
Chapter 4 

Non-radial DEA Models and DEA with Preference 
 

 
 

4.1 Non-radial DEA Models 

We can call the envelopment DEA models as radial efficiency measures, 
because these models optimize all inputs or outputs of a DMU at a certain 
proportion. Färe and Lovell (1978) introduce a non-radial measure which 
allows nonproportional reductions in positive inputs or augmentations in 
positive outputs. Table 4.1 summarizes the non-radial DEA models with 
respect to the model orientation and frontier type. 

Table 4.1. Non-radial DEA Models 
Frontier 
Type 

Input-Oriented Output-Oriented 
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The slacks in the non-radial DEA models are optimized in a second-stage 
model where *

iθ  or *
rφ  are fixed. For example, under CRS we have 

 
Input Slacks for Output-oriented Non-radial DEA Model 
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Output Slacks for Input-oriented Non-radial DEA Model 
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Figure 4.1. Efficient Targets 
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Note that input slacks do not exist in the input-oriented non-radial DEA 
models, and output slacks do not exist in the output-oriented non-radial 
DEA models. 

Because *
iθ  < 1 ( *

rφ  > 1), m
1 ∑ =

m
i i1

*θ  < 1 and m
1 ∑ =

m
i i1

*θ  = 1 if and only if 
*
iθ  = 1 for all i ( ∑ =

s
r rs 1

*1 φ  > 1 and ∑ =
s
r rs 1

*1 φ  = 1 if and only if *
rφ  = 1 for all 

r). Thus, m
1 ∑ =

m
i i1

*θ  ( ∑ =
s
r rs 1

*1 φ ) can be used as an efficiency index. 
Both the envelopment models and the non-radial DEA models yield the 

same frontier, but may yield different efficient targets (even when the 
envelopment models do not have non-zero slacks). For example, if we 
change the second input from 4 to 3 for DMU5 in Table 1.1 (Chapter 1), the 
input-oriented CRS envelopment model yields the efficient target of x1 = 2.4 
and x2 = 1.8 (with *

2λ  = 0.8, *
3λ  = 0.2, and all zero slacks). Whereas the 

input-oriented CRS non-radial DEA model yields DMU2 as the efficient 
target for DMU5 (see Figure 4.1). Note that both models yield the same 
target of DMU3 for DMU4. 

4.2 DEA with Preference Structure and Cost/Revenue 
Efficiency 

Both the envelopment models and the non-radial DEA  models yield 
efficient targets for inefficient DMUs. However, these targets may not be 
preferred by the management or achievable under the current management 
and other external conditions. Therefore, some other targets along the 
efficient frontier should be considered as preferred ones. This can be done 
by constructing preference structures over the proportions by which the 
corresponding current input levels (output levels) can be changed. Zhu 
(1996) develops a set of weighted non-radial DEA models where various 
efficient targets along with the frontier can be obtained. 

Let iA  (i = 1, 2, …, m) and rB  (r = 1, 2,…, s) be user-specified 
preference weights which reflect the relative degree of desirability of the 
adjustments of the current input and output levels, respectively. Then we can 
have a set of weighted non-radial DEA models based upon Table 4.1 by 
changing the objective functions m

1 ∑ =
m
i i1θ  and ∑ =

s
r rs 1

1 φ  to ∑∑ ==
m
i i

m
i ii AA 11 /θ  

and ∑∑ ==
s
r r

s
r rr BB 11 /φ , respectively. 

Further, if we remove the constraint iθ  < 1 ( rφ  > 1), we obtain the 
DEA/preference structure (DEA/PS) models shown in Table 4.2 (Zhu, 
1996a). 

If some iA  = 0 ( rB  = 0), then set the corresponding iθ  = 1 ( rφ  = 1). But 
at least one of such weights should be positive. Note that for example, the 
bigger the weight iA , the higher the priority oDMU  is allowed to adjust its 
ith input amount to a lower level. i.e., when inefficiency occurs, the more 
one wants to adjust an input or an output, the bigger the weight should be 
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attached to iθ  or rφ . If we can rank the inputs or outputs according to their 
relative importance, then we can obtain a set of ordinal weights. One may 
use Delphi-like techniques, or Analytic Hierarchy Process (AHP) to obtain 
the weights. However, caution should be paid when we convert the ordinal 
weights into preference weights. For example, if an input (output) is 
relatively more important and the DMU does not wish to adjust it with a 
higher rate, we should take the reciprocal of the corresponding ordinal 
weight as the preference weight. Otherwise, if the DMU does want to adjust 
the input (output) with a higher rate, we can take the ordinal weight as the 
preference weight. Also, one may use the principal component analysis to 
derive the information on weights (Zhu, 1998). 

Note that in the DEA/PS models, some *
iθ  ( *

rφ ) may be greater (less) 
than one under certain weight combinations. i.e., the DEA/PS models are 
not restricted to the case where 100% efficiency is maintained through the 
input decreases or output increases. 

Table 4.2. DEA/Preference Structure Models 
Frontier 
Type 

Input-Oriented Output-Oriented 
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Now, in order to further investigate the property of DEA/PS models, we 

consider the dual program to the input-oriented CRS DEA/PS model. 
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 We see that the normalization condition ∑ =
m
i ioi x1ν  = 1 is also satisfied in 

(4.1). The DEA/PS model is actually a DEA model with fixed input 
multipliers. 

Let o
ip  denote the ith input price for oDMU  and iox~  represents the ith 

input that minimizes the cost. Consider the following DEA model for 
calculating the “minimum cost”. 
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The dual program to (4.2) is 
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By the complementary slackness condition of linear programming, we 

have that if *~
iox  > 0 then o

ip  = *
iν . Thus, *

iν  can be interpreted as o
ip . 

Consequently, the input prices can be used to develop the preference 
weights. 

In the DEA literature, we have a concept called “cost efficiency” which 
is defined as 
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The following development shows that the related DEA/PS model can be 
used to obtain exact the cost efficiency scores. Because the actual cost – 

io
m
i

o
i xp∑ =1  is a constant for a specific oDMU , cost efficiency can be directly 

calculated by the following modified (4.2). 
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Let iox~  = ioi xθ . Then (4.4) is equivalent to the input-oriented CRS 

DEA/PS model with Ai = io
o
i xp . This indicates that if one imposes a proper 

set of preference weights for each DMU under consideration, then the 
DEA/PS model yields cost efficiency measure. (see Seiford and Zhu (2002) 
for an empirical investigation of DEA efficiency and cost efficiency.) 

Similarly, the output-oriented DEA/PS model can be used to obtain the 
“revenue efficiency” which is defined as 
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where o

rq  indicates output price for oDMU  and roy~  represents the rth output 
that maximizes the revenue in the following linear programming problem. 
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Let roy~  = ror yφ  and Br = ro

o
r yq  in the output-oriented DEA/PS model. 

We have 
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which calculates the revenue efficiency. 

4.3 DEA/Preference Structure Models in Spreadsheets 

Figure 4.2 shows an input-oriented VRS DEA/PS spreadsheet model. 
Cells I2:I16 are reserved for jλ . Cells F20:F22 are reserved for iθ . These 
are the changing cells in the Solver parameters shown in Figure 4.3. 

 

Figure 4.2. Input-oriented VRS DEA/PS Spreadsheet Model 

The target cell is cell F19 which contains the following formula 
 
Cell F19 =SUMPRODUCT(F20:F22,G20:G22)/SUM(G20:G22) 
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where cells G20:G22 are reserved for the input weights. 

 

Figure 4.3. Solver Parameters for Input-oriented VRS DEA/PS Model 

 

Figure 4.4. Efficiency Result for Input-oriented VRS DEA/PS Model 

The formulas for cells B20:B25 are 
 
Cell B20 =SUMPRODUCT(B2:B16,$I$2:$I$16) 
Cell B21 =SUMPRODUCT(C2:C16,$I$2:$I$16) 
Cell B22 =SUMPRODUCT(D2:D16,$I$2:$I$16) 
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Cell B23 =SUMPRODUCT(F2:F16,$I$2:$I$16) 
Cell B24 =SUMPRODUCT(G2:G16,$I$2:$I$16) 
Cell B25 =SUM(I2:I16) 
 
The formulas for cells D20:D24 are 
 
Cell D20 =F20*INDEX(B2:B16,E18,1) 
Cell D21 =F21*INDEX(C2:C16,E18,1) 
Cell D22 =F22*INDEX(D2:D16,E18,1) 
Cell D23 =INDEX(F2:F16,E18,1) 
Cell D24 =INDEX(G2:G16,E18,1) 

 

Figure 4.5. Efficiency Result for Input-oriented VRS Non-radial DEA Model 

Figure 4.4 shows the results and the VBA procedure “DEAPS” which 
automates the calculation. 

Note that the iθ  (i = 1,2,3) are not restricted in Figure 4.3. If we add iθ  < 
1 ($F$20:$F$F22 <=1), then we obtain the results shown in Figure 4.5. 

4.4 DEA and Multiple Objective Linear Programming 

Charnes, Cooper, Golany, Seiford and Stutz (1985) describe the 
relationship between DEA frontier and Pareto-Koopmans efficient empirical 
production frontier. This work points out the relation of efficiency in DEA 
and pareto optimality in multiple criteria decision making (MCDM) or 
Multiple Objective Linear Programming (MOLP). The relationship between 
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DEA and MOLP is again raised by Belton and Vickers (1993), Doyle and 
Green (1993) and Stewart (1994) in their discussion of DEA and MCDM. 
Joro, Korhonen and Wallenius (1998) provide a structure comparison of 
DEA and MOLP. 

In fact, as shown in Chen (2005), the DEA/PS models have a strong 
relationship with MOLP. To demonstrate this, we use vector presentation of 

),...,( 1 mjjj xx=x  and ),...,( 1 sjjj yy=y . 

4.4.1 Output-oriented DEA 

Consider the following MOLP model 
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where ),...,( 1 mooo xx=x  represents the input vector of oDMU  among others. 
 If all DMUs produce only one output, i.e., jy  is a scalar rather than a 
vector, then (4.6) is a single objective linear programming problem 
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Let jjj y λλ ′= , then (4.7) turns into 
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where jijij yxx /=′  and oioio yxx /=′ . 

As shown in Charnes, Cooper and Rhodes (1978), model (4.8) is 
equivalent to the output-oriented CRS envelopment model 
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Next, if jy  is a vector with s components, then we define 
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As a result, (4.6) becomes 
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Let 0,|{ ≥∈= r

s www RW  and ∑ =
s
r rw1 =1} be the set of nonnegative 

weights. The weighting problem associated with (4.10) is defined for some 
W∈w  as 
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Furthermore, let rorr yww =  for all r = 1, ..., s, then (4.11) is equivalent to 

the following linear programming problem 
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Model (4.12) is exactly the output-oriented CRS DEA/preference model. 
However, if we wish output level cannot be decreased to reach the efficient 
frontier, we specify (4.13) instead of (4.9). 

λ σj
j

n

rj r roy y
=
∑ =

1
 such that σ r ≥ 1 for all r = 1, ..., s.      (4.13) 

We see that for a specific oDMU , *
oλ = 1 and )( 0* ojj ≠=λ  is an optimal 

solution to (4.12), when *
rσ = 1 for all r = 1, ..., s. Note that if some *

rσ ≠ 1, 
then *

oλ = 0 is an optimal solution to (4.12). Therefore, (4.6) can be 
interpreted as follows: when ox  = ),...,( 1 moo xx  is regarded as resource, if the 
resource ox  can be used among other DMUs (associated with 0* ≠jλ ), then 
more desirable or preferred output level *y  is produced and oy  is not a 
pareto solution to (4.6). 

It can be seen that weighted non-radial DEA model (4.12) is equivalent 
to an MOLP problem. If we impose an additional on ∑ =

n
j j1λ  in (4.6), then 

we obtain other output-oriented DEA models. 

4.4.2 Input-oriented DEA 

Similar to (4.6), we write the following MOLP model. 
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where ),...,( 1 sooo yy=y  represents the output vector of oDMU . If all DMUs 
use only one input, i.e., x j  is a scalar, then (4.14) is a single objective linear 
programming problem and is equivalent to the input-oriented CRS 
envelopment model with single input. 

 Let 0,|{ ≥∈= i
m ggg RG  and ∑ =

m
i ig1  = 1 } be the set of nonnegative 

weights. Then model (4.14) can be transformed into the following linear 
programming problem. 
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where ioii xgg =  for all i = 1, …, m, and iτ  is defined in (4.16) or (4.17). 
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Model (4.15) is a weighted non-radial DEA model incorporated with 

preference over the adjustment of input levels. If we use (4.16), then there is 
no restrictions on iτ  and model (4.15) is the input-oriented CRS DEA/PS 
model. 

Note that for a specific oDMU , *
oλ = 1 and )( 0* ojj ≠=λ  is an optimal 

solution to (4.15), when *
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4.4.3 Non-Orientation DEA 

Consider the following MOLP model. 
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We have the following equivalent linear programming model 
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Note that 1≥rσ  and 1≤iτ  in (4.19). Therefore, we have −−= iioioi sxxτ  

and ++= rroror syyσ , where −
is , +

rs  ≥  0. Then, (4.19) becomes 
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which is a weighted slack-based DEA model (see chapter 3 and Seiford and 
Zhu (1998)). 
 
 
 

4.5 Solving DEA Using DEAFrontier Software 

4.5.1 Non-radial Models 

To run the non-radial models, select the “Non-radial Model” menu item. 
You will be prompted with a form as shown in Figure 4.6 for selecting the 
models presented in Table 4.1. The Results are reported in “Efficiency”, 
“Slack”, and “Target” sheets. 

 

 
Figure 4.6. Non-radial Models 



Solving DEA Using DEAFrontier Software 91
 
4.5.2 Preference-Structure Models 

To run the preference structure models, select the “Preference Structure 
Model” menu item. Figure 4.6 shows the form for specifying the models. 

If “Yes” is selected under “Restrict Input/Output Change?”, then we have 
weighted non-radial models (see discussion on page 75). If “No” is selected, 
then we have the DEA/PS models presented in Table 4.2. The software will 
then ask you to specify the weights for the inputs or outputs, depending on 
the model orientation. The Results are reported in “Efficiency”, “Slack”, and 
“Target” sheets. 

 

Figure 4.7. Preference Structure Models 

4.5.3 Cost Efficiency, Revenue Efficiency and Profit Efficiency 

These models need information on the input and output prices. Consider 
the Hospital example in Cooper, Tone and Seiford (2000). The input and 
output data are reported in the “Data” sheet (Figure 4.8), input price are 
reported in the “Input Price” sheet (Figure 4.9) and the output price are 
reported in the “Output Price” sheet (Figure 4.10). 
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Figure 4.8. Hospital Data 

 

Figure 4.9. Input Prices 

 

Figure 4.10. Output Price 



Solving DEA Using DEAFrontier Software 93
 

The cost efficiency and revenue efficiency are discussed in section 4.2. 
Table 4.3 summarizes the related models. 

Table 4.3. Cost Efficiency and Revenue Efficiency Models 
Frontier 
Type 

Cost Revenue 
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In Table 4.3, o

ip  and o
rq  are unit price of the input i and unit price of the 

output r of oDMU ,  respectively. These price data may vary from one DMU 
to another. The cost efficiency and revenue efficiency of oDMU  is defined 
as 
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Note that the revenue efficiency is defined as the reciprocal of the one 

defined in section 4.2. As a result, the cost and revenue efficiency scores are 
within the range of 0 and 1. 

The efficiency scores are reported in the “Cost Efficiency” (“Revenue 
Efficiency”) sheet. The optimal inputs (outputs) are reported in the 
“OptimalData Cost Efficiency” (“OptimalData Revenue Efficiency”) sheet. 

Table 4.4 presents the models used to calculate the profit efficiency 
defined as 

∑−∑

∑−∑

==

==
m

i
io

o
iro

s

r

o
r

m

i
io

o
iro

s

r

o
r

xpyq

xpyq

1

**

1

11

~~
 

 
 
 



94 Non-radial DEA Models and DEA with Preference
 
Table 4.4. Profit Efficiency Models 
Frontier 
Type 
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The results are reported in the “Profit Efficiency” and “OptimalData 

Profit Efficiency” sheets. 
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