12

Identification of Hammerstein Systems
with Quantized Observations

This chapter concerns the identification of Hammerstein systems whose
outputs are measured by quantized sensors. The system consists of a mem-
oryless nonlinearity that is polynomial and possibly noninvertible, followed
by a linear subsystem. The parameters of linear and nonlinear parts are
unknown but have known orders. We present input design, identification al-
gorithms, and their essential properties under the assumptions that the dis-
tribution function of the noise and the quantization thresholds are known.
Also introduced is the concept of strongly scaled full-rank signals to cap-
ture the essential conditions under which the Hammerstein system can be
identified with quantized observations. Then under strongly scaled full-rank
conditions, we construct an algorithm and demonstrate its consistency and
asymptotic efficiency.

The structure of Hammerstein models using quantized observations is
formulated in Section 12.1. The concepts of strongly full-rank signals and
their essential properties are introduced in Section 12.2. Under strongly full
rank inputs, estimates of unknown parameters based on individual thresh-
olds are constructed in Section 12.3. Estimation errors for these estimates
are established. The estimates are integrated in an optimal quasi-convex
combination estimator (QCCE) in Section 12.4. The resulting estimates
are shown to be strongly convergent. Their efficiency is also investigated.
The algorithms are expanded in Section 12.5 to derive identification algo-
rithms for both the linear and nonlinear parts. Illustrative examples are
presented in Section 12.6 on input design and convergence properties of
the methodologies and algorithms.
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198 12. Identification of Hammerstein Systems
12.1 Problem Formulation

Consider the system in Figure 12.1, in which

n()fl

k= E a;iT—; + dg,
=0

0
xk:b0+2bjui, bqo :1,

where uy, is the input, x; the intermediate variable, and dj the measurement
noise. Both ng and ¢¢ are known.

3 d i
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FIGURE 12.1. Hammerstein systems with quantized observations

The output yi is measured by a sensor, which is represented by the
indicator functions

Slgi} :I{ykSCi}7 1= 1,...7m0,

where C; for i = 1,...,mg are the thresholds. Denote 6 = [aq, ..., an,—1]",
O=11,...,1], and k—[uk, s Up_poy1)s =1, -, qo. Then

no—1 q0 )
Y = E azboJrE bjuj_;) + dy
i=0 j 1
no—1 no—1

,bozalJer Zazuk .+ dy (12.1)

q0
Z gb] "0 + d,.
j=0
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By using the vector notation, for k =1,2,...,

Y2 = [y2(l71)n0(q0+1)+n0, LR y2lno(‘10+1)+n071]/ S R2n0(q°+1)’
= ¢] ' 2n0(qo+1)xn
(I)g o [Q%(l_l)"o(%"‘l)-‘rno’ B ¢;lno(QU+1)+no—l]/ €R olgotl)x °,
j = 07 -5 40,
Dy = [dQ(l—l)no(q0+1)+n0, s 7d2ln0(q0+1)+n0_1]l c RQno(qu"l)?
= st i 2n0(go+1
Sl B [82(1_1)”0((104‘1)4-710’ T 82ln0(q0+1)+n0—1]l eR 040 )a
’L':17...,m0’ l:1,27”_,
(12.2)
we can rewrite (12.1) in block form as
q0 ]
Yi=) b®0+D;, 1=1.2,... (12.3)
7=0

We proceed to develop identification algorithms of parameters § and n =
[bo, - - ., bgo—1]" with the information of the input us and the output s of
the quantized sensor.

The input signal, which will be used to identify the system, is a 2n¢(qo +
1)-periodic signal u whose one-period values are

(U7 U, P10, P1U; -« -5 Pgo U, pqov)v
where the base vector v = (v1,...,v,,) and the scaling factors are to be
specified. The scaling factors 1, p1, ..., pg, are assumed to be nonzero and

distinct. Under 2ng(qo + 1)-periodic inputs, we have
O =) =, [=1,2,...
Thus, (12.3) can be written as

q0
Y=Y b;®0+ Dy :=(+ D (12.4)
=0

The identification algorithm will be divided into two steps: (i) to estimate
¢ (which can be reduced to estimation of gain systems), and (ii) to estimate
f from the estimated (.

12.2  Input Design and Strong-Full-Rank Signals
This section is to introduce a class of input signals, called strongly full-rank

signals, which will play an important role in what follows. First, some basic
properties of periodic signals will be derived.
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Recall that an ng X ng generalized circulant matrix

) Ung—1 Ung—2 N U1
vy vno Uno—1 - U2
= Mg vy vno L s (12.5)
L /\Uno—l /\Uno—Q )\’Uno_3 ... UNng ]
is completely determined by its first row [vng, ..., v1] and A, which will be
denoted by T'(\, [vng, ..., v1]). In the special case of A = 1, the matrix in
(12.5) is called a circulant matrix and will be denoted by T'([vno, ..., v1]).

Definition 12.1. An ng-periodic signal generated from its one-period val-

ues (v1,...,vnp) is said to be strongly full rank with order my if the circulant
matrices T'([v'ng, ..., v}]) are all full rank for i = 1,...,mo.
Obviously, an ng-periodic signal generated from v = (vy,...,vng) is

strongly full rank with order mg if it is strongly mg + 1 full rank. An
important property of circulant matrices is the following frequency-domain
criterion. By Lemma 2.2, we have the following theorem.

Lemma 12.2. An ng-periodic signal generated from v = (v1,...,vng) is
strongly full rank with order mg if and only if for 1 =1,2,...,myg,

no
_ I —iwkj
Vel = Zvje
j=1

are nonzero at wy = 27k/ng, k=1,...,ng.

Proposition 12.3. For ng = 1,2, an ng-periodic signal u generated from
v = (v1,...,0nq) is strongly full rank with order mg if and only if it is full
rank.

Proof. For ny = 1, by Corollary 2.3, u is full rank if and only if v =
v1 # 0. By Lemma 12.2, u is strongly full rank with order my if and only
if 71, = v} #0,VI. So, 71 # 0 is equivalent to 71 ; # 0.

For ng = 2, by Corollary 2.3, u is full rank if and only if v; = vo —v; # 0
and vo = vy + v1 # 0, that is, vo # +v;. By Lemma 12.2, u is strongly full
rank with order my if and only if

1 _—i 1 _—i2my /o —i2 | _—i4 26 9
Y120 = (vieT " +vge” ) (vie T T uge” ) = vy — vy

Thus, we have 192 = v5 — v? # 0 if and only if u is full rank. a
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Remark 12.4. For ng > 2, the conditions of strongly full rank with order
mgo may be different from the conditions of full rank. For example, for
ng=3and [ =1,...,my,

1 3
e = (vh+ 05 +vh) [ (0) = S (0§ +01))? + S(eh —o})?] #0

is not equivalent to

1 3
YY273 = (v3 + v2 + v1) {(92 - 5(’03 + Ul))2 + Z(US - Ul)z} #0

except mg = 1.

Definition 12.5. A 2ng(mg + 1)-periodic signal u is strongly scaled mq
full rank if its one-period values are (v, v, p1v, P10, . . ., Pmg Vs Pmy¥), Where
v = (v1,...,vn0) is strongly full rank with order my, i.e., 0 & F[v]; p; # 0,
pi 1, 5=1,...,mg, and p; # p;, i # j. We use U(no, qo) to denote the
class of such signals.

Definition 12.6. An ng(mo+1)-periodic signal u is exponentially strongly
scaled full rank with order myq signal if its one-period values are (v, Av, ...,
A™09p), where A # 0 and A # 1, and T; = T;(N, [ving,...,v]]) are all
full rank for 7 = 1,...,mg. We use Uy (no, qo) to denote this class of input
signals.

By Definition 12.6 and Lemma 2.2, we have the following result.

Lemma 12.7. Anng(qgo+1)-periodic signal u with one-period values (v, \v,
.., A"00) 4s exponentially strongly scaled full rank with order mq if X\ # 0,
A# 1, and forl=1,...,mg,

no

Al g
Vha = Y _vENT R0 eI
Jj=1
are nonzero at wi, = (2mk)/ng, k=1,...,ng.

Remark 12.8. Definitions 12.5 and 12.6 require that T(\%, [ving, ..., vi]),
i=1,...,mp, are all full rank for A = 1 and A # 0, 1, respectively. However,
since the event of singular random matrices has probability zero, if v is
chosen randomly, almost all v will satisfy the conditions in Definitions 12.5
and 12.6, which will be shown in the following example.

Example 12.9. For ng =4, mg =4, A = 0.9, v = (0.5997,0.9357,0.9841,

1.4559) is generated randomly by Matlab, v is strongly 4 full rank since
det(T([vs, v3,v2,v1])) = 0.4041, det(T([v:,v3,v3,v?])) = 2.4823,
det(T([v},v3, v, v3])) = 7.7467, det(T([v],v3, vy, v1])) = 19.8312.
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Furthermore, for A = 0.9,

det(T(\, [vs, v3,v2,v1])) = 0.3796, det(T'(A\?, [v3,v3,v3,vi])) = 1.7872,
det(T(\3, [v3,v3,v3,v]])) = 4.2853, det(T(\*, [v},v3,v3,v]])) = 8.5037.

v is generated randomly 10000 times, it is shown that all T([v},v5, v}, v{])
and T'(A\%, [vl, vi, vi vi]), i = 1,...,4, are nonsingular.

12.3  Estimates of ¢ with Individual Thresholds

Based on strongly scaled full-rank signals, we now derive the estimation
algorithms for ¢ and analyze their convergence. To this end, estimation
algorithms based on the information of individual thresholds are first in-
vestigated.

(A12.1) The noise {dj} is a sequence of i.i.d. random variables whose
distribution function F(-) and its inverse F~1(:) are twice continuously
differentiable and known.

(A12.2) The prior information on 6 = [ag,...,an,—1]" and n = [by,. ..,
bgo—1]" is that Z:l:”al a; #0, by, =1,n#0, 8 € Qp, and n € ), where Qy
and €, are known compact sets.

The input is a scaled 2ng(go + 1)-periodic signal with one-period values

(Uv U, P1U, P10V« - -5 Pgo U, pqov)v
where v = (vy,...,vp,) is strongly qo full rank.
By periodicity, ® = ®7 for j = 0,...,np, and ®/ can be decomposed
into 2(go + 1) submatrices ®7 (i), i = 1, ..., 2(qo + 1), of dimension ng X ng:

& = [(@9(1)), (®(2))'..., (B (2(qo + D))]'. Actually, for k = 1,
2(qo + 1),

J J
D (K) = | Gy Ohmrrs -+ Fomsmot | -

Denote the ng x ng circulant matrices

VO=T([L,....,1)), and VI=T([),....v]]), j=1,....q.

Then, for j = 0,...,qo, the odd-indexed block matrices satisfy the simple
scaling relationship

(1) =VI, PIB)=plV), ..., ®(2q+1)=p) V),  (126)
and the even-indexed block matrices are

q>]<2l) = ((pl/pl 1) [Un07vno 1y--- 7U1])a I = 17' -5 qo + 17
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where pg = pgo+1 = 1. Denote
ot = [P el —vig =0, q. (12.7)
Then, we have
o1(1)0 =7V, ®I(3)0 = plrl}, .. @7(2g0+1)0 = pl TV} (12.8)

Let
Ty = [@°9, @10, .., 0%00).

Then, from (12.4), we have

Y, = qf@[’l]’,l}’-ﬁ-Dl =(+D. (12.9)
Remark 12.10. In (v, v, p1v, p10, . . ., gV, Pgo V), there are always two iden-
tical subsequences p;v,i = 1,...,qy, appearing consecutively. The main

reason for this input structure is to generate block matrices that satisfy
the above scaling relationship (12.6).

For (12.9) and i = 1,...,my, let

,LL%} _ [ﬂ]{\§71}7 o ’M%Q”o(%-i'l)}]/

N N

1 ; 1

= 525 = 5 D 1Dk < Cillzng 1) — Vol 1)},
k=1 k=1

which is the empirical distribution of D; at
C’i]lQno(qurl) - g = Ci]l2ng(qo+1) - \119[77/7 l]l
Then, by the strong law of large numbers,
uldd = p = F(Cillong(gos1) — Woln', 1)) wop.L.

Denote S}{Vi} = [SJ{\,i’l},...7Sﬁ’2n°(q°+1)}]’, where SJ{\;} is as defined in
(12.2) and S}{v”} denotes its jth component. By Assumption (A12.1), for
eachi=1,...,mo, {S,il}} is an i.i.d. sequence. Since j = 1,...,2n9(go+1),
ES,EM} =pltit = F(C; — ¢;) and

B(S}H — plidhy? = plidd (1 — plidty .= A2

2,7

Define z}{\fj} = Zszl S,iij}/N. Then,

N
EZ}{VZ,]} — E ES}E‘J} :p{'LJ}’
k=1
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() o A2
B(uld _p{w})2 — # (12.10)

Note that F' is a monotone function by Assumption (A12.1), and Qy and
2, are bounded by Assumption (A12.2). Then, there exists z > 0 such that

2<pl = F(Ci—¢)<1—2 i=1,...;mo, j=1,...,2n0(q0 + 1).

Since F'(-) is not invertible at 0 and 1, we modify ,u}{\;”j b to avoid this
“singularity.” Let

B S

=0 a7 < (12.11)
1—2, if U{W} >1—z.
Since p {7 — plid} w.p.1land z < pltd} < 1—2z, we have ¢/} — plid},
w.p.1. Denote

el = [el1,. . gl ooty (12.12)

By Assumption (A12.1), F' has a continuous inverse. Hence, for each
1= ].7 ...,Mo,

@ =

yooee

= Ci]l?no(QoJrl) - Fﬁl(f}{\;})
- Ci]]‘Qno(lIo-i-l) - Fﬁl(pi) = \119[77/3 1]/ as N — o0

’ CJ{VZ',QHU(QO+1)}}/
(12.13)

=¢=[G,. .-, <2n0(q0+1)]l w.p.1.

12.4  Quasi-Convex Combination Estimators of ¢

Since CJ{\;} is constructed from each individual threshold Cj, this enables us
to treat the coefficients of the quasi-convex combination as design variables
such that the resulting estimate has the minimal variance. This resulting
estimate is exactly the optimal QCCE in Chapter 6.

For j = 1,...,2n¢(qo + 1), define (y(j) = [C]{\,l’J},...,Czifmo’J}]/ and
en () =[en (4, 1), ..., en(d,mo)]” with en (4, 1)+ -+ en(j, mo) = 1. Con-
struct an estimate of (; by defining

() =i EO:CN (7. k).
Denote c(j) = [c(J, ) .y ¢(J,mo)] such that en(j) — ¢(4). Then ¢(j,1) +
-+ c(j,mo) =1, by (12.13),

mo mo

() =D enG R = G e k) = ¢

k=1 k=1
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Denote the estimation errors
Cn(d) — G
en(j) = Cn(j) = Gllmg,

3]
=
—
<.
—

|

and their covariances

ox(j) = Een(j)en (i), @n(j) = Een(5)en(4),

respectively. Then the covariance of estimation error is

36) =E (W) -¢) =E (Z ex(G )G - g))
k=1

=y (i) Een(f)en ()en (i) = ey (1)@n (F)en (7).
That is, the variance is a quadratic form with respect to the variable ¢(j).
To obtain the quasi-convex combination estimate, we choose ¢(j) to

minimize o4 (j), subject to the constraint ¢y (j)l,,, = 1.

Theorem 12.11. Under Assumptions (A12.1) and (A12.2), suppose u €
Uy, and Ry(j) = NQnN(j) = NEen(j)en(j) for j =1,..., 2no(qo + 1)
is positive definite. Then, the quasi-convexr combination estimate can be
obtained by choosing

i) = O E gy S, 21a)
ﬂmoRN (])ﬂm() i=1
and the minimal variance satisfies
1
NoZ ()= 0. (12.15)
N ﬂlTnORNl(])ﬂmO

Consistency and Efficiency

From (12.14), ¢(j) can be regarded as an estimate of (;. In this subsection,
consistency and efficiency properties of this estimate will be analyzed.

By Assumption (A12.1), G(z) = F~!(z) is continuous on (0,1). As
a result, G(x) is bounded on the compact set [z,1 — z]. Since (J{\,i’j} =
C; — G({}{\;’j}) — (43} w.p.1, we have CJ{Vi’j} — ({43} in probability. Fur-
thermore, by the Lebesgue dominated convergence theorem [19, p. 100],
ECJ{Vi’j} — (147} Hence,

mo
ECn(j) = EY en(G. )T — ¢ as N — o,
k=1
which means the estimate of (; is asymptotically unbiased.

Subsequently, the efficiency of the estimate will be studied. To this end,
the properties of 5}{\;”} in (12.11) will be introduced first.
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Lemma 12.12. Suppose u € U(nog,qo), where U(ng,qo) is defined in
Definition 12.5. Under Assumptions (A12.1) and (A12.2), there exist K; ; €
(0,00) and L; ; € (0,00), i =1,...,mg, j =1,...,2n0(qo + 1), such that

P{f}{\;’j} 7£ ﬂ]{\;vj}} < Ki,je*Li,jN' (1216)

Proof. Denote X {1} = (§{"7} —plih) /A, ;. Note that EX 157} = 0 and

E(X1})2 = 1. By the ii.d. assumption, taking a Taylor expansion of

M]{Vi’j}(h) = [Eexp(hX{%}/v/N)V, the moment generating function of

\/N(,u}{\?’j} —plih) /A, we obtain

hx{d} p2(x i)
JN T aN

N

M) = [En+ rov-)”

h2
= |1+ o OV =G/

[ * 2N + O )
Consequently, for any t € R,

+2

: —ht g i} nf e—ht w2 NOONR -
infp e " My (h) fn%fe 1+ 5 +O(N )| < Ke 7,
(12.17)

where K > 0 is a positive constant. N
By means of the Chernoff bound [83, p. 326], for any ¢ € (—oo, pit7}],

N
i\ i t—DPi
P{u? <t} —P{E (58— pig) < NS J)}
(12.18)

k=1 ,J
_ h(t—p4,5) . N
< {i%f {e B M}{}’J}(h)}}

and for any p; ; <t < oo,

h(t—p4 4)

N
P{M}{\;’j}Zt}S{iIﬁf {e_ B Mﬁ’j}(h)}} : (12.19)

Considering
PL&s(N) # iy = PGi? < 2) + P > 1-2)
and (12.17)—(12.19), (12.16) is true. 0
Theorem 12.13. Under the conditions of Lemma 12.12, we have
NE({Z{VZ"j} —pliih2 A?yj as N — o0, (12.20)
and

NE|(7 = pledt)j oo 0 a5 N — o0, qo =3,4,... (12.21)
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Proof. (i) By Theorem 12.12, there exist K; ; € (0,00) and L; ; € (0,00)
such that

EN(EG? =72 < NaP{el? # ul)
< zKi7jNe_L7"»9'N — 0.
This together with
BNy —pt ey — uy ™)
< VENE? -t PEN (LY - u )
= AV BNELT — i)

implies that
EN(Ey” = pt9)? = EN(uy” —pt)?
= 2BN(uy?! = pliahy {7 - u{ ) (12.22)
TENEYT — i)’

— 0 as N — oo.

Thus, by (12.10), we obtain (12.20).
(ii) Similarly, for ¢o = 3,4, ..., one obtains

By Holder’s inequality,

NE|u{ — plidtjo < A, \/NE(;L%J} _plidh)2@-1,  (12.23)

Notice that for each i, j, S,ii’j} is i.i.d. Then, we have

N
i o 1 i y 2(go—1)
NE(M}{VJ} _p{z,]})Q(qo—l) — NE |:N Z(Slg I} _p{w]}):|
k=1
_ Nfz(mofz)E(Sl{i,j} — plih)2(ao—1)

< N—2(QO—2),
which together with (12.23) results in
NE[p{? — plidtjee < A, N~(®0-2) _ 0,

Hence, (12.21) is obtained. o
From (12.15), the covariance of the estimation Cy (j) is decided by Ry (7).
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Theorem 12.14. Suppose u € U(ng, qo). If, in addition to Assumptions
(A12.1) and (Al12.2), the density function f(x) is continuously differen-
tiable, then as N — oo,

Rn(j) = NQn(j) = NEen(j)en () — AHW(GAG) = R(j), (12.24)
where
en(i) =¢n () = G mg,
A(j) = diag™ {f(CL = G, -+, F(Cing — G},
and
pltit (1 —pitaty o plbit(1 — plmodl)
W(j) = . (12.25)
plbid(1 — plmoadty o plmodt(q — plmo.dly

Proof. Denote ex(j,4) as the ith component of en(j), G(x) = dG(x)/dz,
and G(z) = dG(x)/dx. Then

o) = dG(z)  dG(z) 1
B R CE)
Ga) =290 -1 @),

dv — f2(G(x))

Since f(x) is continuous, by Assumption (A12.1), both G(z) and G(x) are
continuous, and hence bounded in [z,1 — z]. Let

B = sup {|G(@)} and A1 = sup {|G(x)]}-

z€[z,1—2] z€[z,1—2]
Then, there exists a number /\%’j} between pli} and 51{\;’j} such that
en(i) =V =G = GEy) - Gt
. i i i 1 . i i i
= GEUERT = pth) + SGOLERT - pt)?
This implies that for i,k =1,...,mg,
NEEN(]a Z)sN(]a k)

= NECE = o) - ¢)
= NG G EBER? - plih) el - plht

T - , e e (12.26)
FNECEUI) R =t - pBI PO
FNEGOAE (B - plidh2elad _ ki (pthdt
FNEGOR 7 - pliahy2 (gl _ pkanzgolby,
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By Hoélder’s inequality and Theorem 12.13, we have

INEGEU)ERT —pt e - oI PEOET)
< ﬂ{i,j},y{i,j}\/NE(gj{\fvj} — pld 2N BT — pitkabyy)  (12.27)
< gl lbitp, \/NE(fj{vk’j} — plkd})a| = 0.

Similarly,
INEGOG) (N7 = pliah2 (el — pthhGpt — 0, (12.28)
INEGOG)EN?? = ptiah2 e — ph2ao ) — 0. (12.29)
Thus, similarly to (12.22), we have
N By = pt et - ) (12.30)
= B = pt M (uF - pth] - 0.
Since di, k= 1,2,..., are i.i.d.,

N N
= %EK Z I{d, < p{i,j}} _p{i,j})(z I{d, < p{k,j}} _p{k,j})}

11=1 lo=1
N
1 is . Iy .
= NE;:I IH{dy, < pt"1{d, < plkity — pliddpthdd
=
= pimin{ik}g} _ {id}y,tk.5}
(12.31)
and
Gplhity = L _ L (12.32)
HGpta)  f(Ci—¢)
Therefore, (12.24) follows from (12.26)—(12.32). a

Proposition 12.15. R(j), j = 1,...,2n0(qo + 1), defined by (12.24), is
positive definite, and

" R2 (5, k)

/ -1/, _
ﬂmoR (])ﬂmo - ﬁ{k’j} )

(12.33)
k=1

where
Pt = F(C = ¢) = F(Cioy — (),

h(j,i) = f(Ci—1 — () — f(Cs = G5),

with Cy = —oo and Cjyq1 = 00.
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Proof. Since
Ry(j) = NEen(j)ey(§) > 0,

so is R(j). Noting
R(j) = AW (HAG),
A(j) = diag™ {f(C1 = )+, f(Cmg — )}

and f(C; —¢;) > 0,% = 1,...,mp, we need only to show that W(j) is
positive definite.
From (12.25),

ptbit (1 —pttaty . pibid(1 — plmodl)
det(W(j)) =
p{lvj}(l _p{WO;J}) .. p{mOJ}(l _p{mO;]})
1 — p{lvj} p{laj} — p{27.7} . p{lvj} — p{m(h]}
_ pl2.4} {2,5} _ pimo.i}
_ ) P 0 D P
1 — plmo.i} 0 .. 0

= pllad (p{hd} _ p2d}y  (plmod} p;{,fo}_l)(l — plmo:dhy £ g,

Thus, R(j) > 0. Furthermore, by Lemma 6.4,

mo+1 2/ -
H/R_l(j)]lz Z h (j,k‘)-

~h
Pt p{ ]}
Thus, (12.33) is also true. o
Lemma 12.16. The Cramér—Rao lower bound for estimating ; based on
{sk} is
m0+1 . -
Ny =N Z p{m}
Jj=1

Next, we demonstrate that the aforementioned algorithms are asymptot-
ically efficient based on the following theorem.

Theorem 12.17. Under the conditions of Theorem 12.14, for j = 1,...,
2n0(qo + 1),

lim N (o3 (j) — 02, (N.§)) =0 as N — oc.

N—o0

Proof. This theorem can be proved directly by Theorem 12.14, Proposition
12.15, and Lemma 12.16.
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Recursive Quasi-Convex Combination Estimates

Since 03 (j) = Fen(j)e}(IN) contains an unknown parameter (j, it cannot
be directly computed. As a result, the quasi-convex combination estimate
(n(j) in (12.14) cannot be computed. In this section, we will derive com-
putable estimates. The basic idea is to employ a recursive structure in which
the unknown (; is replaced by the current estimate (n(j). Convergence of
the algorithms will be established.

For ¢ = 1,/;..,m0 and ] = 1,/.\..72710((]0 + 1), let 60(2) = 02n0(q0+1)7
co(j) = Og9, Ro(J) = Ogyxqo> and (o(j) = 0250 (go+1)- Suppose that at step
N—1(N>1), n-1(4), en—1(j), and Ry_1(j) have been obtained. Then
the estimation algorithms can be constructed as follows.

(i) Calculate the sample distribution values
3 Loy N-1.4
NN ST

(ii) Calculate the data points

N =FTHEY).

Let
CN(]) = [C]{Vl’j}a ey C]{\/go’j}]lv .7 = 17 e 52n0(q0 + 1)

(iii) Calculate each covariance estimate Ry (7).
Let

P = F(C - D,
An(j) = diag  {f(pi7h), ..., ™),

1,5 1,5 1,j 1,m
p -l T a -
Wi (i) = : ' :
1,5 1,m 1,m 1,m
PV =pmh) =)

Calculate Ry (j) by
Ry (j) = An()Wx () AN ().

(iv) If Ry(j) is nonsingular, then let
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and compute
Y = G)(CL, - g = v ())-
Otherwise, ZJ{VJ} = Aj{vjil.
(v) Let Cy = [A]{Vl}, e Ali,2"°(q°+1)}]'. Go to step 1.

This algorithm depends only on sample paths. At each step, it mini-
mizes the estimation variance based on the most recent information on the
unknown parameter. In addition, the following asymptotic properties hold.

Theorem 12.18. Under the conditions of Theorem 12.14, for j =1,...,
2no(go + 1), the above recursive algorithms have the following properties:

Jim (n(G) = ¢ wpd, (12.34)
Jim Ry(j) = R(j) wp.1, (12.35)
~ 1

]\}EHOONE(CN(j)—Cj)z = m w.p.1. (12.36)

Proof. Note that 5}{\;} — F(Cillgpy(g9+1) — ¢) W.p.1 and the convergence is
uniform in C;1a,, 4041y — €. Since F(-) and F~*(-) are both continuous,
V= Gl —F71(E)
- Ciﬂ?no(lIoJrl) - F_l(F(CiHQHO(QOJrl) - <) =(
w.p.1 as N — oo. Thus, the quasi-convex combination Z ~(j) converges to

¢ w.p.1. That is, (12.34) holds.
By Assumption (A12.1), F(-) and f(-) are both continuous. Hence,

An(j) — A(j) and Wy (5) — W
As a result, (12.35) holds, and by (12.15),

1 1
U, R () Ly LB () Ly
mottN J mo mo mo

B(n(j) - G)? =

which results in (12.36). O

12.5 Estimation of System Parameters

Identification algorithms of the system parameters will be constructed
based on the estimate of (. The parameters of the linear part are first
estimated, then the nonlinearity is identified.
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Identifiability of the Unknown Parameters
Theorem 12.19. Suppose u € U(ng,qo). Then,

\IJO[TII? 1]/ = C

has a unique solution (6*,n*).

Proof. (i) To obtain 6*.
By the first component of (12.13), we have ¢ = [(1, ..., Cang(go+1)]’ > and

bOT{O’l} J'_ b]T{l’l} _|_ . _|_ bqOT{QOvl} — Cl'

From (12.8), the 2ing+1 (i = 1,..., o) component of (12.13) turns out to
be

bor O 4 by T 44 p‘iJObqOT{qo,l} = Coing 41,

or equivalently,

bori0:1} G 1 1 1
byt C2no+1 L pp .o pf

= 0 , where R = !
bqu{qU’l} <2q0ﬂ0+1 1 Pgo - - ng

Since p; #0, p; #1, 5 =1,...,q0, and p; # p;, the determinant of the
Vandermonde matrix

det R = H (pj — pz’) 7é 0 with Po = 1.

0<i<j<qo—1

Hence, b;7{51}, j =0,...,qo, can be solved by

boT{O’l} Cl
by it} g Cong+1
bQOT{qml} C2q0n0+1

Similarly, we have
I =R"1'%, (12.37)
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where
boT{o’l} boT{O’Q} - boT{O’nO}
blT{l’l} blT{l’z} blT{l’nU}
r = ,
b7l b, rla02h g, rlaomo}
G G co Gno
= _ §2n0+1 C2n0+2 e C3no
L C2q0n0+1 C2q0n0+2 e <2qo+1)no

Denote r(i) as the ith column of (R~')". Then, by b,, = 1, we have

rlo} = [T{qo’l}, . ,T{qo’"“’}]/ =Z'r(qo)-

Note that u € U(ng, go) implies that V% is full rank. Then, by (12.7), one
can get 0* = Vzlng{QO}.

(ii) To obtain n*.

By Assumption (A12.2), Z:;”gl a; # 0, or V0 # 0,,,. For u € U(no, qo)
and j =1,...,q0, VI =T([v],,... ,v7]) is full rank by Definition 12.1, and
so VI8 # 0,,. Thus, for each j = 0,...,qo, 71} = V70 has a nonzero
component 7t~ @} For any given positive integer k and j = 1, ..., k,
let 3;(k) be a k-dimensional vector with all components being zero except
the jth being 1, that is,

Then, from (12.37), we have
bjT{j’ﬁv(j)} = 5}(7”0 + 1)%_1551'*(]‘)(”@7 J=0,...,q90,

which gives b;, 7 =0, ..., qo, since 713iv ()} can be calculated from V7 and
0* via (12.7). Thus, n* is obtained. O

A particular choice of the scaling factors p; is p; = M, j = 0,1,...,qo,
for some A # 0 and A # 1. In this case, the period of input u can be
shortened to ng(go + 2) under a slightly different condition.

Identification Algorithms and Convergence Properties

The (y = | ]{Vl}, ce C]{\,Qn"(qﬁl)*l}]' in (12.12) has 2n(go + 1) components
for a strongly scaled gq full-rank signal u € U(ng, qo)-
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Let

Voo = T([U’I('IL?)’ S 7,0110])7 [r1,....r(qo)] := (%/)717

o &
~ C]E[QnOﬂLl} C]‘{\]2"0+2} o C]{V3"0}
N =
{2gono+1} {2gono+2} {(2g0+1)no}
N N - N

Then, we have the following identification algorithm:

(i) Estimate 6. The estimate of 6 is taken as

On =V, 27 (q0)- (12.38)

q0

(ii) FEstimate n. Let by(j) = 0 and

(GO (eome N Oy i, (i) RO,
bn(j) = if 7RG} £ 0,
bn-1(5), if 7N} =

where
in(j) = min{argmaxlgigno|T{j’i}|}, J=0,1,...,90 —1; (12.39)

r(i%(4)) is the i% (4)th column of (R')~', and 714~ (D} is the i%,(4)-th
component of Tji,]} = VI0y. Then, the estimate of 7 is taken as

v = [ba(0), ..., ba(go — 1)]'. (12.40)

Theorem 12.20. Suppose u € U(ng, qo). Then, under Assumptions (A12.1)
and (A12.2),

Oy — 0 and ny —n wp.las N — oo.

Proof. By (12.13), (x — ¢ w.p.1. as N — oo. So,
On = VZIEIEG\TT% - VZIEIE/T(QO) =0,
which in turn leads to

T]{,j} = [Ti,j’l}, . ,T]i,j}(no)]/ =Vigy - Vig =7V wpl.

and 7% — 79(i) w.p.1 for i = 1,...,n9. Thus, for j = 0,...,q0 — 1, we
have

in(j) = min{argmaxlgigno|T{j’i}|} - min{argmax1§i§n0|7j(i)|} =1"(j),
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and e
TJ‘{[JJN(J)} _, FUinG)} £0.

This means that with probability 1, there exists Ny > 0 such that

T]{,j’i?\](j)} £0, YN > No.

Let
. iy (J g g e
b () = ) i (30), o2 + i ), - Cov(2aoma + 5 ()
™~
Then by
b (i) idin (@)} o s RN
N(j)TN - [Cz*(j)a C2n0+z*(])a ey C2q0n0+l*(j)]r(7/ (]))
— bjT{j,i?v(j)},
we have by (j) — b; for j =0,...,¢g0 —1. Hence, ny — n w.p.1 as N — oc.
O
Algorithms under Exponentially Scaled Inputs
Let u be ng(qgo+2)-periodic with one-period values (v, Av, ..., A\, \%0+1y).
The (y = [Zjvl}, . ,7}{\?()“}]’ can be estimated by the algorithms in Section
12.4 with dimension changed from 2no(go + 1) to no(go + 2), and
. o 40 .
{y— (=) bd0.
§=0
Partition ® into (go +2) submatrices 3’ (1),1=1, ..., go+2, of dimension

ng X ng: ) ) ) )
' = [(@" (1)), (@' (2)),---, (¥ (g0 +2))7.
If u € Ux(ng, qo), then it can be directly verified that

(1 +1)=NFY, 1=0,1,...,q,
& (go +2) = NOFDT(NTI @) [y, ay]),

where 7U} = T(M,[v] ... ,v7]). With these notations, we have the fol-

lowing result, whose proof is similar to that of Theorem 12.19, and hence,
is omitted.

Theorem 12.21. Suppose u € Ux(ng, qo). Then, under Assumptions (A12.1)
and (A12.2),

Yy, 1] =¢
has a unique solution (6*,n*), where

By = [B(0)0, B(1)0, ..., B(qo)0].
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- —{1} {no(go+1)}
CN:[N,..., ]\;loqo ]/’
and
VO =T, b, . o)), [r1,...,7(q0)] = (®)
—{1} —{2} {no}
Cn (N CNO
{no+1} {no+2} ={2no}
= CNO CNO o CN ’
oN = .
C%]o"o*ﬂ}

C%0n0+2}

. C}[\;’Lo qo+1)}
Then, we have the following identification algorithm

(i) Estimate 6. The estimate of 6 is taken as

05 = (®(90)) " (En)'rn(q0)

(ii) FEstimate n. Let b5(j) = 0 and

[*{i?\r (1}

N

2n0+i% (7)
YSN 1t
nG) =

{2qono+i% (4)} N
! e (i(5))/
by_1(j)

T}\?}i"w(j)}’ if T{J iy ()} £0,
if 7_{] dAn ()} =0
where
i (7) = min{argmax, <;c, [TR (D]}, 5=0,1,....q0— 1
(1% (7)) is the % (j)-th column of (R)
th component of

and 70"V i the ¢ ()
Tv(j) =70y
Then, the estimate of 7 is taken as

ny = [b(0), ..., b5 (90 — 1)]'.
and (A12.2)

Theorem 12.22. Suppose u € Uy (ng, qo). Then, under Assumptions (A12.1)
€

0% — 0 and ny —n wp.las N — oo

217
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12.6 Examples

In this section, we illustrate the convergence of the estimates given by
the algorithms described above. The noise is Gaussian with known mean
and variance. In Example 12.23, the identification algorithm with quantized
sensors is shown. Example 12.24 concerns the identification of systems with
non-monotonic nonlinearities. Example 12.25 illustrates an algorithm based
on the prior information, which is more simplified than the one described
by (12.38)—(12.40). The parameter estimates are shown to be convergent
in all cases.

Example 12.23. Consider a gain system yr = a + dj. Here the actual
value of the unknown a is 5. The disturbance is a sequence of i.i.d. Gaus-
sian variables with zero mean and standard deviation ¢ = 5. The sensor
has three switching thresholds, C; = 2, Cy = 6, and C3 = 10. Then,
the recursive algorithm in Section 12.4 is used to generate quasi-convex
combination estimates. For comparison, estimates derived by using each
threshold individually (i.e., binary-valued sensors) are also calculated. Fig-
ure 12.2 compares quasi-convex combination estimates to those using each
threshold. It is shown that the estimate with three thresholds converges
faster than the ones with each threshold individually. The weights of the
estimates of each threshold are shown in Figure 12.3, which illustrates that
the weights are not sure to be positive.

____ Estimate with 3 thresholds

« Estimate with individual threshold

Estimate of a
o
T
L

0 10 20 30 40 50 60 70 80 90 100
N

FIGURE 12.2. Identification with quantized output observations
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0.8

0.6

0.4

with each threshold
o
N

Weight of estimate

FIGURE 12.3. Weights of estimates with each threshold

Example 12.24. Consider

Yr = aoTr + a1wk—1 + di,
T = bg + biup + bgui + u27

where the noise {d} is a sequence of i.i.d. Gaussian variables with Ed; = 0,
05 = 1. The output is measured by a binary-valued sensor with thresh-
old C' = 13. The linear subsystem has order ny = 2, and the nonlin-
ear function has order gy = 2. The prior information on a;, i = 0,1, is
that a; € [0.5,5]. Suppose the true values of unknown parameters are
0 = [ag,a1] = [1.31,0.85] and n = [bg, b1, b2]" = [4,1.4,—3]". The non-
linearity is not monotone, which is illustrated in Figure 12.4. It is shown
that not all values of v, p1v, pov, psv are situated in the same monotone
interval of the nonlinearity.

The input is chosen to be 2n¢(go + 1) = 12-periodic with one period
(v,v, p1v, p1v, pav, p2v), where v = [1.2,0.85], p; = 0.5, po = 1.65, and
p3 = 0.75. Define the block variables X;, Y}, ®/, Dy, and Sy, in the case of a
six-periodic input. Using (12.12), we can construct the algorithms (12.38)—
(12.40) to identify 6 and .

The estimation errors of § and 7 are illustrated in Figure 12.5, where the
errors are measured by the Euclidean norm. Both parameter estimates of
the linear and nonlinear subsystems converge to their true values, despite
the nonlinearity being non-monotonic.

Example 12.25. For some prior information, algorithms (12.38)—(12.40)
can be simplified. For example, the estimation algorithms of 1 can be sim-
plified when the prior information on 6 is known to be positive and the
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4.4

T

Nonlinearity
_ a2, 31

* xk_4+1.4uk 3uk+uk

4.2

38r

361

3.2

FIGURE 12.4. Nonmonotonic nonlinearity

periodic input w is positive. Both the mean and the variance of disturbance
are not zero in this example.
Consider

Yk = aoTk + a1Tp—1 + dy,

T = by + biuy + ui,

where the noise {d} is a sequence of i.i.d. Gaussian variables with Ed; = 2,
0’3 = 4. The output is measured by a binary-valued sensor with threshold
C = 13. The linear subsystem has order ng = 2, and the nonlinear function
has order gy = 2. The prior information on a;, i = 0,1, is that a; € [0.5,
5]. Suppose the true values of the unknown parameters are 6 = [ag, a1] =
[1.17, 0.95]" and n = [by, b1)" = [3, 1.3]".

The input is 12-periodic with one period (v, v, p1v, p1v, pav, pav), where
v =[1.2,0.85], p = 0.65, and pp = 1.25. Define the block variables X;, V7,
®7, D; and S, in the case of a 12-periodic input. Using (12.12), we can
construct the algorithms (12.38)—(12.40) to identify 6.

Considering the prior information on 6, a more simplified algorithm can
be constructed to identify 7 than the one given by (12.38)-(12.40). Note
that a; € [0.5,5], i = 1,2, and wu is positive. Then, 71} the first compo-
nent of V76, is

701 = a2 + ayv? > 0.5(v2 +02) #0,

where the last inequality is derived from the fact that v is strongly 2 full
rank. So, it is not necessary to calculate i} (j) in (12.39), which aims to
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Identification errors of # and n with nonmonotonic nonlinearity

find the nonzero component of 717}, And 5 can be estimated as follows:

o =10

A %c[g{l} {2”0""1}

NN =

NN-1,

where Ay = diag™
containing the first to gy — 1th rows of R~!, and TN
Vify.

of T{J}

110*

if H ’7'{]’1}

Yot ety e
{51} &

C{2QO710+1} , if H 7_{];1}#0

7

is a go X (go + 1) matrix
is the first component

The estimation errors of 6 and 7 are shown in Figure 12.6, where the
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errors are measured by the Euclidean norm. Both parameter estimates of
the linear and nonlinear subsystems converge to their true values.

Error of 6

I I h I L
0 50 100 150 200 250 300 350 400 450

Error of n
IS
.

1l i
OM N . .

L
0 50 100 150 200 250 300 350 400
N

FIGURE 12.6. Identification errors of § and n

12.7 Notes

In this chapter, the identification of Hammerstein systems with quantized
output observations is studied. The development follows [128]. Hammer-
stein systems have been used to model practical systems with memoryless
actuators and have been studied extensively in system identification, see
for example [3, 45, 69, 71].
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Structurally, a Hammerstein system with a quantized sensor may be
viewed as Hammerstein—Wiener system which contains both input and out-
put nonlinearity. However, our approaches are quite different from typical
studies of such nonlinear system identification problems in which the out-
put nonlinearities usually contain some sections of smooth functions. Un-
like traditional approximate gradient methods or covariance analysis, we
employ the methods of empirical measures and parameter mappings. Un-
der assumptions of known noise distribution functions and strongly scaled
full-rank inputs, identification algorithms, convergence properties, and the
estimation efficiency are derived.
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