u− γw),

for the functions (u,w)(y, t). Looking for traveling waves by letting x = y+ct,
we obtain the ODE system

ux = v,

vx = cv + fα(u) + w, (11.15)

wx =
ε

c
(u− γw).

Figure 11.2 shows the result of numerical continuation of the single-pulse
solution in the (α, c)-plane for γ = 0 and ε = 0.025. Note that for most
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values of α there are either none or two wave speeds c for which there exists
a traveling pulse. The faster wave is the one that is generally stable. Note
that both the upper and the lower branch appear to end ‘in mid air’ as α is
reduced. In fact, the branches fold back on themselves and the pulses return
as their own two-pulse orbits at very nearby parameter values to those at
which the one-pulse exists; see the dashed curve in the inset to Fig. 11.2(a).

For α sufficiently large (α > 0.1318124 on the lower branch and α >
0.107652 on the upper branch) the tail of the pulse has monotonic decay
because the origin of the ODE system (11.15) is a real saddle. In such cir-
cumstances, the orientability of the normal bundle to the stable and unstable
manifolds along the homoclinic orbit is well defined. Indeed we find that at
(α, c) = (0.240314, 0.211443) there is an inclination flip with respect to the
stable manifold; see Fig. 11.2(b). Theoretical and numerical work for inclina-
tion flips in the FitzHugh-Nagumo system can also be found in [23].

11.3 Traveling Waves with Spatially Periodic

Asymptotics

Dieci and Rebaza [13] considered a general boundary value approach for com-
puting heteroclinic connections between hyperbolic periodic orbits and from
equilibria to periodic orbits for ODEs. These correspond to traveling waves
whose profile becomes spatially periodic as x→∞ and/or x→ −∞. For the
special case where the periodic solutions in the two tails are the same (up to
a phase shift), a popular approach for computing such generalized pulses is
to study the problem in the setting of a Poincaré map and to compute ho-
moclinic connections to hyperbolic fixed points of the map; see, for example,
[1, 5, 21] and also the Auto implementation HomMap due to Yagasaki [45].
Instead, we present here the approach from [13] (see also [22]) that relies on
setting up a coupled boundary value problem for the periodic orbits and the
homoclinic orbit.

Suppose a connection q(x) is sought between two separate hyperbolic pe-
riodic solutions pj(x;α) with periods Lj for j = 0, 1 which have ns

j Floquet
multipliers inside the unit circle and nu

j = n−ns
j +1 outside. Note that nc

j = 1
due to the presence of the trivial Floquet multiplier 1. We then seek a solution
to the boundary value problem⎛

⎜⎜⎜⎜⎜⎜⎝

u′ − f(x;α)
v′0,1 − f(v0,1;α)
v0,1(0)− v0,1(L0,1)

P cs(v0;α)(u(−L)− v0(0))
P cu(v1;α)(u(L)− v1(0))

Φ0,1(v0,1 − v∗0,1)

⎞
⎟⎟⎟⎟⎟⎟⎠ = 0, (11.16)

with solution (u, v0, v1) near (q, p0, p1). Here, the projection boundary con-
dition P cs(v0;α) is an (ns

0 + 1) × n matrix whose columns are orthogonal
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Fig. 11.3. Homoclinic orbits to periodic orbits of (11.17) computed on the half-
interval [−L, 0] (a), and their locus in the phase shift versus tail amplitude plane
(b). From A.R. Champneys and G.J. Lord, Computation of homoclinic solutions to
periodic orbits in a reduced water-wave problem, Physica D, 102 (1997) 101–124 c©
1997 by Elsevier Science; reprinted with permission.

to the unstable eigenspace of the monodromy matrix associated with v0 at
x = 0. In other words, the rows of P cs(v0;α) are formed by the center-stable
Floquet eigenspace of the adjoint variational problem wx = fT

u (v0(x);α)w
for x ∈ [0, L0]. Note the importance of solving the adjoint problem in order
that the projection represented by P cs is orthogonal to the unstable Floquet
eigenspace, rather than being along the center-stable Floquet directions (this
detail was inadvertently omitted in [13]). Similarly, P cu sets the component
orthogonal to the stable Floquet eigenspace to zero. The phase conditions Φ0,1

are chosen to factor out the translation symmetry of the periodic orbits, and
may be taken to be

Φj(v) =

∫ Lj

0

〈∂xv
∗
j (x), v(x)〉dx, j = 1, 2,

where v∗j (x) are reference periodic solutions (we may again take v∗j to be
pj computed at a previous point along a continuation branch). Note that
there is no phase condition on the heteroclinic orbit u(x) since the translation
symmetry is broken by fixing the phase of the two periodic orbits. Moreover,
the intervals L0, L1 and L should all be taken as unknowns. This is because
L0 and L1 are the a priori unknown periods of the periodic orbits p0 and
p1, and L must be taken to be free in order to find the unknown phase shift
between the periodic orbits p0 and p1.

Practical implementation details of the boundary value problem (11.16)
are discussed in [13], which also contains a convergence proof based on the
methods of [4]. In particular, care has to be taken in order to evaluate the
matrices P cs(v0;α) and P cu(v1;α) which themselves depend on the solutions
vj(x).

We illustrate the approach outlined above by considering an application
to a fourth-order water-wave problem. Champneys and Lord [9] consider the
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system
ε2uiv(x) + u′′(x)− u(x) + u(x)2 = 0, x ∈ R, (11.17)

where u(x) represents the amplitude of water waves in the presence of surface
tension for a model equation that is only valid for small-amplitude waves close
to the critical point of Bond number 1/3 and Froude number 1. Equation
(11.17) can easily be shown to be equivalent to a fourth-order Hamiltonian
system, with total energy given by

H = ε2u′u′′′ +
[u′]2

2
− ε2

2
[u′′]2 − u2

2
+
u3

3
.

The problem is also reversible with respect to the involution

R : (u, u′, u′′, u′′′) �−→ (u,−u′, u′′,−u′′′).

Figure 11.3 shows the results of computations of reversible homoclinic orbits
to reversible periodic orbits, where the right-hand boundary conditions in
(11.16) are replaced with u(0) ∈ Fix(R) and v0(L0/2) ∈ Fix(R).

Similar results were found for the full water-wave problem in the presence
of surface tension using boundary-integral methods [10]; see Fig. 11.4. These
careful computations helped to settle a conjecture (in the negative) of whether
true solitary waves of elevation exist in the classical water wave problem; see
also [41].

11.4 Moving Discrete Breathers in ×

The discrete nonlinear Schrödinger equation with a saturable nonlinear term,
representing the effects of a photorefractive crystal lattice, may be written in
the form

iu̇n(t) = −ε[Δ2u(t)]n +
un(t)

1 + |un(t)|2 , n ∈ Z, (11.18)

where Δ2 is the standard second-order spatial difference operator [Δ2u]n =
un+1 − 2un + un−1, and ε represents the dimensionless coupling strength be-
tween each lattice site. Localized time-periodic solutions to such equations
have been given the name discrete breathers.

Standing discrete breathers are relatively easy to compute since, after mak-
ing a phase transformation un(t) = eiΛtUn, one has to solve for homoclinic
orbits of the discrete map

iΛUn = −ε[Δ2U ]n +
Un

1 + |Un|2 , n ∈ Z,

which are structurally stable (and indeed many of which are stable and may
be found as solutions of the initial value problem (11.18)). However, if one

ZR
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Fig. 11.4. Equivalent diagram to Fig. 11.3 for the Euler-equation formulation of
water waves in the presence of surface tension plotted as Bond number τ against
a signed measure of the tail amplitude for fixed Froude number F = 1.002 and
for fixed domain size L = 98.33. From A.R. Champneys, J.M. Vanden-Broeck and
G.J. Lord, Do true elevation gravity-capillary solitary waves exist? A numerical
investigation, J. Fluid Mech., 454 (2002) 403–417 c© 2002 by Cambridge University
Press; reprinted with permission.

tries to make such structures move with wave speed c �= 0, they typically shed
radiation and eventually stop or cease to survive as coherent structures.

Moving discrete breathers can be sought by making the substitution

un(t) = ψ(z)e−iΛt with z = n− ct ∈ R,

which gives the advanced-retarded equation

−icψ′(z) = (2ε− Λ)ψ(z)− ε(ψ(z + 1) + ψ(z − 1)) +
ψ(z)

1 + |ψ(z)|2 , (11.19)

for which we seek homoclinic solutions ψ(z) → 0 as z → ±∞. Simple spectral
analysis shows that the spectrum of the problem linearized about ψ = 0 is
symmetric with respect to the imaginary axis, so that the dimension nc of
the center manifold is even; moreover, nc ≥ 2 for all c, ε > 0. Counting the
codimension of the stable and unstable manifolds shows that the best we
can hope for is that nc = 2, and then homoclinic solutions to (11.19) should
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Fig. 11.5. Continuation of breathers on a periodic background for various values
of 1/ε showing three zeros in δ for c = 0.7, Λ = 0.5, and L = 60 (a); the shaded
region represents the spectral band where any embedded solitons would be of codi-
mension two. Panel (b) shows solutions on the branch with a zero of δ near ε = 1.02.
From T.R.O. Melvin, A.R. Champneys, P.G. Kevrekidis and J. Cuevas, Radiation-
less traveling waves in saturable nonlinear Schrödinger lattices, Phys. Rev. Lett. 97
(2006) 124101 c© 2006 by the American Physical Society; reprinted with permission.

exist along codimension-one lines in the parameter plane. An efficient way to
compute such solutions is to seek solutions on a large interval z ∈ [−L,L]
with appropriate boundary conditions. Note that (11.19) is invariant under
the reversing transformation

R : z �−→ −z, (Reψ, Imψ) �−→ (−Reψ, Imψ).

We can findR-symmetric periodic solutions by seeking solutions with ψ(−L) ∈
Fix(R), ψ(0) ∈ Fix(R). The use of these boundary conditions effectively fixes
the phase symmetry φ �→ eigφ according to the theory of Sect. 11.1.

An efficient way to solve such boundary value problems is to use a pseudo-
spectral method [16] by making the substitution

ψ(z) =

N∑
j=1

aj cos(πjz/L) + i bj sin(πjz/L) (11.20)

for the unknown coefficients (aj , bj). Substitution of (11.20) into (11.19) and

evaluating at the collocation points zj = jL
−2(N+1) leads to a regular system

of 2N algebraic equations that can be solved numerically.
In particular, we can use this method to compute periodic solutions of fixed

large period that approximate quasi-solitons made up of an exponentially
localized core ψcore and a nonvanishing oscillatory background ψtail:

ψ(z) = ψcore(z) + ψtail(z).

At a sufficient distance from the center of the breather ψcore is zero due to
its exponential localization and, therefore, we are left with the tail which, if
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Fig. 11.6. Continuation of the three zeros of δ shown in Fig. 11.5, varying ε and
c with Λ = 0.5 (a); the depth of shading represents the number of pairs nc/2 of
imaginary eigenvalues of the linearized problem in each parameter region: white
nc = 2, lightest gray nc = 4, and so on; circles on the {c = 0} axis indicate the
transparent points at which the energy barrier for steady breathers vanishes. Panel
(b) shows the real parts of solutions on the first branch, whose amplitude goes to
zero as the upper grey wedge is approached. From T.R.O. Melvin, A.R. Champneys,
P.G. Kevrekidis and J. Cuevas, Radiationless traveling waves in saturable nonlinear
Schrödinger lattices, Phys. Rev. Lett. 97 (2006) 124101 c© 2006 by the American
Physical Society; reprinted with permission.

it is of small amplitude, is in the center manifold and hence approximately
sinusoidal. Because of the way ψ(z) has been approximated in (11.20) we know
that the imaginary part of ψtail(z) is odd around z = 0 and the quantity

δ = Imψ(L/2)

can be used as a signed measure of the amplitude of the tail. Regular zeros of
δ can be followed in multiple parameters, and these give the traveling discrete
breathers that we are seeking. These moving structures with zero tails were
found to be remarkably stable as solutions to the initial value problem.

Figure 11.5 shows the results of computations of solutions with periodic
tails for fixed c and Λ, but with ε allowed to vary. Note that the U- and N-
shaped nature of the branches is qualitatively the same as in Fig. 11.4, except
here we see the occasional S-shaped dislocation of the Us and Ns. These lead
to values of c at which the measure δ of the tail amplitude undergoes a regular
zero. Hence, we have found a truly localized solution that can be continued
in two parameters. Three such zeros are found in Fig. 11.5, and they lead to
the three branches labeled I, II and III in Fig. 11.6. Note that these branches
terminate when they reach the boundary of the white region in Fig. 11.6(a),
when nc = 2 is no longer satisfied. More details can be found in [32].
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x

t

Fig. 11.7. A space-time contour plot of a typical heteroclinic cycle of (11.21) is
shown for α = 70, ν = 1, and μ = −4, where dark color corresponds to smaller
and light color to larger values of the amplitude |u(x, t)|. From D.J.B. Lloyd,
A.R. Champneys and R.E. Wilson, Robust heteroclinic cycles in the one-dimensional
complex Ginzburg-Landau equation, Physica D 204 (2005) 240–268 c© 2005 by El-
sevier Science; reprinted with permission.

11.5 Computing Robust Heteroclinic Cycles

Heteroclinic cycles are formed of trajectories that connect equilibria or peri-
odic orbits. This behavior is typically structurally unstable in generic dynam-
ical systems. However, in systems with symmetry, robust connections between
saddles can occur if each saddle is actually a sink within an invariant subspace
generated by a discrete symmetry.

As an example, we consider the one-dimensional complex Ginzburg–
Landau equation (CGL)

ut = (1 + iν)uxx + αu− (1 + iμ)|u|2u (11.21)

on a periodic domain x ∈ S1 ∼= [0, 1]/∼, where u ∈ C and ν, μ, α ∈ R. The
CGL (11.21) is invariant under the action of the S1 phase symmetry

u(x) �−→ eiφu(x)

and the O(2)-symmetry

u(x) �−→ u(−x), u(x) �−→ u(x− y)
for y ∈ S1 ∼= [0, 1]/∼.

A typical heteroclinic cycle of (11.21), obtained by a direct integration, is
shown in Fig. 11.7. We observe long dormant behavior followed by bursts of
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spatio-temporal activity. The dormant states are relative equilibria of (11.21)
of the form

u(x, t) = U(x)eiωt (11.22)

that are reflection symmetric about x = 0.5 and satisfy U(x + 1/2) = U(x)
for all x. The relative equilibria observed in Fig. 11.7 are all related by a 1/4-
spatial translation. The bursts are characterized by initial symmetry breaking
with spatial wavenumber k = 2π of the relative equilibria (11.22), and the
corresponding heteroclinic orbits lie in the fixed-point space generated by
reflection across x = 0, x = 1/4, x = 1/2 or x = 3/4. The trajectory shown
in Fig. 11.7 follows these different heteroclinic orbits seemingly randomly.

Since we have periodic boundary conditions, it is natural to use Fourier
modes and, following [31], we, therefore, seek solutions of the form

u(x, t) = eiφ(t)
∑
n∈Z

Wn(t)e2πinx, (11.23)

where we choose φ(t) so that W0(t) is real-valued, while Wn(t) is complex-
valued for n �= 0, to factor out the S1 phase symmetry. Substituting (11.23)
into (11.21) yields the infinite-dimensional system

iφ̇(t)Wn+Ẇn = [α−(2πn)2(1+iν)]Wn−(1+iμ)
∑

k−l+m=n

WkW lWm, (11.24)

which governs the evolution of Wn, where the phase velocity φ̇ is expressed
explicitly by

φ̇ = Im

[
−1 + iμ

W0

∑
k−l+m=0

WkW lWm

]
. (11.25)

If we wish to compute the heteroclinic orbit in the fixed-point space of func-
tions invariant under the reflection across x = 0, we would restrict ourselves
to functions that are even in x and set Wn = W−n for all n ∈ Z. This would
then allow us to obtain the desired heteroclinic orbit as a codimension-zero
saddle-sink connection using again a boundary value formulation.

Instead, we now describe the results obtained in [28] for the N = 2 Fourier
truncation of (11.24) without assuming any relation between Wn and W−n;
in particular, (11.24) is five dimensional for N = 2. The results are shown
in Fig. 11.8. The spatial average mode W0, shown as a solid curve, exhibits
the standard heteroclinic cycle behavior. The quantities Re(W−1 −W1) and
Re(W−2 −W2) measure how far we are away from the fixed-point space of
even functions. We find that the quantity Re(W−2−W2) vanishes for all times
even though W2,W−2 �= 0. This implies, and can be checked numerically,
that W−2(t) = W2(t) is a spatial symmetry of the heteroclinic cycles. The
other quantity Re(W−1 − W1) is plotted as the dashed curve in Fig. 11.8
and turns out to vanish for approximately half the heteroclinic connections.
Hence, roughly half of the heteroclinic connections lie in the invariant subspace
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Fig. 11.8. Heteroclinic cycle in Fourier space (a) found by direct simulation of
(11.24) with N = 2 for α = 70, μ = −4, and ν = 1; the solid curve shows the
evolution of W0, while the dashed curve gives Re(W−1 − W1). Panel (b) shows an
enlargement of the cycle. From D.J.B. Lloyd, A.R. Champneys and R.E. Wilson,
Robust heteroclinic cycles in the one-dimensional complex Ginzburg-Landau equa-
tion, Physica D 204 (2005) 240–268 c© 2005 by Elsevier Science; reprinted with
permission.

{W−n = Wn; n �= 0} corresponding to even functions. If we plotted Re(W−1+
W1), then we would see that this quantity is also zero half of the time but
for precisely the other half of heteroclinic connections. This then gives us the
invariant subspace of odd functions. Both subspaces intersect at the equilibria
where W−1 = W1 = 0 allowing for structurally stable heteroclinic cycles to
exist to such equilibria within either subspace.

11.6 Traveling Waves on Cylinders ×
1

We now treat the case of PDEs on multi-dimensional domains with a single
unbounded direction. For simplicity we shall restrict to two spatial dimensions
and assume periodic boundary conditions in the other direction. Rather than
presenting the general theory, which can be found in [30], we treat a specific
example which is concerned with localized buckling of cylindrical shells [29].

Consider an infinitely long cylinder of radius R and shell thickness t. The
equilibrium for the in-plane stress function φ and displacement w in the post-
buckling regime of the cylinder is governed by the von Kármán–Donnell equa-
tions:

κ2∇4w + λwxx − ρφxx = wxxφyy + wyyφxx − 2wxyφxy, (11.26)

∇4φ+ ρwxx = (wxy)
2 − wxxwyy, (11.27)

where ∇4 denotes the two-dimensional bi-harmonic operator, x ∈ R is the
axial and y ∈ [0, 2πR) the circumferential coordinate. Furthermore, ρ := 1/R
is the curvature, κ2 := t2/12(1− ν2), ν is Poisson’s ratio, and the bifurcation
parameter is λ := P/Et where P is the compressive axial load (force per unit

R S



350 Alan R Champneys and Björn Sandstede

length), and E is Young’s modulus. The form of solutions sought are localized
in the axial length, but circumferentially periodic, suggesting that equations
(11.26)–(11.27) should be supplemented with periodic boundary conditions in
y and asymptotic boundary conditions in the axial direction x. Simplifications
can be made by considering two types of symmetry conditions in the mid plane
of the cylinder, namely

R : w(x, y) = w(−x, y), φ(x, y) = φ(−x, y),
S : w(x, y) = w(−x, y + πR/s), φ(x, y) = φ(−x, y + πR/s),

where s is the axial wavenumber of the post-buckling pattern sought.
The numerical approach taken in [29] is to use a spectral decomposition

circumferentially for each value of s of the form

w(x, y) =

N∑
j=0

aj(x) cos(jsρy), φ(x, y) =

N∑
j=0

bj(x) cos(jsρy),

allied to Galerkin projection, to reduce the PDEs (11.26)–(11.27) to a system
of 2N fourth-order ODEs, each akin to (11.17), for the amplitudes (aj , bj)(x).
The symmetries R and S provide two different reversing transformations of
the ODEs, and so the projection boundary condition at one end can be re-
placed by using the Fix(R) or Fix(S) boundary conditions depending on which
symmetric solution is sought.

Figure 11.9(a) and (b) shows numerical continuation results for both R-
symmetric and S-symmetric localized modes for a typical experimentally
amenable geometry, but for different circumferential wavenumber s. The hor-
izontal axis in these plots is the overall end shortening implied by the defor-
mation; see [29] for the details. The trend is the same for all solutions, namely
that they bifurcate from the trivial solution subcritically (the load λ reduces
sharply). They then reach a turning point with respect to λ at which point
the branch would become stable in a controlled end-shortening experiment.
Figure 11.9(c) shows an example of a localized buckle shape near such a fold.

11.7 Defects in Oscillatory Media

In the preceding section we discussed the computation of localized stationary
solutions of PDEs posed on the cylinder R × S1. Here we illustrate that the
computation of (not necessarily localized) time-periodic solutions of reaction-
diffusion systems

ut = uxx + f(u), x ∈ R, u ∈ R
n (11.28)

proceeds similarly. We denote the temporal frequency of a time-periodic solu-
tion by ω and use the rescaled time variable τ = ωt. Time-periodic solutions
of (11.28) are then in one-to-one correspondence with solutions of
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Fig. 11.9. Bifurcation diagrams for (a) R-symmetric and (b) S-symmetric solutions
to (11.26)–(11.27) for different seed modes s with ρ = 0.01, t = 0.247, ν = 0.3,
E = 5.56, and N = 6. Panel (c) shows the displacement w(x, y) of the R-symmetric
mode for s = 11 with λ at its local minimum value. From G.J. Lord, A.R. Champneys
and G.W. Hunt, Computation of homoclinic orbits in partial differential equations:
an application to cylindrical shell buckling, SIAM J. Sci. Comp 21 (1999) 591–
619 c© 1999 by the Society for Industrial and Applied Mathematics; reprinted with
permission.

ωuτ = Duxx + f(u), (x, τ) ∈ R× S
1, (11.29)

where τ is restricted to S1 ∼= [0, 2π]/∼. We now have two symmetries present
in our system, namely, translations in x and in τ . Thus, we need to add two
phase conditions, which we choose according to Remark 1, and we also need
to add the generator c∂xu of the spatial translation to (11.29).



352 Alan R Champneys and Björn Sandstede

�����

������

�����

������

�����

������

����

�����

	 	�� 	�� 	�	 	�� 	�� 	��

ω

α�

�

�

	

�

�

�

��� ��� ��	 ��� ��� ��� ��� �� ��� �

(a) (b)

Fig. 11.10. Panel (a) is a space-time contour plot of the third component u3(x, τ)
of the solution to the Rössler system (space x is horizontal and rescaled time τ is
vertical); since the defect is symmetric with respect to the reflection x �→ −x, the
solution is plotted only for x ≥ 0. Panel (b) shows the dependence of the temporal
frequency ω on the parameter α.

We obtain the system⎛
⎝ −ωuτ +Duxx + cux + f(u)∫ 2π

0

∫
R
〈∂τu∗(x, τ), u(x, τ)− u∗(x, τ)〉dxdτ∫ 2π

0

∫
R
〈∂xu∗(x, τ), u(x, τ)− u∗(x, τ)〉dxdτ

⎞
⎠ = 0, (11.30)

which we wish to solve for (u, ω, c), where u is defined on R× S1. In practice,
one truncates the real line R to a large interval (−L,L) and imposes additional
boundary conditions such as Neumann at x = ±L.

As an example, we consider the three-component Rössler system with u ∈
R3 where D = 0.4 and

f(u;α) = (−u2 − u3, u1 + 0.2u2, 0.2 + u1u3 − αu3)
T (11.31)

is the nonlinearity which depends on a parameter α. In [35], a defect solution
was computed by implementing the system (11.30) with Neumann boundary
conditions at x = ±L in Auto [14]. The time direction τ is discretized using
finite differences, taking the periodic boundary conditions for τ into account.
The resulting system of ODEs in the spatial variable x is solved in Auto as
a boundary value problem.

Note that a symmetry condition x→ −x is used at the left-hand boundary
in Fig. 11.10(a). Thus the defect is occurring along this edge of the plot. This
defect solution is robust and can be continued with the algorithm outlined
above. An example of such a numerical computation is shown in Fig. 11.10(b).

11.8 Localized Structures in 2

Localized planar structures arise in many applications. Examples are light
bullets in optical fibres [42], localized roll patterns known as convectons in

R
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binary-fluid convection [34], buckling modes in mechanical structures [19],
localized micro-structures in solidification [20], and oscillating localized pat-
terns known as oscillons in vertically vibrated sand layers [17, 43] and in the
Belousov-Zhabotinsky reaction [44].

Rather than attempting a general discussion of how these patterns could be
computed numerically, we focus on localized stationary hexagonal structures
in the planar Swift–Hohenberg equation

[1 +Δ]2u+ μu− νu2 + u3 = 0. (11.32)

Three typical localized hexagon structures are shown in Fig. 11.11; note that
solutions (a)–(c) are computed for the same values of the parameters μ and ν.
There are different ways for attempting to compute such patterns. We may,
for instance, discretize in Cartesian coordinates and use three phase condi-
tions to remove translation and rotation symmetries; see, e.g. [27]. However,
a discretization in Cartesian coordinates will give preference to patterns with
D4-symmetry, thus possibly leading to spurious solutions when computing
hexagonal structures.

An alternative approach is pursued in [8] where the patterns shown in
Fig. 11.11 were computed using polar coordinates. We now describe the lat-
ter approach in more detail. Written in polar coordinates (r, θ), the Swift–
Hohenberg equation for u(r, θ) is given by

[1 +Δ]2u+ μu− νu2 + u3 = 0, (11.33)

where

Δr,θu = urr +
1

r
ur +

1

r2
uθθ.

The computational domain is θ ∈ S1 ∼= [0, 2π]/∼ and 0 < r < R for some
R� 1 with the boundary condition

u(R, θ) = ur(R, θ) = 0, θ ∈ S
1 ∼= [0, 2π]/∼ (11.34)

at r = R.
Solutions are now sought using the Fourier ansatz

u(r, θ) =
N−1∑
n=0

an(r) cos(6nθ), (11.35)

which exploits the D6-symmetry inherent to hexagons. With this ansatz, the
boundary conditions (11.34) become

an(R) = a′n(R) = 0, n = 0, . . . , N − 1. (11.36)

We need to supplement these conditions with pole conditions at r = 0 to take
care of the singularity of the Laplace operator at the origin. We choose to
work with the pole conditions
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(a) (b) (c)

Fig. 11.11. Spatial contour plots of three localized hexagon structures (a)–(c) of
the planar Swift–Hohenberg equation (11.32) with μ = 0.3 and ν = 1.6. The com-
putational domain is R = 100, and N = 20 Fourier modes were used; plotted are
the solutions on a 50 × 50 square.

a′0(0) = a′′′0 (0) = ak(0) = a′′k(0) = 0, n = 1, . . . , N − 1, (11.37)

which enforce that u(r, θ) is even in r and make the variational formulation
of (11.33) well defined at r = 0.

Figure 11.11 shows results of a computation where the resulting ODE
boundary value problem has been implemented and solved with Auto. Note
that localized hexagonal structures of arbitrarily wide spatial extent can be
computed this way. In fact panels (a)–(c) are three hexagonal patterns on the
same continuation branch; details will appear in [8].

11.9 Planar Spiral Waves

As a final example, let us comment briefly on the computation of spiral wave
solutions of a planar reaction-diffusion system

ut = DΔu+ f(u), x ∈ R
2, u ∈ R

n.

Spiral waves are relative equilibria with respect to the rotation symmetry
of the plane and, therefore, of the form u(r, θ, t) = u∗(r, θ − ωt) in polar
coordinates (r, θ). In particular, the spiral-wave profile u∗(r, θ) is a solution
to the elliptic system

DΔr,θu+ ω∂θu+ f(u) = 0. (11.38)

To factor out the rotation symmetry, we may add the phase condition∫ 2π

0

〈∂θu∗(R/2, θ), u(R/2, θ)− u∗(R/2, θ)〉dθ = 0 (11.39)

posed at r = R/2.
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Fig. 11.12. A contour plot of the third component u3 of a spiral-wave solution to
the planar Rössler system (11.28) with (11.31) is shown.

To solve (11.38)–(11.39), we truncate to the computational domain (r, θ) ∈
(0, R)×[0, 2π] with periodic boundary conditions in θ and Neumann boundary
conditions at r = R plus appropriate pole conditions at r = 0. Barkley [2]
then used finite differences in r and a spectral method in θ to compute spiral
waves in the two-dimensional FitzHugh-Nagumo system (11.14).

Figure 11.12 shows the example of one such computation for the Rössler
system (11.28) with (11.31) in two spatial dimensions, where we used Barkley’s
numerical code [2]. Shown is a contour plot of the third component u3 of a
spiral-wave solution at a fixed instant in time.

11.10 Outlook

We have attempted to outline a general approach to computing various kinds
of coherent structures on infinite or semi-infinite domains. This procedure
involves setting up formally well-posed boundary value problems that factor
out the symmetries or degeneracies that arise due to the particular nature of
the coherent structure in question. In essence, most of our methods rely on
reduction to a two-point boundary value problem, even when solving problems
in the plane. Thus, one can harness the full power of software such as Auto

for the continuation of paths of such solutions as parameters vary.
However, to compute more general patterned states, one needs to solve

boundary value problems in appropriate two- or three-dimensional spatial
domains without the artificial reduction to one-dimensional spatial problems.
A reliable package for the continuation of solutions to fully two- and three-
dimensional elliptic problems is clearly a pressing requirement. Such a package
should be easy to use, yet sufficiently powerful. This would enable the user
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to set up specific boundary conditions that factor out the symmetries, in the
manner described here, in dependence on the underlying properties of the
structures that are sought.

Another pressing need, and the subject of much ongoing research, is the
derivation of algorithms that are able to compute information on the spectral
stability of the coherent structures while these structures themselves are being
computed.
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Mathematical modeling with delay differential equations (DDEs) is widely
used in various application areas of science and engineering (e.g., in semi-
conductor lasers with delayed feedback, high-speed machining, communication
networks, and control systems) and in the life sciences (e.g., in population dy-
namics, epidemiology, immunology, and physiology). Delay equations have an
infinite-dimensional state space because their solution is unique only when an
initial function is specified on a time interval of length equal to the largest
delay. Consequently, analytical calculations are more difficult than for ordi-
nary differential equations and numerical methods are generally the only way
to achieve a complete analysis, prediction and control of systems with time
delays.

Delay differential equations are a special type of functional differential
equation (FDE). In FDEs the time evolution of the state variable can depend
on the past in an arbitrary way as long as the dependence is a bounded
function of the past. However, DDEs impose a constraint on this dependence,
namely that the evolution depends only on certain past values of the state at
discrete times. (We do not consider here the case of distributed delay.) The
delays can be constant or state dependent. The equations can also involve
delayed values of the derivative of the state, which leads to equations of neutral
type.

In this chapter we mainly discuss the simplest case, namely a finite number
of constant delays. Specifically, we consider a nonlinear system of DDEs with
constant delays τj � 0, j = 1, . . . ,m, of the form

x′(t) = f(x(t), x(t− τ1), x(t− τ2), . . . , x(t− τm), η), (12.1)

where x(t) ∈ Rn, and f : R(m+1)n+p → Rn is a nonlinear smooth function
depending on a number of (time-independent) parameters η ∈ Rp. We assume
that the delays are in increasing order and denote the maximal delay by

τ = τm = max
i=1,...,m

τi.
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A solution segment is denoted by xt = xt(θ) = x(t+ θ) ∈ C, θ ∈ [−τ, 0]. Here
C = C([−τ, 0];Rn) is the space of continuous functions mapping the delay
interval into Rn. For a fixed value of the parameter η, a solution x(t) of (12.1)
on t ∈ [0,∞) is uniquely defined by specifying a function segment x0 as an
initial condition. A discontinuity in the first derivative of x(t) generally ap-
pears at t = 0 and is propagated in time, even if f and φ are infinitely smooth.
However, the solution operator of (12.1) smooths the solution, meaning that
discontinuities appear in higher and higher derivatives as time increases.

A DDE can be approximated by a system of ordinary differential equations
(ODEs) and so standard numerical methods for ODEs could be used. How-
ever, to obtain an accurate approximation a high-dimensional system of ODEs
is needed, and this leads to expensive numerical procedures. During the last
decade, more efficient and more reliable numerical methods have been devel-
oped specifically for DDEs. In this chapter we survey those numerical methods
for the continuation and bifurcation analysis of DDEs that are implemented in
the software packages DDE-Biftool [26, 27] and PDDE-Cont [78]. Where
appropriate, we also briefly describe alternative numerical methods. Note that
we do not discuss time integration of DDEs; for this topic see, for example,
[3] and [7].

The structure of this chapter is as follows. In Sect. 12.1 we discuss numer-
ical methods to compute the right-most characteristic roots of steady-state
solutions. In Sect. 12.2 we describe collocation methods for computing peri-
odic solutions and their dominant Floquet multipliers. Section 12.3 presents
defining systems for codimension-one bifurcations of periodic solutions that
allow one to compute the location of bifurcation points accurately. Compu-
tation of connecting orbits is discussed in Sect. 12.4 and of quasiperiodic
solutions is discussed in Sect. 12.5. In Sect. 12.6 we briefly discuss how to deal
with special types of DDEs, specifically, equations of neutral type and DDEs
with state-dependent delays. In Sect. 12.7 we discuss specific details of the
software packages DDE-Biftool and PDDE-Cont. Their functionality is
illustrated in Sect. 12.8, where we present the bifurcation analysis of several
DDE models of practical relevance. Finally, conclusions and an outlook can
be found in Sect. 12.9.

12.1 Stability of Steady-State Solutions

In this and the next section we assume that the parameter η is fixed and we
omit it from the equations. A steady-state solution x(t) ≡ x� of (12.1) satisfies
the nonlinear system

f(x�, x�, x�, . . . , x�) = 0. (12.2)

The (local) stability of x� is determined by the stability of (the zero solu-
tion of) the linearized equation

y′(t) = A0y(t) +
∑m

j=1Ajy(t− τj), (12.3)
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whereAj ∈ Rn×n denotes the partial derivative of f with respect to its (j+1)th
argument, evaluated at x�. The linearized equation (12.3) is asymptotically
stable if all its roots λ of the characteristic equation

det(λI −A0 −
m∑

j=1

Aje
−λτj ) = 0 (12.4)

lie in the open left half-plane (i.e., Re(λ) < 0); see, e.g., [40, 62, 75]. Equation
(12.4) has an infinite number of roots λ, known as the characteristic roots.
However, the number of characteristic roots with real part larger than a given
threshold is finite. Hence, to analyze the stability of a steady-state solution,
one must determine reliably all roots satisfying Re(λ) � r, for a given r < 0
close to zero.

Analytical conditions for stability can be found in Stépán [75] and Hassard
[44]. These conditions are deduced by using the argument principle of com-
plex analysis, and they give a practical method for determining stability. In
recent years, numerical methods have been developed to compute approxima-
tions to the right-most (stability-determining) characteristic roots of (12.4),
by using a discretization either of the solution operator of (12.3) or of the
infinitesimal generator of the semi-group of the solution operator of (12.3).
The solution operator S(t) of the linearized equation (12.3) maps an initial
function segment onto the solution segment at time t, i.e.,

(S(t)y(·))(θ) = y(t+ θ), − τ ≤ θ ≤ 0, t ≥ 0. (12.5)

This operator has eigenvalues μ, which are related to the characteristic roots
via the equation μ = eλt [67]. To determine the stability, we are interested
in the dominant eigenvalues. If t is large then these eigenvalues are well sep-
arated, which can be exploited during the eigenvalue computation, but the
time integration itself may be costly. In Sect. 12.1.1 we describe a reliable
way to compute the dominant eigenvalues of S(h) where h is the time step of
a linear multistep (LMS) method.

Since S(t) is a strongly continuous semi-group [38, 40], one can define the
corresponding infinitesimal generator A by

Ay = lim
t→0+

S(t)y − y
t

. (12.6)

For (12.3) the infinitesimal generator becomes

Ay(θ) = y′(θ), y ∈ D(A)
D(A) = {y ∈ C : y′ ∈ C and y′(0) =

∑m
j=0Ajy(−τj)}. (12.7)

Both operators can be discretized by spectral discretizations or time in-
tegration methods; this always leads to a representation by some matrix.
Eigenvalues of this matrix yield approximations to the right-most character-
istic roots. Hence, for computational efficiency it is important that the size of
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the resulting matrix eigenvalue problem is small, or at least that the stabil-
ity determining eigenvalues can be computed efficiently by using an iterative
method, such as subspace iteration. Accurate characteristic roots can be found
by using Newton iterations on

(λI −A0 −
∑m

j=1Aje
−λτj )v = 0,

v0
T v = 1,

(12.8)

where v ∈ Rn and v0 ∈ Rn, to obtain accurate characteristic roots λ (and the
corresponding eigenfunctions veλt). The difference between the approximate
and the corrected roots gives an indication of the accuracy of the approxima-
tions.

Below we describe how the characteristic roots can be computed via an ap-
proximation of the solution operator by time integration, which is the method
that is implemented in DDE-Biftool. We also briefly comment on other ap-
proaches.

12.1.1 Approximation of the Solution Operator by a Time
Integrator

A natural way to approximate the solution operator is to write the numerical
time integration of the linearized equation as a matrix equation. Engelborghs
et al. [28] have proposed and analyzed the use of a linear multistep method
with constant steplength h to approximate the solution operator S(h). The
delay interval [−τ, 0] (slightly extended to the left and the right; see below) is
discretized by using an equidistant mesh with mesh spacing h, and a solution
is represented by a discrete set of points yi := y(ti) with ti = ih. A k-step
LMS method with steplength h to compute yk can be written as

k∑
i=0

αiyi = h
k∑

i=0

βi

(
A0yi +

m∑
j=1

Aj ỹ(ti − τj)
)
, (12.9)

where αi and βi are parameters and (in case ti − τj does not coincide with a
mesh point) the approximations ỹ(ti − τj) are obtained by polynomial inter-
polation with s− and s+ points to the left and the right, respectively.

The discretization of the solution operator is the (linear) map between
[yLmin

, . . . , yk−1]
T and [yLmin+1, . . . , yk]T where Lmin = −s− − $τ/h% and

where the mapping is defined by (12.9) for yk and by a shift for all variables
other than yk. This map is represented by an N ×N matrix, where

N = n(−Lmin + k) ≈ nτ/h. (12.10)

Since the time step h is small, the eigenvalues μ of this matrix are not well
separated (most eigenvalues lie close to the unit circle). They can be computed
by e.g. the QR method, with a computational cost of the orderN3 ≈ n3(τ/h)3,
and so approximations to the characteristic roots can be derived.
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To guarantee the reliability of the stability computation, the steplength h
in the LMS method (12.9) should be chosen such that all characteristic roots
λ with Re(λ) � r (r < 0) are approximated accurately. Procedures for such a
safe choice of h are described in [28, 84] and implemented in DDE-Biftool.
They are based on theoretical properties of

(a) the relation between the stability properties of the solution of the linearized
equation (12.3) and the stability of the discretized equation (12.9);

(b) an a-priori estimate of the region in the complex plane that includes all
characteristic roots λ with Re(λ) � r.

Note that the solution operator can also be discretized by using a Runge-
Kutta time integrator [11].

12.1.2 Other Approaches

Breda et al. [12] have developed numerical methods to determine the stability
of solutions based on a discretization of the infinitesimal generator. By dis-
cretizing the derivative in (12.7) with a Runge-Kutta or an LMS method, a
matrix approximation of A is obtained. The resulting eigenvalue problem is
large and sparse, as in the case when the solution operator is discretized by a
time integration method. Breda et al. [13] also proposed a pseudo-spectral dis-
cretization of the infinitesimal generator. In this approach, an eigenfunction of
the infinitesimal generator veλt, t ∈ [−τ, 0], is approximated by a polynomial
P (t) of degree p. Collocation for the eigenvalue problem for the infinitesimal
generator leads to an equation of the form

P ′(ti) = λP (ti), (12.11)

where the collocation points ti, i = 1...p are chosen as the shifted and scaled
roots of an (orthogonal) polynomial of degree p. These equations are aug-
mented with

A0P (0) +
∑m

j=1AjP (τj) = λP (0), (12.12)

which introduces the system-dependent information. The resulting matrix
eigenvalue problem has size n(p + 1). The first np rows are the Kronecker
product of a dense p× (p+ 1) matrix and the identity matrix. The last block
row consists of a linear combination of the matrices Aj , j = 0, ...,m and the
identity. The matrix is full but can be of much smaller size than in the previous
case, due to the ‘spectral accuracy’ convergence, as is shown in the detailed
analysis presented in [13].

A pseudo-spectral discretization of the solution operator is proposed in
[11, 85]. Here a polynomial approximation P (t) of an eigenfunction, defined
on the interval [−τ, h] has to satisfy p collocation conditions of the form

P (ti + h) = μP (ti),
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where μ = eλh. These equations are augmented with a condition obtained from
integrating the linearized equations over a time interval h. When high accu-
racy is required, a pseudo-spectral discretization will lead to a more efficient
procedure than when a time integration discretization is used, but numerical
experiments indicate that for low accuracy requirements both approaches are
competitive [85].

However, for the pseudo-spectral approaches no strategy is known that
guarantees a priori that all characteristic roots with real part larger than r
are computed accurately; this is in contrast to discretization of the solution
operator with an LMS method.

12.2 Periodic Solutions

A periodic solution x�(t) of an autonomous system of the form (12.1) satisfies

x�(t+ T ) = x�(t), ∀t,
where T is the period. An extensive literature exists on the existence, stability
and parameter dependence of periodic solutions; see, e.g., [40, §XI.1-2]. These
results are essentially analytical in nature and the corresponding methods
have different rigorous restrictions and cannot be applied to general nonlinear
systems with several delays.

Because of the dependence on the past, periodicity of x(t) at one moment
in time, x(t) = x(t+ T ) for some t, does not imply periodicity for the whole
solution. Instead, a complete function segment of length τ has to be repeated.
Consequently, a periodic solution to (12.1) can be found as the solution of the
following two-point boundary value problem (BVP),⎧⎨

⎩
x′(t) = f(x(t), x(t− τ1), . . . , x(t− τm), η), t ∈ [0, T ],
x0 = xT ,
p(x, T ) = 0,

(12.13)

where x0 and xT are function segments on [−τ, 0] and [−τ+T, T ], respectively,
and the period T is an unknown parameter. Furthermore, p represents a phase
condition that is needed to remove translational invariance. A well-known
example is the classical integral phase condition [21]∫ 1

0

ẋ(0)(s)(x(0)(s)− x(s)) ds = 0, (12.14)

where x(0) is a reference solution; see also Chap. 1.
Stable periodic solutions of a DDE can be found by numerical time integra-

tion; the convergence of the integration depends on the stability properties of
the periodic solution [46]. However, both stable and unstable solutions can be
computed by solving the above boundary value problem by either collocation
or by a shooting approach. Here we only consider collocation methods.
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12.2.1 Collocation

In collocation a periodic solution is computed by using a discrete represen-
tation that satisfies the differential equation at a set of collocation points on
[0, T ]. Doedel and Leung [22] have computed periodic solutions of DDEs us-
ing collocation based on a truncated Fourier series; see also [14] for a similar
approach. This Fourier approach has the advantage that periodicity is auto-
matically fulfilled. However, steep gradients in a solution pose problems and
it is not possible to determine the solution stability.

Collocation based on piecewise-polynomial representations is used in Auto

[18] and Content [52] to compute periodic solutions for systems of ordinary
differential equations; see also Chaps. 1 and 2. We now discuss how piecewise-
polynomial collocation can be used for DDEs. We first rescale time by a factor
1/T such that the period is one in the transformed system⎧⎨
⎩
x′(t) = Tf (x(t), x(t− τ1/T ), . . . , x(t− τm/T ), η) , for t ∈ [0, 1],
x(θ + 1)− x(θ) = 0, for θ ∈ [−τ/T, 0],
p(x, T ) = 0.

(12.15)

A mesh with L+ 1 mesh points {0 = t0 < t1 < . . . < tL = 1} is specified.
This mesh is periodically extended to the left with � points to obtain a mesh
on [−τ/T, 1] with �+L intervals. In each interval an approximating polynomial
of degree d is described in terms of the function values at the representation
points (using Lagrange polynomials as basis). These function values are de-
termined by requiring that the approximating collocation solution fulfills the
(time-scaled) differential equations exactly at the collocation points. In each
interval, the collocation points are typically chosen as the (scaled and shifted)
roots of a dth degree orthogonal polynomial.

The approximating polynomial of degree d on each interval [ti, ti+1], i =
−�, . . . , L− 1, can be written as

u(t) =

d∑
j=0

u(ti+ j
d
)Pi,j(t), t ∈ [ti, ti+1], (12.16)

where Pi,j(t) are the Lagrange polynomials through the representation points

ti+ j
d

= ti +
j

d
(ti+1 − ti), j = 0, . . . , d.

Because polynomials on adjacent intervals share the value at the common
mesh point, this representation is automatically continuous (however, it is
not continuously differentiable at the mesh points).

The approximation u(t) is completely determined by the coefficients

ui+ j
d

:= u(ti+ j
d
), i = −�, . . . , L−1, j = 0, . . . , d−1 and uL := u(tL). (12.17)

We define the starting vector us and the final vector uf , both of length N =
n(�d+ 1), as
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us := [u−�, . . . , ui+ j
d
, . . . , u0]

T , uf := [uL−�, . . . , ui+ j
d
, . . . , uL]T . (12.18)

The collocation points are obtained as

ci,j = ti + cj(ti+1 − ti), i = 0, . . . , L− 1, j = 1, . . . , d,

from a set of collocation parameters cj , j = 1, . . . , d, e.g., the shifted and
scaled roots of the dth degree Gauss-Legendre polynomial.

A periodic solution for a fixed value of the parameters η is found as the
solution of the following (n((�+L)d+ 1) + 1)-dimensional (nonlinear) system
in terms of the unknowns (12.17) and T ,⎧⎪⎪⎨

⎪⎪⎩
u̇(ci,j) = Tf(u(ci,j), u(ci,j − τ1

T ), . . . , u(ci,j − τm

T )), η) = 0,
i = 0, . . . , L− 1, j = 1, . . . , d,

uf − us = 0,
p(u) = 0.

(12.19)

Here, p again represents a phase condition such as (12.14).
The collocation solution fulfils the time-scaled differential equation exactly

at the collocation points. If ci,j coincides with ti then the right derivative is
taken in (12.19), if it coincides with ti+1 then the left derivative is taken.
Taking into account the periodicity conditions, one can reduce system (12.19)
to the following nonlinear system in the unknowns u = [u0, . . . , uL]T and T ,⎧⎪⎪⎨
⎪⎪⎩
u̇(ci,j) = Tf(u(ci,j), u((ci,j − τ1

T ) mod 1), . . . , u((ci,j − τm

T ) mod 1), η) = 0,
i = 0, . . . , L− 1, j = 1, . . . , d,

u0 − uL = 0,
p(u) = 0.

(12.20)
Hence, the dimension of the system and the number of unknowns is reduced
to (n(Ld+ 1) + 1).

When using Newton’s method to solve (12.20), the matrix of the linear
system to be solved in each iteration is sparse and has a particular structure,
as is shown in Fig. 12.1. The matrix consists of a (large) nLd × n(Ld + 1)
matrix filled with two (circular) bands, bordered by one column and n + 1
rows. The extra column contains derivatives with respect to the period; n
extra rows contain the periodicity condition, and one extra row is due to
the phase condition (12.14). The diagonal band is itself a concatenation of
nd × n(d + 1) blocks. The off-diagonal bands are a consequence of the delay
terms. When the mesh is equispaced then the off-diagonal band lies at a fixed
distance from the diagonal band as is illustrated in Fig. 12.1(a). This is no
longer the case when the mesh is non-equispaced; see Fig. 12.1(b).

In the case of collocation for ODEs, the matrix of the linear system has a
band structure with a band size proportional to n and d but independent of
the number of mesh intervals L; see also Chap. 1. Hence the system can be
solved efficiently by a direct band solver. For delay differential equations this
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Fig. 12.1. Structure of the matrix arising in the Newton iteration to solve (12.20) for
one delay that is smaller than the period T ; shown is the case L = 7 and collocation
polynomials of degree d = 3. Panel (a) is for an equispaced mesh and panel (b) for
a non-equispaced mesh; each black box represents an n × n block.

is not possible. Indeed, the structure of the matrix, described above, cannot
easily be exploited when using a direct solver, especially in case of several
delays and/or a non-equispaced mesh. However, for moderate values of d, n
and L the linear system (12.20) can still be solved with a direct method. The
efficiency can be increased by using a Newton-chord method, in which case
the Jacobian is not recomputed (and factored) in every iteration but remains
fixed during a number of iterations. In Sect. 12.2.3 we describe an efficient
iterative procedure to solve (12.20).

Furthermore, an adaptive (non-equispaced) mesh can be used to decrease
the required number of intervals L for difficult solutions (with steep gradients).
For the latter, the interval size hi = ti+1 − ti is adapted to equidistribute the
(d+ 1)th derivative of the solution along the mesh; see [2, 25].

Engelborghs and Doedel [24] have proven that the convergence rate of the
maximal continuous error E = maxt∈[0,1] ‖u(t) − u�(t)‖ is O(hd) in general

and O(hd+1) for Gauss-Legendre collocation points on equispaced and non-
equispaced meshes with h = maxi hi. Special convergence rates at the mesh
points (so-called superconvergence) that feature for ODEs, are, in general,
lost for DDEs.

Note that, in the case of a nonautonomous (or forced) system, the col-
location method is essentially the same as in (12.20), except that the phase
condition is not needed, since the phase of the solution is determined by the
phase of the forcing.
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12.2.2 Monodromy Operator and Floquet Multipliers

The stability of a periodic solution is determined by the Floquet multipliers,
which are the eigenvalues of the monodromy operator. In the case of au-
tonomous equations there is always a trivial multiplier +1, which stems from
the fact that the associated linearized equation is always solved by the time
derivative of the solution itself. According to Floquet theory, a periodic solu-
tion is asymptotically stable if all the multipliers — not counting the trivial
one — lie strictly inside the complex unit disk. The main focus of this section
is the computation of the monodromy operator using the previously described
collocation method.

Denote by x�(t) a T -periodic solution of (12.1). As in the previous sections
we rescale time by 1/T . The linearized equation about this periodic solution
in rescaled time is

d

dt
y(t) = T (A0(t)y(t) +

m∑
j=1

Aj(t)y(t− τ)), (12.21)

where Aj(t) denotes the partial derivative of f with respect to its (j + 1)th
argument, evaluated at x�(Tt). Also let U(t, s) be the fundamental solution
operator of (12.21), which is defined as

(U(t, s)φs)(θ) = y(t+ θ), θ ∈ [−τ/T, 0],

where φs is an initial function and y is the corresponding solution of (12.21).
The monodromy operator is defined as

M = U(1, 0),

that is,

M : C([−τ/T, 0];Rn) → C([−τ/T, 0];Rn),

φ �→ y1,

where φ is the initial function and y1 is the solution segment y1(θ) = y(1+θ),
θ ∈ [−τ/T, 0]. The discretized version of M is Md : us → uf and its matrix
representation can be obtained by solving (12.21) with a collocation method
similar to (12.19). This method is used in DDE-Biftool [27].

However, when the maximal delay is larger than the period, us and uf

overlap; the computation of Md can be improved by exploiting this property.
For the sake of generality we use the Riesz representation theorem and write
(12.21) in the form

dy(t)

dt
= T

∫ τ/T

0

dθζ(Tθ, t)y(t− θ), (12.22)

where ζ is a matrix-valued function of bounded variation that, with (12.21),
can be written as
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ζ(Tθ, t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 if θ ≤ 0,
A0(t) if 0 < θ < τ1,

...
...

A0(t) +
∑m

j=1Aj(t) if τ ≤ θ.

Notice that (12.22) implicitly depends on the initial function. It can be written
explicitly as

dy(t)

dt
− T

∫ t

0

dθζ(Tθ, t)y(t− θ)− T
∫ τ/T

t

dθζ(Tθ, t)φ(t− θ) = 0. (12.23)

We introduce K = $τ/T % solution segments of y(t) and φ as

y1(t) = y(2−K + t), y2(t) = y(3−K + t), . . . , yK(t) = y(1 + t)
φ1(t) = φ(1−K + t), φ2(t) = φ(2−K + t), . . . , φK(t) = φ(t),

t ∈ [−1, 0],

such that φi, yi ∈ X := C([−1, 0];Rn), and we also define operators on X as
obtained from (12.23) as

(Aφ)(θ) =
dφ(θ)

dt
− T

∫ 1+θ

0

dγζ(Tγ, θ)φ(θ − γ), D(A) = C1([−1, 0],Rn),

(Biφ)(θ) = T

∫ i+1+θ

i+θ

dγζ(Tγ, θ)φ(i+ θ − γ), 1 � i � N.

It is clear that yK is the only unknown, because all the other yi can be found
from the initial conditions as yi = φi+1. Hence, the only equation that has to
be solved is

AyK −
K∑

i=1

Biφi = 0, yK(−1) = φK(0).

In order to eliminate the explicit boundary condition we introduce extended
operators on X̂ = {(ϕ, c) ∈ X × Rn : c = ϕ(0)} in the form of

Â =

(A 0
L 0

)
, B̂i =

(Bi 0
0 0

)
for i < N and B̂N =

(BN 0
0 I

)
,

where Lϕ = ϕ(−1). The extended monodromy operator is defined on X =
C([−N, 0];Rn); this space is isomorphic to the further extended

X̃ =
{

((φ1, c1), . . . , (φN , cN )) ∈ X̂N
: φk(0) = ck = φk+1(−1), 1 � k < N

}
.

In order to obtain stability results it is sufficient to construct the monodromy
operator on X̃, which becomes
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M̃ =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 Î · · · 0

0 0
. . . 0

...
...

...

0 0 Î

Â−1B̂1 Â−1B̂2 · · · Â−1B̂N

⎞
⎟⎟⎟⎟⎟⎟⎠ . (12.24)

Because of the identity matrices above the diagonal, the operator M̃ is not
compact, but its powers M̃k, k � K are compact.

The operator M̃ can be computed by collocation and by inverting the
resulting discretized Â operator. In PDDE-Cont the spectrum of M̃ is com-
puted with the iterative Arnoldi-Lanczos method [68], which is implemented
in the ARPACK software package [54]. Note that in this iterative process,
when the discretized operator is multiplied by a vector, only one solution step
with Â is necessary.

Despite the differences, using either M or M̃ gives the same accuracy of
the multiplier calculation [56]. In particular, it was shown in [56] that the
computations of the multipliers and of the periodic solution itself have the
same accuracy. The exception is the computation of the trivial multiplier +1,
which was found to be more accurate when using M̃. Hence, inferring the
accuracy of the computed periodic solution from the accuracy of the trivial
multiplier can be deceiving.

12.2.3 Collocation-Newton-Picard

Verheyden and Lust [83] have developed an iterative procedure to solve the
linear system arising in Newton’s method applied to system (12.19). Consider
the unknowns ui+j/d := u(ti+j/d) defined in (12.17). Recall the definition of
the starting vector us and the final vector uf given in (12.18)

us := [u−�, . . . , ui+ j
d
, . . . , u0]

T , uf := [uL−�, . . . , ui+ j
d
, . . . , uL]T , (12.25)

and define the trajectory vector as

ut := [u 1
d
, . . . , ui+ j

d
. . . , uL]T , (12.26)

where us and uf are of length N = n(�d+1) and ut is of length N̂ = nLd (here
� and L denote the number of mesh points in [−τ/T, 0] and (0, 1], respectively).
Note that uf consists of the last n(�d+ 1) components of ut.

The linearization of (12.19) has the following form

−BΔus +AΔut + r1,TΔT = −r1,
−Δus +Δuf = −r2,

αsΔus + αtΔut + αTΔT = −α,
(12.27)

where r1, r2 and α denote the residuals of system (12.19) and −B, A and r1,T

denote the partial derivatives of the collocation conditions with respect to us,
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Fig. 12.2. Typical structure of the linearized collocation system for one delay that
is smaller than the period T ; shown is the case of � + L = 3 + 7 mesh intervals
and collocation polynomials of degree d = 3 (the bordering row and column are
omitted). Panel (a) is for an equispaced mesh and panel (b) for a non-equispaced
mesh; each black box represents an n × n block.

ut and T . A typical structure for the matrix of the linearized system in the
case of one time delay that is smaller than the period T is shown in Fig. 12.2.
Panel (a) is for an equispaced mesh, while in panel (b) a non-equispaced mesh
is used. In both cases the mesh with L = 7 mesh intervals is extended with
� = 3 additional mesh intervals and the piecewise polynomials have degree
d = 3.

The linear system can be manipulated and condensed to the form[
M − I bc
βs βT

] [
Δus

ΔT

]
= −

[
rc
αc

]
. (12.28)

HereM is the discretization of the monodromy operator, which can be derived
from Mt = A−1B. Afterwards, Δut can be computed from (12.27). This
manipulation is based on the correspondence between the linearization of the
collocation scheme and the discretization of the linearized boundary value
problem. The condensation is related to the condensation used in Auto; see
Chap. 1. System (12.28) can be solved with the Newton-Picard method [55],
which leads to a substantial reduction in the computational cost, especially
when only a few Floquet multipliers are larger in modulus than a certain
threshold ρ, e.g., ρ = 0.5 [83].
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12.3 Defining Systems for Codimension-One

Bifurcations of Periodic Solutions

Periodic solutions of autonomous DDEs allow three generic codimension-one
bifurcations. First, the monodromy operator may have an algebraically double
+1 eigenvalue, which corresponds to a limit point (or fold, or saddle-node)
bifurcation where the solution ceases to exist. Second, there may be a single
−1 multiplier, which gives a period-doubling bifurcation. Third, if two critical
complex conjugate multipliers lie on the unit circle of the complex plane, then
there is a Neimark-Sacker or torus bifurcation. In this case an invariant torus
bifurcates from the periodic solution.

Continuing the bifurcations of periodic solutions in DDEs does not differ
substantially from the case of ODEs. In order to compute bifurcations one
has to include additional equations to (12.20), which are satisfied by a peri-
odic solution if, and only if, the monodromy operator has a certain kind of
singularity. In the period-doubling and the Neimark-Sacker cases, the sim-
plest procedure to construct such a determining system is to require that the
monodromy operator has a singular vector. Short algebraic transformations
of (12.24) reveals that these bifurcations occur if⎛

⎝Â −
N∑

j=1

σjB̂j

⎞
⎠ v = 0,

(12.29)

vHv = 1,

has a unique solution v with the inverse characteristic multiplier σ = μ−1 �= 1
on the unit circle. (Throughout, a superscript H denotes the (complex con-
jugate) transpose.) Because of the appearance of higher powers of σ, this
equation is different from the ODE case if the delay is larger than the period.
Adding (12.30) to the defining system of the periodic solution (12.20) doubles
the size of the problem. The size of (12.30) can be reduced to n + 1 by us-
ing characteristic matrices that are equivalent to the operator in (12.30) [80].
However, the smallest possible addition would consist of only one additional
scalar equation to (12.20) without introducing new variables. This can be
achieved by using the bordering theorem [9], which states that the bordered
operator (

D β
αH δ

)
=

(
A b
cH 0

)−1

,

exists if both A and AH have one-dimensional kernels and b /∈ kerAH , c /∈
kerA or A is bijective and cHA−1b �= 0. Moreover, δ can be used as a test
functional of the singularity, because it is zero if, and only if, A is singular. In
order to obtain δ it is sufficient to solve the equation
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A b
cH 0

)(
β
δ

)
=

(
0
1

)
. (12.30)

Hence, using a discretized version of Â −∑N
j=1 σ

jB̂j for the operator A

in (12.30) with appropriate choices of b and cH in the period-doubling and
Neimark-Sacker cases, the equation δ(x∗, η) = 0 determines the bifurcation
point. In a continuation context the resulting β can be re-used as the value of
c in the next continuation step. Similarly, by solving the adjoint equation(

AH c
bH 0

)(
α
δ

)
=

(
0
1

)
,

the resulting α can be the new value of b in the next continuation step.
In the case of a fold bifurcation in an autonomous system (12.1), because

of the algebraically double +1 multiplier, the operator A has to be

ALP =

( Â −∑N
j=1 σ

jB̂j φ0

Intψ0
0

)
,

where

ψ0 = f(x(t), x(t− τ1), x(t− τ2), . . . , x(t− τm), η),

φ0 = −
N∑

j=1

jB̂jψ0,

and

Intψ0
φ =

∫ 0

−1

ψ0(θ)φ(θ) dθ.

Note that ALP is different from what one would expect by analogy with ODEs;
see [20]. Here, φ0 is obtained by computing the Jordan chain of Â−∑N

j=1 σ
jB̂j ;

see, e.g., [48]. The regularity of δ obtained from ALP at the bifurcation point
can be proven either by using the equivalence with characteristic matrices [80]
or by standard techniques [20].

12.4 Connecting Orbits

A solution x�(t) of (12.1) at some fixed value of the parameter η is called a
connecting orbit if the limits

lim
t→−∞

x�(t) = x− and lim
t→+∞

x�(t) = x+ (12.31)

exist, where x− and x+ are steady states of (12.1). We call the orbit homo-
clinic when x− = x+, and heteroclinic otherwise. Orbits of this type exist,
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for instance, in laser models with optical feedback, which are discussed in
Sect. 12.8.1; see also [35]. They also appear naturally when looking for trav-
eling waves in delay partial differential equations [70].

A defining condition for a connecting orbit is that it is contained in both
the stable manifold of x+ and the unstable manifold of x−. A classical ap-
proach in the ODE case is to approximate this condition by truncating the
time domain to an interval of length Tc and to apply (so-called) projection
boundary conditions [8]: one end point of the connecting orbit is required to
lie in the unstable eigenspace of x− and the other end point in the stable
eigenspace of x+. The projection boundary conditions, therefore, replace the
stable and unstable manifolds by their linear approximations near the steady
states.

Here, the boundary conditions need to be written in terms of solution
segments. Furthermore, x+ has infinitely many eigenvalues with negative real
parts (see Sect. 12.1) and so it is impossible to write the final function segment
as a linear combination of all stable eigenfunctions. Instead, it is required that
the end function segment is in the orthogonal complement of all unstable left
eigenfunctions. We will assume for notational convenience that (12.1) only
contains one delay τ ; however, the method is implemented in DDE-Biftool

for the general case of m fixed delays.
The condition for the initial function segment x0(θ) can be written as

x0(θ) = x− + ε

s−∑
k=1

αkv
−
k e

λ−
k

θ

⎛
⎝ s−∑

k=1

|αk|2 = 1

⎞
⎠ ,

where s− is the number of unstable eigenvalues λ−, with corresponding eigen-
vectors v−. The αk are unknown coefficients, and ε is a measure for the desired
accuracy. An extra condition is added to ensure continuity at θ = 0. Since we
cannot write the end conditions for the final function segment in a similar way,
a special bilinear form [38] is used to express the fact that the final function
segment is in the complement of the unstable eigenspace of x+. This leads to
the s+ extra conditions of the form

w+
k

H
(x(Tc)− x+) +

∫ 0

−τ

w+
k

H
e−λ+

k
(θ+τ)A1(x

+, η)
(
x(Tc + θ)− x+

)
dθ = 0 ,

where k = 1, . . . , s+. Here s+ is the number of unstable eigenvalues of x+, w+
k

are the left eigenvectors corresponding to the eigenvalues λ+
k , and the matrix

A1 is defined as in (12.3). While this integral condition works well in practice,
one slight drawback is that it does not control the distance of the end function
segment to the steady state.

As for periodic solutions, connecting orbits arise in one-parameter families
and any time-translate is also a connecting orbit. Therefore, a phase condition
such as (12.14) needs to be added to select one of these orbits.

For the case of a one-parameter family of connecting orbits a number of
free parameters are required to obtain a generically isolated solution. One has



12 Bifurcation Analysis of Delay Differential Equations 375

to solve (12.1) together with the steady-state equations (12.2) for x− and x+

and characteristic equations of the form (12.8) for λ−k and v−k and λ+
k and w+

k ,
i.e., a system of n differential equations, supplemented with (s− + s+)(n +
1) + 2n+ s+ + 2 extra equations, resulting in the need for sη = s+ − s− + 1
free parameters. This leads to a boundary value problem, which is coupled
to a number of algebraic constraints for the equilibria and their stability.
The boundary value problem can be solved by a collocation method as in
Sect. 12.2.1.

Good starting conditions for Newton’s method can be obtained as fol-
lows. For a homoclinic orbit, one can start from a nearby periodic solution
with a sufficiently large period. Heteroclinic orbits can be approximated by
using time integration or by using an extension of the method of successive
continuation [19]. Details of the method, including a numerical study of the
convergence, are presented in [69].

12.5 Quasiperiodic Tori

In dynamical systems quasiperiodic solutions reside on invariant tori. In this
section we describe a method to compute two-dimensional tori as periodic
functions on the unit square. In particular we adapt the method of Schilder
et al. [72], which uses a finite difference method to discretize the defining
equation. Here we use a spectral collocation method that is well suited to
delay equations.

A quasiperiodic solution x(t) of (12.1) has two rationally independent
frequencies ω1, ω2. Hence, there exists a function y : R2 → Rn, which is 2π-
periodic in both variables, such that x can be written as x(t) = y(ω1t1, ω2t2).
Putting u into (12.1) yields a first-order delayed partial differential equation

∂

∂t1

u(t1, t2) +
ω2

ω1

∂

∂t2

u(t1, t2) =
1

ω1
f(u(t1, t2), u(t1 − ω1τ1, t2 − ω2τ1), . . .

. . . , u(t1 − ω1τm, t2 − ω2τm), η), (12.32)

where ω1, ω2 are unknown frequencies. Because there are translational sym-
metries in both variables of u, two phase conditions have to be imposed on
u in order to fix a unique solution and determine the unknown frequencies.
Assuming that we have a reference solution u(0) of (12.32) at η0, we formulate
a condition that minimizes the distance of u at η from u(0), i.e.,

κ(θ1, θ2) =
1

(2π)2

∫ 2π

0

∫ 2π

0

‖u(t1 + θ1, t2 + θ2)− u(0)(t1, t2)‖22 dt1dt2.

Taking the first derivative of κ with respect to θ1 and θ2, the phase conditions
become
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1

(2π)2

∫ 2π

0

∫ 2π

0

∂

∂t1
u(0)(t1, t2)u(t1, t2) dt1dt2 = 0,

1

(2π)2

∫ 2π

0

∫ 2π

0

∂

∂t2
u(0)(t1, t2)u(t1, t2) dt1dt2 = 0.

In the case of time-periodic systems only the second phase condition is nec-
essary, since the phase in t1 is fixed by the phase of the forcing. In addition
to the phase conditions, we also need boundary conditions that guarantee the
periodicity of u, that is,

u(0, t2) = u(2π, t2) and

u(t1, 0) = u(t1, 2π), ∀ t1, t2 ∈ [0, 2π].

12.5.1 Spectral Collocation

To obtain an approximation of the quasiperiodic solution the defining sets of
equations can be discretized with an appropriate numerical scheme and solved
by Newton’s method. There are several different spectral collocation methods
for partial differential equations that could be used to solve (12.32); for an
introduction see Trefethen [81]. Here we use a method that was developed for
computationally challenging hyperbolic equations such as the Navier-Stokes
equation. The method is a multi-domain spectral collocation method called
the staggered grid Chebyshev method, developed by Kopriva and Kolias [50].

The method is similar to the collocation of periodic solutions. It uses
piecewise polynomials that are represented by their values at discrete points
of a mesh, which is different from the mesh on which the equation is solved.
We use a very simple domain subdivision of the area [0, 2π]× [0, 2π] that splits
it into the rectangles

Di,j = [ti1, t
i+1
1 ]× [tj2, t

j+1
2 ],

where {0 = t0l < t
1
l < · · · < tLl

l = 2π} with l ∈ {1, 2}. On each rectangle Di,j

we use the Lobatto points (ti,p1 , t
j,q
2 ) = (ti1 + bp1(t

i+1
1 − ti1), tj2 + bq2(t

j+1
2 − tj2))

to represent the solution

u(t1, t2) =

d1∑
p=0

d2∑
q=0

u(ti,p1 , t
j,q
2 )P i,j,p,q(t1, t2), (12.33)

where P i,j,p,q are the Lagrange polynomials through the points (ti,p1 , t
j,q
2 ). The

function u is now completely determined by the values

ui,j,p,q := u(ti,p1 , t
j,q
2 ),

which we consider identical if they represent the same point in [0, 2π]× [0, 2π].
We also need to impose the boundary conditions, which are
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Fig. 12.3. Sparsity structure of the Jacobian of the discretization of (12.32). The
seemingly irregular pattern is due to the patching of the rectangles defined by
(12.34); parameters are L1 = L2 = 4, d1 = d2 = 3 and n = 1.

u0,j,0,q = uL1−1,j,d1,q, 0 � q < d2, 0 � j < L2 − 1,

ui,0,p,0 = ui,L2−1,p,d2
, 0 � p < d1, 0 � i < L1 − 1 and (12.34)

u0,0,0,0 = uL1−1,L2−1,d1,d2
.

It is also possible to think of the piecewise polynomials as discontinuous in the
interfaces and define mortar equations as in spectral penalty methods (see,
e.g., Hesthaven [45]) instead of (12.34).

Equation (12.32) is solved on the grid

(t̂i,p1 , t̂
j,q
2 ) = (ti1 + cq1(t

i+1
1 − ti1), tj2 + cq2(t

j+1
2 − tj2)),

0 � i < L1, 0 � j < L2, 0 � p < d1, 0 � q < d2,

where cp1, c
q
2 are the Gauss points. Using the polynomial representation (12.33)

of u in (12.32) and evaluating at (t̂i,p1 , t̂
j,q
2 ) yields a large algebraic system

that can be solved by Newton’s method. The typical sparsity structure of the
Jacobian of this discretized system is shown in Fig. 12.3, but without the
borders accounting for the phase conditions.
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12.6 Further Classes of Delay Equations

We now briefly review continuation methods for systems that include delays
that depend on the state variables or whose right-hand side includes delayed
derivatives of the state.

12.6.1 State-Dependent Equations

We briefly describe how a DDE with state-dependent delay (sd-DDE) can be
handled; we assume for simplicity that only one delay is present. An sd-DDE
can be of the form {

d
dtx(t) = f1(x(t), x(t− τ(x(t)), η),
τ(x(t)) = g1(x(t)),

(12.35)

where g1 : Rn → R is a given (explicit) function of the solution x(t), or it can
be of the form {

d
dtx(t) = f2(x(t), x(t− τ(t)), τ(t)),
d
dtτ(t) = g2(x(t), x(t− τ(t)), τ(t)), (12.36)

where g2 : Rn × Rn × R → R, and the delay is determined by a differential
equation. We assume that all functions in (12.35) and (12.36) are sufficiently
smooth and that the delay is bounded, i.e., 0 ≤ τ(t) ≤ r, ∀t. Note that, using
x1 ≡ x and x2 ≡ τ , (12.36) can be considered as a particular case of (12.35)
with the extended state x ≡ (x1, x2).

A steady-state solution of an sd-DDE is determined by the state x and the
delay τ , i.e., the delay should be considered as a part of the solution. A steady-
state solution (x∗, τ∗) of (12.35) or (12.36) can be computed by solving a
(nonlinear) algebraic system. The local stability of steady-state solutions of sd-
DDEs was studied in [15, 41]. It was shown, under natural assumptions on the
right-hand side of the equation and on the delay function τ , that generically
the behavior of the state-dependent delay τ , except for its value τ∗, has no
effect on the stability, and that in the local linearization τ can be treated as
a constant. Hence, to study the local stability of a steady state of (12.35)
or (12.36), these equations can be linearized at x∗ by setting τ ≡ τ∗. The
resulting linearized equation is a DDE with constant delay, and the numerical
procedures discussed in Sect. 12.1 can be used without changes [57].

The existence of periodic solutions for particular cases of sd-DDEs has been
studied by several authors, in particular the existence of ‘slowly oscillating
periodic solutions’. The theory suggests that a Hopf bifurcation theorem holds;
see, e.g., [61]. The stability of periodic solutions has only recently been studied;
see, e.g., [42] for non-autonomous sd-DDEs. It was proven that the Fréchet
derivative of the solution operator of the nonlinear sd-DDE with respect to
initial data equals the solution operator of the linearized equation. Based on
these results (12.35) and (12.36) can be linearized around a (nonconstant)
solution (x∗(t), τ∗(t)) as follows. Let Djfi denote the derivative of f1 with
respect to its jth argument, then
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d
dty(t) = D1f1(s)y(t)−D2f1(s)

d
dtx

∗(t− τ(x∗(t))) ∂
∂xτ(x

∗(t))y(t)
+D2f1(s)y(t− τ(x∗(t))), (12.37)

with s = (x∗(t), x∗(t− τ(x∗(t)))), respectively, and⎧⎪⎪⎨
⎪⎪⎩

d
dty1(t) = D1f2(s)y1(t)+D2f2(s)y1(t− τ∗(t))−D2f2(s)

d
dtx

∗(t− τ∗(t))y2(t)
+D3f2(s)y2(t),

d
dty2(t) = D1g2(s)y1(t)+D2g2(s)y1(t− τ∗(t))−D2g2(s)

d
dtx

∗(t− τ∗(t))y2(t)
+D3g2(s)y2(t),

with s = (x∗(t), x∗(t−τ∗(t)), τ∗(t)). These linearized equations contain a time-
dependent (no longer state-dependent) delay. If the coefficients in the linear
equation are smooth and periodic (with period T ) and the delay function is
smooth, then the solution operator over the period T (over an interval mT if
τm > T and mT ≥ τm, τm = maxt∈[0,T ] τ(t)) is compact [38].

A periodic solution can be computed by solving a two-point boundary
value problem in time, similar to (12.13), but in the case of (12.36) the addi-
tional equation τ(0) = τ(T ) must be imposed. The solution of these boundary
value problems by collocation and the computation of the Floquet multipliers
is conceptually equal to the procedure outlined in Sect. 12.2; see [57].

12.6.2 Collocation Schemes for Equations of Neutral Type

We summarize basic results on two collocation schemes that were proposed
in Barton et. al. [6]. Here we consider the simple equation of neutral type

ẋ(t) = f(x(t), x(t− τ), ẋ(t− τ), η). (12.38)

The collocation scheme of Sect. 12.2.1 discretizes (12.38) by substituting the
collocation polynomials and evaluating at the collocation points. In the Jaco-
bian matrix of this discretized system the second derivatives of the polyno-
mials appear. This reduces the accuracy by an order, which is only O(hm).
This drop in the order of convergence is apparent in the examples of [6]. To
remedy the situation (12.38) can be transformed into an ODE coupled to a
difference equation

ẋ(t) = y(t) (12.39)

y(t) = f(x(t), x(t− τ), y(t− τ); (12.40)

see [6]. Applying the collocation scheme of Sect. 12.2.1 to this system does
not introduce second-order derivatives in the Jacobian matrix and, hence, a
better convergence can be expected. The numerical experiments in [6] show
a convergence rate of O(hm+1). In [6] the Gauss-Legendre points were used
in the collocation scheme, together with a periodic boundary condition on
the algebraic part, but other approaches are possible for delay differential
algebraic equations.
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12.7 Software Packages

Several software packages exist for simulation (time integration) of delay dif-
ferential equations, including ARCHI [66], DKLAG6 [16], RADAR5 [36]
and XppAut [29]. Furthermore, Matlab now contains the solver dde23 [71].
Probably the earliest computer program specifically designed for DDEs has
been published by Hassard [43], namely BIFDD which allows a normal-form
analysis of Hopf bifurcation points. XppAut by Ermentrout [29] allows a lim-
ited stability analysis of steady-state solutions of DDEs using the approach
described in [58].

By contrast, the software packages DDE-Biftool and PDDE-Cont im-
plement numerical continuation of DDEs as introduced in the previous sec-
tions. In this section we describe the functionality of these numerical tools.

12.7.1 DDE-Biftool

The package DDE-Biftool consists of a collection of Matlab-routines for
the numerical continuation and bifurcation analysis of systems of DDEs with
multiple discrete delays, which may be fixed or state-dependent; for detailed
instructions we refer to the user manual [27]. This software allows one to
compute branches of steady-state solutions and steady-state fold and Hopf
bifurcations with continuation. Given an equilibrium, it allows one to approx-
imate the right-most, stability-determining roots of the characteristic equa-
tion, which can be further corrected with Newton’s method. Periodic solutions
and their Floquet multipliers can also be computed by collocation with adap-
tive mesh selection. Branches of periodic solutions can be continued starting
from a previously computed Hopf point or from an initial guess of a peri-
odic solution profile. For DDEs with constant delays, connecting orbits (both
homoclinic and heteroclinic solutions) can also be computed. The numerical
methods that are used in the software are as detailed in the previous sections.

DDE-Biftool has no graphical user interface, but a number of routines
are provided to plot solution, branch and stability information. Furthermore,
automatic detection of bifurcations is not supported. Instead, the evolution
of the characteristic roots or the Floquet multipliers can be computed along
solution branches, which allows the user to detect and identify bifurcations
using an appropriate visualization. Starting points for branch switching at
bifurcations on branches of steady-state and periodic solutions can be gener-
ated, as well as starting solutions for homoclinic solutions close to periodic
solutions.

Several extensions or ‘add-ons’ have been developed. We mention here
a Mathematica program written by Pieroux that allows the automatic gen-
eration of the system definition files with symbolically obtained derivatives,
software written by Green for the computation of one-dimensional unstable
manifolds in DDEs [34], and the extension by Barton for equations of neutral
type [6].
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12.7.2 PDDE-Cont

PDDE-Cont implements the numerical methods described in Sect. 12.2. It
is written in C++ with the use of linear algebra packages UMFPACK [17],
LAPACK [1] and ARPACK [54]. The software has a command line interface
and a graphical user interface together with a basic plotting facility.

PDDE-Cont can continue periodic solutions of delay equations that are
in the form

y′(t) = f(t, y(t), y(t− τ1(t)), y(t− τ2(t)), . . . , y(t− τm(t)), η).

The right-hand side f and the delays τj can be either T -periodic or time
independent. The software does not have any algorithms to continue equilib-
ria apart from the obvious fact that an equilibrium can be considered as a
constant periodic solution. Bifurcations of periodic solutions can be contin-
ued in two parameters by using test functions as described in Sect. 12.3, but
PDDE-Cont cannot switch branches automatically. For detailed instructions
see the user manual [78]. Note that PDDE-Cont can be used together with
DDE-Biftool by converting the results between the two packages.

Due to the implementation in C++, the performance of PDDE-Cont

is significantly better than that of DDE-Biftool (which is implemented
in Matlab). Furthermore, PDDE-Cont uses sparse-matrix algorithms that
require less memory, so that problems of relatively high dimension can be
tackled. The resulting large bordered linear systems (see Sect. 12.2.1) are
solved by using bordering techniques from [31, 32]. The large sparse matrix
without borders is factorized by UMFPACK and the whole system is solved
using the BEMW method [32].

12.8 Examples of Numerical Bifurcation Analysis of

DDEs

In this section we illustrate the performance of the numerical techniques de-
scribed in the previous sections with examples of DDE models of a number
of physical and biological phenomena.

12.8.1 DDE-PDE Model of a Laser with Optical Feedback

A longitudinally single-mode semiconductor laser subject to conventional op-
tical feedback and lateral carrier diffusion can be modeled by the hybrid DDE-
PDE system

dA(t)

dt
= (1− iα)A(t)ζ(t) + ηA(t− τ)e−iφ − ibA(t), (12.41)

T
∂Z(x, t)

∂t
= d

∂2Z(x, t)

∂x2
− Z(x, t) + P (x)

−F (x)(1 + 2Z(x, t))|A(t)|2. (12.42)
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Fig. 12.4. Bifurcation diagram in the plane of intensity |A|2 vs. feedback strength
η of steady-state solutions of (12.41)–(12.42) for α = 3, φ = 0, T = 1000, d =
1.68 × 10−2 and τ = 1000. Stable solutions are drawn as solid curves and unstable
solutions as dashed curves; also shown are saddle-node bifurcations (×) and Hopf
bifurcations (*). From K. Verheyden, K. Green, and D. Roose, Numerical stability
analysis of a large-scale delay system modeling a lateral semiconductor laser subject
to optical feedback, Phys. Rev. Lett. 69(3) (2004) 036702 c© 2004 by the American
Physical Society; reprinted with permission.

Here the complex scalar variable A(t) represents the amplitude of the electri-
cal field E(t) = A(t)eibt, and the real variable Z(x, t), x ∈ [−0.5, 0.5], repre-
sents the carrier density [82]. The functions ζ(t), P (x) and F (x) are specified
in [82]. Continuous-wave solutions, called ‘external cavity modes’ (ECMs) can
be computed as steady-state solutions of (12.41)–(12.42), augmented with a
scalar condition for the unknown b and an extra scalar constraint to remove
the S1-symmetry. Zero Neumann boundary conditions for Z(x, t) are imposed
at x = ±0.5. In the computations the time variable is rescaled by a factor
of 1000 so that most quantities in the computation are of order one. The
symmetry about x = 0 is exploited by considering only the interval [0, 0.5].
Splitting (12.41) into real and imaginary parts and discretizing (12.42) in
space with a second-order central difference formula with constant stepsize
Δx = 0.5/128 results in a DDE system of size n = 131.

Figure 12.4 shows the bifurcation diagram of steady-state solutions of
(12.41)–(12.42) with α = 3, φ = 0, T = 1000, d = 1.68× 10−2 and τ = 1000,
obtained by continuation with DDE-Biftool, with the feedback strength
η as the parameter. The diagram shows several branches of steady-state so-
lutions arising from saddle-node bifurcations. During continuation the right-
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Fig. 12.5. Characteristic roots at the Hopf point of (12.41)–(12.42) η ≈ 2.5717 ×
10−3 from Fig. 12.4. Shown are approximations of characteristic roots with real part
larger than r = −1 derived from the eigenvalues of the discretization of the solution
operator by the sixth-order special-purpose LMS method (+), and their corrections
by Newton’s method (◦). From K. Verheyden, T. Luzyanina, and D. Roose, Efficient
and reliable stability analysis of solutions of delay differential equations, Proceedings
of 2006 International Conference on Nonlinear Science and Complexity, 109–120 c©
2007 by World Scientific Publishing; reprinted with permission.

most characteristic roots are computed and monitored, allowing for the de-
tection of Hopf bifurcation points along these branches.

Figure 12.5 shows the characteristic roots at the moment of the first Hopf
bifurcation on the middle branch at η ≈ 2.5717 × 10−3. Since the imaginary
part of the right-most pair of characteristic roots is large, the system presents
a challenging test case for characteristic root calculation with DDE-Biftool.

Approximations to the characteristic roots were obtained by computing
the eigenvalues of the matrix approximation to the solution operator with a
sixth-order LMS method, optimized to retain the stability properties of the
linearized equation. The steplength h in the LMS method is automatically
determined to ensure that all characteristic roots with real part larger than
r = −1 (threshold specified by the user) are approximated accurately. This
leads to the discretization of the delay interval with an equidistant mesh
of 27 points. The resulting eigenvalue problem has dimension 131 × 27 =
3537, which is large but can still be solved by using the QR-method. These
approximations are subsequently corrected by Newton’s method applied to
(12.8). The approximate characteristic roots shown in Fig. 12.5 were derived
from the eigenvalues of the discretization of the solution operator, and their
corrections by Newton’s method.

For this example a comparison of the computation of the characteristic
roots using the pseudo-spectral discretizations of the infinitesimal generator
and of the solution operator is presented in [85]. In both cases, a polynomial
of degree p = 32 is used, so that the linear eigenvalue problems have size
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Table 12.1. The computational cost of four algorithms based on a pseudo-spectral
discretization of the infinitesimal generator A and the solution operator S(h) when
using polynomials of degree p = 32 to find the right-most characteristic roots shown
in Fig. 12.5.

A S(h)
Right-most Shift-Invert Forward Backward

CPU time (seconds) 106.2 94.1 103.4 55.5
# matrix-vector products 6528 4951 6254 3146

n(p + 1) = 131 × 33 = 4323. Table 12.1 shows the computational cost of the
four methods.

To solve the linear eigenvalue problem resulting from the pseudo-spectral
discretization of the infinitesimal generator, the Matlab function eigs function
is used to compute the right-most 30 eigenvalues with a requested tolerance
of 10−8 (results indicated with ‘Right-most’). Note that eigs uses Arnoldi’s
method with implicit restart, and this method does not require the explicit
construction of the matrix. For the results indicated with ‘Shift-Invert’, eigs is
used in conjunction with the shift-invert technique and returns the eigenvalues
λ closest to the shift ‖A0‖+ ‖A1‖ ≈ 4528.5, as proposed in [10]. The pseudo-
spectral discretization of the solution operator S(h) leads to two algorithms,
called forward and backward variants in [85]. The steplength h is chosen to
be 10−4 for the forward and 10−3 for the backward variant, respectively.

The accuracy of the computed characteristic roots is similar for the four
methods. For example, the roots −0.285 ± i11.8 are computed by the four
algorithms with a relative error between 6.5 10−12 and 2.4 10−14. The accuracy
is lower for the eigenvalues with large imaginary part (the relative error on
the purely imaginary eigenvalues ±i47.7 is ≈ 10−4 for the backward variant,
and ≈ 7 10−6 for the three other algorithms. The exponential convergence
with respect to the degree p has been confirmed by numerical experiments.

12.8.2 The Mackey-Glass Equation

The equation

ẋ(t) = ax(t) + b
x(t− τ)

1 + x10(t− τ) (12.43)

models the regeneration of white blood cells [59], and it is today widely known
as the Mackey-Glass equation. Although it is a simple equation, not much is
known about its solution structure.

The three equilibria of (12.43), i.e., x1 = 0 and x2,3 = ± 10
√−(a+ b)/a are

connected to each other at a = −b by a supercritical pitchfork bifurcation.
The nonzero solutions can lose their stability in a Hopf bifurcation along the
curves in parameter space given by
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Fig. 12.6. Bifurcation diagram showing period-two solutions of (12.43) for fixed a =
−1.2158. Fold bifurcations are denoted by dots while period-doubling bifurcations
are denoted by +; the numbers of unstable characteristic multipliers are indicated
along the different branches.

a = − arccos(−d−1)
1

τ
√
d2 − 1

,

b =
10a

d− 9
,

where |d| ≥ 1. Hopf bifurcations for d > 1 are supercritical, so they give rise to
stable periodic solutions. These periodic solutions bifurcate further via several
period doublings, which then leads to chaotic motion. It was demonstrated in
[39] that chaos arises due to the transverse intersection of the two-dimensional
unstable and infinite-dimensional stable manifolds of this periodic solution.
We remark that some square-shaped solutions of large period can be obtained
by singularly perturbing a map to give

εẋ(t) = ax(t) + b
x(t− 1)

1 + xc(t− 1)
,

where ε→ 0 and ετ = 1; see [60] for details.
Here we analyze the period-two solutions bifurcating from the period-one

solutions that in turn can be related to the supercritical Hopf bifurcation of
the equilibrium. These solutions form a complicated branch structure that is
challenging to compute. In Fig. 12.6 the bifurcation diagram for a = −1.2158
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Fig. 12.7. The structure of the period-two solutions of (12.43) over the (a, b)-
plane; shown are solution branches (black curves), their fold bifurcations (green
dots), period-doubling bifurcations of the period-one solution (blue curves) and fold
bifurcations of period-two solutions (red curves).

and τ = 2 is shown. As b varies the solution undergoes several fold and
period-doubling bifurcations. These solutions are almost all unstable, and so
they cannot be found by simulation; the number of unstable characteristic
multipliers is shown along the branches in Fig. 12.6. Furthermore, the period-
one solution branch is included, but with twice the period so that it matches
up with the branch of period-two solutions.

By investigating the fold bifurcations and computing several branches of
solutions we can obtain a fairly complete picture of the structure of periodic
solutions. Figure 12.7 shows this structure for the fixed delay τ = 2, where
we plot the period T of the solutions as a function of the parameters a and b.

12.8.3 Traffic Model with Driver Reaction Time

The traffic model in Orosz et al. [64, 65] describes the dynamics of N cars
on a circular track. Each car has a velocity vi and an associated headway hi

defined as the distance to the car in front. The headways hi are calculated
from the velocities as

ḣi(t) = vi+1(t)− vi(t). (12.44)

Because of the circular track, we assume that vN+1 = v1 and hN = L −∑N−1
i=1 hi. Each car tries to reach its optimal velocity, which is a function of

the headway that can be expressed as

v̇i(t) = β(V (hi(t− 1)− vi(t)), (12.45)

where β is the sensitivity to velocity differences. Due to the reaction time of
the driver, a delayed value of the headway is used in the model. The optimal
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Fig. 12.8. Periodic solution branches of (12.44)-(12.45). Unstable solutions are
denoted by dashed lines, continous lines refer to stable solutions and boxes denote
fold bifurcations.

velocity is a function of the headway, and it is modeled by the optimal velocity
function

V (h) =

{
0 0 ≤ h ≤ 1,

v0 (h−1)3

1+(h−1)3 h > 1.

By making use of the algebraic condition for hN , one can reduce the dimension
of system (12.44)–(12.45) by one to 2N − 1.

In this section we consider N = 17 cars, which is the largest number of
cars that was considered and (partially) analyzed in [64]. Our starting point is
the steady-state solution of the model, which corresponds to equal headways
and equal car velocities and so is given by

h∗i = L/N, v∗i = V (h∗i ).

The steady state undergoes several Hopf bifurcations from which branches
of periodic solutions arise; they are shown in Fig. 12.8 as computed with
PDDE-Cont for typical parameter values of β = 1 and τ = 2 as a function
of the average headway L/N . Note how all branches of periodic solutions
feature folds and connect pairs of subcritical Hopf bifurcations. The outer-
most branch is stable between the folds, which shows that there is bistability
between stable periodic solutions (indicating a traffic jam) and the stable
steady state (uniform flow of cars). The other branches of periodic solutions
remain unstable throughout, but the outer-most of them has all its unstable
Floquet multipliers very close to 1 (for l/N around 2), which means that the
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Fig. 12.9. Hopf and fold bifurcation curves of (12.44)–(12.45). The gray regions
are bistable, where a stable equilibrium coexists with a stable periodic solution.
Between the gray regions the equilibrium is unstable, while outside the gray regions
the equilibrium is globally stable.

corresponding periodic solution can be observed as long transients. Physically,
these transients give rise to traffic jams, which move towards each other and
eventually either merge with the stable traffic jam or disperse [64].

Figure 12.9 shows the curves of fold bifurcations for N = 17 cars in
the (L/N, β)-plane. The plot also shows some Hopf bifurcation curves (dash-
dotted lines) and points of degenerate Hopf bifurcations (+); the regions of
bistability are highlighted in gray. In [64] a similar image was computed for
N = 9 cars with DDE-Biftool by performing one-parameter continuations
in L/N for many values of fixed β to find the fold bifurcations. (The locus
of Hopf bifurcations is actually known analytically.) As this approach is very
time consuming, we used PDDE-Cont instead, which is able to follow the
fold bifurcation curves directly in two parameters.

12.8.4 Chatter Motion in Milling

Cutting processes are often subject to the so-called regenerative effect [77],
which comes from the fact that a cutting tool always cuts a surface that was
produced by the same tool some time ago. The cutting forces nonlinearly
depend on the chip geometry, which in turn depends on the current and a
delayed tool position. The underlying dynamics of the tool can be considered
to be linear and, hence, the nonlinearity comes from the geometry of the chip
forming and the cutting force only. There is a vast literature on the dynamics
of machining that mainly focuses on the stability of steady cutting; see, e.g.,
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Fig. 12.10. Stability chart of (12.46) in the cutting speed and chip width parameter
plane (a); the relative damping is ζ = 0.0038 and the tool cuts continuously for a
time of 10.82% of every period. Panel (b) shows a bifurcation diagram for fixed
cutting speed; the fold bifurcations of the periodic solutions are due to the non-
smooth dynamics of the system.

[47]. However, there are only a few papers on the nonlinear dynamics and they
employ either analytical methods [76] or simulation [4].

Machining processes are inherently nonsmooth, because there is the possi-
bility of a loss of cutting force when the tool leaves the work piece. This poses
some challenges, although in some cases one can approximate the equations of
motion with a smooth system. In the case of turning, which is an autonomous
process, DDE-Biftool was used in [23]. Here we summarize the results in
[79], where a milling problem was investigated with PDDE-Cont.

The equation of motion of the nonsmooth milling problem reads

ẍ(t) + 2ξẋ(t) + x(t) = g(t)ŵ(cos 2πt/T + 0.3 sin 2πt/T )
× [H(1 + x(t− 2T )− x(t− T ))Fc((1 + x(t− T )− x(t)) sin 2πt/T )
+H(x(t− T )− x(t− 2T )− 1)Fc((2 + x(t− T )− x(t)) sin 2πt/T )] ,

(12.46)

where Fc is a nonlinear cutting force function, usually modeled with the power
law Fc(x) = 4ŵ/3x3/4, and H is the Heaviside function. The function g is a
T -periodic windowing function that changes its value once in a period be-
tween 0 and 1 depending on whether the tool is cutting the material. The two
important parameters are the period T , which is inversely proportional to the
spindle speed and the dimensionless chip width ŵ.

In order to conduct a numerical bifurcation analysis of the system with
PDDE-Cont, the Heaviside function H(z) is replaced by the smoothed func-
tion (1 + tanh(Cz))/2 with a sufficiently large value of C. Equation (12.46)
has a unique T -periodic solution which represents steady cutting and can lose
its stability either at a Neimark-Sacker or at a period-doubling bifurcation.
Figure 12.10(a) shows the bifurcation diagram where these bifurcation curves
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(a)

(b)

Fig. 12.11. A branch of quasiperiodic solutions for a cutting speed of 2π/T = 0.4
(a) and an invariant torus (b) for a point on the branch just before the tool leaves
the work piece and (12.46) becomes invalid.

are shown as solid curves. The period doublings may be subcritical or super-
critical; see the bifurcation diagram for a fixed cutting speed in Fig. 12.10(b).
Fold and Neimark-Sacker bifurcation curves of the period-two solutions have
been continued in two parameters, and they are shown in Fig. 12.10(a) as
dashed curves. These numerical results were compared to experimental data
in [79].

Quasiperiodic solutions arising at a Neimark-Sacker bifurcation can be
computed with the technique described in Sect. 12.5. A branch of invariant
quasiperiodic tori was continued with PDDE-Cont until the model loses
its physical validity. During the continuation the rotation number ω2

ω1
was

kept constant and ŵ and T served as free parameters. The resulting curve of
quasiperiodic solutions is shown in Fig. 12.11(a). Since T varies only slightly
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during the continuation, the dependence on the period is not shown in the
bifurcation diagram. One of the invariant tori along the branch (near where
the model loses its validity) is shown in Fig. 12.11(b). The computation of fur-
ther quasiperiodic solutions reveals that this system has very narrow Arnol′d
tongues in the region above the Neimark-Sacker curve in Fig. 12.10(a).

12.8.5 A Laser with Filtered Optical Feedback

One main objective for studying laser dynamics is to find regions of parameter
values where a constant-amplitude coherent light is produced. In many laser
systems delay is an important feature. It arises due to the finite travel time
of light between components of the system and may lead to different types of
dynamic behavior including chaos; see, e.g., [49]. The numerical tools intro-
duced in this chapter are very well suited to the study of nonlinear dynamics
in lasers with delayed optical feedback; see also [51].

In this section we summarize some results of Erzgräber et. al. [30], who in-
vestigate a DDE model of a semiconductor laser with filtered optical feedback
of the form

dE

dt
= (1 + iα)N(t) + κF (t), (12.47)

T
dN

dt
= P −N(t)− (1 + 2N(t))|E(t)|2, (12.48)

dF

dt
= ΛE(t− τ)e−iCp + (iΔ− Λ)F (t), (12.49)

where the variable E is the complex optical field, N is the (real-valued) pop-
ulation inversion of the laser, and F is the complex optical field of the filter.
The material properties of the laser are given by the linewidth enhancement
factor α, the electron lifetime T and the pump rate P . The coupling of the
laser with the filter is controlled by the parameter κ, while τ is the time that
the light spends in the external feedback loop. The dynamics of the filter is
modeled by (12.49). The feedback phase Cp is the phase difference between
the laser and the filter fields, and Δ is the detuning between the filter center
frequency ΩF and the solitary frequency Ω0 of the laser. Hence, Cp = Ω0τ
and Δ = ΩF −Ω0.

The laser equations (12.47)–(12.49) exhibit a rotational symmetry (rota-
tion of both E and F over any angle) that is important for the types of
solutions that are supported. It also needs to be dealt with in the continua-
tion to ensure that solutions are isolated. The idea is to consider solutions of
the form

(E(t), N(t), F (t)) = (A(t) eibt, N(t), B(t) eibt).

By putting this ansatz into (12.47)–(12.49) we obtain the new system
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dA

dt
= (1 + iα)N(t)A(t)− ibA(t) + κB(t), (12.50)

T
dN

dt
= P −N(t)− (1 + 2N(t))|A(t)|2, (12.51)

dB

dt
= ΛA(t− τ)e−i(Cp+bτ) + (iΔ− Λ− ib)B(t). (12.52)

Note that the stability of this transformed system does not differ from the
the stability of (12.47)–(12.49), because the norm of (E(t), N(t), F (t)) is the
same as the norm of (A(t), N(t), B(t)). System (12.50)–(12.52) still has the
same rotational symmetry, but the equations are now in a form that can be
dealt with in continuation.

The primary interest is in the so-called external filtered modes (EFMs),
which are single-frequency periodic solutions of (12.50)–(12.52) that are char-
acterized by fixed A(t) = As, N(t) = Ns and B(t) = Bs. EFMs were ex-
tensively studied analytically [63] and with numerical continuation [30]. In
order to determine an EFM uniquely one needs to fix the phase, which can
be done, for example, by setting Re(Es) = 0 and treating b as a variable.
Figure 12.12(a) shows a bifurcation diagram in the (κ,Cp)-plane that was
computed with DDE-Biftool. EFMs are stable in the green region; they
are born in saddle-node bifurcations (blue curves) and lose their stability in
Hopf bifurcations (red curves).

At Hopf bifurcations periodic solutions arise whose continuation requires
a new phase condition [37]. Let us introduce the symmetry group

G(θ) =

⎛
⎝eiθ 0 0

0 1 0
0 0 eiθ

⎞
⎠ , G =

dG(θ)

dθ
|θ=0 =

⎛
⎝i 0 0

0 0 0
0 0 i

⎞
⎠ ,

which produces a two-parameter family of solutions

u(t; θ1, θ2) = G(θ1)(A(t+ θ2), N(t+ θ2), B(t+ θ2))

from any solution of (12.50)–(12.52). In a continuation context, when looking
for the next solution on a branch of solutions, we want to find the one closest
in norm to the previous solution u(0). Hence, the new solution u is chosen to
minimize

D(θ1, θ2) =

∫ 1

0

‖u(t; θ1, θ2)− u(0)(t))‖22 dt

in θ1, θ2. Differentiating with respect to both variables and evaluating at θ1 =
θ2 = 0 yields ∫ 1

0

u̇(0)(s)(u(0)(s)− u(s)) ds = 0, (12.53)∫ 1

0

Gu(0)(s)(u(0)(s)− u(s)) ds = 0, (12.54)
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Fig. 12.12. Panel (a) shows the bifurcation diagram in the (κ, Cp)-plane of (12.47)–
(12.49) for Δ = 0, α = 5.0, T = 100, P = 3.5, τ = 500 and Λ = 0.007. EFMs are
stable in the green region, which is bounded by curves of saddle-node bifurcations
(blue) and Hopf bifurcations (red). Panels (b1)–(b4) show an example of relaxation
oscillations, while panels (c1)–(c4) and panels (d1)–(d4) are examples of frequency
oscillations; plotted are the laser intensity IL, its frequency ωL, the filter intensity
IF , and its frequency ωF . The stability regions of the different oscillations are shown
in panel (a) in orange, purple and light blue, respectively. From H. Erzgräber, B.
Krauskopf and D. Lenstra, SIAM J. Appl. Dyn. Sys. 6(1) (2007) 1–28 c© 2007 by
the Society for Industrial and Applied Mathematics; reprinted with permission.

where G = d/dθG(θ)|θ=0 is the infinitesimal generator of the symmetry group.
Note that (12.53) is actually phase condition (12.14), while (12.54) is a new
phase condition that fixes the group invariance.

With (12.53) and (12.54) periodic solutions can be continued as isolated
solutions. These phase conditions are implemented in both DDE-Biftool

and PDDE-Cont. In [30] DDE-Biftool was used to compute the periodic
solutions of (12.50)–(12.52) and PDDE-Cont was used to determine their
stability boundaries by continuing the Neimark-Sacker bifurcation in two pa-
rameters.

The resulting stability regions of the two different types of periodic so-
lutions are colored in Fig. 12.12(a), and examples of typical time series are
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shown in panels (b)–(d). First, there are the typical relaxation oscillations (not
to be confused with relaxation oscillations of slow-fast systems as discussed
in Chap. 8), which are a periodic exchange of energy between the electric
field E and the inversion N in a semiconductor laser. Relaxation oscillations
are fast (on the order of a few GHz) and effectively do not involve the filter;
see Fig. 12.12(b). The other type of oscillations are the frequency oscilla-
tions, which are slower and oscillate on the time scale given by the external
roundtrip time (that is, the delay τ); see Fig. 12.12(c) and (d). These oscil-
lations are unusual for semiconductor lasers because they feature practically
constant laser intensity IL but an oscillating frequency ωL. Notice that the
dynamics of the filter appears to suppress the dynamics of the intensity. Both
types of oscillations lose their stability at Neimark-Sacker bifurcations, which
are shown as black curves in Fig. 12.12(a).

12.9 Conclusions

We discussed numerical continuation methods for the stability and bifurcation
analysis of delay differential equations with constant delays, concentrating on
techniques concerning steady-state solutions and periodic solutions. We also
described how to compute connecting (homoclinic and heteroclinic) orbits
and quasiperiodic solutions. Furthermore, we briefly mentioned how to deal
with state-dependent delays and with equations of neutral type. Compared
with numerical methods for such tasks in ordinary differential equations the
methods we presented are either similar but with a higher computational
cost (an example is collocation for computing periodic solutions) or much
more complex (as is the case for computing the stability of a steady state or
finding a connected orbit). These additional difficulties are due to the infinite-
dimensional nature of DDEs.

Rather than trying to give a complete literature survey, we focused on the
numerical methods implemented in the software packages DDE-Biftool and
PDDE-Cont. Both have about the same functionality as similar packages
for ODEs, but with less flexibility and at a higher computational cost. They
make continuation and bifurcation analysis for DDEs readily available for
scientists dealing with concrete problems arising in applications. We have
included results on the continuation and bifurcation analysis of several realistic
models to illustrate the applicability of the methods.

Numerical developments can also help with the solution of some open
theoretical problems. For example, some numerical results on state-dependent
DDEs are ahead of the theory and suggest that certain conditions imposed
in the theory are rather technical and not fundamental. One of the areas
for future work for both theory and numerical methods is that of piecewise-
smooth delayed systems, which have important applications, for example, in
control theory [5, 73], hybrid testing [53, 74] and machine tooling [23, 77].
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