Chapter 8

Higher Values of the
Applied Field

The previous chapter dealt with minimizers of the Ginzburg-Landau
functional when the applied field was O(|loge|). The applied field be-
having asymptotically like A|loge|, letting A — oo in Theorem 7.2 in-
dicates that for energy-minimizers for applied fields hex > |loge|, we
must have % — 1, and ,?5 — 1. But in this regime, M%AE) — 0
and the argunlcgnts of Chaptercx7 do not give, even formally, the leading
order term of the minimal energy. Moreover, the tools which were at the
heart of the result, namely the vortex balls construction of Theorem 4.1
and the Jacobian estimate of Theorem 6.1 break down for higher values
of hey.

On the other hand, we recall from Chapter 2 the prediction by
Abrikosov that the transition from the mixed state, which we may as well
call the vortex state, to the normal state, should occur for hex = 1/£2, i.e.,
much higher fields. We will show in this chapter how our techniques still
allow us to find the minimum of the energy for applied fields satisfying
|loge| < hex < 1/€%: in the scaling of Chapter 7 what we determine here
is the first nonzero lower-order correction term. We find that minimizers
have a uniform limiting density in the whole domain €2, in agreement
with Abrikosov lattices. In fact, the test-configurations we use below to
obtain the upper bound on the minimal energy are constructed to be
periodic.

Theorem 8.1. Assume, ase — 0, that |loge| < hey < 1/€2. Then, let-
ting (ue, Ac) minimize G¢, and letting g-(u, A) denote the energy-density
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3 (IVaul? + |h — heal® + 52 (1 — [ul?)?), we have

29 (Ua ) Aa)

T —~dx ase—0 (8.1)
heslog 27

in the weak sense of measures, where dx denotes the 2-dimensional Le-
besgue measure, and

. || 1
(u,A)rél;II}XHl Ge(u,A) ~ Thex log 57\/@ as e — 0, (8.2)

where Q] is the area of €.

1

=< hex?, we deduce as an immediate
ex

Since in this regime hey log

corollary:

Corollary 8.1. Assume that, as ¢ — 0, |loge| < hey < 1/€% and

(ug, Ae) minimize Ge, letting he = curlA. and p(us, Ae) =
curl(iue, Va_ue) + he, we have
k—>1 in HY(Q)
f(ue, Ac)

—dz in H1(Q).

h€$
Proof. Since (us, Ac) minimizes Ge, it is a solution of (GL) and thus,
using Lemma 3.3, we find

Hhe - h’eXH%{I(Q) < 2G6(u67AE> < hex2

hence h./hex — 1 in H'(£2). Since we have the relation —Ah. + h. =
w(ue, Ac) obtained by taking the curl of the second Ginzburg-Landau
equation, the convergence of p(uc, Ac)/hex follows. O

The theorem is a direct consequence of Propositions 8.1 and 8.2 be-
low, but let us briefly explain what problem occurs for high fields and
how it is overcome. If hey is too high, say hex > 1/¢, then a minimizer
of G, is expected to have a number of vortices n of the order of hex and
then the perimeter of the set where |u| < 1/2 should be of the order
ne > 1. This means that we can no longer hope that the a priori bound
on the energy satisfied by a minimizer excludes, say, a line where |u| = 0.
As we mentioned, the downside is that the vortex balls construction and
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the Jacobian estimate, which are based on covering the set {|u| = 0} by
small balls, will not work anymore.

On the other hand, for such large fields, the problem of minimizing
G reduces to that of minimizing it on any subdomain, in other words
the minimization problem becomes local. Thus we may perform blow-
ups which yield the right lower bound. The effect of the blow-ups will be
precisely to effectively reduce hey and allow our techniques to be applied
on the smaller scale. On the other hand, that the upper bound that we
need will demand a more rigid construction of a good test-configuration
than in Proposition 7.4.

The rescaling formula is:

Lemma 8.1. Given (u, A) and Q, assuming 0 € €, define uy, Ay and
Q\ by

ux(Az) =u(z), Mi(Az) =A(x), Q\= Q. (8.3)
Then, for any hez, we have Ge(u, A, Q) = G2 (uy, A, Q\), where

GQ\(UA; A)\a Q)\) -

2
1 2 2 hex 2 (1 - ‘U/\|2)
Q/IVAAU)\’ + A <curlA>\—)\2> +W (84)
Qx

The proof is straightforward and we omit it.

8.1 Upper Bound

Proposition 8.1. Assume, as € — 0, that 1 < he, < 1/€2. Then for
any € small enough

. Y
g ,A, Q S hexi 1
AR g Ge( A ) < hea o7 | log

+C|. 8.5
eVhes > (85)
Proof. The proof is done by constructing a test configuration (u, A;)
which is periodic, in the sense that gauge-invariant quantities are peri-
odic. Let
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and let L, = A\Z x A\Z. We let h. be the solution in R? of

—Ahe +he =21 Y ba. (8.6)
a€L.

It is thus periodic with respect to L.
Then we define p. by

0 if |x — a| < € for some a € L.,
pe(x) = [z —al _ 1 ife < |z —al < 2e for some a € L, (8.7)
1 otherwise.

Finally, as in the proof of Proposition 7.3, we define A, to solve curl A, =
he and ¢, well defined modulo 27, to solve —V+h. = V. —A. in R?\ L.
Then we let u, = p.e'¥e

By construction, every gauge-invariant quantity is periodic with re-
spect to the lattice L., thus if we choose the origin carefully, the energy
Ge(ue, A;) will be estimated by computing the energy per unit cell. In-

deed, let
1 1 1 1
fe= <_2)\2)\) g (‘mm)

be the unit cell of L.. For each x € K. we may define a translated lattice
L?, and a corresponding test configuration (u?, AZ), with energy density
glZ(y) = gl(y — x). Then, applying Fubini’s theorem we have

[ Gtz do= [[ gzt dedy = |00G-u-. A2, K

TEKe IEIS{ZE
ye

since gl. is periodic with respect to the lattice L.. It follows, using the

mean value formula, that we may choose z such that

Ge (uf, AL, Q) < ||I£(2‘\ c(ue, Ac, Ko). (8.8)

We estimate G.(ue, Ae, K), arguing as in Proposition 7.3: we have
‘VAEUE‘Z = ‘VPEP +Psz‘v905 - Ae’2 and p62’v806 _As‘Q > ‘Vhs‘Z- More-
over, writing B, for B(0,r) and using (8.7)

1 1 2
B / ‘Vp5’2+27€2(1_p62) <C.
B2€
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We deduce that

1 1
Gl An ) < / Vel + 5 /(hs Che2dr+C. (8.9)
K\B: K.

To estimate the right-hand side, we perform a change of variables
y = Az. Then

B 9 s
/ !Vh€|2+/(h€—hex)2d:c: / Vh€]2+h7r/h§dy (8.10)

KE\BE Ke K\BAE

he — hex as

he(y) = g-(y) —log |yl (8.11)

and we show that g. is bounded in W4(K) independently of ¢ for any
q > 0.

First, by periodicity, the integral of h. in K. is 27, thus the integral
of he in K is 2702 — hex = 0. Therefore g- and log| - | have the same
mean value in K, and that value does not depend on . We deduce from
Poincaré’s inequality that

192132y < € (14 1992y ) - (8.12)

Second note that h., which is the solution to (8.6), is also the solution of
—Ahg+he = 216y in K. and 9,h. = 0 on OK.. Indeed, the problem (8.6)
is symmetric with respect to each line containing a side of the square K.,
hence h. is equal to its symmetrized and 0,h. = 0 on JK.. Therefore

9e(y) = he(y/A) — hex + log |y| solves

~Ag: + A2 (ge + hex —log) =0 in K,
81/.96 =0, log on 0K.

Multiplying the equation by g. and integrating by parts in K yields

1
/|v9€|2 + 2 (gg + gehex — ge IOg) = /gsauge-
K oK
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We deduce, replacing A by its value and using the facts that 9,g9. = 0, log
on 0K and that the average of g. on K does not depend on ¢,

IVgellZoy < € (1 + hex N1 9ell72 sy + ”geHL?(aK)) : (8.13)

Since 1 K hey, if € is small enough, then hey is large enough so that using
(8.12) and bounding the L? norm of the trace of g. by the H' norm,
the terms in the right-hand side of (8.13) are absorbed by HVQEH%Q(K)

yielding [|ge|l g1 (k) < C. We deduce that g. is bounded independently of
¢ in LY(K) for every g > 0 and then, using the equation satisfied by ge,
that for every g > 0

HV95||12/V1,q(K) <C.

Together with (8.11), this implies that
~ 1
/ |Vhe|? < C + / ]Vlog\QSC—i-Zwlog)\—g,
K\B). K\B)¢

and also ,3—07; Jx h? < C. Together with (8.8), (8.9), and (8.10), this yields,
since |K.| = A72 = 27/ hey,

Q
Ge (uf, AL, Q) < it] <ﬂ10g€+0> <

8.2 Lower Bound

We now wish to compute a lower bound for G.(u, A) which matches the
upper bound of the previous section. In the course of the proof we will
see clearly that if (u, A) minimizes G, then its energy is accounted for
by the vortex-energy.

In what follows we denote BY = B(z,A™!) and we will often omit
the subscript ¢, where z is the center of the blow-up.

Proposition 8.2. Assume |loge| < hey < 1/2 and (u., A.) minimizes
Ge. Then there exists 1 € A < % such that for every x € 0 such that
BY C Q, we have

| By 1

hezlo
9 ex g&_ T

G (ue, Ac, BY) > (1-o(1)). (8.14)
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Proof. As already mentioned, the proof is achieved by blowing up at the
scale A.

Define uy and Ay, as in (8.3), but taking the origin at x. From
Lemma 8.1, (8.4), again with the origin at x, and dropping the & sub-
scripts, the left-hand side of (8.14) is equal to

hex)2 + (1 - |U)\‘2)2

1 2 2
5 / ’VA)\U)\’ + A <Curl A)\ — ﬁ 2(}\8)2
B1

thus, letting u' = uy, A’ = Ay, &’ = Ae and hey' = hex /N2, the inequality
(8.14) that we wish to prove is equivalent to

2
1 12 2 / N2 (1 B ’ul|2)
- , 1A — hey AN bl BV
2/|VAu] + A% (cur hex')” + 572
B
|Bl, / 1
> ———hex 1 1—-o0(1)). (8.15
> e Tog ——= (1= o(1)). (815
Now we choose A such that
hex' = |logé’|. (8.16)

Let us check that this is possible and give the behavior of A ase — 0. Con-
dition (8.16) is equivalent to e2he, = f(e)), where f(z) = z%log(1/x).
Since €2hey — 0 as € — 0, it is easy to check that for € small enough,
there is a unique z. € (0,1/2) satisfying f(x.) = £2hex. Moreover from
|loge| < hex < 1/e% we deduce e < z. < 1. Therefore (8.16) can indeed
be verified, and the corresponding A, ' satisfy

1 1
l<dg =, ¢x1, log—— ~|logé|,
the last identity being deduced from e2hex = f(e\) = f(¢') by taking
logarithms. Thus with this choice of A, (8.15) becomes
1— |u/|2)2

1
3 / V|2 4+ N2 (curl A — he)” + ( o

By

B
> |21|hex'|log5’| (1-o(1)). (8.17)
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Two cases may now occur, depending on the blow-up origin x. Either

1— [u')?)?
/ |VA'U/|2 + )2 (CurlA' — hex’)2 + (21:2”

B

1 2
5 > hex,

as € — 0 and then, from (8.16), (8.17) is clearly satisfied, or

1—u

2¢!?

1 2 2 / 72 ( /’2>2 12
2/|VA/u| + A (CurlA —heX) + < Chex ©.
By

This way, we have reduced to the case of configurations with a relatively
small energy, for which all the analysis of previous chapters apply.
In this case, since A > 1 we find

curl A’ — hey'

T — 0, in L*(By). (8.18)

On the other hand, replacing € by €’ and heyx by hey’, the hypotheses of
Theorem 7.1, item 1) are satisfied and we deduce from (7.6), (7.8) that

1 1_u122 /
1mmfﬂ/me+@mm_mﬁmf ||)>Mw
X
By

&—0 2k, 2¢/? - 2

where p/ = —AR + 1/ and }/ is the limit of curl A’/hey’. From (8.18) we
have p/ = 1, hence

1 [u/]?)?

.. 1
lim inf / ]VA/u’]2 + (curl A — hex/)z + ( 572 >
By

&0 2he”

™
27

and (8.17) is satisfied since for our choice of A

m B 1
§hex/2 = ‘ 21| hex/ IOg g
We have shown for our particular choice of A that (8.17), hence (8.15)
and then (8.14) are satisfied for every choice of blow-up origin x. O]
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To conclude the proof of Theorem 8.1, we integrate (8.14) with respect
to z. Letting U be any open subdomain of {2, using Fubini’s theorem,
we have

[ Gwasinv) = [[ stwawdyds

zelU zelU
yeBINU

- / / g-(u, A)(y) da dy

zelU
yeBINU

— / IBY N Ulg-(u, A)(y) dy <
yeU

s

)\ZGa(%A,U)-

We deduce that
A \2G A BYNU
lim inf 7&5(% U) > liminf / e(u, 4, By )

e—0  hey log

1 1
e—0 Thex lo
eV hex xelU ex g eV hex

/ X2G.(u, A, BE N U)

Thex log lh
T€U,BICU &V tex

G:(u, A, BY

> /liminf <1B§CU 5(:’ d )‘1) )
s £—0 hex| B log - e
Ll

- 2

> lim inf

e—0

(8.19)

where we have used Fatou’s lemma and (8.14). In view of Proposition 8.1,

we know that (hex log ﬁ) : ge(ue, Ac) is bounded in L!(2), hence has
a weak limit g in the sense of measures. Since continuous functions on €2
can be uniformly approximated by characteristic functions, (8.19) allows
to say that g > d—;. But since (8.5) holds, there must be equality, which
proves (8.1), and (8.2) immediately follows.

BIBLIOGRAPHIC NOTES ON CHAPTER 8: The result of this chapter was
obtained in [170], but the proof is presented here under a much simpler
form. The case of higher hey, of order b/c? with b < 1, was studied in
[172].





