
Chapter 8

Using Exponential Families for Equating

Shelby J. Haberman

8.1 Introduction

In common equipercentile equating methods such as the percentile-rank method or

kernel equating (von Davier, Holland, & Thayer, 2004b), sample distributions of

test scores are approximated by continuous distributions with positive density

functions on intervals that include all possible scores. The use of continuous

distributions with positive densities facilitates the equating process, for such dis-

tributions have continuous and strictly increasing distribution functions on intervals

of interest, so conversion functions can be constructed based on the principles of

equipercentile equating. When the density functions are also continuous, as is the

case in kernel equating, the further gain is achieved that the conversion functions

are differentiable. This gain permits derivation of normal approximations for the

distribution of the conversion function, so estimated asymptotic standard deviations

(EASDs) can be derived.

An obvious challenge with any approach to equipercentile equating is the

accuracy of an approximation of a discrete distribution by a continuous distribution.

The percentile-rank approach, even with log-linear smoothing, provides an approx-

imating continuous distribution with the same expectation as the original sample

distribution but with a different variance. The kernel method provides an approx-

imating continuous distribution with the same mean and variance as the original

sample distribution, but higher order moments do not normally coincide.

With continuous exponential families, continuous distributions with positive and

continuous density functions are obtained with a selected collection of moments that

are consistent with the corresponding sample moments for the test scores. For

example, one can specify that the first four moments of a distribution from a continu-

ous exponential family are equal to the first four moments from a sample distribution.
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For simplicity, two equating designs are considered, a design for randomly

equivalent groups and a design for single groups. In each design, Forms 1 and

2 are compared. Raw scores on Form 1 are real numbers from c1 to d1, and raw

scores on Form 2 are real numbers from c2 to d2. For j equal 1 or 2, let Xj be a

random variable that represents the score on form j of a randomly selected popula-

tion member, so that Xj has values from cj to dj > cj. It is not necessary for the Xj to

have integer values or to be discrete, but many typical applications do involve raw

scores that are integers. To avoid cases of no interest, it is assumed that Xj has a

positive variance s2ðXjÞ for each form j.
The designs under study differ in terms of data collection. In the design for

randomly equivalent groups, two independent random samples are drawn. For

j equal 1 or 2, sample j has size nj. The observations Xij, 1 � i � nj, are independent
and identically distributed with the same distribution as Xj. In the design for a single

group, one sample of size n1 ¼ n2 ¼ n is drawn with observations Xi ¼ ðXi1;Xi2Þ
with the same distribution as X ¼ ðX1;X2Þ.

For either sampling approach, many of the basic elements of equating are the

same. For any real random variable Y, let F(Y) denote the distribution function of Y,
so that Fðx;YÞ, x real, is the probability that Y � x. Let the quantile function Q(Y)
be defined for p in (0,1) so that Q(p,Y) is the smallest x such that Fðx; YÞ � p. The
functions FðXjÞ and QðXjÞ are nondecreasing; however, they are not continuous in

typical equating problems in which the raw scores are integers or fractions and thus

are not readily employed in equating. In addition, even if FðXjÞ and QðXjÞ are

continuous, the sample functions �FðXjÞ and �QðXjÞ are not. Here �Fðx;XjÞ is the

fraction of Xij � x, 1 � i � nj, and �Qðp;XjÞ, 0 < p < 1, is the smallest x such that
�Fðx;XjÞ � p.

Instead of FðXjÞ and QðXjÞ, j equal 1 or 2, equipercentile equating uses continu-

ous random variables Aj such that each Aj has a positive density f(Aj) on an open

interval Bj that includes ½cj; dj�, and the distribution function F(Aj) of Aj approx-

imates the distribution function F(Xj). For x in Bj, the density of Aj has value

f ðx;AjÞ. Because the distribution function F(Aj) is continuous and strictly increas-

ing, the quantile function Q(Aj) of Aj satisfies FðQðp;AjÞ;AjÞ ¼ p for p in (0,1), so

that Q(Aj) is the strictly increasing continuous inverse of the restriction of F(Aj) to

Bj. The equating function eðA1;A2Þ for conversion of a score on Form 1 to a score

on Form 2 is the composite function QðFðA1Þ;A2Þ, so that, for x in B1, eðA1;A2Þ has
value eðx;A1;A2Þ ¼ QðFðx;A1Þ;A2Þ in B2. Clearly, eðA1;A2Þ is strictly increasing

and continuous. The conversion function eðA2;A1Þ ¼ QðFðA2Þ;A1Þ from Form 2 to

Form 1 may be defined so that eðA2;A1Þ is a function from B2 to B1. The functions

eðA1;A2Þ and eðA2;A1Þ are inverses of each other, so that eðeðx;A1;A2Þ;A2;A1Þ ¼ x
for x in B1 and eðeðx;A2;A1Þ;A1;A2Þ ¼ x for x in B2. If f(Aj) is continuous on

Bj for each form j, then application of standard results from calculus show that

the restriction of the distribution function F(Aj) to Bj is continuously differentia-

ble with derivative f ðx;AjÞ at x in Bj, the quantile function Q(Aj) is conti-

nuously differentiable on (0,1) with derivative 1=f ðQðp;AjÞ;AjÞ at p in (0,1), the

conversion function eðA1;A2Þ is continuously differentiable with derivative

e0ðx;A1;A2Þ ¼ f ðx;A1Þ=f ðeðx;A1;A2ÞA2Þ at x in B1, and the conversion function
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eðA2;A1Þ is continuously differentiable with derivative e0ðx;A2;A1Þ ¼ f ðx;A2Þ=
f ðe; ðx;A1;A2ÞA2Þ at x in B2.

In Section 8.2, continuous exponential families are considered for equivalent

groups, and in Section 8.3, continuous exponential families are considered for

single groups. The treatment of continuous exponential families in equating is

closely related to Wang (2008, this volume); however, the discussion in this chapter

differs from Wang in terms of numerical methods, model evaluation, and the

generality of models for single groups.

8.2 Continuous Exponential Families for Randomly

Equivalent Groups

To define a general continuous exponential family, consider a bounded real interval

C with at least two points. Let K be a positive integer, and let u be a bounded

K-dimensional integrable function on C. In most applications in this chapter, given

C and K, u is v(K,C), where v(K,C) has coordinates vkðCÞ, 1 � k � K; vkðCÞ, k � 0,

is a polynomial of degree k on Cwith values vkðx;CÞ for x in C; and, for a uniformly

distributed random variableUC on the interval C, the vkðCÞ satisfy the orthogonality
constraints

EðviðUC;CÞvkðUC;CÞÞ ¼
1; i ¼ k;

0; i 6¼ k;

(

for integers i and k, 1 � i � k � K. Computation of the vkðCÞ is discussed in the

Appendix. The convention is used in the definition of vkðx;CÞ that the coefficient of
xk is positive.

The definition of a continuous exponential family is simplified by use of

standard vector inner products. For K-dimensional vectors y and z with respective

coordinates yk and zk, 1 � k � K, let y0z be
PK

k¼1 ykzk. To any K-dimensional

vector y corresponds a random variable Yðy; uÞ with values in C with a density

function f ðYðy; uÞÞ equal to

gðy; uÞ ¼ gðy; uÞexpðy0uÞ; (8.1)

where

1=gðy; uÞ ¼
ð
C

expðy0uÞ

(Gilula & Haberman, 2000) and gðy; uÞ has value gðz; y; uÞ at z in C. The family of

distributions with densities gðy; uÞ for K-dimensional vectors y is the continuous

exponential family of distributions defined by u. A fundamental characteristic
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of these distributions is that they have positive density functions on C. These
density functions are continuous if u is continuous. In all cases, if 0K denotes the

K-dimensional vector with all coordinates 0, then Yð0K; uÞ has the same uniform

distribution on C as does Uc. If u ¼ v2ðCÞ and y2 < 0, then Yðy; uÞ is distributed as
a normal random variable X, conditional on X being in C. To ensure that all

distributions in the continuous exponential family are distinct, it is assumed that

the covariance matrix of uðUCÞ is positive definite. Under this condition, the

covariance matrix Vðy; uÞ of uðYðy; uÞÞ is positive definite for each y. As a

consequence of the fundamental theorem of algebra, this condition on the covari-

ance matrix of uðUCÞ holds in the polynomial case of u ¼ vðK;CÞ.
For continuous exponential families, distribution functions are easily con-

structed and are strictly increasing and continuous on C. Let the indicator function
wCðxÞ be the real function on C such that wCðxÞ has value wCðz; xÞ ¼ 1 for z � x and
value wCðz; xÞ ¼ 0 for z > x. Then the restriction of the distribution function

FðYðy; uÞÞ of Yðy; uÞ to C is Gðy; uÞ, where, for x in C, Gðy; uÞ has value

Gðx; y; uÞ ¼
ð
C

wCðxÞgðy; uÞ:

As in Gilula and Haberman (2000), the distribution of a random variable Z with

values in C may be approximated by a distribution in the continuous exponential

family of distributions generated by u. The quality of the approximation provided

by the distribution with density gðy; uÞ is assessed by the expected log penalty

HðZ; y; uÞ ¼ �Eðlog gðZ; y; uÞÞ ¼ �log gðy; uÞ þ y0EðuðZÞÞ: (8.2)

The smaller the value of HðZ; y; uÞ, the better is the approximation.

Several rationales can be considered for use of the expected logarithmic penalty

HðZ; y; uÞ, according to Gilula and Haberman (2000). Consider a probabilistic pre-

diction of Z by use of a positive density function h on C. If Z ¼ z, then let a log

penalty of �log hðzÞ be assigned. If �log f ðZÞ has a finite expectation, then the

expected log penalty is HðhÞ ¼ Eð�log hðZÞÞ. If Z is continuous and has positive

density f and if the expectation of �log f ðZÞ is finite, then IðZÞ ¼ Hðf Þ � HðhÞ, so
that the optimal probability prediction is obtained with the actual density of Z. In
addition, HðhÞ ¼ IðZÞ only if f is a density function of Z. This feature in which the

penalty is determined by the value of the density at the observed value of Z and the

expected penalty is minimized by selection of the density f of Z is only encountered

if the penalty from use of the density function h is of the form a� b log hðzÞ for
Z ¼ z for some real constants a and b > 0.

This rationale is not applicable if Z is discrete. In general, if Z is discrete, then the

smallest possible expected log penalty Eð�log hðZÞÞ is �1, for, given any real

c > 0, h may be defined so that hðZÞ ¼ c with probability 1 and the expected log

penalty is �log c. The constant c may be arbitrarily large, so the expected log

penalty may be arbitrarily small. Nonetheless, the criterion Eð�log hðZÞÞ cannot be
made arbitrarily small if adequate constraints are imposed on h. In this section, the
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requirement that the density function used for prediction of Z is gðy; uÞ fromEquation

8.1 suffices to ensure existence of a finite infimum IðZ; uÞ of the expected log penalty
HðZ; y; uÞ from Equation 8.2 over all y.

Provided that CovðuðZÞÞ is positive definite, a unique K-dimensional vector

uðZ; uÞ with coordinates ukðZ; uÞ, 1 � k � K, exists such that HðZ; uðZ; uÞÞ is

equal to the infimum IðZ; uÞ of HðZ; y; uÞ for K-dimensional vectors y. Let

Y�ðZ; uÞ ¼ YðuðZ; uÞ; uÞ. Then uðZ; uÞ is the unique solution of the equation

EðuðY�ðZ; uÞÞÞ ¼ EðuðZÞÞ:

The left-hand side of the equation is readily expressed in terms of an integral. If

mðy;uÞ ¼
ð
C

ugðy; uÞ;

then

EðuðYðy; uÞÞÞ ¼ mðy; uÞ:
Thus,

mðuðZ; uÞ; uÞ ¼ EðuðZÞÞ:
In the polynomial case of u ¼ vðK;CÞ, the fundamental theorem of calculus

implies that CovðuðZÞÞ is positive definite, unless a finite set C0 with no more than

K points exists such that PðZ 2 C0Þ ¼ 1. In addition, the moment constraints

Eð½Y�ðZ; vðK;CÞÞ�kÞ ¼ EðZkÞ hold for 1 � k � K.
The value of uðZ; uÞ may be found by the Newton-Raphson algorithm. Let

Vðy; uÞ ¼
ð
C

½u� mðy; uÞ�½u� mðy; uÞ�0gðy; uÞ�:

Given an initial approximation u0, the algorithm at step t � 0 yields a new

approximation

utþ1 ¼ ut þ ½Vðut; uÞ��1½EðuðZÞÞ � mðut; uÞ� (8.3)

of uðZ; uÞ. Normally, ut converges to uðZ; uÞ as t increases. The selection of

u0 ¼ 0K is normally acceptable. When u is infinitely differentiable with bounded

derivatives of all orders on C, use of Gauss-Legendre integration facilitates numer-

ical work (Abramowitz & Stegun, 1965, p. 887).

8.2.1 Estimation of Parameters

Estimation of uðZ; uÞ is straightforward. Let Un be a uniformly distributed random

variable on the integers 1 to n. For any n-dimensional vector z of real numbers, let
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c(z) be the real random variable such that c(z) has value zi if Un ¼ i, 1 � i � n.
Thus EðuðcðzÞÞÞ is the sample average n�1

Pn
i¼1 uðziÞ. Let Zi, 1 � i � n, be

independent and identically distributed random variables with common distribution

Z, and let Z be the n-dimensional vector with coordinates Zi, 1 � i � n. Then
uðZ; uÞ has estimate uðcðZÞ; uÞÞ whenever the sample covariance matrix of the

uðZiÞ, 1 � i � n, is positive definite. The estimate uðcðZÞ; uÞ converges to uðZ; uÞ
with probability 1 as n approaches 1. If V�ðZ; uÞ is VðuðZ;uÞ; uÞ, then

n1=2½uðcðZÞ; uÞ � uðZ; uÞ� converges in distribution to a multivariate normal ran-

dom variable with zero mean and with covariance matrix

SðZ; uÞ ¼ ½V�ðZ; uÞ��1
CovðuðZÞÞ½V�ðZ; uÞ��1: (8.4)

The estimate SðcðZÞ; uÞ converges to SðZ; uÞ with probability 1 as the sample

size n increases. For any K-dimensional vector d that is not equal to 0K , approxi-

mate confidence intervals for d0uðZ; uÞ may be based on the observation that

d0uðcðZÞ; uÞ � d0uðZ; uÞ
½d0SðcðZÞ; uÞd=n�1=2

converges in distribution to a standard normal random variable. The denominator

½d0SðcðZÞ; uÞd=n�1=2 may be termed the EASD of d0uðcðZÞ; uÞ.
The estimate IðcðZÞ; uÞ converges to IðZ; uÞ with probability 1, and

n1=2½IðcðZÞ; uÞ � IðZ; uÞ� converges in distribution to a normal random variable

with mean 0 and variance s2ðI; Z; uÞ equal to the variance of uðZ; uÞ=CovðuðZÞÞ=
uðZ; uÞ of log gðZ; uðZ; uÞ; uÞ. As the sample size n increases, s2ðI; cðZÞ; uÞ
converges to s2ðI; Z; uÞ with probability 1, so that the EASD of IðcðZÞ; uÞ is

½s2ðI; cðZÞ; uÞ=n�1=2.
The estimated distribution function F�ðx; cðZÞ; uÞ ¼ Fðx; Y�ðcðZÞ; uÞ; uÞ con-

verges with probability 1 to F�ðx; Z; uÞ ¼ Fðx; Y�ðZ; uÞÞ for each x in C, and the

estimated quantile function Q�ðp; cðZÞ; uÞ ¼ Qðp; Y�ðcðZÞ; uÞÞ converges with

probability 1 to Q�ðp; Z; uÞ ¼ Qðp; Y�ðZ; uÞÞ for 0 < p < 1. The scaled difference

n1=2½F�ðx; cðZÞ; uÞ � F�ðx; Z; uÞ� converges in distribution to a normal random

variable with mean 0 and variance

s2ðF�; x; Z; uÞ ¼ ½T�ðx; Z; uÞ�0SðZ; uÞ½T�ðx; Z; uÞ�;
where

T�ðx; Z; uÞ ¼ Tðx; uðZ; uÞ; uÞ
and

Tðx; y; uÞ ¼
ð
C

wCðxÞ½u� mðy; uÞ�gðy; uÞ:
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The estimate s2ðF�; x; cðZÞ; uÞ converges with probability 1 to s2ðF�; x; Z; uÞ.
Let g�ðZ; uÞ ¼ gðuðZ; uÞ; uÞ have value g�ðx; Z; uÞ at x in C. If u is continuous at

Q�ðp; Z; uÞ, then n1=2½Q�ðp; cðZÞ; uÞ � Q�ðp; Z; uÞ� converges in distribution to a

normal random variable with mean 0 and variance

s2ðQ�; p; Z; uÞ ¼ s2ðF�;Q�ðp; Z; uÞ; Z; uÞ
½g�ðQ�ðp;Z; uÞ; Z; uÞ�2

:

The estimate s2ðQ�; p; cðZÞ; uÞ converges with probability 1 to s2ðQ�; p; Z; uÞ as
n increases. Note that if u is vðK;CÞ, then the continuity requirement always holds.

8.2.2 Equating Functions for Continuous Exponential Families

In the equating application, for j equals 1 or 2, let Kj be a positive integer, and let

uj be a bounded, Kj-dimensional, integrable function on Bj. Let CovðujðXjÞÞ be

positive definite. Then one may consider the conversion function

e�ðX1; u1;X2; u2Þ ¼ eðY�ðX1; u1Þ; Y�ðX2; u2ÞÞ
for conversion from Form 1 to Form 2 and the conversion function

e�ðX2; u2;X1; u1Þ ¼ eðY�ðX2; u2Þ; Y�ðX1; u1ÞÞ
for conversion from Form 2 to Form 1. For x in B1, let e�ðX1; u1;X2; u2Þ have value
e�ðx;X1; u1;X2; u2Þ. For x in B2, let e�ðX2; u2;X1; u1Þ have value e�ðx;X2; u2;
X1; u1Þ.

Given the available random sample data Xij, 1 � i � nj, 1 � j � 2, estimation of

the conversion functions is straightforward. Let Xj be the nj-dimensional vector

with coordinates Xij, 1 � i � nj. Then e�ðx; cðX1Þ; u1; cðX2Þ; u2Þ converges with

probability 1 to e�ðx;X1; u1;X2; u2Þ for x in B1, and e�ðx; cðX2Þ; u2; cðX1Þ; u1Þ
converges with probability 1 to e�ðx;X2; u2;X1;u1Þ for x in B2 as n1 and n2 approach
1. If u is continuous at e�ðx;X1; u1;X2; u2Þ for an x in B1, then

e�ðx; cðX1Þ; u1; cðX2Þ;X2; u2Þ � e�ðx;X1; u1;X2; u2Þ
sðe�; x;X1; u1;X2; u2; n1; n2Þ

converges in distribution to a standard normal random variable as n1 and n2 become

large, as in Equation 8.4, where

s2ðe�; x;X1; u1;X2; u2; n1; n2Þ ¼ s2 F�; x;X1; u1ð Þ
n1 gðe� x;X1; u1;X2; u2ð Þ½ �2

þ s2ðQ�;F�ðx;X1; u1Þ;X2; u2Þ
n2

: (8.5)
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In addition, the ratio

s2ðe�; x; cðX1Þ; u1; cðX2Þ; u2; n1; n2Þ
s2ðe�; x;X1; u1;X2;u2; n1; n2Þ (8.6)

converges to 1 with probability 1, so that the EASD of e�ðx; cðX1Þ; u1; cðX2Þ; u2Þ is
sðe�; x; cðX1Þ; u1; cðX2Þ; u2; n1; n2Þ. Similar results apply to conversion from Form

2 to Form 1. Note that continuity requirements always hold in the polynomial case

with uj ¼ vðKj;BjÞ.

8.2.3 Example

Table 7.1 of von Davier et al. (2004b) provided two distributions of test scores

that are integers from cj ¼ 0 to dj ¼ 20. To illustrate results, the intervals

Bj ¼ ð�0:5; 20:5Þ are employed. Results in terms of estimated expected log penal-

ties are summarized in Table 8.1. These tables suggest that gains over the quadratic

case (Kj ¼ 2) are very modest for both X1 and X2.

Equating results are provided in Table 8.2 for conversions from Form 1 to Form 2.

Given Table 8.1, the quadratic model is considered for both X1 and X2, so that

K1 ¼ K2 ¼ 2. Two comparisons are provided with familiar equating procedures. In

the case of kernel equating, comparable quadratic log-linear models were used. The

bandwidths employed by Version 2.1 of the LOGLIN/KE program (Chen, Yan,

Han, & von Davier, 2006) were employed. The percentile-rank computations

correspond to the use of the tangent rule of integration in Wang (2008) for the

quadratic continuous exponential families. In terms of continuous exponential

families, the percentile-rank results also can be produced if vðx; 2;BjÞ is replaced
by the rounded approximation vðrndðxÞ; 2;BjÞ, where rndðxÞ is the nearest integer to
x. The convention to adopt for the definition of rndðxÞ for values such as x¼ 1.5 has

no material effect on the analysis; however, the discontinuity of rndðxÞ for such

values does imply that asymptotic normality approximations are not entirely satis-

factory. As a consequence, they are not provided. In this example, the three con-

versions are very similar for all possible values of X1. For the two methods for which

EASDs are available, results are rather similar. The results for the continuous

exponential family are relatively best at the extremes of the distribution.

Table 8.1 Estimated

Expected Log Penalties for

Variables X1 and X2 for

Polynomial Models

Variable Degree Estimate EASD

X1 2 2.747 0.015

X1 3 2.747 0.015

X1 4 2.745 0.015

X2 2 2.773 0.014

X2 3 2.772 0.014

X2 4 2.771 0.014

Note: EASD ¼ estimated asymptotic standard deviation.
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8.3 Continuous Exponential Families for a Single Group

In the case of a single group, the joint distribution of X ¼ ðX1;X2Þ is approximated

by use of a bivariate continuous exponential family. The definition of a bivariate

continuous exponential family is similar to that for a univariate continuous expo-

nential family. However, in bivariate exponential families, a nonempty, bounded,

convex open set C of the plane is used such that each value ofX is in a closed subset

D of C.
As in the univariate case, let K be a positive integer, and let u be a bounded

K-dimensional integrable function on C. In many cases, u is defined by use of bi-

variate polynomials. To any K-dimensional vector y corresponds a two-dimensional

random variable Yðy; uÞ ¼ ðY1ðy; uÞ; Y2ðy; uÞÞ with values in C with a density

function f Y(y,u)) equal to

gðy; uÞ ¼ gðy; uÞ expðy0uÞ;

where from Equation 8.1

1=gðy; uÞ ¼
ð
C

expðy0uÞ

Table 8.2 Comparison of Conversions From Form 1 to Form 2

Value Continuous exponential Kernel Percentile-rank

estimateEstimate EASD Estimate EASD

0 0.091 0.110 �0.061 0.194 0.095

1 1.215 0.209 1.234 0.235 1.179

2 2.304 0.239 2.343 0.253 2.255

3 3.377 0.240 3.413 0.253 3.325

4 4.442 0.230 4.473 0.242 4.392

5 5.504 0.214 5.529 0.225 5.458

6 6.564 0.198 6.582 0.207 6.522

7 7.621 0.182 7.634 0.189 7.585

8 8.677 0.169 8.685 0.174 8.647

9 9.732 0.159 9.734 0.162 9.706

10 10.784 0.155 10.781 0.155 10.761

11 11.834 0.155 11.825 0.153 11.823

12 12.880 0.160 12.865 0.156 12.859

13 13.919 0.168 13.900 0.163 13.898

14 14.950 0.177 14.925 0.172 14.928

15 15.966 0.184 15.936 0.179 15.947

16 16.959 0.187 16.925 0.182 16.949

17 17.912 0.179 17.879 0.178 17.927

18 18.802 0.156 18.799 0.164 18.871

19 19.592 0.109 19.723 0.145 19.760

20 20.240 0.040 20.818 0.119 20.380

Note: EASD ¼ estimated asymptotic standard deviation.
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and gðy; uÞ has value gðz; y; uÞ at z in C. As in the univariate case, the family of

distributions with densities gðy;uÞ for K-dimensional vectors y is the continuous

exponential family of distributions defined by u. These density functions are

always positive on C, and they are continuous if u is continuous. If UC is a

random vector with a uniform distribution on C, then problems of parameter

identification may be avoided by the requirement that uðUCÞ have a positive-

definite covariance matrix. As in the univariate case, Yð0K; uÞ has the same

distribution as UC.

In equating applications, marginal distributions are important. For j equal 1 or 2,
let Cj be the open set that consists of real x such that x ¼ xj for some ðx1; x2Þ in C.
For x in Cj, let wjCðxÞ be the set of ðx1; x2Þ in C1 with xj � x. Then the restriction

Gjðy; uÞ of the distribution function FðYjðy; uÞÞ to Cj has value

Gjðx; y; uÞ ¼
ð
C

wjCðxÞgðy; uÞ

at x in Cj. The function Gjðy; uÞ is continuous and strictly increasing on Cj, and

Yjðy; uÞ has density function gjðx; y; uÞ. For z1 in C1,

g1ðz1; y; uÞ ¼
ð
C2ðz1Þ

gðz; y; uÞdz2;

where C2ðz1Þ ¼ fz2 2 C2 : ðz1; z2Þ 2 C2g. Similarly,

g2ðz2; y; uÞ ¼
ð
C1ðz2Þ

gðz; y; uÞdz1;

where C1ðz2Þ ¼ fz1 2 C1 : ðz1; z2Þ 2 C1g. The function Gjðy; uÞ is continuously

differentiable if u is continuous.

As in the univariate case, the distribution of the random vector X with values in

C may be approximated by a distribution in the continuous exponential family of

distributions generated by u. The quality of the approximation provided by the

distribution with density gðy; uÞ is assessed by the expected log penalty from

Equation 8.2

HðX; y; uÞ ¼ �Eðlog gðX; y; uÞÞ ¼ �log gðy; uÞ þ y0EðuðZÞÞ:

The smaller the value of HðX; y; uÞ, the better is the approximation.

Provided that CovðuðXÞÞ is positive definite, a unique K-dimensional vector

uðX; uÞ with coordinates ukðX; uÞ, 1 � k � K, exists such that HðX; uðX; uÞÞ is

equal to the infimum IðX; uÞ of HðX; y; uÞ for K-dimensional vectors y. Let

Y�ðX; uÞ ¼ ðY�1ðX; uÞ; Y�2ðX; uÞÞ ¼ YðuðX; uÞ; uÞÞ. Then uðX; uÞ is the unique

solution of the equation

EðuðY�ðX; uÞÞÞ ¼ EðuðXÞÞ:
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If

mðy;uÞ ¼
ð
C

ugðy; uÞ;

then

EðuðYðy;uÞÞÞ ¼ mðy; uÞ;

and

mðuðX; uÞ; uÞ ¼ EðuðXÞÞ:

The value of uðX; uÞmay be found by the Newton-Raphson algorithm. Note that

the positive-definite covariance matrix of Yðy; uÞ is

Vðy; uÞ ¼
ð
C

½u� mðy; uÞ�½u� mðy; uÞ�0gðy; uÞ:

Given an initial approximation u0, the algorithm at step t � 0 yields a new

approximation

utþ1 ¼ ut þ ½Vðut;uÞ��1½EðuðXÞÞ � mðut; uÞ�

of uðX; uÞ as in Equation 8.3. Normally, ut converges to uðX; uÞ as t increases. As
in the univariate case, the selection of u0 ¼ 0K is normally acceptable.

8.3.1 Estimation of Parameters

Estimation of uðX; uÞ is quite similar to the corresponding estimation in the univar-

iate case. For any n-by-2 real matrix z with elements zij, 1 � i � n, 1 � j � 2, let

cðzÞ be the two-dimensional random variable such that cðzÞ has value ðzi1; zi2Þ if
Un ¼ i, 1 � i � n. Let Z be the n-by-2 matrix with elements Xij, 1 � i � n,
1 � j � 2. Then uðX; uÞ has estimate uðcðZÞ; uÞ whenever the sample covariance

matrix of the uðXiÞ, 1 � i � n, is positive definite. The estimate uðcðZÞ; uÞ con-
verges to uðX; uÞ with probability 1 as n approaches 1. If V�ðX; uÞ is

VðuðX; uÞ; uÞ, then n1=2½uðcðZÞ; uÞ � uðX; uÞ� converges in distribution to a multi-

variate normal random variable with zero mean and with covariance matrix

SðX; uÞ ¼ ½V�ðX; uÞ��1
CovðuðXÞÞ½V�ðX; uÞ��1;

as in Equation 8.4.

The estimate SðcðZÞ; uÞ converges to SðX; uÞ with probability 1 as the

sample size n increases. For any K-dimensional vector d that is not equal to 0K ,
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approximate confidence intervals for d0uðX; uÞ may be based on the observation

that

d0uðcðZÞ; uÞd� d0uðX; uÞ
½d0SðcðZÞ; uÞd=n�1=2

converges in distribution to a standard normal random variable. The denominator

½d0SðcðZÞ; uÞd=n�1=2 may be termed the EASD of d0uðcðZÞ; uÞ.
The estimate IðcðZÞ; uÞ converges to IðX; uÞ with probability 1, and

n1=2½IðcðZÞ; uÞ � IðX; uÞ� converges in distribution to a normal random variable

with mean 0 and variance s2ðI;X; uÞ equal to the variance of log gðX; uðX; uÞ; uÞ.
This variance is ½uðX; uÞ�0 COVðuðXÞÞ uðX; uÞ. As the sample size n increases,

s2ðI; cðZÞ; uÞ converges to s2ðI;X; uÞ with probability 1, so that the EASD of

IðcðZÞ; uÞ is ½s2ðI; cðZÞ; uÞ=n�1=2.
For x in Cj and j equal 1 or 2, Fj�ðx; cðZÞ; uÞ ¼ Fðx; Yj�ðcðZÞ; uÞ; uÞ converges to

Fj�ðx;X;uÞ with probability 1 for each x in C. Thus, the estimated quantile function

Q�jðp; cðZÞ; uÞ ¼ Qðp; Y�jðcðZÞ; uÞÞ converges with probability 1 to Q�jðp;X; uÞ
for 0 < p < 1. The scaled difference n1=2½F�jðx; cðZÞ; uÞ � F�jðx;X; uÞ� converges
in distribution to a normal random variable with mean 0 and variance

s2ðF�j; x;X; uÞ ¼ ½T�jðx;X; uÞ�0SðX; uÞ½T�jðx;X; uÞ�;

where

T�jðx; Z;uÞ ¼ Tjðx; uðX; uÞ; uÞ

and

Tjðx; y; uÞ ¼
ð
C

wjCðxÞ½u� mðy; uÞ�gðy; uÞ:

The estimate s2ðF�; x; cðZÞ; uÞ converges with probability 1 to s2ðF�; x;X; uÞ.
Let g�jðX; uÞ ¼ gðuðX; uÞ; uÞ have value g�jðx;X; uÞ at x in Cj. If u is continuous,

then n1=2½Q�jðp; cðZÞ; uÞ � Q�jðp;X; uÞ� converges in distribution to a normal ran-

dom variable with mean 0 and variance

s2ðQ�j; p;X; uÞ ¼ s2ðF�j;Q�jðp;X; uÞ;X; uÞ
½g�jðQ�jðp;X; uÞ;X; uÞ�2

:

The estimate s2ðQ�j; p; cðZÞ; uÞ converges with probability 1 to s2ðQ�; p;X; uÞ as n
increases.
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8.3.1.1 Conversion Functions

The conversion function e�1ðX; uÞ ¼ eðY�1ðX; uÞ; Y�2ðX; uÞÞ may be used for con-

version from Form 1 to Form 2. The conversion function e�2ðX; uÞ ¼
eðY�2ðX; uÞ; Y�1ðX; uÞÞ may be used for conversion from Form 2 to Form 1. For x
in Cj, let e�jðX; uÞ have value e�jðx;X; uÞ. Then e�jðx; cðZÞ; uÞ converges with

probability 1 to e�jðx;Z; uÞ. If u is continuous and h ¼ 3� j, so that h ¼ 1 if j ¼ 2

and h ¼ 2 if j ¼ 1, then n1=2½e�jðx; cðZÞ; uÞ � e�jðx;X; uÞ� converges in distribution

to a normal random variable with mean 0 and variance

s2ðe�j; x;X; uÞ ¼ ½Tdjðx;X; uÞ�0SðX; uÞTdjðx;X; uÞ;

as in Equation 8.4 and 8.5, where

Tdjðx;X; uÞ ¼ T�jðx;X; uÞ � T�hðe�jðx;X; uÞ;X; uÞ:

The estimate s2ðe�j; x; cðZÞ; uÞ converges with probability 1 to s2ðe�j; x;X; uÞ.

8.3.1.2 Polynomials

In the simplest case, C is the Cartesian product B1 � B2, so that C consists of

all pairs ðx1; x2Þ such that each xj is in Bj. One common case has Kj � 2 and

u ¼ vðK1;K2;B1;B2Þ, where, for x ¼ ðx1; x2Þ in C, coordinate k of vðK1;K2;
B1;B2Þ has value vkðx;K1;K2;B1;B2Þ ¼ vkðx1;K1;B1Þ for 1 � k � K1, coordinate

K1 þ k has value vkðx2;K2;B2Þ for 1 � k � K2, and coordinate k ¼ K1 þ K2 þ 1 is

v1ðx1;K1;B1Þv2ðx2;K1;B2Þ. For this definition of u, u is continuous, so that all

normal approximations apply. For the marginal variable Y�jðX; uÞ, the first Kj

moments are the same as the corresponding moments of Xj. In addition, the

covariance of Y�1ðX; uÞ and Y�2ðX; uÞ is the same as the covariance of X1 and X2.

If K1 ¼ K2 ¼ 2 and if u2ðX; uÞ and u4ðX; uÞ are negative, then X is distributed

as the conditional distribution of a bivariate normal vector given that the vector is

in C. Other choices are possible. For example, Wang (2008) considered a case with

K ¼ K1K2, C ¼ B1 � B2, and with each coordinate of uðxÞ a product vðx1; k1;B1Þ
vðx2; k2;B2Þ for kj from 1 to Kj. If u is the vector with the first K1 þ K2 coordinates

of vðK1;K2;B1;B2Þ, then it is readily seen that e�jðx;X; uÞ is the same as the

conversion function e�ðx;Xj; vðKj;BjÞ;Xh; vðKh;BhÞÞ from the case of equivalent

groups, although the use of single groups typically leads to a different normal

approximation for e�jðx; cðZÞ; uÞ than the normal approximation for e�ðx; cðXjÞ;
vðKj;BjÞ; cðXhÞ; vðKh;BhÞÞ.

8.3.2 Example

Table 8.2 of von Davier et al. (2004b) provided an example of a single-group

design with cj ¼ 0 and dj ¼ 20 for 1 � j � 2. To illustrate results, let
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B1 ¼ B2 ¼ ð�0:5; 20:5Þ, C ¼ B1 � B2, and u ¼ vðK;K;B1;B2Þ; 2 � K � 4.

Results in terms of estimated expected log penalties are summarized in Table 8.3.

These results suggest that gains beyond the quadratic case are quite small, although

the quartic case differs from the cubic case more than the cubic case differs from the

quadratic case.

Not surprisingly, the three choices of K lead to rather similar conversion func-

tions. Consider Table 8.4 for the case of conversion of Form 1 to Form 2. A bit more

variability in results exists for very high or very low values, although estimated

asymptotic standard deviations are more variable than are estimated conversions.

Note that results are also similar to those for kernel equating (von Davier et al.,

2004b, Ch. 8) shown in Table 8.5. These results employ a log-linear model for the

joint distribution of the scores, which is comparable to the model defined by K ¼ 3

for a continuous exponential family. The log-linear fit preserves the initial three

marginal moments for each score distribution as well as the covariance of the two

scores. As a consequence, the marginal distributions produced by the kernel method

have the same means and variances as do the corresponding distributions of Xi1 and

Table 8.3 Estimated

Expected Log Penalties
K Estimate EASD

2 4.969 0.022

3 4.968 0.022

4 4.960 0.022

Note: EASD ¼ estimated asymptotic standard deviation.

Table 8.4 Comparison of Conversions From Form 1 to Form 2

Value K ¼ 2 K ¼ 3 K ¼ 4

Estimate EASD Estimate EASD Estimate EASD

0 0.111 0.077 �0.040 0.113 0.404 0.262

1 1.168 0.128 0.927 0.204 1.404 0.264

2 2.144 0.135 1.917 0.208 2.269 0.221

3 3.091 0.130 2.910 0.182 3.121 0.176

4 4.028 0.120 3.899 0.151 3.987 0.140

5 4.959 0.108 4.881 0.122 4.874 0.117

6 5.889 0.097 5.854 0.101 5.785 0.105

7 6.819 0.086 6.819 0.087 6.721 0.100

8 7.748 0.076 7.775 0.080 7.679 0.095

9 8.677 0.069 8.722 0.078 8.653 0.090

10 9.606 0.065 9.661 0.078 9.634 0.086

11 10.536 0.064 10.591 0.077 10.611 0.085

12 11.465 0.066 11.512 0.077 11.574 0.088

13 12.394 0.073 12.425 0.077 12.514 0.092

14 13.324 0.081 13.331 0.081 13.427 0.094

15 14.256 0.091 14.231 0.090 14.310 0.096

16 15.193 0.102 15.128 0.105 15.166 0.101

17 16.141 0.113 16.033 0.126 16.003 0.116

18 17.119 0.121 16.967 0.149 16.838 0.142

19 18.173 0.123 17.985 0.167 17.716 0.174

20 19.495 0.094 19.304 0.150 18.842 0.198

Note: EASD ¼ estimated asymptotic standard deviation.
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Xi2. However, the kernel methods yields the distribution of a continuous random

variable for the first form with a skewness coefficient that is 0.987 times the original

skewness coefficient for Xi1 and a distribution of a continuous random variable for

the second form with a skewness coefficient that is 0.983 times the original

skewness coefficient for Xi2.

8.4 Conclusions

Equating via continuous exponential families can be regarded as a viable competi-

tor to kernel equating and to the percentile-rank approach. Continuous exponential

families lead to simpler procedures and more thorough moment agreement, for

fewer steps are involved in equating by continuous exponential families, due to

elimination of kernel smoothing. In addition, equating by continuous exponential

families does not require selection of bandwidths.

One example does not produce an operational method, and kernel equating is

rapidly approaching operational use, so it is important to consider some required

steps. Although equivalent-groups designs and single-group designs are used in

testing programs, a large fraction of equating designs are more complex. Nonethe-

less, these designs typically can be explored by repeated application of single-group

or equivalent-groups designs. For example, the single-group design provides the

basis for more complex linking designs with anchor tests (von Davier et al., 2004b,

Table 8.5 Conversions From

Form 1 to Form 2 by Kernel

Equating

Value Estimate EASD

0 �0.002 0.162

1 0.999 0.221

2 1.981 0.221

3 2.956 0.193

4 3.926 0.159

5 4.890 0.128

6 5.850 0.104

7 6.805 0.089

8 7.756 0.080

9 8.702 0.078

10 9.643 0.077

11 10.580 0.077

12 11.512 0.077

13 12.439 0.078

14 13.362 0.083

15 14.283 0.095

16 15.206 0.115

17 16.140 0.140

18 17.105 0.167

19 18.155 0.185

20 19.411 0.158

Note: EASD ¼ estimated asymptotic standard deviation.

8 Using Exponential Families for Equating 139



Ch. 9). No reason exists to expect that continuous exponential families cannot be

applied to any standard equating situation to which kernel equating has been

applied.

It is certainly appropriate to consider a variety of applications to data, and some

work on quality of large-sample approximations is appropriate when smaller

sample sizes are contemplated. Although this gain is not apparent in the examples

studied, a possible gain from continuous exponential families is that application to

assessments with unevenly spaced scores or very large numbers of possible scores

is completely straightforward. Thus, direct conversion from a raw score on one

form to an unrounded scale score on a second form involves no difficulties. In

addition, in tests with formula scoring, no need exists to round raw scores to

integers during equating.

Chapter 8 Appendix

8.A.1 Computation of Orthogonal Polynomials

Computation of the orthogonal polynomials vkðCÞ, k � 0, is rather straightforward

given standard properties of Legendre polynomials (Abramowitz & Stegun, 1965,

Ch. 8, 22). The Legendre polynomial of degree 0 is P0ðxÞ ¼ 1; the Legendre

polynomial of degree 1 is P1ðxÞ ¼ x; and the Legendre polynomial Pkþ1ðxÞ of

degree k þ 1, k � 1, is determined by the recurrence relationship

Pkþ1ðxÞ ¼ ðk þ 1Þ�1½ð2k þ 1ÞxPkðxÞ � kPk�1ðxÞ�; (8.A.1)

so that P2ðxÞ ¼ ð3x2 � 1Þ=2. For nonnegative integers i and k, the integral Ð 1�1
PiPk

is 0 for i 6¼ k and 1=ð2k þ 1Þ for i ¼ k. Use of elementary rules of integration

shows that one may let

vkðx;CÞ ¼ ð2k þ 1Þ1=2Pkð½2x� infðCÞ � supðCÞ�=½supðCÞ � infðCÞ�Þ:

Author Note:Any opinions expressed in this chapter are those of the author and not necessarily of

Educational Testing Service.
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