Chapter 5
Convolution operators

Having focused on algebras of singular integral operators in the last chapter, in this
chapter convolution operator algebras will be treated. The idea is to give a general
perspective of how the material in the first part of the book has been applied in the
context of convolution operator algebras in recent decades, while at the same time
including some previously unpublished material.

Throughout this chapter, let 1 < p < e and let w be a power weight on R, i.e., w
is of the form (4.1) with; e Rfori =1, ..., n. We always assume that w belongs to
the class A,(R).

5.1 Multipliers and commutators

We will start this section by developing the subject begun in Section 4.2, focusing
on specific classes of multipliers on the real line.

A function a € L (R) is called piecewise linear if there is a partition —eo = 1y <
] < ... <ty = oo of the real line and complex constants ¢, di such that a(¢) =
COXj ey T Zz;f (cr+dit) Xt dog, . ..- As usual, the function y, represents
the characteristic function of the set /.

Since w € A,(R), Stechkin’s equality (4.13) implies that the multiplier algebra
M, contains the (non-closed) algebras Cy of all continuous and piecewise linear
functions on R, and PCj of all piecewise constant functions on R having only finitely
many discontinuities (jumps). Let C,,, and PC,,,, represent the closure of Cy and
PCy in M, respectively. When w = 1, abbreviate C,, ,, and PC,,,, to C, and PC,
and write C and PC for C and PC,, respectively. Thus, the algebras C and PC
coincide with the algebras denoted by C(R) and PC(RR) in previous chapters.

It is unknown for general weights w (not necessarily of power form) whether the
multiplier algebra M, ,, is continuously embedded into L*(R) = M,. So it is by no
means evident that functions in PC), ,, are piecewise continuous again.
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260 5 Convolution operators

Proposition 5.1.1. Let 1 < p < oo andw € A,(R). Then the algebra PCp,,, is con-
tinuously embedded into L (R) and, thus, into PC. Moreover, for a € PC Dows

lall=r) < 31ISwllpw llalln,,-

Proof. Fora € PC,,,, we find a sequence of piecewise constant functions a, such
that

la—anllae,, = WO(a) = WO (an)l| 2(wr @) — 0

as n — oo. Given indices m, n € N and a point x € R, choose piecewise constant
characteristic functions xxi with “small” support, both having a jump at x and both
of total variation 2, such that

Xxi(an —am) = (an(xi) _am(xi)) in-
The Stechkin inequality (4.13) yields
Jan () = am ()12 vy, = 1 (@0 () = am () 25 e,

= |12 (an — am) v,
<3||Sr pw”an_am”Mp,w- G.1

Since x* is real-valued, the conjugate operator to Wo(xF) € £ (LP(R,w)) is
Wo(xF) € £ (LY(R,w 1)), with 1/p+1/q = 1. Thus, by the Stein-Weiss inter-
polation theorem 4.8.1,

=12 e = WG 202wy
1/2 2
< |IWO(x; >||/ 2y WO G L g )

= |[Wo(x* )”Z(U’(]R,w)) = 12" v
whence via (5.1)
|an(xi) - am(xi)| < 3|8kl pwllan — am”Mp,w- (5.2)
So we arrive at the inequality
||an_am||L°° <3||SR||pW||an amHMpw (5.3)
from which we conclude that a, — a in L*(R). Hence, by (5.3),

lallp=m®) < llanlli=r) + lla = anll =)

< 3HSR||p,w (HanHMPM + ||a_anHMp‘w) .

Letting n go to infinity we get the assertion. ]

Once the continuous embedding of PC),,, into L”(R) is established, the follow-
ing propositions can be proved as in the case w = 1 (see [43, Section 2]).
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Proposition 5.1.2.

(i) The Banach algebra C, ,, is continuously embedded into C.
(i) The maximal ideal space of Cp,, is homeomorphic to R. In particular, any
multiplier a € Cy,, is invertible in Cy,, if and only if a(t) # 0 for all t € R.

(iii) The algebras Cp,,, and PC,,,NC(R) coincide with the closure in M, of the
set of all continuous functions on R with finite total variation.

Remark 5.1.3. Note that the inclusion Cp,, C M, ,, NC(R) is proper for p # 2, see
[53]. O

Proposition 5.1.4.

(i) The maximal ideal space of PCy,,, is homeomorphic to R x {0,1}. In partic-
ular, a multiplier a € PC,,, is invertible in PCh,,, if and only if a(t*) # 0 for
allt e R.

(ii) The algebra PC,,, coincides with the closure in M, of the set of all piecewise
continuous functions with finite total variation.

5.2 Wiener-Hopf and Hankel operators

Denote, as before, the characteristic functions of the positive and negative half axis
by x, and y_, respectively, and let J stand for the operator (Ju)(¢) = u(—t) which
is bounded and has norm 1 on L?(R,w) if the weight function is symmetric, i.e., if
w(t) =w(—rt) forallt € R.

Let a € M,,,,. The restriction of the operator x, W°(a)y, I onto the weighted
Lebesgue space LP (R™, y, w) is called a Wiener-Hopf operator and will be denoted
by W(a). If, moreover, the weight on R is symmetric, then the restriction of the
operator y, W%(a)x_J onto LP(R*, x, w) is a Hankel operator and will be denoted
by H(a).

For symmetric weights, it is easy to see that for a € M, the function d :=
Ja, a(t) = a(—r), is also a multiplier on L?(IR,w), and that the restriction of the
operator Jy_W°(a)x, I onto LP(R*, x, w) coincides with the Hankel operator H(4).
For a, b € M,,,, one then has the fundamental identity

W (ab) =W (a)W (b) + H(a)H (b) (5.4)
which, in a similar way to Proposition 4.5.1, follows easily from
W (ab) = x, Wo(ab)y, I =y, W (a)W°(b)x.1

=, Woa) (). + 1 JIx WO (b)x, I

)
=x W)y, 2 WD) x I+ x, W (a)x J-Tx Wo(b)x.I.
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The following theorems collect some basic properties of Wiener-Hopf operators
with continuous generating functions. These results are the analogs of Theorems
4.1.5 and 4.1.8 for singular integral operators. Detailed proofs can be found in [21,
9.9. and 9.10].

Theorem 5.2.1. The smallest closed subalgebra of £ (L”(R™)) which contains all
Wiener-Hopf operators W (f) with f € C, contains the ideal of the compact opera-
tors on LP(R™).

Theorem 5.2.2 (Krein, Gohberg). Let f € C,. Then the Wiener-Hopf operator W (f)
is Fredholm on LP(R™) if and only if f(x) # 0 for all x € R. If this condition is
satisfied, then the Fredholm index of W (f) is the negative winding number of the
curve f(R) with respect to the origin. If the index of W(f) is zero, then W (f) is
invertible.

We digress for a moment and return to the context of Chapter 3. The point is
that we can now give an example of a sufficiently simple algebra which is generated
by three idempotents, but which does not possess a finite-dimensional invertibility
symbol.

Example 5.2.3. Let </ denote the smallest closed unital subalgebra of .Z(L*(R))
which contains the operator Pz = (I + Sg)/2 and the operators yp+/I and y|o )/ of
multiplication by the characteristic functions of the intervals R and [0, 1], respec-
tively. Thus, o7 is generated by three idempotents (actually, three orthogonal pro-
jections). Further, let 4 refer to the smallest closed subalgebra of <7 which contains
all operators

Xpo.1 (e Sexr+ 1) xpo. withk € N.

We identify % with a unital subalgebra of .Z(L([0, 1])) in the natural way.
From Proposition 4.2.17 we conclude that the algebra % contains all operators
Xi0.1M° (1) xpo,111 with h € C(R) with h(e0) = 0. The definition (4.24) of a Mellin
convolution further entails that # contains all operators E,” 'W (a)E, witha € C(R).
But then % must contain all compact operators on L*([0, 1]) by Theorem 5.2.1.
Since the ideal of all compact operators contains a copy of C'*/ for all /, it is imme-
diate that & (hence, .2¢') cannot possess a matrix symbol of any finite order.

Thus, even if the three idempotents are projections, and even if two of them
commute, a matrix symbol does not need to exist. O

5.3 Commutators of convolution operators

Now we turn our attention to commutators of convolution and related operators. The
commutator AB — BA of two operators A and B will be denoted by [A, B].

Let L= (R) denote the set of all functions a € L= (R) for which the essential limits
at infinity exist, i.e., for which there are complex numbers a(—eo<) and a(+ec) such
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that

lim esssup |a(s) —a(—e0)| =0,
== o<y

lim esssup |a(s) —a(4e)| =0

I—teo o>y

and write L™ (R) for the set of all functions a € L= (IR) such that a(—o0) = a(+eo).

Next we define the analogous classes M pw and M pw of multipliers. Let O; de-
note the characteristic function of the interval R\ [, #]. Then we let M, ,, refer to
the set of all multipliers @ € M, ,, for which there are numbers a(—e) and a(+e°)
such that

lim [ Qs (a —a(=e2)yx —a(+>)x.)[n,, =0 (5-5)

Notice that this definition makes sense since, by the Stechkin inequality (4.13),
the characteristic functions Q;, y, and y_ of R\ [—1,1], R* and R, respectively,
belong to M, ,,. Also notice that the numbers a(—oe) and a(+oe) are uniquely de-
termined by a and that L(R) = M,. Further, let an denote the class of all mul-
tipliers a € M, ,, such that a(—oe) = a(+e<). Via Proposition 5.1.1 one easily gets
that

PCppy C M, and Cpyp C My

Recall finally that " (X ) stands for the ideal of all compact operators on the Banach
space X.

Proposition 5.3.1.

(i) Ifa € L*(R), b € M,,,, and a(£0) = b(+e0) =0, then aW®(b) and W°(b)al
are in  (LP(R,w)).
(ii) If one of the conditions

1. a€ C(R) and b € M, ,, or
2. a€L”(R) and b € Cp,,, or

3. acC(R) andb e C(R)NPC,,,
is fulfilled, then [al, W°(b)] € ¢ (LP (R, w)).

Proof. (i) Since, by assumption, ||Q:a||. — 0 and [|Q:b||5z,, — 0, we can assume
without loss of generality that @ and b have compact support. Choose functions
u,v € Cy’ (R), the space of infinitely differentiable functions with compact support,
such that u|supp o = 1 and v|suppp = 1. Then

aWO(b) = (au)W° (vb) = auw® (v)W°(b),

and the assertion follows once we have shown that uW°(v) is compact. Put k =
F~'y. Then, for f € LP(R,w),

oo

(W) ()= [ ulek(e=s)f(5)ds.

J —oo
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Since k is an infinitely differentiable function for which the function 7 — #"k(¢) is
bounded for any m € N, we have (with % + é =1)

/*‘X’ </+m|u(t)k(t—s)wl(s)|qu)p/th < oo,

—oo —o0

whence the compactness of uW°(v) and, hence, of aW®(b) follows. Similarly, the
compactness of WO(b)al can be established.

(i) 1. Write b = b(—0)x_ +b(+o0)x, +b' with b’ € M,,,, and b’ (£e0) = 0. Then
[al, WO(b)] = K + K> + K3 with

Ky = (a—a(+e))WO(), Ko =-WO(b')(a—a(+=))I,
and

Ks = [al,WO(b(—e0)x_ +b(++)x, )]
b(4o0) — b(—oo
= —(+ ) 7 (=) lal, WO (sgn)].
The compactness of K; and K is a consequence of part (i), and the compactness of
K; follows from Theorem 4.1.4, since W0 (sgn) = Sg.
2. Write a = a(—o0)y_ +a(+e0)x, +d' with @’ € L”(R) and d’(+e) = 0, and
write b as b’ 4 b(=eo). Then [al,W°(b)] = K| + K> + K3 with

K =dW(b), Ky=-W()dlI,
and

K3 = [(a(—o)x_ +a(+oo)y. )1, WO(b)]
= (a(+eo) —a(—o=)) (2, WO(b)x 1 — 2 WO(b)x.1).

By (i), the operators K; and K, are compact. To get the compactness of K3 note that,
by Proposition 5.1.2 (iii), we can assume, without loss of generality, that b has finite
total variation. Hence, the operator K4 := x, WO(b)y_ —x_ WO(b)x, is bounded on
each space L”(R,w) with 1 < p < e and w € A,(R). By Krasnoselskii’s interpola-
tion theorem 4.8.2, it is sufficient to verify the compactness of K4 in L?>(R). Since
the Fourier transform is a unitary operator on L?(R), the operator K4 is compact if
and only if the operator

PR = (F (g ) — (P (g F )
(FsgnF~")bI — b(FsgnF~!)
2

_ SpbI —bSg
B 2

is compact. The compactness of this operator has been established in Theorem 4.1.4.
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3. As in 2. above we can assume without loss of generality that b is of finite
total variation. By Krasnoselskii’s interpolation theorem, we just have to verify the
compactness of [al,WO(b)] in L*(R). Put by := (b(4o0) £ b(—o0))/2. Then

b(z) = by +b_coth ((z+i/2)7) + by(z)

with by € C(R) and by (d-e0) = 0. By (ii) 2., the commutator [al, W (by)] is compact,
and it remains to show the compactness of [al,W°(coth(- +i/2)x)]. Let E; be the
operator defined in (4.21) for the weight w = 1. Since M°(c) = E; ' W°(c)E; for all
¢ € M, one has

Ey! [aI,WO(coth((~ +i/2)n))|E, = [a’],MO(coth((~ +i/2)7))] = [d'I, Sg+]

by Proposition 4.2.11, where we wrote a'(t) := a(ﬁ Int) for t € R™. The compact-
ness of [@'l,Sg+] on L?(R") follows from Theorem 4.1.4 by applying the operator
x.1 to both sides of the commutator [c/,Sg] where ¢ € C(R) is such that cy, =d'.

|

Let L=(R™) refer to the Banach space of all measurable functions which pos-
sess essential limits at 0 and at oo, write L=(R™) for the set of these functions a
from L= (R™") with a(0) = a(e), and put C(RT) := C(RT)NL*(R") and C(RT) :=
CRT)NL=(RT).

Proposition 5.3.2.
(i) If a € L*(R"), b € M, and a(0) = a(e) = b(+eo) = 0, then aM®(b) and
MO(b)al are in # (LP(RT,w)).
(ii) If one of the conditions
1. ae C(RT) and b € M,,,
2. aeL”(R")and b€ Cp, or

3. aeC(R)and b e C(R)NPC,
is fulfilled, then [al,M°(b)] € ¢ (LP(R*,w)).

Proof. An operator A on L (R*,w) is compact if and only if wAw~! € £ (LP(R™))
is compact. Since waw~! = a for all a € L*(R*) and since wM®(b)w='1 = M°(b)
is bounded on L (R*), it suffices to prove the compactness of aM®(b), M°(b)al and
[al,M°(b)] on LP(RT) without weight. For this case, the assertions are immediate
consequences of Proposition 5.3.1 via the isomorphism E,,. ]

Proposition 5.3.3. Leta,b € PCp,,,. Then:

(1) if a and b have no common discontinuities,
W (ab) —W(a)W (b) = H(a)H (b) € # (LP(R*,w));

(i) [W(a),W(b)] € A (LM (B ,w)).



266 5 Convolution operators

Proof. By definition, the functions a and b are M, ,,-limits of piecewise constant
functions. So we can assume without loss of generality that a and b are piecewise
constant. Since, moreover, every piecewise constant function is a finite sum of func-
tions with one discontinuity, we can assume that @ and b have at most one discon-
tinuity. Finally, it is a clear consequence of Krasnoselskii’s interpolation theorem,
that it is sufficient to prove the result for p =2 and w = 1.

(i) Working on L?(R™), it is sufficient for us to consider, instead of K| := W (ab) —
W (a)W (b), the unitarily equivalent operator

Ky:=FK\F '=Fy FlabFy F~' —~Fy F'aFy F'bFy F!
= OrabQr — OraQrbOr = OraPrbQOr

with P = (I + Sr)/2 and Qg = I — Bz. Note that if one of the functions a and b

is in C(R), then the result follows immediately from Theorem 4.1.4. So let both a
and b be discontinuous. Let z,, #, € R denote the (only) points of discontinuity of
a and b, respectively, and assume for definiteness that ¢, < #,. If } stands for the
characteristic function of the interval [t,,1], then a and b can be written as a =
aix +az, b = b1 + by, respectively, with continuous functions aj, az, by and b,
such that

(11(1‘1,) = bl(l‘a) =0. (5.6)
Then

K> = QraPrbQORr
= Ora1 X Prb1 ¥ Or + Ora1 Y Prb2Or + Oraz Prb1 X Or + Ora2Prb2 Or,

and it remains to verify that the operator Qraj y Prb1 ¥ Or is compact. But

Oray Y Prb1xOr = Orxa1Prb1 ¥ Or
= OrxFPraibixOr + K3
= QOrxaibi xPrORr + K4 = Ky

with certain compact operators K3 and K4, because a; b x is continuous due to (5.6).

(ii) If a and b have no common points of discontinuity, then the assertion is an im-
mediate consequence of the preceding one. So let a and b have common disconti-
nuities. As above, we may assume that both a and b have exactly one point s € R of
discontinuity. Then there exist a constant 3 and a continuous function f such that
a=PBb+ f. Thus,

(W(a),W(b)] = [W(Bb+f),W(b)] = [W(f),W(b)],

and the assertion follows from part (i) of this proposition. ]
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Proposition 5.3.4. Let the weight function wy, be given by wy (t) = |t|*. Then:
(i) ifa € Cpyy, b € M, and a(0) = a(£e0) = b(Zeo0) =0, we have W (a)M°(b) €
H(LP(RY,wy)) and MO (D)W (a) € # (LP(RT ,wg));
(ii) each of the following conditions is sufficient for the compactness of the com-
mutator [W(a),M°(b)] on LP(R* ,wg):

1. a€ PCp,, and b € C(R)NPCp; .
2. a € Cp,, with a(tee) = a(0) and b € M,

Proof. (i) Since [Q:b|m,,, — 0 ast — o, we can assume that b has compact
support. Let f}, be a continuous function with total variation 2 and such that f,(¢) = 1
for ¢ € supp b. Then

MO (b) = M°(fyb) = M°(fy)M° (D),
so that it remains to show the compactness of W (a)M°(f;). Due to Proposition
4.2.10, we can approximate f;, by functions of the form
. k
f(1) =" Breoth* ((r+i(1/p+ a))7), (5.7)
k=0
for which

M) = 3 Bisk = 3 Be(w (sgn))
k=0 k=0

Since a - sgn is a continuous function, we deduce from Proposition 5.3.3 (i) that

W(@MO(F) = 3 B (a) (W (sgn)*
k=0

= 3 B (a(sen)) + K,
k=0

=W <a i ﬂk(sgn)k> +K>
k=0

with compact operators K; and K;. The assumption b(+e0) = 0 and (5.7) imply that
8o Br(£1)* = 0. Thus,

i ﬁk(sgn)k =0,
k=0

which gives our claim. The inclusion M%(b)W (a) € # (LP(R*,w¢)) can be proved
similarly.

(ii) By Proposition 4.2.10, every Mellin convolution M°(b) with b € C(R) N PC,
belongs to the algebra &), , generated by the operators / and Sg+. Thus, MO(b)
is contained in the algebra generated by all Wiener-Hopf operators W (a) with
a € PC,. The latter algebra is commutative modulo the compact operators by Propo-
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sition 5.3.3 (ii), which implies the first assertion of (ii). For a proof of the second
assertion, write by = (b(4o0) & b(—o0))/2 again. Then

b(z) = by +b_coth ((z+i(1/p+ a)) 7) + bo(2)

with by € M, and by(deo) = 0. By part (i) of this assertion, the operators
W(a) and M° (b+ +b_coth ((z+i(1/p+ oc))ﬂ))

commute modulo a compact operator, and we have only to deal with the commuta-
tor [W(a),M°(by)]. Put @’ = a —a(«). Then @’ € Cp,, with @ (de0) = @' (0) = 0 and
W (a),M°(bo)] = [W(a'),M°(by)]. Part (i) now gives that [W(a’),M°(by)] is com-
pact, and the proof is finished. ]

Proposition 5.3.5. Let wy(t) =1% a € L”(R"), b € Cp,, and ¢ € M,,. Then each
of the conditions:

(i) a(0) =b(0) = c(£ee) =0;
(i) a(0) =c(—e) =0and b(t) =0 forall t >0;
(iii) a(0) =c(+e0) =0and b(t) =0 forall t <0

is sufficient for the compactness of aW (b)M°(c) on LP (R* ,wy,).

Proof. First we show that it is sufficient to prove the assertion in the case when
a e C(RY) and ¢ € C(R)NPC,. Let the function ¢’ € C(R*) have the same limits

at 0 and oo as the function a, and let ¢’ € C(R) N PC), have the same limits at £oo as
the function c. Then

aW (b)M°(c) = d'W (b)M°(c) + (a — d" )W (b)M°(c)
=dWB)M () +dW ()M (c - )
+(a—d YW (DB)M° () + (a—d YW ()M’ (c - ')

The functions a — a’ and ¢ — ¢’ can be approximated (in the supremum and the mul-
tiplier norm, respectively) by functions ap € L”(R™") and ¢o € J\_/[p with compact
support in [0, +oo[ and ] — oo, +oo[, respectively. Thus, aW (b)M°(c) can be approx-
imated (in the operator norm) as closely as desired by operators of the form

dW(b)MO (") +d'W (b)M° (co) + aoW (b)MP (") + agW (b)M°(cy). (5.8)

Choose continuous functions fy and gy with total variation 2 such that fo = 1 on
supp ap and go = 1 on supp cp. Then the operator (5.8) can be written as

dW(b)M(c') +d'W (b)M°(g0)M°(co)
+ ao foW (b)M°(c') + ao foW (b)M° (g0)M" (co).
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It is easy to check that if the triple (a, b, ¢) satisfies the conditions of the proposition,
then so does each of the triples

(alabag())a (alvbac/)a (f07b7g()) and (f(),b,C/).

Since each of the functions in these triples is continuous, we are indeed left with the
proof of the assertion in the continuous setting.

We start the proof in the continuous setting by proving the assertion for a special
choice of the functions a, b, c. Let

I /2 . t* . —1%/4
a](t) =e s bl(t) .:m, C]([) =e .
Then ¢y = Mk with
k(x) — %xfl/pfaeflrﬂx.

. . 2 . .. .
Indeed, since the function z — e~% is analytic in any strip —m < 3(z) < m and
vanishes as z — oo in that strip, one has, by the Cauchy integral theorem,

2 e 2 sy
(Mk)(t) = —/ s sl g = E/ eV dy
0 —

T o
_ 26712/4/+we*(y+%’)2dy= 26712/4/ efzzdz
T —o 4 R+%i
oo
= %6‘712/4 / e Tdz=e"lt = ci(t).

Let
oo 2
g(t) = (F'(1=b1)) (1 :/L eznm%dl.

For u € LP(R*,w,), we then have
W(B0u) () = ult) = [ gl —u(s)ds
and

(M) )= [ (% )uts)sas,

0 N

and the kernel £ of the integral operator T := a;W (b;)M°(c;)a;1 is given by

R(x,y) = ar(x)ai(y) (y—lk (;) - /0+°°k <§> gx—1)y™! dr)
— iy (D) (v) <y—1h (i) _ /jh (;) g(xt)y_ldt>

with
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k if z >0,
hz) = (z) if z
0 if z<O0.

It is easy to see that & belongs to the Schwartz space . (R) of the rapidly decreasing
infinitely differentiable functions on R. Set d := Fh € .(R). A simple calculation

shows that then '
X
—h(=)=Fd)(x
(%) =t

where dy(z) := d(yz) for y > 0 and z € R. Taking into account that g = F ' (1 —by),
we can write K(x,y) as

o) ([ Eaonaz [ Ea)0- (7 1= b))

oo

or, equivalently,

ai(x)ar(y) (F~'dy)(x) = (F~'dy) = (F~' (1= b1)) (x)) -
By the convolution theorem, we thus get
Rlx,y) = ar(@)ar(y) (F~dy) (x) = F ! (dy(1 = b1)) (x))
= ay(x)a1 (y)F " (dyb1)(x)
teo
)al(y)L M d(yz)by (z) dz.

o

Il
2
—

=

Integrating twice by parts we find

ai(x)a T i 07 !

Thus, there are constants Cy,C, and functions dj,d,,d; € . (R) such that

ai(x)||a 2 oo
8] < I AON § e [, (002
m=0

X —oo
2 Y
ai(x)| |ar\y
:Cl‘ (2)|| (2)| zym/ |dm(yz)|(yz)'"+2dz
X y 0 oo
< W)
X y

Now insert a1 (x) = e~/ and ¢ = p/(p — 1) to obtain

Goo [ pfoo pla
/ (/ |R(x,y)xo‘|qu> dy < eo.
0 0
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This estimate implies that the operator a;W (b )M°(cy) is compact on LP(R*,wy,),
which settles the assertion for the specific funct_ions ai, by and c;. _
Now we return to the general case whena € C(R™"), b€ C,,, and c € C(R)NPC,,.

(i) Let a(0) = b(0) = c¢(£e0) = 0. Standard approximation arguments show that it
is sufficient to consider functions with a(z) = 0 for 0 <t < & with some 6 > 0,
b(t) = 0 for |¢| < & with some € > 0, and ¢(¢) = 0 for |¢t| > N with some N > 0. Due
to Propositions 5.3.1-5.3.4,

aW (b)M°(c) = %W(b/bl)Mo(c/cl) (a\W (b1)M°(c1)ai]) + K,
aj

with a compact operator K;. Since the operator a;W (b;)M°(c;) is compact, the
assertion follows.
(i1) Write
1+coth((r+i(l/p+o))m
(1) = e(+0) ( 2( [p+oDT) | )

Then

aW(b)MO(C) :aW(b)MO(Cl) +C(—|—<>°)aW(b)M0 <1+COth (([ +;(1/p+06))7‘[))

= aW (b)M° (') + c(+eo)aW (b, ) + K

with a compact operator K, (here we took into account Proposition 4.2.11). Since
by. = 0 by assumption, and since ¢’(+ee) = 0, this reduces our claim to the case
previously considered in part (i). The proof of part (iii) proceeds analogously. H

The next proposition concerns commutators with Hankel operators. Since the flip
operator is involved, we assume the weight to be symmetric.

Proposition 5.3.6. Let w be a symmetric weight on R, i.e., w(x) = w(—x). Then:
() if b € Cp,, then H(b) € & (LP (R, w));
(ii) ifa € L*(RY) and b € M,,,, with a(+e0) = 0 and b(+e0) = 0, then aH (b) and
H(b)al are in X (LP(RT,w));
(i) ifa € C(R") and b € My, then [al, H(b)] € # (LP(R*,w));
(iv) ifa € Cp, and b € M,,,, with a even, then [W (a),H (b)] € & (LP(RT,w));
(V) ifa € Cpy and b € M, then [W(a),W (b)] € & (L (Rt ,w)).

Proof. (i) As in the proof of Proposition 5.3.3, we can restrict ourselves to the case
when p =2 and w = 1. Then H(b) is unitarily equivalent to the operator

FH(b)F ' =Fy, F'bFJy . F ' =Fy F 'bFJy F~'J = QrbPrJ,

which is compact.

(ii) Extend a symmetrically onto the whole axis. Then a € L= (R) with a(4-e0) = 0,
and from Proposition 5.3.1 (i) we conclude
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ax Wo(b)x J = x.aW'(b)x J € # (L (R,w))

and
X WOb)x Jal = x WO(b)ay J € # (L (R,w)).

(iii) This follows from Proposition 5.3.1 (ii) via the same arguments as in (ii).
(iv) The identity _

H(ab) =W (a)H(b)+H(a)W (D) 5.9
can be shown as (5.4). Consequently, if @ = a, then

W (a)H(b) = H(ab) — H(a)W (b) = H(ba) — H(a)W (b)
=W(b)H(a)+H(b)W(a)—H(a

N2
=

—~
S

Nl

which implies the assertion since H (a) is compact by (i).
(v) Finally, by (5.4),

W (a)W (b) — W (b)W (a) = H(b)H (@) — H(a)H (D).

Since a and @ are continuous, the assertion follows from (i). [ |

5.4 Homogenization of convolution operators

Here we continue the technical preparation for the local study of algebras of con-
volution operators. In particular we show that the homogenization technique from
Section 4.2.5 applies to large classes of convolutions. Recall the definitions of the
operators U;, Vs and Z; in (4.19), (4.20) and (4.37), respectively.

For s€ Rand —1/p < o <1—1/p, let wy s be the weight on R defined by
Wa,s(t) == |t —s|* and write wq for wgo. Let A € Z(LP(R,wq)). If the strong
limit

s-lim Z.V_ AV, Z! (5.10)
exists, we denote it by H; ..(A). Analogously, if A € .Z (L (R, w¢)) and if the strong
limit

s-lim Z'UAU_,Z, (5.11)
exists for some 7 € R, we denote it by He.,(A). It is easy to see that the set of all
operators for which the strong limits H; .. (A) (resp. Hes(A)) exist forms a Banach
algebra, that

M) (1 ) < ML (00 ) (5.12)

respectively
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||H°°J(A)||$(L17(R’wa,0)) < ||A||$(LP(R,W&0)) (5-13)

for all operators in these algebras and that, hence, the operators H; .. and H.., are
bounded homomorphisms.

For x € R, let b(x*) denote the right/left one-sided limit of the piecewise contin-
uous function b at x.

Proposition 5.4.1. Leta € L*(R), b € PC,,,,, and ¢ € M,,. Then, fort € R:

() Heos(al) = a(—eo)y_I+a(+o0)x I;
(i) Heoy(WO(b)) = b(17)Qr +b(1 ") Pr;
(o) I+ 1 ift >0,
(i) Heot (. MO(c) g, I+ 5 1) = 2 MO(c)x I+ I ift=0,
c(—eo)y I+ x 1 ift <0.
Proof. Assertion (i) is immediate from Proposition 4.2.22 (ii) since U;aU_; = al.

(i) It is sufficient to prove the assertion for 7 = 0. Write b as b(0~)x_ +b(0")x, +
by where the function by € PC, ,,, is continuous at 0 and by(0) = 0. Since

WO (b(07)x_ +b(0)x, ) =b(07)Qr+b(0" )P
and the operators Pr and Or commute with Z;, it remains to show that
Z:'WO(bo)Z; — 0 strongly as T — oo.

By the definition of the class PC),,,,, and by Proposition 5.1.1, we can approximate
the function by in the multiplier norm as closely as desired by a piecewise constant
function bgg which is zero in an open neighborhood U of 0. It is thus sufficient to
show that

Z:'WO(boo)Z: — 0 strongly as T — oo.

Since the operators on the left-hand side are uniformly bounded with respect to 7, it
is further sufficient to show that

Z;IWO(bOO)ZTM —0

for all functions u in a certain dense subset of L? (R, w, ). For, consider the set of all
functions in the Schwartz space . (R), the Fourier transform of which has compact
support. This space is indeed dense in L? (IR, w,) since the space 2(R) of the com-
pactly supported infinitely differentiable functions is dense in .(R) ([171, Theo-
rem 7.10]), since the Fourier transform F is a continuous bijection on . (R), and
since . (R) is dense in L (R, w¢,). In this special setting, the latter fact can easily
be proved by hand. Note in this connection that already Z(R) is dense in L” (R, w)
for every Muckenhoupt weight w; see [80, Exercise 9.4.1]. If u is a function with
these properties, then

Z;"WO(boo)Zeu = F~' ZibooZ; ' Fu. (5.14)
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If 7 is sufficiently large, then the support of Fu is contained in U; hence, the function
on the right-hand side of (5.14) is the zero function.

(iii) For t = 0, the assertion follows immediately from Lemma 4.2.13 and the fact
that Z;y_I = x_Z;. Lett # 0. Then, clearly, U_,Z; = Z;U_,; and Z; 'U, = U, Z; !,
whence

2 Ui MO T+ X DU-Ze = UeZy (. MO T+ 4D ZeUre
= UIT(X+M0(C)%+I+X7])U—M
due to Lemma 4.2.13. Thus,
H°°J (X+M0(C)X+I + %J)

B {s-limH+w Ue (g, MO(c)y, I+ x U if1>0,

5.15
s-lime o U (, MO () g, I+ U—_, ift <O. (.13)

To deal with the strong limits (5.15), suppose first that ¢ is a polynomial in the
function coth ((- +i(1/p+ o))7), i.e.

c(t) = i cxcoth® (1 +i(1/p+a))m),
k=0

with certain constants cj. Then
n
A M I +x 1=2, (Z Ck(W<sgn>)k> xA+x1 (5.16)
k=0

So it remains to consider the strong limits

s-lim Uy (, WO(sgn)y, I+ x )U-—r.

T—foo

Since U, W°(sgn)U_, = WO(V_;sgnV;) by Lemma 4.2.4, we have just to check the
strong convergence of V_;sgnV; as T — +eo. One has

o) ] oo
V. av, o Jaltell as T oo, (5.17)
a(—e)[ asT— —oo

for every function a € M pwg- Thus,
UWO(sgn)U_; — +I as T — oo

whence, via (5.16),

?;I}iil’goUT(X+M0(c)%+I+%—I)U*T = %+ Z Ck(:tl)k%+l+%—l = C(i‘”)ZJJFXJ
k=0
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for each polynomial c. Since the set of all polynomials is dense in _C' », We obtain
assertion (iii) for functions ¢ € C,,. To treat the general case, let ¢ € M, and write ¢
as

c(t) =cy+c_coth ((r+i(1/p+a))m) +¢'(r)
with

e = (e(4oe) £ e(—o2))/2

and with a function ¢’ € M, with ¢’(£e0) = 0. After what has just been proved, we
are left to verify that

Hoot (X MO( )y I+ )=y I fort#0.

Without loss of generality, we can assume that the support of ¢’ is compact. Choose
a function u € Cj’(R) with total variation 2 which is identically 1 on the support of
c’. Then

U . MO( )y U—r = Uy, MO (u)y U+
= (U, M° (), U—z) (Uey, M° (), U—s).

The operators in the first parentheses are uniformly bounded with respect to T,
whereas the operators in the second ones tend strongly to zero as T — =oo by what
we have already shown. ]

The assertions of the following lemma are either taken directly from the preced-
ing proof, or they follow by repeating some arguments of that proof.

Lemma 5.4.2.

() Ifa € L”(R), then V_raV; — a(doo)l as T — oo,

(i) Ifb € My, then UyWO (D)U_1 — b(Zeo) as T — oo,
(iii) Ifc € J\_/E,,, then UM (c)U_y — c(Fo0) as T — oo,

The following is the analog of Proposition 5.4.1 for the second family of strong
limits.
Proposition 5.4.3. Let s € R, a € PC, b € My, and ¢ € M,,. Then:
() Hse(al) =a(s™)x I+al(s")x, I;
(i) Hyoo(WO(b)) = b(—o0) Or + b(+0) Pr;
¢(—o0)Or +c(+)Pr ifs>0,
(i) Hyw(r. M)y I+2 1) = 2, M (), I+x 1  ifs=0,
I if s <O0.

Proof. Assertion (i) is immediate from Proposition 4.2.22 (ii) since (V_;aV;)(t) =
a(t+s). For assertion (ii), one uses Lemma 4.2.4 and Proposition 4.2.22 (ii) as in the
proof of Proposition 5.4.1(ii). Note that V_W°(b)V, = WO(b). For s = 0, assertion
(iii) is a consequence of Lemma 4.2.13 and the commutativity of y_I and Z;, and
for s < 0 it follows from the already proved part (i). For s > 0, write
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c(r) =cy+c_coth ((t+i(1/p+a))m) + ' (r)

with ¢4 1= (¢(+4o0) & ¢(—e0)) /2. First note that

H oo (LMO (c+ +c_coth ((-+i(1/p+a))7) +c’(t))x+l+xl>

I —Sg I+ S

=cil+c_Sgp = c(—=) +c(+e0) >

Indeed, since
M° <c+ +c_coth ((-+i(1/p+ a))n)) =ci . I+c_Sgr =cyx. I+c_W(sgn),

this follows easily from what we proved in parts (i) and (ii). Next, similarly to the
proof of part (iii) of Proposition 5.4.1, one verifies the assertion for ¢ being a poly-
nomial in coth ((-+i(1/p+ &))x). Finally, one shows that Hy..(x, M°(c')x. I+
x_I) = 0, again by employing the approximation arguments from the proof of
Proposition 5.4.1. ]

Proposition 5.4.4.
(i) IfK is a compact operator on LP (R, wq), then Hw o(K) = 0 for all s € R.
(ii) If K is compact on LP (R, wq s), then Hs(K) = 0 for all s € R.

The proof runs as that of Proposition 4.2.22 (iii).

5.5 Algebras of multiplication, Wiener-Hopf and Mellin
operators

Given subsets X C L*(R"), Y € M, and Z C M, we let </ (X,Y,Z) denote
the smallest closed subalgebra of the algebra of all bounded linear operators on
LP(R*,we) which contains all multiplication operators al with a € X, all Wiener-
Hopf operators W (b) with b € Y, and all Mellin convolutions M°(c) with ¢ € Z.
By 7 (X,Y,Z) we denote the image of </ (X,Y,Z) in the Calkin algebra over
L?(R*,wg), and we write @ for the corresponding canonical homomorphism.

The invertibility of elements of the algebra o7 (X,Y,Z) will again be studied
by using Allan’s local principle. Thus we must single out central subalgebras of
this algebra which are suitable for localization. For special choices of X, Y and Z,
this is done in the next proposition, which follows immediately from Propositions
5.3.1-5.3.6.

Proposition 5.5.1. In each of the cases below, A is a central subalgebra of <7 :

(i) o =7 (L°(RY), M0, Mp) and B =o/* (C(RT),CY,, ,C(R)NPCp);

p:wWa?

(i) & = o” (PC(R"),PCp,,,PCy) and B = a7 ” (C(R"),CY, .Cp);

P pWa?
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(iii) @ =@ (PC(RT),PCp,,.PCy) and B = o/ (C(R"),CY,, .0);
(iv) o =a” (C(RY),PCp,,,C(R)NPC,) and % = o/ ;
) o =" (PC(RT),PCp,,,0) and B = o/ ” (C(R),Cp . 0).

It is evident that the setting of case (i) is too general for a successful analysis.
It will be our goal in this section to examine cases (ii) and (iii). One peculiarity of
the present context is that, in general, (<7, %) is not a faithful localizing pair unless
p = 2 (since one has to localize over algebras of multipliers). Thus, one cannot ex-
pect the same elegant and complete results as for the algebra .7 (I, w) considered
in the previous chapter. The objectives of this section are quite modest when com-
pared with Chapter 4: We will only derive necessary and sufficient conditions for the
invertibility of cosets in <7, and we will show that this algebra is inverse-closed
in the Calkin algebra, i.e., that invertibility in &/ is equivalent to the Fredholm
property. On the other hand, we will at least be able to establish isometrically iso-
morphic representations of the local algebras that arise. If p = 2, the localizing
pairs become faithful, and one gets an isometrically isomorphic representation of
the (global) algebra 7% .

We derive the maximal ideal spaces for some algebras % which appear in the
above proposition. Let us start with two very simple situations. Corollary 1.4.9 and
Proposition 1.4.11 (which we need here for weighted L”-spaces) imply that the max-
imal ideal space of the commutative Banach algebra &7 (C(R"),0,0) is homeo-
morphic to the one-point compactification R* of R* by the point s> = 0 (and, thus,
homeomorphic to a circle). The maximal ideal which corresponds to s € R is equal
to {®@(al):a € C(R"),a(s) =0}.

Taking into account Proposition 5.1.2 (i), it is also not hard to see that the max-
imal ideal space of the commutative Banach algebra o/ ((/),Cg We? V)) is homeo-
morphic to the compactification of R which arises by identifying the three points
—oo, 0, and 4-c0. We denote this compactification by Ry. One can think of Ry as the

Fig. 5.1 The maximal ideal space of the algebra .o/ ((0 (o4

pwao?

0).

the union of two circles which have exactly one point, e say, in common (see Figure
5.1). The maximal ideal of o7 (@ (o ) which corresponds to the point s € Rq

p:wa?
is then
{oW(a)):acC,,  a(s)=0} if 5 # oo,

{@(W(a)):aeCb,, ,a(0)=a(de) =0} ifs=-co.

PWa?

For the next result, we have to combine the maximal ideal spaces R+ and RO of
these algebras.
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Proposition 5.5.2. The maximal ideal space of the commutative Banach alge-
bra o/ (C (R*),C&Wa,(b) is homeomorphic to that subset of the “double torus”
R* x Ry which consists of the circle R x {eo} and the “double circle” {o} x Ry.
In particular, the value of the Gelfand transform of the coset ®(aW (b)) with

acC(R)andbe ng at the point (s,t) € (R x {eo})U ({o0} x Ry) is a(s)b(t).

Fig. 5.2 The maximal ideal space of the algebra &7 (C(R™),CY , .0). The intersection point is
oo X oo (or 0 x 0); the points on the single circle are of the form s x o, and the ones on the double

circle of the form oo X .

Proof. Let ¢ be a maximal ideal of &/ (C(R*),C9, ,0). By Proposition

b p'ﬂwa’
221, Zna” (C(RY),0,0) and 7 N./* (0,CY,, ,0) are maximal ideals of
A7 (C(R'),0,0) and o7 (0,CY . ,0), respectively. Thus, there are points s € R

and t € Ry such that the value of the Gelfand transform of the coset ®(aW (b)) at
the ideal _# equals a(s)b(¢) for each choice of a € C(R") and b € CS,WQ. Hence, the
maximal ideal space of the algebra &7 (C(R'),CY, .0) can be identified with a
subset of the double torus R™ x Ry.

Now let s € Rt \ {oo} and ¢ € Ry \ {eo}. Given functions a € C(R*) and b €
Cng(x, choose functions ¢’ € C5(R™) and &' € C§'(R) of finite total variation such
that a(s) = d'(s), b(t) = b'(t) and O & supp '. Then,

aW(b) = (a—d Wb —-b)+(a—d WD) +dW(Db—b)+dW(P).

The first three items of the sum on the right-hand side belong to the ideal ¢ = (s,1),
whereas while the fourth item is compact by Proposition 5.3.1. Thus, the smallest
closed ideal of &/ (C(R"),CY,, .0) which corresponds to (s,r) with s € R\
{eo} and t € Ry \ {e} coincides with the whole algebra. So, the maximal ideals
of the algebra under consideration can only correspond to points (s,#) from (R* x
{eo})U ({eo} x Rp). On the other hand, each of these points gives a maximal ideal
of o/ (C (R*), 0 Q)) , which is a consequence of Theorem 2.1.9 (ii). Since the

»IpWa?



5.5 Algebras of multiplication, Wiener-Hopf and Mellin operators 279

Shilov boundaries of the algebras .7 (C (RT),0, (D) and o7 (@, (o (D) coincide

P:Wa b
with RT and Ry, respectively (recall Exercise 2.1.7), the assertion follows. [ |

For s € RT x {eo} and t € {eo} x Ry, let .#;, denote the smallest closed ideal of
the Banach algebra &7 (PC(R"),PC),,,,,,PC,,) which contains the ideal (s,), and
let CDSJE/ refer to the canonical homomorphism from & (PC(R™), PCp,,,,PC;,) onto
the local quotient algebra

AL (PC(RT),PCp ., PCp) i= o™ (PC(RT),PCp s, PCp) [ I

As in Section 4.2.3, &,  denotes the smallest closed subalgebra of .# (L7 (R, 1%))
which contains the identity operator / = y, and the operator Sp+. We provide a
description of the local algebras of &7 (PC(R*),PC,,’WO(,PCP) in a couple of sep-
arate statements.

Theorem 5.5.3. Let s = oo andt € Ry\ {eo}. Then the local algebra
| (PC(RY),PCpuq, PC))
is isometrically isomorphic to &, o. The isomorphism is given by
D7 (A) — Hyi(4) (5.18)

for each operator A € %(PC(R*),PCP,WG,PCP). In particular, for a € PC(R"),
b€ PCp,,, and c € PCp,

Hs:(al) = a(40)1,

I—Sg+ I+ Sp+
2 )

He(W(B) = b(t") >

+b(tT)

Hys (MO(c)) = {C(+°°)I l:ft >0,

c(—eo)I if t<0.
Proof. Let A € &/ (PC(R'),PC),,,PC,). First we show that the mapping (5.18)
is correctly defined in the sense that the operator H,,(A) depends only on the lo-
cal coset @7 (A) of A. Indeed, by Proposition 5.4.4, the ideal # (LP(R*,wq)) is
contained in the kernel of the operator H,,. Hence, H;,(A) depends only on the
coset @(A) of A. Moreover, if b € C,,,,, and b(t) = 0 then, by Proposition 5.4.1 (ii),
Hs: (@(W(b))) = 0. Consequently, the operator H,;(A) depends only on the coset
(Df,/ (A) of A in the local algebra.

It follows from the definition of Hy, that (5.18) is a bounded algebra homomor-
phism with a norm not greater than 1. The images of the operators al, W(b) and
MP(c) under this homomorphism were studied in Proposition 5.4.1. From the con-
crete form of these images, one concludes that Hy ; is in fact a mapping onto &), .

It remains to show that the homomorphism (5.18) is an isometry and, hence, an
isomorphism. To that end we prove that, for each A € &/ (PC(R™),PC,, PCp),
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O (A) = D (U_H,(A)Uy). (5.19)
Once this equality is verified, the assertion will follow from
1D (M)l = 957 (U-Hss (AU < |U-Hs (AVUL| < [Hs (A < D57 (A)]

by (5.12). So we are left to verify the identity (5.19). Since (D{ and Hy, are contin-
uous homomorphisms, it suffices to check (5.19) with A replaced by the operators
al, W (b) and M°(c). Let A = al with a € PC(R*). Then (5.19) reduces to

@ (al) = D (a(=o)]). (5.20)

Choose f € C(RT) with f(e) = £(0) = 1 and such that the support of f is contained
in [0, 1] U [N, o] with N large enough, and write f as fy + f.. with

_Jf(e) ifre]o,1], _Jf(e) ifte[N,ee],
fo(t)_{o if £ €]1, 0] and f“’(t)_{o ift € [0,N].

Further choose g € Cg-,Wa with g(r) = 1 and g(e) = g(0) = 0. Then, obviously,
(Df)f/ (fW(g)) = (D‘;f’/ (I). From this equality and from

W (g) = foW(g) + =W (g) = fW (g) + compact,
by Proposition 5.3.1 (i) we obtain
157 ((a—a(=))D)|| = D7 ((a—a(=))fW(g))ll
= | ((a—a(=)) W ()|
< [(a—a(eo)) fell W (g)]l-

The right-hand side of this estimate can be made as small as desired if N is chosen
large enough. Now let A = W (b) with b € PC,, ,,,,. Let x, refer to the characteristic
function of the interval [r,4o<|, and choose the function g as above, but with the
additional property that g has total variation 2. Using Proposition 5.4.1 (ii), we then
conclude that

H@f/(w b) ~U-Hy (W (5))U;)
O (W(B) — U= (W(b( )z +b()z. ) UW ()|

= || (Wb <>o—zwumﬂ%»W@0H
< [[(B= @)1 =) +60)2))8) |, ., -

The right-hand side of this estimate becomes as small as desired if the support of g
is chosen small enough. Finally, let A = Mo(c) with ¢ € PC),. For definiteness, let
t > 0. Then (5.19) reduces to



5.5 Algebras of multiplication, Wiener-Hopf and Mellin operators 281
H 0 H
(Ds,t (M (C)) = (Ds,t (C(+°°)I)~

To verify this equality, choose f, fo, f-- and g as above and suppose that supp g C
R*. Then

O (MO (c—c(+e0))) = B (fW(g)M°(c — c(+2)))
= O (fW(g)M(c—c(+e0))) =0

since f.W (g)M°(c — c¢(4-0)) is a compact operator by Proposition 5.3.5 (iii). W

Let alg{I, x.1,Sr} denote the smallest closed subalgebra of .#'(L”(R)) which
contains the operators /, ./ and Sg. The following theorem identifies a second
family of the local algebras.

Theorem 5.5.4. Let s € RY \ {0} and t = co. Then the local algebra
A (PC(RY),PCpy, PCy)

is isometrically isomorphic to the subalgebra alg{l,y I1,Sr} of £ (L”(R)). The
isomorphism is given by
D (A) — Hyy(A) (5.21)

for each operator A € o/ (PC(RT),PCp.,,,PC}). In particular, for a € PC(RT),
b€ PCp,, and c € PCp,

Hy (al) = a(s )y I+a(sT)x, 1,

AW 0) = b 2 ) 5
a6 = o) % o)

Proof. Taking into account that the weight function wy, is locally non-trivial only
at the points 0 and <, one can show by repeating the arguments of the proof of
Proposition 4.3.2 that the local algebras ,Q%ij/ (PC(R*),PCP,WQ,PCP) generated by
operators acting on L,(R™,w¢) and befsf (PC(RT),PC,,PC,) generated by opera-
tors on L,(R™) are isometrically isomorphic. So we shall only deal with the latter
algebra.

The correctness of the definition (5.21) as well as the fact that it defines a bounded
algebra homomorphism with norm not greater than 1 can be checked as in the pre-
ceding proof. The values of this homomorphism at the operators al, W (b) and M°(¢)
are a consequence of Proposition 5.4.3, from which we also conclude that (5.21)
maps the local algebra onto alg{l, x I,Sr}. That this homomorphism is an isome-
try and, hence, an isomorphism, will follow once we have shown that

DL (A) = D (. ViHss(A)V_sx 1o (m+)) (5.22)
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for all operators A in &7 (PC (R*),PCp,, PC ,,). To verify this identity, it is again
sufficient to check it for the generating operators al, W (b) and M°(c) in place of A.
Let A = al with a € PC(R™). Then (5.22) states that

@ (al) = &7 (a(s™)(1— x,)x. 1 +al(s")x1). (5.23)

To prove this equality, choose a function f € C(R") with f(s) = 1 and compact
support and a function g € Cg with g(eo) = 1 with support in [—ee, —N|U [—1,1] U
[N, +-e0] where N is chosen sufficiently large. Then

Hcpf(al a(s ) (1= x)x. I +a(s)xI) ||
(a —a(s")(1 =)z, +a(s")x)W(e)) |
< ||((alfa(s‘)(1fxs)x++a(s %)f) |w||w< I

and the right-hand side of this estimate becomes as small as desired if supp f is
chosen small enough.

Now let A = W(b) with b € PC,,,,. Choose f and g as above and write g as
80+ g- with a function g vanishing outside the interval [—1,1]. Then, according to
Proposition 5.3.1 (i), @7 (I) = & (fW(g)) = D% (fW(g~)), whence

H(P“’( (bfb(fw)xf —b(+=)x,)) ||
((b—b(—o0)x_ —b(+0)x, )8) f1) H
< H (b—b( —w)x, = b(+e)2.)g( 5, Il

Again, the norm on the right-hand side becomes arbitrarily small if N is chosen large
enough. Hence,

D (W(b)) = &5 (b(—=)W () +b(+)W(x.)) (5.24)

which verifies (5.22) for A = W(b). Finally, let A = M°(c) with ¢ € PC,,. Now one
has to show that

o7 (MO(c)) = D (c(oo)]_f = el W) - O
For, write ¢ as
(1) = (o) = ORUTIDIT) (o 1 COMOLPIT) |y

Then M%(c) = ¢(—oo) 17§R+ + (oo )Hs}R+ +MO(), and it remains to show that

@ (MO(c')) is the zero coset. For, choose f and g = go + g. as above and take
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into account that (Df,/ (fW(ge)) = @A;fff (I) and that the operator fW(g..)M°(c') is
compact by Proposition 5.3.5. ]

One can show by the same arguments as above that Theorems 5.5.3 and 5.5.4 re-
main valid if the algebra &7 (PC(R*), PC,,,,, PC}) is replaced by the larger alge-
bra &/ (PC(RT),PCp,,. M) and if the same subalgebra &/ (C(R™),C9 , .0)
is used for localizing both algebras.

Let us now turn to the local algebra at (eo, o), which has a more involved struc-
ture than the local algebras already studied. For this reason we start with analyzing
the smaller algebra <., (PC(R"),PC,,,,,C,) before dealing with the full local
algebra &2, (PC(RT),PCy,y,, PCp).

We shall need a few more strong limit operators. For A € .Z (L” (R, w)), let

HT(A) := s-lims-limU,V_AV,U_,, (5.26)

t—Foo§— oo

provided that this strong limit exists.

Proposition 5.5.5. For A € M(PC(R),PC,,’W,CP), the strong limits (5.26) exist,
and the mappings _
H**: & (PC(R),PC,,,,C,) — CI

are algebra homomorphisms. In particular, for a € PC(R), b € PC,,,, ¢ € C,, and
K € X (LP(R,w)),

H* (al) = a(+eo)l,  H"(WO(b)) = b(&eo)l,

HT(M%(c)) = c¢(de0)] and HTE(K)=0.

Proof. The first assertion comes from Lemma 5.4.2. The multiplicativity of H™* is
due to the uniform boundedness of U_,V_ AV,U;. The existence of the first three of
the strong limits was established in Lemma 5.4.2. The last assertion follows from
Lemma 1.4.6 since the V; tend weakly to zero and the V_g are uniformly bounded.

|

We have to introduce some new notation in order to give a description of the local
algebras at (o0,0). Let f be a function in C(R™) with f(e0) = £(0) = 1 the support
of which is contained in [0, 1]U [N, o] with some sufficiently large N, and write f as
fo+ fe with

) f@e) ifreo,1], ) f@t) ifre[N,o),
fo(t)_{o itrell,e f""(t)_{o if ¢ € [0,N[.

Further, let g € C), ~ with g(e) = g(0) = 1 and supp g C [~eo, —N] U [~1,1] U

P:Wa

[N,+-eo], and write g = go + g with
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_ Jglr) ifre[-11], _Jo ifre[-N,N],
gO(I){o ifrer\[-1,1] ™ gw(l){g(z‘) ifr € R\ [-N,N].

Set g= := y, g... Since the operator fyW (go) is compact by Proposition 5.3.1, one
gets

DL (1) = DL(fW(g))
= O (oW (g=)) + L (fW (g0)) + PLL(fW (ge0))-

Denote the first, second and third item in the sum of the right-hand side by Py .., Peo o
and P. .., respectively, and define for (x,y) € {(0,0), (c2,0), (c0,0)},

A5 = Pyl (PC(RT),PCpruy, Cp) Pry.

Theorem 5.5.6. Let s = o and t = . Then:

() the sets 7% ,;27;"09 and .77 are Banach algebras, and

AL (PC(RT),PCppy,Cp) = 05+ a0 2

where the sums are direct;
(i) the algebra 4249,’:: is isometrically isomorphic to &), o, and the isomorphism is
given by
Poo®@L(A)Py o — Ho(A)

foreach A € A%, (PC(R"),PCp,.Cp);

(iii) the algebra djﬁ is isometrically isomorphic to &, o, and the isomorphism is
given by

Pug @ (A) P — Heop(A)

foreach A € & (PC(RT),PCpy,Cp);

(iv) the algebra @77 is commutative and finitely generated. Its generators are
the cosets @;Zf; (fW(gl)). For A € dw{o (PC(RY),PCpyy,Cp), the coset
Pm7m¢;f7’<° (A)P.. . is invertible if and only if the operators HT=(A), which are

constant multiples of the identity, are invertible.

Proof. (i) It is easy to see that P, Py . and P .. are idempotents which satisfy
Poo+ Pyt Peooo = Cb;fio (1),

and
Peyyi Poyyy = 0 if (x17y1) a (&Jz)-

Hence, assertion (i) will follow once we have shown that P o, P .. and P .. belong
to the center of the local algebra %o;ffo (PC(R'),PCp,,,Cp). By Proposition 4.2.10,

every Mellin convolution M°(c) with ¢ € C » can be approximated by a polynomial
in Sg+. Since Sg+ = W (sgn), it thus suffices to check whether P.. g, Py o and Pe, o
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commute with @;{w(al ) and di;{m(W(b)) for all functions a € PC(R™) and b €
PCp g,
First consider the commutator [Py .., @ (afl)]. A little thought shows that there

is a function a.. € C(R*) such that @7, (al) = cD;ff;(awI ). So the assertion follows
immediately from the compactness of [W (g..), @], which we infer from Proposition
5.3.1 (ii). Now consider [P ., (D(;fm(W(b))] where b € PC,,,,,. Since g.. is continu-
ous on R, we conclude via Proposition 5.3.3 (i) that

W (geo)W (b) = W(gwb) + K1 = W (b)W (g) + K>

with compact operators K; and K. As above, one finds a function b.. € PCp,,, N
C(R) such that @7 (W (b)) = @Z..(W (b)). Since the commutator [foW (b)] is
compact by Proposition 5.3.1 (ii), it follows that Py .. commutes with all elements
of the local algebra.

To get that the commutator [P., o, CD;f,io(aI )] vanishes, one can argue as above. So

we are left to verify that [P, @;{m(W(b))} =0 for all b € PC,,,,,. Using Propo-
sition 5.3.3 again, we obtain that [W(go), W (b)] is compact, and from Proposition
5.3.1 (ii) we infer that [f.., W ()] is compact. Thus, P is also in the center of the
local algebra. Since Pu co =1 — Poo g — Py o, the coset P., .. belongs to the center, too.

(ii) Propositions 5.4.1 and 5.4.3 imply that the operator Hy ..(A) depends only on
the coset P e @;ﬁf;(A)Polm. The specific form of Hg .(A) is also a consequence of
Propositions 5.4.1 and 5.4.3. The identity,

Py @ (AP oo = Py ca L (Ho e (A)) Py

can be checked by repeating arguments from the proofs of Theorems 5.5.3 and 5.5.4.
This proves assertion (ii), and assertion (iii) of the theorem follows in a similar way.

(iv) Leta € PC(R*) and b € PCp,,,,. Then

Peo e @ (aW (b)) Po o
= Pu o ®Z (a(o0) fW (b(—00)go + b(+20)g2) ) Prr o (5.27)
= a(o0)b(—o0) DL (£ W (g22)) +al(e0)b(+o0) DL (£ W (g2)).
Taking into account that @7 (W (g2)) + @L. (fW (gL)) = Puc oo is the identity
element in 77> and that
DL (fW (82)) L (W (82)) = DL (fW (82) £ W (81) £l
= OL_(fWO(g2) fWO(gl) foud)
= OL_(fWO (g )WO(gl) fod) =0

by Proposition 5.3.1 (ii), we conclude that every element B of 777" can be written
in the form
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B=o_(B)®L.(f-W(g)) + oy (B)DL (£ W (1))

with uniquely determined complex numbers o (B). Since the existence of the
strong limits follows from Proposition 5.5.5, it remains to show that

Hit(A) = 0 (Po oo @ (A) P . (5.28)

The mappings A — H.1(A) and A — oty (P o <I>‘ff/,>c (A)P.....) are continuous homo-
morphisms. It is thus sufficient to verify (5.28) with A replaced by al and W (b).
For these operators, the assertion follows immediately from Proposition 5.5.5 and
equality (5.27). [ ]

Now we turn our attention to the larger algebra ;sz{o (PC (R+),PC pwas PC p).
Again one can show that the idempotent P.. .. belongs to the center of this algebra,
but the idempotents Py .. and P. ¢ no longer possess this property. Therefore, this
larger local algebra does not admit as simple a decomposition as that one observed
in Theorem 5.5.6. We shall study the local algebra @S2, (PC(R™),PC),,.PC})

via a second localization. To that end notice that, for ¢ € C(R) N PC), the coset
db;ff;(MO(c)) belongs to the center of this algebra by Propositions 5.3.2 (ii) and
5.3.4 (ii) (take into account that, for each a € PC(R"), there is an a.. € C(R")
such that d);fw(al —d.I) = 0). Thus, using Allan’s local principle, we can localize
A (PC(RY),PCp,y, PCp) with respect to the maximal ideal space of the Banach
algebra

{@Z.():cec®)NPC, },

which can be identified with the two-point compactification R of the real axis in an
obvious way. For x € R, let <7, _denote the corresponding bilocal algebra, and

00,00 X

write @%_ _ for the canonical homomorphism from .27 onto .27, #  Further, let the

00,00 X 00,00 X*

functions fos f- g0 and g.. be defined as before Theorem 5.5.6. Forx € {+eo} and
(1:2) € {(0;00), (,0), (2, 0) }, set

P =@, (fW(g))

and abbreviate
AP = P)}V’Z%% P

0000 X * 00,00 X

Finally, let %), , denote the smallest closed subalgebra of .2 (L”(R,w)) which
contains Sg and y_ I. The following theorem identifies the local algebras .7, z

00,00, X"
Theorem 5.5.7.

(1) Letx € R. Foreach A € %(PC(R‘*),PCP,WO‘ ,PCP), there is an operator Ao, €
o (PC(RY),0,PC,) such that L, (A~ Aw) = 0. The local algebra #27%
is isometrically isomorphic to the algebra ), o, and the isomorphism is given
by

Heoo : D2 (A) = Heor(Ep o A |

©9,00,X PzWa)'
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In particular,

H°°7°°7x(¢°{/oox(al)) (+°°)X—I+a(0+))(+l7

me’x((p(f;x(w(b))) _ (b(_oo)l_Td(x) -|-b(—|—oo) 1 +d(x)> x71

+ (b(O‘) ! _j(x) +5(07)2 +d(x)> 1.1

with d(x) := coth ((x+i(1/p+ a))7), and
Heo oo (@ (M0 () = (¥ ) QR + € (x™ ) P

(ii) Let x € {+oo}. Then 0%, A and o, are Banach algebras, and the
algebra 7, _decomposes into the direct sum

00,00 X

X =0 g L g

00,00 X 00,00, X 00,00 X 00,00 X *

Moreover; for (y,z) € {(0,),(,0),(c0,0)}, there is an isomorphism HY*
from 2%  onto C. In particular,

HY (PYE @2, L (aW (D)M°(c))PLS) = a(y)b(z*)e(x)
where ooF := ~oo,

Proof. (i) Choose ¢, € C(R)N PC,, so that supp ¢y is compact and ¢,(x) = 1. Then
the operator f..W (g..)M°(c,) is compact by Proposition 5.3.5 (i). Hence, for every
function b € PC,,,,, which is continuous at the point 0 and satisfies 5(0) = 0, we
obtain

PL (W) = 2L (W) (foW (8:) + £ (g0) + W (8:)) M°(cy) )
= D (W (bge) foM" (c) + W (bgo) fd”(cx))
= @ (W(bg=) foM"(cy)) (5.29)
= @ (W(b(—e=)x +b(+e=)1.) foM" (c2))

|
e

Lo (D(=e2)W () + Do) W (1)) oM (c2)).

If now b is an arbitrary function in PCp,,,,, then we write
W(b) = b0 )W (x) +bO0")W (x.) +W (D) (5.30)

with &’ being continuous at zero and &'(0) = 0. Then the first part of assertion (i)
follows, since the W (). ) are also Mellin operators.
Since the images of al and M°(c) under the mapping A E,WO‘AE; W are

the operators dl with d(t) = a(e*™) and WO(c), respectively, the strong limits
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HM7X(E,,7WaAwE[;v1Va) exist for each operator A.. € &/ (PC(R™),0,PC,) by Propo-
sition 5.4.1.
Let e . stand for the closed ideal generated by all cosets @2, (M°(c)) with

¢ € C(R)NPC, and ¢(x) = 0. In order to get the correctness of the definition of
Heocox, We must show that if A € & (PC(RT),PCp,,,PCp) and @, (A) =0,
then the strong limit H(A) := Heo x(Ep w,A=E, ) exists and is equal to 0.

To see this, note first that the ideal .#~ of the compact operators belongs to the
kernel of H. Thus, H depends only on the coset @(A). Further, since H(al) = 0 for
each continuous function a with a(0) = a(e0) = 0 by Proposition 5.4.1 (i), the local
ideal ... .. lies in the kernel of H. Notice that for this conclusion we do not need
to know whether the strong limit H(@ (W (b)) exists: indeed, each operator A with
D(A) € S . can be approximated by finite sums

ZAjajI-i-K
J

where a(0) = a;(e) = 0 and K is compact. If A is of this form then

H(A) = slim Z;'U_,E,,,AE, ), U.Z:

T—r o0

= s-im Y (Z; 'U_sEp oA iEy 1, UsZe)(Zy ' U-—xEp woaiE,  UiZz),
J

T—rtoo PWa

from which the conclusion follows since Z; 'U_E v, E, ,, UsZr — 0 and since

the norms of Z WU_.E powgAE 5 lea U,Z; are uniformly bounded with respect to 7.
Hence, H(A) depends only on ®Z_ (A). The same arguments show that the local
ideal Z. . is contained in the kernel of the mapping @;{m (A) — H(A) (take into
account that H(M°(c)) = 0 whenever ¢ € C(R) N PC), and c(x) = 0). This observa-
tion establishes the correctness of the definition of He o ».
We further have to show that the invertibility of
Heo ox (D@L, (A)) = Hoox (Ep o A |

00,00, % p,vva)

implies the invertibility of (D,;f;yx (A). But this is an easy consequence of the identity

DL, (A) =L, (E, ), UHex(EpwyAaE, s YUEpy,)
which can be verified in a similar way as the corresponding identity in the proof of
Theorem 5.5.3. Finally, the special values of H.. .., at the generators of the algebra

follow from the equalities (4.21), (5.29) and (5.30) and from Proposition 5.4.1.
(ii) Since @fm,X(MO(c)) =c(x) @fm7x(1), the proof of the first part of this assertion

runs as that of Theorem 5.5.6. The second part of the assertion will follow immedi-
ately from the identity

PO 1. (aW (D)M° () = a(y)b(z* )e(e=) PLL
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which we shall verify only for the basic case when a = 1 and ¢ = 1. For definiteness,
let (y,z) = (e°,0). Then

PEI®LL 1 (W(b)) = L. oo (W (bg0) f1)
= L (W(b0 ) +5(0)1,) ) PES
e (b0 W) +p0 W) P
= éfio,im <b(0)M° (#) +b(0T)M° <#>) PO
- (” ) =5 +b<0*>%(i°°>) Py
— b(0%)PED.

Similarly one gets that, for every operator A € <7 (PC (R),PCp ., PC p) , there is a
function ¢ € C(R) N PC,, such that

Pt tbw - tea(A) = cbw o oo (MO (€)) PYE, = (e0) PEL.

This observation finishes the proof. ]

‘We summarize the results obtained in this section in the following theorem.

Theorem 5.5.8. Let A € o/ (PC(RY),PC,.,,,,PCp). The coset A+ ¢ (LF (R, wq))
is invertible in </ % (PC(RY),PCp,,PCy) if and only if the operators

Heot (A) € &) forr € Ry\ {e},
H,w(A) € B, fors € RT\ {eo},
Hoopox (PL ((A)) € Bpa  forxeR

are invertible in the respective algebras and if the complex numbers

HY (PEL @2, 1..(A)) Jor (,:2) € {(0,00),(20,0), (00,00)}
are not zero.
The following theorem establishes the relation of this result to the Fredholm
property of operators in & (PC(R™),PCp o, PCp).
Theorem 5.5.9. The algebra o/ (PC (R*),PCp . PC p) is inverse-closed in the
Calkin algebra £ (LP (RT,wq))/# (LP (RT,wq,)).

Proof. There are several ways to verify the inverse-closedness. One way is to con-
sider the smallest (non-closed) subalgebra % of .o/ (PC (RT), PC pwe s PC p) which
contains all operators al, W (b) and M°(c) with piecewise constant functions a, b
and c. Applying Theorem 5.5.8 to an operator A € %), we find that the spectrum
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of the coset A+ % (LP (R, wg)) in &/ (PC(RT),PC),v,, PC)) is a thin subset of
the complex plane. Since .« is dense in @ (PC(R"),PC,,,,,PC}), the assertion
follows from Corollary 1.2.32.

For another proof, one shows that, for every Fredholm operator A in the alge-
bra o (PC(RT),PCp,,,,PC}), the H-limits quoted in Theorem 5.5.8 are invert-
ible (as operators on the respective Banach spaces). Then one employs the inverse-
closedness of the algebras &), o and %), 4 in the algebra . (L?(R™,w,)) and applies
Theorem 5.5.8. ]

Corollary 5.5.10. Let A € o/ (PC(R"),PCp,,,,PCy). Then A is a Fredholm oper-
ator on L (R™ ,wq) if and only if the operators

Heot(A) € &) 0 forr e Ry\ {eo}
Hy(A) € B, fors € R\ {oo}
Howi (PLe ((A)) € Bpo  forxeR

are invertible (as operators on the respective Banach spaces) and if the complex
numbers

Hi’z (Pﬁid){oo,:too(A)) for (y,Z) € {(0700)7 (0070)’ (00700)}
are not zero.

Combining this result with the results of Section 4.2 one easily gets a matrix-
valued symbol for the Fredholmness of operators in &/ (PC(R™),PC,,,,PCp).

Remark 5.5.11. In this section we constructed representations of the local algebras
by employing a basic property of the operators which constitute the local algebras:
their local homogeneity. This property enabled us to identify the local algebras via
homogenizing strong limits. It would also have been possible to identify the local
algebras by means of the concepts developed in Section 2.6 and Chapter 3: PI-
algebras and, in particular, algebras generated by idempotents. We will illustrate
the use of those concepts in Section 5.7 to identify some of the local algebras that
appear there. O

5.6 Algebras of multiplication and Wiener-Hopf operators

Let the weight function w be given by (4.8). In this section we address the smallest
closed subalgebra of .Z (L” (R, w)) which contains all operators al of multiplication
by a function a € PC(R) and all Fourier convolutions W°(b) where b € PC,,,,. We
denote this algebra by &7 (PC(R), PC},,), and we write &/ (PC(R),PC,,,,) for the
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image of this algebra in the Calkin algebra and @ for the canonical homomorphism
from o/ (PC(R),PC,,,) onto &/ (PC(R),PCh,,).

If f € C(R) and g € Cp,, then the coset @ (fW(g)) belongs to the center of
«/* (PC(R),PC),,) by Proposition 5.3.1. So we can localize this algebra with re-
spect to the maximal ideal space of o7 (C(R),prw), which is homeomorphic to
the subset (R x {eo}) U ({eo} x R) of the torus R x R. The proof of the latter fact is
similar to the proof of Proposition 5.5.2.

Given (s,1) € (R x {eo}) U ({0} x R), let &, denote the smallest closed ideal
of the Banach algebra &/ (PC(R),PC,,,,) which contains the point (s,), and let
@3{/ refer to the canonical homomorphism from .oz % (PC (R),PC p7w) onto the local
quotient algebra

AL =" (PC(R),PCp) /| Iy,
Further, for each weight w of the form (4.8) and for each x € R, define the local
weight we () at x by we ) (1) := [t]%®) with

0 if x¢&{t1,...,ty,0},
o(x) =< a; if x=tjforsome (j=1,...,n), (5.31)
ZS!ZOOC}‘ if x=co.

To describe the local algebras ,Qig}f/ , we have to introduce some new strong limit
operators. For A € .Z (L?(R,w)), let

HE5(A) := s-lim s-lim U, V_,AV,U_, (5.32)

t—doo s—oo
provided that the strong limits exist. Here, by convention, the first superscript in
H** refers to the strong limit with respect to s — %-co and the second one to  — oo,

Proposition 5.6.1. The strong limits (5.32) exist for A € &/ (PC(R),PC,,,), and
the mappings H** are algebra homomorphisms from <f (PC (R),PC p,w) onto the

algebra CI. In particular, for a € PC(R) and b € PC),,

HT(al) = a(+o0)[,  H 5(al) =a(—o)I, (5.33)
HET(WO(b)) = b(+oo)l,  HE"(WO(b))= b(—0)I, (5.34)

and
H¥(K)=0  for Kec.# (LP(R,w)). (5.35)

Proof. The first assertion comes from Lemma 5.4.2. The multiplicativity of H** is
due to the uniform boundedness of U;V_;AV;U_,. Finally, if K is compact then, by
Lemma 1.4.6, KV, goes strongly to zero, as V; tends weakly to zero. The result then
follows from the uniform boundedness of V_. [ |
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Theorem 5.6.2. Let A € o/ (PC(R),PCh,,).
(i) The coset A+ (LP(R,w)) is invertible in &/ (PC(R),PC,,,) if and only if
the coset @ﬁ/ (A) is invertible in &Z;ffor each (s,t) € (R x {eo})U ({oo} x R).
(i) Fors€eR, the local algebra 427‘{ is isometrically isomorphic to the subalgebra
alg{l, 11,5z} of £ (LP(R,wy))), and the isomorphism is given by

;7 (A) — Hy(A) (5.36)

for each operator A € o/ (PC(R),PC,,,).
(iii) Fort € R, the local algebra dfl/ is isometrically isomorphic to the subalgebra
alg{l, x,1,Sr} of £ (L/J (R,wa(x,))), and the isomorphism is given by

@7 (A) — He s (A) (5.37)

for each operator A € o/ (PC(R),PC,,,).
(iv) The local algebra JZZ;{O is generated by the four idempotent elements

LW (x.)x.1),
and the coset @jf; (A) is invertible if and only if the four operators
H=(4),

which are complex multiples of the identity operator, are invertible.

Proof. Assertion (i) is just a reformulation of Allan’s local principle. For the proof
of assertion (ii), one employs the same arguments as in the first and second step of
the proof of Proposition 4.3.2 to obtain that the algebras "Q{s“{: corresponding to the
spaces L” (R, w) and L (R, wy) with w(x) = [x—s|®®) are isometrically isomorphic.
The remainder of the proof of assertion (ii) can be done as in Theorem 5.5.4.

The proof of part (iii) runs parallel to that of Theorem 5.5.3. One only has to
take into account that the local algebras related to L”(R,w) and L?(R,w.,) with
Weo (x) = |x|%*(*) are isometrically isomorphic. To prove assertion (iv), note that there

are functions f € C(R) and g € C(R) N PC,,,, such that
QL (fI-x,)=0 and @ (W'(g—yx.))=0.

From Proposition 5.3.1(ii) we infer that the commutator [fI,W°(g)] is compact.
Thus, the cosets ‘I’;f;(XJ) and @;{w(WO(xJ) commute. Since

DL (al) = DL (a(—o0) T +a(+o0)x,1)
for every a € PC(R) and

DL (WO(b)) = DLL(b(—o=o)W(x_) +b(+e)W (1, ),
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for every b € PC,,,,, we find that, for each A € &/ (PC(R),PC,,,, ), the coset @;ﬁo (A)
can be represented in the form

DL (e WX T+ h W)X T+ he W)X T+ he W ()2, 1)
with uniquely determined complex numbers i+ = hyy(A). Thereby,
hiy(al) = a(+eo)l, h_y(al)  =a(—o)l, (5.38)
hiy (WO(b)) =b(4o0),  hi (WO(b))=b(—oo)I, (5.39)

and the coset @;Z’; (A) is invertible if and only if the numbers A4 (A) are not zero.
Since H¥*(A) = h++ (A)I by Proposition 5.6.1, the result follows. [ |

The following corollary can be proved by repeating the arguments from the proof
of Theorem 5.5.9.

Corollary 5.6.3. The algebra o/ (PC(R),PC,,,,) is inverse-closed in the Calkin
algebra £(LP(R,w))/ (LP(R,w)), and an operator A € </ (PC(R),PC,,,) is
Fredholm if and only if the operators Hy w(A), He((A) and HE(A) are invertible
forall s;t € R.

To illustrate the previous results, we consider a particular class of operators, the
so-called paired convolution operators. These are operators of the form

A=aiWo (b)) +axWO(b) (5.40)

with ay,a, € PC(R) and by, b, € PCp,,. The following result is an immediate con-
sequence of Corollary 5.6.3.

Theorem 5.6.4. The operator A in (5.40) is Fredholm on LP (R, w) if and only if the
Jfollowing three conditions are fulfilled:

(1) the operator c+Pr + c_Qr with

cx(s) == (ai1(s7)bi (o) +az(s™ )ba(Feo)) x_1
+ (al(s+)b1(ioo) +ax(sT)ba(Feo)) x,1

is invertible on LP (R, wqy)) for each s € R;
(ii) the operator dPr + d_Qr with

0(0) 1= (an(—oo)br (%) + aa(—o)ba(r)) 2.1
+ (a1 (+e0)by (t*) +a2(+°°)b2(ti)) x.1

is invertible on LP (R, Wo(w)) for each t € R;
(iii) none of the following numbers is zero:

aj(4o0)bi(Fe0) + az(4o0)by(£e0), aj(—o0)bi(Eeo) 4+ ay(—oe)by(Leo).
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Of particular interest are paired operators of the form
A=aW(x,)+aW’(x.) = a1Pr +a:0r (5.41)
with a,a; € PC(R), which can also be written as the singular integral operator

ay+a ay—ap
2 2

Sk.

For these operators, Corollary 5.6.3 implies the following.

Corollary 5.6.5. Let ay,ay € PC(R). The singular integral operator a;Pg + a; Or
is Fredholm on LP(R,w) if and only if

(i) the operator (ax(s™)x_+ax(s™)x, )Or +(a1(s™)x_ +ai(s¥)x, )P is invert-
ible on LP (R, wqy)) for each s € R and

(ii) the operator (a(—eo)x_ + az(+o)x, )Or + (a1(—o0)x_ +ai(4°)x, )Pr is
invertible on LP (R, w(c.))-

The corresponding result for operators on the semi-axis reads as follows.

Corollary 5.6.6. Let aj,a; € PC(R"Y). The singular integral operator a;Pr+ +
ayQp-+ is Fredholm on LP (R, w) if and only if

(i) the operator ai(0")Pg+ +ax(0") Qg+ is invertible on LP (R, wq)),
(i) the operator (ax(s™)x_+ax(s™)x,)Or+(a1(s™)x_+ai(s™)x, )P is invert-
ible on LP (R, wg,y)) for each s € R™\ {0}, and
(iii) the operator aj(4-e0)Py+ 4 az(4-o) Qg+ is invertible on LP (R™,we,(or) ).

Proof. This follows by applying Corollary 5.6.3 to the operator
(@W(x.)+aWo(x)) x. 1+ x 1€ L(L"(R,w))

with a; and a, extended to the whole line by zero. This operator is equivalent to
the singular integral operator a;Pr+ + a2Qp~+ in the sense that these operators are
Fredholm, or not, simultaneously. (Of course, one could also apply Corollary 5.5.10
directly.) ]

Note that Propositions 4.2.11 and 4.2.19 combined with the above results give a
matrix-valued symbol for the Fredholmness of the operators considered. Note fur-
ther that one can derive similar results for operators of the form a; M (b;) +axM (b)
with ay,a, € PC([0,1]) and by, b, € PC),,,, considered on the space L7 ([0, 1],wq,).
The easiest way to do this is to reduce them to the operators considered above via
the mapping A — E;;vlvAEp,w-
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5.7 Algebras of multiplication, convolution and flip operators

Let W be a weight function on R of the form (4.8), and let w denote its symmetric

extension to R, i.e.
(1t ift >0
w(t) = {W( ) =

w(—t) ift<0.

The symmetry of the weight implies that the flip operator J given by (Ju)(¢) :=
u(—t) is bounded on L”(R,w). It thus makes sense to consider the smallest closed
subalgebra of .Z(L”(R,w)) which contains all operators al of multiplication by
a function a € PC(R), all Fourier convolutions W°(b) where b € PC,,,,, and the
flip J. We denote this algebra by o7 (PC(R),PC),,,J). Note that this algebra con-
tains the Hankel operators H(b) := y, W°(b)Jx. I with b € PC,,,. Further, we let
o/ (PC(R),PCp,,J) refer to the image of o (PC(R),PC},,J) in the Calkin al-
gebra and write @ for the corresponding canonical homomorphism.

Let C(R) and C,,, denote the subalgebras of C(R) and C,, ,, respectively, which
are constituted by the even functions, i.e., by the functions f with Jf = f.

Proposition 5.7.1. If f € C(R) and g € C,,,, then the coset ®(fW°(g)) belongs to
the center of o/ (PC(R),PCh ., J).

Proof. It easy to see that fW°(g)J = JfW°(g). From

FWO(g) = (f — f())WO(g — g(0)) + (f — £(e0)) W (g(c0))
+ [ (eo)WO(g— g(=)) + £ (o)W (g (o))
= (f = f(=2))WO(g—g(e=)) + (f — f(e2))g(o)]
+ f(o0)WO(g — g(o0)) + f(o0)g(e)]

and from Proposition 5.3.1 it becomes clear that fW?(g) also commutes with the
other generators of the algebra modulo compact operators. ]

Let R denote the compactification of R by the point {e}, i.e., R is home-
omorphic to [0, 1]. The maximal ideal space of the algebra generated by all cosets
@(fWO(g)) with f € C(R) and g 6 pr is homeomorphic to the subset (R X
{eo}) U ({oo} x R ) of the square R" xR, which can be checked as in the proof of
Proposition 5.5.2. The maximal ideal corresponding to (s,t) € (R+ X {eo})U ({eo} x
R") is just the class of all cosets ®(fW°(g)) where f € C(RR) with f(s) = 0 and
g € Cp,, with g(1) = 0.

We proceed by localization over this maximal ideal space. Let .%;; stand for the
smallest closed ideal of the Banach algebra o7 (PC (R),PC powsd ) which contains
the maximal ideal (s,7) € (R" x {eo}) U ({oo} x R"), and write 7% for the quotient
algebra '

A (PC(R),PCp o, J) | Fss
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and (I)‘}f for the canonical homomorphism from .o/ (PC (R),PCp o, J ) onto fﬁzfy}t{ .
ForxeR', let o/(x) be the local exponent defined by (5.31).

Let A € o/ (PC(R),PC,,,J). Allan’s local principle implies that the coset A +
H(LP(R,w)) is invertible in &/ (PC(R),PC,,,,J) if and only if the local cosets
@7 (A) are invertible for all (s,1) € (R" x {eo}) U ({oo} x R"). We are thus left
to analyze the local algebras .27 . Some care is in order since, in contrast to the
previous sections, the strong limits Hy .. (/) and He.;(J) exist only at s =0and t =0,
respectively.

We are going to start with the local algebras %{Z, and Jafj(;.

Proposition 5.7.2. The local algebra <, {: is isometrically isomorphic to the closed
subalgebra alg{I,x I, Pr,J} of £ (LP(R™,we0))), with the isomorphism given by
@f;(A) + Ho«(A). In particular, for a € PC(R) and b € PC,,,,,

@ (al) = a(07)x I+a(0%)x, I,
DL (W(b)) —  b(—)Qg +b(+) Pk,
[0 — .

Proof. First note that the algebras <7;”. related to L”(R*,w) and to L?(R*, [¢|*(©)),
respectively, are isometrically isomorphic, as can be seen by the same arguments as
in Proposition 4.3.2, steps 1 and 2. From this fact one deduces the independence of
Ho . (A) of operators belonging to the local ideal .# .., whence the correctness of
the definition of the homomorphism follows. The concrete form of the values of the
homomorphism at the generators comes from Proposition 5.4.3 and the fact that the
operator J is homogeneous. Thus we conclude that q)(ﬁ (A) — Ho(A) is a mapping

onto alg{/, . I,Pr,J}. Finally, since @({Z(A) = diéf{;fo(Ho,w(A)), this mapping is an
isometry. u

In a similar way, one gets the following description of the local algebra at (eo,0).

Proposition 5.7.3. The local algebra dja is isometrically isomorphic to the closed
subalgebra alg{l,x I,Pr,J} of f(LP(RJF,wa(w))), and the isomorphism is given
by @Z(A) = Hewo(A). In particular, for a € PC(R) and b € PCp

oLo(al)  — a(—ee)y I+a(+=)x,1,
Ly (W(b)) — b0 )Qr+b(0")P,
oL ()) — J.

Now we turn to the local algebras ,Qfsif and «7) where 5,1 > 0. As already men-
tioned, the mappings H; . and H..; are not well defined on </ (PC (R),PC p7w,1)
for s,t # 0. So we will have to use a modified approach which is based on the
fact that every operator A in &/ (PC(R),PC,,,,J) can be approximated as closely
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as desired by operators of the form A; + JA, where A; and A, belong to the al-
gebra &/ (PC(R),PC,,,) without flip. To be precise, & (PC(R),PC,,,) stands for
the smallest closed subalgebra of Z(L”(R,w)) which contains all multiplication
operators al with a € PC(IR) and all convolution operators WO(b) with b € PC,,,,.
Note that the decomposition of an operator A in the form A; 4+ JA; is not unique in
general.

We start with verifying that the homomorphisms H; .. and H..; are well defined
on the elements of the ideals .#,. Note that H; .(K) = 0 and H..,(K) = 0 for every
compact operator K.

Proposition 5.7.4. If A+ % € Iy, then Hy oo(A+¢) =0 and Heo y (A+ ¢7) = 0.

Proof. It is evident from the definition of the ideal .#, that each of its elements
can be approximated as closely as desired by operators of the form A; 4+ JA, with
Ay,A; € o (PC(R),PCp,,) belonging to the smallest closed ideal of that algebra
which contains all cosets @(fW°(g)) with f € C(R) with f(s) =0 and g € Cp,,
with g(¢) = 0. So we can assume, without loss of generality, that A is of this form.
Then

Hywl(A+2) = s-lim Z,V_AV,Z; !

T— o0
= s-li+m ZV_ (A +JA)V,Z !
T—r4o0
= s-lim ZV_ A V,Z '+ s-lim (ZV_IV,Z Y (Z:V_sAViZ 7).
T—>+o00 T— o0
For i = 1,2, one has s-imZ;V_ A;V,Z_ 1'=0, and the operators Z;V_JV,Z~ ! are

uniformly bounded with respect to 7. Thus, H; (A + %) = 0. The proof of the
second assertion is similar. ]

Let f; be a continuous function with support in R* and such that f;(s) = 1. Set
p= d)ff;(fsl), ji= CDfZ(J), and e := (DA{O(I) Then p? = p, p commutes with all
generators of the algebra except with j, and jpj = e — p. Thus, by Corollary 1.1.20,
every element of M{ can be (uniquely) written as a = aj +a» j, where the a; belong
to the corresponding local algebra without flip, and we can employ this corollary to
eliminate the flip by doubling the dimension. Let L denote the mapping defined
before Proposition 1.1.19 and consider the mapping

Hywi=Hy L = 7 — [alg{l, 1.1, Pe}]>2, (5.42)

where H; .. now refers to the canonical (diagonal) extension for matrix operators of

the strong limit defined in (5.10). The mapping H s, 1s well defined due to Propo-
sition 5.7.4, and it acts as an homomorphism between the algebras mentioned. In

what follows, the notation —s* is understood as (—s)*.

Proposition 5.7.5. Let s > 0. The local algebra &fsé is isomorphic to the matrix
algebra [alg{I, x 1, Pr}]**? with entries acting on LP (R, Wa(s))- The isomorphism
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is given by (DS{(A) — I:Isﬁm (A). In particular, for a € PC(R) and b € PC,,,,,

/ [a(s")x I +a(s*)x.1 0

@ (al) o 0 a(s+)x1+a(s‘>x+1] ’
) [b(—o0)QOr + b(4-0)Pr 0

L (Ww) — [T b(+oo>QR+b(—oo)PR}’

oro) o~ |00

Proof. The mapping I:Is,w is well defined on JZ%SZ: by Proposition 5.7.4. The values
of the homomorphism can be derived from Corollary 1.1.20 and Proposition 5.4.3.

To see that the homomorphism I:Imx, is injective, define

w/

Hyw! [alg{Z, 2.1, P} — o2,

<[A11 A12}> ! ({qus{o(VsAuVs) qus)]fo(‘/sAles)]) (5.:43)
Az Ax PO (ViAo Vo) p®L(ViAnV-y)| )

The injectivity will follow once we have shown that

"

Ao (Floe (@2(4))) = @72(4) forall @A) € /.

It is sufficient to check this equality for the generating cosets of JZ%Y{: , i.e., for

(DY{O (), ‘D;{o (J), @7 (Pr), and ®;Z (x.I), where y, stands for the characteristic
function of | — e, 5]. This check is straightforward.

Finally, to verify the surjectivity of the homomorphism I:IS’OO, we again rely on
'
H .- Indeed, this mapping is well defined on all of [alg{/, x, I, Pr}]**?, and one
" u/
has Flym (Pl (4)) = A forall A € [alg{7, 2,1, Pe}>*2. n

Now let ¢ > 0. For the local algebras 4&(‘:{ , we again apply Corollary 1.1.20 to
eliminate the flip by doubling the dimension. Let f; be a continuous function with
support in R™ such that f,(¢) = 1, and put p := @Z, (W(f,)), j = <Dc;{"f;(1), and
e:= d);ff/, (I). Then p is an idempotent which commutes with all generators of the
algebra except with j, for which one has jpj = e — p. Every element of JZZJI/ can be
(uniquely) written as a = aj + ay j, where the a; belong to the corresponding local
algebra without flip. Define the homomorphism

Heosi= HooyL © 2 — [alg{l, 2,1, Pa}]>? (5.44)

where H..; now refers to the canonical (diagonal) extension for matrix operators of
the strong limit defined in (5.11), and where L is again the mapping defined before
Proposition 1.1.19.
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The proof of the next result is the same as that of Proposition 5.7.5.

Proposition 5.7.6. Let t > 0. The local algebra ,;zfof,/ is isomorphic to the matrix
algebra [alg{l, y I, Pe}]*** with entries acting on LP (R, W« ). The isomorphism

is given by (Dof;(A) — I:lw_’l (A). In particular, for a € PC(R) and b € PC,,,,

/ [a(—oo)x_I+a(+e0)x. 1 0
@7, (al) | 0 a(+°°))c1+a(—°°)l+1} ’
p [b(17)Or +b(t)Pr 0
o, (W(b) I : 0 b(—1")0Or +b(t)PR] ’
AU

Our final concern is the local algebra dj; We are going to show that fnggfzo isa
unital algebra generated by two commuting projections and a flip.

Proposition 5.7.7. The local algebra mﬁo}f; is generated by the elements e :=
QL (1), pr=®L (), 1), r:=@L. (W (x,)) and j := ®L_(J).

Proof. For a € PC(R), write @ (al) as
DL (a(—o)x 1 +a(+o0) ., 1) = PL((a— (=) — al(+o0)x, )]).

Since the function a — a(—)y_ — a(+)y
value O there, we obtain

. 1s continuous at infinity and has the

@ (al) = DL ((a(—0)x_ +a(+eo)x,)I) = 0.
For b € PC,, ,,, one gets similarly
DL (WO(b)) = DL (b(—oo)W(x_) +b(+)W (1, )).

For the other generators, the result is obvious. [ |

The generators of the algebra .;z(ﬁ, satisfy the relations
rp = pr, jrj=e—r and jpj=e—p.

Only the first of these relations is not completely evident. It can be verified by re-
peating arguments from the proof of Theorem 5.6.2 (iv). Thus, the algebra ;zfj; is
generated by two commuting projections and a flip.

To get a matrix-valued symbol for the invertibility in the algebra yZ,ﬁ, one can
apply Proposition 1.1.19 to eliminate the flip by doubling the dimension, or, one
refers formally to Theorem 3.3.13,. For the latter, note that the elements b and ¢
defined in (3.53) and (3.54) are givenby b= pr+(e—p)(e—r) and c = (pr—rp) j=
0 in the present context, and that the spectrum of b is {0, 1} since b is a non-trivial
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idempotent. Thus, Theorem 3.3.13 applies with y = 0 and x = £1. In each case, we
arrive at the following.

Proposition 5.7.8. The local algebra szoff; is generated by the commuting projec-
tions p = ‘D;fm(l+1) and r = @f_;(WO(XQ) and by the flip j = @ (J). There is a
symbol mapping which assigns with e, p, j and r a matrix-valued function on {0,1}

! ooy = g ] moreo = o).

o)) = |7 | morw =[5, © .

Combining the previous results with Allan’s local principle, we arrive at the fol-
lowing.

Theorem 5.7.9. Let A € &/ (PC(R),PCp,,,J). The coset A+ (LP(R,w)) is in-
vertible in the quotient algebra o/ (PC (R),PCp o, J ) if and only if:

(i) the operator Ho(A) is invertible in the subalgebra alg{l,y I,Pr,J} of
ZL(LP(R,wg(0)))s

(ii) the operator Hwo(A) is invertible in the subalgebra alg{l,y I,Pr,J} of
ZL(LP(R,We(e)))s

(iii) the operator I:IS’.X, (A) is invertible in the subalgebra [alg{l, I, Pr}|*** of
[L(LP (R, wys)))]>*? for every s > 0;

(iv) the operator }:IMJ (A) is invertible in the subalgebra [alg{I, x I, PRY2? of
[L(LP (R, we () )22 for every t > 0;

(V) the matrix smb @;fw(A) is invertible in C**2,

The following corollary can be proved by repeating the arguments from the proof
of Theorem 5.5.9.

Corollary 5.7.10. The algebra o/” (PC(R),PC,,;,J) is inverse-closed in the Cal-
kin algebra £ (LP(R,w)) /¢ (LP(R,w)). An operator A € o (PC(R),PC),J) is
Fredholm if and only if:
(i) the operator Ho .(A) is invertible on LF (R,w0));

(ii) the operator Huo(A) is invertible on LP (R, W) );

(iii) the operator Hy.. (A) is invertible on L5 (R, wgy)) for every s > 0;

(iv) the operator He; (A) is invertible on L5 (R, w (..)) for every t > 0;

(V) the matrix smb @;{M(A) is invertible in C**2,

In the remainder of this section we are going to apply this corollary to a class of
operators of particular interest: the Wiener-Hopf plus Hankel operators. These are
the operators W (b) + H(c) on LP(R",w) with b,c € PC,,,. Equivalently, one can
think of a Wiener-Hopf plus Hankel operator W () + H(c) as the operator

X WO I+ x WO )y I+ x 1, (5.45)

acting on L” (R, w).
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Theorem 5.7.11. Let b,c € PC,,,,. The operator (5.45) is Fredholm on LP(R,w) if
and only if b(deo) # 0 and if the functions
(i) ¥+ (b(+ee) +b(—eo))sinh ((y +i0)7) + (b(+e0) — b(—eo)) cosh ((y+iv)r)
+c(4o0) — ¢(—o0) with v :=1/p+ a(0),
(ii) y+— (b(0%) +5(07))sinh ((y+iv)7) 4+ (b(0) — b(0~)) cosh ((y +iv)x)
+¢(07) —c(07) with v :=1/p + 0(c°), and

2
(i) y— b bt + (b bL, 4+ b/ b_,)coth ((y+iv)m) + b, b, (coth ((y+iv)7r)>

-2
—c,c,,(smh( y+iv)x )) with v == 1/p + a(e), b 1= b(t™) £ b(t7),
bE, :=b(—tt)£b(—t7) and c4; := c(£t+) — () fort >0
do not vanish on R.

Proof. By Corollary 5.7.10, the operator (5.45) is Fredholm if and only if a collec-
tion of related operators, labeled by the points of the set (EJF X {eo}) U ({oo} x @U,
is invertible. We are going to examine the invertibility of the related operators for
each point in this set.

For the point (0, o), the related operator is

Xy (b(=20)Or + b(+0) Pr + (c(—o0) O + c(+0) Pr)J) x T+ x 1.

This operator is invertible on L” (R, wg,q)) if and only if the operator

el(he0) — ¢(~e0)

bltee) +b(=ee) | | bltee) —b(—e)
2

2 2

Sp+ + Hy

is invertible on L”(R*,wa(())). The latter condition is equivalent to condition (i)
which can easily be seen by inserting the Mellin symbols of the operators S+ and
H; quoted in Section 4.2.2.

For the point (e,0), the related operator

2. (b(07)Qr +b(0F)Pe + (c(07)Qr +¢(0F)Pe)) g, 1 + 11
is invertible on L (IR, w(..) ) if and only if the operator

c(0T) —¢(07)
2

b(07) +6(07) ,, b(0%) —b(07)

S
> 2 R+ T+

Hy

is invertible on L?(R™, W (es))- Condition (ii) states the conditions for the invertibil-
ity of the Mellin symbol of this operator.
For (s,°0) with s > 0, we have

b(—0)Or + b(+o0)Pr

as the related operator. This operator is invertible on L”(R,wgy)) if and only if

b(de0) # 0.

For (e0,7) with ¢ > 0, the invertibility of the related operator
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[+(b(t)QR+b(t+)HR)X+I+%I X, (c(t™)Or+c(th)Pr)x I }
X (c(=tN)Or+c(—t7)PR)x, I x (b(—tT)Or+b(—t" )Pr)x I+ x.1

on L} (Rwa(m)) is equivalent to the invertibility of the operator

b(t)Qg+ +b(1")Pe- ey,
%Hn b(—t+)PR+ +b(—t7)QR+ .

The Mellin symbol of this operator is

bi + by coth ((y+iv)7) %(sinh((yﬂu)n))*

2 , (5.46)

e (sinh((y+iu)n)) b*, + b=, coth ((y+iv)7)
and condition (iii) states exactly the conditions for the invertibility of this matrix
function. Finally, the matrix related to the point (eo,c0) is invertible if and only if
b(+£eo) #£0. [

What the above results tell us about the essential spectrum of the Wiener-Hopf
plus Hankel operator is in some sense expected. The local spectrum at each point
where both b and ¢ are continuous corresponds to the value of the function b at that
point. If only b is discontinuous at some point, then the local spectrum corresponds
to the left and right one-sided limits, joined by a circular arc, the shape of which
depends on the space and weight (see Figure 4.4). If only c is discontinuous at some
point ¢, but not at —¢, there is no effect on the essential spectrum. If both b and
c share a point of discontinuity at O or oo, the effect on the essential spectrum is
the “sum” of the circular arc with the “water drop” arc (see Figure 4.5 (a)). The
more complex effects occur when both b and ¢ share points of discontinuity on =,
t € R*. In this case, the essential spectrum is given by the spectrum of the matrix
function (5.46).

Example 5.7.12. Let the weight w be such that 1/p + o) € {1/2,1/2 4+
0.01,2/3}. Define b € PC), by

o0 4 05 for —20 <1 <0,
b(r) = S50+ 5% for0 <t <20,

—3i for all other ¢

and consider a function ¢ which is continuous at all points except the integer points
in [—19, 19]\ {—10,0,10}, where it satisfies c(t7) —c(t7) =1, c(—tT) —c(—t7) =
1if1<t<9andc(tt)—c(t7)=1,c(—t")—c(—t7)=—1inthecase 11 <7 < 19.
Then the essential spectrum of the operator W (b) + H(c) on the space .Z (L” (R, w))
is given by Figure 5.3. The three arcs joining the points of discontinuity of the
function b are clear, as is the variation of the size of the “water drop” arcs derived
from the distance between b(—¢) and b(¢). When the jumps of ¢ have the same sign,
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they will actually interfere with one another and form other geometric figures. If we
change p or the weight, such that v = 1/p + ct(eo) approaches 1/2, all curves from
discontinuities turn into line segments. O

1+5¢

Fig. 5.3 The essential spectrum of W (b) + H(c) for v =1/2, 1/2+0.01 and 2/3.

Remark 5.7.13. In contrast to Section 4.5, the proof of Theorem 5.7.11 yields im-
mediately a 2-symbol for the Wiener-Hopf plus Hankel operators with piecewise
generating functions due to the finer localization used to obtain Theorem 5.7.9. O

5.8 Multidimensional convolution type operators

Now we turn our attention to the Fredholm property of multidimensional convo-
lution type operators on RY. We will see that the techniques developed so far —
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localization and homogenization — work well also in the multidimensional context,
but that a new difficulty appears if N > 1: already the generators of the algebra will
have massive spectra. Hence, Corollary 1.2.32 does not apply to prove the inverse-
closedness of the operator algebra under consideration (and, actually, we still do not
know if this algebra is inverse-closed). In this section, we will point out one way to
overcome this difficulty.

Let N be a positive integer. We denote the Euclidean norm on RY by |- | and write
(-,-) for the related scalar product on RY. Thus, |x|*> = (x, x) for x € RY. The unit
sphere in RY will be denoted by S¥~!, and the open unit ball by B".

It is easy to see that the mapping

E:BY SRY, x> (5.47)
1= |x]
is a homeomorphism with inverse
—1.mpN N X
'R B, x— . 5.48
s R i (:48)

In particular, a function f on R is continuous if and only if the function fo & is
continuous on BY. We denote by C(RN) the set of all continuous complex-valued
functions f on RY for which the (continuous) function fo& on BY possesses a con-
tinuous extension f~ onto the closed ball BV. Provided with pointwise operations
and the supremum norm, C(RV) forms a commutative C*-algebra, and this algebra
is isomorphic to C (IB_N) Thus, the maximal ideal spaces of these algebras are home-
omorphic. The maximal ideal space of C (B_N) is the closed unit ball BV, which is a
union of the open ball BY and the unit sphere S¥~!. Analogously, one can think of
the maximal ideal space of C(RV) as the union of R and of an “infinitely distant”
sphere. More precisely, every multiplicative linear functional on C(IRV) is either of
the form
f—f(x) with xeRV

or of the form
fr=(fo&)~(6) with 6esV !

We denote the latter functional by .. and write f(6.) in place of 8..(f). Clearly,
f(6..) =lim, ... f(¢6), and a sequence 1 € RN converges to .. if €~ (h,) converges
to 8. A basis of neighborhoods of 0., is provided by the sets of the form

Ure(6) :=  {|x[wy eRY:|x| >R, y €SV 'and |y — 0| < &}
U{v=:ves" and |y -6 <e}. (5.49)

We denote the maximal ideal space of C(RV) by RV.
Every function a € L' (RY) defines an operator W. of convolution by a by

WO LP(RV) — LP(RY), g /]R Lalt—s)g(s)ds. (5.50)
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The operator of convolution by a € L' (RV) is bounded on L”(R"), and

W2l 2o (ry) < llallzr @y)-

The goal of this section is to study the Fredholm property of operators which belong
to the smallest closed subalgebra <7, of .#(L”(R")) which contains

+ all convolution operators W with a € L' (RV),
* all operators of multiplication by a function in C (@)
* all operators ygg)! of multiplication by the characteristic function of a half-
space
H(O):={xcR":(x,0) >0} with S
Proposition 5.8.1. The algebra </, contains the ideal ¢ (LP(RN)) of the compact
operators.

Proof. Let o7, denote the smallest closed subalgebra of .2’ (L? (RM)) which contains
all operators W with @ € L' (R") and all operators of multiplication by a function
in G (RY). We will show .# (LP(R")) is already contained in .¢7,, which implies
the assertion .

It is sufficient to show that ,52%[; contains all operators of rank one. Every operator
of rank one on L”(R") has the form

(Ku)(1) = a(t) / b(s)u(s)ds, 1€RY, (5.51)
R

where a € LP(R") and b € LY(R") with 1/p+1/q = 1. Since C5(RY) is dense

in LP(RN) and in LI(RY) (with respect to the corresponding norms), it is further

sufficient to show that every operator (5.51) with a, b € C5y (R") belongs to szf]; .

Leta, b € Cy(RY), and choose a function k € L' (RV) which is 1 on the compact
set {t —s:7 € supp f, s € suppg}. Then the operator (5.51) can be written as

(Ku)(t) = a(r) v k(t —s)b(s)u(s)ds, t€RN.

Evidently, this operator belongs to 427’1; . [ ]

As already mentioned, we do not know if the algebra Jpr‘%/ =, (LP(RY)) is
inverse-closed in the Calkin algebra. Therefore we have to apply the local principle
in a larger algebra which we are going to introduce in a couple of steps.

Let A, C Z(LP(RY)) denote the Banach algebra of all operators of local type

with respect to the algebra C(RV), that is, an operator A € . (L”(R)) belongs to
Ap if and only if

fA—Afl € # (LP(RY)) forevery f€C(RN).

In order to show that szp C Ap, we need the following lemma.
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Lemma 5.8.2. Let Fi and F, be disjoint closed subsets of RN. Then there exists a
8 > 0 such that |x—y| > (R+1)8 for all R > 0, all x € Fy NRY with |x| > R and all
y € BENRYN with [y| > R.

Proof. Let E stand for the homeomorphism from BN onto RN which coincides with
& on BY, and set F| := g_l(Fl) and B = E_I(Fz). Then F| and F are disjoint
compact subsets of BN; hence, & := dist (£}, F>) > 0. Thus, for x € Fj and y € F
one has |E~!(x) — &1 (y)| > & or, equivalently,

X y
- | >9. 5.52
‘1+|x| 1+|y|’ 62

Let y # 0 and consider the function f(f) := |x — ty| on R. This function attains its
minimum at the point * := (x, y)/(y, ¥) and is therefore monotonically increasing
on the interval [t*,co[. Since t* < |x| |y|/|y|* = |x|/[y| and

x| 1+ x| .
— < <1 if |x| <]y,
o =T =
we conclude that f(mi‘l) < f(1). Thus, by (5.52),
1+ |x| ’ x y ‘
x—y| > |x— yV=0+x|))|—————|> 1+ [x])6 (5.53)
ol 2 e T = (b [ = 12 2 )

for |x| < |y|. Analogously, if |y| < |x

,then |x—y| > (1+]y|)d. So one gets
e =y = min{1 + [x[, 1 +[y]} 5,

which implies the assertion. ]

Proposition 5.8.3. If f € C(RN) and a € L'(RN), then WOfI — fW? is a compact
operator. Thus, <7, C A,,.

Proof. By Krasnoselskii’s interpolation theorem, it is sufficient to verify the com-
pactness of WO I — fW? on L?(R). By Theorem 2.5.6, this operator is compact if
and only if the operator Xr, Waolp21 is compact for each choice of closed disjoint

subsets Fy and F> of RN. For g in L2(RV), one has
(e W2, )) = [ 2, (05— 1), (0.

Since functions in L' (R") can be approximated by continuous functions with com-
pact support, we can assume that a is a continuous function with support contained
in the centered ball of radius M. Set a(s,) := ;. (s)a(s —1)x,, (t). By the previous
lemma, there exists § > 0 such that |s —7| > R0 for every R > 0 and for arbitrary
points s € F{ NRY and t € />, NRY with |s| > R and |t| > R. Choose R such that
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R>M and RS > M. Then a(s,t) =0if s € Fj and |s| > 2R, orif r € F> and |r| > 2R.
Indeed, if |s| > 2R and |¢| < R, then |s —¢| > |s| — |t| > R > M, and if |s| > 2R
and |¢| > R, then |s —¢| > RO > M due to the choice of R. Similarly, |¢| > 2R im-
plies that |s —¢| > M. Hence, a is a compactly supported bounded function, whence
a € L*>(RY x RN). Therefore, Xr, w0 Xr,! 1s a Hilbert-Schmidt operator, and thus
compact. |

Our next goal is to introduce certain strong limit operators which will be used
later to identify local algebras. For k € R, we define the shift operator

Vi : LP(RY) = LP(RY), (Vi) (s) = u(s — k),
and for ¢ > 0, the dilation operator
7 LP(RY) = LP(RN),  (Zu)(s) := 1N Pu(s)1).

Both operators act as bijective isometries, with inverses given by kal =V_; and
z7' =27

Proposition 5.8.4. Let x € RY. Then the strong limit

H (A) := st-nmz,v,xmfxz,—1 (5.54)

exists for every operator A € o), the mapping H, defines a homomorphism on ),
and

(i) He(W)) =0 foraecL'(RY);
(i) He(f1) = f(x)I for f € C(RY);
(iii) HX(XH(G)I) is 0, I or Xw(g)l, depending on whether x is outside, in the interior
or on the boundary of H(0), respectively, where @ € SN=1;
(iv) Hy(K) =0 for K compact.

The proof follows as that of Proposition 5.4.3 (but is actually much simpler since
all the functions are continuous). The details are left to the reader.
For 6 € SN~!, consider the sequence % : N — RY defined by 4% (n) := n#.

Proposition 5.8.5. Let 6 € SN~!. Then the strong limit

H%(A) = s—limVihe(n)AVhe (n) (555)

n—o0

exists for every operator A € 7y, the mapping Hy defines a homomorphism on ),
and

(i) Hg(W?) =W? fora € L'(RY);
(i) HG(f1) = f(6)1 for f € C(RY);
(iil) Hg(xm(y)l) is 0, I or xuw(y)l, depending on whether 0 is outside, inside or on

the boundary of H(y), respectively, where y € SN~1;
(iv) Hy(K) = 0 for K compact.
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Proof. Assertion (i) is evident since convolution operators are shift invariant. For
assertion (ii), let g be a function in L (R) the support of which is in the ball By;(0)
with radius M for some M > 0. By definition, we have

(V10 () S Vio ) () = f (6 + h® () ) g ).

Since f is continuous at 6., there is, for every &€ > 0, a neighborhood U 5(6..) of 6.
as in (5.49) such that | f(x) — f(6.)| < € for every x € Ug 5(0..). The compactness
of By(0) guarantees that there is an ng € N such that By, (0) + 4% (n) is contained in
Ug s (6-) whenever n > ng. Thus, for n > n,

(V10 () S Vio () — [ (60))8 I
< sUPepy, (o)l (x+ 1% (n) = £(6..)| gl < ellger-

Since the functions with compact support are dense in L” (R"), we get
(V_3 () S Vi () — [ (6))8 |l r — O

for every g in LP(RV).

Assertion (iii) is again evident, since V36 () XE1(y) V1o () is the operator of mul-
tiplication by the characteristic function of the shifted half space —h® (n) + H(y).
Assertion (iv) follows from the compactness of T and from the weak convergence
of the operators Vj,,) to zero as |h(n)| — co. [ |

Let A;’”m stand for the set of all operators A € Z(LP(R")) which are subject to
the following conditions:

* Aisof local type,i.e., A € Ap;
* the strong limits H,(A) on LP(R") and H,(A*) on (LP(RN))* defined by (5.54)
exist for every x € RV;
« the strong limits Hg(A) on LP(R") and Hg(A*) on (LP(R"))* defined by (5.55)
exist for every 8 € SV~1
Proposition 5.8.6.
) A[,’”m is a closed subalgebra of £ (LP(RN)) which contains <7),;
(ii) the algebra AI},"”” is inverse-closed in £ (LP(RN)); and
(iii) the quotient algebra A,},‘”m JH# (LP(RN)) is inverse-closed in the Calkin alge-
bra £ (LP(RN)) /¢ (LP(RV)).
Proof. The proof of the first part of assertion (i) is straightforward, and the second
part is a consequence of Propositions 5.8.3, 5.8.4 and 5.8.5. Assertion (ii) follows
from assertion (iii) via Lemma 1.2.33 (note that the ideal of the compact operators
is included in %7, C A[},’”m by Proposition 5.8.1).
So we are left with verifying assertion (iii). Let A be an operator in A;}"m which
has the Fredholm property, i.e., the coset A + % (LP(RY)) is invertible in the Calkin
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algebra Z(LF(RN)) /¢ (LP(RY)). Let R € Z(LP(RY)) be an operator such that
RA —1 =: K and AR — I =: L are compact. We have to show that R € AI’}”’”. Let

f € C(RN). Then the operator
fR—Rfl = (RA—K)fR—Rf(AR—L) = R(AfI — fA)R — KfR+RfL

is compact, whence R € A,. It remains to show that all required strong limits of
R exist. We will verify this for the strong limit Hy; the proof for the other limits
proceeds analogously.

First we show that Hy(A) is an invertible operator. Since A is Fredholm, there is
a positive number ¢ and a compact operator T such that

|Au|| + ||Tu|| > c|ju|]| forall ue L”(]RN)
(see Exercise 1.4.7). Since the operators Z; are isometries, this estimate implies
12AZ ]| + 12,72 ul| > cllul
for all u € LP(RV). Passing to the strong limit as ¢ — oo we finally obtain
[Ho(A)u|| > c||lul| forall ueLP(RN).

Thus, Hp(A) is bounded below. Applying the same argument to the adjoint operator
A* (which is Fredholm, too) we find that Ho(A*) = Hy(A)* is also bounded below.
Hence, Hy(A) is invertible.

Now we show that the strong limit Ho(R) exists and that Hy(R) = Ho(A)~!. In-
deed, let RA — I =: K as before. Then, for each u € L”? (RN ),

1(ZRZ;" —Ho(A) )
= (zRZ " — Z,(RA— K)Z; "Ho(A) ™" )ul|
= (ZRZ ' = (ZRZ ' 2,AZ7" — Z,KZ ") Ho(A) V|
<1 ZRZ; || |lu—ZAZ  Ho(A) ™ ul| + 1|1 ZKZ  Ho(A) ™ uf
<|IR|| [Ho(A)y — Z,AZ V|| + | ZKZ Y|

with v :=Hg(A) ~'u. Since the right-hand side of this estimate tends to zero as t — oo,
the assertion follows. u

Thus, an operator A € Al},‘”m is Fredholm if and only if its coset modulo compact
operators is invertible in A;’"m /(L (RY)). For operators A € <7,, we will study
the invertibility of the coset A +.# (L (R")) in this quotient algebra by localizing
the algebra A [i"”” /¥ (LP(RN)) by Allan’s local principle over its central subalgebra

which consists of all cosets f1+.# (LP(RN)) with f € C(RN).

Proposition 5.8.7. The algebra ¢ := {fI+ % (L (RM)): f € C(RN)} is isometri-
cally isomorphic to the algebra C(RN) in a natural way.
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Proof. One has only to prove that

= || fI+ 22 (LP(RM)| := inf I+K
£l = IIf (LPRY) | KG%I(ILII)<RN)>I\f+ |

for every f € i(@) Proposition 5.8.4 (ii), (iv) ensure that || fI + K|| > |f(x)| for
every f € C(RV), K € J#(LP(RY)) and x € RY. Hence, ||f1+ .2 (LP(RY))|| >
| £(x)| for all x € RY. Since RY is dense in RY with respect to the Gelfand topology,
we get

1Al > N1£7+ 22 (@ @) > |1 £1l,

which is the assertion. [ |

__In particular, the maximal ideal space of the algebra ¢ is homeomorphic to
RN. The maximal ideal which corresponds to x € RV is the set of all cosets
1+ (LP(RY)) with f(x) = 0. We denote this maximal ideal by x and let _Z,
stand for the smallest closed ideal of A}J"’m /¢ (LP(RY)) which contains x. Further
we write @, for the canonical homomorphism

AP — (A" ) (LP(RY))) ) Py A (A4 (LP(RY)) + _7s.

Note that the compact operators lie in the kernel of each homomorphism H, and
Hg with x € RY and 6 € S¥~! by (iv) in Propositions 5.8.4 and 5.8.5. Thus, the
mappings

A+ (LP(RV)) = H (A) and A+ 7 (LP(RY)) — Hg(A)

are correctly defined for each operator A € A},"””. We denote them again by H, and
Hjy., respectively. Further, by (ii) in Propositions 5.8.4 and 5.8.5, the local ideal ¢,
lies in the kernel of H, : A" /¢ (LP(RY)) — £ (LP(RN)) for every x € RV, and
the local ideal _#g, lies in the kernel of Hg : A" /¢ (LP(RN)) — 2 (LP(RY)) for
every © € S¥~!. Hence, the mappings

(A+ 2 (LP(RY))) + Fx = Ha(A) and  (A+ (LP(RY))) + Fo. = Hp(A)

are correctly defined for each A € AI’}”’”, and we denote them again by H, and HY,
respectively. The following propositions identify the algebras @ (.7,) for x € RV,

Proposition 5.8.8. Let x =0 € RN, Then:

(i) the local algebra ®y(<),) is isometrically isomorphic to the smallest closed
subalgebra PC(SN ") of £ (LP(RN)) which contains all operators Yy, with
VAS SN*I;

(ii) for every operator A € <7, the coset @y(A) is invertible in the local algebra
(Ah”m/%(L” RN)))/ 7o if and only if the operator Ho(A) is invertible (in
ZL(LP(RY)));

(ili) the algebra ®y(a7)) is inverse-closed in (AI}}O’”/J{(LP(RN)))//O.
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The notation PC(SV~!) has been chosen since PC(S!) can be identified (by
restriction) with the algebra of all piecewise continuous functions on the (one-
dimensional) unit sphere.

Proof. (i) It follows from Proposition 5.8.4 that Hp is a homomorphism from
@y (<,) into PC(SV~!). This homomorphism is onto since PC(S¥~!) is a subal-
gebra of .7, and Ho(A) = A for every operator A € PC(S¥~!). Further, since the Z,
are isometries, it is clear that the mapping

Ho : @(7,) — PC(SV1)

is a contraction. In order to show that this mapping is an isometric isomorphism, we
claim that
Dy(A) = Py(Ho(A)) forevery A€ ., (5.56)

Since the mappings @ and Hg are continuous homomorphisms, it is sufficient to
check (5.56) for the generating operators of the algebra .7,.

For the operators A = fI with f € C(RN) one has Hy(f1) = £(0)I by Proposition
5.8.4; so one has to check that @y(fI) = &y(f(0)I), which is immediate from the
definition of the local ideals. For A = yy)! with y € SN=1, the claim (5.56) is
evident.

So we are left with the case when A = W with a € L' (R"). Then we have to
show that dbo(WaO) = 0. Let f be a continuous function on R" with compact support
and with £(0) = 1. The operator W. fI which acts on L”(RV) by

W) = [ abe=ns)sodr, xeRY,
R

is compact. Indeed, we can suppose, without loss of generality, that a is a contin-
uous function with compact support, because the functions with these properties
are dense in L' (R"). Further, by Krasnoselskii’s interpolation theorem, we can also
suppose that p = 2. Since then the kernel of the integral operator W. fI is a continu-
ous and compactly supported function, we conclude that WaOfI is a Hilbert-Schmidt
operator, and therefore compact. Thus, @, (W0 fI) = 0. Since @, (fI) is the identity
element of the local algebra, we have @, (W) = 0, which proves the claim.

(ii) Let A be an operator in &/, for which the coset @ (A) is invertible in
(A[f,’"m /# (LP(RN)))/ _Zo. Since Hy acts as a homomorphism on that algebra, we
conclude that Hy(A) is an invertible operator.

Conversely, let the operator Hy(A) be invertible (in . (LP(R"))). From part (i)
we know that Ho(A) belongs to the algebra A;}"’”, and from Proposition 5.8.6 (ii)

we infer that the algebra A[,’O’" is inverse-closed in .Z(L”(RY)). Hence, the inverse
operator Ho(A) ! belongs to A[j"m. Applying the local mapping @ to the equality

Ho(A)"'Ho(A) = Ho(A)Ho(A) ' =1

and recalling (5.56) we conclude that @y(A) is invertible.
(iii) This is the same proof as before if one takes into account that the algebra
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PC(SN~1) is inverse-closed in .Z(L”(RN)). The latter fact can easily be proved
via Corollary 1.2.32; it follows also from Theorem 2.2.8. [ |

Proposition 5.8.9. Let x € RV \ {0}. Then:

() the local algebra @.(7),) is isometrically isomorphic to the smallest closed
subalgebra B, of £ (LP(R")) which contains all operators yyy,)I for which
x lies on the boundary of H(y);

(ii) for every operator A € o), the coset ®y(A) is invertible in the local algebra
(Ag"m/%’(Lp(RN)))/jx if and only if the operator Hy(A) is invertible (in
Z(LP(RY)));

(ili) the algebra @y(<),) is inverse-closed in (A[},“’m /A (LP(RN)))/ 7.

Clearly, if N = 2, there are only two values of y such that x lies on the boundary
of H(y). If y(x) is one of these values, then —y/(x) is the other one, and the algebra
Ay consists of all linear combinations of Yy (x))/ and X y(x))I- Thus, By = C?
in this case. If N > 2, then x lies on the boundary of each half space H(y) with y
being orthogonal to x. The set of these y can be identified with SN2

Proof. The proof proceeds as that of the preceding proposition. In place of (5.56),
one now has to verify that

D (A) = D(H,(A)) forevery A€ .. (5.57)

We only note that ypy(y,) is continuous and equal to one in a neighborhood of x if x is
in the interior of H(y). Thus, @y () (y)!) is the local identity element in this case.
Similarly, if x is in the exterior of H(y), then @ () (y)!) is the local zero element.
In the case x lies on the boundary of H(y) then @, (xg(y)I) is a proper idempotent
(i.e., the spectrum of this local coset is {0, 1}), by Proposition 5.8.4 (iii). [ |

Proposition 5.8.10. Let 6 € SN, Then:

(@) the local algebra ®q_(27,) is isometrically isomorphic to the smallest closed
subalgebra By, of £ (LP(RN)) which contains all convolutions W with a €
L' (RY) and all operators XE(y)l for which 8 lies on the boundary of H(y);
(ii) for every operator A € a7, the coset ®g_(A) is invertible in the local algebra
(A]},"’m/e%/(Lp(RN)))//QM if and only if the operator Hy(A) is invertible in
Z(LP(RY));
(iii) for every operator A € <7, the coset @g_(A) is invertible in the local algebra
Dg_ (o)) if and only if the operator Hy(A) is invertible in Hq._,.
Proof. The proof follows the same lines as that of the preceding propositions, where

one has now to check that

Dy_(A) = Dg_(Hp(A)) forevery Ac o), (5.58)

oo

Note that in the case at hand, we do not know if the algebras %y are inverse-closed
in Z(LP(RY)). That is why we give two invertibility criteria: one for invertibility
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in (A]’,w’” /H (LP(RN)))/ _Ze., and one for invertibility in ®g_(<,). Assertion (iii)
can be proved as assertion (ii) of Proposition 5.8.8. ]

Now one can formulate and prove the main result of this section.

Theorem 5.8.11. An operator A € <7, is Fredholm if and only if all operators H,(A)
with x € RN and all operators Hy(A) with 6 € S¥~! are invertible (as operators on

LP(RV)).

Proof. The proof follows immediately from Allan’s local principle and from the
criteria for invertibility in the corresponding local algebras which are stated in as-
sertions (ii) of Propositions 5.8.8, 5.8.9 and 5.8.10. [ |

For completeness, let us mention that the coset A + % (LP(RY)) of an opera-
tor A € 47, is invertible in the quotient algebra «7,/.# (LP(RY)) if and only if the
operator H,(A) is invertible in .Z(LP(R")) for every x € R" and if the operator
Hg (A) is invertible in Bq_ for every 6 € S¥~!. This follows again from Allan’s
local principle, but now applied in 7,/ (LP(R")), and from assertions (iii) of
Propositions 5.8.8, 5.8.9 and 5.8.10.

To illustrate the previous results we let N = 2 and consider restrictions of convo-
lution operators to half-planes and cones. By a cone in R? with vertex at the origin
we mean a set of the form K (w1, ) := H(y;) NH(y,) with yy, v, € S!. To avoid
trivialities, we assume that neither y; = y» nor y; = —y,. Thus, K(y, y) is nei-
ther a half-plane nor a line.

Let x,, refer to the characteristic function of a measurable subset M of R2. The
following is an immediate consequence of the Fredholm criterion in Theorem 5.8.11
and of Propositions 5.8.4 and 5.8.5.

Corollary 5.8.12. Let a € L' (R?) and f € C(R?), and let y, w1,y € S' be subject
to the above agreement.

(i) The operator x, (W0 + S X! + (1= 2y, ) is Fredholm on LP(R?) if
and only if

o f(x)#0 forall x € H(y),

o WO+ £(0..)1 is invertible for every 6 € S! in the interior of H(y),

* Xy (w0 + f(0o0)1) X5, I + (1 = X5, ) is invertible for every 6 € S! on
the boundary of H(y).

(ii) The operator %, ., wp —|—fI))(K(W1’W2)I+ (1— XK('I/NVz))I is Fredholm on

LP(R?) if and only if

o f(x) #0forall x e K(yi,y),

o WO+ £(6..)1 is invertible for every 6 € S' in the interior of K(y1,y»),

* Xy (W9 +f(9w)l)xm(%_)l+ (1— %Hw,-))l is invertible for every 8 € S' on
the boundary of K(y1, ).
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Note that the invertibility of the half-plane operators in (i) and (ii) can be effec-
tively checked by means of a result by Goldenstein and Gohberg [77] which states
that the following conditions are equivalent for a € L' (R?), 2 € C and w € S!:

(i) the operator y ., (Wg -+ A1)y, 1+ (1= %y, )1 is invertible on L7 (R?),
(ii) the operator W0 + AT is invertible on L”(R?),

(iii) A # 0, and the function Fa + A, with F standing for the Fourier transform on
R2, does not vanish on R2.

With this additional information, Corollary 5.8.12 can be reformulated as follows.

Corollary 5.8.13. Let a € L' (R?) and f € C(R?), and let y, w1,y € S' be subject
to the above agreement.

(i) The operator y (W0 + fD) X1 + (L= 2y, ) is Fredholm on LP(R?) if
and only if

o f(x)#0 forall x € H(y),
o WO+ f(6..)1 is invertible for every 6 € S' NH(y).

(ii) The operator Xy, ) (w0 +f1)xﬂ<<w1.w;)]+ (1— xK(ww))I is Fredholm on
LP(R?) if and only if

o f(x)#0forallx € K(y1,yn),
o WO+ £(0..)1 is invertible for every 6 € S' NK(y1, y).

Note in this connection also that the following assertions are equivalent for a €
L'(R?), 2 € C and w1, y, € S! (see [21, Section 9.53]):
H 0 : 2
D) Xiciyy) (W, + M)XK(WI,WZ>I+ (1- XK(wlwa))I is Fredholm on L7 (R?),
(i) ey (W2 + A0) Yy I+ (1= 25,0 )] is invertible on LP(R?) fori € {1,2}.

Corollary 5.8.14. Let A belong to the smallest closed subalgebra on £ (LP(R?))
which contains all operators Wao with a € L' (R?) and the operator XH(B)Ifor a fixed

0 € S'. Then A is Fredholm if and only if A is invertible.

Proof. If A is Fredholm then by (the easy half of) Theorem 5.8.11, the limit operator
Hg(A) is invertible. From Proposition 5.8.5 we infer that Hy(A) = A. Thus, A is
invertible. ]

Let us finally mention that the algebras A,/ ¢ (L?(RY)) and C(RN) consti-
tute a faithful localization pair by Theorem 2.5.13. Thus, the machinery of norm-
preserving localization and local enclosement theorems as well as Simonenko’s the-
ory of local operators work in the present setting.
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5.9 Notes and comments

Wiener-Hopf integral equations of the type
cu(t) +/ k(t —s)u(s)ds=v(t) (t>0),
0

with k € L' (R), had been the subject of detailed studies by many people, including
Wiener and Hopf [201], Paley and Wiener [133], Smithies [190], Reissner [161],
Fock [57], Titchmarsh [193], Rapoport [158] and Noble [129]. The fundamental
1958 paper [105] of Krein, translated into English by the American Mathematical
Society in 1962, presented a clear and complete theory of this topic at the time.
The case of systems of Wiener-Hopf integral equations with kernels belonging to
L'(R) was studied by Gohberg and Krein in [68]. Gohberg and Feldman’s book
[66], published originally in Russian in 1971, is devoted to a unified approach to
different kinds of convolution equations with continuous generating functions. But
Duduchava’s book [43] marked the start of a new era in the topic, with the study of
convolution operators with piecewise continuous generating functions and of alge-
bras generated by such operators.

The results of Sections 5.1, 5.2 and 5.3 are taken from Duduchava’s works [43,
44] with exception of Proposition 5.1.2 which is due to Schneider [176]. The results
from Section 5.4 go back to two of the authors [168]. In Sections 5.3 and 5.4 some
of the proofs are streamlined with respect to their original versions.

Duduchava [44] studied the algebra o/ := &/ (X,Y,Z) in the particular case
X =C(R"),Y =PCp,, and Z = C,,. These restrictions imply the commutativ-
ity of the related quotient algebra <7 . Duduchava further wrote that ...the same
methods make it possible to investigate a more complicated algebra..., namely the
algebra &7 (PC(R"),PCp,,,PCp) in our notation. As far as we know, he never
published these results. Moreover, even in the case of continuous generating func-
tions, the approach presented above in this chapter gives a more precise information
than Duduchava’s approach: it allows us to characterize the local algebras up to
isometry as algebras of Mellin convolution operators.

The algebra o/ (PC(R™),PC),,,0) studied in Section 5.5 was the subject of
Duduchava’s investigations in the particular case of unweighted spaces or for
weights w(r) := [¢t|* . For Khvedelidze weights, Schneider proved a criterion for
the Fredholm property of the Wiener-Hopf operator W (a) with a € PC), .

The results of Section 5.6 are again taken from [168]. These results can be ex-
tended to algebras generated by Wiener-Hopf and Hankel operators with piecewise
continuous generating functions. But in Section 5.7 we present more general results
based on considering the flip as an independent generator for the algebra. That possi-
bility was used initially in [165] by the authors to analyze algebras resulting from ap-
proximating methods, the theme of Chapter 6. Algebras generated by Wiener-Hopf
and Hankel operators have an analog in algebras generated by Toeplitz and Hankel
operators with piecewise continuous generating function (defined on the unit circle
T). That problem was studied by Power in [147, 149] and by one of the authors [182]
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by different means, but only for the C*-case. Interestingly, the approach of [182] is
based upon the two projections theorem. Moreover, Theorem 4.4.5 leads to the de-
scription of the Fredholm properties of operators belonging to the Banach algebras
generated by Toeplitz and Hankel operators with piecewise continuous generating
functions and acting on Hardy spaces with weight. In particular, the essential spec-
trum of Hankel operators with piecewise continuous generating functions acting on
a variety of Banach spaces has been known since 1990 [168]. Some of these results
were reproved in [94].

Section 5.8 is devoted to the reproduction of some results obtained by Simonenko
[187] who derived them by using the local principle named after him. Our exposition
is based on a combination of Allan’s local principle and limit operator techniques
and is in the spirit of the previous sections.

The methods described in Chapter 5 also apply to other classes of operators
such as multidimensional singular integral operators, singular integral operators
with fixed singularities, singular integro-differential operators and certain classes of
boundary integral operators (e.g., single and double layer potential operators). Con-
cerning the investigation of multidimensional operators on L”(R") by local princi-
ples see also the nice recent book by Simonenko [188]. It contains a complete study
of shift-invariant operators as well as a description of a few important subclasses of
such operators. Simonenko also considered Banach algebras generated by operators
which are locally equivalent to operators in one of the mentioned subclasses.
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