9

Regularity of Mass-Minimizing Currents

In the last chapter we proved the existence of solutions to certain variational problems
in the context of integer-multiplicity rectifiable currents. In this chapter, we address
the question of whether such solutions are in fact smooth surfaces. Such a question
is quite natural: Indeed, Hilbert’s 19th problem asked [Hil 02], “Are the solutions of
regular problems in the calculus of variations always necessarily analytic?”’

While Hilbert proposed his famous problems in 1900, the earliest precursors
of currents as a tool for solving variational problems are the generalized curves of
Laurence Chisholm Young (1905-2000) [You 37]. So of course, Hilbert could not
have been been referring to variational problems in the context of integer-multiplicity
currents.

Sets of finite perimeter are essentially equivalent to codimension-one integer-
multiplicity rectifiable currents. It was Ennio de Giorgi (1928-1996) [DGi 61a],
[DGi 61b] who first proved the existence and almost-everywhere regularity of
area-minimizing sets of finite perimeter. Subsequently, Ernst Robert Reifenberg
(1928-1964) [Rei 64a], [Rei 64b] proved the almost-everywhere regularity of area-
minimizing surfaces in higher codimensions.

Later work of W. Fleming [Fle 62], E. De Giorgi [DGi 65], Frederick Justin
Almgren, Jr. (1933-1997) [Alm 66], J. Simons [Sis 68], E. Bombieri, E. De Giorgi,
and E. Giusti [BDG 69], and H. Federer [Fed 70], led to the definitive result that states
that, in RV, an (N — 1)-dimensional mass-minimizing integer-multiplicity current is
a smooth, embedded manifold in its interior, except for a singular set of Hausdorff
dimension at most N — 8.

The extension of the regularity theory to general elliptic integrands was made by
Almgren [Alm 68]. His result is that an integer-multiplicity current that minimizes the
integral of an elliptic integrand is regular on an open dense set. Later work of Almgren,
R. Schoen, and L. Simon [SSA 77] gave a stronger result in codimension one.

In our exposition, we will limit the scope of what we prove in favor of including
more detail. Specifically, we will limit our attention to the area integrand and to
codimension-one surfaces. An advantage of this approach is that we can include a
complete derivation of the needed a priori estimates. Our exposition is based on the
direct argument of R. Schoen and L. Simon [SS 82].
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256 9 Regularity of Mass-Minimizing Currents
9.1 Preliminaries

Notation 9.1.1.

(1) We let M be a positive integer, M > 2.

(2) We identify RM+1 with RM x R and let p be the projection onto R and q be
the projection onto R.

(3) We let B (y, p) denote the open ball in RM of radius p, centered at y. The
closed ball of radius p, centered at y, will be denoted by EM (v, p).

(4) The cylinder BM (y, p) x R will be denoted by C(y, p) and its closure by C(y, p).

(5) Recall that ey, ey, ..., ey is the standard basis for RY*+! and dxi, dxa,
... dxypy is the dual basis in ' RM+1,

(6) As basis elements for A ,, RM+1 we will use

e7,e5,... 9.1)

VRN
where
er=€e  NeN---N€_1N€r1 N---N€y+1.

Since the M-dimensional subspace associated with e T will play a special role
in what follows, we will also use the notation

eMzeﬁﬁ:el/\eg/\---/\eM.
(7) We will identify /\M RM+1 and the dual space of /\ M RM+1 using the standard
isomorphism. Thus we will write (¢, 1) and ¢ () interchangeably when n €

/\MRM-H and ¢ € /\M RM+1 ~ [/\MRM+1]/.

(8) We set
dxr=dxy ANdxa AN Ndxi—1 ANdxip1 A AdX 4 9.2)
fori =1,2,..., M + 1. We will also use the notation
dxM:dxm:dxl/\dxz/\n-AdxM. 9.3)
Definition 9.1.2.

(1) According to the definition given in Example 8.3.6(1), the M-dimensional area
integrand on RM*! is a function on RM+1 x A ,, RM*! but a function that is
in fact independent of the first component of the argument. For simplicity of
notation, we will consider the M-dimensional area integrand to be a function
only on A ,;, RM*1 5o that

AN\ R SR

is given by
A(§) = |§]
for& € A\, RMHL
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(2) The M-dimensional area functional A is defined by setting

A(S) = /A <E\(X)> d||S11(x)

whenever S is an M-dimensional current representable by integration. We also
have A(S) = M(S) = ||S|(RM+1), Of course, the area integrand is called that
because, when S is the current associated with a classical M -dimensional surface,
then A(S) equals the area of that surface.

Next we will calculate the first and second derivatives of the area integrand and
note some important identities.
Using the basis (9.1), we find that if ¢ = Y2 | & ez, then

AE) = JE2 4G+ 9.4)

so the derivative of the area integrand, D A, is represented by the 0-by-(M + 1) matrix

DA® = (&/16l. &/l ... &u1/IEl). ©.5)
That is,
(DA(), n) = (& -n/I&] 9.6)
holds for &, n € A\ i RM+1 or equivalently, we have
M+1
DAE) = &' ) &dxr. 9.7)
i=1
In particular, we have
DA(ep) =dx+. (9.8)

We see that the second derivative of the area integrand, DA, is represented by
the Hessian matrix

10...0
..0
DG ES I I
00...1
5§ &8 ... Ebue
5 56 £ ... EEup
— I8 : S : 9.9)

Eviél Emnibr .. Eppyy

Equivalently, for the partial derivatives 3> A /d&; d& j = Dg¢; A, we have
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Dy, AE) =617 (8178 — & &) (9.10)

where §; ; is the Kronecker delta.!
Using (9.10), we can compute the Hilbert—-Schmidt norm of D?A as follows:

5 - M+1 )
D*A@F = Y [De, A©)]
i,j=1
M+1 2
=g Y [1618, - &g ]
i, j=1
M+1
=g Y [le’t s, 216688 + 627
i, j=1

=670 [ (M + DI — 216 + 151

=M g2,
So we have
ID*A| = VM/|E]. 9.11)
‘We note that
1
Elé—rﬂz:A(n)—(DA(é), n), for &l =nl =1. 9.12)

Equation (9.12) follows because

218 =P = 2 (1P — 2 -0+ 1nl?)
—1—f£.y

= 1l — & - /]

= A — (DAE). 1)

where the last equality follows from (9.6).
Equation (9.12) will play an important role in the regularity theory, but it is the
inequality
1
§|‘§—77|25A(?7)—<DA(§), n), for &l =Inl =1, (9.13)

1 Leopold Kronecker (1823-1891).
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that is essential. Any inequality of the form (9.13) (but with % possibly replaced
by another positive constant) is called a Weierstrass condition. Ellipticity of an
integrand is equivalent to the integrand satisfying a Weierstrass condition (see [Fed 75,
Section 3]).

Definition 9.1.3. We say that the M-dimensional integer-multiplicity current 7 is
mass-minimizing if
A(T) < A(S) 9.14)

holds whenever S € Dy (RM*1) is integer-multiplicity with 85 = 37T

When a current is projected into a plane, the mass of the projection is less than
or equal to the mass of the original current. The difference between the two masses
is the “excess” (see Figure 9.1). The fundamental quantity used in the regularity
theory is the “cylindrical excess,”” which is the excess of the part of a current in a
cylinder, normalized to account for the radius of the cylinder. We give the precise
definition next.

Fig. 9.1. The excess.

Definition 9.1.4. For an integer-multiplicity 7 € Dy, (RM+1), y € RM and p >0,
the cylindrical excess E(T, y, p) is defined by

1 N
E(T.y.p) = gp—MfC( T —erair. 0.15)
y,p
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where we recall that N
T=|T|AT.

The next lemma shows the connection between equation (9.15), which defines the
excess, and the more heuristic description of the excess given before the definition.

Lemma 9.1.5. Suppose that T € Dy (RM+Y) is integer-multiplicity, y € RM, Cisa
positive integer, and p > 0. If

p4+(TLC(y, p)) = CEM LB (y, p)

and spt 3T € RMH+1\ C(y, p), then it holds that

E(T,y,p)=p M (IITII(C(y, p) — IpsTIIBY (v, p)))

(9.16)
= p M (ITI(C(y, p)) — £ Q2p pM).
Proof. Since |7\| = |eM| = 1, we have
T —eMpP = |?|2+|eM|2—2<?.eM>
—2-2 (? -eM> .
So we have
lf T —eMPd|T| =f - <?-eM> d|T|
2 Jew.p Cy.0)
= TI(C. p) — P TIIBY (v, p))
= ITI(C(y, p)) — £ Qu p™ . o

We now give two corollaries of the lemma. The first is an immediate consequence
of the proof of Lemma 9.1.5 and the second shows us the effect of an isometry on the
excess.

Corollary 9.1.6. Suppose that T € Dy (RM T is integer-multiplicity, y € RM, € is
a positive integer, and p > 0. If

p4+(TLC(y, p)) = CEM B (y, p)

and spt 3T C RMF1\ C(y, p), then for any LM -measurable B < BM(y, p), it
holds that

ITI(B x R) < %/

T —eMPd|T| +¢LM(B). 9.17)
BxR
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Proof. The corollary is an immediate consequence of the proof of the lemma. O
Corollary 9.1.7. Suppose that T € Dy (RM+1) is integer-multiplicity, p > 0,
p4(TLC(O, p)) = LEMLBY (0, p),

and spt 3T € RM*1\ C(0, p).
Ifl <A < o0, j: RMHL 5 RM*L s an isometry, 0 < p' < p, and

sptj,TLCO, p') C (sptTI_C(O p))
then

E(jsT. 0, p') < 1 (p/p W E(T. 0. p)

2 .
+ o/ €|l = Tgut |PM - E(T, 0, p)

20— 1)

ALy INERT M
LM =T
0D (0/p)™ - 1 — Ipae+t |

Proof. Using
[ Aaid (7)== | Aard (T) = ard () [+ A () =]
and

(|a|+|ﬂ|>2=Aa2+%ﬁ2—(m—1|a|—|ﬁ|/¢x—1)2
2 A 2
<ia +—k_1/3 ,

we obtain

E(jsT, 0, p') < %(p’)*’” /c«),p) ) Awmi (?) —eM ‘zdllTll
S / [ (T) = A () Far)

+ —mk_ ™ /C o | Ansi (1) — & ]2d||T||
=S fcm,p) T e[ air

Z(AA_ 1)( P /(O,p) ‘ Ami (eM) —eM ‘2dllT||

IA
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A — 2
<5 [T e fairy
2 CO.p)

A IN—M | s 2M
P —1I T|C(, p),
+ 30— 1)(p) 13— Irat I (IT1CCO, p)

and the result follows from Lemma 9.1.5. O

Notation 9.1.8. Certain hypotheses will occur frequently in what follows, so we col-
lect them here (with labels) for easy reference:

(H1) sptdT < RMF1\ C(y, p),
(H2) pylTLC(y, p)] =EM LB (y, p),
H3) QurY < |IT|{X € RM+1 . |X — Y| < r} holds whenever Y € spt T and

(X eRMHL X — Y| <r)NsptdT = 0,
(H4) E(T,y,p) <k,
(H5) T is mass-minimizing.

Here p and € are positive and y € R¥.

Note that the constancy theorem, i.e., Proposition 7.3.1, implies that if spt 7 C
RM+1\ C(y, p), then, because opsT = px0T, we have

p(TLC(y, p)) = CEM | BM(y, p), (9.18)

where £ is an integer. So in (H2) we are making the simplifying assumption that
L=1.

Note that (HS) allows us to apply Theorem 8.4.3 to obtain (H3), so (H3) is, in
fact, a consequence of (HS).

9.2 The Height Bound and Lipschitz Approximation

We begin this section with the height bound lemma. The proof we give is simplified
by using hypothesis (H3). While the height bound lemma remains true for currents
minimizing the integral of an integrand other than area, the proof is more difficult
because the lower bound on mass that they satisfy (see Theorem 8.4.5) is weaker than
that in (H3).

Lemma 9.2.1 (Heightbound). Foreacho withQ < o < 1, thereareey = €g(M, o)
and ¢y = ¢1(M, o) such that the hypotheses (H1-H4), with ¢ = € in (H4), imply

sup {1a. (X)) = a (X2)| 1 X1, Xz € spt T N C(y, 0p) |

1

= ap(ET.y.m)" .
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Proof. By using a translation and homothety if need be, we may assume that y = 0
and p = 1. We write

E =E(T,0,1).

Set
ro=3(1—0) (9.19)

and
co=2"YQua-o)¥. (9.20)

First we consider points whose projections onto BY (0, 1) are separated by a
distance less than 2 rg. So suppose that X1, Xo € spt 7 N C(0, o) are such that

Hp ) —p )| <ro.

We set
r=4pxn-px)

. h=1tat —a x|

Then we have
‘Xl—Xz’ =2vr2 +h2.

We set

s=min{vrZ+h—r,rp}.

Then we have
B(Xi,r+s)(BX2,r+s)=0

and
B(X1,r+s5)UB(X2,r+5) SCO,1).

Setting
TXD+p(X2) .

x*

so that
p(X1) —x*| = [p(X2) —x*| =7,

we see (Figure 9.2) that

6%

Fig. 9.2. The projections of the balls.
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BM (x*,5) € pBX1. 7+ ) pBX2. 7 +5))
and thus that
£M[p B 7+ ) NP B2 7 +9) | = 2w s
By (H3) we have
ITIB(X1,r+s)+ |TIBXa, r+5) >2Qy (r + )M
= [ p B+ |+ £ [pBOG,r+5)].
Thus we have

E = ITI [ B r+9) UBX2,r +5) |
— LM p B(X1.r+ ) Up BXar +9)) |
= L[ pBX1r+ ) |+ £ p B2 7 +9)) ]
— LM p BOX, 7+ 5D Up B, 7 +9)) |

= L[ p B\, 7+ ) NP B, 7 +5) | = Qu s

We now consider two possibilities.

Case 1. s = rg,

Case2. s =Vr2+h2—r <.

In Case 1, by the definition of r, i.e., (9.19), the definition of €, i.e., (9.20), and
(H4), we have

E>Qus"=Qur{! =27 Qy (1 —o)" =¢ > E,

a contradiction. Thus we may assume that Case 2 holds.
In Case 2, we note that

h <vr?+h?
SWrP+h®>=r)+ro
<2rp.

Then it follows that
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E > QMSM

=Qu (Vr2+h2—r)M

_q ((r2+h2)—r2)M
- N2+ h? 4y

M
h2

,/r§—|—4r§+r0

>Qu2 M —o)y™MpM,

> Qy

where we obtain the last inequality by using the definition of ry, i.e., (9.19), and, for
simplicity, we have replaced +/5 + 1 by the larger number 4.

We have shown that any two points in spt 7 N C(0, o) whose projections onto
BM(0, 1) are separated by a distance less than 2 rq will have their projections by q
separated by less than

71/2 9;41/(21\4) (1— 0)1/2 El/@m)

But any two points x1 and x; in BM(0, o) are separated by a distance less than 2 o,
so if the two points are separated by more than 2y = (1 — o), then we can form a
sequence of points z1 = x1, 22, ..., 2y = X2 such that |z;4+1 — z;| < (1 — o) = 2rp.
We can take L to be the smallest integer exceeding 2 0/(1 — o). Thus we have

20 _1+a 2

L=<l _ .
L =l i g

Hence we may set
(M, o) = L2720,/ (1 — )1/

Lemma 9.2.2 (Lipschitz approximation). Ler y with0 < y < 1 be given. There
exist constants c,, c3, and c4 such that the following holds:

If the hypotheses (H1-H4) are satisfied with € = €g(M, 2/3) in (H4), where
eo(M, 2/3) isas in Lemma9.2.1, then there is a Lipschitz function g : BM (y, p/4) —
R satisfying the following conditions:

Lipg <, 9:21)

1

sup {15() — gl :2 € BY .o/ | < cap (ET.y. )™ 022)
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LB (v o\ [z € BY G p/4) sp T @ NS T = (g (@) ]

< pMes y M E(T, y, p), (9.23)

IT —TEIC(y, p/4) < pM cay ™M E(T, y, p), (9.24)
where

T4 = Gy (EYLBY (v, p/4) ). (9.25)

with G : BM (y, p/4) — C(y, p/4) defined by
G(x)=(x.g(x)), forx eBY(y,p/4).

Proof. Fix the choice of 0 < y < 1 and specify a value of ¢( for which the conclusion
of Lemma 9.2.1 holds with o chosen to equal 2/3. That is, if the hypotheses (H1-H4)
hold with € = €p and with z and § in place of y and p, respectively, then

sup {19 (X1) = a(X2)| : X1, Xz € spt T NC(z,28/3) |

1

< (E(T, Z. 8))W . (9.26)
Consider n with
0O<n<ep. (9.27)
Set

A= {zeIBM(y,p/4) . E(T,z,8) < nforall § with0 < 8 <3,0/4}, (9.28)

and set
B=BM(0,p/4)\ A.

For each b € B there exists §(b) with 0 < §(b) < 3p/4 such that the excess
E(T, b, §(b)) is greater than n, that is,
1

—/ T —eMPd|T| = s(0)M - E(T. b, 5(b)) > n-5()™ . (9.29)
2 Jew.swy)

Applying the Besicovitch covering theorem (i.e., Theorem 4.2.12) to the family
of closed balls y
B={B"0.50) : beB},

we obtain the subfamilies By, Ba, . .., Bx of BB such that each 5; consists of pairwise
disjoint balls and

K
Bc|JBi.
i=l
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where —w
B; = U B ®.s0).
BY (b,5(b)) B

Here K is a number that depends only on the dimension M. Using (9.29), we see
that, foreachi =1, 2, ..., K, we have

M my=n Y au[sw]”
B (b,5(b))eB;

< Qu > sM E(T.b.5(b))
BY (b,5(b))eB;i

1 —
=-Qu [ IT —e"?d|T|
2 B,

IA

] N
EQM/ T —eMPa|ry.
C(y.p)

We conclude that

K
nLM(B) <Y nLM (U B,~>

i=1 i
K N
< 2 ou / T — eMPaT]
C(y,p)

=cs pM E(T,y.p). (9.30)
If x1, x2 € BM(0, p/4) N A, and if X1, X, are points with
XiesptTNp~t(x), i =1,2,

then
|x1 —x2| < p/2,

so we can apply (9.26) with z = x; and with § chosen to satisfy
3lx1 —x2|/2 <8 <3p/4. (9.31)
Letting 6 in (9.31) decrease to 3 |x; — x2|/2, we conclude that
4 (XD) = q(X2)] < e n/CM |xy — 3o, 9.32)

where we set
cs = max{3/2, (3/2)ci, € ' }. (9.33)
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Thus we may choose
n = yM ngM < ngM - c(;l <.
so that ¢cs n'/@M) = y holds, and consequently we have
lq (X1) —q(X2)| = ¥ |x1 — x2

for any points
x1,x2 € BY(0, p/4) N A,

where

X e sptTﬂp_l(xl) and X, € sptTﬂp_l(x2).

(9.34)

(9.35)

In particular, (9.35) shows that, for any x € A N BM (0, p/4), there is exactly one
X € p~'(x)(spt T. Thus, we can define g* : A (B (0, p/4) — R by requiring

{ (x, g% (x)) ] =p ' (spt7T, whenever x € A ﬁBM(O, p/4).

Inequality (9.35) tells us that Lip (¢g*) < y holds on AﬂIB%M(y, p/4), so by
Kirszbraun’s extension theorem (see [KPk 99, Theorem 5.2.2]) g* extends to g** :

BM(y, p/4) — R with the same Lipschitz constant.
By Lemma 9.2.1, if we set

¢ = min { &, max{g, g**}},

where

a=g(y)—c EV®M(T y pyp, B=g®) +c EYCM (T, y, 0)p,

then
{ (x, g(x)) } =p ') (\sptT whenever x € A ﬂIB%M(O, 0/4)
and
sup { lg(x) — g : BY(y, 0/4)} <c EVCM(T y, p)p
will both hold.

Using (9.17), (9.30), and (9.34), we see that
ITI[ B (v, p/4)\ 4) x R |

1
= Y[ BY (. )\ A ]+ —/
2 J®M (y,p/4)\4) xR

1 —_
< M)+ —/ T —eMPa|T)
C(y.p)

< es+ D) pMET, y, p)
= (csc2M ™M L 1) pM E(T, y, p)

< (s + 1)y MM E(T, y, p).

T —eM2d|T||
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So we conclude that (9.23) holds with ¢3 = ¢5 c6 + 1.
Finally, we have

IT = T¥ICO. p/4) < ITI[ BY (v, p/4)\ A) xR |
TN B, p/4)\ 4) x R |
< ITI[ B (. p/H\ ) x R |+ £(B)
<2(cscM 1)y ™M pM E(T, y, p),

so we see that (9.24) holds with ¢4 = 2 (c5 céM + D).

9.3 Currents Defined by Integrating over Graphs
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Currents obtained by integration over the graph of a function are particularly nice and
are helpful to our intuitive understanding of the concepts being developed here. We
will show how the cylindrical excess of such a current relates to a familiar quantity

from analysis, namely the Dirichlet integral (see Corollary 9.3.7).

Notation 9.3.1. Let f : BM (0, ) — R be Lipschitz.

(1) We use the notation F for the function from BM (0, o) to RM+! givenby F(x) =

(x, f(x)).

(2) We use the notation G ¢ for the M-dimensional current that is defined by inte-

gration over the graph of f, that is,
Gr = F4EMLBY(0,0)).

Writing
Jr(x) = (A y (DF(x)), "),
we have

Grly] :/ (Y, ), Jp(x))dLM (x)
BM(0,0)
for any differential M-form i defined on C(0, o).

Lemma 9.3.2. If f : BM (0, 0) — R is Lipschitz, then we have

ﬁF(F<x)>=(1+'Df'2)_l/2< +Zax, )

DAG ©) = (1+|DfH)~ <dx +Z(af)dx?>,

(9.36)

(9.37)

(9.38)
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DA(G ) — DA@M) =

M

(1+|Df)>)~1? (dxM +y (ﬂ) dx7> —dx™M. (9.39)

Proof. By definition, we have

M of
(A p (DF(x)), eM> = /\1 <ei + 8_x,-eM+1> .
1=
So
a

Jr=e+)" A o (9.40)
We obtain (9.37) from (9.40) by dividing by the norm of Jr. Equation (9.38)
follows from (9.37) and (9.7). Equation (9.39) follows from (9.38) and (9.8). |

For the record, we note that the coefficient of dx™ in (9.39) is
(A+IDfP)~2 1.
Lemma 9.3.3. Define a map from RM to RM+1 py

1/2

X =(x1,x2, ..., xp) —> X = (14 xH7V2 (1, %1, %0, 0, xu)

If A and B are the images of a and b under this map then

() JA—=B|=<|a-bl|;
(2) for each O < ¢ < oo, it holds that
lal, |b] < ¢ implies |a — b| < (1 +¢?)?|A — B|.

Proof. The mapping x +— X is the composition of two mappings: the distance-
preserving map

x = (xp,x2, . x0) > (Lxg,xo, o xp)
followed by the radial projection onto the unit sphere

Y= (V1 Y20 ooy Vet 1) = VT 1L Y20 e it1) -

Part (1) follows from the fact that the radial projection does not increase the distance
between points that are outside of the open unit ball.
To prove (2), we note that

M4a-b] < (1+a®21+ pH)/>

holds, with equality if and only if @ = b. Thus
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0<A+aP?a+ 1P+ A +a-b)

always holds, so we may compute

(1+1la»H? 1+ 1bHY* A - B)?

- 2[(1 a2 A+ )2 -1 +a- b)]

- 2[(1 a2 A+ D2+ +a- b)]_l

-[(1 FaPY A+ b =1 +a -b)z]

- 2[(1 a2 A+ )2+ 0 +a- b)]_1

L1a = b2+ 1aP b = @ b)? ]

-1
> 2[(1 a2 A+ )2+ A 4a- b)] la — b

The estimate in (2) now follows readily.

Proposition 9.3.4. We have

‘6F(F(x)) — G rF())

and, provided |Df (x)|, |Df(y)| < ¢, we have

IDf(x) — Df (V)] < (1 +¢*)?

=< [Df(x) = Df(y)|

G r(F@) — G r(F()| .

Proof. This result follows immediately from Lemma 9.3.3 and (9.37).

We leave the easy proof of the next lemma to the reader.

Lemma 9.3.5. Fort € R we have

0<1— 1+ <min{i?, |1]}.

If additionally |t| < C < oo holds, then we have

2‘2

Proposition 9.3.6. It holds that

[1+Lip ()12 IDfI> <

—_
GF—eM

2

— <11+
TN I

= min [ DS, 21011 |

271

(9.41)

(9.42)

O

(9.43)

(9.44)

(9.45)
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Proof. By (9.37) we have

M
Gr—eM=(+[DfH)""? [(1 — L+ [DfH M+ %eA} :
iy 0xi
SO
G e =" =+ DA 1 =201+ DD + (1 +1DfP) +1Df ]
= (11D P20 +1DfP) = 20 + D) ]

=2 [ 1—(1+ |Df|2)*‘/2] .
The upper bound follows from (9.43), while the lower bound follows from (9.44). O

Corollary 9.3.7. It holds that

271 [1 4+ Lip ()12 o / \DFRALY < E(Gr,0,0)
BM(0,0)

<27 lg™M / IDf1ZdLM .
BM(0,0)

Proof. The corollary is an immediate consequence of Proposition 9.3.6 and the defi-
nition of the cylindrical excess, i.e., Definition 9.1.4. a

Proposition 9.3.8. We have

‘DA(ﬁF) — DA(eM)| < min { \Df2, 2|Df]| } . (9.46)

Proof. By (9.39), we have
DA(G ;) — DA@EM)
M af
2\—1/2 21/2 M
=1 +|DfHY [(1—(1+|Df| ) 2dx +;(§> dx,A} :

so we can proceed as in the proof of Proposition 9.3.6 and apply (9.43). O

9.4 Estimates for Harmonic Functions

The heuristic behind the regularity theory for area-minimizing surfaces is that, at
a point where an area-minimizing surface is horizontal, the closer you look at the
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surface, the more it looks like the graph of a harmonic function. This is made plausible
by the fact that an area-minimizing graph is given by a function u that minimizes the

integral of the area integrand
V 1+ 1Dul?,

while a harmonic function # minimizes the integral of
1
—|Dul?.
2

Since the area integrand /1 + | Du|? has the expansion
1 2 — (172 2k
I+ 51Dul +;<k |Dul*,

we see that, at a point where the graph is horizontal, minimizing %|Du|2 must be

nearly the same as minimizing /1 + | Du/|2.

To turn the heuristic discussion above into a useful estimate, we will need to in-
vestigate the boundary regularity of solutions for the Dirichlet problem? for Laplace’s
equation’ on the unit ball. To obtain a sharp result we must use the Lipschitz spaces
that we introduce next.

Notation 9.4.1. Let B denote the open unit ball in R and let ¥ denote the unit
sphere.

(1) For g : ¥ — R, we say that g is differentiable at x € ¥ if G defined by

G(z) = g(z/lIz]) (z#0)

is differentiable at x. This definition exploits the special structure of X, but it
is easily seen to be equivalent to the usual definition of differentiability for a
function defined on a surface (for example, see [Hir 76, pp. 15ff.]).

2) If g : ¥ — Risdifferentiable at x € ¥ and if v a unit vector, then the directional
derivative of g at x in the direction v is defined by

a—g(x) =(DG(x), v). (9.47)
ov

We will also use (9.47) as the definition of dg/dv when v is not a unit vector.

(3) For § with 1 < § < 2, we say that g : ¥ — R is Lipschitz of order §, written
g € As(X), if g is differentiable at every point of X, g—ﬁ(x) is a continuous
function of x for each unit vector v, and there exists C < oo such that for each
unit vector v,

ag g _
—=(x1) — —(x0)| < C|x1 —xo/*~!
ov ov

holds for xq, x1 € X.

2 Johann Peter Gustay Lejeune Dirichlet (1805-1859).
3 Pierre-Simon Laplace (1749-1827).
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(4) If g : ¥ — Ris Lipschitz of order § on X (1 < § < 2), then we set

g
lgllas = sup —U(x)

xXex
[v|=1

_s |0g g
+  osup v — xS ) — —=(x0)| - (9.48)
X(.X] €X, X0 #X| av ov
[v|=1

The number || g|| A, defines a seminorm on As(X). Had we wished to define a
norm, we could have done so by including the term sup .- |g(x)| as an additional
summand on the right-hand side of (9.48).

We have defined the Lipschitz spaces As(X) for § in the limited range 1 < § < 2
because those are the only spaces we will need in this section. For a comprehensive
study of Lipschitz spaces, the reader should see [Kra 83].

Lemma 9.4.2. For § with 1 < § < 2 there exists a constant ¢; = c¢7(8) with the
following property:

If g € As(2) and ifu € C°(B) (" C*(B) satisfies

Au=0 on B,
(9.49)
u=gon %,

then the Hilbert—Schmidt norm of the Hessian matrix of u (i.e., the square root of
the sum of the squares of the entries in the matrix) is bounded by

[ Hess [u(0)] | = ¢+ liglla, - 0(0)* 2. (9.50)

Here, of course, A denotes the Laplacian Zf‘il 92/ 8xi2.

Proof. Our proof will be based on the fact that the function u solving (9.49) is given
by the Poisson integral formula.* Recall (see [CH 62, pp. 264ft.], [Kra 99, p. 186],
or [Kra 03, p. 143]) that the Poisson kernel for the unit ball in R¥ is given by

rM/2) 1—|x?
P(x,y) = PET R — 9.51)

_ '(M/2) o(x) (2 —o0x))
T oogMi2 T x—y M (9-52)

where
o(x) =1—|x]|
4 Siméon Denis Poisson (1781-1840).
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is the distance from x € B to X. The solution to the Dirichlet problem (9.49) is
given by

u(x) = /E PG, y) g dHM (). 9.53)

Interior estimate. Observe thatif x € B stays at least a fixed positive distance away
from X, then each |0 P/dx;| (and all higher derivatives of P as well) will be bounded
above. Thus we can obtain estimates for the derivatives of u by differentiating the
right-hand side of (9.53) under the integral and estimating the resulting integral. Thus
we have (9.50) for x € BM(0, 1/2).

Notation. For v € R a unit vector, 3f/dv will denote the directional derivative of
the function f in the direction v. Here f may be real-valued or vector-valued.

Of particular interest are the directional derivatives of the Poisson kernel P (x, y).
Since P depends on the two arguments x € RM and y € RM, we will augment our
notation for directional derivatives to indicate the variable with respect to which the
differentiation is to be performed. The notation d P /9, v will mean that the directional
derivative of P(x, y) in the direction v is to be computed by differentiating with
respect to x while treating y as a parameter. We have

P aP
— =) vi—. (9.54)

On the other hand, when we wish to differentiate P(x, y) as a function of y while
treating x as a parameter, we will write 0 P /9, v . We have

M
dP P
— = . (9.55)

Equations (9.54) and (9.55) remain meaningful when v is not a unit vector, and later
we will have occasion to apply (9.55) in such a circumstance.

Estimates for derivatives of P. Fix a point x € B \ {0}. Let y be a point on X.
Using (9.51), we compute the derivatives of P (x, y) as follows: Let v be a unit vector.

Since
0x

v
(that is, the directional derivative, in the direction v, of the map x +— x is v itself),
we have

_F(M/Z)( 2x v M(1—|x|2)(x—y)~v>
| .

oP
—(x, — . — —
a0 ) = amn P— X — y[M+2

Similarly, we find that

E(X,y) _ rmM/2)y M@ - |x|2) (x—y)-v - Mw

= . = P(x,vy).
3yv 27 M2 x — y M2 oy LY
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If we consider v = 7, where 7 is a unit vector tangent at x to the sphere of radius
|x| centered at the origin, then we have x - t = 0. We conclude that

P r(M/2) -M(1—|x)(x—y) -t x—y) -t

— &,y = . =—-M—— P(x,

B Y T g T o Y

(9.56)
and that

oP oP
8—(x, y)=——"(x,y). (9.57)
T Oyt

(Note that the vector t is the same vector on both sides of (9.57). The subscript y in
the notation g‘—_}; (x, y) on the right-hand side of (9.57) merely tells us to differentiate

with respect to y while treating x as a constant; the subscript in no way implies that
T is tangent to X at y.) From (9.56), we also obtain the estimate

<Mlx—yl"'P(x,y). (9.58)

opP . y)

— x’

0y T Y
Similarly, if T is also a unit vector tangent at x to the sphere of radius | x| centered

at the origin, we have

3*P 2

e = Thran

(x, ). (9.59)

For the vector v, which here need not be a unit vector, we find that

azp ( )= M VT P )
X, = X,
dyv 0y T Y lx — y|? Y
— QM + M?) [(x—y)~r][(X4—y)-v] P y).
[x =yl
and we obtain the estimate
2
(. y)| < GM+ M) | lx — y| 2 P(x,y). (9.60)
Oyv 0y T

Suppose x € B\ {0} and let v = x/|x| be the outward unit normal vector at x to
the sphere of radius |x| centered at the origin. We compute

aP( T'(M/2) 2xv MA—|xP)x—y) v
—(x,y) = - — .
b T 2 Ty e — y[¥1¥2

We obtain the estimate

oP r'mj/2) 1—|x|2 2|x - v [(x —y) -]
—(x, < . M
B " y)“ 222y =y M\ 1= 2 X —y?
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- rmj/2) 1— |x|? ( 2 x| M |x—y|>
T 2aM2 x —yIM \o(x) 2 —o(x)) lx — yI?

IA

P(x,y) Qo) '+ Mx —yI™h
< P(x,y)-(M+2)-0x)7", (9.61)

where we have used the fact that o(x) < |x — y| (which holds because y € X), thus
implying
<o) (9.62)
lx — yl
In the remainder of the proof, we will use the identity (9.59) for tangential deriva-
tives and the estimates for the derivatives of P to obtain estimates for the second
derivatives of u.

Estimates for tangential second derivatives of u. Fix a point x € B\ {0}. Lett
and T be unit vectors tangent at x to the sphere of radius |x| centered at the origin.
Since Hess [ u(x) ] is unaffected by adding a constant to g, we may suppose for
convenience that
8(E(x) =0, (9.63)

where ¢ (x) = x/|x| is the radial projection of x into X. It also will be convenient to
use “C” to denote a generic constant, the specific value of which may vary from line
to line.

We compute

9%u

_ 82P M—1
P /Zax axA(x ey dH (y)'

9% P
_ / ) 80) dHM—l(w‘
> yT 8xr

P

= fza = (x, y) (y)dHM ')

[ 9 M—1
/ant <axA(x y)g(y)) dH (y)‘

‘ / 2y [—(y)— 8—<;<x>>] dHM- 1(y>’
y

‘/ i (  x, y)g(y)) dHM 1(y)‘
T \ 0T

=1+1I.

IA

Here we have also used the fact that
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AP
/ I x pydH" =1 () =0. (9.64)
b3 3xT
Equation (9.64) holds because
/P(x,y)d'HM_l(y)El (9.65)
)
implies
9 P
0=8—A/ P(x,y)dHM”(y)=/ ——(x, ) dHM ().
T b)) bo) 3X‘L'
Set
Si={ves:y-twlzew}, (9.66)
(9.67)

S={vexz:hy—iml>ew)

(see Figure 9.3).

Fig. 9.3. The regions S and $; in X.

Using (9.58), we can estimate that I is bounded by

1
M/ PG y) llgliag 1y — P~ dHM =1 (y)
s |lx =yl

/ X

—M

Sll
/
S

=hL+1.

P(x,y) llgla, 1y — ¢ aHM 1 (y)

P, y) llghas Iy — ¢~ aHM = (y)
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We estimate /; by using (9.62), (9.65), the nonnegativity of P, and the fact that
on Sy, it holds that

ly — ¢! < o(x)!

because § — 1 > 0. We have

L < lglla, -Q(xrl/ P(x, ) Iy = ¢~ anM " (y)

N

< lgla -0 [ Py et )

S

= llglla, - 0(x)° > /S P(x, y)dHM 1 (y)

< Dl -0 [ Py M) = gl 00",
)
To estimate I, we first note that

ly =C@I =y =x[+[6(x) —x| =]y —x[+o(x) =2y — x|, (9.68)

which implies that

<2ly—¢)l".
lx — ¥l

Also we note that on S5, it holds that
ly = ¢ <o) 2

because § — 2 < 0. We estimate

L = 2gllas /; PG, y) |y — c) P 2dHM 1 (y)
2
=2 ||g||A5/; P(x, y)g(x)S—ZdHM—l(y)
2
=2gllas .Q(x)a_zfs P(x, y) dHM1(y)

< 2llglla, ~g<x>5—2/E Px. ) dHY 7 (3) = 2 lglas - 002

To obtain an estimate for 77, suppose without loss of generality that {(x) = e
and T = e,. Setting

T=Ty) =0l +y) " (—ne+yie),



280 9 Regularity of Mass-Minimizing Currents

foreach y = (y1, y2, ..., ym) € X, with (y1, y2) # (0, 0), and applying the funda-
mental theorem of calculus, we see that

d
/Ea T( ~(x y)g(y)) dHM = (y) = 0;

more specifically, we parametrize the sphere by

<rcos€,rsin9,y/, +/1—-r2— |y’|2> )

where 0 <7 < 1,0 <0 <27,y € RM73, with 0 < |y'| < +/1 — r2, and integrate
first with respect to 6.
Setting v = v(y) = v — T'(y) and using (9.63), we have

- R op M-1
"= L(ayf 8)7T>< = )’)g(y)) dH (y)'

0 JP
= / . (—Aoc,y)g(y)) dHA“(y)‘
% 0yv \ 0xT

IA

2P Mol
/28 8XA( W e(y) —g&@) 1dH" ™ (y)

UE =, y)—(y)dHM ‘(y)'

=IL+11,

where we have used the assumption that g(¢(x)) = 0.

Consider y = (y1,y2,...,ym) € % and write (y1, y2) = (rcos@,rsinf),
where 0 < r < 1. It is easy to check that I — cosf® < 2(1 — rcos@) holds for
0 < r < 1. The law of cosines tells us that |t — T(y)| = +/2(I — cos ) and that
[(y1, y2) — (1, 0)| = +/2(1 — r cos 0), so we have

(9.68)
< 22y —x|. (9.69)

lt =T < vV2ly —¢)]

Observe that |g(y) — g(¢(x))| is bounded by ||g|la, multiplied by the distance
from y to ¢(x) measured along the sphere. Thus we have

18(») =8N = C-liglas - [y =g =2C - ligllas - 1y — x].

Using (9.60) and (9.69), we may estimate

[t —=T| _
e [ P g1y - xlarh )
s lx =yl

=C-liglas-
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Next, observe that

<l llglas -

dg
‘ E)y_v(y)
so0, by (9.58) and (9.69), we see that
Ih<c / =y PG ) - gl -1 — TIAHM=1 ()
>

=C-llgla;s -

Thus we have

9%u 5— 2
P C-llglas -ox) (9.70)

for x € B\ {0} and unit vectors 7,7 witht - x =7 - x = 0.

Mixed normal and tangential second derivatives. Fix a point x € B \ {0}, let t
be a unit vector tangent at x to the sphere of radius |x| centered at the origin, and let
v = x/|x| be the outward unit normal vector at x to the sphere of radius |x|.

We have

Pu f PP e a1
= _x,
wvor Sy ovor 8V Y

:./23 (x, )—(y)dHM Ly

}

opP a
=L—(X y) [—( ) — (g éu)(g C)(X)} dH" ' (y). 97D
vt

We can proceed as before, with S| and > defined as in (9.66) and (9.67), to estimate

82
‘81} at

P
‘ =< ”g”Aa a—v(x, y)‘ |y — ;‘(x)rs*l dHMfl(y)

_ ||g||A5/
4 ||g||M/
S

=I1I1+1V.

PR y)‘ ly — ¢t aHM = (y)

oP B B
ﬂ(x,w‘ y = c@P T aHM ()
X
We use (9.61) to estimate

IIT < ||glla, - (M +2) - 0(x)°72.

Estimating 7V is more complicated. We use the estimate (9.61) to see that
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P »
a—v(x,y) S (M+2)-0(x)" - P(x,y)

_ ] 1 TM/2) o(x) 2 —o(x))

=(M+2)-0(x) P T

_ FM/2) 2—o(x)

=M+ S

(M +2)T'(M/2) 1
a2 =y

Then, using the estimate |y — x|~' < 2|y — ¢(x)|~!, we obtain
IV <C- ligla, f ly =P M arM ().
$

To estimate this last integral, we suppose without loss of generality that ¢(x) =
(1,0, ...,0). We write

O y2, ) = Oy ) with ' = yi, ¥ = (2,33, ym—1), 1= ym
so that ¥ can be parametrized by
n= :|:(1 _ y/2 _ |y//|2)1/2

with
dHM TNy = (1 =y = )72y
We have |y — ¢(x)| = (2 —2y)!/2, so

1—o(x)%/2 (2 — 2y/)¢=1-M)/2
y) _
1v < c||g||A5/ / 2= 200 B aen2 ace.
—1 Iy |=/1—y2 (1 = y"= = 1¥"]%)

We note that the integral

1— y/2 _ |y//|2)71/2d£M72(y//)

(
/Iy”|=\/l—_y’2

equals the (M — 2)-dimensional area of the upper hemisphere of radius /1 — y’2 in
RM=1. Thus we have

1-0(x)2/2
IV =Clgla, / (2 —2y)@O=1=M/2 (1 — Y2y M=D/2 g (3"
—1

1-0(x)?/2 s
< Cliglla, / (1= )24y
—1

< Cligla, 2702/ — 1y,
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and we conclude that

‘ 9%u

1
=C- lglas - o)~ 9.72)

v ot 6—1

The second normal derivative. Fix a point x € B \ {0} and let v = x/|x| be the
outward unit normal vector to the sphere of radius |x| centered at the origin.

If 71, 70, ..., Tyy—1 are pairwise orthogonal unit vectors, all tangent at x to the
sphere of radius |x|, then

| QJ
N

M—
so that
82u

57| = Cligllas - 0(x)’ 2. (9.73)

Summary. For x € B\ {0}, we can make an orthogonal change of basis such that
x/|x]| coincides with one of the standard basis vectors. Then (9.70), (9.72), and (9.73)
give us the required bound for the Hilbert—Schmidt norm of the Hessian matrix for u
at x. a

Lemma 9.4.3. Fix0 < § < land 1 < & < 2. There is a constant cg = cg(8) such
that if

¢:BM0,6) > R
is smooth and u € C°(B) () C*(B) satisfies
Au=0 on B,
u=gon %,
then

(1) sup{ [x —z|_’S |[Du(x) — Du(z)| :x,z € B, x #z2 } + sup |Du|
B

<cg- (sup{ |x — zlf‘S |Dg(x) — Dg(2)|:x,z € BM(0,6), x * Z}

+ sup |Dgl).
BM(0,5)
5 12
2) sup ‘Hess[u(x)]‘fq; (/‘Hess[u(x)]‘ d[,M> ,
BM(0,1/2) B

2
(3) sup  |Du(x) — Du(0)® < cg 7 / ‘Hess[u(x)]‘ acH
xeBM(0,7) B
Sforeach0 <5 < 1/2.
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Proof.
(1) Since
sup |Du| < sup | Dg|
B z

holds by the maximum principle, it suffices to estimate
sup{ x — 2| ~° | Du(x) — Du(z)| : x,z € B, x #2 } .

We do so by comparing
|Du(x1) — Du(xo)|

to h®, where xo, x; € Band h = |x1 — xo|. We need only consider z small, and again
by the maximum principle, we need to consider only xo near X.

Setd =1+ 5. We will apply Lemma 9.4.2 with § replaced by 5. By that lemma,
we have

| Hess [u(0)1] = e7 - 1glla; - 002

for x € B, where o(x) = 1 — |x|. Note that
lgla; = sup{Ix =27 |Dg() — Dg(@)] : v,z € BY(0,6), x #12

+ sup [Dg|
BM(0,6)

holds. In what follows, C will denote a generic positive, finite constant incorporating
the value of ¢7.

We need to estimate | Du(x1) — Du(xg)|. The proximity of the boundary ¥ makes
it difficult to obtain the needed estimate. Rather than proceeding directly, we replace
each point x; by a point x; that is at distance & farther away from X (see Figure 9.4).
Remarkably, it is then feasible to estimate the individual terms | Du(xg) — Du(xg)|,
|Du(x1) — Du(x1)|, and [ Du(xp) — Du(x1)].

Fig. 9.4. Moving the points away from the boundary.

Let X; be such that
¢(x7) =),
1Xi| = |xi| = h;

then we have
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|Du(x1) — Du(xo)| < [Du(x1) — D(x1)]
+ [Du(x1) — Du (o)
+ [Du(%0) — Du(xo)|
=1+11+1II.

Set v = x¢/|xo|. We have

h
1115/
0

h
< / ‘Hess[u(xo —1v)] ‘dﬁl(f)
0

00w o acto
Jv

h R
< Cliglia; /o o(xo — 1v)°~2d LY (1)

h N
< Cligla, fo loGro) + 112 4L ()

= Cllgla; (leto) +h1P~" = o(xo)'™")

<chl=ch,

if o(xp) is small. (Note thatd — 1 > 0.)

Likewise, we estimate
5—1
1<Cliglla, ¥

To estimate /1, we note that

h
115/ h‘Hess[u(fb—Fé)]‘dEl(t),
0

h . h
cngnAgh/O Q(ﬁ)ﬁ)Hdﬂ(r)scuguAgh/O h=2dL (1)

< Cligllazh°.

2

3
(x):C-rl_M/ “ (x+y)dHY (y).
{y:lyl=r} 0Xi 0X;

9%u

ax,' 3)Cj

285

(9.74)

where xp + £ is a point on the segment between xg and x7. The right-hand side of
(9.74) is bounded above by

2)Fixi,j e {l,2,...,M}and x € BM (0, 1/2). For 0 < r < 1/2, by the mean
value property of harmonic functions, we have
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But then
1/2 92
w|=c|f | "+ ) R () dE )
3xz 3xj 1/4 (ilyl=r} 9Xi 9
3%u M
<C (2)dL" (z)
BM (x, 1/2) 8)(, 8xj
2 2 1/2
<C / 0\ ypm
B ax; 3)6./

holds and the result follows.

(3)Fixi € {1,2,...,M}and x € BM(0, 1/2) \ {0}. Set v = x/|x| and
u
V(1) = a—(IV)
Xi

for —1 <t < 1. Thus v/ (¢) is the directional derivative of du/dx; in the direction v
at the point rv. It follows that |/ (¢)| is bounded by the operator norm of the Hessian

matrix for u at fv. Hence |¢/(¢)| is bounded by a multiple of ‘ Hess [u(tv)]].
Using the fundamental theorem of calculus, we estimate

2 Ix| NG
‘—(X) - —(0) = ‘ V() dL (1)
< kP esup {0 0= < 1]
<Ix*-  sup
yeBM(0,1/2)
so we see that conclusion (3) follows from conclusion (2). m|

9.5 The Main Estimate

The next lemma is the main tool in the regularity theory. The lemma tells us that
once the cylindrical excess (see Definition 9.1.4) of an area-minimizing surface is
small enough, then the excess on a smaller cylinder can be made even smaller by
appropriately rotating the surface.

Lemma 9.5.1. There exist constants

0<60<1/8, 0<e, < (@/4M, (9.75)
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depending only on M, with the following property:
If0 € sptT, if Ty = TLC(0, p/2), and if the hypotheses (H1-H5) (see page 262)
hold with

then

sup |q(X)| < p/8 (9.76)
Xespt Tp

holds and there exists a linear isometry j : RM+1 — RM+1ypith

0 M E(T, 0, p) < 1/64, 9.77)
Ij — Tgusi 12 < 072M E(T, 0, p), (9.78)
E(juTo, 0, 0p) <O E(T, 0, p). 9.79)

Here Igu+ is the identity map on RM+1,

Proof. Since we may change scale if need be, it will be sufficient to prove the lemma
with p = 1. We ultimately will choose

€ < €0, (9.80)

where € is as in Lemmas 9.2.1 and 9.2.2 (in particular, Lemma 9.2.1 is invoked with
o = 2/3), so we will assume that O € spt T and that the hypotheses (HI-H5) hold
with y = 0, p = 1, and with € = €(, where € is as in Lemma 9.2.1.

We set

1

§=—>,
oM?

E=E(T,0,1).

Lipschitz approximations. We can apply Lemma 9.2.2 to obtain a Lipschitz function
whose graph approximates spt 7'. In fact, there are two such approximating functions
that will be of interest:

e Welet g : BM(0,1/4) — R be a Lipschitz function as in Lemma 9.2.2 corre-
sponding to the choice
y = E??.

e Weleth : BM(0,1/4) — R be a Lipschitz function as in Lemma 9.2.2 corre-
sponding to the choice y = 1.

Smoothing gs. Letp € C*°(RM) be a mollifier as in Definition 5.5.1 with N replaced
by M. As usual, for 0 < v,

e set

(@) =v Mpu™!

2);
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e let f * ¢, denote convolution of f with ¢,,.

Let 0 < ¢y < oo satisfy
sup |¢| < c9,
sup |[Dg| < ¢,

sup [x —z|° [Dp(x) — Dp(2)| < co.
X#Z
Defining
85 = 85 * ¢ ,
we obtain the following standard estimates:

sup |Dgs| < sup |Dgs| < E¥ < E°,
BM 0,1/8) BM 0,1/4)

sup % —gsl <E sup |Dgsl < E',
IBM(O, 1/8) BM 0,1/4)

sup{ |x — z|™° |Dgs(x) — Dgs(2)| : x,z € BM(0,1/8), x # z}

(9.81)

(9.82)

(9.83)

< sup |Dgsl-suplx —z| P |p(E" %) — p(E'2)]

BM(0,1/4) xXF#z

< E¥. g5, sip lx —z[ 1 (x) — $(2)]

< 9 E?.
The graph of g5. We next define
S =Gy(EMLBY(0,1/8)),
where G : BM (0, 1/8) — C(0, 1/8) is defined by
G(x) = (x. 8 (x)) .
Choosing 0. Foreach0 < o < 1/8 we let

T, = T C(0, o), S, =SLC,0).

(9.84)

(9.85)

We wish to show that there is a finite positive constant ¢ such that there are infinitely
many choices of 1/16 < o < 1/8 for which the following inequalities all hold:

HY = x € 9BY(0,0) : g5(x) # h(x) | < 10 BT,

1T, [I(RMF1) < ¢y,

10T 1| X £ 1P(X) = X| > B0 < ey B1-4000,

(9.86)

(9.87)

(9.88)
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where P is the “vertical retraction” of C(0, 1/8) onto the graph of g5. That is, for
X € C(0, 1/8) we have

P(X) = (p(X), g (X))).

Notice that PsT, = §g by (9.18) and the definition of S.
e First, by (9.23) and by Theorem 5.2.1, i.e., the coarea formula, we have
1/8

HM_l{x € IBM(0,0) : gs(x) # h(x) } dL' (o)
1/16

= LY(BY O, 14\ {2 e BY 0. 1/4) i p T @ Mspt T = {(x. b)) | )

+ L (BY 5, 14\ {2 € BY (v, 1/4) s p T @ Mspt T = {(x, g5} | )

<c;(I+E®E<20E'™.

e Because dT has its support outside the cylinder of radius 1, we can identify 97,
with the slice (T, r, 0+), where r is the distance from the axis of the cylinder. We
conclude that

1/8
/ 19T, |(RM Ty acl (o) < f d|IT|
1/16 C(0,1/8)

holds.

e Third, by (9.83), if X = (x, gs(x)) coincides with the point p “1x) (spt T, then
X and P(X) are separated by a distance not exceeding E 143 So we use (9.24) to
estimate

1/8
/ 10T, (X : [P(X) = X| > EY dL (o)
1/16

1/8
=f KT, r,o+)I{ X : |P(X) — X| > E Y dLY (o)
1/16
1/8 -
= f IKT =S, r, o) IIC(y, 1/4)dL" (o)
1/16
<|IT = S|IC(y, 1/4) < c, E*M |,

where we note that, in the notation of Lemma 9.2.2, S corresponds to 785,

The homotopy between 7, and §G. Let H : [0,1]xC(0,1/8) — RM+1 be defined
by H(t,x) =tP(X) + (1 — 1) X. By the homotopy formula (7.22), we have

AV =T, — 35S, , (9.89)
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where
V = Hy([0, 1] x 0T,).

By (7.23) and Lemma 9.2.2 applied with y = E?% (in particular, using (9.21) and
(9.23)), and by (9.83), (9.86), and (9.88), we have

IVII(RM T
< 2/ |P(X) — X|d|T,|

52( sup |P(X)—X|)-||aTa||{X:|X—P(X)|>E‘+5}
Xespt 0T,

+ c1o E1+8

< ¢y EVFI/C@M-AMS gl

<cpE™, (9.90)
where we have made use of the fact that § = (9M?)~!.

The approximating harmonic function. The aim is to show that with 1/16 < o <
1/8 chosen such that (9.86), (9.87), and (9.88) hold, T | C(0, o) can be very closely
approximated by the graph of a harmonic function.

Let 1/16 < o < 1/8 be such that (9.86), (9.87), and (9.88) (and consequently

(9.90)) hold. Let u : EM (0, ) — R be continuous and satisfy

Au =0 onBM(0, o),
(9.91)
u =73s ondBM(0,0),

where g5 is as in (9.81), s0 (9.82) and (9.84) will hold.
Recall that (9.82) and (9.84) are the estimates

sup  |Dg;| < E°
BM(0,1/8)

and
sup{ |x — z|° |DZ5(x) — DZ5(2)| : x,z € BM(0,1/8), x # 2z} < co E®.

By applying Lemma 9.4.3 with & = 1/(80), g(x) = gs(x/0), and 7} = n/o, we see
that there exist constants c3 and cy4 such that if u is as in (9.91), then the following
estimates hold:

supf{ [x —z| 7 [Du(x) — Du(2)| : x,z € BY(0,0), x # 2}

+ sup |Du| <ci3E?, (9.92)
BM(0,0)
sup | Du(x) — Du(0)|> < cian’ / |Dul>d LM, (9.93)
xeBM (0,n) BM(0,0)
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foreach0 < n < o/2.

The comparison surface and the first use of the minimality of 7. Define G :
BM(0,0) — C(0, 0) by setting G(x) = (x, u(x)) and set

S = G4EMLBM0,0)).

We have 0S5 = 8§g, where we recall that §G = §|_ C(0, o) and that S is defined
in (9.85). Consequently, we have

a(V+S—-1,) =0, (9.94)
by (9.89). This last equation tells us that
oV +S)=01,,

so we can use V + S as a comparison surface for the area-minimizing surface 7.
Since it is true for any V and S that

A[V]+A[S] = A[V + 5],

we have
A[V]+A[S] = A[V + 5] = A[T,], (9.95)

because T, is area-minimizing.

The first calculation of the difference between 7, and S. We extend ? to all of
C(0, o) by setting

500=T (P00, u@)). (9.96)

Using the extension of S in (9.96) and noting that T, = T holds || 7} ||-almost
everywhere, we get

AT, ] — ALS] = fA(?muTau —fA(f)dnSn
:/(A(?)_(DA(?), T ))dIT]
+/<DA(?>, T )dIT,| —/A@)dnsn
zf(A(?)_@A(?), T ))dIT]

+/<DA(?), ?)dnTgn —/<DA(?), ?)dnsn, (9.97)

where we have also used (9.6) to conclude that A(E\) = < DA(E\), E\ >
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By (9.12) we have
N N N 1) — 2
A(T)—<DA(S),T>=§’T—S’. (9.98)
For integrands other than area, a Weierstrass condition would be used here instead of

(9.12). Recalling from (9.7) that we may also treat DA(E\) as a differential M -form,
we have

/(DA(?), 7\>d||T(,|| —/(DA(?), ?>d||5|| — [T, —S](DA(?)).
(9.99)
Using (9.97), (9.98), and (9.99), we see that

1 2 .
AlT,] - AIS] = 5 /‘ T -8 ‘ d||Tg||+[TU—S]<DA(S)). (9.100)

Use of the comparison surface and the second use of the minimality of 7. Since
(9.94) tells us that 3(V + S — T;;) = 0, we have

V+S—-T, =0R
for some (M + 1)-dimensional current R, so (see (9.3) for notation)
(V+S—T,) (dxM) — (3R) (dxM> — R (ddxM> —0.
Since (9.7) tells us that DA(eM) = dx™, we conclude that
(V+5 =T, (DAE") =0.
Thus we have

1 N — 2
A1 - A= 5 [|T -5 [ain
(T, =) (DA(?) . DA(eM))

v (DA(eM)) . 9.101)
From(9.95), (9.100), and (9.101) we obtain
A[V] > AlT,] — A[S]

> /ﬁ—ﬂzdnm
+ (T, —S)(DA(?)—DA(eM))

+ V(DA®eM)). (9.102)
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By (9.90), we have A[V] = ||V||(RM+1) < ¢}, E'* and consequently also
‘ V(DA(eM))‘ <cp EM
Thus we have

1 N — 2
2080 2 5 [|T =5 [ aim)

(T, — S)(DA(?) - DA(eM)) . (9.103)

Estimating the second term on the right in (9.103). We wish to estimate the second
term on the right in (9.103) by an expression similar to the first term on the right. The
argument to obtain the desired estimate is sufficiently complicated that we state the
result as a separate claim.

Claim. There exist constants cys5 and c¢ such that

‘ (T, — S)(DA(?) _ DA(eM)> ‘

N (2
<1 EM 42616 B /) S - T ( AT, ]l (9.104)

Proof of the Claim. We recall that & is as in Lemma 9.2.2 with y = 1, and we
introduce
Ty = GYEM L BY(0,0)),

where Go(x) = (x, h(x)). By (9.24) of the Lipschitz approximation lemma, we have
IT? = T,1IC(0,0) < 4 E (9.105)

because y =1, p =1l,and o < 1/8.
The estimate (9.92) gives us the bound |Du| < ci3 E®%. Then, using (9.46), we
obtain

‘ DA(S) — DA@M) ‘ <2¢3 L. (9.106)

By (9.105) and (9.106) we have

‘ (T, — S)(DA(E\) - DA(eM)) ’
< ’ (10 — S)(DA(E\) ~ DAEM) ) ( + ’ (T, — T(Q)(DA(?) - DAEM) ) ’

<@~ $)(DACS) — DAEM)) |+ e E- 215 E°. (9.107)
= |2 -9 )| ’
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Because S is the current defined by integrating over the graph of u, we apply
(9.39) with f = u to obtain

DA(S) — DA@M)

M
= (1+|Du®)~1? (dxM+ Z(Dxiu)dx?> —dx™ . (9.108)

i=1

Because TO(.) is the current defined by integration over the graph of /, we may apply
(9.36), (9.40), and (9.37), with f = h, and use (9.108) to find that

Tf(DA(?) - DA(eM))

M
= / [(1 + |Du|>)~1/? (1 —i—ZDxiquih) - 1} dcM . (9.109)
BM(0,0)

i=1

Similarly, taking f = u, we obtain

S(DA(?) — DA(eM))

M
= / [(1 + |Du|>)~/? (1 +2Dxiquiu> — 1} acM. (9.110)
BM(0,0)

i=1

Combining (9.109) and (9.110), we find that

(10 — S)(DA(?) - DA(eM)>

M
=/ [(1 +1Dul*)"* " Dyu Dy, (h — u):| ac” . 9.111)
BM(0,0)

i=1

We will simplify the integrand in (9.111) so that we can use the fact that u is a
harmonic function. To this end we use (9.43) to bound

M
/ A+ 1Dul*)™2 Y " Du Dy (h—u) | dc™
BM(0,0)

i=1

M
_/];M(o )[ZDxiqui(h—u):| acM

i=1

above by
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M
> DyuDy(h—u)|dCM

i=1

/ [Dul|
BM(0,0)

5/ \Dul |Dul |D(h — w)| dCM
BM(0,0)

5/ |Du| | Dul <|Dh|+|Du|>d£M
BM (0,0)

5/ |Du|3d£,M+[ |Du| |Du| |Dh|dCM
BM(0,0) BM(0,0)

IA

1
/ |Dup dcM + = / |Dul <|Du|2~|— |Dh|2)d£M
BM (0,0) 2 JBM(0.0)

3

-[ |Du|<|Du|2+|Dh|2>d£M.
2 JBM(©0,0)

IA

So, using the bound |Du| < ¢;3 E? from (9.92), we can write

(10 — S)(DA(S) — DAEM)) = /

M
, [ Dxiqui(h—u)]dLM+R,
BM(0,0) i—=1

(9.112)
where

IR < (3/2) 13 E? /

<|Du|2 + |Dh|2)d£M. (9.113)
BM(0,0)

The fact that u is harmonic will allow us to express the integrand

M
> DyuDy(h—u)
i=1

in (9.112) as the divergence of a vector field, and thereby allow us to use the Gauss—

Green theorem to replace the integral over the disk by an integral over the boundary
of the disk.
Set

M
w=(h —u)ZDxiue,'.
i=1
We compute

My
divw = Z a[(h — u)Dy,u]

i=1



296 9 Regularity of Mass-Minimizing Currents

M M azu
=Y DyuDyh—u)+h—-u) —
i=1 io1 0x;

M
=Y DyuDy(h—u).
i=1

Applying the Gauss—Green theorem (Theorem 6.2.6), we obtain

/ divwdcM = / wepdHM,
BM(0,0) aBM (0,0)

where 5 is the outward unit normal to 9BM (0, o). Hence we conclude that

M
/BM«) ) [priqu,.(h —u)] acM
Nea

i=1

M
= (h—u)Y Dyun; dHM!
-/Z;IBM(O,G) Z ) !

i=1

M
= [ o OB Dy,
Red

i=1

where we use the boundary condition in (9.91) to replace u by g5 in the last term.
Thus we have

(10 — S)(DA(?) - DA(eM))

M
Z/aBM(o )(h—ga)ZDxiunidHM_l—i—R.
Nes

i=1

Now, using (9.92) to estimate |Du| < cj3 E?, (9.22) to estimate |h — gs| <
2¢, EVCM (9.83) to estimate |gs — 25| < E'*9, and (9.86) to estimate

HM—I{x € aBM(0,0) : g5(x) # h(x) } < ey B8

and recalling that § = 1/(9M?), we obtain the estimate

M
/aIBM(o (= 25) Y Dyun; dHM™!
Nea

i=1

<

M
(h—gs) Y  Dyun; dHM!
/(;BM(O,O) ; l
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+

M
(g5 —25) Y  Dyun; dHM!
/(;IBM(O,U) lzz; '

<o B (f I — gyl dHM!
3BM((),G)

+ / lgs — g5l dHM ! )
aBM (0,0)

<c E (202 EVCM) . pl-4Ms | plts MQM)

151/2

= i3 (20200 S £ M@y EY) B 9.114)

Combining equation (9.112) with the estimates (9.113) and (9.114), we obtain the
estimate

‘ (10 — S)(DA( S)— DA(eM)) ‘
Scn B G2 [ (Dl +1DhPACY,
BM((,0),0)
where we set c;7 = c13 (2¢2c10 + M Q) ), as we may since E < 1.
Next, noting that we have Lipu < 1 and Liph < 1, we apply Proposition 9.3.6
to conclude that
|Duf® + |Dh|? 54(| 3 —eM|2+|T(9—eM|2>.
Assume now that the function 7.7 has been extended (as has S ) to all of C(0, o)

by defining 7:9(X) = ?t,o[p (X), h(p (X))] at points where the right-hand side is

defined and TP (X) = eM otherwise. Using also the fact that the measure ||7, | is
larger than the measure LM we obtain

‘ (T — S)(DA(?) — DA(eM)) ‘

son B e’ [ (15 - P+ T - P )il

with cj¢ =4 - (3/2) c13.
Since

N 2 N N N 2 N 2 N 2
S < (|5 -T|+|T-e"[) <[5 -T[+[T -[).

we deduce that
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‘ (10 — S)(DA( S)— DA(eM)> )

<cpg E1+5

N 2 N 2 N 2
+c16E5/<2‘ S — T‘ +2‘ T —eM‘ +‘ Tg’—eM) >d||TJ||
1+6 s i
— e EM 4 2¢6 E ( ST ‘ AT, |
s =  wm]?
F2eiE /]T—e a1
8 Ea m|?
vao [|T9-eM [ ait)
148 5 N 2
< B 206 B [ |5 =T | it
s s e M |?
t4cwE - E+ciE /‘ 70 —e ‘ AT, 1. (9.115)

_ —_
Using the fact that 7.) and T are HM-almost always simple unit M-vectors, we
note that

N 2
/\TQ—eM\ dIT, |
N M2 —\0 M2 e M2
< ‘T—e ‘d||Tg||+ HTa—e | —‘T—e ‘ ‘dllTa”
N M2 — M2
§2E+/HT(9—e | T = [ |
<2642 [ (T -T) e |aimy)

52E+2/’?§- T ’d||T(,||.

By (9.24), we have
ITS — T, |C(0,0) < cs E,

SO

/\ 19T |diT, | < ik,

and we conclude that
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N M 2
/‘ 7O —e ( AT, <2(1+cp) E. 9.116)
Combining (9.107), (9.115), and (9.116), we obtain the estimate

‘ (T, — S)(DA(?) — DA(eM)) ‘

N — 2
sos B r2ec [ |5 =T [dim.

with
cis=c4-2ci3t+cirt+4dcigtcie-2(1+cy).

Thus the claim has been proved.

Combining the estimates. Combining (9.101) and (9.104), we obtain the estimate
N 2
(1/2—2c16 E5>/‘ S-T ’ ATyl < 2c1 M 415 B3

So we have s
/\S-—T\cwnuscmE”ﬁ 9.117)

where c¢;g = 4 (2 c12 + c15), provided that
ci6 ES < 1/8 (9.118)
holds.

Considering candidates for 6. Consider an arbitrary 0 < 6 < o /4. We have

N — 2
/ TS| an
C(0,20)

52/ ‘T—S‘dHTII—i—Z/ ‘S—S(O)’dHTH
C(0,20) C(0,20)

IA

2/ ‘T—S‘dIIT||+2( sup ‘S—S(O)‘)~||T||C(O,29).
C(0,20) C(0,20)

Now

1 N 2
nﬂmmﬂm—QM@mM=—/ |7 - T < E

C(0,20)

(see (9.16)), so that
ITNC0,20) < @y COM + E < (1+ Q2o (9.119)

provided that
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E<oM 9.120)
holds. Successively applying (9.41), (9.93), and Proposition 9.3.6, we see that

N N 2
sup ‘ S — S(O)‘ < sup |Du— Du(0))?
C(0,20) C(0,20)

< 01492/ |Du|? d M
BM(0,0)

N 2
§4c1492/‘ S —eM‘ dIT,1|.  (9.121)

Using (9.119) and (9.121), we then deduce, subject to (9.120), that

1 N N 2
s TS0l an
C(0,20)

— — 2
<[ |T-S[am
C(0,20)

N 2
rano"? [|5 e[ty

N —~ 2
<[ |75y
C(0,20)

N 2 N 2
+2c19eM+2/(’ S - T ‘ +‘ T —eM‘ >d||Tg||

N 2
< (1+2€19)/‘ T -5 ‘ AT || +4c100MP2E 9.122)

where c19 = 4 ¢4 - (1 4+ Qp2M). Combining (9.122) and (9.117), we deduce that

1 — — 2
3L T -Sofari=arzan 2a ' s a0 E,
2 Jew.20)

S0 1 M N N 2 5
S / ‘ T — S(O)‘ AITII < (1 +4¢10) 0% E (9.123)
2 C(0,20)

holds, provided that
c16 E® < 1/8, E <oM, (1+2c)cis E® <62, (9.124)

Note that (9.124) includes conditions (9.118) and (9.120).

Bounding the slope of the harmonic function at 0. By definition we have
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1 N 2
—9*’”/ ( T —eM( AT <0 ME. (9.125)
2 C(0,20)

Using Qp,(20)M < || T||[C(0, 26)], we can estimate
— 2
S0 -

1
ITC0,20) Jco.20)

S0 e[

o1 f ‘?(0) M ‘2d||T||
T Qu OM Jew20
2 / ‘_\ 2 N M 2
<= S(O)—T‘+‘T—e ‘ d|IT|
Qu 26)M C(0,20)( )
1 1

N — 2
soaist [ |So-T[an
Qy2M=2 2 C(0.26)

1 1 N 2
3730 [ | T e [
M C(0,20)

By (9.123) and (9.125), we have

+

N 2
’ S (0) —eM ( <0 ME, (9.126)

provided that (9.124) holds, where we may set c2p = 2377 Q! (1 +2¢19).

Defining the isometry. It is easy to see that there exists a constant ¢;; such that
(9.126) implies the existence of a linear isometry j of RM*! with

</\Mj, ?(0)} —eM and |j—Igwa]? <cn o ME. 9.127)

One way to construct such a j is to set v; = ( Du(0), e; ) fori = 1,2, ..., M. Then
apply the Gram—Schmidt orthogonalization procedure to the set

{U], v29""UM’eM+1}

to obtain the orthonormal basis {wy, wa, ..., wy+1}. Finally, let j be the inverse of
the isometry represented by the matrix having the vectors w; as its columns.
Recall that Ty = T L C(0, 1/2). By (H1) (see page 262), we have

sptaT < RM+1\ C(0,1).

So we see that
dist(spt 7y, C(0,1/4)) = 1/4.
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By Lemma 9.2.1 and the assumption that 0 € spt 7', we have

sup 1q(X)| < ¢y EVEM (9.128)
XeC(0,1/2)Nspt T

s0 spt 8Ty € B(0, 1/2 + ¢4 EV/CM)_ By (9.127), we have
lx —j0)] < (ca 0 E)2 - (1/2 4+ ¢ EVOM)
for x € spt 9Tp. Thus if
(1 0 MEY2. (124 cs EVCMY < 1/4 (9.129)

holds, then we have
spt 8jsTo € RY \ C(0, 1/4).

A similar argument shows that if
(1 O ME)2 .0+ EVCMY < 9 (9.130)

holds, then we have
spt To ()§~'C(0, 6) € C(0,26).

Selecting 0 and ¢, to complete the proof of the lemma. If we satisfy the conditions
(9.124), (9.129), and (9.130), then we obtain the estimates (9.123), (9.127), and
(9.128). Those estimates are

1y N .2 9.123) 5
Zp / ’T _ S(O)’ AT < (1+44c10)6%E,
2 C(0,26)

. 5 ©0.127)
lj — Igm+1]l” <

C21 9_M E B

(9.128)
sup lq(X)| =<

< ¢ EV/@CM)
XeC(0,1/2)Nspt T

We must choose 6 and €, so that the estimates (9.123), (9.127), and (9.128) will
imply that (9.76), (9.78), and (9.79) hold. Finally, we need to meet the conditions
(9.75) in the statement of the lemma and the condition (9.80) that allowed the use of
Lemmas 9.2.1 and 9.2.2. Thus a full set of conditions that, if satisfied, complete the
proof of the lemma is the following (of course, 8 and €, must be positive):

(9.75)
z 1/8, 9.131)
(9.75)
€ < ©/4H*M
(9.80)
€y < €0,
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(9.124)

ci6 E < 1/8,
9.124

( = ) QM ’
(9.124)

(142cp) ez E < 62,
9.129

n0ME)2. (124 EVCDY P20y,
9.130

ey M E)2 (9 4 ¢y EVEMY  OLO

50 (9.128)=(9.76)
ey E 1/2M) < 1

50 (9.127)=5(9.78)
=

0 ME 0ME,  (9.132)

(9.77)
6—M | < 1/64,

2 50 (9.123)=(9.79)

We first choose and fix 0 < 6 such that (9.131), (9.132), and (9.133) hold. This
choice is clearly independent of the value of E and the choice of €,. Then we
select 0 < €, such that, assuming that £ < €, holds, the remaining conditions are
satisfied. O

9.6 The Regularity Theorem

The next theorem gives us a flexible tool that we can use in proving regularity; the
proof of the theorem is based on iteratively applying Lemma 9.5.1.

Theorem 9.6.1. Let 6 and €4 be as in Lemma 9.5.1. There exist constants ¢y, and
¢23, depending only on M, with the following property:

IfO e sptT, if Ty = T C(0, p/2), and if the hypotheses (H1-H5) (see page 262)
hold with

then
E(T,0,7)<cnE(T,0,p), for O<r=<p, (9.134)

and there exists a linear isometry j of RM+1 such that

spt 3jTo N C(0, p/4) =0,

Ij — g1l <4072M E(T, 0, p) <472, (9.135)

E(jyTo, 0, 1) < cz3-£-E(T, 0, p) for O0<r <p/4. (9.136)
0
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Proof. Set j, = Igm+1. We will show inductively that, for ¢ = 1,2, ..., there are
linear isometries j q of RM+1 guch that, writing

Tq = jq#TO ’
we have

sup lq(X)| <097 p/2 for q=>2, (9.137)
Xespt T,_1NC(0,09-1 p/4)

E(T,,0,090) <O E(Ty—1,0,09  p) for ¢g=>2, (9.138)
lj, —J, 1l <0~Me D2 ECT, 0, p)'/2, (9.139)
E(T,, 0,607p) <607 E(T, 0, p). (9.140)

Note that for g = 2, 3, ..., (9.140) follows from (9.138) and from the instance
of (9.140) in which ¢ is replaced by ¢ — 1. Thus we need only verify (9.140) for the
specific value g = 1.

Start of induction on ¢ to prove (9.137)-(9.140). For ¢ = 1, conditions (9.137)
and (9.138) are vacuous, so we need only verify (9.139) and (9.140). Let j; be the
isometry whose existence is guaranteed by Lemma 9.5.1. Then the inequality (9.78)
gives us (9.139), and the inequality (9.79) gives us (9.140).

Inductive step. Now suppose that (9.137)—(9.140) hold for g. We apply Lemma9.5.1
to T, with p replaced by 67 p. We may do so because T = j, 470 is mass-minimizing.
Inequality (9.76) of Lemma 9.5.1 gives us (9.137) with g replaced by g + 1.

The isometry j whose existence is guaranteed by Lemma 9.5.1 satisfies

Ij — Tpmer || < 6™ E(T,,0,090)/%,  (9.141)
E(j#(Tq L C, eqp/z)), 0, eq“p) <0 E(T,.0,07%). (9.142)
By (9.140) and (9.141), we have
Ij — Tguil <0~ M 042 E(T, 0, p)'/2.
Setting j 41 = j o j,, we obtain
g1 —Jg Il = 1G = Tgasn) 0 j, | = [lj — Tgorsa | <0~ 092 E(T, 0, p)'/?,

which gives us (9.139) with ¢ replaced by g + 1.
Since

j#( T,LC(0,6%p/2) ) L C(0, 9“’1,0) = (j4T,) L C(0, 9q+1p) 7

we have
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E(Ty41. 0, 077 p)
= £(ju(T,LCO.0%0/2) ). 0,071 p) <6 E(T,, 0, 6p),
which gives us (9.138) with g replaced by ¢ + 1. The inductive step has been
completed.

Next we show that j, has a well-defined limit as ¢ — oco. For Q > g > 0, we
estimate

O+1 00
lig —dgll < D ligsr =gl 0™ "0 E(Tp. 0. p)'/?
s=q S=q

1
= 0WDM g1y 0, p)/2. =7 <2092 M E(T),0,p)'2.

Thus the j, form a Cauchy sequence in the mapping-norm topology. We set

i=Jim
and conclude that
1§ — i 1> <4092 E(Ty, 0, p) < 1/16 (9.143)

holds for 0 < g.

Recall Corollary 9.1.7, which tells us how the excess is affected by an isome-
try. Using (9.143) together with (9.137), (9.139), and (9.140), we see that with an
appropriate choice of cy4,

E(juTo, 0,09p) < 24 67 E(Ty, 0, p) (9.144)

holds for each ¢ > 1. Using (9.144) together with (9.76) and (9.143) with ¢ = 0, we
see that, with an appropriate choice of ¢;s,

E(j4T0.0,7) = c25 (r/p) E(To, 0, p)

holds for 0 < r < p/4, proving (9.136). Finally, we see that (9.134) follows from
(9.76), (9.136), (9.137), and (9.143), again with ¢ = 0. O

We are now ready to state and prove the regularity theorem.

Theorem 9.6.2 (Regularity). There exist constants
0<ep, 0 < 6 < 00,

depending only on M, with the following property:
If the hypotheses (H1-HS) (see page 262) hold with

€ =€,
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then spt T N C(y, p/4) is the graph of a C' function u. Moreover, u satisfies the
following Holder condition with exponent 1/2:

sup  [|Dull + p'/? sup Ix — 272 | Du(x) — Du(2)||
BM (y,p/4) x,2€BM (y,p/4),x#2

172
<e (BT v o))" (9.145)

Remark 9.6.3.

(1) Once (9.145) is established, the higher regularity theory applies to show that u
is in fact real analytic. The treatise [Mor 66] is the standard reference for the
higher regularity theory including the results for systems of equations needed
when surfaces of higher codimension are considered.

(2) By the constancy theorem, the regularity theorem implies immediately that

TLC(y,p/4) = G#(EMI_IB%M(y,,o/4)>, where G is the mapping x +——
(x, u(x)).

Proof. We set
€] = min{ 92M €y, 2—M c6_2M 02_21 },

where 6 and €, are as in Lemma 9.5.1, ¢y, is as in (9.134) in Theorem 9.6.1, and cq
is as in (9.32) in the proof of Lemma 9.2.2.

In (9.75) in the statement of Lemma 9.5.1, we required that 0 < 6 < 1/8 and that
0 < €, < (0/4)*M . Thus we have €; < €,/2M,s0 E(T, y, p) < €] implies that
E(T, z, p/2) < e, foreachz € BM (v, p/2). Therefore, after translating the origin
and replacing p by p/2, we can apply Theorem 9.6.1 to conclude that

E(T,z,r)<cn E(T, z, p/2) <2M e E(T, y, p) (9.146)

holds for 0 < r < p/2 and z € B (y, p/2). Theorem 9.6.1 also tells us that

. r
E(Jz#TZv <5 I") =03 ,0_/2E(T’ Z, ,0/2)

<2M¥l e E(T, y, p) (9.147)

holds for 0 < r < p/8, where T, = T L C(y, p/4). It also says that j, is an
isometry of RM+1 with spt 0j.4T, NC(z, p/8) =¥, j,(z, w) = (z, w) for some point
(z,w) € spt T, and

IDj, — Xgue || <40M E(T, z, p/2) <472, (9.148)

In (9.80) of the proof of Lemma 9.5.1 we required that €, < €g, where € is as in
Lemma 9.2.1. Thus we also have €; < ¢y. Now we look in detail at the construction
in the proof of Lemma 9.2.2 with y = 1. In particular, when the choice

—2M
n=cq



9.6 The Regularity Theorem 307

is made in (9.34), we guarantee that n = ¢, M g strictly less than €p. Since €1 <
2~M ¢ 2M holds, (9.146) implies that

E(T, z, r) §c6_2M =7
holds for 0 < r < p/2 and z € BM(y, p/2). Thus the set A defined in (9.28)
contains all of B (y, p/2). We conclude that there exists a Lipschitz function g :

BM (y, p/4) — R such that
Lipg=1, (9.149)
TLC(y, p/4) = G#(EML]BM(y,p/4)>, (9.150)
with G : BM(y, p/4) — C(y, p/4) defined by G(x) = (x, g(x)).

If L. : RM — R denotes the linear map whose graph is mapped to RM x {0} by
Dj,, then estimates (9.147), (9.148), (9.149) and equation (9.150) imply that

rM / IDg — L |I*dLM < ¢y (r/p) E(T, y, p) (9.151)
BM(z,r)

holds for 0 < r < p/8 and z € BM (y, p/4), where c7 is an appropriate constant.
We will apply (9.151) with z1, zo € BM(y, p/4) and with r = |71 — 22| < p/8.
Setting z4 = (z1 +z2)/2 and B = BM (21, r) ﬂIB%M(m, r), we estimate

Qu (/M L, — Loy | < / ILs, — Lay|2dcM
B
<2 [ (IDLo = DgIP +1Dg - Lo P) dc”
B
<2 f IDL., — Dg|*dcM
BM(zy,r)

+2/ |Dg — L, |>dcM
BM (z5,r)

<2rMey (r/p) E(T. v, p).
Thus we have
Loy = Loy I < 2M70 Q0 o7 (121 = 221/p) E(T, 3, p).
Since (9.151) also implies that
Dg(z) =L,

holds for £M -almost all z € BM (y, p/4), we conclude that
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IDg(z1) — Dg(z)l < e (121 — 221/p) /> E(T, y, p)'/? (9.152)
holds for £M-almost all 71, z» € B (v, p/4), where we set

—-1/2 1/2
C28 :2(M+1)/2 QM/ C27/ .

Since g is Lipschitz, we conclude that g is C' in BM (y, p/4), that (9.152) holds for
all 71,22 € BM(y, p/4), and that (9.145) follows from (9.148) and (9.152) when we
setu = g. a

9.7 Epilogue

In our exposition of the regularity results, we made the simplifying assumptions
that the current being studied was of codimension one and that it minimized the
integral of the area integrand. Relaxing these assumptions introduces notational and
technical complexity and requires deeper results to obtain bounds for solutions of the
appropriate partial differential equation or system of partial differential equations.
Nonetheless the proof of the regularity theorem goes through—as Schoen and Simon
showed.

What is affected fundamentally by relaxing the assumptions is the applicability of
the regularity theorem and the further results that can be proved. It is the hypothesis
(H3) that causes the most difficulty in applying Theorem 9.6.2.

Because we have limited our attention to the codimension-one case, we have
Theorem 7.5.5 available to decompose a mass-minimizing current into a sum of
mass-minimizing currents each of which is the boundary of the current associated
with a set of locally finite perimeter. Thus we have proved the following theorem.

Theorem 9.7.1. If T is a mass-minimizing, integer-multiplicity current of dimension
M in RM*L then, for HM -almost everya € sptT \ sptdT, there is r > O such that
B(a, r) (spt T is the graph of a C! function.

The more general form of the regularity theorem in [SS 82] extends Theorem 9.7.1
to currents minimizing the integral of smooth elliptic integrands and, in higher codi-
mensions, yields a set of regular points that is dense, though not necessarily of full
measure.

Suppose that 7 is an M-dimensional, integer-multiplicity current in RY, and
suppose that 7 minimizes the integral of a smooth M-dimensional elliptic integrand
F. Let us denote the set of regular points of the current 7 by reg 7 and the set of
singular points of T by sing 7. More precisely, reg T is defined by

regT = (sptT \ sptaT)
N {a : 3r > 0 such that B(a, r) () spt T is the graph of a C! function}

and
singT =sptT \ (sptdT JregT) .
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Table 9.1. Interior regularity of minimizing currents.

F=A F#A

N — M = 1|dimy (singT) < M —7 HM=2(sing T) = 0

[Fed 70] [SSA 77]

N —M > 2|dimyy (singT) < M — 2jreg T isdense inspt T \ spt 0T

[Alm 00] [Alm 68]

Table 9.1 summarizes what is known about reg T and sing 7' (and gives a reference
for each result). In the table, A denotes the M-dimensional area integrand.

One can also consider the question of what happens near points of spt 97, that
is, boundary regularity as opposed to the interior regularity considered above. The
earliest results in the context of geometric measure theory are in William K. Allard’s
work [All 68], [All 75]. Allard’s results focus on the area integrand. Robert M. Hardt
considered more general integrands in [Har 77]. For area-minimizing hypersurfaces,
the definitive result is that of Hardt and Simon [HS 79], which tells us that if 07T
is associated with a C? submanifold, then, near every point of spt T, the set spt T
is a C! embedded submanifold-with-boundary. More recently, Frank Duzaar and
Klaus Steffen (see [DS 02]) have given a unified argument applicable to the interior
and boundary regularity of currents that “almost” locally minimize the integral of a
general elliptic integrand.

Regularity theory is not a finished subject. The finer structure of the singular
set is not generally known (2-dimensional area-minimizing currents are an important
exception—see [Cha 88]), so understanding the singular set remains a challenge.
Also, techniques created to answer questions about surfaces that minimize integrals
of elliptic integrands have found applicability in other areas, for instance, to systems of
partial differential equations (e.g., [Eva 86]), mean curvature flows (e.g., [Whe 05]),
and harmonic maps (e.g., [Whe 97]). The future will surely see more progress.





