Chapter 11
The Case Without Sign Hypothesis on f

11.1 Main Result

The aim of this chapter is to solve the problem

g(p(x))detVe(x) = f(x), x€Q,
o(x) =x, X€JQ,

equivalently written as

(11.1)

¢ (g)=/f inQ,
o=id on dQ2,

with g > 0 in R" but with no sign restriction on f. Of course, the solution cannot be
a diffeomorphism; nevertheless, if f > 0 and under further restrictions, it can be a
homeomorphism (see Theorem 11.1(iii)).

The main result of this chapter, established by Cupini, Dacorogna and Kneuss
[25], is the following. In the sequel, we denote by Bg the open ball of radius R
centered at the origin.

Theorem 11.1. Let n > 2 and r > 1 be integers and Q a bounded open set in R"
such that Q is C™'-diffeomorphic to By . Let g € C"(R") with g > 0 and f € C"(Q)

be Such that
Q 0

Then for every € > 0, there exists ¢ = @ € C"(Q;R") satisfying (11.1), namely

¢ (g)=f inQ,
o=id on dQ

and

QCo(Q)CcQ+B;.
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212 11 The Case Without Sign Hypothesis on f

Moreover, the three following properties hold:

(i) If either f >0 on dQ or f >0 in Q, then € can be taken to be 0. In other
words, there exists ¢ € C'(Q; Q) satisfying (11.1).

(ii) If supp(g — f) C Q, then @ can be chosen such that

9 eC'(2;Q) and supp(p—id) C Q.
(iii) If f > 0 in Q and f~'(0) N Q is countable, then @ can be chosen such that
¢ €C'(Q2;Q)NHom(Q; Q).
Remark 11.2. (i) Note that, in view of (19.2), we always have Q C ¢(£) as soon as

¢ =id on 0Q.

(ii) In general, without further hypothesis on f as the extra statement (i), it is not
possible to find a solution that remains in £2. In fact, if f is negative in some part of
dQ, then any solution must go out of Q (cf. Proposition 11.3).

(iii) The above theorem is also valid in Holder spaces.

The proof of the theorem will be discussed in Section 11.3, but we want to explain
the two main steps. First, observe that the fact that f is not strictly positive precludes
the use of either the flow method or the fixed point method developed in Chapter 10;
the proof will be more constructive. Here are the main steps for 2 the unit ball. The
idea is to look for radial solutions of the problem; however, to achieve this, we have
to rearrange f in an appropriate way. We therefore will look for solutions of the
form

p=yoy
with y = y =id on 0Q.

— First, we rearrange f with a diffeomorphism %, so that

fi=x"(f)

satisfies f1 (0) > 0 and has nice symmetry properties, for instance, among others,

.
/S"_lﬁ <sx|> ds >0 forevery x#0andr € (0,1].
0 X

This will be the most difficult part of our proof and will be achieved in Section 11.6
(with the help of Section 11.5). Note that in view of Proposition 11.6 the function
1 cannot therefore be strictly positive if f is not strictly positive.

— We then find a map v so that

This will be achieved using Section 11.4 and Chapter 10. Note that the map y cannot
be a diffeomorphism if f; vanishes even at a single point.
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11.2 Remarks and Related Results

In this section 2 will be a bounded open set in R”. We start by showing that if f <0
in some parts of €, then any solution of

¢ (g)=/f inQ,
(11.2)
o=id on dQ
must go out of Q—more precisely,

aco@).

We recall, using (19.2), that we necessarily have

QCo(Q).

Proposition 11.3. Let Q be a bounded open C' set in R" and ¢ € C'(Q;R") with
@ =id on dQ. If there exists X € dQ such that detV @ (X) < 0, then

aco@). (113)

Proof. We divide the proof into two steps.

Step 1 (simplification). Since Q is C' (cf. Definition 16.5), there exists Y €
Diff' (By; w(B;)) with y(0) =X and

y(Bi 0 {x, = 0}) C 92,
v(B1N{x, >0}) C Q,
(B N{x, <0}) C (Q)".
Therefore, using that ¢(X) = X, we can choose € > 0 small enough so that
§:BeN{x, >0} 5B with §(x) =y~ (p(w(x)))
is well defined. We observe that @ satisfies
¢=idon B, N{x, =0} and detVQ(0)=detVo(x)<O0. (11.4)
To prove (11.3) it is enough to show that
@(Be N{x, > 0}) C {x, <0} (11.5)

for a certain 0 < £’ < €.
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Step 2. We finally show (11.5). Using (11.4), we immediately obtain

2,
axn

(0) = det Vg (0) < 0,

and therefore, by continuity, there exists 0 < & < € such that

20,
0xy,

<0 inByn{x,>0}. (11.6)

Combining (11.6) and the fact that @,(0) = 0 (by (11.4)), we get (11.5). O

We now discuss the special case n = 1 in the context g > 0 and with no sign
restriction on f.

Proposition 11.4. Let n =1, r > 0, Q = (a,b), g € C"(R) with g > 0 and f €
C"([a,b]). Let

F(x):/:f(t)dt and G(x):/axg(t)dt.

Then there exists ¢ € C™'([a,b];R) a solution of (11.2) if and only if
F(b)=G(b) and F(la,b]) C G(R).

Remark 11.5. Let F and G be as in the proposition with F(b) = G(b). Then the
following statements are verified:

(i) We always have
G([a,b]) C F([a,b]).

Moreover, when f > 0, the previous inclusion is an equality.

(ii) In general,
F(la,b]) ¢ G(la.B]).
This is for example always the case when f(a) < 0 or f(b) < 0.
(iii) The inclusion
F([a,b]) C G(R)
is not always fulfilled.

Proof. Step 1. First, note that Problem (11.2) becomes

G(p(x)=F(x), x€(ab),
G(b) =F (b).
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Indeed, (11.2) is equivalent to

[Glp()]' =F'(x) ifxe(ab),
¢(a)=a and @(b)=0.

We therefore get
G(p((x)=F(x)+c.
Since ¢ (a) = a and G (a) = F (a), we deduce that ¢ = 0 and thus our claim.
Step 2. Since G is strictly monotone (because g > 0), the solution ¢ (if it exists)
is given by
¢(x) =G (F(x)).
Therefore, the conclusion easily follows. O

We now show that Problem (11.2) is not symmetric in g and f.

Proposition 11.6. Let g € C°(R") with g1 (0)NQ # 0 and f € C°(Q) with f >0
in Q. Then no ¢ € C'(Q;R") can satisfy (11.2).

Proof. We proceed by contradiction. Assume that ¢ € C'(Q;R") is a solution of
(11.2). Since @ = id on d€2 , then (see (19.2) below)

»(Q)D Q.

Thus, there exists z € Q such that ¢(z) € 2 and g(¢(z)) = 0, which is the desired
contradiction, since

g(9(2))detVo(z) = f(z) > 0.

The proposition is therefore proved. O

In the following proposition, we state a necessary condition (see (11.7) below)
for the existence of a one-to-one solution of (11.2). Moreover, we show that not all
solutions of (11.2), verifying (11.7), are one-to-one.

Proposition 11.7. Let

geC®R"), g>0inR", feC@) and / f= / 2.
Q Q
Then the following claims hold true:
(i) If p € C' (Q;R") is a one-to-one solution of (11.2), then ¢ € Hom(Q;Q) and
>0 and int(f71(0)) =0. (11.7)

(ii) There exists f satisfying (11.7) such that not all solutions ¢ € C'(Q;R") of
(11.2) are one-to-one.

Proof. (i) By Lemma 19.11, we have that ¢ € Hom(Q;). Applying Proposition
19.14, we have the claim.
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(ii) We provide a counterexample in two dimensions. Let f € C'(B}) be such that
f=0,

F10)={(z,0) : t € [1/2,3/4]}, f=1ina neighborhood of 0

1 x 1
/0 sf(sxl>ds:2.

Define next o : By — [0, 1], through o (0) = 0 and, for 0 < [x| <1,

(x(x)2 o(x) |x] X
5 :/0 sds:/0 sf(sx>ds.

As in Step 2 of the proof of Lemma 11.11 (with g = 1), the map

¢x) = a(x)

and, for every x # 0,

x
[

isin C!(B};B), with
¢*(1)=f and ¢ =id ondB;.
Since ¢(1/2,0) = ¢(3/4,0), @ is not one-to-one. 0O

The next proposition can be proved with the same technique as the one developed
in this chapter and we refer to [60] for details.

Proposition 11.8. Let r > 1 and n > 2 be integers. Let g € C"(R") with g > 0 in R",
f € C"(By) satisfying
/ g=/ f.
B B

Then there exist § = 8(n,r,g,f) and v = y(n,r,g, f) such that for every gi,82 €
C"(R"), f1,f» € C"(By) satisfying, fori=1,2,

Loa=[ 5 Wilow) <8 and lsi-glow, <.
1 1

there exist ¢; € C"(B1;Ba), i = 1,2, such that for every 0 <k <r—1,
¢ (gi)=fi inB1, @ =id ondB,

o1 = @2llcrz,) < VLA = Lllovg,) + g1 — g2llcxz,))s
9illcr@,) < 7-

Remark 11.9. We can make the conclusion of the proposition more precise. In the
sense that for every € > 0, by letting § and y depending of € we can replace B,
above by B¢ .
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11.3 Proof of the Main Result

We can now discuss the proof of the main theorem. For the sake of simplicity, we
will split it into two proofs. First, we establish the main statement of the theorem
and then we show its three extra statements.

Proof. We divide the proof into five steps and we fix € > 0.

Step 1 (transfer of the problem into the ball). Since Q is C'*!-diffeomorphic
to By, there exists @ € D1ff’+1(B],Q) With no loss of generality we can as-
sume that detV¢@; > 0. Indeed, if detV¢; < 0 (note that since ¢; is a diffeomor-
phism, then detV¢; # 0 everywhere), then replace @;(x) by @;(—x,x2,...,%,).
Using Corollary 16.15, we extend ¢; and choose £ > 0 small enough so that
@1 € Diff ™ (By1¢,; @1 (Bisg, ) With

@1(Biye) C Q+Be.

Define B B
fi=0i(f)€C(B1) and g1 =¢(g) €C"(Big).

By the change of variables formula, we have that

Blflz/gf:/gg:/&goo. (11.8)

Step 2 (positive radial integration). Since (11.8) holds, we may apply Lemma
11.21 to fi . Therefore, there exists @, € Diff*(B;;B;) with

supp(@2 —id) C By

such that, letting f> = @;(f1) € C"(B)), we have f>(0) > 0 and

.
/ s (s|x|> ds>0 foreveryx#0andre (0,1]
0 x

81— &1
1 /B /
[en (o) o - e xtomreo

The change of variables formula and (11.8) lead to

/Blf2=/Bl<P§(fl)=/Blf1=/Blg]. (11.9)

Step 3 (radial solution). By the previous step, f> satisfies all of the hypotheses of
Lemma 11.10 (with m = f31+s g1). Therefore, there exist go € C"(R") with g» > 0
1

in R" and
/ &2 = 81
B]+£l Bl+sl
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and @3 € C"(By; B 1¢,) verifying

0;(g2)=f2 inBy,
¢ =id on dBj .

Note that, using (19.3),
/ &=/ f
B, B,

/ 822/ 81 -
By By

Step 4 (positive resolution). Since g1,82 € C"(Bit¢, ), 81,82 > 0in By, ,

/812/ g2 and 812/ 825
JBj B 'Bl+€1 Bl+sl

there exists, using Corollary 10.8, ¢4 € Diff"(Bj¢,;Bi+¢,) such that

and therefore, by (11.9),

¢;(g1) =8 inBiig,
¢4 =1id on 8B1U8B1+81 .

Step 5 (conclusion). By the above steps, we have that
P=giropiopop, op ! €C (R

satisfies o -

QCe(Q)C Q+Beg,

¢*(g)=f inQ,
o=id ondQ.
Indeed, for x € 9, since @;(dB;) = IQ (see Theorem 19.6) and @; = id on JBy,
i=2,3,4, we have
Q) =propopsop, ' op ! (x)
=o' (%) =x.

Thus, using (19.2), we have that Q C @(). Noticing that

(Pl_l(ﬁ) =B, (Pz_l(El) =B, @3(B1)CBitg,

04(Biye) =Bite, and @1 (Biig ) C Q+ B,

we have -
(p(.Q) CQ+B;.
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Eventually, using several times the third statement in Theorem 3.10,

9" (8) = (Pro@opop; ' og ") (g)
= (o) (02 )* (@3 (5 (91(2)))))
= (o) (02 )* (@3 (i (s1))))
= (o7 )" (92 )" (93(82)))
= (o) () (1)
= (o)) =1
which concludes the proof. 0O

We now prove the three extra statements of Theorem 11.1.

Proof. We divide the proof into seven steps.

Step 1 (transfer of the problem into the ball). Since Q is C'*!-diffeomorphic
to By, there exists ¢, € Diff” +1 (B 1 ,.Q) With no loss of generality we can assume
that detV¢; > 0. Indeed, if detV¢; < 0, then replace @) (x) by @;(—x1,x2,...,%,).
Define

fi=0i(f)€C’(B1) and g =¢j(g) €C(By).

From the change of variables formula, we get

/B|f1=/9f:/gg:/31g1>o. (11.10)

We notice the following facts:

(i) If f > 0 on d£2, then
fi>0 ondB (11.11)

since @;(dB1) = dQ by the invariance of domain theorem (see Theorem 19.6).
(i) If supp(g — f) C Q, then

supp(g1 — f1) C Bi. (11.12)

(iii) If £ > 0 in @, then
f1>0 inB (11.13)

since detV¢; > 0in B; .
(v) If f > 0in Q and f~'(0) N Q is countable, then

fi>0inB; and f;'(0)NB; iscountable. (11.14)

Step 2 (positive radial integration). Applying Corollary 11.23 to fi, which is
justified by (11.10) and (11.11) if f > 0 on dQ and by (11.10) and (11.13) if f >0
in Q, we can find ¢, € Diff*(B;;B;) with

supp(¢, —id) C B
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such that, letting f> = @;(f1) € C"(B1), we have /> (0) > 0 and

/ "L (sji') ds>0 foreveryx=#0andre (0,1],
0

1
/ s (s|x|> ds >0, foreveryx##0andre|[0,1].
r X

Moreover, using the change of variables formula and (11.10), we obtain

/zalfzz/lgl“’f(fl):/lglfl:/&gl- (11.15)

Finally, we notice the two following facts:

(i) If supp(g — f) C 2, then by (11.12) and since supp(¢, —id) C B}, we have
supp(g1 — f2) C Bi. (11.16)
(i) If f > 0in Q and f~'(0) N Q is countable, then by (11.14), we get that
£>0inB; and f,'(0)NB; iscountable. (11.17)

Step 3 (radial solution). Since f, satisfies all the hypotheses of Lemma 11.11,
there exist g, € C"(B;) with g2 > 01in B} and @3 € C"(By;B;) verifying

0i(g2) = f2 inBy,
o3 =id on 0B .

Note that using (19.3),

/Blg2:/31f2

82 = 81 -
By By

and therefore, using (11.15),

We, moreover, have the two following facts:

(i) If supp(g — f) C Q (which implies, in particular, by (11.16) that f, > 0 on
dBy), the first extra statement of Lemma 11.11 implies that g, and ¢3 can be chosen
so that

supp(g2 — f2) C By and supp(¢s —id) C B;. (11.18)
(i) If f > 0in Q and f~!(0) N Q is countable (which implies by (11.17) that f> >
0in B and f; 1(0) N By is countable), the second extra statement of Lemma 11.11

implies that ¢3 can be chosen so that

@3 € Hom(B;;By). (11.19)
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Step 4 (positive resolution). Since g1,g> € C"(B}), g1,82 > 01in B and

/812/ 82,
B, B

using Theorem 10.7, we can find ¢4 € Diff"(B;;B;) such that

¢;(g1) =g inBy,
o1 =id on dB;.

We, moreover, have the following fact: If supp(g — f) C 2, then by (11.16) and
(11.18) we get that supp(g; — g2) C B; . Therefore, using Theorem 10.11 instead of
Theorem 10.7, we can furthermore assume that

supp(¢@4 —id) C By . (11.20)
Step 5 (conclusion). Using the above steps, we have that
P=piopiogion, ' og ! €C(Q:Q)
satisfies

o=id on dQ.

Indeed, for x € dQ, since @;(dB;) = dQ (see Theorem 19.6) and ¢; = id on JBy,
i=2,3,4, we have

{q)*(g) =f inQ,

Q) =ropsop30p; og ! (x)
=oi(p; ' (x) =x.

Since ;' (2) = By, (¢2)"'(B1) = B1, ¢x(B1) = By, ¢3(B1) = B (by (19.2)) and

¢1(B1) = Q, we have that o
0(Q)=20.

Finally, exactly as in Step 5 of the previous proof, we prove that
¢'(g)=f inQ,
which shows the first extra statement.

Step 6. We show the second extra assertion. If supp(g — f) C Q, then (11.18) and
(11.20) imply the result, since

supp (¢ —id), supp(@3 —id), supp(¢4 —id) C By .

Step 7. Finally, we show the third extra assertion. If £ > 0in Q and f~!(0)NQ
is countable, then (11.19) implies the assertion since @, ¢> and @4 are diffeomor-
phisms. O
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11.4 Radial Solution

In this section we give sufficient conditions on f in order to have a positive g and a
radial solution ¢ of (11.2) in the unit ball (i.e., a solution of the form a(x)x/|x| with
a : By — R). For the sake of simplicity, we split the discussion into two lemmas.

Lemma 11.10. Let r > 1 be an integer, m > 0 and f € C"(By) be such that

f(0)>0, m> a fs

.
/ s”lf(s|x|) ds>0 foreveryx#0andre (0,1], (11.21)
0 x
1 X m-— s f
/ ST (s )ds > ———=— foreveryx#0andre[0,1]. (11.22)
r |x] n meas(By)

Then for every € > 0, there exist g = gy ¢ € C"(R") with g > 0 in R" and

[
Biye

and @ = Qe € C"(B1;Bi1¢) such that

o =id on 0B .

Proof. 'We split the proof into two steps. Fix € > 0.

Step 1 (construction of g). In this step we construct a function g € C"(R") with
the following properties:

g>0inR", g= finaneighborhood of 0, / g=m,
Biie

1 1
/ s"lg (sx) ds = / s (sx) ds forevery x # 0, (11.23)
0 x| 0 ||

1+¢€ x r x
/ " lg (s) ds > / sSf (s) ds forevery x#0Oandre[0,1].
0 Y 0 x|
(11.24)

Step 1.1 (preliminaries). Since f(0) > 0and (11.21) and (11.22) hold, there exists
0 > 0 small enough such that

1
f>0 inBj, min/ SLf <sx> ds > 0, (11.25)
x40 J§ |x|
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1 N m= | f

/r s <s|x|) ds > —m +6 foreveryx=#0andrel0,1]. (11.26)
Let n € C™([0,%0);]0, 1]) be such that

o 1 if0<s<§/2
S)=
1 0 ifé<s.

Define then # : R\ {0} — R by

It is easily seen that 2 € C"(R"\ {0}),
h(x) = h(Ax) for every A >0,

and, using (11.25), _
h>0, inR"\{0}.

Now define, for x € R”,

h(x) = n(Jx[).f(x) + (1 =1 (|x])h(x).
Using the definition of & and 17, we have that

heC(RY), h>0inR", h=finBs),
1 1 11.27
/ s"h (Sx> ds = / s <sx) ds for every x # 0. ( )
0 x| 0 x|

For every 0 < p < g, let p,, € C*(R";[0, 1]) be such that

1 inEl,
=0 in (B4p)°

and define

Integrating the last equation of (11.27) on the unit sphere, we obtain that

b=
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and, thus, we get

m— | h m— | f m— | f
limc, = B = 5 = 5 :
u—0 " meas(Bi;e \Bi) meas(Biie\Bi) [(14¢&)"—1]meas(B;)
This implies
m— | f
1 "—(1 " 1 "1
P it G ) SO o . el O
1—0 n n 1—0 n meas(B))

and therefore, by (11.26) we can choose (; small enough such that ¢, > 0 and

1 14+¢e)"—(1 n
/ s"1f<s|x|) ds > — (1+e)" = (L+m) cy , foreveryx#0andre[0,1].
r X n
(11.28)
Step 1.2 (conclusion). Let us show that the function

8§= p#lh + (1 - p#l )C,Ul € Cr(Rn)

has all of the desired properties. Indeed, since 4 > 0 in R" and ¢y, > 0, we have that
g > 0in R". By definition of ¢, , we see that

/ g=m.
JBite

Using the last equation of (11.27) and the fact that g = 4 in By, we get (11.23). We
finally show (11.24). Using (11.23), this is equivalent to showing

It 1
/ s lg (sx|) ds > —/ sLf (sx> ds foreveryx=#0andr€[0,1].
1 r

¢ x|

Letx# 0 and r € [0, 1]. We have, since g = ¢y, in Byy¢ \ Bi4y, and (11.28) holds,

I+e x I+ x I+
/ s"lg (s> ds>/ s"lg (s> ds:/ sn_lculds
1 || I+ || I+

_ (e -y _/‘Snlf(SX> s

n

and therefore the assertion.

Step 2 (construction of ¢). We will construct a solution ¢ of the form

where a : B; — R.
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Step 2.1 (definition of o). Let @ : B; — R be such that o (0) = 0 and, for 0 <

|x|§1,
a(x) ||
/ o g (s ) as— / sl (52 ) ds. (11.29)
0 x| 0 ||

Since g > 0, using (11.21) and (11.24), we get, for every x € B; \ {0}, that a(x) is
well defined and verifies 0 < a(x) < 1+ €. Since g = f in a neighborhood of 0, we
obtain that

o(x) =|x| in the same neighborhood of 0.

By (11.23), we immediately have
a(x)=1 ondB;.

Therefore, by the implicit function theorem, which can be used since o > 0 and
g >0, we have that & € C"(B; \ {0}). Moreover, since o(x) = |x| in a neighborhood
of 0, the function x — o(x)/|x| is C"(By).

Step 2.2 (conclusion). We finally show that

is in C"(By; By +¢) and verifies

(P*(g):f in By,
o =id on 0B .

In fact, by the properties of @, it is obvious that ¢ € C"(B1;B1¢) and that @ = id
on dB; . Using Lemma 11.12, we obtain

a0 & da
detVo(x) = Wizzlx,a—xi(x). (11.30)

Computing the derivative of (11.29) with respect to x;, we get

x,‘Xj

nel X x| 8 — T
" (x)g(o( 8x, Z/ 8xj (s|x|> <|x|2 )ds
n— l b af |x|6ij B %
=k [0 (o) ( )

where 6;; = 1 if i = j and §;; = 0 otherwise. Multiplying the above equality by x;,
adding up the terms with respect to i and using

n (a8 — ,
Zx,- —F— | =0, 1<;j<n,
i=1

[x[?
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we obtain

o (x)g(o(x) ixz'gz(@ = "f (%)

This equality, together with (11.30), implies ¢*(g) = f, which shows the assertion.

O
Lemma 11.11. Let r > 1 be an integer, f € C"(By) be such that f(0) > 0 and

r

/ Sf (s|i|> ds >0 foreveryx=#0andr e (0,1], (11.31)
0
1

/ s"f <s|x|> ds>0 foreveryx+#0andre|0,1]. (11.32)

r X

Then there exists g € C"(By) with g > 0 in By and ¢ € C"(By;B)) such that
{q»*(g) =f inB.
o=id on dBy.

Furthermore, the following two extra properties hold:

() If f > 0 0n dBy, then g and ¢ can be chosen so that

supp(g—f) CB1 and supp(¢ —id) C B;.
(ii) If f > 0 in By and
1 0)NBy s countable,

then @ can be chosen in Hom(By;B)).

Proof. The proof is essentially the same as the previous one. We split the proof into
two steps.

Step I (construction of g). In this step we construct a function g € C"(B;) with the
following properties: g > 01in By , g = f in a neighborhood of 0 (and also supp(g —
f) C B iff> 0 on (981),

1 1
/ g (sx> ds = / s (sx) ds forevery x # 0, (11.33)
0 Ry 0 ||

1 r
/ s"lg (sx> ds > / S (sx> ds foreveryx#0andre|[0,1].
0 | 0 |
(11.34)

Step 1.1 (preliminaries). Since f(0) > 0 and (11.31) holds, there exists & > 0
small enough such that

1
f>0 inBs and min/ s”lf(sx>ds>0. (11.35)
x#0 J§ |x]
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Letn € C*([0,0); [0, 1]) be such that
I if0<s<§/2
n(s) = ,
0 ifdo<s.
If f > 0 on dB;, we modify the definition of § and 1 as follows. We assume that
(s) = 1 if0<s<d/20or1-0/2<s<1
M=Y0 irs<s<i-s,
where 0 > 0 small enough is such that

1-6
f>0 inBsU(B;\B, 5) and min/ s”1f<sx>ds>0. (11.36)
x#0 J§ |x]

Define next 2 : R"\ {0} — R by

[erta-nonssgas
1 |
|1 =nG)ds
0

h(x) =

It is easily seen that 2 € C"(R"\ {0}), that
h(x) = h(Ax) for every A > 0,

and, using (11.35) or (11.36), that

h>0.
Step 1.2 (conclusion). Let us show that g defined by

g(x) =n(lx))f(x)+ (1 =n(lx]))h(x), x€Bi,

has all of the required properties. Using the definition of & and 1, we see that g €
C"(B) satisfies g > 0in By, (11.33) and g = f in By, (if, moreover, f >0 on 9By,
then supp(g — f) C By). Finally, we show (11.34). Let x # 0 and r € [0,1]. Using
(11.32) and (11.33), we get

Lo (X) _ [ <X)
/Os g s|x| ds-/os f S|x| ds
_ [T (o2 Lot (o
—/Os f<s|x|)ds—|—/r s f<s|x|)ds
" n—1 X
2 [l ()

which ends the construction of g.
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Step 2 (construction of @). We will construct, as before, a solution ¢ of the form

X

Plx) = alx) —

el

where o : B — R.
Step 2.1 (definition of o). Let o : By — R be such that o (0) = 0 and, for 0 <

x| <1,
o(x) [
/ s" g (sx> ds = / s (sx) ds.
0 x| 0 x|

Since g > 0, using (11.31) and (11.34), we get for every x € By \ {0} that o(x) is
well defined and verifies 0 < a(x) < 1. Since g = f in a neighborhood of 0, we
obtain that

o(x) = |x| in the same neighborhood of 0.

By (11.33), we immediately have
o(x)=1 ondB.
Moreover, if supp(g — f) C Bi, then o also verifies
o(x) =|x| in aneighborhood of dB; . (11.37)

Therefore, by the implicit function theorem, which can be used since o > 0 and
g >0, we have that & € C"(B; \ {0}). Moreover, since o(x) = |x| in a neighborhood
of 0, the map x — ot(x)x/|x| is C"(By).

Step 2.2 (conclusion). We show that

is in C"(By;B) ) and verifies

(p*(g):f iIlB],
o=id on dB.

In fact, by the properties of ¢, it is obvious that ¢ € C"(By;B;) and that ¢ = id on
dB, . Finally, proceeding exactly as in Step 2.2 of the proof of Lemma 11.10, we
obtain that

(p*(g):f ith

which concludes the proof of the main statement.
It remains to show the two extra statements.

(i) If f > 0 on dB;, then we have supp(g — f) C B;. Hence, it follows from
(11.37) that
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supp(¢ —id) C By,
which proves the first extra statement.

(i) If £> 0 and
f_1 (0)NB; is countable,

we immediately obtain
o(x) # o(rx) forevery x € B\ {0} and r € [0,1),

which implies that ¢ € Hom(B;; B ) and establishes the second statement and ends
the proof. 0O

In the proof of Lemmas 11.10 and 11.11, we used the following elementary
result.

Lemma 11.12. Let A € C'(B) and ¢ € C'(B1;R") be such that ¢(x) = A (x)x. Then
detVo(x) = A"(x) + A" I( le ax,

In particular, if A(x) = o(x)/|x| for some o, then

(an n Ol

T E o

Proof. Since Vo = A1d+x® VA and x ® VA is a rank-1 matrix, the first equality
holds true. The second one easily follows. O

detVo(x

11.5 Concentration of Mass

We start with an elementary lemma.
Lemma 11.13. Let ¢ € C°([0,1]; By ). Then for every € > 0 such that
([0, 1]) + Be C By
there exists Qg € Diff”(By;By) satisfying
9e(c(0) = c(1) and supp(@e —id) ([0, 1]) + Be .
Proof. Define ne € C*(R";[0,1]) such that

1 il’lBE/4
70 in (Bp)
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Set, for a € R",
Nae(x) = Ne(x—a).

‘We then have
8|Vituellco = I1Vnellco < 1/ (2n) (11.38)

for a suitable 6 > 0. Letx; € By, 1 <i <N, with x; = ¢(0) and xy = ¢(1), be such
that

xi€c([0,1]) for 1 <i<N and |x—x] <dforl <i<N-—1
and define
@i(x) =x+ My e (x) (i1 —x;), 1<i<N-—1L
Since (11.38) holds and supp(¢; —id) C ¢([0,1]) + B¢ C By, we have

detVe; >0 and ¢;=id ondB;.

Therefore, ¢; € Diff*(By;B;) by Theorem 19.12. Moreover, @;(x;) = x;+1 . Then the
diffeomorphism

Qe =@QN-10---0Q
has all of the required properties. 0O

Before stating the main result of this section, we need some notations and ele-
mentary properties of pullbacks and connected components.

Notation 11.14. (i) Let Q C R" be a bounded open set. For f € C°(Q), we adopt
the following notations:

Fr=f71((0,%) and F~ = f~'((=,0)).
Moreover, if x € Fi7 then
in denotes the connected component of F* containing x.

(ii) Given a set A C R", we let

1A(x)_{1 ifxeA

0 otherwise.

In the following lemma we state an easy property of pullbacks.

Lemma 11.15. Let Q C R” be open and bounded and f € C°(Q),
¢ € Diff' (Q;Q) with detVe >0,

XEFY yeF . If f = @*(f), then 9" (F*)=F* ¢ (F")=F~,
(Pil(Fer):FJfl(x) and ¢71(Fy7):f71
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The following lemma is a trivial result about the cardinality of the connected
components of super (sub)-level sets of continuous functions and we state it for the
sake of completeness.

Lemma 11.16. Let f € C°(B)). Let {F,} };c/+ and {Fy, }jer- be the connected com-

ponents of F ¥, respectively of F~. Then I and I~ are at most countable. Moreover,
if |IT| = o, respectively |I”| = oo, then

k k
; + +) = ; ; - -\ =
1351010 meas (F \U Fy ) =0, respectively ]}glolo meas (F \U F}]> =0.

i=1
We now give the first main result of the present section.

Lemma 11.17 (Concentration of the positive mass). Let r > 1 be an integer, f €
C"(By) and z € F*. Let also A;, 1 <i <M, be M closed sets pairwise disjoint of
positive measure such that

A CF'nBy, 1<i<M.

Then for every € > 0 small enough, there exists Qg s (4,y € Diff"(By;By) (which will
be simply denoted @) satisfying the following properties:

supp(@e —id) C F," N By,

f
.\
wé(f)zm— inA;, 1<i<M. (11.39)

Remark 11.18. Indeed, the above lemma allows one to concentrate the positive mass
of the connected component containing z into the union of the A;. The conclusion
of the lemma immediately implies that

/E*f:/p;(p:(f)zi‘;//;i(’);(f) Z/Wf—slimeas(Ai),

Proof. We split the proof into three steps.
Step 1 (simplification). Using Theorem 10.11, it is sufficient to prove the exis-

tence of fe € C"(By), such that

fe>0 inFS supp(f—f) CEFNB and [ fom [
E; F;

satisfying also (11.39) with @;(f) replaced by f; .
Step 2 (definition of fg and conclusion). Let K C F;" N B be a closed set with

M
(JAicintk cK C F,"' nB,
i=1
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and let, forevery € >0and 1 <i < M,
e €C*(Bi:[0,1])) and & € C°(By:0,1))

be such that

supp(1ie) Nsupp(nje) =0 fori# j, (11.40)
A; C{x€Bj:Nig(x) =1} Csuppnie C intK, (11.41)
K C{x€B;:&(x)=1} Csupp(&) C F,' NBy, (11.42)
lim & =1pinp  and limre =1y, (11.43)

Define f;, € small, as

e {Zglni,scﬂ‘F(l—Zﬁlni,e)'E in K
=

Ce-e+(1-8)f elsewhere,
where
F*f
= 1<i<M-1 11.44
Y Mmeas(4;) L= ’ ( )

and C;Le is the unique constant defined implicitly by the equation

ot

We claim that f has, up to rescaling €, all of the required properties. Using (11.41)
and (11.42), we get that

fe€C'(Br), supp(fe—f) CEFNBy, /Fﬁfg: [ 1.

!

+ _ z <i< ] .
éli%c“s Mmeas(A;)’ Isis¥M (11.45)

We claim that

By (11.44), it is obviously sufficient to prove the assertion for i = M. Using (11.43),
(11.44), and the dominated convergence theorem, we get

M—1
=1li —_ 14, lim C;,
/F;f £30 F fe= Z / ’Mmeas )+ Ft Au .91—I>I(1)CM78
M—1 .
== ot f+meas(Ay) lg%cﬁje
and thus the assertion holds. By the definition of f¢, (11.40) and (11.45), we get
that, for € small,
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fe>0 inF’.
Finally, since, by (11.41),
fe=Cle inA;, 1<i<M,
(11.45) directly implies, up to rescaling €, (11.39), which ends the proof. o
We now give a similar result for the negative mass.

Lemma 11.19 (Concentration of the negative mass). Let r > 1 be an integer, f €
C'(By)andy € F~. Let also A;, 1 <i <M, be M closed sets pairwise disjoint of
positive measure such that

A;CF, NBy and meas(dA;) =0, 1<i<M. (11.46)

Then for every € > 0 small enough, there exists Qe r(a,;} € Diff"(By;By) (simply
denoted Q¢ ) satisfying the following properties:

supp(¢e —id) C F, N By,

f
mﬂéqﬁ(fko inA;, 1<i<M, (11.47)
1
n—1 % X
/os (1Fy\(U%Af)"’e(f))(s|x|>dsz8, x#0. (11.48)

Remark 11.20. Integrating the last inequality over the unit sphere, we indeed obtain
that the negative mass of the connected component containing y is concentrated into
the union of the A; .

Proof. We split the proof into three steps.

Step 1 (simplification). Using Theorem 10.11, it is sufficient to prove the exis-
tence of fe € C"(By), such that

fe<0 inF, supp(f—fe) CF, NB; and /F_fg: F_f
y y

satisfying also (11.47) and (11.48) with ¢} (f) replaced by fe.

Step 2 (preliminaries). It is easily seen that the family of closed sets K¢ , € small,
defined by

Ke ={xe Fy NBi_¢: f(x) < —¢}

has the following properties:

KeCKy ife'<e and | JKe=F, NBy, (11.49)
>0

Pl oy o\ke™ —€- (11.50)
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Let & € C*(B;[0,1]) be such that
Ee=1inKe and supp&e C F, NBy. (11.51)

Using (11.49) and (11.51), we immediately deduce that

M
5%5821%?31 and | JA; Cint(Ke) for & small. (11.52)

i=1

Finally, for every 1 <i <M and € small enough, let ;¢ € C“(El; [0,1]) be such
that

supp(Mnie) C int(4;) and 1in(1)n,-,g = linay), 1<i<M. (11.53)
E—
Step 3 (definition of f¢ and conclusion). Define f; , € small, as

oz {Zﬁ”lni,sC,-,g+(l —Ximie) (—e)  in UL A
.=

Ge- (&) +(1=&)f elsewhere,

where

Fr
Cl.=—"r 1<i<M-1 11.54
Y€ Mmeas(A;)’ == ’ ( )

and C,, . is the unique constant defined implicitly by the equation

.%Tfsz/l%f-

We claim that, up to rescaling €, fe has all the required properties. Using (11.51)—
(11.53), we obtain that

fe €C'(B1), supp(f—fe) CF NBi, /F* fe=| f
‘We assert that

F’f
limC;, b

=——  1<i<M. 11.
e—0 "¢ Mmeas(A;)’ =t= (11.55)

By (11.54), it is obviously sufficient to prove (11.55) for i = M. Using (11.52)
and (11.53) and noticing (using (11.46))

meas(A;) = meas(int(4;)),
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we get, by the dominated convergence theorem,

' . ! fF;f ' .
/F;fZ ;133) e fe= ; /F; 1im(Al->M7meaS(Ai) +/F; Ting(ay) im Cyy ¢
M—1 . _
= Rﬁf—FmCaS(AM);I_I}I(I)CM?e

and, thus, the assertion is verified. Equation (11.55) immediately implies f; < O in
Fy_ for € small and also, rescaling € if necessary, (11.47).

It remains to prove (11.48). First, we claim that
Je |(E;QBI,S)\(U§‘11AI-)Z —&, (11.56)

fe>-D (11.57)

for some D > 0 independent of €. In fact, (11.56) is obtained combining the fact that
(by definition of f¢)
fe=—e in Ke\ (UZ4))

and, by (11.50) and the definition of f,

Jelirromy k= €

Equation (11.57) is an immediate consequence of (11.55) and the definition of f.
Using (11.56) and (11.57) we get, for € small and every x # 0,

o1 e X 1 X
J ) (55 )82 [ g (557
1—-¢ X 1 X
- /o (g () Te) (S|x> dH/l_e(l@’\(U?ilAf)fs) (le> @
1—-¢

1
2/ —eds+ (=D)ds > —e—eD=—(D+1)e.
0 l1—¢
Replacing € by €/(D+1), we have shown (11.48) while still conserving the in-
equality (11.47). This ends the proof. 0O

11.6 Positive Radial Integration

Lemma 11.21 is the central part of the proof of Theorem 11.1. We show how to
modify the mass distribution f € C°(B)) satisfying |, p, f > 0, in order to have strictly
positive integrals on every radius starting from O and almost positive integrals on
every radius starting from any point of the boundary (see Lemma 11.21). Moreover,
if f is strictly positive on the boundary or if £ > 0 in B}, we will be able to modify
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the mass of f in order to have strictly positive integrals on every radius starting
either from O or from any point of the boundary (see Corollary 11.23).

Lemma 11.21 (Positive radial integration). Let f € C°(B) be such that

f>0. (11.58)
By

Then for every ¢ > 0, there exists ¢ = @ € Diff*(By;B}) such that

Supp((P_id)CBlv (P*(f)(o) >07

/rsn—l(p*(f) (S|;C> ds >0 foreveryx#0andr e (0,1], (11.59)
0

1
/ s”_l(p*(f) <5i> ds>—0c foreveryx#0andre|0,1]. (11.60)

Remark 11.22. (i) If f > 0, the proof is straightforward (see Corollary 11.23).

(ii) If f1 satisfies @*(f1)(0) > 0, (11.59) and (11.60), for a certain ¢ as in the
lemma, then every f > fj also satisfies @*(f)(0) > 0, (11.59) and (11.60) with the
same ¢. Indeed, we clearly have

¢ (f1)(x) = fi(@(x))detVo(x) < f(@(x))detVe(x) = ¢*(f)(x).
>0

(iii) Integrating (11.59) over the sphere with r = 1, we get [z ¢*(f) > 0 and,
therefore, (11.58) is necessary using the change of variables formula.

(iv) In general, (11.60) cannot be assumed to be positive or 0 for every x and r.
This is, for example, always the case when f(X) < 0 for some X € dB;. Indeed,
noting that

¢*(f)(x) = f(x)detVo(x) <0,

we have that (11.60) will be strictly negative for x = X and r sufficiently close to 1.

(v) We could have replaced, without any changes, the unit ball by any ball cen-
tered at 0.

As a corollary, we have the following result.

Corollary 11.23. Let f € C°(B)) be such that

f>0 (11.61)
By

and

either f>0 ondB, or f>0 inB.
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Then there exists ¢ € Diff*(By;B;) such that

supp(@ —id) C By, ¢*(f)(0) >0,

/rsnfl(p*(f) (s&) ds >0 foreveryx#0andre (0,1], (11.62)
0

1
/ " Lo*(f) <s|i|> ds >0 foreveryx+#0andre|[0,1]. (11.63)

Proof (Corollary 11.23). We split the proof into two parts.

Part 1. We prove the corollary when f > 0 in B; . By (11.61) there exists a € B;
with f(a) > 0. Using Lemma 11.13, there exists ¢ € Diff*(B;;B;) such that

supp(@ —id) C By and ¢(0) =a.

Since ¢*(f)(0) = f(@(0))detVep(0) > 0 and ¢*(f) > 0 in By, it is immediate that
¢ has all of the required properties.

Part 2. We prove the corollary when f > 0 on dB; .
Part 2.1. By (11.61), there exist 0 < 1 < 1 and € > 0 such that

f>0 and f>¢€ onBi\By.
By

Using Lemma 11.21 with By, instead of B , there exists ¢ € Diff(By;By,) verifying

/ Lo (f) <s|x|> ds>0 forevery x#0andre (0,7, (11.64)
0 X

n 1—n"
/rs"’l(p*(f) <S;C|>ds>—8(nn) for every x £ 0 and r € [0,7]. (11.65)

Part 2.2. Let us show that ¢ (extended by the identity to B;) has all of the required
properties. Trivially, ¢ € Diff*(B;;B),

¢*(f)(0) >0 and supp(¢ —id) C By C B;.

Since @*(f) = f > 0in By \ By, (11.64) directly implies (11.62). Finally, we show
(11.63). Using again that ¢*(f) = f > 0 in By \ By, it is obvious that (11.63) is
verified for every r € [1, 1]. Suppose that 7 € [0, 7). Combining the fact that ¢*(f) =
f>e€ein B \ By, and (11.65), we obtain for every x # 0,

[ <S|i|> as= [ () (s@) as+ 15 () (s@) ds

1 1—nn
>/ s"fleds—M:O.
n n

The proof is therefore complete. O
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Finally, we give the proof of Lemma 11.21.

Proof. Since the proof is rather long, we divide it into five steps. The three following
facts will be crucial.

(i) For fixed a,b € By, there exists, from Lemma 11.13, ¢ € Diff*(B;;B;) such
that ¢(a) = b. This will be used in Step 1.3 and Step 3.1.

(i) From Lemmas 11.17 and 11.19, we concentrate the mass contained in con-
nected components of F™ and F~ in sectors of cones. This will be achieved in
Step 4.

(iii) From Remark 11.22(ii), it is sufficient to prove the result for a function
f1 < f. This will be used in Steps 1.1, 1.2 and 1.4.

Step 1. We show that we can, without loss of generality, assume that

fe€C?(By), F connected, f(0)>0 and . >0, (11.66)
BI\F,
recalling that F;" is the connected component of F* = f ~1((0,%)) containing 0.

Step 1.1. We start by showing that we can assume f € C(B). First, using The-
orem 16.11, we extend f so that f € C°(R"). Then we choose § > 0 small enough
such that

. f > 0meas(By).
By

By continuity of f, there exists fg € C*(R") such that
fs(x) < f(x) < fs(x)+6 foreveryxe€B;.

Note that

/Bl fs > /Blf"smeaS(Bl) > 0.

Using Remark 11.22(ii), we have the assertion. From now on, we write f instead of
fs and we can therefore assume that f € C*(B)).

Step 1.2. We show that we can, without loss of generality, assume that F~ is
connected.

Step 1.2.1 (preliminaries). For every € > 0 there exist M € N, ay,...,ay € B;
and 0y, ...,0y > 0 (depending all on €) such that

M
UE&,(Q,‘) CFT N B
i=1

B, (a;) ﬂﬁgj(aj) =0 foreveryi# j,

meas(F '\ (UXBs (a;))) < e.
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Using the last equation and since

Lr=f. ) >0

we can choose € > 0 (and, therefore, also M, a; and &;) small enough so that

/M f+/ f>0.
Ui:]BtS,'(ai) F-

We then choose § > 0 small enough such that

M
UBs14s(ai) CFH 0By,
i=1

Bs,145(ai)NBs;a5(aj) =0 foreveryi# j,
/ f+/ f > 0 meas(B;). (11.67)
U?i]Bsi(ai) F-

Let £ € C*(B1;[0,1]) be such that

M

E=1 in | (Bsiss(ai)\Bs5(ai)),

i=1
M
supp& C | (Bs14s(ai) \ Bs,(ar)) ,

i=1
{x€e B\ (U£1B&+26 (a;)) : &(x) <1} is connected. (11.68)
Using Theorem 16.11, we extend f so that f € C*(R"). Define f: R” — R by
f(x) = min{f(x),0}.

By continuity of f, there exists hg € C*(R") such that

hs(x) < f(x) <hg(x)+6 foreveryx € By. (11.69)
In particular, note that

hs <0 inB.

Step 1.2.2 (conclusion). Let f5 : Bj — R be defined by

{ (1-8&)f inUY Bs 26(ai)
5 =

- (11.70)
(1=&)hs  in By \UMX,Bs 125(ar).
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It is easily seen that f is of class C* and satisfies the following properties:

= hs(x) <min{f(x),0} < f(x) ifxe€B;\UY Bs 45(ai)

<0< f(x) if x € UYL, (Bs, 145 (ai) \ Bo,135(ai))
fs(x){ =0<f(x) if x € UYL, (B, 435 (ai) \ Bs,15(ai)

< fx) if x € UL, (Bsyy5(ai) \ Bs, (ai))

= f(x) if x € UX,Bs (a;).

In particular, f5 < f. We, moreover, have, since h5 < 0 and

M
f5>0 in | JBgias(ai),

i=1
that
Fy ={x€Bi: f5(x) <0} = {x € Bi\UL|Bs 125(a) : f5(x) <0}
= {x e Bi\UYBsa5(ai) : (1-&(x))hs(x) <0}
= {x € B\ U B a5(ai) - §(x) <1},
which is a connected set by (11.68). We thus have that
Fy CB \U?i136,-+26 (a;) and Fy is connected.

Observe next that

/fsf/ (1=8)hs > /h5>/ f- 5 /f dmeas(B;)

. F5ﬂFf+-/F§\Ff fmeas(By) = /Féme gmeas(B1)
= f—5m€aS(31)2/ f — 8 meas(By).
FgﬂF* F—

This leads to

/B]f(*—/,v+ 5+/ f5 2 /U”M a+/ fa—/ul“S f+/F5f5

>/U o f+/ F— &meas(B)) > 0,

where we have used (11.67) in the last inequality. From now on, we write f in place
of f5, since f5 < f and Remark 11.22(ii) holds. We may therefore assume, in the
remaining part of the proof, that f € C* (El) and F~ is connected.
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Step 1.3. Let us prove that we can assume that £(0) > 0. In fact, suppose that
f(0) < 0. We prove that there exists a diffeomorphism ¢; such that ¢} (f)(0) > 0.
Indeed, since [ f > 0, there exists a € By such that f(a) > 0. By Lemma 11.13,

there exists @ € Diff*(B;;B;) such that
supp(@; —id) CB; and ¢;(0) =a.

Since @] (f)(0) = f(a)detVe;(0) > 0, we have the result. Note that, using the
change of variables formula,

/ ei(f)=[ f>0.
J B J B
Note also that ¢} (f) € C™ (B} ) and, using Lemma 11.15,

((Pf‘(f))_1 ((—o0,0)) = (pfl(F*) is connected.

From now on, we write f in place of @ (f) and thus we can assume, without loss
of generality, that f € C* (B,), F~ is connected and f(0) > 0.

Step 1.4. We finally show that we can assume that

> 0.
/BI\FO+ f
In fact, since £(0) > 0and [ f>0,if 8 > 0 is small enough, we have that Bys C
F," and
/ f>0. (11.71)
B1\Bys,

Let n € C([0,1];[0, 1]) be such that

1 ifr<éordd <r<l
n(r)=

0 if261§r§351.
Let h € C*(By) defined by A(x) = 1(]x|) f(x). We then have
h(0) >0, H~ =F~ connected and Bs C Hy C By, -

Using (11.71), we get

/ h> / h= f>0.
B)\Hy JB1\Bys, Bi\Bys,

Since h < f, we may, according to Remark 11.22(ii), proceed replacing f with h =
1 f. The proof of Step 1 is therefore complete.

Step 2. In this step we start by selecting N connected components of F+ \F0+.
Then we select an appropriate amount of points in each of them.



242 11 The Case Without Sign Hypothesis on f

Step 2.1 (selection of N connected components of F+ \F(;r ). Let F;ir, el
x; € By \ F,", be the pairwise disjoint connected components of FT \FO+. Notice
that I is not empty by Step 1.4 and is at most countable; see Lemma 11.16. We
claim that there exists N € N such that

/UN F+f+/F,f>0- (11.72)
i—1£x;

In fact, suppose that I is infinite (otherwise the assertion is trivial because of the
fourth statement in (11.66)). Since, by the fourth statement in (11.66),

/F+\F0+f+/Ff>0

and since, using Lemma 11.16,

li =
nglo uy F’rf /F+\F+ f
i=1"% 0
we have (11.72) for N large enough.
Step 2.2 (selection of M; points in F;, 1<i<Nandof Mi+---+ My —1

points in F~ ). We start by defining the integers M;. We claim that there exist M, ...,
My € N such that

- %f s

M (T M) —1

>0 foreveryl <i<N. (11.73)

In order to simplify the notations, let
mf={ f 1<i<N and mfz/ 7.
Joes F-

We claim that for an integer v large enough,

m
M;=v and Mi|:lV:|7 ZSiSN,

+
my

where [x] stands for the integer part of x, satisfy (11.73). Indeed, let 1 <i < N; then

since
+ +

R m.
“Vv—1<M<—Lv+1, 1<i<N,
my my
we deduce
m; N m- - m; N m-
M. N = mt N ot :
M, ( j:le)_l %v+1 Z./:lerJ v—N-=—1

1 my
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Therefore, since, by (11.72),

N
Z mf +m- >0,
j=1

mt m- m-
lim [v| -+ 4 ———-— || >m [ 14+ =——— ]| >0.
Voo [ (M,' ( ]jylej) —1 ! ]]\]:1 mj'

This proves the assertion.

we get

Finally, choose M| distinct points
21, €EF
Then choose M, distinct points

+
IMy+15 -5 AM+M, € sz

and so on, and finally choose My distinct points

+
IMy+-+My_1+1y - M ++My € F;CN .

Similarly, choose M| + - - - + My — 1 distinct points

Vs YMy+tMy—1 € F

We define
M=My+---+My.

In particular, we have
flz) >0, 1<k<M and f(y;)<0, 1<j<M-1

Step 3. In this step we move the 2M — 1 points selected in the above step so that
they are on the same radial axis and well ordered; moreover, we define some cone
sectors.

Step 3.1 (displacement of the points zi and y ;). Choose (2M — 1) points, Z1, ..., Zm
and yi, ...,y 1 such that

0<fzil <yl <zl <ol < <lam-1] < Pu-1] < |zm| < 1,
& _ Vi
2l [yl

Then choose €; small enough and

forevery l <k <M, 1<j<M-1.

c1€C°([0,1];By), 1 <I1<2M —1,
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such that the sets

¢1([0,1]) 4+ Bg, are pairwise disjoint and contained in B; \ {0},

a(0)=z a(l)y=z if1<I<M,
CI(O):)A;[,M C[(l):yl,M lfM'i‘lSlSZM—l

Applying, for 1 </ <2M — 1, Lemma 11.13 with € = & and ¢ = ¢;, we get y; €
Diff*(By;B;) with

vi(c;(0)) =¢/(1) and supp(y; —id) C ¢;([0,1]) +Be, C By \ {0}

Thus, defining @2 = W o---0 Yoy, we get that supp(¢@, —id) C By \ {0} (and thus,
in particular ¢,(0) = 0) and

0(z%) =2z, 1<k<M and @;)=y;,, 1<j<M-1
To complete, we also define

X=¢,"(x;) 1<i<N.

Step 3.2 (definition of cone sectors). For 0 < § < 1, let K5 be the closed cone
having vertex 0 and axis R y; and such that

meas (Ks NB1) = d meas B .
This immediately implies that
meas (Ks NB,) = 0 measB, for every r > 0. (11.74)

Define B
f=e:(/)
By the properties of f and ¢, we get that

f0)>0, f(z)>0,1<k<M and f(3;)<0,1<j<M—1.
Therefore, there exists 6 > 0 small enough such that
f>8 inBg,
K5O (B 15\B—s) CFTNB;, 1<k<M,
K0 (Bisyis\Biyj-s) CF NBi, 1<j<M—1L;
in particular,

S<|al-6<|n|+6<m|-8<|m|+6<|na|-8<|2|+6
<< Pmo| =8 < Pm-r]|+ 6 <|zm| -0 <|zm|+ 6 < 1.
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Using Lemma 11.15 and (11.72), we get that f € C* (By) is such that F~ is con-

nected and
pe[ 7o
/uf.\’]F;f F*f

From now on, we write f, x;, zx and y; instead of f= 03 (f), Xi, zx and y; , respec-
tively. Define

S¢ =Ks N\ (Biyjvs \Byl-s), 1<k<M,
S; = K5 (Byyjrs\Bys), 1<j<M-1,
in particular,

d<|z|=-0<|al+d<n|—-0<|yi|+0<|za| -6 <|z|+d
<< ym-1| =0 < |ym-1|+0 < |zm|[ =06 < |zm[+ 6 < 1.

Choosing & even smaller, we can assume, without loss of generality, that

8n+1

<o, (11.75)
n

where o is the o in the statement of the lemma. Note that f has the following
properties:

S¢CES
where 7(k) is defined by
1 ifl1<k<M,
tk)=q 1
N M+ My +1<k<M,

f>8inBs CF,", F~ is connected and

K}F¢f+ﬂéf>0- (11.76)
i=11%;

Step 4. In this step we concentrate the positive and the negative mass in the cone
sectors defined in the previous step.

Step 4.1 (concentration of the positive mass in S,:“, 1 <k <M). Using (11.73),
we can find £ small enough such that

! J.f

—2€ measB
M; ! IR

>0, 1<i<N. (11.77)
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Applying, for 1 <i < N,Lemma 11.17to f, z=1x;, € = &€ and

_ ¢t
A= A =SE
1+Z, 1M; j=1M;j

we get y; € Diff”(By; By) with supp(y; —id) C F;f NB; and

/f : ,
+ i—1 i
: > —— —ginS, 1+Y M;<k<) M
(wi)'(f) 2 M;meas S, S Jrj=1 A

Letting @3 = y; o---o Wy € Diff”(By; B} ), we obtain that

Cz

supp(s —id) € |J (F; NB1) CBI\F',

~.
Il
-

¢;(f)=f>8 inBs,
and, forevery 1 <i <N,

/f . ‘

+ i—1 i
—g inS, 1 M <k<V¥Y M

MmeasSJr Pk +J; /= _J; !

o3(f) >
We define, for 1 <k <M,
f i—1

—& if14+) M;<k< iM
j=1 j=1

F
Ck+ = T

M;meas S
and we replace ¢@;(f) by f. We therefore have, using (11.77) and the fact that
meas(S;) < meas(B),

f>C¢5 inSf, 1<k<M, f>38 inB;,
/' ¥ (11.78)
G meas(S;) + j"f;l—elmeas(Bl)>0, 1<k<M.

We also have

C=x

SfCFT\F .
k

Step 4.2 (concentration of the negative mass in S;, 1 < j <M —1). Using
Lemma 11.19, recalling that /'~ is connected, with A; = SJT ,1<j<M-—1,and

£ =min{g;,8" " /n},
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where & has been defined in Step 3.2, we get @4 € Diff”(By;B;) with supp(@s —
id) C F~ NBj and

f
F

— g < 0 inS;
(M —1)measS; &< ¢;i(f)<0 in

Jjo 1§]§M715

5n+1

'/().]SW](]F \(UM . )904( ))( x |>ds>— —, x#0.

Defining

f
Cr=—"2 ¢, 1<j<M-I,
7 (M—1)measS; ! =/=
we thus get, using the second inequality of (11.78),
C; <@i(f)<0 inS;, 1<j<M-—1,
C,jmeasSJr—|—C-7measST>07 1<j<M—-1,1<k<M,

/Olsn—l(lF\< ,]WI]SJ> o;(f ))( x >ds>6:—1, x#0.

Note that @; (f) = f in F . Finally, as usual, we replace ¢;(f) by f. We therefore
obtain, using (11.78) and recalling (by (11.75)) that %ﬂ <o,

f>8 inBsCF,

f>CH inSf CFP\F, 1<k<M,
fZCj_ inSj_CF_, 1<j<M—1,
C,jmeasS,j+CTmeasS7>O, 1<k<M, 1<j<M-1,

1 1 5n+]
n— > —— .
)
(11.79)

Step 4.3 (summary of the properties of f). We claim that f has the following
properties:
f>8 inBsCF, (11.80)

Ck

M—1
Sy CFI\R", |Js;cF, (11.81)

~
I

1 5n+1
n—1 > — 1
/Os (1, (s )< v |)ds —>-0 ifx#0 (11.82)

and forevery x #20and 1 <k <M, 1 <j<M—1,

! n—1 <x) ! nfl < )
/Os (lszrf) s|x| ds—!—/os ) ] ds > 0. (11.83)
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In fact, (11.80)—(11.82) are just the first, second and fifth inequalities of (11.79),
respectively. Let us show (11.83). Fix | <k <M and 1 < j <M — 1. Recall that

Sy =KsN(By45\Bly—s) and S} =KsN (B, 45 \Byy|-5);
where K is a cone with vertex 0 and aperture 6. Thus, according to (11.74),

measS; = & [(Jz| +6)" — (|zx| — 8)"] meas By,
measS; =6 [([y;|+6)" — (|y;| — 6)"| measB; .

Then, using (11.79), we get

/1 n—l(l f)< x)d+/1 n_l(l f)( )C)d
s s— |ds s - s— |ds
0 S x| 0 5 x|
|z [+6 lyjl+8
2/ s”_IC,jder/ , s”_le_ds
|2k |- lyjl—6

)" — (|2 — 8)" 1+ 8)" — (yj| — 8)"
C:(IZkIJr ) n(\ZkI ) Jrcj_(ly1|+ ) n(IyJI )

meas S,j _ measS;

+
K 18 meas B, 7 nd measB;

which is the claim.
Step 5 (conclusion). Let
P=0Q10P200300Q4.

Note that, by construction, supp(¢ —id) C B;. Because of all of the successive
replacements of f in Steps 1-4 by a new f, the lemma has to be proved for ¢ = id.

Step 5.1. First, note that £(0) > 0 by (11.80).
Step 5.2. We now show (11.59). We divide the discussion into three steps.
Step 5.2.1. If r < J, (11.80) directly implies the assertion.

Step 5.2.2. We now suppose that either x € K5 and r € (8,1] or x € K5 and
r € (0,|y1] — 0) and thus, in particular,

X M—1
[o,rxl}ﬂ(uj_:l s7) =0.
Observe that (11.80) and (11.82) then imply
! n—1 n—1
IR o e R U] Gy Py U C 2
=t (o) as [ s 0 g )
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/ n— 15d5+/ UM lS f)( |i|)ds
> n—1 / n—1 » B i >
7/0 s ods + A s (IF\UIy_llij)(sxl ds>0

and the assertion is proved.

Step 5.2.3. Tt only remains to show the assertion when x € Ks and r € [|y;| — 3, 1].

We get
/rs'“]f <sx> ds
0 x|
:/ s”fl(lFJf ( F >ds+/ F+\F0+f) (s|i|> ds
+ [ < )
and thus

/rsnflf (sx> ds
0 x|
_/ F+f ( x |)ds+/ F\Uéulls/f)<s|i|>ds
A )y e )

Since r > |y1| =8 > |z1|+ & > &, (11.80) holds, and f < 0 in F~\ U 'S, we
obtain
" n—1 i " n—1 i
/0 s (1F0+f) (s |x|) ds—i—/o s (1F,\U§\.4:7]1S;f) (s x)ds

"0 1
n—1 n—1 X
Z./o s 6ds+(/0 s (IF,\UII\/I:—]IS;f) <s|x|> ds

and hence, according to (11.82),

o X o
/Os 1y f) (SM)dH/O S e s f)( |x|>ds20.

We therefore find, using (11.81), that
r — r X r n—
/Os 1f<| |>ds>/ s" (1F+\F+f)(s|x|)ds+/0 s 1(1U1}4_11ij)(| |)ds
M- X
= { [ aen(sgy)ass [ 0oy o)
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= m [ ean () [ tnen (s57) )

In order to conclude the proof of Step 5.2.3 and thus of Step 5.2, it is sufficient to
show that A > 0. We consider several cases.

Define

Case I:r € [|y1| — 8,|z2| + 8). We then have

as [l vf( e [ 9050 (s o
o <|>

and thus, recalling that » > |y| — & > |z1| + 6,

Az/ors”’l(lsrf) (si) ds+/0rs"’l(lsff) <s|i|) ds
1 1
2/0 s”_l(lsrf) <s|;> ds+/0 s”_l(lslff) (s|i|> ds,

which is positive, according to (11.83).
Case 2: r € [|zi| + 6, |zit1| + 6), 2 <i < M — 1. We therefore find

AZEA% “”(|J“+Z/ 1) (57 @

L ([ an () [0 (o))
Lo (e [0 ()

which is positive, in view of (11.83).

Case 3: r € [|zu| + 8,1]. We now have

=T Lo () 0 () o

which is positive, according to (11.83).
Step 5.3. We finally prove (11.60) and we divide the proof into two steps.
Step 5.3.1. First, suppose that either x € Kg or

x€Ks and re€ (Jymy—1]|+0,1]
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and thus, in particular,
X X M—1
)N ) -
Inequality (11.82) then implies
1 X 1
/ Sn—lf (S) dSZ/ n— l(lF f)( )
r lx ||
L
= [ e (o)

1
n—1 X
> /0 s (1F,\U1}4:711S;f) (S|x> ds > —o,

which proves the assertion.

Step 5.3.2. It only remains to show the assertion when x € Ks and r € [0, |yp—1 |+
8]. We get, using the fact that f < 0in F—, (11.81) and f > 0 in F,", that

1 1
[ (5B )as=[Fvmapn (s )ast [ (2 ) as
r |« r x| ]
1
n—1 X
> [0 e i o) (s|x|> ds
[ ) (57 )
_ X
+/r sn ](1F+\Fo+f) <Sx> dS
and hence, appealing to (11.82) and since f > 0 in STL ,
1 x 1 x
/s”flf §— ds>—0'+/ s" 11 (I g f) (57 | ds
Jr |x| U/ 1Yj |x|
X
+/ F+\F0+f) (S|x|> ds
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In order to obtain the claim, it remains to prove that B > 0. This is obtained exactly

as in Step 5.2.3.
Case 1:r € [|zp—1] — 6, |ym—1] + 6]. We then have

oL () )
+/ ()

and thus, recalling that » < |yy—1| + 6 < |zum| —
1 X 1 X
B z/r s”’1(15+f) (s|> ds+/ s"*1(1511f) <s|x|> ds
1 X
2 [l (spp s [0, 0 (o)

which leads to B > 0, in view of (11.83).
Case 2: r € [|zi—1]| — 8, |zi| — 8), 2 <i < M — 1. We thus deduce

Bk;l/ (15:1) ( M)mz/ (i
2L {[ran (g )a [ Gi

=L {0 () [ f>(s|ii|>ds}

and, using (11.83), we get that B > 0.
Case 3: r € [0,]z1| — ). We therefore find

B (Lo () [ o))

using once more (11.83), we get that B > 0. This concludes the proof of the lemma.
O
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