Theory of Passive Synthetic Aperture Imaging

Ling Wang, Can Evren Yarman, and Birsen Yazici

Abstract We present a unified theory for passive synthetic aperture imaging based
on inverse scattering, estimation-detection theory, and microlocal analysis. Passive
synthetic aperture imaging uses sources of opportunity for illumination and moving
receivers to measure scattered field. We consider passive airborne receivers that
fly along arbitrary, but known, flight trajectories and static or mobile sources
of opportunity transmitting two types of waveforms: Single-frequency or ultra-
narrowband continuous-wave (CW) waveforms and wideband pulsed waveforms.
Our theory results in two new and novel synthetic aperture imaging modalities:
Doppler synthetic aperture hitchhiker (DSAH) that uses single-frequency or ultra-
narrowband CW waveforms, and synthetic aperture hitchhiker (SAH) that uses
wideband pulsed waveforms. We use inverse scattering and estimation-detection
theory to develop measurement models in the form of Fourier integral operators
(FIOs) for DSAH and SAH. These models are based on windowed, scaled, and
translated correlations of the measurements from two different receiver locations.
This processing removes the transmitter-related terms from the phase of the result-
ing FIOs that map the radiance of the scene to correlated measurements. We use
microlocal analysis to develop approximate inversion formulas for these FIOs.
The inversion formulas involve backprojection of the correlated measurements onto
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certain manifolds where the passive range and passive Doppler are constant for SAH
and DSAH imaging, respectively. We present resolution analysis and numerical
simulations to demonstrate our theoretical results. While we focus primarily on the
passive synthetic aperture radar, the theory we present is also applicable to other
wave-based passive synthetic aperture imaging problems such as those in acoustics
and geophysics.

Keywords Passive imaging ¢ Passive radar ¢ Synthetic aperture imaging
* Microlocal analysis ¢ Fourier integral operator (FIO) e Doppler synthetic
aperture hitchhiker (DSAH) ¢ Synthetic aperture hitchhiker (SAH) ¢ Passive
iso-range contour * Passive iso-Doppler contour ¢ Filtered-backprojection (FBP)
* Scene radiance

1 Introduction

With the rapid growth of illumination sources of opportunity, such as broadcasting
stations, mobile phone base stations, as well as relatively low cost and rapid
deployment of receivers, there has been a growing interest in passive detection and
imaging applications in recent years [1,2,5-7,9-14,17-20,23,27-29, 32, 36].

Most of the existing passive imaging methods are focused on the detection of
scatterers with stationary receivers [2, 5-7,9-14, 17-20,27-29, 32, 36]. Recently, a
number of methods for passive synthetic aperture were introduced [1,23, 38, 40].

In this chapter, we presented a unified theory of passive synthetic aperture
imaging based on inverse scattering theory, estimation-detection theory and
microlocal analysis. Our theory facilitates resolution analysis and relates
backprojection-based image reconstruction to statistical beamforming methods
as well as to ambiguity theory [21, 22, 31, 34, 35, 37]. It is applicable to passive
imaging with both cooperative and noncooperative sources of illumination where
the location of the sources and transmitted waveforms are unknown. The theory
can be also viewed as a limiting case of the passive imaging and detection methods
that we developed for sparsely distributed receivers [36]. It results in new and novel
passive synthetic aperture imaging modalities [38,40] with several advantages over
the existing passive radar detection methods. (See [36, 38, 40] for a comparative
review of related work.)

We consider multiple receivers moving along arbitrary, but known, trajectories
over a non-flat topography and two types of illumination sources of opportunity:
Single-frequency or ultra-narrowband continuous-wave (CW), and wideband pulsed
waveforms of opportunity. Due to the high Doppler resolution nature of the single-
frequency or ultra-narrowband CW waveforms, we refer to the modality that uses
these waveforms as the Doppler synthetic aperture hitchhiker (DSAH) [40]. Due
to the high-range resolution nature of the wideband pulsed waveforms, we refer to
the modality that uses wideband pulsed waveforms as the Range synthetic aperture
hitchhiker or simply the synthetic aperture hitchhiker (SAH) [38].
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For each pair of receivers, we correlate the windowed signal obtained from
one of the receivers with the windowed, scaled, and translated version of the
received signal from another receiver. We express the relationship between the scene
radiance and the correlated measurements in the form of Fourier integral operators
(FIOs). The correlation of received signals removes the transmitter related terms
from the phase component of the resulting FIOs. As a result these FIOs can be
inverted approximately by using microlocal techniques without the knowledge of
the location of the transmitters. The DSAH measurement model does not rely on
the start—stop approximation and is based on the fast-time Doppler, while the SAH
measurement model relies on the start—stop approximation. In this context the SAH
measurement model can be derived from the DSAH measurement model by setting
the fast-time Doppler variable to unity.

The high-frequency analysis of the DSAH and SAH FIOs shows that the
correlated measurements are the projections of the scene radiance onto the passive
iso-Doppler and passive iso-range curves in DSAH and SAH imaging, respectively.

We use microlocal techniques to develop filtered-backprojection type
approximate inversions of DSAH and SAH FIOs. The reconstructed images
preserve the location and orientation of the visible edges of the scene radiance.
Additionally, the reconstruction formulas can be implemented efficiently using
the fast-backprojection algorithms [8]. Our unified approach to passive imaging
readily facilitates resolution analysis that is consistent with the ambiguity theory
[22,31,37].

While we focused primarily on passive synthetic aperture radar, the theory
of DSAH and SAH imaging and the resulting methods and algorithms are also
applicable to other wave-based passive imaging problems, such as those that arise
in geophysics or acoustics.

The organization of the chapter is as follows: In Sect. 2, we derive and analyze
the leading order contributors of the measurement models for DSAH and SAH.
In Sect. 3, we develop filtered-backprojection type image formation methods for
DSAH and SAH, respectively. In Sect.4, we analyze the resolution of DSAH
and SAH imaging. In Sect.5, we present numerical simulations to demonstrate
the performance of the DSAH and SAH imaging methods. Finally, in Sect. 6, we
conclude our discussion.

2 Measurement Model

We use the following notational conventions throughout the paper. The bold Roman,
bold italic, and Roman lowercase letters are used to denote variables in R?, R2, and
R, respectively, i.e., z = (z,z) € R?, with z € R? and z € R. The calligraphic letters
(F, 2, etc.) are used to denote operators.
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Fig. 1 An illustration of the ¥/—\l?
. (\ R

imaging geometry

Given a pair of transmitter and receiver antennas located at T and R,
respectively, we model the received signal by [26]

—(IR—z|+|z—"T)/co)

_[e (t—( 5.
f(t7R7T)N/ (47()2|R—Z||Z—T| a)p(a))

% Ju (w,ﬁ, T) Jre (w,z/—?{, R) V(z)dodz, (1)

or in time-domain by

Pl |R—Z|+|Z—T|)/Co)
ft,R,T)
/ )?|R—2z||z—T|

% Ju (z—T,T) e (z—R,R) V(z)dz, )

where ¢ denotes time, ¢y denotes the speed of light in free space, V(z) is the
reflectivity function, p denotes the Fourier transform the transmitted waveform,
p(t), Jir, and Jic are the transmitter and receiver antenna beam pattern related terms,
respectively.

We denote the earth’s surface by z = (z,y(2)) € R?, where z € R? and v :
R? — R is a known function for the ground topography. Furthermore, we assume
that the scattering takes place in a thin region near the surface. Thus, the reflectivity
function is in the form

V(z) =p(2)6(z—y(2)) 3)

Our passive imaging theory is applicable to both mobile and stationary sources
of opportunity. However, for the rest of our discussion, we assume that there is a
single, stationary transmitter of opportunity illuminating the scene. This allows us to
simplify the analysis and distill the important aspects that can readily be generalized
using the ideas similar to the ones presented in our work [38].

Let T € R? denote the location of the transmitter of opportunity and let there
be N airborne receivers, each traversing a smooth trajectory ¥,(¢'),i=1,...,N as
shown in Fig. 1. Then, we denote the received signal at the ith receiver starting at
time ¢’ = s by
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eit+s) = ft+s5%(t+s),T)

/p t+s— IY, (t +5) — 2+ |z —"T|)/co)
V1Yt +5) —2z||z =T

% (2 TT)Jrc(z—yi<r+s>,yi<r+s>)p(z)dz. @

Note that the time variable ¢’ represents the absolute time, while ¢ represents the
relative time within the time interval staring at ¢’ = s.

For a finite and relatively short interval, we use the Taylor series expansion
around ¢t = 0,

Y,(t+5) =7,(s) +¥;(s)t +--- S
to approximate
1Yt +5) — 2| = |1i(s) — 2l + ¥i(s) 2 F,(s)1. (©6)

Substituting the approximation (6) into (4), we have

) pa,szr+s—<|y,<>—z|+|z—T|>/co>
(9~ P1i(s) — 22— T

T (z—T,T) Jre (z—y,- (1+5).7, (t—i—s)) p(2)dz, (1)

where the time dilation

1 T () .

o;
(s, o

is the Doppler-scale-factor induced by the movement of the ith receiver.
We define the windowed, scaled, and translated correlation of the received
signals e; and e; by

i stt) = [t et +5) 0 (0) . ©

for some 5,5’ € Rand u € R*,i,j=1,...,N, where ¢(¢) is a smooth compactly
supported temporal windowing function centered at t = 0.

In the following sections, we develop mappings that relate the expected value
of the correlated measurements c;;, denoted by E [c,'j], to the scene to be imaged.
We assume that the sources of opportunity are noncooperative, where the location
of the transmitter, T, and transmitter antenna beam pattern related term Ji; are
unknown.

We use a stochastic model for the transmitter antenna beam pattern related term,
Jir, and the scene reflectivity, p, and assume p and Ji; are statistically independent,
to express E|c;j] as
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Elei) (5 stt) = [ ploa(s,a)t+5' = (1) ~ 2l + 12— T]/co)

x p*(po(s,2') 1+ s — (|¥;(s) = 2’| +|2' = T1) /o)
Cp (zvz/)cfu(zvz/vT)ARij (z7z/7t7s/7s7u)

(M) Gij(z.25.9.10) dZe)a. 00

Cp and Cy, denote the correlation functions of p and Jy, respectively, i.e.,

Cp(z,2') = E[p(2)p*(2')], (11)
Cp (2,2, T) =E [JH (z/—\TT) I (z//—\TTH . (12)

Ag,; denotes the product of the receiver antenna beam patterns,
ARij (zvz/vtus/asau) = Jrc (Z - Yi(t +S/)7 Yi(t +S/))

i (2 =y i)y ue+s) a3
and Gj; is the product of the geometric spreading factors,
Gij(z.7 s ,5) = |T —2||T = Z||7,(s') — 2| |7,(s) - 2'|. (14)

Note that for noncooperative sources of opportunity, T, and thus |T —z||T — z'|, are
unknown. For the case of cooperative sources of opportunity where these quantities
along with the transmitted antenna beam pattern are assumed to be known, (12) can
be modified to include the known quantities.

Next, we make the incoherent-field approximation [3] by assuming that p and J;;
satisfy the following equalities:

Cp(2,2') = Rp(2)8(z—2), (15)
Cj,(2,2/,T) = Rr(2)6(2 — 2'). (16)

R, is the average power of the electromagnetic radiation emitted by the scene at
location z, and Ry is the average power of the electromagnetic radiation emitted
by the transmitter at location T that is incident on the target surface at z. In this
regard, R,, is referred to as the scene radiance and Rr is referred to as the transmitter
irradiance [3].

Substituting (15) and (16) into (10), we obtain

Elcij)(s',s,1) = /ﬁ(ai(s/,Z)tH’ —(17:(s) — 2|+ |2—T[) /o)
X pr(uey(s,z2)t +s = (|¥;(s) — 2|+ [z = T|)/co)

Rp(Z)RT(Z)ARU(Z,Z,[7S/,S,‘I.L)
(4n)*Gij(2z,2,5,5' 1)

dz (1) dr (17)

for some s,s' € R, u € R™ and i,j = 1,...,N. We refer to (17) as the correlated
measurements.
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Our objective is to determine the scene radiance R, given E|[c;j|(s’,s,u) for a
range of s/, s, and u. In the following two sections, we study two special cases of
the measurement model to derive the measurement models for the DSAH and SAH.

2.1 Model for Doppler Synthetic Aperture Hitchhiker Imaging

In DSAH, narrowband or ultra-narrowband CW waveforms of opportunity are used
for imaging. Thus,

plt) =e™ (1), (18)

where @y denotes the carrier frequency and p(r) is the complex envelope of p, which
is a slow varying function of ¢ as compared to e'™’,
Substituting (18) into (17), we express E[c;;] as

w4 1 s,z Y S )—z —Z C
Elcij(s's.1)] = (47:) / i(05(s'2) 1+ —(|7,(s') 2|+ T—2]) /<o)

« e 1O0(10(5,2) 15— (|7 (5) 2|+ T2 /co)

Rr(2)Ap(z,2,t,5' 5, 1)AR,; (2, 2,1,5' 5, 10)
X

Gij(zuzus/7s7u)
X Ry (2)dz (1) dr, (19)

where A is the product of the complex envelope of the transmitted waveform,
Ap = ploi(s’,2)t +5 = (|¥,(s) — 2|+ |T —zl) /o)
xpr(uay(s,z)t +s —(|¥;(s) — 2|+ [T —2[)/co) . (20)
After rearranging the terms in (19), we have
Elci(s',s,1)] = F M Rp] (5,5, 1)

/ ipDSAH (1,2, vu)ADSAH(z,t7S/7S7u)Rp(z)dzdl‘, 2D

where

@M (1,2, 5. 10) = wpai(s,2)t [ —Sij(s',5,2)] .
with

ooy - ) 1= () ) Mo N

oj(s,z) (yj(s) —Z) “¥,(s)/co
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and

ngT(z)AI;(z,z,t,s’,s,/.t)ARl.j (z,2,0,8 s, 101) O(t)

ADSAH(
ij (47r)4Gij(Z,Z,l,S/7sali)

!
Z,t,S 7S7:u) =

o (s —s—(17,(") ~2|~[y;(5)~z]) fe0) 24)

We refer to S;(s’,s,z) as the Doppler-hitchhiker-scale-factor.
For cooperative sources of opportunity, where the transmitter locations and
antenna beam patterns are assumed to be known, we treat J;; deterministically and

replace Ry (z) with Jtr(ﬁ, T)J: (ﬁ, T).
We refer to ZJ}SAH defined in (21) as the DSAH or Doppler-hitchhiker FIO; and

(p}?SAH, AgSAH as the phase and amplitude terms of the operator Z?SAH.
Note that the scaled and translated correlation of the received signal removes all

transmitter related terms from the phase of the operator .7 2SAH,

1

2.1.1 High-Frequency Analysis of the DSAH FIO and Passive
iso-Doppler Contours

We assume that for some m,

AN, ADSAH satisty the inequality

SUP(; 1 2)clpsas |0 Ou 01 O 05 D2 ADSA (21,5 5, 1)
SCESAH(l+t2)(mESAH7\oc,\)/2’ (25)

where Upsap is any compact subset of R x R x R x R x R? and the constant
depends on UpsaH, 04 1, Bi2, and g ». In practice, (25) is satisfied for transmitters
and receivers are sufficiently far away from the illuminated region.

Under the assumption (25), (21) defines %?SAH as an FIO whose leading-order
contributions come from those points lying in the intersection of the illuminated
surface (z,y(z)) and points that have the same Doppler-hitchhiker-scale-factor,
ie., {z€R3:S;;(7,7,2) = u}. We denote the curves formed by this intersection by

DSAH
CA

FPSA(S s ) = {2 :Sij(s' s,z = (2,9(2))) = u}. (26)

When the speed of the receivers is much slower than the speed of light ¢y, S;; can
be approximated as follows:

SN R R e T R
1= (v,0=2) 1,6) feo

!/
Sij(s,s,z

—
—

~ 1+ {('}'j (s) —Z) ¥ (5) = ((s) —2)- ¥, (s/)} [eo.-  27)



Theory of Passive Synthetic Aperture Imaging 219

contours Fip(s',s, 1)
for the Doppler-hitchhiker- 25+
scale-factor \
S12(22.0674s,—11.0337s,z).
Two receivers are traversing a
circular flight trajectory

(dashed line) at the speed of 15
261m/s over a flat \

Fig. 2 DSAH iso-Doppler ‘ \

topography. ¥, (5) = ¥¢(5) g \
and ¥, (5) = Y- (§—m/4), > 107
respectively, where white and
black triangles denote the
positions of the two receivers 5r
at § = 1 /6, respectively.
(See (23) and (70) for or
explicit formulae of
$12(22.0674s,—11.0337s,2)
and y(8), respectively) -5}
-5

Substituting (27) into

Sij(s',5,2) =m0, (28)

multiplying both sides of (28) by wy, and rearranging the terms, we have

L —

DA =) 1) - ()~ 1] = -wer, @9

where the left-hand side of (29) is the hitchhiker Doppler defined in [38] for a fixed
frequency. In this regard, we refer to 1[71-]].3SAH (s',s, 1) as the passive iso-Doppler or
DSAH iso-Doppler contour. Figure 2 shows the DSAH iso-Doppler contours for two
receivers traversing a circular trajectory over a flat topography.

2.2 Model for Synthetic Aperture Hitchhiker Imaging

In SAH, wideband pulsed waveforms of opportunity are used for imaging.

Assuming that the velocity, ¥;(s), of the receivers are much less than the speed
of light, we use the “start—stop” approximation, where the receiver is assumed to
be stationary within a certain window of time, and approximate the Doppler-scale
factor

o;(s,z) ~ 1. (30)



220 L. Wang et al.

Then the received signal at the ith receiver starting at time ¢’ = s’ is approximated by

RS — (1) — 2] + e T]/co)
i) = [ e

% Ju (z/—\TT) e (z 1)1, (s’)) p(z)dz. (31

Similarly, under the start—stop approximation, the Doppler-hitchhiker-scale-factor
becomes

Sij(s',s,2) ~ (1—o4(s',2)) (1+ a(s,z)) ~ 1. (32)

Consequently, by (28), it is sufficient to consider E[c;;] for u = 1.

In this regard, taking into account the high range resolution of the wideband
waveforms, we incorporate the fast-time delay in the forward model of SAH and
define

dij(s',s,7) = cij(s',s—1,1) = /ei(t—i—s/)e}f(t—i—s— 7)o (¢)dr. (33)

We refer to (33) as the spatiotemporal correlation of e; and e;.
Using (31), we approximate the expectation of d;;(s',s, T) as

Eldij(s,s',7)] = /ﬁ(f+s/— (17:(s") — 2| + |z — T) /o)
x pr(t+s—1—(|y;(s) — 2|+ |z —"T)/co)

Ry (2)Rr (2)Ag, (2.2.5,5)

(4m)* Gij(z,2,5,s) dz¢(r)dr

_ / L0+~ (17(s) 2]z~ T|) /co)

« e 10(t+s—7=(|¥;(s)~z|+|z—T|) /o)

o |p(0)|*Ry (2)Rr (2)AR,; (2, 2,5',5)
(47'6)4 G,']'(Z,Z,S,S/)

dzdwé(r)dr, (34)

where

ARl.j(z,z/,s/,s):ARij(z,z/,O,s/,s,l) (35)
and Ag;; and G;; are as in (13) and (14). We write
E[di,f(slvsv T)] ~ (g‘SAH [RP] (S, sla T)

- / o 100 (2T UM (2 o 5,5 )Ry (2)dzdo,  (36)
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where
SAH / _ / /
(pij ((D,Z,S,S,T)—w[rjj(S,S,Z)/C0+S—S—T], (37)
with
rij(s's5,2) = |¥i(s") — 2 = |7,(s) — 2| (38)
and

o*[p(@) Ry (2) Ar, (2, 2,5',5)

ASAH (2 @5 5) = 39
iy (:0:8,5) (4m)* Gij(z,2,5,s) (39)
We refer to ry;(s’,s,z) as the hitchhiker or passive range.
We remark that under the start—stop approximation ¢2SAH ~ 1 and (pl%AH is given

ij
by the exponential term in AgSAH [see (24)], where s is replaced with s — 7 in SAH

to incorporate the fast-time delay information.

Similar to DSAH, for cooperative sources of opportunity, we treat Ji; determin-
istically and replace Ry (z) with Ji (ﬁ, T)J: (ﬁ, T).

We refer to Q‘SAH defined in (36) as the SAH or range hitchhiker or simply
hitchhiker FIO; and (pl-SjAH, Al.S].AH as the phase and amplitude terms of the operator
JﬁziS]_AH. '

Note that the spatiotemporal correlation of the received signal removes all
transmitter related terms from the phase of the operator .7 5AH,

1

2.2.1 High-Frequency Analysis of the SAH FIO and Passive
iso-Range Contours

We assume that for some m53AH, AI.SJ.AH

satisfy the inequalities

sup (090 0P1 9P 0219243 (2, 0,5 ,5)| < CM (1 4 @) R a2
(0,5 ,5,2)€Usan

(40)

where Usay is any compact subset of R x R x R x R?; the constant C3*! depends
on UsaH, 0w, B12, €1 2. These assumptions are needed to make various stationary
phase calculations hold. In practice, (40) is satisfied for transmitters and receivers
sufficiently far away from the illuminated region.

Under the assumption (40), (36) defines ﬁ's.AH as an FIO whose leading-order
contribution comes from those points lying at the intersection of the illuminated
surface and the hyperboloid {x € R : r;;(s',5,2) = co(T + 5" —5)}. We denote the
curves formed by this intersection by

H;j(s',s,7) ={z:rij(s',5,2) = co(t+5 —9)} (41)
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Fig. 3 SAH Iso-range
contours Hy (s, s,C) for the
hitchhiker range
r12(22.0674s,—11.0337s,z).
Two receivers are traversing a
circular flight trajectory
(dashed line) at the speed of
261m/s over a flat
topography. ¥, (5) = ¥¢(5)
and 7,(5) = Yo (5— /4).
respectively, where white and
black triangles denote the
positions of the two receivers
at § = 1 /6, respectively.

(See (38) and (70) for explicit
formulae of
r12(22.0674s,—11.0337s,z)
and 7y (), respectively)

Y (km)

5 0 5 10 15 20 25
X (km)

and refer to H;;(s',s,7) as the passive iso-range or SAH iso-range contour. For
flat topography, y(z) = 0, the SAH iso-range contours are given by hyperbolas
on the plane z3 = 0. We present the iso-range contours for circular receiver flight
trajectories over a flat topography in Fig. 3.

Comparing the DSAH and SAH presented in Sects. 2.1 and 2.2, we see that the
DSAH imaging does not rely on the start—stop approximation and is based on the
fast-time Doppler. In other words, the DSAH imaging method takes into account
range variations or Doppler induced due to the movement of the receivers during
the reception of a CW waveform. SAH imaging, on the other hand, relies on the
start—stop approximation and ignores the range variation due to the movement of
the receivers, hence the fast-time Doppler, during the reception of a wideband pulse.
Thus, the SAH measurement model can be derived from the DSAH measurement
model by setting the Doppler-scale-factor to unity and decoupling the time into fast-
and slow-time variables.

3 Image Formation

Our objective is to form an image of the scene radiance R, (z) using E[c;; (s, s, )]
or E[d;j(s',s,7)],i,j = 1,...,N based on the correlated measurement models (21)
for DSAH or (36) for SAH, respectively.

Since both Z?SAH and 2§AH are FIOs, we form an image of the scene radiance
by other suitably designed FIOs, which we refer to as the filtered-backprojection
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operators. For DSAH, we backproject Elc;;(s’,s,1t)] onto passive iso-Doppler
contours defined by Fj;(s’,s, ). For SAH, we backproject E[d;;(s’,s,T)] onto pas-
sive iso-range contours defined by H;j(s',s,7) fori, j=1,...,N. We form an image
of the scene radiance by the superposition of the filtered and backprojected data.

3.1 DSAH Filtered-Backprojection Operator

For DSAH image formation, we invert E[c;;(s’, s, tt)] as follows:

RESAH z / H DSAH Elcij] (z,s)ds’, (42)

where we define

DSAH

%PSAH[E[Cij]](Z7S/):/ IS (1,2,5' 5,u0) QDSAH(

z,1,5',s)Elcij(s',s, 1)) drdsdp.
(43)

We refer to %PSAH

as the DSAH filtered-backprojection operator with respect to

the ith and jth receivers with filter QgSAH to be determined below.

DSAH DSAH

We assume that for some mg satisfies the inequality

sup 9% 0f2021 92 0P (1,5 5)| < COSAH(1 4 2) 0 led/2

21 Y22
(1.5 ,5,2)EKDSAH

(44)

where Kpsay is any compact subsets of R x R x R x R?, and the constant CDSAH

depends on Kpsan, 04, B1 2. €1 2. The assumption in (44) makes %PSAH an FIO.
Substituting (21) into (43) and the result back into (42), we obtain

RESAH(Z) — zf/"?f/DSAH o‘*DSAH [Rp]( )

B / i[QPSAH(1,2.5'5,1) — oDSAR (Y 2/ o s 0)] QBSAH(z,t,sl,S)
xAgsAH(z’,t,S',S,N)Rp (') dt' drdsds’dudz’ . (45)

We use the stationary phase theorem to approximate the #' and u integrations
[4,15,16,24] and obtain

RDSAH (5 2/ lwof )-'j'j(s)/c()] [ 8i (s 5.2 ) =S84 (s, Yz):|

X QDSAH (z,1,5,s) AgSAH (z',t,s’,s,S,'j (s’,s,z’))Rp (z') drdsds’dz’.
(46)
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e ayy !
EDSH (S 5, 2)= C—“Dw{z)‘ 7. -2

.S.,'_J'{..\'{..S'. Z}

y,(s) 2]

¥ () ¥).1(s)

Fig. 4 An illustration of the vector = ?/-SAH(S’ ,,z) in the data collection manifold Q}?_SZAH for the

flat topography, y(z) = 0. EBSAH(S’ ,5, z) is the projection of the difference of the scaled vectors
¥;.(s") and ¥; | (s) onto the tangent plane of the ground topography at z. (See (48) for an explicit

form of EBSAH(S’, 5,2))

We linearize S;;(s’,s,2") around 2’ = z and approximate
Sl'j(T/, T, Z’) - S,‘j(T’, T, z) ~ (z' - Z) -Vle'j(S,,S,Z) . “@7n

Let

—

EPSAN(S 5 2) = @y [1 —(1,(5) = 2)-7,(s) /co} V.Sii(ss,2)

Sij(s',s,2)

= —Dy(z)- '}'i,L(S/)_m'Y,’,L(S)l , (48)

7,(s") — 2|
where

Dy(z) = l1 0 aw(z)/azl] @)

01dy(z)/dz
and ¥, | (s), ¥; 1 (s) are the projections of ¥;(s") and ¥;(s) onto the planes whose
normal vectors are ('yi@-)\— z) and ('y](/sat z), respectively.

We show an illustration of the vector = D-SAH(S/ ,8,z) in Fig.4 for two receivers

ij
flying over a flat topography.
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Substituting (47) and (48) into (46), we obtain
RPDSAH 2/ —it(z/—2)-EPSA( 5.2 QDSAH(ZJ’s/’S)
x AP (21,5 5)R, (2') dtdsdz’ ds’. (50)

Note that under the assumptions (44) and (25), (50) shows that %f DSAH f DSAH
is a pseudodifferential operator [33]. This means that the backprOJectlon operator
reconstructs the visible edges of the scene radiance at the correct location and
correct orientation.

3.2 SAH Filtered-Backprojection Operator

For SAH imaging, we form an image of the scene radiance as follows:

RA(z) = %, [ A5 E )20 0 5D
ij
where we define
J/SAH (z,5) 2/ g} (@2.5.5',7) QEI-AH(z, o,s',s)d(s',s,7)drdwdsds’.
(52)

We refer to J%;; SAH a5 the SAH filtered-backprojection operator with respect to
the ith and jth receivers with filter 07" to be determined below.

SAH QSAH

Similarly, we assume that for some 1) satisfies the inequality

sup aamaﬁl aBZael a£2QSAH(z7w7S/7S) < CCSQAH(l_i_wz)(mzAH,\aw\)/z,

(0,5 ,5,2)EKsAH

(53)

where Ksay is any compact subsets of R x R x R x R?, and the constant CZAH

depends on Ksawu, 0w, B1 2, €1 2. The assumption in (53) makes %@SAH an FIO.
Substituting (36) into (52), and using the stationary phase theorem as in DSAH
imaging, we approximate

R?)AH ZJ%/SAH O"SAH Rp]( )

P A A
— /elw[rlj(s 5,2") rlj(s 7s,z)]/c‘0 QISJAH(z, (D,S/,S)

xA?jAH(z'7w7sl,s)Rp (z’) dwdsds’dz’. (54)
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B3NS 5,2) = Dy(2)- (1,(5) — 2~ 1,(5') —2)

Fig. 5 An illustration of the vector _SAH (s,s,2) in the data collection manifold QZS]AzH for the

flat topography, y(z)=0. _.SAH(S s z) is the projection of the difference of the unit vectors

y]( ) —z and ')/(7)\—z onto the tangent plane of the ground topography at z. (See (56) for an
explicit form of ._.SAH(v 5,2))

We linearize r;;(s’,s,2") around z’ = z and make the following approximations:

rij(s'ys,2) —rij(s',5,2) = (2 — 2) - IS]AH(S $,2), (55)
where
EM (S 5,2) =Dy (2)- (7,05 —2—7,(¥) ~2) (56)

and Dy(z) is given in (49).
For flat topography, we present an illustration of =
Substituting (55) into (54), we obtain

- . =SAH
R[S)AH(Z) _ Z/elm(z',z)._ij (s',5,2)/co Q?]AH(Z,(D,S/,S)
ij

SAH(S’,s,z) in Fig.5.

xA;SjAH(z,a),s’,s)Rp(z)da)dsds’dz’. (57)

Under the assumptions (53) and (40), (57) shows that .%; SAH? SAH j5 a pseudod-
ifferential operator [33]. This means that the backprOJectlon operator reconstructs
the visible edges of the scene radiance at the correct location and orientation in
SAH imaging.
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3.3 Determination of the Filter

Op3AH and @AM can be determined with respect to various criteria [39]. Ideally,
they are chosen such that the leading-order contributions of the point spread

functions (PSFs) of %] DSAH and %, JSAH are Dirac-delta functions. This choice of

the filters ensures that %f DSAH and Jf/ SAH reconstruct the visible edges of the scene
radiance not only at the correct locatlon and orientation, but also with the correct
strength [25, 26,30, 39].

In DSAH imaging, for each s’ and z, we make the following change of variables:

(t,s) — §DSAH =B s,2) (58)
in (50) and obtain
5 DSAH DSAH DSAH
RDSA () ~ Z/QDSAHC i(z'—2)&)) QDSAH( (éij )J/’s <§ij ))
L] ijsz

x ADSAH <z7t< D.SAH> 7S/7s< pSAH)) ‘ a(t,s) Rp(z )ngSAH d2ds’.

Ly Ly b} é DSAH

(59)

where [d(z,s)/ 8§DSAH| is the determinant of the Jacobian that comes from the
change of Varlables given in (58).
The domain of integration in (59) is given as follows:

DSAH [
PN = [P = EBSMI( 5, 2) A (2,0,5 ) £0,

(1,5,5) € (R,R,R)}. (60)

We refer to QP! as the DSAH partial data collection manifold at (s', z) obtained

QDSAH
ijs' z

DSAH data collection manifold at z and denote it by QDSAH This set determines
many of the properties of the reconstructed DSAH image.

To approximate the PSF with the Dirac-delta function, we choose the filter as
follows:

by the ith and jth receivers for a fixed s” and refer to the union U;; s/ as the

DSAH /
QPSAH (5 ¢ 5) = ADSAR (21,8 5,1) Xa, | (z,1,55) 6D
z,t,8,s
|ADSAH(Z,I,S/,S,IJ)|2 |a( /agDSAHl
where XDSAH is a smooth cutoff function that is equal to one in the interior of
2
QDSAH 414 zero in the exterior of QPSAH

ij,s,z ij,s,z
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Similarly, in SAH Imaging, for each s’ and z, we make the following change of
variables:

SAH _ @ —saH

(w,5) = & = C—O—-,, (s',5,2) (62)
in (57) and obtain
SAH
RSAH 2/ " ol (2-2) QSAH (ij (g?}_AH) 7s/,s(§?]_AH))
ijs,z
A (e (55)..0(53)) 203 g e
(63)
2(m,s)

where ' 5 SAH' is the determinant of the Jacobian that comes from the change of
ij
variables in (62).

In (63), the domain of integration is given as follows:

SAH _ ©
QN = {§,~j T EM( 5,2) |4 (2, 0,5 ,5) £ 0,

(w,5',s) € (R,R,R)} . (64)

We refer to QSAHZ as the SAH partial data collection manifold at (s', z) obtained by

ij,s

the ith and jth receivers for a fixed s” and refer to the union U; ; s .QSASHZ as the SAH

data collection manifold at z and denote it by Q3AH. Again, this set determines
many of the properties of the reconstructed SAH image.

Similarly, to approximate the PSF with the Dirac-delta function, we choose the
filter as follows:

ASA (2 00,/ 5) Xiyy (%:0,8'59)
= ) (65)

A3 (2, 0,59 |9(w,5)/9EM

QSAH(Z, (D,S/,S)

where )(SAH is a smooth cutoff function that is equal to one in the interior of

lelAy,Hz and zero in the exterior of QSAYHz

Irrespective of the choice of the filters, the filtered-backprojection operators
6P and 3 reconstruct the visible edges of the scene radiance at the correct
location and correct orientation. With the choice of the filters given in (61) and (65),
the resulting image formation method can recover the visible edges not only at the
correct location and orientation, but also with the correct strengths.
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4 Resolution Analysis

Substituting (61) and (65) into (59) and (63), respectively, we obtain

"‘DSAH DSAH DSAH 4
Ry Z /Q SR8 Ry () ' dE ,  (66)

ijs .z

AH SA.
RHE~2 oo @ Ry a2 g3 (©67)

ijs .z

Equation (66) and (67) show that the DSAH and SAH images, Rp**" and
RS are bandlimited versions of R, whose bandwidth are determined by the data

collection manifolds QD5AH and Q3AH, respectively. The data collection manifolds
determine the resolution of the reconstructed images at z. The larger the data
collection manifold, the better the resolution of the reconstructed image is.

Microlocal analysis of (66) and (67) tell us that an edge at point z is visible in
DSAH or SAH image if the direction n, normal to the edge is contained in QDSAH
or Q3AH respectively [25, 26, 30, 39]. Consequently, an edge at point z with n,
normal to edge is visible if there exists i, j, s, s such that EDSAH or §SAH is parallel
ton,.

The bandwidth contribution of EDSAH and §SAH

to a visible edge at z is given by

D1y |Dy(z): [mms’)—%msﬂ | N
“2|py(a)- ()~ 2 1) =) (69)

where Ly denotes the length of the support of ¢(¢) and B, denotes the bandwidth
of the transmitted waveform.

Equation (68) shows that for DSAH imaging, the longer the support of ¢(r)
becomes, the larger the magnitude of égsAH is, giving rise to sharper reconstructed

gDSAH i,j =1,...,N. Additionally, the higher the carrier

frequency of the transmitted signal wy becomes, larger the magnitude of §DSAH is,

contributing to higher image resolution.

Equation (69) shows that for SAH imaging, as the bandwidth of the transmitted
signal becomes larger, the magnitude of §SAH gets larger, which results in higher
image resolution. The sharpness of the reconstructed edges is also directly propor-
tional to the bandwidth of the transmitted signal.

Furthermore, we note that in DSAH imaging, the resolution depends on the
range via the terms |¥,(s") — z| and |y;(s) — 2| and the velocities of the receivers via
the terms ¥; | and ¥; | . As the scatterers are further away from the receivers, or the

edges perpendicular to
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Table 1 Parameters that
affect the DSAH image
resolution

Parameter Increase Resolution

Carrier frequency: wy

Length of the windows Ly
Distance |¥;(s") — 2|, |;(s) — 2|
Antenna velocity ¥; or ¥;
Number of s samples

Number of time windows (s)

B e
—- = = ==

1: Increase (higher) |: Decrease (lower)

Table 2 Parameters that affect the SAH image resolution

Parameter Increase  Resolution
Bandwidth of the transmitted waveform: B, T T
Angle between yjfs)jz and 'yi(T’)jz T T
Number of s samples T T
Number of time windows (s) T T

1 Increase (higher) |: Decrease (lower)

velocities of the receivers decrease, the resolution gets worse due to the decrease in

the magnitude of .‘,‘PSAH. In SAH imaging, the resolution also depends on the angle

ij
between the unit vectors ¥;(s) —z and ¥,(s') — z. The larger the angle is, the larger

the magnitude of £

ij becomes, resulting in better resolution.

Additionally, the increase in the number of s samples and the time windows
(indicated by s) used for imaging also leads to a larger data collection manifold
in DSAH or SAH imaging, which improves the resolution.

We summarize the parameters that affect the resolution of the reconstructed

image in DSAH and SAH imaging in Tables 1 and 2, respectively.

5 Numerical Simulations

We considered a scene of size [0,22] x [0,22] km? with flat topography. The scene
was discretized into 128 x 128 pixels, where [0,0,0)km and [22,22,0]km
correspond to the pixels (1,1) and (128,128), respectively.

In all the numerical experiments, we used two airborne receivers and a
single, stationary transmitter operating either cooperatively or noncooperatively.
We assumed that both the receiver and transmitter antennas were isotropic.
We assumed that the transmitter was located at yo = (0,0,6.5) km and the receivers
were traversing the circular trajectory given by

Ye($) = (114 11cos(§), 11+ 11sin(8),6.5) km. (70)
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Fig. 6 Discretized scene reflectivity used in the numerical simulations of (a) DSAH imaging and
(b) SAH imaging. [0,0,0] km and [22,22, 0] km are located at the lower left and upper right corners,
respectively

20 40 60 80 100 120

Let 7, () and 9 (§) denote the trajectories of the two receivers. We set ; (§) = ¢ (8)
and %(5) = 71(§— Z). Note that the variable § in )¢ is equal to %z, where V is the
speed of the receiver, and R is the radius of the circular trajectory. We set the speed
of the two receivers to 261 m/s. We chose the sampling rate of s to be 1.9335Hz so
as to uniformly sample the circular trajectory with 512 points.

In accordance with the incoherent field approximation, we used the following
multiple-point-target model for the scene reflectivity,

L
p(z) = g6(z—2), (71)

=1

where g;, [ = 1,...,L are independent Gaussian random variables with mean p; and
variance 6,2. The corresponding scene radiance is given by

Ro(2) = Elp(2)p" ()] = Y (1P +07)8 (= — ). (72)
l

In our simulations, we considered a deterministic reflectivity and set o7 = 1.
We used L =9 and approximated the Dirac-delta functions in (72) by square
target reflectors of size 344 x 344m?, each having a unit reflectivity, i.e., u; = 1,
I=1,...,9.

Figure 6a, b show the scene with targets used in the simulations of the DSAH
imaging and SAH imaging, respectively. Figure 7 shows the receiver trajectories
and the transmitter antenna location used for DSAH and SAH simulations.

We performed image reconstruction for each s” and coherently superimposed the
reconstructed images obtained over a range of s'.
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/mf\)®\

®— Receiver,

..10

Y (km) 0 0 X (km)

Fig. 7 3-D view of the scene with multiple point targets, illuminated by a single transmitter
located at yo = (0,0,6.5)km and the circular receiver trajectory c(§) = (11 + I1cos(s),11 +
11sin(5),6.5)km, as shown by the red solid line. At a certain time instant, two receivers are located
at the positions shown in the figure

5.1 Numerical Simulations for DSAH Imaging

We used (9) to generate the data and chose the windowing function ¢ in (9) to be a
Hanning function.

The transmitted waveform was assumed to be a single-frequency CW waveform
with 800 MHz carrier frequency. The length of the windowing function was set to
Ly =0.0853s.

For the case of a cooperative transmitter, the reconstructed image is shown in
Fig. 8a. It can be seen that the targets are well reconstructed using the DSAH image
formation method.

Figure 8b shows the reconstructed image using a noncooperative transmitter.
Since the location of the transmitter was assumed to be unknown, the received
signal was not compensated for the transmitter related geometric spreading factors.
As aresult, the targets closer to the transmitter appears brighter in the reconstructed
image than those that are further away from the transmitter.

5.2 Numerical Simulations for SAH Imaging

We used (33) to generate the data for performing SAH imaging simulations and
chose the windowing function ¢ in (33) to be a Hanning function as in DSAH
imaging simulations.

A transmitted pulse at center-frequency 0 Hz with bandwidth equal to 0.873 MHz
was used in the simulations.
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Fig. 8 The reconstructed DSAH images obtained by superposing the images obtained using
multiple s’ values and two receivers traversing the circular flight trajectories ¥ (5) and 1% (3) as
shown in Fig. 7 and a single (a) cooperative transmitter, and (b) noncooperative transmitter located
atyo
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Fig. 9 The reconstructed SAH images obtained by superposing the images obtained using
multiple s’ values and two receivers traversing the circular flight trajectories ¥ (5) and 1% (3) as
shown in Fig. 7 and a single (a) cooperative transmitter, and (b) noncooperative transmitter located
atyo

The reconstructed images corresponding to the cooperative and noncooperative
transmitter cases are shown in Fig.9a, b, respectively. We see that the targets are
reconstructed successfully in both cases and in the noncooperative case, the strength
of the targets closer to the transmitter are higher as expected.

6 Conclusion

We presented a unified theory of passive synthetic aperture imaging based on
inverse scattering theory, estimation-detection theory and microlocal analysis. Our
theory involves development of passive measurement models based on inverse
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scattering and estimation-detection theory and analytic inversion methods based
on microlocal analysis. The measurement models involve windowed, scaled, and
translated correlation of the received signals at different receiver locations. This
correlation process results in measurement models in the form of FIOs. Taking into
account the nature of the waveforms of opportunity, we developed two different
measurement models: DSAH FIO and SAH FIO.

DSAH FIO-based model projects the scene radiance onto passive iso-Doppler
contours, and SAH FIO-based model projects the scene radiance onto passive
iso-range contours. The correlation process removes the transmitter-related terms
from the phase of the resulting FIO-based DSAH and SAH measurement models,
allowing us to perform backprojection without the knowledge of the transmitter
locations.

We used microlocal techniques to backproject the correlated signals onto the
passive iso-Doppler contours in DSAH imaging and onto passive iso-range contours
in SAH imaging. The filtered-backprojection reconstruction methods for DSAH
and SAH have the desirable property of preserving the visible edges of the scene
radiance at the correct location and orientation, and at the correct strength with
appropriate choice of filters.

Our analysis shows that the resolution of the reconstructed DSAH images is
determined primarily by the temporal duration and frequency of the transmitted
waveforms, and the resolution of the reconstructed SAH images is determined
primarily by the bandwidth of the transmitted waveforms. These results are
consistent with the ambiguity theory of the CW or ultra-narrowband waveforms
and the wideband waveforms.

While we focused primarily on the passive synthetic aperture radar, the theory of
DSAH and SAH imaging introduced in this chapter and the resulting methods and
algorithms are also applicable to other wave-based passive imaging problems, such
as those that arise in geophysics or acoustics.
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