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Preface

The main goal of the book is to inspire the readers and develop
their intuition about syzygies and Hilbert functions. Research on
free resolutions and Hilbert functions is a core and beautiful area in
Commutative Algebra.

Many examples are given in order to illustrate and develop ideas
and key concepts.

The book contains open problems and conjectures. They pro-
vide a glimpse on some exciting directions in which commutative alge-
braists are working. We present three types of problems: Conjectures,
Problems, and Open-Ended Problems. The Open-Ended problems do
not describe specific problems but point to interesting directions for
exploration.

I want to thank Jeff Mermin for his helpful suggestions. My work
is partially supported by NSF.

September, 2010 Irena Peeva
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Notation

The following notation is used throughout the book.

k is a field

S = klzy,...,xy,] is a polynomial ring

S is standard graded by deg(xz;) =1for 1 <i<mn
m= (z1,...,2,)

I is a graded ideal in S

R=5/1

V is a finitely generated S-module

W and U are finitely generated R-modules

N =1{0,1,2,3,...} (since many research papers use this notation)
Z,=1{1,2,3,..}

deg denotes degree

mdeg denotes multidegree.

xi



Chapter I
Graded Free Resolutions

Abstract. The study of free resolutions is a core and beautiful area
in Commutative Algebra. The idea to associate a free resolution to a
finitely generated module was introduced in Hilbert’s famous papers
[Hilbert 1, Hilbert 2]. Free resolutions provide a method for describing
the structure of modules. There are several challenging and exciting
conjectures involving resolutions. A number of open problems on
graded syzygies and Hilbert functions are listed in [Peeva-Stillman].

We are using a grading on the polynomial ring S = k[x1,...,z,]
and on the objects which we are interested to study: ideals, quotient
rings, modules, complexes, and free resolutions. The grading is a
powerful tool. The general principle using that tool is the following;:
in order to understand the properties of a graded object X, we consider
X as a direct sum of vector spaces (its graded components) and we
study the properties of each of these vector spaces.

1 Graded polynomial rings

In this section we introduce some terminology and discuss a few basic
applications of using a grading.

Standard Grading 1.1. We will introduce a grading on the poly-
nomial ring S = k[z1,...,z,] over a field k. Set deg(z;) = 1 for each
i. A monomial z{*...z¢* has degree ¢y + ...+ ¢,. For i € N, we
denote by S; the k-vector space spanned by all monomials of degree
1. In particular, Sy = k. A polynomial u € S is called homogeneous

1. Peeva, Graded Syzygies, Algebra and Applications 14,
DOI 10.1007/978-0-85729-177-6_1, © Springer-Verlag London Limited 2011
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if u € §; for some 4, and in this case we say that u has degree i
(or that u is a form of degree i) and write deg(u) = i. Note that 0
is a homogeneous element with arbitrary degree. The following two
properties are equivalent.
(1) S,S] - Si+]‘ for all 1,] € N.
(2) deg(uv) = deg(u) + deg(v) for every two homogeneous elements
u,v € S.
The above two properties hold.
Every polynomial f € S can be written uniquely as a finite sum
f = >, fi of non-zero elements f; € S;, and in this case f; is called
the homogeneous component of f of degree i. Thus, we have a
direct sum decomposition S = @;en S; of S as a k-vector space such
that S;5; C Si4; for all 4,5 € N. We say that S is standard graded.
The ideal generated by all polynomials of positive degree is m =

(z1,...,2,) and it is called the (irrelevant) mazimal ideal.
For simplicity, in the examples we usually use z,v, z, ... or a, b,
¢, ... instead of x1,xs,....

Example 1.2. Let A = k[x,y]. In this case, Ay = k, Ay is the k-
space of all linear forms, A, is the k-space of all quadrics, etc. The
polynomial 23y? — 2zy* is homogeneous because all of its terms have
the same degree 5. The polynomial z3y? — 2zy* + 2y — 1022 is not
homogeneous and has homogeneous components z3y? — 2xy*, 243,
and —1022.

A proper ideal J in S is called graded or homogeneous if it
satisfies the following equivalent conditions.
(1) If f € J, then every homogeneous component of f is in J.
(2) J = EB,‘GN Ji, where JZ = S, nJ.
(3) If J is the ideal generated by all homogeneous elements in J,
then J = J.
(4) J has a system of homogeneous generators.
In this case, the k-spaces J; are called the homogeneous compo-
nents of J.
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Exercise 1.3. Prove that conditions (1),(2),(3), and (4) above are
equivalent.

Let I be a graded ideal in S. Note that S;I; C I;,; for all 4,5 € N.
The quotient ring R = S/I inherits the grading from S by

R, = S5;/I; foreveryiec N.
Throughout the book, R stands for S/I and is standard graded.

Proposition 1.4. Let J be a graded ideal in R.
(1) The ideal rad(J) ={f € R| f" € J for some r} is graded.
(2) The ideal ann(J) = {f € R| fJ = 0} is graded.

Proof. (1) Take an element f € rad(J) and let f" € J. Write
f = fi+...+ f; where f;, for 1 < i < j, are the homogeneous
components of f and deg(f;) < deg(fi+1). Therefore, f{ is the homo-
geneous component of smallest degree in f". Since J is graded, each

homogeneous component of f” is in J. Hence f] € J, and this means
f1 € rad(J). Therefore

f—h=fo+...+f erad(J).

Applying this argument repeatedly we conclude that each homoge-
neous component of f is in rad(J).

(2) Fix a system U of homogeneous generators of J. Take an
element f € ann(J). Write f = f; + ...+ f; where f;, for 1 <1i <,
are the homogeneous components of f and deg(f;) < deg(f;+1). For
each u € U we have that the following holds: fiu is the homogeneous
component of smallest degree in fu, and we conclude that fiu = 0
since fu = 0. Therefore, f1f = 0. Hence f1J = 0, that is, f; €
ann(J). Thus,

f—fi=fo+...+fj €ann(J).

Applying this argument repeatedly we conclude that each homoge-
neous component of f is in ann(.J). |

Proposition 1.5. Let J be a graded ideal in R. The following
properties are equivalent.
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(1) J is prime.
(2) If u and v are homogeneous elements in R and uwv € J, then at
least one of these elements is in J.

Proof. (1) implies (2). We have to show that (2) implies (1).

Suppose that J is not prime. Choose f,g € R with a minimal
number of homogeneous components and such that f ¢ J, g ¢ J,
fogedJ Let f=fi+...+f;and g = g1 + ...+ gs, where f;, for
1 <¢ < j, are the homogeneous components of f, and where g;, for
1 <4 < s, are the homogeneous components of g. We can assume that
deg(fi) < deg(fi+1) and deg(g;) < deg(g;+1) for each i. Therefore,
f1g1 is the homogeneous component of smallest degree in fg. Since J
is graded, each homogeneous component of fgisin J. Hence f1g; € J.
Therefore, at least one of the elements f; and g; is in J. Say f1 € J.
Set

f'=f=h=fk+...+f.
Then f'g € J and f' ¢ J, g ¢ J. This contradicts to the choice of f
and g since f’ has fewer graded components than f. |

Definition 1.6. Since we have a grading we can measure the size of
the quotient ring R by measuring the sizes of its graded components.
Since Ry = k, it follows that R; is a k-vector space because RgR; C R;.
A basis of the k-space R; is called a basis in degreei. We have that
dimg(R;) < oo for all i € N. The generating function i — dimyg(R;)
is called the Hilbert function of R and is studied via the Hilbert
series
Hilbg(t) = ) _ dimg (R)t".
ieEN

The Hilbert function encodes important information about R (for ex-
ample, the dimension of R); we will study Hilbert functions in detail
in Chapter II.

Example 1.7. Let A = k[z,y] and J = (2%,y3). Then A/J is graded
with basis {1} in degree 0, {z,y} in degree 1, {zy,y*} in degree 2,
{zy?} in degree 3. Its Hilbert series is

Hilba,y(t) = 142t +2t* + ¢
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Proposition 1.8. Let M be an ideal in S generated by monomials.
For each i € N, the k-vector space (S/M); = S;/M; has the following
basis

{monomial m € S'|m ¢ M, deg(m) =1} .

Hence, dimy((S/M);) equals the number of monomials of degree i not
n M.

Example 1.9.  Hilby, (f) = %
Exercise 1.10.
. 1
Hl].bs (t) = m y

n—1+1
7

dimg (S;) = < > for every i > 0.

2 Graded modules and homomorphisms

We will discuss modules and homomorphisms which are graded. The
main result in this section is the foundational Theorem 2.12.

An R-module N is called graded, if it has a direct sum decom-
position N = @;ecz N; as a k-vector space and R;N; C N;y; for all
1,7 € Z. The k-spaces N; are called the homogeneous compo-
nents of N. An element m € N is called homogeneous if m € N;
for some 4, and in this case we say that m has degree ¢ and write
deg(m) = i. Every element m € N can be written uniquely as a finite
sum m = ) .m;, where m; € N;, and in this case m; is called the
homogeneous component of m of degree i.

Proposition 2.1. Let N be a graded R-module.
(1) There exists a system of homogeneous generators of N.
(2) The degrees of the elements in a system of homogeneous gener-
ators determine the grading of N.

Proof. (1) Let B be a system of generators of N. The set of homoge-
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neous components of the elements in B is a system of homogeneous
generators of N.

(2) follows from the fact that every element in N is an R-linear
combination of the generators and from the property R;N; C N;y;
for all 7,5 € Z. |

Definition 2.2. Let N be a graded R-module. Since Ry = k, it
follows that IV; is a k-vector space because Rg/N; C N;. A basis of the
k-space N, is called a basis in degree i. If U is a finitely generated
graded R-module, then dimy(U;) < oo for all i € Z and U; = 0 for
i < 0. In this case, the generating function i +— dimy(U;) is called
the Hilbert function of U and is studied via the Hilbert series

Hilby (t) = » _ dimy, (U;)¢".
i€Z

For p € Z denote by U(—p) the graded R-module such that
U(—p)i = U;_, for all i. We say that U(—p) is the module U shifted
p degrees, and call p the shift. Its Hilbert function is

Hilby () (¢) = ¢° Hilby (£) .

Proposition 2.3. The module R(—p) is the free R module generated
by one element in degree p.

Proof. R(—p), = Ry. O

In this book we use the following convention: the element 1 €
R(—p) has degree p and is called the 1-generator of R(—p).

Example 2.4. Continuing Example 1.7, we have that A/J(—7) has
basis {1} in degree 7, {z,y} in degree 8, {zy,y?} in degree 9, {zy?}
in degree 10. Its Hilbert series is

Hilb 4/ (—7) (t) = t7 + 2% + 27 4 ¢'°.

Let N and T be graded R-modules. We say that a homomor-
phism ¢ : N — T has degree i if deg(p(m)) = i + deg(m) for each
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homogeneous element m € N. Recall that 0 has arbitrary degree, thus
deg(p(m)) = i + deg(m) is a condition only on the homogeneous ele-
ments outside Ker(y). The k-space of all homomorphisms of degree i
from N to T is denoted by Hom;(N,T'). A homomorphism ¢ : N — T
is called graded (or homogeneous) if ¢ € Hom,;(N,T) for some i;
we also say that ¢ is a homomorphism of graded modules.

Exercise 2.5. Let ¢ : N — T be a homomorphism of graded R-
modules. If f = fi+...+ f, € N and f1,..., f, are its homogeneous
components, then ¢(f1),...,¢(fp) are the homogeneous components

of (f).

Example 2.6. Let A = k[x,y]. The homomorphism

(x® y°)
A(=2) @ A(=5) - 4

£E2 5
is graded and has degree 0. The homomorphism A® A(—3) —u)—uél

is graded and has degree 2.

Let N and T be graded modules. The graded Hom from N to
T is
H(N, T) = Bicz Homi(N, T) .

In general, H(N,T) is a submodule of Hom(N,T).

Proposition 2.7. If U is a finitely generated graded R-module and
T is a graded R-module, then H(U,T) = Hom(U,T).

Proof. Let U = {f1,...,fs} be a minimal system of homogeneous
generators of U. Let ¢ € Hom(U,T). It induces a map @ = ¢y :
U — T. This map can be uniquely written in the form ¢ = >, @,
where @; is a map of degree i from U to T. The sum is finite, because
U is a finite set. Now, for each i define a map ¢; : U — T by extending
»; by R-linearity. We will show that ; is well-defined. Suppose that
there exists a relation in degree t of the form Z1§j§s qj f; = 0 for
some homogeneous ¢; € R and deg(q;) + deg(f;) =t for 1 < j <.
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We have that

‘;Oi( > %’fj) = D> 4ol =Y a9ilfiacss)+i

1<j<s 1<j<s 1<j<s
< > %"P(fj)) = <90( > Qij>) :
1<j<s i+t 1<j<s i+t

Since ‘P(Zlgjgs q; fj> = 0, we obtain that ¢; <Zl§j§s quj) =0.
Thus, ¢; is well-defined. Therefore, ¢; € Hom;(U,T). Finally, note
that @ =) . ¢, implies ¢ = ). ¢;. a

A submodule T of a graded R-module N is called graded or
homogeneous if it satisfies the following equivalent conditions.

(1) If f € T, then every homogeneous component of f is in 7.
(2) T = EBZ'EN Ti, where Tz == Nz NnT.

(3) If T is the submodule generated by all homogeneous elements in

T, then T = T.
(4) T has a system of homogeneous generators.

Exercise 2.8. Prove that (1),(2),(3), and (4) above are equivalent.

If T is a graded submodule of a graded R-module N, then N/T
inherits the grading via

Proposition 2.9. If «: N — T is a homomorphism of graded R-
modules, then Ker(a), Im(«), and Coker(a) are graded.

Proof. First, we show that Ker(«) is graded. Let f € Ker(«). Write
f = fi+...+f; as asum of homogeneous components. If o( f;) # 0 for
some 4, then it is a homogeneous component of a(f). Since a(f) =0,
we conclude that a(f;) = 0. Hence each homogeneous component of
f is in Ker(a). Therefore, Ker(a) is graded.

Now, consider Im(a). Let g € Im(a). Choose f € N such
that a(f) = ¢g and none of the homogeneous components of f is in
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Ker(a). Write f = f1+...+ f; as a sum of homogeneous components.
Then o f1),...,a(f;) are the homogeneous components of «(f) = g.
Therefore, each homogeneous component of ¢ is in Im(a). Hence
Im(a) is graded.

Finally, consider Coker(a)) 2 T'/Im(cv). This module inherits the
grading of T' via Coker(«a); = T; /Im(«); for i € Z. a

We are ready to prove a structure theorem for graded finitely
generated R-modules.

Theorem 2.10. The following properties are equivalent.
(1) U is a finitely generated graded R-module.
(2) U =2 W/T, where W is a finite direct sum of shifted free R-
modules, T is a graded submodule of W (called the module of
relations), and the isomorphism has degree 0.

Proof. We have to show that (1) implies (2). Let m4,...,m; be homo-
geneous generators of U. Let ay,...,a; be their degrees respectively.
Set W = R(—a1) ® ... ® R(—aj). For 1 < i < j denote by e; the
1-generator of R(—a;) and note that it has degree a;. Consider the

homomorphism

o:W=R(—a1)®...®R(—a;) - U

e, — m; forl<i<j.

It is graded and has degree 0. Set T' = Ker(y). By Proposition 2.9,
T is graded. Clearly, U = W/T. a

Let U be a finitely generated R-module. An exact sequence of
the form
R F—U =0,

where Fy and F) are finitely generated free modules, is called a pre-
sentation of U. We have that U = F/ImA. The matrix A is called a
presentation matrixz. The presentation is called graded if U, Fy, Fy
are graded and the two homomorphisms have degree 0. In the proof
of Theorem 2.10 we have constructed a graded presentation, which
depends on the choice of a system of homogeneous generators of U.
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Next, we study what choices of homogeneous systems of genera-
tors of U we have. If U is a set of homogeneous generators of U such
that any proper subset of U does not generate U, then U is called a
minimal system of homogeneous generators of U. We need the
following lemma, which is very useful.

Nakayama’s Lemma 2.11. Let J be a proper graded ideal in R. Let
U be a finitely generated graded R-module.
(1) If U = JU, then U = 0.
(2) If W is a graded R-submodule of U such that U =W + JU, then
U=W.

For local rings the proof of the lemma is more elaborated [Mat-
sumura, Section 2]; for graded rings the lemma is a direct consequence
of the fact that a finitely generated R-module always has a generator
of minimal degree.

Proof. (1) Assume the opposite, that is U # 0. Fix a finite system
U of homogeneous generators of U. Let m # 0 be an element in
U of minimal degree. By the choice of m it follows that U; = 0
for j < deg(m). Since J is proper and since R is positively graded,
it follows that every homogeneous element in JU has degree strictly
greater than deg(m). On the other hand, the equality U = JU implies
that m € JU. This is a contradiction. We proved (1).

Applying (1) to the module U/W we get (2). |
Nakayama’s Lemma 2.11 leads to the next foundational result.

Foundational Theorem 2.12. Let U be a finitely generated
graded R-module. Consider the finite dimensional graded k-space
U=U/(x1,...,2,)U, and let p be its dimension.
(1) If we take a homogeneous basis {u1,...,u,} for U over k, and
choose a homogeneous preimage u; € U of each u;, then {uy,...,
up} is a minimal system of homogeneous generators of U.
(2) Every minimal system of homogeneous generators of U is ob-
tained as in (1).
(3) Every minimal system of homogeneous generators of U has p
elements. Set q; = dimy(U;) for each i (Note that only finitely
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many of the numbers q; are non-zero). Every minimal system of
homogeneous generators of the module U contains q; elements of
degree 1.

(4) Let {ui,...,up} and {vy,...,v,} be two minimal systems of ho-
mogeneous generators of U, and let vs = E]‘ ajsu; with a;s € R
for each s. For all s,j set cjs to be the homogeneous component
of ajs of degree deg(vs) — deg(u;). Then the following three prop-
erties hold: vy = 3, cjsu; for all s, det([c;s]) € k, and [cjs] is

an invertible matrix with homogeneous entries.

Proof. Recall that m = (x1,...,z,). (1) We have that U = mU +
Ruy +. ..+ Ru,, where Ru; is the R-module generated by the element
u; (for each 7). By Nakayama’s Lemma 2.11 it follows that U =
Ruy + ...+ Ru,. Assume that the system of generators {ui,...,u,}
is not minimal. After renumbering if necessary, we get a relation u; =
E2§i§p o;u; for some coefficients «; € R. Hence, 4, = Z2Si§p ;U
(here @; is the image of o in k¥ = R/m), which is a contradiction

because {ay,...,u,} is a basis.

(2) Suppose that {uq,...,u,} is a minimal system of homoge-
neous generators of U. Clearly, {i1,...,14,} generate U. Assume
that {u,...,%,} are linearly dependent. Let u;,... ,u;q be a sub-

set of {iy,...,1,} that is a basis of the k-vector space U. By (1),
/

it follows that the preimages of u; ,..

., u;  generate U. This is a

contradiction since the system of generators {u,...,u,} is minimal.

(3) follows from (1) and (2).

(4) Let C be the matrix with entries ¢;;. We will show that
det(C') is a non-zero element in k. The short argument that works in
the local case (cf. [Matsumura, proof of Theorem 2.3(iii)]) does not
work, so we have to argue using the grading.

For 1 < s < p the equality vy = Zj ajsu; implies

Vg = (US)dEg(vs) = (Z ajs'u]‘>
g deg(vs)
= Z (CL]‘S) U; = Z CisUy .
j deg(vs)—deg(u;) g
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We can assume that the elements in each set of generators are
ordered so that their degrees increase. Denote by B; the blocks of size
q; X q; that are placed along the diagonal of C'. Since the degrees of
the generators are increasing, it follows by (3) that deg(u;) > deg(vs)
for 5 > s. Hence cjs = 0, if j > s and c¢j, is outside the block
Baeg(v,)- Therefore, there are only zeros below the blocks. If c;; is
an entry in some block B;, then both v, and u; have degree i, and
therefore c;; € k. Thus, the entries in the blocks B; are in k. Hence,
det(C) =[], det(B;) € k.

Denote by ¢;, the image in k = R/mR of ¢;,, and denote by C
the matrix with entries ¢;,. Then, C has the blocks B; on the diagonal
and zeros everywhere else. Note that v, = ) ;i Cisly for all s. Since

C transforms one basis of a vector space into another, we have that

0 # det(C) = [, det(B;). Hence det(C) is a non-zero element in k.
The product of C' and its adjoint matrix equals the diagonal ma-

trix with entries det(C') on the diagonal. Since det(C) is an invertible

element, it follows that the matrix C is invertible. O

In this book we use the following notation. Denote by min(U)
the minimal degree of an element in a minimal system of homogeneous
generators of U. Denote by max(U) the maximal degree of an element

in a minimal system of homogeneous generators of U.

Exercise 2.13. min(U) and max(U) do not depend on the choice of
a minimal system of homogeneous generators.

3 Graded complexes

Definition 3.1. A complex F over R is a sequence of homomor-
phisms of R-modules

d; d d
F: ... — Fi—>Fi_1 —_— ... — F2—2>F1—1>F0 —_— ...

such that d;_1d; = 0 for i € Z. The collection of maps d = {d;}
is called the differential of F. Sometimes the complex is denoted



3 Graded complexes 13

(F,d). It is called a left complex if F; =0 for all i < 0, that is,

F: —>FZL>F,,1—>—>F2£>F1LF0—>O

with ¢ € N. Furthermore, (F,d) is called a left complex over W (or
a complex over W) if it is a left complex and we have a homomorphism
€: Fy — W, called an augmentation map.

The complex is called graded if the modules F; are graded and
each d; is a homomorphism of degree 0. In this case the module F is
actually bigraded since

Fi = @jgz FZ'J‘ for all 3.

An element in F; j is said to have homological degreei and internal
degree j. We denote the homological degree by hdeg, and the internal
degree by deg. Consider F as a module and the differential as a
homomorphism d : F — F. Then d has homological degree —1 and
internal degree 0.

Construction 3.2. If each module F; is a free finitely generated
graded R-module, then we can write it as

F; = @pEZR(_p)Ci’p .

Therefore, a graded complex of free finitely generated modules has
the form

F: ... — @z R(-p)"" 2 @peg R(—p)tr — ...

The numbers ¢; , are the graded Betti numbers of the complex. We
say that c;;, is the Betti number in homological degree ¢ and internal
degree p, or the ¢’th Betti number in internal degree p.

Definition 3.3. The homology of a complex F is defined by

The elements in Ker(d;) are called cycles and the elements in Im(d;)
are called boundaries. The complex is exact at F; (or at step i)
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if H;(F) = 0. The complex is exact if H;(F) = 0 for all 7. A left
complex is acyclic if H;(F) = 0 for all i > 0; it is acyclic over W if
it is acyclic and Ho(F) = W. In the graded case, since the differential
is graded, it follows that the homology is bigraded by

HZ(F) == @jEZ HZ(F)_] for all 7.

For p € Z denote by F|[—p] the homologically graded complex
such that F[—p]; = F,_,, for all i. We say that F[—p] is the complex F
homologically shifted p degrees (or twisted), and call p the shift.

The truncated complex F> ), is defined as

d; dpt1
F>p,: ... —m F—F_,— ... — p+1——p—>Fp.

Similarly, we define F<,,.

If (F,d) and (G, 0) are complexes of R-modules, then a homo-
morphism of complexes v : F — G is a collection of homomor-
phisms ¢; : F; — G; for all 4, such that

pd = dp

that is, the following diagram is commutative

F e T Fz L Fi,1 —_— ...
‘Pil l%’—l
G: el T Gz L Gi—l —_— ... 5

that is,
pi_1d; = Oyp; for all i.

Sometimes we say a map of complexes instead of a homomorphism
of complexes. Suppose the complexes are graded; we call ¢ graded
or a homomorphism of graded complexes if p; : F; — G, is a
homomorphism of a fixed degree ¢ for all i.

Lemma 3.4. If ¢ is a homomorphism of complexes, then we have
the inclusions p(Ker(d)) C Ker(9) and ¢(Im(d)) C Im(0).
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Proof. Let f € o(Ker(d;)) for some i. There exists a g € Ker(d;) such
that f = ¢(g). Then

a(f) =9(»(g)) = »(d(g)) =0.

Hence f € Ker(0). Therefore, p(Ker(d)) C Ker(0).

Let f € o(Im(d;)) for some i. There exists a g € Im(d;) such that
f = ¢(g). Furthermore, there exists an h € F; such that g = d;(h).
Then f = p(d(h)) = 9(p(h)) € Im(9). Hence ¢(Im(d)) C Im(9). O

The above lemma implies that ¢ induces the following map on
homology (which we also denote ¢)

(Yol H(F) == @iezKeI‘(di)/Im(di+1) — @iEzKer(@-)/Im(&H) == H(G)

Thus, ¢ is a collection of maps ¢; : H;(F) — H;(G) for all i. If ¢ is
graded of degree ¢, then we have a collection of maps

pij Hi(F); — Hi(G)j4q
for all 4, j.

Definition 3.5. Let (F,d) and (G, d) be two complexes of free R-
modules. We say that G is a subcomplex of F if G C F and 0
is the restriction of d on G. In this book, we call G an essential
subcomplex if for every i we have that F; = G; & T; (as modules) for
some free module T;.

The next construction makes use of the grading.

Construction 3.6. Let F be a graded complex. Since each F; is
graded we write F; = @; F; ;. The differential has degree 0, therefore
d(F; ;) C F;_y; for each i, j. Thus, the complex can be written as

jhUh Trow: e Fi+17]‘ — FiJ‘ — Fi*l,j — ...
2] 2] D
(j—l)’St Trow: el T i+1,5—-1 — Fi,j—l — i—1l,j—1 —7 .-
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The j’th row is called the j’th (graded) component of F. 1t is the
sequence of k-vector spaces

—Fa o Fy—Foy—....

The complex is the direct sum of its components. Often, it is very
useful to study a complex by studying its graded components.

Exercise 3.7. A graded complex F is exact if and only if each of its
graded components is an exact sequence of k-vector spaces.

Example 3.8. Take A = k[x,y] and T = A/(2°, zy). We have the
exact graded complex

Taking the degree 7 component, we obtain the exact sequence of k-

(z° xy)

0— A(—6) A(=5) ® A(-2) A—-T —0

vector spaces
0— A(—6)7 — A(—5)7 D A(—2)7 — A7 — T7 — 0 R

that is,
0— A - Ay D As — Ay - T7 — 0.

Note that A; has basis (as a vector space) x,y; Ay has basis 22, zy, y*;
As is 6-dimensional; A7 is 8-dimensional; and 7% has basis y”.
4 Free resolutions

Definition 4.1. A free resolution of a finitely generated R-module
U is a sequence of homomorphisms of R-modules

d; d
F: ... —F—35F_, —...—F—5F,

such that
(1) F is a complex of finitely generated free R-modules F;
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(2) F is exact
Sometimes, for convenience, we write

F: ...—FRY%p  — . RSy .

In the literature the map dgy is usually denoted € and called an aug-
mentation map. Every resolution is an acyclic left complex over U.
A resolution is graded if U is graded, F is a graded complex,
and the isomorphism Fj/Im(d;) = U has degree 0. In this case the
differential has homological degree —1 and internal degree 0. Fix a
homogeneous basis of each free module F;. Then the differential d;
is given by a matrix D;, whose entries are homogeneous elements in
R. These matrices are called differential matrices (note that they

depend on the chosen basis).

Construction 4.2. Given a graded finitely generated R-module U
we will construct a graded free resolution of U by induction on homo-
logical degree.

Step 0: Set Uy = U. Choose homogeneous generators my, ..., m,
of Uy. Let ay, ..., a, be their degrees, respectively. Set Fy = R(—a;)®
...® R(—a,). For 1 < j <r denote by f; the 1-generator of R(—a;).
Thus, deg(f;) = a;. Define

d()i F0—>U
firm; forl1<j<r.

This is a homomorphism of degree 0.

Assume by induction, that F; and d; are defined.

Step i+ 1: Set U;11 = Ker(d;). Choose homogeneous generators
li,...,ls of Ujr1. Let c¢q1,...,cs be their degrees, respectively. Set
Fit1 = R(—c1) @ ... @ R(—cs). For 1 < j < s denote by g; the
1-generator of R(—c;). Thus, deg(g;) = ¢;. Define

dit1: Fiyn —» U1 CF;

gi—1l; for1<j<r.
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This is a surjective homomorphism of degree 0.
The constructed complex is exact since Ker(d;) = Im(d;+1) by
construction.

Example 4.3. Let A = k[x,y] and B = (23, zy, y°). We will con-
struct a graded free resolution of A/B over A.

Step 0: Set Fy = A and let dy: A — A/B.

Step 1: The elements 23, zy, y® are homogeneous generators of
Ker(dp). Their degrees are 3,2,5 respectively. Set F; = A(—3) &
A(—=2)®A(-5). Denote by f1, fa, f3 the 1-generators of A(—3), A(—2),
A(—=5). Hence deg(f1) = 3, deg(f2) = 2, deg(f3) = 5. Defining d; by
fi1 23, fo > zy, f3— 3> we obtain the beginning of the resolution:

(23 zy y°)

A(—3) ® A(=2) @ A(-5) A — A/B 0.

Step 2: First, we need to find homogeneous generators of Ker(dy ).
This requires some computation. Let a.f; + B f2 +vf3 € Ker(dy), with
a, 8,7 € A. We want to solve the equation

ax® + Bxy + yy° = 0,

where a, 3,7 € A are the unknowns. The equality az® = —y(Bz +
vy*) implies that y divides a. The equality vy° = —z(ax?® + By)
implies that z divides 7. Let @ = ya and v = x7v. It follows that
ax? 4 B +7y* = 0. Therefore each term of 3 is divisible either by z?
or by y*. Write

a=a'y* +a” where no term of o is divisible by y*

B =p'yt + p"2* + Bx?y*  where no term of B” is divisible by y*
and no term of ' is divisible by z?
¥ =4"4++"2? where no term of 4 is divisible by z?.

We get the equality

(@ + B 7"ty + (o + B + (8 47yt = 0.
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It follows that o’ + 3" = 0 and 3’ + ' = 0. Therefore, o/ + 3+~ =
0. It follows that all solutions (a/,a”,3',3",3,7',7") are gener-
ated by (0,1,0,-1,0,0,0), (0,0, —1,0,0,1,0), and (1,0,0,0, —1,0,0),
(0,0,0,0,—1,0,1). Therefore, all solutions («, 3,7) are generated by

o1 = (v, _$270)7 o2 = (0, _y47x)
03 = (y57 _$2y470)7 04 = (07 —$2y4,a?3) .

204. Hence all solutions (a, 3,7) of

Note that 03 = y*o;, and 04 = =
the equation d((«, 3,7)) = 0 are minimally generated by o1 and o5.
Thus, yfi — 22 f, and —y fo + xf3 are homogeneous generators
of Ker(dy). Their degrees are 4 = deg(y) +deg(f1) and 6 = deg(y?*) +
deg(f2). Set Fy = A(—4) ® A(—6). Denote by g1, g2 the 1-generators
of A(—4) and A(—6). Hence deg(g1) = 4 and deg(g2) = 6. Defining
de by g1 — yf1 — 2% fa, g2 — —y* fo + xf3 we obtain the next step in

the resolution:

Y 0
2yt
At) ® A(=6) 0" L AC3)mA(-2) @ A(=5)
(=% 2y v°) ,

Step 3: First, we need to find homogeneous generators of Ker(ds).
Let ugy + vge € Ker(dy) with u,v € A. Hence

pyfi + (—pa® —vy) fo +vafz =0,
and therefore u, v satisfy the equations
py =0, —px*—vyt=0, vx=0.

We conclude that p = v = 0. Thus, F3 = 0. We obtain the graded
free resolution

Y 0
g2 gt
0 — A(—4) & A(—6) T L A(=3) @ A(=2) & A(=5)
(% zy o°)
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Example 4.4. Let A = k[z,y] and B = (23, 2y, y°). Suppose we are
given (say by computer) the non-graded free resolution

Y 0
a2y
0 3 5
0 — A2 v e v,

of the module A/B over A. We will determine the grading.
Denote by fi, fo, f3 the basis of A3 with respect to which the
matrix of d; is given. Since

fir—23 and deg(z®) =3
for— 2y and deg(zy) =2
famy® and  deg(y®) =5

and since we want d; to be homogeneous of degree 0, we set

deg(fi1) =3, deg(f2) =2, deg(fs)=>5.

Therefore, the free A-module generated by f; is A(—3), the free A-
module generated by fs is A(—2), and the free A-module generated
by f3 is A(—5). Thus, A3 is identified with A(—3) @ A(—2) & A(-5).

Furthermore, denote by gi,g> the basis of A% with respect to
which the matrix of ds is given. Since

g1 —yfi — 2° fo

deg(yfi — 2% f2) = deg(yf1) = deg(y) + deg(f1) = 4
g2 —y'fa+afs

deg(—y' f2 + xf3) = deg(y" fo) = deg(y") + deg(f2) = 6

and since we want ds to be homogeneous of degree 0, we set

deg(g1) =4 and deg(g2) = 6.
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Hence the free A-module generated by ¢g; is A(—4) and the free A-
module generated by g is A(—6). Thus, A? is identified with A(—4)®
A(—6). Therefore, we obtain the graded free resolution

Y 0
_x? gt
0— A(—4) @ A(-6) % A(=3)® A(—2) & A(-5)
(2 zy o°) 4

5 Resolving, that is, Repeatedly Solving

We will discuss the following interpretation of free resolutions: build-
ing a resolution consists of repeatedly solving systems of polynomial
equations. This approach makes it possible to compute resolutions.

Consider a homomorphism RP LRq, where B is the matrix
of the map with respect to fixed bases. Let X be the column vector
with entries the indeterminates X1,...,X,. The following problems

are equivalent.

Describe the module Ker(B).
)
() Solve the system of R-linear
equations BX = 0 over R,
(where X1,..., X, take values in R).

Example 5.1. In Example 4.3 we see that finding generators of the
module Ker(d;) is equivalent to solving the system of one equation
ax® + Bzy +yy® = 0 (where «, 3, v are the unknowns and take values
in A). Also, we see that finding generators of the module Ker(ds) is
equivalent to solving the system of three equations

py =0, —,ux2 —Vy4 =0, vr=0,
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where 1, v are the unknowns and take values in A.

The following questions arise.
o What is the minimal number of elements that generate the ker-
nel?
o How can we check whether a given set of solutions generates all
solutions?
o Is there a formula for a matrix C, such that Rt-<.pr B Ra
is exact?
In case R = k is a field, these questions are answered in Linear Alge-
bra. When R is not a field, the above questions are usually difficult.
In order to have an algorithm which makes it possible to compute
examples, it is important to solve the following problem.

Problem. Find a matrix C such that R'—<>RP-ZLRI is exact.
In case R = k, we can construct the matrix C' in terms of minors of
B. When R is not a field, Grobner basis theory provides an algorithm

for constructing C, see Section 23.
In case R = k, there exists a matrix C’ such that

0— RI-Rr-5.pa

is exact, and we can find C’. When R is not a field, it might be im-
possible to get an exact sequence starting with 0 as above, because (in
every choice) the generators of the module Ker(B) might be dependent

over R. So we only have the exact sequence RS .pr B .pRa Hence,
if we have constructed C' and want to solve problem (x) completely,
then we have to solve the following new problem of this type:

Describe the module Ker(C)

)

Solve the system of R-linear

equations C'Y = 0 over R,

where Y is a column vector of indeterminates.
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Set Dy = B and Dy = C. Suppose we find a matrix Dy such

that R*-2%R'-PLRP P RY s exact. In order to describe Ker(D3)
we might need again to solve a system of equations:

Describe the module Ker(D-)

v

Solve the system of R-linear

equations Dy Z = 0 over R,

where Z is a column vector of indeterminates. We continue in this
way ...

Thus, solving the original problem (x) leads to repeatedly solving
systems of R-linear equations

DoX =0, DiY =0, DoZ =0, ... .

We see that this process of repeatedly solving systems of equations is
the same as constructing a free resolution

s D2 pt Piopr Do, pa

.— R

This was illustrated in Example 4.3.

The process described above may never terminate; in this case
we have an infinite resolution. In Section 15 we will prove Hilbert’s
Syzygy Theorem 15.2 which shows that every graded finitely gener-
ated S-module has a finite (that is, F; = 0 for i > 0) graded free
resolution.

6 Homotopy

Throughout the section we use the notation introduced in 6.1.

Definition 6.1. Let ¢ and ¢ be two homomorphisms of complexes
v, : F — G of finitely generated R-modules. We say that ¢ is
homotopic to 1) (or that ¢ and ¢ are homotopy equivalent, or
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homotopic) if there exists a homomorphism of homologically graded
R-modules h : F — G of homological degree 1 such that

o —1=0h+hd,
that is, h is a collection of homomorphisms h; : F; — G;11, such that
i —Yi = Oig1h; + hi—ad;.

It is helpful to look at the following diagram

d;
= Fiy—  F — i1 e
,/ h; l i—P; ,/ hi_1
— Gi+1—> Gz — Gi,1 — ...

Oit1

We also consider a similar notion which we call k-homotopy. If
h is not a homomorphism of R-modules, but a homomorphism of
k-spaces then we call it a k-homotopy. Every homotopy is a k-
homotopy.

Proposition 6.2. ¢ is homotopic to v if and only if ¢ — 1) is homo-
topic to 0.

Suppose that F and G are graded. If ¢ and ¢ are graded and
both have degree ¢, then it follows that the homotopy has internal
degree c. The homotopy always has homological degree 1.

Proposition 6.3. If ¢ and ¥ are k-homotopy equivalent, then they
induce the same map in homology.

Proof. Replacing ¢ by ¢ — ¢ and ¥ by 0, we have to show that if ¢
is homotopic to 0, then it induces the zero map in homology. There
exists a homotopy h such that ¢, = 9;11h; + h;_1d;. If x € F} is a
cycle, then

gol(l') = 614_1]11(1') + hl_ldz(l‘) = 814_1]11(1') € Im(&lﬂ) .

Hence ¢;(z) is a boundary. Thus, ¢;(Ker(d;)) C Im(d;+1). We con-
clude that the map

v; » H;(F) = Ker(d;)/Im(d;+1) — Ker(9;)/Im(0;+1) = H;(G)
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is the zero map. O

Sometimes it is possible to guess how a resolution looks like, that
is, guess the ranks of the free modules and a formula for the differ-
ential. Usually, straightforward computation verifies that d;d; 11 =0
and shows that the conjectured resolution is a complex. The difficult
point is to prove that the complex is exact. There are various tools
which can be used to establish exactness. The nest theorem is one of
them.

Theorem 6.4. Let
F —>F1LF171—>—>F1£>F0,

be a graded complex. If the identity and and the zero endomorphisms
of F (mapping F — F) are k-homotopy equivalent, then F is exact.

Proof. By Proposition 6.3, id and 0 induce the same map in homology,
hence H;(F) = 0 for i > 0. a

If we can guess a formula for the homotopy A in Theorem 6.4,
then in order to show that F is exact we have to verify that id; =
O0ix1h; + h;_1d; for all 4. This method is used in order to prove that
the Bar resolution 32.2 is exact.

Example 6.5. Let A = k[z]/(z?). Consider the complex
Consider h : F — F such that for every 7 > 0 we have that h; : F; —
Fi+q is defined by h;(1) = 1 and h;(z) = (1 — z) and extended to
F; = A as a map of k-vector spaces. Then

(xhit1 + hix)(1) = zhip1 (1) + he(l) =z + (1 —2) =1

(xhiy1 + hix)(z) = zhipr(x) + hie(z) = 2(1 —x) + h;(0) = .

Hence, h is a k-homotopy between the identity and the zero endomor-
phisms of F. Therefore, the complex is exact by Theorem 6.4.

Definition 6.6. Let U and W be finitely generated R-modules. Let
F be a complex over W, and G be a complex over U, and o : W — U



26 Chapter I GRADED FREE RESOLUTIONS

be a homomorphism. We say that a homomorphism ¢ : F — G is
overog: W — U, or that ¢ induces o, or that ¢ is a lifting of o, if
the following diagram is commutative

d;

L F; — i1 — ... —Fy —=W-—=0
lLPi l‘Pifl l‘PO lU

Lifting Lemma 6.7. Let W and U be finitely generated R-modules,
and o : W — U be a homomorphism. Let

F: ...—FY% P, . YR Yw 0

be a complex with surjective dg and F; finitely generated free fori > 0,
and let

GZ —>Gzi>Gl_1 — ... GliGin%O

be a free resolution of U.
(1) There exists a lifting ¢ : F — G which induces o.
(2) If p and o are two liftings of o, then there exists a homotopy h
between p and 1.

If in addition W, U, F, G are graded and o, p,v have degree p, then
and h can be chosen to have degree p as well.

Proof. The proof is by induction on homological degree.

(1) Since Fy is free, GO&U is surjective, and we have the dia-

gram
Fy
l O'd()
o
Go — U y

it follows that there exists a homomorphism g : Fy — G such that
Oopo = ody. Furthermore, note that

ao(po(hn(dl)) g 80¢0(Ker(d0)) = O'd()(KeI‘(do)) =0.

Hence, ¢o(Im(d;)) € Ker(dy) = Im(0y).
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Suppose that by induction hypothesis we have that there exists a
homomorphism ¢; 1 : F;_1 — G;_1 such that ¢;_1(Im(d;)) C Im(9;).
Set W = Im(d;) and U = Im(9;), and repeat the argument above.

. . 8 . L. .
Since F; is free, G;— U is surjective, and we have the diagram

F;
l wi—1d;
Gzi) Ua

it follows that there exists a homomorphism ¢; : F; — G; such that
0;p; = pi_1d;. Furthermore, note that

dipi(Im(dit1)) C O;pi(Ker(d;)) = pi—1d;i(Ker(d;)) = 0.

Hence, ¢;(Im(d;1+1)) C Ker(9;) = Im(9;41).

(2) If p and 1 are two liftings of o, then u — ¢ and 0 are two
liftings of 0. Therefore, it suffices to show that if « is a lifting of the
zero map, then « is homotopic to zero.

By induction on homological degree we will construct a homo-
topy h : F — G such that a; = h;_1d; + 0;41h;. For i = 0, we

get

R Y R W0

lal lao lO
Gl A Go —U—0.

As dpap = 0, we conclude that ag(Fp) C Im(9;). Hence, we have the
diagram
Fy
l a0
G125 Im(8y),

so there exists a homomorphism hg : Fy — G1 such that ag = 01hg.
Note that

81(—h0d1 + 041) = —01hod; + apdy = (—81h0 + Oéo)dl =0,

so Im(—hody + 1) C Ker(9;) = Im(0s).
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Now, suppose that by induction hypothesis there exists a homo-
morphism h; such that a;; = h;—1d;+0;+1h; and Im(—h;d;11+a;11) C
Im(d;42). Then, we have the diagram

Fitq
| —hidip1+aita
Oit2
Git2— Im(0;12),

so there exists an h;y1 such that 0;,49h;+1 = —h;d;+1 + ;1. Hence
Q41 = I’LidH_l + 8i+2hi+1. Furthermore,

Oit2(—hit1diyo + aiyo) = —0iyohiy1dito + aip1diyo
= (—=0iy2hit1 + iy1)diyo
= (hidit1)diy2 =0,

SO Im(—hH_ldH_g + O(H_Q) - Ker(8i+2) = Im(81+3) O

The next theorem shows that any two free resolutions of a finitely
generated R-module U are homotopy equivalent.

Theorem 6.8. If F and G are two free resolutions of a finitely
generated R-nodule U, then there exist homomorphisms ¢ : F — G
and ¥ : G — F, such that pi is homotopic to id : G — G and Y is
homotopic toid : ¥ — F. If U, ¥, G are graded, then ¢,v and the
homotopies can be chosen to have internal degree 0.

Proof. By Lemma 6.7(1), the identity map id : U — U lifts to to the
homomorphisms of R-complexes ¢ : F — G and v : G — F. Then
e : F — F is a lifting of the identity map id : U — U. Another
lifting of the same map is id : F — F. By Lemma 6.7(2) it follows
that ¥e is homotopic to the identity. Similarly, we see that v is
homotopic to id : G — G. |

7 Minimal free resolutions

Most of this book is devoted to describing the properties of minimal
graded free resolutions and relating them to the structure of the re-
solved modules. In this section we define when a graded free resolution
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is minimal. We will also present Theorem 7.5, which shows that the
minimal graded free resolution is the smallest graded free resolution
in the sense that the ranks of its free modules are less than or equal
to the ranks of the corresponding free modules in an arbitrary graded
free resolution of the resolved module.

Definition 7.1. A graded free resolution of a graded finitely gener-
ated R-module U is minimal if

di+1(Fi+1) Q (LL‘l, ‘o ,.fL'n)Fi for all ¢ 2 0.

This means, that no invertible elements (non-zero constants) appear
in the differential matrices.

Example 7.2. The resolution in Example 4.3 is minimal.

Recall that m stands for the maximal ideal (z1,...,zy,).

Theorem 7.3. The graded free resolution constructed in Construc-
tion 4.2 is minimal if and only if at each step we choose a minimal
homogeneous system of generators of the kernel of the differential.

Proof. We use the notation introduced in Construction 4.2 and set
Ker(d_1)=U.

First, suppose that the constructed resolution is minimal. As-
sume now, that for some i > —1 we have chosen a non-minimal homo-
geneous system Iy, ..., [ of generators of Ker(d;). After renumbering
the elements [y, ..., if necessary, we get a relation I; = E2Sj§s ril;
for some r; € R. That is, di4+1(91) = > o< j<, Tjdi+1(g;). Therefore,

gl - Z r_]g] c Ker(di+1) = Im(d’b—‘,—Q) .

2<5<s

Since the resolution is minimal, we have that Im(d;12) C mF;,q.
Hence, g1 — Z2Sj§5 rjg; € mF;;, which is a contradiction.

Now, suppose that at each step we choose a minimal homoge-
neous system of generators of the kernel of the differential. We want to
show that the obtained resolution is minimal. Assume the contrary.
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There exists an ¢ > —1 such that Im(d;42) € mF;,. Therefore,
Ker(d; 1) = Im(d;;2) contains a homogeneous element that is not in
mF; . After renumbering the elements g1, . . ., g5 if necessary, we can
assume that g1 — > 5, 7;9; € Ker(di11) for some r; € R. Hence

diy1(91) = Z Tjdi+1(9j)-

2<5<s

Hence, I1 = > 5 <, rjl;. This contradicts to the fact that we have
chosen [y,...,ls to be a minimal homogeneous system of generators

of Ker(d;). a

A complex of the form

0 — R(—p)——R(—p) — 0

is called a short trivial complex. If (F,d) and (G, J) are complexes,
then their direct sum is the complex F @ G with modules (F&G); =
F; & G; and differential d ® 0. A direct sum of short trivial complexes
(possibly placed in different homological degrees) is called a trivial
complez.

Example 7.4. The trivial complex

0 — R(=p) ® R(=q) — R(—p) ® R(—q) © k()
— R(—t) - 0— R(—s) = R(—s) — 0

is the direct sum of four short trivial complexes.

Theorem 7.5. Let U be a graded finitely generated R-module.
(1) There exists a minimal graded free resolution of U.
(2) Let F be a minimal graded free resolution of U. If G is a graded
free resolution of U, then G =2 F @& T for some trivial complex
T, and the direct sum is a direct sum of complexes.
(3) Up to an isomorphism, there exists a unique minimal graded free
resolution of U.

In view of this theorem, sometimes we say “the minimal graded
free resolution of U”.
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Theorem 7.5(1) holds by Theorem 7.3. Theorem 7.5(3) follows
from (2). Theorem 7.5(2) is proved in Section 9. The key tool in the
proof is Nakayama’s Lemma 2.11.

Example 7.6. Let A = k[x,y]. Consider the graded free resolution

y? -y 0 g
x xr —y?> 0
1 0 x —x2
0— A(=5) ~—2 A(=3) @ A(—4) ® A(—5)
A(=2) ® A(~2) ® A(-3) (= 2y ),

It is not minimal, because the last differential matrix contains the
entry 1.

Let f1, f2, f3 be the 1-generators of A(—3), A(—4), A(—5) respec-
tively. We change the basis in A(—3) ® A(—4) & A(-5) by

g1 =1f1, 92=fo. G3=Yf1+xfo+ f3.

In the new basis, the resolution is

0 —y 0 0
0 r —y> 0
1 0 x 0

0= A(=5) =2 A(=3) @ A(—4) ® A(—5)
(2 zy y°)

A.

A(-2)® A(-2) ® A(-3)
Thus, the resolution is the direct sum of the short trivial complex
0— A(-5) — A(=5) —0

placed in homological degrees 2 and 3, and the minimal graded free

resolution
r  —y?
0 T
0— A(~3) & A(~4) A(=2) & A(=2) & A(-3)

(2 zy y*)
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Removing the short trivial complex from the original resolution
is called a consecutive cancellation. We say that the two copies
of A(—5) cancel.

The theorem guarantees that in every non-minimal graded free
resolution we can change basis so that after a number of consecutive

cancellations we will obtain a minimal free resolution.

Free resolutions exist over an arbitrary commutative noetherian
ring (they exist even over non-commutative rings). However, the con-
cept of a minimal free resolution does not make sense over all such
rings. In order to have a unique up to an isomorphism minimal free
resolution (as in Theorem 7.5), one needs in particular, that each
minimal system of generators of the module has the same number
of elements. This follows from Nakayama’s Lemma 2.11; see Theo-
rem 2.12. Two major classes of commutative noetherian rings over
which Nakayama’s Lemma holds are the local noetherian rings and
the positively graded finitely generated algebras over a field. Conse-
quently, these are the two major classes of rings over which the theory

of minimal free resolutions is developed.

Open-Ended Problem 7.7. (folklore) Construct explicit minimal
graded free resolutions of classes of graded modules.

By “explicit” we mean that a resolution is described by formu-
las (not algorithms). Constructions requiring a choice of generators
of the homology (of a certain poset, simplicial complex, or algebraic
complex) are not explicit. A beautiful example of an explicit resolu-
tion is the Koszul resolution in Section 14.

8 Encoding the structure of a module

Key Point 8.1. The minimal graded free resolution F of a graded
finitely generated R-module U is a description of the structure of U
since it has the form
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a minimal
system of
homogeneous
relations
on the

relations in d;
.. 09

a minimal
system of a minimal
homogeneous system of
relations homogeneous
on the minimal generators

generators of U of U
Fy Fy U—0.

The minimality of the relations encoded in d; follows from Theo-
rem 7.3. Not surprisingly, many properties of U can be read off the
structure of F.

9 Proof of Theorem 7.5(2)

Let T and N be finitely generated R-modules. A sequence
T N1
of homomorphisms is a splitting if fa = id.

Lemma 9.1. Let T' and N be finitely generated R-modules.

(1) If T N-2.T is a splitting, then N = Ker(8) & Im(«). Fur-
thermore, if in addition T and N are graded, and o and 3 have
degree 0, then N = Ker(8) @ Im(«) as graded modules.

(2) If N2 s surjective and T is free, then N = Ker(8) @ T.
Furthermore, if in addition T and N are graded, and (8 has degree
0, then N = Ker(8) ® T as graded modules.

Proof. (1) Clearly, Ker(8) N Im(a) = 0. Let f € N. As B(a(5(f)))
= B(f), we have that f—a(B(f)) € Ker(3). Thus, f € Ker(5)®Im(«).
In the graded case we choose f to be homogeneous.
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(2) Choose a basis Iy, ...,ls of T. Choose preimages f1,..., fsin
N so that B(f;) =; for all i. Define a map o : T — N by «(l;) = f;.
Thus, we have a splitting Sa = id. Hence N = Ker(3) ®Im(«) by (1).
The splitting implies that « is injective. Therefore, Im(a) = T'. In the
graded case we choose lq,...,l; and fi,..., fs to be homogeneous. (1

Lemma 9.2. IfT is a graded R-module which is a direct summand
of a finitely generated graded free R-module, then T is free.

Proof. Choose a minimal system of homogeneous generators [y, ..., [
of T. Let ay,...,as be the degrees of these elements respectively.
Let 71,...,rs be the basis of R(—a1) @ ... ® R(—as) consisting of
the 1-generators of the shifted free modules. Consider the surjective
homomorphism

a: R(—a1)®...® R(—as) =T

ri—l; forl<i<s.

We will show that « is an isomorphism. Denote by L the kernel
of @ and set N = R(—a1) ® ... ® R(—as). Note that the map «
is homogeneous and has degree 0. It follows that the module L is
graded. Theorem 2.12 implies that if ) . ¢;l; = 0 with ¢; € R, then
¢; € m. Therefore, L C mN.

Suppose that G = F @& T is a graded finitely generated free R-
module. Choose a homogeneous basis gi,...,g, of G. Let 7: G —= T
be the projection map. It is a homogeneous map of degree 0. Since «
is surjective, for each i there exists a homogeneous f; € N such that
a(f;) = 7(g;). Define a graded homomorphism v : G — N by v(g;) =
fi- Denote by 3 the restriction of y on T. Then 7t =af: T — T
is the identity map. Thus, we have a splitting. By Lemma 9.1(1), we
get that

N =Im(B) ® Ker(a) =5(T)® L.

Therefore, the inclusion L € mN (established above) implies N =
Im(5) + mN. Apply Nakayama’s Lemma 2.11 and conclude that
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N =TIm(f). Therefore, L = 0. Hence, « is an isomorphism. O
Lemma 9.3. If

T ... —TYn T 0

is an exact graded complex of finitely generated graded free R-modules,
then it is a trivial complez.

Proof. Set Ko = Ty and Ky = Ker(d;). Since Tj is free, by Lemma 9.1
we get T1 = Ky & K. Therefore, T = Ty & {0 - K¢y — Ko — 0},
where the latter complex is trivial and

Ty : ...—>Tii>Ti_1—>...—>T2&>K1—>O.

Since K is a graded R-module, by Lemma 9.2 it follows that K is
free. The equality 0 = H(T) = H(Ty,) ® H{0 — Ko — Ko — 0}) =
H(T;) shows that T; is exact. Therefore, we can apply the above
argument to T; to obtain

T, 2Ty {0— K; — Ky — 0},

where
Ty:...=>T,— ... =T33 —- Ky —0.

Set K; = Ker(d;) for i > 0. Proceeding in the above way, we
obtain that
TEGBiZ(){OHKiHKi—N)}

is a trivial complex. O

Lemma 9.4. Let o : F' — F' be a homomorphism of degree 0 of graded
finitely generated free modules. Choose a homogeneous basis f1, ..., fs
of F and a homogeneous basis g1,...,g, of F'. Let C = [¢;;] be a
matriz with entries in R such that it represents a in the given bases,

that is o f;) = >, cijgi for all i,5. Set a;; = (Cij)deg(fj)fdeg(gi)'
The matriz A = [a;;] has homogeneous entries such that for all i,j
the following two properties hold: o(f;) = Y. a;jgi, and a;; = 0 if
deg(a;;) # deg(f;) — deg(gi)-
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If in addition F = F’ and the degrees of the elements in each of
the bases f1,...,fs and g1,...,9s are increasing, then A has square
blocks with entries in k along the diagonal and zeros below these blocks.

Proof. Since a has degree 0, it follows that

a(f;) = <oz(fj))deg(fj) - <Z Cijgi) deg(f;)

)

= Z (Cij) i = Z Qij9i -
i deg(f;)—deg(g:) i

Let FF = F'. By Theorem 2.12(3), it follows that we have the
inequalities deg(f;) < deg(g;) for j < i. This implies that deg(a;;) < 0
for j < i, and that A has square blocks with entries in k£ along the
diagonal and zeros below these blocks. |

We remark that the proof of [Eisenbud, Theorem 20.2] works in
the local case, but does not work in the graded case. We present a
modification of that proof which covers the graded case.

Proof of Theorem 7.5(2). By Lemma 6.8, the identity map id:
U — U induces graded maps of degree 0 of complexes

po:F—G
Yv: G — F,

and furthermore, there exists a graded homotopy h of internal degree
0 such that

id; = Yip; = dig1hi + hiad; 2 Fy — F;
for each i. Since F is minimal, it follows that

Im(id; — ¥ip;) = Im(dip1hi + hi—1d;) € Im(d;y1) + hi—1Im(d;)
CmF; +hi_1(mF;_;) C mF; + mh;_(F;_1)
C mF;
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for each i.

Choose a homogeneous basis fi,..., fr of F; consisting of ele-
ments whose degrees increase. Let A = [a,;] be the matrix constructed
in Lemma 9.4 that represents the map ;; in this basis. Lemma 9.4
shows that A has square blocks with entries in &k along the diagonal
and zeros below these blocks. The matrix of id; —;p; is E— A, where
FE is the identity matrix with 1 on the diagonal and zeros elsewhere.
As Im(id; — ;i) C mF;, we have that E — A has entries in m.
Therefore, for all 7 we have that 1 —a;; = 0, so a;; = 1. Furthermore,
if a,; € k and r # j, then a,; = 0. Hence A is an upper triangular
matrix. Therefore, det(4) = J[,.;<, aj; = 1. It follows that the
matrix A is invertible; its inverse matrix is the adjoint matrix.

We conclude that ¢¢ : F — F is an isomorphism. Let £ :
F — F be its inverse. Then

F-2 G F

and (£1)¢ =id. This provides a splitting. Set T = Ker(£y). By
Lemma 9.1 we obtain G = ¢(F) @ T as graded modules. It remains
to prove that G = ¢(F)® T as complexes, that is, we have to consider
how the differentials act.

Denote by d the differential of F and by 9 the differential of G.
Since ¢ is a map of complexes, we have dp = ¢d, so I(¢(F)) C p(F).

We will show that 9(T) C T, that is, 9(T) C Ker(&y). Let
u € T;41. There exist f € F; and v € T; such that 0;11(u) = ¢(f) +v.
Then

(€)0(u) = E(p(f) +v) = &d(e(f)) =1d(f) = f
|
§(90)(u) = Edyp(u) = d(¢)(u) = d(0) = 0.

Hence, 0;4+1(u) = v € T;.

Therefore, G = p(F) ® T = F & T as complexes.

We will show that T is a trivial complex. Clearly, H(G) =
H(F) @ H(T). Since G and F are two graded free resolutions of U,
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it follows that they have the same homology H;(G) = H;(F) = 0
for i > 0 and Ho(G) = U = Hy(F). We conclude that T is exact.
As T; is a direct summand of G; for all i, it follows that T; is free
by Lemma 9.2. Applying Lemma 9.3 we obtain that T is a trivial
complex. O

10 Syzygies

Definition 10.1. Let F be a minimal graded free resolution of a
graded finitely generated R-module U. For ¢ > 1 the submodule

Im(d;) = Ker(d;—1) = Coker(d;+1)

of F;_1 is called the i’th syzygy module of U and denoted Syz.*(U).
Its elements are called i’th syzygies. Often, the first syzygies are
called just syzygies. Set Syzé%(U) =U.

Clearly,

d; .
s Fiy— S F N Syz{(U) — 0

is a minimal graded free resolution of Syzf(U ) for each i. Hence
Syz! (Syzf(U)) = Syzﬁj(U) .
For each i > 0 we have the short exact sequence
0 — Syzi,(U) — F — Syzl'(U) — 0
Ker(Hdi) Im!di)

and the exact complex

0 — Syz'(U) — Z‘,1L>Fi,2 — ... — Fy—U—0.

Theorem 10.2. Suppose that F is a minimal graded free resolution
of U. Fixani > 0. If f1,..., fp, s a basis of F; then the elements
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di(f1),...,di(fp) form a minimal system of homogeneous generators

of Syz'(U).

Proof. The homomorphism -5 Syzl(U) = Im(d;) is surjective.
Therefore, d;(f1), ..., di(fp) is a system of homogeneous generators of

Syzi{(U). Apply Theorem 7.3 |

11 Betti numbers

Often it is very difficult to obtain a description of the differential

in a graded free resolution. In such cases, we try to obtain some

information about the numerical invariants of the resolution — the

Betti numbers, the projective dimension, and the Poincaré series.
Throughout this section

F: —>FZLFZ,1—>—>F1£>FO

stands for a minimal graded free resolution of a graded finitely gener-
ated R-module U over R.

Definition 11.1. The i’th Betti number of U over R is
bE(U) = rank(F;).

By Theorem 7.5, the Betti numbers do not depend on the choice of
the minimal graded free resolution of U.

Theorem 11.2.

bl (U) = number of minimal generators of Syz; (U)
= dimy, (Tor®(U, k))
= dimy, (Ext% (U, k))

Proof. The first equality follows from Proposition 10.2.
Consider the complex F ® p k. We have that

F,opk=RN U gpk = kb (O
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Since Im(d) C mF, it follows that d ® g k = 0. Therefore,

Fopk: ..— kFO_ 0t L pb(0) D b’ (0)
We see that
Tor®(U, k) 2 H;(F @5 k) = k" (©) .
The argument for Ext is similar. ([

Definition 11.3. The length of a graded free resolution G is max{i |
G; # 0}. We say that G is a finite resolution if its length is finite,
otherwise we say that G is an infinite resolution . The projective
dimension of U is

pdp(U) = max{i| BE(U) #0}.

Thus, pdg(U) is the length of the minimal free resolution F of U.
Note that by Theorem 7.5 we have that pdz(U) is the length of the
shortest graded free resolution of U. The Poincaré series of U over
R is
PH(t) =Y bl
i>0

The properties of the Poincare series are usually of interest for infinite
free resolutions.

Example 11.4. Let A = k[z,y,2] and B = (22, 2y, 22,y?). Com-
puter computation shows that the minimal graded free resolution of
A/Bis

z Y 0 z 0
T —x =z 0 Y
—y 0O —y —xz O
0> a0l 0 20 0 0 7 @ ey

Therefore,
pd(A/B) =3

PA/p(t) = 1+4t + 4> + 1%
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12 Graded Betti numbers

In this section we define the graded Betti numbers, which are a re-
fined version of the numerical invariants Betti numbers. We use the
notation introduced in the previous section.

Definition 12.1. Since F is graded, each free module F; is a direct
sum of modules of the form R(—p). We define the graded Betti
numbers of U by

bfp(U) = number of summands in F; of the form R(—p).

As in Theorem 11.2, we have that
bfp(U) dimy, (Torf (U, k),) = dimy, (Ext’ (U, k),) .

Often, for simplicity we write b; and b;, instead of bf*(U) and
bfp(U ) if it is clear what module and ring we consider. Sometimes
we say “total Betti numbers’ if we want to emphasize that we are
dicussing Betti numbers, not graded Betti numbers.

The graded Poincaré series of U over R is

PR t,z) Z b tzzp.
1>0,pEZ
Clearly,
P{i(t) = P (t,1).

Similarly, for any complex G of free R-modules we define its
Poincaré series to be Pg(t) = >, rank(G;) t". We can also define
a graded Poincaré series Pg(t,z) if G is graded.

Example 12.2. In Example 4.3, we have that Fy = A, F; = A(-3)®
A(=2)® A(-5), and Fy = A(—4) ® A(—6). Therefore, pd4(A/B) =2
and

bo=1, b =3, by=2
P4 p(t) =1+ 3t +2t7
boo=1, b12=1,b13=1,b15=1,ba4=1, bag=1

PA p(t2) = 1+ 2° +12° + 127 + £22* + 4225,
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The Betti numbers can be given in a table in the following two

ways.

(1)

The labels of the rows and the columns increase upwards and
to the right, respectively. The bottom row is the 0’th row and
the beginning column is the 0’th column. The entry in the ¢’th
column and the p’th row is b; ,,. Thus, the 7’th column contains
the data at the ¢’th step of the minimal graded free resolution.
The vanishing Betti numbers are denoted by empty spaces or by
—. In the previous example this table is

1 «— 6’th row

|
—
|

|
— =
|

1 - - «— zero'th row

The labels of the columns and the rows increase to the right
and downwards, respectively. The entry in the ¢’th column and
the p’th row is b;;4,. The ¢'th column contains the data at
the i’th step of the minimal graded free resolution. There is
an additional row at the top; there the ¢’th Betti number b; is
given at the top of each column; this top row with the Betti
numbers is underlined. There is an additional column to the
left; it contains the labels of the rows and it is separated by a
vertical line from the other columns. A vanishing Betti number is
denoted by - or by —. This is the table that computer programs
(such as MACAULAY and Macaulay 2) provide. We call it a
Betti diagram (or computer table). A Betti diagram has the
form

bo b1 by ... «— Betti numbers

bo,o b1,1 b2
bo,1 bi2 b3
bo2 b1z bay
boz bia bas

W N = O
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In the previous example the Betti diagram is

132 «— Betti numbers
01 - =
1] -1 —
21 —11
30 — — —
41 —11

Note that the Betti numbers b; ; appear on the diagonal in the first
table and on the zero’th row in the Betti diagram.

Proposition 12.3. Let ¢ be the minimal degree of an element in
a minimal system of homogeneous generators of U. We have that
bl (U) =0 forp <i+ec.

Proof. The proof is by induction on the homological degree i. For
¢ = 0 note that we have that U has a system of homogeneous gen-
erators of degrees greater or equal to ¢. Suppose that for some ¢ the
Betti numbers b/ (U) vanish for p < i + c. We want to prove that

bft | ,(U) =0 for p < i+1+c. For the minimal graded free resolution
F of U we have that Im(d;1+1) € mF;. Since for p < i + ¢ we have
bfp(U ) = 0 by induction hypothesis, it follows that F; has a minimal
system of homogeneous generators of degrees > ¢+ c¢. The elements in
m have positive degrees. Therefore, Im(d; ;) has a minimal system
of homogeneous generators of degrees > i+1+c. By Theorem 7.3, we
conclude that F;y; has a minimal system of homogeneous generators
of degrees > i+ 1+ c¢. Hence bt ,(U) =0 forp <i+1+ec. |

Example 12.4. This example shows that the characteristic of the
ground field matters, even if we deal with an ideal generated by mono-
mials. The ideal

B = (abc,abf,ace,ahe,ahf,bch,bhe,bef,chf, cef)

in the polynomial ring A = k[a,b,c,e, f, h] has projective dimension
2 if char(k) # 2 and projective dimension 3 if char(k) = 2. Computer
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computation shows that the non-vanishing graded Betti numbers of

A/B are
boo =1, by 3 =10, by gy =15, b35 =06

if char(k) # 2, and
boo =1, b13=10, by =15, b35 =06, bz =1, by7=1
if char(k) = 2. Thus, the graded Betti numbers, the Betti numbers,

and the projective dimension depend on the characteristic of k.

13 The connecting homomorphism

A sequence of homomorphisms of complexes
0 — (F,d)~2=(F,d')-~(F",d") - 0

is exact if
0—>Fi—>Fi/—>Fi"—>0

is exact for every i.

Construction 13.1. Given an exact sequence of complexes, we will

define the connecting homomorphism
T = {Ti : HZ(FH) — Hzfl(F) } .
The following diagram is helpful while reading this paragraph:

¥

0— ) yeF! 5 zecF' =0
! ! !

0— ceF_, -2 dy)eF. , -2 F', —0
! ! !

0— dz)eF, — Fi , , Flly —0.

Let o« € H;(F"”). Choose a representative x € F!" of . Note that
d"(x) = 0. Since v; is surjective, there exists an y € F/ such that

Yi(y) = @. Then, ¢;_1(d'(y)) = d"(¢i(y)) = d"(x) = 0, so d'(y) is
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in Ker(¢;—1) = Im(¢;—1). Hence, there exists a z € F;_; such that
pio1(z) = d'(y). Now, gi2(d() = d'(pi-1(2)) = d'(d'(y)) = 0.
Therefore, d(z) € Ker(p;—2) = 0. So z is a cycle. Let [ be the class
of z in H;_1(F). We define 7(«) = 3.

We will check that the map is well-defined. Let x and 2’ be two
representatives of the homology class a. Let v, z and 3/, 2’ be the ele-
ments constructed using x and z’ respectively. We have to show that z
and z’ have the same homology class in H;_;(F) = Ker(d;_1)/Im(d;).
Thus, we have to check that z — 2’ € Im(d;). The following diagram
is helpful while reading this paragraph:

0— Fy  —= yer, , TeF,,—0
l l l

0— zeF; Ly—y’—d’(g)eFi’L:ﬂ—x/EF{’%O
1 1 1

0—z—2 €F—2d(y)—d(y) e Fl_, -2 F/',—0.

First, note that z — 2’ is a boundary; let x — 2’ = d”(z). Since
;41 is surjective, we can choose an y € Fj ; such that v;41(y) =
z. Then ¢;(d'(y)) = d"(¥i11(y)) = z — 2" = ¢i(y —y'). Thus,
y—vy —d(y) € Ker(¢p;) = Im(p;), so we can choose a z € F; such
that ¢;(2) = y—y'—d'(y). On the one hand, ¢, _1(d(z)) = d'(¢i(2)) =
d'(y—y' —d'(y)) = d(y)—d'(y") and on the other hand ¢;_1(z—2") =
d'(y) —d'(y’). Since @;_1 is injective, we conclude that z — 2’ = d(z).
Hence, z — 2’ € Im(d;) as desired.

The following theorem is proved in [Northcott, Section 4.6].

Theorem 13.2. A short exact sequence of complexes
0 — (F,d)—2>(F,d) -2 (F",d") — 0.
yields the homology long exact sequence
o Hi (F7) 2 H(F) -2 H(F') -2 H;(F")

—— Hia(F) — ...,



46 Chapter I GRADED FREE RESOLUTIONS

where T is the connecting homomorphism.

Corollary 13.3. If any two of the complexes in Theorem 13.2 are
exact, then so is the third.

Let
U: 0-U—-U —-U"—-0

be a short sequence of R-modules. A sequence of complexes
0—-F—=F —F'—0

is said to be over (or a lifting of) U, if F — F’/ is over U — U’ and
F' — F" is over U — U".
Theorem 13.4. Let

U: 0-U—-U—-U"-0

be a short exact sequence of R-modules. Let F and F" be graded free
resolutions of U and U" respectively. There exists a graded free reso-
lution ¥’ of U’ which can be embedded in a split short exact sequence

0—-F—=F —F'—0
over U.
Proof. Set F! = F;&F}’ fori > 0. Denote by « the given map U — U’

and by 3 the given map U’ — U”. Let d and d” be the differentials
on F and F”, respectively. We will construct d’ of the form

Fz & ? szl
® S @
Fi” J Fz,/—l

So we will construct a map ¢ = {¢; |i > 0} with
po: F = U and ;:F' —F_; fori>1,
and then we will set the differential d’ on F’ to be

dy=adg+pe and d,=d;+¢; +d] fori>1.
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First we need to find what conditions ¢ must satisfy in order to
produce a differential. We would like the following two diagrams to
be commutative:

Fitq — Fiy - Fly
L diga Ldiy | di4
Fi N Fz’/ N Fi//
and
Fy — Fj — o
L do L dy Ldg

U — U’ — Uu”.

Straightforward computation shows that
(1) The former diagram is always commutative.
(2) The left square in the latter diagram is always commutative.
(3) The commutativity of the right square in the latter diagram is
equivalent to dfj = [yo.

Furthermore, we would like d’ to be a differential. Straightfor-

ward computation shows that
(4) The condition djyd} = 0 is equivalent to adypr + pod} = 0.
(5) For i > 1 the condition djd; , = 0 is equivalent to d;p;;1 +

pidiyq = 0.

Therefore, it suffices to construct a map ¢ that satisfies the fol-
lowing conditions:

o dj = By (from (3) above)
o adypr + pod] = 0 (from (4) above)
o dipit1 + @idi,, =0 for i > 1 (from (5) above).

We will define the map ¢ inductively. A map ¢o : Fj — U’
satisfying dj = Byg : F — U" exists because the module F{ is free.
A map ¢, : F]' — F} satisfying

(ado)gol = —(podlll . Fll, —-U
exists because the module FY{’ is free. Suppose that we have defined

©i- A map ;11 : Fj, | — I satisfying
dipiv1 = —pidiyy : Flyy — Fia

exists because the module F/ ;| is free. O
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14 The Koszul complex

The minimal free resolution of an ideal generated by a regular se-
quence is very nicely structured and is described by the Koszul com-
plex. An important special case is the minimal free resolution of k
(equivalently, of the maximal ideal (z1,...,z,)) over S.

First, we recall the definition of a regular sequence. An element
r € R, r ¢ k is a non-zero divisor on a finitely generated R-module
U if ru # 0 for every non-zero u € U; in this case we also say that
r is a U-regular element. A sequence f1,..., f, of elements in R is
a U-regular sequence if the following two conditions are satisfied:
(fi,.--, f)U # U, and for every 1 < i < ¢ we have that f; is a
non-zero divisor on the module U/(fy,..., fi—1)U.

Before reading the next construction, it will be helpful if the
reader thinks about the minimal free resolution of the ideal (22, y?, 22)
and makes a guess (without proving it) how it looks like.

Construction 14.1. Let fi,..., f; be elements in R. Let E be the
exterior algebra over k on basis elements eq,...,e,; this means that
E is the following quotient of a free algebra

E=kler,...,eq) [ ({ef |1 < i < q}, {eiej +ejei[1<i<j<q}).

It is graded by deg(e;) = 1 for each i. It is easy to show that e? = 0
for every linear form e € E. Multiplication in E is denoted by A.
Note that e; Ae; = —ej Ae; for i # j. Denote by f the sequence
fi,-.., fq and by K(f) the R-module R ® E graded homologically by
deg(ej, A--- Aej,) =1 and equipped with the differential

d(ejl/\”‘/\eji): Z (_]‘)p+1fjpej1/\.../\/e\jp/\”'/\eji )
1<p<i

where €;, means that e;, is omitted in the product. The following
computation shows that d?> = 0. We have

lejy Ao Nej) = D Apa€i Ao NG, Ao N A+ Nej,
1<p<s<i
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where the coefficient v, ; is obtained in two steps:
(1) first we remove e;, and then we remove e;, from ej;, A--- Aej,,
so we get the coefficient (—1)5t!f; (=1)P*1f;
(2) first we remove e;, and then we remove e;, from ej;, A--- Aey,,
so we get coefficient (—1)PF1f; (—1)5f;
Therefore,

Tps = (DFHDPH f f, + (CDPFH(=1)0 £, £, = 0.

The complex K(f) is called the Koszul complex on fi,..., f,.
If we write the complex as

Kf): 0-K;,—...—- K —Ky—0,
then the elements

{ej, Ao~ Nej, |1<j1 <...<ji<q}

form a basis of the free R-module K;. Hence the rank of K; is ((z])

For a finitely generated R-module W, set K(f; W) = K(f)@rW.
The homology of this complex is called the Koszul homology of W.
If we permute the elements fq,..., f;, then we obtain another
Koszul complex by simply permuting the basis of the exterior algebra.

Example 14.2. The complex K(f;) is 0 — RISR 0.

Example 14.3. Let A = k[x,y,2]. Take f; = 2% and f» = y?. Then
Ky has basis 1; K has basis ey, es; and K5 has basis e; A es. The
differential acts as

dle;) =2 and d(ep) = 9°
d(er A es) = 2%eq — ye; .

Therefore, the Koszul complex is
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Now, take fi = 22, fo = y?, f3 = 22. Then K| has basis 1; K,
has basis eq, eo, e3; K5 has basis e; Aes, e; Aes, es Aes; and K3 has
basis e; A ea A e3. The differential acts as

d(e)) = 22, d(es) =y, d(es) = 2>

d(er Ney) = z?ey — yleq

2 2

d(exr Nes) =x"e3 — z7e;

(
(

d(ea A e3) = y?es — 2%y
(

d(e1 ANea Aes) = x%es ANes — y?er Aes + 22e; Aesy.

Therefore, the Koszul complex is

22 —y? =22 0
—y? z? 0 —z2
2 2 2
T 0 T Y
Kz, 4%, 2%): 0— K Ky
2 .2 2
x z
K, (=% y ) K.

Note that K(z2, y?) is a subcomplex of K(z2,y?, 2?).

The formula for the differential implies the following formula.

Exercise 14.4. Lete =e¢j, N---Nej, and p > j, for 1 < q <i. We
have that
dleney) =d(e)Ne,+ (—1)"fpe.

Lemma 14.5. Let f = {f1,...,f,—1} be a sequence of elements in

R, and let f, € R. Denote by f the sequence f, fq. There is an exvact
sequence of complexes

0— K(f) — K(f) — K(F)[—l] — 0

(recall that K(f)[—1] means that the complex K(f) is homologically
shifted one degree). The homology long exact sequence obtained from
this is

- —H;(K(f)) — Hi(K(f)) —

o (K(E) 2 |1, () -
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Proof. Clearly,

K(f)z = K(f')l ©® K(f')z_l AN €q
for 1 < ¢ < q. Therefore, we have the desired short exact sequence
of complexes. It yields a long exact sequence in homology by Theo-
rem 13.2. We will compute the connecting homomorphism following
Construction 13.1 (using the notation in that construction). Let a €

H;(K(f)[~1]) = H;_1(K(f)). Choose a representative » € K(f);_;.
Then y = z A e, € K(f);. Now d(y) = d(z) Aeg+ (—1)*~! f,z. Since
(=1)"*! f,x € K(f);_1 and d(x) Ae, € K(f);_2 Aey, we conclude that
z = (—1)**! f,x. Therefore, the connecting homomorphism is

Gy (D

H, 1 (K () —— L H, 4 (K(F)).

O

Proposition 14.6. Let W be a finitely generated R-module. We have
(f1,-. - fo) Hi(K(£;W)) =0 forall i >0.

Proof. By symmetry, it is enough to prove that f,H,(K(f;W)) =
0 for all ¢ > 0. We use the notation in the proof of the previous
lemma. Let cAe,+a be a cycle in K(f; W);, where a € K(f; W); and
cheg € K(f;W);_1 Aey. We have to show that the homology class
of fy(c AN eg+ a) is zero, that is, we have to show that f,(c A e, + a)
is a boundary. The equalities

dcNeg+a) =d(c) Aeg+ (=1)" foe+d(a) =0

imply that d(c) = 0 and d(a) = (—1)* f,c. Therefore,

d(~1)ane,) = <—1>i(d<a> Neg+ (1)1, )

= (1) ((—1)1' foeNeg+ (1)1, a>

= fylcNeg+a),
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where the second equality follows from d(a) = (—1)" f,c and the first
equality follows from Exercise 14.4. O

Theorem 14.7. Let W # 0 be a finitely generated graded R-module,
and £ ={f1,...,fy} be a sequence of homogeneous elements in R of
positive degree. The following properties are equivalent.

(1) H;(K(f;W)) =0 fori> 0, and Ho(K(f;W)) = W/(f)W.

(2) Hy(K(£;W)) = 0.

(3) f is a W-regular sequence.

Proof. First, we will prove that (3) implies (1). By construction,
Ho(K(f;W)) = W/(f)W. We will use induction on ¢ in order to
show that H;(K(f;W)) =0 for i > 0. For ¢ = 1 we have the Koszul

complex
K(f;W): 0—W-LSw —o0,

hence

Hy(K(f1; W) ={m e W] fim =0} =0.

Suppose that the assertion holds for ¢ — 1, that is, the assertion holds
for the sequence f = {f1,...,f,—1}. Denote by K = K(f;W). By
Lemma 14.5 we have the exact sequence

_ _ fq _

I I |
0 w/ ()W W/ (E)W

As f, is a regular element on W/(f)W, it follows H; (K(f; W)) = 0.
Let ¢ > 1. By Lemma 14.5 we have the exact sequence

Hence, H;(K(f; W)) = 0.

(1) implies (2).

We will show that (2) implies (3). We will prove by induction
on g that fq,..., f, is a regular sequence on W.

First, we will check that W/(f)WW # 0. Assume the opposite,
that is, W/(f)WW = 0. Since W is graded and fi,..., f, have positive
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degrees, we can apply Nakayama’s Lemma 2.11. Therefore W = 0,
which is a contradiction. Hence, W/(£)W # 0.

By Lemma 14.5 we have the exact sequence
Hy (K) ——Hy (K) — Hi (K(£; W) = 0.
Hence, H;(K) = (f,)H1(K); since the module is graded and f, has
positive degree, we can apply Nakayama’s Lemma 2.11. Therefore,
H;(K) = 0. By induction hypothesis, f = fi,..., f;_1 is a W-regular
sequence. Furthermore, by Lemma 14.5 we have the exact sequence
0=Hi(K(£;W)) —  Hy(K) ——  Hy(K).

I I
W/ (E)W W/ (E)W

It shows that f, is a regular element on W/(f)W. We have proved
that f is a W-regular sequence. |

Corollary 14.8. Let W # 0 be a finitely generated graded R-module,

and £ = {f1,...., fq} be a sequence of homogeneous elements in m.
Suppose that f1,..., f; is a homogeneous W -reqular sequence.
(1) Any permutation of fi,..., fq is a W-regular sequence.

(2) Ifurfr+...+ugfy =0 for some u; € W, then for all i we have
ui € (Fire o f)W.

Proof. (1) Let g1, ...,g4 be a permutation of the elements fi,..., f;.
The Koszul complex K(g1,...,g4; W) is obtained from K(fi,..., fs;
W) by a change of basis in the exterior algebra. Thus, the two com-
plexes have the same homology.

(2) Since d(ujer + ...+ ugeq) = ur fr + ... + ugfy = 0 we have
that uje; + ... + ugeq € Ker(dy). As the Koszul complex is exact, it
follows that

urer + ...+ uqeq € Im(ds) C (fl;---»fq)Ta

where T is the module K1 @ W =W ®e; +... + W ® e, . Therefore,
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w; € (f1,..., fg)W for all 4. |

A major application of Theorem 14.7 is that it provides the min-
imal free resolution of k.

Corollary-Construction 14.9. Consider k£ = S/(z1,...,2,) as
an S-module. By Theorem 14.7 we have that the Koszul complex
K(x1,...,2,) is the minimal graded free resolution of k over S. We
denote it by K. Then, for each 0 < i < n, we have that the free
S-module K; has basis

{ej, A---Nej | 1< g1 <...<ji<n}.

n

In particular, we have b7 (k) = <Z

) for i > 0, and pdg(k) = n. The

differential acts as
_ +1 >
dej, N+ Nej,) = Zl<p<i(—1)p Tj, €y N Nej, N Nej

The resolution is linear, that is, the entries in the differential matrices
are linear forms. Since S is standard graded, we have that K;, as a

graded module, is equal to R(—i)(?).

Theorem 14.10. Let V be a graded finitely generated S-module. We
have that

b7, (V) =dimy Hi(K®V), forallp€Zand i>0.

Proof. By Theorem 11.2, bfjp(V) = dimy(Tor? (V, k),) for all p €
Z and i > 0. The above construction yields dimy(Tor? (k,V),) =
dimy(H;( K ® V),,) as desired. |

Proposition 14.11.  Tor¢(S/1,k) = soc(S/I) (recall that the socle
of S/T is{feS/Ilmf=0}).

Proof. Compute Tor'g(S/I, k) using the Koszul resolution of k, that
is, use Torg(S/1,k) = H,,(S/I ® K). In the notation of 14.9 we get
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that H,,(S/I ® K) is the kernel of the homomorphism

S/T@ K, =S8/T— S/I®K,

felA-.-/\enHZl<p<n(—1)1’“xpfelA---AapA---Aen,

where f € S/I. It follows that H,,(S/I @ K) ={f € S/I|mf =0},
which is the socle of S/I. |

Corollary 14.12. b5(S/I) = dimy,(soc(S/1)).

The following conjecture, in [Buchsbaum-Eisenbud], [Hartshorne],
[Horrocks], is challenging and wide open. See [Charalambous-Evans
2] for a survey. In Corollary 21.6, we show that the conjecture holds
for S/M if M is an ideal generated by monomials.

Conjecture 14.13. [Buchsbaum-Eisenbud], [Hartshorne], [Horrocks]
If V is an artinian graded finitely generated S-module, then

b (V) > b7 (k) for i>0.

A more general version of 14.13 extends the conjecture to quo-
tient rings as follows.

Conjecture 14.14. (cf. [Charalambous-Evans 2]) If U is an artinian
graded finitely generated R-module, then

bVRE(U) > b (k) for i >0.

15 Finite projective dimension

The projective dimension is a core invariant of a graded finitely gen-
erated R-module. If it is finite then it is expressed by the Auslander-
Buchsbaum Formula 15.3. We also present Hilbert’s Syzygy Theo-
rem 15.2 which is a key result on resolutions over polynomial rings
and states that every graded finitely generated S-module has a finite
minimal graded free resolution.
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Theorem 15.1. If U is a graded finitely generated R-module, then
pdp(U) < pdg(k).

Proof. Let Fy, be the minimal graded free resolution of k. By Theo-
rem 11.2, we have that

bi(U) = dimy, (Tor}"(U, k)) = dimy, (H;(U ® Fy,)).

This homology vanishes for ¢ > pdy (k) since F; = 0. O

Hilbert’s Syzygy Theorem 15.2. The minimal graded free resolu-
tion of a graded finitely generated S-module is finite and its length is
at most n.

Proof. This is a corollary of Theorem 15.1 and the fact that by 14.9
we have pdy(k) = n. Another proof, using Grébner basis theory, is
given in [Eisenbud, 15.11]. O

A more precise version of this theorem is the Auslander-Buchsbaum
Formula.

The Auslander-Buchsbaum Formula 15.3. Let V be a graded
finitely generated S-module. Its projective dimension is

pdg(V) =n — depth(V).
Proof. By Theorem 14.10 we have that
pds(V) = max{i | H: (K @ V) £ 0},

where K is the Koszul resolution of k. The proof is by induction on
j = depth(V).

Suppose j = 0. Then m is an associated prime of V. Therefore,
there exists a homogeneous element « € V such that m-u = 0. Hence
ertN...Nep,®@ueH,(K®V). Sopdg(V) =n.

Suppose j > 0. Choose a homogeneous V-regular element € m.
Set W = V/(r)V. We have the exact sequence

0->V-—"V W —0.
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Therefore, we get the homology long exact sequence (see 38.3)

o H g (KeoW) - H(KeV)——H(KeV) - (Ko W)

By Proposition 14.6, it follows that r - H;(K ® V) = 0 for ¢ > 0.
Therefore, for each 7 we have the short exact sequence

It follows that max{i| H;( K@ W) # 0} = 1+ max{i | H; K®V') # 0}.
Hence, pdg(W) = pdg(V)+1. By induction hypothesis, we have that

pdg(W) =n — depth(W) = n — depth(V) + 1.

Therefore, pdg(V) = n — depth(V).
We present another proof in Section 20. O

Corollary 15.4. Let V' be a graded finitely generated S-module. We
have
pdg(V) > codim(V).

If V is artinian then pdg(V) = n.

Proof. pdg(V) = n — depth(V) > n — dim(V') = codim(V'). Equality
holds if V' is artinian. O

The following result is proved in [Bayer-Stillman].

Theorem 15.5. Let J be a graded ideal in S. Suppose that we have
generic coordinates (i.e., generic variables). The variables xg, ..., x,
form a regular sequence on S/J if and only if they form a regular
sequence on S/inpjer(J), where inge,(J) is the initial ideal of J with
respect to the revlex order.

Combining 15.5 with the Auslander-Buchsbaum Formula yields:

Theorem 15.6. If J is a graded ideal in S, then
pd(S/J) = pd(S/ingies(J))
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where in.e,.(J) is the initial ideal of J with respect to the revlex order
in generic coordinates.

The following direction of research is interesting.

Open-Ended Problem 15.7. (folklore) Obtain bounds on the pro-
jective dimension for classes of ideals.

See Theorem 68.2 for a sharp bound on the projective dimension
of toric rings. The following problem raised by Stillman is wide open.

Problem 15.8. (Stillman) Suppose that char(k) = 0. Fiz a sequence
of natural numbers aq,...,as. Does there exist a number p, such that
pd(T/J) < pif T is a polynomial ring and J is a graded ideal with
a minimal system of homogeneous generators of degrees ai,...,as?

Note that the number of variables in the polynomial ring T is not
fized.

The crucial assumption in this problem is that the degrees aq, . . .,
a, are fixed. If the degrees can vary, then the following result of Burch
(cf, also [Bruns]) implies that there exists no upper bound on the pro-
jective dimension.

Theorem 15.9. The projective dimension of a graded ideal generated
by 3 elements can be arbitrarily large.

It is natural to ask: When (over what R) does every graded
finitely generated module have finite projective dimension? The an-
swer is given by the following fundamental result in Commutative
Algebra.

Serre’s Theorem 15.10. The following properties are equivalent.
(1) Ewvery graded finitely generated R-module has finite projective di-
MensiLon.
(2) pdp(k) < .
(3) R is a polynomial ring, that is, R = S/I for some ideal I gener-
ated by linear forms.

See [Matsumura, Theorem 19.2] for a proof of Serre’s Theorem.
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Note that S/I is a graded regular ring if and only if I is generated by
linear forms.

16 Hilbert functions

In this section we present Hilbert’s method for computing Hilbert
functions using resolutions.

Proposition 16.1. The Hilbert function is additive on short eract
sequences, that is, if

0O— K —-—N—-W —0

is a short exact sequence of graded finitely generated R-modules and
homomorphisms of degree 0, then

Hilby (¢) = Hilbg (¢) + Hilbyy (t).

Proof. For each ¢ > 0, we have the short exact sequence of k-vector
spaces

0— K, =N, — W, — 0.

O

Free resolutions were introduced by Hilbert. His motivation was
to compute the Hilbert function of a finitely generated graded module
using a resolution. His method of such computations is presented
below.

Theorem 16.2. (Hilbert) Let F be a graded free resolution of a fini-
tely generated graded R-module U. Write
F; = @pezR7 (—p) .
For each p suppose that c; , = 0 for i > 0. Then
Hilby (t) = Hilbg(t) Y - > (=1)'cipt”.
i>0 peZ

If R=S, then
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The following cases are the main two cases when for each p we
have ¢; , = 0 for 7 > 0, and Theorem 16.2 can be applied.
(1) The resolution F is finite.
(2) The resolution F is minimal. In this case ¢;;, = bf*,(U) and we
apply Proposition 12.3.

Proof. First, we present a short proof that works in the case when the
resolution F is finite. The proof is by induction on the length of F.
Let K be the image of the first differential map. We have the short
exact sequence

0—- K —-Fy —U — 0.

Since the differential map has degree 0, it follows that
Hilby (t) = Hilbp, (t) — Hilbg (¢) .

Now, Fj is the free module &, R(—p)°», hence

Hilbp, () = Y _ copt? Hilbg(t) = Hilbg(t) Y _ copt”.
pEZ pEZ

By induction, we have that
Hilb () = Hilbg(t) > ) (1) le; pt? .
i>1 peZ

Therefore, we obtain the desired
Hilby (t) = Hilbg, (t) — Hilbg ()

= Hilbg(t) Y copt” — Hilbr(t) > > (=1)" e ot

pPEZ 1>1 peZ

=Hilbr(t) > > (=1)c;pt” .

i>0 peZ

Now, we present a longer proof that works for infinite resolutions
as well. Since each Fj is graded we write F; = @, F; ;. The condition,
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that for each p we have ¢; , = 0 for ¢ > 0, implies that for each j we
have F; ; = 0 for ¢ > 0.

Fix an internal degree j. As in Construction 3.6, take the j’th
graded component of F. We get the exact sequence of k-vector spaces

0—>...—>Fi7j—>Fi,17j—>...—>F07j—>Uj—>0.

Therefore,

(%) dimy (U;) = > (—1)"dimy(F; ;).

i>0

Note that the sum above is finite. Thus,

dimy (U;)t = (—1)'dimy (F; ;)87 .

i>0

Summing over all j we get

Hilby (¢ Z dimy, (Ut = Z (Z (—1)idimk(Fi,j)tj>

i Ni>0

=Y (-1) <Z dimk(Fm)tj) = (~1)'Hilbg, (t).

i>0 j i>0

Furthermore, we have that Hilbg(_,)(t) = t* Hilbg(t). Recall 3.2 and
obtain the equality

Hilb g, (¢ Z ¢ipHilbr(R(—p)) = ;" Hilbg(t)

p
= Hlle(t) Z Ci,p tP
p

Hence

Hilby (t) = Hilbg(t) Y - > (=1)%cipt”.
>0 pEZ
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According to 1.10, we can substitute Hilbg(t) = and

obtain the desired formula in the case when R = S. O

Example 16.3. We will illustrate the argument above using Exam-
ple 4.3. Let A = k[z,y] and U = A/(23,zy,y°). We have the graded

free resolution
0— A(—4)® A(—6) - A(-3) D A(—-2)® A(-5) - A—U .
The formula in the theorem yields

1—t3 —t2 -5+t + 5

=14+ 2t+ 262 + 3 + ¢,
TEDE +2t+ 262 + 13 +

Hilby () =

Of course, in this simple example, it is easier to calculate Hilby (¢) by
listing a monomial basis of U = k[z,y]/ (23, zy, y°).

Consider Uy; it has basis {y*}. We will illustrate how to get
dimg (Uy) = 1 using (x). Take the internal degree 4 component of the
resolution in Example 4.3 and obtain the exact sequence of k-vector
spaces

0— A(—4)s B A(—6)s — A(—3)1sBA(—2)s & A(—D)4
— Ay — Uy — 0,
that is,
02 A0 —- A1 PA0— Ay —Us — 0.
Therefore,
dimg (Uy) = dimg(As) — (dimy (A1) + dimg(Az)) + dimg(Ao)
=5-2-3+1=1
as desired.

Exercise 16.4. Let f1,..., f, be a homogeneous S-reqular sequence
of forms of degrees a1, ...,a,. The Hilbert series of S/(f1,..., fq) is

Iicic, (1 —1%)
(L=t~
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Expanding in Theorem 16.2 yields the following result.

1
(1=t
Corollary 16.5. Let V be a graded finitely generated S-module.
There exists a polynomial g(i) € Qli] of degree < n such that g(j) =
dimy (V}) for all j > 0.

The polynomial g(i) in Corollary 16.5 is called the Hilbert poly-
nomial of V. The following theorem can be proved by induction on
the dimension, cf. [Bruns-Herzog, Theorem 4.1.3].

Theorem 16.6. Let V be a graded finitely generated S-module. Its
Hilbert polynomial has degree dim(V') — 1.

Let V be a graded finitely generated S-module. Fix a finite
graded free resolution F of V. The sum in Theorem 16.2 is finite, so

Er(t) =Y Y (=1)cipt?

i>0 peZ

is a polynomial in Z[t]. We say that Eg(t) is the Euler polynomial of
the resolution F. Since every graded free resolution of V' is isomorphic
to the direct sum of the minimal graded free resolution and a trivial
complex, it follows that the Euler polynomial does not depend on the
choice of the resolution; so we call it the Fuler polynomial of V.
The rank of the i’th free module in the resolution is ¢; = Zpez Cip-

The alternating sum Eg(1) = >°,o,(—1)%; of the ranks of the free
modules in the resolution is called the Fuler characteristic. When
we choose the resolution F to be minimal we get the sum

Ev(l) =Y (-1 (V),

i>0
which is called the Fuler characteristic of V.

By Theorem 16.2 we have

Er(1)
(L=t

Hilby (t) =



64 Chapter I GRADED FREE RESOLUTIONS

Er(t
Set h(t) = %, where ¢ is the maximal power such that (1 —¢)?

divides Eg(t). Set s =n — ¢q. Thus, h(1) # 0 and

Hilby () =

The number h(1) is called the multiplicity (or the degree) of the
module V', and is denoted mult(V).

Theorem 16.7. Let V be a graded finitely generated S-module. If
V' is artinian, then Hilby (t) = h(t) and h(1) is its length. If V is not
artinian, then (using the preceding notation) we have

. ()
(2) The leading coefficient of the Hilbert polynomial g(i) is
h(1)
(dim(V) — 1)

(3) If h(t) = het" + ...+ hqt + ho, then

) dim(V)—-14+i—j
g(i) = h < ) > .
0927« / dim(V) -1
(4) dimg(V;) = g(i) for i > deg(h(t)).
We use the convention (g) =1 for every p.

If we can compute the graded Betti numbers of V', then we can
compute the following invariants:

o the Hilbert series of V; by Theorem 16.2

o the dimension of V'; by Theorem 16.7(1)

o the Hilbert polynomial of V'; by Theorem 16.7(4)
o the multiplicity of V'; by Theorem 16.7(3).

h(t)
(1—1)
that V' is not artinian; then s > 1. Let h(t) = h,qt" + ... + hit + ho.

Proof. We have that Hilby (t) =

for some s < n. Suppose
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Hence
1\ .
Hilby (1) = A(t) S <5 TZ) ¢
i>0 5
= terms of degree less than r

s—1+41 s—=14:t+1
h, By
+Z( (8_1>+ 1( o1 )+

i>0

+Jm<8_1+i+r>>ﬁ+ﬁ
s—1

It follows that the Hilbert polynomial is

. s—1+41 s—1+71+1
g(Z+T)—hr( s—1 )+hT—1( s—1 >

s—1+i+r
—|——|—h0< ),
s—1

65

(here i is the variable and r is a constant) and that (4) holds. Hence

- % ()

0<j<r

Its degree is s — 1. By Theorem 16.6, we get that s — 1 = dim(V') —

1.

Hence s = dim(V') as desired. We proved (1) and obtained the formula

in (3). The leading coefficient of g(i) is (h, + ... + ho)( ! 0
S — :
h(1)
m, SO (2) holds.

Now suppose that V' # 0 is artinian. We have that Hilby (t) =

h(t)
(1—1)°
Now

h(1) = Hilby (1) =) _ dimy(V;)

i>0

for some s < n. The argument above implies that s = 0.
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is the length of V. ([

Example 16.8. Let A = k[a,b,c,h] and B = (a?,ab,bc). Computer
computation shows that the graded Betti numbers of A/B are

boo =1, b2 =3, b3 =2.
By Theorem 16.2, the Hilbert series of A/B is

1 — 3% + 23 2t 41

Hilba,5(t) = G- i (2t+1)) 1+t
i>0
=1+ (3i+ 1)t

The Hilbert polynomial is 3i + 1. The dimension of A/B is 2, and the
codimension is 2. The multiplicity is mult(A/B) = 3.

Exercise 16.9. Let fi,..., f; be a homogeneous regular sequence
of forms of degrees ai,...,a,. Compute the Hilbert polynomial of
S/(f1,---, fq) and show that mult (S/(f1,...,fy)) =a1...qaq.

Corollary 16.10. Let V be a graded finitely generated S-module. If
dim(V') # n then its Euler characteristic is 0.

Er(t
Proof. The Euler characteristic equals Eg (1) and Hilby (t) = a i(t))n .
By Theorem 16.7(1), it follows that 1—¢ divides Eg(¢). Hence Ep(1) =
0. |

The coefficients of the polynomial A(t) form the h-vector. There
are several problems about the h-vector in Algebraic Combinatorics.
We list three of them.

Conjecture 16.11. (Stanley) If S/I is a Cohen-Macaulay inte-
gral domain, then its h-vector is unimodal. (Recall that a sequence
co, - - -, ¢ Of real numbers is unimodal if there exists an 0 < s < r so
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that cg < ... <cso1 <cs>cCs41 > ... 2 ¢ )

A monomial is squarefree if it is not divisible by the square of
any of the variables.

Conjecture 16.12. (Charney-Davis-Stanley), cf. [Stanley 2, Prob-
lem 4] Let I be an ideal generated by quadratic squarefree monomials
and such that S/I is Gorenstein with h-vector (hg, ..., hae). Is it true
that

(=1)¢(ho — h1 4 ha — ...+ hae) > 07

Problem 16.13. cf. [Stanley 2, Problem 1] If I is an ideal generated
by squarefree monomials and such that the quotient S/I is Gorenstein
with an h-vector (hg,...,h.), then is it true that

ho <ht <...<he?

vl

It might be reasonable to drop/replace the assumption that the ideal is
generated by monomials.

17 Pure resolutions

In this section we consider free resolutions in which each differential
matrix has entries of the same degree. Especially interesting are the
linear free resolutions in which all differentials have linear entries.

Throughout the section we consider a graded free resolution F
of a finitely generated graded R-module U, and we use the following
notation. Let ¢;, be the number of copies of R(—p) in F;. Note that
if the resolution is minimal then ¢;, coincide with the graded Betti
numbers b; .

The set of i’th shifts in F is

{p‘ci,p 7é 0}

Denote by t; the minimal ¢’th shift, and by T; the maximal ¢’th shift,
that is

ti =min{p|c;, #0} and T; = max{p|c;, # 0}.
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Example 17.1. In Example 4.3 we have that the zeroth shift is 0,
the first shifts are 2, 3,5, and the second shifts are 4, 6.

Proposition 17.2. Let f1,..., f; be a homogeneous regular sequence.
Then

(L=, )

q!

(Il 7o)

< mult(S/(f1,-.-,fq)) < q!

)

where t; and T; are the minimal and the maximal shifts, respectively,
in the minimal free resolution of S/(f1,..., fq)-

Proof. Let fi1,..., fy be a homogeneous regular sequence of forms of
degrees a; < ... < ay. The minimal free resolution of S/(f1,..., f;)
is the Koszul resolution. Therefore, the shifts are

ti=a1+...+a; and T; =aq—it1+...+a, forl1<i<gq.

The multiplicity is mult (S/(f1,..., fq)) = a1 ...a, by Exercise 16.9.
Therefore, we have the inequalities

ngigq t; _ ngigq (a1 + ... +CL,‘)
¢ q!

H1§i§q ia;  qlay...a,
q! B q!
= mult S/(f1,..., fq)
hcicg T~ Tlhicicy (@g-iv1 + .- 4 aq)
¢ ¢!

N ngz‘gq tag—i+1  qlay...a4

q! q!
=mult (S/(f1,...,f,))-

Definition 17.3. We say that F is pure if it has the form

F: ... — R(—p)o i R(=pij—1)“ Pt — ...,



17 Pure resolutions 69

that is, for each i the set of 7’th shifts consists of one number denoted
p;, that is t; = T; = p;. A pure resolution is g-linear if p; = q + i for
all ¢, that is

F: . — R(_q _ Z’)Ci,q+i N R(_q i+ 1)0i—1,q+i—1
— ... — R(—q— 1)61,q N R(_q>c0,q'

Such a resolution is called linear because the entries in the differential
matrices are linear forms. Furthermore, F is linear if p; = ¢ for all 4,
that is

F: ... - R(—)%" — R(—i+ 1)+t — ... — RO,

The ring R is called Koszul if the R-module k has a linear resolution;

see Section 34.

Example 17.4. Let A = k[z,y]. The resolution

0 —T 23 22y oy
0 A(-a)2 N0 T g g

is pure with pg = 0, p1 = 3, po = 4. Its truncation

Y 0
0 —=z
0— A(—4)2 —_ A(—3)3

is a 3-linear resolution of the ideal (22, 2%y, zy?).

The properties defined in Definition 17.3 can be expressed by
vanishing of graded Betti numbers as follows.

Proposition 17.5. Let F be a graded free resolution of a finitely
generated graded R-module U.
(1) F is pure if and only if for each i there exists a number p; such
that c;» = 0 for r # p;.
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(2) F is g-linear if and only if ¢; , = 0 forr # q + 1.
(3) F is linear if and only if ¢;, =0 for r # 1.

Corollary 17.6. If there exists a pure, or q-linear, or linear, graded
free resolution of U, then the minimal graded free resolution of U is
pure, q-linear, or linear, respectively.

Proof. Suppose that the numbers c; , satisfy some of the vanishing
properties in the above proposition. By Theorem 7.5(2), we have that
bf.(U) < ¢, for all 4,r. Therefore, the graded Betti numbers b/%.(U)
satisfy the same vanishing property. O

The Boij-Séderberg theory originated from the conjectures in
[Boij-Soderberg]. The key idea is that pure resolutions can be used
as building blocks in order to obtain any Betti diagram. First, we
consider the question what are the possible Betti diagrams of pure
minimal free resolutions. We say that t = (to,...,ts) € Z° is a degree
sequence if t; 1 > t; for each i, and s < n. The distinguished pure
diagram P; for t is the diagram with entries b; ; = 0 for j # t;

and b; 4, = Hq# ﬁ for all 7. A Betti diagram of a graded finitely

generated S-module has type t if
bi7j750 — j=1t;.

It is proved by Herzog-Kiihl that such a diagram is a rational multiple
of P;. On the other hand, it is proved by Eisenbud-Flgystad-Weyman
that there exists a rational multiple of P; that is the Betti diagram of a
pure minimal free resolution of a graded finitely generated S-module.

The following strong result is proved in [Boij-Soderberg 2, Eisen-
bud-Schreyer].

Theorem 17.7. The Betti diagram of a graded finitely generated S-
module is a positive Q-linear combination of Betti diagrams of graded
finitely generated modules with pure resolutions.

A corollary from the Boij-Séderberg theory is that the Multiplic-
ity Conjecture holds. The following result is proved in [Boij-Soderberg
2, Eisenbud-Schreyer]; we considered a special case in Proposition 17.2.
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Theorem 17.8. Let V' be a graded finitely generated S-module ge-
nerated in degree 0. Set ¢ = codim(V') and r = pd(V'). Then
Tt 4T

b§(V)% < mult(V) < b5 (V) 2'1

In the rest of this section, we discuss linear resolutions. For
simplicity, sometimes we say a “linear resolution” instead of a “g-
linear resolution” when ¢ can be suppressed.

Proposition 17.9. Let F be a graded free resolution of U. The res-
olution is q-linear if and only if Fy = R(—q)° and the entries in
the differential matrices are linear forms. In particular for g =0, we
have that F is linear if and only if Fy = R° and the entries in the
differential matrices are linear forms.

Proof. The proof is by induction on the homological degree i. For i =0
we have that Fy = R(—q)“*4. Suppose that F; = R(—qg—1)“e+. Since
the entries in the differential are linear forms and d;y; has internal
degree 0, it follows that F;y1 has a system of homogeneous generators
of degree ¢+ i + 1. Hence Fj11 = R(—q — i — 1)%+tatitt, O

Note that the condition Fy = R(—q)°« implies that U is gener-
ated by homogeneous elements of degree q. Therefore:

Corollary 17.10. Let F be the minimal graded free resolution of U.
The resolution is q-linear if and only if U is generated by elements of
degree q and the entries in the differential matrices are linear forms.
In particular for ¢ = 0, we have that F is linear if and only if U is
generated by elements of degree 0 and the entries in the differential
matrices are linear forms.

By Theorem 16.2 the graded Betti numbers determine the Hilbert
series Hilby (¢). In general, the Hilbert series Hilby (¢) does not deter-
mine the graded Betti numbers of U. However, we have the following
result.

Proposition 17.11. If a finitely generated graded R-module U has a
q-linear minimal free resolution, then the graded Betti numbers of U
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are determined by its Hilbert series.

Proof. Let F be a g-linear minimal free resolution of U. By Theo-
rem 16.2 it follows that

Hilby (t) = Hilbg(t) Y  (—1)'bf%, (V).
i>0

Theorem 16.2 applied to the S-module R yields that

Hilbg(t) =

for some polynomial w. Hence

(1—)"Hilby (t) = w(t) > (=1)"bf%, (V).

i>0

Hence, b}, (U) is determined by Hilby(¢), w(t), and the numbers

{bf,,(U)]j < i}. Given Hilby(t) and Hilbg(t), we can compute
inductively (by induction on i) bf%;, ,(U). a

Definition 17.12. Let ¢ = min(U) be the minimal degree of an
element in a minimal homogeneous system of generators of U. The
subcomplex

L(F): ... — R(—q—1)bii+a R R(—q — (i — 1))bi-ti=1+a

— ... — R(—q)%

of the graded minimal free resolution of U is called the linear strand
of U. All entries in the differential matrices in the linear strand are
linear forms. If the resolution is ¢-linear, then it coincides with its
linear strand. The linear strand is an interesting invariant of the
module U. The length of the linear strand is

max (i bf}, o (U) # 0}
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Open-Ended Problem 17.13. (folklore) How is the length of the
linear strand related to the other invariants of U?

In order to obtain a reasonable answer, one has to impose assumptions
on the properties of the module U.

If ¢ = min(U) is the minimal degree of an element in a min-
imal homogeneous system of generators of U, then the elements of
Syzf(U)i_144 are called linear syzygies for i > 2. The paper
[Eisenbud-Koh] is on linear syzygies.

See [Romer] for results and discussion on the following conjecture
by Herzog.

Conjecture 17.14. (Herzog) If V is anr’th syzygy of a graded finitely
generated S-module and its linear strand has length p, then

ptr

S imi > <i<p.
bz,z-{—mln(V)(V) = <Z + 7“> for0<i<p

Fix an integer number p. Let J C m? be a graded ideal in S.
We say that S/J has the property N, if

b5iv14;(5/J)=0 foralli<p, j>0.

Thus, S/J has Nj if and only if J is generated by quadrics. In Al-
gebraic Geometry we often also consider the property Np, which says
that S/J is projectively normal. In Section 66 we discuss N, for
Veronese rings. The following is an interesting direction of research.

Open-Ended Problem 17.15. (folklore) Establish the property N,
for interesting classes of rings.

18 Regularity

We would like to know the degrees in which the Betti numbers are
located, that is, to know the sets of shifts. Often it is impossible
to obtain such precise information, and then it is useful to have an
upper bound for the degrees of the non-vanishing Betti numbers. Such
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bounds are provided by the notions regularity and rate; rate is used
when the regularity is infinite. See [Chardin] and [Bayer-Mumford]

for a survey on regularity.

Definition 18.1. The Castelnuovo-Mumford regularity (or sim-
ply regularity) of a graded finitely generated R-module U is

regp(U) = max{j | bej(U) # 0 for some 7 } .

In particular:

Proposition 18.2.
(1) If U has a g-linear resolution, then reg(U) = q.

(2) R is Koszul if and only if reg(k) = 0.

Note that
reg(l) =reg(S/I)+ 1.

Hilbert’s Syzygy Theorem 15.2 implies that every graded finitely
generated S-module has finite regularity. In a Betti diagram, we see
the regularity as the label of the last (bottom) row in which we have
a non-zero Betti number. Thus, the projective dimension is the length
of the Betti diagram, while the reqularity is its width.

Example 18.3. Consider the Betti diagram in Example 12.2. It is

132
0/1- -
-1 -
2 0-11
31 - -
41-11

Thus,
bo,o = 1,
biiy1 =1, byiy2 =1, by 144 =1,

baoyo =1, byoygs =1
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are the non-zero graded Betti numbers. The regularity is 4 and the
projective dimension is 2.

Theorem 18.4. Let J be a graded artinian ideal in S. Set
g=max{i|(S/J); #0}.

Then reg(S/J) = q.

Proof. Computing Torg(S/J, k) using the Koszul resolution K of k we

see that

TOI"%S:H]‘(S/J; k)=H,,+;(S/J@K)=0 forj>gq

since (S/J ® Ki)z.ﬂ = 0 for j > ¢q. Hence reg(S/J) < ¢q. By Corol-
lary 14.11 and its proof it follows that TorS ., (S/J,k) # 0. O

n7n+q

Example 18.5. Consider the ideal B = (22,92, 23,v3, 2y, y2) in the
ring A = k[z,y, z,v]. We have that z2%v2? # 0 in A/B, and (A/B); =
0 for i > 6. Hence, reg(A/B) = 5.

The next proposition shows how regularity changes in a short

exact sequence.

Proposition 18.6. Suppose that
0—-U—=U —-U"—=0

is a short exact sequence of graded finitely generated R-modules with
homomorphisms of degree 0. Then

(1) Ifreg(U’) > reg(U"), then reg(U) = reg(U’).
(2) Ifreg(U’) < reg(U"), then reg(U) = reg(U") + 1.
(3) Ifreg(U’) =reg(U"), then reg(U) < reg(U”) + 1.

Proof. Fix an internal degree j. The short exact sequence
0—-U—-U —-U"—0
yields a long exact sequence (see 38.3)

.. — Torf | (U" k),

— Torl (U, k); — Torf (U, k); — Torl(U",k); — ...
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We will use this long exact sequence in order to prove the proposition.
First, we will prove (1). Fix an i such that Tor? (U, E)itregu)
# 0. Set j =i+ reg(U’). From the long exact sequence we get that

.. — Torf(U,k); — Torf(U',k); — Torf(U",k); =0

is exact. Hence Tor (U, k); # 0. Therefore, reg(U) > reg(U").

Let reg(U) > reg(U’). Fix an i such that Tor?(U, E)itreg(wy 7 0.
Set j =i+ reg(U). From the long exact sequence we get that

Torf (U",k); — Tor;'(U,k); — Tor;'(U',k); =0

is exact. Since reg(U) > reg(U’) > reg(U"), it follows that reg(U") <
reg(U) — 2, so Torﬁl(U”,k:) = 0. As Tor; (U, k); # 0, we have a
contradiction.

Thus, reg(U) = reg(U’). We proved (1).

Next, we will prove that if reg(U’) < reg(U"), then reg(U) <
reg(U"”) 4 1. In particular, (3) holds.

Suppose that reg(U) > reg(U"”) + 1. We fix a number i such
that Tor/ (U, k)4 reg(w) # 0. Set j = i + reg(U). From the long exact
sequence we get that

0:Torﬁ1(U”,k)' — Torf (U, k); — Torf(U', k),

is exact. Since reg(U) > reg(U")+1 > reg(U’)+1 we have Tor (U, k

)
= 0. Hence Tor/ (U, k); = 0, which is a contradiction. Thus, reg(U) <
reg(U") + 1.

It remains to finish the proof of (2).
Fix an i such that Torﬁl(U”, E)it1tregury 7 0. Set j =i+ 1+
reg(U"). From the long exact sequence we get that

Torf 1 (U’ k); — Torf, (U",k); — Torf (U, k);

is exact. Since reg(U’) < reg(U"), it follows that Tor ,(U’,k); = 0.

As Torﬁl(U”, k); # 0, we conclude that Tor® (U, k); # 0. Therefore,
reg(U) > reg(U") + 1.



18 Regularity 7

We have proved the inequality reg(U) < reg(U”) 4+ 1. Thus,
reg(U) =reg(U") + 1. O

Corollary 18.7. Suppose that 0 — U — U’ — U"” — 0 is a short
exact sequence of graded finitely generated R-modules with homomor-
phisms of degree 0. Then

(1) reg(U’) < max{reg(U),reg(U")}.

(2) reg(U) < max{reg(U’),reg(U") + 1}.

(3) reg(U"”) < max{reg(U’),reg(U) — 1}.

Exercise 18.8. Let V' be a graded finitely generated S-module.
(1) Letl e Sy be a linear form, and let (0 : 1)y = {m € V |Im = 0}.
Then
reg(V) < max{reg(V/IV), reg((0: \)v)},

and equality holds if dim((0 : [)y) < 1.
(2) Let f € S, be a form of degree p, and let (0 : f)y = {m €
V|im =0}. Then

reg(V) < max{reg(V/IV) —p+1, reg((0: f)v)},
and equality holds if dim((0 : 1)y ) < 1.

The following exact sequences are helpful in computing regularity
of ideals.

Exercise 18.9. Let I and J be graded ideals in S. We have exact
sequences

0—=INJd -1I®J -1+J —0
0—S/(InJ)— S/IeS/J — S/(I+J)— 0
0 — Tor{(S/I,S/J) — S/IJ — S/(INJ) — 0
and isomorphisms

S/(I+J)=S/I®sS/J=Tory(S/1,5/J).

The following result, proved in [Bayer-Stillman], is helpful when
we study regularity.
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Theorem 18.10. Let J be a graded ideal in S. Denote by T the initial
ideal of J with respect to the revlex order in generic coordinates. We
have that reg(J) = reg(T).

An interesting direction of research is to obtain sharp upper
bounds on regularity.

Theorem 18.11. [Bayer-Mumford, Theorem 3.7 and Proposition 3.8]
Suppose that char(k) = 0. Let J be a graded ideal in S, and r =
max(J) be the mazximal degree of an element in a minimal system of
homogeneous generators of J. We have the upper bound

2n—2

reg(J) < (2r)

The next example shows that the above theorem is nearly the
best possible in general.

Theorem 18.12. [Mayr-Meyer| For every p € N, there ezists a
graded ideal J in a polynomial ring with 10p variables generated by
polynomials of degree less or equal to 4 and with reg(J) > 22" 4 1.

The Mayr-Meyer’s examples provide the only known family of
ideals for which the regularity is doubly exponential in the number of
variables, while the maximal degree of an element in a minimal system
of homogeneous generators of the ideal is fixed (it is 4). Eisenbud has
pointed out recently that it is of interest to construct and study more
such examples.

Problem 18.13. (folklore) Find families (or examples) of gra-ded
ideals in S with large regularity (doubly exponential, or erponential,
or polynomial) in the number of variables, while the maximal degree
of an element in the minimal systems of homogeneous generators of
the considered ideals is bounded by a constant.

A much smaller upper bound on regularity is expected for prime
ideals. The next conjecture from [Eisenbud-Goto] has its roots in the
work of Castelnuovo. It is one of the most interesting, challenging,
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and important conjectures on graded free resolutions.

The Regularity Conjecture 18.14. If P C (x1,...,1,)? is a prime
graded ideal in S, then

reg(P) < mult(S/P) — codim(P) +1.

Recall that codim(P) = n — dim(S/P) is equal to the maximal
length of a chain of prime ideals contained in P.

The conjecture is sharp: for example, the equality holds for the
defining ideal of the twisted cubic curve. A weaker form of the con-
jecture, also wide open, is given below.

Conjecture 18.15. If P C (z1,...,%,)? is a prime graded ideal in
S, then
max(P) < mult(S/P).

The following problem has inspired a lot of research.

Open-Ended Problem 18.16. (folklore) Let J be a graded ideal in
S. Assuming J satisfies some special conditions, find a sharp upper
bound for reg(J) in terms of the mazximal degree of an element in a
minimal system of homogeneous generators of J.

For example, the following result is of this type.

Theorem 18.17. Let Jy,...,J, be ideals in S generated by linear
forms.

(1) [Conca-Herzog| reg(Jy - -+ J,) = p.

(2) [Derksen-Sidman]| reg(J; N...NJ,) =p.

Another trend in studying regularity is to find some asymptotic
properties in the behavior of the regularities of powers of a fixed
graded ideal. For example, we have the following result.

Theorem 18.18. [Cutkosky-Herzog-Trung, Theorem 3.1], [Kodiya-
lam, Corollary 3] Let J be a graded ideal in S. There exist constants



80 Chapter I GRADED FREE RESOLUTIONS

e >0 and ¢ < max(J) such that

reg(JP)=cp+e for p>0.

19 Truncation

In this section we study the asymptotic behavior of the structure of a
graded ideal.

Definition 19.1. If I is a graded ideal in S and p > 0, we consider
the ideal I>, = ®;>p I; and call it a truncation of I.

Example 19.2. Let T = (a®,b3,c3,ab, ac) in the ring A = kla, b, c].
We have that

Tsy = (a3, b3, 3, abe, a®b, ab?, a’c, ac?).
Proposition 19.3. Let I be a graded ideal in S. Fiz ap > 0. We

have that mult(S/I) < mult(S/I>,), and equality holds if S/I is not
artinian.

Proof. If S/I is artinian, then so is S/I>,. In this case
mult(S/1) = dimy(S/I) < dimg(S/I>p) = mult(S/I>,) .

If S/I is not artinian, then dimy(S/I); = dimy(S/I>,); # 0 for
all j > p. Therefore, S/I and S/I-, have the same Hilbert polyno-
mial. So, they have the same multiplicity. O

Theorem 19.4. Let I be a graded ideal in S. For every i > 0, we
have the following relations between the Betti numbers of I>, and
I>p4q over S:

biivj(Ispr1) =0 forj <p
n o\ .
biitpr1(I>pr1) = biivpr1(I>p) + (Z N 1) dimy, (1) — biv1,i4pr1(I>p)
biivi(Uspr1) = biivj(I>p) forj>p+2.

Proof. The short exact sequence

0 = Inpr1 — Izp — k(=p)@™) — 0
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yields the long exact sequence (see 38.3)
(*)
.= Torfyy (k(=p) ™) k)i
— Tor} (Ispt1,k)is — Tor] (Isp, k)iy; — Torf (k(—p) ™) k),

for each j. The minimal graded free resolution of k is the Koszul
complex. Therefore,

n

by it p(k(—p)dim(e))y — < >dimk(Ip) for1<i<n

]

by iy (k(—p) e n))y =0 for j£p, 1<i<n.

Therefore, (x) implies that b; ;4;(I>p+1) = biiyj(I>p) for j > p+ 1.
We have b; ;4;(I>p+1) = 0 for j < p by Proposition 12.3. In degree
(i,i+p+ 1) we get by (%) that

0— ToriSH(IZp, Kivpt1 — T0r§+1(k(_p)dimk(lp)a k)itpt1
— Tor} (Isps1, K)itpi1 — Tor) (Isp, k)irpr1 — 0.

is exact. Hence,

n o\ .
bisitpr1(I>pr1) = biigpr1(I>p) + <Z n 1> dimy, (1) = big1,i1pr1(I>p) -

O

Corollary 19.5. Let I and J be graded ideals in S. Fiz ap > 0. If
I, and J>, have the same graded Betti numbers, then so do I>pi1q
and J>pi1.

Corollary 19.6. Let I be a graded ideal in S. Fiz a p > 0. For every
7 > 0 we have

bf:Hj(IZp) =0 forj<p-1

biS’Hj(IZp) = biS’iH(I) for every j > p+ 1.



82 Chapter I GRADED FREE RESOLUTIONS

The next theorem is an immediate consequence of the above
corollary.

Theorem 19.7. Let I be a graded ideal in S. If p > reg(I), then
reg(I>p) = p (that is, I, has a p-linear resolution).

20 Regular elements

In this section we discuss the following helpful technique: we can
study a minimal free resolution by first factoring out a maximal graded
regular sequence.

First, we remark that if char(k) = 0 then we can use a regular
sequence of linear forms; this follows from the following result proved
in [Bruns-Herzog, Propositions 1.5.11 and 1.5.12].

Proposition 20.1. Let U be a finitely generated graded R-module of
depth s. There exists a U-regular sequence uq, ..., us of homogeneous
elements. If in addition k is infinite, then there exists a U-regular
sequence uy,...,us of linear forms.

Theorem 20.2. Let U be a finitely generated graded R-module, and
let u be a homogeneous U-reqular element. We have that

reg(U/ulU) = reg(U) + deg(u) — 1
and
Hilb 17/, (t) = (1 — ¢4°5(“))Hilby (¢) .

Proof. We will use the short exact sequence
0—U(—p)——= U — U/uU — 0
of homomorphisms of degree 0.

Applying Proposition 16.1 to the exact sequence above we get
Hilb 7,07 (t) = (1 — t9°e()Hilby (¢) .
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Set p = deg(u). Apply Lemma 18.6 to the exact sequence above.
Since reg(U(—p)) = reg(U) + p, it follows that we have case (2) or (3)
in Proposition 18.6. Hence

reg(U(—p)) = reg(U) +p < reg(U/ul) + 1.

We conclude that reg(U/uU) > reg(U)+p—1.1f p > 2, then we are in
case (2) in Proposition 18.6, so we get the desired equality. Let p = 1.
In case (3) of Proposition 18.6 we get reg(U) = reg(U/ulU). In case
(2) we get reg(U(—1)) = reg(U/ulU) + 1 so reg(U) = reg(U/uU). O

Theorem 20.3. Let u € R be both R-regular and U-regular. If F is
a free resolution of U over R, then F @ g R/(u) is a free resolution of
U/uU over R/(u). In addition, if u is homogeneous and F is graded,
then F@pr R/(u) is graded. Furthermore, if F is minimal and u € m,
then F @ g R/(u) is minimal.

Proof. We have to show that the complex F @ R/u is exact, that
is, H;(F ®g R/(u)) = 0 for ¢ > 0. By definition H;(F ®p R/(u)) =
Torl(U, R/(u)). Since u is R-regular, we have that G : 0 — R—— R
is a free resolution of R/u over R. Therefore, Tor® (U, R/(u)) =

H;(U®gr G). But U®g G : 0 — U—"-U is exact since u is U-
regular. Hence, H;(U ® g G) =0 for i > 0. a

Corollary 20.4. Suppose that U and W are graded finitely gener-
ated R-modules. Let u be both R-reqular and U-regular. Suppose that
ulW = 0.

(1) Torf(U,W) = Torf/(u)(U/uU, W) for all i > 0.

(2) Extir(U,W) = Exty ) (U/ulU, W) for all i > 0.

Proof. (1) Let F be a graded free resolution of U over R. By Theo-
rem 20.3, F @z R/(u) is a graded free resolution of U/uU. Now

Tor (U W) 2 H;(Fo W) = H;(F ® (R/(u) @ W))

— H,;((F @ R/(u)) ® W) 2 Tors/ ") (U /ull, W) .
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A similar argument proves (2). t

Theorem 20.5. Let U be a graded finitely generated R-module. Then

R [ depth(U) +1 if depth(U) < depth(R)
depth(Syz (U)) = {depth(R) otherwise.

Proof. By 10.1, we have the short exact sequence
0 — Syz'(U) - Fy - U — 0.
It yields the long exact sequence (see 38.3)

. — Bxto Nk, U) —
— Exth(k, Syzi(U)) — Exths(k, Fy) — Bxth(k,U) — ... .
By [Eisenbud, Proposition 18.4], depth(U) is the smallest num-
ber j such that Ext’,(k,U) # 0. Note that Fj is a free module, so the

smallest number ¢, such that Ext’ (k, Fy) # 0, is t = depth(R).
If j < t, then the long exact sequence implies that

0 = Extly (k, Fo) — BExt’,(k, U) — Extd (k, SyzR(U))

is exact, so the smallest number s, such that Ext%(k, Syz(U)) # 0,
iss=j5+4+1.
If j = ¢, then the long exact sequence implies that

0 = Ext’y '(k,U) — BExth(k, Syzi (U)) — Ext’(k, Fy)

is exact, so Ext’ (k, Syzf(U)) = 0 for i < j =t. O

The following result is proved in [Avramov, Proposition 3.3.5]
for the minimal free resolution of k over R.

Theorem 20.6. If u is a homogeneous R-reqular element, then
PR = (1+0P"(1)  if deg(u) =1

PR = (1—2)PF"t)  ifdeg(u) > 1.
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At the end of this section, we present a second proof of the
Auslander-Buchsbaum Formula 15.3.

Proof. The proof is by induction on i = n — depth(V).

Suppose that ¢ = 0. There exists a sequence a of n homogeneous
elements that is regular both on S and V. Denote by Fy the minimal
graded free resolution of V over S and let j = pd(V). We will show
that 7 = 0. Assume the opposite, namely, 7 > 0. By Theorem 20.3
F = Fy ®s S/(a) is the minimal graded free resolution of the module
V/(a)V. Since F has length j, we conclude that the last differential
dj : F; — Fj_; is injective. On the other hand: The ring S/(c)
has depth equal to depth(S) — || = n —n = 0. Hence, there exists
a homogeneous element 0 # f € S/(a) such that fm = 0. As F
is minimal, we have that d;(F;) C mF;_;. Therefore, d;(fF;) = 0.
Since Jj is injective, we conclude that fF; = 0. This contradicts to
[ # 0 because Fj is a free S/(a)-module. Therefore, j = 0.

Suppose that ¢ > 0, and that we have proved the Auslander-
Buchsbaum Formula for i — 1. By Theorem 20.5, depth(Syz; (V)) =
depth(V') + 1. Therefore, n — depth(Syz; (V)) =i — 1. By induction
hypothesis, we have that

pd(Syz; (V) = n — depth(Syzy (V))) = n — depth(V) — 1.

Now note that pd(Syz7 (V) = pd(V) — 1 by the construction of syzy-
gies. ([

One can also define almost regular sequences and study how they
change a resolution, see [Aramova-Herzog 2].

21 Polarization

As an application of Theorem 20.3 we will discuss the construction of
polarization, which is used in order to reduce the study of free resolu-
tions of monomial ideals to the study of free resolutions of squarefree
monomial ideals. The advantage of the squarefree case is that one
can use a correspondence between squarefree monomial ideals and
simplicial complexes (called the Stanley-Reisner correspondence); see
Section 62.
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An ideal is monomial if it can be generated by monomials. A
monomial ideal is squarefree if it is generated by monomials not
divisible by the square of any of the variables. For a monomial m in
S we set rad(m) =[] 1 x;; this is the largest squarefree monomial

which divides m.

Throughout this section M stands for an ideal in S generated
minimally by monomials myq,...,m,.

First, we introduce the construction of partial polarization.

Construction 21.1. Let

{zj,...,2;.} ={x; € S|} divides some of my,...,m,};
here, we assume j; < ... < js and clearly s < n. Consider the ring
X =Ek[x1,...,2pn,t,,...,t;,]. If m is a monomial we write m for the

m
monomial ——— written in the variables ¢;. Set
rad(m)
P = (rad(ml) ~my, ..., rad(m,) - mT) :

Then
X/(P+ ({t;, — 2,1 < < s}) = /M
X/(P+ (tj1 - 17"'7th — 1)) = S/rad(M) .

The ideal P is called the partial polarization of M.
Example 21.2. If M = (23, 212323, 2323) then

P = (2112, 212933ty Toxstat?)
is the partial polarization.

Theorem 21.3. The elements tj,,, —xj, , andtj_ , —1 (for0<i<
s — 1) are non-zero divisors on X/(P + (t;, — xj,,...,t;, — ;,)) and

X/(P+(tj, —1,...,t;, — 1)), respectively.

2

Proof. Since X/(P+(tj;, —1,...,t;, — 1)) is graded, it follows that the

non-homogeneous element ¢;,,, — 1 is a non-zero divisor.
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We will prove that ¢;,,, — ;1 is a non-zero divisor on the quo-

tient X/(P + (tj, — xj,,...,tj, —x;,)). For simplicity, we set

T=Tj;,4, t:tji+17 T:k[xla---7$natji+1a---7tjs]-

Let @ be the monomial ideal in the polynomial ring T" such that
T/Q=X/(P+ (tjy = jp, -ty — 25)) -

Construction 21.1 shows that ) is squarefree in the variable z, that
is, no minimal monomial generator of Q is divisible by x2.

Let f be a polynomial such that (t—x)f € @ and f has no terms
in . We will show that zf € (). Assume the opposite. Choose a
lexicographic order on T for which z is the smallest variable. Let m
be the smallest monomial in f such that xm ¢ Q. Therefore there is
another term m’ in f for which xm = tm’. Hence there is a monomial
q so that m = tq and m' = xq are terms of f. As @ is squarefree in
the variable x it follows that m’ = xq ¢ Q implies 22q ¢ Q. Therefore
m’ is a smaller term than m with xm’ ¢ @ which is a contradiction.

Thus, zf € @, and therefore tf € (. We have to show that
f € Q. Since @ is a monomial ideal, it suffices to show that if a
monomial f satisfies zf € @ and tf € @ then f € . We now
assume that f is a monomial. By Construction 21.1, if some minimal
generator of ) is divisible by ¢, then it is divisible by x as well. So
the condition tf € @ implies that x divides f or f € (. But since
Q is squarefree in the variable z, the condition xf € () implies that

feq. m
We will prove a lower bound on the Betti numbers of a mono-

mial ideal. Note that the radical rad(M) of M is generated by the
monomials rad(m;).

Theorem 21.4. The Betti numbers of S/M are greater or equal to
those of S/rad(M). The regularity of S/rad(M) is less or equal than
that of S/M.

Proof. Let F be the minimal free resolution of X/P over the ring
X. By Theorem 21.3 and Theorem 20.3 it follows that F ® X/(t;, —
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xj,...,tj,—xz;)and F® X/(t;, —1,...,t;, — 1) are exact complexes.
The former is the minimal free resolution of S/M over S, while the
latter is a (possibly non-minimal) free resolution of S/rad(M). a

Theorem 21.3 also makes it possible to prove the following result
for infinite free resolutions.

Exercise 21.5. The Betti numbers of k over S/rad(M) are less or
equal than the Betti numbers of k over S/M.

Corollary 21.6. (Charalambous) The Betti numbers for an artinian
monomial ideal M satisfy

b3 (S/M) > (’:) .

Proof. If M is artinian, then its radical is M' = (z1,...,z,). The
minimal free resolution of S/M’ is the Koszul complex, so its i'th
Betti number is (7). |

The above corollary proves a special case of Conjecture 14.13.

Next, we describe the construction of polarization.

Construction 21.7. Recall that M stands for an ideal minimally
generated by monomials myq, ..., m,. We will introduce new variables
denoted ¢; ;.

Let m be a monomial in S. Let m = ¢; --- gy, where ¢; = x
for 1 < j <n. We say that

Cj
J

o 1 if Cj = 0
= Ly ngigcrl tii e, #0

is the polarization of ¢;. The polarization of m = q,---q, is m =
41+ Gn- The polarization of a monomial ideal M = (my,...,m;)
is Mpol = (T?Ll, ‘o ,’I%T).

We denote by

Spol - S[tl,la--- 7t1,p1at2,17---at2,p27---atn,17---atn.pn}
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the polynomial ring in which the monomial ideal M lives; here
p; = max{c|z§ + 1 divides some monomial among my,...,m,}.
Consider the sequence
a={tj;—z;|1<j<n,1<i<p,}.

Factoring Spo1 by the ideal generated by « is called depolarization;
we can think of it as setting each variable ¢;; to be equal to x;. Note
that

Spot/ (Mpol + (a)) = S/M .

Example 21.8. Let M = (23, xox3z4, 23, x174). The polarization
of 23 is x1t1,1t1,2. The polarization of Tozizy iS xoxsts 174. The po-
larization of :17% is x3t31t3,2. The polarization of 124 is 124. Hence,

Mpor = (z1t1,1t1,2, Towsts 124, T3ts 13,2, T124) -

Construction 21.9. Let pys be the maximal power of a variable ap-
pearing in myq, ..., m,. Applying Construction 21.1 to M, we obtain a
new monomial ideal M; with py;, = par —1. The new variables added
to S at this step are denoted {t;, 1|23 divides some of my,...,m,}.
We apply Construction 21.1 repeatedly, say s times, until we obtain a
squarefree ideal M,. After that applying Construction 21.1 will yield
the same ideal. This squarefree ideal M, is the polarization of M.
Thus, polarization can be done by a sequence of partial polarizations.

The next result follows by Construction 21.9 and Lemma 21.3.

Theorem 21.10.
(1) « is a reqular sequence on Spo1/Mpol, and
Spol/(Mpor + (@) = S/M .

(2) The minimal free resolution of S/M is obtained from the minimal
free resolution of Spo1/Mpo1 (over Spo1) by depolarization.
(3) Hilbg, /a1, (t) = (1 —t)*Hilbg/ar, where a is the number of the

new variables (the t-variables) in Spor.
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22 Deformations from Grobner basis theory

We will discuss another application of Theorem 20.3. Grobner basis
theory can be used to reduce the study of some properties of graded
ideals to properties of monomial ideals. The key point is that Grobner
basis theory provides deformations.

In this section we discuss how such deformations apply to reso-
lutions using Theorem 20.3. Such deformations are constructed using
weight vectors.

Definition 22.1. Set R = R ® k[t]. Let J be an ideal in R such
that R/J is flat as a k[t]-module. For a € k, the quotient R/J ®
(k[t]/(t — a)) is denoted (R/J)q and is called the fiber over a. For

any o, 3 € k we say that the fibers (R/.J), and (E/j)g are connected
by a deformation over Aj.. We say that two ideals J and J' in R are
connected by a deformation over A} if R/J and R/J’ are connected

by a deformation over Aj (that is, if there exist é, J and a, 0 €k
such that R/J = (R/J)a and R/J’ = (E/:f)g are connected).

In this section we work over S and we consider some special
deformations provided by Grobner basis theory.

Definition 22.2. Given a weight vector w = (wy,...,w,) with real
coordinates define the weight order <y, on the monomials in S by

n n
2l P = E wioy > E w; B .
i=1 i=1

This is a partial order.

Theorem 22.3. Let < be a monomial order in S. Let J be an ideal
in S and inL(J) be the initial ideal of J with respect to the order <.

There exists a weight vector w with strictly positive integer coordinates
such that in<, (J) = in<(J).

The above result is proved in [Bayer|. It follows from [Eisenbud,
Proposition 15.16] when we choose w so that z; >y, 1 for all ¢ and so
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that w satisfies the conditions in [Eisenbud, Proposition 15.16].

Example 22.4. Consider the defining ideal
B = (ac — V*, bc — ah, ¢* — bh)

of the twisted cubic curve in the polynomial ring A = k[a,b,c,h].
Straightforward computation shows that (ah, b?, bh) is the initial ideal
with respect to the lex order with h > b > a > ¢. We will find a
weight vector w = (wq, we, w3, wy) with the properties in the above
theorem. By Corollary 39.7, it suffices to find a vector w such that
ah,b?,bh € in._ (B). We have that

ing (ah —bc) =ah = wy+wy > ws+ ws
ing (b —ac) =0 = 2wy > w; +ws
ing, (bh—c?) =bh = wy+wy > 2ws.
Therefore, we need to find an integral solution of the system of linear
inequalities
wy —we —w3z+wy >0

—wy + 2wy — w3 >0

we — 2wz +wy > 0.

The vector w = (1,2, 1, 3) is a solution. Thus, (ah, b?, bh) is the initial
ideal with respect to the weight vector w = (1,2, 1, 3).
Let a=(1,1,1,1). For p € N, set

vp=w+pa=(1+p,2+p,1+p,3+p).

For every homogeneous polynomial g € B we have that ng, (9) =
in<,, (g9). Hence in, (B)=in,(B) = in<(B).

The following theorem is proved in [Mora-Robbiano].

Theorem 22.5. There exists a fan in R™ so that in<,(J) = in<  (J)
if and only if w and v belong to the same face in the fan. Furthermore,
if J is graded, then the fan is in the first quadrant.
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Construction 22.6. Given an integral weight vector w = (wq, ...,
wy, ), we define a weight function w on the monomials in S by

Wizl apt) =W (Y1) = ) Wi
=1

Consider the polynomial ring S = S[t] and the weight vector w =
(wi,...,wp,1). Let f = > al; € S, where o; € £\ 0, and [;
is a monomial in S. Let [ be a monomial in f such that w(l) =
max;{w(l;)}. Define f = 3, ayt"O-wl)l, If we grade S[t] by

deg(t) = 1 and deg(x;) = w; for all 4, then f is homogeneous and
is called the homogenization of the polynomial f. Now note that
the image of f in S[t]/(t — 1) is f, and its image in S[t]/t is in~_ (f).
The ideal

J=(flfeJ)
is called the homogenization of J. If in._(J) is a monomial ideal,
then it is easy to prove that

J=(f|f € Jin,(f)is a minimal generator of in_ (.J))

= (f| f is in a fixed Grébner basis of J ).

Thus, in order to obtain J it suffices to homogenize the elements in a
fixed Grobner basis. Denote by J, the image of J in S[t]/(t — v) for
v € k. Clearly, Jy =in_(J) and J; = J.

Example 22.7. Consider the defining ideal
B = (ac — V?, bc — ah, ¢* — bh)

of the twisted cubic curve in the polynomial ring A = k[a, b, ¢, h]. Tt
can be easily computed that

ac — b, be — ah, ¢ —bh, b —da%h

is a Grobner basis with respect to the weight order with w = (1,2,5,1).
Therefore, the homogenization of B is

B = (ac— 2, be —t>ah, ¢ —tbh, b* —t3a’h) .
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Set A = A[t]. We have that A/B®A/(t—1) = A/B and A/BoA/(t) =
A/in (B).

The following result is proved in [Eisenbud, Theorem 15.17].

Theorem 22.8. Suppose that in~_, (J) is a monomial ideal. We ha-
ve that §/.J is flat as a k[t]-module. In particular, t — a is a reqular

element on §/j for every a € k.

We say that S[t]/J is a flat family over k[t] of quotients of S
whose fiber over 0 is S/in, (J) and whose fiber over 1 is S/J. Thus,
S/J and S/ing, (J) are connected by a deformation over A}. This
leads to the following upper bounds on Betti numbers.

Theorem 22.9. Let I and B D I be graded ideals in S. Fir a
monomial order <.
(1) The graded Betti numbers of S/inL(B) over the quotient ring
S/inL(I) are greater than or equal to those of S/B over the ring
S/1I.
(2) The graded Betti numbers of S/B over S are smaller or equal to
those of S/in<(B).
(3) The graded Betti numbers of k over S/I are smaller or equal to
those of k over S/in(I).

For the proof of the theorem we need the following exercise.

Exercise 22.10. Let a = (ay,...,a,) and ¢ = (c1,...,¢,) be vectors
with non-negative integer coordinates. Suppose that ¢ has positive
coordinates. We consider the following two gradings of S:

o the a-grading with deg(z;) = a; for all i.

o the c-grading with deg(x;) = ¢; for all i.

(1) Suppose that V is a finitely generated S-module which is both
a-graded and c-graded. There exists a minimal free resolution of
V' which is both a-graded and c-graded.

(2) Let I and B 2 I be ideals in S which are homogeneous with
respect to both gradings. Then there exists a minimal free res-
olution of S/B over the ring S/I which is both a-graded and
c-graded.
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We will prove Theorem 22.9.

Proof of 22.9. Note that (2) is a special case of (1) with I = 0. Also
note that (3) is a special case of (1) with B = (x1,...,2,). We will
prove (1).

Let a = (1,...,1). Note that I is graded with respect to the
grading deg(x;) =1 for all 4.

Choose a weight vector w with positive integer coordinates such
that inc () =in< (/) and ing (B) = in<(B). The ring S is graded
by deg(z;) = w; for all i, and deg(t) = 1. The ideal I is homogeneous
with respect to this grading.

By Exercise 22.10, there exists a minimal free resolution f‘g I of

S / B over the ring S / I which is graded with respect to both gradings

o deg(x;) = w; for all 4, and deg(t) =1

o deg(z;) =1 for all 7, and deg(t) = 0.
The degrees in the former grading are strictly positive, and this assures
that there exists a graded free resolution which is minimal. In the rest

of the argument we use the latter grading.
We grade S by deg(z;) =1 and deg(t) = 0. We will apply The-
orem 22.8 and Theorem 20.3. Let a € k be such as in Theorem 22.8.
First, we consider the case @« = 0. We have that t is a homo-

geneous non-zero divisor by Theorem 22.8. Therefore, Theorem 20.3

shows that f‘g 5@ S/(t) is a graded free resolution of S/in(B) over

the ring S/in<(I). The resolution is minimal, since the differential

matrices in Fg/g have entries in (z1,...,%,,t) and after we set t = 0

we get that the entries are in (x1,...,x,). Therefore, the 7’th Betti
number of S/in(B) is equal to the rank of Fj.

Now, we apply these theorems for @ = 1. We have that ¢ —
1 is a homogeneous non-zero divisor by Theorem 22.8. Therefore,

Theorem 20.3 shows that f‘g / §®§ /(t—1) is a graded free resolution of

S/B over the ring S/I. This resolution might be non-minimal because
we have set t = 1 in the matrices of the differential. Therefore, the
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i’th Betti number of S/B is less or equal to the rank of F;. t

Example 22.11. We will illustrate the construction in the above
proof. We continue Example 22.7. We use non-graded free modules
in order to simplify the notation. Computer computation shows that
the minimal graded free resolution of Z/ B over A is

c b ¢ aht® htd

—b 2 0 c 0

—t? —a b2 —b? c

:va‘ : O - A« a Z4 0 —Qa O _b

(ac —b*2 b3 —a?ht3 bc—aht® 2 —bht")

A4

A — A/B.

Tensoring F by A/(t) means that we set ¢ = 0, so we obtain the
minimal graded free resolution

c b c 0 0
—b 0 0 c 0
0 —a 0 =b ¢
0 A a 4t 0 —a O -b g
b3 b 2
(ac ¢ ) A AJin(B).

Tensoring F by A/(t — 1) means that we set ¢t = 1, so we obtain the

non-minimal graded free resolution

c b c ah h
—b 1 0 c 0
-1 —a b =B ¢
a 0 —a O —b

0— A A* A

(ac —b*t*> b® —a?h bc—ah C2_bh)g—>A/B.

We say that a sequence ¢; ; of numbers is obtained from a se-
quence p; ; by a consecutive cancellation if there exist indexes s
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and r such that

qs,r = Ps,r — 1, ds+1,r = Ps+1,r — 1,

qi,j = pi,; for all other values of 4, j .

Theorem 22.12. Let I be a graded ideal. The sequence of graded
Betti numbers of S/I is obtained from the sequence of graded Betti
numbers of S/in(I) by consecutive cancellations.

Proof. We use the notation in the proof of Theorem 22.9. We want
to show that the sequence of graded Betti numbers of S/I is obtained

from the sequence of graded Betti numbers of S /I~ by consecutive

cancellations. This follows from the fact that F3 7O Sit]/(t—1) is a

graded free resolution of S/I and Theorem 7.5. Each trivial complex

that is a summand in Fz 7® S[t]/(t — 1) contributes one consecutive

cancellation. O

Corollary 22.13. Let I be a graded ideal. Ifin(I) has a g-linear free
resolution, then the graded Betti numbers of S/I are equal to those of

S/in(I).

Proof. Since the minimal graded free resolution of in.(7) is ¢-linear,
by Theorem 22.9(1) it follows that I has a g-linear resolution. By
Corollary 17.6, the minimal free resolution of I is ¢-linear. Use that
S/in4(I) and S/I have the same Hilbert series and apply Theo-
rem 17.11. |

23 Computing a graded free resolution

We will describe Schreyer’s Algorithm for constructing a graded free
resolution, cf. [Eisenbud, Theorem 15.10].

Construction 23.1. Let V be a finitely generated graded S-module.
Let F be a free S-module with basis fi,..., f,. An element of the
form mf;, with m a monomial in S, is called a monomial in F'; an
element of the form amf;, with a € k, is called a term. Let < be a
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monomial order in S. Define a monomial order on F' by
amf; = o'm'f; ifm>=m'orm=m"andi<j.

If f=75%,asmif; € F, with a; € k and m; monomial, then in.(f)
denotes the greatest term. Let T be a submodule of F' generated by
homogeneous elements g1,...,g.. Consider the free graded module
F’' = @;5(—deg(g;)) with basis denoted {¢;}; and the map

o ©S(—deg(g:)) =T

€ — g; -
We order the monomials in F’ by

ame; = o'm’e; if in<(mg;) > in<(m'g;),

or in4(mg;) = in(m'g;) up to a scalar and i < j.

Suppose that g¢1,...,g, form a Grobner basis, cf. [Eisenbud,
Chapter 15]. A pair of indices 7,j such that in(g;) and in<(g;)
involve the same basis element of F' is called an s-pair. For each such
pair we have: if in4(g;) = amf and in,(g;) = o/m/f then

!/

, m
- l
“ ged(m, m’)gZ agcd (m,m’) Z rdp:

where the right-hand side is the Grébner reduction to zero of the s-pair
9i, gj- We obtain the following element in the kernel of ¢

!/

, m
ij = Q€ — l
i = gcd(m,m’)6 agcd (m,m’) Z Pp -
By [Eisenbud, Theorem 15.10], the elements 7;;, obtained in the above
way, form a Grobner basis for the module Ker(p).

Construction 23.2. We will construct a graded free resolution of V'
by induction on homological degree.
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Step 0. We compute a Grobner basis gq,...,¢, of V following
[Eisenbud, Section 15.4]. Then we apply Construction 23.1 (the map
¢ will be dy) and we obtain a Grébner basis of the module Ker(dy).

Step 1. Suppose that we have a Grobner basis of the module
Ker(d;_1). We apply Construction 23.1 (the map ¢ will be d;) and
we obtain a Grébner basis of the module Ker(d;).

Construction 23.3. We will construct a minimal graded free res-
olution of V. At each step of the above construction we perform
the following: After we have computed a Grébner basis of the module
Ker(d;), we obtain a minimal set of homogeneous generators of Ker(d;)
using the criterion in Theorem 2.12. That is, we choose preimages in
Ker(d;) of a basis of Ker(d;)/mKer(d;).

These algorithms are implemented in several computer algebra
Systems.

24 Short resolutions

Exercise 24.1. Fach monomial ideal B in A = kla,b| can be written
in the form

B=(@""b"[1<i<r, 0<pu <...<[fbp, V1 >...0.>0),

where r is the number of its minimal monomial generators. Note that

the projective dimension of A/B is < 2. The minimal free resolution
of A/B is

r—1 r
0 — @A — @A — A— A/B—0,
i=1 j=1

where the matriz of di has entries the monomials, and the matriz of
do can be described explicitly.

What happens in arbitrary resolutions of small length? The
Hilbert-Burch Theorem, proved in cf. [Eisenbud, Theorem 20.15] (also
see [Eisenbud 2]), gives the answer for length 2 resolutions.

Hilbert-Burch Theorem 24.2. Let I be a graded ideal in S such
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that pdg(S/I) = 2. There exists a homogeneous non-zero divisor u
and an r x (r — 1)-matriz A such that the minimal free resolution of
S/I over S has the form

0 — 81 -85 — 9,
where the first differential is given by the matriz
u(det(Ar) ... (=1)"'det(4;) ... (=1)""'det(A,))
and A; is the submatriz of A obtained by deleting the i'th row.

The structure of length 3 minimal free resolutions can be quite
complex.

25 Cohen-Macaulay and Gorenstein ideals

The results in this section are not used in the rest of the book; stu-
dents, who lack background on Cohen-Macaulay and Gorenstein ide-
als, can skip the section.

Theorem 25.1. IfV is a graded finitely generated S-module, then
pdg (V) = codim(V) if and only if V is Cohen-Macaulay.

Proof. pdg(V) = n — depth(V) > n — dim(V) = codim(V'). Equality
holds if and only if V' is Cohen-Macaulay. |

The following result is an immediate consequence of Theorem 20.3
and Proposition 20.1.

Theorem 25.2. Suppose that the field k is infinite. If I is a graded
Cohen-Macaulay ideal in S, then there exists an artinian graded ideal
J, such that S/I and S/J have the same graded Betti numbers and
S/J is obtained from S/I by factoring a regular sequence of linear
forms.

Proposition 25.3. Let I be a graded ideal in S. Suppose that S/I
is Cohen-Macaulay of dimension q. Let F be the minimal graded free
resolution of S/I over S. The dual complex

F*=Hom(F,S): 0—Ff—F —...—=F_,
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is a minimal free resolution of Exty ?(S/1,5).

Proof. By Theorem 25.1, pd(S/I) = n — ¢ holds. The dual complex
F* is acyclic since Ext(S/I,S) =0 for i <n —q. a

Proposition 25.4. If a graded ideal I has a Cohen-Macaulay initial
ideal, then I is Cohen-Macaulay.

Proof. Let < be a monomial order such that S/in<(I) is Cohen-
Macaulay. By Theorem 25.1, pdg(S/in<(I)) = codim(S/in(I)).
Since we have

codim(S/I) = codim(S/in<(I))
pds(S/1) < pdg(S/in<(I))

we conclude that pdg(S/I) < codim(S/I). Applying Theorem 25.1
again and Corollary 15.4, we conclude that S/I is Cohen-Macaulay.[]

In the rest of the section we consider Gorenstein ideals.

Theorem 25.5. Let I be a graded ideal in S. Suppose that S/I is
artinian Gorenstein. Let

q = max{i| (S/I); #0}.
Then
dlmk(S/I)z = dimk(S/I)q,i .

Proof. Apply the argument in the proof of Theorem 25.6 to the graded
Betti numbers, and combine it with Theorem 16.2. |

Theorem 25.6. Let I be a graded ideal in S. If S/I is Gorenstein of
dimension q, then

b2 (S/I)=b5_, (S/I) for0<i<mn-—q.

n—q—1

Proof. Let F be the minimal graded free resolution of S/I over S.
By Proposition 25.3, F* = Hom(F, S) is a minimal free resolution of
Extg %(S/1,S) = S/I. O

We have the following criterion for S/I to be Gorenstein, cf.
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[Huneke, Proposition 3.2].

Theorem 25.7. Let I be a graded ideal in S. Let dim(S/I) = q.
The quotient S/I is Gorenstein if and only if pd(S/I) = n —q and
by (S/1) = 1.

Proof. If S/I is Gorenstein, then apply Theorems 25.1 and 25.6.

Suppose that pd(S/I) = n—q and b_,(S/I) = 1. Let F be the
minimal graded free resolution of S/I over S. By Theorem 25.1 we
have that S/I is Cohen-Macaulay. By Proposition 25.3, the dual com-
plex F* = Hom(F, S) is a minimal free resolution of Extg ?(S/I,S).
As by (S/I) = 1 we conclude that Ext ?(S/I,S) = S/.J for some
ideal J. Furthermore, note that I annihilates S/I so it annihilates
Extg 9(S/I,S); therefore, J D I.

Now, we can apply the argument in the above paragraph to S/J
and conclude that I D J.

Therefore, Exte ?(S/1,S) = S/I and we get that S/I is Goren-
stein. ([

26 Multigradings and Taylor’s resolution

We consider a refined way to grade S, namely multigrading it. Multi-
gradings are used throughout Chapters III and IV. In this section we
also describe Taylor’s free resolution which is simply structured and
is very similar to the Koszul resolution.

Multigrading 26.1. The polynomial ring S is N"-graded by
mdeg(z;) = the ¢’th standard vector in N" |

where mdeg stands for multidegree. For every a = (ay,...,a,) €
N™ there exists a unique monomial of N”-degree a, namely x* =
xit - 28 and a is its exponent vector. Usually we say that S is
multigraded instead of N"-graded. Instead of “IN"-degree a”, we

27 Thus, S has a direct sum decomposition

can say “multidegree x
S = @ is a monomial Om as & k-vector space. Note that 5,5, = Sym/

for all monomials m,m’.
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An S-module T is called multigraded, if it has a direct sum de-
composition T = @, is a monomial Lm as a k-vector space and S,, T}, C
Ty for all monomials m,m/'.

Denote by S(x?) the free S-module with one generator in mul-
tidegree x2.

A multigraded finitely generated module T has a multigraded
Hilbert function

h: monomialsin S — N

m +— dimy, T,

and a multigraded Hilbert series

hilbp(zy, ..., 2,) = Z mdimyg T, ,

where m runs over all monomials in S.
The Hilbert series is obtained from the multigraded Hilbert series
by setting each x; = t, that is

Hilby (¢) = hilbr (¢, ... , ).

Exercise 26.2. The multigraded Hilbert series of S is

1
(I—z1)...(1—x,)

hilbg(z1,...,2,) =

Exercise 26.3. Every monomial ideal has a unique minimal system
of monomial generators.

Every monomial ideal is homogeneous with respect to the N™-
grading. Note that it is also homogeneous with respect to the standard
grading on the polynomial ring S.

Let M be a monomial ideal. Construction 4.2 works in the multi-
graded case. There exists a minimal free resolution F; of S/M over S
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which is N"-graded or multigraded. We denote by d the differential
in Fp;. We have multigraded Betti numbers

blsm(S/M) = dimg, Toris’m(S/M, k) for ¢ >0, m a monomial.

Similarly to Construction 3.2, in the multigraded case the resolution

can be written
0 — ... = @y SBm(m) — &, SP27(m) — §pS°rm(m) — S,

where the sums run over all monomials.

In the rest of this section, M stands for a monomial ideal mini-
mally generated by monomials my,...,m,.

The next construction provides an analogue of Theorem 14.10 in
the multigraded case.

Construction 26.4. We can compute the Betti numbers of M using
the Koszul complex K that is the minimal free resolution of k£ over
S. Let E be the exterior algebra over k on basis elements eq, ..., e,.
The complex K equals S ® E as an S-module and has differential

_ +1 =
dej, N--- Nej,) = Z]_<p<i(_1)p g, Eiy N Neg, N Negy
where €; means that e;, is omitted in the product. We have that

b7, (M) = dimy,Tor; (M, k)p, = dimH;(M @ K),p, .

The multidegree of e; is x;, for each ¢. The component of K in mul-
tidegree m has basis

{—ejl N Nej | g, divides m for 1 < p <1,
1']'1 . le

1§]1<<]z§TL}
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Hence, the component of M ® K in multidegree m has basis

m . . .
——¢;, A--- Nej, |z divides m for 1 <p <7,
Tjy - Ty, P
. . m
1<n<...<jp<n, —e M.
Ljy Ty,

Next we will describe Taylor’s resolution, which resolves S/M. It
is usually highly non-minimal. It is useful because of its simple struc-
ture, which is similar to that of the Koszul complex. Taylor’s resolu-
tion was first constructed (using different terminology) by Taylor in
her Ph.D. Thesis [Taylor]. The short formulation in Construction 26.5
is due to Eisenbud.

Construction 26.5. Let M be a monomial ideal minimally generated
by monomials my,...,m,. We will construct Taylor’s resolution
Ty of S/M in a way similar to the Koszul complex. We will use the
notation from Construction 14.1. Let E be the exterior algebra over
k on basis elements eq,...,e,. Denote by Tys the S-module S ® E
graded homologically by hdeg(e;, A--- Aej,) =i and equipped with
the differential

d(ejl AR /\e.ji)

lem(mj,,...,m;,) .
= > (! L e, N NE AN+ Nej,
S lem(my,, ..., m;,,...,mj) v I

where €;, and m;, mean that e;, and m;, are omitted respectively.
The standard grading of Tp; is given by
deg(ej, A -+ Aej,) = deg(lem(my,,...,mj,)).
The multigrading of Ty is given by
mdeg(e;, A--- Aej,) =lem(mj,,...,mj,).

An argument similar to that in Construction 14.1 solves the fol-

lowing exercise.

Exercise 26.6. T, is a complez.
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Theorem 26.7. (Taylor) Ty, is a free resolution of S/M.

Proof. Since T is multigraded it suffices to check exactness in each
multidegree. Let m be a monomial. If m ¢ M, then (Tps)m = S =k
where S, is placed in homological degree 0. Suppose that m € M.
Consider the simplex I, on vertexes {e; | m; divides m }. Then

m

ej, \--- Aej, + the face with vertices e; ,...,ej,

1 2

lem(m;,,...,mj,)

gives an isomorphism of (T )., to the chain complex computing the
reduced homology of the simplex I',,,. Hence, (Tpy), is exact. O

Example 26.8. The free resolution

y? -y 0

x x —y> 0

1 0 x —x? 2 3
Ty:0 — A A3 )y

is the Taylor resolution of k[x,y]/(x?, xy,y*) over the polynomial ring
A = k[z,y)].

Corollary 26.9. The entries in the differential maps in the multi-
graded minimal free resolution of S/M are scalar multiples of mono-

mials which divide lem(my,...,mq). In particular, the degree of the
monomial lem(my, ..., my) is an upper bound for the degree of each
such entry.

Proof. Since F); is multigraded we have that each entry f in the
matrices of the differentials in Fj; is homogeneous. Let m be the
multidegree of f. Since S, is one dimensional, it follows that f is a
scalar multiple of m. Note that m divides the multidegree of a homo-
geneous basis element in the resolution. Furthermore, the multidegree
of every homogeneous basis element in Fj; divides lem(mq,...,my),
since Fj; is a direct summand of Taylor’s resolution by 7.5. |

A very useful corollary is that the Betti numbers of a squarefree
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monomial ideal are located in squarefree multidegrees.

Corollary 26.10. Let M be a squarefree monomial ideal. If a
monomial m is not squarefree, then b3, (S/M) =0 for all i > 0.

Corollary 26.11. (Hoa-Trung) Suppose that the minimal generators
mi,...,mq of M are ordered so that deg(mq) > ... > deg(mgy). Then

reg(S/M) < deg(mq) + ...+ deg(m,) — p,
where p = min(n, q).
Proof. If b, (S/M) # 0 then the monomial m has the form m =

lem(mj,,...,m;,) for some monomials m;,,...,m;,. Hence

deg(m) < i+ (deg(my,) + ...+ deg(m;,) — 1)
<i+ (deg(my) + ...+ deg(m,) — p).
O

Corollary 26.12. (Hoa-Trung) Let v = lem(myq,...,mq). Fors>1
we have that

reg(S/M?) < sdeg(u) .

Proof. Corollary 26.9 implies that for any monomial ideal J we have
that reg(S/J) is bounded above by the degree of the lem of its minimal
monomial generators. The degree of the lem of the minimal monomial
generators of M*® is less or equal to sdeg(u). |

27 Mapping cones
Construction 27.1. Let I be a graded ideal in S, and R = S/I. Let
o (Ud)— (U'd)

be a map of complexes of finitely generated R-modules. We say that
@ is a comparison map. The mapping cone of ¢ is the complex
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W with differential 9, defined as follows:

W, =U;_1 & Ui’ as a module
Ui, = —d+o: U1 —->U;_2® Ui/—l
3|U; =d: U —U_,

0

for each i. We have the diagram

W; — Wi_1
| |

vl v
© /‘@i ©®
U1 —— Ui
—d;—1

Exercise 27.2. W is a complez.

Clearly, U’ is a subcomplex of W. The quotient W /U’ is isomor-
phic to U[—1] (where U[—1] means the complex U with homological
grading shifted one step, that is U[—1]; = U;_;). We have the short
exact sequence of complexes

0—-U —-W—-U[-1] —0.
By Theorem 13.2, it yields the long exact sequence in homology
.. — H;(U") - H;(W) — H;(U[-1]) - H;_1(U") — ...
S0)
...— H;(U) - H;(W)—H,; 1(U) - H;,_1(U)—....

The following straightforward computation following 13.1 (and us-
ing the notation in 13.1) shows that the connecting homomorphism
H;_1(U) — H;_1(U’) is the map on homology induced by ¢: choose
an ¢ € U[—1]|; = U;_1, then choose the preimage y = (z,0) € W},
then
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then choose z = p(z).

Now, suppose that U and U’ are free resolutions of finitely gener-
ated R-modules V' and V' respectively, and suppose that ¢ : V — V'
is an injective homomorphism of modules. There exists a lifting
¢ : U — U’ that induces ¢ : V. — V’'. The long exact homology
sequence above implies that H;(W) = 0 for ¢ > 2 and

0—-H(W)—=V >V —-Hy(W)—0

is exact. Since ¢ : V — V is injective, we conclude that H; (W) = 0.
It follows that W is a free resolution of V'/p(V). If in addition the
modules V' and V' are graded and ¢ has degree 0, then W is a graded
free resolution of V' /p(V'). Note, that it is possible that the graded
free resolutions U and U’ are minimal but the mapping cone W is

not.

We will apply the mapping cone to monomial ideals.

Construction 27.3. Let M be an ideal minimally generated by
monomials mq,...,m,. Set M; = (my,...,m;) for 1 < i < r. Thus,
M = M,. For each ¢ > 1, we have the short exact sequence

0— S/(M;:mip) —25 S/M; — S/M;iq — 0.

The comparison map is multiplication by m;y1. Therefore, in order
to make the comparison map of degree 0, we shift the left module
S/(M; : m;y1) in multidegree by m;,1. Then, we have the graded
short exact sequence

0— S/(M;:miry) (mig1) — §/M; — S/Mi41 — 0.

Assuming that a multigraded free resolution F; of S/M; is already
known, and that a multigraded free resolution G; of S/(M; : m;41) is
also known, we can construct the mapping cone and obtain a multi-
graded free resolution F;;q of S/M; ;. We say that the multigraded
free resolution F,. of S/M obtained in this way, is obtained by iterated
mapping cones.

Example 27.4. Let B = (22,3, 7y) in the ring A = k:[ ,yl. We
will apply Construction 27.3. We have that B; = (22), By = (22,y3)
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and Bz = B = (22, y3, zy). The second short exact sequence is

0— A/(Bz:ay) = A/(z,y?) —— A/(c®,¢*) — A/B—0.

Furthermore, A/(z,y?) is resolved minimally by the Koszul resolution
on x,y%, and A/(z?%,y3) is resolved minimally by the Koszul resolution
on z2,y3. The comparison map for the mapping cone is

(%)
-z (z y%) A

0— A@@*y®) "4 A(zy) © A(oy®) T A(y) — A (ay)
I l<‘g 2) Loy Loy

(y3>
2,3 —a? 2 3y (@ %) 2 .3
0— A(z%y’) —— A(@*) @ A(y®) —— A — A/(x%y°)

Note that the minimal free resolution in the top row is shifted in
multidegree by xy in order to make the comparison map of degree 0.

Then, we obtain the mapping cone

1 3 Y 0
—y? 22 0 T
0 -z —y?

X
0 —A(z?y’) —> A(z®y®) @ A(zy) @ A(zy®)

CE2 BIE
A @ AP & Alzy) S0 A A/t ay) — 0.

Exercise 27.5. Prove Theorem 26.7 using iterated mapping cones.

28 The Eliahou-Kervaire resolution

In this section we discuss Borel ideals and describe their minimal free
resolutions. This class of ideals has many applications.

A monomial ideal M in S is called Borelif it satisfies the Borel
property: whenever i < j and g is a monomial such that gz; € M,
we have gz; € M as well.
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Exercise 28.1. A monomial ideal M is Borel if and only if whenever
i < j and g is a monomial such that gx; is a minimal monomial
generator of M, we have gx; € M as well.

A monomial m’ € S is said to be in the big shadow of a mono-
r;m

mial m € S if m' = for some z; dividing m and some i < j.

Tj
Thus, a monomial ideal M is Borel if and only if it contains all mono-
mials in the big shadows of its minimal monomial generators.

The interest in studying such special monomial ideals comes from

generic initial ideals.

Construction 28.2. The general linear group GL(n, k) of invert-
ible (n x n)-matrices acts as a group of algebra automorphisms on S
by acting on the variables (such an action is a linear change of the
variables, and is also called a linear change of coordinates). Denote
by B(n, k) the Borel subgroup consisting of upper triangular invert-
ible matrices. The following result of Galligo, Bayer, and Stillman is
proved in [Eisenbud, Theorem 15.18].

Theorem 28.3. Let J be a graded ideal. Fix a monomial order
> such that x1 > ... > x,. There exists a nonempty Zariski open
set B in GL(n,k), such that ins (p(J)) does not depend on ¢ € B.
Furthermore, BN B(n, k) # 0.

For every ¢ € B, the monomial ideal ins (¢(J)) is called the
generic initial ideal of J (in generic coordinates), and is denoted
gin(J). The importance of this ideal comes from Theorem 18.10.
Furthermore, the structure of generic initial ideals is given in the
following result, cf. [Eisenbud, 15.20 and 15.23].

Theorem 28.4. (Galligo) If char(k) = 0 then the generic initial ideal
of a graded ideal is Borel.

For a monomial m denote

max(m) = max{i | z; divides m}

min(m) = min{i | z; divides m}.
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Exercise 28.5. Let M be a Borel ideal. If w € M 1is a monomial,
then there is a unique decomposition w = uv, such that u is a minimal
monomial generator of M and max(u) < min(v).

In the notation of the above exercise, we set b(w) = u and call
it the beginning of the monomial w, and we set e(w) = v and call it
the end of w.

Construction 28.6. [Eliahou-Kervaire] Let M be a Borel ideal. De-
note by my,...,m, the set of minimal monomial generators of M.
For each m; and for each sequence 1 < j; < ... < j, < max(m;)
of strictly increasing natural numbers, we consider the free S-module
S(myzj, ... xj,) with one generator, denoted (my;ji,...,Jjp), in ho-
mological degree p+ 1 and multidegree m;z;, ... x;, . The Eliahou-
Kervaire resolution E); of S/M has basis denoted

B = {1}U{(mi;j17'-'7jp) 1<j1<...<jp<max(m;), 1<i< r}.
The element 1 is the basis of S in homological degree 0. The basis

in homological degree 1 consists of the elements (mq;0),..., (m,;0).
Define maps 0 and p by:

(_1)qqu(mi;j17 s m}.qa te 7jp)

NE

a(m“]la .. 7jp) -

i
L

’E
._.

. mlx]q
:u’(mi;.yla"'vjp q

) (b(mla?]q)7]17 .. 7jq7“‘ 7jp)7
:1

’ITLZ.'L‘JQ

Q

where b(m;z;,) is the beginning of m;z;,. Note that the coefficient

mi:r;jq . .
b(mix;,) e(mij,)

is the end of m;x; . Note also that (b(m;z;,);j1,. .. ,jq, ey Jp) s
considered zero if j, > max(b(m;x;,)). The differential in Ej; is
defined by

d=0—p.
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The differential is multihomogeneous.

Example 28.7. The ideal (22, zy,22,9%) is Borel in the ring A =
klx,y, z]. The basis of the Eliahou-Kervaire resolution is

1 in homological degree 0
(2%;0), (zy;0), (z20), (y*;0) in homological degree 1
(zy;1), (z2;1), (z2;2), (y3;1) in homological degree 2

(rz;1,2) in homological degree 3.

The Eliahou-Kervaire resolution is

—X

0 — A(z%y2) ——O—> A(2%y) @ A(2?2) @ A(zyz) @ A(zy®)

A(z?) @ A(zy) @ A(z2) @ A(y®)

2 3
(x° xy zz y°) 4

Exercise 28.8. If M is Borel, then Ej; is a complex.
Theorem 28.9. [Eliahou-Kervaire] If M is Borel, then Ep; is the
minimal free resolution of S/M.

We will prove the theorem using the mapping cone Construc-
tion 27.3. First, we need a lemma.

Lemma 28.10. Suppose that the minimal monomial generators my,
...,my of M are ordered so that s < q if either the degree of ms is
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less than the degree of mg, or the degrees are equal and mg =yjeq My-
Fori>1 we have

(ml, s 7mi) M1 = ((Ela -+ s Tmax(mii1)—1 ) .

Proof. Note that the ideal (mq,...,m;) is Borel.

The inclusion O follows immediately from the Borel property.
Assume that the equality does not hold. There exists a monomial w
such that wm;41 € (mq,...,m;) and min(w) > max(m;41). Hence,
b(wm;i1) = m;yrq. Since for 1 < t < ¢ the degree of my is less or
equal to the degree of m;,1, it follows that m;4; is divisible by some

monomial among my, ..., m;. This is a contradiction. |

There are several different proofs of the Eliahou-Kervaire res-
olution. In [Eliahou-Kervaire] and [Green| the proofs use Grébner
basis theory. In [Aramova-Herzog| the proof uses the homology of the
Koszul complex. G. Evans and M. Stillman (unpublished) realized
that mapping cones can be used for computing the Betti numbers, cf.
[Charalambous-Evans]. We give the proof from [Peeva-Stillman 2].

Proof of Theorem 28.9. Order my,...,m, as in Lemma 28.10. The
proof is by induction on the number 7 of minimal monomial generators
of M. Let ¢ > 1. Set J = (my,...,m;) and m = m;41. Denote by Ej
the minimal free Eliahou-Kervaire resolution of S/.J.

Denote by K be the Koszul complex resolving S/(J : m) =
S/(x1,. .. Tmax(m,,)—1 ) and multigraded so that the free module in

homological degree 0 is S(m) with one generator of multidegree m.
We denote the basis of K by

{(ms;j1,.. . dp) |1 <1 < ... <jp <max(m)},

where (m;j1, ..., jp) has multidegree mz;, ... x;, and homological de-
gree p. Thus, (m;j1,...,jp) stands for e;; A... Aej;, in the notation
of Construction 14.1. The element (m, () is the basis in homological
degree 0. The differential in K is —0 constructed in Construction 28.6.

Define p(m, ) = —m, and recall the map p in Construction 28.6.
We will show that the map —p: K — E; is a multigraded map of
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complexes of degree 0 and that it lifts the homomorphism
S/(J:m) = S/J.
It is clear, that the map —p is multigraded of degree 0. In order
to show that —pu is a map of complexes, we have to verify that
—pu(=0(m; j1, ..., Jp)) = d(—p(m; g1, ..., jp)). Indeed,
pd = —0* + pd = (=04 )0 = —dd = —d(d — p+ p) = —d*> — du
= —dp.

In the above computation, we used Exercise 28.8.

By Construction 27.3, the comparison map i : K — E; yields a
mapping cone, which we denote by E, and which is a multigraded free
resolution of S/(J + (m)). Note that E has the basis of an Eliahou-
Kervaire resolution. The differential on E is:

odonkE;
o d—pon K,
so the differential on E is d, as desired. Thus, E is the Eliahou-
Kervaire resolution of S/(J + (m)).
The resolution E is minimal, since d(E) C (z1,...,z,)E. |

Example 28.11. Consider again Example 28.7. The ideal B =
(22, 2y, x2,y3) is Borel in A = k[x,y,2]. Set J = (2%, xy) and P =
(22, 2y, 22).

The first step of the iterated mapping cones construction pro-
vides the Eliahou-Kervaire resolution of A/P. Since (J : zz) = (z,y),
we have the short exact sequence

0— A/(J:xz)=A/(x,y) —=— AJJ — A/P —0.
This yields the mapping cone

()
z (z y)

0 — A(z?yz) ——5A(2%2) ® A(zyz) — A(z2)— A/(z,y) (22) — 0

|z l(z 0> | = | 22

()

CE2 T
0 Az2y)~—2% A @ Azy) S A4~ A)T 0.
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From this mapping cone we obtain the following Eliahou-Kervaire
resolution of A/P:

-z
)

0 —A(z%yz) A A A(2y) @ A(z%2) @ A(zyz)

Y z 0
-z 0 z
0 _ _ 2
r Y A(2?) @ Azy) © A(xz) M A.

The next step of the iterated mapping cone construction provides
the Eliahou-Kervaire resolution of A/(z2, zy, zz,y%). Since (P : y3) =
(z), we have the short exact sequence

0— A/(P:y3):A/(x)y—3>A/P — A/B — 0.

This yields the mapping cone

0 Aay)  —I A=A —0
0
L v? Ly Ly
0
Y z 0
-z 0 z
0 -z —y

CE2 T xrz
A(22) @ A(zy) ® A(zz) T4 A/P - 0.

From this mapping cone we obtain the Eliahou-Kervaire resolution of
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A/B as follows

—z
)
-

0 — A(z?yz2) L A(zy) ® A(z%2) @ A(zyz) @ A(zy®)

A(2?) & A(zy) © A(zz) & A(y®)

2 3
T X Tz
(z* xy y)A_

It coincides with the resolution described in Example 28.7.

Corollary 28.12. [Eliahou-Kervaire| Let M be a Borel ideal mini-
mally generated by monomials my, ..., m,. If P is an associated prime
of M, then P = (x1,...,xq) for some q > 1. We can express the codi-
mension, reqularity, the projective dimension, and the Betti numbers
as follows:

codim(M) = max{j |a power of z; is in M }
reg(M) = highest degree of a minimal monomial generator of M
pd(M) = max{max(m;) — 1|1 <i<r}

by prqg(M) = > (maX(mi) - 1>

deg(mi)=q, 1<i<r p

=Y (max(mi) - 1> |

i=1 p

Proof. Let P be an associated prime of M. Since M is a monomial
ideal, P is generated by some of the variables. Let ¢ = max{j|z; € P}.
Since P is an associated prime, we have that P = (M : g) for some
polynomial g. As z,9 € M, the Borel property implies that z;g € M
for every j < q. Hence x; € P. Therefore, P = (x1,...,zq).
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If a monomial w € M, then by the Borel property it follows that
a power of Tyin () is in M. Hence @i, (,) is contained in every prime
ideal that contains M. Therefore, the minimal prime ideal containing
M is

({z;| a power of z; isin M }) = (21,...,2),

where t = max{j|a power of x; is in M }. Hence, dim(S/M) =n—t.
In order to prove the remaining formulas, note that the Eliahou-
Kervaire minimal free resolution of M has basis

{(mi;jl,...,jp)\lgjl<...<jp<max(mi), 1§i§r}

in homological degree p, by Construction 28.6. For a fixed m;, there

are (max(?i)fl) choices for the sequence ji, ..., jp. O

Corollary 28.13. If M is a Borel ideal generated by monomials of
degree q, then its minimal graded free resolution is g-linear.

In the rest of this section we discuss the class of p-Borel ideals
which arises from the study of generic initial ideals when the charac-
teristic of the ground field & is p > 0.

Borel ideals are also called 0-Borel fized ideals (or just 0-
Borel).

Let p be a prime number. For two natural numbers a and b,
we define that a <, b if each digit in the base-p expansion of a is
< the corresponding digit in the base-p expansion of b. A monomial
ideal T is called p -Borel fixed (or just p -Borel) if for each minimal
monomial generator m of T' and each z; that divides m, the following
property holds: if x§ is the highest power of x; that divides m, then

S
s
<—Z> m € T for each s <, t and 7 < j.
Lj

Example 28.14. For any prime number p, the ideal (zf,... 22 ) is
p-Borel.

The interest in studying such special monomial ideals comes
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from the following result, cf. [Eisenbud, 15.20 and 15.23] and Theo-
rem 18.10.

Theorem 28.15. Let p be a prime number, and char(k) = p. The
generic initial ideal (with respect to any monomial order) of a graded
ideal J in S is p-Borel. The reqularity of J is equal to the reqularity
of its generic initial ideal with respect to revlex order.

The following problems are open.

Problems 28.16. (folklore)

(1) What is the regularity of a p-Borel ideal?

(2) Can the Betti numbers of a p -Borel ideal depend on the charac-
teristic of k¢

(3) Find upper (and lower) bounds on the regularity of a p-Borel
1deal.

(4) Find upper (and lower) bounds on the Betti numbers of a p -Borel
ideal.

(5) Describe the minimal free resolution of a p -Borel ideal for some

classes of ideals.

The following example shows that the mapping cone construction
and the Eliahou-Kervaire resolution are not applicable.

Example 28.17. [Peeva-Stillman 2] Let A = k[z,y, z]. The ideals
M = (2, 2%, 292, 253, aTyt, abyP, 2922, aByt22?, 272%)
N = (M, 2%yz*)

are 2-Borel. If the mapping cone construction or the Eliahou-Kervaire

resolution worked, then the Betti numbers of A/N would have been

greater than those of A/M. However,

b2,15(A/M):2 and b2715(A/N):1'

29 Applications of Eliahou-Kervaire’s resolution

In this section we give applications of the Eliahou-Kervaire resolution.
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The regularity of a graded ideal is equal to the regularity of its
generic initial ideal with respect to the revlex order by Theorem 18.10.
Combining this with Theorem 28.4 and Corollary 28.12 yields the
following useful result.

Theorem 29.1. Suppose that char(k) = 0. The regularity of a graded
ideal is equal to the highest degree of a minimal monomial generator
of its generic initial ideal with respect to the revlex order.

We will prove that the Regularity Conjecture 18.14 holds for
Cohen-Macaulay ideals.

Theorem 29.2. Suppose that char(k) = 0. If P C m? is a Cohen-
Macaulay graded ideal in S, then

reg(P) < mult(S/P) — codim(P) + 1,
where mult(S/P) is the multiplicity of S/P.

The Cohen-Macaulay case is proved in [Eisenbud-Goto]. We
present a different proof from [Peeva-Stillman 2].

Proof. First, we reduce to the case when the ideal is Borel. Denote by
J the generic initial ideal of P with respect to the revlex order. By
Theorem 29.1 it follows that reg(P) equals to the highest degree of a
minimal monomial generator of J.

By Proposition 20.1 and since the coordinates (variables) are
generic, it follows that we can choose a regular sequence on S/P that
consists of some of the variables. Theorem 15.5 implies that the last
dim(.S/J) variables form a regular sequence in S/J. Hence the ideal J
is Cohen-Macaulay. Therefore, in order to prove the desired inequality
it suffices to show that

reg(J) < mult(S/J) — codim(J) + 1

for a Cohen-Macaulay Borel ideal J.
Next, we reduce to the case when the ideal is artinian Borel. Set

i = max{j| a power of z; is in J}.
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We have that codim(.J) = i by Corollary 28.12. Since the last n — i
variables form a regular sequence in S/.J, it follows that none of the
variables z; 11, ..., %, appears in the minimal monomial generators of
J. Set S = S/(xit1y...,x,) and J = J®S. The ideal J is artinian

and Borel. The multiplicity of J is equal to length(S/.J).

Let ¥ be a minimal monomial generator of J. It follows that p
is the highest degree of a minimal monomial generator of J. Hence,
reg(J) = p by Corollary 28.12.

Therefore, the inequality

reg(J) < mult(S/J) — codim(J) + 1
is equivalent to p < length(S/J) — i + 1, and to

p+i—1<length(S/J).

We will prove that the above inequality holds. For 0 < j < p,
the monomial 2 is not in J In addition, the monomials x1,...,x;_1

are not in J1. Hence,
p+ (i —1) < length(5/J).

O

Recall from Section 19 that for a p > 0 we can consider the
truncation />, = @®;>, I;. We present a second proof of Theorem 19.7
in the case when char(k) = 0.

Proof of Theorem 19.7. Denote by J the generic initial ideal of I with
respect to the revlex order. Then J>, is the generic initial ideal of
I>,. By Theorem 29.1 it follows that reg(/>,) equals to the highest
degree of a minimal monomial generator of J>,,.

By Theorem 29.1 it also follows that J has no minimal monomial
generators of degree higher than reg(l). Therefore, all the minimal
monomial generators of J>, are in degree p.

Hence, reg(I>,) = p. |

Next, we give a useful Grobner basis criterion.
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Green’s Crystallization Principle 29.3. [Green] Let J be a graded
ideal and < be a monomial order such that the initial ideal in<(J) is
Borel. Suppose that J is generated in degrees < p. Let q > p be such
that in(J) has no minimal monomial generators in degree q + 1.
Then in<(J) is generated in degrees < q.

Proof. Let G be a set of homogeneous polynomials in J such that
in-(G) is the set of minimal monomial generators of in(.J) of degrees
< ¢q. We will show that G is a Grobner basis.

We have to check all s-pairs of polynomials in G that stem from

first syzygies of (in<(J ))< . By Corollary 28.12 it follows that every
<q

such s-pair has degree < g+1. Since in<(J) has no minimal monomial
generators in degree ¢ + 1, it follows that all s-pairs reduce to zero.
Therefore G is a Grobner basis. O

Our last application is about Stillman’s Problem 15.8. Caviglia
showed that the problem is equivalent to the following problem on
regularity.

Problem 29.4. Assume char(k) = 0. Fiz a sequence of natural num-
bers ay,...,as. Does there exist a number q, such that reg(T/J) < q
if T is a polynomial ring and J is a graded ideal with a minimal sys-
tem of homogeneous generators of degrees ay,...,as? Note that the
number of variables in the polynomial ring T is not fized.

Theorem 29.5. (Caviglia) Suppose char(k) = 0. Fiz a sequence of
natural numbers a1 < ... < as. The following are equivalent.

(1) There exists a number p, such that pdp(T/J) < p if T is a
polynomial ring and J is a graded ideal with a minimal system
of homogeneous generators of degrees aq,...,as.

(2) There exists a number q, such that regp(T/J) < q if T is a
polynomial ring and J is a graded ideal with a minimal system
of homogeneous generators of degrees ay,...,as.

Proof. First, we will show that (1) implies (2). Let J be an ideal with
a minimal system of homogeneous generators of degrees a; < ... < as.
Suppose that J is an ideal in a polynomial ring 7" with u variables.
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By the Auslander-Buchsbaum Formula, we have that
depth(T/J) =u—pd(T/J) > u—1p.

By Proposition 20.1, there exist u — p linear forms g1, ..., g,—p, that
are a regular sequence. By Theorem 20.3,

reg(T/J) = reg(T/(J + (91, - -, Gu-p))) = reg(Q/Jq),

where Q = T/(g1,.-.,9u—p) is a polynomial ring in p variables and
Jgq is the image of J in ). Since the number of variables is fixed, we
can apply Theorem 18.11 which says that there exists an upper bound

on reg(Q/Jg).

Next, we will show that (2) implies (1). Suppose that we have an
upper bound ¢ such that reg(7T/.J) < g for every ideal J generated by
forms f1,..., fs of degreesay, ..., as. Consider the generic initial ideal
gin(J) of J with respect to the revlex order. We have the following
inequalities
pd(S/J) < pd(S/gin(J)) by Theorem 22.9

= (the number of variables appearing in the minimal monomial
generators of gin(J)) by Theorem 28.12
< (the sum of the degrees of the minimal monomial
generators of gin(J))
< (the number of the minimal monomial generators of gin(J ))
. (maximal degree of a minimal monomial generator of gin(J ))
= (the number of the minimal monomial generators of gin(.J ))
reg(gin(J))
= (the number of the minimal monomial generators of gin(J ))

-reg(J) by Theorem 18.10

< (the number of the minimal monomial generators of gin(.J )) q.
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So, it suffices to prove that the number of the minimal monomial
generators of gin(.J) is bounded above. We will show that the cardi-
nality of a minimal generic Grébner basis of J with respect to revlex
is bounded above in terms of s and gq.

Suppose that we work in generic coordinates. Consider the steps
in the process of constructing a minimal Grobner basis of J. We start
with the generators f1,..., fs of J. At each step, we add at most one
remainder for each s-pair of elements from the previous step. At the
first step we add v < (;) new elements. At the next step we add at

(1) ()

elements. At any step the number of elements, that we adjoin, is

most

bounded by a polynomial function of s (note that the function does
not depend on the number of variables). Furthermore, note that the
degree of the remainder cannot be equal to the degree of one of the
elements in the s-pair since we are constructing a minimal Grébner
basis. Hence, the set is enlarged only if the remainder has strictly
bigger degree than each of the elements in the s-pair. Since ¢ is an
upper bound on the degree of the elements that we adjoin, it follows
that there exists an upper bound (in terms of s and ¢) of the number
of the elements that we adjoin. ([

30 Double complexes
A double complex of finitely generated R-modules is a doubly in-
dexed module G = @, , G, , with horizontal differential d’ and
vertical differential d’, that are homomorphisms

dpy i Gpgq = Gp_14 dy, s Gpq — Gpga

such that

d//d// — 0’ d/d// — d//d/, d//d// — O .
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The following commutative diagram is helpful:

p’th column

! ol
¢'throw ... — Gp.q AN Gp-1,q —
d// l ld//
d/
- Gpq—1 —  Gp_14-1 —
l l

The ¢’th row in the diagram is a complex denoted G, 4, and the p’th
column is a complex denoted Gy ..

The total complex W of G is defined as follows: for ¢ € Z we
set W; = @ptq=i Gp,q and the differential d acts as d(z) = d'(z) +
(=1)Pd"(z) for z € Gp 4.

Exercise 30.1. Show that W is a complex.

31 DG algebras

We will discuss how to consider a free resolution as an algebra. The
existence of a differential graded algebra structure on a minimal free
resolution is usually a helpful tool for studying the properties of the
resolution. The paper [Miller| is an overview of this topic.

Definition 31.1. Let I be a graded ideal in S. Let (A, d) be a graded
resolution of the S-module S/I and let Ay = S. Suppose that A is
a graded k-algebra with multiplication * : A x A — A respecting
the S-module structure (that is (sja;1) * (s2a2) = sysa(a; * ag) for
any si,So € S and aj,as € A). Then (A,d, ) is a commutative
associative differential graded S-algebra (or a DG-algebra) if the
following properties hold for any elements «, 8,7 € A homogeneous
with respect to the homological grading (denoted by hdeg) and inter-
nal grading (denoted by deg):
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(1) the multiplication respects the homological grading:
hdeg(a * ) = hdeg(a) + hdeg(53)
(2) the multiplication respects the grading:

deg(a * ) = deg(a) + deg(f3)
(3) the product is skew commutative:
ax* = (_1)hdeg(a)hdeg(ﬂ)ﬂ —
(4) the product is associative:
(s B) %y = ax(B+7)
(5) the Leibniz rule holds:
d(ax 3) = d() * f + (—1)hdee @ 4 q(B).

In this case we say that A has a graded D G-algebra structure
or that A is an associative commutative differential graded al-
gebra. In [Buchsbaum-Eisenbud] it was addressed that the existence
of a graded DG-algebra structure on a minimal free resolution is a
helpful tool for investigating the properties of the resolution. This
paper inspired further study of graded DG-algebra structures.

Theorem 31.2. The Koszul minimal free resolution K of k over S
is an associative commutative differential graded algebra.

Proof. Consider the multiplication induced by the underlying exterior
algebra E and denoted by A. The multiplication respects the homo-
logical and internal gradings, is skew commutative, and is associative.
We will show that the Leibniz rule holds. It suffices to check that the
Leibniz rule holds for two elements of the form u =e;, A---Aej, and
v=-eg N Neg. We have that

1 —~
dluNv) = z:lgpgi(—l)p+ wy, e N NEL N Nej A
+ Z1< - (—1)hdeg(w+p+1. Tg, - uNeg N Neg, N---Neg,
<p<r

= d(u) Av + (—1)Mey A d(v) .
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Thus, K is a DG-algebra. |

In the same way, we have that the Koszul complex K(f1,..., f)
is a DG-algebra for any sequence of homogeneous elements f1, ..., f,.

Let I be a graded ideal in S. The complex Tor?(S/I,k) =
H. (S/I®K) has a graded DG-algebra structure induced by the multi-

plication on K discussed in Theorem 31.2. We call it the Tor-algebra
of S/I.

Proposition 31.3. Taylor’s resolution is an associative commutative
differential graded algebra.

Proof. Let M be a monomial ideal. Use the notation in Construc-
tion 26.5. For 7 = {j1 < ... <jp} set e; = e;, A... Ae; . Further-
more, set mdeg(7) = lem(my,,...,m;,) (here we use mdeg to denote
multidegree). We define multiplication on Taylor’s resolution Ty; by

mdeg(rur’)

/
o e — {sign(T, ) mdeg(7)mdeg(7") T S
0 otherwise.

Here, if 7 = {i; < ... <i4} and 7" = {j1 < ... < jp}, then sign(r,7’)
is the sign of the permutation which makes i1,...,%4,J1,...,Jp an in-
creasing sequence. Straightforward verification shows that this prod-
uct is graded, associative, skew commutative, and satisfies Leibniz’s
rule. |

Open Problems 31.4.

(1) (Buchsbaum-Eisenbud) If a graded DG-algebra structure exists
on the graded minimal free resolution of S/I, then is it unique?
(The answer is negative over a local ring.)

(2) (folklore) Find minimal graded free resolutions which have a DG-
algebra structure.

Srinivasan has constructed a DG-algebra structure on the mini-
mal free resolution of S/(x1,...,x,)? for p > 2. Peeva has constructed
in a different way a DG-algebra structure on the Eliahou-Kervaire res-
olution. It is not known if the DG-algebra structures constructed by

Peeva and Srinivasan coincide.
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Counterexample 31.5. By [Buchsbaum-Eisenbud, Proposition 1.1],
any resolution of a cyclic module admits a commutative differential
graded S-algebra structure. The problem is that such structures
are rarely associative. In [Avramov 2| a homological obstruction
is provided for the existence of a graded DG-algebra structure and
there exist examples in which the obstruction does not vanish. If
M = (22, 2y%2,9%2%,y2%w,w? ), then no graded DG-algebra struc-
ture exists on the minimal free resolution of k[x,y,z, w]/M (Backe-
lin, see [Avramov 2, 5.2.3]). Also, by [Avramov 2, Theorem 2.3.1] if
M = (22, 129, Tow3, T374, ¥2), then the minimal free resolution of
klx1,...,x4]/M does not admit a DG-algebra structure.

32 Two resolutions

Let I be a graded ideal in S. In this short section we draw attention
to two core resolutions which are closely related to the properties of
S/1.

The first resolution which one can consider is the minimal graded
free resolution Fg,; of S/I over S. This resolution starts with

(f1 f2 -

Fg)r: ...—>Sp—fp)>S—>S/I—>O,

where fi, fa,..., fp is a minimal system of homogeneous generators of
1. This resolution is finite. Sometimes, in the literature, the minimal
free resolution F; of I is considered. Note that F; coincides with
(Fs/r)>1 (but the homological degree is shifted), so it starts with

=SSP = T1-0.
The Betti numbers of S/I and those of I are related by
Pg/l(ta Z) =1+ tPIS(ta 2)

reg(l) =reg(S/I)+ 1.

Another well-studied resolution is the minimal graded free reso-
lution Fy, of k over the ring S/I. By Theorem 15.10 that resolution
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is infinite unless I is generated by linear forms. It starts with

Fy : ...H(S/I)"MS’/IHk‘HO.

The resolutions Fg/; and Fy, are related via a spectral sequence, cf.
[Avramov, Proposition 3.2.4]. We present a beautiful structure theo-
rem for Fy in a special case.

Theorem 32.1. [Tate] Suppose that char(k) = 0. Let I be generated
by a homogeneous reqular sequence fi,..., f,. Write f; = Z?gg‘ 9ij%;
for 1 <1 < q with some g;; € S. Let

Frp=5/I(e1,....enY1,---,Yq)
be the skew-commutative algebra generated by exterior variableseq,. . .,

en of homological degree 1 and polynomial variables yi,...,y, of ho-
mological degree 2; skew-commutative means that

uy = (_Udeg(u)deg(v)vu
w? =0 if deg(w) is odd.
The module ¥, is equipped with differential d which acts by
dle;)=z; for1<i<n
d(yi) = Z gije; forl<i<gq
1<j<n
d(uv) = d(u)v + (—1)%e@yd(v) .

The minimal free resolution of k over S/I is Fy. In particular, the
Poincare series of k is

S/1 1+
P t)= ——.
k ( ) (1 — t2)q

There exists a simply structured free resolution of k£ over R, but
usually it is highly non-minimal. We describe that resolution in the
next construction.

The Bar resolution 32.2. We will follow [Mac Lane, Ch. 10, Sec. 2]
to construct and prove the Bar resolution (note that the construction
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in [Mac Lane] is much more general). Let R be the cokernel of the

inclusion of vector spaces k — R. Fori>0set B, = R® R®...® E,
where we have i factors R. The left factor R gives B; a structure of
a free R-module. Fix a basis A of R over k such that 1 € A. Let

A€ Rand \q,...,\; € A. We denote by A[A1 ] ... | \;] the element in
B; replacing ® by a vertical bar; in particular, the elements of B, are
written as A[ ]. Note that A[A;| ... |A;] =0 if some \; € k. Consider

the sequence
B: cee lgi — lgy_l — ... 1303::]% —k —0

with differential d defined by

;A TAD) = A Az | o A
+ Y DA I A ] A
1<5<i—1

The differential is well defined since if A\; = 1 for some j, then the
terms

(LA o DA ] A
(1A e Ayoad | A
cancell and all other terms vanish.
We will show that B is a free resolution of k over R. Straight-

forward computation shows that d?> = 0, so B is a complex.
We construct a map h: B — B by

h;: B; — Bt

AL TA] = TN A
h_1:k — By

1 —17[].

Straightforward computation shows that dh + hd = id, so h is a k-
homotopy. By Thoerem 6.4 we conclude that B is a free resolution of
k. The resolution B is called the Bar resolution of k.
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33 Betti numbers of infinite free resolutions

In this short section we provide a glimpse into the world of infinite
graded free resolutions. Expository lectures in this area are given in
[Avramov].

First, we give a simple example of an infinite free resolution:

A A A for A = k[z]/(2?).
The graded form of this resolution is

s A(=3) T A(—2) 25 A(-1) 25 A.

The structure of infinite free resolutions can be quite complex.
For example, by [Anick]| there exist examples of rings R such that
the Poincare series .., bf(k)t’ is irrational. It is natural to ask
some basic questions about the growth of the Betti numbers in an
infinite minimal free resolution. We list some such questions, cf. also
[Avramov].

Problem 33.1. (Avramov) What type of growth can the sequence
of Betti numbers of a graded finitely generated R-module have? Are
polynomial and exponential growth the only possibilities?

Problem 33.2. (Avramov) Is it true that the Betti numbers of every
finitely generated graded R-module are eventually non-decreasing?

Problem 33.3. (Ramras) Is it true that if the Betti numbers of a
graded finitely generated R-module are bounded, then they are eventu-
ally constant?

A finitely generated graded R-module U is periodic if there
exists a p such that Syzf(U) =U.

Problem 33.4. (Avramov) Does there ezist a periodic module with
non-constant Betti numbers?
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Open-Ended Problem 33.5. (folklore) Find classes of graded rings
over which every finitely generated graded module has a rational Poincaré
series. What can be said about the denominator in such cases?

Complete intersections are the main class of quotient rings over

which the answers are known.

Theorem 33.6. [Avramov-Gasharov-Peeva] and [Eisenbud 3| Let I
be generated by a homogeneous regqular sequence. Let U be a graded
finitely generated module over R = S/1. Then
(1) The Poincaré series Y., bE(U)t" is rational.
(2) The Betti numbers of U are eventually non-decreasing.
(3) There exist two polynomials f,g € Q[t] of the same degree and
with the same leading coefficient such that b&(U) = f(i) and
bi . (U) = g(i) for alli> 0.
(4) If the Betti numbers of U are bounded, then they are eventually
constant.
(5) If the Betti numbers of U are bounded then U is eventually pe-

~

riodic of period 2, that is, there exists a j such that Syzf(U)

Syzfir2 (U).

34 Koszul rings

Since infinite minimal free resolutions are often very complicated, it
makes sense to study some special classes of rings over which resolu-
tions are nice. Koszul rings are such a class and they appear in many
interesting and important situations in several mathematical fields.
The book [Polishchuk-Positselski] is focused on Koszul rings.

Throughout this section I is a graded ideal in S. Recall that
R = S/I is called Koszul if the minimal free resolution of k over R is
linear, that is, the entries in the matrices of the differential are linear
forms (sometimes we say that I is Koszul in this case). This happens
if and only if bfj(k) vanishes for i # j.

Example 34.1. This is a simple example of a Koszul ring. The ring
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A = k[x]/2? is Koszul, since k has the linear free resolution

A A A k=0,

Exercise 34.2. If S/I is Koszul, then I is generated by quadrics and
linear forms.

Using the methods in Section 16, one can prove the following
result.

Theorem 34.3. Suppose that the ring S/I is Koszul. The Poincaré
series of k is expressed in terms of the Hilbert series of S/1I as follows

S/ i 1
g b, (k) = > im0 dimy(S/T); (—t)1

Exercise 34.4. Prove the above theorem.

Suppose that S/I is Koszul. The minimal free resolution of k is
the generalized Koszul complex, introduced in [Priddy], cf. [Eisenbud,
17.22].

Koszul algebras have extraordinary homological properties and
appear in many interesting contexts. The following problem is of

interest.

Open-Ended Problem 34.5. (folklore) Find classes of Koszul rings.

The following nice recult is proved in [Avramov-Eisenbud].

Theorem 34.6. If S/I is Koszul, then every graded finitely generated
S/I-module has finite regularity over the quotient ring S/1I.

Example 34.7. [Roos| It would have been very useful if one could
recognize whether a ring is Koszul or not by just looking at the begin-
ning of the infinite minimal free resolution of k. Unfortunately, this is
impossible. Roos constructed and proved the following example. Let
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A = k[z,y,z,u,v,w]. Choose a 2 < g€ N. Let B be the ideal

B= (:1:2, zy, yz, 22, zu, u?, w, vw, w,
xz + qzw — uw, zw + xu+ (g — 2)uw> )
Then

A/B
bi,j

A
b T (k) #0.

(k) =0 forj#iandi<gq

The following technique using filtrations provides a way of prov-
ing that a ring is Koszul.

Definition 34.8. Fix a graded ideal I in S. Let K be a set of tuples
(L;1), where L is a linear ideal (that is, L is generated by linear forms)
in R = S/I and [ is a linear form in L. Denote by K the set of linear
ideals appearing in the tuples in K. A Koszul filtration of R is a
set K such that the following conditions are satisfied:

(1) (z1,...,2,) € K.

(2) If (L;l) € K and L # 0, then there exists a proper subideal
M C L such that L = (M,l), and (M :1) € K, and M € K.
Note that K necessarily contains (0). In practice, (see the example
below), it is more convenient to give a Koszul filtration by giving a
list of the ideals (M : 1) ; given such a list one can easily recover the

Koszul filtration since (M : ) corresponds to (L;1) = ((M,1);1).

Note that we do not assume that [ is generated by quadrics.

Example 34.9. [Aramova-Herzog-Hibi] The computations in this
example are made by computer. Let S = k[z1,...,zs], and I be the
kernel of the map

klzy,..., 28] — k[tita, tits, tita, tits, tats, tata, tots, tata]

sending the variables x1, ..., z, to the monomials t1ts,t1t3, t1t4, 115,
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tots, taty, tats, t3ty, respectively. The following is a Koszul filtration.

X1y...,x7) 28 = (T1,...,27)
T1,...,%6) 1 X7 = (T1,..., %)
X1y...,T5) T = (T1,...,Z5)
Xiy.e.o,@y)T5 = (T1,...,24)

r1) 29 = (T1,%6)
0):z; =0

, T5)
x1,To,x3) : 5 = (T1,...,24)

.,1'4)

(

(

(

(z1,22,%3,%5) : 6 = (T1,. ..
(

(r1,22) : x5 = (21, ..

(

X = (1’1,1’2) .

Proofs of Koszulness or rate involving filtrations have been used

in various forms, for example by Eisenbud and Herzog, cf. [Eisenbud-

Reeves-Totaro|. Later, the method was formally introduced in [Conca-
Trung-Valla] with the name “Koszul filtration”.

Theorem 34.10. If there exists a Koszul filtration of R, then R is

Koszul.

Proof. We use the notation in 34.8. The short exact sequence

0—

R

(M :1)

(-1) - R/M — R/(M,l)=R/L—0

of homomorphisms of degree 0 yields the long exact sequence

. — Torf(R/M,k); — Torf(R/L,k); — Tory | (R/(M :1),k);_1

for each j.
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The proofis by induction on homological degree and induction on
the number of minimal generators of the linear ideal L. By induction
hypothesis, we have that Tor;'(R/M,k); = 0 for i # j since the
ideal M has fewer minimal generators than L. On the other hand,
Tory ;(R/(M :1),k);_1 = 0 for i # j, by induction on homological

degree. Hence Torf'(R/L,k); = 0 for i # j. a

We call a Koszul filtration simple if the following two conditions
are satisfied:
(1) All linear ideals appearing in the filtration are generated by vari-
ables.
(2) All linear forms appearing in the filtration are variables.
Every tuple in a simple filtration has the form

((x’h" . ,:L’ij.); xij ) .
The filtration in Example 34.9 is simple.

Theorem 34.11. (Froberg) If I is generated by quadratic monomials,
then R is Koszul.

Proof. Take an ideal P in R generated by some variables, and let p be
a variable. The ideal

(P:p)r={me R|mpec P}
is again generated by variables. Therefore, the set
K = {all ideals in R generated by variables }

is a simple Koszul filtration. By Theorem 34.10, it follows that R is
Koszul. |

This leads to the following criterion using Grébner basis.
Theorem 34.12. If I has a quadratic Grobner basis then R is Koszul.

Proof. The result follows from Theorem 34.11 and Theorem 22.9. [

Proposition 34.13. Suppose that I is generated by quadrics, and <
is a monomial order such that there is no cubic in the Grobner basis
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with respect to <. Then I has a quadratic Grébner basis with respect
to <, and S/I is Koszul.

Proof. Let G be a set of quadrics that generate I. Every s-pair of two
polynomials in G either has degree < 3 or the two initial terms are
relatively prime. In the latter case the s-pair reduces to zero. In the
former case, the s-pair reduces to zero since there is no cubic in the
Grobner basis with respect to <. Hence G is a Grobner basis. O

Exercise 34.14. If h is a homogeneous non-zero divisor of degree 1
or 2, then either both R and R/h are Koszul or both R and R/h are
not Koszul. (Use Theorem 20.2 and Theorem 20.6.)

35 Rate

If the regularity of a minimal free resolution is infinite, then a mean-

ingful numerical invariant is rate.

Definition 35.1. [Backelin 2] Let I be a graded ideal in S. Define

i— 1.
rates/f(k):sup{p, 1 ’122},

where p; = max{ j | bfgl(k) #0orj =i},

called the rate of of k over S/I (or the rate of S/I). Note the following
property.

Proposition 35.2. S/I is Koszul if and only if rateg/ (k) = 1.

Example 35.3. Let A/B = k[z]|/z3. The graded minimal free reso-
lution of k is

s AJB(—4)— 5 A/B(~3)"A/B(—1)—25A/B — k — 0.

Hence b’;]/f](k:) = 1 and bg/flj?)jﬂ(k) = 1 for 5 > 0. Therefore,
reg,,p(k) = oo and
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3j—1 3j
ratey/p(k) = sup{ 2‘; — ,2—‘; j> 1} =2.
Similarly to Koszul filtrations, described in Section 34, we con-
sider s-filtrations.

Definition 35.4. Let I be a graded ideal in S. Let K be a set of tuples
(L;1), where L is an ideal in R = S/I generated by homogeneous
polynomials of degree < s, and [ is a form of degree < s in L. Denote
by K the set of ideals appearing in the tuples in K. An s-filtration
of R is a set I such that:
(1) (z1,...,2,) € K.
(2) If (L;l) € K and L # 0, then there exists a proper subideal
M C L such that L = (M,l), and (M :1) € K, and M € K.
In practice, (as for Koszul filtrations), it is more convenient to give a
filtration by giving a list of the ideals (M : [); given such a list one
can easily recover the filtration since (M : 1) corresponds to (L;l) =
((M,1);1). Note that we do not assume any bound on the degrees of
the generators of I.
A minor modification in the argument in the proof of Theo-
rem 34.10 leads to the next result.

Theorem 35.5. If there exists an s-filtration of R, then rater(k) < s.

Theorem 35.6. [Eisenbud-Reeves-Totaro| If M is an ideal minimally
generated by monomials m1,...,m,, then

rateg/y (k) < max{deg(m;)[1<i<r} —1.

Proof. Set s = max{deg(m;)|1 < i < r}. Take a monomial ideal P
in S/M generated by monomials of degrees < s — 1, and let p be a
monomial of degree < s — 1. The ideal

(P:p)s/m ={m e S/M[mp € P}
is generated by monomials of degrees < s — 1. Therefore, the set
K ={ all monomial ideals in S/M generated by monomials

of degrees < s—1}
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is an (s — 1)-filtration. By the above theorem, we obtain the desired
inequality rateg (k) < s — 1. |

This leads to the following criterion using Grobner basis.

Theorem 35.7. If a graded ideal I in S has an initial ideal generated
up to degree s, then rateg,;(k) < s — 1.

Proof. Apply the above theorem and Theorem 22.9. |

Corollary 35.8. If I is a graded ideal in S, then

rateg/r(k) < 0o.

Remark 35.9. Let I be a graded ideal in S. In view of the notation
used in Betti diagrams (see Section 12) it makes sense to consider a
modified version of rate. We consider the minimal slope of a diagonal
line that goes through the slot (0,0) and such that all Betti numbers
below it vanish. For example, if S/I is Koszul and we consider the
minimal free resolution of k, then the considered line is horizontal
since all Betti numbers are placed in the top row in the Betti diagram.
Define

slopeg (k) = sup{ % ‘ i> 1},

where p; = max{ j | bf{i](k‘) #0or j =0},
called the slope of k over S/I. Note that

S/1 is Koszul <= slopeg,;(k) = 0.

36 Topological tools

In several situations (for example, for monomial and toric ideals; see
Chapters IIT and IV) the Betti numbers can be computed using ho-
mology of simplicial complexes. In this section we review some tech-
niques from Algebraic Topology on computing homology of simplicial
complexes. We consider only finite simplicial complexes. Most of the
material in this section is from [Bjorner].
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Background on simplicial complexes 36.1. We consider only
finite simplicial complexes. A simplicial complex A on vertices
{v1,...,v,} is a collection of subsets, called faces, such that 7 € A
whenever 7 C 0 € A. We make no distinction between an abstract
simplicial complex A and an arbitrary geometric realization of A. The
maximal faces of A are called facets. Note that A is determined by
the list of its facets. We say that A is a simplex if it has one facet
(that is, {v1,...,vp} is the facet).

In this book, usually the vertex set of a simplicial complex is
either {1,...,n}, or {z1,...,x,}, or {mq,...,m,} where mq,...,m,
are monomials in S.

The dimension of a face o is || — 1. The dimension of A is
the maximum of the dimensions of its faces, or —oo if A is the void
complex that has no faces. By convention, () (that is, the simplicial
complex with one face ()) has dimension —1. A simplicial complex is
called pure if all of its facets have the same dimension.

Throughout this section, A stands for a finite simplicial complex.

Background on posets 36.2. A poset P is a partially ordered set.
A totally ordered subset is called a chain. A bottom element z is
an element such that x < z for every z € P; if the bottom element
exists, then it is sometimes denoted 0. A top element y is an element
such that y > z for every z € P; if the top element exists, then it
is sometimes denoted 1. The poset P is bounded if it has a bottom
element and a top element.

Let z,y € P. An upper bound of x and y is an element z € P
such that z > z and z > y. A least upper bound of r and y is an
upper bound w such that every upper bound z of z and y satisfies
z > w; if a least upper bound exists, then it is unique and is denoted
x V y and is called the join of x and y. A lower bound of x and y
is an element v € P such that v < x and v < y. A greatest lower
bound of x and y is a lower bound u such that every lower bound v
of x and y satisfies u > v; if a greatest lower bound exists, then it
is unique and is denoted z A y and is called the meet of z and y. A
subset Q of P has an upper bound if there exists an upper bound in
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P of all of its elements; () has a lower bound if there exists a lower
bound in P of all of its elements. We say that ) is bounded if it
has either an upper bound or a lower bound in P. If the least upper
bound of the elements in ) exists, then it is denoted V(@ and is called
the join. If the greatest lower bound of the elements in () exists, then
it is denoted AQ and is called the meet.

For z,y € P, we say that y covers x if y > x and there exists no
z € P such that y > z > x. The Hasse diagram of P is the graph
with vertices the elements in P so that if y covers z then y is placed
higher than = and they are connected with an edge.

The order complex O(P) of P is the abstract simplicial complex
whose vertices are the elements of P and whose faces are the chains
in the poset. We implicitly think of a poset P as a topological space
by considering its order complex O(P).

For a simplicial complex A, the face poset F(A) has elements
the non-empty faces of A ordered by inclusion.

Example 36.3. Consider the poset in Figure 1. Its order complex is
also shown in Figure 1. Its facets are the triangles {a,d, e}, {b,d,e},
and {c,d,e}.

Figure 1.
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Consider the simplicial complex in Figure 2. Its face poset is
shown in Figure 2.

abd bed
ad bd bc
A\ />
ey
b d

a C

Figure 2.

A poset map f : P — @ is order-preserving if f(z) < f(y)
whenever < y. The map is order-reversing if f(x) > f(y) when-
ever x < .

If A; and Ay are two simplicial complexes, then a simplicial
map [ : A1 — Ay maps the vertices vy, ..., v, of A1 to vertices of Ay
so that if {v;,,..., v, } is aface of Ay then {f(vy,),..., f(vi,)} is a face
of As. Such an f induces the order-preserving poset map f : FI(A;) —
F(As), and then induces a simplicial map f : O(F(A1)) — O(F(A2)).

Exercise 36.4. Let A be a finite simplical complex and P be a finite
poset. A simplicial map f : A — O(P) sends the vertices of A to
elements of P so that each face of A is mapped to a chain in P.
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Exercise 36.5. An order-preserving or order-reversing map of finite
posets f: P — @ induces a simplicial map O(P) — O(Q).

We present without proofs the following two theorems.

Theorem 36.6. Let f: P — P be an order-preserving map of finite
posets.
(1) If f(x) > x for all x € P, then O(P) and O(f(P)) are homo-
topic.
(2) If f3(x) = f(z) for all z € P, then O(P) and O(f(P)) are
homotopic. In this case, f is called a closure operator.

Fiber Theorem 36.7. Let A be a finite simplicial complex, P a
finite poset, and f : A — O(P) a simplicial map. By P>, we denote
the poset {y € P|y > x}. If for every x € P the fiber f~1O(P>,) is
contractible, then A and O(P) are homotopic.

Exercise 36.8. O(F'(A)) is the first barycentric subdivision of A.
Corollary 36.9. A and O(F(A)) are homotopic.

Construction 36.10. The nerve of a finite set of finite simplicial
complexes {A;};c is the simplicial complex N on vertex set A and
with faces

{0 C Al Nies A; # 0}

Nerve Theorem 36.11. Let A be a finite simplicial complex and
{A;}ica be a finite cover (that is, a set of subcomplexes such that
Uica Ay = A). Suppose that every non-empty intersection Nicy Ay i
contractible. Then A and the nerve N are homotopic.

Proof. Define an order-reversing poset map

f: F(A) — F(N)
o—{ie Alo e A;}.

It induces a simplicial map f: O(F(A)) — O(F(N)).
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We will apply the Fiber Theorem 36.7 to the simplicial complex
O(F(A)) and the poset F(N). Let x € F(N). Consider the fiber
f_lO(F(N)Zx) Set o, = Nicx A; € F(A) Then

FHFEW)=) = 7 ((F) ()., )

= () ) )

Since f : F(A) — F(N) is order-reversing and since f(o,) is the bot-
tom element of (F(N) N Im(f))zf(%),
ment in f~!(F(N) ﬂIm(f))>f(U ) Hence, O(f~*(F(N)NIm(f))

is contractible. By the Fiber Theorem 36.7, O(F(A)) and O(F(N))
are homotopic. By Corollary 36.9, O(F(N)) and N are homotopic,
and also O(F(A)) and A are homotopic. |

we get that o, is the top ele-

>

A3

A A,

Figure 3.



144 Chapter I GRADED FREE RESOLUTIONS

Example 36.12. Let A be the simplicial complex on vertices
{1,2,3,4}, whose facets are the two triangles {1,2,3} and {2,3,4}
and the edge {1,4}. Denote by A1, Az, A3 the facets.

The nerve N is the empty triangle on vertices A1, Ay, A3. See
Figure 3 above.

A1 Ao

Figure 4.

Let A be the simplicial complex on vertices labeled {1, 2, 3,4, 5},
whose facets are the three triangles {1,2,3}, {2,3,4}, and {2,4,5}.
Denote by Ay, As, A3 the facets.

The nerve N is the simplex on vertices A1, Ao, A3. See Figure 4.

Corollary 36.13. Let A be a finite simplicial complex and F(A) be its
face poset. Let T(A) be the poset with elements the non-empty inter-
sections of the facets of A. Then, O(F(A)) is homotopic to O(T(A)).

Proof. Consider the cover of A that consists of all the facets Aq,... A
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(ordered arbitrarily). Every non-empty intersection of facets is a sim-
plex, so it is contractible. Let N be the nurve.

Now, note that T'(A) is the face poset of the simplicial complex
N. By Corollary 36.9, it follows that O(T'(A)) and N are homotopic.
By Theorem 36.11, we have that N is homotopic to A. Finally, by
Corollary 36.9, A is homotopic to O(F(A)). |

Construction 36.14. Let P be a finite poset. A subset D C P is
called a erosscut if it consists of non-comparable elements such that
the following conditions are satisified:

(1) For every chain o € P there exits a ¢, € D which is comparable
to each element in the chain o.

(2) If A C D is bounded, then either the join VA or the meet AA
exists in P.

The crosscut complex C is the simplicial complex on vertices in D
and with faces the bounded subsets of D.

Example 36.15. Consider the poset P in Figure 5 below. The ele-
ments a, b, ¢ form a crosscut. The crosscut complex C' is the simpli-
cial complex on vertices a,b,c with two edges {a,b} and {b,c}. See
Figure 5.

Crosscut Theorem 36.16. Let P be a finite poset with a bottom
element (), and D be a crosscut. The crosscut complez C' and O(P\ ()

are homotopic.

Proof. We will apply the Nerve Theorem 36.11. For every x € D,
set Ay = O(P>; U (P<; \ 0)). Let 0 # 0 be a chain in P. By (1),
there exits a ¢, € D which is comparable to each element in . Hence
o € A.,. Therefore, {O(A;)}zep is a cover of O(P \ 0).

For a subset A of D, suppose that y € Nyeca A,. If there exist
1,22 € A such that y > x1 and y < x9, then it follows that xo >
contradicting to the fact that x; and x5 are incomparable. Hence, y
is either an upper bound for A or a lower bound for A. By condition
(2) above, either the join VA or the meet AA exists in P. Consider
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the following properties.

(1) Nzea Ay #0
(%) (2) A is bounded
(3) either V A or A A exists, and is in Ngea Ay .

The argument above shows that (1) implies (3). Clearly, (2) implies
(1). Also, (2) and (3) are equivalent.

If Ngea O(Az) # 0 then Ngea Ay # 0, s0 Ngea O(A,) is a cone
since every maximal face of this intersection contains either VA or
AA, so the intersection is contractible.

By the Nerve Theorem 36.11, it follows that O(P \ () and the
nerve N are homotopic. By (x), the nerve coincides with the crosscut

complex. O
u \'%
P:
a b c
r——©@
C a b c
Figure 5.

Construction 36.17. The link of a face 7 in a simplicial complex A
is
linka(1) ={c € AlcUT € Aand c N7 =0},

and the star of 7 is

stara(7) ={oc € AloUT € A}.
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The restriction of A on 7 is denoted by A, and is the maximal
subcomplex of A on the vertices of 7.

Another helpful technique is Discrete Morse Theory, developed
in [Forman].

Construction 36.18. Let A be a simplicial complex, and p € N. A
p-matching on A is a set

M = {(o,7)|]cCT€A, dinT=dimo+1},

such that the following two conditions are satisfied:

1) every face of A of dimension < p is contained in exactly one pair.
2) a face of A of dimension > p is contained in at most one pair.
We construct an oriented graph G a4 on vertices labeled by the faces of
A as follows: Let o and 7 be two vertices, such that dim 7 = dim o +1.
We have an edge from o to 7 if (o,7) € M. We have an edge from 7

to o if (o,7) ¢ M.
We say that the p-matching M is acyclic if the graph G
contains no oriented cycle.

Theorem 36.19. [Forman]| Let A be a finite simplicial complex, and

p € N. If there exists an acyclic p-matching on A, then ItIi(A; k)=0
fori<np.

Example 36.20. Let A be the empty triangle on vertices {a, b, c},
so it has edges {a, b}, {b,c}, {a,c}. Then
{(©,0), (b,{b,c}), (c,{a,c})}

is a 0-acyclic matching, so Ho(A; k) = 0. See Figure 6 below.
Let A’ be the triangle on vertices {a, b, c}, so it has edges {a, b},
{b,c}, {a,c} and the facet {a,b,c}. Then

{(0,0), (b,{b,c}), (c.{a,c}), ({a,b}, {a,b,c}) }

is a l-acyclic matching, so Ho(A’;k) = 0 and Hy(A’;k) = 0. See
Figure 7 below.
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{a,b} {a,c} {b,c}

Z

Figure 6.

{a,b,c}

{a,b} {a,c} {b,c}

Z

Figure 7.

Another helpful tool is the reduced Mayer-Vietoris exact se-
quence in the next theorem.

Theorem 36.21. Let Ay and Ay be simplicial complexes in R® and

suppose that A U Ag is a simplicial complex in R® as well. We have
the long exact sequence
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o= Hi(AL N Ag k) — Hy(Ars k) @ Hy(Ags k) — Hi(Ay U Ay k)
— ..

— Ho(A1 N Ags k) — Ho(Ar; k) @ Ho(Ag; k) — Ho(Ar U Ags k) —
H_1(A1NAgk) — H_y(A; k) @ Hoy (Aos k) — H_1(A1 U Ags k)

— 0.

Sometimes, homology can be computed using a shelling.

Definition 36.22. If 7 is a facet of A then we define the closed
interval

W:7)={ceAlocCT}.

A pure simplicial complex A is shellable if its facets can be ordered
as 71, Ta,...so that for each ¢ > 1 we have that the intersection

[0 7ia] N (Uigj<i 02 75])
is pure of dimension dim(A) — 1, that is, the intersection consists of

elements in the boundary of ;1.

Theorem 36.23. Suppose that A is a shellable pure simplicial com-
plex. Then H;(A; k) =0 fori # dim(A). Furthermore, ﬁdim(A)(A; k)
s equal to the number of facets 7,11 such that the intersection

[0 71l N (Urgj<i [0 2 7]
contains all subfaces of 1,11 of dimension dim(A) — 1 (that is, the
intersection is the entire boundary of T;11).

Proof. The proof is by induction on ¢. Set A; = U;":l [0 : 7;] and use
the reduced Mayer-Vietoris exact sequence 36.21. We get

L ﬁp(Ai; k‘) &) ﬁp(Ti+1;k) — ﬁp(Az UTZ‘+1;]{P)
— ﬁp—l(Ai N Ti+15 k‘) — ...

We have that 7,41 has no homology, A; is shellable, and the inter-
section A; N 7,41 either has no homology or is equal to the entire
boundary of ;1. |
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Proposition 36.24. Let A’ be a subcomplex of the simplcial complex
A. The reduced relative simplicial homology with coefficients in k of
the pair (A, A") appears in the following long exact sequence:

- ﬁi—l(A; k) — ﬁi—l(Aa A’ k)

37 Appendix: Tools from homological algebra

The following lemma is proved in [Northcott, Section 4.4].

Lemma 37.1. Let
A A2 — Al — AO

B: Bg — Bl — BO
C: 02 — Cl — Co
be three complezes of finitely generated R-modules, and

A—-B-—-C

be homomorphisms of complexes. Suppose that we have a commutative
diagram
A2 — B2 — 02 — 0

! ! !
Ay — B — O
! ! !

0—>A0—>B0—>Co

of R-modules such that
(1) By — Csy is surjective
(2) Ay — By — C} is exact
(3) Ao — By is injective.
Then Hy(A) — H;(B) — Hy(C) s ezact.

Corollary 37.2. Let

A — B -  C
la 1B Ly
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be a commutative diagram of finitely generated R-modules with eract
rows.
(1) If A — B’ is injective, then Ker(a) — Ker(5) — Ker(y) is
exact.
(2) If B — C is surjective, then Coker(a) — Coker(3) — Coker ()
18 exact.

Proof. To prove (1) apply Lemma 37.1 to the diagram

0O — 0 — 0 —0
! ! l
A — B — (C
! ! !
0— A — B — ('

and use that H(0 — A — A’) = Ker(«), H(0 — B — B’) = Ker(),
and H(0 — C' — C') = Ker(y).
To prove (2) apply Lemma 37.1 to the diagram

I I I
A — B —
l l !

and use that H(A — A" — 0) = Coker(a), HB — B’ — 0) =
Coker(f3), and H(C — C" — 0) = Coker(7). a

The Snake Lemma 37.3. Let
A — B — o —0
la 1B Ly
0— A’ - B -

be a commutative diagram of finitely generated R-modules with eract
rows. The sequence

Ker(a) — Ker(f) — Ker(y)——Coker(a) — Coker(3) — Coker(7y)

is exact, where T is the connecting homomorphism.
If in addition A — B is injective and B' — C’ is surjective, then
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the sequence
0 —Ker(a) — Ker(5) — Ker(y)

—Coker(a) — Coker(3) — Coker(y) — 0

1S exact.

By Corollary 37.2 we have that the sequences

Ker(a) — Ker(3) — Ker(7)
Coker(a) — Coker(8) — Coker(v)

are exact. The rest of the proof of the Snake Lemma can be found in
cf. [Northcott, Section 4.5].

38 Appendix: Tor and Ext

Let U and W be finitely generated R-modules. Let F be a free reso-
lution of U. Consider the complex

FopW: ... > EopWEEVon [ @pW — ... = Fy@rW — 0.

The R-module H;(F ®g W) is denoted Tor’ (U, W).
Set Tor(U, W) = @;>o Tor (U, W).

Theorem 38.1.
(1) Tord(U,W)=U @r W.

(2) Tor®(U, W) is defined uniquely up to an isomorphism, that is, it
does not depend on the choice of the resolution.

(3) Tor®(U, W) = Tor(W,U).

Now consider the complex

HomR(dl ,W)
_—

Hompg(F,W): 0 — Hompg(Fy, W) Hompg(Fy, W) — ... .

The R-module H;(Hompg(F,W)) is denoted Ext’s (U, W).
Set Ext’y (U, W) = ;>0 Extsz (U, W).
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Theorem 38.2.
(1) Ext%(U, W) = Homg (U, W).
(2) ExtRp(U, W) is defined uniquely up to an isomorphism, that is,
it does mot depend on the choice of the resolution.

Theorem 38.3. Suppose that 0 — U — U’ — U” — 0 is a short
exact sequence of finitely generated R-modules. Then we have the long
exact sequence

. — Torf(U,W) — Tor®(U',W) — Torf(U", W) —
— Torf (U,W) — Tor? (U, W) — Torl* (U", W) —
. — Torl(U,W) — Torl(U',W) — Torl(U", W) —0
and also the long exact sequence

0 — Ext%(U", W) — Ext%(U',\W) — Ext%(UW) —
. — Exty N (U, W) — Ext's YU, W) — Extly '(U,W) —

— Bxth(U", W) — BExth(U',W) — BExth(UW) — ... .
Suppose that U and W are graded, and that F is a graded resolu-

tion. Therefore, F®g W is a graded complex as well. So its homology
is graded. Thus, in this case we obtain the bigraded module

Torf (U, W) = @, ; Torf (U, W);

where 7 is the homological degree and j is the internal degree. Fur-
thermore, we would like to obtain a graded version of the Ext-module.
The complex Hom(F, W) is bigraded since for every i the module
Hom(F;, W) is equal to the graded hom H(F;, W) in the notation of
2.7 (the equality holds by Proposition 2.7 because F; is finitely gener-
ated over R), so it is graded internaly. Hence, its homology is graded.
Thus, we obtain the bigraded module

EXt*R(U7 W) = Dij Extj’%(Ua W)J )

where ¢ is the homological degree and j is the internal degree.
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39 Appendix: Grobner basis

Sometimes monomial ideals are easier to study. Using Grobner basis
theory one can reduce the study of some properties of a given ideal to
the study of properties of a monomial ideal. We will discuss Grébner
basis theory of graded ideals in S. For a more detailed exposition,
see [Eisenbud, Chapter 15]. For Grébner basis theory over exterior
algebras, see [Green|, [Aramova-Herzog-Hibi 2]. For Grébner basis
theory of modules over S, see [Eisenbud, Chapter 15].

Definition 39.1. A monomial order on S is a total order < on the
monomials in .S, such that the following two properties hold:

(1) w > 1 for every monomial w # 1.

(2) if m' = m, then wm’ = wm for every monomials m,m’ and

w # 1.

Clearly, 1 is the smallest monomial.

Construction 39.2. We will describe some monomial orders which
are widely used. Fix the order of the variables to be

1> ...>Ty.
Let a = (q,...,a4) and f = (f1,...,0,) be in N™. Consider the
monomials x® = z{" ... 2% and x° = :U’fl ooz,
(1) The lex order (or lexicographic order, or pure-lex order),

denoted by ~<;e., is the monomial order defined by

XN e er T .l'g" if a; > (; for the first index 7 such
that (673 75 ,81 .

For example, 23x3x5 =ep w3232,

(2) The degree-lex order, denoted <gje., is the monomial order
defined

x ~dlex X'@ if deg(Xa) > deg(x’ﬁ) )

or deg(x®) = deg(xﬁ) and X% ey x”
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For example, m%m%xi < dlex x%m%xg, and .%%1’%.%5 = dlex x%m%aﬁi Note
that if I is graded, then inje, () = ingeq (I).

(3) The revlex order (or reverse lex), denoted <y, is the mono-
mial order defined by

X% > pep X7 if deg(x®) > deg(x?),

or deg(x®) = deg(x”) and a; < §; for the last index

For example, 232325 = per 23032375,

(4) Let < be a partial order on the monomials in S that satisfies (1)
and (2) in Definition 39.1. Let < be a monomial order. We say that
< is the order < refined by « if

x® = xP  if either x* > x”,
or x* and x” are equal with respect to the order > but
x> xP .

For example, if < is the partial order on the monomials in S by degree
and if < is the lex-order, then the order < refined by < is the degree-lex
order.

Definition 39.3. The elements of k are called scalars. A scalar
multiple of a monomial is called a term. If f is a polynomial in S,
then we denote by inL(f) the greatest term of f with respect to the
order < and call it the initial term of f. Let J be an ideal in S.
The ideal

in(J) = (inx(f) | feJ)

is called the initial ideal of J with respect to <. We remark that
if m € ing(J) is a monomial, then there exists an f € J such
that in(f) = m. A subset G of J is called a Grébner basis if
{in<(f) | f € G} generate in-(J). We say that G is a reduced
Grobner basis if for every f,g € G we have that inL(f) divides

no term of g.
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For simplicity, instead of in, we write “in” when we consider a
fixed monomial order.

Example 39.4. Consider the defining ideal B = (ac—b?, bc—ah, ¢*—
bh) of the twisted cubic curve in the polynomial ring A = k[a, b, ¢, h).
Straightforward computation shows that

inlem(B) = indlm(B) = (CLC, ah, bh)
N0 (B) = (b2, be, ¢2).

Computer computation shows that the list of all monomial initial
ideals of B is

(bh,ah,ac), (bh,b*,ah), (bh,bc,b? ah?), (c,bh,be,b?),

(c2,be,b?), (c2,be, b3, ac), (¢, be,ac,ah), (¢*,ah,ac).

Theorem 39.5. A Grébner basis G of J generates J.

Proof. Suppose that J # (G). Let f € J be an element such that
f ¢ (G) and f has a minimal initial term among the elements with this
property. Since inL(f) € ins(J) = (in<(G)), there exists a g € (G)
with ins(g) = in<(f). Hence f —g € J, f —g ¢ (G), and it has
a smaller initial term than f. This is a contradiction. Therefore

J = (G). O

Theorem 39.6. (Macaulay) Let J be an ideal in S. The monomials
not in in<(J) form a basis of the k-vector space S/J.

Proof. Let my,...,m, be monomials that are not in in_(.J). We will
prove that they are linearly independent. Assume the opposite. This
means that there exist oy, ..., a, € k\0 such that cymi+...+a,m, €
J. Therefore, ins (cymq + ...+ apmy,) € inL(J). But the initial term
is a scalar multiple of one of the monomials, so it is not in in-(J).
This is a contradiction. Hence my,...,m, are linearly independent.
Now, we want to show that the monomials not in in-(.J) span
S/J. Denote by T the span of the monomials not in in(J). We will
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prove that {T,J} span S. Assume the opposite. Choose an f € S
such that f ¢span{T,J} and it has a minimal initial term among
those polynomials not in span{7T’, J}. Set m = in<(f). If m ¢ in~(J),
then f —m ¢span{T,J} has a smaller initial term than f, which
is a contradiction. Hence m € in<(J). Choose a g € J such that
in<(g) =m. Then f — g ¢span{T, J} has a smaller initial term than
f, which is a contradiction. Therefore, T spans S/J. O

Corollary 39.7. Let I be a graded ideal in S.
(1) S/I and S/in<(I) have the same Hilbert function.
(2) Let < and < be monomial orders in I. If ins(I) Cin.(I), then
ing(I) =in(I).
(3) If M C in4 (1) is a monomial ideal with the same Hilbert function
as I, then M = inL(I).

Next, we will outline Buchberger’s Algorithm for computing a
Grobner basis with respect to a fixed monomial order <. Fix a finite
subset T of J. Let f € J. A first reduction of f is obtained by
subtracting a multiple § of an element g in T so that inL(f) and
in(g) cancel. A remainder r(f) is obtained by repeatedly reducing
f as many times as possible. Note that r(f) € J. The reductions and
the remainder are not uniquely defined. We say that f reduces to
zero (with respect to T') if we can get r(f) = 0.

For two polynomials f, g set

o in(g) Fo in(f) g
19 = ged(in(f), in(g)) ged(in(f),in(g))

This difference is formed with the goal to cancel the initial terms of f

and g in the most efficient way. If f,g € J, then 7, € J, and hence
T’(Tth) e J.

Buchberger’s Criterion 39.8. Fix a monomial order <. Let G be
a subset of J such that (G) = J. The set G is a Grobner basis of J if
and only if 75 4 reduces to zero for each f,g € G.

Buchberger’s Algorithm 39.9. Fiz a monomial order <. Let Ggy
be a finite system of generators of J. Define inductively
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Gi = Gi—1 U {a remainder of 74 4| f, 9 € Gi—1, Ty, does not reduce
to zero }.

This process terminates after finitely many steps. The obtained set is
a Grébner basis of J.

For convenience, instead of r(7f 4) we may sometimes add —r(7y,¢)
to the set G;_1.

Proof. As noted above, if f,g € J then r(7s4) € J. Therefore, G; C J
for each i. Hence (in(G;)) is a monomial ideal contained in in(J). If
Gi # G;_1, then G; 1 C G;. We cannot have an infinite increasing
sequence of monomial ideals contained in the monomial ideal in(.J).
Hence, the process terminates after finitely many steps. We obtain a
set G such that r(754) = 0 for all f,g € G. Buchberger’s Criterion
says that G is a Grobner basis. O

The following theorem is proved in [Mora-Robbiano].

Theorem 39.10. There exists a finite subset G of J such that G is a
Grébner basis of J with respect to every monomial order.



Chapter 11
Hilbert Functions

Abstract. A well-studied and important numerical invariant of a
graded ideal over a graded polynomial ring S is the Hilbert function.
It gives the sizes of the graded components of the ideal.

The Hilbert function encodes important information (for exam-
ple, dimension and multiplicity). Hilbert’s insight was that it is de-
termined by finitely many of its values.

In many recent papers and books, Hilbert functions are studied
using clever computations with binomials; we mention the binomial-
approach briefly and avoid such computations whenever possible. In-
stead our arguments are founded upon Macaulay’s key idea in 1927:
There exist highly structured monomial ideals - lex ideals - which at-
tain all Hilbert functions. Lex ideals play an important role in many
results on Hilbert functions. The pivotal property is that a lex ideal
grows as slowly as possible.

Another exciting direction of research is to parametrize all graded
ideals in S with a fixred Hilbert function, and then study their (com-
mon) properties and the structure of the parameter space. Lex ideals
play crucial role in Hartshorne’s Theorem that Grothendieck’s Hilbert

scheme is connected.

40 Notation

Let W be a graded finitely generated R-module. It decomposes as a
direct sum of its components W = @,>0 W,. Its Hilbert function is
defined by ¢ — dim; W,. We denote

(Wl = dimy(W,).
Recall that the Hilbert series of W is

Hilby () = _ dimy, (W) t7.
q=0

1. Peeva, Graded Syzygies, Algebra and Applications 14,
DOI 10.1007/978-0-85729-177-6_2, © Springer-Verlag London Limited 2011
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Throughout this chapter V stands for a graded finitely generated
S-module.

41 Lex ideals

Macaulay’s Theorem 41.7 characterizes the Hilbert functions of graded
ideals in S. The theorem is well-known and has many applications.
The key idea is that each Hilbert function is attained by a lex ideal.
Lex ideals are highly structured: they are defined combinatorially
and it is easy to derive the inequalities characterizing their Hilbert
functions. They play other important roles; for example,
o Hartshorne’s [Hartshorne 2] proof that the Hilbert scheme is con-
nected uses lex ideals in an essential way.
o The homological properties of lex ideals are combinatorially trac-
table by Theorem 41.9. This leads to results in Section 47, show-
ing that the lex ideals have greatest Betti numbers.

Notation and Definition 41.1. Recall that S, is the k-vector space
spanned by all monomials in S of degree q. So, Sy is the k-vector
space spanned by the variables. We order the variables lexicograph-
ically by 1 > ... > x,. We denote by >, the degree-lex order
on the monomials, that is, m >, m’ if either deg(m) > deg(m’) or
deg(m) = deg(m’) and m is lex-greater than m’. Sometimes we say
lex-last instead of lex-smallest.

We say that A, is an S;-monomial space if it can be spanned
by monomials of degree g. We denote by {4,} the set of monomi-
als (non-zero monomials in S;) contained in A,. The cardinality of
this set is |4, = dimy A,. By S1A4, we mean the k-vector subspace
(Ag)q+1 of Sgy1, (where (Ay) is the ideal generated by the elements
in A,).

The lex-segment M, , of length p in degree ¢ is defined as
the k-vector space spanned by the lex-greatest p monomials in S,.
An S,-monomial space M, is lex in S, if there exists a p such that
M, = M, ,. The monomial space 0 is lex in .S, by convention. For a
monomial space Ag, we say that M A,| 18 its Sy -lexification.
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For an S;-monomial space A, sometimes we say for simplicity
that A, is a monomial space in S, or a monomial space; in the latter
case the index ¢ indicates that A, C ;.

An S,-monomial space T, is greater lexicographically than
an S,-monomial space A, if when we order the monomials in {77}
and {A,} lexicographically, and then compare the two ordered sets
lexicographically, we get that the first ordered set is greater.

Proposition 41.2. If a monomial space M, is lex in S, then S1M,
is lex in Sqy1.

Proof. Let m € M, be a monomial and let u >c; ;m be a monomial
in S;+1. We have to show that v € S1M,. Write z;m = m'z, where
z is the lex-last variable that divides x;m, and m' = = It follows
that m’ >jep m, so m’ € M,.

Similarly write u = u’y, where where y is the lex-last variable
that divides u, and v’ = % Since u'y = u =g T;m = m’z, it follows

that «' >, m'. As m’ € M, and M, is lex, we get that v’ € M,.
Therefore, u = yu’ € S1M,. |

Proposition 41.3. Let L be a monomial ideal in S. The following
conditions are equivalent.
(1) For each ¢ > 0, we have that L, is lex.
(2) If m is a monomial, such that m =ie, m’ and deg(m) = deg(m')
for some monomial m’ € L, then m € L.
(3) Let p be a number, such that L has no minimal monomial gen-
erators in degrees > p. For each q¢ < p, we have that L, is lex.
(4) Let L be minimally generated by the monomials ly, ... 1. If mis
a monomial, m =, l; and deg(m) = deg(l;) for some 1 <i <,
then m € L.

Proof. (1) < (2) and (3) = (4) by the definition of lex-segment.
We will show that (4) = (3) by induction on the degree gq.
Suppose that L, is lex; we will prove that L,y is lex as well.
If L has no minimal monomial generators of degree ¢ + 1, then
by Proposition 41.2 it follows that L,y is lex.

If u is the lex-last minimal monomial generator of L of degree
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g+ 1, then by Proposition 41.2 and (4) it follows that Ly, is the lex
monomial space in S, whose end (that is, whose lex-last monomial)
is u.

(1) = (3). By 41.2 it follows that (3) implies (1). |

Definition 41.4. A monomial ideal L is lex (or lexicographic) if it
satisfies the equivalent conditions in Proposition 41.3.

We usually use (4) in order to show that a given ideal is lex. On
the other hand, (1) is the condition usually used in proofs.

Example 41.5. By (4), theideal (22, 2172, 2173, 23, 573, v323, 2323,

Tox$, 29) is lex in k[zq, 2o, 13].

We are ready to discuss Macaulay’s Theorem 41.7, which char-
acterizes the Hilbert functions of graded ideals in S.

Proposition 41.6. The following properties are equivalent.
(1) Let A, be an Sy-monomial space and Ly be its lexification in S,.
Then |51Lq ‘ < |51Aq |
(2) For every graded ideal J in S there exists a lex ideal L with the
same Hilbert function.

The key property of lex ideals is expressed in (1) above: among
all subspaces of the same dimension, the lex monomial space generates
as little as possible in the next degree.

Proof. We will prove that (1) and (2) are equivalent. (2) implies (1).
Assume that (1) holds. We will prove (2). We can assume that J is
a monomial ideal by Grobner basis theory. For each ¢ > 0, let L, be
the lexification of J,. By (1), it follows that L = @,>¢ L, is an ideal.
By construction, it is a lex-ideal and has the same Hilbert function as
J in all degrees. O

In Section 45, we will prove that (1) holds which will establish
Macaulay’s Theorem.

Macaulay’s Theorem 41.7. The equivalent properties in Proposi-
tion 41.6 hold.
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We say that an S;-monomial space A, is Borel if whenever a
monomial z;m € Ay and 1 <14 < j it follows that z;m € A,.

Exercise 41.8. Every lex ideal is Borel.
This yields the following result.

Theorem 41.9. The minimal graded free resolution of a lex ideal is
the Eliahou-Kervaire resolution.

42 Compression

Compression is a technique, introduced by Macaulay in order to study
Hilbert functions.

Let 1 < ¢ < n be an integer. An S,-monomial space C, can be
written uniquely in the form

{Cy= 1 =77{Ly}

0<j<q

where L; is a monomial space in the ring S/x;.

We say that C; is i-compressed if each L; is lex in S/z;. Fur-
thermore, we say that Cy is S,-compressed (or compressed) if it is
i-compressed for all 1 < ¢ < n.

A monomial ideal P is i-compressed if P, is i-compressed for
all ¢ > 0. The ideal is compressed if P, is compressed for all ¢ > 0.

Example 42.1. [Mermin-Peeva 2, Example 3.2] We give an example
of an ideal P which is compressed but not lex. Consider

P = (a3, a%b,a’c, ab?, abe, b3, b?¢)

in kla,b,c] with a > b > c.

Proposition 42.2. If a monomial space C, is i-compressed in Sy,
then S1Cy is i-compressed in Sq1.
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Proof. Consider the disjoint union {Cy} = [[,<,<, 297{L;} where
each L; is lex in (S/xz)] In the next degree g + 1 we get the disjoint

union

{(icy= [ =L+ (Su/w)Lia}.

0<j<q+1

Since both L; and (S1/x;)L;—1 are lex (S/x;);-monomial spaces, it
follows that L; + (Si/x;)L;_1 is the longer of these two lex monomial
spaces. O

Exercise 42.3. Let P be a monomial ideal and p be a number, such
that P has no minimal monomial generators in degrees > p. If P, is
i-compressed for every 0 < g < p, then P is i-compressed.

Exercise 42.4. If an S;-monomial space Ly is lex, then it is S,-
compressed.

Structure Lemma 42.5.
(1) If a monomial space Cy is compressed and n > 3, then Cy is
Borel.

(2) If n <2, then every monomial space is compressed.

Proof. We will prove (1). Recall that a monomial m’ € S is said to
Xr; m

be in the big shadow of a monomial m € S if m’ = for some x;

Lj
dividing m and some i < j. Let m € {C,} and m’ be a monomial in its
Zr;m

big shadow. Hence m’ = for some z; dividing m and some ¢ < j.

Tj
As n > 3, there exists an index 1 < p < n such that p # i,j. Note
that the monomials m and m' have the same p-exponents. Since C,
is p-compressed and m’ =, m, it follows that m’ € {C,}. Therefore,
C, is Borel. O

Construction 42.6. Fix an 1 <7 < n. Let A; be an S;-monomial
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space with disjoint union

(A= T =7y
0<5<q
where each U, is a monomial space in (S/x;);. Foreach 0 < j < g, let
L; be the lexification of the space U; in (S/x;);. The S;,-monomial
space Cy defined by

{cy=TI «7{L)}

0<j<q
is the i-compression of A,. Clearly, |Cy| = |4,]|.

Example 42.7. Let A, be the S;-monomial space spanned by {2,
1973, 73, 1314 }. We have the disjoint union

{As} = 23{1} [ [ wa{ms} [ {2, wsaa}

so Uy is spanned by {2%, w324}, U; is spanned by {z3}, and Uy is
spanned by {1}. Therefore Ly is spanned by {2%, x123}, L1 is spanned
by {z1}, and Lg is spanned by {1}. The 2-compression of Aj is

{Co} = a3{1} [[ zo{an} [] 1{?, 125} .

Lemma 42.8. Let A, be an Sy-monomial space. Fix an 1 < i < n.
Let C, be the i-compression of A,. We have that |Cy| = |A,| and
|Squ| < ’SlAq|-

Proof. We use induction on the number of variables, and assume that
Theorem 41.7(1) holds for n — 1 variables.

Suppose that A, is not i-compressed. Set z = z; and n = 5;/z.
Use the notation in Construction 42.6. We have the disjoint unions

{SlAq} = H Zq_j+1{U]' + nU]-_l}
0<j<q+1

{SlC'q} = H Zq_j+1{Lj +nLj_1}.
0<j<q+1
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We will show that
‘L] + l’le_l‘ = max{ |LJ|, ‘l’le_l‘ }

< maX{ U, nUj 1| } < |Uj +nUj].

The first equality above holds because both L; and nL;_; are lex
(S/z);-monomial spaces, so L; + nL;_; is the longer of these two
lex monomial spaces. The last inequality is obvious. The middle
inequality holds since: by construction L;_; is the lexification of U;_1,
so |Lj_1| = |Uj—1| and by induction on the number of variables we
can apply Macaulay’s Theorem 41.7 to the ring S/z.

Thus, |L; + nL;_1| <|U; +nU;_4] for each j. This implies the
desired inequality [S1C,| < |S14,]. O

Compression Lemma 42.9. (Clements-Lindstrom) Let A, be an
Sq-monomial space. There exists a compressed monomial space Ty, in
Sy such that |T,| = |Aq| and |S1Ty| < |S144].

Proof. Suppose that A, is not i-compressed for some 1 < i < n. Let
C, be the i-compression of A,. By the above lemma, we have that
|Cql = |Aq] and [S1Cq| < [S14].

Note that {C,} is greater lexicographically than {A,}. If C,
is not compressed, we can apply the argument above. After finitely
many steps in this way, the process must terminate because at each
step we construct a lexicographically greater S,-monomial space. Thus,
after finitely many steps, we reach a compressed monomial space. [l

43 Multicompression

In this section we describe a multigraded version of the technique of
compression.

Let A C {z1,...,2,}; its complement is A° = {x1,...,2,}\ A.
Denote by @,, the direct sum over all monomials m in the variables
in A°. An S;-monomial space C, can be written uniquely in the form

C, = @ m Vo,

m
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where V,,, is a monomial space in the ring k[A] = k[z; | z; € Al.

We say that C, is A-multicompressed if each V,,, is lex in k[A].

Furthermore, we say that C, is (j)-multicompressed if it is
A-multicompressed for every set A of size j. We say that C; is mul-
ticompressed if it is A-multicompressed for every set A.

A monomial ideal P is A-multicompressedif P, is A-multicom-
pressed for all ¢ > 0. The ideal is (j)-multicompressed if P, is
(j)-multicompressed for all ¢ > 0.

Example 43.1. Let A = {z1,z3} C {1,22,23,24} and C be
spanned by the monomials

2 2 2
Loy, X122, L1, T1X3, Ty, L1T4,T2T4 -

We have the decomposition

{Co} = 23{1} [ [ wo{an} [T H{a?, wras} [ 23{1}
HCL’4{£U1}HCL’2£L’4{1}.

We see that

{Vzg} = {1}7 {Vrz} = {xl}a
{Viz} = {1}, {Vi} = {21, 2123},
{(Vesoud = {1} {Vau} = {21}

are all lex, so Cy is {1, x3}-compressed.

Exercise 43.2. If C, is A-multicompressed in Sq, then S1Cy is
A-multicompressed in Sqy1.

Exercise 43.3. Let P be a monomial ideal and p be a number, such
that P has no minimal monomial generators in degrees > p. If P, is
A-multicompressed for every 0 < q < p, then P is A-multicompressed.
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Exercise 43.4. If L, is lex, then it is A-multicompressed for every

set A.

Exercise 43.5. If A’ is a subset of A and Cy is A-multicompressed
in Sy, then Cy is A’-multicompressed.

Exercise 43.6. If C, is (j)-multicompressed, then it is (i)-multicom-
pressed for every i < j.

Structure Theorem 43.7. [Mermin]
(1) A monomial space Cy is Borel if and only if it is (2)-multicom-
pressed.
(2) A monomial space Cy is lex if and only if it is (3)-multicom-
pressed.

Proof. First, we prove (1).
Let Cy be (2)-multicompressed. We will prove that it is Borel.
Let 2;m’ € Cy be a monomial and fix an 1 < i < j. Set A = {z;,z,}.

Write :U]m = xfz'm so that m is not divisible by either z; or z;.

J
s+1t1
J

Since V,,, is lex, it follows that $f+11’§- L€ {V,,}. Hence zym’ € Cy.
Let Cy be a Borel monomial space. We will prove that it is (2)-

Hence z; E {Vin}. The monomial z; is lex-greater than z$x!

g

multicompressed. Fix a set A = {z;,z;} with 1 <7 < j. We will show

that each V, is lex. Let xjz} € Vp,. Let aﬁf+hx;_h be a monomial

that is lex-greater than xjxz’. Since zjzim € C,; and C, is Borel, it

follows that :L‘erhx;*hm € C,. Hence forhx;*h € Vi, Therefore, V,,,
is lex.

Now, we prove (2). If C; is lex then it is (3)-multicompressed by
Exercise 43.4. Suppose that C; is (3)-multicompressed. We will show
that it is lex. By (1) and Exercise 43.6, it follows that C, is Borel.

Let u = z{" ... 2% be a monomial in C. Let v = 27" ... x5 be
a monomial that is lex—greater than u. We will show that v € C;. Let
7 be minimal so that a; # ¢;. Then a; < ¢; since v is lex-greater than

ai—1

u. Set w =" ...z and e = deg(ai .. x0) = aip1 + ..+ an.
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Since u € Cy, we can use that C, is Borel in order to conclude that
wrixi € Cq. Set A = {xj,x41,2,}. Then zi'xf , € Vi, As
Cy is {z, zit1, z, }-multicompressed, it follows that V,, is lex. The

a;+1, e—

. 1 - a; e a;+1,_e—1
monomial x;*""xf " is lex-greater than x; xf,,, so z;"" x;7 € V.

Hence wz T a¢~! € C,. As C, is Borel it follows that v € C,. |

The following is an immediate corollary.

Structure Theorem 43.8. [Mermin|
(1) If n < 3, then every monomial space is multicompressed.
(2) If n =3, then the multicompressed monomial spaces are exactly
the Borel spaces.
(3) If n > 3 then the multicompressed monomial spaces are exactly
the lex spaces.

The following lemma is proved similarly to the Compression
Lemma 42.9.

Lemma 43.9. Let A C {z1,...,z,}. Let A, be an S;-monomial

space. There exists an A-compressed monomial space Ty in S, such
that |T,| = |A4| and |S1T,| < [S14,].

Lemma 43.10. Fiz a1l < j <n—1. Let A; be an Sy;-monomial
space. There ezists a (j)-compressed monomial space Cy in Sy such
that |Cy| = |A4| and |S1C,4| < |S14,].

Proof. Apply Lemma 43.9 repeatedly if necessary. O

44 Green’s Theorem

Green’s Theorem describes the change in the Hilbert function when
we factor out a generic form.

For a monomial m define

max(m) = max{i | z; divides m}

min(m) = min{i | z; divides m}.
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For an S,-monomial space A, set
ii(Aq) = ‘ {m e {A,}| max(m) < i and z? does not divide m }

ti(Ag) = | {m € {Ag} | max(m) < i} |.

Lemma 44.1. (Bigatti) If an S,-monomial space B, is Borel, then
{S1By} is the set

B=]] xi{m e {B,}|max(m) < i}

i=1
and
(1B} | = Y ti(By).
i=1
Proof. Let w € {B,}. For j > max(w) we have that zjw € B. Let

j < max(w). Then v = ij € By. So, Tjw = Tpax(w)v € B. U

Tmax(w)

Lemma 44.2. Let A, be a Borel S;-monomial space. Its n-compres-
sion Cy is Borel.

Proof. We use the notation in Construction 42.6. Consider the disjoint

unions

{40 = [T =7{u;}

0<j<q

{Cy= T «%7{L}.

0<j<gq
Since A, is Borel, it follows that
(S1/xn)U; € Ujs1 -

We use induction on the number of variables, and assume that The-
orem 41.7(1) holds for n — 1 variables. Since |L;| = |U;|, by Theo-
rem 41.7(1) it follows that

[(S1/2n) Lj| < [(S1/20)Uj| < |Ujsa| = |Ljpa]-
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As both (S/z,)L; and L;i; are lex monomial spaces, we conclude
that (S1/2,)L; C Ljt1. Let 2277 m be a monomial in C, and m € Lj;.
Then for each 1 < i < n we have that ;m € (S1/2,)L; C Lj;1, so
zd3 97 y;m € C,. If z, divides m, then for each 1 < ¢ < p we have
that % € L; since L; is lex. We proved that C; is Borel. |

The main work for proving the Generalized Green’s Theorem 44.5
is in the following lemma.

Lemma 44.3. Let C; be an n-compressed Borel S;-monomial space,
and let Ly be a lex monomial space in S, with |Ly| < |Cy|. For each
1<i<n and each 1 < j we have the inequality

rij(Lq) <1ij(Cy)-

Proof. Note that both L, and C, are Borel and n-compressed.

First, we consider the case i = n. Clearly, 1, o11(Lq) = |L,| <
|Cyl = 7ng+1(Cy). We induct on j decreasingly. Suppose that the
inequality 7y, j+1(Lq) < 74 41(Cy) holds by induction.

If {C,} contains no monomial divisible by z7 then

T, (Lg) < Tnjr1(Lg) <7 ji1(Cyq) = 10,3(Cy) -

Suppose that {C,} contains a monomial divisible by x7,. Denote by

e = x7'...x%, with e, > j, the lex-last monomial in C, that is
divisible by x7 .

Let 0 < p < j — 1. Let the monomial v = z{* ...z, " 'aP €

S, be lex-greater than e. Since C, is Borel, it follows that w =

en—p

n—1 €, —

T € C,. This is the lex-last monomial that is lex-greater

than e and z,, divides it at power p. Since C, is n-compressed and v
is lex-greater (or equal) than w, it follows that v € C.
For a monomial u, we denote by x7 ¢ u the property that z7
does not divide u. By what we proved above, it follows that
(*)
{ue {Cq}|$¥z Fu, ures e} =|{ue {Sq}|$¥z E U Uler €}
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Therefore,

Tn,j(Lq)
= Hue{Le} o) ¢ u, wmien e} + [{u € {Lg} 2], & u, u <iew €}
< Hu € {Shlaf, ¢ u, umiew e} + {u € {Lo} 2], ¢ u, u <ieq €}
< Hue{Sq}lah & u, uimiea e} + {u € {Lg} | u =<1ea €}
< Hu € {Shlad, ¢ u, umies e} + {u € {Co} | u <1ea €}
= Hu e {Sg} o] ¢ u, urieo e} + [{u € {Cy} [, & u, u <iew €}
= {u e {Co}laf ¢ u, wmiex e} + {u € {Co} 2], ¢ u, u <iew e}
=7n,(Cq) 3
for the third inequality we used the fact that L, is a lex monomial
space in S, with |L,| < |Cy]; for the equality after that we used the
definition of e; for the next equality we used (x). Thus, we have the

desired inequality in the case ¢ = n.
In particular, we proved that

() Tn1(Lg) < 7n1(Cy) -

Finally, we prove the lemma for all ¢ < n. Both {C,/x,} and
{Ly/x,} are lex monomial spaces in S, /x,, since C; is n-compressed.
By (**) the inequality 7, 1(Lq) < 7,,1(Cy) holds, and it implies the
inclusion {C,/x,} D {Ly/zy}. The desired inequalities follow since

ri,i(Cq) = 1,5 (Co/ (Tig1, - Tn))
Ti,j(Lq) = T,‘7]‘(Lq/(1’i+1,...,xn)) . |:|

Comparison Theorem 44.4. Let B, be a Borel monomial space in
Sq. Let Ly be a lex monomial space in Sy with |L,| < |By|. We have
the inequalities

ti(Lq) < ti(Bq)
ri,i(Lq) < 1i5(Bg) -
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for each 1 <i<n and each 1 < j.

Proof. First, note that t;(A,;) = r; q+1(A4,) for any monomial space
A,. Thus, it suffices to prove the inequalities 7; j(Lq) < 7;;(Bg).

We prove the inequalities by decreasing induction on the number
of variables n. Let Cj; be the n-compression of B,. Since Cy is Borel
and n-compressed by Lemma 44.2, we can apply Lemma 44.3 and we
get

ri,j(Lq) < 1i,5(Cy)
for each 1 < 7 < n and each 1 < j. It remains to compare ri,j(C’q)
and r; j(By). For i = n, we have equalities 7, ;(Cy) = 1y, ;(By). Let
i <n. Then r; ;(Cy) =1 ,;(Cy/xy) and r; ;(By) = 14 ;(By/y), where
Cy/xy = Ly is lex and By /x,, = U, is Borel in S/z,,. So, by induction
the desired inequalities hold. O

Generalized Green’s Theorem 44.5. Let B, be a Borel monomial
space in Sy. Let L, be a lex monomial space in Sy with |Ly| < |By|.
The inequality

dimye (S4/(Lq + ) S4-5)) = dimy (S4/(By + 2}, 5,-5))
holds for each 1 < j <gq.

Proof. Note that the desired inequality is equivalent to

Tn,j(Lq) < 70 j(By) -

It holds by Theorem 44.4. |

Assume char(k) = 0. Let I be a graded ideal in S and R = S/I.
Fix an integer j. The affine space R; is irreducible, so every non-
empty Zariski-open subset is dense. We say that a property P holds
for a generic j-form if there exists a nonempty Zariski-open subset
U C R; such that the property P holds for every j-form in U.

Lemma 44.6. Assume char(k) = 0. Suppose that I is a graded ideal
in S and R = S/I. Fiz integers i and j. Let

t = max{dimy(g R;) | g € R;}
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There exists a non-empty Zariski-open setUd C R; such that dimy(h R;)
=t for every generic j-form h € U.

Proof. Let
U= {U S RJ‘ dlmk('URz) :t} - Rj.

Choose a basis fi,...,f, of R; and a basis gi1,...,9. of R;. The
elements f,g, span R;;;, so we can choose a subset that is a basis.
Write v = lepga ap fp, where the coefficients oy, ..., q, are in k.
The multiplication map v : R; — R;4; has a matrix M whose entries
are linear forms in ay,...,a,. A j-form v is in U if and only if the
matrix M has a non-zero (¢ X t)-minor. When we vary v, we can think
of aq, ..., q, as indeterminates which take values in k. Therefore, the
complement of V' (I;(M)) is a Zariski-open set (here I;(M) is the ideal
generated by all (¢ x t)-minors of M, and V (I;(M)) is the set on which
all elements in I;(M) vanish). a

Exercise 44.7. Assume char(k) = 0. Let I be a graded ideal in S and
R = S/I. Fiz integers i and j. Let a = min{dimy((R/g);)|g € R;}.
Then dimg((R/h);) = a for a generic j-form h.

In Exercise 44.8 and Green’s Theorem 44.9 by a generic j-form,
we mean a j-form generic in the sense of Exercise 44.7.

Exercise 44.8. Assume char(k) = 0. Fiz an integer j. Then xJ, is a
generic j-form for every Borel ideal in S.

The following result is a straightforward corollary of Theorem 44.5
and Exercise 44.8.

Green’s Theorem 44.9. (Herzog-Popescu), [Gasharov] Assume that
char(k) = 0. Let By be a Borel monomial space in S,. Let Ly be a
lex monomial space in S, with |Ly| < |By|. Let g be a generic form
of degree 7 > 1. The inequality

dimy. (Sq/(Lq +9S45) > dimy, (S,/(By+95,-5)

holds.



45 Proofs of Macaulay’s Theorem 175

Green’s Hyperplane Restriction Theorem 44.10. [Green)]
Assume char(k) = 0. Let J be a graded ideal in S, and L be the lex
ideal with the same Hilbert function as J. Let h be a generic linear
form. For every q > 0 we have

dimy, (S/(L, h))q > dimy, (S/(J, h))q .

Proof. Assume that we work in generic coordinates, so we can take
x, = h. Note that when we take the initial ideal with respect to
revlex order we get in(J, x,) = (in(J), x,). Therefore, we can replace
J by B = in(J). By Theorem 28.4, the ideal B is Borel. Hence,
Theorem 44.5 yields the desired result. |

Green’s Theorem holds without the restriction char(k) = 0, see
[Gasharov].

45 Proofs of Macaulay’s Theorem

We are ready to prove Macaulay’s Theorem 41.7; namely, we will
prove that (1) in Proposition 41.6 holds. It is straightforward that
(1) holds if n < 2. Consider the case n > 3. Applying Lemma 43.10,
we conclude that there exist a (2)-multicompressed monomial space
C, such that |C,| = |4,| and [51C,| < |S14,]. By Theorem 43.7 it
follows that Cy is Borel. Let L, be the lex monomial space for which
|Cyq| = |Lq|. We will prove that |S1Lg| < [S1Cy].

We will present two different proofs. The former uses Green’s
Theorem. The latter uses the structure theorem for compressed ideals.
A third proof by induction is given in [Mermin-Peeva].

Proof.
First Proof. This proof uses Green’s Theorem. The monomial space

C, is Borel. For an S,-monomial space D, recall that ¢;(D,) = ’ {me

{D,;}| max(m) <i} ‘ . We apply Lemma 44.1 to conclude that

(5100} | = o 0(C) md |(8iLg) | = 0 k).

= i=1
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Finally, we apply Theorem 44.4 and get | {S1Lq}| < [{51C,} |.

Second Proof. (Mermin) This proof is by compression. Let n > 3. Ap-
plying Lemma 43.10, we conclude that there exist a (3)-multicompressed
monomial space Cy such that |C,| = |4,| and |S1Cy| < [S14,]. By
Theorem 43.7 it follows that Cj, is lex, and we are done.

Suppose that n = 3. Let L, be the lex S;-monomial space such
that |L,| = |Cy]. As both L, and C, are Borel, we have

|Squ| = ‘Cq| + ‘Cq N k[, z2]| + |Cq N k1]
’Squ| = ‘Lq‘ + |Lq N k[zy, z2]| + |Lq N k[z4]|

by Lemma 44.1. Note that |L,| = |Cy| by construction, and |Cy N
Kloall = 1L, O Kloall = 1 as {Cy () Kloa]} = {Lq 0 Klaa]} = af.
Therefore, we need to prove that |L, N k[z1,z2]| < |Cyq N k[zq, x2]|.
We will show that if a monomial v € L, is not in Cy, then v ¢ k[zy, z2].
Assume the opposite: let v = z{z§ € L, and v ¢ Cy. As L, # C,

we conclude that there exists a monomial 2% z§ 2§ € C, that is lex-
smaller than v. Hence o’ < a. Since C, is Borel, it follows that v € C,
which is a contradiction. O

46 Compression ideals

Proposition 41.6 makes it possible to work in our arguments by fo-
cusing on only two consecutive degrees at a time (instead of dealing
with the whole ideal). In this section we show that the compressions
can be assembled into an ideal.

Construction 46.1. Fix an 1 <7 < n. Let A be a monomial ideal
in S. For each ¢ > 0, let C; be the i-compression of A,. We call
C = ®o<q O, the i-compression of A.

As a corollary of Macaulay’s Theorem, we will prove the following
result.

Proposition 46.2.  Let A be a monomial ideal in S and fix an
1 <1 <n. Its i-compression C' is an ideal.
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Proof. We use the following notation. For each ¢ > 0 we have a
disjoint union

{Ag = I1 «I7{U}y

0<j<q

where each U} is a monomial space in (S/z;);. Let

{cy=II «I7{Lh

0<j<q

be the i-compression of A,. Thus, L? is the lexification of U]f’ in S/x;.
The i-compression of A is C' = @©g<4 Cy.

Fixag>0anda0<j<gq Letmec xg_ij be a monomial.
We will prove that Sym € C.

We will show that (S1/z;) LT C L?ﬂ. Both (S /x;)Lj and L?ﬁ
q+1
j+1

it suffices to show that [(S1/xz;)L]| < |L5ﬁ\ This first inequality
below follows from Macaulay’s Theorem, and the second inequality

are lex monomial spaces. So, in order to show that (S;/2;)Lj C L

holds since A is an ideal:
|(S1/2:) LI < |(S1/) U] < [US| = L3

Since (S1/x;)Lj C L;’ﬁ, it follows that (Sy/z;)m € C.

It remains to prove that z;m € C. We will show that L] C L?H.
Both LY and L;H are lex monomial spaces in (S/x;);. So, in order
to show that LY C L?H it suffices to show that |Lj| < |L§’+1\. Since

A is an ideal, we have that U C U}Hl. Hence
+1 41
LI = U| < U™ | = LT

The inclusion L] C L?H implies that z;m € C. |

We will see that the situation is similar for multicompression.

Construction 46.3. Fix a set A C {z1,...,2,}. An S;,-monomial
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space A, can be written uniquely in the form

A, :@ m Uy,

m

where U, is a monomial space in the ring k[A] = k[z; | x; € A]. For
each m, let L,, be the lexification of the space U,, in k[A]. The
monomial space C; defined by

Cq:@ m Ly,

is the A-compression of A,. Clearly, |C,| = |4,].
Let A be a monomial ideal in S. For each ¢ > 0, let C, be the
A-compression of A,. We call C' = ®p<, C,; the A-compression of

A.

The following result can be proved similarly to Proposition 46.2.

Proposition 46.4. Let A be a monomial ideal in S and fix a set
A C{z1,...,z,}. The A-compression C of A is an ideal.

47 Ideals with a fixed Hilbert function

The problem “What can be said about the properties of ideals with a
fizxed Hilbert function?” has received a lot of attention. Evans raised
the problem to study the properties of the Betti diagrams of all graded
ideals in S with a fixed Hilbert function; since the problem is very
complex in general, people focused on maximal and on minimal Betti
numbers. We will show that a lex ideal attains the greatest Betti
numbers among all ideals with a fixed Hilbert function.

For simplicity, we assume throughout this section that char(k) =
0. If M is a monomial ideal, then G(M); stands for the set of mono-
mials of degree j in the minimal system of monomial generators of M,
and furthermore we denote by |G(M);| the number of monomials in
G(M);.
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Let J be a graded ideal in S. By Macaulay’s Theorem 41.7, there
exists a lex ideal L with the same Hilbert function as J. The next
result follows by Proposition 41.6.

Proposition 47.1. For every j > 0, the number of elements of degree
J in a minimal system of homogeneous generators of J is < |G(L),].

This property extends to all graded Betti numbers as follows.

Theorem 47.2. (Bigatti, Hulett) Assume char(k) = 0. Let J be a
graded ideal in S. If L is the lex ideal with the same Hilbert function
as J, then

b7 (J) < b2y (L)  for all i, j.

Remark 47.3. It is proved in [Pardue| that Theorem 47.2 holds
without the assumption char(k) = 0.

Note that the minimal free resolution and the Betti numbers of a
lex ideal are given by the Eliahou-Kervaire resolution, see Section 28.
Recall that for an S,-monomial space A, we set

ti(Ag) = | {m € {4} | max(m) <i}|.

Set

wi(Ag) = ti(Ag) — ti1(Ag) = | {m € {Ag}| max(m) = i}|.

Lemma 47.4. If M is a Borel ideal in S, then b;S:Hj(M) is equal to

1 (") - won (071 - S han (),

p=1 p=1

Proof. By Corollary 28.12, we have that

b, (M) = > <max(7?)_1):

meG(M); p

Z wicon;) ("),

7
1
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Since
G(M); ={M;} \ {51 M;_1}
we obtain
00 = X w0 ("7 = X s (P71,

p=1 p=1
Furthermore, since M is Borel, by Lemma 44.1 we have
{S1 M1} = ] xp{m € {M;_1}| max(m) < p},
p=1

and hence u,(S1 M;_1) = t,(M;_1). Therefore,

75 (M)
= 32 (000 a0 ) (7 1) = St (V)
_ ) <n 1) _: tp(M])<];:11) - pz: tp(M]—l)(p; 1>

Proof of Theorem 47.2.  We will present the proof in [Chardin-Gasha-
rov-Peeval. Let M be the generic initial ideal of J with respect to a
fixed term order (say, revlex). It is Borel, by Theorem 28.4. Thus,
there exists a Borel ideal M with the same Hilbert function as J such
that
b7y (J) < b8, (M) for all d,j.

Both M and L are Borel ideals. Use the formula for the Betti

numbers in Lemma 47.4 and apply 44.4 to obtain the inequalities

bf,iﬂ(M) < bfm(L)- t

Theorem 47.5. There is an upper bound on the reqularities of all
graded ideals with a fixed Hilbert function.
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Proof. By Remark 47.3, it follows that the regularity of the lex ideal
with that Hilbert function is the smallest upper bound. O

Problem 47.6. [Geramita-Harima-Shin| Does there exist an ideal
that has greatest graded Betti numbers among all Gorenstein artinian
graded ideals with a fized Hilbert function?

Next, we will discuss the following question: Assume char(k) =
0. Let J be a graded ideal in S and let L be the lex ideal with the same
Hilbert function. How do the graded Betti numbers of J and L differ?
We would like to obtain more precise information than Theorem 47.2.

The Hilbert function can be computed from the graded Betti
numbers by Theorem 16.2 and we get

50 i (Z1)07(S/ ) ¢
- 1—tm

Zdlmk(S/J)] tj

=0

3520 Lt ()07, (S/L) ¥
(10 |

7=0

These equalities imply that the graded Betti numbers bf: ;(8/J) and
bf ;(S/L) are related as described below.

Given a sequence of numbers {c, ,}, we obtain a new sequence
by a cancellation as follows: fix a ¢, and choose p < t so that
one of the numbers is odd and the other is even; then replace ¢, 4
by ¢pq — 1, and replace ¢; 4 by ¢; o — 1. The equalities above imply
that the graded Betti numbers bf: ;(S/J) are related to the graded
Betti numbers bf: ;(S/L) by a sequence of cancellations. This has been
observed and applied in order to study the Betti diagrams of ideals

with a fixed Hilbert function. Recall the definition of a consecutive
cancellation in Section 22.

Theorem 47.7. [Peeva 2| Let J be a graded ideal and L be the lex
ideal in S with the same Hilbert function. The graded Betti numbers
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b7 ;(S/J) can be obtained from the graded Betti numbers b; ;(S/L) by
a sequence of consecutive cancellations.

Extending Hartshorne’s method [Hartshorne] Pardue proved the
next result. There, by a sequence of deformations we mean a compo-
sition of deformations (applied one after another).

Theorem 47.8. [Pardue] Every two graded ideals in a polynomial
ring with the same Hilbert function are connected by a sequence of
deformations over A}.

More precisely, in the notation of 47.7 Pardue proved that J and
L are connected by a sequence of deformations of the following three
types:
(1) generic change of coordinates
(2) deformation between an ideal and an initial ideal; see Theo-
rem 22.8
(3) polarization and then factoring out generic hyperplane sections;
more precisely, applying oy, defined in [Pardue, Section 4].
We are ready to prove Theorem 47.7.

Proof. The graded Betti numbers are preserved under (1). For (2) we
apply Theorem 22.9. By Theorem 21.10, we have that (3) preserves
the graded Betti numbers as well. O

Theorem 47.7 can be used in order to prove that certain Hilbert
functions are not attained within a given class of ideals.

It should be noted that the there are many examples where the
existence of possible consecutive cancellations does not imply the ex-
istence of an ideal for which those cancellations are realized.

Corollary 47.9. Let L be a lex ideal. Suppose that L does not have
two minimal monomial generators in consecutive degrees. If J is a
graded ideal with the same Hilbert function as L, then J has the same
graded Betti numbers as L.

The following can be explored.

Open-Ended Problem 47.10. (folklore) Let J be a graded ideal in
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S and let L be the lex ideal with the same Hilbert function. Which con-
secutive cancellations occur as cancellations when we are comparing
the graded Betti numbers of L and J, in the case when some additional
properties of J (e.g. monomial, artinian, Gorenstein, compressed) are
assumed?

Example 47.11. In contrast to Theorem 47.2, there exist examples
where no ideal attains smallest Betti numbers among the ideals with
a fixed Hilbert function. The following examples are proved in [Dodd-
Marks-Meyerson-Richert] and were noted by Gelvin-LaVictore-Reed-
Richert. Let

J = (z122, X123, Tok3, T3Ta, T3L5, T3T6, T4Ts) -

Then:
(1) Among the graded ideals with the same Hilbert function as J,
there exists no ideal with smallest Betti numbers.
(2) Among the squarefree monomial ideals with the same Hilbert
function as J, there exists no ideal with smallest Betti numbers.

48 Gotzmann’s Persistence Theorem

Gotzmann’s Persistence Theorem is a major result on Hilbert func-
tions. It shows that once an ideal achieves minimal growth then it

grows minimally forever after.

Gotzmann’s Persistence Theorem 48.1. (Gotzmann) Let J be
a graded ideal in S, and L be the lex ideal with the same Hilbert
function as J. Suppose that q is an integer such that the following
two conditions are satisfied:

(1) J is generated in degrees < q.

(2) dimy(Jg41) = dimg(S1Lg).

We have that

for all i > 1. Equivalently, L is generated in degrees < q.

Proof. The proof is from [Gahsarov-Murai-Peeva 2]. It uses consec-
utive cancellations. Assumption (2) means that L has no minimal
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generator in degree ¢+ 1. We will show that L has no minimal mono-
mial generator in degree ¢+2. Assume the opposite, then we have that
b7 ,12(S/L) # 0. On the other hand, we know that J does not have

a minimal monomial generator in degree ¢ + 2, so bqu +2(8/J) = 0.
Since b7 ,,5(S5/J) = 0 is obtained from b7 ,,,(S/L) # 0 by consecu-
tive cancellations by Theorem 47.7, it follows that b5 ,,,(S/L) # 0.

The ideal L is Borel, so the minimal free resolution of S/L is the
Eliahou-Kervaire resolution 28.6. Since L does not have a minimal
monomial generator in degree ¢ + 1, it follows that b3, ,(S/L) = 0.
This is a contradiction.

We proved that L does not have a minimal monomial generator
in degree ¢+2. Therefore, dimy (J,42) = dimy(S1Lg+1). The theorem
holds by induction on degree. O

Example 48.2. Consider the ideal J = (y2,2?) in A = k[z,y, z]. We
will compute the lex ideal L with the same Hilbert function as J. The
k-vector space J has basis 32, z2. Hence the k-vector space Lo has ba-

2 3

sis #2, xy. The k-vector space Js has basis 12, vz, y%z, 2%, 2%y, 23,

3 2

so it is 6-dimensional. Therefore, L3 has basis 3, 22y, 222, 2y?, vyz,

xz%. So far we have found that the lex ideal has minimal generators
22 zy, x22.

The k-vector space (A/J)4 has basis 2*, 23y, 232, 2%yz. Hence
the k-vector space (A/L)4 has basis 432, y?22, yz3, z%. Therefore, L,
is spanned by A; L3 and 3.

In degree 5, the k-vector space (A/.J)s has basis 2%, zty, 1% 2, 23y2.
Hence, the k-vector space (A/L)s has basis y322,3%23, yz*, 2°. There-
fore, Ls is spanned by A;L4. Thus, L has no minimal generators in
degree 5.

By Gotzmann’s Persistence Theorem 48.1 it follows that L =
(2, 2y, w22, y%).

Gotzmann’s Regularity Theorem 48.3. Let J be a graded ideal
in S. Let q be an integer such that the following two conditions are
satisfied:

(1) J is generated in degrees < q.
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(2) dimk(Jqul) = dimk(S’qu).
Then regg(J) < q.

Proof. By Remark 47.3, Corollary 28.13, and Theorem 48.1 we get
regg(J) <regg(L) <gq. a

Let J be a graded ideal in S, and L be the lex ideal with the
same Hilbert function as J. We say that J is a Gotzmann ideal if

the equality
dlmk(Sl Jq) = dlmk(Squ)

holds for every ¢ > 0.

Exercise 48.4. Let J be a graded ideal in S, and L be the lex ideal
with the same Hilbert function as J. The ideal J is Gotzmann if and

only if J and L have the same number of minimal generators.

Theorem 48.5. (Herzog-Hibi) Let J be a graded Gotzmann ideal
in S, and L be the lex ideal with the same Hilbert function as J. We
have equalities of graded Betti numbers

b5 ;(S/J) = b7 ;(S/L)  for alli,j > 0.

Proof. Let p be the smallest degree in which L has a minimal mono-
mial generator. For ¢ > p, denote by J(q) the ideal generated by all
monomials in J of degree < ¢. Similarly, denote by L(q) the ideal
generated by all monomials in L of degree < q. By Gotzmann’s Per-
sistence Theorem 48.1, for each ¢ > p the ideals J(q) and L(q) have
the same Hilbert function. Furthermore, by Remark 47.3 it follows
that the graded Betti numbers of S/L(q) are greater or equal to those
of S/J(q).

All Betti numbers in the proof are over S. By Theorem 16.2 the
graded Betti numbers b; ;(S/T') for a homogeneous ideal T and its
Hilbert function are related by

L Xt Yo (CDbi(S/T) ¢

> dimg(S/T) oo

=0
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Therefore, for each ¢ > p we have that

n

(+) z:ZX—U(mA&U@D—mA&mw»>ﬂ:o,

7=0 =0

By induction on ¢ we will show that the graded Betti numbers
of S/L(q) are equal to those of S/J(q).

First, consider the case when ¢ = p. By the Eliahou-Kervaire
resolution, it follows that L(p) has a p-linear minimal free resolution,
that is, b; ;(S/L(p)) = 0 for j # i+ p — 1. Since the graded Betti
numbers of S/L(p) are greater or equal to those of S/J(p), it follows
that b; ;(S/J(p)) = 0 for j # i+p—1. By (x) we obtain the equalities
of graded Betti numbers

b1 (S/J(p)) = bis(S/L(p)) for alli,j.

Suppose that the claim is proved for q. Now, we consider the
ideals L(q+ 1) and J(q¢+ 1). For j < i + ¢, we have that

bi ;(S/L(q+1)) = bi;(S/L(q)) = bi;(5/T(q)),

where the first equality follows from the Eliahou-Kervaire resolution
and the second equality holds by induction hypothesis. As J(q +
1)s = J(q)s for s < g by construction, and since b; ;(S/J(¢q)) = 0
for j > i+ g, we conclude that b; ;(S/J(q+ 1)) = b; ;(S/J(q)) for
7 <1+ q. Hence,

b@j(S/L((] + 1)) = bw(S/J(q + 1)) for j<i+gq
b; ;(S/L(q¢+ 1)) =0 for j > i+ ¢, by the Eliahou-Kervaire resolution.

Since the graded Betti numbers of S/L(q + 1) are greater or equal to
those of S/J(q+ 1), we conclude that

i (S/L(g+1)) for j <i+gq
i.i(S/L(g+1))=0forj >i+gq.
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By (%) it follows that

5 (1) (Braea$/9(0) s/ @) ) 49 = 0.

=0

Hence
b;j(S/J(q+1)) =b;;j(S/L(g+1)) foralli,j,

as desired. 0

Let J be a graded ideal in S. We say that J is componentwise
linear if for every ¢ > 0 the ideal generated by J, has a g¢-linear
minimal free resolution. By Theorem 48.5, we have that a Gotzmann

ideal is componentwise linear.

49 Numerical versions

Since lex ideals are highly structured, it is easy to derive the inequal-
ities characterizing their Hilbert functions. As an application, we
discuss numerical versions of some results proved earlier.

Note that by convention (§) = 0 if a < b.

Lemma 49.1. Let q be a positive integer. For every p € N there
exist numbers sq > ... > s1 > 0 such that

p= () (o) e ()

Proof. The proof is by induction. Set

e ()51}

If p = (sq‘?), then set s; = i — 1 for each 1 < 7 < ¢. Suppose that

p— (s;) > (. By induction, we can find s, > ... > s; > 0 such that

()G )
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It remains to show that s, > s,_1. Assume the opposite. Then we
obtain

()= ()= () -6)
()=

which is a contradiction. O

This is called the ¢’th Macaulay representation of p. The
numbers sq,...,s, are called the ¢'th Macaulay coefficients of p.

Example 49.2. The 3’rd Macaulay representation of 14 is

5 3 1
14 = .
<3) * <2> i <1>
Exercise 49.3. The q’th Macaulay coefficients of p are unique.

Set 0(9 = 0 and
(@) _ Sq+1 Sq_1—|—1 s1+1
P <q—|—1 + g—1+1 et 1+1)/)°
Proposition 49.4. Let L be an ideal generated by a lex segment in
S,. If p=dimy (S/L),, then dimy, (S/L),1 = p'?.
Proof. Set j = min{i|z! ¢ L}. We have that the monomials
{u€ S, is a monomial |u <je, 2] } = klzj,. .., 2],

are non-zero monomials in (S/L),. The number of such monomials is

dlmkk/‘[l']’7xn}q — (n_(]]+Q> — <5;)a

where s, = n — j + ¢. Furthermore,

(@j, ) {ulu Zjee 2§ 1 } = klzg, . 20]em
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are non-zero monomials in (S/L)441. The number of such monomials

, n—j+q+1 sq+1
d klx;, ... = = .
1My [1'], 7xn]q+1 ( q+1 > (q+1

18

Let m be the lex-greatest monomial in S, but not in L. Hence
atq _, €L and (1? 1 >l M > lex :r: . Set

D:{UE{Sq}|mtlezu>_lez .'L‘j[}

F={ue{S}|xf mjexu}.

All monomials in D are divisible by x;_1, so we can write D = x;_1D’.
Now,

dimy, (S/L)q = [D'| + | 7|
lelk; (S/L)q+1 = |(ZL‘J, ,xn)l D,| + ‘(l'], ,xn)l .7:|

We showed that |F| = (sq) and |[(zj,...,z, 1 F| = (S‘ZH) By induc-
tion on the degree, we have that

D= (") (T
e (q—1>+ +<1

871-1-1 81+1
e xzaon D=1 .
(e = (7 e (1))

In order to finish the proof, we need to verify that s, ...,s; are

and

the Macaulay coefficients, that is, we have to verify that s, > ... > s;.
The inequalities s,—; > ... > s; hold by induction. So we have to
check that s, > s4_1.

We have that s, = n—j+q, where j = min{i| 2] ¢ L }. Similarly,
Sg—1 =n—c+ (¢ — 1), where

c=min{i|z!"" ¢ D'} = min{i|z; 2" ¢ D}

= min{i|z; 129 ¢ L,i>j}.
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Therefore, ¢ > j. Hence sq—1 =n—c+qg—1<n—j+q=s, O

The above proposition and Macaulay’s Theorem imply the fol-
lowing result.

Numerical Version of Macaulay’s Theorem 49.5. Let J be a
graded ideal in S. Then

dimy, (S/J);41 < (dimy, (S/);)9 for j>0.

Similarly, the above proposition and Gotzmann’s Persistence
Theorem 48.1 imply the following result.

Numerical Version of Gotzmann’s Theorem 49.6. Let J be a
graded ideal in S. Let q be an integer such that the following two
conditions are satisfied:

(1) J is generated in degrees < q.

(2) dimg (S/)g11 = (dimy (S/.7),) .

Then

dimy, (8/) ;41 = (dimy (/7)) Jor j > q.

Numerical Version of Gotzmann’s Regularity Theorem 49.7.
Let J be a graded ideal in S. Let q be an integer such that the following
two conditions are satisfied:

(1) J is generated in degrees < q.

(2) dimg (S/)g11 = (dimy (S/.7),).
Then regg(J) < gq.

Let « = {ag, a1, ...} be a sequence of non-negative integer
numbers. We say that « is a Macaulay sequence if og = 1 and

g1 < ozé,q> for each ¢ > 1.

Corollary 49.8. Let a ={ap =1, a1 < n, ag, ...} be a sequence
of non-negative integer numbers. There exists a graded ideal J in S
with dimy, (S/J); = «; for all i > 0, if and only if, o is a Macaulay
sequence.
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Proof. Note that ag = 1 as Sy = k. Furthermore, oy < n since
dimy S = n.

Suppose that there exists a graded ideal J in S with dimy, (S/J);
= oy for all i« > 0. By Macaulay’s Theorem, there exists a lex ideal
L with dimy (S/L); = «; for all i > 0. Applying Proposition 49.4
we conclude that if L has no minimal monomial generators in degree

g + 1 then we have the equality oy = a§q>

the inequality ogy1 < a§q>.

, and otherwise we have

Suppose that a is a Macaulay sequence. Let L, be the lex seg-
ment in S, such that dimy (S/L), = «,. By Proposition 49.4, it
follows that L, 2 S1 Ly. Hence L = ®4>0 L4 is an ideal. It has the
desired Hilbert function. O

Corollary 49.9. Let J be a graded ideal in S. The Hilbert polyno-
mial of S/J has the form

t+ t+ a,— t+
hs/J(t)z( CL‘1’>+< % 1)+...+< “1).
Aq Ag—1 a1

for someag > ... > a; > 0.

Proof. Let L be the lex ideal with the same Hilbert function as J.
Let ¢ be the maximal degree in which L has a minimal monomial
generator. Denote by N the ideal generated by L,. It follows that
dimy, (J;) = dimy, (N;) for i > ¢q. Hence S/J and S/N have the same
Hilbert polynomial.

Let s, > ... > s1 > 0 be the Macaulay’s coefficients of the ¢’th
Macaulay representation of the number dimy, (S/N),.

By Proposition 49.4, it follows that the Hilbert polynomial of
S/N is

Sqg+ 1 Sqg—1 1+ 1 s1+1
h t)y=(""1 a . .
sn(g+1) <q+t>+<q—1+t>+ +<1+t>

Set a; = s; — i for each 7. Hence

t+q+aq t+q—1+a, t+1+am
h t) = .
s/n(4+1) ( g+t >+( g1+t )T T 14
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Therefore,

t+a t+a,_ t+a
hs/N(t)Z( . q>+< tq 1)+...+( ) 1)
:<t—|—aq>+<t+aq_1>+H.+(t+a1).
Qg Qg—1 a1

Corollary 49.10. Suppose that the field k is infinite. Let
g(t) =a t" + ...+ art + ag
g(t)
(1=t
is equal to Hilbg, ;(t) for some graded Cohen-Macaulay J if and only

g(1) #0, and a; € Z for alli. There ezists ap € N such that

if ag, a1 <n, ..., a, s a Macaulay sequence of positive numbers.

t
Proof. Let Hilbg, ;(t) = (1—32%' If S/J is Cohen-Macaulay,

then by 20.1 there exists a regular sequence of linear forms of length
dim(S/J). Hence, ¢(t) is the Hilbert series of an artinian graded
quotient of S. Therefore, ag,a; < n,...,a, is a Macaulay sequence of
positive numbers.

On the other hand, suppose that ag,a; < n,...,a, is a Macaulay
sequence of positive numbers. Therefore, there exists an artinian
graded quotient S/J of S with Hilbert series g(t). |

The following problems have been studied, cf. [Valla].

Problems 49.11.
(1) Characterize the Hilbert functions of graded artinian Gorenstein
quotients of S.
(2) Characterize the Hilbert functions of graded Cohen-Macaulay do-
mains that are quotients of S.
(3) Characterize the Hilbert functions of sets of points in uniform
position.

A problem of this type is also the Eisenbud-Green-Harris Con-
jecture, discussed in Section 53. Another conjecture of this type is
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Froberg’s conjecture.

Froberg’s Conjecture 49.12. (Froberg) Let fi,..., f. be generic
forms in S of degrees ay,...,a,, and let T = (f1,..., fr). The Hilbert
series of S/T is

[Ticic, (1 —1%)
a-o0 |

Hilbg,r (t) =

where | | means that a term c;t* in the series is omitted if there exists
a term cjtj with j <'i and negative coefficient c;. (Here r > n is the
interesting case, since for r < n we have that fi,..., f. is a regular

sequence. )

Set Oy =0 and

Sqg— 1 Sg—1 — 1 s1—1
p<q>:<qq )+(qq—1 >+"'+< 1 >

Exercise 49.13. Let L be an ideal generated by a lex segment in S, .
If p=dimy, (S/L),, then

dimy, (S/(L,@n)), = Pig) -

Green’s Hyperplane Restriction Theorem 44.10 and 49.13 imply
the next result.

Numerical Version of Green’s Hyperplane Restriction The-
orem 49.14. Let J be a graded ideal in S, and h be a generic linear
form. If p = dimy, (S/J),, then

dimy, (S/(J,h))q < p(gy -

50 Hilbert functions over quotient rings

The main idea in Macaulay’s Theorem is that every Hilbert function
is attained by a lex ideal. One can wonder for what quotient rings this
idea works out. If I is a monomial or toric ideal, then we can define
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the notion of a lex ideal in the quotient ring R = S/I. There might be
other classes of rings for which one can introduce a meaningful notion
of lex ideals, that is, find a class of ideals which attain all Hilbert
functions and which are defined in a nice way (and call such ideals lex
ideals).

It is easy to find quotient rings over which Macaulay’s Theorem
does not hold. For example, there exists no lex ideal with the same
Hilbert function as the ideal (ab) in the quotient ring kla, b]/(a?b, ab?)
by [Mermin-Peeva 2, Example 2.13]. Since the trouble is sometimes in
the degrees of the minimal generators of I, it makes sense to relax the
problem to Problem 50.1(1). Furthermore, in view of Hartshorne’s
Theorem that every graded ideal in S is connected by a sequence of
deformations to a lex ideal, it is natural to raise Problem 50.1(2).
Problem 50.1(3) is motivated by Theorem 47.2 which shows that a
lex ideal attains the greatest graded Betti numbers among all graded
ideals in S with the same Hilbert function.

Open-Ended Problems 50.1. [Mermin-Peeva, Mermin-Peeva 2]

(1) Let p be the maximal degree of an element in a minimal homo-
geneous system of generators of I. Find classes of graded ideals
I so that every Hilbert function over R = S/I of a graded ideal
generated in degrees > p is attained by a lex ideal.

(2) Let J be a graded ideal in R, and L be a lex ideal with the same
Hilbert function. When is J connected to L by a sequence of
deformations? What can be said about the structure of the Hilbert
scheme that parametrizes all graded ideals in R with the same
Hilbert function as L?

(3) Let J be a graded ideal in R, and L be a lex ideal with the same
Hilbert function. Find conditions on R and/or J so that the
Betti numbers of J over R are less than or equal to those of L.

Furthermore, one can also ask for generalizations or extensions of
the Gotzmann’s Persistence Theorem and the Lex-Plus-Powers Con-
jecture.

Open-Ended Problem 50.2. (Peeva) Find classes of graded ideals
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I so that Gotzmann’s Persistence Theorem holds over R.

Open-Ended Problem 50.3. [Mermin-Peeva] Let J be a graded
ideal in R, and L be a lex ideal with the same Hilbert function in R.
Denote by J and L the preimages of J and L in S. Find conditions
on R and/or J so that the Betti numbers of J over S are less than or

equal to those of L. (We say that Lisa lex-plus-I ideal.)

As we have seen in Section 51, Hilbert functions over an exterior
algebra coincide with f-vectors of simplicial complexes. The situation
over an exterior algebra is well-studied and we have the following
results.

Theorem 50.4. Let E be a standard graded exterior algebra on n
variables of degree one.

(1) (Kruskal-Katona) For every graded ideal in E there exists a lex
ideal with the same Hilbert function.

(2) [Peeva-Stillman 3| The Hilbert scheme, that parametrizes all graded
ideals with a fixed Hilbert function, is connected. Fach graded
ideal in E is connected by a sequence of deformations to the lex
ideal with the same Hilbert function.

(3) [Aramova-Herzog-Hibi 2| Fach lex ideal in E attains mazimal
Betti numbers among all graded ideals with the same Hilbert
function.

(4) [Mermin-Peeva-Stillman] Each lez-plus-(z%,...,22) ideal in S
attains mazximal Betti numbers among all graded ideals contain-
ing (z3,...,22) and with the same Hilbert function.

(5) [Aramova-Herzog-Hibi 2] Gotzmann’s Persistence Theorem holds
over E.

51 Squarefree ideals plus squares

In this section, we study how the Hilbert function and the minimal
free resolution change when we add the squares of the variables to a
squarefree monomial ideal. This relates to (4) in Theorem 50.4.

Throughout the section A is a simplicial complex on the vertex
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set {z1,...,2n}. Set ¢ = dim(A) + 1.
The Stanley-Reisner ideal (in S) of A is
IA = (ZL‘Z‘l l’lp|{l'll,,$zp} ¢ A)

Each squarefree monomial ideal in S is the Stanley-Reisner ideal of
some simplicial complex on vertex set {x1,...,z,}.

The Stanley-Reisner ring of A is Ra = S/Ia. The ring

Qa =Ra/(z1,...,20) = S/(Ia + (a1,...,2}))

is closely related to Ra. We say that In+(23%,...,22) is a squarefree-

rrn

plus-squares ideal.

First, we study how the Hilbert function changes when we add
the squares of the variables to a squarefree monomial ideal.

Construction 51.1. Consider the correspondence
@ :x - x5, — the face with vertices {z;,,..., 2, } .

from the set of squarefree monomials in n variables to the faces of the
simplex on n vertices. Clearly, ¢ is a bijection.

The f-vectorof Ais (f_1, fo,.-., fe—1), where f; is the number
of faces of dimension ¢ in A. Note that f_; = 1, since a simplicial
complex has one empty face. The polynomial f(t) = > ;<. fi—1t"
is called the f-polynomial. o

Proposition 51.2.
Hilbg, (t) = Y fioat' = f(t).

0<i<c

Proof. The bijection in Construction 51.1 induces the bijection

1 the monomials in Qa = Ra/ (22,...,22) — the faces of A.
a

Proposition 51.3.
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Proof. Let m be a squarefree monomial in Qa of degree i. Denote
supp(m) = {zj|x; divides m}. All monomials in S with the same
support as m are monomials in Ra and they are exactly the monomials

%

1=ty

in mklxj|z; € supp(m)]; hence they contribute to Hilbg, (%).

Therefore,

Hilbr, (t) = > fiz (11)@‘ = Hilbg,, (%)

O

Theorem 51.4. If A and A’ are simplicial complexes on n vertices,
then

HﬂbRA (t) = HﬂbRA, (t) S HﬂbQA (t) = HﬂbQA, (t) .

Theorem 51.5.
dim(Ra) = dim(A) + 1.

Proof. We have that

t _ ti(l_t)cfi
-~ 2 A

Hilbg, () = > fi1

0<i<e 0<i<e
; — . h(t)
Set h(t) = > gcice fim1t'(1 —1)°7". Then Hilbg, (t) = e and
h(1) = f.—1 # 0. Hence dim(Ra) = ¢ = dim(A) + 1. |

Recall that the polynomial h(t) above is called the h-polynomial.

Corollary 51.6. h(t) = (1 —1t)°- f(%)

Next, we study how the Betti numbers change when we add the
squares of the variables to a squarefree monomial ideal.

Theorem 51.7. Let N be a squarefree ideal. Set P(i) = (z3,...,2%)

Pk}

and P(0) = 0. For each 0 < i < n, the mapping cone of the short
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exact sequence

0— S/((N+P(i)) : xiﬂ)iﬁ/(NJrP(z‘)) — S/(N+P(i+1)) — 0
yields a minimal free resolution of S/(N + P(i+ 1)).

This theorem shows how to obtain the Betti numbers of N +

(22,...,22) starting from the minimal free resolution of N and adding

the squares one after another. At each step, we use a mapping cone.
Proof. First, note that

(N + P()) 1 a2,) = (N + P()) : 2i41)
because the ideal N 4 P(i) is squarefree on the variable x;,1. Thus,
the sequence above is exact.

Since the ideal N + P(i) is squarefree on the variable x;,1, by
Taylor’s resolution, it follows that the Betti numbers of S/ (N + P(i))
are concentrated in multidegrees not divisible by «Z, ;. On the other
hand, the first map in the short exact sequence is multiplication by

z? +1- Therefore, there can be no cancellations in the mapping cone.
Hence, the mapping cone yields a minimal free resolution. O

The disadvantage of the above theorem is that we may change
the Hilbert function by adding some (but not all) of the squares.
That is, if N and N’ are two squarefree ideals with the same Hilbert
function, then N 4 P(i) and N’ + P(i) may not have the same Hilbert
function. There are examples, when N + (22) and N’ + (22) have
different Hilbert functions. For example, consider the polynomial ring
kla,b,c,e] and let T be the ideal generated by the squarefree cubic
monomials; the ideal N = (ab, ac,bc) + T is squarefree Borel and the
ideal N" = (ab, ac,ae)+T is squarefree lex. The ideals N and N’ have
the same Hilbert function, but N + (a?) and N’ + (a?) have different
Hilbert functions. The next theorem shows how to use mapping cones
while preserving the Hilbert function.

Fora o C{z1,...,2,}, we set X, = Hzi@ ;.

Theorem 51.8. [Mermin-Peeva-Stillman] Let P = (z%,...,22) and
N be a squarefree monomial ideal.
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(1) We have the long exact sequence
0 — ®|g)=n S/(N: Xg)&

— Boj=i S/(N :X5) 5 Bjgjmi1 S/(N :%X4) — ...

¥1

— @oj=1 S/(N : X,) = S1<j<n S/(N : x5) —
— ®|o|=0 S/(N :%x,) =S/N — S/(N+P) — 0

with maps ; the Koszul maps for the sequence 3,...,x2, and

o CA{l,...,n}.
(2) S/(N + P) is minimally resolved by the iterated mapping cones
from (x).
(3) Each of the ideals (N : x,) in (1) is a squarefree monomial ideal.
(4) For the graded Betti numbers of S/(N + P) we have

bya(S/(N+ P)) = 3 (Z bpi,s2i(5/(N5Xa))>-

0<i<p Mo|=i
Proof. First, note that (N : x2) = (N : x,,) is squarefree since N is
squarefree.

By Construction 14.1 and Theorem 14.7, the exact Koszul com-

plex K for the sequence 22, ..., 22 has the form

0—>69|0|:n A

— Dio|=i RS Blo|j=i—1 S — ...

$P1
= Blgj=1 S = B1gj<n S —

— ®B|g|=0 S=8—-S8/P —0.

Write K = K’ & K”, where K’ consists of the components of K in
all multidegrees m ¢ N, and K" consists of the components of K in
all multidegrees m € N. Note that both K’ and K" are exact by 3.7.
We will show that (x) coincides with K'.

By 14.1, K is an exterior algebra on variables eq,...e,. Let
mej, A ... Aej be an element in K; and m be a monomial. The
multidegree of the variable e; is x?; hence, the multidegree of me;, A
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... Nej, is mar:f1 LL‘? Now, mej, A ... ANej, € K’ if and only if

ma? ...x5 ¢ N, if and only if ma;, ... 2;, ¢ N, if and only if m ¢

(N :xj, ...xj,). Therefore,

K; - @\a\:i S/(N : Xa)

mej, N...Nej,—m€eS/(N:xj ...x;)

is an isomorphism. We proved (1).
We will prove (2). Denote by V; the kernel of ¢; : K, — K/ _;.
We have the short exact sequence

0—Vi— @gj= /(N :%x5) = Vi_1 — 0.

Each of the ideals (N : x,) is squarefree. By Corollary 26.10, the Betti
numbers of @©|,—; S/(IN : X,) are concentrated in squarefree multide-
grees. On the other hand, the entries in the matrix of the map ¢;
are squares of the variables. Therefore, there can be no cancellations
in the mapping cone. Hence, the mapping cone yields a minimal free
resolution.

(4) follows from (2). |

Furthermore, the following result is proved in [Mermin-Peeva-
Stillman)].

Proposition 51.9. Let N and N’ be two squarefrec monomial ideals
with the same Hilbert function. Fiz an integer 1 < p < mn. The graded
modules ®|s=p (N : Xg) and ®|g|=p (N : X,) have the same Hilbert
function.

Proposition 51.10. Let N be a squarefree monomial ideal, and A
be its Stanley-Reisner simplicial complex. Let o C {1,...,n}. The
Stanley-Reisner simplicial complex of (N : X4) is

stara(o) ={Tr € A|TUoc € A},
(recall 36.17).
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Proof.
stara(o) ={r € A|TUoc € A}
={rC{1,...,n}|lem(x;,%,) ¢ N}
={rC{l,...,n}|x,x, ¢ N}
={rC{l,....,n}|x, ¢ (N :x,)}
={rC{l,....,n}|x, ¢ (N :x,)}.

52 Clements-Lindstrom rings

Counting faces of simplicial complexes (that is, counting in an exterior
algebra) naturally generalizes to counting in multicomplexes. This
leads to considering Clements-Lindstréom rings, which have the form
P=S5/(x",...,xp"),
where 2 < a; < ... < a,. We will prove the analogue of Theo-
rem 50.4(1), that is, we will prove that Macaulay’s Theorem holds
over P. The remaining parts (2)-(5) of Theorem 50.4 hold over P as
well and are proved in [Gasharov-Murai-Peeva 2| and [Mermin-Murai].

The notions of a P;-monomial space, compression, Borel, and lex
ideals easily extend over P. For example, we say that a Pj-monomial
space B, is Borel if whenever a non-zero monomial z;m € B, and
1 <4 < j it follows that z;m € B, (note that x;m = 0 is possible
since P is a quotient ring).

We will need some lemmas. Minor modifications in the proofs of
Structure Lemma 42.5, Lemma 44.1, the Comparison Theorem 44.4,
Compression Lemma 42.9, and Proposition 41.6 lead to the following
analogs (listed below) over P of these results. See [Mermin-Peeva] for
detailed proofs.

Structure Lemma 52.1. If a P;-monomial space Cy is compressed
and n > 3, then C, is Borel.
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Lemma 52.2. If a P;-monomial space By is Borel, then

{PBY| = Y ria-a(By).
i=1

Comparison Theorem 52.3. Let B, be a Borel monomial space in
P,. Let L, be a lex monomial space in Py with |Ly| < |B,|. Then

7ij(Lq) < 1ij(By)

for each 1 <i<n and each 1 < j < q;.

Compression Lemma 52.4. Let A, be a P;-monomial space. There
exists a compressed monomial space T, in P, such that |T,| = |A,]
and ‘Pqu| < ’PlAq‘

Proposition 52.5. The following properties are equivalent.
(1) Let A, be a Py-monomial space and Ly be its lexification in P,.
Then |P1Lq‘ < ’PlAq ‘
(2) For every graded ideal J in P there exists a lex ideal L with the
same Hilbert function.

Using the above results we will prove Macaulay’s Theorem over
the Clements-Lindstrom ring P.

Clements-Lindstrém’s Theorem 52.6. Let P = S/(z{",..., z%"),
where 2 < a1 < ... < a,. For every graded ideal in P there exists a

lex ideal with the same Hilbert function.

Proof. We will prove that (1) in Proposition 52.5 holds. We will use the
argument in the first proof of Macaulay’s Theorem from Section 45.

An eagy calculation shows that the theorem holds provided n = 2
and we do not have as < ¢+ 1 < ay. But a1 < ay by assumption, so
the theorem holds for n = 2.

Consider the case n > 3. Applying 52.4, we conclude that there
exist a compressed monomial space C, such that |C,| = |4,| and
|P1Cy| < |P1Ay|. By Lemma 52.1 it follows that C, is Borel. Let L, be
the lex monomial space for which |C,| = |L,|. We apply Lemma 52.2
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to conclude that

‘{Plcq}‘ = Zn: Tia;-1(Co)
=1

‘{Pqu}‘ = ria1(Ly).
=1

IN

Finally, we apply Theorem 52.3 and get the inequality ‘ {P,L,} ‘
[ {P1C} . a

53 The Eisenbud-Green-Harris Conjecture

The most exciting currently open conjecture on Hilbert functions is
the Eisenbud-Green-Harris Conjecture. It is wide open.

The Eisenbud-Green-Harris Conjecture 53.1. [Eisenbud-Green-
Harris 1, Eisenbud-Green-Harris 2] Let N be a graded ideal in S
containing a mazrimal homogeneous reqular sequence in degrees 2 <
e1 < --- < e,. There exists a monomial ideal T such that N and
T+ (z§*,---,xt") have the same Hilbert function.

A monomial ideal L + (z7*,...,z¢") is called lex-plus-powers
if it is the preimage of a lex ideal in S/(z{*,...,z5). By Clements-
Lindstréom’s Theorem 52.6, it follows that the conjecture can be stated
equivalently as follows.

Conjecture 53.2. Let N be a graded ideal containing a maximal

homogeneous regular sequence in degrees 2 < ey < --- < e,. There
exists a lex-plus-powers ideal L + (x7, ..., xt") with the same Hilbert
function.

The original conjecture gives a numerical characterization of the
Hilbert functions of graded ideals containing a maximal homogeneous
regular sequence in degrees 2 < e; < --- < e,. It is well known that
the numerical characterization is equivalent to the existence of a lex-
plus-powers ideal L+ (x7", ..., z5") with the same Hilbert function as
the ideal V.
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Another equivalent formulation of the conjecture is:

Conjecture 53.3. Let f1,..., fn be a maximal homogeneous reqular
sequence in S in degrees 2 < e < --- < e,. Let N be a graded
ideal in the complete intersection ring S/(f1,..., fn). There exists a
lex ideal L in the Clements-Lindstrom ring S/(z{',...,x) with the

same Hilbert function as N.

The conjecture is especially interesting in the case e; = ... =
en = 2 when the regular sequence consists of quadrics.

Next, we focus on problems based on the idea that the lex ideal
has the greatest Betti numbers among all ideals with a fixed Hilbert

function.

Conjecture 53.4. Suppose that k is an infinite field (possibly, one
should also assume char(k) = 0). Let N be a graded ideal con-
taining a homogeneous regular sequence f1,..., fn in S in degrees
2<e <--- < e, Suppose that there exists a lex-plus-powers ideal
L+ (25, -+, %) with the same Hilbert function. Then:

(1) The Betti numbers of N over S/(fi,...,fn) are less than or
equal to those of L over S/(xf',...,x%"), (where N and L are
the images of N and L in the corresponding complete intersection
Tings).

(2) The LPP Conjecture (the lex-plus-powers conjecture).
(Evans) The Betti numbers of N over S are less than or equal

to those of L + (z5*,...,x5).

The first part of the conjecture is about infinite resolutions,
whereas the second part is about finite ones.

The LPP Conjecture was inspired by the Eisenbud-Green-Harris
Conjecture. [Francisco-Richert] is an expository paper on the LPP

Conjecture.
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Monomial Resolutions

Abstract. In this chapter we discuss free resolutions of monomial
ideals; we call them monomial resolutions. The problem to describe
the minimal free resolution of a monomial ideal (over a polynomial
ring) was posed by Kaplansky in the early 1960’s. Despite the helpful
combinatorial structure of monomial ideals, the problem turned out
to be hard. The structure of a minimal free monomial resolution can
be quite complex. There exists a minimal free monomial resolution
which cannot be encoded in the structure of any CW-complex. In fact,
even the minimal free resolutions of ideals generated by quadratic
monomials are so complicated that it is beyond reach to obtain a
description of them; we do not even know how to express the regularity
of such ideals. In this situation, the guideline is to introduce new
ideas and constructions which either have strong applications or/and
are beautiful. Most proofs about monomial resolutions are easy. The
key point is not to provide complicated proofs, but to introduce new
beautiful ideas.

54 Examples and Notation

We will use the notation and terminology introduced in Section 26,
and the tools from Section 36. Throughout the chapter M stands for
a monomial ideal in S minimally generated by monomials my, ..., m,.
We denote by L the set of the least common multiples of subsets of
{ma,...,m,}. By convention, 1 € L considered as the lcm of the
empty set. Note that M is homogeneous with respect to the standard
grading on S and with respect to the multigrading in 26.1.

1. Peeva, Graded Syzygies, Algebra and Applications 14,
DOI 10.1007/978-0-85729-177-6_3, © Springer-Verlag London Limited 2011
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In the Running Example we will illustrate several definitions and
constructions. The running example uses the ideal

Y = (a2, 2y,y°)
in the ring C' = k[z,y].
Running Example 54.1. Consider the ideal Y = (22, zy,%?) in the

ring C' = k[z,y]. Computer computation shows that the minimal free
resolution of C'/Y is

z =P
0 x 2 3
Fy: 0 — (2 e A

— C/Y — 0.

We consider the basis of the free modules in Fy in which the above
maps are given. Denote by h the basis element of C' in homolog-
ical degree 0, by fi, f2, f3 the basis elements of C® in homologi-
cal degree 1, and by g¢1,g2 the basis elements of C? in homologi-
cal degree 2. Since h has multidegree 1 and the differential is sup-
posed to be homogeneous, it follows that fi, fo, f3 have multidegrees
22, zy,y3 respectively. Thus, in homological degree 1 we have the free
module C(2?) & C(zy) & C(y3). Furthermore, d(g1) = —yf1 + zfo
has multidegree z?y, hence g; has multidegree x%y. Similarly, since
d(g2) = —y?f2 + xfs has multidegree zy3, we conclude that g, has
multidegree zy>. Thus, in homological degree 2 we have the free mod-
ule C(22%y) ® C(xy?). So the resolution can be written

0 — C(2%y) ® C(xy®) C(z*)aC(zy) ® C(y°)

2 3
(x°zy y°) o

The non-zero multigraded Betti numbers are
bl,y3 (C/Y) = bl,:cy(C/Y) = bl,r2 (C/Y) =1
bo.02¢(C/Y) =bg 4ys(C/Y) = 1.
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We will also write the component (Fy),2,2 of Fy in multidegree
x2y?. It is the exact sequence of k-vector spaces

0— C(.’L‘Qy)zzyz b C(wy3)z2y2 — C(l’2)12y2 &) C(l’y)rzyQ b C(yg)IQyQ
— Ch2y2 = (C/Y )22 — 0.

Note that C(z%y),2,2 is the 1-dimensional k-vector space with ba-
sis yg1, so we can write it as k{ygi}. Similarly, C(zy?),2,5 = 0,

C($2)x2y2 = k{y2f1}7 C((L.y)x2y2 = k{mny}a C(y3)x2y3 =0, szyz =
k{z?y?}. Furthermore, note that (C/Y),2,2 = 0 because 2?y? € Y.
Therefore, (Fy),2,2 is the exact sequence of k-vector spaces

Oﬁk{ygl} - k{y2f1}@k‘{xyf2} — k‘{x2y2} — 0 —0.

By Corollary 26.9 the entries in the matrices of the differentials
in the minimal free resolution Fj; of S/M are scalar multiples of
monomials. After computing a few examples, one might get the feeling
that the coefficients appearing in the differential matrices are only
0, +1. Unfortunately, this is not the case, as shown by the next

example.

Example 54.2. [Reiner-Welker] Assume char(k) = 0. Consider the
monomial ideal

T = (5611’45651’6,%25641’5566,5631’4565%,3?21'45651'7,5635641'5567,
L1XILELT7, L1X2L4L 7, XL1L4LELT, L1L5LELT,

L3TALELT, L2X5LELT, L2XILELT, 3?11’25631'7) .

in A = k[z1,...,27]. Computer computation shows that the minimal
free resolution of A/T is

00— A— AY A2 - AB - A - AT -0
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*2567
21’1
—Ty

T5
Z1
21’3
—2:132
T2
€3
Te

and the matrix of the last differential dy is (in some fixed

basis). The last matrix contains coefficients +2. It is shown in [Reiner-
Welker] that A/T" does not have a minimal multigraded free resolution
with coefficients only 0, £1 of the monomials in the differential ma-

trices.

Another indication that a monomial resolution could be compli-
cated is that it might not be independent of the characteristic of k;
see Example 12.4.

55 Homogenization and dehomogenization

We will explore the idea to encode the structure of a monomial res-
olution in a complex of vector spaces. The encoding consists of the
homogenization and dehomogenization described below. We will dis-
cuss the concept of a frame, which is a complex of vector spaces with
a fixed basis. By Theorem 55.7 the minimal free resolution of any
monomial ideal is encoded in any of its frames. The material in this
section is from [Peeva-Velasco|, which was motivated by several prior
constructions on monomial resolutions.

Construction 55.1. A frame (or an r-frame) U is a complex of
finite k-vector spaces with differential 0 and a fixed basis that satisfies
the following conditions:

(1) Ui=0for i <0andi>0,

(2) Uy =k,

(3) Uy =k,

(4) O(w;) =1 for each basis vector w; in Uy = k.



55 Homogenization and dehomogenization 209

An M -complex G is a multigraded complex of finitely generated
free multigraded S-modules with differential d and a fixed multiho-
mogeneous basis with multidegrees in Lj; that satisfies the following
conditions:

(1) G; =0 fori <0 andi>0,
(2) Go =S,
(3) Gr=S(my)®...dS(m,),
(4) d(wj) = m; for each basis element w; of G;.

We need a correspondence between complexes of vector spaces
and complexes of free S-modules. Such a correspondence is given
by the homogenization and dehomegenization constructions described
below.

Construction 55.2. Let U be an r-frame. We will construct an
M-complex G of free S-modules with differential d and call it the
M -homogenization of U. The construction is by induction on ho-
mological degree. Recall that mdeg stands for multidegree.

Set

Go=S5 and G1:S(m1)69695’(mr)

Let v1,...,7, and 4,...,%4, be the given bases of U; and U;_; re-
spectively. Let uy,...,u, be the basis of G;_1 = S chosen on the
previous step of the induction. Introduce vi,...,v, that will be a
basis of G; = SP. If

8(1_]]'): Z Oés]"L_LS

1<s<gq

with coefficients a; € &k, then set

mdeg(v;) = lcm(mdeg(us) o # 0) , note that lem()) = 1

G; = Di<ji<p S(mdeg(vj))
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Clearly, Coker(d;) = S/M. Note that the differential d is multihomo-
geneous by construction. Lemma 55.4 shows that G is a complex. We
say that the complex G is obtained from U by M -homogenization.

Running Example 55.3. Consider the 3-frame

1 -1 0 1
1 1 -1 0
1 0 1 -1 1 1 1
0 k k3 k3 ( ) k.
The Y-homogenization of this frame is
Y2
x
1
G: 00— C@%’)—5C (%) @ Clay’) © C(z%y°)
-y 0 9
r  —y? 0
0 X —562 x2 x 3
C(z%) @ C(zy) ® C(y°) ( y v C.
Lemma 55.4. G in Construction 55.2 is a complez.
Proof. Let vy, ...,0,, and 4y, ..., Uy, and Wy, . .., W, be the given bases
of U;, U;—1, and U;_o respectively. Let vi,...,vp, and uy,...,uq,
and wsi,...,w; be the corresponding bases of G;, G;_1, and G;_»

respectively. Fix a 1 < j < p. Since U is a complex, we have that

0=0%T)=0( Y ayt)= Y. asj< > @Szul)

1<s<q 1<s<q 1<I<t

= Z < Z Oésjﬂls>iiz

1<I<t M<s<q

with agj, Bis € k. Hence Y3, ., asifis = 0 for each 1 < 1 < ¢
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Furthermore, in G we have

1<s<q
B Z mdeg(v;) ( Z 5 mdeg(ug) l)
- sJ s
52, mdeg(us) = mdeg (w;)
mdeg(v;) mdeg(us)>
= Qg 'ﬁls wy
1§Zlﬁt<1§§q ’ mdeg(us) mdeg(wl)
mdeg(v;)
= Z Z asjﬂls) — Wy
1§zgt<1§s§q mdeg(w;)
=0.

O

Note that G in Construction 55.2 may not be exact even if the
frame U is exact.

Construction 55.5. Let G be an M-complex. The complex
U=G®S/(x1—1,...,2, — 1)

is called the frame of G or the dehomogenization of G. We also say
that the complex U is obtained from G by dehomogenization. Note
that U is a finite complex of finite k-vector spaces with fixed basis and
its differential matrices are obtained by setting 1 = 1,...,2, =1 in
the differential matrices of G.

Exercise 55.6. If G is the M -homogenization of a frame U, then U
is the frame of G.

A fruitful approach for constructing minimal monomial resolu-
tions is based on the fact that the minimal free resolution of any
monomial ideal can be encoded in any of its frames; this was proved
in [Peeva-Velasco, Theorem 4.14]:

Theorem 55.7. The M -homogenization of any frame of the minimal
multigraded free resolution ¥ of S/M is F.
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This raises the following problem.

Open-Ended Problem 55.8. (folklore) Find sources of frames that
yield minimal free resolutions of monomial ideals.

We will discuss some sources of frames later. In the rest of the
section we provide a helpful criterion.

Construction 55.9. Let G be an M-complex, and let m € M be a
monomial. Denote by G(< m) the subcomplex of G that is generated
by the multihomogeneous basis elements of multidegrees dividing m.

Running Example 55.10. We continue the running example. Let

m = x%y?. We have that
-y
x

2,2y . 2 2 (55’2 Ty)
G(£z%y): 0-C@%y) —— C@)dC(zy) —

C.

Proposition 55.11. Let m € M be a monomial. Set
m’ = lem(m; | m; divides m) .

Then G(<m) = G(<m/).

Proof. By Construction 55.1, all the basis elements of G have multi-
degrees in Ly . O

Theorem 55.12. Let G be an M -complex and m € M be a monomial.
The component of G of multidegree m is isomorphic to the frame of
the complex G(< m).

Proof. Note that G,,, has basis of the form

{ _m g ’ g is in the fixed basis of G, and mdeg(g) divides m} .
mdeg(g)

Therefore the component of G of multidegree m is isomorphic to the
frame of the complex G(< m). |

The following criterion for exactness is very useful.

Theorem 55.13. An M-complex G is a free multigraded resolution
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of S/M if and only if for all monomials 1 # m € Ly the frame of the
complex G(< m) is exact.

Proof. Note that Go/d(G1) = S/M.

Since the complex G is multigraded, it suffices to check exactness
in each multidegree, similarly to 3.7. As (G;),, = 0 for ¢ > 0 and
m ¢ M, it suffices to check exactness in each multidegree m € M. By
Theorem 55.12, it suffices to check exactness of the frames G(< m)
for all monomials m € M.

Fix a monomial m € M. Set m’ = lem(m,; | m; divides m) and
apply Proposition 55.11. Hence, G(< m) = G(< m/). Therefore, it
suffices to consider only the multidegrees in L. ([

56 Subresolutions

We will present a first application of the approach in the previous
section: we will show that the minimal free resolution of S/M con-
tains as subcomplexes the minimal free resolutions of certain smaller
monomial ideals.

Proposition 56.1. (Gasharov-Hibi-Peeva, Miller) Let u € M be a
monomial, and consider the monomial ideal (M<,) generated by the
monomials {m;|m; divides u}. Fix a multihomogeneous basis of a
multigraded free resolution Fy; of S/M.
(1) The subcomplex Fpr(< u) is a multigraded free resolution of
(2) If Fas is a minimal multigraded free resolution of S/M, then
Fu (< u) is independent of the choice of basis.
(3) If Fpr is a minimal multigraded free resolution of S/M, then the
resolution Fp (< u) is minimal as well.

Proof. Set v = lem(m; | m; divides u) and apply Proposition 55.11.
Hence, Fy(<u) = Fy (< v). Clearly, (M<,) = (M<,). Therefore,
we can replace u by v.

By Theorem 55.13, we see that we have to show that for every
monomial 1 # m € Ly, the frame of the complex (Fu(<v))(<m)

is exact. The frame of (Fa/(<v))(< m) is equal to the frame of
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F (< w), where w is the maximal monomial that divides both v and
m, and is in the set Ly;. Since Fj; is exact, by Theorem 55.13 it
follows that the frame of F (< w) is exact. We proved (1).

(2) Note that the multidegrees of the basis elements in Fj; are
determined by the multigraded Betti numbers. Therefore, they are
independent of the choice of basis.

(3) holds by construction. a

Theorem 56.2 is a useful particular case of the above result.

Theorem 56.2. Let Fy; be the minimal free multigraded resolution
of S/M. Denote by N the ideal generated by the squarefree minimal
monomial generators of M. The minimal free multigraded resolution
of S/N is Fp(< @y ...x,) = Fy (< ), where u is the product of the
variables that appear in the minimal monomial generators of the ideal
N.

Example 56.3. We illustrate Theorem 56.2. Let A = k[x,y, 2],
T = (2%, 2y,22,9°), and u = zyz. Then (T<yy.) = (vy,z2). The
minimal multigraded free resolution of A/T is

z Y 0 z 0
T —x =z 0 9?
- 0O -y —x O
0 0 0 0 -z

FT: 0—>A A4

(2 zy zz y®) A

The minimal multigraded free resolution of A/(xy,zz) is the subcom-

( > 1 rz

As an application of Theorem 56.2, we will consider resolutions

(Fr)(€ayz): 0 — A A.

of squarefree Borel ideals. In the rest of this section, we will use the
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notation from Section 28.

Studying ideals in an exterior algebra has led to the study of
squarefree Borel ideals. Their properties are similar to those of Borel
ideals.

A squarefree monomial ideal N is squarefree Borel if it satisfies
the squarefree Borel property. whenever the conditions
01<]g
o g is a monomial such that gz; € N
o gx; is squarefree,
are satisfied, we have gx; € N as well.

Exercise 56.4. A monomial ideal N is squarefree Borel if and only
if whenever the conditions

01

o g is such that gz; is a minimal monomial generator of N

o gx; is squarefree,
are satisfied, we have gx; € N as well.

Example 56.5. The ideal (wxy, wxz,wyz) is squarefree Borel in
klw,x,y, z].

The interest in studying such special monomial ideals comes from
the following result in [Aramova-Herzog-Hibi 2, Theorem 1.7].

Theorem 56.6. The generic initial ideal of a graded ideal in an
exterior algebra is squarefree Borel.

Conjecture 56.7. (Aramova-Herzog-Hibi) Let T’ be a squarefree
ideal in an exterior algebra on variables x1,...,x,. Let B’ be its
generic initial ideal. Consider the monomial ideals T and B in S
generated by the squarefree monomial generators of T' and B’ respec-
tively. For all i > 0, we have

b7 (S/T) < b7(S/B).
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Note that by Theorem 51.4, the ideals B and 7" have the same
Hilbert function.

Construction 56.8. Let N be squarefree Borel, and M be the small-
est Borel ideal containing N. Consider the basis elements of the
Eliahou-Kervaire resolution Ej; of S/M that have squarefree mul-
tidegrees. In the notation of 28.6, these basis elements are

{1}U{(mi;j1,...,jp) 1<j1<...<jp <max(m;)1<i<r
m;xj, ... x; is squarefree } :

Let Ey be the complex that is the essential subcomplex of Ej,; with
basis the above elements (recall the definition of an essential sub-

complex in Definition 3.5). We call EN the squarefree Eliahou-
Kervaire resolution of S/N because of the next theorem, which fol-
lows immediately from Theorem 56.2 applied to the Eliahou-Kervaire
resolution.

Theorem 56.9. (Aramova-Herzog) Let N be squarefree Borel. Then

Ey is the minimal free resolution of S/N.

Example 56.10. We will describe the squarefree Eliahou-Kervaire
minimal free resolution of the squarefree Borel ideal

(z172, 2173, T273)
in A = k[z1,x9,x3]. The smallest Borel ideal, that contains it, is
(l’%, T1T2, T1T3, x%, ToT3) .
The basis of the squarefree Eliahou-Kervaire resolution is

1 in homological degree 0
(z122;0), (z123;0), (x223;0) in homological degree 1

(x123;2), (x2w3;1) in homological degree 2.
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The resolution is

T3 I3
— X2 0
0 —I1

0— A(l’1132133)2 E— A(Jill'g)@A(l'll‘gg) D A(l’gl‘:;)

(-%‘1562 13 5U25U3)

A.

Corollary 56.11. Let N be a squarefree Borel ideal in S minimally
generated by monomials mq, ..., m,. Use the notation in Section 28.
Then

codim(N) = max{min(m;) |1 <i<r}
reg(N) = highest degree of a minimal generator of N

pd(N) = max{ max(m;) — deg(m;) |1 <i<r}

SANCIEED D G

deg(m)=q P
"\ (max(m;) — deg(m;)
BI(N) =" ( ) .
i=1

Proof. First, we will prove the formula for the codimension by induc-
tion on the number of variables. The proof is from [Herzog-Srinivasan,

Proposition 4.1]. Set
g = max{min(m;) |1 <i<r}.

It follows that (z1,...,24) 2 N. Hence, codim(N) < gq.
We will show that codim(N) > g. Write N = x; N” @& N’ where

N’ and N” are squarefree Borel ideals in the ring T' = k[zo, ..., z,].
If N/ =0, then codim(/N) = 1. In the rest of the proof we assume
that N’ # 0.

By induction hypothesis,

codim(N") = max{min(m}) |1 <i<r'} -1,
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where m/), ..., m/, are the minimal monomial generators of N’. The
monomials mf,...,m/, are the minimal monomial generators of N
not divisible by z;. Hence,

q = max{min(m;) |1 <i <7} =max{min(m,)|1 <i <r'}.

Thus, codim(N') = ¢ — 1.

10U

If v € N’ is a squarefree monomial, then w = €z N”

Lmin(v)

and

€ N”. Clearly, min( ) > min(v). By induction

Lmin(v) Tmin(v)

hypothesis, it follows that
codim(N") > codim(N') =¢—1.

Hence, the squarefree Borel ideal N’ + N has codim(N’ 4+ N") > q.

Let P = (x,,...,2;,) be a minimal prime containing N; we
assume that i; < ... < 4,. We will show that p > ¢. If i1 = 1, then
(Tiy,...,2;,) contains N, so p —1 > codim(N') = ¢ — 1. If iy # 1,
then P is a prime ideal containing the ideal N’ + N” of codimension
>q,80p=4q.

Denote by nsupp(u) = {j|x; divides u} the numerical support
of a monomial u. In order to prove the remaining formulas, note that

the minimal free resolution of N has basis
{(mi;jl,...,jp) 1< j1<...<j, < max(m),
IL<i<r mixj ...xz;, is squarefree }

in homological degree p. For a fixed m;, note that each j; can take
values in {1,..., max(m;)} \ nsupp(m;). Note that for the squarefree
monomial m; we have |nsupp(m;)| = deg(m;). Therefore, for a fixed

max(m;)—deg(m;)

m;, there are (
P

) choices for the sequence j, ..., j,. O

57 Simplicial and cellular resolutions

We will explore the following idea: we will obtain frames from a stan-
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dard construction in topology — homology of (simplicial) chain com-
plexes.

Throughout this section A is a simplicial complex on vertices
{m1,...,m,}. Recall 36.1. Denote by C(A, k) the augmented ori-
ented simplicial chain complex of A over k; it is used in topology to
compute the simplicial homology of A. This complex is

C(Ask) = @ren ke,
where e, denotes the basis element corresponding to the face 7 in
homological degree |7| — 1, and the differential 0 acts as

der) = > (7,7 e

7/ is a facet of T

where [r,7'] is the incidence (orientation) function: [r,7'] = (—1) if
7\ 7" is the (i + 1)’st element in the sequence of the vertices of 7
written in increasing order.

Definition 57.1. [Bayer-Peeva-Sturmfels] We use the notation above.
After shifting C(A; k) in homological degree, we get that C(A; k)[—1]
is a frame. Denote by Fa the M-homogenization of C(A; k)[—1] (see
Construction 55.2). We say that Fa is supported on A, or that A
supports F . The complex Fa is a simplicial resolution if it is
exact. Simplicial resolutions are interesting because they are usually
nicely combinatorially structured. They were introduced in [Bayer-
Peeva-Sturmfels].

For each vertex m; of A, we set that m; has multidegree mdeg(m;)
= m;. We define that a face 7 has multidegree

mdeg(7) = lem(m; |[m; € 7).

By convention, mdeg(0) = 1.
We think of A as a simplicial complex with labeled faces: each
face is labeled by its multidegree.

Theorem 57.2. [Bayer-Peeva-Sturmfels] For each face T of dimension
1 the complex F A has the generator e, in homological degree i + 1.
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(1) We have mdeg(e,) = mdeg(7).
(2) The differential in F o is

d(e,) = > [, 7]

7/ is a facet of T

mdeg(7) .

mdeg(7') "

_ Z 7 lem(m;|m; € 1) o
lem(m;|m; € /)

7/ is a facet of T

Proof. (2) follows from (1) and the fact that the differential is multi-
homogeneous. We will prove (1) by induction on homological degree.
Clearly, mdeg(e,,,) = m; holds for each vertex m; of A. Since

= S e,

/

7/ is a facet of T

it follows by Construction 55.2 that

mdeg(e,) = lem(mdeg(e,) | 7’ is a facet of 7)

(
= lem(mdeg(7') | 7’ is a facet of )
= lem(lem(m;|m; € 7') | 7" is a facet of T)

lem(m;|m; € 7) = mdeg(7) .

O

Running Example 57.3. Consider the triangle A with vertices 2,

2y, y>. We label each edge by the least common multiple of its ver-
tices, so we get labels 2%y, zy?, 22y3 on the edges. We label the tri-
angle by the least common multiple 22y? of its vertices. See Figure 8
below.

The following is an augmented oriented chain complex of the

triangle:
1 -1 0 1
1 1 -1 0
1 0 1 -1 s (11 1)
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Figure 8.

The corresponding Y-homogenized complex Ty is

y? -y 0 3

x x —y> 0

1 0 T —x2 2 3
Ty:0 — A A3 Jr Ny

We see that Ty = Fy & (O —A—A— O), so it is exact. Thus, Ty
is a simplicial resolution, which is non-minimal.

The minimal free resolution F'y is also simplicial and corresponds
to the simplicial complex with vertices labeled by 22, zy, y® and with
two edges {z?, zy} and {zy, v3}.

We have

z =P

0 x 2 3
Fy: 0 — A2 s )y

For each multidegree m, define the following two subcomplexes
of A:

A<y, = {7 € A|mdeg(r) divides m}
Aoy, = {7 € A|mdeg(r) strictly divides m}.
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Running Example 57.4. See Figure 8 above. The subcomplex
A2, = {7 € A|mdeg(7) divides 2%y}
is the edge {22, zy}. The subcomplex
A2, = {7 € A|mdeg(r) strictly divides 2%y}

consists of the two edges {22, zy} and {zy,y3}.

Proposition 57.5. [Bayer-Peeva-Sturmfels] The complex Fa is a free
resolution of S/M if and only if for all multidegrees 1 # m € Ly the
complexr A<, is acyclic over k. Note that for m ¢ M, the complex
A<y, 15 empty.

Proof. This follows from Theorem 55.13 because if m € Lj; then the
frame of Fa (< m) is C(A<p;k)[—1] by 57.1. O

Theorem 57.6. [Bayer-Sturmfels| Let Fa be a resolution of S/M.
Fori > 1 and multidegree m # 1 we have

b, (/M) = {0 wnik) Hoent b

Proof. We will compute Tor;(S/M, k)., using Fa. Note that (Fa)m
has basis

{ﬁ(&)@ TEASm}.

Hence, (FA)m ® k has basis
{er [mdeg() =m}.

The complex (Fa)m, ® k of k-vector spaces is isomorphic to the chain

complex C (A<, Acp; k), which computes the reduced relative sim-
plicial homology with coefficients in k of the pair (A<,,, Acy,). We
get

Tor; (S/M, k) = Hi_1 (A<, Acm; k).

If Ac,, =0, then A_,,, =0 and ﬁi—l(ASma Ao k) =0.



57 Simplicial and cellular resolutions 223

If A<, # 0, then A<, is acyclic by Proposition 57.5. Therefore,
the long exact sequence

c—= His (A k) — Hig (A, Aoy k)
— ﬁi,Q(A<m; ]{7) — ﬁi,Q(ASm; k) — ...
implies the isomorphism ﬁi—l(ASma Ao k) ~ ﬁi_g(A<m; k). O

Example 57.7. Consider T' = (ab, ac, ae,bc) in A = kla, b, ¢, e]. The
simplicial complex © < gpce is shown in Figure 9. We have b4 ... (A/T)
=1

ac bc

ae ab

Figure 9.

Proposition 57.8. Let Fa be a resolution of S/M, and let uw € M
be a monomial. Consider the monomial ideal (M<,,) generated by the
monomials {m; |1 < i < r, m; divides u}. The complex Fa_, is a
resolution of S/(M<,). )

Proof. This follows from Theorem 56.1 since Fa_, = Fa(< u). ([

Theorem 57.9. [Bayer-Peeva-Sturmfels| Denote by © the simplex
with r vertices mq, ..., m,.

(1) Taylor’s resolution 26.5 is supported on ©.

(2) Fori > 1, the Betti numbers of S/M are

bS (S/M) = { dim ﬁi,2(6<m; k) if m divides lem(my, ..., m;)
’ 0 otherwise.

Proof. Apply Theorem 57.6 to Taylor’s resolution. O
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Example 57.10. Example 54.2 provides an example of a monomial
ideal with a non-simplicial minimal free resolution since the coeffi-
cients of the monomials in the differential matrices cannot be chosen
in {0,%1}.

Cellular resolutions are a natural generalization of simplicial res-
olutions. They were introduced and studied in [Bayer-Sturmfels].
Let X be a finite regular cell complex on vertices myq,...,m,. It is
equipped with a (non-unique) incidence function, cf. [Bruns-Herzog,

Lemma 6.2.1]. The augmented oriented chain complex C(X,; k) is
used in topology to compute the reduced homology of X. This com-
plex is é(X; k) = ®rexker, where the basis element e, is placed in
homological degree dim(7), and the differential 0 acts as

Nes)= > [nrles,

7

7’ is a facet of T

where [7,7'] is the incidence function. Clearly, C'(X;k)[—1] is a frame.

Denote by Fy the M-homogenization of C(X;k)[—1]. We say that
Fx is supported on X, or that X supports Fx. The complex Fx
is a cellular resolution if it is exact.

Example 54.2 provides an example of a monomial ideal with a

non-cellular minimal free resolution.

A finite regular cell complex is a polyhedral cell complex if
each closed cell is homeomorphic to a convex polytope on the vertices
contained in the cell. If X is a polyhedral cell complex, then Fx is a
polyhedral resolution.

It is natural to consider CW-cellular resolutions that are sup-
ported by CW-complexes. This is a significant generalization; the
structure of CW-cellular resolutions is more complex than that of
cellular resolutions. For example, it is no longer true that the co-
efficients appearing in the differential matrices are only 0, +1. CW-
cellular resolutions are introduced and studied in [Batzies-Welker| and
[J6llenbeck-Welker]. But even this generalization is not sufficient to

cover all minimal monomial resolutions: in [Velasco] it is shown that
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there exists a monomial ideal whose minimal free resolution does not
admit any CW-cellular structure.

58 The lcm-lattice

We will discuss the lem-lattice, which was introduced in [Gasharov-
Peeva-Welker 2] and plays a key role in the study of monomial res-
olutions. The idea to use the lcm-lattice was inspired by the role of
the intersection lattice in computing cohomology of subspace arrange-

ments.

A lattice is a poset P for which every pair of elements has a
join (least upper bound) and a meet (greatest lower bound). If P
has a bottom element 0, then the elements in P covering 0 are called
atoms.

Lemma 58.1. Let P be a finite poset with bottom element 0. If every

pair of elements has a join, then P is a lattice.

Proof. Let x and y be two elements in P. The set
T={zePlz<uz, z<y}

is finite and non-empty. The meet of x and y is the join of all elements
inT. |

Construction 58.2. [Gasharov-Peeva-Welker 2] We denote by L,
the lattice with elements the least common multiples of subsets of
mai, ..., m, ordered by divisibility. The atoms in Ly, are mq,...,m,.
The top element is my; = lem(my, ..., m,). The bottom element is 1
regarded as the lecm of the empty set. The least common multiple of
elements in Ly is their join. By Lemma 58.1, L, is a lattice. We call
Ly the lem-lattice of M. For m € Ly, we denote by (1,m)r,, the
open interval in Lj; below m; it consists of all non-unit monomials in
Ly that strictly divide m.

Running Example 58.3. The lem-lattice of (22, zy,y?) is given in
Figure 10.
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X2y
Xy xy®
x? y®
1
Figure 10.

Exercise 58.4. If M, is the polarization of M, then Ly = Ly

pol ©

One might wonder what lattices appear as lcm-lattices. The
answer to this question was given by Phan in his Ph.D. thesis.

Construction 58.5. [Phan| Let L be a finite atomic lattice (atomic
means that each non-bottom element is a joint of atoms). An element
in L is meet-irreducible if it is not the meet of two elements in L,
and it is not the top or bottom element in L. Suppose that L has n
meet-irreducible elements. Label them by x1,...,2,. Now, label an
element ¢ € L by the monomial

T1...Tp

I,

x;>c

mon(c) =

Let N1 be the monomial ideal generated by the labels of the atoms
in L. This monomial ideal is called the L-ideal.

Theorem 58.6. [Phan| Let L be a finite atomic lattice. There exists
a monomial ideal whose lcm-lattice is L.

Proof. We use the notation in Construction 58.5. We will show that
the L-ideal Ny, has lem-lattice L.
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We will show that the monomial mon(c) is the least common
multiple of the labels of the atoms below c. Let pq,...,p, be the
atoms below c. If z; does not divide mon(c), then z; > ¢; so z; > p;
for each 1 < j < ¢; hence mon(p;) divides mon(c) for each j.

On the other hand, if x; divides mon(c), then x; 2 ¢; so there
exists an atom p; such that x; 2 p;; hence, z; divides some mon(p;).

Denote by L’ the lem-lattice of Np. Let ¢ : L — L' be the
map that maps an element ¢ € L to mon(c) € L’. The map is order-
preserving and surjective. We will show that it is injective. Let ¢, ¢’ €
L be such that mon(c) = mon(c’). Therefore, the set M, of meet-
irreducible elements over ¢ coincides with the the set M. of meet-
irreducible elements over ¢’. Note that c¢ is the meet of the elements
in M, and ¢ is the meet of the elements in M. Hence, c=¢. O

Example 58.7. Consider the lattice in Figure 11. The meet-irreduci-
ble elements are labeled by variables.

Figure 11.

In Figure 12 we show the same lattice but labeled as the lcm-
lattice of the ideal constructed in the proof of the theorem above.
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abcde

Figure 12.

Theorem 58.8 is the main result in this section.
Theorem 58.8. [Gasharov-Peeva-Welker 2] For i > 1 we have

S _ dimH;_o((1,m)z,,;k) ifl#mel
bim(S/M) {0 2( ’ ) ifmgéLM.M

Note that ﬁi_g((l,m)LM;k‘) means H;_o (O((l,m)LM);k:); re-
call that O((1,m)r,,) is the order complex of (1,m)r,, (see Sec-
tion 36).

Proof. By 57.9 we have that b7, (S/M) =0 if m ¢ L.

Let © be the simplex with r vertices labeled by mq,...,m,. Fix
a monomial m € Ly;, m # 1. The formula for the Betti numbers in
Theorem 57.9 is b, (S/M) = dimH;_(O<p; k) for i > 1.

Recall 36.14. The set C' of the minimal monomial generators of
M that divide m forms a crosscut of the poset (1,m)r,,. Its crosscut
complex has faces the subsets of C' whose lem is in (1,m)r,,, that is
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the lem strictly divides m. So the crosscut complex coincides with
the complex O,,,. By Theorem 36.16 the crosscut complex O, is
homotopic to the order complex of (1,m)y,,,. O

Running Example 58.9. See Figure 10. Consider the open interval
(1,2%y3) in the lem-lattice of Y. Its order complex O(1,z%y3) has 5
vertices 22, xy, y3, z%y, xy® and 4 edges. It is contractible, so we

get that b¢ , ,2(A/Y) vanish for all i. Now, consider the open interval

(1,2%y). Tts order complex O(1,z%y) has 2 vertices and no edge.
Hence ngQy(C/Y) =1.
Forgetting about the multigrading in the Theorem 58.8 we obtain

the following result.
Corollary 58.10. Fori > 1 we have

b (S/M) = > dimH;_5((1,m)L,; k).
Tt

This formula is an analogue of the Goresky-MacPherson Formula,
which expresses the dimensions of the cohomology groups of the com-
plement of a subspace arrangement in terms of the dimensions of the
homology groups of the lower intervals in the intersection lattice.

Next, we will show that in order to compute the Betti numbers
one can use the lem-lattice built on any set of monomial generators
of the ideal M.

Proposition 58.11. [Gasharov-Peeva-Welker 2| Let L’ be the lat-
tice of the least common multiples of subsets of a set of monomials
generating M. For i > 1 we have

. ﬁi_ 1 / . . / L/
e e 1

Proof. It m" € L'\ Ly, then the order complex of (1,m’), is a cone
over lem{m;|m; divides m’'}. Hence,

dimH;_»((1,m')psk) = 0= 107, (S/M).



230 Chapter III  MONOMIAL RESOLUTIONS

Consider the map
f: L' -—LycCclL
m’ — lem{m;|m; divides m'} .
This map is order-preserving and it is a closure operator (see 36.6).

By Theorem 36.6 it follows that (1,m’)r, and (1, f(m'))r,, are ho-
motopic. If m’ € Ly, then f(m’) =m’ and

dimﬁi,g((l, m/)L/; ]{7) = dlmﬁ,,g((l, m/)LM;k) = bs (S/M) .

i,m/’

O

Running Example 58.12. The lcm-lattice of Y is given in Fig-
ure 10. We can also use the lem-lattice in Figure 13 consisting of the
lem’s of the monomials z2, zy, y3, 2%y?, xy°.

Figure 13.

59 The Scarf complex

We will show that generically the minimal free resolutions of monomial
ideals are simplicial. For this purpose we will use the Scarf complex,
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introduced in [Bayer-Peeva-Sturmfels]. This complex is always con-
tained in the minimal free resolution of a monomial ideal. We will
discuss the ideals for which the Scarf complex provides the minimal
free resolution; such ideals are called Scarf ideals. Unless otherwise
stated, the material in this section is from [Bayer-Peeva-Sturmfels].

Construction 59.1. Recall that m. stands for lem(m;| m; € 7). The
Scarf complex of M is the simplicial complex

QM:{Tg{mla---vmr}| mT#mU for all Ug{ml"”7mr}
other than 7'}.

In [Bayer-Peeva-Sturmfels] it is shown that ,; equals a simplicial
complex introduced by Scarf in the context of mathematical eco-
nomics. Denote by Fq,, the M-homogenization of the augmented
oriented simplicial chain complex of Q,; (see 57.1).

The multidegree of a vertex m; in s is the monomial m;. The
multidegree of a face 7 € Q) is mdeg(7) = lem(m; | m; is a vertex of
7). By Theorem 57.2, the multidegree of the basis element e, in Fg,,
is mdeg(7). The multidegrees of the faces of Qj; are called Scarf
multidegrees.

Theorem 59.2. If mdeg(7) is a Scarf multidegree, then

_ {1 dfi=dim(r)+1
be S/M) =
z,mdeg(T)( /M) { 0 otherwise.

Proof. Suppose mdeg(7) # 1. The closed interval [1,mdeg(7)] in L,
is the face lattice of the simplex 7. Hence, the open interval (1, deg(7))
is homotopic to the boundary of the simplex 7. Therefore,

bS

1,mdeg(7)

50~ Bmae = {} 5123550

O

Running Example 59.3. The Scarf complex 2y of Y has the three
vertices 22, xy,y> and the two edges {22, zy}, {zy,y>}.

Proposition 59.4. The complex Fq,, is an essential subcomplex of
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the minimal free resolution Fp; of S/M, that is, there exists a basis
of Fq,, that is part of a basis of Fpr.

Proof. Consider Taylor’s resolution T ;.

By Theorem 59.2, it follows that for each multidegree m, that
divides a Scarf multidegree, we have that Fj;, T/, and Fq,, have
the same number (0 or 1) of basis elements in multidegree m.

Taylor’s resolution is possibly non-minimal, so T; = F,; ¢ P,
where P is a sum of trivial complexes of the form 0 — S(u) —
S(u) — 0. It follows that such a multidegree u cannot divide a Scarf
multidegree. Therefore, (TM) <m = (F M) <, for each multidegree

m, that divides a Scarf multidegree.

By the construction of Taylor’s resolution, we have that Fgq,, is
an essential subcomplex of Tj;. Hence, Fg,, is an essential subcom-
plex of the minimal free resolution F ;. |

We call M a Scarf ideal if Fq,, is the minimal free resolution
of S/M, and we say that Fq,, is its Scarf resolution. The defini-
tion of 2j; immediately implies the following properties of the Scarf
resolution.

Corollary 59.5. Let M be a Scarf ideal.
(1) The number of j-faces of the Scarf complex Qps equals the Betti
number b3, 1 (S/M).

(2) Fq,, is multigraded and in each multidegree the Betti number is
either 0 or 1.

Theorem 59.6. An ideal M is Scarf if and only if all non-zero Betti
numbers of S/M are in Scarf multidegrees.

Proof. Suppose that all non-zero Betti numbers of S/M are in Scarf
multidegrees. If Fj, is strictly larger than Fq,,, then there exists a
face T € Qs such that Fj; has at least two basis elements in multide-
gree mdeg(7). This contradicts Theorem 59.2.

Theorem 59.7. [Peeva-Velasco]
(1) A simplicial complex with r vertices is the Scarf complex of a
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monomial ideal if and only if it is not the boundary of the simplex
with r vertices.

(2) A finite simplicial complex Q supports a Scarf resolution if and
only if  is acyclic.

In the proof we use the following construction.

Construction 59.8. (Mermin) Let Q # () be a finite simplicial com-

plex. For each face 7 of Q0 we introduce a variable z,, and then we

set B =kl[z, |7 € Q, 7 # (]. We will construct a monomial ideal in

this polynomial ring. Set z to be the product of all the variables.
Set the multidegree of a vertex v of € to be

mdeg(v H Tr.

vgTER

Denote by © the simplex on the vertices of 2. It follows that a face
o € O has multidegree

mdeg(o) = lem(mdeg(v) |v € o) H Ty .
oZTEN

If o ¢ Q then mdeg(c) = z. Every two faces in § have distinct
multidegrees.

Denote by Jq the ideal generated by the multidegrees of the
vertices. We say that Jq is the nearly Scarf ideal of 2. It is easy
to see that the lem-lattice Ly, consists of the top element z and the
face poset of ().

Proof. Let Q be a finite simplicial complex. Both (1) and (2) hold if Q
is either a point or (). We will assume that €2 has at least two vertices.

(1) The complex £ is the Scarf complex of the monomial ideal
Jq, constructed in Construction 59.8, if and only if 2 is a simplex or
Q has at least two non-faces. This happens if and only if 2 is not the
boundary of the simplex ©.

(2) If © supports a Scarf resolution, then it is acyclic by The-
orem 55.13 applied to the multidegree m that is the lecm of all the

minimal monomial generators of the ideal.
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Suppose that the simplicial complex €2 is acyclic. We will show
that the ideal Jq, constructed in Construction 59.8, is a Scarf ideal
with Scarf complex €2. The lem of its minimal monomial generators
is z.

We want to apply Theorem 59.6. Thus, we have to show that
bfz(S /Ja) = 0 for every i. Compute these Betti numbers using The-
orem 58.8. The lcm-lattice of Jq consists of the Scarf multidegrees
(including the bottom element 1) and the top element z. The inter-
val [1,z) is the face poset of Q. The order complex of (1,z) is the
barycentric subdivision of 2 by 36.8, and is homotopic to €2 by 36.9,
so it is acyclic. Therefore, the simplicial complex €2 supports the Scarf
resolution of Jg. O

Theorem 59.9 provides a wide class of ideals which are Scarf
ideals and which have the advantage of being defined by a simple
combinatorial property; note that the ideals are defined by a generic
condition on the exponents of the minimal monomial generators.

Theorem 59.9. Suppose that no variable x; appears at the same non
zero exponent in two distinct minimal monomial generators of M.
Then M is a Scarf ideal.

Proof. For 7 C {mq,...,m,}, set m; = mdeg(r) = lem(m; |i € 7).
Consider a multidegree m. with 7 € Qj;. By Theorem 59.6 we have
to show that all Betti numbers in multidegree m, vanish. We com-
pute the Betti numbers of S/M using the Koszul complex K that
is the minimal free resolution of k£ over S. We use the notation in
Construction 26.4. The component of K in multidegree m., has basis

{—Tejl N« Nej, |z, divides m, for 1 <p <4,
x]l ;U]’L
1§j1<<]z§n}

) m,
Fix an element f = ————e¢;

le . ZL'ji
minimal with respect to inclusion, we may assume m, = m,yy,, for

. AN ---Aej, in this basis. Choosing 7
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some mg € {mq,...,m,}\7. We have that my divides m,. On the
other hand, by assumption the monomials ms and m, have different
non-zero exponents in each variable. Hence, the monomial mg divides

M . Therefore, the image of f in (S/M ® K;)m.

H{i\xi divides m, } Tt
vanishes. We conclude that (S/M ® K;),,, = 0. Thus, the Scarf
complex is exact and Fg,, is a fee resolution of S/M.

If 0 € Qpr and m; € o, then by the definition of the Scarf com-
plex it follows that mdeg(o \ m;) strictly divides mdeg(c). Therefore,
d(Fq,,) C (z1,...,z,)Fq,,. Thus, the resolution is minimal. |

60 Rootings and Lyubeznik’s resolution

We will construct a simplicial resolution which is smaller than Taylor’s
resolution. The material in this section is from [Novik].

A rooting map on the lem-lattice Lj; is a map

h: Ly \ {1} — {m1,...,m,}

such that the following two conditions are satisfied:
(1) for every monomial m, we have that h(m) divides m.
(2) if m,m’ € Ly \{1} are such that h(m) divides m’ and m’ divides
m, then h(m) = h(m/).
For every nonempty set B C {my,...,m,} we define

h(B) = h(lem(m;|m; € B)).

We say that B is unbroken if h(B) € B. A set B is rooted if all
nonempty subsets of B are unbroken. The collection of all rooted sets
is the rooted complex of h, and is denoted RCy,. It is a subcomplex
of the simplex © on vertices mq,...,m,.

Exercise 60.1. If h is a rooting map on Ly, then RCy, is a simplicial
complez.

Theorem 60.2. If h is a rooting map on Ly, then the rooted complex
RCy, supports a simplicial free resolution of S/M.
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Proof. We will apply Proposition 57.5.

Let m € Ly \ {1}. We will prove that the simplicial complex
(RCh)<m is a cone with apex h(m).

Let 7 € (RC)<m be a face. We will show that either it contains
the vertex h(m) or 7 U h(m) € (RCp)<pm. Suppose that h(m) ¢ 7.
We will prove that every subset o of 7 U h(m) is unbroken. Note
that o either is a subset of 7 and so is unbroken, or it contains h(m).
Suppose the latter case holds. Set m' = lem(m;|m; € o). Then h(m)
divides m’ since h(m) € 0. As 7 € (RC},)<y, and h(m) divides m, it
follows that m/ = lem(m;|m; € o) divides m. By the definition of a
rooting map it follows that h(c) = h(m’) = h(m). Since h(m) € o,
we conclude that o is unbroken. Therefore, 7 Uh(m) is rooted. Thus,
TUhR(m) € (Rch)gm.

Since (RCp)<m is a cone, it is acyclic. The theorem follows by
Proposition 57.5. |

For a set 7 C {mq,...,m,}, set min(7) = min{i|m; € 7) and
recall that mdeg(7) = lem(m;|m; € 7).

Exercise 60.3. Define a map
h: Ly \{1} — {mq,...,m,}
m — min{i|m; divides m).

(1) The map h is a rooting map.
(2) A set 7 C {mq,...,m,} is unbroken if and only if my does not
divide mdeg(7) for every q < min(7).

The following result is an immediate corollary of Theorem 60.2
and Exercise 60.3.

Theorem 60.4. Let h be the rooting map constructed in Ezxercise 60.3.
The rooted complex RCy, supports a simplicial free resolution of S/M
denoted Lys. It is the essential subcomplex of Taylor’s resolution such
that the free module in homological degree j in Ly; has basis

{e-|mq does not divide mdeg(c) for all o C 7 and ¢ < min(o) } .

This simplicial free resolution of S/M is called the Lyubeznik
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resolution. It was introduced in [Lyubeznik] and proved in a different
way.

Running Example 60.5. Order the minimal monomial generators
of Y by m; = zy,me = y>,m3 = x>. Consider the rooting map de-
fined in Exercise 60.3. The edge {x2,%%} is not unbroken, so this edge
and the triangle {22, y3, zy} are not rooted. Therefore, the rooted
complex has facets the edges {22, zy} and {zy,y>}. Thus, the rooted
complex supports the minimal free resolution of C/Y. It is strictly
smaller than Taylor’s resolution.

61 Betti numbers via simplicial complexes

The Betti numbers of S/M can be computed using various simplicial
complexes. It is helpful to have formulas based on different simplicial
complexes since different complexes are useful in different situations.

Construction 61.1. Let I'(m) be the simplicial complex on vertices
r1,...,T, and with faces
m
{Tg{xl,...,mn} S EM}.
Sometimes, it is more convenient to denote the vertices of I'(m) by
{1,...,n} and then the faces are

m
TC{l,...,n}| =—— EM}.
{ HiET L
Let © be the simplex with r vertices my,...,m,. Also, let L,

be the lem-lattice of M, and O(1,m) be the order complex of the open
interval (1,m) in the lem-lattice Lyy.

Running Example 61.2. Let m = 22y3. The complex O <7243
has three vertices 22, 2y, y® and the two edges {2?%, vy}, {zy,4y>}. The
complex I'(m) has two vertices x,y and the edge {z,y}. The com-
plex O(1,m) has 5 vertices 22, 2y, y*, 2%y, xy® and 4 edges {22, 2%y},
{zy, 2%y}, {zy, 2y3}, {3, 293}, See Figure 14.
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3

y
0 < x’y°:
<Xy Xys
x%y
x? Xy
X2y Xy3
O(1,x2y3):
X Xy %
r 2 3 o— 0
(x7y") « y

Figure 14.

Theorem 61.3.  [Bayer-Sturmfels], [Bruns-Herzog 2], [Gasharov-
Peeva-Welker 2] The simplicial complexzes O <, T'(m), and O(1,m)
are homotopy equivalent. For i > 0 and any monomial m # 1, we
have

b7, (M) = dimH;_; (O k)

Proof. The proof of Theorem 58.8 shows that O(1,m) and ©,, are
homotopy equivalent. We will show that O, and I'(m) are homotopy
equivalent. We are going to use the Nerve Theorem 36.11. For each
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1 <4 < n, consider the simplicial complex A,, C © with faces

m
{{m_jl’"'?qu} m, divides — forlgpgq}_

Lq
Each A, is a simplex. The simplices A,,,..., A, cover ©,,,. We
have
Naea Ag, :{{mjl,...,qu} my, divides forlgpgq}
H.ZCiE.A xi

so if an intersection is non-empty then it is a simplex, so contractible.
The nerve of this cover is I'(m). Hence I'(m) and ©,,, are homotopy
equivalent by the Nerve Theorem 36.11.

The formula for the Betti numbers follows from Theorem 57.9.

Here is another proof following [Bruns-Herzog 2, 1.1]. Apply
Construction 26.4 and use its notation. Denote by T the augmented
oriented simplicial chain complex computing the reduced homology of
the simplicial complex I'(m). Then

(M oK)y — Tiy

= o N--- Nej, + the face with vertices x; ,...,x;
gr-e T

is an isomorphism of complexes. Hence, b, (M) = dim H;_, (D(m); k)

» Yi,m

as desired. 0

62 The Stanley-Reisner correspondence

The first peak in the study of monomial resolutions was in the 1970’s.
The Stanley-Reisner theory was introduced by Hochster [Hochster]
and Reisner [Reisner], and had applications in combinatorics, cf. [Stan-
ley]. The main idea in the Stanley-Reisner theory is to use simpli-
cial complexes in order to compute the Betti numbers of a squarefree
monomial ideal. Polarization (see Section 21) can be used to reduce
to the squarefree case, that is, to reduce the study of resolutions of
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monomial ideals to the study of resolutions of squarefree monomial
ideals.

In this section we consider squarefree monomial ideals.
The support of a squarefree monomial m is the set

supp(m) = {z; | z; divides m}

For 7 C {z1,...,x,}, set

XT:HZL‘Z‘.

1ET

Recall the definition of the Stanley-Reisner ideal (see Section 51).
Let A be a simplicial complex with vertices x1,...,z,. The Stanley-
Reisner ideal in S of A is

IA = (iEil...(L'ip|{£L'i1,...,xip} §é A)
The Stanley-Reisner ring of A is S/Ia.

Note that any squarefree monomial ideal is the Stanley-Reisner
ideal for some simplicial complex. In [Bruns-Gubeladze] it is proved
that if two Stanley-Reisner rings are isomorphic as k-algebras, then
their simplicial complexes are isomorphic.

The following basic equality is proved in Theorem 51.5.

Theorem 62.1. dim(S/Ia) = dim(A) + 1.
Construction 62.2. The Alexander dual complex of A is

AV = {{xl,...,xn}\T‘TgéA}.

Exercise 62.3. AVY = A.

The Stanley-Reisner ideal of the Alexander dual complex is

I = ({#=rea))

Xr
= ( { monomial m | ged(m, m’) # 1 for each monomial m’ € I } ) :
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Exercise 62.4. The facets of A correspond bijectively to the minimal
monomial generators of Iav.

The key idea in this section is that the algebraic properties of
the minimal free resolution of Ia are closely related to the topological
and combinatorial properties of AV.

C
X
A:
a
y' b
a
A °
X
y Cc
Figure 15.

Running Example 62.5. Polarizing Y we obtain the squarefree
ideal (za,xy,ybc). It is the Stanley-Reisner ideal of the simplicial
complex A on vertices z,y, a, b, c and with facets the triangles {z, c, b},
{a,y,c}, {a,b,y}, {a,b,c}. The facets of the Alexander dual complex
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b b
AV are the supports of the monomials ryane _ ybe, ryane _ abe, and
za
b
a:yZ € _ xa, so they are {y,b,c}, {a,b,c}, and {x,a}. See Figure 15
ybc
above.

Theorem 62.6 is presented without a proof, and is a useful tool
from Algebraic Topology; cf. [Bayer-Charalambous-Popescu, 2.1].

Alexander Duality Theorem 62.6.
dimH,_;_2(A; k) = dimH "' (AY; k) = dim H;_; (A k).

For a subset 7 of {1,...,n}, let A, be the restriction of A on

7, that is the maximal subcomplex of A on vertices 7. Note that
(A;)Y = (AY),, and denote it AY.

Theorem 62.7. Let T be a subset of {1,...,n}.
(1) Recall Construction 61.1 defining I'(x,) to be the simplicial com-

plex with faces {a Cr

Xr € IA}. We have

Xo

[(x,) =AY

T

and

(2) We have
b;‘s,'xﬂ- (Ia) = dimﬁ|7\7i72(AT; k).

Proof. First, we prove (1). The simplicial complex I'(x,) has faces

{UQT

Therefore, I'(x,;) = AY . From Theorem 61.3 it follows that

Xo

X—TGIA}:{GQT|GEA¥}.

b, (I) = dim Fl; 1 (N, ); ) = dim ;1 (AY 1K)
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Now, we prove (2). By (1) and the Alexander Duality Theo-
rem 62.6, we get

by (In) = dimH;_ (AY; k) = dimH}, |, o (A k).

Theorem 62.8. [Terai], [Bayer-Charalambous-Popescu]
pd(5/Iav) = reg(la) -

Proof.
reg(/a) = max{j| b%S:Hj(IA) #0}
=max{j|b], (In)#0and |7| =i+j}
=max{j| H_i2(Ar;k) #0and |7] =i+j} by 62.7(2)
= max{j | H; (A k) #0}
= max{j|b] 1. (Iav)#0} by Theorem 62.7(1)
= pd(Iav) + 1 =pd(S/Iav).
O

Corollary 62.9. (Eagon-Reiner) The ideal In has a linear minimal
free resolution if and only if S/Iav is Cohen-Macaulay.

Proof. By 62.1, dim(S/Iav) = dim(AY) + 1. Suppose that S/Iav is
Cohen-Macaulay. Then,
reg(Ipn) = pd(S/Iav) = n — depth(S/Iav) =n — dim(S/Iav)
=n—dim(AY) -1
= the minimal degree of a minimal monomial generator of I .

Hence, I has a linear minimal free resolution.
Suppose that Ia has a linear minimal free resolution. Then

n—depth(S/Iav) = pd(S/Iav) = reg(Ia)
= the minimal degree of a minimal monomial generator of Ia
=n—dim(AY) -1
=n —dim(S/Iav).
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Hence, depth(S/Iav) = dim(S/Iav). Thus, the Stanley-Reisner ring
S/Iav is Cohen-Macaulay. |

Corollary 62.10. [Stanley] If S/Iav is Cohen-Macaulay, then the
complex AV is pure (that is, all mazimal faces of AV have the same
dimension).

Proof. This follows from the first part of the proof of Corollary 62.9.
Since reg(Ia) is equal to the minimal degree of a minimal monomial
generator of Ia, it follows that all minimal monomial generators of
Ia have the same degree. |

For 0 C 7 € A we define the closed interval
lo,7] ={plo CpCr}.

A partition of A, is a disjoint union

A= |_| [O’i,TiL

1<i<s

where 7,..., 7, are the facets of A. Thus, the closed intervals [o;, 7]
are disjoint and cover A. We say that A is partitionable if it has a
partition.

o

Figure 16.

Example 62.11. Consider the simplicial complex A in Figure 16
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above. Let 71,79, 73 be the three facets. Then A has the partition
A=1[0,m]U[an] U3 7],

where o and 3 are the vertices labeled in Figure 16.

A simplicial complex A is Cohen-Macaulay if its Stanley-
Reisner ring is Cohen-Macaulay. An open conjecture, central in com-
binatorics, cf. [Stanley, Stanley 2|, states that a Cohen-Macaulay
simplicial complex is partitionable. By Corollary 62.9, we have the
following equivalent conjecture.

Conjecture 62.12. [Stanley|, [Stanley 2, Problem 6] If Iav has a
linear resolution, then A is partitionable.

Exercise 62.13. If Iav is squarefree Borel and has a linear resolution,
then A is partitionable.

In the next theorem we show how Alexander duality is related to
the lem-lattice. The proper part of a lattice P, with bottom element
0 and top element 1, is P\ {0,1}.

Theorem 62.14. [Gasharov-Peeva-Welker 2] Let Lav be the lattice
of all non-empty intersections of the facets of AV ordered by reverse
inclusion, and enlarged by an additional bottom element 0 and an
additional top element 1. The lattices L, and Lav are isomorphic.
Furthermore, AV is homotopy equivalent to the order complex of the
proper part of L, .

Proof. Let 71, ...,7, be the facets of AV. For any ) # A C {1,...,p}
we consider the bijective correspondence
i€ A> .

T1...Tn Tr1...Tp
ﬂ T = lcm<—
) Xr
The lattices Lav and Ly, are isomorphic via the above correspon-

icA miEA supp(xﬂ. i

dence.
In particular, for the minimal monomial generators of Ia we have

r1...X
TiEAv L

€ Ix.
X,

(3
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By Corollary 36.13 and Corollary 36.9 it follows that AV is ho-
motopy equivalent to the order complex of the proper part of Ly, .

Recall by 36.17 that for 7 € A, the link of 7 is
linka(7) ={oc € AlcUT e A, onT=0}.

Theorem 62.15. [Hochster] Consider an open interval (1,m) in
the lecm-lattice Ly, . Let 7 = {x1,...,z,} \ supp(m) be the comple-
ment of supp(m). The order complex O(1,m) is homotopic to the link
linkav (7). In particular,

dim H;(O(1,m); k) = dim H; (linkav (7); k) for all j .
For i > 0, we have that

bim(IA) = dim ﬁl_l(hnkAv (7‘)7 k;) .

The above formula for the Betti numbers is called the Hochster
formula.

Proof. As shown in the proof of Theorem 62.14, the open interval
(1,m) is isomorphic to the open interval (0,7) in the lattice Lav
of all non-empty intersections of the facets of AV ordered by reverse
inclusion. By Corollary 36.13, the order complex of (0, 7) is homotopic
to the order complex of (7, 1) in the face lattice W of AV (since W is
ordered by inclusion, while Lav is ordered by reverse inclusion). Each
element g in the poset (7,1) can be written as p = o,UT € A so
that o, N7 = (. We get an isomorphism between (7, 1) and the face
poset F'(linka (7)) which maps p to o,. Therefore, the order complex
of (7, 1) is homotopic to the simplicial complex linka (7). The formula
for the Betti numbers follows from Theorem 61.3:

b7, (Ia) = dim H;_1 (O(1,m); k) = dim H,;_ (linkav (7); k) -
O
Example 62.16. Consider N = (ac,ah,be, ce) in A = k[a,b,c, e, h].
Its Stanley-Reisner simplicial complex A and the Alexander dual com-

plex AV are shown in Figure 17. Note that the non-faces are not
shaded, so {c,e, h} is not a face in AV.
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e
A:

h
C
b
AY:
h
C 3

e h
link \v ({aceh}’) = link yv ({b}): / \

ach ace

O(1, aceh)=(1,aceh): szixij///l

I"(aceh): o o o
ace ach
O <aceh — o o
ce ac ah

Figure 17.
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The complexes © < 4cen, I'(aceh), O(1, aceh), and linkav ({aceh }©)

are shown in Figure 17 as well. By Theorem 61.3 and Theorem 62.15,
faceh
of these simplicial complexes. We have that all the Betti numbers in

the multigraded Betti numbers b (N) can be computed using any

multidegree aceh vanish.

Corollary 62.17. [Reisner] S/Ia is Cohen-Macaulay if and only if for
each face 7 € A we have H;(linka (7); k) = 0 for i # dim(linka (7)).

Proof. By Corollary 62.9, S/Ia is Cohen-Macaulay if and only if the
ideal Iav has a linear minimal free resolution, if and only if for every
monomial m we have that bfm(IAv) = 0 for deg(m) # p + i, where
p is the minimal degree of a minimal monomial generator of Iav.
By Theorem 62.15, this is equivalent to H;(linka (7); k) = 0 for i #
dim(linka (7)), where 7 = {z1,...,z,} \ supp(m). |

Define a Betti number b; ,,, to be i-extremal if b; ,,,» = 0 for all
monomials m’ strictly divisible by m. The following result is proved
in [Bayer-Charalambous-Popescu].

Theorem 62.18. If bim(IAv) is i-extremal, then

bim(IAv) = bgeg(m)—i—l,m(IA)'

Proposition 62.19. Denote by mingens(Iav) the set of minimal

monomial generators of Inv. The irredundant primary decomposition
of Ia is

IA: ﬂ (l’jl,...,xjs).

xj, - Tj, € mingens (Iov)

Proof. The ideal I is radical, so it equals the intersection of its min-
imal prime divisors.The associated primes of S/Ia are its minimal
prime divisors. An ideal P is an associated prime of S/In exactly
when

P:{(aﬁil,...,a:iT)\{xl,...,xn}\{xil,...,xir} is a facet ofA}.

O
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63 Quadratic monomial ideals

One might expect that the simplest minimal free monomial resolu-
tions are those of the ideals generated by quadratic monomials, and
that it might be nearly an exercise to describe them. However, these
resolutions are so complicated that it is beyond reach to obtain a de-
scription of them; we do not even know how to express the regularity.
In this section we will apply the mapping cone construction to deter-
mine which quadratic monomial ideals have 2-linear free resolutions.

It is easy to encode a set of squarefree quadratic monomials in
a graph. Throughout the section, we consider a simple (that is, with
no loops and no multiple edges) graph G on vertices x1,...,z,. The
edge ideal I is

Ig = (l‘il'j |z;2; is an edge in G) )

Exercise 63.1. The polarization of any quadratic monomial ideal is
an edge ideal.

Thus, studying the minimal free resolutions of quadratic mono-
mial ideals is equivalent to studying the minimal free resolutions of
edge ideals. The following problems are open.

Problems 63.2. (folklore)
(1) Express reg(Ilg) in terms of properties of the graph G.
(2) Find upper (and lower) bounds on reg(Ig) in terms of properties
of the graph G.
(3) Find upper (and lower) bounds on the Betti numbers of Ig in
terms of properties of the graph G.

For the next theorem we need a few definitions about graphs.
The complement graph G¢ of G is the graph on the same set of
vertices, and with edges

{z;z; | x;x; is not an edge in G} .

We say that a simple graph 7' contains a g-cycle (x;, ... x;, ) if 2,z €
T and w;,x;;,,, € T forall 1 <j<qg-—1. A chord in the cycle is an
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edge between two non-consecutive vertices. A cycle is called minimal
(or induced) if it has no chords. A cycle with three vertices is called
a triangle.

Theorem 63.3. [Froberg] The following properties are equivalent.
(1) Ig has a 2-linear minimal free resolution.

(2) reg(S/Ig) = 1.
(3) Every minimal cycle in G¢ is a triangle.

Proof. (1) and (2) are equivalent.

We will show that (3) implies (2). Dirac’s Theorem, cf. [Herzog-
Hibi-Zheng| and [Horwitz], states that if every minimal cycle in G€ is a
triangle then there exists an order of the vertices so that the following
property holds: if z;2; € G and z, is a vertex with 7,57 < p, then
either z;x,, or x;x,, or both are edges in G.

For p > 1, denote by G, the induced subgraph of G' on the
vertices x1, ..., x,. Our proofis by induction on the number of vertices
p.

Let p > 2. Set

J=(zpxy |1 < q<p, zprq €G).
Consider the short exact sequence
(x) 0 — J/(I(;pflﬂj) — S/IGZF1 — S/(IGP71+J) = S/IGP — 0.
We will show that Ig, , N J = wx,lg, ,. Consider a monomial
TpTqr;x; such that x,z, € J and z;x; € Gp—1. Since i,j < p, by
Dirac’s order of the variables, we have that either z;x,, or z;z,, or
both are edges in G,. Therefore, x,z;z; € Ig,_, NJ. It follows that
the ideal Ig, , N J is generated by the monomials {z,z;z;|x;z; €
Gp—1}. Hence,

IGZF1 NnJ = prGp,l
J=xp(xq|1 < q<p, zpzq €G).

The minimal free resolution of the ideal (z4]1 < ¢ < p, z,2, € G) is
given by a Koszul complex. Therefore, we get

reg(lg, , NJ)=1+reg(lg, ,) =3
reg(J) =1+reg(z, |1 <q<p, zp24 € G) =2.
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Now, Corollary 18.6 applied to the short exact sequence
0—Ig,_,NJ = J — J/(g,_,NJ) =0

implies that reg(J/(Ig,_, N'J)) = 2. By induction hypothesis, we
have reg(S/Ig,_,) = 1. Therefore, Corollary 18.6 applied to the short
exact sequence (*) implies that reg(S/Ig,) = 1.

(1) implies (3) by the next exercise. |

Exercise 63.4. If G° contains a minimal cycle (z;, ...x;,) with
q >3, then b iy (S/Ig) # 0.

q—2,x;, ...

64 Infinite free monomial resolutions

Infinite free resolutions related to monomial ideals have been studied
much less than finite ones. So far, the three main results in that
area are Theorem 35.6 on the rate, Backelin’s Theorem 64.2 on the
rationality of the Poincaré series, and Berglund’s Theorem 64.4 on
computing the Betti numbers by simplicial complexes.

In this section, we study the multigraded minimal free resolution
G of k over the quotient ring S/M. It is infinite (unless M is generated
by variables) and starts with

sy B T2 )

S/M — k—0.

Theorem 64.1. The entries in the matrices of the differentials in G
are scalar multiples of monomials.

Proof. Since G is multigraded we have that each entry f in the matri-
ces of the differentials in G is homogeneous. Let m be the multidegree
of f. Since R, is one dimensional, it follows that f is a scalar multiple
of the unique monomial in multidegree m. |

Problems of rationality of Poincaré and Hilbert series were stated
by several mathematicians: by Serre and Kaplansky for local noethe-
rian rings, by Kostrikin and Shafarevich for nilpotent algebras, by
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Govorov for associative graded algebras, by Serre and Moore for simply-
connected complexes. It is of interest to find explicit formulas in some
cases and to establish rational relations between various Poincaré and
Hilbert series. The Serre-Kaplansky problem, “Is the total Poincaré
series of a finitely generated commutative local Noetherian ring ra-
tional?’, was one of the central questions in Commutative Algebra
for many years. An example of irrational Poincaré series was first
constructed in [Anick]. In contrast, the following result is proved in
[Backelin].

Theorem 64.2. The multigraded Poincaré series of k over S/M can
be written as

S/M L+txy) - (1 +ta,
Pk/ (t,l’l,--- 7xn) - (1 —|—F(t),l'1,( ,xn)) ’
where the denominator 1+ F (t,x1, ..., zy,) is a polynomial. The degree
of the polynomial F(t,x1,...,x,) in t is bounded above by the degree
of the monomial lem(my,...,m,). The monomials in x1,...,x, ap-
pearing in F(t,z1,...,2,) (that is, the monomial coefficients of the
powers of t) divide lem(myq,...,m,).

Open-Ended Problem 64.3. (folklore) Understand the denomina-
tor 1+ F(t,x).

Based on a substantial amount of computational evidence Char-
alambous and Reeves conjectured the form of the terms of the poly-

nomial denominator 1 + F(¢,x) of the Poincaré series Pf/ L(t). Their
conjecture is proved by Berglund, who provides a beautiful construc-
tion on how to compute the denominator using simplicial complexes
as described in Theorem 64.4. For the formulation of that theorem,
we need some terminology. Let G be the graph on vertices mq, ..., m,
and with edges { m;m; | gcd(m;, m;) # 1}; we call it the ged-graph
of the ideal M. If M is a nonempty subset of {my,...,m,}, then we
denote by G x4 the induced subgraph of G on the vertices in M. Let
cam be the number of connected components of G, and denote by
Gm(1),...,Gar(caq) the connected components; we say that M is
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connected if G is. Set mag = lem(m; |m; € M }. We say that M
is saturated if for every m; and every connected subset N' C M we
have that m; divides m s implies m; € M.

Theorem 64.4. [Berglund] Suppose that M is generated by mono-
mials of degree > 2. For a subset M of {my,...,m,} define the
simplicial complex Anq to have vertices the elements in M and faces

{K CM|mx #mm or Gx N Ga(i) is disconnected for some i }.

1) The multigraded Poincaré series P / t,ut, ..., uy) of k over
k
S/M is

ITo, (1 +tw)
1 + E saturated MC{m1,...,m,} (mM(_t)CM+2 Z’L Hl(AM7 k) tl)

The Poincaré series P:/M(t) of k over S/M s
(1+1t)"
1 + Esaturated MC{my,...,m.} El (_1)CMHZ(AM, k) tCM+2+i

(2) Let P be the poset of saturated subsets of {mi,...,m,} ordered
by inclusion. If M is a saturated subset of {mq,...,m,}, then

Hi(Api k) = Ho (0, M)p3 k),
where (0, M)p is the open interval below M in P.

Using simplicial complexes in order to compute the Betti num-
bers of finite monomial minimal free resolutions has a long and fruit-
ful tradition. Very little is known about infinite resolutions. Theo-
rem 64.4 shows that the Poincare series of k over S/M can be com-
puted using simplicial complexes.

Corollary 64.5. (Avramov) Let M and M’ be monomial ideals in the
polynomial rings S and S’ respectively. If there exists an isomorphism
of the lem-lattices of M and M’ which induces an isomorphism of the

gcd-graphs, then Pi/M(t) and le/Ml (t) have the same denominator
(when written as in Theorem 64.2).

Open-Ended Problem 64.6. (folklore) Obtain information on the
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real roots of the polynomial demominator 1 + F(t,(1,...,1)) of the
Poincaré series PE/M (t).

The following construction provides the minimal free resolution
of k over S/M explicitly in the case when M is a Borel ideal.

Construction 64.7. [Peeva] Let M be a Borel monomial ideal. The
minimal free resolution of k& over S/M can be described as follows.

Let K be the Koszul complex that resolves & over S. Consider K
as the exterior algebra on basis eq, es, ..., e, with differential d(e;) =
x;. Denote by E, s the k-space with basis

{(mi;jl,...,jp) |1§j1<...<jp<max(m,~),1§i§r}.

Set E=FEy ® E3@ ... E, 1. Define G = S/M@K®T(E), where
TE)=keoE®(E®FE)® ...
is the tensor algebra of E. A basis element in G has the form
R (213015 0py ) @ (22500, oy 1py) @ oo @ (25301, ps) s
where t € S/M ® K and z1,..., 2z, are among the minimal monomial

generators of M. Define a differential 9 on the basis elements in G as
follows:

a<t® (Zl;ila"'vipl) ®(Z2;lla"'7lp2)® ®(zs;j17"'7jps))

= d(t)® (Zl;ila"'aizn) ® (22;l1a"'7lp2) ®...Q0 (Zs;jla"'7jps)
z
—161'1 VARRAN €ipy N €max(z1) (%9 (22;11, cee ,lp2)®

Tmax(z1)

+ (_1)deg(t) ¢

- ® (Zs;jla"' 7jps)7

where d(t) is the differential in S/M @K if t ¢ S/M ® Ky, and we set
d(t) = 01in case t € S/M ® Ky. Extend the differential by linearity.
It is proved in [Peeva] that G is the minimal free resolution of k over
S/M. The Poincaré series of the resolution is

(1+1)"

PY/M (1) = .
k ( ) 1—¢#2 Zlgigr(l + t)max(mi)—l




Chapter IV

Syzygies of Toric Ideals

Abstract. In this chapter we study minimal free resolutions of toric
ideals. Our goal is to use some ideas coming from monomial resolu-
tions.

65 Basics and Notation

The notation, introduced in this section, will be used throughout the
chapter.

Recall the concept of multigrading from Section 26. Let A =
{a1,...,a,} be a subset of N" \ 0 and A be the matrix with columns
a;. Throughout the chapter, we suppose that rank(A) = r for sim-
plicity. Consider the polynomial ring S = k[z1,. .., z,] with variables
Z1,...,T, in multidegrees aq,...,a, respectively. For a monomial

xit .. abn, its multidegree is
mdeg(x]'...x)") = E via; € NA.
1<i<n

On the other hand, for each i let e; be the i'th standard vector in
N” and consider the polynomial ring 7' = kl[t,...,t,] with variables
t1,...,t, in multidegrees e, ..., e, respectively. The prime ideal I 4,
that is the kernel of the homomorphism

v: S=klx1,...,xn] = T =Eklt1,...,1,]

T > 9 = 0 g%

is called the toric ideal associated to A. Sometimes, for simplicity
we write I instead of I4. Note that

mdeg(z;) = mdeg(t*) = a; .

1. Peeva, Graded Syzygies, Algebra and Applications 14,
DOI 10.1007/978-0-85729-177-6_4, © Springer-Verlag London Limited 2011
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Therefore, the homomorphism ¢ is multigraded. Hence, its kernel I 4
is multigraded.
Set

U1

v U1

x' =2x7"...z;" foravectorv=| . | € N".

Un

Exercise 65.1. ¢(x?) = t4?.

The toric ring associated to A is
S/ITx = E[t™, ... t%],

where the isomorphism is given by xV — t4V, for v.e N”.

Note that the vector space k[t?!,...,t%"] has basis N.A via the
correspondence t* — a, where a € N".

Therefore,

‘ 1 ifaeNA
dimg (S/14)a = {0 otherwise.

If & € NA, then the set of all monomials in S of multidegree o
is called the fiber of a.

In the running example we illustrate most of the definitions and
constructions throughout the chapter.

Running Example 65.2. The matrix
01 2 3
A= <1 1 1 1>
defines the twisted cubic curve. The map ¢ is

kla,b,c,h] — kls,t]
a—1

b— st
c— st

h— s3t.
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Therefore, the toric ring is isomorphic to k[t, st, st, s3t].

\ 4

Figure 18.

In Figure 18 we show the monoid N.A inside N? (we see the lower
part of the monoid in the figure); the points in the monoid are de-
picted by big black dots. The monomials in the toric ring correspond
bijectively to the elements in N4, so each big black dot corresponds
bijectively to a monomial in the toric ring.

Each monomial m in S corresponds to paths from 0 to the black
dot mdeg(m). We order a < b < ¢ < h. Let ay,...,q; be a saturated
path, that is aj11 = o + e; where e € {a,b,c,h}. We call this
path increasing if e; < e; < ... < ¢;. Then each monomial in
S corresponds bijectively to a saturated increasing path from 0 to
mdeg(m). Each difference m —m’ of two monomials in the toric ideal
corresponds to two different saturated increasing paths leading to the
same dot; this is illustrated in Figure 19 below. For example, b? and
ac are the two monomials in k|a, b, c, h] of multidegree (2,2). The
element b? — ac is in the toric ideal.

In order to list all monomials of multidegree (3,3), we look at
the increasing saturated paths from (0,0) to (3,3). We see that the
monomials are b3, a%h, abc. Thus, the fiber of (3,3) is {b3, abc, a®h}.
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(3,3)
b’=a’h=ach

v

Figure 19.

Construction 65.3. Given a matrix A, one can compute the ideal
I 4 using elimination theory: eliminate the variables tq,...,¢, from
the ideal (zq —t™, ..., x, —t%).

Running Example 65.4. We compute the defining ideal of the
twisted cubic curve by eliminating the variables s and t from the
ideal (a —t, b— st, c— s*t, h— s3t) in kla, b, c, h, s,t]. Straightforward
computation shows that the defining ideal is

I = (ac — b?, ah — be, bh — ¢*)

in kla, b, c, h.

A difference of two scalar multiples of monomials is called a
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binomial. Binomials play major role in the theory of toric varieties.
A pure binomial is a difference of two monomials. We will show
that the ideal 4 has a minimal system of generators consisting of
pure binomials.

Theorem 65.5. The toric ideal I 4 is generated by the pure binomials
{xV —x"|v,weN" A(v) = A(w)}.

Proof. Set I' = ({x" —x%V|v,w e N" A(v) = A(w)}> . We have
to show that I4 = I’. The inclusion I’ C I 4 holds since
(p(xv) — tAV — tAW — QD(XW) .

Suppose that T4 # I’. Fix a monomial order in the polynomial ring
S. Let f be a polynomial such that f € I4, f ¢ I’, and f has a min-
imal initial term among the polynomials satisfying these conditions.
Denote by g the initial term of f. Since the monomials form a basis
in k[t1,...,t.] and ¢o(f) = 0, it follows that there exists a term ¢’
of f such that g and ¢’ are mapped by ¢ to scalar multiples of the
same monomial. Let ¢ = ax¥ and ¢’ = fx%V, where o, € k*. We
have that (x¥ —x%) € I' as t*V = p(xY) = ¢(xV) = t*". Hence
f=f—ax¥—x%)¢ I Thisis a contradiction, since the initial
term of f is smaller than the initial term of f. O

We usually consider the matrix A as the matrix of a map from
Z" to Z". When we write Kerq (A) we mean {u € Q" | Au = 0}.

Corollary 65.6. If A’ € GL,.(Z)A and has entries in N, then A and
A’ determine the same toric ideal.

Proof. Let C' € GL,(Z) be such that A’ = CA. We have the equality
{ujueZ", uecKerq(A)} = {ulueZ” ueckKerq(CA)}
since Kerq (A) = Kerq (CA). O

Running Example 65.7. By 65.6, the matrix

, (3210
A‘<0123)
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defines the toric ideal of the twisted cubic curve. In Figure 20 we
show the monoid N.A’ inside N? (we see the lower part of the monoid
in the figure). The elements in the monoid are depicted by big black
dots.

Figure 20.

The following result is an immediate consequence of Theorem 65.5.

Corollary 65.8. With respect to any monomial order, the ideal I 4
has a reduced Grobner basis consisting of pure binomials.

Proof. Choose a minimal system of pure binomial generators of I 4.
The new elements produced by Buchberger’s Algorithm 39.9 are pure
binomials. O

Running Example 65.9. With respect to the lex order with b >
¢ > a > h, the ideal I has Groébner basis

b2 — ac, be — ah, bh — 2, ¢ — ha.

Corollary 65.10. (Aramova-Herzog) A binomial Grobner basis of
14 does not depend on the base field.
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Proof. Fix a monomial order <. Take a Grobner basis 7 of I 4 over
the field Q such that 7 consists of pure binomials. Let C' be the ideal
generated by the initial terms of the binomials in 7. The binomials
in 7 are defined over any base field. Therefore, C' C in.I4 over any
field.

We have that C' = in. I 4 over the field Q. Since the multigraded
Hilbert function of the toric ring and the multigraded Hilbert function
of S/C do not depend on the base field, it follows that C' = in.I4
over any field. Therefore, 7 is a Grobner basis over any base field. [

We say that 14 defines a projective toric variety if I, is
homogeneous with respect to the standard grading with deg(z;) =1
forall 1 <34 <n.

W

Exercise 65.11. A pure binomial x¥ — xV is homogeneous if and

only if the scalar product (1,...,1) - (v — w) vanishes.

Proposition 65.12. The following properties are equivalent.
(1) I4 defines a projective toric variety.
(2) (1,...,1) is a Q-linear combination of the rows of A.
(3) The points ai,...,a, lie on a hyperplane Y ... Biw; = 1 in
Q" with B; € Q, where (wy,...,w,) are the coordinates in Q.
(4) There exists an A" such that [ = 14 and d'y,...,d, lie on the
hyperplane w, = 1, where (wy, ..., w,) are the coordinates in Q".

Proof. By Exercise 65.11 and Theorem 65.5, we see that (1,...,1)-u=
0 for every u € Kerq (A). Hence, (1) is equivalent to (2).

Denote by a1, ..., a, the rows of A. If (2) holds, then there exist
coefficients f3; € Q such that >, .., Bic; = (1,...,1). Then the
hyperplane » ;... Biw; = 1 contains the points aq,...,a,. Hence,
(2) implies (3)._T£us, (2) and (3) are equivalent.

(2) implies (4) since we can replace one of the coordinates in
each a; by 1. If (4) holds, then (1,...,1) is the last row of A’, so (4)
implies (2). a

Running Example 65.13. The ideal I 4 is projective.
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66 Examples

In this section we give a few simple, but important examples of toric
ideals.

Monomial curves 66.1. A toric ideal associated to a set A C N\ 0
defines an affine monomial curve. A toric ideal associated to a set
A C N x 1 defines a projective monomial curve.

Running Example 66.2. The twisted cubic curve is a projective

monomial curve.

Veronese varieties 66.3. Let s > 0 be an integer. Recall that
T = k[ty,...,t.]. The s’th Veronese ring is

®:2T;s = k[all monomials of degree s in r variables].

It defines the s’th Veronese embedding of P"~!. The set of points
defining the toric ideal can be taken to be

A ={(ir,...,i,) €N"\O| Y i; =s}.
j=1

The sum of all rows in A, is the vector with coordinates equal
to s, so the toric ideal is projective.

In this case it is often convenient to denote the z-variables by z.
so that the variable z. is mapped by the toric map to t€ for ¢ € A, ,.

Example 66.4. k[s®, s%t, st? t%] is the 3'rd Veronese ring in 2 vari-

ables.

Exercise 66.5. Consider the standard grading on S with deg(z;) =1
for each i. Let I4 be the defining ideal of the s’th Veronese ring
in v variables. What is the Hilbert function of S/I4? (Note that
dimy, (S/14)q is the number of all monomials of degree sq in r vari-
ables.)

Theorem 66.6. (Barcanescu and Manolache) The toric ideal 14, ,
has a quadratic binomial Grobner basis. In particular, 14, , is gener-
ated by quadratic binomials.
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Proof. Consider the lex order, denoted lex, on N” such that e; >
. > ey, where eq,...,e, are the standard vectors. Denote the z-
variables by x. so that the variable x. is mapped by the toric map to
t€ for c € A .
Let m = ¢, ...7c, be a monomial written so that c¢1 >jex
... Zlex Cp. et ¢ =cq1 + ...+ cp. We can write

C:b1+...+bp,

so that for every ¢ we have that b; is the lex-greatest vector in A,
such that ¢ — by — ... — b; € NA,,. Clearly, the monomial m =
Tp, ---Tp, is in the same fiber as m.

Order the z-variables by

Te > Tor if € >lex €.

Consider the revlex order on the monomials in S. We will show that
m can be reduced to m using the quadratic binomials in the ideal
14, . In particular, it follows that m is the standard monomial in the
fiber.

If C1 = b]_, then

m .
can be reduced to — by induction hy-
Te,y Tby

pothesis on the degree of m, so we are done.

Suppose that c; # by. Let i be the smallest number such that
the i’th coordinates of ¢; and by are different. It follows that (c1); <
(b1); since by >1ex ¢1. Hence, there exists a ¢ # 1 such that (cq); >
0. Also, there exists an ¢ < h < r such that (by), < (c1)n. Therefore
(c1)n > 0. Now, we have

C1 — €p + € >lex C1 Zlex Cq >lex Cq — €i T €n .
Therefore, the inequalities
xclfethei > 1'01 2 mcq > xcqfeﬁLeh
hold. So, in revlex order on the monomials in S we get

ZTeyTeq 2 Ley—enteileg—ejter -
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Use the binomial ¢, T, —Tc, —ep,+e;Teq—e;+e, 10 TEduce m to a revlex-
smaller monomial m’. Now, by induction hypothesis, we have that the
monomial m’ can be reduced to m. O

Currently, there is an open conjecture by Ottaviani-Paoletti for
the property NN, (recall the definition of N, in Section 17) of a Veronese
toric ideal. The following problems are wide open. [Hering-Schenck-
Smith] gives a bound on N, in some cases.

Open-Ended Problems 66.7. (folklore) What is the length of the
2-linear strand of a toric ideal generated by quadrics? Find tight up-
per/lower bounds on p for which N, holds, for interesting classes of
toric Tings.

Unimodular matrices 66.8. An (r x n)-matrix A is unimodular
if all non-zero (r x r)-minors have the same absolute value. The Segre
varieties, described below, are an interesting case of this type.

Segre varieties 66.9. Let A, denote the simplex with s+ 1 vertices
with (s+1)-coordinates (1,0,...,),...,(0,...,0,1,0,...,0),...,(0,...
,0,1). Let A consist of the vertices of the product of two simplices
A, x A,. This toric variety is called a Segre variety or the Segre
embedding of PP x P4 in PP4TP+4 Tt can be proved that the toric
ideal is generated by the 2 x 2-minors of the (p+ 1) x (¢ + 1)-matrix
whose entries are the indeterminates

{23 11<i<p+1,1<j<q+1}

Example 66.10. Consider the matrix

T11 1,2
T21 22
3,1 3,2

The ideal generated by the 2 x 2-minors of this matrix is

(551,15U2,2 — 21,2721, £1,113,2 — T1,2T3,1, L2,1L3,2 — L2,203,1 ) .
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This is the defining ideal in k{21 1, 21,2, 21, 2,2, T3,1, Z3,2] of the Segre
embedding of P2 x P in P®. It is the toric ideal defined by the set

A=Ay x Ay = {(1,0,0,1,0),(0,1,0,1,0),(0,0,1,1,0),

(1,0,0,0,1),(0,1,0,0,1),(0,0,1,0,1) },

Edge toric rings 66.11. Let W be a simple graph (i.e., with no
double edges and no loops) on vertices t¢y,...,t.. The edge toric
ring of W is

Eltit; | {i,7} is an edge in W] .

67 Betti numbers via simplicial complexes

In this section we discuss how to compute the Betti numbers of a toric
ideal using simplicial complexes.

Construction 67.1. Since the ideal I 4 is multigraded, there exists
a minimal free resolution of S/I4 over S which is multigraded. We
have multigraded Betti numbers

b7 (S/14) = dimy, Tor} (S/Ia,k)e fori>0,a€N".

Running Example 67.2. Set Z = ka,b,c, h]. Computer compu-
tation shows that the minimal free resolution of Z/I over Z is

h c
c b

b a pr (ac—b*> bc—ah bh—c?)

0 — 72 Z—Z/I — 0.

Denote by d the differential in the resolution. We will illustrate how
the multigrading 26.1 works. Use 4 to multigrade Z, so

mdeg(a) = (0,1), mdeg(b) = (1,1), mdeg(c) = (2,1), mdeg(h) = (3,1).

Note that the multigrading will be different if we use A’.
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First, we consider homological degree one. Denote by eq,es, e3
the basis of Z3 such that

d(e1) = ac — b, d(ey) = bc —ah, d(es) =0bh —c*.
Since the differential is multigraded, we have that

mdeg(e;) = mdeg(ac — b*) = (2,2),
mdeg(ez) = mdeg(be — ah) = (3,2),
mdeg(es) = mdeg(bh — ¢?) = (4,2).

The Betti numbers in homological degree 1 are

bi,22) =1, b2 =1, b2 =1

Now consider homological degree two. Denote by f1, fo the basis of
Z? such that d(f;) = he; — ces + bes and d(f2) = ce; — bey + aes.
Since the differential is multigraded, we have

mdeg(f1) = mdeg(he; — ces + beg) = mdeg(heq)
= mdeg(h) + mdeg(e;) = (5,3)
mdeg(f2) = mdeg(ce; — bes + aes)
= mdeg(ce;) = mdeg(c) + mdeg(e;) = (4, 3).

The Betti numbers in homological degree 2 are by (5 3y = 1 and by (4.3) =
1. For completeness, we list that in homological degree 0 we have

bo,(0,0) = 1.

Recall that the set of all monomials in S of multidegree « is
called the fiber of a.

Construction 67.3. [Stanley, Theorem 7.9] Recall that rad(m) is
the maximal squarefree monomial dividing a given monomial m. For
a € N”, denote by C, the fiber of a. Let I'(«) be the simplicial
complex on vertices 1, ..., z, and faces the radicals of the monomials
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in C, and all their factors. We say that I'(«) is generated by the
radicals of the monomials in C.,.

Running Example 67.4. The fiber of (3,3) is C33) = {b?, abe,
a®h}. Therefore, I'((3,3)) is the simplicial complex on vertices a, b, ¢, h
that consists of the triangle abc and the edge ad. See Figure 21.

a

Figure 21.

Theorem 67.5. [Aramova-Herzog], (Campillo-Pison) For o € N”
and 1 > 0 we have

b7 (14) = dimH; (T(a); k).

Proof. Note that bga(IA) = b§+1,a(S/IA)' We compute the Betti
numbers of S/I4 using the Koszul complex K that is the minimal
free resolution of k over S. Let E be the exterior algebra over k on
basis elements eq, ..., e,. The complex K equals S®QF as an S-module
and has differential

o N
dlej Aooeneg,) = 3 (DT mg e A AN Ny,
where €, means that e;, is omitted in the product. We have

b0 (S/14) = dimy, Tor; 1 (S/1a, k)o = dimy Hyy1(S/1a @ K), .

Recall that mdeg(x;) = mdeg(e;) = a;. The component of S/I4 ® K
in homological degree i + 1 and multidegree « has basis
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m . .
——ej, N Nej, mEC,, 1<j1<...<jiz1<n
Ljyi v Ljigr

xj, ... 25, divides m} .

Note that the component of S/I4 ® K in multidegree « is 0 if o ¢
NA. Denote by T the oriented chain complex computing the reduced
homology of the simplicial complex I'(a). We will show that the map

(S/Ta®Kit1)a — T;
mCK . . . .
ej, A+~ Nej., + the face with vertices ji,...,jiy1

Ljy - - Lo

is an isomorphism of complexes. The map is a surjection. In order
to show that it is injective, we have to check that if m, and m/, are
two monomials in the fiber of o and if both of them are divisible by
xj, ...%j.,,, then the difference

!/

M m,

Ljy oo e Ljspy Ljy -+ Ly

is in the ideal I 4. The desired property holds because the monomials
/

Ma and Ma are in the same fiber.
Ljy oo e Ljipy Ljy + - Lhipq
Hence b3, ,(S/14) = dim H; (T(); k). O

Running Example 67.6. The fiber of (3,3) is C(33) = {b3, abe,a®h}.
The simplicial complex I'((3,3)) consists of the triangle abc and the
edge ad. Hence, all Betti numbers in multidegree (3,3) vanish. Now
consider the fiber Cy3y = {b*c,abh,ac?} of (4,3). The simplicial
complex I'((4,3)) consists of the triangle abh and the two edges ac
and bc. Therefore, by (4,3)(14) = 1 and all other Betti numbers in
multidegree (4, 3) vanish.

Corollary 67.7. If the greatest common divisor of the monomials in
a fiber C,, is not 1, then for all i > 0 we have

bia(IA) =0.
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Proof. If the greatest common divisor of the monomials in a fiber C,
is not 1, then I'(«) is a cone and so it has no reduced homology. Apply
Theorem 67.5. |

The next result answers the question what simplicial complexes
occur as I'(a).

Theorem 67.8. [Bruns-Herzog 2| Let A be a finite simplicial com-
plex. There exist a set A and o € NA such that the complex T'(«) is
homotopy equivalent to A.

In particular, we see that the Betti numbers of S/I4 can depend
on the characteristic of the field k.

Proof. Let A be a simplicial complex on a vertex set {z1,...,z,}.
Denote by F(A) the set of facets of A. For each o € F(A) introduce
a variable x,. Consider the homomorphism

klzq,...,2p, {2, |0 € F(A)}] — k[t t1,... 1]

T, —

T, — thi.

i¢o

The preimage of the monomial #¢; ...¢, is the fiber

Ca,.1 = {-”L‘g 1_[13Z o€ F(A) }
€0
Therefore, I'((1,...,1)) is the simplicial complex on the vertex set
{z1,...,2p, {25 |0 € F(A)}} generated by the faces {c U z,|0o €
F(A)}. O

The multigraded Betti numbers can be computed using other
simplicial complexes.

Construction 67.9. (Bayer-Peeva-Sturmfels) For a € N", let X («)
be the simplicial complex on vertices the monomials in the fiber C,,

and faces
{o CCylged(mime o) #1}.
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Theorem 67.10. For o € N” and i > 0 we have
b7 (1a) = dimH; (X (a); k).
The simplicial complexes X () and I'(«) are homotopy equivalent.

Proof. We are going to apply the Nerve Theorem 36.11 to the sim-
plicial complex I'(«). For a monomial m € C,, set A,, to be the
simplex on vertices the variables that divide m. Then { A, }mec,
is a cover of I'(a). If Nyeo Ay # 0 for some o C C,, then it is a
simplex, so it is contractible. The nerve of that cover is X («a). By
the Nerve Theorem 36.11, X () and I'(«) are homotopy equivalent.
Apply Theorem 67.5. ([

68 Projective dimension

We will prove an upper bound on the projective dimension of S/I4
in terms of its codimension.

Exercise 68.1. codim(I4) =n —r.

Theorem 68.2. [Peeva-Sturmfels 2]

pd(S/IA) S 2COdim(1A) _ 1 .

Proof. Let a € NA. First, we will show that the simplicial complex
I'(a) has at most 2°°4™(14) facets. Denote by F1,. .., F, the facets of
I'(«). There exist elements qy,...,qs in N such that rad(x%) = F;
and x% is in the fiber of o for i =1,...,s.

Suppose that s > 2°°4m(Z4) " Note that codim(I4) = n — r. Let
B be an integer (n x (n — r))-matrix such that the sequence

0 — zr Zozn Aoz
is exact. For v € ZedmU4) we can write Bv uniquely as Bv =
(Bv); — (Bv)_, where (Bv)4 and (Bv)_ have non-negative coordi-
nates and supp((Bv)y) Nsupp((Bv)_) = 0. Set q = qs. Let r; =
ged(x9,x%) for 1 < i <s. We have that q — q; € Ker(A) = Im(B).
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Let vq,...,ve_1 € Z©WmU4) he such that q = r; + (Bv;)+ and q; =
r;+ (Bv;)_ for 1 <i < s, that is, x4 — x% = xi (x(Bvi)+ —x(Bvi)- ),

Since s > 2¢0dim(l4) it follows that there exist two vectors v; and \Z]
such that the coordinates of v; +v; are even numbers. Therefore, the
coordinates of (B(v; + v;))
Note that

, and (B(vi + v;))_ are even numbers.

x24 _ xqita; — xr(x(B(Vi+Vj))+ — x(B(vitv;))- )

for some r € N™. Since x2% = x"x(BVitVi))+ it follows that the coor-
dinates of r are even numbers. Furthermore, x4t = x*x(B(Vi+v;))-
implies that the coordinates of q; + q; are even numbers. Hence
2(q; +q;) € N". The fact that x% and x% are in the fiber of « is
equivalent to Aq; = Aq; = a. We have that A(%(qi +4q;)) = a, so

x2(%+95) i in the fiber of o as well. Therefore, rad(xz(@+a)) =
F; U F; is a face of I'(«). This face properly contains both F; and Fj.
We obtained a contradiction to our choice that F; and F; are facets.

Therefore, I'(a) has at most 2°°4m(Z4) facets. Hence the ho-
mology of I'(c) vanishes in dimensions > 2¢°4im(Z4) _ 1. Note that
pd(I4) + 1 =pd(S/I4) to obtain the desired upper bound. O

Exercise 68.3. Find examples that show that the bound in the above
theorem is sharp.

69 The Scarf complex

We will discuss an algebraic complex, called the Scarf complex, which
is always contained in the minimal free resolution of a toric ideal. The
material in this section is from [Peeva-Sturmfels].

For simplicity, we denote a fiber by C' instead of C,, if the multi-
degree a can be suppressed. Set mdeg(C) = «. In this case we write
bimdeg(c) (14) instead of b7 ,(14), and we write I'(C) instead of T'().

We introduce a partial order < on the set of all fibers as follows:
if C and C’ are fibers then C’ < C if there exists a monomial m such

that mC’ C C.
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We denote by ged(C') the greatest common divisor of all mono-
mials in a set C' of monomials. We call a fiber C' basic if ged(C) =1
and ged(C\m) # 1 for all m € C.

Proposition 69.1. If C' is a basic fiber then

s _ 1 dfi=|C|-2
bi’mdeg(o)(IA) N {0 otherwise.

Proof. We will apply Theorem 67.10. Let o be the multidegree of C.
For every monomial m € C' we have that ged(C\m) # 1. Therefore,
C\m is a face in X («). Since ged(C) = 1, we conclude that C' is
not a face in X («). Hence, X («) is the boundary of the simplex with
vertices the monomials in C. O

Lemma 69.2. Let C be a basic fiber and m a monomial in C. The

monomials in C'\ m divided by their greatest common divisor form a
basic fiber.

Proof. Denote by g the greatest common divisor of the monomials in
C'\ m. Furthermore, denote by C’ the set of the monomials in C'\ m
divided by g. First, we will show that C’ is a fiber. Suppose that
there exists a monomial m ¢ C’ that is in the same fiber as C’. Then
mg € C. Tt follows that m = mg. Hence, g # 1 divides all monomials
in the fiber C, which is a contradiction. Therefore, C’ is a fiber.
Next, we will show that the fiber C” is basic. Clearly ged(C’) = 1.
Let m’ € C’ be a monomial. We will show that the monomials in
C’\'m/ have a non-trivial greatest common divisor. Since C' is basic we
have that g = ged(C'\m) # 1, h = ged(C'\m/g) # 1 and ged(g, h) = 1.
Hence ged(C” \ m') is a multiple of h. |

Corollary 69.3. Let C be a basic fiber. If C' is a fiber and C" < C,
then C’ is a monomial multiple of a basic fiber.

Proof. Let m be a monomial such that mC’ C C. Then mC’' =
C\{mu, ..., ms} for some monomials m1,...,ms. Apply Lemma 69.2
repeatedly. It follows that the monomials in C'\ {mq,...,m,} divided
by their greatest common divisor form a basic fiber. Therefore, C’ is
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a monomial multiple of a basic fiber. O

Proposition 69.4. If C' < C are fibers and C is basic, then
' <.

Proof. Suppose that |C'| = |C|. Then C = m(C’ for some monomial
m. Since C' is basic, it follows that m = 1, which is a contradiction.d

Construction 69.5. The basic fibers form a finite poset, which we
call the Scarf poset and denote by P4. We will define the Scarf
complex. 1t is the complex of free S-modules

Fyu= Doepy S-ec,

where e denotes a basis element in homological degree |C| — 1, and
the sum runs over all basic fibers C. The differential is defined by

dlec) = Zmec sign(m, C') - ged(C'\ m) - ec\pm ,

1 if m is in the I’th position (we order the

where sign(m, C) is (—1)
monomials in C' lexicographically and consider C' as an ordered set

here). Straightforward verification shows that 9% = 0.

Exercise 69.6. Show that F 4, in Construction 69.5, is a complex.

Exercise 69.7. In the notation of Construction 69.5, show that the
multidegree of ec is the multidegree of any of the monomials in the

fiber C.

Theorem 69.8. [Peeva-Sturmfels] Let (G,d) be the minimal free
resolution of S/I14 over S. Then F 4 is an essential subcomplex of G.
(Recall Definition 3.5.)

Proof. The proof is by induction on homological degree.

The base of the induction is the first step in the complex F 4,
which is ®¢ Sec — S and the sum runs over all fibers consisting of
two relatively prime monomials. By Theorem 67.5 it follows that the
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difference of two such monomials is contained in every minimal system
of homogeneous binomial generators of the toric ideal I 4. Therefore,
Pc Sec — S is contained in G in the desired way.

Suppose that F 4 is an essential subcomplex of G in homological
degrees less than i. Since F 4 is a complex we have that the elements

{o(ec) |IC|=i+1}

are syzygies. We have to prove that they are contained in a minimal
system of generators of the syzygy module. Assume the opposite.
Let C be a basic fiber with |C| = i + 1 and d(ec) be an S-linear
combination of syzygies of strictly smaller multidegrees. It follows
that G has a basis element of homological degree ¢ and multidegree o/
whose fiber C” is strictly less than C. Note that bimdeg(c,) (S/14) # 0.

By Corollary 67.7 we get that ged(C”) = 1. We can apply Corol-
lary 69.3 since C' is basic, and it implies that C’ is a monomial multiple
of a basic fiber. As ged(C’) = 1 we conclude that C' is basic. Since
bimdeg(c,)(S/IA) # 0, Proposition 69.1 yields that |C’| =i + 1.

By Proposition 69.4, |C’| < |C|. Therefore,
i+1=[C"<|Cl=i+1

which is a contradiction. O

Using Proposition 69.1 we will get a criterion for the Scarf com-
plex F 4 to be the minimal free resolution of S/I4.

Proposition 69.9. Suppose that bf,mdeg(c)(s/IA) =0 for all j >
0 and every non-basic fiber C. Then the Scarf complex F 4 is the
minimal free resolution of S/1 4.

Proof. The complex F4 is an essential subcomplex of the minimal
free resolution by Theorem 69.8. Suppose that F 4 is strictly smaller
than the minimal free resolution of S/I4. Since F 4 has one free
generator in each multidegree that has a basic fiber, it follows by
Proposition 69.1 that bfmdeg(c)(IA) # 0 for some non-basic fiber C,
which is a contradiction. O
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70 Generic toric ideals

Definition 70.1. We say that I4 is generic if it has a minimal
system of binomial generators such that each variable x; appears in
every generator. A result by Barany and Scarf, cf. [Peeva-Sturmfels,
Theorem 4.1], explains the motivation for this definition.

Recall that supp(m) = {z;| z; divides m} for a monomial m.

Theorem 70.2. [Peeva-Sturmfels| If 14 is generic then F 4 is the
minimal free resolution of S/14.

Proof. We will show that bimdeg(c)(S/IA) =0 for all § > 0 and every
non-basic fiber C'; and then we will apply Proposition 69.9.
Suppose that C is a fiber which is not basic. We will show that
the simplicial complex I'(C) is a cone, so we can apply Corollary 67.7.
If ged(C) # 1 thenI'(C) is a cone over rad(ged(C')). If C contains

a monomial with support {z1,...,z,}, then the simplicial complex
I'(C) is a simplex.

Suppose that ged(C) = 1 and C contains no monomial with
support {x1,...,x,}. Since C is not basic, there exists a monomial

x® € C such that ged(C \ x®) = 1. There exists an z; ¢ supp(x?).
Since ged(C'\ x?) = 1, there exists a monomial x® € C'\ x* such that
x; & supp(x®). Hence, there exist at least two monomials x*,x® €
C that are not divisible by z;. We will show that I'(C) is a cone
over z;. Let F = supp(xf) for some xf € C be such that the face
F € T(C) does not contain z;. Let xP be any other monomial in
C with z; ¢ supp(x®). Write xf = x4 . xf and x* = x4 . xP'
b/) = 1. Since I 4 is generated by binomials with full

. ’ /! . . . . .
support, we can write x? —xf as a combination of binomials with full

where ged(xf’, x

support. Hence, there exists a monomial x® such that xP' —xce] A
and supp(x®’) Usupp(x®) = {z1,...,z,}. It follows that x°x9 €
C and {z;} Usupp(xf) C supp(x®). The face supp(x°xd) € T'(CO)
contains both z; and F. O

In the rest of this section we consider Grobner basis.

Lemma 70.3. [Peeva-Sturmfels 2] Let G be a minimal multigraded bi-
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nomial generating set of 1 4. If a variable x; appears in every binomial
in G, then G is a Grobner basis with respect to any revlex monomial
order which has x; as the smallest variable.

Proof. Consider the initial ideal of I4 with respect to the weight
vector —e; (where e; is the i'th standard vector). The initial ideal
in_e, (I4) contains the set of monomials in_e,(G). We will prove that
in_e,(La) = (in—e,(9)).

Let f € I4 be not divisible by x;. Hence, the variable z; does
not appear in in_, (f). We will show that the initial term in_e,(f) €
(in_.(0)).

Since I 4 = (G) we can write f as a combination of binomials in
G, and we see that every monomial in f is a multiple of one of the
terms of some binomial in G. Every non-initial term of a binomial in
G contains ;. Hence, if a term in in_e, (f) is not divisible by z; then
it is a multiple of the initial term of some of the binomials in G. [

Choose positive integers wy, . . . , wy, such that I 4 is homogeneous
with respect to the grading mdeg(z;) = w; (the column vector with
coordinates w; is a combination of the columns in the matrix A). Fix
the refined revlex order < such that we order the monomials in S as

. Ul U2 Up V1,02 . Un n . n .
follows: xi'ay?---apr < a'ay®---axpr if Y07 wwy < YL viwy,
or if >  ww; = >, v;w; and the last non-zero coordinate of
(uy — v1,...,uy, — vy) is positive. Let M = in_(Il4) be the initial

monomial ideal. Note that < coincides with the revlex order on any
binomial in the ideal I 4.

Theorem 70.4. [Peeva-Sturmfels| If I 4 is generic, then the minimal
generators of 14 form a Grobner basis with respect to the order <
described above.

Proof. This follows from the lemma above since every minimal gener-
ator contains x,,. O

Theorem 70.5. [Gasharov-Peeva-Welker| Choose positive integers
Wi, ..., W, such that 14 is homogeneous with respect to the grading
mdeg(z;) = w;. Let < be the refined revlex order in S described



70 Generic toric ideals 277

above. Let 14 be generic and set M = in.(I4). Then for any i >
0 and o € N" we have the equality of multigraded Betti numbers

b7 o (S/M) = b7,(S/1a)-

Proof. Consider the monomial ideal M’ C k[z1,...,2,_1] such that
SIM" = k[x,]| ® S/(I4,zy).

We will prove that M = M'.

In the notation of Lemma 70.3, let f € G. Since I 4 is generic, it
follows that f = m—m'z,. As I 4 is prime, it follows that x,, does not
divide m. Hence, the initial term of m —m/x,, is m. By Theorem 70.4
G is a Grobner basis with respect to the order <. Hence M C M.

Recall by 26.1 that a multigraded finitely generated module T’
has a multigraded Hilbert series hilby. We have that

hilbg/p = )hile/UMn)

b
(1 -z,
since S/M' = k[z,] ® S/(La,xn). As x,, is a non-zero divisor on S/1 4
it follows that

hilbs/(]A@n) = (1 — (L'n)hllbs/]A .

Therefore,
hilbg /s = hilbg,z, .

The rings S/M and S/I4 have the same multigraded Hilbert series
because M is an initial ideal, so we conclude that

hilbg/ps = hilbg,a -

Therefore, M = M’.

Since x,, is a non-zero divisor on S/ 4, it follows that the mini-
mal free resolution of S/M over S is obtained from the minimal free
resolution of S/I 4 by setting z,, = 0 in the matrices of the differential.
In particular, the multigraded Betti numbers of S/M coincide with
those of S/14. O
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71 The Lawrence lifting

Construction 71.1. (cf. [Sturmfels, Chapter 7]) The Lawrence lift-

A O

ing of A is the matrix L = (1 1

), where 1 is the (n x n)-

identity matrix and O is the (r x m)-zero matrix. The toric ideal
Iy in klxy,...,20,91,...,Ys] is called the Lawrence lifting of I4.

We have that
Kerq(L) = { ( _uu>

Note that I 4 and I}, have the same codimension n — r.

ue KerQ(A)}.

Exercise 71.2. The ideal I}, is generated by

{x"yV —xVy"|x" —xV€ls}.

Running Example 71.3. The Lawrence lifting has matrix

0123 0000
111100 00
L:10001000
0100 01O0O0
001 00 O0T1O0
0 001 0001

Computer computation shows that the Lawrence lifting ideal is

(acB? — b*AC, ahBC — bcAH, bhC? — *BH,
VA?H — a*hB3, CH?A — h?aC?)

in kla,b,c,h, A, B,C, H].

Proposition 71.4.
(1) klz1,...,zny1, ¥/ (To+ (1 — 1, yyn — 1)) = S/ 14
(2) Every permutation of the elements y, — 1,...,y1 — 1 forms a
reqular sequence on the toric ring k[z1,...,Tn,Y1,---,Yn)/IL-
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Proof. (1) follows from Theorem 65.5 and

o= {( )

We will prove (2). Fix an 1 < i <n — 1. Denote by Y the ideal
in klx1,...,%Zn,Y1,...,y;] such that

ue KerQ(A)} :

k[l'la-"vxnayla"'?yi]/y:
k[l'la---vxnayla"'7yn}/(IL+(yi'f'l_l""’y”_l))'

The ring k[x1,...,Tn,Y1,---,Yn] is N"T"-graded with the degrees of
the variables given by the columns of the matrix L. Deleting the
last n — i coordinates in N"*” we induce an N"*¢-grading in which
mdeg(y; 1) = ... = mdeg(y,) = 0. This induces an N"*-grading on
klz1,..., %0, 91,-..,y;] and the ideal Y is N"T‘-homogeneous. The
elements 1 and y; have different multidegrees, since the multidegree of
1 is the zero vector but the multidegree of y; is the vector (0,...,0,1).
This implies that y; — 1 is a regular element on the quotient ring
kElx1,...,%n,Y1,...,vi]/Y; for completeness we include the proof.
Suppose that (y; — 1)f = 0 for some non-zero element f in the
quotient k[xi,...,%n,y1,...,¥]/Y. Let f = fi + ...+ f;, where
fi,-.., fq are the multihomogeneous non-zero components of f. Let
f1 be a component of minimal multidegree . Then the component
of multidegree o of (y; — 1)(f1 + ... + fg) is f1 since mdeg(y; f;) >
mdeg(f;) for every j. As (y; —1)f = 0, it follows that each of its mul-
tihomogeneous components vanishes. Hence, f; = 0. This contradicts

to f1 #0. Thus, (y; —1)f #0. O

Corollary 71.5. If F, is the minimal free resolution of k[z1, ..., Ty,
Yty Yn)/IL over k[zy, ..., Tn,y1,. .., Yn], then

Froklxy,...,Zny1s-- s Yn)/(Yn —1,...,y1 — 1)

is a free resolution of S/I4 over S.

72 Hilbert functions

Throughout this section we assume that the toric ring R = S/14 is
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projective. We will discuss Hilbert functions of graded ideals in R.

Construction 72.1. We define a partial monomial order <;,.;c on
S using the weight orders with respect to the rows in the matrix A.
For 1 < i < r, denote by w; the weight order of the monomials in
S with respect to the vector ((ay);,...,(an);). Let m and u be two
monomials in S. We define that m >4 u if there existsa 1 < 7 <r
such that

w;(m) > w;j(u) and w;(m) = w;(u) for 1 <i < j.

This is a partial order on the monomials in S.

Two monomials m and m’ are incomparable by <y, if and
only if w;(m) = w;(m’) for all 1 < i < r; this happens if and only if
m —m’' € I4. Hence, the following two properties hold:

(1) in,,,,.(La) = La.
(2) if m and m’ are incomparable monomials, then m —m/ € I 4.

By (1) and (2) it follows that the order <;u.;. induces a well-
defined total monomial order < in the quotient ring R.

Theorem 72.2. [Gasharov-Horwitz-Peeva] Let P be a homogeneous
ideal in a projective toric ring R. There exists a monomial ideal M
in R such that the following properties hold.
(1) M has the same Hilbert function as P.
(2) The Betti numbers of M over R are greater than or equal to
those of P.
(3) Let K and J be the preimages of M and P in S, respectively.
The Betti numbers of K over S are greater than or equal to those

of J.

Proof. Let J be the preimage of P in .S, and let M be the image in the
ring S/in., .. (I4) = S/Ix = R of the initial ideal in, , (J) with
respect to <toric. Property (2) in Construction 72.1 implies that M
is a monomial ideal.

(1) The ideals J and in.,, , (J) have the same Hilbert function.
Therefore, the ideals P and M have the same Hilbert function. (3)
follows from the fact that in.,_ (/) is an initial ideal of .J. It remains
to prove (2).
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Let Ng = J. For each 0 < i < r—1set N;y; = inw, , (IV;). Note
that inw,(14) = I4 for each i. It follows that the the graded Betti
numbers of S/N; over S/I4 are smaller or equal to those of S/N; 14
over S/I4 by Theorem 22.9. Finally, note that N, =in., . (J). O

Proposition 72.3. Let M be a monomial ideal in a projective toric
ring R. The Hilbert function of M over R in degree i > 0 counts the
number of fibers of degree i in M.

Proof. Since all monomials in a fiber are equal in R, we conclude that
dimy (R/M), <1 for every a € NA.

Hence, for a fixed @ € NA, we have that either M contains the entire
fiber of @ or none of the monomials in it. Therefore, the Hilbert
function of M (over R) in degree i counts the number of fibers of
degree i in M. |

We close this section by pointing out that in the spirit of Sec-
tion 50, one can consider the following problems on Betti numbers.

Problem 72.4. (Peeva-Stillman) Fiz the multigraded Hilbert function
h of a toric ideal. Under what conditions does there exist an ideal
with greatest Betti numbers among all ideals with Hilbert function h?
Under what conditions does there exist an ideal with smallest Betti
numbers among all ideals with Hilbert function h?

We emphasize that the above problems are about Betti numbers,
not about multigraded Betti numbers. It seems that often the toric
ideal has the smallest Betti numbers. See [Gahsarov-Murai-Peeva] for

results on ideals in Veronese rings.

73 Infinite free resolutions

The study of properties of infinite multigraded minimal free resolu-
tions over toric rings is an area which emerged recently. Results are
obtained in the following directions:

o computing the Betti numbers via simplicial complexes
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(¢]

constructing explicit resolutions for special classes of toric rings

(¢]

obtaining bounds on the rate

o

determining which toric rings are Koszul

(e]

rationality of Poincaré series.

We study the multigraded minimal free resolution G of k over
the toric ring R = S/I4. It is infinite (unless [ 4 is generated by linear
forms) and starts with

(z1 x2 ... xp)

.— R" R—k—0.

Theorem 73.1. The entries in the matrices of the differentials in G
are scalar multiples of monomials.

Proof. Since G is multigraded we have that each entry f in the matri-
ces of the differentials in G is homogeneous. Let a be the multidegree
of f. Since R,, is at most one dimensional, it follows that f is a scalar
multiple of the unique monomial in multidegree a. O

We have multigraded Betti numbers
Bi.o = dimy, Torl(k, k), fora € N",i>0.

The generating function of the resolution

Pﬁ(taz): Z 6i,atiza

i>0
acNd

is the multigraded Poincaré series. Sometimes we consider the
Poincaré series

PE(t) Z( > ﬂm>t1— R (1,...,1)).

i>0 Y a€eNT

The Serre-Kaplansky problem, “Is the Poincaré series of a finitely
generated commutative local Noetherian ring rational?”, was one of
the central questions in Commutative Algebra for many years. We
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have the following results on rationality of the Poincaré series in the
toric case.

Theorem 73.2.

(1) [Roos-Sturmfels] There exists a Cohen-Macaulay monomial curve
in P® whose toric ideal is generated by quadrics and whose Poincaré
series is not rational.

(2) [Gasharov-Peeva-Welker| If the toric ideal 14 is generic, then
PE(t,z) is rational.

We will show that the Betti numbers 3; , can be computed by
simplicial complexes. Consider the monoid N.A as a lattice with order
defined by v < p if u — v € NA,; following Herzog-Hibi, et al., this
lattice is called the divisor poset of I 4. For a € N” denote by (0, «)
the open interval {y € NA|0 < v < a}. Furthermore, denote by A,

the order complex of (0,a), and set H;_5((0,a); k) = H;_2(Aa; k).

Theorem 73.3. [Peeva-Reiner-Sturmfels], [Herzog-Reiner-Welker],
(Laudal-Sletsjge) For o € N" i > 0 we have

Bio = dimH;_5((0, ); k).

Proof. Compute the Betti numbers using the Bar resolution B of k
over R from Construction 32.2. Denote by A’ the set of ordered i-
tuples of non-zero elements of N.A. The basis elements have the form
A1 A2] -+ [Ai—1]Ai] with A; € NA\ 0. The i-term B; in B is the free
R-module with basis A’. The Bar resolution is multigraded and

mdeg( [A1]|Aa] - [Nzt Ni]) = A+ -+ A
Tensoring the Bar resolution by k& we obtain the complex

Bok:..—»BokEB ok—... B ok=k

where B; ® k is the k-vector space with basis A*. The differential acts
as follows

@@kl = 30 Dl Py Al AL



284 Chapter IV SYZYGIES OF TORIC IDEALS

For i = 1 we have (d; ® k)[\] =0 for every A € NA\ 0.

Fix an @ € N". If \y +--- + \; = a, we identify [A;|Az]--- |\]
with the chain Ay < Ai+Xy < -+ < A+4---+A;_1 in the open interval
(0, ) of NA. The differential d ® k coincides with the boundary map
in the simplicial complex A,. Therefore, the reduced homology of A,
in dimension ¢ — 2 equals the i-th homology of (B ® k). This implies
the desired formula for the Betti numbers. O

Running Example 73.4. The lower part of the divisor poset of
is shown in Figure 22.

v

Figure 22.

The open interval ( (0,0),(1,4) ) is shown in Figure 23. Its order
complex Ay 4y has no reduced homology. By Theorem 73.3 it follows
that all Betti numbers of £ in multidegree (1,4) vanish.

((0,0),(1,4)):

Figure 23.
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The following problem is wide open.

Problem 73.5. (folklore) Find the rate or sharp upper bounds on the
rate of k over a projective toric ring.

Theorem 73.6. [Gasharov-Peeva-Welker| Assume I4 is projective.
Denote by q the mazimal degree of a binomial in a minimal system of
binomial generators of 14. If 14 is generic, then rateg,r, (k) =q—1.

74 Koszul toric rings

Note that R is standard graded if and only if I 4 is projective. In the
rest of this section, we assume that I 4 is projective. We will discuss
the following question.

Question 74.1. (folklore) Which (classes of) projective toric rings
are Koszul?

If R is Koszul, then I4 is generated by quadratic binomials.
However, this condition is not sufficient for Koszulness, as the next
two examples show. In contrast, every ideal generated by quadratic
monomials is Koszul by Theorem 34.11.

Example 74.2. [Hibi-Ohsugi] Consider the toric ring

k[tltg, tols, taty, tats, tst1, t1te, tals, t3ts, tals, t5t6} = /{7[1’1, e ,:L‘e.}/f,
defined by the toric ideal

(246 — w520, 3210 — T4y, ToTo—L3T7, T1L10—LsT7, T1L8—Tle) -

The ideal I is generated by quadrics. On the other hand, computer
computation shows that the toric ring is not Koszul. It should be
noted that this toric ring is normal.

Example 74.3. [Roos-Sturmfels] Computer computation shows that
the monomial curve in P° defined by

A=1{(0,1),(3,1),(5,1),(6,1),(7,1),(11,1)}
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with toric ideal
2 2 2 2
(x5 — X124, T5 — ToX5, T3Ty — T1T6, Ty — T3T5, Ti — Tole)

is Cohen-Macaulay, but not Koszul.

The most interesting currently open conjecture on Koszul toric
algebras seems to be the following conjecture.

Conjecture 74.4. (Bggvad) The toric ring of a smooth projectively
normal toric variety is Koszul. (Projectively normal means that

pos(A)NZA =NA.)

The existence of a quadratic Grébner basis implies that the quo-
tient ring is Koszul. By Proposition 66.6 every Veronese toric ideal has
a quadratic Grobner basis. There exist monomial orders with respect
to which the quadrics generating the toric ideal of a Segre variety form
a Grobner basis, cf. [Peeva-Reiner-Sturmfels]. See [Bruns-Gubeladze-
Trung] for results on Koszul polytopal toric rings. In [Caviglial, it is
shown that the pinched Veronese, which does not have a quadratic
Grobner basis, is Koszul.

It is easy to see by 65.12 that I 4 is projective if and only if the
simplicial complexes A, introduced before Theorem 73.3, are pure
for all . The next proposition shows that the Koszul property for
toric ideals amounts to Cohen-Macaulayness of certain open intervals.

A finite graded poset P is Cohen-Macaulay over k if for each
open interval (p1,p2) = {p € Plpr < p < po} in P the reduced
homology of its order complex O((u1, p2)) vanishes except in the top
degree.

Proposition 74.5. (Herzog-Reiner-Welker), (Peeva-Reiner-Sturm-
fels) Let I4 be projective. The toric ring R is Koszul if and only if
for every a € NA the open interval (0, ) is Cohen-Macaulay.

Proof. Let the degree of a be the standard degree (with respect to the
standard grading with deg(x;) = 1) of any monomial in the fiber of a.
The toric ring R is Koszul if and only if Tor(k, k), vanishes unless
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i = deg(e). By Theorem 73.3, R is Koszul if and only if H; (Ay; k) = 0
for i # deg(a) — 2 for every a.

On the other hand consider the poset (0, «) in the monoid N.A.
Any open subinterval (1, 12) can be written as pq 4 (0, o — 1), which
is topologically the same as the open interval (0, us — p1). Therefore,
(0, ) is Cohen-Macaulay for every « if and only if ﬁi(Aa; k) =0 for
i # deg(a) — 2 for every a. a

The divisor poset of R is shellable if every open interval (0, @)
is shellable (recall 36.22). The above proposition makes it possible to
prove Koszulness by constructing shellings of the intervals (0, «); for
examples, see [Peeva-Reiner-Sturmfels| and [Aramova-Herzog-Hibi.
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