Chapter 5

Invariance Theorems for
Differential Inclusions

Introduction

We devote this chapter to subsets invariant under a set-valued
map, to invariance domains, kernels and envelopes, and to some of
their properties.

Since the invariance property of a subset K involves the behavior
of F outside of K, we need to extend the contingent cone to a subset
K to the whole domain of F: we define for that purpose the concept
of external contingent cone to K at any element z € X.

Also, to proceed further, we need some regularity property of the
subset, a kind of “C!-regularity”, which here takes the following form:
the set-valued map K > = ~ Tk (z) is lower semicontinuous. Since
this property will be used quite often, we give it a name: sleekness.
We shall check that the contingent cones to sleek subsets are convex.
Convez subsets as well as smooth manifolds are sleek.

Since we have seen the crucial role played by these contingent
cones in viability theorems, we take this opportunity to study them
further and to mention their calculus summarized in Table 5.2 for
the convenience of the reader. Details are provided in chapter 4 of
SET-VALUED ANALYSIS.

The second section is devoted to criteria for a subset to be in-
variant under a set-valued map. These criteria involve the concepts
of external contingent cone introduced in the first section.
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158 5— Invariance Theorems

In the third section, we shall derive from Filippov’s Theorem!

the characterization of closed subsets K locally invariant under a
Lipschitz set-valued map F' as closed invariance domains.

We define in the fourth section the invariance kernel of a closed
subset K, which is the largest closed subset of K invariant under
F. We prove its existence when the solution map of the differential
inclusion is lower semicontinuous. We also introduce the invariance
envelopes, which are the smallest closed subsets containing K invari-
ant under F, and relate them to the backward invariance kernel of
the complement of K.

We study the stability of sequences of closed subsets invariant by
set-valued maps F;, and invariance kernels, by showing for instance
that the lower limit of invariance kernels of closed subsets K, is
contained in the invariance kernel of the lower limit.

We devote the fifth section to the study of semipermeability and
viability properties of the boundaries of the viability and invariance
kernels of a closed subset. We apply these results to define the defeat
and victory domains of an open target and show that the boundary
of the victory domain is a semipermeable barrier.

We illustrate in the sixth section the notions and results obtained
so far with the example of linear differential inclusions =’ € F(z),
where the right-hand side F is a closed convex process. We mention
in particular that in the case of linear differential inclusions, a closed
convex cone is an invariance domain if and only if its polar cone is
a viability domain of the transpose. In this sense, one can say that
the concepts of viability and invariance are dual.

5.1 External Contingent Cones

5.1.1 External Contingent Cones

We begin by introducing the following notation:

Didg(z)(v) = I}Lrg(ijrif(df((:c + hv) — dk(z))/h

lthat we shall not prove here. We refer to Hélene Frankowska’s monograph
CONTROL OF NONLINEAR SYSTEMS AND DIFFERENTIAL INCLUSIONS or to DIF-
FERENTIAL INCLUSIONS for an exposition of the fundamental Filippov’s Theorem
and its numerous applications.
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which will be justified later>. We observe that when z € K, a direc-
tion v is contingent to K at z if and only if Dydk(z)(v) < 0.

In order to study invariance properties of a subset K which in-
volve the behavior of the set-valued map F' outside of K, we need to
extend our definition of the contingent cone to points outside of K:

Definition 5.1.1 Let K be a subset of a finite dimensional vector-
space X and x belong to X. We extend the notion of contingent cone
to the one of external contingent cone to K at points outside of K
in the following way:

Tk (z) := {v | Drdg(z)(v) < 0}

We point out an easy but important relation between the external
contingent cone at a point and the contingent cone at its projection:

Lemma 5.1.2 Let K be a closed subset of a finite dimensional vector-
space and Il (y) be the set of projections of y onto K, i.e., the subset
of z € K such that ||y — z|| = dx (y). Then the following inequalities:

Dydk(y)(v) < d(v, Tk (Ik(y)))
hold true. Therefore,
Tr(Tk (y)) C Tx(y)
Proof — Choose z € Il (y) and w € Tk(z). Then

dx(y +hv) —dr(y) _ |y = 2| +dr(z + hv) — dk(y)
h = h

h h
:dK(z}j— v) < dK(z,—: w)-l-Hv—wH

Since z belongs to K and w € Tk (z), the above inequality implies
that

DTdK(y)(’U) < d(vaK(z)) o

2this is the contingent epiderivative of the distance functions dx. (See Defini-
tion 9.1.2 of Chapter 9.)
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5.1.2 Sleek Subsets

We define now the tangent cone Ck(z) introduced in 1975 by F. H.
Clarke.

Definition 5.1.3 Let K C X be a subset of a normed space X and
z € K belong to the closure of K. We define the (Clarke) tangent
cone (or circatangent cone) Cx(z) by
.— 3 / — .
Ck(z) = {v| h——>0+l,lKInaa:’—>sz($ + hv)/h = 0}
We see at once that Ck(z) C Tk(z) and that if = belongs to
Int(K), then Ck(z) = X.
It is very convenient to observe that when z belongs to K,

v € Ck(z) ifand only if V hp, — 0+, VK 3z, — z,
Jv, — v such that Vn, z,+ hpv, € K

The charm of the tangent cone Ck at z is that it is always
conver®. Unfortunately, the price to pay for emjoying this convez-
ity property of the Clarke tangent cones is that they may often be
reduced to the trivial cone {0}.

However, we shall show that the Clarke tangent cone and the
contingent cone do coincide at those points x where the set-valued
map z ~ Tk (x) is lower semicontinuous:

Definition 5.1.4 (Sleek Subsets) We shall say that a subset K
of X is sleek at x € K if the set-valued map

K>1 ~ Tk(z') is lower semicontinuous at x

and that it is sleek if and only if it is sleek at every point of K.

3Let v1 and w2 belong to Ck(z). To prove that v1 + v2 belongs to this cone,
let us choose any sequence h, > 0 converging to 0 and any sequence of elements
Tn € K converging to x. There exists a sequence of elements v1, converging to v,
such that the elements z1, := pn + Anv1n do belong to K for all n. But since z1,
does also converge to x in K, there exists a sequence of elements vz, converging
to vy such that

VTL, Tin + hnvon = zn+hn(vln+v2n) € K

This implies that vi + v2 belongs to Ck(z) because the sequence of elements
Vin + V2, converges to vy + va.
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Theorem 5.1.5 Let K be a closed subset of a finite dimensional
vector-space X. Consider a set-valued map F : K ~ X satisfying

i) F is lower semicontinuous at x
i) 36 >0 suchthat Vz € Bg(z,6), F(z) C Tk(2)

Then F(z) C Ck(z).
In particular, if K is sleek at x € K, then Tg(z) = Ck(x) is a
closed convex cone.

Proof — Let us take z € K and v € F(z), assumed to be
different from 0. Since F is lower semicontinuous at z, Corollary 2.1.7
implies that we can associate with any ¢ > 0 a number 7 €]0, §[ such
that d(v, F(z)) < d(v,F(z)) + € = ¢ for any 2 € Bg(x,n) (because
d(v, F(z)) = 0). Therefore, for any y € B(z,n/4) and 7 < n/4]|v|,
the inequality

Vzellg(y+v), |2 -2l <2lly+7v—z| <2z -yl +27lv]| <7
implies that
d(v, Tk (k (y + ™v))) < d(v, F(Ilk(y + 1v)))
< d(v,F(z))+e = ¢
We set g(7) := dg(y + 7v). By Lemma 5.1.2, we obtain

liminfp o4 (9(7 + k) — g(7)) /b = Didk(y + Tv)(v)
< d(v, Tk(Illk(y +7v))) < €

The function g being Lipschitz, it is almost everywhere differentiable,
so that ¢'(t) < e for almost all ¢ small enough. Integrating this
inequality from 0 to h, we obtain

dg(y+hv) = g(h) = g(h) —g(0) < eh

for any y € B(z,n/4) and 7 < 5/4||v||. This shows that v belongs to
Ck ().

By taking F(z) = Tk(z), we deduce that Tk (z) C Ck(x) when-
ever K is sleek at z € K, and thus, that they coincide. O
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5.1.3 Tangent Cones to Convex Sets

For convex subsets K, the Clarke tangent cone and the contingent
cone coincide with the closed cone spanned by K — z:

Proposition 5.1.6 (Tangent Cones to Convex Sets) We denote
by
K-z
Sk(z) = U h

h>0
the cone spanned by K — z. If K is convez, the contingent cone
Tk (z) to K at x is convex and

CK(x) = TK(.Z‘) = SK(.Z')

The subnormal cone is equal to

Nk(z) := Sk(z)” = {pe X* | I;lez%<p,y >=<p,z >}

Furthermore, the normal cones Nk (z) to a convez subset K are con-
tained in the barrier cone of K: for every x € K, Ng(z) C b(K).

Remark —  We shall denote by Tx(z) the common value of
these cones, and call it the tangent cone to the convex subset K at
x. The subnormal cone coincides with the normal cone of K at z of
convex analysis. O

Actually, closed convex subsets are sleek:

Theorem 5.1.7 Any closed conver subset of a finite dimensional
vector-space X is sleek.

We refer to Theorem 4.2.2 of SET-VALUED ANALYSIS for the
proof of this Theorem. O

It may be useful to recall the characterization of the interior of
the tangent cone to a convex subset.

Proposition 5.1.8 (Interior of a Tangent Cone) Assume that
the interior of K C X is not empty. Then

Vre K, Int(Tx(z)) = U(

nt(K) —z
U Int(K )

h
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Furthermore, the graph of the set-valued map K 3 x ~ Int(Tx(x))
1S open.

For the convenience of the reader, we list in the Table 5.1 some
useful formulas of the calculus of tangent cones to convex subsets
(see Section 4.1. of APPLIED NONLINEAR ANALYSIS, in which the
subsets K, K;, L, M, ...are assumed to be convex.)

We shall need the following characterization of the normal cone
to a convex cone:

Lemma 5.1.9 Let K C X be a convex cone of a normed space X
and ¢ € K. Then

pENg(r)<—=zecK,pe K & <p,z>=0<=z € Ng-(p)
where Ng-(p) ={z € K |Vqe K~, <q—-p,z><0}.

Proof — To say that p € Nk (z) means that < p,z >= ok(p),
which is equal to 0 if and only if p € K~, and the first statement of
the lemma follows. O

5.1.4 Calculus of Contingent Cones

We summarize in Table 5.2 the calculus of contingent cones. For-
mulas (1) to (4) are straightforward. The other properties are valid
when K is sleek, and are a consequence of the Constrained Inverse
Function Theorem, which we do not prove in this book?.

See also Quincampoix’s Theorem 4.3.3 and the remark following
it for another set of sufficient conditions.

4We refer to Chapter 4 of SET-VALUED ANALYSIS for the proofs of these for-
mulas and more detailed results.

We mention also that transversality condition of formula (5) implies the con-
straint qualification assumption 0 € Int(f(L) — M) and that the stronger
transversality condition

de¢>0| Vze K, By C f’(m)(TL(x) NeBx) — Tm(Azx)

implies that if L and M are sleek and f is continuously differentiable, then K is
also sleek.
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Table 5.1: Properties of Tangent Cones to Convex Sets.

Ifxze KCLCX,then
Tk(z) C Tr(z) & Ni(z) C Nk (z)
Ifzie K;C X;, (i=1,---,n), then
TH:'L—1 K; (l’l, ce ,xn) = ?:1 TKi (.’Ez)
NH:_I K; (.’El, e ,.’IZn) = Hz‘nzl NK,- (xz)
If Ac £(X,Y) and z € K C X, then
Tyk)(Az) = A(Tk(z))
Nak)(Az) = A* Nk(z)
If K, KoC X, z; € K;, i =1,2, then
T+, (T1 +72) = Tk, (21) + Tk (22)
Nk +k,(z1 + 22) = Ng, (1) N N, (z2)
In particular, if z; € K and x2 belongs to
a closed subspace P of X, then
Tk+p(z1+x2) = Tk (21)+ P
NK+p(£E1 + :L'z) = NK(CL'l) npt
If LC X and M CY are closed conver subsets and
A € L(X,Y) satisfies the
constraint qualification assumption
0 € Int(M — A(L)), then, for every x € LN A~} (M),
TLﬂA_l(M) = Tr(z)n A_lTM(ALL‘)
Npna-iy = Ni(x) + A*Ny(Az)
If M CY is closed conver and if A € L(X,Y)
satisfies 0 € Int(Im(A4) — M),
then, for any x € A~1(M),
TA—l(M)(l') = A_lTM(A.’L')
NA—l(M)(.’B) = A*NM(AIL‘)
If K3, Ko C X are closed convex and satisfy
0 € Int(K; — K32), then, for any z € K1 N K3
TKlﬂK‘z(l') = Tk, (:B) NTk, (:L')
NKlﬂKz(I) = NKI (‘73) + NK2("E)
IfK,CcX, (i=1,...,n), are closed and convex,
z € (Vi1 K; and if there exists v > 0 satisfying
Vz; such that ||z;|| <7, NX,(K;— ;) # 0, then
Ty k(@) = it T, (@)
NﬂleKi(w) = Y1 Nk, (z)
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Table 5.2: Properties of Contingent Cones.

v

v

If K C Land z € K, then Tk(z) C Tr(z)
IfK;,cX, (i=1,---,n) and z € J; K;, then
TULIKi(m) = UiEI(E)_TKi(m)
where I(z) := {i | z € K;}
IfK;CX;, (i=1,---,n) and z; € K;, then
THLI K; (:L'l, ceey xn) C H?:l TKi (3:1)
IfgeCY(X,Y),if KCX,z€ Kand M CY, then
9'(z)(Tk(z)) C Tg(Kf(g(m))
Tyn(@) C ¢(z) ' Tur(o(z))
If LC X and M CY are closed sleek subsets,
f € CYX,Y) is a continuously differentiable map
and z € LN f~1(M) satisfies the transversality condition
f(2)Tr(z) — Tm(f(z)) =Y, then
Trnf-1an)(@) = Tu()n f'(@) ' Tu(f(2))
If M CY is a closed sleek subset,
f € CY{X,Y) is a continuously differentiable map
and = € f~1(M) satisfies Im(f'(z)) — Ti(f(z)) = Y, then
T = f(@) Tu(f()
If K and Ky are closed sleek subsets contained in X
and z € Ky N K> satisfies Tk, (z) — Tk, (z) = X, then
Tkink,(z) = Tk, (z) NTk,(z)
If K;c X, (i=1,...,n), are closed sleek
and z € (), K; satisfies
V?)i = 1, BRI N ﬂ?zl(TKi(:L‘) — ’U,') ?é (Z)
then, Ty (@) = (et T (a)
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5.1.5 Inequality Constraints

We also state the following example of the contingent cone to a set
defined by equality and inequality constraints®:

Theorem 5.1.10 Let us consider a closed subset L of a finite di-
mensional vector-space X and two continuously differentiable maps
g:=1(91,---,9p) : X = RP and h := (hy,...,hg) : X — RY defined
on an open neighborhood of L.

Let K be the subset of L defined by the constraints

K :={zel]|gz)>0,i=1,...,p, &hj(z)=0,j=1,...,q}
We denote by I(z) := {i = 1,...,p | gi(x) = 0} the subset of active

constraints.
We posit the following transversality condition at a given x € K :

i) K(z)Cr(z) = R?
it) Jug € Cr(z) such that h'(z)vg =0
and Vie I(z), <gi(z),vo>>0

Then u belongs to the contingent cone to K at x if and only if u
belongs to the contingent cone to L at x and satisfies the constraints

Viel(z), <gi(z)u>>0& Vji=1,...,q, hi(x)u=0

Unfortunately, the graph of Tk (-) is not necessarily closed. How-
ever, there exists a closed set-valued map T (-) contained in Tk (-)
introduced by N. Maderner. Set

gi(z)

B Ty €10 (51)

1k (T) =
We observe that v is upper semicontinuous whenever the functions
gi are continuously differentiable. Indeed, let z,, € K converge to
zo and an, < yg(z,) converge to ag. Since g;(zg) > 0 whenever i ¢
I(zo), we infer that i ¢ I(x,) for n large enough. Hence inequalities

8See Proposition 4.3.6 of SET-VALUED ANALYSIS
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anllgi(zn)]| < gi(zn) hold true for any i ¢ I(zp) and imply at the
limit that ag < yg(zo).

The growth of the function vk is linear whenever we assume that
there exists a constant ¢ > 0 such that

gi(x)

Theorem 5.1.11 (Maderner) We posit the assumptions of Theo-
rem 5.1.10. Then the set-valued map T5(-) : K ~ X defined by:
u € T (x) if and only if u € Tr(x) and

IV

Vi=1,...,p, (:L')+<g()
Vi=1,...,q, hi(zx)u =0

is contained in the contingent cone Tk (z) and satisfy
Tx(z) Nyk(z)B C Tg(z)
Its graph is closed whenever the graph of x ~» Tr(x) is closed.

Proof — Let u belong to Tf(z). Then, when i € I(z), we see
that (gi(z),u) = gi(z) + (gi(x),u) > 0, so that u € Tk(z).

Conversely, let us choose u in Tk (z) satisfying ||u|| < yx(z).
Then either ¢ € I(z) and g;(x) + {g}(z), u) = (g}(z),u) > 0 or g;(z) >
0 so that

i¢ I(z) & gi(z) + (gi(z),u) > gi(z) — llgi(@)l[lull = 0
because ||u|| < vk (z) < ¢i(z)/|lgi(z)|]. Thus, in both cases, g;(z) +
(gi(x),u) > 0, so that u belongs to Ty (z). O
5.2 Invariance Domains
Let us consider the differential inclusion

for almost allt >0, z'(t) € F(z(t)) (5.2)

We recall the definition of invariant subsets K under a set-valued
map F: A subset K is said to be (locally) invariant under F' (or
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enjoys the invariance property) if for any initial state zo of K, all
solutions to the differential inclusion (5.2) starting at xo are viable
(on some interval [0, T7).

We emphasize again that the concept of invariance depends upon
the behavior of F on the domain of F outside of K. But we can
tackle this issue since we have extended the concept of contingent
cone to K at points outside of K (Definition 5.1.1). This enables
us to provide an Invariance Criterion (by contrast with the Strict
Invariance Theorem 4.3.6).

Theorem 5.2.1 Let K be a subset of the domain of a nontrivial
set-valued map F. If F is locally bounded and if

Vz € Dom(F), F(z) C Tk(x)
then K is invariant under F.

Proof — Let z(-) € S(zo) be any solution to the differential
inclusion (5.2) defined on some interval [0,7]. Let us set g(t) =
di(x(t)), which is absolutely continuous. Let ¢ be a point where
both z'(t) and ¢'(t) exist. Then there exists €(h) converging to 0
with h such that z(t + h) = z(t) + ha'(t) + he(h) and

gl(t) = limh_)0+ dK((E(t)+h:z:'(t)—{;lh5(h))_dK(Z(t))

= Dydg(a(t))(@(t))

Since z/(t) € F(z(t)) C Tk(z(t)) almost everywhere, we infer that
g'(t) < 0 for almost all t. Therefore z(-) is viable whenever the initial
state z is in K. If not, there would exist ¢ > 0 such that z(t) ¢ K.
But we derive a contradiction since:

0 < dk(x(t)) = dr (x(t))—dk (z(0)) = g(t)—-9(0) = /Ot g'(r)dr <0 O

We are tempted to call an invariance domain of F' a subset K C
Dom(F) satisfying the condition F(z) C Tk (z) for all z € Dom(F').
But actually, we shall study the stronger property where the above
condition holds true only for z € K.
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Definition 5.2.2 (Invariance Domain) Let F : X ~ X be a
nontrivial set-valued map. We shall say that a subset K C Dom(F’)
is an invariance domain of F' if

Vz € K, F(z) C Tk(x)

Since the contingent cone to a singleton is reduced to 0, we ob-
serve that a singleton {Z} is an invariance domain if and only if 7 is
a “stopping point” of F, i.e., a solution to the inclusion

F@) = {0}
(No velocity can take such a stopping point away.)

Corollary 5.2.3 Let K be a subset of the domain of a nontrivial
set-valued map F. Assume that F satisfies

Vz € Dom(F), F(z) C F(Ilg(z))
If K is an invariance domain, then it is invariant under F.

Proof — It follows from Theorem 5.2.1, since F(z) C F(Ilg(z)) C
Tx(Ilg(z)) C Tk(x) thanks to Lemma 5.1.2. O

For instance, when K is a closed convex set, we can extend a
set-valued map F' : K ~ X to a set-valued map F:X~X by
setting

Ve X, F(z) := F(rg(z))

Corollary 5.2.4 Let K be a closed convex subset and F : K ~ X
be a set-valued map satisfying

Vze K, F(z) C Tk(z)
Then K is invariant under the extension F of F.

Corollary 5.2.5 Let K be a closed subset of the domain of a non-
trivial set-valued map F. If

Vz € Dom(F), Vve F(z), Vyellg(z), <z—y,v> < 0

then K is tnvariant under F.
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Proof — It follows trivially from Corollary 5.2.3 and Proposi-
tion 3.2.3. O

We can regard the next result as a structural stability property:

Proposition 5.2.6 Let us assume that K is conver with nonempty
interior. Assume that the graph of F is compact and that

Vze K, F(z)C Int(Tk(z))

Then there ezists a neighborhood U of the graph of F' such that the
above condition is verified for all set-valued maps G whose graph is
contained in U.

Proof — Since the graph of F' is compact and contained in the
graph of K 5 z ~» Int (Tk(z)) which is open by Proposition 5.1.8,
the latter is such a neighborhood Y. O

5.3 Invariance Theorem

5.3.1 Filippov’s Theorem

In order to characterize the local invariance property of a closed
subset K, i.e., to prove that K is an invariance domain of F, we
need to know that given any z € K and v € F(x), there exists a
solution z(-) to differential inclusion (5.2) such that z(0) = z and
z'(0) = .

This is the case when the right-hand side F' is Lipschitz in a
neighborhood of K, thanks to the Filippov Theorem®. Actually,
Filippov’s Theorem is much more than a mere existence theorem. It
also provides an estimate of the distance between a function y(-) and
the set Sp(zo) of solutions starting at some initial state zg.

Theorem 5.3.1 (Filippov) Assume that F': X ~ X is A-Lipschitz
with closed values on the interior of its domain. Let y(-) be a given

5We do not provide the proof of the Filippov Theorem, but refer the reader to
Corollary 2.4.1, p.121 of DIFFERENTIAL INCLUSIONS or to Hélene Frankowska’s
CONTROL OF NONLINEAR SYSTEMS AND DIFFERENTIAL INCLUSIONS.
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absolutely continuous function such that t — d(y'(t), F(y(t))) is in-
tegrable(for the measure e **ds). We associate with a fized xo the
function n defined by

t
1)) = & (la -y + [ dlo'(e), Flu(s))eds )
Let T > 0 be finite or infinite chosen such that the tube

{y(t) + n(t) B}iejo,ry

is contained in the interior of the domain of F'.
Then there ezxists a solution z(-) to differential inclusion (5.2)
such that, for all t € [0,T],

Jo(t) ~ y(o)] < ¢ (oo — v + [ d/(6), Flu(s))eas)
(5.3)
and for almost all t € [0, T,

') = y'®l < d(y'(t), F(y(t)))

+2eM ([lzo = y(O) + J3d(y/(s), F(y(s)))eds)

Proof — Filippov’s Theorem yields an estimate on any finite
interval [0, T} such that the tube {y(t) + n(t)B},c|o 7} is contained in
the interior of the domain of F.

Actually, we can extend it to the interval [0, +oo[ if the tube

{4(t) +1(8) B}1e(0,400]

is contained in the interior of the domain of F'. Indeed, there exists
a solution z(-) to differential inclusion (5.2) defined on [0, T'] starting
at xo satisfying estimate (5.3) and in particular

o)~y < &7 (uxo—ym)u + [ Td(y'(s)m(y(s)))e—“ds)

There also exists a solution z(-) to differential inclusion (5.2) starting
at z(T') estimating the function ¢ — y(t + T') and satisfying

{ l2(t) — (t + T)|
< & (l2(T) ~y(@)]| + Jid@/(s +1T), F(y(s + T)))eds)
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Hence we can extend z(-) on the interval [0,27] by concatenating
it with the function ¢t — z(t) := 2(t — T) on the interval [T, 2T
and we observe that the above estimates yield (5.3) for ¢ € (0, 2T].
We reiterate this process as long as the tube {y(t) + 1(t) B}, o1y i
contained in the interior of the domain of . O

It implies the existence of a solution:

Corollary 5.3.2 Assume that F is Lipschitz on the interior of its
domain. Then, for any xo € Int(Dom(F)) and vy € F(xp), there
erist T > 0 and a solution z(-) to differential inclusion (5.2) defined
on [0,T) and satisfying (0) = z¢ and z'(0) = vo.

Proof — We apply Filippov’s Theorem with y(¢) := z¢ + tvg and
zg := y(0). Then d(y'(¢), F(y(t))) < At||lvo|| and
t
n(t) < e’\t/ M ||lvglle ™ dr < ol (e’\t— 1—)\t)
0 A

Filippov’s Theorem implies the existence of a solution z(-) to differ-
ential inclusion (5.2) starting at zp and satisfying

Jo(t) — a0 — tuoll < 10 (21— x)

Dividing by ¢ > 0 and letting ¢ converge to 0+, we infer z'(0) = vy.
0

It also implies the Lipschitz dependence of the solution map on
the initial condition:

Corollary 5.3.3 Let y(-) € Sr(yo) and assume that F, y(-) satisfy
the assumptions of Filippov’s Theorem 5.83.1. Then
d(y(t), Sr(z0)(t) < w0 — yoll *
so that the solution map Sr is lower semicontinuous.
Remark — Observe that if we set
6(t) = d(Exitp(K,t),0K)
Filippov’s Theorem 5.3.1 implies that for all 0 < Ty < T,

6(T — To)

Vz € Exitp(K,T), B <33» oA Th

) C EXitF(K,To) O
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5.3.2 Characterization of Local Invariance

We are ready to prove the characterization of invariant domains un-
der a Lipschitz map:

Theorem 5.3.4 Let us assume that F' is Lipschitz on the interior
of its domain and has compact values. Then a closed subset K C
Int(Dom(F)) is locally invariant under F if and only if K is an
mvariance domain.

Proof — Let us assume that K is an invariance domain and let
z(+) be any solution to differential inclusion (5.2) starting at zo and
defined on some interval [0, T]. Let us set g(¢) := di(z(t)), which is
absolutely continuous on [0, 7).

Let ¢t be a point such that both z/(t) and ¢'(t) exist and z'(t)
belongs to F(z(t)). Then there exists e(h) converging to 0 with h
such that

z(t+h) = z(t) + ha'(t) + he(h)

and
9'(t) = limp_o+(dk (2(t) + ha'(t) + he(h)) — dk(z(t)))/h
= Didg (z(t))(2'(t))
Lemma 5.1.2 implies that
Didg(z)(2'(t) < d('(t), Tk Ik (z(t))))

Let us denote by A > 0 the Lipschitz constant of F' and choose
any y in Il (z(t)). We deduce that:

d(@'(t), Tk (N (z(2)))) < d(2'(t), T (y)) < d(='(¢), F(y))

(since K is an invariance domain)
< d(2'(t), F(z(t))) + Aly — z(t)|| (since F is Lipschitz)

= 0+ Adk(z(t)) = Ag(t)
Then g is a solution to

for almost all t € [0,T], ¢'(t) < Ag(t) & g(0)=0
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We deduce that g(t) = 0 for all t € [0, T, and therefore, that z(t) is
viable in K on [0, 7).

—  Let us assume that K is locally invariant under F. Let
zg € K. We have to prove that any ug € F(xzg) is contingent to
K at xp. Corollary 5.3.2 implies that for all zg and up € F(zg),
there exists a solution z(-) to differential inclusion (5.2) satisfying
z(0) = zo and z'(0) = ug. Since K is locally invariant under F, it
is viable on some interval [0,7]. We thus infer that uy belongs to
Tk (xo). Hence F(xg) is contained in Tk (zg). O

5.3.3 Graphical Lower Limits of Solution Maps

Let us recall the concepts of lower limits of subsets and of graphical
lower limit of set-valued maps.

Let K, be a sequence of subsets of a metric space X. We say
that

K’ := Liminf,_oK, = {y€ X | lim_d(y, Kn) = 0}

is its lower limit. In other words, it is the closed subset of limits of
sequences of elements x, € K,,.

We shall say that the set-valued map Limbn_,oan from X to X
defined by

Graph(Limbn_,oan) := Liminf, ,.Graph(F,)

is the graphical lower limit of the set-valued maps F,. For simplicity,
we set F? = Limbn_,oan.

When L C X and M C X are two closed subsets of a metric
space, we denote by

A(L,M) := sup mf d(y,z) = supd(y, M)
yELze yel

their semi-Hausdorff distance’, and recall that A(L, M) = 0 if and
only if L C M. If ® and ¥ are two set-valued maps, we set

A(®,¥)o0 = ilel)rzA(‘P(w),‘I’(x))

"The Hausdorff distance between L and M is equal to
ax (A(L, M), A(M, L)).
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Filippov’s Theorem provides an example of a situation where the
solution map Sr is the graphical lower limit of a sequence of solution
maps Sf,.

Theorem 5.3.5 Let F,, : X ~ X and F : X ~ X be \-Lipschitz
set-valued maps with closed images and uniform linear growth: there
ezists ¢ > 0 such that

Vn>0, Vze X, [[Fa(z)l < cllz]|+1)
Then

eM—1

A (Sr(x0), SE, (Ton)) oo < € |lzo — on|| + A(F, Fr)oo

and
At 1
A

Consequently, iff lim,_,oo A(F, Fy)oo=0, then

[

A(SFaSFn)oo S A(Fa Fn)oo
SF C Limbn_.oo (Spn)

Proof — Let us consider any solution z(-) € Sr(x¢) to differ-
ential inclusion (5.2). Therefore,

d(z'(t), Fa(z(t))) < A(F(x(t), Fa(2(t)) < A(F, Fn)oo

By Filippov Theorem 5.3.1 applied to the map F;,, there exists a
solution z,(-) € Sg, (zon) such that

t
lzn(t) — 2(t)]| < €0 — zonl] + /0 N A(F, Fy)oods

N /\t_l
= € t”mO = Zon|| + A(F, Fr)oo

Then for any ¢t > 0, z(¢) is the limit of z,(¢), so that our claim is
proved. O

8This implies that F is contained in the graphical lower limit F® of the set-
valued maps F,.
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Remark — We can obtain other estimates. Set
A(®(z),¥(z))
A(®,¥); = sup ——~L—==
(@B = S el +1

Let F,, : X ~ X and F : X ~ X be A-Lipschitz set-valued maps

with closed images and uniform linear growth. Then, for any A > c,
M et
et —e
A (Sf,S. <
( F Fn)l — A—c

so that A (Sr, SrF,), converges to 0 and thus

A(F, Fo)

Sp C Lim’y_o0 (SE,)
when lim, ., A(F, F,)1 = 0.
Indeed, consider any solution z(-) € Sp(zo) to differential inclu-
sion (5.2). Since

d(2'(t), Fu(z(8)) < A(F(2(t)), Fa(x(t))) < A(F, Fa(l2(B)]] + 1)

< AWF, Fa)i(llzoll + 1)e

Filippov Theorem 5.3.1 applied to the map F;, implies that there
exists a solution z,(-) € Sg, (o) such that

lzn(t) — (@) < e f5 A(F, Fo)i(l|zoll + 1)e~*=ds

At _ ct

= A(F, Fa)i(llzoll +1)557¢- O

5.3.4 Accessibility Map

We recall that the reachable map Rp is defined by
Rp(t)z = (Sr(z))()

(See Definition 3.5.4.)

Definition 5.3.6 We shall denote by Rp : X ~ X the map defined

by
Rr(z) == |J Rr(T)z
T>0

and call it the accessibility map.
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Proposition 5.3.7 Assume that F : X ~ X is Lipschitz with non-
empty closed values. Then Rr maps open subsets onto open subsets.

If K is a closed subset satisfying K = Int(K), then

Int (Rp(K)) = Re (Int(K))

Proof — Let 2 be an open subset and fix any y € Rp(x) where
z € (& By definition, there exist T' > 0 and a solution z(-) on [0, T to
the differential inclusion (5.2) starting at = such that z(T") = y. Let
y(-) be a solution to the backward inclusion 3y’ € —F(y) starting at
z and consider the solution §(-) € S_r(y) to the reverse differential
inclusion defined by

i(s) = z(T—-s) f0<s<T
vis) = y(s—T) if T < s < o©

Since —F is Lipschitz, Filippov’s Theorem 5.3.1 implies that there
exists a neighborhood N (y) of y such that, for every z € N(y), one
can find a solution 2(-) € S_p(2) satisfying 2(T) € Q. This means
that z can be reached from {2 in finite time.

We thus deduce that Rp(Int(K)) is contained in Int(Rz(K)), so
that the inclusion

Rr(Int(K)) C Int (Rr(K))

holds true. It remains to prove the converse inclusion when we as-
sume that K = Int(K). We shall actually prove that any y € Rp(K)
belongs to Rp(Int(K)). We know that there exist z € K, T > 0 and
a solution z(-) to differential inclusion (5.2) defined on [0, T starting
at z such that z(T') = y. Take any € > 0. Since z € Int(K), Filip-
pov’s Theorem 5.3.1 implies that there exists § > 0 such that for any
z € B(z,6) N Int(K), one can obtain a solution 2(-) to differential
inclusion (5.2) starting at z and satisfying 2(T) € B(y,¢). Hence y
can be approximated by elements 2(T") € Rp(Int(K)). O
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5.3.5 Proof of Convergence of the Fast Viability Ker-
nel Algorithm

Proposition 5.3.8 Assume that F' is both Marchaud and \-Lipschitz.
Let x belong to the outward area K- and set

bk (x) = d(F(z), Tk(z))/2 > 0
We denote by 0k (z) > 0 the largest positive number 6 such that
V h€)0,6], d(z+h(F(z)+éx(z)B),K) > 0
(which does exist). Let us fir r > 0 and set

C, = F(B(z,r)), T:=min{r/|Cz|,1/A}
tk(z) = min{éx(z)/2X||Csll, 0k (z), T}

ek (z) = 6k (z)tk(z)/2e K (@)

Then ek (), which depends only upon x and K and does not involve
Viabp(K), satisfies

o

B (z,ek(z)) N Viabp(K) = 0

Proof — The compactness of F(x) + éx(z)B and the very
definition of the contingent cone imply that there exists a positive
6 > 0 such that

Y h€l0,6], d(z+h(F(z)+éx(z)B),K) > 0

(See the proof of Proposition 4.3.5.) Therefore 8 (z) > 0 is positive
and we observe that

V h €]0,0x(z)], d($+h(F(;v)+§5—2(—m—)B>,K> > ?L(%ﬁ

Let us consider any solution z(-) € S(x) starting at z. Since
F(y) C C, when y ranges over the ball B(z,r), we first infer that

Vi<r/|Cal, [le(t) -2l < /Ot IF@(r)lldr < [|Callt
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Since F' is A-Lipschitz, we deduce that
z(t)—z € fg F(z(r)dr C fg(F(a:) + M|z(7) — z||B)dT
C t(F(z)+ 22 B)

whenever t < tg(z) := min{éx(z)/2)||Cz||, 0k (z),T}. Consequently,
for every positive t < tg(z),

d(z(t), K) > d(m+t(F(x)+ 5K2(“’)B) ,K) > ‘5"2(“)15

Furthermore, by the Filippov Theorem 5.3.1, we know that for any
y(-) € S(y), there exists a solution z(-) € S(x) such that

lz(t) —y@)ll < e¥llz ~y|

We set ex(z) = Sk (x)tk(z)/2e*M5(®), This implies that for any
y €B (z,ex (),

d(y(tx (2)), K) > d(z(tx(2)), K) — ||2(tx (2)) — y(tx ()]
> Sk (2)tr(z)/2 ~ @z —y > 0

This means that such initial states y do not belong to the viability
kernel of K, because all solutions leave K in finite time. O

We shall need the following result.

Lemma 5.3.9 Let P be a convez closed cone with compact sole® and
M be a compact subset of X. Then there exists y € M such that:

y+P)NM = {y}

®Let P be a closed convex cone. We recall that the following conditions are
equivalent:

#1)  the interior of the polar cone Pt is not empty

7) P is spanned by a convex compact set disjoint from 0
iti) S := {z € P| < po,x >=1} where po € Int(P™) spans P;

The compact convex subset S is called the sole, and such closed convex cones are
called cones with compact sole.
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Proof — The proof follows from Zorn’s lemma. Let us define
the following preorder relation on M:

a<b < bea+P

which is actually an order since P has a compact sole. We next prove
that every subset L of M which is totally ordered has a majorant.

Clearly, for any a € L, (a + P)N M # (. Since these sets are
nonempty and compact and since (b+P)NM C (a+P)NM whenever
a < b, we deduce that:

N ((a+P)NM) # 0

a€ L

Let b belong to Ny (@ + P) N M. Obviously, b is larger than any
element of L for the order <. According to Zorn’s lemma, there
exists a maximal element y € M: Namely, if z € M is different from
y , then, y ¢ z+ P. Hence, (y+ P)NM ={y}. O

Proof of Theorem 4.4.6 — By Lemma 4.4.5, we already
know that N N
Viabp(K) = Viabp(Kx) C Koo

./issume that EOO is not a viability domain: there would exist = €
Ko . Set

and
O = 0&@(%) >0

We shall derive a contradiction by constructing a sequence of ele-
ments z, € K, - converging to x such that £ () is bounded
below by some £o, > 0 that we shall define: In this case, we would

have ||z, — z|| > €5 (zn) > €00 because
n

T € ﬁn—l—l C Rn\ B (xnasj}n(mn))

by the very definition of the algorithm and thus, the contradiction
ensues. We thus have to define this positive lower bound &4,.
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Since the convex compact set F(z) + §ooB does not contain 0,
the cone P spanned by this set has a compact sole. Set

My, := K N (2 + [0, 000) (F () + 600 B))
We can assert, thanks to Lemma 5.3.9, that:
dz, € M,, such that (z, + P)NM, = {z,}

On the other hand, by the very definition of Ko and the choice of
x, the sequence x,, converges to . Hence for all n large enough,

Tn € T+ [0, (%”] (F(z) + 60 B)
Thus,

Ko (o + [0, %&] (F(z) + 6B)) C

Kn O (24 [0,000] (F(2) + 660B)) N (25 + P) = (zn + P) N M,, = {z,,}

Since F' is Lipschitz, we have for n large enough, F(z,) C F(z)+
800 B/2, so that for any t < 0, /2,

d (20 +t (F(zn) + 6:0B/2) , Kn) > d(2n+t(F(z) +6B),Kn) > 0

' K
tion 5.3.8, we deduce that 6z (zn) > 0o0/2 and thus, setting

. fOo b
too = mln{7,m,T}

Thus d(F(z5), T; (Tn)) 2 60/2, 1., 65 (%n) > boo/4. By Proposi-

that tz (2n) > too/2. Since t — t/eM is increasing for 0 <t < 1/,
we infer that

bool 6z (zn)tz (zn)
oo = /\too/2 < H= ):~ I({:) — = ez, (@n)
16eAto 2¢ " Kn n n

We have thus constructed a lower bound ee of the radii e (zy) for

n large enough which implies the contradiction we claimed at the
beginning of the proof. 0O
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5.4 Invariance Kernels
We now introduce the concepts of invariance kernel and envelope:

Definition 5.4.1 (Invariance Kernels and Envelopes) Let K be
a subset of the domain of a set-valued map F : X ~ X. The largest
closed subset of K invariant under F, which we denote by Invp(K)
or Inv(K), is called the invariance kernel of K. We shall say that
the smallest closed subset invariant under F' containing K is the in-
variance envelope Envg(K) of K.

Since the intersection of closed subsets invariant under F is still
a closed subset invariant under F', the invariance envelope of a closed
subset does exist.

5.4.1 Existence of the Invariance Kernel

We now prove the existence of the invariance kernel of a closed subset
(possibly empty).

Recall that Sr denotes the solution map associating with any zg
the set of solutions to differential inclusion z’ € F(z) starting at x
and that it is lower semicontinuous when F' is Lipschitz with closed
values (see Corollary 5.3.3.) We shall set

 := Dom (SF)

Naturally, invariant subsets are necessarily contained in 2. We sup-
ply the space C(0, oo; X ) with the topology of pointwise convergence.

Theorem 5.4.2 Let us assume that the solution map Sp is lower
semicontinuous from Q to C(0,00; X). Then, for any closed subset
K C Q, there exists an invariance kernel (possibly empty) of K. It is
the subset of initial points such that all solutions starting from them
are viable in K.

Proof — Let us denote by X C C(0,+400; X) the subset of
continuous functions z(-) which are viable in K and by Inv(K) the
subset of initial state z € K such that Sp(z) C K, possibly empty.

Since the solution map S is lower semicontinuous from K to
C(0, 00; X) supplied with the topology of pointwise convergence and
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since K is closed, we deduce that Inv(K) is also a closed subset of K
(See Proposition 1.4.4 of SET-VALUED ANALYSIS.)

It obviously contains any closed subset of K invariant under F'.

It remains to be shown that it is also invariant under F. For
that purpose, let us take z € Inv(F) and show that any solution
z(-) € Sp(z) is viable in Inv(K) (by checking that for any T' > 0,
z(T) € Inv(K)). Let y(-) belongs to Sp(z(T')). Hence the function
z(-) defined by

z(t) if te [O,T]
z(t) = { y(t—T) if te [T,OO[

is a solution to the differential inclusion (5.2) starting at = at time
0, and thus, is viable in K by the very definition of Inv(K). Hence
for all t > 0, y(t) = 2(t + T') belongs to K, so that we have proved
that Sp(z(T)) C K, ie., 2(T) € Inv(K). O

Remark — It is clear that
Inv(K; N K3) = Inv(K;) NInv(K?)

and more generally, that the invariance kernel of any intersection of
closed subsets K; (i € I) is the intersection of the invariance kernels
of the K;. O

5.4.2 Complement of the Invariance Kernel

Proposition 5.4.3 Assume that K C Q := Dom(SF) is compact
with nonempty interior, that F(K) is bounded and that its invari-
ance kernel Invp(K) is contained in the interior of K. Then the
complement Q\Invg(K) of the invariance kernel is viable under F'.

Proof — Since we assume that the invariance kernel is compact,
there exists 7 > 0 such that Invp(K) +2nB C K.
We observe that property

V() € Sp(x), It < 7x(x(-)) such that z(t) € Invp(K)

implies that = belongs to the invariance kernel of K.
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Therefore, if zog € K\Invp(K), there exists a solution z1(-) €
Sr(zo) such that z;(t) ¢ Invp(K) for every t € [0, Tk (z1())]-

If 75 (z1(-)) = +o00, we deduce that z;(-) is viable in K\Invp(K).
If not, we set ¢; := 7k (z1(+)) and z1 := z1(t;) € OK.

Let z2(-) € Sp(z1) and define p(z2(-)) := inf{t > 0 | z2(t) €
Invp(K) + nB}. Then either p(z2(-)) = +oo and the solution ob-
tained in concatenating z1(-) and z2(-) is viable in Q\Invg(K), or
ty := p(xa(-)) is finite and zg := z2(t2) € I(Invp(K) + nB).

We also check that to — t; > n/||F(K)| because ||z2 — z1| <
(b2 — )| F(K)|| and |23 — 21 > 7.

Now we iterate this procedure to construct a solution z(-) which
is viable in X\Invp(K). O

Let us point out this easy but useful remark:

Proposition 5.4.4 If the boundary 0K of a closed subset K C
Dom(SF) is invariant under F, so is K.

Proof — Indeed, take z in the interior of K and any solution
z(-) € Sp(zo). If it is not viable in K, there would exist a finite exit
time T := inf{s > 0 | z(s) ¢ K}, at which z(T) € dK. Since the
boundary is invariant, any solution starting at z(7") remains in K.
This is the case of the solution y(-) defined by y(t) := z(t + T), so
that z(t) € OK for every t > T. This contradicts the assumption
that z(-) is not viable in K. O

5.4.3 Stability of Invariance Domains

Let us consider now a sequence of closed subsets K, invariant under
a set-valued map F'. Is their lower limit still invariant under F ¢

Proposition 5.4.5 Let us assume that the solution map Sg is lower
semicontinuous from §2 to C(0,00; X). Then the lower limit of closed
subsets K, C Q invariant under F is also invariant under F'.

In particular, the lower limit of the invariance kernels of a se-
quence of closed subsets K,, C € contains the invariance kernel of
the lower limit of the sequence Ky :

Liminfy, o (Inv(K,)) D Inv(Liminf, . Kp)
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Proof — Let the initial set zg := lim,_,o Zo, belong to the
lower limit K* of the sequence K, and z(-) € Sp(wo) be any solution
to differential inclusion (5.2). Since the solution map is lower semi-
continuous, there exist solutions z,(-) € Sr(zon) converging point-
wise to z(-). The subsets K,, being invariant under F', we conclude
that for any t > 0, z,(t) € K,,. This implies that z(t) € K” for every
t > 0. Hence K b is invariant under F. 0O

More generally, we can prove that the lower limit K” of a sequence
of closed subsets K, invariant under set-valued maps F;, are invariant
under some set-valued map F.

Theorem 5.4.6 (Stability) Let us consider set-valued maps Fy, :
X~ X and F : X ~ X such that the solution map Sg is contained
in the graphical lower limit of the solution maps Sg,. Then if the
closed subsets K, C Dom(Sr,) are invariant under the set-valued
maps F,,, their lower limit K° is invariant under F.

In particular, the lower limit of the invariance kernels of closed
subsets K,, for the set-valued maps F,, contains the invariance kernel
of the lower limit K® for F':

Liminf, o (Invg, (K,)) D Inve (Liminf, oo Kp)

5.4.4 Global Exit and Hitting Functions

When the solution map Sr is lower semicontinuous, we can deduce
from Proposition 4.2.2 and the Maximum Theorem 2.1.6 that the
function 6% : K — Ry U {400} defined by

O (z) = sup Ox(z())
z(-)ESF(z)

is lower semicontinuous and that the function 7% : K +» Ry U{+o0}

defined by

rh(@) = inf  7x(a()

is upper semicontinuous.
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Therefore the graphs of the “tubes” associating with ¢ € [0, +00]
the subsets
[rek|b6(z) < T}
(5.4)
{xe K |1 (x) > T}

are closed.

The first subset is the subset of initial states * € K such that
the boundary 0K is reached before 7' by all solutions z(-) to the
differential inclusion (5.2) starting at z.

The second subset is the subset of initial states * € K such
that all solutions z(-) to the differential inclusion (5.2) starting at z
remain in K for all ¢t € [0,T.

We then observe that the invariance kernel is equal to

Invp(K) = ﬂ {me K| 75(z) > T}
T>0

5.4.5 Invariance Envelopes
One can relate invariance envelopes with the accessibility map:

Proposition 5.4.7 Assume that F' : X ~ X is Lipschitz with non-
empty closed values. Then the invariance envelope and the accessi-
bility map are related by

Envp(K) = Rp(K)

Proof — The subset Rp(K) is obviously contained in any
closed invariant subset M containing K and in particular, in the
invariance envelope of K.

Conversely, it is enough to prove that Rp(K) is invariant. If not,

there would exist 29 € Rr(K), a solution z(-) € Sp(xo) and T' > 0
such that z(T") does not belong to Rp(K). Let € > 0 be such that

B(z(T),e) "Rp(K) = 0

By Filippov’s Theorem 5.3.1, there exists 6 > 0 such that for
every yo € B(zo,8), one can find a solution y(-) € Sp(yp) starting
from yy such that

y(T) € B(z(T),e) ¢ X\ Rp(K)
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Since g belongs to the closure of Rp(K), one can choose such an
initial state yo in Rp(K), so that there exists zp € K, a solution
2(+) € Sr(20) and Ty > 0 satisfying z(Tp) = yo. We then introduce
the concatenation y(-) defined by

i(s) = z(s) if0<s<T
N8 = y(s—=Tp) if Tp < s < o0

Therefore g(-) € Sp(z0) is a solution starting from K such that
y(T + Tp) = y(T), so that y(T') belongs to Rrp(K), a contradiction.
]

Proposition 5.4.8 Assume that F' : X ~ X s Lipschitz with nonem-

pty closed values and that K = Int(K). Then

. —

Envp(K) = X \Inv_p(K) where K = X\ K

Proof — Since these two sets contain K, it is enough to prove
the equality for the elements outside of K.

Let z¢ be outside of both K and Inv_ F(f(\ ). We infer that there
exists a solution z(+) € S_p(zo) and T > 0 such that z(T) € X\K =
Int(K). Let us associate with a solution y(-) € Sp(zg) the solution

7(-) € Sp(z(T)) defined by

N z(T —s) if
' if

<
y(s—T) <

0 s < T

T s < 00

which thus satisfies §(T) = zp € Rp(Int(K)). Proposition 5.4.7
implies that the latter subset is contained in Envg(K).

Conversely, let y belong to Int(Rp(K))\K. Since the interior
of Rp(K) is equal to Rp(Int(K)) by Proposition 5.3.7, there exist
zo € Int(K), a solution z(-) € Sp(zg) and T > 0 such that y =
z(T) € X\K. We then associate with a solution y(-) € Sg(zo) the
solution 7(-) € Sp(y) defined by

" z(T—-s) if 0 <s<T
y(s) ::{y(s—T) if T < s < o0

IA A
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which thus satisfies §(T') = zo € Int(K). Hence such a solution is
not viable in K = X\Int(K) and thus, y = z(T") does not belong to
the invariance kernel of K, so that we have proved that

—.

Int(Rrp(K)) € X \ Inv_p(K)

We conclude, thanks to Proposition 5.4.7. O

5.5 Boundaries of Viability and Invariance
Kernels

5.5.1 Semipermeability of the Boundary of the Via-
bility Kernel

We shall prove in this section that if the solution map is lower semi-
continuous, then every viable solution starting on the boundary of
the exit tube (respectively the viability kernel) remains on it.

Theorem 5.5.1 Let FF : X ~ X be a strict Marchaud map and
K C X be a closed subset. Assume that the solution map Sg is

lower semicontinuous from K to C(0,00; X).
Then, if

z € (Exitp(K,T)) N Limsup, ,;_ (Exitp(K,t)\Exitp(K,T))

every solution z(-) € Sp(z) viable in K on [0,T] remains on the
boundary of the exit tube:

Vte[0,T), z(t) € d(Exitp(K,T —t))

Proof — Let z(-) € Sp(z) be a solution viable in K on [0, T},
which exists by assumption, and which thus satisfies

Vte[0,T), z(t) € Exitp(K,T —t)

Also by assumption, there exists a sequence of T,, < T converging
to T and a sequence of elements z, € Exitp(K,T,)\Exitp(K,T)
converging to x.

Since the solution map is assumed to be lower semicontinuous,
there exist solutions z,(-) to the differential inclusion (5.2) starting
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at z, defined on [0,T] converging pointwise to z(-). On the other
hand, by Proposition 4.2.8, we know that for any ¢ € [0, T},],

:Cn(t) € EXitF(K,Tn—t)\EXitF(K,T—-t)

Consequently, by passing to the limit, we obtain for all ¢ € [0, T},

z(t) € Exitp(K,T — t) N X\Exitp(K,T —t) = 8 (Exitp(K,T —t))
i.e., the solution remains in the boundary of the exit tube. O

By using Proposition 4.2.9 instead of Proposition 4.2.8 in the
proof of Theorem 5.5.1, we obtain the following statement:

Theorem 5.5.2 Let F : X ~ X be a strict Marchaud map and
K C X be a closed subset. Assume that the solution map Sr is
lower semicontinuous from K to C(0,00; X) and that Exitp(K,T) is
contained in the interior of K. Then, if z € 0(Exitp(K,T)), every
solution x(-) € Sp(x) viable in K on [0,T] remains on the boundary
of the exit tube:

Vtel0,T], z(t) € 0(Exitp(K,T —t))
For T' = 400, we obtain the following consequence:

Theorem 5.5.3 (Quincampoix) Let F : X ~» X be a strict Mar-
chaud map and K C X be a closed subset. Assume that the solution
map Sr 1is lower semicontinuous from K to C(0,00; X) and that the
viability kernel of K is contained in the interior of K. Then the via-
bility kernel is semipermeable in the sense that if z € 9(Viabp(K)),
every solution z(-) € Sp(x) viable in K remains in the boundary of
the viability kernel.

In other words, this means that every solution starting from the
boundary of the viability kernel can either remain in the boundary or
leave the viability kernel, or equivalently, that no solution starting
from outside of the viability kernel can cross its boundary: such
solutions can only remain on the boundary of the viability kernel, or
leave it.
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5.5.2 Viability of the Boundary of the Invariance Ker-
nel

In a symmetric way, we can prove that the boundary of the invariance
kernel is viable:

Theorem 5.5.4 (Quincampoix) Let F : X ~ X be a strict Mar-
chaud map and K C X be a compact subset. Assume that the solution
map S is lower semicontinuous from K to C(0,00; X) and that the
invariance kernel of K is contained in the interior of K. Then, the
boundary O(Invp(K)) is viable under F'.

Proof — Let zg belong to d(Invg(K)) and consider a sequence
of elements z,, € K\Invp(K) converging to xo.

By Proposition 5.4.3, we know that X\Invp(K) is viable under
F: there exist solutions z,(-) to differential inclusion (5.2) starting
at xn which are viable in X\Invp(K).

Since F' is a Marchaud map, we infer from Theorem 3.5.2 that
a subsequence (again denoted by) z,(-) converges to some z(-) €
Sr(xo) which is viable in the closure of the complement of Invg(K).
Theorem 5.4.2 implies that this solution is also viable in the invari-
ance kernel of K, and thus, that it is viable in the boundary of
O(Invp(K)). O

5.6 Defeat and Victory domains of a Target
and its Barrier

We can apply the above theorems to the complement of an open
target €. Let us introduce the following notations:

i) Defeatp(Q) := Invp(X\Q)
’LZ) Stalp(Q) = ViabF(X\Q) \IHVF(X\Q)
iii) Victp(Q) = X\Viabp(X\Q)

Theorem 5.6.1 (Quincampoix) Let F': X ~ X be a Marchaud
and Lipschitz map. Consider an open target 2 C X. Then
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Figure 5.1: Victory and Defeat Domains

Barrier

impossible

Stal,(Q)

Vict,(Q)

The target 2, the defeat domain, the barrier and the victory domains are symbolically

represented.
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1. Defeatr(Q) is the defeat domain: V zy € Defeatp(Q2), every
solution starting from xo never reaches the target )

2. Victp(Q) is the victory domain: V zg € Victp(R2), every solu-
tion reaches the target Q in finite time

3. Stalp(Q) is the stalemate domain: V zy € Stalg(€2)

e there exists one solution which never reaches the target 2

o there exists one solution hitting the target )

4. 0(Viabp(X\Q)) is the barrier: V zo € 0 (Viabp(X\Q)), there
exists a solution which is viable in the barrier as long as it does

not reach the target Q, and no solution enters the interior of
Stalp(2)

5. 0 (Defeatp(Q)) is viable under F
We can also introduce
Victp(Q,7T) := X\Exitp(X\Q,T)
which is the open subset
Victp(Q,T) = {x such that Tg(\ﬂ(x) < T}

of initial states from which all solutions reach the target Q before T'.
We deduce that the victory domain is equal to:

Victp(Q) = |J Vietp(Q,T)
T>0

The subset
victp(Q,T) := Hitp(X\Q,T)

={c¢Q|32() € Sp(z), It€[0,T] such that z(t) € 7}

is the set of initial states such that at least one solution to the dif-
ferential inclusion reaches the closure of Q at some t < T.

For compact targets C, we obtain the following characterization:
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Proposition 5.6.2 Let F: X ~ X be a strict Marchaud map and
C C X be a nonempty compact subset. The set

{z¢C|3z(:) € Sp(x), It € [0,T] such that z(t) € C}

of initial states such that at least one solution to the differential in-
clusion reaches the target C' at some t <T is equal to

U N victr(B (C,e),T)

n>00<e<n

Proof — Let us choose z ¢ C. Then we know that there exists
1n > 0 such that for any £ < 75, there exists at least one solution
ze(-) € Sr(z) to the differential inclusion reaching the ball B(C,¢)

at some t, < T, thanks to the above remark with Q := 103 (C,e).
Since Sp(z) is compact in C(0,00; X) supplied with the compact
convergence topology, subsequences (again denoted by) z.(:) and ¢,
converge to z(-) € Sp(x) and t € [0, T] respectively, so that the limit
z(t) of z.(t:) € B(C,¢) belongs to the closed target C. O

5.7 Linear Differential Inclusions

5.7.1 Viability Cones

Let us consider the case when the right-hand side of the differential
inclusion is a closed convex process. Since closed convex processes are
set-valued analogues of continuous linear operators, it is legitimate
to call such differential inclusions linear differential inclusions.

The domain of a closed convex process being a convex cone, it
is quite natural to restrict the class of viability domains of closed
convex processes to closed convex cones.

Theorem 5.7.1 (Linear Differential Inclusions) Let X be a fi-
nite dimensional vector-space, F' : X ~» X be a closed convex process
and K C X be a closed convex cone. We posit the following assump-
tions:

i) VzeK, R(z) = Flz)Nn(K+Rzx) #0
it) the norm (see Definition 2.5.3) of |R| is finite
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Then, for any initial state xo € K, there exists a solution z(-) to the
linear differential inclusion

for almost all t >0, 2'(t) € F(z(t)) (5.5)
starting at xo and viable in the cone K.

Proof — It is a direct consequence of the Second Viability
Theorem 3.3.6 and formula

Tk(z) = K + Rz
since, by the very definition of the norm of R, we have:
VzeK, d0,F(z)NTk(z)) < |Rlle] O
Hence it remains to prove the following

Lemma 5.7.2 Let K C X be a convex cone of a normed space X
and z € K. Then!® Tk(z) = K + Rxz.

The proof is left as an exercise (see also Lemma 4.2.5 of SET-
VALUED ANALYSIS.) O

Example — Let A € £L(X, X) be a linear operator and P C X and
@ C X be closed convex cones. Then the set-valued map F' defined by

F(z) = Az+Q if x€ P & 0 if not (5.6)

is a closed convex process. We then deduce a useful corollary for linear
control systems with inequality constraints on both the state and the control
variables:

Corollary 5.7.3 Let X be a finite dimensional vector-space, A € L(X, X)
be a linear operator and P C X and Q C Y be closed convex cones. If

i) VzeP, Azxe P+Rzx—Q

i) de¢>0 such that inf ,—
) ue <P+Rx> N(Q+Ax)

[[ull < cllz|

then, for any initial state xq € P, there exists a solution to the differential
equation ' (t) = Az(t) + u(t), where u(t) € Q, which is viable in the closed
convex cone P. 0O

1°7f we assume that K~ + {x}~ = X* and that X is reflexive, then Tk (x) =
K — Rz thanks to Closed Range Theorem 2.3.4.
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5.7.2 Projection on the sphere

We shall “project” the solutions z(-) onto the unit sphere ¥. We shall
show that the evolutions of these projections are governed by a differen-
tial inclusion the right-hand side of which is the “projection” of the linear
differential inclusion onto the tangent space to this sphere defined in the
following way: we associate with any y € ¥ the orthogonal projector (y)
onto the tangent space Tx(y) to ¥ at y defined by

m(Y)z == 2— <y,z>y
We observe the following property:

Lemma 5.7.4 If K is a convezx cone of a finite dimensional vector-space
X, then, for anyy € KNE, 7(y)Tk(y) C Tkrx(y).

Proof — Let z € Tx(y). We already know that 7(y)z belongs to
Tx(y). It belongs to Tk (y) because

m(y)z = z—<y,z>y€ K+Ry+Ry ¢ K+Ry

Then it belongs to the intersection of Tx(y) = {y}+ and Tk (y). It is equal
to Tknx(y) (see Table 5.2), because the transversality condition Tx(y) —
Tk (y) = X is satisfied since we can write

VzeX, z = n(y)zt+ <y,z>y O

We now associate with a closed convex process F : X ~ X its “projec-
tion” defined by

H(y) := n(y)(F(y) N |IR||B)
It is obviously a set-valued map with closed convex images contained in the
ball || R}| B, which is compact.
We deduce from the above lemma that if a closed convezr cone K is a
viability domain of F, then KNY is a viability domain of its projection H.
This implies the following consequence:

Proposition 5.7.5 We posit the assumptions of Theorem 5.7.1.

Then z(-) is a never vanishing viable solution to linear differential in-
clusion (5.5) if and only if y(-) := z(:)/||z(-)|| is a solution to the projected
differential inclusion

for almost all t > 0, y'(t) = w(y(t))z(t) where z(t) € F(y(t))
viable in K N'Y and we can write:

t
2(t) = y(b)||zolefo <¥T)=(n)>dr
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Proof — The proof follows easily from the relation
z(t) z'(t)
y(t) = = & 2(t) = —L
© = for ¢ Y = o

and the property

d
2O =zl <y(@),2(t) > O
Remark — Let us introduce the constants
A= inf <wv,y> &y = sup <v,y>
YyEINKveF(y)N||R|B YyESNK veF(y)N||R||B

We deduce that the solutions z(-) obey the estimates
llzolle*~* < [lz(®)l| < llzofle*+* O
We deduce that if A} < 0, then the origin is an attractor and that if

A_ > 0, the origin is a source of the system.

5.7.3 Projection on a compact sole

It may be advantageous to project a linear differential inclusion on the sole
of a cone instead of the sphere, if one needs convexity, for instance. In
particular, this allows us to prove that a closed convex process F' does have
an eigenvector in cones with compact soles.

We associate with the closed convex cone K and an element py €
Int(K*) the “compact sole”

S:={z€eK| <pg,z>= 1}

We associate with any element y € S the projector w(y) onto the
orthogonal hyperplane to pg, defined by

VzeX, w(y)z == z— <pg,z>y
We then remark that:

Lemma 5.7.6 If K is a convexr cone with compact sole of a finite dimen-
sional vector-space X, then, for anyy € S, w(y)Tk (y) C Ts(y).

Proof — The tangent cone to the sole S of K is equal to

Ts(z) = {veTk(z)| < po,v>=0} (5.7)
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since S can be written in the form K N py’(1). Indeed, the constraint
qualification assumption 0 € Int(po(K) — 1) is satisfied because po(K) is
a cone of R containing 1. We then deduce from Table 5.1 that Ts(z) =
Tk (z) Npy "T(13(1), ie., formula (5.7).

We now check that

Vyes, w(y)Tk(y) C Ts(y) (5:8)
Indeed, Lemma 5.7.2 implies that if u € Tk (y), then
w(y)u:=u- <po,u>y € (K+Ry)+RyC (K +Ry) = Tx(y)
(because K is a closed convex cone) and
< po,w(y)u >=< pg,u > — < pg,u >< po,y >=0

(because < pg,y >=1). We deduce that w(y)u belongs to Ts(y) thanks to
(5.7). O

Let us project the closed convex process F' to the set-valued map G
defined on the compact sole S by

Gly) = @) (F(y)NI|R|B)

which is naturally a set-valued map with closed convex images contained in
the ball || R|| B, which is compact. Since its graph is closed, we deduce that
G is upper semicontinuous from S to X. By (5.8), S is a viability domain
of the set-valued map G since the cone K is a viability domain of the closed
convex process F'; so that:

Proposition 5.7.7 We posit the assumptions of Theorem 5.7.1. Therefore
z(-) is a never vanishing viable solution to linear differential inclusion (5.5)
if and only if

y() = z()/ <po,z(:) >

is a solution to the projected differential inclusion
for almost all ¢ > 0, y'(t) = w(y(t))z(t) where z(t) € F(y(t))
viable in the sole S and we can write:

t
2(t) = y(t) < po,zo > edo YT HD)>dr

Proof — The solutions z(-) and y(-) are related by
z(t) z'(t)

< po,z(t) > < po,z(t) >

y(t) = 2(t) =

Since the compact sole is a compact viability domain of the projection
G, the Equilibrium Theorem 3.7.6 implies the existence of eigenvectors:
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Theorem 5.7.8 (Eigenvector of a Closed Convex Process) Let X be
a finite dimensional vector-space and F : X ~ X be a closed convex process.
Assume that a closed conver cone K C X enjoys the following properties.

i) K has a compact sole

it1) K is a viability domain of F

i) the norm ||R|| is finite
Then there exists a nonzero eigenvector Z € K of the closed convez process
F associated with an eigenvalue A, i.e., a solution to the problem

T €K 7#0, )AeR& M € F(z) (5.9)
The eigenvalue X is therefore nonnegative whenever F(K) C K.

Proof — Indeed, there exists an equilibrium Z € S of G, ie., a
solution to 0 € G(Z), in other words, a solution to

ze S, 0 = w(y)(Z)y = §— <po,§y > where j € F(Z)

By setting A :=< pg, § >, we see that the pair (), Z) is a solution to inclusion
(5.9). O

5.7.4 Duality between Viability and Invariance

Let us consider the case when the right-hand side of the differential
inclusion is a closed convex process F' whose domain is the whole
space.

Then we know that F' is Lipschitz and that its transpose F* is
upper semicontinuous with compact images on its domain F(0)™.

Theorem 5.7.9 (Polar of a Viability Domain) Let X be a fi-
nite dimensional vector-space, F : X ~ X be a strict closed convex
process and K be a closed conver cone. Then K is an invariance
domain of F if and only if KT is a viability domain of its transpose:

i) VzeK, F(z)CTg(x)

i
W) Vge K*, F*(q)NTk+(q) #0

where K¥ := ~-K- ={pe X*|Vz e K, <p,z>> 0}.

We refer to Section 4.2 (Theorem 4.2.6) of SET-VALUED ANAL-
vsis for the proof of this Theorem. O



