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Identification of Hammerstein Systems
with Quantized Observations

This chapter concerns the identification of Hammerstein systems whose
outputs are measured by quantized sensors. The system consists of a mem-
oryless nonlinearity that is polynomial and possibly noninvertible, followed
by a linear subsystem. The parameters of linear and nonlinear parts are
unknown but have known orders. We present input design, identification al-
gorithms, and their essential properties under the assumptions that the dis-
tribution function of the noise and the quantization thresholds are known.
Also introduced is the concept of strongly scaled full-rank signals to cap-
ture the essential conditions under which the Hammerstein system can be
identified with quantized observations. Then under strongly scaled full-rank
conditions, we construct an algorithm and demonstrate its consistency and
asymptotic efficiency.

The structure of Hammerstein models using quantized observations is
formulated in Section 12.1. The concepts of strongly full-rank signals and
their essential properties are introduced in Section 12.2. Under strongly full
rank inputs, estimates of unknown parameters based on individual thresh-
olds are constructed in Section 12.3. Estimation errors for these estimates
are established. The estimates are integrated in an optimal quasi-convex
combination estimator (QCCE) in Section 12.4. The resulting estimates
are shown to be strongly convergent. Their efficiency is also investigated.
The algorithms are expanded in Section 12.5 to derive identification algo-
rithms for both the linear and nonlinear parts. Illustrative examples are
presented in Section 12.6 on input design and convergence properties of
the methodologies and algorithms.
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198 12. Identification of Hammerstein Systems

12.1 Problem Formulation

Consider the system in Figure 12.1, in which

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

yk =
n0−1∑

i=0

aixk−i + dk,

xk = b0 +
q0∑

j=1

bju
j
k, bq0 = 1,

where uk is the input, xk the intermediate variable, and dk the measurement
noise. Both n0 and q0 are known.
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FIGURE 12.1. Hammerstein systems with quantized observations

The output yk is measured by a sensor, which is represented by the
indicator functions

s
{i}
k = I{yk≤Ci}, i = 1, . . . , m0,

where Ci for i = 1, . . . , m0 are the thresholds. Denote θ = [a0, . . . , an0−1]′,
φ0

k = [1, . . . , 1]′, and φj
k = [uj

k,. . . , uj
k−n0+1]

′, j = 1, . . . , q0. Then

yk =
n0−1∑

i=0

ai(b0 +
q0∑

j=1

bju
j
k−i) + dk

= b0

n0−1∑

i=0

ai +
q0∑

j=1

bj

n0−1∑

i=0

aiu
j
k−i + dk

=
q0∑

j=0

bj(φ
j
k)′θ + dk.

(12.1)
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By using the vector notation, for k = 1, 2, . . .,

Yl = [y2(l−1)n0(q0+1)+n0 , . . . , y2ln0(q0+1)+n0−1]′ ∈ R
2n0(q0+1),

Φj
l = [φj

2(l−1)n0(q0+1)+n0
, . . . , φj

2ln0(q0+1)+n0−1]
′ ∈ R

2n0(q0+1)×n0 ,

j = 0, . . . , q0,

Dl = [d2(l−1)n0(q0+1)+n0 , . . . , d2ln0(q0+1)+n0−1]′ ∈ R
2n0(q0+1),

S
{i}
l = [s{i}

2(l−1)n0(q0+1)+n0
, . . . , s

{i}
2ln0(q0+1)+n0−1]

′ ∈ R
2n0(q0+1),

i = 1, . . . , m0, l = 1, 2, . . . ,

(12.2)
we can rewrite (12.1) in block form as

Yl =
q0∑

j=0

bjΦ
j
l θ + Dl, l = 1, 2, . . . (12.3)

We proceed to develop identification algorithms of parameters θ and η =
[b0, . . . , bq0−1]′ with the information of the input uk and the output sk of
the quantized sensor.

The input signal, which will be used to identify the system, is a 2n0(q0 +
1)-periodic signal u whose one-period values are

(v, v, ρ1v, ρ1v, . . . , ρq0v, ρq0v),

where the base vector v = (v1, . . . , vn0) and the scaling factors are to be
specified. The scaling factors 1, ρ1, . . ., ρq0 are assumed to be nonzero and
distinct. Under 2n0(q0 + 1)-periodic inputs, we have

Φj
l = Φj

1 := Φj , l = 1, 2, . . .

Thus, (12.3) can be written as

Yl =
q0∑

j=0

bjΦjθ + Dl := ζ + Dl. (12.4)

The identification algorithm will be divided into two steps: (i) to estimate
ζ (which can be reduced to estimation of gain systems), and (ii) to estimate
θ from the estimated ζ.

12.2 Input Design and Strong-Full-Rank Signals

This section is to introduce a class of input signals, called strongly full-rank
signals, which will play an important role in what follows. First, some basic
properties of periodic signals will be derived.
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Recall that an n0 × n0 generalized circulant matrix

T =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

vn0 vn0−1 vn0−2 . . . v1

λv1 vn0 vn0−1
. . . v2

λv2 λv1 vn0
. . . v3

...
. . . . . . . . .

...

λvn0−1 λvn0−2 λvn0−3 . . . vn0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(12.5)

is completely determined by its first row [vn0, . . . , v1] and λ, which will be
denoted by T (λ, [vn0, . . ., v1]). In the special case of λ = 1, the matrix in
(12.5) is called a circulant matrix and will be denoted by T ([vn0, . . . , v1]).

Definition 12.1. An n0-periodic signal generated from its one-period val-
ues (v1, . . . , vn0) is said to be strongly full rank with order m0 if the circulant
matrices T ([vin0, . . . , v

i
1]) are all full rank for i = 1, . . . , m0.

Obviously, an n0-periodic signal generated from v = (v1, . . . , vn0) is
strongly full rank with order m0 if it is strongly m0 + 1 full rank. An
important property of circulant matrices is the following frequency-domain
criterion. By Lemma 2.2, we have the following theorem.

Lemma 12.2. An n0-periodic signal generated from v = (v1, . . . , vn0) is
strongly full rank with order m0 if and only if for l = 1, 2, . . . ,m0,

γk,l =
n0∑

j=1

vl
je

−iωkj

are nonzero at ωk = 2πk/n0, k = 1, . . . , n0.

Proposition 12.3. For n0 = 1, 2, an n0-periodic signal u generated from
v = (v1, . . . , vn0) is strongly full rank with order m0 if and only if it is full
rank.

Proof. For n0 = 1, by Corollary 2.3, u is full rank if and only if γ1 =
v1 �= 0. By Lemma 12.2, u is strongly full rank with order m0 if and only
if γ1,l = vl

1 �= 0,∀l. So, γ1 �= 0 is equivalent to γ1,l �= 0.
For n0 = 2, by Corollary 2.3, u is full rank if and only if γ1 = v2−v1 �= 0

and γ2 = v2 + v1 �= 0, that is, v2 �= ±v1. By Lemma 12.2, u is strongly full
rank with order m0 if and only if

γ1,lγ2,l = (vl
1e

−iπ + vl
2e

−i2π)(vl
1e

−i2π + vl
2e

−i4π) = v2l
2 − v2l

1 .

Thus, we have γ1γ2 = v2
2 − v2

1 �= 0 if and only if u is full rank. �
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Remark 12.4. For n0 > 2, the conditions of strongly full rank with order
m0 may be different from the conditions of full rank. For example, for
n0 = 3 and l = 1, . . . , m0,

γ1,lγ2,lγ3,l = (vl
3 + vl

2 + vl
1)
[
(vl

2 −
1
2
(vl

3 + vl
1))

2 +
3
4
(vl

3 − vl
1)

2
]
�= 0

is not equivalent to

γ1γ2γ3 = (v3 + v2 + v1)
[
(v2 −

1
2
(v3 + v1))2 +

3
4
(v3 − v1)2

]
�= 0

except m0 = 1.

Definition 12.5. A 2n0(m0 + 1)-periodic signal u is strongly scaled m0

full rank if its one-period values are (v, v, ρ1v, ρ1v, . . . , ρm0v, ρm0v), where
v = (v1, . . . , vn0) is strongly full rank with order m0, i.e., 0 �∈ F [v]; ρj �= 0,
ρj �= 1, j = 1, . . . ,m0, and ρi �= ρj , i �= j. We use U(n0, q0) to denote the
class of such signals.

Definition 12.6. An n0(m0+1)-periodic signal u is exponentially strongly
scaled full rank with order m0 signal if its one-period values are (v, λv, . . .,
λm0v), where λ �= 0 and λ �= 1, and Tj = Tj(λj , [vjn0, . . . , v

j
1]) are all

full rank for j = 1, . . . ,m0. We use Uλ(n0, q0) to denote this class of input
signals.

By Definition 12.6 and Lemma 2.2, we have the following result.

Lemma 12.7. An n0(q0+1)-periodic signal u with one-period values (v, λv,
. . ., λm0v) is exponentially strongly scaled full rank with order m0 if λ �= 0,
λ �= 1, and for l = 1, . . . ,m0,

γk,l =
n0∑

j=1

vl
jλ

− jl
n0 e−iωkj

are nonzero at ωk = (2πk)/n0, k = 1, . . . , n0.

Remark 12.8. Definitions 12.5 and 12.6 require that T (λi, [vin0, . . . , v
i
1]),

i = 1, . . . ,m0, are all full rank for λ = 1 and λ �= 0, 1, respectively. However,
since the event of singular random matrices has probability zero, if v is
chosen randomly, almost all v will satisfy the conditions in Definitions 12.5
and 12.6, which will be shown in the following example.

Example 12.9. For n0 = 4, m0 = 4, λ = 0.9, v = (0.5997, 0.9357, 0.9841,
1.4559) is generated randomly by Matlab, v is strongly 4 full rank since

det(T ([v4, v3, v2, v1])) = 0.4041, det(T ([v2
4 , v2

3 , v2
2 , v2

1 ])) = 2.4823,

det(T ([v3
4 , v3

3 , v3
2 , v3

1 ])) = 7.7467, det(T ([v4
4 , v4

3 , v4
2 , v4

1 ])) = 19.8312.
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Furthermore, for λ = 0.9,

det(T (λ, [v4, v3, v2, v1])) = 0.3796, det(T (λ2, [v2
4 , v2

3 , v2
2 , v2

1 ])) = 1.7872,

det(T (λ3, [v3
4 , v3

3 , v3
2 , v3

1 ])) = 4.2853, det(T (λ4, [v4
4 , v4

3 , v4
2 , v4

1 ])) = 8.5037.

v is generated randomly 10000 times, it is shown that all T ([vi
4, v

i
3, v

i
2, v

i
1])

and T (λi, [vi
4, v

i
3, v

i
2, v

i
1]), i = 1, . . . , 4, are nonsingular.

12.3 Estimates of ζ with Individual Thresholds

Based on strongly scaled full-rank signals, we now derive the estimation
algorithms for ζ and analyze their convergence. To this end, estimation
algorithms based on the information of individual thresholds are first in-
vestigated.

(A12.1) The noise {dk} is a sequence of i.i.d. random variables whose
distribution function F (·) and its inverse F−1(·) are twice continuously
differentiable and known.

(A12.2) The prior information on θ = [a0, . . . , an0−1]′ and η = [b0,. . . ,
bq0−1]′ is that

∑n0−1
i=0 ai �= 0, bq0 = 1, η �= 0, θ ∈ Ωθ, and η ∈ Ωη, where Ωθ

and Ωη are known compact sets.

The input is a scaled 2n0(q0 + 1)-periodic signal with one-period values

(v, v, ρ1v, ρ1v, . . . , ρq0v, ρq0v),

where v = (v1, . . . , vn0) is strongly q0 full rank.
By periodicity, Φj

l = Φj for j = 0, . . . , n0, and Φj can be decomposed
into 2(q0 +1) submatrices Φj(i), i = 1, . . . , 2(q0 +1), of dimension n0×n0:
Φj = [(Φj(1))′, (Φj(2))′, . . . , (Φj(2(q0 + 1)))′]′. Actually, for k = 1, . . .,
2(q0 + 1),

Φj(k) =
[

φj
kn0

, φj
kn0+1, . . . , φ

j
kn0+n0−1

]′
.

Denote the n0 × n0 circulant matrices

V 0 = T ([1, . . . , 1]), and V j = T ([vj
n0

, . . . , vj
1]), j = 1, . . . , q0.

Then, for j = 0, . . . , q0, the odd-indexed block matrices satisfy the simple
scaling relationship

Φj(1) = V j , Φj(3) = ρj
1V

j , . . . , Φj(2q0 + 1) = ρj
q0

V j , (12.6)

and the even-indexed block matrices are

Φj(2l) = ρj
l−1T ((ρl/ρl−1)j , [vn0 , vn0−1, . . . , v1]), l = 1, . . . , q0 + 1,
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where ρ0 = ρq0+1 = 1. Denote

τ{j} = [τ{j,1}, . . . , τ{j,n0}]′ = V jθ, j = 0, . . . , q0. (12.7)

Then, we have

Φj(1)θ = τ{j}, Φj(3)θ = ρj
1τ

{j}, . . . , Φj(2q0 + 1)θ = ρj
q0

τ{j}. (12.8)

Let
Ψθ = [Φ0θ,Φ1θ, . . . ,Φq0θ].

Then, from (12.4), we have

Yl = Ψθ[η′, 1]′ + Dl = ζ + Dl. (12.9)

Remark 12.10. In (v, v, ρ1v, ρ1v, . . . , ρq0v, ρq0v), there are always two iden-
tical subsequences ρiv, i = 1, . . . , q0, appearing consecutively. The main
reason for this input structure is to generate block matrices that satisfy
the above scaling relationship (12.6).

For (12.9) and i = 1, . . . , m0, let

μ
{i}
N = [μ{i,1}

N , . . . , μ
{i,2n0(q0+1)}
N ]′

=
1
N

N∑

k=1

S
{i}
k =

1
N

N∑

k=1

I{Dk ≤ Ci112n0(q0+1) − Ψθ[η′, 1]′},

which is the empirical distribution of Dl at

Ci112n0(q0+1) − ζ = Ci112n0(q0+1) − Ψθ[η′, 1]′.

Then, by the strong law of large numbers,

μ
{i}
N → p{i} = F (Ci112n0(q0+1) − Ψθ[η′, 1]′) w.p.1.

Denote S
{i}
N = [S{i,1}

N , . . . , S
{i,2n0(q0+1)}
N ]′, where S

{i}
N is as defined in

(12.2) and S
{ij}
N denotes its jth component. By Assumption (A12.1), for

each i = 1, . . . ,m0, {S{i}
k } is an i.i.d. sequence. Since j = 1, . . . , 2n0(q0+1),

ES
{i,j}
k = p{i,j} = F (Ci − ζj) and

E(S{i,j}
k − p{i,j})2 = p{i,j}(1 − p{i,j}) := Δ2

i,j .

Define z
{ij}
N =

∑N
k=1 S

{ij}
k /N . Then,

Ez
{i,j}
N =

1
N

N∑

k=1

ES
{i,j}
k = p{i,j},
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E(μ{i,j}
N − p{i,j})2 =

Δ2
i,j

N
. (12.10)

Note that F is a monotone function by Assumption (A12.1), and Ωθ and
Ωη are bounded by Assumption (A12.2). Then, there exists z > 0 such that

z ≤ p{i,j} = F (Ci − ζj) ≤ 1 − z, i = 1, . . . , m0, j = 1, . . . , 2n0(q0 + 1).

Since F (·) is not invertible at 0 and 1, we modify μ
{i,j}
N to avoid this

“singularity.” Let

ξ
{i,j}
N =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

μ
{i,j}
N , if z ≤ μ

{i,j}
N ≤ 1 − z,

z, if μ
{i,j}
N < z,

1 − z, if μ
{i,j}
N > 1 − z.

(12.11)

Since μ
{i,j}
N → p{i,j}, w.p.1 and z < p{i,j} < 1−z, we have ξ

{i,j}
N → p{i,j},

w.p.1. Denote
ξ
{i}
N = [ξ{i,1}

N , . . . , ξ
{i,2n0(q0+1)}
N ]′. (12.12)

By Assumption (A12.1), F has a continuous inverse. Hence, for each
i = 1, . . . ,m0,

ζ
{i}
N = [ζ{i,1}

N , . . . , ζ
{i,2n0(q0+1)}
N ]′

:= Ci112n0(q0+1) − F−1(ξ{i}
N )

→ Ci112n0(q0+1) − F−1(pi) = Ψθ[η′, 1]′ as N → ∞
= ζ = [ζ1, . . . , ζ2n0(q0+1)]′ w.p.1.

(12.13)

12.4 Quasi-Convex Combination Estimators of ζ

Since ζ
{i}
N is constructed from each individual threshold Ci, this enables us

to treat the coefficients of the quasi-convex combination as design variables
such that the resulting estimate has the minimal variance. This resulting
estimate is exactly the optimal QCCE in Chapter 6.

For j = 1, . . . , 2n0(q0 + 1), define ζN (j) = [ζ{1,j}
N , . . . , ζ

{m0,j}
N ]′ and

cN (j) = [cN (j, 1), . . . , cN (j,m0)]′ with cN (j, 1)+ · · ·+ cN (j,m0) = 1. Con-
struct an estimate of ζj by defining

ζ̂N (j) = c′N (j)ζN (j) =
m0∑

k=1

cN (j, k)ζ{k,j}
N .

Denote c(j) = [c(j, 1), . . . , c(j,m0)]′ such that cN (j) → c(j). Then c(j, 1)+
· · · + c(j,m0) = 1, and by (12.13),

ζ̂N (j) =
m0∑

k=1

cN (j, k)ζ{k,j}
N → ζj

m0∑

k=1

c(j, k) = ζj .
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Denote the estimation errors

eN (j) = ζ̂N (j) − ζj ,

εN (j) = ζN (j) − ζj11m0 ,

and their covariances

σ2
N (j) = EeN (j)e′N (j), QN (j) = EεN (j)ε′N (j),

respectively. Then the covariance of estimation error is

σ2
N (j) := E

(
ζ̂N (j) − ζj

)2
= E

(
m0∑

k=1

cN (j, k)(ζ{k,j}
N − ζj)

)2

= c′N (j)EεN (j)ε′N (j)cN (j) = c′N (j)QN (j)cN (j).

That is, the variance is a quadratic form with respect to the variable c(j).
To obtain the quasi-convex combination estimate, we choose c(j) to

minimize σ2
N (j), subject to the constraint c′N (j)11m0 = 1.

Theorem 12.11. Under Assumptions (A12.1) and (A12.2), suppose u ∈
Uq0 and RN (j) = NQN (j) = NEεN (j)ε′N (j) for j = 1, . . . , 2n0(q0 + 1)
is positive definite. Then, the quasi-convex combination estimate can be
obtained by choosing

c∗N (j) =
R−1

N (j)11m0

11′m0
R−1

N (j)11m0

, ζ̂N (j) =
m0∑

i=1

c∗(j, i)ζ{i,j}
N , (12.14)

and the minimal variance satisfies

Nσ2∗
N (j) =

1
11′m0

R−1
N (j)11m0

. (12.15)

Consistency and Efficiency

From (12.14), ζ̂(j) can be regarded as an estimate of ζj . In this subsection,
consistency and efficiency properties of this estimate will be analyzed.

By Assumption (A12.1), G(x) = F−1(x) is continuous on (0, 1). As
a result, G(x) is bounded on the compact set [z, 1 − z]. Since ζ

{i,j}
N =

Ci − G(ξ{i,j}
N ) → ζ{i,j} w.p.1, we have ζ

{i,j}
N → ζ{i,j} in probability. Fur-

thermore, by the Lebesgue dominated convergence theorem [19, p. 100],
Eζ

{i,j}
N → ζ{i,j}. Hence,

Eζ̂N (j) = E

m0∑

k=1

cN (j, k)ζ{k,j}
N → ζj as N → ∞,

which means the estimate of ζj is asymptotically unbiased.
Subsequently, the efficiency of the estimate will be studied. To this end,

the properties of ξ
{i,j}
N in (12.11) will be introduced first.
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Lemma 12.12. Suppose u ∈ U(n0, q0), where U(n0, q0) is defined in
Definition 12.5. Under Assumptions (A12.1) and (A12.2), there exist Ki,j ∈
(0,∞) and Li,j ∈ (0,∞), i = 1, . . . ,m0, j = 1, . . . , 2n0(q0 + 1), such that

P{ξ{i,j}
N �= μ

{i,j}
N } ≤ Ki,je

−Li,jN . (12.16)

Proof. Denote X{i,j} = (S{i,j}
1 − p{i,j})/Δi,j . Note that EX{i,j} = 0 and

E(X{i,j})2 = 1. By the i.i.d. assumption, taking a Taylor expansion of
M

{i,j}
N (h) = [E exp(hX{i,j}/

√
N)]N , the moment generating function of√

N(μ{i,j}
N − p{i,j})/Δi,j , we obtain

M
{i,j}
N (h) =

[
E[1 +

hX{i,j}
√

N
+

h2(X{i,j})2

2N
+ O(N−3/2)]

]N

=
[
1 +

h2

2N
+ O(N−(3/2))

]N
.

Consequently, for any t ∈ R,

infh e−htM
{i,j}
N (h) = inf

h
e−ht
[
1 +

h2

2N
+ O(N−(3/2))

]N
≤ Ke−

t2
2 ,

(12.17)
where K > 0 is a positive constant.

By means of the Chernoff bound [83, p. 326], for any t ∈ (−∞, p{i,j}],

P
{

μ
{i,j}
N ≤ t

}
= P

{
N∑

k=1

(S{i,j}
k − pi,j) ≤ N

(t − pi,j)
Δi,j

}

≤
{

inf
h

[
e
−h(t−pi,j)

Δi,j M
{i,j}
N (h)

]}N
(12.18)

and for any pi,j ≤ t < ∞,

P{μ{i,j}
N ≥ t} ≤

{
inf
h

[
e
−h(t−pi,j)

Δi,j M
{i,j}
N (h)

]}N

. (12.19)

Considering

P{ξi,j(N) �= μ
{i,j}
N } = P (μ{i,j}

N ≤ z) + P (μ{i,j}
N ≥ 1 − z)

and (12.17)–(12.19), (12.16) is true. �

Theorem 12.13. Under the conditions of Lemma 12.12, we have

NE(ξ{i,j}
N − p{i,j})2 → Δ2

i,j as N → ∞, (12.20)

and

NE|(ξ{i,j}
N − p{i,j})|q0 → 0 as N → ∞, q0 = 3, 4, . . . (12.21)
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Proof. (i) By Theorem 12.12, there exist Ki,j ∈ (0,∞) and Li,j ∈ (0,∞)
such that

EN(ξ{i,j}
N − μ

{i,j}
N )2 ≤ NzP{ξ{i,j}

N �= μ
{i,j}
N }

≤ zKi,jNe−Li,jN → 0.

This together with

EN(μ{i,j}
N − p{i,j})(ξ{i,j}

N − μ
{i,j}
N )

≤
√

EN(μ{i,j}
N − p{i,j})2EN(ξ{i,j}

N − μ
{i,j}
N )2

= Δi,j

√
EN(ξ{i,j}

N − μ
{i,j}
N )2

implies that

EN(ξ{i,j}
N − p{i,j})2 − EN(μ{i,j}

N − p{i,j})2

= 2EN(μ{i,j}
N − p{i,j})(ξ{i,j}

N − μ
{i,j}
N )

+EN(ξ{i,j}
N − μ

{i,j}
N )2

→ 0 as N → ∞.

(12.22)

Thus, by (12.10), we obtain (12.20).
(ii) Similarly, for q0 = 3, 4, . . ., one obtains

NE|(ξ{i,j}
N − p{i,j})|q0 − NE|(μ{i,j}

N − p{i,j})|q0 → 0.

By Hölder’s inequality,

NE|μ{i,j}
N − p{i,j}|q0 ≤ Δi,j

√
NE(μ{i,j}

N − p{i,j})2(q0−1). (12.23)

Notice that for each i, j, S
{i,j}
k is i.i.d. Then, we have

NE(μ{i,j}
N − p{i,j})2(q0−1) = NE

[ 1
N

N∑

k=1

(S{i,j}
k − p{i,j})

]2(q0−1)

= N−2(m0−2)E(S{i,j}
1 − p{i,j})2(q0−1)

≤ N−2(q0−2),

which together with (12.23) results in

NE|μ{i,j}
N − p{i,j}|q0 ≤ Δi,jN

−(q0−2) → 0.

Hence, (12.21) is obtained. �

From (12.15), the covariance of the estimation ζ̂N (j) is decided by RN (j).
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Theorem 12.14. Suppose u ∈ U(n0, q0). If, in addition to Assumptions
(A12.1) and (A12.2), the density function f(x) is continuously differen-
tiable, then as N → ∞,

RN (j) := NQN (j) = NEεN (j)ε′N (j) → Λ(j)W (j)Λ(j) := R(j), (12.24)

where
εN (j) = ζN (j) − ζj11m0 ,

Λ(j) = diag−1{f(C1 − ζj), . . . , f(Cm0 − ζj)},
and

W (j) =

⎡

⎢
⎢
⎢
⎣

p{1,j}(1 − p{1,j}) . . . p{1,j}(1 − p{m0,j})
...

. . .
...

p{1,j}(1 − p{m0,j}) . . . p{m0,j}(1 − p{m0,j})

⎤

⎥
⎥
⎥
⎦

. (12.25)

Proof. Denote εN (j, i) as the ith component of εN (j), Ġ(x) = dG(x)/dx,
and G̈(x) = dĠ(x)/dx. Then

Ġ(x) =
dG(x)

dx
=

dG(x)
dF (G(x))

=
1

f(G(x))
,

G̈(x) =
dĠ(x)

dx
= − 1

f2(G(x))
ḟ(G(x))Ġ(x).

Since ḟ(x) is continuous, by Assumption (A12.1), both Ġ(x) and G̈(x) are
continuous, and hence bounded in [z, 1 − z]. Let

β{i,j} = sup
x∈[z,1−z]

{|Ġ(x)|} and γ{i,j} = sup
x∈[z,1−z]

{|G̈(x)|}.

Then, there exists a number λ
{i,j}
N between p{i,j} and ξ

{i,j}
N such that

εN (j, i) = ζ
{i,j}
N − ζj = G(ξ{i,j}

N ) − G(p{i,j})

= Ġ(p{i,j})(ξ{i,j}
N − p{i,j}) +

1
2
G̈(λ{i,j}

N )(ξ{i,j}
N − p{i,j})2.

This implies that for i, k = 1, . . . , m0,

NEεN (j, i)εN (j, k)

= NE(ζ{i,j}
N − ζj)(ζ

{k,j}
N − ζj)

= NĠ(p{i,j})Ġ(p{k,j})E(ξ{i,j}
N − p{i,j})(ξ{k,j}

N − p{k,j})

+NEĠ(p{i,j})(ξ{i,j}
N − p{i,j})(ξ{k,j}

N − p{k,j})2G̈(λ{k,j}
N )

+NEG̈(λ{i,j}
N )(ξ{i,j}

N − p{i,j})2(ξ{k,j}
N − p{k,j})Ġ(p{k,j})

+NEG̈(λ{i,j}
N )(ξ{i,j}

N − p{i,j})2(ξ{k,j}
N − p{k,j})2Ġ(λ{k,j}

N ).

(12.26)
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By Hölder’s inequality and Theorem 12.13, we have

|NEĠ(p{i,j})(ξ{i,j}
N − p{i,j})(ξ{k,j}

N − p{k,j})2G̈(λ{k,j}
N )|

≤ β{i,j}γ{i,j}
√

NE(ξ{i,j}
N − p{i,j})2NE(ξ{k,j}

N − p{k,j})4|

≤ β{i,j}γ{i,j}Δi,j

√
NE(ξ{k,j}

N − p{k,j})4| → 0.

(12.27)

Similarly,

|NEG̈(λ{i,j}
N )(ξ{i,j}

N − p{i,j})2(ξ{k,j}
N − p{k,j})Ġ(p{k,j})| → 0, (12.28)

|NEG̈(λ{i,j}
N )(ξ{i,j}

N − p{i,j})2(ξ{k,j}
N − p{k,j})2Ġ(λ{k,j}

N )| → 0. (12.29)

Thus, similarly to (12.22), we have

N
[
E(ξ{i,j}

N − p{i,j})(ξ{k,j}
N − p{k,j})

− E(μ{i,j}
N − p{i,j})(μ{k,j}

N − p{k,j})
]
→ 0.

(12.30)

Since dk, k = 1, 2, . . ., are i.i.d.,

NE(μ{i,j}
N − p{i,j})(μ{k,j}

N − p{k,j})

=
1
N

E
[( N∑

l1=1

I{dl1 ≤ p{i,j}} − p{i,j})(
N∑

l2=1

I{dl2 ≤ p{k,j}} − p{k,j}
)]

=
1
N

E
N∑

l1=1

I{dl1 ≤ p{i,j}}I{dl1 ≤ p{k,j}} − p{i,j}p{k,j}

= p{min{i,k},j} − p{i,j}p{k,j}

(12.31)
and

Ġ(p{i,j}) =
1

f(G(p{i,j}))
=

1
f(Ci − ζj)

. (12.32)

Therefore, (12.24) follows from (12.26)–(12.32). �

Proposition 12.15. R(j), j = 1, . . . , 2n0(q0 + 1), defined by (12.24), is
positive definite, and

11′m0
R−1(j)11m0 =

m0+1∑

k=1

h2(j, k)
p̃{k,j} , (12.33)

where
p̃{i,j} = F (Ci − ζj) − F (Ci−1 − ζj),

h(j, i) = f(Ci−1 − ζj) − f(Ci − ζj),

with C0 = −∞ and Cl+1 = ∞.
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Proof. Since
RN (j) = NEεN (j)ε′N (j) ≥ 0,

so is R(j). Noting

R(j) = Λ(j)W (j)Λ(j),

Λ(j) = diag−1{f(C1 − ζj), . . . , f(Cm0 − ζj)},

and f(Ci − ζj) > 0, i = 1, . . . ,m0, we need only to show that W (j) is
positive definite.

From (12.25),

det(W (j)) =

∣
∣
∣
∣
∣
∣
∣
∣
∣

p{1,j}(1 − p{1,j}) . . . p{1,j}(1 − p{m0,j})
...

. . .
...

p{1,j}(1 − p{m0,j}) . . . p{m0,j}(1 − p{m0,j})

∣
∣
∣
∣
∣
∣
∣
∣
∣

= p{1,j}

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 − p{1,j} p{1,j} − p{2,j} . . . p{1,j} − p{m0,j}

1 − p{2,j} 0 p{2,j} − p{m0,j}

...
. . .

...

1 − p{m0,j} 0 · · · 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= p{1,j}(p{1,j} − p{2,j}) . . . (p{m0,j} − p
{j}
m0−1)(1 − p{m0,j}) �= 0.

Thus, R(j) > 0. Furthermore, by Lemma 6.4,

11′R−1(j)11 =
m0+1∑

k=1

h2(j, k)
p̃{k,j} .

Thus, (12.33) is also true. �

Lemma 12.16. The Cramér–Rao lower bound for estimating ζj based on
{sk} is

σ2
CR(N, j) =

⎛

⎝N

m0+1∑

j=1

h2(j, i)
p̃{i,j}

⎞

⎠

−1

.

Next, we demonstrate that the aforementioned algorithms are asymptot-
ically efficient based on the following theorem.

Theorem 12.17. Under the conditions of Theorem 12.14, for j = 1, . . .,
2n0(q0 + 1),

lim
N→∞

N
(
σ2∗

N (j) − σ2
CR(N, j)

)
= 0 as N → ∞.

Proof. This theorem can be proved directly by Theorem 12.14, Proposition
12.15, and Lemma 12.16.
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Recursive Quasi-Convex Combination Estimates

Since σ2
N (j) = EεN (j)ε′j(N) contains an unknown parameter ζj , it cannot

be directly computed. As a result, the quasi-convex combination estimate
ζN (j) in (12.14) cannot be computed. In this section, we will derive com-
putable estimates. The basic idea is to employ a recursive structure in which
the unknown ζj is replaced by the current estimate ζ̂N (j). Convergence of
the algorithms will be established.

For i = 1, . . . ,m0 and j = 1, . . . , 2n0(q0 + 1), let ξ0(i) = 02n0(q0+1),
ĉ0(j) = 0q0 , R̂0(j) = 0q0×q0 , and ζ̂0(j) = 02n0(q0+1). Suppose that at step
N − 1 (N ≥ 1), ξN−1(i), cN−1(j), and R̂N−1(j) have been obtained. Then
the estimation algorithms can be constructed as follows.

(i) Calculate the sample distribution values

ξ
{i}
N =

1
N

S
{i}
N +

N − 1
N

ξ
{i}
N−1.

(ii) Calculate the data points

ζ
{i}
N = F−1(ξ{i}

N ).

Let
ζN (j) = [ζ{1,j}

N , . . . , ζ
{q0,j}
N ]′, j = 1, . . . , 2n0(q0 + 1).

(iii) Calculate each covariance estimate RN (j).

Let

p
{i,j}
N = F (Ci − ζ

{i,j}
N−1),

Λ̂N (j) = diag−1{f(p{1,j}
N ), . . . , f(p{1,m0}

N )},

WN (j) =

⎡

⎢
⎢
⎢
⎣

p
{1,j}
N (1 − p

{1,j}
N ) . . . p

{1,j}
N (1 − p

{1,m0}
N )

...
. . .

...

p
{1,j}
N (1 − p

{1,m0}
N ) . . . p

{1,m0}
N (1 − p

{1,m0}
N )

⎤

⎥
⎥
⎥
⎦

.

Calculate RN (j) by

R̂N (j) = Λ̂N (j)WN (j)Λ̂N (j).

(iv) If R̂N (j) is nonsingular, then let

ĉN (j) =
R̂−1

j (N)11

11′R̂−1
N (j)11

,
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and compute

ζ̂
{j}
N = ĉ′N (j)([C1, . . . , Cm0 ]

′ − ζN (j)).

Otherwise, ζ̂
{j}
N = ζ̂

{j}
N−1.

(v) Let ζ̂N = [ζ̂{1}N , . . . , ζ̂
{2n0(q0+1)}
N ]′. Go to step 1.

This algorithm depends only on sample paths. At each step, it mini-
mizes the estimation variance based on the most recent information on the
unknown parameter. In addition, the following asymptotic properties hold.

Theorem 12.18. Under the conditions of Theorem 12.14, for j = 1, . . .,
2n0(q0 + 1), the above recursive algorithms have the following properties:

lim
N→∞

ζ̂N (j) = ζj w.p.1, (12.34)

lim
N→∞

R̂N (j) = R(j) w.p.1, (12.35)

lim
N→∞

NE(ζ̂N (j) − ζj)2 =
1

11′R−1(j)11
w.p.1. (12.36)

Proof. Note that ξ
{i}
N → F (Ci112n0(q0+1) − ζ) w.p.1 and the convergence is

uniform in Ci112n0(q0+1) − ζ. Since F (·) and F−1(·) are both continuous,

ζ
{i}
N = Ci112n0(q0+1) − F−1(ξ{i}

N )

→ Ci112n0(q0+1) − F−1(F (Ci112n0(q0+1) − ζ) = ζ

w.p.1 as N → ∞. Thus, the quasi-convex combination ζ̂N (j) converges to
ζ w.p.1. That is, (12.34) holds.

By Assumption (A12.1), F (·) and f(·) are both continuous. Hence,

Λ̂N (j) → Λ(j) and WN (j) → Wj .

As a result, (12.35) holds, and by (12.15),

E(ζ̂N (j) − ζj)2 =
1

11′m0
R̂−1

N (j)11m0

→ 1
11′m0

R−1(j)11m0

,

which results in (12.36). �

12.5 Estimation of System Parameters

Identification algorithms of the system parameters will be constructed
based on the estimate of ζ. The parameters of the linear part are first
estimated, then the nonlinearity is identified.
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Identifiability of the Unknown Parameters

Theorem 12.19. Suppose u ∈ U(n0, q0). Then,

Ψθ[η′, 1]′ = ζ

has a unique solution (θ∗, η∗).

Proof. (i) To obtain θ∗.
By the first component of (12.13), we have ζ = [ζ1, . . . , ζ2n0(q0+1)]′, and

b0τ
{0,1} + b1τ

{1,1} + · · · + bq0τ
{q0,1} = ζ1.

From (12.8), the 2in0 +1 (i = 1, . . . , q0) component of (12.13) turns out to
be

b0τ
{0,1} + ρib1τ

{1,1} + · · · + ρq0
i bq0τ

{q0,1} = ζ2in0+1,

or equivalently,

�

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

b0τ
{0,1}

b1τ
{1,1}

...

bq0τ
{q0,1}

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

ζ1

ζ2n0+1

...

ζ2q0n0+1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

, where � =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 . . . 1

1 ρ1 . . . ρq0
1

... · · · . . .
...

1 ρq0 . . . ρq0
q0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Since ρj �= 0, ρj �= 1, j = 1, . . . , q0, and ρi �= ρj , the determinant of the
Vandermonde matrix

det� =
∏

0≤i<j≤q0−1

(ρj − ρi) �= 0 with ρ0 = 1.

Hence, bjτ
{j,1}, j = 0, . . . , q0, can be solved by

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

b0τ
{0,1}

b1τ
{1,1}

...

bq0τ
{q0,1}

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

= �−1

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

ζ1

ζ2n0+1

...

ζ2q0n0+1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Similarly, we have

Γ = �−1Ξ, (12.37)



214 12. Identification of Hammerstein Systems

where

Γ =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

b0τ
{0,1} b0τ

{0,2} . . . b0τ
{0,n0}

b1τ
{1,1} b1τ

{1,2} . . . b1τ
{1,n0}

...

bq0τ
{q0,1} bq0τ

{q0,2} . . . bq0τ
{q0,n0}

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

Ξ =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

ζ1 ζ2 . . . ζn0

ζ2n0+1 ζ2n0+2 . . . ζ3n0

...

ζ2q0n0+1 ζ2q0n0+2 . . . ζ2q0+1)n0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Denote r(i) as the ith column of (�−1)′. Then, by bq0 = 1, we have

τ{q0} = [τ{q0,1}, . . . , τ{q0,n0}]′ = Ξ′r(q0).

Note that u ∈ U(n0, q0) implies that V q0 is full rank. Then, by (12.7), one
can get θ∗ = V −1

q0
τ{q0}.

(ii) To obtain η∗.
By Assumption (A12.2),

∑n0−1
i=0 ai �= 0, or V 0θ �= 0n0 . For u ∈ U(n0, q0)

and j = 1, . . . , q0, V j = T ([vj
n0

, . . . , vj
1]) is full rank by Definition 12.1, and

so V jθ �= 0n0 . Thus, for each j = 0, . . . , q0, τ{j} = V jθ has a nonzero
component τ{j,i∗N (j)}. For any given positive integer k and j = 1, . . . , k,
let βj(k) be a k-dimensional vector with all components being zero except
the jth being 1, that is,

βj(k) = [0, . . . , 0
︸ ︷︷ ︸

j−1

, 1, 0, . . . , 0
︸ ︷︷ ︸

k−j

]′.

Then, from (12.37), we have

bjτ
{j,i∗N (j)} = β′

j(m0 + 1)�−1Ξβi∗(j)(n0), j = 0, . . . , q0,

which gives bj , j = 0, . . . , q0, since τ{j,i∗N (j)} can be calculated from V j and
θ∗ via (12.7). Thus, η∗ is obtained. �

A particular choice of the scaling factors ρj is ρj = λj , j = 0, 1, . . . , q0,
for some λ �= 0 and λ �= 1. In this case, the period of input u can be
shortened to n0(q0 + 2) under a slightly different condition.

Identification Algorithms and Convergence Properties

The ζN = [ζ{1}N , . . . , ζ
{2n0(q0+1)−1}
N ]′ in (12.12) has 2n0(q0 + 1) components

for a strongly scaled q0 full-rank signal u ∈ U(n0, q0).
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Let

Vq0 = T ([vq0
n0

, . . . , vq0
1 ]), [r1, . . . , r(q0)] := (�′)−1,

ΞN =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

ζ
{1}
N ζ

{2}
N . . . ζ

{n0}
N

ζ
{2n0+1}
N ζ

{2n0+2}
N . . . ζ

{3n0}
N

...

ζ
{2q0n0+1}
N ζ

{2q0n0+2}
N . . . ζ

{(2q0+1)n0}
N

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Then, we have the following identification algorithm:

(i) Estimate θ. The estimate of θ is taken as

θN = V −1
q0

Ξ′
Nr(q0). (12.38)

(ii) Estimate η. Let b0(j) = 0 and

bN (j) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

[ζ{i∗N (j)}
N , . . . , ζ

{2q0n0+i∗N (j)}
N ]rN (i∗N (j))/τ

{j,i∗N (j)}
N ,

if τ{j,i∗N (j)} �= 0,

bN−1(j), if τ{j,i∗N (j)} = 0,

where

i∗N (j) = min{argmax1≤i≤n0
|τ{j,i}|}, j = 0, 1, . . . , q0 − 1; (12.39)

r(i∗N (j)) is the i∗N (j)th column of (�′)−1, and τ{j,i∗N (j)} is the i∗N (j)-th
component of τ

{j}
N = V jθN . Then, the estimate of η is taken as

ηN = [bN (0), . . . , bN (q0 − 1)]′. (12.40)

Theorem 12.20. Suppose u ∈ U(n0, q0). Then, under Assumptions (A12.1)
and (A12.2),

θN → θ and ηN → η w.p.1 as N → ∞.

Proof. By (12.13), ζN → ζ w.p.1. as N → ∞. So,

θN = V −1
q0

Ξ′
Nrq0 → V −1

q0
Ξ′r(q0) = θ,

which in turn leads to

τ
{j}
N = [τ{j,1}

N , . . . , τ
{j}
N (n0)]′ := V jθN → V jθ = τ{j} w.p.1.

and τ{j,i} → τ j(i) w.p.1 for i = 1, . . . , n0. Thus, for j = 0, . . . , q0 − 1, we
have

i∗N (j) = min{argmax1≤i≤n0
|τ{j,i}|} → min{argmax1≤i≤n0

|τ j(i)|} := i∗(j),
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and
τ
{j,i∗N (j)}
N → τ{j,i∗N (j)} �= 0.

This means that with probability 1, there exists N0 > 0 such that

τ
{j,i∗N (j)}
N �= 0, ∀N ≥ N0.

Let

bN (j) =
r(i∗N (j))

τ
{j,i∗N (j)}
N

[ζN (i∗N (j)), ζN (2n0 + i∗N (j)), . . . , ζN (2q0n0 + i∗N (j)].

Then by

bN (j)τ{j,i∗N (j)}
N → [ζi∗(j), ζ2n0+i∗(j), . . . , ζ2q0n0+i∗(j)]r(i∗(j))

= bjτ
{j,i∗N (j)},

we have bN (j) → bj for j = 0, . . . , q0 − 1. Hence, ηN → η w.p.1 as N → ∞.
�

Algorithms under Exponentially Scaled Inputs

Let u be n0(q0+2)-periodic with one-period values (v, λv, . . . , λq0v, λq0+1v).
The ζN = [ζ

{1}
N , . . . , ζ

{q0+1}
N ]′ can be estimated by the algorithms in Section

12.4 with dimension changed from 2n0(q0 + 1) to n0(q0 + 2), and

ζN → ζ =
q0∑

j=0

bjΦ
j
θ.

Partition Φ
j

into (q0 +2) submatrices Φ
j
(i), i = 1, . . . , q0 +2, of dimension

n0 × n0:
Φ

j
= [(Φ

j
(1))′, (Φ

j
(2))′, . . . , (Φ

j
(q0 + 2))′]′.

If u ∈ Uλ(n0, q0), then it can be directly verified that

Φ
j
(l + 1) = λjlτ{j}, l = 0, 1, . . . , q0,

Φ
j
(q0 + 2) = λj(q0+2)T (λ−j(q0+2), [vn0 , . . . , v1]),

where τ{j} = T (λj , [vj
n0

, . . . , vj
1]). With these notations, we have the fol-

lowing result, whose proof is similar to that of Theorem 12.19, and hence,
is omitted.

Theorem 12.21. Suppose u ∈ Uλ(n0, q0). Then, under Assumptions (A12.1)
and (A12.2),

Ψθ[η′, 1]′ = ζ

has a unique solution (θ∗, η∗), where

Φθ = [Φ(0)θ,Φ(1)θ, . . . ,Φ(q0)θ].
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Let

ζN = [ζ
{1}
N , . . . , ζ

{n0(q0+1)}
N ]′,

and

V
q0 = T (λq0 , [vq0

n0
, . . . , vq0

1 ]), [r1, . . . , r(q0)] := (�′)−1,

ΞN =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

ζ
{1}
N ζ

{2}
N . . . ζ

{n0}
N

ζ
{n0+1}
N ζ

{n0+2}
N . . . ζ

{2n0}
N

...

ζ
{q0n0+1}
N ζ

{q0n0+2}
N . . . ζ

{n0(q0+1)}
N

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Then, we have the following identification algorithm:

(i) Estimate θ. The estimate of θ is taken as

θe
N = (Φ(q0))−1(ΞN )′rN (q0).

(ii) Estimate η. Let be
0(j) = 0 and

be
N (j) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

[ζ
{ie

N (j)}
N , ζ

2n0+ie
N (j)

N , . . . ,

ζ
{2q0n0+ie

N (j)}
N ]rN (ieN (j))/τ

{j,ie
N (j)}

N , if τ
{j,ie

N (j)}
N �= 0,

be
N−1(j), if τ

{j,ie
N (j)}

N = 0,

where

ieN (j) = min{argmax1≤i≤n0
|τ{j}

N (i)|}, j = 0, 1, . . . , q0 − 1,

r(ieN (j)) is the ieN (j)-th column of (�′)−1, and τ
{j,ie

N (j)}
N is the ieN (j)-

th component of

τN (j) = τ{j}θN .

Then, the estimate of η is taken as

ηe
N = [be

N (0), . . . , be
N (q0 − 1)]′.

Theorem 12.22. Suppose u ∈ Uλ(n0, q0). Then, under Assumptions (A12.1)
and (A12.2),

θe
N → θ and ηe

N → η w.p.1 as N → ∞.
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12.6 Examples

In this section, we illustrate the convergence of the estimates given by
the algorithms described above. The noise is Gaussian with known mean
and variance. In Example 12.23, the identification algorithm with quantized
sensors is shown. Example 12.24 concerns the identification of systems with
non-monotonic nonlinearities. Example 12.25 illustrates an algorithm based
on the prior information, which is more simplified than the one described
by (12.38)–(12.40). The parameter estimates are shown to be convergent
in all cases.

Example 12.23. Consider a gain system yk = a + dk. Here the actual
value of the unknown a is 5. The disturbance is a sequence of i.i.d. Gaus-
sian variables with zero mean and standard deviation σ = 5. The sensor
has three switching thresholds, C1 = 2, C2 = 6, and C3 = 10. Then,
the recursive algorithm in Section 12.4 is used to generate quasi-convex
combination estimates. For comparison, estimates derived by using each
threshold individually (i.e., binary-valued sensors) are also calculated. Fig-
ure 12.2 compares quasi-convex combination estimates to those using each
threshold. It is shown that the estimate with three thresholds converges
faster than the ones with each threshold individually. The weights of the
estimates of each threshold are shown in Figure 12.3, which illustrates that
the weights are not sure to be positive.
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FIGURE 12.2. Identification with quantized output observations



12.6 Examples 219

0   10 20 30 40 50 60 70 80 90 100
−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

N

W
ei

gh
t o

f e
st

im
at

e 
w

ith
 e

ac
h 

th
re

sh
ol

d

FIGURE 12.3. Weights of estimates with each threshold

Example 12.24. Consider
⎧
⎨

⎩
yk = a0xk + a1xk−1 + dk,

xk = b0 + b1uk + b2u
2
k + u3

k,

where the noise {dk} is a sequence of i.i.d. Gaussian variables with Ed1 = 0,
σ2

d = 1. The output is measured by a binary-valued sensor with thresh-
old C = 13. The linear subsystem has order n0 = 2, and the nonlin-
ear function has order q0 = 2. The prior information on ai, i = 0, 1, is
that ai ∈ [0.5, 5]. Suppose the true values of unknown parameters are
θ = [a0, a1]′ = [1.31, 0.85]′ and η = [b0, b1, b2]′ = [4, 1.4,−3]′. The non-
linearity is not monotone, which is illustrated in Figure 12.4. It is shown
that not all values of v, ρ1v, ρ2v, ρ3v are situated in the same monotone
interval of the nonlinearity.

The input is chosen to be 2n0(q0 + 1) = 12-periodic with one period
(v, v, ρ1v, ρ1v, ρ2v, ρ2v), where v = [1.2, 0.85], ρ1 = 0.5, ρ2 = 1.65, and
ρ3 = 0.75. Define the block variables Xl, Yl, Φj

l , Dl, and Sl, in the case of a
six-periodic input. Using (12.12), we can construct the algorithms (12.38)–
(12.40) to identify θ and η.

The estimation errors of θ and η are illustrated in Figure 12.5, where the
errors are measured by the Euclidean norm. Both parameter estimates of
the linear and nonlinear subsystems converge to their true values, despite
the nonlinearity being non-monotonic.

Example 12.25. For some prior information, algorithms (12.38)–(12.40)
can be simplified. For example, the estimation algorithms of η can be sim-
plified when the prior information on θ is known to be positive and the
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FIGURE 12.4. Nonmonotonic nonlinearity

periodic input u is positive. Both the mean and the variance of disturbance
are not zero in this example.

Consider ⎧
⎨

⎩
yk = a0xk + a1xk−1 + dk,

xk = b0 + b1uk + u2
k,

where the noise {dk} is a sequence of i.i.d. Gaussian variables with Ed1 = 2,
σ2

d = 4. The output is measured by a binary-valued sensor with threshold
C = 13. The linear subsystem has order n0 = 2, and the nonlinear function
has order q0 = 2. The prior information on ai, i = 0, 1, is that ai ∈ [0.5,
5]. Suppose the true values of the unknown parameters are θ = [a0, a1]′ =
[1.17, 0.95]′ and η = [b0, b1]′ = [3, 1.3]′.

The input is 12-periodic with one period (v, v, ρ1v, ρ1v, ρ2v, ρ2v), where
v = [1.2, 0.85], ρ1 = 0.65, and ρ2 = 1.25. Define the block variables Xl, Yl,
Φj

l , Dl and Sl, in the case of a 12-periodic input. Using (12.12), we can
construct the algorithms (12.38)–(12.40) to identify θ.

Considering the prior information on θ, a more simplified algorithm can
be constructed to identify η than the one given by (12.38)–(12.40). Note
that ai ∈ [0.5, 5], i = 1, 2, and u is positive. Then, τ{j,1}, the first compo-
nent of V jθ, is

τ{j,1} = a0v
2
2 + a1v

2
1 ≥ 0.5(v2

2 + v2
1) �= 0,

where the last inequality is derived from the fact that v is strongly 2 full
rank. So, it is not necessary to calculate i∗N (j) in (12.39), which aims to
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FIGURE 12.5. Identification errors of θ and η with nonmonotonic nonlinearity

find the nonzero component of τ{j}. And η can be estimated as follows:

η0 = 0

ηN =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ΛN�c[ζ{1}N , ζ
{2n0+1}
N , . . . , ζ

{2q0n0+1}
N ]′, if

q0−1∏

j=0

τ
{j,1}
N �= 0,

ηN−1, if
q0−1∏

j=0

τ
{j,1}
N = 0,

where ΛN = diag−1(τ{0,1}
N , . . . , τ

{q0−1,1}
N ), �c is a q0 × (q0 + 1) matrix

containing the first to q0−1th rows of �−1, and τ
{j,1}
N is the first component

of τ
{j}
N = V jθN .

The estimation errors of θ and η are shown in Figure 12.6, where the
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errors are measured by the Euclidean norm. Both parameter estimates of
the linear and nonlinear subsystems converge to their true values.
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FIGURE 12.6. Identification errors of θ and η

12.7 Notes

In this chapter, the identification of Hammerstein systems with quantized
output observations is studied. The development follows [128]. Hammer-
stein systems have been used to model practical systems with memoryless
actuators and have been studied extensively in system identification, see
for example [3, 45, 69, 71].
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Structurally, a Hammerstein system with a quantized sensor may be
viewed as Hammerstein–Wiener system which contains both input and out-
put nonlinearity. However, our approaches are quite different from typical
studies of such nonlinear system identification problems in which the out-
put nonlinearities usually contain some sections of smooth functions. Un-
like traditional approximate gradient methods or covariance analysis, we
employ the methods of empirical measures and parameter mappings. Un-
der assumptions of known noise distribution functions and strongly scaled
full-rank inputs, identification algorithms, convergence properties, and the
estimation efficiency are derived.


	Identification of Hammerstein Systems
	Problem Formulation
	Input Design and Strong-Full-Rank Signals
	Estimates of  with Individual Thresholds
	Quasi-Convex Combination Estimators of 
	Estimation of System Parameters
	Examples
	Notes



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




