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The Calculus of Differential Forms and
Stokes’s Theorem

In this chapter, we give a brief treatment of the classical theory of differential forms
and Stokes’s theorem. These topics provide motivation for the more abstract theory
of currents.

6.1 Differential Forms and Exterior Differentiation

Multilinear Functions and m-Covectors

The dual space of RV is very useful in the formulation of line integrals (see Appen-
dices A.2 and A.3), but to define surface integrals we need to go beyond the dual
space to consider functions defined on ordered m-tuples of vectors.

Definition 6.1.1. Let (RV)™ be the Cartesian product of m copies of RV

(1) A function ¢ : (RVN)" — R is m-linear if it is linear as a function of each of its
m arguments; that is, for each 1 < £ < m, it holds that

Gy, ..., up—1, au+ Bu, Upsy, ..., Upy)
=(¥¢(M],...,M€7], u, u€+17-"7um)
+ﬂ¢(ul7""ul_1’ v’ ul+1""’um)7
wherea, B € Randu, v, uy, ..., up_1,Ugs1, ..., Uy € R¥ . The more inclusive

term multilinear means m-linear for an appropriate m.

(2) A function ¢ : (RV)" — R is alternating if interchanging two arguments results
in a sign change for the value of the function; thatis, for 1 <i < £ < m, itholds
that

GUL, oo U1y Wiy Ui ]y ooy Ug—T, ULy U] s Um)
= _¢(u17 cee s Uj—1, Ug, ul+17 e Up—1, Uj, u[+]a "'7um)7
where uy, ..., uy, € RY.
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160 6 The Calculus of Differential Forms and Stokes’s Theorem

(3) We denote by A" (RV) the set of m-linear, alternating functions from (RV)" to
R. We endow A" (RV) with the usual vector space operations of addition and
scalar multiplication, namely,

(@+Y)ur,uz, o um) =@y, uz, oo uy) + Y@y, uz, .o, U

and

(a¢)(u17M27 -~-’”m) = '¢(l/l],u2, ~"9um)a
SO /\m (RN is itself a vector space. The elements of /\m (RN are called m-
covectors of RN,

Remark 6.1.2.

(1) In case m = 1, requiring a map to be alternating imposes no restriction; also,
1-linear is the same as linear. Consequently, we see that /\1 (RV) is the dual
space of RY; that is, \! (RY) = (RV)*.

(2) Recalling that the standard basis for RY iswritten ey, e, . .., ey, we let e;k denote
the dual of e; defined by

lifj =i
* O\ — ’
(ei, ej) = {Oifj;éi.
Then e’f, eﬁ, L ej‘\, form the standard dual basis for (RY)*.
(3) If x1, x2, . . ., xn are the coordinates in RY, then it is traditional to use the alter-

native notation dx; to denote the dual of e;; that is,
dxj =¢f, fori=1,2,...,N.

Example 6.1.3. The archetypical multilinear, alternating function is the determinant.
As a function of its columns (or rows), the determinant of an N-by-N matrix is N-
linear and alternating. It is elementary to verify that every element of /\N RNy is a
real multiple of the determinant function. O

The next definition shows how we can extend the use of determinants to define
examples of m-linear, alternating functions when m is strictly smaller than N.

Definition 6.1.4. Letay, az, ..., a, € /\1 (RM) be given. Each a; can be written
a; =aj1dx; +ajrdxy+---+a;ydxy.

We define aj Aax A - Aay € A" (RMN), called the exterior product of
ai, az, ..., an, by setting

(@ Nay N Nay) (g, ug, ..., ty)
ayjp ai2 ... diN Uil U12 ... Utm
a1 azp ... AN Uzl U22 ... U2y
= det . ) . : , (6.1)

Adm1 Am2 ... Am N UNTUND2 ... UNm
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where the u;; are the components of the vectors uy, ua, ..., u, € R¥; that is, each
u; is given by
uj=ujje +urjer+---F+uyjey.

To see that the function in (6.1) is m-linear and alternating, rewrite it in the form

(agNay AN~ Nag)(uy, uz, ..., Upy)
{ar, uy) {ar, uz) ... {ar, uy)
(az, uy) (az, uz) ... {az, uy)
= det . . . , (6.2)
. 1) (s 142) - (o, )

where (a;, u ) is the dual pairing of ¢; and u ; (see Section A.2).

Elements of /\mRN that can be written in the form a; A as A - - - A a,, are called
simple m-covectors.

Recall that /\ ,, (RV) is the space of m-vectors in RY defined in Section 1.4. Itis
easy to see that any element of /\"" (R") is well-defined on /\ " (R™) (just consider
the equivalence relation in Definition 1.4.1). Thus A" (R") can be considered the
dual space of /\ ,, (RY). Evidently

dxiy Ndxiy, A+ Adx;, , 1 <ii<ib<---<inp <N, (6.3)
is the dual basis to the basis
e, ANe,A---Ne,, 1 <ij<ip<---<inp<N,
for A\, (RM).

Differential Forms

Definition 6.1.5. Let W C RY be open. A differential m-form on W is a function
W A" (RM). We call m the degree of the form. We say that the differential
m-form ¢ is C K if for each set of (constant) vectors vy, va, ..., Uy, the real-valued
function (¢ (p), vi A V2 A -+ A Uy) is a CK function of p € W.

The differential form can be rewritten in terms of a basis and component functions
as follows: For each m-tuple 1 < i} <ip < --- < i, < N, define the real-valued
function

Biyig...im (P) = (D (P), &) AN€iy A2 NE€j,).

Then we have

¢= Z Ditin,.sing dXiy NdXiy N+ Ndx;, .

1<ii<ipg<-<ipm<N

The natural role for a differential m-form is to serve as the integrand in an integral
over an m-dimensional surface. This is consistent with and generalizes integration
of a 1-form along a curve.
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Definition 6.1.6. Suppose

(1) the m-dimensional surface S € R" is parametrized by the function F : U —
RY, where U is an open subset of R™; that is, F is a one-to-one ck k=1
function, DF is of rank m, and S = F(U),

(2) W € R¥ is open with F(U) € W, and

(3) ¢ is a differential m-form on W.

Then the integral of ¢ over S is defined by

OF OF OF\ .

whenever the right-hand side of (6.4) is defined.

The surface S in Definition 6.1.6 is an oriented surface for which the orientation is
induced by the orientation on R and the parametrization F'. The value of the integral
is unaffected by a reparametrization as long as the reparametrization is orientation-
preserving.

Exterior Differentiation

In Appendix A.3 one can see how the exterior derivative of a function allows the
fundamental theorem of calculus to be applied to the integrals of 1-forms along
curves. The exterior derivative of a differential form, which we discuss next, is
the mechanism that allows the fundamental theorem of calculus to be extended to
higher-dimensional settings.

Definition 6.1.7. Suppose that U  R" is openand f : U — R is a C* function,
k> 1.

(1) The exterior derivative of f is the 1-form df on U defined by setting

0 a a
df:—fdxl—l——fdxz—i—'-'—i-—fde- (6.5)
0x1 0x2 axy

Note that (6.5) is equivalent to

(df(p), v) =(Df(p). v), (6.6)

for p e U andv € RV,
(2) The exterior derivative of the m-form ¢ = fdx; Adxj, A--- ANdx;,,m > 1,is
the (m + 1)-form d¢ given by setting

do = df) Ndxjy Ndxiy A+ ANdx;,

(3) The definition of exterior differentiation in (2) is extended by linearity to all C*
m-forms, m > 1.

The rules analogous to those for ordinary derivatives of sums and products of
functions are given in the next lemma.
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Lemma 6.1.8. Let ¢ and  be C' m-forms and let 6 be a C' £-form. It holds that

(1) d(¢ + ) = (do) + (d¥),
(2)d(@p AO) = (dP) ANO + (=1)"¢ A (dO).

Proof.
(1) Equation (1) follows immediately from Definition 6.1.7(3).

(2) Note that in case m = 0, equation (2) reduces to Definition 6.1.7(2) and the
usual product rule. Now suppose thatm > 1, ¢ = fdx;, Ndxj, A--- ANdx;,, and
0 =gdxj Ndxj, A--- ANdxj,. Using Definition 6.1.7(2), we compute

d(¢ N 0O)
=d(fg) dx;y Ndxi, N--- Ndx;, Ndxj Ndxj, A--- Adxj,
=[df) g+ f(dg)ldx; Ndxiy A--- Ndx;, Ndxj, Ndxj, A--- Adxj,
=[df) Ndxi, Ndxiy N - ANdx, TN [gdxj Adxjy, Ao Ndxg,]
+ (=D"[f dxijy Adxiy A+ ANdxi, 1 A[(dg) Ndxjy Adxj, A+ ANdxj,]

= (dp) AO + (=1)"¢ A (dB). O

In contrast to the situation for ordinary derivatives of functions, repeated exterior
differentiation results in a trivial form.

Theorem 6.1.9. If the differential m-form ¢ : U — /\m (RN ) is Ck k > 2, then
dd¢ = 0 holds.

Proof. Form = 0, ¢ is a real-valued function, so we have

ddp = Zzax,< )dx,Adx,

JFL
0 0 0
= Z - — ¢ dxi Ndxj =0.
Bx, ij 0x; 8x,
i<j
Form > 1 and ¢ = fdx;; Adxj, A--- Adx;,, we have
d af
dde = Z | Z s <8x,~> dxj Adx; Adxi) A--- Adx,
J#i ig{iy,in,....im}
jé{ilvib“wim}
d ad ad a
= Z — —f - — —f dxi Ndxj Ndxijp N+ Ndxg,
— 8x,~ 3)6/' 3)6/' 8x,~
i<j ’ :
i, j#lini2,im)
=0.

The result now follows from the linearity of exterior differentiation. O
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Definition 6.1.10.

(1) An m-form ¢ is said to be closed if d¢p = 0.
(2) An m-form ¢ is said to be exact if there exists an (m — 1)-form i such that

dy = ¢.

Remark 6.1.11. Theorem 6.1.9 tells us that every exact form is closed. It is not
the case that every closed form is exact. In fact, the distinction between closed
forms and exact forms underlies the celebrated theorem of Georges de Rham (1903—
1990) relating the geometrically defined singular cohomology of a smooth manifold
to the cohomology defined by differential forms (see [DRh 31] or Theorem 29A in
Chapter IV of [Whn 57]).

6.2 Stokes’s Theorem

Motivation

Stokes’s theorem! expresses the equality of the integral of a differential form over
the boundary of a surface and the integral of the exterior derivative of the form over
the surface itself. The simplest instance of this equality is found in the part of the
fundamental theorem of calculus that assures us that the difference between the values
of a (continuously differentiable) function at the endpoints of an interval is equal to
the integral of the derivative of the function over that interval—here the interval
plays the role of the surface and the endpoints form the boundary of that surface. In
fact, Stokes’s theorem can be considered the higher-dimensional generalization of the
fundamental theorem of calculus.

Oriented Rectangular Solids in RY
In order to state Stokes’s theorem, one needs to define the oriented geometric boundary
of an m-dimensional surface. In fact, the general definitions are designed so that the
proof of Stokes’s theorem can be reduced to the special case of a nicely bounded
region in R", indeed, to the even more special case of a rectangular solid that has its
faces parallel to the coordinate hyperplanes.

The space RY itself is oriented by the unit N-vector e; A ey A --- Aey. The
orientation of a Lebesgue measurable subset of R" will be induced by the orientation
of RV as described in the next definition.

Definition 6.2.1. Let U € RY be £V -measurable, and let w be a continuous differ-
ential N-form defined on U.

(1) The integral of w over U is defined by setting

/w:f(w(x),el/\ez/\-~-/\eN)d£N(x). (6.7)
U U

Note that on the left-hand side of (6.7), U denotes the oriented set, while on the
right-hand side, U denotes the set of points. On the left-hand side of (6.7), U is

1 George Gabriel Stokes (1819-1903).
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deemed to have the positive orientation given by the unit N-vectore; Aex A--- A
ey. One must recognize from the context which meaning of U is being used. In
Chapter 7, we will introduce a notation that allows us to explicitly indicate when
U is to be considered an oriented set.

(2) If U is to be given the opposite, or negative, orientation, the resulting oriented
set will be denoted by —U. We define

/ a):/ —(w(x),e; Aex A Aey)dLY (x). (6.8)
-U U

Definition 6.2.1 gives us a broadly applicable definition of the integral for an
oriented set of top dimension. The matter is much more difficult for lower-dimen-
sional sets.

A lower-dimensional case that is straightforward is that of a singleton set con-
sisting of the point p € RY. The point itself will be considered to be positively
oriented. A O-form is simply a function, and the “integral” over p is evaluation at p.
Traditionally, evaluation at a point is called a Dirac delta function,2 so we will use
the notation

8,(f/)=f(p)

for any real-valued function whose domain includes p.
The next definition will specify a choice of orientation for an (N — 1)-dimensional
rectangular solid in R" that is parallel to a coordinate hyperplane.

Definition 6.2.2. Suppose that N > 2.

(1) An (N — 1)-dimensional rectangular solid, parallel to a coordinate hyperplane in
RN is a set of the form

F =lar, b1l x --- x [aj—1, bi—1] x {c} x [@i41, big1] x --- X [an, bn],

where a; < b; fori =1,...,i —1,i+1,..., N.
(2) The (N — 1)-dimensional rectangular solid 7 € R will be oriented by the
(N — 1)-vector

’e‘l-=/\ej=e1/\---/\ei,l/\ei+1/\-~-/\eN.
J#

(3) Let w be a continuous (N — 1)-form defined on F. The integral of w over F is

defined by
/w=/<w<x>,a>dHN—1(x).
F F

Similarly, the integral of w over —F is defined by

/ w:/ —(w, &) dHN L.
_F F

Note that [ @ = — [ w holds.
2 Paul Adrien Maurice Dirac (1902-1984).



166 6 The Calculus of Differential Forms and Stokes’s Theorem

(4) For a formal linear combination of (N — 1)-dimensional rectangular solids as
described in (1),

> . (6.9)

W= o . (6.10)
/Zmzfz Z K-/;:e

We can now define the oriented boundary of the rectangular solid in RV that has
its faces parallel to the coordinate hyperplanes.

we define

Definition 6.2.3. Let

R: [a19b1] X [a2sb2] X e X [aN’bN]’
where a; < b;,fori =1,2,..., N.
(HIfN > 2 thenfori =1,2,..., N, set

R =la1, b1l x -+ x [ai—1, bi—1] x {bi} X [@j41, bit1] x -+ x [an, by],

R; =lai, b1l x - x [aj—1, bi—1] x {a;} x [a@i+1, bi+1] X -+ X [an, bN].

Incase N = 1,set R} = §p, and R| = §,,.
(2) The oriented boundary of R, denoted by 9, R to distinguish it from the topological
boundary, is the formal sum

8, — 84, ifN > 1,
IR

o

Y
SN DTHRE - R)IEN = 2.
i=1

Stokes’s Theorem on a Rectangular Solid
We now state and prove the basic form of Stokes’s theorem.

Theorem 6.2.4. Let
RZ [alvbl] X [027b2] X - X [aN’bN]5

where a; < b, fori =1,2,...,N. If¢pisa ck k>1, (N — 1)-form on an open set
containing R, then it holds that

SR
3, R R

Proof. For N = 1, the result is simply the fundamental theorem of calculus, so we
will suppose that N > 2.
Write
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N
¢)=Z¢i dxi A+ ANdxi_ /\dx,-+1 A ANdxy .
i=1
It suffices to prove that

f d(¢idX1/\--~/\dx,-,]Adxi+]A.../\de)
R

:/ (i dxi A~ ANdxi—1 AdXip1 A -+ ANdxy)
R

o

holds foreach 1 <i < N.
Fix an i between 1 and N. We compute

d(@pidxi A+ ANdxi—1 ANdxjp1 Ao Adxpy)
= (dqb,') dxi AN - ANdxi_ /\dx,-+1 A ANdxy

N

BV
:Zaﬂdx/m\dx1/\-~-/\dxl~_1/\dx,~+1/\~-~/\de
=1
9
:—dxiAdxlA-n/\dxi_l/\dxi+1/\~-~/\de
i
d¢i i—1
=8—(—1) dxy N Ndxi—1 Ndxi ANdxjp1 Ao Adxy,
Xi

so we have

/ d(gidxi N+ Ndxi—y ANdxip1 N Ndxpy)
R

. 00;
2/ (—1)1_lﬂ (dxl/\d)Cz/\-~-/\de, el/\ez/\---eN)dEN
R

axi

=(—1)i*1/ 99i 4pov
R 0X

By applying Fubini’s theorem to evaluate fR(aqb,- /3x;) d LN, we obtain

f 91 4w
R 0Xj

h.
i 8 .
:/ (/ 99i d/J](xi)> LN
[ar,br]x--xla;—1,bi—11x[ai+1,bi+11x-x[an,by] \Ja; ax;

N—-1
= / Gily;=p; AL
lar,bi]x--x[aj—1,bi—11x[aj+1,bi+1]1x-x[an,by]

167
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N—-1
- / ¢i |x,~=a,- dc
[ay,b1]x - x[a;—1,bi—11x[aj1+1,bi+1]1x--X[an,bN]

=/ ¢,-dHN*‘—/ i dHN .
R} R;

‘We conclude that

/ d(qﬁ,-dxl A ANdxi_g /\dxi+1 A Adxpy)
R

=(—1)f—1(/ ¢idHN‘1—/ ¢,~dHN—1). 6.11)
R Ry

On the other hand, we compute

/ Gidxy N --- ANdxi—1 Adxip1 A--- ANdxy
aR

I
Mz

(=i~ 1/ Gidxi A Adxi—i Adxizi A Adxy
1

~.
I

—Z( 1)/~ 1/ @i dxi A+ Adxi—y Adxig1 A Adxy
j=1

Il
H'tﬁ =

—1)/—1/R+ ¢i (dxi A--- Adxi—g Adxip A Adxy, €) dHN !

—Z( 1)/~ 1/ Gi (dxi A~ Adxi—y Adxigr A Adxy,€j) dHN !
j=1

— (1) (/ ¢ dHV ! —/
Ry R

i

b dHN—‘> . (6.12)

Since (6.11) and (6.12) agree, we have the result. O

The Gauss—Green Theorem
A vector field on an open set U C RY is a function V : U — RY. The component
functions V;,i = 1,2, ..., N, are defined by setting

Vi) =V(x) -ei,

sowe have V = ZlN: . Vi &;. We say that V is C* if the component functions are C*.
The divergence of V, denoted by div V/, is the real-valued function
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divV = —_—

Given an (N — 1)-form ¢ in R we can associate with it a vector field V by the
following means: if ¢ is written

N
¢=Z¢,-dx1A-~-Adxi,1Adxi+]/\---/\de,
i=1

then set
N
V=Y (=D""gie.
i=1
Direct calculation shows that
dp = (divV)dxy Adxy AN+ Ndxy

holds. One can also verify that

f ¢=/ V.ndH"!
3, R IR

holds, where n is the outward-pointing unit vector orthogonal to the topological
boundary dR. We call n the outward unit normal vector.

By converting the statement of Theorem 6.2.4 about integrals of forms into the
corresponding statement about vector fields, one obtains the following result, called
the Gauss—Green theorem? or the divergence theorem:

Corollary 6.2.5. If V is a C! vector field on an open set containing R, then

/dide£N=/ V-ndHNL.
R IR

By piecing together rectangular solids and estimating the error at the boundary,
one can prove a more general version of Theorem 6.2.4 or of Corollary 6.2.5. Thus
we have the following result.

Theorem 6.2.6. Let A € RY be a bounded open set with C 1 boundary, and let
n(x) denote the outward unit normal to dA at x. If V is a C' vector field defined on
A, then

/divvchZ/ V.ondH .
A JA

Theorem 6.2.6 is by no means the most general result available. The reader should
see [Fed 69, 4.5.6] for an optimal version of the Gauss—Green theorem.

3 Johann Carl Friedrich Gauss (1777-1855), George Green (1793-1841).
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The Pullback of a Form

Definition 6.2.7. Suppose that U € RY isopenand F : U — R is C¥, k > 1. Fix
apoint p € U. If the differential m-form ¢ is defined at F'(p), then the pullback of
¢ is the m-form, defined at p, denoted by F #¢ and evaluated on vy, v, ..., vy by
setting

(F*6(p), vi Avy A+ Av) = (@LF ()], Dy F A Dy F A+~ A Dy, F), (6.13)

where we use the notation
Dvl-F = (DFv Ui>7

fori =1,2,...,m. Incase m = 0, (6.13) reduces to F#qb =¢oF.

Remark 6.2.8. We now have three similar notations in use: D,, F as above; D; (i, x)
for differentiation of measures, which was introduced in Section 4.3; and Dg f (x)
for the differential of f relative to the surface S, which was introduced in Section 5.3
for smooth surfaces and extended to rectifiable sets in Section 5.4. The notation that
is meant should always be clear from context.

The next theorem tells us that the operations of pullback and exterior differenti-
ation commute. This seems like an insignificant observation, but in fact, it is key to
generalizing Stokes’s theorem, i.e., Theorem 6.2.4.

Theorem 6.2.9. Suppose that U € RN isopenand F : U — RM is CK k > 2. Fixa
point p € U. If the differential m-form ¢ is defined and C*, k > 2, in a neighborhood
of F(p), then

d(F*¢) = F'(d¢) (6.14)

holds at p.

Proof. First we consider the case m = 0 in which F*¢ = ¢ o F. Fix v € RV. Using
the chain rule and (6.6), we compute

({dF*$,v) = (d[$ o F1,v) = (D[¢ o F], v)
= (DG[F(p)], (DF, v)) = (dp[F(p)], (DF, v)).

The most efficient argument to deal with the case m > 1 is to first consider a
1-form ¢ that can be written as an exterior derivative; that is, ¢ = d for a O-form
Y. Then we have

d(F*¢) = d(F*dy) = d(dF*y) = 0 = F*(d dy) = F*(d¢) .
Lemma 6.1.8 allows us to see that the set of forms satisfying (6.14) is closed under

addition and exterior multiplication. The general case then follows by addition and
exterior multiplication of O-forms and exterior derivatives of O-forms. O



6.2 Stokes’s Theorem 171

In Appendix A.4, the reader can see an alternative argument that is less elegant,
but which reveals the inner workings of interchanging a pullback and an exterior
differentiation.

Stokes’s Theorem

Let R be arectangularsolidin RY . If U isopenwithR € U C RN and F : U — RM
is one-to-one and C¥, k > 1, then the F -image of R is an N-dimensional C k surface
parametrized by F. We denote this surface by

FyR .

This definition extends to formal sums by setting F#[ Yo Ra] = o, F#Rq.

In Definition 6.1.6, we gave a definition for the integral of a differential form over
a surface. The next lemma gives us another way of looking at that definition.

Lemma 6.2.10. If w is a continuous N -form defined in a neighborhood of F (R), then

/ a):/ Ffo.
FsR R

Proof. By Definition 6.1.6, we have

dF OF oF
/ a):/<a)oF(t),—/\—/\~-~/\—>d£N(t).
FsR R at;  on oty

Observing that
oF

— = (DF, ¢;),
o ( i)
fori =1,2,..., N, we see that
oF OF oF
woF(t), — N— A+ N —
oty ot atN

= (wo F(t),(DF, e;) N(DF, e) N---AN(DF, ey))
=<F#w, e /\ez/\m/\eN),

and the result follows. O

The boundary of a smooth surface is usually defined by referring back to the space
of parameters. That is our motivation for the next definition.

Definition 6.2.11. The oriented boundary of Fy'R will be denoted by 9, F4R and is
defined by

N
9, FsR =D (="' (FyR} — FsR;) = F4d,R.

i=1
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Some explanation of this definition is called for because F#R;r and F3R; do not
quite fit our earlier discussion. Recall that Rfr and R lie in planes parallel to the
coordinate hyperplanes, so F restricted to either Rl+ or R; can be thought of as a
function on R¥~!. Note that both Rf and R; are oriented in a manner consistent
with this interpretation.

We are now in a position to state and prove a general version of Stokes’s theorem.

Theorem 6.2.12 (Stokes’s Theorem). Let R be a rectangular solid in RN . Suppose
that U is open with R C U C RY and that F : U — RM™ s one-to-one and C¥,
k > 1, with DF of rank N at every point of U. If w is a C*, k > 2, (N — 1)-form

defined on F(R), then
/ dow = / w.
F+R 80 FsR

Proof. We compute

/ do (Lemma:fJ.Z,]())\/\ F#(da)) (Thng.zy)f d(F#w)
F¥R R R

(Thm. 6.2.4) (Lemma 6.2.10) (Def. 6.2.11)
= / Fio = / 0 = / . O
30 R Fy 30 R 30 FsR

As was true for the earlier version of Stokes’s theorem (Theorem 6.2.4) and for the
Gauss—Green theorem (Corollary 6.2.5), a more general version of Theorem 6.2.12
may be obtained by piecing together patches of surface. Since the theory of cur-
rents gives a still more general expression to Stokes’s theorem, we will defer further
discussion of Stokes’s theorem until we have introduced the language of currents.





