Chapter 5
Elasticity Solutions for Sandwich Structures

This chapter presents the theory of elasticity solutions for sandwich plates or
shells. Elasticity solutions are significant because they provide a benchmark
for assessing the performance of the various plate or shell theories or various
numerical methods such as the finite element method. Most of these solutions
are an extension of the corresponding solutions for monolithic anisotropic
bodies which have been developed primarily by Lekhnitskii (1963). This
chapter does not cover all problems of the theory of elasticity for sandwich
bodies, but presents only some of the most studied ones in an attempt to col-
lect the accumulated recent progress in this field. Section 5.1 on sandwich
rectangular plates is adapted from Pagano (1970a), which was extended to
the case of positive discriminant materials by Kardomateas (2008a) and Sec-
tion 5.2 on sandwich shells from Kardomateas (2001).

5.1 A Rectangular Sandwich Plate with Orthotropic Face Sheets
and Core

We consider a sandwich plate consisting of orthotropic face sheets of thick-
ness h; = fj and h, = f, and an orthotropic core of thickness 4, = 2¢, such
that the various axes of elastic symmetry are parallel to the plate axes x, y,
and z (Figure 5.1). The plate is simply supported. A normal traction o, =
qo(x, y) is applied on the upper surface but the lower surface is traction-free.

Let us denote each layer by i where i = f for the upper face-sheet, i = ¢
for the core and i = f, for the lower face-sheet. Then, for each layer, the
orthotropic strain-stress relations are
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Figure 5.1 Definition of geometry and loading for the sandwich plate.
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(5.1)

where cf ; are the stiffness constants (we have used the notation 1 = x,2 =y,
3 =72).
Using the strain-displacement relations

Exx = U x;

Eyy = Uy

€z = Wy,

(5.22)
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Vyz =Wy + UV Vig=U;+ Wy, Viy=Uy+Vy, (5.2b)

and the equilibrium relations

Oxx,x + Txy,y + Txz,; = 0, (533)
fxy,x + O‘yy,y + rquZ == O, (5.3b)
Tozx + Tyzy + 0. =0, (5.3¢)

leads to the following governing field equations in terms of the displacements
for each layer:

i i i i i i i
Cl U xx + Coglh yy + Csslt 2 + (€l + Coe)V xy + (€13 + C559)w . =0, (5.4a)

(1o + Cee)tt xy F CoaVoxx T CopU,yy + CigV 2z + (3 + Ch)w . = 0, (5.4b)
(13 F C55)U xz + (€3 + €4V, yz + Cs5W x + CaqW yy + 33w oo = 0. (5.4¢)

In the following, we shall drop the superscript i that refers to the layers
(core or face sheets) on the understanding that the derived relations will hold
for each layer.

For a simply supported plate, an appropriate solution for the displace-
ments would be in the form

u=U(z)cos pxsingy, (5.5a)
v = V(z)sin pxcosqy, (5.5b)
w = W(z)sin px singy, (5.5¢)
where
p=nnj/a;, q=mn/b (mn,m=1,2,3,...). (5.5d)

These displacements, in conjunction with the corresponding strains and
stresses from (5.2) and (5.1), would satisfy the simple support edge condi-
tions:

at x=0,a: w=v=0,=0. (5.5¢)
at y=0,b: w=u=o,=0. (5.5%)

Assuming that
[U(2), V(2), W(2)] = [Uo, Vo, Wole’*, (5.5g)

where Uy, Vy and W, are constants, and substituting (5.5) into (5.4) results
in the following system of algebraic equations:
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(c11 P> +co6q” — cs5)Up+ (c1a+co6) pq Vo — (c13+cs5) psWo = 0, (5.6a)
(c124¢66) PqUo+ (c22q” + c66p” — caas®) Vo — (a3 +caa)qs Wo = 0, (5.6b)

(c13+¢s5) psUg + (ca3 + cas)qs Vo + (css p* + caaq® — c335") Wy = 0. (5.6¢)

Non-trivial solutions of this system exist only if the determinant of the
coefficients vanishes, which leads to

Aos® + Ars* + Ars® + A3 = 0, (5.7)
where
AO = —(33C44Cs5, (583)
Ay = p*[eas(eriess — cf3) + ess(casces — 2013¢44) | +
+4° [es5(cane33 — €33) + caalcascos — 2023¢s5)] (5.8b)
Ay = —p*[ces(cric33 — c13) + ess(cricas — 2¢13¢66) ]

+ p*q*[—c11(caacss — €33) — 2(c1a + ce6) (€13 + €55) (€23 + Ca4)
— 2¢44¢55C66 + 211623¢44 + €12633(C12 + 2¢66) + C13¢2 (€13 + 2¢55) |

— ¢* [ce6(c20¢33 — €33) + caalenncss — 2¢a3¢66) ] s (5.8¢)

6 42 2
As = pPcricssces + P’ [ess(crican — ¢y) + ces(cricas — 2c12¢s5) |
2 4 2 6
+ p°q" [caa(crican — €) + cos(caess — 2¢12¢aa) | + q°cancaaces.

(5.8d)

With the substitution
B =s2, (5.9)

Equation (5.7), which defines the parameter s, can be written in the form of
a cubic equation as

ﬂ3 +a1132 +ale +a3 = 0, ai = Al/AO (l = 1,2, 3) (510)
Let
3a, — a? 9 —27a3 — 2a}
=229, pRTSBTH . po QP4 RL (Blla)

9 ' 54 ’
The last quantity, D, is the discriminant, which determines the nature of the
solution.
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5.1.1 Negative Discriminant D

If D < 0, then all roots are real and different as follows:

B1 =2/ —Q cos (g) _a (5.11b)

3 ’

B, = 2/—0 cos (9 +32”> _a (5.11¢)

3
0+ 4
By = 2./— cos( +3 ”)—%, (5.11d)
where
cosf® = R/vV—03. (5.11e)

Corresponding to the three roots are the displacements functions defined
in Equations (5.5a—c)

3 3 3
UR)=) Ui); V@ =) Vi W@ =) Wik. (512
j=1 j=1 j=1

If B; < Othens; = +i,/|B;| and if we set

m; = /16 . (5.13a)

then s; = *im ;. From (5.5g) for each pair of roots s;, we can write

Uj(z) =Ugcosmjz+ Usjsinm;z, (5.13b)
Vi(z) = Vgjcosmjz + Vyjsinm;z, (5.13¢)
Wi(z) = W, sinmz + Wg;cosm;z, (5.13d)

Substituting directly into (5.5a—c) and then into the equilibrium equations
(5.4b, ¢), leads to the following two equations for V,; and W;:

e from (5.4b) collecting terms of cos m ;z:
Vi (coop” + c20q” + C44m§)_ij (c23tcag)gm; = —(cr2+ce6) PqU.;,

(5.13e)
e from (5.4¢) collecting terms of sinm ;z:

Vej(coztcaa)gm i+ Wy (655p2 + caq® + C33m§) = (c13+css)pm;U,;,
(5.13f)
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These two equations can be solved for V,; and W; in terms of U,;. Similar
equations can be derived for Vy; and W;; by collecting terms of sinm ;z in
(5.4b) and of cosm ;z in (5.4¢c). In the end, we obtain the following expres-

sions:
Uj(z) =U;cosmjz+ Usjsinm;z,
Vi(z) = ﬁch cosm;z + ﬁUsj sinm;z,
A, A;
Wi(z) = —&Usj cosm;z + &ch sinm;z,
Aj Aj
where

Aj = (C66p2 + g + C44m§) (055172 + cug® + Cssmi)

+ (23 + ca)’q’m3,

B; = pq[ — (c12 + co6) (c55p” + casg” + Cssmi)

+ (c13 + ¢s55)(c23 + C44)m§],

C; = pm;[ (ceeP® + c20q” + C44m§) (c13 + ¢55)
+ (12 + co6)(c23 + cas)q’ -

If B; > 0, we set
I’l’lj=\/ﬁj.

By following an analogous procedure, we can write

Uj(Z) = ch COShm]'Z + Usj Sil’lhmj'Z,

B; B;
Vi(z) = A_{ch coshm;z + A_{USJ- sinhm z,
j j

C; C;
Wi(z) = A—]_ch sinhm ;z + A_]'USj coshm;z,
J J

where

Aj = (C66p2 + 022612 - C44m§) (055172 + C44€12 - Cssmi)

+ (23 + ca)’q’m3,

(5.13g)

(5.13h)

(5.131)

(5.13j)

(5.13k)

(5.13D)

(5.14a)

(5.14b)

(5.14¢)

(5.144d)

(5.14e)
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B; = —pq[(ci2 + cos) (c55p* + casg” — C33m§)
+ (c13 + ¢s5) (23 + caa)m’ ), (5.141)

C; = pm;[— (cesp® + c20q” — C44m§) (c13 + ¢s55)
+ (c12 + ce6) (€23 + C44)€12]- (5.14¢)

Hence, the independent parameters are the six constants U.i, Uy, U3, Uy,
Uy,, Ugs which, for convenience, we rename g1, g2, €3, g4, &5 and gg, respec-
tively. Then the displacements are as follows:

U(z) =dg +dng + di3gs + dusga + dysgs + dusge, (5.15a)

with the z-dependent coefficients defined for j = 1, 2, 3,

__Jcosm;z, if /3]. <0,
“e icoshmjz, if B; >0, (5.15b)
o sinmz, if B; <0,
D+ = isinhmjz, if B;>0. (5.15¢)

In the following expressions (5.16-5.20), A ;, B; and C; refer to (5.13j-1) if
B;j < 0, and to (5.14e-g) if B; > 0. With this remark we can set V (z) in the
form

V(z) =dyig1 +dvg + dy383 + dyags + dysgs + dyeges (5.16a)

where, again, for j =1, 2, 3,

B; )
A—jcosmjz, if B <0

dyj = B (5.16b)
= coshm;z, if B; >0,
Aj
B; . .
——sinm;z, if g; <0
dojyn =1\ p (5.16¢)

A—{sinhmjz, if B; >0,

J
and

W(z) = dy181 + du2g + du3gs + dwags + dusgs + duse, (5.17a)
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where the z-dependent coefficients again are defined for j =1, 2, 3,

C:
—Lsinm;z, if B; <0,
dyj=1 ¢ (5.17b)
—Lsinhm;z, if B; >0,
Aj

C; )
A cosm;z, if B; <0,
duij+3 =\ ¢ ! (5.17¢)
—~coshm;z, if B; > 0.
J
The corresponding stresses are derived by substituting the above displace-
ment expressions into (5.5), (5.1) and (5.2). We present the explicit expres-
sions for the stresses o, T,, and 7., because these enter into the interface
conditions. The stress o,, can be written in the form

2= (b2181 + b:2282 + D383 + b.484 + b2585 + b 2686) Sin px singy,

(5.18a)
The z-dependent coefficients are defined for j =1, 2, 3 as
. C; _
c13p+C23q——C33A mj)cosmjz, if B; <O
beyj = BJ cJ~
<Cl3p+623q—]—633 mj> COShij, if ,Bj >0
Aj Aj
(5.18b)
B; Cj .
ci3p +ceng— —c3—m; |sinm;z, if B; <0
Aj Aj
bzz(]+3) - B C.
—(Cl3p—|—023q—]—033—]m1~> sinhmjz, if ,Bj >0
A A
(5.18¢)
Next,

Ty = (by2181 + by + by:383 + by-ags + byosgs + byz686) sin px cos qy,

(5.19a)
with the z-dependent coefficients defined for j = 1, 2, 3 as
C; B;
Cag (q—] - mj—]> sinm;z, if B; <0
Aj Aj
(5.19b)

by

C; B;

C44(qA—+m]A >smhm iz, if B; >0
J
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C,; B;
—Cu44 (qA—j —mjA—j> cosm;z, if B; <0
J J

Pretjed = < Sy BJ) h it B; >0
Cau \d— mj— COS ij, 1 j >
Aj Aj

Finally,

111

(5.19¢)

Tyz = (blegl + bxz2g2 + bxz3g3 + bxz4g4 + bszgS + bxzﬁgﬁ) COS px sin qy,

with the z-dependent coefficients defined for j = 1, 2, 3 as

C,
Css (pA—{—mj> sinm;z, if B; <0
by = !

C,
Cs5 (pA—]_+mj>sinhmjz, if g;>0
J
C.
—Cs5 (pA—]_—m])cosmjz, if B; <0
byz(j+3) = !
C,
Css <p%+mj)coshmjz, if g;>0

Aj

5.1.2 Positive Discriminant D

(5.20a)

(5.20b)

(5.20c)

If D > 0, where the discriminant D is defined in (5.11a), then the cubic

equation (5.10) has one real root and two complex conjugates.
With R and D defined in (5.11a), we further define

Then with
T L PR TR
UR = 5 3 Knr = 5 )
the two complex conjugate roots are

Bi=wpur+in;;, Bo=pur—ipns.

The real root is

/33:S+T—a3—1.

(5.21a)

(5.21b)

(5.21¢)

(5.21d)
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The real root is dealt with in the same manner as for the case of a negative
discriminant (Section 5.1.1).

Next we shall consider how to deal with the complex conjugate roots. In
terms of the modulus r and amplitude 6 of these complex numbers,

r=y\ur+ur; 0= tan~! (ﬂ> (5.21e)
KR

these roots can be set in the form
Bi1 =r(cos@ +isinf); B, =r(cosf —isinh). (5.21%)

From (5.9), we now seek the square roots of 8; and S,. Thus, in terms of

0 0
Vi :«/?cosa : yzzﬁsinz, (5.21g)

the corresponding roots of the sixth-order equation (5.7), s;, are
sip =t +iv); s34 = —iv2). (5.21h)

Corresponding to these four roots, the displacement functions take the
form

U, (z) = a1,e"'* cos y»z + azye”'* sin y»z2

+ az, e ¥ cos yrz + agye” 1 sin yoz, (5.22)

where n = u, v, w corresponds to the U, V, W displacements and the a;, are
constants. Of the 12 constants appearing in (5.22) only four are independent.
The eight relations that exist among these constants are found by substituting
the displacements along with (5.5) into the equilibrium equations (5.4).

For convenience, let us set

ri = cu(yi +v3) + cesp” + 224, (5.23a)
ry = cu(y +v5) — cooP” — g, (5.23b)
r3 =css(yf 4+ v3) + cup’ + cesq’ (5.23¢)
ra = css(yl 4+ v5) — cnp® — cesq’s (5.23d)
and
e1 = ri(c13 4 ¢s5) — ¢ (c12 4 Co6) (€23 + C44). (5.23¢)

er = ra(c13 + ¢s5) + g2 (cia + ce6) (23 + Cas), (5.231)
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e3 = r3(ca3 + cas) — p(cr2 + ceo)(c13 + Cs5), (5.23g)
es = ry(cas + ca3) + P (12 + cep)(c13 + C55), (5.23h)
In this way, we obtain the following relations for the coefficients in the

displacement expression for V(z), Equation (5.22), in terms of the coeffi-
cients in the expression for U(z):

ay =&nay +&nay, ax =&ay, + Enay, (5.24a)

azy = §33a3, + Eaaay, a4y = §4303, + Eqaqay, (5.24b)
where 5 )
q(erezys + exeqyy)
p(ysiel + yie3)
V1v2(e2e3 — ejeq)
Eip =~y =~y = by = 2B T A4 (5.24d)
pP(yrer +vie
Also, the following relations for the coefficients in the expression for
W (z), Equation (5.22), in terms of the coefficients in the expression for U (z):

§n=86n=%§83=86u= (5.24¢)

ary = fua + fi2auw, ax = faw + frnamu, (5.25a)
W3y = [33a3, + f34Q4u, Q4w = fa303, + fa404,, (5.25b)
where

fu=fo=—fis=—fu
_ (cn+cee)pgy — rayibin — rniyaéon

, (5.25¢)
q(cys + C44)(712 + )/22)
fu=—fu=fuu=—fn
_ (c12 + c66) pqy2 + r2yi612 + ”1)/2522. (5.25d)

q(cxs + ca) (Y + v3)

Now, coming to the real root 83, we set

m3 = +/|Bsl, (5.26)

then if 83 < 0 and following (5.13g-1) we can write

U;(z) = as, cosmszz + ag, Sinmsz, (5.27a)



114 5 Elasticity Solutions for Sandwich Structures

B3 B
Vi(z) = —a5u cosmszz + —3a6M sin m3z, (5.27b)
A, A,
C C
Ws(z) = ——3a6u cosmzz + —3a5u sin msz, (5.27¢)
As As

where

Az = (%6192 +eng® + C44m§) (C55P2 + caq® + C33m§)+(C23+C44)242m§,

(5.27d)
By = pq[ — (c12 + ceo) (cs5p” + caag® + c33m3)
+ (c13 + ¢55) (C23 + canm3], (5.27e)
C3 = pm3| (cosP” + c22q> + caam3) (c13 + cs5)
+ (c12 + ce6) (€23 + can)g?]. (5.27f)
If B3 > O then, following (5.14b—g)
Us(z) = as, coshmsz + ag, sSinh msz, (5.28a)
B3 B3
Vi(z) = —asu coshmsz + —ag, sinh msz, (5.28b)
Aj Aj
C3 C3
Ws(z) = —a5u sinh msz + —a()u coshmsz, (5.28¢)
Aj Aj

where

Az = (co6p” + 22" — caam3) (cssp” + caaqg® — czam3) +(c3+caa)’q’m3,

(5.28d)
B; = —pq[(c12 + cos) (c5sp” + caaq® — c33m3)
+ (c13 + ¢55) (C23 + ca)m3], (5.28e)
Cs = pm3[— (cesp® + 204> — casm3) (c13 + cs5)
+ (12 + ce6)(c23 + cas)q’]- (5.28f)

Hence, if we consider the constants ay,, dy,, dz,, A4y, 5., de, as inde-
pendent, which for convenience we rename again as gi, g2, g3, g4, s 86, L€~
spectively, the displacement U (z) is of the form (5.15a) with the z-dependent
coefficients defined as
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dy = eV cosyrz;  dyp = e siny,z, (5.29a)

dy = eV cos vz, dyy = e ' sinyz, (5.29b)
| cosmzz, if B3 <O,

dus = {cosh msz, if B3 >0, (5.29¢)
__|sinmzz, if B3 <O,

dus = {sinh msz, if B3 > 0. (5.299)

In the following expressions (5.30-5.34), A3, B3 and Cj are from (5.27d—f)
if B3 < 0, and from (5.28d-f) if B3 > 0. With this observation, the displace-
ment V(z) is of the form (5.16a), where

dyi = (§11cos yaz + & sinyrz)e”* s dyy = (61208 oz + Exp sin yrz)e's,
(5.30a)
dyz = (&33c08 yaz+Eassinyrz)e " dya = (634 €08 yrz+-Eag sin yrz)e V1%,
(5.30b)
B; }
™ cosmszz, if B3 <O
dys = B3 (5.30c)
—30081’11’}’132, if B3>0
As

Bs . .

™ sinmsz, if B3 <0

dys = 33 (5.30d)
= sinhmsz, if B3 > 0.

A3

Similarly, the displacement W (z) is of the form (5.17a) with the z-dependent
coefficients:

dy1 = (fi1cos yaz+ frrsinya2)e”*; dyy = (fi2cos 22+ frsinyrz)e,
(5.31a)
dy3 = (f33¢08 yoz+ faz sin y2z)e™ "5 dyps = (f34 €OS Yaz+ fas sin yrz)e V1%,
(5.31b)

C
A—3 sinmsz, if B3 <0,
dys =1 73 (5.31c)

c
= sinhmsz, if B; >0,
Aj

C
_A_3 cosmsz, if B3 <O,

dys = 3 (5.31d)

C
—3coshm3z, if Bz > 0.
Aj
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The corresponding stresses are derived by substituting the above displace-
ment expressions into (5.5), (5.1), and (5.2). We present the explicit expres-
sions for o, 7,; and 7., which enter into the interface conditions. o, is of
the form (5.18a) with the z-dependent coefficients defined as

b = [e3s(fuiyi + fa1v2) — cizp — c23qéiile’* cos yrz
+ [e3(fayi — fuive) — c3géaile’ sin yaz, (5.32a)

b, = [c33(fiuyr + faoy2) — c23g&12]€”"* cos yrz
+ [e33(f2v1 — f12y2) — c13p — c23gén]e”* sin yyz, (5.32b)
b3 = —[c33(f3371 — fazyn) + c13p + c23g&33]le” ¥ cos yoz

— [es3(fasy1 + f3372) + c23ga3le” 1 sin oz, (5.32¢)

boa = —[c33(f3ay1 — faay2) + c23g&34]e V% cos yoz
—[e33(faay1 + f3ay2) + ci3p + c3qéasle ' sinyrz. (5.32d)

Bs G .
—\ci3p+c3g— —c33—m3 | cosmzz, if B3 <0
b.s = A A
225 = B C '
—\ci3p + C23q—3 — C33—3n’l3 coshmsz, if B3>0
Az Az
(5.32¢)
B (& . .
— (C13p + C23qA_3 - 033A—3m3> sinmsz, if B3<0
b _ 3 3
226 Bj C; ' '
—\cizp+ C23qA_ — 033A—m3 sinhmsz, if B3>0
3 3

(5.32f)
7. is of the form (5.19a) with the z-dependent coefficients defined as

by1 = caae”[(Enyr + &2 + qfi1) cos yoz

+ (62171 — §nye + qf21) sinyaz], (5.332)
by = cae”[(Exy1 + £y + qf12) cOs Yoz

+ (62201 — §12y2 + qf22) sin 2], (5.33b)
by3 = case” "*[(qf33 4 E43v2 — E33)1) COs a2

+ (qf13 — &33y2 — Ea3y1) sinyzl, (5.33¢)

by4 = case "[(qf34 + Esaya — E3ay1) COS a2
+ (qfa4 — §34Y2 — Eaay1) sin yaz], (5.33d)
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G B3\ . )
Cia \ q— — m3— | SInmsz, if /33 < O,
As As
b,,5s = 5.33
s = c B (5.33¢)
Ca4 <q— + m3—> sinhmsz, if B3 >0,
Aj As
C; B; )
—Cgq \gq— — m3— ) COSmM3Z, if ,33 < O,
Aj As
by.6 = (5.33f)

Cs B3 :
C44 C]A—3 +m3A—3 coshmsz, if B3 > 0.

Finally, ., is of the form (5.20a) with the z-dependent coefficients defined
as

byz1 = csse”*[(y1 + pfi1) cos yaz + (pfar — y2) sin yaz], (5.34a)

by = cs5e”*[(y2 + pfi2) cos y2z + (pfar + y1) sin yaz], (5.34b)
by3 = csse” "E[(pfzz — y1) €08 yoz + (pfaz — y2) sin 2], (5.34¢)
byia = csse” " [(pfsa + v2) €08 oz + (pfas — y1) sin yrz], (5.34d)

C
Cs5 (p—3 — m3) sinmszz, if B3 <O,
by.s = 23 (5.34e)
Cs5 (pA—3 + m3) sinhmsz, if B3 >0,
3
C
—Cs5 (p—3 — I’l’l3) cosmsz, if /33 < 0,
byog = CA3 (5.34f)
Cs5 (pA—z + m3> coshmsz, if B3 > 0.
3

5.1.3 Isotropic Layers

In the event that one of the layers in the sandwich panel is isotropic (this is
more common for the core) with extensional modulus E and Poisson’s ratio
v, then the following relationships for the material constants hold:

1—v
= = =F——— 5.35
Cl1 = Cp =33 TR DRI (5.35a)
v 1—
Clp = C13 = €23 = (1 ; Cep = C55 = C44 = (5.35b)

1—v NMya )
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In this case we find that D vanishes and the solution to Equation (5.10)
consists of three equal roots, B; = p? + ¢>. Therefore, the solutions to (5.7)
occur in the form of three repeated pairs of roots, s; = £A, where

A= (p*+qgHV2 (5.36)
In this case, the displacement functions take the form
Uy(2) = (a1, + asyz + asyz2)e™ + (ay; + asyz + agyze ™, (5.37)

where n = u, v, w corresponds to the U, V, W displacements and the a;,
are constants. Of the 18 constants appearing in (5.37), only six are indepen-
dent. The various relations that exist among these constants are found by
substituting (5.37) and (5.5) into (5.4), in which the relations (5.35) for the
isotropic material constants are used. In this way we deduce the following
12 relations:

as, =aey =0, n=u,v,w, (5.38a)
qazy = pazy; Az, = Py, (5.38b)
qag, = pasy; Mgy, = —Ppasy, (5.38¢)
pay, +qay, — Aay, = —%(41} —3az,, (5.38d)
pay, + qgaz, + Aay, = %(41} — 3)ay,. (5.38e)

Hence, if we consider the constants ay,, as,, d3,, A4, d1y, and a;, as in-
dependent, which for convenience we rename gi, g2, g3, 84, &5, 86, I€SpPEC-
tively, the displacement U(z) is of the form (5.15a) with the z-dependent
coefficients defined as

-\ s —A
du1:e ; du2:e Z; du3:ZeZ; du4:Ze Z; du5:du6:O-

(5.39)
The displacement V (z) is of the form (5.16a) where

-z Az

. AZ. -
; dys =€ dyg=e",

(5.40)

dyt =dy =0; dy = gZe)‘z; dys = gze
p p

and the displacement W (z) is of the form (5.17a) where,

p 4v —3

. —AZ .
dw1=—€ s dw2:__e Za dw3: (

A 2
+ —z)e**, (5.41a)
A P
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dys = (4” 5 &z) e dys =T dy=—Le (541b)
p p A A
The corresponding stresses are derived by substituting the above displace-
ment expressions into (5.5), (5.1), and (5.2). We present again the explicit
expressions for o, 7,;, and 7,;, which come into the interface conditions.
0, is of the form (5.18a) with the z-dependent coefficients defined as

1—=2v ,. 1=2v _,.
bzzl =C11p e bzz2 =C11p e , (5.42a)
1—v 1—v
2
by = He“ [z —2(1 = v)], (5.42b)
2
bia = % Mz 421 -], (5.42¢)
1—2v 1—2v
b.s = ciigq e big=cig e (5.42d)
1—v 1—v

7, is of the form (5.19a) with the z-dependent coefficients defined as

e (1 —21))& e cpp (1 —2v)ﬂ s

by, = 200 * ey by =-— A= A e, (5.43a)

by = % Qv — 14 r2) %e“, (5.43b)

by = % Qv —1-12) %e‘“, (5.43¢)
byzs=%(k+k) , bm:—%(kﬂ)

(5.43d)

T, is of the form (5.20a) with the z-dependent coefficients defined as

1-2 1-2
"m:M(A H) , bxd:_M(k H)

2(1 =) 21— )
(5.442)

1—2
beoy = 72 o e, (5.44b)

1-v)

1—2
by = L2 o e (5.44c¢)

1-v)

1-2 1-2

beos = LA =20 PG ey AT PG e (s )

2(1—v) A 2(I—=v) A
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From this analysis, we can see that the stresses in each layer (i), wherei =
f1, ¢, f», are described by six constants: g}i), g;i}ﬁ, j = 1,2, 3. Therefore,
for the sandwich panel, a total of 18 constants are to be determined.

There are three traction conditions at each of the two core/face-sheet in-
terfaces, giving a total of six conditions. In a similar fashion, there are three
displacement continuity conditions at each of the two core/face-sheet inter-
faces, giving another six conditions. Finally, there are three traction bound-
ary conditions on each of the two plate outer surfaces, giving an another six
conditions, i.e. a total of 18 equations.

Finally, for completeness, we also give the detailed expressions for the
in-plane stresses o, oy, and T,,. 0,, can be written in the form

Oxx = (bxxlgl + bxx2g2 + bxx3g3 + bxx4g4 + bxngS + bxxﬁgﬁ) sin pXx sin qy,

(5.45)
where the z-dependent coefficients b,,; are found from the b,.; expressions
(5.18b—c) and (5.32a—f) by replacing c33 with c;3, ¢j3 with ¢1; and ¢,3 with
c12. In the same manner, o,, is given by

Oyy = (byylgl + byy282 + byy383 + byyags + byysgs + byyégé) sin px sinqy,

(5.46)
where the z-dependent coefficients b,,; are again found from the b_.; expres-
sions (5.18b—c) and (5.32a—f) by now replacing c33 with ¢;3, ¢13 with ¢y, and
23 with ¢,. Finally, the shear stress, t,, is

Tey = (bay181 + biy282 + byy383 + byxyags + brysgs + bryegs) €Os px singy.

(5.47)

For orthotropic layers with D < 0, the z-dependent coefficients are de-
fined for j =1, 2, 3 as

B
Co6 (q+pA—J_)cosmjz, if B; <0,
J

bxyj — B. (5483.)
Co6 (q + pA—j) coshm;z, if B; >0,
J
B
Co6 (q + pA—J) sinm;z, if B; <0,
J
(5.48b)

byy(j+3) =
B.
Co6 (q + pA—’_) sinhm;z, if B; > 0.
J
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In the expressions (5.48) and (5.49), A; and Bj refer to (5.13j-Kk) if B; <
0, and to (5.14e—f) if B; > 0. Further, A3 and Bj refer to (5.27d—e) if B3 < 0
and to (5.28d—e) if B3 > 0. With this note, for orthotropic layers with D > 0,
the z-dependent coefficients are

byy1 = cese”*[(q + p&11) cos y2z + péyy sinypz], (5.49a)
byy2 = cese”*[ p&12 €08 y2z + (g + p&22) sin y,z], (5.49b)
byyz = cese” "'*[(q + p&33) cos yrz + péuzsin yaz], (5.49¢)
byys = cese” "*[p&34 cos Y2z + (g + péas) sin yrz], (5.494d)
Bj .
ce6 | g + pA— cosmsz, if B3 <O
byys = 33 (5.49)
Co6 <q + pA—3) coshmsz, if B3>0
3
By . )
Cé6 (q + pA—> sinmsz, if B3 <0
byye = 33 (5.491)
Ce6 (q + p—3> sinhmsz, if B3>0
Aj
For isotropic materials, the z-dependent coefficients are:
Cll(l — 21)) Az C11(1 — 21)) —az
= D by = ——— - , 5.50
T - 2T 00—y ¢ (5.502)
1-2
byys = C“(l—v)qze“, (5.50b)
—V
1-2
by = LT 2D e (5.500)
’ 1—v
1-2 1-2
bxys _ Cll( U) Az : bxy() _ Cll( U) _)\-Z' (550(1)

21— 7¢ 20—v) ¢

5.1.4 Examples

As an illustration of the above, let us consider a symmetric sandwich
plate with unidirectional carbon/epoxy faces and a hexagonal glass/phenolic
honeycomb core. This material combination is very common in the
aerospace/rotorcraft industry (although the faces would be multidirec-
tional for most applications). The orthotropic face moduli are (in GPa):
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El = 181, E] = E{ = 103, G}, = 596, G/, = G|, = 7.17;
and the face Poisson’s ratios: v1f2 = v1f3 = 0.277, vgz = 0.400. The
orthotropic honeycomb core moduli are (in GPa): E{ = E; = 0.032,
E; = 0.300, G5; = G5, = 0.048, G}, = 0.013; and the core Pois-
son’s ratios: v{, = v5, = v5; = 0.25. The thickness of each face sheet is
f1 = fo = 2 mm and the core thickness 2¢c = 16 mm. The plate is square
with a = b = 10h, where 4 is the total thickness of the sandwich plate.
We further assume that a transverse load is applied at the top face sheet of
the form
qo(x,y) = Qosin pxsingy, (5.51)

and in the definition of p and ¢ in (5.5d), we further assume m = n = 1.
Note that a general load can be expanded in a series of terms of the type
(5.51).

For each layer, the compliance constants are given by

1 —Vs —V31
agl=—,; dapp= T ap = — (5.52a)
1 ) 12 i 13 i
! — ! (5.52b)
ay = —; apn= DAy = — )
2 ; 23 £ =L
1 1 1
L I 5.52¢
fom G ass G ase Gn ( )

The stiffness matrix is the inverse of the compliance matrix. The inversion
leads to the following formulas for the ¢;;:

1y = fﬁw; 12 = E (vi2 + vi3v32) e = Es (Vi3 + vi2v23) ’
CO CO CO

(5.52d)

1 - |

o= B, p U)o e (L vena)
CO C() CO

(5.52€)

cas =G css=G3; e =G, (5.52f)

where
Co =1 — (viava1 + v23v30 + Vi3V31) — (V12V23V31 + V21 vi3v32).  (5.522)

Substituting the corresponding constants leads to the following B’s:

e  Face sheets, D > 0, therefore two complex conjugate roots and one real
root:

Bl =3425+i3163; B =3425-i3163; B =6150.2.
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e Core, D > 0, therefore again two complex conjugate roots and one real
root:

By = 1589 +i49.2; B; =1589—-i49.2; pB5=131.6.

Since we have a positive discriminant for both the face sheet and the core,
the corresponding positive discriminant formulas for the coefficients in the
expressions of the displacements and stresses are applicable. The solution is
obtained by imposing the following.

There are three traction conditions at the lower face-sheet/core interface,
z=—c:

(a) 09 =0 (/2| __ ., which gives
6
> b l=—csy = Zbéﬁm__cg;f”, (5.53)
j=1

(b) r("’) = ‘Eny)lZ__c, which gives

6 6
D b egl =Y b8 (5.53b)

j=1 j=1

and
() 9 = ‘Efo)lZ__c, which gives

6 6
Do bleeg” = Db gy (5.53¢)

j=1 j=1

There are also three displacement continuity conditions at the lower
core/face-sheet interfaces:
(a) U = UY at 7 = —c, which results in
Zd(‘)lz_—cg;‘) Zd“%__c g, (5.53d)

(b) V© = V{2 at z = —c, which gives

Zd(t)h__cgﬁt) Zd(fZ)lz_—c ;fZ)’ (5536)

and
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(c) WO = WU2 at z = —c, which gives

Z dil=-cg)” =

Next, there are three traction conditions at the upper face-sheet/core inter-

Zd(f2)|z——cg;f2)- (553f)

face, z = c:

(a) oV = = 09|,=., which gives
6 6
D b megl =D bV g, (5.542)
j=1 =1
) oV = {9|.—, which gives
6 6
(c) (©) (@40 ( )
ZbyCZJ|Z—‘3gJC B Zbyg lo= c8j ! (5.54b)
=1 =1
and
) TV = 79],—, which gives
6 6
Db el = > b e, (5.540)
=1 j=1

The corresponding displacement continuity conditions at the upper face-

sheet/core interface, 7z = ¢ are

(@) UYY = U@ at z = ¢, which gives

6 6
Zd(c)lz Cg(C) Zdlifl)lz Cg(fl)’ (554d)
j=1 j=1
(b) VUV = V© at 7 = ¢, which gives
Zd(C)lz Lg(C) Zd(fl)lz Lg(fl)’ (5546)

and
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(c) WU = W© at z = ¢, which gives

6 6

Zd(c)|z—cg56) — Zd(fl)|z_cg;fl) (554f)

j=1 j=1

Finally, three traction conditions exist on each of the two outer surfaces.
The traction free conditions at the lower outer surface, z = —(c + f>), can
be written as follows:

(@) 0.;l:=—(c+p) = 0, which gives

szzj |Z——(c+f2)g;f2 =0, (5.55a)

(b) Ty:l:=—(c+f,) = 0, which gives

6
Y b el =0, (5.55b)

j=1

and
(©) Txzlz=—(c+f)» Which gives

6
Y b e =0 (5.55¢)

For the upper surface, where the transverse pressure ¢ is applied:

(@) 0zzl.=(c+ /) = g0, Which gives

szq |Z (L+f1)g;fl = QOa (5.55d)

(b) Ty:l:=(c+s) = 0, which gives

6
Zb;@)h (c+f1)g(fl) 0, (5.55¢)

and
(©) Tezlz=(e+f) = 0, which gives

Z bVl = 0. (5.55¢)
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Figure 5.2 Transverse displacement, W, at the top face sheet and at y = b/2,
as a function of x for a = b = 10k (carbon/epoxy faces and glass/phenolic
honeycomb core).

Therefore, we have a system of 18 linear algebraic equations with 18 un-
knowns, g;fZ), g;C) and g;.fl), j=1,6.

A square sandwich panel with size a = b = 10k, where hy (= h) is
the thickness of the panel, was considered first. The resulting transverse dis-
placement profile w at the top surface, z = ¢ + fi, and at y = b/2, is shown
in Figure 5.2. The displacement is normalized with 100k Qy/E lf . In this fig-
ure, we also show the predictions from the classical plate theory which does
not include transverse shear. Furthermore, the displacement profile obtained
from the first-order core shear theory is also shown. The classical and first-
order shear theories are outlined in detail in Chapter 3. It can be seen that the
classical plate theory is unconservative and quite inaccurate. Furthermore,
the first-order shear is too conservative and also quite inaccurate (although
considerably better than the classical plate theory).

To illustrate the effect of plate size, Figure 5.3 shows the displacement
profiles for a plate five times larger, i.e., with a = b = 50h. For this case,
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Figure 5.3 Transverse displacement, W, at the top face sheet and at y = b/2,as a
function of x fora = b = 50hy.

the first-order shear theory is close to the elasticity, as expected. The classical
plate theory is still quite inaccurate. These figures demonstrate clearly the
large effect of transverse shear, which is an important feature of sandwich
structures.

5.2 A Cylindrical Sandwich Shell with Orthotropic Layers

We consider next the elastic equilibrium of a body in the form of a hollow
round cylinder (a tube) of sandwich construction which consists of two face-
sheets and a core (Figure 5.4). All three layers are made from a material
with cylindrical orthotropy. The body is under the influence of stresses dis-
tributed along the lateral surface and on the ends. Let us assume that (1) the
axis of orthotropy coincides with the geometric axis of the body; (2) there
are planes of elastic symmetry normal to the axis of the cylinder; (3) the
stresses acting on the outer and inner surfaces are normal and distributed
uniformly, and (4) the stresses which act on the end surfaces reduce to forces
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-+ --mmmmmm e oo g
-

Figure 5.4 Cross-section of a cylindrical sandwich shell under internal pressure
(p), external pressure (¢q), and axial loading (P, normal to the plane of the figure).

which are directed along the axis and to twisting moments. We denote the
thickness of the outer face-sheet by h; = fi, that of the inner face-sheet
by h, = f5, and that of the core by &, = c. The inner radius is a and
the outer b, where, of course, b = a + f> + ¢ + fi. The shell thickness is
h=b—a.

Let us denote each layer by i where i = f; for the outer face-sheet, i = ¢
for the core and i = f, for the inner face-sheet. Then, for each layer, the
orthotropic strain-stress relations are
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&5y [ajy ap aj; 0 0 07 o)
@) i i i (@)
€60 ap 4y dy 00 0 T¢
@) i i i (@)
ez | | a3 a3 a3 0 0 0 O (= fi.c. fy)
@ | 0 0 0 4 0 0 'L'(i) ’ —Jb&J2
Yoz 44 0z
YD 0 0 0 0 a5 O 3
@) i @)
v | LO 0 0 0 0 ag | |1

(5.56)
where a! ; are the compliance constants (we have used the notation 1 = r,
2=0,3=2).

We have taken the axis of the body as the z axis of the cylindrical coordi-
nate system, and the polar x axis is arbitrary in the plane of one of the end
sections. The following notations are introduced: p and g are the internal
and external pressures, respectively; P is the axial force; M is the twisting
moment. Let us introduce the following notation for certain constants which
enter into the stress formulas and depend on the elastic constants:

i2 i2

13 . 23
By =ay — _ai s Pp=ay — aT’ (5.57a)
33 33
i i a’i3a§3
B =aj, — ——, (5.57b)
asz

and

ki = ﬁ—il, Mi=#; fi=M» (5.58)
V B2 Ayy By — B

where i = fi,c, f>.

Remark. In the case of isotropy (a|; = ab; and 5, = Bi)), & equals zero
and all the formulas in this section will still be valid.

Now, if we assume that the applied external stresses are the same at all
the cross-sections (do not vary with z) and, in addition, that the stresses de-
pend only on the distance r from the axis, then the stresses in each of the
orthotropic layers can be written in terms of two stress functions, F@(r)
and WO (r), (i = fi,c, f») so that

| FO . |
o0y =T 506y = FOr), (5.59)
r

=0 t0=0 1) =-w0), (5.59b)
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1
o) =0~ — |ala0 + aboiy]. (5.59¢)

where i = f1, ¢, f>.

Under the aforementioned assumptions, the equations of equilibrium and
the condition that the displacements are single-valued functions of the coor-
dinates, will be satisfied if

) C(i) C(i) C(i)
F(l) =& 2 2 1+k; 3 l—ki, 5.60
(r) 2€r +—1+k,»r +—1_kl_” (5.60a)
, Yy
vy = -2, (5.60b)

2
where i = f1, ¢, f>.

The constants C@, CS”, C{”, §© are found from the conditions on the
cylindrical lateral surfaces (e.g. applied uniform internal and/or external
pressure) and the conditions on the ends (e.g. applied axial load or axial
strain or twisting moment).

Therefore, from Equations (5.59), the stresses are

(l)(l’) C(i)éi +C§i)rki_1 +C§i)r_ki_l, (5.61a)
o) = CO& + COkrk ™ — CPhyr ™1, (5.61b)
t(r) = 6D, (5.61¢)

oDy =c® |:1 _ (aj; + 033)5} _ C(z) (ai; + ayk) k=1
2z i 1 -

ass a33

(a3 — al23ki)r—kf—1

_c® (5.61d)

asz

where i = f1, ¢, f>.

Denoting by u®, u and w® the displacements in the radial, circumfer-
ential and axial dlrectlon, respectively, the displacement field for this case,
excluding rigid body translation and rotation, is given as

@

w2 =00 w02 =002 + VO
w(r,z) = CPalz + WO (r), (5.62)

where U®, V® and W® are found from the strain-displacement relations
and the stress field (5.59) from the following:
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au¥ )

ar = B0 + Bi20gy +aiCY, (5.63a)
19V® U® l . .
r 90 T PR = B0 + Bhogy + ah;CY, (5.63b)
1aUu®» v®d  yo ow® 1ow®
PRy - — =0 =0, -——=0. (5.63c)
r 960 or r ar r a6

Therefore, with the definitions (5.57) for k; and &;, the displacement field
which satisfies these equations and would result in strains, is found by inte-
grating (5.63), as

+ Céi) (:3{1 + kiﬂiz) ki

UDr) =CY[aly+ & (Bl + By r A

S (Bl — kil
_coPu—kibi) (5.64a)

ki
VO =0, WOr) =o0. (5.64b)

5.2.1 Generalized Plane Deformation of an Orthotropic Sandwich
Tube Subjected to Internal and/or External Pressures

Let us assume that the sandwich cylinder considered in the previous sec-
tion is subject to pressures p and g distributed uniformly on the inner and
outer surfaces, respectively, and has infinite length (generalized plane defor-
mation assumption). Then, not only the stresses, but also the displacements
do not depend on z. Alternatively, this is the assumption we would make if
the cylinder were securely fixed at the ends (¢, = 0). Consequently, we can
assume

c?=9" =0. (5.65)

The traction conditions at the core/face-sheet interfaces give
0P rmar s = 0 lrmar s 08 lr=bo gy = 0 ez (5.66)
Applying (5.61) and (5.65), this gives
@+ e+ 0P @+ !
= CEC) (a+ "+ Céc)(a + fo) R (5.67a)
Cb — T + b — fry !
=0 - T+ OB - fyFT (5.67b)
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The displacement continuity at the core/face-sheet interfaces is, in turn,
Uiy =U N marpyy Uy =U )y (5.68)

which, by use of (5.64a) and (5.65), gives

) k p) f k p)
CéfZ) (:‘311‘|;c »Pi (a_l_fz)kfz —CéfZ) (B p nB, (a_l_fz)—kfz

p) g
o (Bl +keBin) o (Bi1 — k1)) _
= et p 12 (a+f2)k‘—C§)%(a+fz) e,
(5.69a)
C(C—f—kcc) C(C_kcc) —k,
Cé) Bl p Pia b — f)k _Cé)w(b_ﬁ) ke
fi fi fi h
k —k
- Céfl)w(b — fkn — Céfl)w(b — ).
kfl kfl
(5.69b)

The conditions of applied internal and external pressures on the inner and
outer surfaces (r = a, b) are

O—r(,f2)|r=a =—D; O—r(rfl)|r=b = —q, (570)
which gives

Céfz)akfz—l + Céfz)a—kfz—l = —p; Céfl)bkfl—l + Céfl)b—kfl—l =g,
(5.71)

The six unknowns Céi), Céi) (i = fi1,c, f») are solved in terms of p and ¢
using a system of six linear equations formed by Equations (5.67a, b), (5.69a,
b) and (5.71). Then, the stresses are found by Equations (5.61).

Since there is no stress Ty, there is no resultant twisting moment. The
stresses o, on the ends and in any cross-section reduce to an axial force P
which can be found from

P b a+f2 b—f] b
7 =/ o rdr =/ az(zfz)rdr +/ az(zc)rdr +/ az(zfl)rdr.
a a a b

+/f2 —-h
(5.72)
Using (5.61d), this becomes

P
— = —(D, + D3). (5.73a)
2
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where

k
Céfl)(aw +a23 i) [b<kfl+1) b — fl)(kfl"‘l)]
a33 (kp +1)
© (a3 + assk.)

_ (ke+1) _ (ke+1)
2 aSyke+ 1) (&= (a+ f2) ]

f2 f2
+ CéfZ) (a13 + a23kf2) [(a + fz)(kf2+1) _ a(kf2+1)] . (5.73b)

az% (kfz 1)

'k
D; _Céfl)(al?a a23 #) [b( kg +1) _ (b_fl)(—kfl+1)]
033( ky +1)

(a$, — aS:k.) _ _
clo i3 ~ 4 h— fyke+D _ (—ket+1)
+ G5 7a§3(—k0 N [ - f) (a+ f2) ]

(afz fzkf)
—l—CéfZ) 13~ 93%h [(a+f2)<—kf2+1) _a(—kf2+1)]. (5.73¢c)

az% 3 (— kp+1)

5.2.2 An Orthotropic Hollow Sandwich Cylinder Loaded by an
Axial Force

We now assume that the shell is loaded by stresses distributed on the ends
and which reduce to a tensile force P. The stresses at the ends are applied
so that a uniformly distributed constant axial strain, &y, exists throughout the
section. Note also that no resultant twisting moment is assumed to exist and
6' =0.
From (5.62) the axial strain is C”al;, and the first condition is
CPafl = CYas, = CMafl = &, (5.74)
i.e., the constants C¥) are non-zero.
Next, the traction conditions (5.66) at the face-sheet/core interfaces give
by use of (5.61a) and (5.74):
§ _ ko
&0 fJ:22 + C;fZ)(d + f2)kf2 1 + CéfZ)(a + f2) kg —1
a33

= 802 +CPW+ T+ a+ )T (5759)

asz
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%—c c — < —Ke™
f0=5 + € b — )+ OB — )
33
5ﬂ+dmw fknt 4 ¢ — fytal. (5.75b)
33

The displacement continuity at the face-sheet/core interfaces, (5.68), by
use of (5.64a) and (5.74) becomes

+€fz(/?2 +:3 ))( —l—f2)+C(f2)('B“ ;kfzﬂlz

asz g
) (:3112 - fz:312 —k (a13 + 56(1311 + A1)
G —kfz (a+ f)~ " s

. c +kc C . c _kc
+C§)(ﬂll IBIZ)(Cl‘i‘fz)kC—Cé)(ﬂll - '312)

c c

(a+ f)

(a+ f2)

(a+ fr) 7% (5.76a)

(a +&(B11 + Bin)) o (Biy + keBiy) .
13 11 12 (b . fl) + Cé) 11 12 (b _ fl)k(
Cl33 c
o (B51 — kB ke & +BL)
B e U Lk e s (b~ f)
(B} + kB G (B — kB
+C(fl) 11 P12l oy ek W M 12l kp
5 (b= fuyh =G 5 (b—fo-
(5.76b)
Next, the condition of traction-free lateral surfaces is expressed by
o\ a=0; /Y0 =0, (5.77)
which gives
€f2 +C(f2) kf2—1+c(f2) —kf2—1 O, (5783)
33
€0 S’}' YV T = 0. (5.78b)
a33

Again, the solution is found by solving for the six constants c, Céi),
(i = fi1, ¢, f») interms of gy, from the six linear equations (5.75a, b), (5.76a,
b) and (5.78a, b).
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An expression for the resultant applied force P in terms of &y can be found
by integrating o, as in (5.72), and this now gives, by using (5.61d),

P
— = —(Dy + D, + D3), (5.79a)
2

where D, and D5 are given by (5.73b, c) and

h fi ) B 5
Dy /ey = |:1 e +a23);§ 1:| [b* — b — f1)?]

f f
az 2a;

4 |:1 (a3 +a3) i| [(6— f)*— @+ f)?]

c ¢ c
as3 2a5;

) Ny 2 _ g2
+{1—(a”+“23)éfz} (@t AFa] s g

a{% 2a{§

Of course, the axial stress o, is non-uniformly distributed over the cross-
section as opposed to the axial strain, &, assumed to be uniform.

5.2.3 Sandwich Shell Theory Expressions

We refer to a cylindrical coordinate system z, 6 and r, in which z and 6 are
in the axial and circumferential directions and r is in the (radial) direction.
The corresponding displacements at any point are denoted by w, v and u.

In addition to Equation (5.56) which is in terms of the compliance con-
stants, we shall use the stress-strain relations in terms of the stiffness con-
stants, as follows:

o) (el dycly 00 07 [
) i ] ] (@)
T¢ Cp € ¢ 00 0 €60
. o 0
ol | c3 3 000 &2 (= fic.fy)
171 0o 0 0 ¢, 0 0 N
To; 44 Yoz
) 0 0 0 0 ¢ 0 yD
wo | LO 0 0 0 0 d]|y?]

(5.80)

where we have again used the notation 1 =r,2=6,3 = z.
The sandwich shell theory employed is a version of Love’s (1927) shell
theory extended to shear deformable structures (but note the absence of shear
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in this case of orthotropy). The core is assumed to carry only shear stresses
and the face sheets carry the normal stresses, therefore the extensional and
bending stiffnesses of the shell are based exclusively on the face-sheet stiff-
nesses. On the contrary, transverse shear stress resultants (should they exist)
are based exclusively on the shear stiffnesses of the core.

Taking into account the displacement distribution through the thickness
assumed in the shell theory, we can easily see that in the generalized plane
deformation problems under consideration, the displacement field through-
out the shell is

u@0,z) =ug; v(r,0,2)=0 w0,z =epz, (5.81a)

where ug is a constant and & is the uniform axial strain.
The relationships for the strains throughout the shell, corresponding to
Love’s (1927) shell theory are

Uo

R f==%0 (5.81b)

er =03 &pg =
where R is the mid-surface radius. The shear strains are all zero. Notice that
in these simplified, axisymmetric, generalized plane deformation problems,
there is no difference between first-order shear deformation and classical
solutions.
The stress resultants of interest are

Ny = szé‘ge + C238?Z; N, = C23830 + C338?Z; N, =0, (5.81c¢)

where s?j are the mid-surface strains, identical to the ones in (5.81b). More-
over, the C;; are the shell stiffness constants, determined by the face-sheets
(in the context of sandwich shell formulation) by

Cyj = ficll + fclt, G j=2.3). (5.81d)

For external pressure, the equilibrium equations in terms of the stress re-
sultants are satisfied if
Ny = —¢gR. (5.82a)

Furthermore, based on the assumptions of the problem for the external pres-
sure case, &g = 0. Then (5.81c) and (5.81b) give

up=—qR*/Cxn; &9 =—qR/Cr. (5.82b)

Subsequently by using (5.80) the stresses are:
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i i i
¢, R ¢t R ch. R
i, 20t 23
Oy = —q——; Opg = —q—— 0, = —qC—
22

o (i = fa, ¢, f1),

(5.82¢c)
For axial loading with a uniform axial strain &g, the equilibrium equations
are satisfied if Ny = 0, which, by using (5.81c) and (5.81b), gives

up = —60RCy;/Cr; a9 = —€0Cr3/Cra. (5.83a)
Subsequently, N, can be obtained from (5.81c) as

C2
N, =g (c33 - C—”) . (5.83b)
22

Then the stresses are found by using (5.80):

Orr = &0 (Clis - Cliz@> v 0o = €0 (033 - C§2@> )
Cxn Cxn
0. = &0 (cg3 - (:3380%) : (5.83c)
Cx
where i = f1, ¢, f>.

As an illustrative example, the stress and displacement distribution was
determined for a sandwich composite circular cylindrical shell of outer ra-
dius b = 1 m, a ratio of outside over inside radii, b/a = 1.20, ratios of
face-sheet thicknesses over shell thickness, f,/h = f;/h = 0.10.

The face sheets are made from unidirectional E-glass/polyester with the
fiber direction along the circumference, with moduli in GPa: E{/"/» = 40,
Effl’fZ) _ Eéfl’fZ) = 10, G(ljglsfz) = 3.5, Ggl’fZ) _ Ggl’fﬂ — 4.5, and
Poisson’s ratios vé{"fz) = 0.40, vé{"fz) = vg"fz) = 0.26. Note that 1 is the
radial (r), 2 is the circumferential (6), and 3 the axial (z) direction. The core
modulus and Poisson’s ratio are assumed to be E€ = 75 MPa and v¢ = 0.30.
Notice that the compliance constants for the orthotropic face sheets are given
by (5.32a—c).

For the case of pure external pressure, q, Figure 5.5 shows the radial dis-
placement U (r), normalized with ¢ R?/C,, (C», is defined in (5.81d)) plot-
ted vs. r/R. The elasticity solution (Section 5.2.1) predicts a non-uniform
displacement as opposed to the shell theory.

For the case of pure axial loading by a uniform applied axial strain &g, Fig-
ure 5.6 shows the displacement, U (r), normalized with g9 RC53/ Cy,. Again,
the elasticity solution (Section 5.2.2) predicts a non-uniform displacement
distribution as opposed to the shell theory.
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Figure 5.5 Radial displacement, U (r) vs. normalized radius (r/R), for a cylindrical
sandwich shell of mean radius, R, under uniform external pressure, g.

Also note that because of the orthotropy and the axisymmetric geometry,
there are no shear stresses generated from internal/external pressure and axial
loading. Therefore even a first-order shear deformation theory would not
result in improved shell theory predictions.

Finally, it should be pointed out that the concept of sandwich construction
may not be ideal for the loading and structure analyzed. This is because in
the case considered there is no shear in the core and to really take advantage
of the sandwich concept, the core should carry the shear and the face sheet
should support the normal stresses. If the cylinder is loaded in compression,
however, and buckling occurs, then the core would support the shear, and the
solution presented can be used as the exact pre-buckling state of stress and
displacement in the formulation of the buckling problem.

5.2.4 Torsion of a Sandwich Shaft
Let us consider the more general case of off-axis orientation of the material,

but with one plane of elastic symmetry normal to the cylinder axis. Hence,
ays, A1, Ay and ajg are non-zero, and the strain-stress relations becomes
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Figure 5.6 Radial displacement, U (r) vs. normalized radius (r/R), for a cylindrical
sandwich shell of mean radius, R, under uniformly applied axial strain, &q.
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The equations of equilibrium are satisfied for

(O]
0, = Oy

_ 0 _ O _ ) _q-
=0 =1, =1.=0;

r rz

o]
@)
Ogg
@)
o
Y4 .
@ | (@ = fi,e, f2).

Tez

4
(5.84a)
10
T = —, (5.84b)

Ayy

and the displacement field (excluding rigid body rotation and translation)
that results from these stresses can be found from the strain-displacement
relations and the strain-stress relations, which in this case become

U _ . 1av®

or ro0

’

r 00

where i = fi, c, f>.

u® 1ou®

’

r r 06

oV ® 174Q)
—— =0, (5.85a)
or r
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ow® . 1 1oW® _ .

—— =d. ) =d—r; -— =d,r)) —09r=0. (585D
or Ay5Th; = dys o, Ry 44Ty, r ( )

The resulting displacement field obtained by integrating the above rela-

tions is _
. —,. . —,. a(l) r2
u? =0; upg=0%z; w?=0"22—14d. (5.86)

where d; are constants to be determined from face/core interface displace-
ment continuity requirements.

The continuity of displacement, uy, at the face-sheet/core interfaces re-
sults in a constant relative angle of twist, 0):

09 =0 (= "fic f). (5.87)

The continuity of the displacement, w, at the face-sheet/core interfaces in
turn results in equations for the constants d; in terms of the axial displace-
ment, w, expressions (5.86).

The resultant twisting moment, M, is then found from

M b a+f b—fi b
— =/ T9.r2dr =/ ‘EH(ZZ)}’Zd}’ +/ Tg(?rzdr +/ re(f‘)rzdr.
27'[ a a a+fa b—fi

(5.88)
Using (5.84b) and (5.87) results in the following expression:

M0 fla+ ) =al b= f) =@+ b= 0b- 1)
2 4 * *

T & i
(5.89)

If ajS = 0 for all three layers, then w® = 0, and the cross-sections will
remain planar and not warp.

We have presented in this chapter some fundamental cases regarding
three-dimensional elasticity of sandwich structures. Elasticity solutions for
other cases, e.g. a hollow orthotropic sandwich cylinder loaded by bending
moments applied at the ends, or an orthotropic sandwich curved bar, loaded
by couples or terminal forces, can be found by extending these solutions.
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