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Quantized Identification and
Asymptotic Efficiency

Up to this point, we have been treating binary-valued observations. The
fundamental principles and basic algorithms for binary-valued observations
can be modified to handle quantized observations as well. One way to under-
stand the connection is to view a quantized observation as a vector-valued
binary observation in which each vector component represents the output
of one threshold, which is a binary-valued sensor. The dimension of the
vector is the number of the thresholds in the quantized sensor.

However, since a binary-valued sensor is already sufficient for achiev-
ing strong convergence and mean-square convergence for the parameter
estimates, and weak convergence of the centered and scaled estimation er-
rors, it is natural to ask: Why do we need quantized observations? What
benefits can be gained from using more complicated sensors? To answer
these questions, we study the efficiency issue that is characterized by the
Cramér-Rao (CR) lower bounds. We are seeking algorithms that utilize all
statistical information in the data about the unknown parameters, in the
sense that they achieve asymptotically the best convergence rates given by
the CR lower bound. Consequently, the CR lower bounds become a charac-
terization of the system complexity in this problem. Comparisons of such
complexities among sensors of different thresholds permit us to answer the
above questions rigorously and completely.

Section 6.1 begins with basic identification algorithms and their con-
vergence properties. To utilize information from all thresholds collabora-
tively, Section 6.2 introduces an algorithm named by the authors as the
quasi-convex combination estimator (QCCE). Expressions for identifica-
tion errors are derived. Section 6.3 develops some important expressions of
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68 6. Quantized Identification and Asymptotic Efficiency

identification error covariances that are essential for deriving the efficiency
of the optimal QCCE algorithms. The main results of this chapter are con-
tained in Section 6.4, in which the asymptotic efficiency of the optimal
QCCE is established.

6.1 Basic Algorithms and Convergence

Consider a single-input—single-output, linear, time-invariant, stable, discrete-
time system G given by

yr = Gug +di, k=1,2,..., (6.1)

where wy is the input, dj is the disturbance, and G is either a rational
transfer function or an FIR (finite impulse response) system, or in the
simplest case, a gain. The output y; is measured by a sensor of mg thresh-
olds —oo < (1 < -+ < Oy, < oo. The sensor is represented by a set of
myg indicator functions s = [sil} SIEmO}]’, where s,?}
1= 17 .., Mo.

First, consider the simplest case of identifying a constant 6:

gee ey

= I{foo<yk§Ci}7

yk:9+dk~

Under Assumption (A3.1), {di} is a sequence of i.i.d. random variables

with distribution function F'(-). Thus, for each threshold Cj, {s,{:}} is also
an i.i.d. sequence. Then

pi = B(s{) = F(C; — 0) := Fi(0).

Since F;(0) is invertible, we denote its inverse by G;(-), and hence G;(p;) =
0. Define

N-1
i 1 i i i
V=g Xt o =aued).
k=0

By virtue of the results in Chapter 3, 9}{\;} is asymptotically unbiased. Let

9]{3}7 1 =1,...,mg, be mgy asymptotically unbiased estimators of 8 based
on samples of size N. Denote

on =07, ..o,

el =0l — o,

eN = [6}{\,}}7 ey ejivm(]}]l,

1=[1,1,...,1] € R™.
Then ey = On — 01. Define

VN(O) = EBNGIN. (62)
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Note that Fey — 0 as N — oo, and that Vy(0) is a covariance matrix
of ey that is positive semidefinite. Although the calculation of Vi (6) may
be cumbersome, the following asymptotic result shows that Vy(6) can be
approximated by a computable function.

From p; = F;(0), define

hi(8) = OF(8) /6.

Then
9G(pi)/Opi = 1/hi(0).
Denote
p= [pla cee apmo}/a
h(0) = [h1(0), ..., hm,(0)], (6.3)
G(p) = [Gl(pl)v ceey Gmo (pmo)]/a
and
Pr P P
pPr p2 ... P2
M= ,
(6.4)
P1 P2 ... Pmg
U = dia ( 1
ENB(0) " Ty (0)
Theorem 6.1. As N — oo,
NVN(0) — UM — pp')U := ¥ (). (6.5)

Proof. As mentioned in Remark 3.11, the weak convergence of By(-) and
the Skorohod representation (without changing notations) enable us to as-

sume that By(-) — B%(:) w.p.1. Let &y = | ]{Vl}, ce ]{Vmo}]’. Consider
ey =0On — 01 =G(¢n) — G(p).
By Theorem 3.12,
T = VNl = vn(Gi(el) - Gilp)
converges to

T}{\;} -l = MBO(U{l}) _ B2 (vt")

——— w.p.las N . .
op; (@) w.p.las N — 0. (6.6)
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As a result, ¥ = U(B)" with

T =[x, .. ylmely,
B° = [B%(vi™), ..., BO(vtmlY,

U [8G1(p1) aGmo (pmo)}/
8}71 ’ ’ apmo

It follows from Theorem 3.12 that

EYNYyN — EUBY(B°)'U

and
P1— p% P1—pip2 ... P17 PiPmg
_ —p2 _
EBO(BO)’ P .P1P2 P2 —P3 <o P2 ].32me
PL = PmoP1 P2 — PmoP2 -~ Pmo — Ping
=M —pp".
Therefore,
EYNYy — U(M — pp)U.
The proof of the theorem is thus completed. a

The covariance in Theorem 6.1 reflects identification errors from each
threshold and their correlations. However, it does not consider the unique
feature here that all estimates are for the same parameter . Combining
these estimates will eventually lead to an efficient algorithm.

6.2 Quasi-Convex Combination Estimators

(QCCE)

Define 8 = [31,. .., Bm,) such that 51 + -+ + B, = 1. One can construct
an estimator 6y of 6 by

mo )
v = 60§ = 3On. (6.7)
i=1

Oy is called a quasi-convex combination estimator (QCCE). The term “quasi-

convex” is used since (3; need not be nonnegative. Since 0}{\;} is asymptoti-
cally unbiased,

Eby =B EONy — B0l =0 as N — oc.
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Hence, 0 ~ is an asymptotically unbiased estimate of 6. Moreover, the vari-
ance of the estimation error 0 — 6 is given by

7% =E(B'0n—0)?=E@6ey—p301)?
= ' Eeneyf = 'Vn(0)5.

That is, the variance is in a quadratic form with respect to the vector .
The estimator that minimizes &4 is called the optimal quasi-convex com-

bination estimator (optimal QCCE), which is obtained from

0% = min 7% = min B'Vyx(0)5. (6.8)
8,8 1=1 B,6'1=1
Theorem 6.2. Under Assumption (A3.1) and assuming Vi (0) is positive
definite, the optimal QCCE can be obtained by choosing

vyt o~

ﬂ* = W7 On = (ﬁ*) ®Na (6-9)

and the minimal variance is

1

T (6.10)

ox =

Proof. The estimator that solves (6.8) is in fact the Gauss-Markov esti-
mator [64, p. 84] (linear minimum variance unbiased estimator) and (6.9)
follows directly. For an elementary derivation, one defines the Hamiltonian

where )\ is a Lagrange multiplier. Using standard techniques in optimization
(see [64, Chapter 10]) yields the stationary point (A\*,5*) of H(3, \) with
M= 2/(1I'Vy'(0)1) and B* given in (6.9). It can be verified that the
stationary point is indeed a minimum. Substituting the above solutions
into &3;, we obtain the optimal variance as in (6.10). O

Remark 6.3. The optimal QCCE naturally gives more weights on the
thresholds that provide more accurate information. To gain insights, sup-

pose hypothetically that the estimators 9}{\;} , 1 =1,...,mg, are indepen-
dent. Then Vy is diagonal: Vy = diag(vk,...,vN°). It follows that the
optimal weighting is

[(op) - (o)~

(op)H - (o)

BN = (6.11)

In other words, the estimators with smaller variances will be more heavily
weighted.
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6.3 Alternative Covariance Expressions of Optimal

QCCEs

Recall from Section 2.2 that Zéii} =Iic,_<y<ci), 0 =1,...,mg + 1, with
Co = —o0 and si(mo + 1) = I{c,, <y<oco}- Let

i = P{gf} =1} =P{Ci_1 < yx < C;}
— F(C; — 0) — F(Ci_y — §) := Fy(6).
Define

(o) = 2100

The following relationships between ’p},?z,- and p;, h; in (6.3) can be easily
established:

=—f(Ci=0)+ f(Cia = 0).

mo+1 mo+1

d bi=1, ZR‘ZQ
i=1

i=1

J J
pj:Zﬁi, hjzzhivj:]-v"'7m03
=1

P1=D1, Pi=DPi—DPi-1,i=2,...,my,

ﬁmo+1 =1 — Pmo-

Denote
5(9) = [?’517 cee 7ﬁm0]l7
U(0) = diag(1/h1, ..., 1/hmy),
M(0) = diag(P1, - - - » Pimg )
and

U(0) =U(M — pp)U. (6.12)

For notational simplicity, we suppress the 6 dependence in the expressions.
Assume that p; # 0,7 =1,...,mp + 1. If p; = 0, the threshold C; can be
eliminated since the interval (C;_q,C;] contains no useful information on
f. Then, M is invertible. Let

=M/?= diag( \/>17~-~7\/ﬁm0)~

We now prove an important lemma that will be essential for establishing
the efficiency of the optimal QCCE algorithms in the next section.

mo+1
Lemma 6.4. 1’011 = Z h2 | p;.

i=1
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Proof. Note that
vl = (O(W - pp)0)
= (WO) "I - Wl gp W)L (Ow) !

By the well-known matrix inversion lemma ([62, p. 306, eq. (11.10)]),

N N W11 —1
(T— Wiyt = VPPV
1M
Observe that
mo
1 —ﬁM_lﬁ: 1-—- Zﬁz = 2’5mo+17
i=1 ~ ~
ST =1 (77T —1 = hy Bme 17 <ex~
FWLOW) 'L = [V, . «/pmo[\f : } =3 b,
mo i=1
and _
_ o T2
rwo)row) =Y =L
i=1 11
Consequently,
VU1 = 1/(UW? - pp)U) 1
=1'(WO) (I =W W)~ (OW)
mo h2 mo h
_ Z + (Zz 1 ) )
— pz pmo+1
However, from Y27 5, = 1, we have
moz-‘rlﬁ- B mo+1 8{0} o
i=1 i=1 09
OF g1 = — 37 hy. Tt follows that
(i ha)® h?no-&-l
ﬁm,0+1 pmg—‘rl
Therefore,
_ mo+1 712
1wty = =, (6.13)
im1 L1
which completes the proof. a

We have introduced ¥ to provide a convenient way of expressing the
CR lower bound in the next section. Next, we establish the connection
between U in (6.12) and ¥ in (6.5). Denote h = [h1, ..., hm,]’, and refer to
(6.3)-(6.5) for related expressions.



74 6. Quantized Identification and Asymptotic Efficiency
Lemma 6.5. 1’01 = 1'U~'1.
Proof. First, note that
1O = h/(M —pp') " h,
U1 ="M —pp) "he

Let V7 be the matrix

1 -1 -1
0 1 0
‘/1 = )
0 O 1
which is formed by subtracting columns ¢ = 2, ..., mg from the first column

of the identity matrix. Then,
R (M —pp' )~ h = W'V (V] MVy — Vpp' Vi)~ V/h.

It is easy to verify that

, 0 po—p1 ... p2—p1
Vlelz . . = My,
0 p2—p1 o Pmy—P1

Vllp = [p17p2 —P1y--- ’pnlo *pl]/ = Wla
Vllh = [hlahQ - hl?"'ahmo - hl], = H1~
Hence,
VU = Hi(My — Wi W) H.

This process can be repeated, but restricting to the lower right (mg —
1) x (mg — 1) submatrix of Mj. In other words, using

10 0 ... o0
01 -1 ... —1
Va=l00 1 ... 0
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we obtain
VO = HyVa(Vy My Vo — Va Wi Wi Vo)~ Vg Hy
= Hy(My — Wy W3) H.

After (mg — 1) such elementary operations, we obtain

P1 0 0 0
0 P2 — P1 0 0

Mp,_1=| 0 0  p3s—p2 ... 0 =M,
0 0 0 oo Pmg — Pmo—1 |

Wmofl = [P1,p2 —P1;---5Pmg —ngfﬂ/ :15»

Hypy—1 = [h1,hy = ha, .o iy = By —1]' = h,
since p1 = p1, Pi = Pi — Pi—1, © = 2,..., mg. Consequently,

1O =n' (M —pp) th =101

6.4 Cramér—Rao Lower Bounds and Asymptotic
Efficiency of the Optimal QCCE

We first recall the notion of efficiency from estimation theory. Suppose
that Xi,..., Xy is a random sample of size N from a distribution with
probability density function f(x;1), where 9 is an unknown parameter.

For two unbiased estimators 9J; of 9, with E@f < oo (i =1,2), we say that
¥ is more efficient than ¢, if the relative efficiency effy (¢ |d2) < 1, where

o 0
effy(91]92) = Varﬂi(j)~
vary (92)

Let 0 = 9(X1,...,X,,) be an unbiased estimator of ¢. Under certain reg-
ularity conditions (that are usually fulfilled for the identification problems
we are working with), the well-known Cramér—-Rao (CR) bound states that
the variance 0125 of the estimator 9 is bounded below by

1

= NE[(0/09)F(X: )]

o (6.14)

)N

75
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We say that an estimator ¥ is efficient ~or most efficient if the CR bound
is attained. For any unblabed ebtlmator 01, the efficiency of the estlmator
is defined as eﬁg(ﬂl\ﬂ) where ¥ is an efficient estimator. An estimator 9,
with sample size N is asymptotically efficient if

(1) 31 is at least asymptotically unbiased in the sense that Eﬁl — 1 as
N — oo, and

(i) limy effy(9:1]9) = 1.

For further discussion on related issues, we refer the reader to 78, Section
8.5] and the references therein.

Let E]{;} = ]i, kN 1 fs”lg g , which is the sample relative frequency of yj
taking values in (C;_1,C;]. In the statement of the following lemma, we
note that information contained in {sj} is the same as that in {5;}.

Lemma 6.6. The CR lower bound for estimating 6 based on observations
of {sk} is
mo+1 ’BQ 1
o2, (N, mg) = (N Tl) . (6.15)
= Pi
Proof. Augment sj to s.; = [s},,1]’, where the added element represents
1 = P{—00 < yx < oo}. Let x;, € R™*! be some possible sample values

of sqk. Noting the i.i.d. assumption, the likelihood function of s41, ..., SN
taking values x1, ..., 2N, conditioned on 6, is given by
Ux1,...,xn;0) = P{Sq1 = T1,...,8.N = zN;0}
= H P{Sak = l‘k;e}.
k=1
Due to the sensor structure, 3, always takes the form of [0,...,0,1,1,...,1]".

Let ig(k) be the index of the first 1 in xj. Then
P{sax = xp; 0} = P{Sk(io(k)) = 1;0} = Pig )

Hence,
N
E(mh...,xN;ﬁ) = Hﬁzo(k) (616)

Replace the particular realizations zj by their corresponding random
elements v, and denote the resulting quantity by ¢ = £(v1,...,vn;6).
Note that ¢ is random by its definition. In (6.16), for a given 4, ig(k) = 7 if

and only if 3”,{;} = 1. Consequently, for a given sample path, the number of

occurrences of a particular p; in (6.16) is fcv 1 fsi = gj{\f}N. As a result,
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by grouping all occurrences of p; in (6.16), we have

mo+1 .

= 1] mi v ).

i=1

Consequently, log¢ = N ZmOH & 1o p;, and
810g€ mot! 1~
=N Z fzél hi,
0%log ¢ o 1 0%p;
=N —hZ ——.
q =N 2 8 [ S
Since 7! p; = 1, we have
£} 8251 = 0

; 062 ’

=1
As a result,

]’o} 802 & 802 S
Hence,
pOlogt "R
062 L~ p;
i=1

The CR lower bound is then given by

0%log ¢\ —1 motl e 1

2 o _ 7
o2, (N, mg) = f(E o ) - (N ; E) . (6.17)
O

Recall that from Theorem 6.2, the variance of the optimal QCCE is

0'2 = 71
N vt

One of the main results of this chapter is the following theorem, which
reveals that the optimal QCCE is asymptotically efficient.

Theorem 6.7. The optimal QCCE is asymptotically efficient in the sense
that
No3 — No2,(N,mg) — 0 as N — co.

7
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Proof. By Theorems 6.1 and 6.2, the variance of the optimal QCCE sat-
isfies

TNV (9)1
1

— 71,\1171(0)1 as N — oo,

where W~1(0) is the limit of N~V (). On the other hand, by Lemma 6.6,

mo+1 77/2 1
3

NoZ (N,mo) = ( = (6.18)
i1 Pi
Now, Lemmas 6.4 and 6.5 yield
mo+1 792
[y
et = -,
i=1
which leads to the desired result. a

Remark 6.8. Expression (6.18) delineates the contribution of each sensor
interval (C;_1,C;] to the reduction of identification errors as Ef (0)/pi(0).
The smaller the sensitivity Ef /Di, the less useful is the threshold interval
(Ci—1,C;] in error reduction. This may be used as a guide in deciding
if increasing the quantization accuracy (that is, adding more thresholds)
is worthwhile. Furthermore, the quantity Z?;Olﬂ E?/@ can be used for
threshold selection.

A numerically less complex implementation of the optimal QCCE algo-
rithm is to use the sample mean and sample covariance in place of 6 and
V. From the estimates {©,; = G(§;),j =1,..., N}, we compute its arith-
metic average O = Z;V:1 ©;/N. Since Oy is asymptotically unbiased, by
elementary analysis, we also have Zj\;l E©;/N — 61 as N — oo. This
leads to the following algorithm:

N
@N = Z@J/Nv
j=1

N
~ 1 _ _
Vy = (0,-0x)(0, - 6x)
N Nf1j:1(f ~)(©; = On)', (6.19)
Vit
BN_ //I\\/'_l )
Vgt

On = (Bn) On.
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This algorithm can be written recursively as

— — 1 - C)
Ony =On_1 — N®N71 + WN»
(6.20)
5o _ D > (On —OnN)(On — On)’
VN =Vn_1 N 1VN71+ N1
It can be shown that
Vy — Vn(0) — 0, ‘7]\71 ~Vy'(0) — 0, as N — o0. (6.21)

If we work with the implementable estimates defined in (6.19), we can
define 5% = 1/(1'Vy 1), and obtain the following result.

Corollary 6.9. For the estimators given in (6.19),

NG% — No2, (N,mg) — 0 as N — co.

Proof. By virtue of Theorem 6.7, it suffices to show that No3, — No3 — 0
as N — oo. In fact, a simple calculation shows that

1 1 Uyt -vyhe

UVt UV (V) (V)

—0 as N —oo. (6.22)

Hence, the result follows. a

6.5 Notes

This chapter introduces the optimal quasi-convex combination estimators
and establishes their asymptotic efficiency. These optimality results lay a
foundation in which complexity issues in system identification with quan-
tized observations can be rigorously investigated. This chapter follows [104].

Space complexity (the number of intervals in quantization, or the word
length of each measurement) is a relatively new paradigm in system iden-
tification. Traditional quantization uses uniform quantization intervals and
ubiquitously employs quantization errors in analysis. However, when the
signal range is large or even unbounded, such uniform quantization suffers
from high or infinite space complexity. The results of this chapter provide a
foundation to evaluate if finite quantization levels are sufficient. Studies of
the impact of quantization errors can also be conducted in a worst-case or
probabilistic framework, depending on how quantization errors are modeled
[1, 2, 39, 34, 80].
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