Chapter 7

Smooth and Heavy
Viable Solutions

Introduction
Let us still consider the problem of regulating a control system
(i) for almost all t > 0, z'(t) = f(z(t),u(t)) where u(t) € U(z(t))

where U : K ~ Z associates with each state z the set U(x) of
feasible controls (in general state-dependent) and f : Graph(U) — X
describes the dynamics of the system.

For simplicity, we take for viability subset the domain K :=
Dom(U) of U'. We have seen in the preceding chapter that viable
controls (which provide viable solutions z(t) € K := Dom(U)) are
the ones obeying the regulation law

Vt>0, u(t) € Rg(t) (or (z(t),u(t)) € Graph(Rk))
where
Vz € K, Rk(z) = {u € U(z)| f(z,u) € Tk(x)}

In this chapter, we are looking for a system of differential equa-
tions or of differential inclusions governing the evolution of both viable
states and controls, so that we can look for

lor we replace U by its restriction to K. It is closed whenever U : X ~ Z is
upper semicontinuous.
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236 7— Smooth and Heavy Viable Solutions

—  heavy solutions, which are evolutions where the controls
evolve with minimal velocity

—  punctuated equilibria, i.e., evolutions in which the control
4 remains constant whereas the state may evolve in the associated
viability cell, which is the viability domain of z — f(z,a),

—  regulation by ramp controls, i.e., evolutions in which the
open-control is linear, and more generally, polynomial open-loop con-
trols

— and other related ideas.

The idea which allows us to achieve these aims is quite simple:
we differentiate the regulation law.

This is possible whenever we know how to differentiate set-valued
maps. Hence the first section is devoted to the definition and the
elementary properties of the contingent derivative? DF(x, y) of a set-
valued map F : X ~ Y at a point (z,y) of its graph: By definition,
its graph is the contingent cone to the graph of F' at (z,y). We refer
to Chapter 5 of SET-VALUED ANALYSIS for further information on
the differential calculus of set-valued maps.

In the second section, we differentiate the regulation law and
deduce that

(i7) for almost allt > 0, u/(t) € DRy (x(t),u(t))(f(z(t),u(t)))

whenever the viable control u(-) is absolutely continuous,

This is the second half of the system of differential inclusions we
are looking for.

Observe that this new differential inclusion has a meaning when-
ever the state-control pair (z(-), u(-)) remains viable in the graph of
Rg.

Fortunately, by the very definition of the contingent derivative,
the graph of Rk is a viability domain of the new system (i), (7).

Unfortunately, as soon as viability constraints involve inequali-
ties, there is no hope for the graph of the contingent cone, and thus,
for the graph of the regulation map, to be closed, so that, the Via-
bility Theorem cannot apply.

2We set Df(zx) := Df(z, f(z)) whenever f is single-valued. When f is Fréchet
differentiable at z, then Df(z)(v) = f'(z)v is reduced to the usual directional
derivative.



7.0. Introduction 237

However, if the contingent derivative of U obeys a growth condi-
tion:

(9) V (z,u) € Graph(U), nf ol < e(lull + fl=ll + 1)

1
veDU (z,u)(f(z,u))

then there exists an absolutely continuous solution (z(-),u(:)) of (i)
verifying

(i) for almost all ¢ > 0, |u/'(8)] < c(|[u®)| + ||z(t)|| + 1)

So, a strategy to overcome the above difficulty is to introduce® the
a priori growth condition (i) and to look for graphs of closed set-
valued maps R contained in Graph(U) which are viable under this
system of differential inclusions. We already illustrated that in the
simple economic example of Section 6.2.

Such set-valued maps R are solutions to the partial differential
inclusion

Vze K, 0€DR(z,u)(f(z,v)) — (||| + [[u| + 1)B
satisfying the constraint
V (z,u) € Graph(R), R(z) C U(z)

Since we shall show that such closed set-valued maps R are all con-
tained in the regulation map Rg, we call them subregulation maps
associated with the system 7),4i). In particular, there exists a largest
subregulation map denoted R°.

In particular, any single-valued r : K — Z with closed graph
which is a solution to the partial differential inclusion

Vz e K, 0€ Dr(z)(f(z,r(z))) — cllzl + lIr(z)|| + 1)B
satisfying the constraint
Vze K, r(z) € Ux)

provides feedback controls regulating smooth solutions to the control
system.

3even if growth conditions on the contingent derivative of U are absent.
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The set-valued and single-valued solutions to these partial differ-
ential inclusions are studied in Section 6 of Chapter 8.

Let us consider such a subregulation map R. Theorem 4.1.2 im-
plies that whenever the initial state zo is chosen in Dom(R)) and
the initial control uy in R(xzo), there exists a solution to the system
of differential inclusions 1),iii) viable in Graph(R). The regulation
law for the viable state-controls becomes

(i) w'(t) € DR(=(t),u(t))(f(z(), u(t))) N e(llz(@®)] + lu@®)] + 1)B

We call it the metaregulation law associated with the subregula-
tion map R.

This is how we can obtain smooth viable state-control solutions to
our control problem by solving the system of differential inclusions
i),v).

Actually, the graphs of all such regulation maps are contained in
the viability kernel of Graph(U) for the system of differential inclu-
sions 1),4i7). This viability kernel is then the graph of the largest
subregulation map R° C U.

We shall construct explicitly in the third section such a regulation
map in the case of the simplest economic model we can think of.

To the extent where second order differential equations and in-
clusions are first-order systems in disguise, we devote section 7.4
to viability problems for second order differential inclusions. The
situation is not as simple as in the first order case, because the
viability constraint z(t) € K becomes z'(t) € Tk(z(t)), or again,
(z(t),z'(t)) € Graph(Tk). It no longer defines closed (or even, lo-
cally compact) viability domains. So, here again, we shall overcome
this type of difficulty by using the concept of viability kernel.

We can naturally follow the same route to obtain smoother open-
loop controls by setting bounds on the m-th derivatives: for almost
all ¢t > 0,

@) ™ O < e(lu™ DO+ ... + lu@)ll + le@)] +1)

This is the topic of the fifth section.

We devote the sixth section to the particular case when ¢ = 0.
We observe that equation (iii) then yields constant controls ug and
thus solutions z(-) to the problem z'(t) = f(z(t), up) which are viable
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in the closed subset U (ug) (whenever this subset is not empty.) If
this is the case, we shall say that ug is a punctuated equilibrium and
that (R%)~!(ug) is the associated viability cell, the closed subset of
states regulated by the constant control ug.

In the general case of smooth systems of order m, the 0-growth
condition yields open-loop controls which are polynomial of degree m.
In particular, for m = 1, first-degree polynomials open-loop controls
are known under the more descriptive label of ramp controls.

The seventh section is devoted to selection procedures of dynam-
ical closed loops, and, among them, of heavy viable solutions.

Instead of looking for closed loop control selections of the regu-
lation map Rx as we did in Chapter 6, we now look for selections
g(+,-) of the metaregulation map

(@, u) ~ DR(z, u)(f(z,u)) Ne(||z]| + [Jull + 1)B

called dynamical closed-loops.

Naturally, under adequate assumptions, Michael’s Theorem im-
plies the existence of a continuous dynamical closed loop. But under
the same assumptions, we can take as dynamical closed-loop the min-
imal selection g°(-, ) defined by ||g°(z, u)|| = minye prew)(f(zw) V15
which, in general, is not continuous.

However, we shall prove that this minimal dynamical feedback
still yields smooth viable control-state solutions to the system of
differential equations

2(t) = flz(t)ut) & o) = g°(=(t),u(t))

called heavy viable solutions, (heavy in the sense of heavy trends.)
They are the ones for which the control evolves with minimal veloc-
ity. In the case of the usual differential inclusion 2/ € F(z), where
the controls are the velocities, they are the solutions with minimal
acceleration (or maximal inertia.)

Heavy viable solutions obey the inertia principle: “keep the con-
trols constant as long as they provide viable solutions”.

Indeed, if zero belongs to DR(xz(t1),u(t1))(f(x(t1),u(t1))), then
the control will remain equal to u(¢1) as long as for ¢ > ¢1, a solution
z(+) to the differential equation z’(t) = f(z(t),u(t;)) satisfies the
condition 0 € DR(x(t1), u(t1))(f(z(t1), u(t1)))-
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If at some time t¢, u(ts) is a punctuated equilibrium, then the
solution enters the viability cell associated to this control and may
remain in this viability cell forever* and the control will remain equal
to this punctuated equilibrium.

The concept of a heavy viable solution will be extended to the m-
th order, where we look for controls whose m-th derivative evolves as
slowly as possible. They obey an m-th order inertia principle: keep
an m-degree polynomial open-loop control as long as the solution it
requlates is viable.

7.1 Contingent Derivatives

By coming back to the original point of view proposed by Fermat,
we are able to geometrically define the derivatives of set-valued maps
from the choice of tangent cones to the graphs, even though they yield
very strange limits of differential quotients.

Definition 7.1.1 Let F : X ~ Y be a set-valued map from a
normed space X to another normed space Y and y € F(z).

The contingent derivative DF(z,y) of F at (z,y) € Graph(G) is
the set-valued map from X to'Y defined by

Graph(DF(:c,y)) = TGraph(F)(may)

When F := f is single-valued, we set D f(z) := Df(z, f(z)) and
Cf(x) == Cf(x, f(x))-
We shall say that F is sleek at (x,y) € Graph(F) if and only if
the map
(z',y') € Graph(F) ~ Graph(DF(z,y"))

is lower semicontinuous at (x,y) (i.e., if the graph of F is sleek at
(z,y).) The set-valued map F is sleek if it is sleek at every point of
its graph.

Naturally, when the map is sleek at (z,y), the contingent deriva-
tive DF(z,y) is a closed convez process.

4as long as the viability domain does not change for external reasons which
are not taken into account here.
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We can easily compute the derivative of the inverse of a set-valued
map F (or even of a noninjective single-valued map): The contingent
derivative of the inverse of a set-valued map F is the inverse of the
contingent derivative:

D(F~')(y,z) = DF(z,y)™*

If K is a subset of X and f is a single-valued map which is Fréchet
differentiable around a point z € K, then the contingent derivative
of the restriction of f to K is the restriction of the derivative to the
contingent cone:

D(flx)(z) = D(f1x)(=, f(z)) = f'(@) |1y ()

These contingent derivatives can be characterized by adequate
limits of differential quotients®:

Proposition 7.1.2 Let (z,y) € Graph(F') belong to the graph of a
set-valued map F' : X ~ Y from a normed space X to a normed
space Y. Then

v € DF(z,y)(u) if and only if
liminfy, 04 w—ud ('v, ﬂ%/)—_—y) =0

If x € Int(Dom(F)) and F is Lipschitz around x, then

F(m+hu)—y> _0

v € DF(z,y)(u) if and only if l}ll'gtl)lifd <v, -

$We can reformulate Proposition 7.1.2 by saying that the contingent derivative
DF(z,y) is the graphical upper limit (See Definition 3.6.3) of the differential
quotients
U~ ViF(z,y)(u) = F(ﬂ’_’:ﬁﬂ
Indeed, we know that the contingent cone

; Graph(F) — (z,y
TGraph(p)(fE,y) = Limsup,,_,o, (}3 (z,9)

is the upper limit of the differential quotients Gra h(hF )=(=:¥) when h — 0+. It

is enough to observe that

Graph(F) — (z,y)
h

Graph(DF(z,y)) := TGraph(F)(x’y) & Graph(VyF(z,y)) =

to conclude.
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If moreover the dimension of Y is finite, then
Dom(DF(z,y)) = X and DF(z,y) is Lipschitz

Proof — The first two statements being obvious, let us check
the last one. Let u belong to X and ! denote the Lipschitz constant
of F on a neighborhood of . Then, for all A > 0 small enough and
y € F(z),

y € F(z) C F(z+ hu) + lh|u||B
Hence there exists yp, € F(z+ hu) such that vy, := (yn —y)/h belongs
to l||u|| B, which is compact. Therefore the sequence vy, has a cluster
point v, which belongs to DF(z,y)(u). O

Remark — Lower Semicontinuously Differentiable Maps
The lower semicontinuity of the set-valued map

(z,y,u) € Graph(F) x X ~» DF(z,y)(u)

at some point (xg,yo,uo) is often needed. Observe that it implies
that F is sleek at (zo,yo). The converse needs further assumptions.
We derive for instance from Theorem 2.5.7 the following criterion:

Proposition 7.1.3 Assume that X and Y are Banach spaces and
that F is sleek on some neighborhood U of (zo,yo) € Graph(F). If
the boundedness property

VueX, sup inf o]l < +oo
(z,y)eunGraph(F) vEPF(z.) ()

holds true, then the set-valued map
(z,y,u) € Graph(F) x X ~ DF(z,y)(u)

is lower semicontinuous on (U N Graph(F)) x X

7.2 Smooth Viable Solutions

7.2.1 Regularity Theorem

Let us consider a finite dimensional vector space Z and a control
system (U, f) defined by a set-valued map U : X ~» Z and a single-
valued map f : Graph(U) — X, where X is regarded as the state
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space, Z the control space, f as a description of the dynamics and
U as the a priori feedback. The evolution of a state-control solution
(x(-),u(-)) viable in Graph(U) is governed by

2'(t) = f(z(t),u(®), u(t) € Ulz(t) (7.1)

We shall look for viable solutions in K := Dom(U) which are smooth
in the following sense:

Definition 7.2.1 (Smooth State-Control) We say that the pair
(x(-),u(-)) ts smooth if both z(-) and u(-) are absolutely continuous
and m-smooth if both z(-) and u™V(.) are absolutely continuous.

It is said to be p-smooth (respectively p-smooth of m-th order) if
in addition for almost all t > 0, ||v/(t)|| < @(z(t),u(t)) (respectively
[u™ @) < @(z(t),u(t), v/ (t),. .., u™1(2))), where p : X x Z
R (respectively ¢ : X x Z™ +— Ry ) is a given function.

We obtain smooth viable solutions by setting a bound to the
growth to the evolution of controls, as we did in the simple economic
example of Section 6.2.

For that purpose, we associate to this control system and to any
nonnegative continuous function u — ¢(z, u) with linear growthS the
system of differential inclusions

i) () = fla),ud)

i) uw(t) € o(z(t),u(t))B

Observe that any solution (z(-), u(-)) to (7.2) viable in Graph(U)
is a p-smooth solution to the control system (7.1).

We thus deduce from the Viability Theorem applied to the system
(7.2) on the graph of U the following Regularity Theorem:

(7.2)

Theorem 7.2.2 Assume that U is closed and f, ¢ are continuous
with linear growth. Then the following two statements are equivalent:

a) —  For any initial state xop € Dom(U) and control uy €
U(xo), there exists a @-smooth state-control solution (z(-),u(-)) to
the control system (7.1) starting at (xo,uo).

Swhich can be a constant p, or the function (z,u) — c|ju||, or the function
(x,u) — c(||lul|+ ||z|| +1). One could also take other dynamics u’ € ®(z,u) where
® is a Marchaud map.
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b) — The set-valued map U satisfies

V (z,u) € Graph(U), 0 € DU(z,u)(f(z,u)) — o(z,u)B (7.3)

Proof — The conclusion of the theorem amounts to saying that
the closed subset Graph(U) enjoys the viability property. By Viabil-
ity Theorem 3.3.5, which we can apply because (z,u) ~ {f(z,u)} x
¢(z,u)B is a Marchaud map, this is the case if and only if it is a
viability domain, i.e., if and only if

V (z,u) € Graph(U), Tgraphw) (@ w) N ({f(z,u)} x ¢(z,u)B) # 0

By the very definition of the contingent derivative of U, this is the
necessary and sufficient condition of the theorem. O

We know that whenever the right-hand side of an ordinary differ-
ential equation is differentiable, its solutions are twice differentiable.
The extension of this property to the case of differential inclusions is
just a consequence of the above theorem when we take f(z,u) = w:

Corollary 7.2.3 Let F : X ~ X be a closed set-valued map such
that

Vz € Dom(F), Vv e F(z), 0 € DF(z,v)(v) — ¢(z,v)B

where (z,u) — ¢(x,u) is a nonnegative continuous function with
linear growth.

Then, for any xo € Dom(F') and vg € F(z¢), there exists a solu-
tion x(-) to the differential inclusion

z'(t) € F(z(t)), z(0) = z9 & z'(0) = vy

which belongs to the Sobolev space W21(0, 00; X;e~%dt) (both z(-)
and z'(-) are absolutely continuous.)

Remark — Naturally, we can consider other evolution laws of
open-loop controls associated with the control system (U, f) which
provide smooth open-loop controls yielding viable solutions.
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First, we can introduce an observation space Y, replace the initial
control space Z by another finite dimensional space Z;, an observa-
tion map 8 : X — Y and relate the new controls v € Z; and the
observation y to the former controls u € Z by a single-valued map
of the form

u = a(B(z),v)

where
a:YxXZy— 2

We then define a new control system (g, V') defined by
i) g(z,v) = f(z,a(8(z),v))
it) V(z) := {veZi|aB(z),v) € U)}
Therefore the new control system governed by
i) 2'(t) = g(=(t),v(?))

i) o(t) € V(z(t))

(7.4)

provides the same dynamics of the state although through another
parametrization.

This being done, we can propose any evolution law of the open-
loop controls as long as they are compatible with the constraints
v(t) € V(z(t)) (or u(t) € U(z(t)).)

For instance, if A € £(Z1,Z1) and ® : X X Z; ~ Z; and ¢ :
X X Zy ~ Zj is a Marchaud map, we can replace system (7.2) by
the system of differential inclusions

i) () = g(xz(),v(t))

it) V(t) € Av(t)+ D(z(t),v(t))

(7.5)

(With an adequate choice of A, we are able to study the evolution
of m time differentiable open-loop controls in next section.)
Then the Regularity Theorem becomes:
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Theorem 7.2.4 Assume that U is closed and sleek, that f, ¢ are
continuous with linear growth, that the maps a and B are continu-
ously differentiable with linear growth and that

VY (z,v) € Graph(V), o, (8(z),v) is surjective

Then the following two statements are equivalent:

a) — For any initial state o € Dom(V') and control vy €
V(zg), there exists a solution (x(-),v(-)) to the control system (7.5)
starting at (zg,vo) (so that z(-) is still a solution to the control system

(1.1)).

b) —  The set-valued map V satisfies: for every (z,v) €
Graph(V),

Av € —®(z,v)+
& (8(z), ) [DU(z,a(8(2), v)(g(a,v)) — o (B(a), v)8 (@)g(z,v)

Proof — By the Viability Theorem 3.3.5, we have to check
that the graph of V is a viability domain for the set-valued map

(z,v) ~ {g(z,v)} x (Av + &(z,v))

Since the graph of V is the inverse image of the graph of U under
the differentiable map h: X x Z; — X € Z defined by

h(:pa U) = (.’17, a(ﬁ($)7 ’U))

we can derive a formula to compute its contingent cone whenever U
is sleek and the following transversality condition holds true:

Im(h'(z,v)) — TGraph(U)(h(x,v)) = XxZ

But the surjectivity of o (8(z),v) implies obviously the surjectivity
of h/(z,v), so that this condition is satisfied. Hence, the contingent
derivative of V is given by the formula

{ DV (z,v)(x') = a(B(z),v)”"|
DUz, a(B(x),v))(') — o} (B(z), v)8 ()|

Therefore, we observe that the second statement of the theorem
states that the graph of V is a viability domain. O
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7.2.2 Subregulation and Metaregulation Maps

The assumption of the above theorem is too strong, since it requires
that property (7.3) is satisfied for all controls u of U(x) (so that we
have a solution for every initial control chosen in U(xg).) This means
that, setting

Ri(z) = {ue U(z) | f(z,u) € Tk(z)}

we are in the situation where Ry = U.
We may very well be content with the existence of a smooth
solution for only some initial control in a subset R(xg) of U(zg).
So, we can relax the problem by looking for closed set-valued
feedback maps R contained in U in which we can find the initial
state-controls yielding smooth viable solutions to the control system.
The Viability Theorem implies the following

Theorem 7.2.5 Let us assume that the control system (7.1) satisfies

{ i) Graph(U) is closed

it) f is continuous and has linear growth (7.6)

Let (z,u) — ¢(z,u) be a nonnegative continuous function with linear
growth and R : Z ~ X a closed set-valued map contained in U. Then
the two following conditions are equivalent:

a) — R regulates p-smooth viable solutions in the sense that
for any initial state xo € Dom(R) and any initial control ug € R(xp),
there exists a @-smooth state-control solution (z(-),u(-)) to the con-
trol system (7.1) starting at (xg,up) and viable in the graph of R.

b) — R is a solution to the partial differential inclusion

V (z,u) € Graph(R), 0 € DR(z,u)(f(z,u)) — ¢(z,u)B  (7.7)

satisfying the constraint: Vx € K, R(z) C U(z).

In this case, such a map R is contained in the regulation map
Ry, and is thus called a p-subregulation map of U or simply a sub-
regulation map . The metaregulation law regulating the evolution of
state-control solutions viable in the graph of R takes the form of the
system of differential inclusions

i) () = fz(t),u))

i) u'(t) € Gr(x(t), u(t))

(7.8)
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where the set-valued map G defined by
GR("I’., u) = DR(.’IJ, u)(f(x, u’)) n go(m, U)B

is called the metaregulation map associated with R.
Furthermore, there exists a largest p-subrequlation map denoted
R? contained in U.

Proof — Indeed, to say that R is a regulation map regulating ¢-
smooth solutions amounts to saying that its graph is viable under
the system (7.2).

In this case, we deduce that for any (zo,up) € Graph(R), there
exists a solution (z(-),u(-)) viable in the graph of U, so that z(-) is
in particular viable in K. Since z'(t) = f(z(t),u(t)) is absolutely
continuous, we infer that f(zg, up) is contingent to K at xo, i.e., that
up belongs to Ry (o).

The regulation map for the system (7.2) associates with any
(z,u) € Graph(R) the set of pairs (z/,u’) € {f(z,u)} X ¢(x,u)B
such that (z/,u') belongs to the contingent cone to the graph of R
at (z,u), i.e., such that

v € DR(z,u)(f(z,u)) Np(z,u)B =: Cg(z,u)

The graph of R is the viability kernel of Graph(U) for the system
of differential inclusions (7.2). O

Proposition 7.2.6 Let us assume that the control system (7.1) sat-
isfies

i) U maps a neighborhood of every point to a compact subset
i7) Graph(U) is upper semicontinuous with compact values
i11) f 1is continuous and has linear growth

Then the domain of every subregulation map is closed.

Proof — Let z, € Dom(R) be a sequence converging to x¢ and
let u, belong to R(z,) C U(zy,). By assumption, the sequence uy,
remains in a compact subset, so that a subsequence (again denoted
by) un converges to some u € U(z). Since R is a subregulation map,
there exist solutions (z(-),un(-)) to the system (7.2) of differential
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inclusions viable in the graph of R. Theorem 3.5.2 implies that a
subsequence (again denoted by) (zn(-), un(+)) converges to a solution
(2(-), u(-)) starting at (z,u). Hence u € R(x) and thus, z € Dom(R).
O

We can be particularly interested in single-valued regulation maps
r : K — Z, which are closed-loop (feedback) controls regulating -
smooth viable solutions:

Proposition 7.2.7 A closed single-valued continuous map r is a
feedback control regulating p-smooth viable solutions to the control
problem if and only if r is a single-valued solution to the inclusion

VzeK, 0€Dr(z)(f(x,r(x))) — o(x,r(z))B
satisfying the constraint
Vze K, r(z) € Uz)

Then for any xo € K, there ezists a solution to the differential equa-
tion ' (t) = f(z(t),r(x(t))) starting at zo such that

Vit>0, u(t) := r(z(t)) € U(z(t))

and
for almost all t > 0, ||u/'()|| < o(z(t), r(z(t)))

Remark — The study of set-valued and single-valued solutions
to partial differential inclusion (7.7) will be carried over in Chapter 8
in the framework of the more general “tracking property”. O

Remark — We observe that any p-subregulation map remains
a 1-subregulation map for ¥ > ¢ and in particular, that the largest
subregulation maps R¥ are increasing with ¢. O

Example: Equality Constraints

Consider the case when h : X + Y is a twice continuously differen-
tiable map and when the viability domain is K := h~1(0).
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Since Tk () = ker h'(z) when h'(x) is surjective, we deduce that
the regulation map is equal to

Rk (z) ={u € U(z) | b'(z)f(z,u) = 0}

Proposition 7.2.8 Assume that ' (z) € L(X,Y) is surjective when-
ever h(z) = 0, that the graph of U is sleek and that for any y € Y
and v € X, the subsets

DU (z,u)(v)N (K (2) f(z,u) " (y—h" (@) (f (2, u),v) ' (z) fo 2, u)v)
are not empty. Then the contingent derivative DRk (x,u)(v) of the

regulation map s equal to

DU(z,u)(v) N —(K'(z) fu(z, w) 7 (K" (2)(f(z,0),) = B(2) fa(z, u)v)

when W (z)v =0 and DRk (z,v) =0 if not. In particular, if U(z) =
Z, then it is sufficient to assume that h'(z)f, (z,u) is surjective and
we have in this case

DRg(z,u)(v) = —(B'(2) fy,(x, w)) " (W' (@) (f (z, w), v) =R (z) fo , u)v)
when W' (z)v =0 and DRk (z,v) = 0 if not.

Proof — The graph of Ri can be written as the subset of pairs
(z,u) € Graph(U) such that C(z,u) = (h(z),h'(z)f(z,u)) = 0.
Since the graph of U is closed and sleek, we know that the transver-
sality condition

Cl(x’“)TGraph(U) (z,u) = C'(x,u)Graph(DU (z,u)) =Y x Y

implies that the contingent cone to the graph of U is the set of
elements (v, w) € Graph(DU(z,u)) such that

C'(z,u)(v,w) =
(' (z)v, W' () fu (2, w)w + B (z) fz (@, u)v + B (z)(f (x,u),v)) = 0

But the surjectivity of h'(z) and the nonemptiness of the inter-
section imply this transversality condition. O

Therefore, the right-hand side of the metaregulation rule is equal
to

)7L (@) (f (2, u), f(z,u)) — B () fr(z,u) f (2, 1))

— (W () fi (2, u)
NDU (z,u)(f(z,u)) No(z,u)B
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Example: Inequality Constraints

Consider the case when
K :={zeX :Vi=1,...,p, gi(z) > 0}

is defined by inequality constraints (for simplicity, we do not include
equality constraints.)

We denote by I(z) := {¢ = 1,...,p | gi(x) = 0} the subset of
active constraints and we assume once and for all that for every
ze K,

Jug € Cp(z) such that Vie I(z), < dgi(x),v9>>0
so that, by Theorem 5.1.10,
Ri(z) = {ueU(z)| Vi€ I(z),(gi(z), f(z,u)) > 0}

We set g(z) := (g1(x), ..., 9p(2)).

We have seen that the graph of the set-valued map z ~ Rk(x) is
not necessarily closed. However, we can find explicit subregulation
maps by using Theorem 5.1.11. We thus introduce the set-valued
map R} : X ~» Z defined by

Ri(z) = {ueU(z) | g(zx) + ¢'(z)f(z,u) >0} C Rk(z)

We can regulate solutions viable in K by smooth open-loop con-
trols by looking for solutions to the system of differential inclusions
(7.2) which are viable in the graph of RY.

We thus need to compute the derivative of R} in order to char-
acterize the associated metaregulation map:

Proposition 7.2.9 Assume that the stronger viability condition”

Vee K, Ry(z) # 0

"which holds true whenever K is a viability domain for the control system and
Vee K, JuecU(z) suchthat ||f(z,u)| < vk (z)

where the function <k is defined by (5.1) in Section 5.1. See Theorem 5.1.11.
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1s satisfied. We set

I(z,u) = {i=1,...,p| gi(z) + (gi(x), f(z,u)) = 0}

Assume that U is sleek and closed and that for every (z,u) € Graph(RY%),
there ezists uy € DU (z,u)(xg) satisfying

Vi€ I(z,u), (gi(z), 5o+ fz (2, w)zo+fu(x, u)up)+ei (z)(f(z,u),20) 2 0

Then the contingent derivative DRY (x,u)(v) of the subregulation
map RS is defined by: v € DR%(z,u)(z') if and only if v’ €
DU(z,u)(z') and

Vie I(z,u), {9i(2), 2"+ f (2, u)a'+ £z, w)u')+g{ (z)(f(z,u),2) 2 0

If U(x) = Z, then it is sufficient to assume that ¢'(z)f,(x,u) is
surjective. We then have in this particular case

{ DR (z,u)(z') :={u € Z|Vie I(z,u),
(9i(2), fulz, W) > —(gi(2), 2’ + fo(z, w)a’) — g{ (x)(f(z,u), )}

Proof — By Theorem 5.1.10 applied to L := Graph(U) and to the
constraints defined by gi(z,u) := gi(z) + (gi(z), f(z,u)), we deduce
that ' € DRS(z,u)(z') if and only if v’ € DU(z, u)(z") and

Vie I(z,u), (gi(z), 2+ fo(z, v)z'+f,(z,u)u')+g! (z)(f(z,u),2') > 0 O

We then deduce from the above Proposition and the Regularity
Theorem the following consequence:

Proposition 7.2.10 We posit the assumptions of Proposition 7.2.9.
If for any (z,u) € Graph(RS), there exists u' such that ||v/| <
o(z,u), then for any initial state To and any vy € Ry (xo), there
exists a solution (z(-),u(-)) to the control system (7.2) such that x(-)
is viable in the set K defined by inequality constraints. The metareg-
ulation law can then be written

i) 2'(t) = f(=(t),u(?)
i) w(t) € Gz(t),ult))

(7.9)
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where the metaregulation map G associated to Ry
G(z,u) = DRg(z,u)(f(z,u)) No(z,u)B
defined by:
w € G(z,u) if and only if w € DU(z,u)(f(z,u)) Np(z,u)B and
Vie I(z,u), (gi(x), fulz, u))
> —(gi(z), f(z,u) + fz(z,u) f(z,u)) — g/ (z)(f(z,u), f(z,u))

Naturally, the graph of the metaregulation map G is not neces-
sarily closed. However, we can still use Theorem 5.1.11 to obtain
a “submetaregulation map” of this system of differential inclusions.
We introduce the set-valued map G° defined by: v’ € G°(z,u) if and
only if ||/|| < ¢(z,u) and

{ Vi=1,...,p, (gi(x), fule,w)
> _gi(x) - <g;(z)’ 2f(a:,u) + f;:(x’ u)f(x’ u)> - gg’(x)(f(a:,u), f($, u))

Hence the system of differential inclusions

i) /() = fz(t),u®))

i) u(t) € G°(z(t),u(t)) No(x(t), u(t))B

(7.10)

regulates @-smooth solutions which are viable in K.

7.3 Second Order Differential Inclusions

Viability problems for second order differential inclusions also require
the use of viability kernels.

Let us consider a set-valued map F' : X x X ~» X and the second
order differential inclusion

for almost allt > 0, z"(t) € F(z(t),z'(t)) (7.11)

If we are looking for differentiable solutions z(-) which are viable
in K, we know that V¢ > 0, z/(t) € Tx(z(t)), i.e., (z(t),z'(t)) €
Graph(Tk). So the viability condition z(t) € K involves the un-
derlying viability condition z'(t) € Tk(z(t)). Hence, a necessary
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condition for having viable solutions is that the closure of the graph
of Tk is contained in the domain of F'.
As usual, we regard the second order differential inclusion as the
system of first order differential inclusions
i) for almost all ¢t > 0, 2/(t) = u(t)
it) and u/(t) € F(z(t),u(t))
and the viability condition z(t) € K as the first order viability con-

straint
Vt>0, (z(t),z'(t)) € Graph(Tk)

So, by the very definition of contingent derivatives, the necessary
condition of viability can be expressed in the form

V (z,u) € Graph(Tx), F(z,u) N DTk (z,u)(u) #0 (7.12)
Viability Theorem 3.3.5 implies the following result:

Proposition 7.3.1 Assume that the graph of the contingent cone
Tk (-) is closed and contained in the domain of a Marchaud map F.

Then the necessary and sufficient condition for the second order
differential inclusion (7.11) to have viable solutions starting from
any initial state xop € K and any initial velocity ug € Tk (xg) is that
condition (7.12) is satisfied.

This condition is satisfied whenever K is a smooth subset of the
form h=1(0):

Corollary 7.3.2 Let h : X +— Y be a twice continuously differen-
tiable map such that h'(z) € L(X,Y) is surjective whenever h(z) = 0
and K := h™1(0). Then differential inclusion (7.11) has a viable so-
lution starting from any initial state xo € K and any initial velocity
ug satisfying h'(xo)ug = 0 if and only if

Vze K, Vuekerh'(z), —h'(z)F(z,u) Nh"(x)(u,u) #

Proof — We already know that Tx(z) = ker h/(z) because
h'(z) is surjective, so that the transversality condition is satisfied.
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Since the graph of T can be described by the equation B(z,u) =
0 where
B(z,u) = (h(z),h(z)v)

Its derivative B'(z,u) € £(X N X, X N X) is equal to
B'(z,u)(v,w) = (K (z)v, K" (z)(u,v) + b’ (z)w)

and is surjective thanks to the surjectivity of h'(z). Therefore, the
contingent cone to the graph of the set-valued map Tk (-) is the subset
of elements (v, w) such that B'(z,u)(v,w) = 0, i.e., the subset of
elements v € Tk (z) and w € —h'(z) " h"(z)(u,v). In other words,

DT (o )(0) — { —h’(a:)‘lfé”(w)(u,v) g z;gg;

Hence tangential condition (7.12) is equivalent to the condition of
the corollary. O

Unfortunately, the graph of the contingent cone is not closed,
nor even locally compact, as soon as the viability constraints involve
inequality constraints. In this case, this condition is no longer suffi-
cient, as the following example shows.

Example Take X := R and K := R, and the differential
inclusion z”(t) = z(t)+1. We see easily that the tangential condition
(7.12) is satisfied. However, there is no solution to this second order
differential equation starting from (0,0). O

If the graph of Tk (-) is not closed, we can look for explicit closed
set-valued maps contained in Tx(-), such as the maps T§(-) (see
Definition 4.4.1), or the maps T (-) introduced by N. Maderner in
the case of inequality constraints (see Theorem 5.1.11).

In the general case, we can regard the viability kernel of its clo-
sure as the graph of a closed set-valued map (possibly empty) R.
Theorem 4.1.2 implies the following consequence:

Theorem 7.3.3 Assume that F: X x X ~ X is a Marchaud map.
Let K be a subset such that Graph(Tk) C Dom(F).
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Then there exists a largest closed set-valued map R : X ~ X such
that second order differential inclusion (7.11) has a viable solution
for any initial state xo € Dom(R) and initial velocity ug € R(xo).

If we are not interested by global properties, but are satisfied with
local properties, we can look for locally compact viability domains
of u X F(z,u) comprised between the graph of R (the largest closed
viability domain) and the graph of Tk (a viability domain which may
not be locally compact), because Viability Theorem 3.3.2 requires
only local compactness for having local viable solutions.

This happens whenever the graph of the interior of the contin-
gent cone Int(Tk) is open (this is the case when the interior of a
closed convex subset K is not empty, for instance.) Then, by taking
initial velocities up € Int(Tk(zp)), we deduce from Theorem 3.3.2
the existence of a viable solution z(-) on some [0, T).

In the nonconvex case, one can take initial velocities ug in the
Dubovitsky-Miliutin cone Dk (zo) (see Definition 4.3.1.)

7.4 Metaregulation Map of High Order

The above results can naturally be extended to the regulation of
control systems by smooth controls of order m > 1.
We introduce a set-valued map U, : X X Zm2~, 7 satisfying

if Jug,. .., Un-1 | Um—1 € Um(CL‘, Uug, - . - ,um_z), then ug € U(l‘)

We can take for instance Graph(U,,) := Graph(U) x Z™ 2, but we
shall propose later other choices of closed maps Up,.
Let us consider a nonnegative continuous function

(z,uo,-- ., um—1) € Graph(Un,) — ¢(z,ug,...,um—1) € R4

with linear growth.

We obtain smooth viable solutions of order m by setting a bound
to the m-th derivative of the control. For that purpose, we associate
with this control system and ¢ the system of differential inclusions

i) 2'(@t) = flz(),u?))

i) u™) € oat),ult),d?),...,u™V(t))B

(7.13)
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Let us consider a closed set-valued map R, : X x Z™ ! ~ Z.
We also regard the graph of R, as the graph of the set-valued map
Np, : Z™ ~ X defined by

z € Np(ug, . .., um—1) if and only if uy,—1 € Ry (z, ug, - - - , Um—2)
and K, := Im(N,,) its image.
Theorem 7.4.1 Let us assume that the control system (7.1) satisfies

{ i)  Graph(Up,) is closed

i1) f is continuous and has linear growth

Let us consider a closed set-valued map Ry : X x Z™ 2 ~ Z
contained in Uy,. Then the two following conditions are equivalent:

a) — Ry, regulates p-smooth viable solutions of order m in
the sense that for any initial (zo,ug,u1,...,Um—1) € Graph(Rp),
there exists a solution z(-) € W11(0,00; X, e) and a control u(-) €
W™1(0,00; Z, e%) to the control system (7.1) satisfying the initial
conditions

z(0) = zo, u(0) = ug, ¥'(0) = uy ..., ™ D) = up_;
the growth condition
e @) < e, .., um D)
and the constraints®

VE>0, z(t) € Np(ut),u'(t),...,u™ (1)

b) — R is a solution to the partial differential inclusion®

V (z,ug,...,um—1) € Graph(R,,),
0 € DRu(x,ug, ..., um—1)(f(z,u0),u1,...,Un-1)
—<P($, UQy - -y um—l)B

8which can also be written in the form

Vt20, u™ V() € Rm(z(t),u(t),u'(®),...,u™ 2 (2))

9or Ny, is a solution to the partial differential inclusion

0 € DN (uo,- - -, Um—1)(U1,- .., Um—1,9(T, ..., um-1)) — f(,uo)
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satisfying the constraint: Ry,(x,ug,. .., um-2) C Un(z,ug, ..., um—2)-
In this case, such a map R,, is called a p-growth subregulation
map of order m of U or simply a subregulation map of order m .
The metaregulation law of order m regulating the evolution of
state-control solutions viable in the graph of R takes the form of the
system of differential inclusions

i) /() = fz(t),ult))

i) u™(t) € Gg,, (x(t),u(t), v (t),...,u™ D(t)

(7.14)

where the metaregulation map Gg,, of order m is defined by
GR,.(z,ug, ..., Um—1) 1=

DR/m(.’L',UO, s 7um—1)(f($au0)a v ;u’m—l) N 90(51",”07 . '7um~1)B

There exists a largest p-growth subregulation map denoted R¥,
contained in Uy,.

Proof — We introduce the differential inclusion

((2'(t) = f(x(t),uo(t))

(7.15)

u;‘n,—Z(t) = Un-1(t)

\ u;n—l(t) € go(:c(t), 'LLo(t), s 7um—1(t))B

where the state space is X xZ™ and the set of constraints is Graph(Uy,) C
X xZm.

To say that R,, is a subregulation map regulating smooth solu-
tions of order m amounts to saying that its closed graph is viable
under the above system (7.15).

The metaregulation map of order m, which is the regulation map
of the system (7.15) yielding viable solutions in the graph of R, is
the set of velocities

(f(w7u0)»u1, o ,um—lyul)
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where v’ € o(z,ug, ..., un—1)B which are contingent to the graph of
R, at (z,ug,...,unm), i.e., which satisfy

v € DRp(z,uo,u1,. .., Um—1)(f(z,u0), 81, ) Um—1)

The graph of the largest subregulation map R, of order m is the
viability kernel of Graph(U,,) for this system of differential inclu-
sions. O

7.5 Punctuated Equilibria, Ramp Controls
and Polynomial Open-Loop Controls

The case when the growth ¢ is equal to 0 is particularly interesting,
because the inverse N? of the 0-growth regulation map R° determines
the areas N°(u) regulated by constant control u.

One could call N°(u) the viability cell or miche of u. A control u
is called a punctuated equilibrium if and only if its viability cell is not
empty. Naturally, when the viability cell of a punctuated equilibrium
s reduced to a point, this point is an equilibrium.

So, punctuated equilibria are constant controls which regulate
the control systems (in its viability cell):

Proposition 7.5.1 The wviability cell of a control u is the viabil-
ity kernel of U~1(u) for the differential equation z'(t) = f(z(t),u)
parametrized by the constant control u.

Proof — Indeed, viability cells describe the regions of Dom(U)
which are controlled by the constant control u because for any initial
state o given in N%(u), there exists a viable solution z(-) to the
differential inclusion

{i) () = fla(t),ult))
i) W) = 0

starting at (zo,u), i.e., of the differential equation z'(t) = f(x(t), w)
which is viable in the viability cell N°(u) because u € R°(z(t)) for
everyt > 0. O
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One can ask more generally whether linear open-loop controls
u(t) := up + tu1 can regulate viable solutions to the control systems,
and what are the largest areas of the viability domain which can be
regulated by linear controls. Such controls are called ramp controls .

The advantage is that in such areas, finding the ramp controls
amounts to looking only for two elements ug and u; in the finite di-
mensional space Z? rather than a general function u(-) in an infinite-
dimensional space W11(0, co; Z, ™).

Pursuing this point of view, the problem arises of regulating vi-
able solutions to a control system by polynomial open-loop controls of
degree m. For m = 0, we find the punctuated equilibria, for m = 1
the ramp controls, and so on.

We consider the graph Graph(RY,) of the largest m-smooth 0-
growth regulation map of the system (7.15) and we denote by K9, :=

Im(ND).

Proposition 7.5.2 We posit the assumptions of Theorem 7.4.1. Then
KDY C K is the largest subset of initial states from which there exist
viable solutions regulated by m-degree polynomial open-loop controls.

Controlling the system from xo € K9, amounts to choosing initial
controls (ug,uy,...,um) € (N,?L)—1 (zg) C Z™*L. In this case, there
ezists a viable solution z(-) to the control system

') = f (m(t),uo +wt+...+ um_l(n%)

satisfying
:13(0) = To, ’LL(O) = o, Ul(O) = UL, ..., u(m_l)(O) = Um_1

and the regulation law written in the form

m—k—1
Vt>0, z(t) € N, (Zuj S 2 uﬁk ik ,um_l)

We naturally obtain

K=Kl c K c...cK’ c ... K:=Dom(l)
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and, for k < m,
N(uo,...,ur_1) = NS (uo,...,ur_1,0,...,0)

Remark — In the case of the general evolution of open-loop
controls, the regulation maps are solutions to the partial differential
inclusion

V (z,v) € Graph(V), Av € DR(z,v)(g9(z,v)) — ®(z,v)
subject to the constraint
Vze X, R(z) C V(z)

In particular, for & = 0, we obtain the subset of initial states xg
from which there exist viable solutions to the control system

2(t) = f(z(t),e*v0)
regulated by open-loop controls

v(t) = ety

which are solutions to the system of differential equations

v'(t) = Av(t), v(0) = o

7.6 Heavy Viable Solutions

7.6.1 Dynamical Closed Loops

Let us consider a control system (U, f), a regulation map R C U
which is a solution to the partial differential inclusion (7.7) and the
metaregulation map

(z,u) ~ Gg(z,u) := DR(z,u)(f(z,uw)) Ne(z,u)B

regulating smooth state-control solutions viable in the graph of R
through the system (7.8) of differential inclusions.

The question arises as to whether we can construct selection pro-
cedures of the control component of this system of differential in-
clusions. It is convenient for this purpose to introduce the following
definition.
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Definition 7.6.1 (Dynamical Closed Loops) Let R be a p-growth
subregulation map of U. We shall say that a selection g of the con-
tingent derivative of the metaregulation map Gr associated with R
mapping every (z,u) € Graph(R) to

9(z,u) € Gr(z,u) := DR(z,u)(f(z,u)) Np(x,u)B (7.16)

is a dynamical closed loop of R.
The system of differential equations

) 2'(t) = flz(t),u())

i) u(t) = g(a(t),u(t))

is called the associated closed loop differential system.

(7.17)

Clearly every solution to (7.17) is also a solution to (7.8). There-
fore, a dynamical closed loop being given, solutions to the system
of ordinary differential equations (7.17) (if any) are smooth state-
control solutions of the initial control problem (7.1).

Such solutions do exist when g is continuous (and if such is the
case, they will be continuously differentiable.) But they also may
exist when g is no longer continuous, as we saw when we built closed
loop controls in Chapter 6. This is the case for instance when g(z, u)
is the element of minimal norm in Gg(z,u).

In both cases, we need to assume that the metaregulation map
Gpg associated with R is lower semicontinuous with closed convex
images. By Proposition 7.1.3, it will be sufficient to assume that:

(7.18)

i) R is sleek
) U, )cGraph(ry IDR(E W) < +oo

Indeed, assumptions (7.18)i) and ii) imply that the set-valued
map (z,u,v) ~ DR(z,u,v) is lower semicontinuous. Since ¢ is con-
tinuous, we infer from Proposition 6.3.2 that the metaregulation map
Gr is also lower semicontinuous.

We thus begin by deducing from Michael’s Theorem 6.5.7 the
existence of continuously differentiable viable state-control solutions.
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Theorem 7.6.2 Assume that U is closed and that f, ¢ are con-
tinuous and have linear growth. Let R(-) C U(:) be a @-growth
subregulation map satisfying assumption (7.18). Then there exists
a continuous dynamical closed loop g associated with R. The as-
sociated closed loop differential system (7.17) regulates continuously
differentiable state-control solutions to (7.1) defined on [0, oo].

7.6.2 Heavy Viable Solutions

Since we do not know constructive ways to build continuous dynami-
cal closed loops, we shall investigate whether some explicit dynamical
closed loop provides closed loop differential systems which do possess
solutions.

The simplest example of dynamical closed loop control is the
minimal selection of the metaregulation map Gg, which in this case
is equal to the map g% associating with each state-control pair (z,u)
the element g% (z,u) of minimal norm of DR(z,u)(f(x,u)) because
for all (z,u), ||g%(z,u)|| < ¢(z,u) whenever Gr(z,u) # 0.

Definition 7.6.3 (Heavy Viable Solutions) Denote by gg(z,u)
the element of minimal norm of DR(z,u)(f(z,u)). We shall say
that the solutions to the associated closed loop differential system

i) o'(t) = fz(t),ul®)

i) W(t) = gy(z(t),ut))

are heavy viable solutions to the control system (U, f) associated with

R.

Theorem 7.6.4 (Heavy Viable Solutions) Let us assume that U
is closed and that f, ¢ are continuous and have linear growth. Let
R(:) c U(:) be a p-growth subregulation map satisfying assumption
(7.18). Then for any initial state-control pair (xo,up) in Graph(R),
there ezists a heavy viable solution to the control system (7.1).

Remark —  Any heavy viable solution (z(-),u(-)) to the control
system (7.1) satisfies the inertia principle: Indeed, we observe that
if for some t;, the solution enters the subset Cr(u(t1)) where we set

Cr(u) == {r € K|0€ DR(z,u)(f(z,u))}
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the control u(t) remains equal to u(t;) as long as z(t) remains in
Cr(u(ty)). Since such a subset is not necessarily a viability domain,
the solution may leave it.

If for some ty > 0, u(ty) is a punctuated equilibrium, then u(t) =
uz, for all t > t; and thus, z(t) remains in the viability cell NO(u(ty))
forallt >t;. O

The reason why this theorem holds true is that the minimal se-
lection is obtained through the selection procedure defined by

Seg(z,u) = llgr(z, )| B (7.19)

It is this fact which matters. So, Theorem 7.6.4 can be extended

to any selection procedure of the metaregulation map Gg(z,u) de-
fined in Chapter 6 (See Definition 6.5.2).

Theorem 7.6.5 Let us assume that the control system (7.1) satisfies

{ i) Graph(U) is closed (7.20)

1) f is continuous and has linear growth

Let (z,u) — ¢(z,u) be a nonnegative continuous function with linear
growth and R : Z ~ X a closed set-valued map contained in U.

Let Sgy, : Graph(R) ~ X be a selection procedure with conver
values of the metaregulation map Ggr. Then, for any initial state
(zo,up) € Graph(R), there ezxists a state-control solution to the as-
sociated closed loop system

x = f(J:?u)v v e GR(.’I?,U) n SGR(:Evu) (721)

defined on [0,00[ and starting at (zo,uo). In particular, if for any
(z,u) € Graph(R), the intersection

Gr(z,u) N Sgg(z,u) = {s(Gr(z,u))}

is a singleton, then there exists a state-control solution defined on
[0, 00[ and starting at (zo,up) to the associated closed loop system

2(t) = f(=(t),ut), w(t) = s(Gr(z(t),u(t))
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Proof — Consider the system of differential inclusions
' = f(z,u), v € Sggp(z,u)N(z,u)B (7.22)
subject to the constraints
Vt>0, (z(t),u(t)) € Graph(R)

Since the selection procedure Sg,, has a closed graph and convex val-
ues, the right-hand side is an upper semicontinuous set-valued map
with nonempty compact convex images and with linear growth. On
the other hand Graph(R) is a viability domain of the map { f(z, u)} x
(Sgg(z,u) x ¢(z,u)B). Therefore, the Viability Theorem can be
applied. For any initial state-control (zg,up) € Graph(R), there
exists a solution (z(-),u(-)) to (7.22) which is viable in Graph(R).
Consequently, for almost all ¢ > 0, the pair (z'(¢),«'(t)) belongs to
the contingent cone to the graph of R at (z(t),u(t)), which is the
graph of the contingent derivative DR(x(t),u(t)). In other words,
for almost all ¢ > 0, v/(t) € DR(z(t),u(t))(f(z(t),u(t))). Since
lv/ ()| < ¢(z(t),u(t)), we deduce that u'(t) € Gr(z(t),u(t)) for al-
most all ¢ > 0. Hence, the state-control pair (z(-), u(:)) is a solution
to (7.21). O

Proof of Theorem 7.6.4 — By the Maximum Theorem 2.1.6
the map (z,u) — ||gg(z,u)|| is upper semicontinuous. It has a linear
growth on Graph(R). Thus the set-valued map (z, u) ~ ||gg(z,u)| B
is a selection procedure satisfying the assumptions of Theorem 7.6.5.
O

Since we know many examples of selection procedures, it is pos-
sible to multiply examples of dynamical closed-loops as we did for
usual closed loops. We shall see some examples in the framework of
differential games in Chapter 14.

7.6.3 Heavy Viable Solutions under Equality Con-
straints

Consider the case when h : X — Y is a twice continuously differentiable
map, when the viability domain is K := h~!(0) and when there are no
constraints on the controls (U(z) = Z for all z € K). We derive from
Proposition 7.2.8 the following explicit formulas for the dynamical closed
loop yielding heavy solutions.
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Proposition 7.6.6 We posit assumptions of Theorem 7.2.8. Assume fur-
ther that U{z) = Z, that the regulation map

R(z) = {ue Z|K(z)f(z,u) =0}

has nonempty values, that h(z) is surjective whenever x € K and that
K (z)fl(z,u) € L(Z,Y) is surjective whenever u € R(x).

Then there exist heavy solutions viable in K, which are the solutions to
the system of differential equations

i) = f(z,u)

it) o = —fl(z,u)*h(z)*p(z,u) where

p(.’c,u) = (h'(z)f{t(x,u)f;(:c,u)*h'(z)*)‘lh’(z)fa’v(x,u)f(:c,u)

Proof — The element g(z,u) € G{z,u) of minimal norm, being a
solution to the quadratic minimization problem with equality constraints

W (@) fo(z, w)w = =R (2) f (2, u) f(z,u) — K" (z)(f(=z, u), f(z, )
is equal to

g(z,u) = £, (, )W (2)* (K (z) f1,(z, u) fo(z, u)* W' (2)*)
(W' (@) fo (2, u) f (=, w) + B (2)(f (2, u), f (2, u)))

because the linear operator B := h/(x)f.,(z,u) € L(Z,Y) is surjective.

Example: Heavy solutions viable in affine spaces.  Consider
the case when K := {r € X | Lz = y} where L € L(X,Y) is surjective.
Let us assume that

i) VzeK, R(z):={ueZ suchthat Lf(z,u) =0} #0
i) VzeK,Vue R(z), Lf,(z,u) is surjective

Then, for any initial state o € K and initial velocity ug satisfying L f(zo,uo) =
0, there exists a heavy viable solution given by the system of differential
equations

i) ' = f(z,u)
i) o = —fl(e,w)* L*(Lf(z,u) f,(z,w) L*) T Lfy (2, u) f(z, u)
When Y := Rand K := {z € X | < p,z >= y} is an hyperplane, the

above assumption becomes

i) VzeK, R(z):={ueZ suchthat <p,f(z,u)>=0}#0
it) YzeK,VueR(z), fi(z,u)yp#0
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and heavy viable solutions are solutions to the system of differential equa-
tions

i) 2 =f(=z,u)
ii) o = R ey

Example: Heavy solutions viable in the sphere.
Let L € £L(X, X) be a symmetric positive-definite linear operator, with
which we associate the viability subset

K = {zeX| <Lz,z >=1}
We assume that

i) VzeK, R(z):={u€Z suchthat < Lz, f(z,u) >=0}#0
i) YzeK,VueR(z), fl(z,u)*Lz#0

Then there exist heavy viable solutions in the sphere, which are solutions
to the system of differential equations

i) o' =f(zu)

.. ! (z,u)*L
i) u = —ﬁ‘(—gmu)),—mmgp(w, u) where

p(x,u) ;=< Lf(z,u), f(z,u) > + < Lz, fo(z,u) f(z,u) >

7.6.4 Heavy Viable Solutions of High Order

We shall extend the concept of heavy viable solutions to higher order.

For simplicity, we explain what happens for the first order, in the
case when we want to satisfy both the inertia principle and a first-
order inertia principle: keep a ramp control as long as it regulates a
viable smooth solution.

We begin with the control system (U, f), we set U; := U and
1 := ¢, we choose a ;-growth subregulation map R;(-) := R(-) C
U(-) and we denote by

Gi(z,u) := DRi(z,u)(f(z,u)) Npi(z,u)B

the metaregulation rule associated with R;.



268 7— Smooth and Heavy Viable Solutions

Since we know that the evolution of heavy viable solutions is
governed by the differential equation

up(t) = wi(t) = g1(z(t), uo(?))

where ¢f is the minimal selection of G, the instinctive idea which
comes to mind is to take for set-valued map U; the (single-valued)
map g7. Unfortunately, its graph is not closed.

Since the minimal selection gf is obtained through the selection
procedure defined by (7.19), another idea is to use any selection
procedure Sg, of the set-valued map G and in particular the one
defined by (7.19):

S&, (z,u) = llg7(z, u)|| B
We then define U, by
Graph(Us) := (Graph(R;) x Z) N Graph(Sg,)

and we introduce a continuous function ¢ : Graph(Usz) — R with
linear growth.

The graph of Uy is closed. This choice being made, we associate
a p9-growth subregulation map Rs C Us (for instance, the viability
kernel of the graph of Us.) We know that the evolution of the second
derivative of the control is governed by the metaregulation law

u'(t) € Ga(a(t),u(t),'(t))
where we denote by
Ga(z,ug,u1) := DRa(z,uo,u1)(f(z,u0),u1) N p2(x, uo, u1)B

the metaregulation map associated with R3. We propose to govern
the evolution of the second derivative of the control by selections of
the map G2, and in particular, by its selection of minimal norm g5,
which then yields a second-order heavy viable solution.

Theorem 7.6.7 (Second-Order Heavy Viable Solutions) Let us
assume that Uy is closed and that f, p1,p2 are continuous and have
linear growth, that conditions (7.18) and

{ i) the subregulation map Ry is sleek (7.23)

i) SUP (2,u9,u1)eGraph(Ry) IDRa(2, w0, w1)|| < +00



7.6. Heavy Viable Solutions 269

hold true. Then for any initial data ui € Ra(xo,up), there exists a
second-order heavy viable solution to the control system (7.1), i.e., a
solution to the system

2'(t) = f(=z(t),u(?))
u'(t) = g8 (x(t), u(t))
u'(t) = g5(x(t), u(t), w'(t))

Remark — Any second-order heavy viable solution satisfies the
first-order inertia principle.
For explaining why , let us introduce the subsets

Ck(uo, cen ,uk_l)
= {.’E € K|0 S DRk(:B,uO, ce ,uk_l)(f(a:,uo), cey uk_l)}

for k=1, 2.

If for some tp, the solution enters the subset C;(u(tg), then the
open-loop control u(t) becomes constant as long as z(t) remains in
Ci(u(to))-

If for some t;, the solution enters the subset Ca(u(t1),u'(¢1)),
then the open-loop control u(t) becomes a ramp control as long as
z(t) remains in Ca(u(t),w/(¢)). In this case, it is regulated by

z(t) € Nj (ugy + (t — t1)v/ (1), v/ (t1))

Since such a subset is not necessarily a viability domain, the solution
may leave it.

If for some ¢, > 0, the solution z(t) enters the subset K9, then
it will be regulated by a ramp control, until some time'® ¢; € [t,., oo]
where z(t5) € K?. Then ut, € Ri(z(ts)) is a punctuated equilib-
rium, and u(t) = w, for all t > tf, so that z(t) remains in the
viability cell NY(u(tg)) for allt > t;. O

Naturally, as for heavy viable solutions, this theorem follows
from:

Ywhich may never be reached
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Theorem 7.6.8 Let us assume that the control system (7.1) and the
functions 1, p2 satisfy

i) Graph(U) is closed
i) f& i are continuous and have linear growth (i =1,2)

Let Sg, : Graph(R;y) ~ X be a selection procedure of the metareg-
ulation map Gy, Us be defined by

Graph(Uz) := (Graph(R;) x Z) N Graph(Sg,)

Ry C Uy be a subregulation map and Sg, : Graph(R2) ~ Z be a
selection procedure of the metaregulation map Go with convex values.

Set

S (Gh) (z,u) = Gi(z,u) NS, (z,u)
S(G2) (z,u,u’) := Ga(z,u,u) N Sq,(z,u,u)

Then, for any initial state (xo,up,u1) € Graph(Rz), there exists a
solution to the system

W(t) € S(G1)(z(t), ult)) (7.24)

u'(t) € S(Ga)(x(t), u(t), (1))

defined on [0, 00[ and starting at (zg,ug,u1).
In particular, if for any (z,u,u’) € Graph(R3), the intersections

S (G1) (z,u) & S(G2) (x,u,u)

are singleta {s (G1) (z,u)} and {s(G2) (z,u,u’)}, then there exists a
state-control solution defined on [0, 00 and starting at (zo,uo) to the
associated closed loop system
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Proof — We consider the system
i) 2(t) = fz(t),uo(t))

i) up(t) = wi()
i) uy(t) € Sg,((t),uo(t), ur(t)) Nwa(z(t), uo(t), ur(t)) B
(7.25)
Since the selection procedure Sg, has a closed graph and convex
values, the right-hand side of this system of differential inclusions is
a Marchaud map.

The closed subset Graph(Rgz) is a viability domain. Indeed, we
know that there exists an element w in the selection S(G2)(z, ug, u1).

Since w € Ga(z,up,u1)) C DRy(z,ug,u1)(f(z,up),u1)), we infer
that

(f(z,up),u1,w) € Graph(DRa(z,ug,u1)) = TGI‘aph(Rg)(w’uO’ul)

Hence (f(z,uo),u1,w) is a velocity which is contingent to the graph
of Rz.

Therefore the Viability Theorem implies the existence of a solu-
tion (z(),uo(+),u1(+)) to the system of differential inclusions (7.25)

viable in the graph of Ry. This implies that for almost all ¢ > 0,
setting u(-) := wup(+),

u’(t) = ui(t) € DRy((t),u(t), v (t)(f(x(t), u(t)), v'(?))
This, together with (7.25)iii), implies that for almost all ¢ > 0,
u’(t) € Gafz(t), u(t), u'(t) N Sa,(2(t), u(t), u'(t))

Furthermore, since Graph(Rz) is contained in Graph(R;) x Z, we
deduce that

V>0, ut) := up(t) € Ri(z(t))
so that

V>0, v'(t) € DRi(x(t),u(®)(f(z(t),u(t)) C Gi(z(t), u(t))
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On the other hand, by the very choice of U;, we know that
Vt>0, v(t) == ui(t) € Ra(z(t),u(t)) C S, (x(t),u(t))

Hence we have proved the existence of a solution to the second-order
system of partial differential inclusions (7.24) with a right-hand side
which is not a Marchaud map. O

Naturally, we can extend this theorem up to the order m, by
recursively choosing the map Uy, by formula

Graph(Up,) := (Graph(Rm-1) X Z) N Graph(Sg,,_,)

and by taking a subregulation map R,, C Uy, (for instance, the map
whose graph is a viability kernel for the system (7.15).)

In the case of the minimal selection, we take as selection proce-
dure

Sg, (z,u0,...,Um-1) = [|gn(Z,u0,. ., um-1)|| B

where actually, g, (z, uo, . . ., Um—1) is the element of minimal norm
of
DRfm(xa ug, - . - ,um——l)(f(xa uO)a B 7u'm.—l)

Theorem 7.6.9 (m~-th Order Heavy Viable Solutions) Assume
that U is closed and that f, i are continuous and have linear growth
for 0 < k <m. We assume further that for 0 < k <m,

i) the subregulation map Ry C Uy is sleek
’L’L) SuP(z,uo,...,uk_l)eGraph(Rk) HDRk(xa UQ,y - - - auk—l)“ < +o00

Then for any initial data um—1 € Rm(To,uo, ..., um—2), there
exists an m-th order heavy viable solution to the control system

[ 2'(t) = f(z(t),u(t))




7.6. Heavy Viable Solutions 273

It obeys an m-th order inertia principle: keep an m-degree poly-
nomial open-loop control as long as the solution it requlates is viable.
This theorem follows from the more general

Theorem 7.6.10 Let us assume that the control system (7.1) and
the functions ¢y satisfy for 0 <k <m

i) Graph(U) is closed
it) f & ¢r are continuous and have linear growth

Let Sg, : Graph(Ry) ~ X be selection procedures with convex
values of the set-valued maps Gy. Set
S (Gg) (z,u0, ... uk—1) = Sg,(z,u0,...,ux—1)NGk(z,ug,...,Uk-1)

Then, for any initial state (xg, ug, u1,...,Umnm—1) € Graph(R.,), there
exists a solution to the system

Z(t) = fl=z(t),u(t)

w(t) € S(G1)(z(t), u(t))

,

| u™(t) € S(Gm)(@(t), ult), w(t),. .., um=D()

defined on [0,00[ and starting at (zg, g, U1, - . . Um—1)-



