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Covering Theorems and the Differentiation of
Integrals

A number of fundamental problems in geometric analysis—ranging from decompo-
sitions of measures to density of sets to approximate continuity of functions—depend
on the theory of differentiation of integrals. These results, in turn, depend on a vari-
ety of so-called covering theorems for families of balls (and other geometric objects).
Thus we come upon the remarkable, and profound, fact that deep analytic facts reduce
to rather elementary (but often difficult) facts about Euclidean geometry.

The technique of covering lemmas has become an entire area of mathematical
analysis (see, for example, [DGu 75] and [Ste 93]). It is intimately connected with
problems of differentiation of integrals, with certain maximal operators (such as the
Hardy-Littlewood maximal operator), with the boundedness of multiplier operators
in harmonic analysis, and (concomitantly) with questions of summation of Fourier
series.

The purpose of the present chapter is to introduce some of these ideas. We do
not strive for any sort of comprehensive treatment, but rather to touch upon the key
concepts and to introduce some of the most pervasive techniques and applications.

4.1 Wiener’s Covering Lemma and Its Variants

Let S € RY be a set. A covering of S will be a collection U = {Uy}yc4 of sets such
that  J,c4 Uy 2 S. If all the sets of I/ are open, then we call i an open covering
of S. A subcovering of the covering U is a covering V = {Vg}gep such that each Vg
is one of the Uy. A refinement of the covering U is a collection W = {W}, g of
sets such that each W,, is a subset of some U, . If I/ is a covering of a set S, then the
valence of U is the least positive integer M such that no point of S lies in more than
M of the sets in U.

It is elementary to see that any open covering of a set S € R has a countable
subcover. We also know, thanks to Lebesgue, that any open covering of S has a
refinement with valence at most N + 1 (see [HW 41, Theorem V 1]).
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92 4 Covering Theorems and the Differentiation of Integrals

Wiener’s covering lemma! concerns a covering of a set by a collection of balls.

When applying the lemma, one must be willing to replace any particular ball by a
ball with the same center but triple its radius—see Figure 4.1.

Fig. 4.1. Wiener’s covering lemma.

Lemma 4.1.1 (Wiener). Let K € RN be a compact set with a covering U =
{Bylaea, Ba = Blcy, ro), by open balls. Then there is a subcollection By, By,,
.., By,,, consisting of pairwise disjoint balls, such that

m
U B, 3r0)) 2 K.
j=1

Proof. Since K is compact, we may immediately assume that there are only finitely
many By. Let By, be the ball in this collection that has the greatest radius (this ball
may not be unique). Let By, be the ball that is disjoint from By, and has greatest radius
among those balls that are disjoint from By, (again, this ball may not be unique). At
the jth step choose the (not necessarily unique) ball disjoint from By, .. ., Bajf1 that
has greatest radius among those balls that are disjoint from By, ..., By, _,. Continue.
The process ends in finitely many steps. We claim that the By; chosen in this fashion
do the job.

For each j, we will write By, = ]B%(caj, ra_/.). It is enough to show that B, <
Uj B(cq;, 3rq;) for every . Fix an a. If « = o for some j then we are done.
If o & {a;}, let jo be the first index j with By, N By # ¢ (there must be one;
otherwise, the process would not have stopped). Then Taj, = Tai otherwise, we
selected B"‘J‘o incorrectly. But then (by the triangle inequality) ]Bi(co,jo, 3r,1j0) D)
B(cy, rq) as desired. |

For completeness, and because it is such an integral part of the classical theory
of measures, we now present the venerable covering theorem of Vitali.?

I Norbert Wiener (1894-1964).
2 Giuseppe Vitali (1875-1932).
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Proposition 4.1.2. Let A € R" and let B be a family of open balls. Suppose that
each point of A is contained in arbitrarily small balls belonging to B. Then there
exist pairwise disjoint balls B; € B such that

N A\ B, | =0.
j

Furthermore, for any € > 0, we may choose the balls B in such a way that

> LNBj) < LN(A) +e.
J

Proof. The last statement will follow from the substance of the proof. For the first
statement, let us begin by making the additional assumption (which we shall remove
at the end) that the set A = Ag is bounded. We may select a bounded open set Uy
that contains A and that is such that £V (Up) exceeds £V (Ag) by as small a quantity
as we may wish. In fact, we demand that

LN WUo) < (145NN (Ap).

Now focus attention on those balls that lie in Uy. By Lemma 4.1.1, we may select
a finite, pairwise disjoint collection B; = B(x;,r;) € B, j =1,...,k;, such that
B; € U for each j and

Now we may calculate that
37NN (Ag) <37V Y LBy, 31 =37V Y 3V LN (By) = LV (B)).
j j j
Let
ki
Al = A\ U B; .

j=1

Then

ki
Ny < £ (vo\ | J By
j=1

ki ki
=LY | U\ B; | =L Wo) ~ ) LY (B))
j=1 Jj=1

<(1+5N=-3MrNAy) =u-LYAy),
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where u = 1 +577 — 37V < 1. Now A is a bounded subset of RV \ Uf‘zl B_J
Hence we may find a bounded, open set U; € Uy such that

ki
A; C U SRV UB_;
j=1
and
Ny <A +5Y .

Just as in the first iteration of this construction, we may now find disjoint balls
Bj,j=ki+1,..., ko, for which B; € U; and

LY (Ay) <u- LN(Ay) <u® LY (Ao);
here
ko ko
Ay = A1\ U BJ'ZA()\UBJ'.
j=ki+1 j=1

By our construction, all the balls By, ..., By, are disjoint.
After m repetitions of this procedure, we find that we have balls By, By, ..., B,
such that

km
LV [ Ao\ Bj | =u" LV (Ao).
j=1
Since u < 1, the result follows.
For the general case, we simply decompose R" into closed unit cubes Q, with

disjoint interiors and sides parallel to the axes and apply the result just proved to each
Ag N Qy. O

The Maximal Function

A classical construct, due to Hardy and Littlewood,3 18 the so-called maximal function.
It is used to control other operators, and also to study questions of differentiation of
integrals.

Definition 4.1.3. If f is a locally integrable function on RY, we let

Mf(x) = sup lfdN ).

1
r=0 LN[B(x, R)] JB(x.R)

The operator M is called the Hardy-Littlewood maximal operator. The func-
tions to which M is applied may be real-valued or complex-valued. A few facts are
immediately obvious about M:

(1) M is not linear, but it is sublinear in the sense that
MIf +gl(x) < Mf(x) + Mg(x).

3 Godfrey Harold Hardy (1877-1947), John Edensor Littlewood (1885-1977).
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(2) Mf is always nonnegative, and it could be identically equal to infinity.
(3) Mf makes sense for any locally integrable f.

We will in fact prove that Mf is finite £V -almost everywhere, for any f € L?.
In order to do so, it is convenient to formulate a weak notion of boundedness for
operators. To begin, we say that a measurable function f is weak type p, 1 < p < oo,
if there exists a C = C(f) with 0 < C < oo such that, for any A > 0,

C
LVAx eRY 11 f ()] > ) < o

An operator T on L” taking values in the collection of measurable functions is said
to be of weak type (p, p) if there exists a C = C(T') with 0 < C < oo such that, for
any f € L? and for any A > O,

p
LV((x eRY |TF()| > A <C- (”f”LP) |

A

A function is defined to be weak type oo when itis L*°. For 1 < p < oo, an L?
function is certainly weak type p, but the converse is not true. In fact, we note that
the function f(x) = |x|~!/? on R! is weak type p, but notin L?, for 1 < p < oo.
The Hilbert transform (see [Kra 99]) is an important operator that is not bounded on
L' but is in fact weak type (1, 1).

Proposition 4.1.4. The Hardy—Littlewood maximal operator M is weak type (1, 1).

Proof. Let & > 0. Set S, = {x : |[Mf(x)| > A}. Because M f is the supremum of
a set of continuous functions, M f is lower semicontinuous, and consequently, S is
open.

Since S is open, we may let K C S, be a compact subset with 2 LN (K) >
LN (S;). For each x € K, there is a ball B, = B(x, r,) with

1 N

Then { By }xck is anopen cover of K by balls. By Lemma4.1.1, there is a subcollection
{Bx; W | that is pairwise disjoint but such that the threefold dilates of these selected
balls still cover K. Then
M M
NS 2Ny < 2L | B, 3r) | <2 LN B, 3r))]
j=1 j=1
M
< 2-3%LYBy)
j=1

M 53N
) N
5; - /B Lf (ALY (1)

2.3V
== Ifllpr m

A
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One of the venerable applications of the Hardy-Littlewood operator is the
Lebesgue differentiation theorem:

Theorem 4.1.5. Let f be a locally Lebesgue integrable function on RN. Then, for
LN -almost every x € RN, it holds that

lim ———— f F@OdLN (1) = f(x).
R—0t LN[B(x, R)] JB(x,R)
Proof. Multiplying f by a compactly supported C*° function that is identically 1 on
a ball, we may as well suppose that f € L!. We may also assume, by linearity, that
f is real-valued. We begin by proving that

lim —————— ndLN
r—0+ LN[B(x, R)] JB(x.R) @) ©
exists.
Lete > 0. Select a function ¢, continuous with compact support, and real-valued,
such that || f — ¢|;1 < €2. Then

LN{x cRV - F@deN )

limsup —w———
R—0+ EN[B()C’R)] B(x,R)

- I .
— it NG R /B(x, A dLm

- el

< EN{x € RN : lim sup Lf () —o@®)]dLN (1)

oo+ LN[B(x, R)] JBx. R

1
limsup —————
roo+ LV[B(x, R)] JB(x,R)

1
liminf — ndLN (e
Koot LV[B(x, R)] A;(mep() o

1
+ lim sup ——
ok LVB(x, R)]

+ o) dLN (1)

/ 0 — FO1dLV () > e}
B(x,R)

< ,CN{x e RN : lim sup

INBGe. R — o)Ly S}
k0t LV[B(x, R)] IB(x,R)|f(t) PO1dLT (1) > =

) dLN (1)

)
>_
3

/ () — f(O1dLY (1) > g}
B(x,R)

lim sup

+ EN{x cRY L
roo+ LN[B(x, R)] JB@x.R)

|
~liminf ——— acy
R0t ZVN[B(x. R)] /B(X,R)“D(t) £50

1
—i—ﬁN eRY :limsup ———
{x ok LV[B(x, R)]

=[14+114+111.
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Now I = 0 because the set being measured is empty (since ¢ is continuous).
Each of 7 and /11 may be estimated by

EN{x eRN : M(f—)(x) > 6/3},

and this, by Proposition 4.1.4, is majorized by

€2

C-— =c-€.
€/3

In sum, we have proved the estimate

1
ﬁN{xeRN: lim su —/ HdLeN
Rao+p EN[]B%(x, R)] B(x,R) s ()
—liminf; f(t)dﬁN(t) >E} =
rR—0+ LN[B(x, R)] Jp(x.R) - '

It follows immediately that

1

. N
Rli>n(§+ ,CN[B(X, R)] B(x,R) f(t) L (t)

exists for £V -almost every x € RV,
The proof that the limit actually equals f(x) at £ -almost every point follows
exactly the same lines. We shall omit the details. O

Corollary 4.1.6. If A € RY is Lebesgue measurable, then for almost every x € RV,
it holds that N
. LY(ANB((x,r))
X = lim ————
A(X) r—1>r(r)l+ LN B(x, r))

Proof. Set f = X,. Then

/ FOdeN @) = LN (ANB(x, r)),
B(x,r)

and the corollary follows from Theorem 4.1.5. O

Definition 4.1.7. A function f : RN — R is said to be approximately continuous if,
for £V -almost every xo € R and for each € > 0, the set

x:1f(x) = fxo)| > €}

has density O at xo, that is,

0= lim LV ({x [ f(x) = fxo)| > €} N B(xo, 7))
0t LN (B(xo, 1)) ’
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Corollary 4.1.8. If a function f : RN — R is Lebesgue measurable, then it is
approximately continuous.

Proof. Suppose that f is Lebesgue measurable. Let g1, g2, ... be an enumeration
of the rational numbers. For each positive integer i, let E; be the set of points
x ¢ {z: f(2) < g} for which

0 - lim su LN{z: f@) < qi}NB(x, 7))
o LN (B, 1)

and let E' be the set of points x ¢ {z : ¢; < f(z)} for which

0 < limsup £1 02100 < F@)NBG )
i LN (B(x, r)

By Corollary 4.1.6 and the Lebesgue measurability of f, we know that
LN(E) =0 and £N(E) =0.
Thus we see that

o0
E = U(Ei UE"
i=1
is also a set of Lebesgue measure zero.

Consider any point xg ¢ E and any € > 0. There exist rational numbers ¢; and
qj such that

fxo) —€ <gi < f(xo) <qj < f(xo) +e.

We have {x : [f(x) — f(x0)| > €} S {z: f(2) <qi}VU{z:q; < f(2)}. By the
definition of E; and E/ we have

LN ({z: f(2) < ¢i} NB(xo, 1))

0= tlim LV B(xo.7))
and
0— lim LN({z 1 qj < (@) NB(xo, 1))
T oot LN B(xg, 1)) '

It follows that

0= lim LN ({x [ f(x) = f(xo)| > €} N B(xo, 7))
T oot LN B(xg, 1)) '

Since xo ¢ E and € > O were arbitrary, we conclude that f is approximately contin-
uous. ]
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4.2 The Besicovitch Covering Theorem

Preliminary Remarks

The Besicovitch covering theorem,* which we shall treat in the present section, is
of particular interest to geometric analysis because its statement and proof do not
depend on a measure. This is a result about the geometry of balls in space.

The Besicovitch Covering Theorem

Theorem 4.2.1. Let N be a positive integer. There is a constant K = K (N) with the
following property. Let B = {B; }?’1:1, where M € NU{00}, be any finite or countable
collection of balls in RN with the property that the interior of no ball contains the
center of any other. Then we may write

B=BiU---UBg

sothateach Bj, j =1, ..., K, is a collection of balls with pairwise disjoint closures.
Here by a ball we mean a set B satisfying B(x,r) € B C E(x, r), for some
x € RY and some r > 0.

It is a matter of some interest to determine what the best possible K is for any
given dimension N. Significant progress on this problem has been made in [Sul 94].
See also [Loe 93]. Certainly our proof below will give little indication of the best K.

We shall see that the heart of this theorem is the following lemma about balls.

Lemma 4.2.2. There is a constant K = K (N), depending only on the dimension of
the space RN, with the following property: Let By = B(xo, ro) be a ball of fixed
positive radius. Let B] = @(xl, ry), B, = E(xz, ), ...,Bp = E(xp, rp) be balls
such that

(1) Each Bj has nonempty intersection with By, j =1, ..., p;

(2) The radii rj satisfyr; > roforall j =1,..., p;

(3) The interior of no ball B j contains the center of any other By for j, k € {0, ..., p}
with j # k.

Then p < K.

Here is what the lemma says in simple terms: Fix the ball By. Then at most K
pairwise disjoint balls of (at least) the same size can touch By. Note here that being
“pairwise disjoint”” and “intersecting but not containing the center of the other ball”
are essentially equivalent: if the second condition holds then shrinking each ball by
a factor of one-half makes the balls pairwise disjoint; if the balls are already pairwise
disjoint, have equal radii, and are close together, then doubling their size arranges for
the first condition to hold.

Our proof of Lemma 4.2.2 is based on the next two lemmas—which in essence
rely only on two-dimensional Euclidean geometry (trigonometry)—and on the fact

4 Abram Samoilovitch Besicovitch (1891-1970).



100 4 Covering Theorems and the Differentiation of Integrals

that we can choose a set of unit vectors in RY such that every direction is within a
small angle of one of our chosen unit vectors (where the measure of an angle between
two vectors is defined to be in the interval [0, 7 ]).

Lemma 4.2.3. Suppose the ball B(q, r), with r > 1, intersects the closed unit ball
and does not contain the origin in its interior, i.e., r < |q|. If u is a unit vector making
an angle ¢ < 7/6 with q, then /3 u € B(q, r).

Proof. Because B(qg, r) intersects the closed unit ball and does not contain the origin
in its interior, we can write |¢| = x + r with 0 < x < 1 < r. By the law of cosines
we have

lg —~3ul® =191 +3 —2+/31q| cos ¢

<1gI* +3-2+3]q| cos ¢

=x4+r’4+3=-3x+r).
Thus it will suffice to show that
x+r?+3-3@+r) <r?

or, equivalently,
f,r)=x>4+2xr+3—-3x—-3r<0.

Since for each fixed r, f(x,r) is quadratic in x with positive second derivative and
since we are concerned only with the range 0 < x < 1, it will suffice to consider only
the endpoints x = 0 and x = 1. But we have

fO,r)=3-3r<0 and f(,r)=142r+3-3-3r=1—r <0,
as required. -

Lemma 4.2.4. Suppose neither of the balls E(Q] ,r1) and E(qz, rp) contains the center
of the other ball in its interior. If the point p is in both balls, then the angle between
q1 — p and g3 — p is at least 7w /3.

Proof. To see this, we denote the angle in question by 6 and use the law of cosines
to compute

lg1 — a21* = lg1 — pI* + g2 — pI* = 21q1 — pllg2 — p| cosb.

So we have

lg1 — pI* + g2 — pI* = lg1 — g2
21q1 — pllg2 — pl

Since neither ball contains the center of the other ball in its interior, we know that
lg1 — g2| is at least as large as the radius of either ball. So we have both |g; — p| <

cosf <
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r1 < lq1 —q2| and |qg2 — p| < r2 < |q1 — q2|. Suppose without loss of generality
that |1 — p| < |g2 — p|. Then we estimate

lgi — pI> + g2 — pI> — lg1 — g2

cosf <
21q1 — pllg2 — pl

lg1 — pI?
~ 2lg1 — pllg2 — pl

_lda—pl 1
2 lgp—pl —2°

as required. O

IA

Proof of Lemma 4.2.2. Suppose for the moment (we confirm this construction later)
that we have chosen a set of unit vectors u, us, ..., i) in RY with the property
that for any unit vector u € R, there is a j such that the angle between u and u j
is strictly less than 77 /6 (picture points sufficiently dense on the unit sphere—see the
discussion below). The number, k (N), of vectors u; will be used below.

Consider balls By, By, ..., By as in the statement of Lemma 4.2.2 and suppose
that p > k(N )2 + 1. Without loss of generality, we may assume that By = I@(O, 1).
The direction to the center of each ball is within an angle strictly less than v /6 of one
of the unit vectors u; and so, by Lemma 4.2.3, must contain the point V3u j- Since
there are at least x (N )2 + 1 balls and only « (N) possible u ;’s, there must be (at least)
one j* such that k (N) + 1 of the balls contain the point V3u j*e

Now consider those « (N) + 1 balls. The direction from ~/3 u j» to each center is
within an angle strictly less than 77 /6 of one of the unit vectors u;. But since there
are k(N) + 1 balls and only «(N) possible u’s, there must be two centers within
angle less than /6 of the same direction and thus within an angle less than /3 of
each other, contradicting Lemma 4.2.4. We conclude that p < «x (N )2.

Finally, we show that there exists a set of unit vectors u1, ua, ..., U,(y) in RN
with the property that for any unit vector u € R", there is a j such that the angle
between u and u; is strictly less than 7 /6. Let

F={Bu;,1/4):j=12...,kN))

be a maximal pairwise disjoint family of balls with centers in the unit sphere. All
of the balls B(u, 1/4) are contained in B(0, 5/4), so, by comparing volumes, we
see that

K(N) X ————— =
W= o amy
[In Remark 4.2.5, we give an alternative construction for the u; that avoids any use
of volume in RY or (N — 1)-dimensional area in the unit sphere.]
To see that the unit vectors uy, uy, ..., u,(n) have the requisite property, let u be
an arbitrary unit vector. There must exist a j such that |u — u ;| < 1/2; otherwise,

Qn (5/HN SN
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we could add the ball B(u, 1/4) to the family F, contradicting the maximality of F.
Fix such a j and let 6 denote the angle between u; and u. Using the law of cosines
we estimate

g ul? = g —

1 2
cosf = =1—-3luj —ul

2fu | |ul

>7/8 > ﬁ/Z:cos%,
so the angle 6 is strictly less than /6. O

Remark 4.2.5. We now give another, more explicit, construction of a set of unit
vectors Y € RN with the property that for any unit vector u € RY, there exists
u* € U such that the angle between u and u* is strictly less than 7 /6.

The vectors in U are formed by choosing 61, 6, ..., Oy_1 from the set
2 (m—1)
fo.z 2z . wobr o] @.1)

and choosing a sign T € {—1, +1}. We then set

:(cos@l, cos s, sinfy, ..., cosOy_ ]_[f-vz_]zsine,-, r-]_[lN:_llsinei>.

Given a unit vector u € R¥, there exist 0 < ¢i <m,i=1,2,...,N—1,and
7’ € {—1, +1} such that

u = (cos¢1, cos¢y singy, ..., COSPN_| ]_[fvz_]zsin(ﬁ,-, 1:/~]_[11-V=_11 sin(p,').

The sign t’ represents a hemisphere containing u.
The main fact needed to verify that u is within 7 /6 of some ug,
T =1/, then

oy_y.7 18 that if

.....

N-1 k—1
uttg....ox_y.c = cOsO1—1)— Y ([1—cos(9k—¢k)] [Tsinee sinqbg) L (42)
k=1 (=1

Equation (4.2) is proved by induction on N.
One completes the construction by choosing a sufficiently large value for m
in (4.1). |

H. Federer’s concept of a directionally limited metric space—see [Fed 69,
2.8.9]—abstracts and formalizes the geometry that goes into the proof of Lemma 4.2.2.
More precisely, it generalizes to abstract contexts the notion that a cone in a given
direction can contain only a certain number of points with distance n > 0 from the
vertex and distance 7 from each other. The interested reader is advised to study that
source.

Now we can present the proof of Besicovitch’s covering theorem.
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Proof of Theorem 4.2.1. First consider the case M < oo (recall that M was the
number of balls in B, the given collection of balls).

We have an iterative procedure for selecting balls.

Select Bl1 to be a ball of maximum radius (this ball may not be unique). Then

select le to be a ball of maximum radius such that le is disjoint from B]1 (again, this
ball may not be unique). Continue until this selection procedure is no longer possible

(remember that there are only finitely many balls in total). Set B| = {B]l }

Now work with the remaining balls. Let Bl2 be the ball with greatest radius. Then
select 822 to be the remaining ball with greatest radius such that B_22 is disjoint from
B_lz. Continue in this fashion until no further selection is possible. Set 5, = {sz }

Working with the remaining balls, we now produce the family B3, and so forth (see
Figure 4.2). Clearly, since in total there are only finitely many balls, this procedure
must stop. We will have produced finitely many—say g—nonempty families of
balls, each family consisting of balls having pairwise disjoint closures: By, ..., By.
It remains to say how large ¢ can be.

Fig. 4.2. Besicovitch’s covering theorem.

Suppose that g > I?(N) + 1, where E(N) is as in the lemma. Let Bf be the
first ball in the family B,. The closure of that ball must have intersected the closure
of a ball in each of the preceding families (in case there are several such balls in
a family, we consider the ball chosen earliest); by our selection procedure, each of
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those balls must have been at least as large in radius as Bq Thus Bi] is a ball with
at least K (N) + 1 “neighbors™ as in the lemma. But the lemma says that a ball can
have only K (N) such neighbors. That is a contradiction.

We conclude that g < K (N) + 1. That proves the theorem when M is finite.

When M = oo, recursive application of the above iterative procedure completes
the proof of the theorem. We argue as follows:

Suppose that foreach M = 1, 2, ..., the iterative procedure above is carried out
for the set of balls { B; }?4:1 resulting in the families of balls By ;,, 1 < iy < K (N)+1.

There must be a particular i1 with 1 < i < K (N) + 1 such that the ball By is
assigned to By ;, for infinitely many values of M. We assign B to a family that we
label 3;, .

Let M | be the smallest value of M for which By is assigned to B ;,. Proceeding
inductively, we assume that M; | < Mj2 < --- < Mj have been defined. Let
M ¢+1 be the smallest value of M that is greater than M) ¢ and is such that By is
assigned to By ;,. Thus we define the increasing sequence M ¢, £ = 1,2, ..., with
the property that B; is assigned to By ;, when our procedure is carried out with
M =M,,.

There must be a particular i, with 1 < ip < K (N) + 1 such that the ball B; is
assigned to By ;, for infinitely many M € {M; 1, M1, ...}. If i, = i holds, then
we assign B to the family B;, that already contains Bj. In this case, we see that
the closures of By and B; do not intersect because there is an M = M, ¢ for which
B1, By € By,iy = Bu,i, (in fact, there are infinitely many such M’s). On the other
hand, if i # i1, then we assign B; to a new family that we label B;,.

Let M> 1 be the smallest M € {M; 1, M2, ...} for which B; is assigned to
Ba,i,. Proceeding inductively, we assume that My | < M>> < --- < M, ¢ have
been defined. Let M3 ¢4 be the smallest M € {M 1, M2, ...} thatis greater than
M5 ¢ and is such that B, is assigned to By ;,. Thus we define the increasing sequence
My, ¢ =1,2,..., thatis a subsequence of {M 1.p }p and has the property that B,
is assigned to BM,lz when our procedure is carried out w1th M = My,.

Continuing in this way we assign each ball B, to one of the families By, B>,

- BRy v 0

Remark 4.2.6. Note that there do not exist uncountable families of balls none of
which contains the center of any of the other balls. That is because shrinking each ball
by a factor of one-half—while keeping the same centers—makes the balls pairwise
disjoint.

The next lemma show us one situation in which we can construct a covering of a
set by a family of open balls with the property that no ball contains the center of any
other ball.

Lemma 4.2.7. Let B be a family of open balls centered at points of a compact set A.
Suppose B is such that

(1) every point of A is the center of at least one ball in B,
(2) sup{r : B(x, r) € B} < oo,
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3) {B(xi, r)}2, S Bwithx; — x andr; — r > 0 implies B(x, r) € B.

Then there are finitely many balls B(x;,r;) € B, i = 1,2,...,n, such that x; ¢
B(x;,r;) wheneveri # jand A C U?:l B(x;, ri).

Proof. Let B(xy,r;) € B be such that r; is maximal. Inductively we define
B(xp+1, Fat1) to be such that x,+1 € A\ J/_, B(x;, r;) and r,41 is maximal. If
A\ U?:l B(x;, ;) = @, the construction terminates and we do not define x;,41.

Our construction ensures that we have x; ¢ B(x;, r;) wheneveri # j. We claim
that the construction terminates after finitely many steps. To see this fact, we argue
by contradiction. Thus we suppose that B(x;, r;) has been defined fori = 1,2, .. ..
Since the balls B(x;, r; /2) are disjoint and all lie in a bounded set, we see that r; | 0,
asi — oo.

Because A is compact and § # A \ [J'_, B(x;, r;) holds for each n, we see

that there is x € A\ U?il B(x;, ri). Let B(x,r) € B. Since r; is a nonincreasing
sequence with limit 0, there must be an i such that r;;| < r < r;, but then we see
that B(x;+1, ri4+1) was incorrectly chosen. O

Sometimes the requirement that no ball can contain the center of any other ball is
too restrictive. In that case the condition we give next may be useful.

Definition 4.2.8. By a controlled family of balls we mean a family B of closed balls
with positive radii such that if B(a, r) € B, B(b, s) € B, and B(a, r) # B(b, s), then
either la —b| >r > 4s/5 or la —b| > s > 4r/5.

The next lemma tells us that if we shrink the balls in a controlled family by a
factor of one-third, the balls become disjoint. Of course, that also implies that there
are no uncountable controlled families.

Lemma 4.2.9. If B(a,r) and B(b,s) are members of a controlled family, then
B(a,r/3) "B, s/3) = 0.

Proof. We may assume without loss of generality that
la—b| >r >4s/5.
Suppose p € B(a, r/3) NB(b, s/3). Then we have
la =bl <la—=pl+I|p=>bl=r/3+s/3=1/34+(5/4) - 5/3=73r/4,
a contradiction. O

The geometric lemma applicable to balls in a controlled family is given next.

Lemma 4.2.10. If B(a, r) and B(b, s) are members of a controlled family and if
additionally

4<r=<lal<r+1,
4<s=<Ib|<s+1,

then the angle between a/|a| and b/|b| is at least cos™! (7/8).
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Proof. Let 0 denote the angle between a/|a| and b/|b|. Since the balls are members
of a controlled family, we may suppose without loss of generality that
la—b| >r >4s/5.
Using the law of cosines, we see that

la|* + |b|* — |a — b? |al bl la—b?
cosf = R i O T
2lal |b] 21b|  2|a|l  2|a|l|b]

= + ! < ! + > + ! |
- 25 2r 2rs 2s 2r 2r 8 8 8
As before, we have a bound, depending only on the dimension, for how many
balls in a controlled family can intersect one particular ball.

r—+1 s+1 r2 1 K
< +

Lemma 4.2.11. There is a constant K = K (N), depending only on the dimension
of our space RN, with the following property: Let By = B(xq, ro) be a ball of fixed
positive radius. Let By = B(x1, 1), B = B(x2, 1), ..., B, = E(xp, rp) be balls
such that

(1) Each Bj has nonempty intersection with By, j =1, ..., p;

(2) The radiirj > roforall j =1,..., p;

(3) The balls {Bj }?=0 are members of a controlled family.

Then p < K.

Proof. Without loss of generality we may suppose that xo = 0 and ro = 1. Divide
the balls By, Ba, ..., B, into two collections:
Bi={Bj:4=<rj=<|xjl<rj+1}
and
p
B = (B} \ Br.
By Lemma 4.2.10, the number of balls in B can be bounded by a number depending
only on N. So our task is to bound the number of balls in B;.

We claim that _
L B <B.9).

BeB3,
Observe that |x;| < r; + 1 holds for every j because Bg N B # {. Thus

By={Bj:rj<4or |xj|<rj}.

Incaser; < 4holds, we have [x;[+7; <2r;+1 < 9. Also,if |x;| <rjand j # 0,
then, because the balls are members of a controlled family, we have |x ;| > 1 > 4r;/5,
which yields |x;| +7; < 2r; <5/2.
— p

Since the balls in {B(x;.rj/3)|
since r; > 1 holds for all the balls in B>, we see that B, contains no more than
9N /(1/3)N = 33N balls. O

0 are pairwise disjoint (by Lemma 4.2.9) and
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Theorem 4.2.12. Let N be a positive integer. There is a constant K = K(N) with
the following property. Given a set A € RY, a positive finite number R, and a family
B of closed balls of positive radius not exceeding R, if every point of A is the center
of at least one ball in B, then there exist By, Ba, ..., Bx such that

K
aclJ U B.
Jj=1 BeB;

and for each j, the balls in B; are pairwise disjoint.

Proof. Enlarge A, if necessary, so that it contains al/ centers of balls in B. It will
certainly suffice to prove the result for this possibly larger set, which we will continue
to denote by A.

If we construct a controlled family B' € B with

ac s, (4.3)

BeB'

then we can obtain the desired conclusion by applying the argument used in the proof
of Theorem 4.2.1, but with the role of Lemma 4.2.2 filled by Lemma 4.2.11.

We proceed to construct such a controlled family. To this end, we consider the
class Z of all controlled subfamilies 5" of B that also satisfy the condition that for
any B(y, s) € B,

either |x — y| <r holds for some B(x, r) € BB/,
_ 4.4)
or |x—y|>r>4s/5 holds forevery B(x,r) € B'.

We note that ¥ € &, and we partially order E using the relation C. It is easy to see
that the union of any subclass of E that is linearly ordered by C is itself an element
of E. Therefore Zorn’s lemma> tells us that E has a maximal element /3'. It remains
to verify that B’ satisfies (4.3).

If B’ does not satisfy (4.3), then

Y={yeA:|y—x|>r holdsforall B(x,r)eB}#0.
Select B(y*, s*) such that y* € ¥ and
s* > (4/5) - sup{s : Iy € ¥ such that B(y, s) € B} (4.5)

(this is where we use the fact that the radii of the balls are bounded by R < 00).
We will now show that B/ = B U { B(y*, s*) } is controlled and satisfies the condi-
tion (4.4).

To see that B” is controlled, we need only consider B(x, r) € B and B(y*, s*).
Since y* € Y, (4.4) tells us that | x — y*| > r > 4s*/5, verifying that B” is controlled.

5 Max August Zorn (1906-1993).
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To check that B” satisfies (4.4), we consider an arbitrary B(y, s) € B. If there
already exists a B(x, r) € B’ for which |x — y| < r holds, then (4.4) is satisfied. On
the other hand, if |[x — y| > r holds for every B(x,r) € B/, then y € Y. We consider
B(y*, s*). If |y — y*| < s*, then again (4.4) holds. Finally, we have the case in which
|y — y*| > s* holds. But now we also have s* > 4s5/5 by (4.5) and again (4.4) holds.

We have shown that B” € E and we know that /3’ is a proper subset of 3”. This
contradicts the maximality of 1’, so we conclude that in fact (4.3) is satisfied. |

Recall the notion of a Radon measure from Definition 1.2.11 in Section 1.2. Using
the Besicovitch covering theorem instead of Wiener’s covering lemma, we can prove
a result like Vitali’s (Proposition 4.1.2) for more general Radon measures:

Proposition 4.2.13. Let i be a Radon measure on RN, Let A € RN and let B be a
family of closed balls, with positive radius, such that each point of A is the center of
arbitrarily small balls in B. Then there are disjoint balls Bj € B such that

M(A\LJJBJ-) =0.

Proof. We shall follow the same proof strategy as for Proposition 4.1.2. We may as
well suppose that ;1(A) > 0; otherwise, there is nothing to prove. We also suppose
(as we have done in the past) that A is bounded. Let K be as in Theorem 4.2.1.

Let U be a bounded open set with A € U and choose a compact set C such that
C CUand u(ANC) > (1/2) n(A). We define B to be the family of balls in B3 that
are centered in A N C and contained in U.

By Theorem 4.2.1, we obtain subfamilies gl, gg, e, EK such that each Ej is a
collection of balls that are pairwise disjoint. We have

K
AmcgU U B.
jZIBng

Now it is clear that

K
panc =y ul| J@ns)

Jj=1 BEE;

Hence there is a particular index jy such that

AN =K-pu| [ J (AnB)
BEEJ‘O

We have
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pA) <2pANC) 2K -p| |J anB)
BEE_,‘O

~

We can choose a finite subfamily B C Bj, such that

pA) <3k -u| [ Jans
BeB

So setting

Ar=A\JB.

BeB

we conclude that
n(AD) < u(A)[1 -1/3BK)]

and that A is contained in the bounded open set Uy = U \ |z B. Now we simply
iterate the construction, just as in the proof of Proposition 4.1.2.

We may dispense with the hypothesis that A is bounded just as in the proof of
Proposition 4.1.2—making the additional observation that, since the Radon measure
W1 is o-finite, it can measure at most countably many hyperplanes parallel to the
axes with positive measure (so that we can avoid them when we chop up space into
cubes). O

4.3 Decomposition and Differentiation of Measures

Next we turn to differentiation theorems for measures. These are useful in geometric
measure theory and also in the theory of singularities for partial differential equations.

Suppose that i and A are Radon measures on RY . We define the upper derivate
of p with respect to A at a point x € R to be

_ B
Drlit, 0y =T 3B, )

and the lower derivate of y with respect to A at a point x € R" to be

p[Bx, r)]

D = liminf £ 010
D (w, x) = liminf )

At a point x where the upper and lower derivates are equal, we define the derivative
of u by A to be

D)»(Ma )C) = 5);(““7 -x) = Q}L(I’La X) .
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Remark 4.3.1. It is convenient when calculating these derivates to declare 0/0 =
0 (this is analogous to other customs in measure theory). The derivates that we
have defined are Borel functions. To see this, first observe that x +— u[B(x, r)]
is continuous. This is in fact immediate from Lebesgue’s dominated convergence
theorem. Next notice that our definition of the three derivates does not change if we
restrict r to lie in the positive rationals. Since, for each fixed r, the function

ulB(x, r)]
AMB(x, r)]

is continuous, and since the supremum and infimum of a countable family of Borel
functions is Borel, we are done.

Definition 4.3.2. Let 1« and A be measures on RY. We say that u is absolutely
continuous with respect to A if, for A € RN,

A(A) =0 implies wu(A)=0.
It is common to denote this relation by u < A.
Our next result will require the following lemma:

Lemma 4.3.3. Let i and A be Radon measures on RY. Let 0 < t < oo and suppose
that A C RV,

(D) IfD, (u,x) <tforall x € Athen u(A) < ti(A).
Q) If Dy (1, x) > t forall x € A then ju(A) > tA(A).

Proof. 1f € > 0 then the Radon property gives us an open set U such that A C U and
A(U) < A(A) + €. Then the Vitali theorem for Radon measures (Proposition 4.2.13)
gives disjoint closed balls B; € U such that

w(Bj) < (t +€)A(Bj) (provided the balls are sufficiently small)

and
uwla\{JB;|=0.
J
We conclude that

W(A) <Y u(B)) < (t+€) Y A(B))

j J
=@ +erU) =t +e)(AA) +e).

Letting € — 0 yields u(A) <t -A(A). This is assertion (1). Assertion (2) may be
established in just the same way. O

Theorem 4.3.4. Suppose that i and ) are Radon measures on RY .
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(1) The derivative D, (i1, x) exists and is finite A-almost everywhere.
(2) For any Borel set B C RV,

/ Dy (i, x) di(x) = n(B),
B
with equality if 1 << A.
(3) The relation . << X holds if and only if D, (0, x) < oo for p-almost all x € RV,

Proof.
(I)Let0 <r <oocand0 < s <t < co. Define

Agi(r) ={x € BO,r) : D, (n,x) <s <t < Dy(u,x)}

and
A;(r) = {x € B, r): Dy (i, x) >1t}.

Now Lemma 4.3.3 implies that
1 M(Asi(r) = w(As i (r)) =5 - M(Ag 1 (r)) <00
and, foru > 0,
- A(A(r) = p(Au(r)) < n[B@O,r)] < oo.

Since s < ¢, these inequalities imply that A(A;(r)) = 0 and /\(ﬂu>0 A,(r)) =
lim, o0 A(A,(r)) = 0. But

RN \ {x € RY : D, (m, x) exists and is finite}

= U Uawm v U MNao. (4.6)

reN O<s<t reN u>0
s,t€Q

We see then that the set in (4.6) has A-measure 0, and this proves assertion (1).
(2)Forl <t <ooand p =0, %1, £2, ..., we define

B,={x e B:t" <Dy(u,x) < Py
Then part (1) above and Lemma 4.3.3(2) yield that

> / D; (. x) di(x)
By

k=—o00

Z tk+1 )\,(Bk)

k=—00

/ Dj (i, x) di(x)
B

IA

e¢]

e u(B

k=—00

t-u(B).

IA

IA
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Letting ¢ | 1 yields then fB D; (i, x)dr(x) < u(B).

Suppose now that © << . Then the sets of A-measure 0 are of course also sets of
p-measure zero. Part (1) tells us that D; (i, x) = 1/D,, (A, x) > Ofor w-almostevery
x. We conclude that u(B) = Z,fi_ oo M(By), and an argument similar to the one just
given (using Lemma 4.3.3(2)) gives the inequality fB D, (u, x)dr(x) > u(B).

(3) By (1), we know that D, (1, x) < oo at A-almost every x; if 4 << A then this
also holds at p-almost every x.

For the reverse direction in (3), assume that D, (1, x) < oo for p-almost all

x € RV, Take A € RN with A(A) = 0. Foru = 1,2, ..., Lemma 4.3.3(2) gives

pn(fx € A:D;(u,x) <u} <u-A(A)=0.
We conclude that u(A) = 0. |

Now we reach our first goal, which is a density theorem and a theorem on the
differentiation of integrals for Radon measures.

Theorem 4.3.5. Let ). be a Radon measure on RV .
(HLIfAC RN s r-measurable then the limit

MANB(x,r))
m ———
0 A[B(x, r)]

exists and equals 1 for A-almost every x € A and equals O for A-almost every
x e RV \ A
Q) If f : RN — Ris locally i-integrable, then

i B )] Jayy T O 0 = ()

for r-almost every x € RV,

Proof. Part (1) follows from part (2) by setting f = X,. To prove (2), we may take
f > 0. Define u(A) = fA f(x)dA(x). Then p is a Radon measure and p << A.
Theorem 4.3.4(2) now yields that

/ Dy (u, x) dr(x) = u(E) 2/ fdx
E E

for all Borel sets E. This clearly entails f(x) = D; (u, x) for A-almost all x € RV,
That proves (2). |

We say that two Radon measures p and A are mutually singular if there is a
set A € RY such that A(A) = 0 = ,LL(]RN \ A). Now we have a version of the
Radon—-Nikodym theorem combined with the Lebesgue decomposition.
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Theorem 4.3.6. Suppose that ) and  are finite Radon measures on RN. Then there
is a Borel function f and a Radon measure v such that A and v are mutually singular
and

wE) = [ fanve)
E
for any Borel set E € RN . Furthermore, v << X if and only if v = 0.

Proof. Define
A={x e RV i D, (u, x) < o00}.

Recalling that | denotes the restriction of a measure, we set
pr=pnlLA and v=pl@®"\A).

Then obviously ;4 = pt1 4 v, and A and v are mutually singular by Theorem 4.3.4(1).
Now Lemma 4.3.3(1) gives 1 << X; hence w1 has the required representation by
Theorem 4.3.4(2) with f(x) = D, (u, x). The last statement of the theorem is now
obvious. O

We conclude this section with some results concerning densities of measures (see
Definition 2.2.1).

Theorem 4.3.7. Fix0 < t. If u is a Borel regular measure on RN and A € C C RV,
then

t<O*MuLC, x), forallx € A, implies 1-SM(A) < u(C).

Remark 4.3.8. Since spherical measure is always at least as large as Hausdorff mea-
sure, we also have the conclusion

1 <OM(ul C,x), forallx € A, implies 1 -HM(A) < n(C).

Proof. Without loss of generality, we may assume that «(C) < oo. It will also be
sufficient to prove that t < @*M (| C, x), forall x € A, implies7-SY (A) < u(C).
Fix 0 < §. We will estimate the approximating measure Sgg (A). This estimation
will require a special type of covering, which we construct next.
Set

B={(Bx,r):xeA, 0<r<8, t-Qu " <uLOBx,},
B ={Bx,r)eB: 2 's<r<s},
and let 3| be a maximal pairwise disjoint subfamily of B;.

Assuming that B, B, ..., B; have already been defined, set

J
Bjt1 = {E(x,r) eB:27UDs « <275 =Bx,nN U U B }
i=1BeB;
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and let B;. 41 be a maximal pairwise disjoint subfamily of 5.

Note that the assumption ;£ (C) < oo ensures that each B; is finite. Also note that,
by construction, any two closed balls in the family [ 72, B; are disjoint, so we have

> wlo® =wlo) (U Upep B) < (0 <00 @47

i=1 BeB

Claim. For each n,
AC <Uzr'l:1 UBeB;B) U (U?in+l UBeB{.ﬁ) (4.8)

holds, where, for each ball B = E(x, r), we set B = E(x, 3r).
To verify the claim, considerx ¢ (J{_; Upcp, B- Since | J;_; Upcp, Bisclosed,
there is B(x, r) € B such that

9 =B, rNUL, Uses B -

Letting £ be such that 27k < < 2_("_1), we see that if kK > n and E(x, r) ¢ B,
then

0 # B, ) Uiy Uses; B -

Thus there is B(y, ) € B/, where n + 1 < i < k, such that @ # B(x, r) N B(y, 1).
Since r < 2% =D and 2% < ¢, we have x € @(y, r+t)C E(y, 3t). The claim is
proved.

Let € > 0 be arbitrary. By (4.7) (see also (4.8)), we choose n such that

o0

YD wlo®) <e.

i=1 BeB!

Using the claim and letting rad B denote the radius of the ball B, we estimate

n o0
S <[> QueadB) |+ Y > Qyad BYY
i=1 BeB; i=n+1 BeB;
n o0
= Z Z Quy (rad )M | +3M Z Z Qu (rad B)M
i=1 BeB; i=n+1 BeB]
n o0
<t YD wLos | +3" [ >0 Y wlos
i=1 BeB, i=n+1 BeB,
<t ) +3Me].
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Since € > 0 was arbitrary, we conclude that Sgg (A) <! u(C). The result follows,
since § > 0 was also arbitrary. O

Corollary 4.3.9. In RN the measures SN, HN, TN, cN, gV, N, andI,N (1<t=<
00) all agree with the N-dimensional Lebesgue measure LN .

Proof. Noting that 8,(N, N) = 1, for | < < oo, and using Proposition 2.1.5, we
see that SV is the largest of the measures SN HN TN cN gN, va, and I[N, while
TV is the smallest. Theorem 4.3.7 implies S¥ < £V and (2.9) gives us ZI' > £V,
so the result follows. O

Corollary 4.3.10. If 11 is a Borel regular measure on RN, A € RN is y-measurable,
and (1(A) < oo, then
O*M(uLA,x) =0

holds for SM-almost every x € RN \ A.
Proof. Let j be a positive integer and set
Cj= {x e ®V\A4):j 7' < ®*M(/L|_A»X)} .
Arguing by contradiction, suppose that S¥ (C ;) is positive. Then, by the Borel
regularity of 1, we can find a closed set E C A such that
wA\E) < j~-sM(cC).
For x € Cj, since E is closed and x ¢ E, we have

JTt <ML A, x)=0"[ulL(A\E),x]

="M (uLAL RN\ E), x].

So we can apply Theorem 4.3.7 (with the roles of u, A, and B played by ul A,
RN \ E, and C}, respectively), to conclude that

t-SM(Cj) < (nLARY\E) = n(A\ E),

a contradiction.
Thus we have SM(C ;) = 0 and the result follows. o

4.4 The Riesz Representation Theorem

In this section, we prove a version of the Riesz representation theorem for linear
functionals. Anticipating that our main application of this theorem will be to currents
with finite mass, we have taken our linear functionals to be defined on the space of
real-valued, infinitely differentiable, compactly supported functions on RY. Stan-
dard versions of the theorem apply to linear functionals on the space of continuous,
compactly supported functions (see, for example, [Fol 84], [Roy 88], or [Rud 87]).
In [EG 92], Evans and Gariepy prove a version of the theorem for linear functionals
on the space of vector-valued, continuous, compactly supported functions.
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Theorem 4.4.1 (Riesz Representation Theorem). Ler D denote the set of real-
valued, infinitely differentiable, compactly supported functions on RN . IfL : D — R
is a linear functional satisfying

M:sup{|L(¢)|:¢eD, sup |¢|§1}<oo, 4.9)

xeRN

then there exists a Radon measure » on R and a A-measurable function g : R¥N — R
such that

1) A (RN ) - M,
) L(¢) = / ¢gdr, forall p € D.
RN
Proof. First, we note that it follows immediately from (4.9) that

[L(p)| <M -sup|p(x)|, forp € D. (4.10)

Step 1: Definition of the measure A. We define the function A on subsets of RY by
setting A(¥) = 0, setting

AU) = SUP{IL(¢>)| 19 €D, sup|p(x)| =1, suppp < U} (4.11)

when U is a nonempty open set, and setting
ME)=inf {A(U) : Uisopen, E C U} 4.12)

when E is not an open set.
Ultimately we will show that X is a measure. It follows immediately that

ARV =M, (4.13)
A C B implies A(A) < A(B). (4.14)

To show that u is a measure, we first show that A is countably subadditive on the
family of open sets. To see this, let U;,i = 1,2, ..., be a sequence of open sets. We
need to show that

)”(UiUi) <Y MU (4.15)

holds. It is no loss of generality to assume that ), A(U;) < oc.
Suppose that ¢ € D, sup,rn [¢| < 1, and supp¢ < U;U,. Let o; be a smooth
partition of unity for the set supp ¢, subordinate to the cover {U;}°, (see [KPk 99]).
We estimate
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L (X -ei)| = X L@ <D IL@-adl <) 2U).
Thus LD ; ¢ - ;) and ), |L(¢ - ;)| are convergent. We then have
IL@)| =L (¢ 0i)| =L (Xi¢-ai)| <D IL@-ap)l <D AU,

and (4.15) follows.

To complete the proof that A is a measure, we show that X is countably subadditive
on the family of all subsets of RV, To see this, welet E;,i = 1,2, ..., bea sequence
of sets. We need to show that A(|J; E;) < ), A(E;). We may suppose without loss
of generality that ), A(E;) < oo.

Lete > Obearbitrary. Foreachi, let U; be an open set with A (U;) < MED+2 e,
Then, by (4.15), we have

MUGED) = i(UiUn) < Y AU < e+ Y MED,

and the claim follows from the fact that € > 0 was arbitrary.

Step 2: A bound on L. We claim that
L@ = suplp(o)] -2 (1x : p(x) #0}) , for g € D. (4.16)

To see this, fix a nonzero ¢ € D, set k = sup, |¢(x)|, and set

U={x:¢x)#£0}.

Letay : R — R, ¢ =1,2,..., be a sequence of infinitely differentiable functions

such that
ag(t) =0 if lt] < 1/(20),

loeg ()] < 1/€if 1/(20) < |t] < 1/¢,
ae(t)y =1t if 1/€<|t].
For £ such that 1/¢ < sup, |¢(x)|, we have k = sup, oy o ¢(x) and
suppago¢p C U,

SO
|L(ctg 0 )| =k A(U).

Since sup, |¢ — oy o ¢p| < 1/€ holds, we conclude from (4.10) that
|L(¢) — L(aeop)| = |L(¢p —apo@)| = M/L
holds. Letting £ — oo, we obtain the claim.

Step 3: Showing that A is a Radon measure. First, we claim that A is finitely
additive on the family of open sets. To see this, let U and V be disjoint open sets.
Let € > 0 be arbitrary. Let ¢y € D satisfy
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e sup, [py(x)| <1,
* suppoy C U,
e AMU) < |L(¢u)| +e.

Replacing ¢y by —¢y if necessary, we may assume that L(¢y) = |L(¢y)]. Choose
¢v € D similarly. Then we have

AU) +A(V) < |L(¢u)| + |L(¢v)| + 2¢
= L(¢y) + L(pv) + 2¢
= L(¢u + ¢y) + 2¢

< IL(¢u +¢v)l+26 =AU UV) + 2,

and since € > 0 was arbitrary, the claim follows.

Next, we claim that A satisfies Carathéodory’s criterion. To see this, let A and B
be sets that are separated by a positive distance.

Let € > 0 be arbitrary. We can find an open set U with A U B C U and
AMU) < M(AU B) + €. Since A and B are at a positive distance from each other,
we may assume without loss of generality that U = U4 U Up, where U4 and Up are
disjoint open sets containing A and B, respectively. Then we have

A(A) + A(B) = A(Ua) + M(Up) =2(UpUUB) =AM(AUB) + ¢,

and the claim follows from the fact that € > 0 was arbitrary.

Since A satisfies Carathéodory’s criterion, we know that all open sets are A-
measurable. The fact that A is a Radon measure follows from (4.12) and the fact
that A(RV) < oo.

Step 4: Extension of L. Let D denote the set of functions f : RN — R such
that f is bounded and f is the pointwise limit of a sequence of functions in D. We
observe that

D contains the characteristic function of any open subset of RY,
e Dis avector space,
e Dis closed under multiplication.

We will define the extension of L from D to D.

Let f € D. Let ¢; be a sequence of functions in D with f = lim; ¢;. We may
assume without loss of generality that the functions ¢; are uniformly bounded.

Set

K =supsup@;(x) < oo.
i X

Fix € > 0. For each n, set
A, ={x:3i,j = n suchthat |¢;(x) —¢;(x)| > €}.

Then we have Ay D Ay D ---and Ny A, = @. So L(A,) | Oasn — oo. Fixann
such that L(A,,) < €.
Let 8 : R — R be an infinitely differentiable function satisfying
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e B takes its values in [0, 1],

o B =1if|t] = 2e,
o B =0ift] <e.

Fori, j > n, we have
L@ — )| < |L1Bo @i — ) - @i — )]

+|LLA=Bo @ =6 @ — )|
<2+ M)e.

Thus we see that L(¢;) forms a Cauchy sequence. We define
L( lim ¢>i) = lim L(¢;).
11— 00 11— 00

It is easy to see that the extension of L is well-defined and linear.
Tﬁe extension of L satisfies an estimate like (4.16); specifically, we claim that if
f € D, then it holds that

ILOHT = sup £l A(1 s £() #0}) (*17)

To see this, fix the function f € D and fix a uniformly bounded sequence ¢; € D
that converges pointwise to f. It is no loss of generality to assume that

sup £ ()] = lim (suplgi()] )

Set W = {x : f(x) #0}.

Let € > 0 be arbitrary. Then we can find an open set U with W C U and
AMU) < A(W) +e.

Let oy : RY — R be a sequence of infinitely differentiable functions with values
in [0, 1] such that {x : a¢(x) = 1} increases to X, Then ¢; - «; is a uniformly
bounded sequence that converges to f.

We have

[L(pi - ;)| < sup [(¢; - @) (x)] ')»({x (i) (x) # 0}>

IA

sup £ (0l -2 (x 2 ey (x) # 0})

IA

sup [ f(x)| - A(U)

IA

sup [ f(x)[ - (A(W) +€),
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and the claim follows.

Step S: A family of subsets of RY. Let O denote the family of subsets A of RV for
which X, € D. Since

Kaug = X4 T X — Xy Xp s

XA\B =0 =Xp) Xy

we see that O is closed under finite unions, finite intersections, and complements.
Also every element of O is a Borel set. Note that

L(X,) +A(U) = 0

holds, for any U € O.

Step 6: Definition of the measure u. We define the function 1 on subsets of RY by
setting
nU) = LX) + 1), (4.18)

when U is open, and setting
w(E) =inf {u(U) : Uisopen, EC U}, (4.19)

when E is not open.
Forsets U,V € O with U C V, we have

LX) +1(V) = LOG + Xy ) + MU UV \U))

= L(X,) + LX) +AU)+ 21V \U)

V\U
> L(x,) +2(U).

If U and V are open with U C V, then we conclude that £ (U) < u(V). Then by
(4.19),  is monotone on all sets.
We claim that
u(E) = L(Xz) + AME), for E€O. (4.20)

The argument above also shows that if U is open, E € O, and E C U, then
L(Xg) +2(E) < n(U).
Let € > 0 be arbitrary. Then we can find an open U with E € U and
AMU) < ME) + €.

Since
AMU)=2U\E)+ ME),
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we have
MU\E)<e.

By (4.17), we have

SO
LX) +1(U) = LX) + M(E) + L, ) + AU \ E) < L(Xp) + A(E) + 2

holds. Thus we have
W(E) < L(Xy) + A(E) + 2€,

and the claim follows from the fact that € > 0 was arbitrary.
By (4.20), we see that we obtain the same function & on subsets of RY if we
define p by setting
nU) = LX) + 1), (4.21)

when U € O, and setting
WE)=inf{uU):UecO, ECU}, (4.22)

when E ¢ O. We shall use this alternative definition. Ultimately we will show that
1 is a measure. We note that the original definition of p is useful for verifying that
u is a Radon measure.
By (4.17), we see that
0= u(E) < 20(E)

holds, for every set E. In particular, u is absolutely continuous with respect to A. We
also note that if U, V € O, then

n(V) = L(X;) + A(V)
= LU + Xy ) + MU U (VD))
= LX) + L0ty ) + AU) + AV \ U)
> L(Xy) + A(U)
= pU)

and
(U UV) = L(X,,,)+rUUV)
= L(X,) + L(X,) — LX) + AU UV)

= LX) + LX) — LOXyny) + AU) + A(V) = AU N V)

UOV)

=ul)+pnV) —pUNV) <uU) +upnlV),
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so A is finitely additive and finitely subadditive on O.

Step 7: Showing that u is a Radon measure. First, we claim that px is countably
subadditive on O. To see this, let a sequence {U;} € O be given. We need to

show that
w(UiU) = 3w (423)

holds.
Let € > 0 be arbitrary. Set

Ay = (U:OilUl) \ (U?:lUi) :

Then L(A,)) — 0 as n — o0. Choose n such that A(A,,) < €. We have

(U2 U = n(Uis U + L, ) + A(An)

o0
< u(UiL Ui) +2€ <2e + ZM(Ui),
i=1

and the claim follows from the fact that ¢ > 0 was arbitrary.

We see that i is countably subadditive by using the same argument that showed
that X is subadditive. We can also see that Carathéodory’s criterion holds for w in the
same way that we saw that it holds for A, and we similarly conclude that A is a Radon
measure.

Step 8: Obtaining the function g. By Theorem 4.3.6, there exists a Borel function
f such that

w(E) 2/ fda
E
holds, for any Borel set E. Set g = f — 1. For U € O, we have
L(x,) =wulU)—-21U) = / (f—Ddr =/ gdhxr.
U U

For ¢ € D, we obtain
L(¢) =/¢gd?»

by uniformly approximating ¢ by simple functions of the form ) ; a; X g With Ej €
O, and applying (4.17). O
4.5 Maximal Functions Redux

Itis possible to construe the Hardy-Littlewood maximal function in the more general
context of measures.
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Definition 4.5.1. Let ;« be a Radon measure on RV . If f is a u-measurable function
and x € RY then we define

1
M 00 = S0 e 1 Sy 1O

Further, and more generally, if v is a Radon measure on R" then we define

o[BG,
i 7 TSR

Finally, it is sometimes useful to have the noncentered maximal operator ]\7I,L
defined by

- 1
M = - d :
wf(x) Bé}l&x B ] B(Z’r)lf(t)l (1)

A similar definition may be given for the maximal function of a Radon measure.
The principal result about these maximal functions is the following:

Theorem 4.5.2. The operator M, is weak type (1, 1) in the sense that

RN
,uixeRN:MMv(x)>s]§C-v( ).
s
In particular, if f € L'(w) then
,u{xeRN:MMf(x)>s}§C-m.
s

In case the measure | satisfies the enlargement condition u[B(x,3r)] < c -
w[B(x, r)], then we have

,LL{)CERNIMMU(X)>S}§C~S_1~V{XERN:MMU(X)>S}.

The proof of this result follows the same lines as the development of Proposi-
tion 4.1.4, and we omit the details. A full account may be found in [Mat 95].





