Chapter 11
Constrained Optimality for First Passage
Criteria in Semi-Markov Decision Processes

Yonghui Huang and Xianping Guo

11.1 Introduction

In the field of Markov decision problems (MDPs), the control horizon is usually a
fixed finite interval [0, 7] or the infinite interval [0, +e). In many real applications,
however, the control horizon may be a random duration [0, 1], where the terminal
time 7 is a random variable at which the state of the controlled system changes
critically and the control beyond 7 may no longer be meaningful or necessary. For
example, in the insurance systems [27], the control after the time when the company
is bankrupt becomes unnecessary. Therefore, it makes better sense to consider the
problem in [0, 7], where T represents the bankruptcy time of the company. Such
situations motivate first passage problems in MDPs [13,15,19,21,22,28], for which
one generally aims at maximizing/minimizing the expected reward/cost over a first
passage time to some target set.

This chapter is devoted to studying constrained optimality for first passage
criteria, for which the dynamic of a system is described by semi-Markov decision
processes (SMDPs). The state space is assumed to be denumerable, while the action
set is general. Both reward and cost rates are possibly unbounded. A key feature of
our model is that the discount rate is state-action dependent, and furthermore, the
undiscounted case is allowed. This feature makes our model more general since the
state-action-dependent discount rate exactly characterizes the practical cases such
as the interest rate in economic and financial systems [2,9, 17,23, 26], which can be
adjusted according to the real circumstances. We aim to maximize the expected
reward obtained during a first passage time to some target set, subject to that
the associated expected cost over this first passage time does not exceed a given
constraint. An interesting special case is that in which the reward rates are uniformly
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equal to one, which corresponds to a stochastic time optimal control problem with
a target set; see Remark 11.2.4(d) for details.

Previously, Beutler and Ross [3] consider constrained SMDPs with the long-
run average criteria. They suppose that the state space of the SMDP is finite, and
the action space compact metric. A Lagrange multiplier formulation involving a
dynamic programming equation is utilized to relate the constrained optimization
to an unconstrained optimization parametrized by the multiplier. This approach
leads to a proof for the existence of a semi-simple optimal constrained policy.
That is, there is at most one state for which the action is randomized between
two possibilities; at all other states, an action is uniquely chosen for each state.
Feinberg [4] further investigates constrained average reward SMDPs with finite
state and action sets. They develop a technique of state-action renewal intensities
and provide linear programming algorithms for the computation of optimal policies.
On the other hand, Feinberg [5] deals with constrained infinite horizon discounted
SMDPs. Compared with the existing works above, however, our main interest in this
chapter is to analyze the constrained optimality for first passage criteria in SMDPs,
which, to best of our knowledge, is an issue not yet explored.

To obtain the existence of a constrained first passage optimal policy, we first give
suitable conditions and then employ the so-called Lagrange multiplier technique
to analyze the constrained control problem. Based on the Lagrange multiplier
technique, we transform the constrained control problem to an unconstrained one,
prove that a constrained optimal policy exists, and show that the constrained optimal
policy randomizes between two stationary policies differing in at most one state.

The rest of this chapter is organized as follows. In Sect. 11.2, we formulate
the control model, followed by the optimality conditions and the main results
on the existence of constrained optimal policies. In Sect. 11.3, some technique
preliminaries are given, and the proof of the main result is presented in Sect. 11.4.

11.2 The Control Model

The model of constrained SMDPs considered in this chapter is specified by the eight
objects

{E,B,(A(i) CA,i €E),Q(:," | i,a),r(i,a),c(i,a),a(i,a),y}, (11.1)
where E is the state space, a denumerable set; B C E is the given target set, such as
the set of all bad states or of good states of a system; A is the action space, a Borel
space endowed with the Borel o-field «7; and A(i) € 7 is the set of admissible
actions at state i € E. The transition mechanism of the SMDPs is defined by the
semi-Markov kernel Q(-,-|i,a) on Ry x E given K, where R} = [0,+e0), and K =
{(i,a) | i € E,a € A(i)} is the set of feasible state-action pairs. It is assumed that (1)
O(-, jli,a) (for any fixed j € E and (i,a) € K) is a nondecreasing, right continuous
real function on R such that Q(0, j|i,a) = 0; (2) O(¢,-|,-) (for each fixed r € R;)
is a sub-stochastic kernel on E given K; and (3) P(:|-,-) := Q(eo,|-,-) is a stochastic
kernel on E given K. If action a € A(i) is selected in state i, then Q(z,j | i,a) is the
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joint probability that the sojourn time in state i is not greater than t € R, and the
next state is j. Moreover, 7(i,a) and ¢(i,a) in (11.1) denote the reward and cost rate
Junctions on K valued in R = (—oo, 4-o0), respectively, which are both assumed to be
measurable on A(i) for each fixed i € E. In addition, a(i,a) represents the discount
rate, which is a measurable function from K to R, . Finally, 7 is a given constraint
constant.

Remark 11.2.1. Compared with the models of the standard constrained discounted
and average criteria [3-5], in this model (11.1), we introduce a target set B C E of
the controlled system, and furthermore, the discount rate c:(i,a) here is state-action
dependent and may be equal to zero (i.e., the undiscounted case is allowed).

To state the constrained SMDPs we are concerned with, we need to introduce the
classes of policies. For each n > 0, let H,, be the family of admissible histories up to
the nth jump (decision epoch), that is, H, = (Ry X K)" X (Ry X E),forn=0,1,....

Definition 11.2.1. A randomized history-dependent policy, or simply a policy, is a
sequence T = {m,,n > 0} of stochastic kernels , on A given H, satisfying

nn(A(ln) |hn) = 1 th = (t07i07a07"'7tn717iﬂ*17an717tn7in) € an n= 07 17

The class of all policies is denoted by I1. To distinguish the subclasses of I1, we
let @ be the family of all stochastic kernels ¢ on A given E such that p(A(i) | i) =1
foralli € E, and F the set of all functions f : E — A such that f(i) is in A(i) for every
i€ E. Apolicy r = {m,} € I is said to be randomized Markov if there is a sequence
{@n} of @, € @ such that m,(- | h,) = @,(- | i) for every h, € H, and n > 0. We
denote such a policy by m = {@,}. A randomized Markov policy = = {¢,} is said
to be randomized stationary if every ¢, is independent of n. In this case, we write
r={0,0,...} as ¢ for simplicity. Further, a randomized Markov policy 7 = {¢,}
is said to be deterministic Markov if there is a sequence {f,} of f, € F such that
@ (- | i) is the Dirac measure at f,(i) for all i € E and n > 0. We write such a
policy as © = {f,}. In particular, a deterministic Markov policy @ = {f,} is said
to be (deterministic) stationary if f, are all independent of n. Similarly, we write
r={f,f,...} as f for simplicity. We denote by Ilrm, Ilgs,IIpm, and Ips the
families of all randomized Markov, randomized stationary, deterministic Markov,
and stationary policies, respectively. Obviously, @ = Ilrs C Il C II and F =
Ilps C Ilpy C 1.

Let P(E) denote the set of all the probability measures on E. For each (s, 1) €
Ry xP(E) and & € II, by the well-known Tulcea’s theorem ([10, Proposition
C.10]), there exist a unique probability space (£2,.%#, P(’; ”)) and a stochastic process

{Ts,Jn,An,n > 0} such that, foreach i, j € E,;t € R ,C €. andn>0,

Pl (To = s,Jo = i) = u(i), (11.2)
Pg,u)(AVIeC'hn):nn(Clhn)v (11.3)

Pg#)(TlH»l - Tn S tajn+1 :] | hmaﬂ) = Q(tvj | imaﬂ)v (114)
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where T,,,J,,, and A, denote the nth decision epoch, the state, and the action chosen
at the nth decision epoch, respectively. The expectation operator with respect to
P(’; 1) is denoted by E (’E - In particular, if u is the Dirac measure J;(-) concentrated

at some state i € E, we write P(’g ) and E ZTY ) 8 P( i) and E” (5.1)° respectively. For
simplicity, P(’(T) 1) and EZB 1) is denoted by P} and EJ, respectively. Without loss

of generality, in the following, we always set the initial decision epoch Ty =0
and omit it.

Remark 11.2.2. (a) The construction of the probability measure space (£2,.7,
) and the above properties (11.2)—(11.4) follow from those in Limnios and

Oprlsan [18, p.33] and Puterman [24, p.534-535].

(b) LetXp:=0,X,:=T,—T,—1 (n > 0) denote the sojourn times between decision
epochs (jumps). Then, the stochastic process {7},,J,,An,n > 0} may be rewritten
as the one {X,,J,,A,,n > 0}.

To avoid the possibility of an infinite number of decision epochs within finite
time, we make the following assumption that the system does not have accumulation
points.

Assumption 11.2.1 Forall p € P(E) and 7t € T1, P ({ lim 7,, = o)) = 1.
n—yo0

To verify Assumption 11.2.1, we can use a sufficient condition below.
Condition 11.2.2 There exist constants 6 > 0 and € > 0 such that
O(8,E |i,a)<1—¢ V(i,a) €K.

Remark 11.2.3. In fact, Condition 11.2.2 is the standard regular condition widely
used in SMDPs [5, 16,20, 24,25], which exactly implies Assumption 11.2.1 above.

Under Assumption 11.2.1, we define an underlying continuous-time state-action
process {Z(t),W(t),t € Ry} corresponding to the stochastic process {7;,,J,,A, } by

Z(t)=Jdy, W(t)=Ap, for T, <t<T,4, tE€R;andn>0.
Definition 11.2.2. The stochastic process {Z(z),W(t)} is called a (continuous-
time) SMDP.

For the target set B C E, we consider the random variable
=inf{t > 0] Z(¢) € B} (with inf@ := ),

which is the first passage time into the set B of the process {Z(¢),t € Ry }. Now, fix
an initial distribution y € P(E). For each & € I1, the expected first passage reward
and cost criteria are defined as follows:

Vo(u,m) = Ef [ /0 Te BetZW w7 v (t))dr} . (L)

T /
Ve(u,m):=Ef [ /0 ’ efOO‘(Z(")’W(“))d“c(Z(t),W(t))dt] . (11.6)
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To introduce the constrained problem, for the constraint constant ¥ in (11.1), let
U:i={mell|V(u,m) <7}

be the set of “constrained” policies. We assume that U # @ throughout the following.
Then, the optimization problem we are interested in is to maximize the expected first
passage reward V,.(i, ) over the set U, and our goal is to find a constrained optimal
policy as defined below.

Definition 11.2.3. A policy n* € U is called constrained optimal if

Vi(u, ") = sup Vi (i, ).

el

Remark 11.2.4. (a) It is worthwhile to point out that the expected first passage
reward criterion V,.(u, ) defined in (11.5) is different from the usual discounted
reward criteria [11, 12, 24] and the total reward criteria without discount
[6, 11, 24]. In fact, the former concerns with the performance of the system
during a first passage time to some target set, while the latter concern with
the performance of the system over an infinite horizon. However, if the target
set B =0 (and thus Tg = ) and, furthermore, the discount factor ¢(i,a) is
state-action independent (say, o/(i,a) = ), then the expected first passage
reward criterion (11.5) above will be directly reduced to the standard infinite
horizon expected discounted reward criteria or expected total reward criteria
[6,11,12,14,24].

(b) Note that the case without discount, that is, ¢¢(i,a) = 0, is allowed in the context
of this chapter; see Remark 11.2.5 for further details.

(c) When the constraint constant yin (11.1) is sufficiently large so that U = I1, then
the constrained first passage optimization problem (recall Definition 11.2.3) is
reduced to the usual unconstrained first passage optimization problems [13, 15,
19,21,22,28].

(d) Inreal situations, the target set B usually represents the set of failure states of a
system, and thus 7p denotes the working life (functioning life) of the system.
Therefore, our aim is to maximize the expected rewards V,(u,m) obtained
before the system fails, subject to the associated costs V. (i, ) incurred before
the failure of the system is not more than some constraint constant y. In
particular, if the reward function rate r(i,a) = 1 and the discount factor a(i,a) =
0, our aim is then reduced to maximizing the expected working life of the
system, subject to the associated costs V.(u, ) incurred before the failure of
the system are not more than some constraint constant 7.

To obtain the existence of a constrained optimal policy, we need several sets of
conditions.

Assumption 11.2.3 There exist constants M > 0, 0 < B < 1, and a weight function
w > 1 on E such that for every i € B° == E — B,

(a) supueq(y|F(i;a)] <Mw(i), and sup,ca |c(i,a)| < Mw(i) for all a € A(i), where
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Hi,a): = r(ia) / e (1 _p(r | i,a))d,
0

&lia) : = cli,a) /0 e G (1 _p(r|i,a))di, and
Dt |i,a): = O(.E | iya).

() supea jese w(/)m(j | ira) < Pw(i), wherem(j|i,a) = [g"e~*"VQ(dr, j |
i,a).

Remark 11.2.5. (a) In fact, Assumption 11.2.3 is a condition that ensures the first
passage criteria (11.5) and (11.6) to be finite and the dynamic programming
operators to be contracting; see Lemmas 11.3.1-11.3.2 below.

(b) Assumption 11.2.3(a) shows that the cost function is allowed to have neither
upper nor lower bounds, while the ones in the existing works [3-5,7, 8, 12] for
the standard constrained expected discount criteria are assumed to be bounded
or nonnegative (bounded below).

(c) Note that the case without discount, that is, “c(i,a) = 07, is allowed in
Assumption 11.2.3. In this case, Assumption 11.2.3(b) is reduced to that there
exists a constant 0 < 8 < 1 such that

sup > w(j)P(j|i,a) < Pw(i) Vi€ B (with P(j|i,a) := Q(,]|i,a)),
acA(i) jeBe
(11.7)

which can be still verified. This fact is due to that the restrictions in Assumption
11.2.3(b) are imposed on the data of the set B¢ rather than the entire space E.
However, if the restrictions in Assumption 11.2.3(b) are imposed on the data of
the entire space E, that is, there exists a constant 0 < < 1 such that

sup > w(j)P(j|i,a) <Pw(i) Vi€E, (11.8)
acAl(i) jeE

113

then (11.8) fails to hold itself. Indeed, by taking inf;w(i) in the two sides of
(11.8), we can conclude from (11.8) that “ > 17, which leads to a contradiction
with“0 < f < 17.

Assumption 11.2.4 (a) For eachi € B¢, A(i) is compact.

(b) The functions ¥(i,a), ¢(i,a), and m(j | i,a) defined in Assumption 11.2.3 are
continuous in a € A(i) for each fixed i, j € B, respectively.

(c) The function ¥ jcp-w(j)m(j | i,a) is continuous in a € A(i), with w as in
Assumption 11.2.3.

Remark 11.2.6. Assumption 11.2.4 is the compactness-continuity conditions for
the first passage criteria, which is similar to the standard compactness-continuity
conditions for discount and average criteria; see, for instance, Beutler and Ross
[3], Guo and Hernandez-Lerma [7, 8]. The difference between them lies in that the
former only imposes restrictions on the data of the set B¢, while the latter focus on
the data of the entire space E.
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Assumption 11.2.5 (a) ¥ ;cpe w(j)u(j) < oe.
(b) Up:={mell |V, (u,m) <y} #0.

Remark 11.2.7. (a) Assumption 11.2.5(a) is a condition on the “tails” of the initial
distribution u, whereas Assumption 11.2.5(b) is a Slater-like hypothesis, typical
for constrained problems; see, for instance, Beutler and Ross [3], Guo and
Hernandez-Lerma [7, 8], and Zhang and Guo [29].

(b) It should be noted that the conditions in Assumptions 11.2.3-11.2.5 are all
imposed on the data of the set B¢ rather than the entire space E and thus can
be fulfilled in greater generality.

Our main result is stated as following.

Theorem 11.2.1. Suppose that Assumptions 11.2.1-11.2.5 hold. Then there exists
a constrained optimal policy that may be a stationary policy or a randomized
stationary policy which differ in at most one state; that is, there exist two stationary
policies ', f?, a state i* € B¢, and a number p € [0,1] such that f'(i) = £2(i) for
all i #i* and, in addition, the randomized stationary policy @P(- | i) is constrained
optimal, where

p, if a=f1(i"),
o(ali)=19 1—p,if a= f2(i"), (11.9)
L, ifa=fl()=0),i#i"

Proof. See Sect. 11.4. O

11.3 Technical Preliminaries

This section provides some technical preliminaries necessary for the proof of
Theorem 11.2.1 in Sect. 11.4.
To begin with, we define the w-norm for every real-valued function # on E by

[[ullw := suplu(i)|/w(@),
icE
where w is the so-called weight function on E as in Assumption 11.2.3. Let
By (E) := {u: [lulw <o}
be the space of w-bounded functions on E.

Lemma 11.3.1. Suppose that Assumptions 11.2.1 and 11.2.3 hold. Then:

(a) Foreachi€ E andw € 11,
V(i,m)| < Mw(i) /(1= B), [Ve(i,m)| < Mw(i)/(1—PB).

Hence, Vi(-, ) € B,,(E), and V(-, ) € B, (E).
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(b) Foralli€ E, m €Il, andu € B,,(E),

lim EF He *(JicAr) Xk“]1{Joer,...,JneBc‘}“(Jn) =0,

n—yoo

where 1p is the indicator function on a set D.

Proof. (a) By the definition of V,(i, ), we see that V,(i,) can be expressed as
below:

V,(i,m)

T it
— EF /BeJoa(Z(u)wW(u))dur(Z(;),W(t))dt}
| Jo
— ET /Oweféa(Z(u)-,W(u))d"]{TB>t}r(Z(t)7W(t))dt]

n+l
=ET 2/ e ho dtl{JgeB‘. J,,GB“}V(JnaAn):|

> n+1 Tn+t
:Eln' Z/O e7f0 a(z(”)’w(“))dudtl{JOEB"‘,,,,,J,[eB"}r(-]naAn):|

< [T u 1)) du
= Eln [Z e Jo o(Z(u),W (v ))dl l{joeBL‘7...7‘],1€BC}r(-]n,An)
n=0

/.Xn+1 . fTT:HOC(Z(u),W(u))dudt}
0

= n—l 'Xn+l
=ET { 2 H e~ (A Xy 1 l{JQGB”,...,J,,GB”}r(-lmAn)/0 e(X(Jn7An)tdt:|
n=0k=0

= E’T |: Z En’ [He (Ji-Ak) Xkt1 ]1{1063”,...,1,1630}r(JnaAn)

" Xnt1
X/ : ea(Jn’An)ld”XO?JO?AO?'"7Xn7‘]n7An:|:|
0

o n—1
=Ef [ Y [Te X1 ycpe . seneyr(n,An)
n=0k=

0
Xn+1 o], AN
XEF / e~ *UnAn41|Xo, Jo, Ao, - - . Xy Iy An
JO

n—1
e~ (kAk)
k=0

Xit-1 1{]063“,...,];163(‘}"(']”7An)

o3
n=0
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% / efoc(Jn,An)t(l —D([ | JnaAn))dt:|
0

o n—1
= Eﬂ |: Z He (JkAR) Xk+1 ]1{JoeBcmnEBc-}7(Jn,An)] , (11.10)
n=0k=

where the third equality follows from Assumption 11.2.1 and the ninth equality
is due to the property (11.4).
We now show that for eachn =0,1,...,

En' |:He o (T, Ar) Xt 1 1{JoEB",...,JnEB"}W(‘]”):| < an(l) (11.11)

Indeed, (11.11) is trivial for n = 0. Now, for n > 1, it follows from the property
(11.4) and Assumption 11.2.3(b) that

ETE|:He Jk,Ak Xk+l1{JOEBC,...,JHEBC}W(‘]’!):|

= Ezﬂ Eﬂ lHe Vi) Xic1 Lypee,... e yW(Jn)

| T07-107A07---7Tn717Jn717An71]]

=ET He (JisAk) X1 1{1 B ,J,,,IEB“}Eiﬂ |:ea(J"I’A"I)an{Jner}W(Jn)
| T07J07A07 M) Tnfl 7Jn17An1:| :|
n—2

=ET |:Hea(Jk~Ak)Xk+l Lisoese. 1B}

k

/ Ja1:An—1) (j)Q(dz,j|J,,1,An1)]

jEB‘
_E7T|:He(XkaAk)XkJrll{JOeB(’ Ly 1eBY) 2 w(j)m(j |Jn LA 1)]
= JEBC
n—2
< BEF {He“(Jk’Ak)Xk“ 1{J0€Bc,_,_,Jnl€Bc}w(Jn1)} . (11.12)
k=0

Iterating (11.12) yields (11.11).
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Moreover, observe that Assumption 11.2.3(a) and (11.11) gives

n—1
Ezn |: H efa(Jk-,Ak)XkH ]l{JOGBC,...,J,,GBC} |7(Jn7An) |:|
k=0

< MER' |:l_[e o (Jg., Ak)Xk+11{JoeB",...,JnEB"}W(‘]”):|
=0

< MB"w(i),

which together with (11.10) yields

l T | < ZEﬂ[He (T Ak Xk+l]].{JOGBC7_,_,J,,€BE}|7(Jn7An)|:|

< io MB™w(i) = Mw(i) /(1 - B).
Thus, we get

sup |[V,(i, m) | /w(i) < Mw(i) /(1 = B),
S
which shows that V,.(-, ) € B,,(E).
Similarly, the conclusion for V. (-, ) can be obtained.
(b) Since |u(i)| < ||u|lww(i) forall i € E, it follows from (11.11) above that

ETE|:HeO( JkAk)Xk+ll{J0€Bg """ JneBc}|u( )|:|
k=0

< |lull EF [He oA Xk“1{Joesc,...,J,,esv}wunﬂ < B,

and so part (b) follows. O

Remark 11.3.8. In fact, Lemma 11.3.1 here for first passage criteria in SMDPs is
similar to Lemma 3.1 in Huang and Guo [15]. The main difference between them is
due to that the discount factor c¢(i,a) here is state-action dependent, and the reward
rate here is possibly unbounded (while the ones in Huang and Guo [15] are not).

For ¢ € @, we define the dynamic programming operators H? and H on B,,(E)
as follows: foru € B,,(E), if i € B¢,
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HOu(i) ;:/ { Fia)+ Y ul |la](p(da|i), (11.13)
aEA(i) jeBe

Hu(i) := sup [r (i,a)+ Y, u(j)m(j|i,a) ] (11.14)
acA(i) JEBC

and if i € B, H?u(i) = Hu(i) := 0.
Lemma 11.3.2. Suppose that Assumptions 11.2.1 and 11.2.3 hold. Then:

(a) Foreach ¢ € @, V,(-, ) is the unique solution in B,,(E) to the equation
Vi(i, @) = H?V,(i,0) Vi€ E.

(b) If, in addition, Assumption 11.2.4 also holds, V} (i) ‘= supycp Vr(i,7) is the
unique solution in B,,(E) to equation

V(i) = HV; (i) Vi € E.
Moreover, there exists an f* € T such that V(i) = H"V;*(i), and such a policy
f* €T satisfies V. (i, f*) = V(i) for every i € E.

Proof. (a) From Lemma 11.3.1, it is clear that V,(-, @) € B,,(E). We now establish
the equation V,(i, @) = H?V,(i, ). It is obviously true when i € B, and for i €
B¢, by (11.10), we have

Vr(ia (P)

[ n—1

= Eiq} 2 Heia(Jk’AkaH]l{JoeB‘ ..... J,,eB‘}r(JnaAn)]
Ln=0k=0
r o pn—|

=E|EP| Y []e i Ak)XHl]l{JOEBL AAAAA JneBY T (Jn,An) | ToJo,Ao,Tl,Jl”
L n=0k=0

= Et(p I{JQEB‘}F(J07A0)+6 a(JoA0)X 1]1{]063‘ ]163‘}E |:z H (T Ar) Xy 1

=1k=1

—/ ¢(da | l)[la %/ (ba Q(dt]‘laEq)|:

o n—1
z e~ (A Xer1
n=1k=1

Ligoese,..aneBy T (nyAn) | To = 0,00 =i,A0 = a, Ty = t,J; = J”
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. o n—1
- / ()(p(da | i) [F(i,a)—i- > m(j| i,a)E;P{z [e *VeAXen
acA(i 7 k=0

jeBe =0 k=

_/ o(da | z)[za+2m1\la)VJ<P)]

JjeBC

where the fifth equality is due to the properties (11.2)—(11.4) and that policy ¢
is Markov. Hence, we obtain that V,(i,¢) = H?V,(i,9), i € E.

To complete the proof, we need only show that H? is a contraction from
B, (E) to B,,(E), and thus H? has a unique fixed point in B,,(E). Indeed, for an
arbitrary function u € B,,(E), by Assumption 11.2.3 it is clear that

[HPu(i)]

/aeA(i)[ la—|—]§§£ f|’a} (da i)
S/aeAi[ (t.a)l+ 3 [u(j lmJlla)}q)(dam

JEBC

< [ [+ 1o otaa
= (M + Bllullw)w(i) Vi € B,

which implies that H®u € B,,(E), that is, H® maps B,,(E) to itself. Moreover,
for any u,u’ € B,,(E), we have

[Hu(i) — H/ (i)

v [.%(_(u(j) —u)mii i) o(dal

/aeA( { 2, [u()) m(j | i,a)] o(da | i)

JEBC

< [ [l u’|wﬁw<f>} oldal i

= Bllu—u||,,w(i) Vi € B.

Hence, ||[H?u—H®'||,, < B|lu—||\v, and thus H? is a contraction from B,, (E)
to itself. By Banach’s Fixed Point Theorem, H? has a unique fixed point in
B,,(E), and so the proof is achieved.
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(b) Under Assumption 11.2.4, using a similar manner to the proof of part (a) yields
that H is a contraction from B,,(E) to itself, and thus, by Banach’s Fixed Point
Theorem, H has a unique fixed point «* in B,,(E), that is, Hu" = u*. Hence, to
prove part (b), we need to show that: (b;) V € B,,(E), with w-norm ||V}|| <
M/(1=0).(b2) V} =u*.

In fact, (b;) is an immediate result of Lemma 11.3.1(a). Thus, it remains to prove
(by). To this end, we show that u* < V* and u* > V,* as below, respectively. It is
clear that u* (i) = V(i) = 0 for every i € B. Hence, in the following, we restrict our
argument to the case of i € BC.

(i) This part is to show that u* < V;*. By the equality u* = Hu* and the measurable
selection theorem [10, Proposition D.5, p.182], there exists an f € F such that

+ Y u*(j)m(j|i,f)Vie B (11.15)
jeBe

Iteration of (11.15) yields

n—1m—1
M*(l) — Elf|: 2 H ea(Jk’Ak)Xk+l1{JoeB‘?,...,JmEB"}?(‘]m7f):|
m=0 k=0

and letting n — oo we get, by Lemma 11.3.1(b),

oo m—1

=E/ [ S H e~ U)X 1{JOGBC-,...,JmeBcﬁ(Jm,f>] =V.(i,f) Vie B

m=0 k=

Thus, by the definition of V¥, we see that u™ < V.
(ii) This part is to show that u* > V,*. Note that u* = Hu" implies that

W (i) > Fi,a)+ Y w(j)m(j |i.a) Yie BS, acA(i),  (11.16)
jeBe

which gives

H{L,EBC}M*(Jn) 2 l{JnEBE}?(‘]n7A )+ 1{] EBL‘} 2 M J |.]n, ) Vn Z 0.
jeBe

(11.17)

Hence, for any initial state i € B and policy & € I1, using properties (11.2)—
(11.4) yields
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]l{]nch}u* (Jn) > Elﬂ l{JneBC‘}7(Jn7An) + e~ “UnAn)Xni 1 ]l{Jy,GB",J,,HGB"}

xu*(]n+1) | T(),J(),A(),...,Tn,.,n,An VI’LZO,l...,

which gives

a(JADX, .
He UiAe) UL goese,... pepy (Jn)
=0

> El H e~ AV Lygoese,...aneB} T (JnyAn)
k=0

n

+Te “VeroXnin ) pe 5 epeyut (Jug) | TO,JO,AO,...,T,,,J,,,A,,}

k=0
vn=0,1....
Therefore, taking expectation E* and summing over m = 0,1...,n— 1, we
obtain
n—1m—1
I/t*(l) 2 Eln' |: z H e*OC(kaAk)XkJrl ]1{joeBCW,7JmeBC}?(JmaAm):|
m=0 k=0

+Eﬂ|:He (JiAk) Xk+1]].{J €Be,. JnGBc}u*(Jn):|, Vn = 1,2

Finally, letting n — oo in the latter inequality and using Lemma 11.3.1(b), it
follows that

u (i) > V.(i, )
so that, as i and & were arbitrary, we conclude that u* > V.
Combining (i) with (ii) yields that u* = V¥, and thus we have V} = HV.

Finally, it follows from V; = HV} and the measurable selection theorem that
there exists an f* € IF such that V, = H/ ' V. This fact together with part (a) implies

that Vi = v 0
Remark 11.3.9. Note that Lemma 11.3.2 also holds for the case of the expected first
passage cost V. accordingly.

Note that F can be written as the product space F = [],czA(i). Hence, by
Assumption 11.2.4(a) and Tychonoff’s theorem, [ is a compact metric space.

Lemma 11.3.3. Suppose that Assumptions 11.2.1-11.2.4 and 11.2.5(a) hold. Then
the functions V(U f) and V.(U, f) are continuous in f € F.

Proof. We only prove the continuity of V,.(u, f) in f € IF because the other case is
similar. Let f, — f as n — oo and fix any i € E. Let v(i) := limsup,_,., V- (i, f).
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Then, by Theorem 4.4 in [1], there exists a subsequence {V,(i, f,,,)} (depending on
i) of {V,(i, fn)} such that V,(i, f,, ) — v(i) as m — . Then, by Lemma 11.3.1(a),
we have V,(j, f,,,) € [-Mw(j)/(1 = B),Mw(j)/(1—B)] forall j € E and m > 1,
and so V,(-, fy,) is in the product space [T;cg[-Mw(j)/(1 —B),Mw(j)/(1 —B)]
for each m > 1. Since E is denumerable, the Tychonoff theorem shows that
the space [;cp[~Mw(j)/(1 — B),Mw(j)/(1 — B)] is compact, and thus there
exists a subsequence {V,(-,fy,)} of {V,(-,fn,)} converging to some point u in

jee[=Mw(j)/(1 = B),Mw(j)/(1 = B)], that is, limy .. V(j, f,) = u(j) for all
Jj € E, which, together with f, — f and lim,—.. V,.(i, f4,,) = v(i), implies that
v(i) = u(i), klim Ve(Js fun) = u(j), andI}im fu(J) = f(j), forall jeE. (11.18)
—yoo oo
Moreover, by Lemma 11.3.1(a), we have

(i)l <Mw(j)/(1=B), foralljecE, (11.19)

which implies that u € B,,(E).
On the other hand, for k > 1 and the given i € B¢, by Lemma 11.3.2(a), we have

Vr(i,fnk) :7(lvfnk)+ 2 Vr(],fnk)m(J | ivfnk)' (1120)

JjeB*

Then, under Assumptions 11.2.3 and 11.2.4, from (11.18)—(11.20) and Lemma 8.3.7
(i.e., the Generalized Dominated Convergence Theorem) in [11], we get

N+ D uli)mGlif (11.21)

JjEB*

Thus, by Lemma 11.3.2(a) and (11.18), we conclude that

limsupV,(i, fn) = v(i) = u(i) = V;(i, ). (11.22)

n—soo

Similarly, we can prove that
liminfV,(i, f,) = V,.(i, f),
n—soo
which together with (11.22) implies that

limsupV;,(i, f) = liniianr(i,fn) =V.(i,f),
Nn—soo

n—se0

and so

lim V, (i, ;) = Vi (i, f).- (11.23)

n—soo
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Moreover, noting that V,.(i, f,) = V,(i, f) = 0 for every i € B and n > 0, it follows
from Assumption 11.2.5(a) and Lemma 8.3.7 in [11] again that

lim Vi (u, fu) = ,}ggZ = lim EZB
= hmV =Y Vi( Vi(u,f), (11.24)
iee " i€B¢
which gives the stated result: V,.(u, f,,) = Vi(U, f), as n — oo, a

To analyze the constrained control problem (recall Definition 11.2.3), we intro-
duce a Lagrange multiplier A > 0 as follows. For each i € E and a € A(i), let

b (i,a) == r(i,a) — Ac(i,a). (11.25)

Furthermore, for each policy # € Il and i € E, let

T it
V(i) == E,.”{ / * e laZW Wk (70 w(e)de|,  (11.26)
0
Vi (1, ) := Y Vip (G, 0K (), (11.27)
JEE
Vo (i) := sup Vy, (i, ),V (1) := sup Vju (U, T0). (11.28)
nell nell

Remark 11.3.10. Notice that, for each i € B, V1 (i, w) = 0. Therefore, we have

V() = Y Vu(imuli), Vi)=Y

jeBC jEBC
Under Assumptions 11.2.1-11.2.4, by Lemma 11.3.2(b), we have

0, fori e B,

(=9 sup [bz(, a)+ 3 Vo (j)m (j|i,a)},fori€BC,
acA(i) jeBe

(11.29)

where ;i(i,a) = b (i,a) [5e % (1 - D(t | i,a))dt. Moreover, for each i € E, the
maximum in (11.29) is realized by some a € A(i), that is,

A(i), fori € B,
A= { € AG) |V, (1) = B (1:a) + S Vs (i m)}? fori € B
(11.30)

is nonempty. In other words, the following sets
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F3 = {feIF|f(i)eAj{(i)Vi€E} (11.31)
and
o* :_{<pe<p|<p(A;(i)|i)_1VieE} (11.32)
are nonempty.
Next lemma reveals that ®* is convex.

Lemma 11.3.4. Under Assumptions 11.2.1-11.2.4, the set @* is convex.
Proof. For each @, ¢, € ®*, and p € [0, 1], let

@ (-[i):=ppi(- | 1)+ (1 =p)ea(- | i), Vi€EE. (11.33)
Hence, ¢@”(A; (i) | i) = pe1(A5 (i) | i) + (1 — p)@2(A3 (i) | i) = 1, and so * is
convex. O

Notation. For each A > 0, we take an arbitrary, but fixed policy f)L IS ]F;‘L,
and denote V,(i,f*), Ve(u,f*), and V,,(u, f*) by Vi(1), Ve(1), and V4(1),
respectively. By Lemma 11.3.2, we have that V,; (i, f) = V)5, (i) for all i € E and

f € ;. Hence, Vy(A) = Vju (1, /1) = Vi (1)

Lemma 11.3.5. If Assumptions 11.2.3-11.2.4 and 11.2.5(a) hold, then V(1) is
nonincreasing in A € [0,).

Proof. By (11.5), (11.6), and (11.25)—(11.26) for each & € I1, we obtain
Vir (U, ) = Ve(u,m) — AVe(u, ) VA > 0.

Moreover, noting that V(1) =V, (u, f*) = V(1) forall A > 0 and freF:, we
have, for any 4 > 0,

—hVe(A) = Vi (it f4) = Vi (2)
< Vp(A +h) = Vy(4)
< VoA + 1) = Vi (u f4H) = ~hVe(A + ),
which gives that
—hVe(A) < —hVe(A +h).
Hence, V(1) is nonincreasing in A € [0, o). O
Lemma 11.3.6. Suppose that Assumptions 11.2.1-11.2.4 hold. If/}gll M= A, and

fH e F% s such that lim f* = f, then f € F*.
Ak e 2
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Proof. Since flk IS ij, foreach i € B¢ and w € I1, we have

b*}”k (l) = Vr(imflk) - )’kVC(imfAk) > Vb’lk (l7 7'5) = Vr(i,ﬂ) - )’kVC(ian)' (1134)
Letting k — oo in (11.34) and by Lemma 11.3.3, we obtain
Vi (i, f) >V (i,m) Vie B¢ and well,

which together with the fact that A; (i) = A(i) for each i € B implies that f € F}. O
Under Assumptions 11.2.1-11.2.4 and 11.2.5(a), it follows from Lemma 11.3.5
that the following nonnegative constant

A:=inf{A>0|V.(1) <7} (11.35)

is well defined.

Lemma 11.3.7. Suppose that Assumptions 11.2.1-11.2.5 hold. Then the constant
A in (11.35) is finite, that is, A € [0,0).

Proof. Suppose that A = oo, By Assumption 11.2.5(b), there exists a policy ' € T1
such that V,.(u,7') < v. Letd := y—V,.(u,7’) > 0. Then, for any A > 0, we have

Vi (u, ') =Vo(u, ') = AVe(u,n') =V (u,n') = A(y—d).  (11.36)

As A = oo, by (11.35) and Lemma 11.3.5, we obtain Ve(A) > y for all A >
0. Therefore, Vy(A) = Vy(A) — AV¢(A) < Vi(A) — Ay. Since V(1) = V3 (1) =

Vi (1, '), from (11.36), we have
Vi(A) = Ay>Vp(A) >V (u,7') =V (u, ') — A(y—d) YA >0, (11.37)
which gives
Vo(A) >V (u, ')+ Ad VA > 0. (11.38)

On the other hand, by Lemma 11.3.1 and Assumption 11.2.5(a), we have

max { |V, (), [V, ()|} <M [ 3 w(i)u()] /(1= B) =M <o (1139)

JEBC
for all A > 0. The latter inequality together with (11.38) gives that
2M > Ad VA >0, (11.40)

which is clearly a contradiction; for instance, take A = M /d > 0. Hence, A is
finite. O
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11.4 Proof of Theorem 11.2.1

In this section, we prove Theorem 11.2.1 by using the Lagrange approach and the
following lemma.

Lemma 11.4.8. If there exist Ay > 0 and ©* € U such that

Ve(l,m%) =y and Vo (1, 707) = Vi (1),

then m* is constrained optimal.

Proof. Forany it € U, since V, (1, n") = Voo () >V, (1, ), we have

Ve (i, ) — AVe (U, ™) > Vo(u, ) — AoVe(u, ). (11.41)
Noting that V. (u,7*) = yand V.(u, ) <y (by m € U), from (11.41), we get

Vr(uvn*) 2 Vr(uvn) +)‘0(}/—V6(u775)> 2 Vr(uvn) vreU,

which means that 7* is constrained optimal. O

Proof of Theorem 11.2.1. By Lemma 11.3.7, the constant A €[0,00). Thus, we shall
consider the two cases: A =0 and A > 0.
The case of 1 = 0: By (11.35), there exists a sequence f* € Fik such that A | 0

as k — oo. Because I is compact, we may assume that f% — f without loss of
generality. Thus, by Lemma 11.3.5, we have VC(,u,flk) < yfor all k > 1, and then
it follows from Lemma 11.3.3 that f € U. Moreover, for each mw € U, we have that
V(&) =V, (w, ) > V3 (1, ). Hence, by Lemma 11.3.1(a) and (11.39),

Vo, ) = Ve, 70) > MV, f5) = Ve, )] > —24M. (11.42)
Letting k — oo in (11.42), by Lemma 11.3.3, we have
Vi (u,f)=V.(u,m) >0Vr €U,

which means that f is a constrained optimal stationary policy.

The case of 1 > 0: First, if there is some A’ € (0,c0) satisfying V.(A') = 7, then
there exist an associated f*' € IF%, such that V(1) = Vo(u, f*') =y, and b*fV (u) =
Vi (U, f”). Thus, by Lemma 11.4.8, f 2" is a constrained optimal stationary policy.

Now, suppose that V.(4) # yforall A € (0,). Then, as Aisin (0,00), there exist
two nonnegative sequences {A; } and {8} such that A; 1 A and & | A, respectively.
Since F is compact, we may take f* € ]F;‘Lk and f% ng such that f* — f! € F and

f% — f% € F, without loss of generality. By Lemma 11.3.6, we have that f!, f2 €
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F~. By Lemmas 11.3.3 and 11.3.4, we obtain that Ve(u, f') > v and Ve(u, f?) < 7.
If V.(u,f") =y Cor Ve(u,f?) = ), by Lemma 11.4.8, we have that f' (or f?)
is a constrained optimal stationary policy. Hence, to complete the proof, we shall
consider the following case:

Ve(u, ') >y and V.(u,f?) <7v. (11.43)

Now using f! and f2, we construct a sequence of stationary policies {f,} as
follows. Foreachn > 1 and i € E, let

N[N, ifi<n
fld) = {ﬂ(i), if i>n,

where, without loss of generality, the denumerable state space is assumed to be
the set {1,2,...}. Obviously, fi = fZ and lim f, = f'. Hence, by Lemma 11.3.3,
n—yoo

liﬁm Ve(u, fu) = Ve(u, f1). Since f', f* € IF% (just mentioned), by (11.31), we see
n—soco0

that f, € IF;‘T for all n > 1. As fi = f2, by (11.43), we have V.(u,f1) < 7. If
there exists n* such that V,.(u, f,+) = ¥, then by Lemma 11.4.8 and f, € B2 S
a constrained optimal stationary policy. Thus, in the remainder of this section,
we may assume that V.(U,f,) # v for all n > 1. If V.(u,f,) <y for all n > 1,
}grgovc(u,fn) =V,(u,f") <y, whichis a contradiction to (11.43). Thus, there exists
some n > 1 such that V.(u, f,,) > ¥, which together with V,(u, f1) < y gives the
existence of some 7i such that

Ve(u, fi) <7y and Vo(u,fit1) > 7. (11.44)

Obviously, the stationary policies f; and f;; 1 differ in at most the state 7i. Here, it
should be pointed out that 7 must be in B¢. Indeed, if 7i € B, we have V.(7, f;) =
Ve(7i, fir1) = 0, which implies that V.(u, fi) = Ve(W, fr+1) and thus leads to a
contradiction to (11.44).

For any p € [0,1], using the stationary policies f; and f;;1, we construct a
randomized stationary policy ¢” as follows. For each i € E,

p, if a= f;(ii) wheni =7,
@"(ali)=1{ 1—p,if a= f5,1(i) when i =7, (11.45)
1, if a= fz(i) wheni # 7.

Since f;, fi+1 € F5, by Lemma 11.3.4, we have V z(u,9”) = V;,*I(“) for all

p € [0,1]. We also have that V.(u, ) is continuous in p € [0,1]. Indeed, for any
p € [0,1] and any sequence {p,} in [0, 1] such that lgll Pm = D, as in the proof of
n—soo

Lemma 11.3.2, we have
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Ve(i,oPm)y = @P(ali)|cli,a)+ Y, Ve(j,@"")m(j | i,a)| Vi€ BS. (11.46)
acA(i) jeBe

Hence, as in the proof of Lemma 11.3.3, from (11.45) and (11.46), we obtain
lim Ve (u, 9™") = Ve(1t, "),
n—soo

and so V,(u, @P) is continuous in p € [0, 1].

Finally, let po = 0 and p; = 1. Then, V.(u,@?) = V.(U,f7+1) > Y and
Ve(u, @P') = V. (U, fz) < y. Therefore, by the continuity of V,(u, (p”) in p € [0,1]
there exists a p* € (0,1) such that V,(u, ¢?") = y. Since V, A(.u or) = (/,L) by

Lemma 11.4.8, we have that 7" is a constrained optimal stationary pohcy, which
randomizes between the two stationary policies f; and f;1 that differ in at most the
state 71 € BC. o
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