Chapter 4
The Gabor Transform and Time-Frequency
Signal Analysis

What is clear and easy to grasp attracts us; complications deter.

David Hilbert

Motivated by ‘quantum mechanics’, in 1946 the physicist Gabor
defined elementary time-frequency atoms as waveforms that
have a minimal spread in a time-frequency plane. To measure
time-frequency ‘information’ content, he proposed decomposing
signals over these elementary atomic waveforms. By showing
that such decompositions are closely related to our sensitivity to
sounds, and that they exhibit important structures in speech and
music recordings, Gabor demonstrated the importance of
localized time-frequency signal processing.

Stéphane Mallat

4.1 Introduction

Signals are, in general, nonstationary. A complete representation of nonstationary
signals requires frequency analysis that is local in time, resulting in the time—
frequency analysis of signals. The Fourier transform analysis has long been
recognized as the great tool for the study of stationary signals and processes where
the properties are statistically invariant over time. However, it cannot be used for
the frequency analysis that is local in time. In recent years, several useful methods
have been developed for the time—frequency signal analysis. They include the Gabor
transform, the Zak transform, and the wavelet transform.

It has already been stated in Sect. 1.2 that decomposition of a signal into a small
number of elementary waveforms that are localized in time and frequency plays
a remarkable role in signal processing. Such a decomposition reveals important
structures in analyzing nonstationary signals such as speech and music. In order to
measure localized frequency components of sounds, Gabor (1946) first introduced
the windowed Fourier transform (or the local time—frequency transform), which
may be called the Gabor transform, and suggested the representation of a signal
in a joint time—frequency domain. Subsequently, the Gabor transform analysis has
effectively been applied in many fields of science and engineering, such as image
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244 4 The Gabor Transform and Time—Frequency Signal Analysis

analysis and image compression, object and pattern recognition, computer vision,
optics, and filter banks. Since medical signal analysis and medical signal processing
play a crucial role in medical diagnostics, the Gabor transform has also been used
for the study of brain functions, ECC signals, and other medical signals.

This chapter deals with classification of signals, joint time—frequency analysis
of signals, and the Gabor transform and its basic properties, including the inversion
formula. Special attention is given to the discrete Gabor transform and the Gabor
representation problem. Included are the Zak transform, its basic properties, and
applications for studying the orthogonality and completeness of the Gabor frames
in the critical case.

4.2 Classification of Signals and the Joint Time-Frequency
Analysis of Signals

Many physical quantities including pressure, sound waves, electric fields, voltage,
electric current, and electromagnetic fields vary with time 7. These quantities are
called signals or waveforms. Example of signals include speech signals, optical
signals, acoustic signals, biomedical signals, radar, and sonar. Indeed, signals are
very common in the real world.

In general, there are two kinds of signals: (a) deterministic and (b) random (or
stochastic). A signal is called deterministic if it can be determined explicitly, under
identical conditions, in terms of a mathematical relationship. A deterministic signal
is referred to as periodic or transient if the signal repeats continuously at regular
intervals of time or decays to zero after a finite time interval. Periodic and transient
signals are shown in Figs.4.1a, b and 4.2.

On the other hand, signals are, in general, random or stochastic in nature in the
sense that they cannot be determined precisely at any given instant of time even
under identical conditions. Obviously, probabilistic and statistical information is
required for a description of random signals. It is necessary to consider a particular
random process that can produce a set of time-histories, known as an ensemble. This
can represent an experiment producing random data, which is repeated n times to
give an ensemble of n separate records (see Fig. 4.3).

The average value at time ¢ over the ensemble x is defined by

1 n
(x@) = lim =Y x. (1), 4.2.1)
n—oo n
k=1
where x takes any one of a set of values x4, and k = 1,2,...,n.

The average value of the product of two samples taken at two separate times #;
and 1, is called the autocorrelation function R, for each separate record, defined by

) 1 n
R(v) = lim = " x (1) xk(12), (42.2)
n—oo n pa
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Fig. 4.1 (a) Sinusoidal periodic signal; (b) nonsinusoidal periodic signal
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Fig. 4.2 Transient signals

where T = #; — t,. The process of finding these values is referred to as ensemble
averaging and may be continued over the entire record length to provide statistical
information on the complex set of records.

A signal is called stationary if the values of (x(¢)) and R(¢) remain constant for
all possible values of ¢ and R(t) depends only on the time displacement T = ¢, — ¢,
(see Fig. 4.4a). In most practical situations, a signal is called stationary if (x(¢)) and
R(7) are constant over the finite record length 7.

A signal is called nonstationary if the values of (x(¢)) and R(zt) vary with time
(see Fig.4.4b). However, in many practical situations, the change of time is very
slow, so the signal can be regarded as stationary. Under certain conditions, we regard
a signal as stationary by considering the statistical characteristic of a single long
record. The average value of a signal x (¢) over a time length T is defined by

1 T
X = lim —/ x(t)dt, 4.2.3)
T Jo

T—o00
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b x(r)

Fig. 4.3 Ensemble of n records

where X is used to represent a single time-history average to distinguish it from the
ensemble average (x).
Similarly, the autocorrelation function over a single time length 7 is defined by

T
R(r) = TlLIIéO %/; x()x(t +7)dt. (4.2.4)

Under certain circumstances, the ensemble average can be obtained from
computing the time average so

(x) =x 4.2.5)

for all values of time ¢. Then, this process is called an ergodic random process.
By definition, this must be a stationary process. However, the converse is not
necessarily true, that is, a stationary random process need not be ergodic.

Finally, we can introduce various ensemble averages of x (¢) which take any one
of the values x;(¢),k = 1,2,...,n attime ¢ in terms of probability P, (xk (t)). The
ensemble average of x is then defined by
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Fig. 4.4 (a) Stationary random signal. (b) Nonstationary random signal

(x) =Y Pelxi)xs. (4.2.6)
k=1

We now consider two random variables x;(¢) and xj(s) which are values of a
random process x at times ¢ and s with the joint probability distribution P} (x,- , xk).
Then, the autocorrelation function, R(t, s) of the random process x is defined by

R(t,s) = (x(1) x(s)) = Z P (X, xi) Xi Xk 4.2.7)
ik
This function provides a great deal of information about the random process and
arises often in signal analysis. For a random stationary process, Pf"y) is a function
of T =t — s only, so that

R(t,s) = R(t —s) = R(7) 4.2.8)

and hence, R(—t) = R(t) and R is an even function.

Signals can be described in a time domain or in a frequency domain by the
traditional method of Fourier transform analysis. The frequency description of
signals is known as the frequency (or spectral) analysis. It was recognized long
ago that a global Fourier transform of a long time signal is of little practical value
in analyzing the frequency spectrum of the signal. From the Fourier spectrum
(or spectral function) f (w) of asignal f(¢), itis always possible to determine which
frequencies were present in the signal. However, there is absolutely no indication as
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Fig. 4.5 ECG signal of a human heart

to when those frequencies existed. So, the Fourier transform analysis cannot provide
any information regarding either a time evolution of spectral characteristics or a
possible localization with respect to the time variable. Transient signals such as a
speech signals or ECG signals (see Fig. 4.5) require the idea of frequency analysis
that is local in time.

In general, the frequency of a signal varies with time, so there is a need for
a joint time—frequency representation of a signal in order to describe fully the
characteristics of the signal. Thus, both the analysis and processing of nonstationary
signals require specific mathematical methods which go beyond the classical Fourier
transform analysis. Gabor (1946) was the first to introduce the joint time—frequency
representation of a signal. Almost simultaneously, Ville (1948) first introduced
the Wigner distribution into time—frequency signal analysis to unfold the signal
in the time—frequency plane in such a way that this development led to a joint
representation in time—frequency atoms.

4.3 Definition and Examples of the Gabor Transform

Gabor (1946) first introduced a time-localization window function g,(t — b) for
extracting local information from a Fourier transform of a signal, where the
parameter @ measures the width of the window, and the parameter b is used to
represent translation of the window to cover the whole time domain. The idea is
to use this window function in order to localize the Fourier transform, then shift
the window to another position, and so on. This remarkable property of the Gabor
transform provides the local aspect of the Fourier transform with time resolution
equal to the size of the window. Thus, the Gabor transform is often called the
windowed Fourier transform. Gabor first introduced

gro(t) =explint) g(t—1) = M, T, g(v), 4.3.1)
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as the window function by first translating in time and then modulating the
function g(t) = - exp (—2_1t2) which is called the canonical coherent state
in quantum physics. The energy associated with the function g, , is localized in the
neighborhood of ¢ in an interval of size o,, measured by the standard deviation of
|¢|2. Evidently, the Fourier transform of g, ,,(t) with respect to T is given by

8ro() = g(v—w)exp { —it(v— u))}. (4.3.2)

Obviously, the energy of g; , is concentrated near the frequency w in an interval of
size o,, which measures the frequency dispersion (or bandwidth) of &; . In a time—
frequency (¢, w) plane, the energy spread of the Gabor atom g, can be represented
by the rectangle with center at ((t), (w)) and sides o, (along the time axis) and o,
(along the frequency axis). According to the Heisenberg uncertainty principle, the

area of the rectangle is at least —; that is, o, 6, > —. This area is minimum when
g is a Gaussian function, and the corresponding g; ., is called the Gabor function
(or Gabor wavelet).

Definition 4.3.1 (The Continuous Gabor Transform). The continuous Gabor
transform of a function f* € L?(IR) with respect to a window function g € L?(R) is
denoted by ¢4 f1(t, w) = f;(¢, w) and defined by

G0 0) = folt.w) = /_ fO g —nedt=fga).  (433)

where g, ,(t) = g(t — ) exp(iw1), so, | Sto H = Hg” and hence, g; , € L2(R).

Clearly, the Gabor transform fg(t, ) of a given signal f depends on both time
t and frequency w. For any fixed ¢, f;(t, w) represents the frequency distribution at
time ¢. Usually, only values of f(t) for t < ¢ can be used in computing f;,(t, ).
In a system of finite memory, there exists a time interval T > 0 such that only
the values f(t) for T > ¢ — T can affect the output at time ¢. Thus, the transform
function f4(¢, w) depends only on f(t) for t — T' < t < t. Mathematically, if
g1.0(1) vanishes outside [—T', 0] such that supp g C [T, 0], then g; ,(t) can be used
to localize the signal in time. For any ¢ € R, we can define f;(t) = g(t — 1) f(7)
so that supp f; C [t — T, t]. Therefore, f;(t) can be regarded as a localized version
of f that depends only on the values of f(t)int — T < t < ¢.If g is continuous,
then the values of f;(t) with t &~ ¢t — T and t & t are small. This means that the
localization is smooth, and this particular feature plays an important role in signal
processing.

In physical applications, f and g represent signals with finite energy. In quantum
physics, f4(¢, ) is referred to as the canonical coherent state representation of f.
The term coherent state was first used by Glauber (1964) in quantum optics.
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We next discuss the following consequences of the preceding definition.

1. For a fixed ¢, the Fourier transform of f,(t) with respect to t is given by
fet,0) = Z{fi()} = fi(v), (4.3.4)
where f;(t) = f(v) g(t—1).

2. If the window g is real and symmetric with g(t) = g(—1) and if g is normalized
so that ||g“ = 1 and Hgt_w” = ”g(t - I)H = 1 for any (t, ®) € R?, then the
Gabor transform of f € L*(R) becomes

Fet.0) = (f gr0) = /_ f(0)g(t—t)e " *d. (4.3.5)

This can be interpreted as the short-time Fourier transform because the multipli-
cation by g(t—t) induces localization of the Fourier integral in the neighborhood
of t = t. Application of the Schwarz inequality (2.6.1) to (4.3.5) gives

o) = [(Fgrall < [/ Mgl = 1711 2]

This shows that the Gabor transform f;,(l, w) is bounded.
3. The energy density defined by

‘f;(r,w)’z = ‘/;: f(t)gt—1)e dt ’ (4.3.6)

measures the energy of a signal in the time—frequency plane in the neighborhood
of the point (¢, w).
4. It follows from definition (4.3.3) with a fixed w that

fg(t, w) = e ' /_ f)gr—1)e Vgt =71 (f *g0)@®), (43.7)

where g,(1) = e/®g(1) and g(—1) = g(t). Furthermore, by the Parseval
relation (3.4.34) of the Fourier transform, we find

Gt = (£8.0) = (7 ) = [ Fog-oe i @)

Except for the factor exp(iwt), result (4.3.8) is almost identical with (4.3.3),
but the time variable ¢ is replaced by the frequency variable w, and the time
window g(t — t) is replaced by the frequency window g(v — w). The extra
factor exp(iwt) in (4.3.8) is associated with the Weyl commutation relations of
the Weyl-Heisenberg group which describe translations in time and frequency.
If the window is well localized in frequency and in time, that is, if (v — ®) is
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small outside a small frequency band in addition to g(t) being small outside a
small time interval, then (4.3.8) reveals that the Gabor transform gives a local
time—frequency analysis of the signal f in the sense that it provides accurate
information of f* simultaneously in both time and frequency domains. However,
all functions, including the window function, satisfy the Heisenberg uncertainty
principle, that is, the joint resolution 6,0, of a signal cannot be arbitrarily small

. P .
and has always greater than the minimum value — which is attained only for the

Gaussian window function g (1) = exp (—ar?).

5. For a fixed w, the Fourier transform of f;,(t, ) with respect to ¢ is given by the
following:

F o) = fiv.0) = fo+0) ). (43.9)

This follows from the Fourier transform of (4.3.7) with respect to ¢

F et w)f = FLe (f + 2,) O} = (0 + ) §(0).
6. If g(t) = exp (—iﬂ), then
felt, 0) = V2 exp (it — o) (Wf)(t + 2iw), (4.3.10)
where W represents the Weierstrass transformation of f(x) defined by
W[fx)]= %/: f(x)exp [—%(r —x)2:| dx. 4.3.11)

7. The time width o, around ¢ and the frequency spread o,, around w are indepen-
dent of # and w. We have, by definition, and the Gabor window function (4.3.1),

o 2 o 2 o 2
012 =/ (t—t)2|gf,u,('c)| dt =/ (t—t)2|g(t—t)| dt =/ Tz|g(‘t)| dr.
—00 —00 —0o0
Similarly, we obtain, by (4.3.2),

1 o o 1 e . 1 o o
o2 = Tﬂm(u_w)z‘gt,w(vﬂzdu = Tj;w(U_w)2|g(U)|2dU = 7/_00 Uz{g(v)|2dv.

Thus, both o; and o,, are independent of ¢ and w. The energy spread of g; ,(t)
can be represented by the Heisenberg rectangle centered at (¢, w) with the area
0,0, Which is independent of ¢ and w. This means that the Gabor transform has
the same resolution in the time—frequency plane.
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Example 4.3.1. Obtain the Gabor transform of functions

(@ fo=1 (b) f(v) = exp(—ioT).
We obtain
@) folt,w) = / gt—1) e %dt = e g(w).
(b) felt,0) = /oo e MOt g(r—1)dt=exp{—it(c + w)}2(c + ).
Example 4.3.2. Find the Gabor transform of functions
(@ f() =380, (b) f(x) =8(x—1).
We have
@) folt, ») =/ §(v) g —1)e "t = g(—1).
(b) f;,(t, w) = f S(t—to) g(t—1t)e Tdt = e "Ng(ty —1).
Example 4.3.3. Find the Gabor transform of the function f(t) = exp (—a*t?) with
gy =1
We have
o) = [ expl—(a¥? +i A
Je(t, w) = [mexp{ (a T+ loor)}d'c = f(w) = P exp( 4a2)'

4.4 Basic Properties of Gabor Transforms

Theorem 4.4.1 (Linearity). If the Gabor transforms of two functions f, and f,
exist with respect to a window function g, then

Glafi + bf)(t, ©) = a¥[ fi](t. ) + Y[ /2] (1, w), (4.4.1)

where a and b are two arbitrary constants.

The proof easily follows from the definition of the Gabor transform and is left as
an exercise.

Theorem 4.4.2. If f and g € L>(R), then the following results hold:

(a) (Translation) : G[T, f](t.w) = e Y[ f](t —a. ). (4.4.2)
(b) (Modulation) : g[Maf](t, w) = %[f](t, w—a), (4.4.3)
(¢) (Conjugation) : %[f](t W) = ?[f]('c, —w). (4.4.4)

Proof. (a) We have, by definition,

G[T,f](t.0) = 9] f(x - a)](t. ) =[_ Fle—a) glc— 1) e dx
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e [ T F) gl —T=a) e dx
= miva g_[o;](z —a, ).
(b) We have
G[M, 1]t 0) = 9] (D)6, )
= [ rwee-netea
= 9[f]t.0—a).

(c) It follows from definition (4.3.3) with a real window function g that

oo oo

mg(f—l‘)e_imd-czf f(-[)g(-t_t)eiwtd.t

—00

917 ]t ) =/

=9 f](x, —w).

Theorem 4.4.3. If two signals f,g € L*(R), then
(o) o - 2 2 5
[ [ aeol ado= |7l

Proof. The left-hand side of the above result is equal to

00 oo 2 [ 00 00 ) 2
/ / ‘fg(t,co)‘ dtdwz/ / ’/ (1) g(x—1) e %] di dw
—00 J—00 —o00 J—o0 |J—o0
:/ / '/ ht('[)e_iwrd‘t
—o0 J—00 |J—00
o0 o
[af
-/
o 2
= / ||h,('c) H dt, by Plancherel’s theorem
—00

=/_ dt[_ | fO g =0 dx

2
dtdo, hi(t) = f(v)g(t—1)

N 2
ht(w)‘ do

~ 2
hi(0) H dt
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= [ _lr@Pax [ leePax = 7[Rl

This completes the proof.

Theorem 4.4.4 (Parseval’s Formula). If 9[f](t,0) = fi(t,0) and
9 [h](t, w) = };g(t,u)), then the Parseval formula for the Gabor transform is
given by

(f.h) =l (1) (44.5)
where
(Fh) = {(F 7)oy, = / / Fo(t, ) ig(t. ) dt do. (4.4.6)
—00 J—00
In particular, if H g ” = 1, then the Gabor transformation is an isometry from L*(R)
into L*(R?).

Proof. We first note that, for a fixed ¢,

fet.0) = Z{fi(0} = Z{f(Dg (D)}

where g, (1) = g(t —1).
Thus, the Parseval formula (3.4.34) for the Fourier transform gives

[ Fawic.odo=({se). 5 s
= Uehe) = [ S@gG-nhmgE-nds
- [ r@h@lec-of ax
Tntegrating this result with respect to ¢ from —oo to 0o gives
(f,ﬁ):/:/_Zf(z,w)ﬁ(z,w)dzdw
- [ rwiwar [ Jec-nfar

:/_ f('E)Z('E)d'E/_ |g(x)|2dx (t—t=x)
= |le]’{ ).

This proves the result.
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If “g” = 1, then (4.4.5) shows isometry from L?(R) into L*(R?).
Theorem 4.4.5 (Inversion Theorem). If a function f € L*(R), then

1

fo =3

W/w /oo fet,w) g(x—1) e dwdt. (4.4.7)
g —00 J —00

First Proof. It follows from the continuous Gabor transform (4.3.3) that

felt.0) = F{f(Dg(x— 1)},
where the Fourier transform with respect to t is taken.
Application of the inverse Fourier transform to this result gives
(s 1 [ . .
foge-n=7"iwof =5 [ feodo

—00

Multiplying this result by g(t — ¢) and integrating with respect to ¢ yields

f(r)[m|g(t—t)|2dt = 2L[m[meiw‘g(r—t)f;(t,oo)doodt.

Or, equivalently,

1

f(t)||g||2 = 2—/_00 /_Ooeiwtg(r—t)ﬂ,(t,m)dwdt_

This proves the inversion theorem.

Second Proof. We apply the inverse Fourier transform of f(t) and the Parseval

formula to replace || g||2 by 5 “ gHz so that

r@lel =5 [ e fwdo - - Jal

1 *® iot £ 1 00 o 2
2—/ et f(w)dw 2—/ |g(U)| dv.
—00 —0Q
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Since the integral is true for any arbitrary w, we replace ® by @ + v to obtain

1 fad A 1 &
F@lel = 5 [~ e fotudo - [~ aopway

1 oo 1 oo ~
2—/;we’w‘dw-2—/_006””[]"(03+U)§(U)]§(U)du

1 [ . I [ .2
_/ %o - |:_ / e’”’fg(oo + U) g(U) du] s by (439)
2 Jow 2 Jw

2L /_: %o - [f;(t w) * g(r)] , by (3.3.23)

1 oo 0o
2—/;00 e'"dw /_Oo St w)g(t—1)dt

1 o] oo 5
—/ / e fot,w)g(t—1t)dt dw.
2 —o00 J—00

This proves the inversion theorem.

Theorem 4.4.6 (Conservation of Energy). If f € L>(R), then

2 1 o0 o0 - 2
”f”z = 2_/ / ’fg(t,w)‘ dtdw, (4.4.8)
—00 —00
where g is a normalized window function (”g ” = 1) )

Proof. Using (4.3.9) dealing with the Fourier transform of f;,(r, w) with respect to
t, we apply the Plancherel formula to the right-hand side of (4.4.8) to obtain

ZL/_Z/_:‘JZ(I,w)‘zdtdwzZL/;:dwzi/_:‘f{f;(t,w)szU
Y .

zi[_: dmzi[_:)f(w)f@(v)ﬁdv

l (o) A 2 . . 1 o . 2
—/ ’f(w)’ dw, since ||g|| = —/ g dv=1
2 Jowo —oc0

2

/_oolf(t)lzdr = |71

This completes the proof.

Physically, the Gabor transformation transforms a signal f* of one variable t to a
function f of two variables ¢ and w without changing its total energy.
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4.5 Frames and Frame Operators

The concept of frames in a Hilbert space was originally introduced by Duffin and
Schaeffer (1952) in the context of nonharmonic Fourier series only 6 years after
Gabor (1946) published his famous work. In signal processing, this concept has
become useful in analyzing the completeness and stability of linear discrete signal
representations. A frame is a set of vectors {¢, },cr that characterizes any signal f
from its inner products {(ﬁ d)n)} where I' is the index set, which may be finite
or infinite.

ner?

Definition 4.5.1 (Basis). A sequence of vectors {x,} in a Hilbert space H is called
a basis (Schauder basis) of H if to each x € H, there corresponds a unique
sequence of scalars {a, }y—, such that

o0
x = Zanxn, (4.5.1)

where the convergence is defined by the norm.

Definition 4.5.2 (Orthogonal Basis and Orthonormal Basis). A basis {xn}
of H is called orthogonal if (x,, x,;,) = 0 forn # m.

An orthogonal basis is called orthonormal if (x,, x,) = 1 for all n.

An orthogonal basis {xn}:i] is complete in the sense that if (x, x,,) = 0 forall n,
then x = 0 (see Theorem 2.10.4).

Every separable Hilbert space has an orthonormal basis, and for an orthonormal
basis the expansion (4.5.1) has the form

n=1

o
Z X, Xp)Xn, (4.5.2)
with

|| Z| (. x) [ (4.5.3)

n=1
More generally, for any x,y € H,

o0
Z (x. ) . (4.5.4)

It can be proved that every basis {xn} , of a Hilbert space H possesses a unique
biorthogonal basis {x” }n=1 which 1mphes that

(-xmv X;:) = 8m.n ,
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and, for every x € H, we have

oo oo
=Exx” Exxn

If (xp,x7)x, = 0form # n, but (x,,x *)xn is not necessarily equal to one,
{x}°2 | is called a biorthogonal basis of {x,} - . In this case, we have, for any
x € H,

x = Z(a,,) x,x¥) Z(an) (x, x,)x " (4.5.5)

n=1
where a, = (x, x,) # 0. It can be shown that a, # 0 for all n.

Definition 4.5.3 (Bounded Basis, Unconditional Basis, and Riesz Basis). If
{xn} is a basis in a separable Hilbert space H, then

6)) {xn} is called a bounded basis if there exist two nonnegative numbers A and
B such that

A< “xn H <B for all n.

(i) {xn} is called an unconditional basis in a separable Hilbert space H if
> ayx, € H implies that Y |ay|x, € H.

(iii) {xn} is called a Riesz basis if there exist a topological isomorphism 7" : H —
H and an orthonormal basis { y,,} of H such that T'x, = y, for every n.

Remark. In a Hilbert space, all bounded unconditional bases are equivalent to an
orthonormal basis. In other words, if {xn} is a bounded unconditional basis, then
there exists an orthonormal basis {en} and a topological isomorphism 7" : H — H
such that Te,, = y, for all n.

Definition 4.5.4 (Frame). A sequence {xn} in a separable Hilbert space H (not
necessarily a basis of H) is called a frame if there exist two numbers A and B with
0 < A < B < oo such that

Al = Y e < B 56

The numbers A and B are called the frame bounds. If A = B, the frame is said to
be tight. The frame is called exact if it ceases to be a frame whenever any single
element is deleted from the frame.

Definition 4.5.5 (Frame Operator). To each frame {x,,} there corresponds an
operator T, called the frame operator, from H into itself defined by

Tx =Y (x.x))x, forallxe H. (4.5.7)

n
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Remark. The x,’s are not necessarily linearly independent. Since Z ’(x, xn)|2 isa

series of positive real numbers, it converges absolutely and hence, unconditionally.
The following example shows that tightness and exactness are not related.
Example 4.5.1. If {e,} | is an orthonormal basis of H, then

(1) {ey,e1,ez,e2,...}1is atight frame with frame bounds A = 2 = B, but it is not
exact.

(i) {ﬁel, e, es,... } is an exact frame but not tight since the frame bounds are
easily seenas A = 1 and B = 2.

(iii) {el, — ==, =, —,... } is a tight frame with the frame bound A =

fffff

1 but not an orthonormal basis.

i) fer, >

E 3 } is a complete orthogonal sequence but is not a frame.

If {x,} is an orthonormal basis of H, then the Parseval formula holds, that is, for
any x € H,

1" =22 )l

It follows from the definition of frame that {x,} is a tight frame with frame
bounds A = B = 1.

But the converse is not necessarily true. That is, tight frames are not necessarily
orthonormal. For example, H = C? and

1-man(22) - ()

For any x = (x1,x2) € H, we have

3

3 |fxee))’ = 1l +

i=1

V3 1

—— X — =X
TR

1
XL T S X2

2 2 +

a2 + - (3|x1| + 3l

(Rl + ) =5 Il

Thus, three vectors (e, 2, e3) define a tight frame with the frame bounds A = B =

3 . . .
3 but they are not orthonormal since (ey, €3, e3) are not linearly independent.

Theorem 4.5.1. If a sequence {x,,} is a tight frame in H with the frame bound
A =1, andif ||x,1 || = 1 for all n, then {x,,} is an orthonormal basis of H.
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Proof. 1t follows from (4.5.6) that

ol = 32 o 20} = o+ 3 oo, 2

m#n

Since ||xm ” = 1, the above equality implies that
(xm,xn)zO form # n.

The completeness of {xn} is a consequence of the fact that frames are complete.
To check this, suppose x € H such that (x, x,,) = 0 for all n. Then, the relation

Al = Y s =0

implies that x = 0.

Theorem 4.5.2. Suppose a sequence {x,} is a separable Hilbert space H. Then,
the following are equivalent.

(a) The frame operator Tx = Z (x, Xy )xn is a bounded linear operator on it with

Al < T < BI, where I is the identity operator on H.
(b) {xn}o2, is aframe with frame bounds A and B.

Proof. 1f (a) holds, then the relation A/ < T < BI is equivalent to

(AIx,x) <(Tx,x) <(BIx.,x) forall x € H. (4.5.8)

Since / is an identity operator, (/x,x) = ”x ”2 Also,

(Tx.x) = <Z<x,xn)xn,x> = 3 (. x){x )

n n

= feonlva) = 30 [l
n n
Evidently, inequality (4.5.8) gives
Allx* < 37 [fex)[ < B«

This shows that (a) implies (b).

We next prove that (b) implies (a). Suppose (b) holds, that is, {xn} is a frame
with frame bounds A and B. Recall that in any Hilbert space H the norm of any
element x € H is given by

||x|| = sup |(x,y)| fory € H.
yll=1
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For a fixed x € H, we consider

N

Tyx = Z (x, x)xi.

n=—N
For 0 < M < N, we have, by the Schwarz inequality,
2 2
” Tnx — TMxH = sup ‘(TNx —Tyux, y)‘

Iyl=1
2

e, xa e )
M+1<n|<N

sp | Y- |<x,x,,)f)( 2 |(Xn’y>|2)

= sup
Iyll=1

=
llyl=1 M+1<|n|<N M+1<|n|<N
< sup Z |(x,xn)|2 BHy }2, by (4.5.6)
IPI=1\ pr1<pn|<n
= B sup Z |(x,x,,)\2 —0 asM,N — oo.
1=t \ prt1<ini<n

Thus, {TNx} is a Cauchy sequence in H and hence it is convergent as N — oo.
Therefore,

lim Tyx =TX.
N—o00

Next, we use the preceding argument to obtain

2

|74 = sup [(Tx.y)* = sup
lIyl=1 lIyll=1

3 el

<5 (Z()) < Bl

This implies that | 7| < B, and hence the frame operator T is bounded.
Since (1x, x) = |lx||?, it follows from definition (4.5.6) that

<Z<x,x,1>xn,x>

n

2

= sup
lyll=1

A(Ix,x) < (Tx,x) < B(Ix,x),
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which is equivalent to the relation
Al <T < BI.

This complete the proof.

Theorem 4.5.3. Suppose {x,,}:il is a frame on a separable Hilbert space with
frame bounds A and B, and T is the corresponding frame operator. Then,

(a) T is invertible and B~'I < T~' < A7'I. Furthermore, T~ is a positive
operator and hence it is self-adjoint.

(b) {T_lxn} is a frame with frame bounds B~ land A7 with A~' > B~! > 0,
and it is called the dual frame of {x,,}.

(c¢) Every x € H can be expressed in the form

X = Z(x T_lx,,)xn = Z(x,xn)T_lxn. 4.5.9)

n n

The frame {T_'x,,} = {56,1} is called the dual frame of {xn}. It is easy to verify
that the dual frame of {56,1} is the original frame {x,, } According to formula (4.5.9),
the reconstruction formula for x has the form

X = Z(x,fcn)x,, = Z(x,xn)fc,,. (4.5.10)

n n
Proof. (a) Since the frame operator T satisfies the relation
Al <T < BI, (4.5.11)
it follows that
(I-B7'T)<(I-B7'4l) = (1 - %) I

and hence

< 1.

o))

Thus, B!T is invertible and consequently so is 7. We next multiply (4.5.11)
by 7~! and use the fact that 7~' commutes with / and T to obtain

B 'I<T <4l

In view of the fact that
(T7'x,x) = (T7'%, T(T™'x)) = A[T™'x, T7'x) = 4| T~'x|* > 0,

we conclude that 77! is a positive operator and hence it is self-adjoint.
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(b) Since T~! is self-adjoint, we have

n n

Z(x, T_lx,,)T_lxn =T7! (Z(T_lx, xn)xn) =7 (T(T_lx)) =T"x.

(4.5.12)
This gives
<Z(x, T_lxn)T_lxn,x> =(T""x,x).
Or,
Z(x, T~ %, (T x. x) = (T 7' x, x).
Hence,
Z(x, T~ %), T=1x,) = (T 'x, x).
Or,
Z |<x, T_lx,,)|2 =(T""x.x).
Using the result from (a), thatis, B~'] < T < A~'], it turns out that
B_l(lx,x) < (T_lx,x) < A_l(lx,x>
and hence
B x|? = 7 (e T = A7) (4.5.13)
n

This shows that { T_lxn} is a frame with frame bounds B~! and A~
(c) We replace x by T~'x in (4.5.7) to derive

X = Z(T_lx,xn)xn = Z(x T_lx,,)xn.

n n

Similarly, replacing x by 7'x in (4.5.12) gives
X = Z(Tx, T_lxn)T_lx,, = Z(T_lTx,x,,)T_lxn = Z(x,x,,)T_lxn.
n n n

This completes the proof.
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Theorem 4.5.4. Suppose {xn}:il is a frame on a separable Hilbert space H
with frame bounds A and B. If there exists a sequence of scalars {c,} such that

X = chx,,, then
Yoleal' = lanl + Y lan — ) (4.5.14)
n n n

where a, = (x, T™'x,) so that x = Zanxn.

Proof. Note that (x”, T_lx) = (T_lxn,x> = a,. Substituting x = Zanxn into
n
the first term in the inner product (x, T_lx) gives

(x,T7'x) <Za,,xn,T x> Zan(xn,Tflx)=Z|an|2.
n n

Similarly, substituting x = Z Cn Xy into the first term in (x, T_lx) yields

n

x T x <chx,, T x> ch X, T™ x chan
Consequently,

3 an)* =" cutin. (4.5.15)

Finally, we obtain, by using (4.5.15),
Z‘an|2+2|an_cn’2 = Z’an|2+z<|an|2_ancn ancn + |cn ) Z‘Cn .

This completes the proof.

Theorem 4.5.5. A necessary and sufficient condition for a sequence {xn} on a
Hilbert space H to be an exact frame is that the sequence {xn} be a bounded
unconditional basis of H.

Proof. The condition is necessary.

We assume that {x,,} is an exact frame with frame bounds A and B. Then, {x,}
and {T~"x,} are biorthonormal. For a fixed m, we have

AT < 3T ) = T < 1T |
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and

Jaon ] = oo 2} < 3 Heom. ] < B[
n
Consequently,
A< ] < B.

Hence, the sequence {x,} is bounded in norm, and x € H can be represented as

X = Z(x,T_lxn)xn.

n

It remains to show that this representation is unique. If x = Z CnXp, then

n

(x, T_lxm) = <Z CnXn, T_lxm> = Zc,,(xn, T_lxm) =Cp.
n

n

Thus, the sequence {x,,} is a basis. Since the series converges unconditionally, the
basis is unconditional.

The condition is sufficient.

We assume that {xn} is a bounded unconditional basis of H. Then, there exists
an orthonormal basis {e,} and a topological isomorphism 7" : H — H such that
Te, = x, for all n. For x € H, we have

Sl ) = Yl e = I el = |77 x]

2

where 7" is the adjoint of T'. But
x*—1 —1 * *
I IR e R R

Hence, the sequence {x,} is a frame which is obviously an exact frame because
it ceases to be a frame whenever any element is deleted from the sequence. This
completes the proof.

4.6 Discrete Gabor Transforms and the Gabor
Representation Problem

In many applications to physical and engineering problems, it is more important, at
least from a computational viewpoint, to work with discrete transforms rather than
continuous ones. In sampling theory, the sample points are defined by v = mwg and
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Fig. 4.6 The Gabor elementary functions g, , (¢)

T = nty, where m, n are integers and 7y and wg are positive quantities. The discrete
Gabor functions are defined by

gm,n(t) = CXP(Z mth) g(t - I’lto) = M2 mwo Tnlo g(t)’ (461)

where g € L%(R) is a fixed function and #, and wq are the time shift and the
frequency shift parameters, respectively. A typical set of Gabor functions is shown
in Fig.4.6.

These functions are also called the Weyl-Heisenberg coherent states which arise
from translations and modulations of the Gabor window function (Fig. 4.6). From
a physical point of view, these coherent states are of great interest and have several
important applications in quantum mechanics. Following Gabor’s analysis, various
other functions have been introduced as window functions instead of the Gaussian
function which was originally used by Gabor. In order to expand general functions
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(quantum mechanical states) with respect to states with minimum uncertainty, von
Neumann (1945) introduced a set of coherent states on lattice constants wgfy = & in
the phase space with position and momentum as coordinates where % is the Planck
constant. These states, associated with the Weyl-Heisenberg group, are in fact the
same as used by Gabor. The time—frequency lattice with lattice constants wopfy = 1
is also called the von Neumann lattice.

Definition 4.6.1 (Discrete Gabor Transform). The discrete Gabor transform is
defined by

Fm.n) = /_ FOTmndt = {1, ). 4.6.2)
The double series
Yo S gua@ =Y (S gma)gnal) (4.6.3)

is called the Gabor series of f.
It is of special interest to find the inverse of the discrete Gabor transform so that
f € L*(R) can be determined by the formula

F(mty, nowy) = /_ @) gua)dt = (£.80)- (4.6.4)

The set of sample points {(m to,nwo)} =0 is called the Gabor lattice. The
answer to the question of finding the inverse is in the affirmative if the set of
functions { Zmn (t)} forms an orthonormal basis, or more generally, if the set is a
frame for L2(R). A system {gm,,, (t)} = {Mz mao Into g(t)} is called a Gabor frame

or Weyl-Heisenberg frame in L?(R) if there exist two constants A, B > 0 such that

o
m

oo

AP X [ fema) = BlAI 4.65)

mn=—0o0

holds for all f € L?*(R). For a Gabor frame {g,, (1)}, the analysis operator Ty is
defined by

T f = {(ﬁ gm.n)}m’n, (4.6.6)

and its synthesis operator Tg* is defined by

o0

Tg* Cmpn = Z Cmn 8mouns (467)

mn=—0oo
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where ¢, , € £*(Z). Both T, and Tg* are bounded linear operators and in fact are
adjoint operators with respect to the inner product (, ). The Gabor frame operator
S, is defined by S, = Tg>k T,. More explicitly,

oo

Sef = > (fgmn)&nn. (4.6.8)

m,n=—00

If {gm’,,} constitute a Gabor frame for L?(R), any function f € L?(R) can be
expressed as

(e ) oo

FO= > (famn)hn= D> (f g, &nn (4.6.9)

mn=—0oo m,n=—00

where {g ,} is called the dual frame given by gy , = S; ' gm.. Equation (4.6.9)
provides an answer for constructing f from its Gabor transform ( 1 gm_n) for a given
window function g.

Finding the conditions on %, wg, and g under which the Gabor series of f
determines f or converges to it is known as the Gabor representation problem.
For an appropriate function g, the answer is positive provided that 0 < wo#y < 1.
If 0 < wpty < 1, the reconstruction is stable and g can have a good time and
frequency localization. This is in contrast with the case when wo?y = 1, where the
construction is unstable and g cannot have a good time and frequency localization.
For the case when wgfy > 1, the reconstruction of f is, in general, impossible no
matter how g is selected.

4.7 The Zak Transform and Time-Frequency
Signal Analysis

Historically, the Zak transform (ZT), known as the Weil-Brezin transform in
harmonic analysis, was introduced by Gelfand (1950) in his famous paper on eigen-
function expansions associated with Schrodinger operators with periodic potentials.
This transform was also known as the Gelfand mapping in the Russian mathematical
literature. However, Zak (1967, 1968) independently rediscovered it as the k — ¢
transform in solid state physics to study a quantum-mechanical representation of the
motion of electrons in the presence of an electric or magnetic field. Although the
Gelfand—Weil-Brezin—Zak transform seems to be a more appropriate name for this
transform, there is a general consensus among scientists to name it as the Zak
transform since Zak himself first recognized its deep significance and usefulness
in a more general setting. In recent years, the Zak transform has been widely used
in time—frequency signal analysis, in the coherent states representation in quantum
field theory, and also in mathematical analysis of Gabor systems. In particular, the
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Zak transform has also been useful for a study of the Gabor representation problem,
where this transform has successfully been utilized to investigate the orthogonality
and completeness of the Gabor frames in the critical case.

Definition 4.7.1 (The Zak Transform). The Zak transform, (Z, f)(r,w), of a
function f € L?(R) is defined by the series

(Qflf)(t,w) =.a Z f(at + an)exp(=2 inw), 4.7.1)

n=—o00
where a(> 0) is a fixed parameter and ¢ and w are real.

If f represents a signal, then its Zak transform can be treated as the joint time—
frequency representation of the signal f. It can also be considered as the discrete
Fourier transform of f in which an infinite set of samples in the form f(at 4 an)
isused forn = 0, +1,+£2,.... Without loss of generality, we set a = 1 so that we
can write (QP f )(l, w) in the explicit form

(Zf)t.w) = F(t,w) = Z f(t +n)exp(—=2 inw). 4.7.2)
This transform satisfies the periodic relation
(Zf)t.o+ 1) =(Zf)t w), (4.7.3)

and the following quasiperiodic relation
(Zf)t+ 1, w)=exp2 iw)(Z[f)(t w), (4.7.4)

and therefore the Zak transform 2 f is completely determined by its values on the
unit square S = [0, 1] x [0, 1].

It is easy to prove that the Zak transform of f can be expressed in terms of
the Zak transform of its Fourier transform f (v) = Z {f(t)} defined by (3.3.19b).
More precisely,

(Zf)(t, ) = exp2 iwt)(Z [ )(w,—1). 4.7.5)
To prove this result, we define a function g for fixed ¢ and w by
g(x) =exp(—2 iox) f(x +1).

Then, it follows that

g(v) :/ g(x) exp(—2 ixv)dx

—0o0

:/oo fx+)exp{—2 ix(V+ w)}dx



270 4 The Gabor Transform and Time—Frequency Signal Analysis

— o2 itoy /oo f(u) exp{—2 i(U—i—u))u}du
=exp{2 i(U+w)t}f(U+w).

We next use the Poisson summation formula (3.7.7) in the form
o0 o0
Y gmy= > 2@ n).
n=—00 n=—00
Or, equivalently,

Z f(t +n)exp(—2 ion) =exp(2 iwt) Z exp [2 i(2n )t]f(oo +2 n)

n=—oo n=—0o0

=exp(2 iwt) Z f(w + m)exp(2 imt).

m=—0Q

This gives the desired result (4.7.5).
The following results can be easily verified:

(ZZ f)(o.1) =exp2 iwt)(Z f)(—t, w), (4.7.6)
(277" f)(o.1) = exp2 i0t)(Z f)(—t. o). 4.7.7)

If g n(t) = exp(—2 imt)g(t —n), then
(Q‘Ogm,,,)(u), t) = exp [ -2 i(mt + noo)](p@f’g(u), t)). (4.7.8)

We next observe that L2(S) is the set of all square integrable complex-valued
functions F on the unit square S, that is,

1 1
/ / |F(1,w)|dt dw < 0.
0 0

It is easy to check that L2(S) is a Hilbert space with the inner product

1 1
(F.G)= [ / F(t,0)G(t,w)dt dw (4.7.9)
0 0

and the norm

1

[F| = [/01 /01 |F(t, o)t dw}z. 47.10)



4.8 Basic Properties of Zak Transforms 271

The set
o0
{Mm,n = My o n(t.0) =exp[2 i(mt —}—noo)]} “.7.11)
mn=—0o0
forms an orthonormal basis of L2(S).
Example 4.7.1. 1f
1
mnia(X) = Ja Tha Ma nja X0.a)(X)s (4.7.12)
where a > 0, then
(Q’;d)m,,,;a)(l, ) = e, (1) ey (w), 4.7.13)
where e; (1) = exp(2 ikt).
We have
1 —
bmaia() = —= exp |2 im (<) [t (x = na)
1 . 2 imx )
= —ex .
\/E p a Xna.(n+1)a]

Thus, we obtain

o0 2 .
(Zabmama)t0) = D eXp[ ™ ar +ak)] Kinana+a (@t + ak)

k=—00 a
oo
= Z em(t) e—2 ko X[n—k,n-i—l—k](t)
k=—00

= e, (t) ey (w).

4.8 Basic Properties of Zak Transforms

1. (Linearity). The Zak transform is linear, that is, for any two constants «, b,
[Z(af +bg)](t.w) =a(Z f)(t.w) + b(Zg) (1, w). (4.8.1)
2. (Translation). For any real a and integer m,
[Z(T )]t 0) = (Z 1)t —a.w), (4.8.2)

[Z(T- )]t ) = exp2 imw)(Z f)(t, w), (4.8.3)
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3. (Modulation).
. b
[Q”(M;,f)](t, W) = e’b’(fff) (t, W — 2—) , (4.8.4)

[Z(My )]t 0) = exp(2 ibt)(Z f)(t.» —b). (4.8.5)
4. (Translation and Modulation).
XMy T, [t 0) =exp[2 i(mt —nw)|(Z f)(t, ). (4.8.6)
5. (Conjugation).

(Zf)t,w) = (Zf)(t. —o). (4.8.7)
6. (Symmetry).

(a) If f is an even function, then

(pr)(t,oo) = (D@”f)(—t, —w). (4.8.8)
(b) If £ is an odd function, then

(Q‘”f)(t,oo) = —(D@ff)(—t, —w). (4.8.9)

If f is areal and even function, it follows from (4.8.7) that

(Zf)t,0) = (Zf)t,—0) = (Zf)(~t,—w). (4.8.10)

7. (Inversion). Fort,m € R,

1
0= [ (Z e do @s.11)
R 1
f(u)):f exp(—2 iu)l)(fff)(t,u))dt, (4.8.12)
0
l A~
f(x) =/ exp(—2 ixt)(fz’ff)(t,x) dt. (4.8.13)
0
8. (Dilation).
w
(ffle) (t.w) = (Z.f) (at, Z)' (4.8.14)
a

9. (Product and Convolution of Zak Transforms).
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Results (4.7.3) and (4.7.4) show that the Zak transform is not periodic in the two
variables ¢ and w. The product of two Zak transforms is periodic in ¢ and w.

Proof. We consider the product

F(t,w) = (Z f)t. w)(Zg)(t, w) (4.8.15)

and find from (4.7.4) that

(Zg)(t.w) =exp(—2 iw)(Zg)(t. w).

Therefore, it follows that

Fit+ 1) =(Zf)t.w)(Zg)(t o) = F(, ),

Ft,w+1) = (Zf)t, 0)(Zg)t, w) = F(r, »).

These show that F is periodic in ¢ and w. Consequently, it can be expanded in a
Fourier series on a unit square

o0
F(t.w)= Y cuaexp(2 imit) exp(2 inw). (4.8.16)

mn=—0o0

where

1 pl
Cmn = / / F(t,w)exp(—2 imt) exp(—2 inw)dtdw.
0 Jo

If we assume that the series involved are uniformly convergent, we can inter-
change the summation and integration to obtain

Cmn = /01 /(;1 |: Z f(t 4+ r)exp(—2 iru))_ [ Z gt + s)exp(2 isoo):|

r=—00 §=—00

xexp{—2 i(mt +nw)}dtdo

1 00 [e9) -
=/ [Z f(’+’)}[z gt +s) [exp(=2 imt)dt
0

r=—00 §=—00

1
x/ exp{2 io(s—n—r)}do
0

r=—00

1 00
=/ |:Z f(f+r)§(l+n+r)i|exp(—2 imr)dt
0
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© r+1
= Z/ fx)gx+n)yexp{—2 im(x —r)}dx

r=—o0 v’

= /00 f(x)g(x +n)exp (=2 imx) dx

= (£e0.e* g+ m)

= (f, M, T—ng)-

Consequently, (4.8.16) becomes

oo

(Zf) ) (Ze)t.w)= D (fiMy T ug)exp{2 i(mt +nw)}.

(4.8.17)
This completes the proof.

Theorem 4.8.1. Suppose H is a function of two real variables t and s satisfying
the condition

H(t+l,s+1):H(t,s), s,t € R, (4.8.18)
and
o0
h(t) = / H(t,s)f(s)ds, (4.8.19)
—0o0
where the integral is absolutely and uniformly convergent.
Then,
1
(Q"f)(tu)) = / (fff)(s, ) O(z,5, w) ds, (4.8.20)
0
where ® is given by
o0
(1,5, 0) = Z H(t +n,s) exp(—2 inw), 0<ts,w=<l. (4.8.21)
n=—00

Proof. 1t follows from the definition of the Zak transform of %(¢) that

(Zh)(t.0) = Y ht+kye? o= " 2 ik /oo H(t + k,s) f(s) ds

k=—00 k=—00

o ) o m+1
= Z e 2 ike Z / H( +k,s)f(s)ds

k=—00 m=—0o0 m
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oo oo 1
= Z o2 ik Z / H(t+k,s +m)f(s +m)ds
k=—o00 m=—o00 V0

(o]

1
=/ Z H(t+k,s +m) f(s +m) exp(—2 ikw) |ds,
0

_k.m=—oo i

which is, due to (4.8.17)

[e.]

=/1 Z H(t +k—m,s) f(s +m) exp(—2 iko) |ds
0

k.m=—00

:/1 Z H(t +n,s) f(s +m) exp{—2 i(m+n)u)}i| ds
0

| m,n=—00

1
=/ (Z f) (s, 0) D(t, s, w)ds. (4.8.22)
0

This completes the proof.
In particular, if H(t,s) = H(t —s),

D(t,5, ) = Z H(t —s +n) exp(—2 in(u):(Q"H)(t—s,oo).

Consequently, Theorem 4.8.1 leads to the following convolution theorem.

Theorem 4.8.2 (Convolution Theorem). If
o0
W0y = [ HE=976)ds = x )0
—00
then (4.8.20) reduces to the form

(Zh)(t, w) = /1 (ZH)t—s5)(Zf)(s.0)ds = Z(H * f)(t,w). (4823)
0

Example 4.8.1. If H(t) = Z ay 8(t — k), then
k=—00
Z(H * f)(t,0) = A@)(Z f)(t, 0), (4.8.24)

where

Alw) = Z ap exp(—2 ikw).

k=—o00
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Clearly,
ZHx* fit,w)=2Z '/oo H(t —s)f(s)ds} (1, w)

=7 > ak/_ZS(t—s—k)f(s)dsj| (1, ®)

L k=—00

2| Y a s —k)} (1, )

| k=—00

= Y @ Y fl+n—k)exp(=2 inw)

k=—o00 n=—oo

o

Y ar Y ft+myexp{—2 io(m+k)}

k=—00 -

= A()(Zf)t, o).

Theorem 4.8.3. The Zak transformation is a unitary mapping from L*(R) to
L2(S).

Proof. Tt follows from the definition of the inner product (4.7.9) in L?(S) that

1 s [e’s)
(7. f. Z.g) = a/I/ |: Z f(at +an)e™? i”‘”:| |: Z glat +am)é? i’"“’:| dtdw
o Jo

1 [e)
=a/ [ Z f(at+an)g(at+an)i| dt
0 n=—00

o0 (n+1)a
. / F)E) dx

n=—o0 "4

= / f)gx)dx =(f.g) (4.8.25)
—00
In particular, if f = g, we obtain from (4.8.25) that

EFIEI T (4.8.26)

This means that the Zak transform is an isometry from L2(R) to L2(S).

Further, Example 4.7.1 shows that {({),n,,la(x)}oo is an orthonormal basis
of L?(R). Hence, the Zak transform is a one-to-one mapping of an orthonormal
basis of L2(R) onto an orthonormal basis of L>(S). This proves the theorem.

mn=—00
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4.9 Applications of Zak Transforms
and the Balian-Low Theorem

It has already been mentioned that the Zak transform plays a major role in the
study of the Gabor representation problem in signal analysis and the coherent states
representation in quantum physics. Furthermore, the Zak transform is particularly
useful in proving the Balian—Low theorem (BLT) which is also a fundamental result
in time—frequency analysis. For a detailed investigation of these problems, we need
the following results.

If ty, wo > 0, g € L>(R), and

8m.n (t) = gmwo,m()(t) = M2 mwo Tnto g(l) = eXp(Z imwol)g(l - ntO) (491)

is a Gabor system (or Weyl-Heisenberg system), then it is easy to verify that, if
woty = 1,

Zio|gma )]t 0) = exp {2 i(mt —nw)}(Z,g) (. w)
=€m (l) €—n ((")) (zog) (t’ ("))9 (4.9.2)
where e; (1) = exp(2 ikt).

Furthermore, if {g,,(¢)} is a frame in L*(R), then the frame operator S is
given by

(o]

Sf = Z (f» gm,n)gm,n» (4.9.3)
mn=—0oo
where f € L*(R).
Theorem 4.9.1. If 1y, wo > 0, g € L*(R), and {gm.n}

then its dual frame {S_lgm.n}cx>
More precisely,

o0

is a frame in L*(R),

is also generated by one single function,

mn=—0oo

mn=—0oo

Silgm,n = g:ul, 4.9.4)

where g* = S7'g.
Proof. Forany f € L*(R) and fixed integer k, we have

oo

S(Tktof)(t) = Z (Tktof’ gm,n)gm,n(t)

m,n=—00

[e.]

Z exp(—2 imwoklo)(ﬂ gm,n—k)gm,n (t)

m,n=—00
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o

= Z exp(—2 imwokto)(fvgm.n)gm.n-i-k(l)
mn=—o0
o0
= > (frgma)exp {2 imwo(t —kio)}g(t —nitg — kio)
mn=—oo
o0
= Z (f,gm,n)Tk,O[exp(Z imwot) g(t—nto)]
mn=—oo
= Tk, (S£(1)). (4.9.5)
in which T, exp(2 imwot) = exp(2 imwot) is used. This shows that S

commutes with Ty, .
Similarly, S commutes with modulation operator M, ., and hence

S(M2 kwo TSZ‘()f) = M2 konsto (Sf) (496)

Consequently,
ST M: koo Tot f) = M oy Tong /™, 4.9.7)
where f* = S~ f. Putting f = g in (4.9.7) gives
S gmn) = ST (Mmoo Tno8) = Mo meyTuig S ™' = Mo ey Tuigg™ = G-

This completes the proof.

Remark. The elements of the dual frame {g* ,} are generated by a single function
g%, analogously to g,,,. To compute the dual system, it is necessary to find the
dual atom g* = S~'g and compute all other elements g , of the dual frame by
modulation and translation.

Some important properties of the Gabor system { gm,,,} for wotp = 1 are given
by the following:

Theorem 4.9.2. If ty, oy > 0 such that woty = 1 and g € L?*(R), then the
following statements are equivalent:

(i) There exist two constants A and B such that

2
0<A< ‘(%Og)(t,w)‘ < B < o0.
(ii) The Gabor system {gmn(t) = exp(2 i moot)g(t — nto)}oo
in L>(R) with the frame bounds A and B.
(iii) The system { gmn (t)}oO is an exact frame in L?(R) with the frame bounds
A and B.

_ is a frame
mmn=—0o0

m,n=—00
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If any of the above statements are satisfied, then there exists a unique
representation of any f € L*(R) in the form

f(t) = Z Amn gm.n(t) = Z (f’ g;,n)gm,n (t)» (4.9.8)
where
(2 f)(t. @) f
= (f gmn) / / 7 < (l ,m(z) en(w)dt dw. (4.9.9)

Proof. We first show that (i) implies (ii). Since Theorem 4.8.3 asserts that the Zak
transformation is a unitary mapping from L?(R) onto L?(S), it suffices to prove
that {(fé’}o gm,,,)(t, oo)}:lon:_oo is a frame in L%(S). Let h € L%(S). Since (ff,o g)

is bounded, & (D@’}O g) e L?(S), and hence, it follows from (4.9.2) that

<h’ Z gm,n) = (h’ em(1) e—n () 2 g) = <h (%o g)» em(t) e—n (03)> . (4.9.10)

Since {€,0, €—ns, } is an orthonormal basis of L2(S), the Parseval relation implies
that

[e.]

S (b Z gma)’ = Hh (%, 2) ”2 4.9.11)

mn=—0oo

Combining this equality with the inequalities
— 2
Aln)* = |n (29| = Bl

leads to the result

o

AP = 32 [t Z gl < Bl

mn=—0o0

This shows that (2, gm.»)(t, ®) is a frame in L*(S).

We next show that (ii) implies (i). If (ii) holds, then {e, () e_,(0)(Z;, £)} is a
frame in L?(S) with frame bounds A and B. Hence, for any & € L2(S), we must
have

o0

ApP = >0 |(hen(®) ea(@)(Z, 8)|” < B 1| (4.9.12)

m,n=—00
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It follows from (4.9.10) and (4.9.11) that

oo

> fmen@ e )| = i (n (Zg). ent (@)

- Hh(zTg)HZ, (4.9.13)

Combining (4.9.12) and (4.9.13) together gives
— 2
Alnl? = | (29| = Bl

which implies (i).

Next, we prove that (ii) implies (iii). Suppose (ii) is satisfied. Then
{€mao (1) e—niy(0)(Z;, &)} represents a frame in L2(S). But (i) implies (25, g)
is bounded. Hence the mapping F : L%(S) — L2(S) defined by

F(h) = F(Z,g). h e L*(S) (4.9.14)

is a topological isomorphism that maps the orthonormal basis {e,e_,} onto
{(Z5) gman)(t. )} . Thus, {(Z5 &m.n)(t, ®)} is a Riesz basis on L*(S) and hence
so is {gm.n (t, w)} in L2(R). In view of the fact that {gm.,, (t, 03)} is a Riesz basis in
L*(R), {gm,n (t, 03)} is an exact frame for L?(R).

Finally, that (iii) implies (ii) is obvious. To prove (4.9.9), we first prove that

2

Z,(Sf) = (%, 1) (% 8)

, (4.9.15)

where S is the frame operator associated with the frame {gm,n(x)}. Since
{en(t) e_, ()} is an orthonormal basis for L2(S), it follows from (4.8.24) and
(4.9.2) that

%(Sf)=5¥?o( i (ﬁgm.n)gm.n)

m,n=—0o0

(o]

= (2,8) Y. (f gma)em(®) eu(w)

mn=—0oo

o

=(Z08) D (Zuf Zigma)en(t) en(w), by (4.825)

m,n=—00

oo

= (Z2) Y, (Zif Zigen(t) e—n(®)) en(t) e—n(w)

mn=—0o0
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o

= (%) Y. 2/ g en® en (@) end) en(®)

= (2 /) |(Zo2)) -

This proves the result (4.9.15).
If we replace f by S™' f in (4.9.15), we obtain

2,(S7' ) = (& f) (4.9.16)

‘(ffiog) .

which is, by putting f = g,
1
(%og) ’

In view of (4.8.25), (4.9.2), (4.9.17), and Theorem 4.9.1, it turns out that

28" = gt =S5"g. (4.9.17)

amp = (fs S_lgm,n) = <f’ g;,n) = <%0ﬁ %Og;:t.n>
= (2 fren() e-u(@) Z,87)

en (1) e—p(w) _<%of
(Z,g) | \Zug

= <f‘g’}0f, sem(t) e—ﬂ(®)>

which gives (4.9.9).

The Gabor representation problem can be stated as follows. Given g € L*(R)
and two real numbers 7y and w, different from zero, is it possible to represent any
f € L?(R) in the series form

FO = > anngmald). (4.9.18)

mn=—0oo

where g,,, is the Gabor system defined by (4.9.1) and a,,, are constants? Under
what conditions is this representation unique?

Evidently, the above representation is possible, if the Gabor system { gm,n} forms
an orthonormal basis or a frame in L?(R), and the uniqueness of the representation
depends on whether the Gabor functions form a complete set in L?(R). The
Zak transform is used to study this representation problem with two positive real
numbers ¢y and wo with wgfg = 1. We also use the result (4.9.2).
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Theorem 4.9.3. If ty and wy are two positive real numbers with woty = 1 and
g € L?(R), then

(i) the Gabor system {gm,n} is an orthonormal basis of L>(R) if and only if
|(EZ§O g)| = 1 almost everywhere.

(ii) the Gabor system {gm,,,} is complete in L>(R) if and only if |(f'zr’}0 g)| >0
almost everywhere.

Proof. (i) It follows from (4.8.25), (4.9.2), and Theorem 4.8.3 that

1 1
(8- 8mn) = (Ziogit Zomn) = fo [0 e (1) e—1(0) e (1) () | (2 8) [ dt doo.

This shows that the set {ff,o gm,n} is an orthonormal basis in L?(R) if and only if
|(.§f,0 g)| = 1 almost everywhere.
An argument similar to above gives

(fv gm,n) - (D@Ptofv %()gm,n) = (%()fa em([) e*n(u))%og)
= (2 f Zi,8. em(t) e—n(w)). (4.9.19)

This implies that {g,,,} is complete in L?(R) if and only if Z,g # 0 almost
everywhere.

The answer to the Gabor representation problem can be summarized as follows.

The properties of the Gabor system {gm,n} are related to the density of the
rectangular lattice A = {nto, mwo} = nZxmZ in the time—frequency plane. Small
values of #y, wy correspond to a high density for A, whereas large values of %y, wg
correspond to low density. Thus, it is natural to classify Gabor systems according to
the following sampling density of the time—frequency lattice.

Case (i) (Oversampling). A Gabor system {gm,n} can be a frame where
0 < woty < 1. In this case, frames exist with excellent time—frequency localization.

Case (ii) (Critical Sampling). This critical case corresponds to wofy = 1, and
there is a frame, and orthonormal basis exist, but g has bad localization properties
either in time or in the frequency domain. More precisely, this case leads to
the celebrated result in the time—frequency analysis which is known as the BLT,
originally and independently stated by Balian (1981) and Low (1985) as follows.

Theorem 4.9.4 (Balian-Low). If a Gabor system { gm.,,} defined by (4.6.1) with
o0

woto = 1 forms an orthonormal basis in L*(R), then either / |tg(t)|2dt or
—00

o0
/ |w§ (w) |2d w must diverge, or equivalently,
—00

/fo ltg ()| dt [o |wg(w)|*dw = co. (4.9.20)
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The condition woty = 1 associated with the density A = 1 can be interpreted
as a Nyquist phenomenon for the Gabor system. In this critical situation, the time—
frequency shift operators that are used to build a coherent frame commute with each
other.

For an elegant proof of the BLT using the Zak transform, we refer the reader to
Daubechies (1992) or Benedetto and Frazier (1994).

Case (iii) (Undersampling). In this case, wofy > 1. There is no frame of the form
{gm.n} for any choice of the Gabor window function g. In fact, {g,, ,} is incomplete
in the sense that there exist f € L?(R) such that (f, gn,) = 0 for all m,n but
f#0.

These three cases can be represented by three distinct regions in the 7y — ¢ plane,
where the critical curve woty = 1 represents a hyperbola which separates the region
woto < 1, where an exact frame exists with an excellent time—frequency localization
from the region wo#y > 1 with no frames.

There exist many examples for g so that { gm,n} is a frame or even an
orthonormal basis for L?(R). We give two examples of functions for which the
family { My, Thiyg } represents an orthonormal basis.

Example 4.9.1 (Characteristic Function). This function g(t) = yxp.1() is
defined by
I, 0<tr<l1
t) = -
g(0) {0, otherwise

Clearly,

/_00 |oo§(w)}2du) = o0.

Example 4.9.2 (Sine Function). In this case,

sin ¢

g(t) =sinc(t) =

oo
Evidently,/ \tg(t)|2dt = 0.
—00

Thus, these examples lead to systems with bad localization properties in either
time or frequency. Even if the orthogonality requirement is dropped, we cannot
construct Riesz bases with good time—frequency localization properties for the
critical case wofy = 1. This constitutes the contents of the BLT which describes
one of the fundamental features of Gabor wavelet analysis.
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4.10 Exercises

1 2
1. If g(x) = «/ﬁ exp (—z—a) is a Gaussian window, show that

S ~ ~
(a) / fet w)ydt = f(w), weR
—0o0
Give a significance of result 1(a).
(b) &(v) = exp(—av?).

2. Suppose g;.,(1) = g(t —t) exp(iwt) where g is a Gaussian window defined in
Exercise 1, show that

(@) &r0(v) =exp [ —i(v—w)t—a(v— u))Z].
~ 1 A~ 1 . =
®) felt.0) = (/. 8,0) = 5 ¢ F5(t.0).
3. For the Gaussian window defined in Exercise 1, introduce

o]
2 —00

Show that the radius of the window function is 1/a and the width of the window
is twice the radius.

1 43 1 3
4, Ife; = (1,0),e, = (—5 %) ,e3 = <—§—§) represent a set of vectors,

show that, for any vector x = (x1, x3),

S lenlf = 2 ol

n=1

2
Hence, show that {e; } is a tight frame and e;; = 3 en-

5. If e, = (1,0),e, = (0,1),e3 = (—1,0),e4 = (0,—1) form a set of vectors,
show that, for any vector xx = (x1, x2),

4
> lbxeen)” =2 x|
n=1

and

xxk

Slllen

=25

=~
—_
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27 2 2

and x = [xq, xz]T, show that

1 43 1 3
6. Ife; = (1,0),e; = (—— £) and ez = (—5,——) represent a set of vectors

1
Yo lbee)l’ =5 (xf +5x3).

n=1
and

3

(o +23) < D[]’ =

n=1

(x12 + x%) .

=
NSNS,

7. Show that the set of elements {e, } in a Hilbert space C? forms a tight frame.

8. If g is a continuous function on R and if there exists an € > 0 such that |g(x)| <
Al + |x|)_l_£, show that

gma(x) = exp(2 imx)g(x —n)

cannot be a frame for L(R).

9. Show that the marginals of the Zak transform are given by
1
| v = s,
0

/1 exp(=2 o) (Zf)(t, 0)dt = f(w).
0

10. If f(¢) is time-limited to —a < ¢t < a and band-limited to —b < w < b, where

0<a,b< o then the following results hold:

w € R,

(Zf)t.0) = f(). || < %

(Zf)(t,0) =exp2 io7)f(0), o< % TeR.

Show that the second of the above results gives the Shannon’s sampling formula

f= Y TEED ier

n=—oo
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1. If ¢ = X1, @na(x) = exp(2 imx)g(x — n), where m,n € Z is an
orthonormal basis of L?(IR), show that the first integral

/_ t]g(t)\zdt

in the BLT is finite, whereas the second integral

/00 ® |§(oo)}2du) = 0.

sin x

12. If g(x) = sinc(x) =
orthonormal basis of L?(IR), show that the first integral in the BLT

, &ma(x) = exp(2 imx)g(x — n) is an

*© 2
[ t|g(0)|"dt = oo,
—00

and the second integral in the BLT is finite.
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