Chapter 10
A Survey of Some Model-Based Methods

for Global Optimization

Jiagiao Hu, Yongqiang Wang, Enlu Zhou, Michael C. Fu,
and Steven I. Marcus

10.1 Introduction

Global optimization aims at characterizing and computing global optimal solutions
to problems with nonconvex, multimodal, or badly scaled objective functions; it
has applications in many areas of engineering and science. In general, due to the
absence of structural information and the presence of many local extrema, global
optimization problems are extremely difficult to solve exactly. There are many
different types of methods in the literature on global optimization, which can be
categorized based on different criteria. For instance, they can be classified either
based on the properties of problems to be solved (combinatorial or continuous,
nonlinear, linear, convex, etc.) or by the properties of algorithms that search
for new candidate solutions such as deterministic or random search algorithms.
Random search algorithms can further be classified as instance-based or model-
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based algorithms according to the mechanism of generating new candidate solutions
[46].

Instance-based algorithms maintain a single solution or population of candidate
solutions, and the construction of new generate of candidate solutions depends
explicitly on the previously generated solutions. Some well-known instance-based
algorithms include simulated annealing [25], genetic algorithms [16,36], tabu search
[15], nested partitions [35], generalized hill climbing [22, 23], and evolutionary
programming [12]. Model-based search algorithms are a class of new solution
techniques and were introduced only in recent years [18,27,32-34,42]. In model-
based algorithms, new solutions are generated via an intermediate probabilistic
model that is updated or induced from the previously generated solutions. Thus,
there is only an implicit/indirect dependency among the solutions generated at
successive iterations of the algorithm. Specific model-based algorithms include
annealing adaptive search (AAS) [31, 41], the cross-entropy (CE) method [32—
34], and estimation of distribution algorithms (EDAs) [27, 42]. Instance-based
algorithms have been extensively studied in past decades. After briefly reviewing
some model-based algorithms, this chapter focuses on several model-based methods
that have been developed recently.

10.2 Global Optimization and Previous Work

10.2.1 Problem Statement

In many engineering design and optimization applications, we are concerned with
finding parameter values that achieve the optimum of an objective function. Such
problems can be mathematically stated in the generic form:

x* € argmax H (x), (10.1)
xeX
where x is a vector of n decision variables, the solution space X is a nonempty
(often compact) subset of R", and the objective function H : X — R is a bounded
deterministic function.

Throughout this chapter, we assume that there exists a global optimal solution
to (10.1), i.e., 3x* € X such that H(x) < H(x*) Vx # x*, x € X. In practice,
this assumption can be justified under fairly general conditions. For example, for
continuous optimization problems with compact solution spaces, the existence of
an x* is guaranteed by the well-known Weierstrass theorem, whereas in discrete
optimization, the assumption holds trivially when X is a (nonempty) finite set.
Note that no further structural assumptions, such as convexity or differentiability,
are imposed on the objective function, and there may exist many locally optimal
solutions. In other words, our focus is on general global optimization problems with
little known structure. This setting arises in many complex systems of interest, e.g.,
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when the explicit form of H is not readily available and the objective function values
can only be assessed via “black-box” evaluations.

10.2.2 Previous Work on Random Search Methods

In this section, we review a class of global optimization algorithms collectively
known as random search methods. A random search method usually refers to an
algorithm that is iterative in nature, and uses some sort of randomized mechanism
to generate a sequence of iterates, e.g., candidate solutions or probabilistic models,
in order to successively approximate the optimal solution. What type of iterates
an algorithm produces and how these iterates are generated are what differentiates
approaches. A major advantage of stochastic search methods is that they are robust
and easy to implement, because they typically only rely on the objective function
values rather than structural information such as convexity and differentiability. This
feature makes these algorithms especially prominent in optimization of complex
systems with little structure.

From an algorithmic point of view, a random search algorithm can further be
classified as being either instance-based or model-based [46]. In instanced-based
algorithms, an iterate comprises a single or a set/population of candidate solution(s),
and the construction of new candidate solutions depends explicitly on previously
generated solutions. Such algorithms can be represented abstractly by the following
framework:

1. Given a set/population of candidate solutions ¥®) (which might be a singleton
set), generate a set of new candidate solutions X*) according to a specified
random mechanism.

2. Update the current population Y based on population ¥*¥) and candidate
solutions in X ®); increase the iteration counter k by 1 and reiterate from Step 1.

(k+1)

Thus the two major steps in an instance-based algorithm are the generation step
that produces a set of candidate solutions, and the selection/update step that
determines whether a newly generated solution in X ¥) should be included in the next
generation. Over the past few decades, a significant amount of research effort has
been centered around instance-based methods, with numerous algorithms proposed
in the literature and their behaviors relatively well studied and understood. Some
well-known examples include simulated annealing [25], genetic algorithms [16,36],
tabu search [15], nested partitions [35], generalized hill climbing [22, 23], and
evolutionary programming [12].

We focus on model-based methods, which differ from instance-based approaches
in that candidate solutions are generated at each iteration by sampling from an
intermediate probability distribution model over the solution space. The idea is to
iteratively modify the distribution model based on the sampled solutions to bias
the future search toward regions containing high-quality solutions. In its most basic
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from, a model-based algorithm typically consists of the following two steps: let g
be a probability distribution on X at the kth iteration of an algorithm:

1. Randomly generate a set/population of candidate solutions X ¥) from gi.
2. Update g; based on the sampled solutions in X *¥) to obtain a new distribution
8r+1; increase k by 1 and reiterate from step 1.

The underlying idea is to construct a sequence of iterates (probability distributions)
{gx} with the hope that g — g* as k — e, where g* is a limiting distribution
that assigns most of its probability mass to the set of optimal solutions. So it is
the probability distribution (as opposed to candidate solutions as in instance-based
algorithms) that is propagated from one iteration to the next.

Clearly, the two key questions one needs to address in a model-based algorithm
are how to generate samples from a given distribution g; and how to construct the
distribution sequence {g;}. In order to address these questions, we provide brief
descriptions of three model-based algorithms: annealing adaptive search (AAS)
[31, 41], the cross-entropy (CE) method [32-34], and estimation of distribution
algorithms (EDAs) [27,42].

The annealing adaptive search algorithm was originally introduced in Romeijn
and Smith [18] as a means to understand the behavior of simulated annealing.
The algorithm generates candidate solutions by sampling from a sequence of
Boltzmann distributions parameterized by time-dependent temperatures. As the
temperature decreases to zero, the sequence of Boltzmann distributions becomes
more concentrated on the set of optimal solutions, so that a solution sampled at
later iterations will be close to the global optimum with high probability. For the
class of Lipschitz optimization problems, it is shown that the expected number
of iterations required by AAS to achieve a given level of precision increases at
most linearly in the problem dimension [31, 41]. However, the idealized AAS is
not intended to be a practically useful algorithm, because the problem of sampling
exactly from a given Boltzmann distribution is known to be extremely difficult. This
implementation issue has motivated a number of algorithms that approximate AAS,
where a primary focus has been on the design and refinement of Markov chain-based
sampling techniques embedded within the AAS framework [40,41].

The CE method was motivated by an adaptive algorithm for estimating proba-
bilities of rare events in complex stochastic networks [32], which involves variance
minimization. It was later realized [33] that the method can be modified to solve
combinatorial and continuous optimization problems. The CE method uses a family
of parameterized probability distributions on the solution space and tries to find
the parameter of the distribution that assigns maximum probability to the set of
optimal solutions. Implicit in CE is an optimal importance sampling distribution
concentrated only on the set of optimal solutions. The key idea is to use an
iterative scheme to successively estimate the optimal parameter that minimizes the
Kullback-Leibler (KL) divergence between the optimal distribution and the family
of parameterized distributions. Although there have been extensive developments
regarding implementation and successful practical applications of CE (see [34]),
the literature analyzing the convergence properties of the CE method is relatively
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sparse, with most of the existing results limited to specific settings (see, e.g., [17]
for a convergence proof of a variational version of CE in the context of estimation
of rare event probabilities, and [7] for probability one convergence proofs of CE for
discrete optimization problems). General convergence and asymptotic rate results
for CE were recently obtained in [21] by relating the algorithm to recursions of
stochastic approximation type (see Sect. 10.6).

EDAs were first introduced in the field of evolutionary computation. They inherit
the spirit of the well-known genetic algorithms (GAs), but eliminate the crossover
and mutation operators to avoid the disruption of partial solutions. In EDAs, a new
population of candidate solutions are generated according to the probability distri-
bution induced or estimated from the promising solutions selected from the previous
generation. Unlike CE, EDAs often take into account the interrelations between the
underlying decision variables needed to represent the individual candidate solutions.
At each iteration of the algorithm, a high-dimensional probabilistic model that better
represents the interdependencies between the decision variables is induced; this step
constitutes the most crucial and difficult part of the method. We refer the reader to
[27] for a review of the way in which different probabilistic models are used as
EDA instantiations. A proof of convergence of a class of EDAs, under the idealized
infinite population assumption, can be found in [42].

There are many other model-based algorithms proposed for global optimization.
Some interesting examples include ant colony optimization (ACO) [9], probability
collectives (PCs) [39], and particle swarm optimization (PSO) [24]. We do not
provide a comprehensive description of all of them, but instead present some re-
cently developed frameworks and approaches that allow us to view these algorithms
in a unified setting. These approaches, including model reference adaptive search
(MRAS) [18], the particle-filtering (PF) approach [43], the evolutionary games
approach [38], and the stochastic approximation gradient approach [20, 21], will
be discussed in detail in the following sections.

10.3 Model Reference Adaptive Search

As we have seen from Sect. 10.2, model-based algorithms differ from each other
in the choices of the distribution sequence {g;}. Examples of the {g;} sequence
include (a) Boltzmann distributions, used in AAS; (b) optimal importance sampling
measure, primarily used in the CE method; and (c) proportional selection schemes,
used in EDAs, ACOs, and PCs.

However, in all the above cases, the construction of g; often depends on the
objective function H, whose explicit form may not be available. In addition, since
gr may not have any special structure, sampling exactly from the distribution is in
general intractable. To address these computational challenges arising in model-
based methods, we have formalized in [18] a general approach called model
reference adaptive search (MRAS), where the basic idea is to use a convenient
parametric distribution as a surrogate to approximate g; and then sample candidate
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solutions from the surrogate distribution. More specifically, the method starts by
specifying a family of parameterized distributions {fg, 6 € O} (with © being
the parameter space) and then projects g; onto the family to obtain a sampling
distribution fg , where the projection is implemented at each iteration by finding an
optimal parameter 6; that minimizes the Kullback-Leibler (KL) divergence between
g1 and the parameterized family [34], i.e.,

O = arg mm@(gk,fe = argmin (/ In
6cO

)). (10.2)

The idea is that the parameterized family is spemﬁed with some structure (e.g.,
family of normal distributions parameterized by means and variances) so that once
its parameter is specified, sampling from the corresponding distribution can be
performed relatively easily and efficiently. Another advantage is that the task of
constructing the entire surrogate distribution now simplifies to the task of finding its
associated parameters. Roughly speaking, each sampling distribution fy, obtained
via (10.2) can be viewed as a compact approximation of gz, and consequently
the entire sequence {fp } may (hopefully) retain some nice properties of the
distribution sequence {g }. Thus, to ensure the convergence of the MRAS method,
it is intuitively clear that the sequence {g;} should be chosen in a way so that it
can be shown to converge to a limiting distribution concentrated only on the set of
optimal solutions. Since the distribution gy is primarily used to guide the parameter
updating process and to express the desired properties of the MRAS method, it is
called the reference distribution.
We now provide a summary of the MRAS method:

0. Select a sequence of reference distributions {gx} with desired convergence
properties and choose a parameterized family {fp }.

1. Given 6, sample N candidate solutions Xkl, el ,X,ﬁv from fp, .

2. Update the parameter ;| by minimizing the KL divergence

Ok+1 = argmin Z(gx+1, fo);
0
increase k by 1 and reiterate from step 1.

Note that the algorithm above assumes that the expectation/integral involved in the
KL divergence (cf. (10.2)) can be evaluated exactly. In practice, it is often estimated
by an empirical average based on samples obtained at step 1.

The MRAS framework accommodates many algorithms aforementioned in
Sect. 10.2. For example, when Boltzmann distributions are used as reference mod-
els, the resulting algorithm becomes AAS with an additional projection step. The
algorithm instantiation considered in [18] uses the following recursive procedure to
construct the g; sequence:

H (x) gk (x)

81 () = ) geld)” (103
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where go(x) is a given initial distribution on X and we have assumed for simplicity
that H (x) > 0 for all x € X to prevent negative probabilities. This form of reference
distributions has also been used in a class of EDAs with proportional selection
schemes. It weights the new distribution g; | by the value of the objective function
H (x), so that each iteration of (10.3) improves the expected performance in the sense
that

2
Eg.\[H /H X)8k+1(dx) = j};H ((x)> ((dx)) > Eq [H(X)],

so solutions with better performance are given more probability under gi, . This
results in a {g;} sequence that converges to a degenerate distribution at the optimal
solution. Furthermore, it is shown in [18] that the CE method can also be recovered
by replacing g in the right-hand side of (10.3) with fg, . In other words, there is a
sequence of reference distributions implicit in CE that takes the form

g (x) = H(x) fg,(x) '
" Jx H(x)fo,(dx)

Since g1 in (10.4) is obtained by tilting the sampling distribution fg with the
objective function H, it improves the expected performance of fg, , i.e.,

(10.4)

2x
) = BB LI | 1) (00) = 100

E
fx x)fek

8k+1

Therefore, it is reasonable to expect that the projection of g; | on the parameterized
family, fp,, , also improves fq, i.e., Eq,,,[H(X)] > Eq,[H(X)]. This view of CE
leads to an important monotonicity property of the method, generalizing that of
[34], which is only proved for the one-dimensional case.

10.3.1 Convergence Result

For the family of natural exponential distributions (NEFs), the optimization problem
involved at step 2 of the MRAS method can be solved analytically in closed form,
which makes the approach very convenient to implement in practice. We recall the
definition of NEFs.

Definition 10.3.1. A parameterized family {fp,0 € ©® C R’} is said to belong
to the natural exponential family if there exist mappings I' : R" — R¢ and
K : R? — R such that each fy in the family can be represented in the form
fo(x) =exp (67T (x) — K(6)), where K(6) is a normalization constant given by
K(6)=1In [xexp(67 T (x))dx.
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The function K(6) plays an important role in the theory of NEFs. It is strictly
convex in the interior of © with gradient VoK (6) = Eg[I"(X)] and Hessian matrix
Covg[I'(X)]. We define the mean vector function

m(6) := Eg[I"(X)].

Since the Jacobian of m(6) is strictly positive definite, we have from the inverse
function theorem that m(0) is a one-to-one invertible function of 6. Generally
speaking, m(0) can be viewed as a transformed version of the sufficient statistic
I'(x), whose value contains all necessary information to estimate the parameter
6. For example, for the univariate normal distribution N(u,0?) with mean u
and variance 2, it can be seen that I'(x) = (x,x?)" and 6 = (£, —55)". Thus,
m(8) = Eg[I"(X)] becomes (i, 02+ u?)", which can be uniquely solved for y and
o2 given the value of m(9).

When NEFs are used as the parameterized family, we have the following
convergence theorem for the instantiation of MRAS considered in [18].

Theorem 10.3.1. When {g,} in (10.3) are used as reference distributions in MRAS,
let {6} be the sequence of parameters generated by the algorithm based on the
sampled candidate solutions. Under appropriate assumptions (see [18]),

lim m(6;) = I'(x*) w.p.1.
k—roo

The interpretation of Theorem 10.3.1 relies on the parameterized family used in
MRAS and, in particular, on the specific form of the sufficient statistic I"(x). We
consider two special cases of Theorem 10.3.1. (a) In continuous optimization when
multivariate normal distributions with mean vector ¢ and covariance matrix X are
used as the parameterized family, then it is easy to show that Theorem 10.3.1
implies limg_ .ty = x* and limy_,.. X = 0%, w.p.1, where 0, represents an
n-by-n zero matrix. In other words, the sequence of sampling distributions { fg, }
will converge to a delta distribution with all probability mass concentrated on x*. (b)
For a discrete optimization problem with feasible domain X that contains / distinct
values denoted by x1,...,X;, the parameterized family can be specified in terms of
an [-by-1 probability vector Q, whose ith entry g; represents the probability that a
(random) solution will take the ith value x;. A probability mass function on X, when
parameterized by Q, can thus be expressed as

Tt o
fe(x) :qu .—¢@ (X)7
i=1
where {-} is the indicator function, 8 = [Ingi,...,Ing;)", and the sufficient
statistic I'(x) = [I{x = x1},...,I{x = x;}]7. Therefore, a simple application of
Theorem 10.3.1 yields

l
lim Y TT(¢)" = H{x=x;} = 1{x" =x;} Vjw.p.1,

koo fX i1
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where q{? is the ith entry of the probability vector Q; obtained at the kth iteration
of the algorithm. This in turn implies that limy_,.. qf.‘ =I{x* =x;} w.p.1., i.e., the
sequence of Oy will convergence to a degenerate probability vector assigning unit
mass to x*.

We remark that Theorem 10.3.1 does not address the convergence rate of the
algorithm. Moreover, the proof techniques used in [18] cannot be directly carried
over to analyze other algorithms such as CE, due to the dependency of g; on the
parameterized family (cf. (10.4)). In Sect. 10.6, we show that with some appropriate
modifications of the MRAS method, we can arrive at a general framework linking
model-based methods to recursive algorithms of stochastic approximation type,
which makes the convergence and convergence rate analysis of these algorithms
more tractable.

10.4 Particle-Filtering Approach

Filtering refers to the estimation of an unobserved state in a dynamical system based
on noisy observations that arrive sequentially in time (c.f. [8] for an introduction).
The idea behind the particle-filtering approach is to transform the optimization
problem into a filtering problem. Using a novel interpretation, the distribution
sequence {g;} in model-based optimization corresponds to the sequence of condi-
tional distributions of the unobserved state given the observation history in filtering,
and hence, {g;} is updated from a Bayesian perspective. A class of simulation-
based filtering techniques called particle filtering can then be employed to sample
from {g;}, leading to a framework for model-based optimization algorithms.

More specifically, the optimization problem (10.1) can be transformed into
a filtering problem by choosing an appropriate state-space model, such as the
following:

Xe=X 1, k=1,2,...,
Yo =HX) - Vi, k=1,2,..., (10.5)

where X € R" is the unobserved state, ¥; € R is the observation, and {Vj,k =
1,2,...} is an i.i.d. sequence of nonnegative random variables that have a p.d.f. @.
A prior distribution on Xy is denoted by go. The goal of filtering is to compute
the conditional density g; of the unobserved state X given the past observations
{Y1=y1,...,Yx =y} fork=1,2,.... Let & denote the o-field of Borel sets of R".
Then the conditional density g satisfies

P(X; €AY = yi4) = /Agk(x)dx, VA e 7,
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where Y1, = {Y1,..., Y}, and y1, = {y1, ...,y }. Using Bayes rule, the evolution of
gk (x) can be derived as follows:

gk(x) = p(x[yox—1,Yx)

_ pOxX)p(x[yor—1)
POkyox-1)

__9(HX) —yi)gr-1(x)
Jo(H (x) = yi)gr—1(x)dx’

where the last line uses the density functions induced by (10.5).

The intuition of (10.5) and (10.6) and their connection with optimization can
be explained as follows: the unobserved state {X;} is constant with the underlying
value being the optimum x*, which needs to be estimated; the observations {y}
are noisy observations of the optimal function value H(x*) and come from the
sample function values in an optimization algorithm; the conditional density g is
a density estimate of the optimum x* at iteration k based on the sample function
values {yi,...,yc}. Equation (10.6) implies that g; is tuned the more promising
area where H (x) is greater than yy since @(H (x) — y¢) is positive if H(x) > y; and
is zero otherwise. Hence, randomization in the optimization algorithm is brought
in by the randomness of V4, and the choice of the p.d.f. of Vi, ¢, results in
different sample selection or weighting schemes in the algorithm. In order to ensure
the resultant optimization algorithm monotonically approaches the optimum, the
following general condition (C) on ¢ is imposed:

(10.6)

(C) The p.d.f. o(-) is positive, strictly increasing, and continuous on its support
[0,2).

It is shown in [45] that if ¢ satisfies the condition, then for an arbitrary,
fixed observation sequence {yi,y2,...}, the estimate of the function value is
monotonically increasing, i.e.,

E

8k+1

[H(X)] > Eg, [H(X)].

Hence, it has the same monotonicity property as MRAS and CE. Furthermore, the
estimate of the optimal function value asymptotically converges to the true optimal
function value as stated in the following theorem that is also shown in [45].

Theorem 10.4.2. Suppose the following conditions hold:

(i) For all H(x) < H(x"), the set {z € X : H(z) > H(x)} has strictly positive
measure with respect to the initial sampling distribution, i.e., |, (Z€X:H(2)=H(x)}
go(x)dx > 0.

(ii) There is a unique optimum x*, and H (x) is continuous at x*.

(iii) @ satisfies the condition (C).

Then for an arbitrary, fixed observation sequence {y1,y>,...},

lim Eg, [H(X)] = H(x").

k—yoo
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The conditions (i) and (ii) ensure that any neighborhood of the optimum always has
a positive probability to be sampled. The result implies that the samples drawn from
g in the limit will be concentrated on the optimum.

10.4.1 Algorithms

The distribution sequence {g;} in general does not have a closed-form solution.
Various numerical filtering methods (cf. [5] for a recent survey) are available to
numerically approximate { g }. However, the most akin to model-based optimization
algorithms is the particle-filtering technique, which is a more recent class of approx-
imate filtering methods based on Sequential Monte Carlo (SMC) simulation (cf. the
tutorial [1] and the more recent tutorial [11] for a quick reference and the book [10]
for a more comprehensive account). Despite its abundant successful applications in
many areas, particle filtering has rarely been explored in optimization.

The basic particle filter is a sequential importance sampling resampling algo-
rithm, each iteration of which is composed of an importance sampling step to
propagate the particles (i.e., samples) from the previous iteration to the current, a
Bayes updating step to update the weights of the particles, and a resampling step
to generate new particles in order to prevent sample degeneracy. Applying it to
the distribution sequence {g;} specified in (10.6) leads to the particle filtering for
optimization (PFO) framework as follows:

0. Initialization. Specify go, and draw i.i.d. samples {X{}f\l | from go. Set k= 1.
1. Bayes updating. Take y; to be a sample function value H(X}) according to a
certain rule. Compute the weight w) for sample X; according to

W;( o< (p(H(XIi) _yk)’i: 1727"'7Nk7

and normalize the weights such that they sum up to 1.

2. Resampling. Generate i.i.d. samples {X} H}?ﬁf from the weighted samples
{wf(,X,ﬁ}f&l using regularized method, density projection method, or resample-
move method.

3. Stopping. If a stopping criterion is satisfied, then stop; else, increase k by 1 and
reiterate from step 1.

Note that the simple method of sampling with replacement cannot be used in
the resampling step since it does not generate new values for the samples and
hence does not explore new candidate solutions for the purpose of optimization.
Several other known resampling methods can be used to generate new candidate
solutions and can also be easily implemented, including the regularized method
[28], the density projection method [44], and the resample-move method [13]. The
regularized method draws new i.i.d. samples from a continuous mixture distribution,
where each continuous kernel of the mixture distribution is centered at each sample
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X/ and the weight of that kernel is equal to the probability mass wi of X{. The density
projection method resembles MRAS and CE in finding a parameterized density fg,
by minimizing the KL divergence between the discrete distribution {W}C,X,é} and the
parameterized family. The resample-move method applies a Markov chain Monte
Carlo (MCMC) step to move the particles after they are generated by sampling with
replacement. Depending on the resampling methods, the convergence properties of
the different instantiations of PFO are also slightly different, but all readily follow
from the existing convergence results of the corresponding particle filters in the
literature [6, 14,44] under suitable assumptions.

We end this section with a final remark that the PFO framework provides a
new perspective on CE and MRAS. We will use the truncated selection scheme
for sample selection as an illustration. Suppose that the objective function H (x) is
bounded by H; < H(x) < H,. In the state-space model (10.5), let the observation
noise Vj follow a uniform distribution U (0,H, — H)), and then ¢, the p.d.f. of V,
satisfies

1 .
+—,1f0<u<H,—Hj;
= memp U= =T 10.7
o) {0, otherwise. ( )

Since yj is a sample function value, the inequality H(x) — y;, < H, — H; holds with
probability 1, so substituting (10.7) into (10.6) yields

_ HH® > w)ge1(v)
JHH(x) > yi}gr (x)dx’

The standard CE method can be viewed as PFO with the above choice of distribution
sequence {gx} and the density projection method for resampling, so the samples
{X,é} are generated from fg | and the weights of the samples are computed
according to wi o< I{H (X{) > y;}. However, the approximation of gx_ by fg, |,
introduces an approximation error, which is accumulated to the next iteration. This
approximation error can be corrected by taking fg_, as an importance density and
hence can be taken care of by the weights of the samples. That is, in the case of
MRAS or CE in which the sequence {y;} is monotonically increasing, the weights
are computed according to

gk(x)

Wi — gk(X/i)' _H{HX) 223,
k fek—l (Xli) fek—l (Xli) .

This instantiation of PFO coincides with an instantiation of MRAS. More details on
a unifying perspective on EDAs, CE, and MRAS are given in [45].
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10.5 Evolutionary Games Approach

The main idea of the evolutionary games approach is to formulate the global opti-
mization problem as an evolutionary game and to use dynamics from evolutionary
game theory to study the evolution of the candidate solutions. Searching for the
optimal solution is carried out through the dynamics of reaching equilibrium points
in evolutionary games. Specifically, we establish a connection between evolutionary
game theory and optimization by formulating the global optimization problem as
an evolutionary game with continuous strategy spaces. We show that there is a
strong connection between a particular equilibrium set of the replicator dynamics
and the global optimal solutions. By using Lyapunov theory, we also show that
the particular equilibrium set is asymptotically stable under mild conditions. Based
on the connection between the equilibrium points and global optimal solutions, we
develop a model-based evolutionary optimization (MEQ) algorithm.

First, we set up an evolutionary game with a continuous strategy space. Let %
be the Borel o-field on X, the strategy space of the game; for each ¢, let P, be
a probability measure defined on (X,%). Let A denote set of all the strategies
(probability measures) on X. Each point x € X can be viewed as a pure strategy.
Roughly speaking, the fraction of agents playing the pure strategy x at time ¢ is
P,(dx). An agent playing the pure strategy x obtains a fitness ¢(H(x)), where
o) : R — R is a strictly increasing function. An appropriate chosen ¢(-) can
facilitate the expression of the model updating rule presented later. Let X be a
random variable with probability distribution IP,. The fractions of agents adopting
different strategies in the continuous game is described by the probability measure
P, defined on the strategy space X, so the average payoff of the whole population is
given by

B [6(H0)] = [ 6(H()i(av).

In evolutionary game theory [29], the evolution of this probability measure is
governed by some dynamics such as the so-called replicator dynamics. Let .2/ be a
measurable set in X. If the replicator dynamics with a continuous strategy space is
adopted, we have

Bt) = [ (6(H) ~ B [6(HOO)P: (@) (10.8)

Jof

From (10.8), we can see that if ¢(H(x)) outperforms Ep, [¢(H(X))] at x, the
probability measure around x will increase. If there exists a probability density
function p,, such that P,(dx) = p,u(dx), where p(-) is the Lebesgue measure
defined on (X, %), then (10.8) becomes

Pi(x) = (9 (H (x)) — Ep,[¢ (H (X))]) p: (), (10.9)
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which governs the evolution of the probability density function on the continuous
strategy space. When p;(x) is used as our model to generate candidate solutions
for the global optimization problem (10.1), the differential equation (10.9) can be
used to update the model p;(x), with the final goal of making the probability density
function p; (x) converge to a small set containing the global optimal solution. Then,
the global optimization problem can be easily solved by sampling from the obtained
probability density function.

10.5.1 Convergence Analysis

In this section, we study the properties of the equilibrium points of (10.8) and
their connection with the global optimal solutions for the optimization problem,
by employing the tools of equilibrium analysis in game theory and stability analysis
in dynamic systems.

Assume that the optimization problem (10.1) has m global optimal solutions
{xf,i=1,...,m}. It is easy to see that PW = O(x—xF) for i =1,...,m are
equilibrium points of (10.8), and we might guess there is a strong connection
between the equilibrium points of (10.8) and the optimal solutions of the global
optimization problem (10.1). We enforce the following assumption on function ¢.

Assumption 10.5.1 ¢(-) is a continuous and strictly increasing function; there exist
constants £ and M such that £ < §(H(x)) < A forallx € X.

The following theorem shows that the overall fitness of the strategy (probability
measure) [P, is monotonically increasing over time.

Theorem 10.5.3. Let P; be a solution of the replicator dynamics (10.8). Under
Assumption 10.5.1, the average payoff of the entire population Ep [¢(H(X))] is
monotonically increasing with time t. If P; is not an equilibrium point of (10.8),
then Ep, (¢ (H(X))] is strictly increasing with time t.

To further study the properties of the equilibrium points of the replicator
dynamics (10.8), the Prokhorov metric is used to measure the distance between
different strategies (probability measures):

p(P,Q) :=inf{e > 0: Qo) <P(o#°) + e and P(o/) < Q(7/%) + €, Voo € BY,

where /¢ := {x: 3y € &7,d(J,x) < €}, in which d is a metric defined on X. Then,
the convergence of p(Q,,Q) — 0 is equivalent to the weak convergence of Q, to Q

[3].

Definition 10.5.2. Let & be a set in A. For a point P € A, define the distance
between P and & as p(P, &) = inf{p(P,Q),VQ € &}. & is called Lyapunov stable
if for all € > 0, there exists 11 > 0 such that p(Py,&) < = p(P:,&) < € for all
t>0.
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Definition 10.5.3. Let & be a set in A. & is called asymptotically stable if & is
Lyapunov stable and there exists ) > 0 such that p(Po,&) <n = p(P,&) — 0
as 1 — oo,

Definition 10.§.4. Ay C Ais the~set containing all Py for which there exists a xj
such that P (& ) > 0 for any set &/ € 24 that contains x} and has a positive Lebesgue
measure (=) > 0. Let € = {P* : P* = lim,_,.. I, starting from some Py € Ay}.

To present the main convergence result, we also need the following assumption.

Assumption 10.5.2 There is a finite number of global optimal solutions {x7,...,x;}
for the optimization problem (10.1), where m is a positive integer.

Theorem 10.5.4. If Assumptions 10.5.1 and 10.5.2 hold, then for any P* € €, there
exist 0; >0, fori=1,... . mwith 3, o; = 1 such that P& = > 00 (x —xF); the
set € can be represented as € = {P* : P(¥) = > 00 (x—xF), for some Y| o =
lL,o; >0,Vi=1,...,m}, and in addition, the set € is asymptotically stable.

10.5.2 Model-Based Evolutionary Optimization

From the above analysis, we know that the global optimal solutions can be obtained
by generating samples from equilibrium distributions of the replicator dynamics
(10.8); these equilibrium distributions can be approached by following trajectories
of (10.8) starting from [Py € Ag. Note that by Theorem 10.5.4, the equilibrium points
obtained by starting from Py € A are of the form P = 3 | 048 (x — x¥), where
Yo =1and o > 0 for i = 1,...,m, which suggests using a sum of Dirac
functions to approximate p;. Assume a group of candidate solutions {y, A
generated from p;; then the probability density function p; can be approxunated
by pi(x) = 3N 1wtﬁ()c xt) where § denotes the Dirac function and {w!}Y | are
weights satisfying Zl 1 w; = 1. If we use this approximation p; as our probabilistic
model and substitute it into (10.9), we have

i
ow!

N
= (o(H) =S wio(H(x))))w!, Vi=1,...,N. (10.10)
5 = (006 = X wdo(rd)))w

The corresponding discrete-time version of (10.10) is

. H(xi .
w;{H_MW;C, Vi=1,...,N. (10.11)

S wio (H (x))

We can let ¢(-) be an exponential function so that the denominator of the right-hand
side of (10.11) is not equal to zero. Although an updated density approximation
Pra1(x) =3 wi 18(x—xi) is obtained, it cannot be used directly to generate new
candidate solutions. We construct a new continuous density to approximate pi, |,
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which is done by projecting p| onto some parameterized family of distributions
go- The idea of projection onto a parameterized family has also been used in CE and
MRAS, as discussed above. Specifically, we minimize the KL divergence between
the parameterized distribution gg and py:

Ok+1 :arggleig@(ﬁkﬂ,gg), (10.12)

where © is the domain of 6. After some algebraic operations, we can show that
solving (10.12) is equivalent to: maxgeo T wh. | Ingo(y}).

All the above analysis is carried out when replicator dynamics, e.g., (10.8) and
(10.9), are used. There are some other dynamics in evolutionary game theory such
as imitation dynamics, logit dynamics, and Brown-von Neumann-Nash dynamics
that can be used to update the weights {ch} To present the algorithm in a more
general setting, the updating of weights is denoted as

N . .
W= Da(OH G Doy 1) PrStCC S )

1

(10.13)

where 7,1 is a constant that is used to select good candidate solutions; D, is
a function of three variables, which is used to represent the updating rule. For
example, when Dy is derived from replicator dynamics, we have

1%/¢(H(x;c71)>I{H(x};,1)27/k71}
1}’:1 1lv¢(H(x/£—1))I{H(X£,1)ZVk71}

wi = Wiy, Vi=1,...,N.

Based on the above analysis, a Monte Carlo simulation version of the MEO
algorithm is given as follows.

Model-Based Evolutionary Optimization Algorithm (MEQ)

0. Initialization. Specify N as the total number of candidate solutions generated
at each iteration. Choose p € (0,1] and an initial gq, defined on X. Set k =0,
wy=1/Nfori=1,...,N,and 3 = —oo.

1. Quantile calculation. Generate N candidate solutions {x}c }fV: | from gg, . Calculate
the 1 — p quantile % of {x; }¥ | If % < yi—y andk > 1, set y = Y%—1 and w}_| =
I/Nfori=1,...,N.Setk=k+ 1and go to Step 2.

2. Updating the probabilistic model. The discrete approximation of the model is
pr(x) =3 wis(x—xi_,), where {wi} are updated according to (10.13).

3. Density projection. Construct gg by projecting the density py = 2?/:1 w}'{5 (x—
X,_,) onto gg: 6; = argmaxgce P wiInge(x;_,).

4. Stop if some stopping criterion is satisfied; otherwise go to Step 1.
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Generally, it is not easy to solve the optimization problem (10.12), which depends
on the choice of gg. However, for gg in an exponential family, analytical solutions
can be obtained. A comprehensive exposition of the evolutionary games approach
is given in [37,38].

10.6 Stochastic Approximation Approach

In this section, we present a stochastic approximation framework to study model-
based algorithms [21]. The framework is based on the MRAS method presented in
Sect. 10.3 and is intended to combine the robust features of model-based algorithms
encountered in practice with rigorous convergence guarantees. Specifically, by
exploiting a natural connection between model-based algorithms and the well-
known stochastic approximation (SA) method [2,4,26,30], we show that, regardless
of the type of decision variables involved in (10.1), algorithms conforming to the
framework can be equivalently formulated in the form of a generalized stochastic
approximation procedure on a transformed continuous parameter space for solving
a sequence of stochastic optimization problems with differentiable structures. This
viewpoint, which is new to this type of random search algorithms, allows us to study
the asymptotic convergence and rate properties of these algorithms by using existing
theory and tools from SA.

The key idea that leads to the proposed framework is based on replacing
the reference sequence {g;} in the original MRAS method by a more general
distribution sequence in the recursive form:

§k+1(x) = Olkgk+1(x) + (1 — OCk>f9k (x), oy € (0, 1) Vk, (10.14)

which is a mixture of the reference distribution gz and the sampling distribution
fo, obtained at the kth iteration. Such a mixture g4 retains the properties of g1
while, on the other hand, ensures that its difference from fy, is only incremental.
Thus, the intuition is that if one were to replace gi.| with ;| in minimizing the KL
divergence Z(§x+1,fo), then the new sampling distribution fg, ., obtained would
also stay close to the current sampling distribution fy, .

When {g,} instead of {g;} is used at step 2 of MRAS to minimize the KL
divergence, the following lemma reveals a key link between the two successive mean
vector functions of the projected probability distributions [21].

Lemma 10.6.1. If fg belongs to NEFs and the new parameter 6y obtained via
minimizing 2(8x+1,fe) is an interior point of the parameter space O for all k, then

m(O 1) —m(6k) = —uVoZ(gii1,f0)l0=0,- (10.15)

Basically, Lemma 10.6.1 states that regardless of the specific form of g, the mean
vector function m(6y) (i.e., a one-to-one transformation of 6;) is updated at each step
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along the gradient descent direction of the time-varying objective function for the
minimization problem ming Z(gx1, fo). In particular, in the case of the CE method,

i.e., when g, in (10.15) takes the form g, (x) = % (cf. (10.4)), it can
' k
be seen that recursion (10.15) becomes
m(9k+1) —m(@k) = (XkV(.)lnEg[H(X)”e:gk. (10.16)

Hence, m(6y) is updated along the gradient direction of the objective function for
the maximization problem maxgInEg[H(X)], the optimal solution to which is a
sampling distribution fy- that assigns maximum probability to the set of optimal
solutions of (10.1). Note that the parameter sequence { oy } turns out to be the gain
sequence for the gradient iteration, so that the special case o = 1 corresponds
to the original MRAS method. This suggests that all model-based algorithms
that fall under the MRAS framework can be equivalently viewed as gradient-
based recursions on the parameter space © for solving a sequence of optimization
problems with differentiable structures. This new interpretation of model-based
algorithms provides a key insight to understand how these algorithms address hard
optimization problems with little structure.

In actual implementation, when integrals/expectations are replaced by sample
averages based on Monte Carlo sampling, (10.15) and (10.16) become recursive
algorithms of stochastic approximation type with direct gradient estimation. Thus,
it is clear that the rich body of tools and results from stochastic approximation can
be incorporated into the framework to analyze model-based algorithms.

10.6.1 Convergence of the CE Method

The convergence of the CE algorithm has recently been studied in [19,21] by casting
a Monte Carlo version of recursion (10.16) in the form of a generalized Robbins-
Monro algorithm in terms of the true gradient, bias, and an error term due to random
sampling and then following the arguments of the ordinary differential equation
(ODE) approach [2,4]. The main convergence results are summarized below, where
for notational convenience, we define 1 := m(60) and 1y := m(6y).

Theorem 10.6.5. (Convergence of CE) Under some regularity conditions (see
[21]), the sequence of iterates { Ny} generated by the CE algorithm converges w.p.1
to a compact connected internally chain recurrent set of the ODE

M iy, >0, (10.17)
dr
where L(Tl) = Vg InEq [H(X)”Q:m*l(n)'
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Theorem 10.6.5 indicates that the long-run behavior (e.g., local/global convergence)
of CE is primarily governed by the asymptotic solution of an underlying ODE. This
result formalizes our prior observation in [18], which provides counterexamples
indicating that CE and its variants are in general local improvement methods. Under
the more stringent assumption that the convergence of {7} occurs to a unique
limiting point n*, the following asymptotic normality result was obtained in [21].

Theorem 10.6.6. (Asymptotic normality of CE) Under some appropriate condi-
tions (see Theorem 4.1 of [21]),

dist

k(e —n*) 25 N(0,%) as k — oo,

where T € (0,1) is some appropriate constant and X is a positive definite covariance
matrix.

10.6.2 Model-Based Annealing Random Search

To further illustrate the stochastic approximation approach, we present an algo-
rithm instantiation of the framework called model-based annealing random search
(MARS) [20]. MARS can essentially be viewed as an implementable version of
the annealing adaptive search (AAS) algorithm, in that it provides an alternative
approach to address the implementation difficulty of AAS (cf. Sect. 10.2). The
basic idea is to use a sequence of NEF distributions to approximate the target
Boltzmann distributions and then use the sequence as surrogate distributions to
generate candidate points. Thus, by treating Boltzmann distributions as reference
distributions, candidate solutions are drawn at each iteration of MARS indirectly
from a Boltzmann distribution by sampling exactly from its approximation. This is
in contrast to Markov chain-based techniques [41] that aim to directly sample from
the Boltzmann distributions.
The MARS algorithm is conceptually very simple and is summarized below:

0. Choose a parameterized family {fg}, an annealing schedule used in the Boltz-
mann distribution, and a gain sequence {0y }.

. Given 6y, sample N candidate solutions X!,..., X} from fp,.

. Update the parameter 6| = arggo minZ (g1, fo); increase k by 1 and reiterate
from step 1.

N =

At Step 2 of MARS, the reference distribution is given by giy1(x) = 04gxs1(x) +
(1 — o) fo, (x), where gx, is an empirical estimate of the true Boltzmann distri-
_ M
= T Tegx
is a sequence of decreasing temperatures that controls how fast the sequence of
Boltzmann distributions will degenerate.

bution g1 (x) : based on the sampled solutions X!,..., X", and {T;}



176 J. Huet al.

Under its equivalent gradient interpretation, Lemma 10.6.1 shows that the mean
vector function m (6 1) of the new distribution fp, ., obtained at step 2 of MARS
can be viewed as an iterate generated by a gradient descent algorithm for solving the
iteration-varying minimization problem ming (g1, fg) on the parameter space
O, ie.,

m(6y1) —m(6;) = —ouVoZ(8ir1,f0)lo=6,- (10.18)

Note that since the reference distribution g may change shape with k, a primary
difference between MARS and CE is that the gradient in (10.18) is time-varying
vs. stationary in (10.16). Stationarity in general only guarantees local convergence,
whereas the time-varying feature of MARS provides a viable way to ensure that
the algorithm escapes from local optima, leading to global convergence. By the
properties of NEFs, recursion (10.18) can be further written as

m(6y1) —m(6) = _O‘k(m(ek)_Egk+1[F(X)]+Egk+1[F(X)]_E§k+1[F(X)])
=—o4VoZ(8ks1.f0)lo—0, — Ok (Eg,., [T (X)] — Eg,, [I'(X)]).

This becomes a Robbins-Monro-type stochastic approximation algorithm in terms
of the true gradient and a noise term due to the approximation error between gy
and gy 1. Thus, in light of the existing theories from stochastic approximation, the
convergence analysis of MARS essentially boils down to the issue of inspecting
whether the Boltzmann distribution g4 can be closely approximated by its
empirical estimate g 1. The following results are obtained in [20].

Theorem 10.6.7. (Global convergence of MARS) Under some appropriate condi-
tions (see Theorem 3.1 of [20]),

lim m(6;) = I'(x*) w.p.1.

k—yoo
Theorem 10.6.8. (Asymptotic normality of MARS) Let oy = a/k* and the sample

size be polynomially increasing Ny = ckB for constantsa > 0,c >0, o € (%, 1), and
B > a. Under some additional conditions on {T;},

otp

k=2 (m(@k)—F(x*)) ﬁ>N(O,Z) as k — oo,

where X is some positive definite covariance matrix.

Numerical results on high-dimensional multi-extremal benchmark problems
reported in [20] show that MARS may yield high-quality solutions within a modest
number of function evaluations and provide superior performance over some of the
existing algorithms.
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10.7 Conclusions

We reviewed several recent contributions to model-based methods for global
optimization, including algorithms and convergence results for model reference
adaptive search, the particle-filtering approach, the evolutionary games approach,
and the stochastic approximation gradient approach. These approaches analyze
model-based methods from different perspectives, providing useful tools to explore
properties of the updating mechanism of probabilistic models and to facilitate proofs
of convergence of model-based algorithms.
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