Chapter 19
Magnetic Manipulation of Colloidal Particles

Randall M. Erb and Benjamin B. Yellen

Abstract We review some recent advances in the field of magnetic manipula-
tion techniques, with particular emphasis on the manipulation of mixed suspensions
of magnetic and nonmagnetic colloidal particles. We will first discuss the theoreti-
cal framework for describing magnetic forces exerted on particles within fluid sus-
pensions. We will then make a distinction between particle systems that are highly
dependent upon Brownian influence and those that are deterministic. In both cases,
we will discuss the type of structures which are observed in colloidal suspensions as
a function of the size and type of particles in the fluid. We will discuss the theoret-
ical issues that apply to modeling the behavior of these systems, and we will show
that the recently developed theoretical models correlate strongly with the presented
experimental work. This chapter will conclude with an overview of the potential
applications of these magnetic manipulation techniques.

19.1 Introduction

The manipulation of particle suspensions is an essential capability for various engi-
neering applications ranging from self-assembled nano-manufacturing to life sci-
ence analysis tools. Methods for manipulating the particles in parallel have mainly
relied on the use of optical [1, 2], electrical [3, 4], or magnetic field traps [5-10],
which have the advantage of being shaped remotely through the use of lasers, elec-
trodes, or external coils. Magnetic manipulation techniques, in particular, have the
practical advantage of being biologically and chemically invisible [11], as compared
to electrical and optical systems which are prone to overheating or chemically alter-
ing the specimen [12, 13]. There are several comprehensive reviews in the literature
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describing developments in the field of magnetic manipulation systems over the
last four decades [14—17]. This chapter will instead focus on the interesting capa-
bilities that have recently been demonstrated in mixed magnetic and nonmagnetic
particle suspensions, and we will emphasize our own recent advances in controlling
particles of various sizes, shapes, and degrees of magnetization. Due to the inher-
ent complexity in modeling systems composed of strongly interacting particles, this
topic poses considerable theoretical and experimental challenges; however, we will
show that continuum models can be effective at describing the equilibrium behavior
of colloidal suspensions exposed to external magnetic fields.

The most common use of magnetic particles is in the field of separation, where
magnetic manipulation schemes are applied to capture and separate various biolog-
ical materials of interest (e.g., cells [18, 19], viruses [20, 21], and proteins [22, 23]).
For magnetic separation applications, magnetic particle surfaces are typically func-
tionalized with proteins and antibody receptors that can recognize and associate
with various biological materials by affinity binding. Once attached, the biological
materials are separated from solution by applying force to the magnetic particle.
Consequently, there has been much effort in the synthesis and characterization of
these colloidal magnetic particles, reviewed elsewhere [24].

Recently, we have demonstrated an alternative method for separating and
manipulating biological and other nonmagnetic materials using a suspension of
magnetic nanoparticles to provide “magnetic contrast” to the surrounding fluid.
Nonmagnetic materials immersed within the suspension of magnetic nanoparticles
are shown to become effectively magnetized with respect to the surrounding fluid,
allowing them to be manipulated by magnetic fields and field gradients [6,7,25—
28]. This manipulation strategy has been given the name negative magnetophoresis
in order to draw parallels with the corollary “negative dielectrophoresis” commonly
referred to in the literature [29, 30].

The theoretical analysis of magnetic nanoparticle suspensions poses considerable
challenges with respect to accurately calculating the magnetic force on submerged
nonmagnetic materials. Compared with negative dielectrophoresis where continuum
equations are generally applicable due to the solvent being much smaller than most
colloidal materials, the analysis of magnetic nanoparticle suspensions is compli-
cated by the larger size of the magnetic nanoparticles (~10 nm) which is commen-
surate with the size of many proteins and macromolecules. Furthermore, the strong
interactions between 10 nm sized magnetic nanoparticles lead to a phenomenon
(e.g., chaining), which is not observed in corollary dielectric systems where the sol-
vent is of molecular length scale [31-33]. Larger particle size brings into question
the applicability of continuum equations for fluid magnetization when considering
nonmagnetic particles that are only slightly larger than the magnetic nanoparticles in
the fluid. By investigating the agreement between theory and experiment, we show
continuum models are applicable when the nonmagnetic particles are at least 2-3
times larger than the magnetic nanoparticles [10, 28].

The rest of this work will be organized as follows. In Section 19.2, we will
introduce the theoretical basis of controlling magnetic and nonmagnetic particles
and establish the role that is played by Brownian motion. In Section 19.3, we will
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review some non-Brownian particle manipulation systems including surface-based
assemblies and substrate-based transport. In Section 19.4, we will present magnetic
and nonmagnetic particle systems where the manipulation of individual particles
is influenced, but not dominated, by Brownian motion, such as chain growth, self-
organizing structures, and the alignment of anisotropic particles. In Section 19.5, we
will expand these models to account for the behavior within populations of nanopar-
ticles which are dominated by Brownian fluctuations and must be modeled using
Boltzmann distributions. We will demonstrate the validity of our theoretical predic-
tions by comparing theoretical models with experimental results. In Section 19.6,
we will conclude this discussion by outlining open questions and future directions
for this field.

19.2 Magnetic Manipulation of Particles

19.2.1 Deterministic and Brownian-Dominated Particle Systems

Throughout this chapter, we will be discussing either particles which follow deter-
ministic trajectories or ones dominated by random Brownian motion. The general
principle of Brownian motion suggests that the positions of particles will fluctu-
ate due to random collisions with the solvent molecules [34]. Owing to its smaller
mass, the fluctuations of nanoparticles (i.e., <100 nm) tends to be much larger
than microparticles; however, the Brownian interactions can be overlooked in some
cases where the magnetic forces are particularly strong. In either case, it is worth-
while to establish a general guideline for when a particle’s motion can be mod-
eled deterministically and when random motions must be taken into account. Under
an applied force, f »» @ particle will experience a change of potential energy of
AUGF)=F » (r)dr. In this work, the particle’s trajectory is considered to be deter-
ministic when the change in potential energy during its movement over a distance
commensurate with its own radius, a, is larger than thermal fluctuation energy (i.e.,
2aF > kgT). If the change in potential energy is smaller than thermal fluctuation
energy, then random Brownian motion cannot be ignored. To make this distinction
for each type of motion, it is first necessary to discuss how to calculate magnetic
forces on colloidal particles.

19.2.2 Material Properties

Before embarking on a discussion concerning the calculation of different forces, we
first review the type of magnetic materials used in magnetic manipulation technol-
ogy and their field-dependent behavior. Magnetic particles are typically composed
of iron, nickel, or cobalt, and their various oxidized forms. A division in nomencla-
ture is used to distinguish between the different types of magnetic ordering of spins
within these materials. Iron, nickel, and cobalt in pure metal form are referred to
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as ferromagnets, whereas their oxidized forms are referred to as ferrimagnets. For
more discussion, see Ref. [35] or other chapters in this handbook. Regardless of
these differences, both types of material classes display common magnetic proper-
ties, including the ability to store magnetization in the absence of external field (i.e.,
remanence), and a history-dependent magnetization (i.e., hysteresis). The hysteretic
magnetization behavior of typical ferro/ferrimagnetic material below the Curie tem-
perature is presented in Fig. 19.1A [35, 36].

When ferro/ferrimagnetic materials are heated above the Curie temperature, the
spin—spin coupling within the material is no longer sufficient to overcome thermal
fluctuation energy, and as a result these materials begin to display different behav-
ior referred to as paramagnetism, which is characterized by a lack of remanence
and hysteresis. In other words, paramagnetic materials can magnetize in an exter-
nal field, but they promptly lose their magnetization when the field is removed. The
classic paramagnetic hysteresis graph is shown in Fig. 19.1B, and the linear region
is called the magnetic susceptibility, %, which describes how easily the material can
magnetize in an external field.
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Fig. 19.1 _ Hysterisis curves for (A) ferromagnetic and (B) paramagnetic material. The magne-
tization, M, of the particles increases with an applied field, H, until the saturation magnetiza-
tion, Mj, of the particle is reached. Ferromagnetic particles retain a magnetization in zero field that
can only be switched in a reversal field exceeding the coercive field, H,.

Recently, the term “superparamagnetism’ has been given to a class of very small
metal or metal-oxide nanoparticles (usually smaller than 10 nm) that display extraor-
dinarily large paramagnetic response to an external field even at temperatures below
the Curie point, where the bulk material would have magnetic remanence. This
behavior originates from the competition between the nanoparticle’s magnetic crys-
talline anisotropy energy and the thermal fluctuation energy of the surrounding bath.
Since the crystalline anisotropy energy is proportional to the volume of the nanopar-
ticle, there exists a critical size below which the particles cannot retain its preferred
magnetization orientation inside the material’s crystalline structure. This “super-
paramagnetic limit” is of particular interest to magnetic data storage technology,
since it dictates the smallest nanoparticle that can store binary data. These materials
are also of interest as magnetic nanoparticle fluids, since they remain stable in the
absence of magnetic field but respond strongly when external field is applied.
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In the last few decades, there have been significant advances in synthesizing flu-
idic suspensions of magnetic particles for various applications in drug delivery, cell,
and molecular separation, and a variety of other applications [14]. One type of sus-
pension, referred to as magnetorheological fluid, consists of 100 nm to 10 pm sized
magnetic beads suspended in nonmagnetic carrier fluid. These magnetic beads are
typically composed of a spherical polymer matrix which encapsulates a dispersion
of magnetic nanoparticle grains. If the magnetic grains are small enough and spaced
sufficiently far apart inside the polymer matrix, then the composite particle will
behave superparamagnetically yet it will have a large dipole moment due to the col-
lective response of the large number of magnetic grains inside the bead. The mag-
netic susceptibility of these commercially available beads is typically in the range
of 0.1-1.0.

Another type of suspension, referred to as ferrofluid, consists of 5—20 nm sized
magnetic nanoparticles that are freely suspended inside a nonmagnetic carrier fluid.
The magnetic properties of the fluid can be modeled as a continuum when the fluid
volume element under consideration is much larger than the individual nanoparti-
cles. In our work, for example, we have found that ferrofluids having at least 0.1%
volume fraction of magnetic nanoparticle material will behave as a magnetic con-
tinuum on the 100 nm length scale [64]. These fluids can also be characterized
by a magnetic susceptibility which can be tuned by changing the concentration of
nanoparticles within the fluid.

It is interesting to note that in some ferrofluids the overall fluid magnetization
can display superparamagnetic properties despite its being composed of nanopar-
ticles that are larger than the superparamagnetic limit. The mechanism for achiev-
ing superparamagnetic behavior is due to the Brownian rotational diffusion of the
nanoparticles, as opposed to through the classic Neel mechanism (i.e., rotation of
the magnetic moment inside the crystalline structure) [35]. For these fluids to remain
stable, the nanoparticle cannot be too large, since force interactions between the
ferro/ferrimagnetic nanoparticles can lead to irreversible aggregation. In most cases,
ferro/ferromagnetic nanoparticles smaller than about 20 nm will remain colloidally
stable, since thermal fluctuations will dominate not only the particle—particle mag-
netic force interactions but also other surface forces of relevance to this size scale.
Thus, the criteria for modeling a medium as superparamagnetic must consider not
only the properties of the material itself but also the mobility of particles inside their
host matrix.

Finally, it is important to mention the role of shape in the particle magnetization
process, which is commonly referred to as the “shape anisotropy” of the material.
The magnetization of various particle shapes can be modeled using discrete dipole
approximation techniques [36]. When the particle shapes conform to certain sym-
metrical geometries (e.g., spherical and ellipsoidal), these calculations can often be
simplified with analytical functions at negligible cost to accuracy. Simplified models
are especially beneficial for treating spherical particles, which are the most abundant
particle geometry [35-37], and are unique in that the particle’s field is identical to
a point dipole when it is uniformly magnetized. However, some corrections may be
needed when the particle shape is slightly irregular or if the particle’s magnetization
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is not uniform due to the presence of nearby magnetic sources [36, 38] (e.g., a per-
manent magnet or another particle). Numerical techniques can achieve better accu-
racy; however, the gains in improved accuracy are relatively minor and frequently
not worth the computational investment [27] when applied to applications in mag-
netic separation and manipulation.

19.2.3 Magnetic Force

The stability of any colloidal suspension is highly dependent upon short-range
forces (e.g., steric, Van der Waals, and depletion); however, particle trajectories
are dominated by long-range forces (e.g., electrical, gravitational, and magnetic)
[39, 40]. Electrical forces often exist in suspensions in the form of electric sur-
face charges, which assist in stabilizing the suspension by repelling neighboring
particles. These charges, however, will negligibly affect particle motion in dilute
suspensions which are not exposed to electric fields. Gravitational forces can also
be ignored for small magnetic particle suspensions over short-time scales [44].
Hence for the magnetic particle systems discussed in the following sections, we
have neglected other forces entirely and have focused on the formation of colloidal
structures solely due to magnetic forces.

The magnetic force on particles can be computed by considering the equivalent
magnetic poles distributed inside the particle volume and on the particle surface.
In the case of uniform magnetization, the magnetic poles are strictly on the par-
ticle’s surface, and the equivalent magnetic pole density can be determined from
the divergence in the normal component of magnetization at the particle surface,
o = U (M »— M f) i, where M » and M r are the respective magnetizations of
the particle and the surrounding fluid, and 7 is the normal surface vector of the
particle, S,. The constant j, represents the magnetic permeability of free space,
o = 41077 [H/m]. The magnetic force, f p» that acts upon these magnetic
poles is defined by

F,= #ofldS = o #(Mp — M) - aHdS (19.1)

s, s,

H is the local magnetic field using SI notation where the magnetic flux density,
B, is related to the magnetization and local field by g = u, (77 + ). Applying
Gauss divergence theorem [ 14, 41], Eq. (19.1) can be reduced for a spherical particle
of volume V), to

Fp=1Y, [(Mp - Mf) . v] H (19.2)

Equation (19.2) indicates that in order to achieve significant magnetic force, the
particles should have large volumes, there should be a large contrast between the
magnetization of the particle and the fluid, and the manipulation system should
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be capable of applying large magnetic field gradients. Equation (19.2) also indi-
cates that both magnetic and nonmagnetic particles can be magnetically manipu-
lated depending on the fluid magnetization. For example, magnetic microparticles
surrounded by water, for which My = 0, can experience large magnetic forces as
evidenced by the numerous applications in magnetic manipulation [14], detection
[42], and separation [8]. In weak magnetic fields where M, << M, the particle
magnetization follows a linear constitutive relationship M = XH where x is the
bulk material susceptibility, as shown in Fig. 19.1B. This relationship allows the
force to be expressed as

-

- - 1 -
Fp=1oVy(My-V)H =31V, 7VH (19.3)

where Y is the susceptibility of the particle. The geometry of the particle also affects
its ability to magnetize in an external magnetic field [43]; for example, spherical
particles have a shape corrected susceptibility of y = 3x / (x +3).

Magnetic force can also be applied to nonmagnetic particles provided the sur-
rounding fluid has nonzero magnetization, such as ferrofluid. It is convenient to rep-
resent the fluid magnetization using continuum models, and this assumption tends
to be reasonably accurate in cases when the fluid volume of consideration is much
larger than the individual ferrofluid particles. An alternative method for modeling
these suspensions would consist of considering each particle as a discrete dipole
and using Monte Carlo techniques [44, 45] to track the average position and density
of particles over time. Due to its computational complexity, these techniques are
only applied by a limited number of groups, while most advances have employed
continuum approximations. The force on a relatively large nonmagnetic particle
(i.e., >50 nm) immersed in ferrofluid can be rewritten as

Fp=—1V, (<fv1f> : v) H (19.4)

The effective fluid magnetization is a function of the magnetization of the indi-

vidual magnetic particles, M ».m»> and their volume fraction, C,,, as (1\71 f> =M, ,Cp.

For very low magnetic fields where M, ,, << Mj, a linear constitutive relationship
can be employed to describe the magnetization of the individual magnetic parti-
cles as M, ,, = x F. However, in strong magnetic field, the particle magnetization
is more accurately characterized by Langevin’s function, L (x) = coth (x) — x~!,

which provides a mechanism to describe magnetization saturation [46], given by
<Mf>=]r4p,mcm :MsCmL(%—)ﬁI (19.5)

where & is a dimensionless ratio between the magnetic and thermal energy as
& = poM;, V,,,|H |/ kT, where V,, is the volume of the individual magnetic par-
ticles that comprise the ferrofluid. Combining Eq. (19.5) with Eq. (19.4) yields the
force on nonmagnetic particles submerged in ferrofluid and subjected to magnetic
field gradients as:
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Fp=—VyMCpL (&) (H-V)H = —ksTC,L (&) VE (19.6)

Thus, Egs. (19.3) and (19.6) represent the forces experienced by magnetic par-
ticles surrounded by nonmagnetic carrier fluid, such as water, and by nonmagnetic
particles surrounded by ferrofluid, respectively. These expressions will be applied
to describe magnetic manipulation techniques in various colloidal particle systems
and elucidate the role of magnetic force played in forming colloidal particle chains
and other self-organizing structures, controlling alignment of anisotropically shaped
colloidal particle, as well as the transport and assembly of colloidal particles onto
magnetically patterned surfaces.

19.3 Deterministic Particle Manipulation

19.3.1 Substrate-Based Self-Assembly of Particles

In this section, we begin by discussing microfluidic systems in which the motion
of colloidal particles is dominated everywhere by magnetic force. Brownian diffu-
sion is assumed to play a negligible role, and thus the trajectory of particles will be
calculated solely from the magnetic force and the viscous response of the environ-
ment. One example type of system is a magnetically patterned surface, containing
an array of closely spaced magnets which produce both strong local field and field
gradients, leading to magnetic forces exceeding piconewton strength on nearby col-
loidal particles. These types of magnetic separation systems can be fabricated by
various lithographic techniques and have been studied by a number of researchers
for applications in biochip technologies, manufacturing, and purification [8, 16, 46].

In some instances, the magnetic templates or islands are fabricated from ferro-
magnetic material that allow for magnetic information to be stored in the substrate
and used to program the particle assembly instructions [47]. This programmabil-
ity allows for the controlled placement of magnetic or nonmagnetic particles into
desired regions of the substrate. For a particle near an island, the classical dipole
field pattern for an island is shown in Fig. 19.2 superimposed on the uniform field.
Without external fields, the field of the island, f;,n4> Will remain symmetric, hav-
ing maxima of equal magnitudes near both magnetic poles and minima far away
from the island; however, when an external field bias is applied to the system it is
possible to change the locations of magnetic field maxima and minima.

As seen in Fig. 19.2, the magnitude of the local field can be altered by applying
an external field, f[o, such that the external field adds to the island’s field in some
locations and subtracts in other locations. In this particular example, 7, adds to
the magnitude g on the right side of the island and reduces g on the left, creat-
ing a field maximum and minimum, respectively. Thus, magnetic particles will be
forced toward the right side of the island while nonmagnetic particles in ferrofluid
will be forced to the left side. Because photolithographic patterning techniques are
well developed, a magnetic template with a controllable field distribution is a very
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straightforward method to create self-assembled arrays of particles onto specific
locations of a surface.

Fig. 19.2 Schematic illustration of nonmagnetic particle immersed in ferrofluid assembling on
top of a micromagnet (grey disc with arrow denoting the island’s magnetization). (A) Under no
external field, the ferrofluid accumulates near the island, whereas the particle is forced away from
the island toward the region of lower magnetic field. (B) The external magnetic field is applied
parallel to the island’s magnetization, causing the ferrofluid to accumulate around the edges of
the island where the external field adds to the island’s field (denoted by dotted line with arrow),
meanwhile the nonmagnetic particle is pulled directly on top of the island where the external field
subtracts from the island’s field. (C) The external field is applied in the vertical direction that causes
the nonmagnetic particle to move to the left edge of the island and the magnetic nanoparticles are
pulled toward the right edge

19.3.2 Substrate-Based Transport and Separation

Time-varying magnetic fields applied to substrates of magnetic islands provide a
new class of interesting physical behavior with potential ramifications in the trans-
port and separation of colloidal particles. For example, a rotating external field
applied to the system will move the locations of magnetic minima and maxima
across the surface of the substrate. The transverse motion of these maxima and min-
ima can be modeled as a traveling wave, as shown in Fig. 19.3, which transports
individual particles horizontally across the substrate [8].

A simplified analytical model can be developed to model the particle’s motion in
response to a traveling wave. In this system, a rectangular array of circular magnetic
islands patterned from thin ferromagnetic film will have an effective magnetic pole
density on the array surface which is well approximated by a 1-D Fourier expansion.
For the purpose of this analysis, we will still assume that the substrate’s field can still
be accurately modeled if only the first harmonic in the Fourier expansion is retained
[48]. The sinusoidal pole distribution has an amplitude equal to the island’s average
pole density, o,, with the minimum and maximum of the sinusoid corresponding
with the left and right side, respectively, of the island. In addition to the static field
produced by the substrate, a spatially uniform rotating field is assumed to be applied
to the substrate with frequency, w. The total magnetic field will be the superposition
of the island’s field and the external field, and it will depend upon the particle radius,
a, the periodicity of the island array, d, and time ¢, as
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Fig. 19.3 (A-D) A magnetic label attached to a large virus transverses a magnetic array (magne-
tized in the + x direction) in the presence of a rotating field (also directed in the + x direction in
(A) and rotating counterclockwise). (E-G) A finite element analysis of the magnetic array shows
the magnetic field maxima (white) moving across the array with the rotating field. Reproduced by
permission of The Royal Society of Chemistry [8]

~ - ~ o . (27 .
Hx = Hisland,x + Ho,x = %e—Zna/d sin (7)6) + HO sm (wt) (197)

Thus, the force on a particle will be dependent upon the current position and time
as Fy, = F, ,sin(2nrx/d — wt), where F, , can be input from either Eq. (19.3) or
Eq. (19.6) depending on the type of system considered. The particle trajectory can
be modeled from the equations of motion:

F Cx _p o pdx (19.8)
net =M—— = 'y — DU— .
! dr? dt

where m is the mass of the particle, and D is the viscous drag coefficient. In low
Reynold’s number flow, the inertial term can be ignored, thus the magnetic force
is found to exactly balance the drag force on the particle, assumed in this case to

be Stokes’ drag on a sphere. It is convenient to write Eq. (19.8) in dimensionless
form as

do . w
— =sin(¢) — — (19.9)
dt W,

where ¢ = 2nx/d — wt, v, = 2n F,/ (d D) is a particle’s critical frequency, and
T = w,t is the dimensionless time variable. This equation of motion is similar to
a nonlinear harmonic oscillator observed in many physical systems [49-51]. The
behavior of a nonlinear harmonic oscillator suggests that two regimes of motion
may be observed depending on the velocity of the traveling wave. If the travel-
ing wave is moving too rapidly, then the substrate cannot supply enough magnetic
force to maintain the particle’s relative position within the traveling wave. On the
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other hand, when the traveling wave is moving less rapidly, the particle becomes
locked into the traveling wave and can move linearly across the substrate at a con-
stant rate. Mathematically, this behavior is described as follows. When the system
is below the critical frequency, Eq. (19.9) has a stable solution, and the velocity
of the particle is found to be independent of drag forces as dx/dt = wd/ (2m).
However, when the frequency exceeds w,, the viscous drag forces cause the particle
to slip from the moving field maxima and reduce the particles linear velocity by

dx/dt = (a) - \/m) d/ @m).

For simple transport systems, maintaining the rotating field below the critical
frequency (i.e., @ < w,) can produce very reliable particle trajectories; however,
the ability to separate magnetic particles of different sizes can be accomplished by
adjusting the frequency close to or exceeding the critical frequency of the system
(i.e., ® > w.). For most colloidal transport systems, the damping of the particle
velocity is due solely from a Stokes’ drag force of F,; , = 6mrna (dx/dt), where 1 is
the viscosity of the fluid. The critical frequency can then be solved for as a function
of a particle’s susceptibility and radius:

Yoo, H, (2ma\>
W, = % (%) e~2mald (19.10)

From the dependencies of this equation, the transport velocity of particles with
different size and susceptibility has a different frequency response. Exploiting this
nonlinearity, the frequency of the rotating field can be adjusted to allow particles of
certain size or magnetization to move freely while the motion of others is greatly
impeded. For example, 3 pm magnetic particles have higher critical frequencies
than similar 1 pm magnetic particles, shown in Fig. 19.4, which allows for their
separation. Another separation system involves attaching bio-particles to magnetic
particles, effectively reducing the magnetization of any reacted magnetic particle
[8]. Then free magnetic particles could be separated quickly from the suspension,
and any left over magnetic particles, those attached to the bio-particles, could be
subsequently transported elsewhere on the chip (possibly for detection, extraction,
or further analysis) by reducing the frequency of the rotating field.

19.4 Brownian-Influenced Particle Manipulation

19.4.1 Magnetic and Nonmagnetic Particle Chains

The motion of large magnetic beads is not always dominated by magnetic force.
There may be regions in the fluid where relatively weak magnetic force is expe-
rienced by the particle, in which case its trajectory is dominated completely by
random Brownian motion. However, when other particles are present in the fluid,
the Brownian diffusion does not play a lasting role as particle—particle interac-
tions begin to dominate. Here, we review some of the interesting particle—particle
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Fig. 19.4 (A) Percentage of immobile 1.0 pm () and 2.7 pm particles ([J) is plotted as a
function of the frequency of rotation of the external magnetic field. The cumulative distribution
function (CDF) and probability distribution function (PDF) are presented as dashed and solid lines,
respectively. In (B), the velocity of the 1.0 um (a,H) and 2.7 wm particles (A,0J) is presented as a
function of the rotation frequency. The squares represent the mean velocity of the mobile particles,
while the triangles represent the mean velocity of the entire population of particles. The dashed or
dotted lines are the simulated velocity for the 2.7 pm and 1 pm particles, respectively, based on
an appropriate choice for the critical frequency for each particle size. Reproduced by permission of
The Royal Society of Chemistry [8]

structures which can be formed inside fluids. In general, the forces can be either
attractive or repulsive depending upon the relative position and orientation of the
particles [29]. As seen in Fig. 19.5, attractive forces exist between two iden-
tical particles when the position vector connecting the particle centers is par-
allel to the local field (i.e., opposite poles are in close proximity). Repulsive
forces are present when this position vector is perpendicular to the local field
(i.e., magnetic equators are in close proximity). This anisotropic behavior leads
to the pole-to-pole chaining of similar particles that has been well characterized
[52-54].

In computing forces between particles in the suspension, it is important to
account for both the field and the field gradient of one particle on another. Assuming
that these particles behave approximately as dipoles, the field of a particle, g s can
be determined from the classical dipole field equation [35]:
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Fig. 19.5 (A) Magnetic particles suspended in a nonmagnetic carrier fluid form chains in local
field, ﬁo. The particles” moments align parallel with the field. (B) Nonmagnetic particles sus-
pended in a magnetic carrier fluid also form chains; however, the particle moments are aligned
antiparallel with the field. In both cases, particles are attracted toward the magnetic poles of other
particles and repelled from the magnetic equators, exemplified by the small force arrows

» (19.11)

rs r3

where 7 is the distance between the point of observation and the particle location. It
is important to note that the magnetization of the particle is a function of the local
field, which includes the fields produced by neighboring particles. In a system with
more than one particle, the field needs to be solved self-consistently [55].

In general, the formation of particle chains is a time-dependent process domi-
nated by translational diffusion on the long length scale. For two particles or chains
of particles to link, the groups need to diffuse through the suspension until their
proximity substantially increases the magnetic attraction energy between them, at
which point the particle trajectory becomes dominated by magnetic force. This type
of chain growth is a random-walk, Smulochowski-type growth that has been inves-
tigated in the past [60, 61, 62]. Two particles will only be significantly attracted
or repelled from one another if the change in potential energy experienced by the
particle as it moves a distance of one particle diameter becomes significant relative
to kpT. At this point, the particles undergo a transition from Brownian-dominated
motion to trajectory-dominated motion, and the chain formation process quickly
occurs.
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19.4.2 Magnetic and Nonmagnetic Mixed Assemblies in Ferrofluid

An interesting branch of these physical systems occurs when several different types
of particles are mixed together, such as the mixture of magnetic particles, nonmag-
netic particles, and ferrofluid. The magnetic particles will behave as positive dipoles
if their magnetization is stronger than that of the ferrofluid, while the nonmag-
netic particles still behave as negative dipoles. The net effect is that the magnetic
and nonmagnetic particles will still attract one another; however, the magnetic and
nonmagnetic particles will not align head to tail, but instead will align in an anti-
ferromagnetic fashion.

In these systems, interesting structures have been observed to self-organize
depending on the applied field strength, the bulk ferrofluid concentrations, and the
sizes of the particles. For example, if commensurately sized magnetic and nonmag-
netic particles are suspended within ferrofluid, they can form simple cubic rectan-
gular arrays in an applied external field as seen in Fig. 19.6A,C.

In addition to these particle arrays, other self-assembled structures can be
observed in mixed suspensions when the magnetic and nonmagnetic particles
are of two different sizes. For example, if one of the particles is much larger
than the other (e.g., tripling the size of the highly magnetic particles as seen
in Fig. 19.6B), Saturn-like structures take form as the smaller particles are
attracted only to the magnetic equator of the large particle, shown also in
Fig. 19.6D,E [56].

19.4.3 Anisotropic Particle Alignment

In addition to translational forces, torques also can be applied to particles that have
shape anisotropy. This effect can occur for either magnetic or nonmagnetic parti-
cles depending on the surrounding fluid magnetization. The energetics of particle
alignment is schematically illustrated in Fig. 19.7, in which a magnetized particle
develops magnetic poles on its surface which act to oppose the field 77 within the
particle. This field, known as the demagnetizing field, ff p» contributes to the total
magnetic field within the interior of the particle, {,,,, according to the following
equation:

Hw=H—-Hp=H—-GWM,— M) (19.12)

Here the tensor G represents the demagnetizing factor and is based solely on the
particle’s aspect ratio and the direction of the external field. In general, demagnetiz-
ing factors are smaller when the longest particle axis (i.e., the easy axis) is aligned
with the field.

Though many particles can be approximated as spherical, there exist many par-
ticle geometries that are better modeled as ellipsoids [57, 58], such as rod-like col-
loidal particles which can be represented very accurately as prolate spheroids when
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Fig. 19.6 (A) Equal-sized nonmagnetic and magnetic microparticles suspended in ferrofluid form
array-like structures. (B) Enlarging one particle size leads to ring-like structures. Simplified direc-
tional forces are shown with small arrows. (C) Micrograph showing 3 pum magnetic and 3 jum non-
magnetic particles forming a simple cubic lattice in ferrofluid. (D) Micrograph of 1 wm magnetic
particles forming a ring around a 3 wm nonmagnetic particle in ferrofluid. (E) Fluorescent micro-
graph of 1 pm nonmagnetic particles forming around a 3 pm magnetic particle (non-fluorescent)
into a ring structure in ferrofluid

the aspect ratio is larger than 10. When the long axis of the prolate spheroid, labeled
a in Fig. 19.7, is aligned parallel or perpendicular to f7, the respective demagnetiz-
ing factors of G, and G, are well established [67]:

G _ (a/by /OO ds G _ (a/by /°° ds
‘ 2 b (s+a)(s+12) ’ 2 o (s+a2) (s +b2)°

(19.13)

As seen in Eq. (19.13), alignment away from the easy axis requires more energy

to achieve due to substantial increase in demagnetizing fields. Because particles are
more likely to be in lower energy states, the particle experiences a torque driving
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its easy axis to point along the external field direction. The rotational energy of an
ellipse aligned at an angle of 6 from the magnetic field is well characterized and
found to be [59, 60]:

2 .
2wab®  wy(np —py) (Gy — Gg) Hsin® (0)

ver==3 (s = (1o = 15) Ga) (s = (p = 15) Go)

(19.14)

where 1), and 1 are the respective magnetic permeabilities of the particle and the
fluid derived from the material susceptibility (e.g., 1, = o (1 + x ,,)).

This rotational energy can be used to determine the alignment distribution within
a population of prolate spheroids using a Boltzmann distribution function. For larger
particles with strong fluid magnetization mismatches, the rod’s alignment is com-
pletely determined by the direction of the external field; however, smaller particles
can experience larger orientational variation when the average alignment energy,
(U (8)), is close to thermal fluctuation energy. The average energy of particle align-
ment energy is given by

ST U (0) e VONT gg

U@®)) =
(U (0)) fozn e—UO)/ksT g

(19.15)

In order to describe the orientation variation, nematic order parameters [62]
can be used such as S = ((3cos?6 — 1)/2) where S ranges from 0, for com-
pletely disordered suspensions of particles, to 1, for completely ordered suspen-
sions of particles. For a suspension of magnetic or nonmagnetic elliptical particles
within nonmagnetic or magnetic carrier fluid, respectively, typical order parame-
ters, like those shown in Fig. 19.8, depend upon particle geometry, surrounding
fields, and relative magnetizations. Such studies have been carried out for both
nonmagnetic rods in ferrofluid [63], seen in Fig. 19.8, and magnetic particles in
water [64].
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Fig. 19.8 Optical micrographs (A) and (B) demonstrate the orientation distribution of nonmag-
netic nanorods in ferrofluid for external fields of (A) 0.2 G and (B) 100 G. Data in (C-F) show the
effective orientation of nanorods at ferrofluid volume fractions of (C) 3.6%, (D) 1.8%, (E) 1.2%,
and (F) 0.9%. The theoretical fitting curves from the nematic order parameter S are shown by
the solid lines and demonstrate a nice fit of the experimental data points. Reused with permission
from Chinchun Ooi, Journal of Applied Physics, 103, 07E910 (2008). Copyright 2008, American
Institute of Physics [61]

19.5 Brownian-Dominated Manipulation of Particle Populations

19.5.1 Modeling Thermal Diffusion

When the nanoparticle is reduced to a critical size, its motion becomes dominated
by Brownian diffusion regardless of the applied field, and the role of thermal fluc-
tuations in modeling the distribution within nanoparticle suspensions can become
very important. Moreover, at these length scales, the thermal energy of the particles,
kpT, may no longer be diminutive relative to the particle’s magnetization energy,
M,V H, even in strong magnetic fields. Thus, the role of thermal fluctuations in sev-
eral aspects will need to be incorporated in order to attain representative models. The
models will no longer follow the individual trajectories of nanoparticles but instead
will be concerned with the average particle flux in the statistical sense. The overall
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flux of the local particle concentrations, J,,,, can be modeled through the sum of
the thermally driven diffusion flux, j ffusion> and the deterministically forced drift
flux, Jg,if,- The diffusion flux is proportional to the local diffusion coefficient, D,
and the local variation of the particle concentration, C, as J 4; rysion = —DVC. The
drift flux is also based on the velocity of the particle, v, due to migration forces as
jd,iﬂ = v,C. The local net particle flux is time dependent and can be written in
terms of the continuity equation: —V - j,,, = dC / at. The encompassing charac-
terizing equation for the local net particle flux, known as Fick’s Law [65], can be
written as follows:

AC/3t = =V - Jyor = =V - Uarigt = Jaiffusion) = =V - (0,C = DVC) (19.16)

There arises a special case for this equation where the drift and the diffusion
fluxes exactly balance. This can be viewed as a quasi-equilibrium state where,
although the individual particles have a nonzero velocity, the average particle popu-
lation densities are static. In this case, where 0C / dt = 0, concentration distributions
can be obtained by solving the equation v,C = DVC if the local particle velocity
and the diffusion coefficient are known or can be calculated.

In a viscous medium where inertial effects are unimportant, there is a direct rela-
tionship between the magnetic force f , and the particle’s velocity according to
vy, = NF »» Where 7 is the hydrodynamic mobility of the particle. Inserting this
relationship into Eq. (19.16) under steady-state conditions yields

vC n .
c =D Fp (19.17)
The Einstein relation, D = nkgT, presents a convenient simplification at this
point. This relation assumes that the diffusion coefficient and particle mobility are
independent of local particle concentration which is a good assumption in dilute
suspensions [41]. However, in the case of very high local particle concentrations,
this relation may not be accurate and a concentration-dependent diffusion coefficient
is needed.
Assuming the force is given by Eqgs. (19.2), (19.17) can be rewritten as

%zlfz_«}v[(%_@%».v]ﬁ] (19.18)

Here, V represents the volume of the effective ferrofluid particle size, and kg T
is taken as a constant assuming isothermal equilibrium conditions. This equation is
general as it allows for the local concentration to be obtained for both magnetic and
nonmagnetic particles based upon the local magnetic field and the particle and fluid
magnetizations. When the Langevin saturation model is combined with Eq. (19.18),
the following differential equation is obtained:
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VC _ o
C kT

% [(M,, - MSCmL(g)f{> : V] H (19.19)

This equation can be used either to model the local concentration of the ferrofluid
particles, in which case the parameters become C = C,, and M, ,, = ML (§) H,
or to model the local concentration of nonmagnetic particles within the ferrofluid,
in which case the parameters become C = C,, and M), ,, = 0.

19.5.2 Magnetic Particle Concentration

Initially, we restrict our discussion of Eq. (19.19) to model the local concentration
of the magnetic particles that comprise the ferrofluid. This is the logical starting
point as the system becomes even more complicated when nonmagnetic particles
are introduced. For a suspension of magnetic particles, Eq. (19.19) becomes

_VCen  _ L (&) VE (19.20)

This represents a first-order differential equation that can only be analytically
integrated when £ is independent of C,,. However, some caution must be taken when
using this model. In the present representation of Eq. (19.20), the magnetic energy
is assumed to be independent of the local particle concentration. When the volume
fraction of magnetic particles is large (>5% V.F.), particles can be shielded by their
neighbors, effectively lowering the local magnetic field that determines £(g). In
order to incorporate this shielding phenomenon, the local magnetic field must be
solved at the same time as solving for the local particle concentration (i.e., ff (C,,)).
By solving this continuum model self-consistently, the fluid magnetization is more
accurate in both the high-field and the high-concentration regimes. However, this
self-consistent solution prevents the derivation of analytic models that are useful for
first-order approximations or for systems with relatively low particle concentration.
In relatively low concentrations, minor errors may be acceptable, in which case an
analytical expression can be obtained for particle concentration. Equation (19.20)
can be directly integrated to yield

Cn . sinh(§)
(1—=Cw) §

(19.21)

where A = C,,& / [(1 — C,,)sinh (§)] is an integration constant that can be solved
through forcing the resultant equation to satisfy bulk conditions in a gradient-
free regions. Away from field gradients, the local particle concentrations must
equal bulk particle concentrations, ®,,, and the local field will be equal to the
magnetic field external to any local magnetic sources that has an energy ratio
of &,. Substitution of the boundary conditions leads to the integration constant,
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A = d,§, / [(1 — &,,)sinh (§,)]. By inserting the integration constant back into
Eq. (19.21), the local concentration of the magnetic particles within ferrofluid can
be attained:

. —1
(1— ®,)sinh (&) & ) (19.22)

= (1 T, @) &,

Equation (19.22) is very useful as it can predict the local particle concentration
as a function solely of the local energy ratio, £. In addition, Eq. (19.22) exhibits the
appropriate asymptotic behavior; at very large local fields, (¢ >> &,), C,, — 1,
and at very small local fields, (§ << &,), C,, — 0. An experimental image of a
typical ferrofluid concentrating near high-gradient magnetic sources is presented in
Fig. 19.9A. Here, the ferrofluid particles concentrate very densely between rectan-
gular islands, where the fields created by the islands add to a transverse external
field.

Experimental work has verified the accuracy of this expression in regions of
strong field and relatively low particle concentrations through the use of opti-
cal absorption measurements [10]. Attenuation of the intensity of light through
a distance r of ferrofluid follows a well-defined Beer—Lambert relationship of
I = I,e™®". Here « is a material-dependent absorption coefficient that needs to
be experimentally determined independently for a ferrofluid. For example, the well-
characterized ferrofluid EMG 705 from Ferrotec (Nashua, NH) shown in Fig. 19.9A
is found to exhibit an adsorption coefficient of « = K (C), Y? / (2L), where K and B
are proportionality constants and 2L is the total path length the light travels (twice
the fluid height for a reflected light microscopy setup). For a fluid height of 3 um, a
calibration curve was created, shown in Fig. 19.9B, that relates the bulk particle con-
centration to collected light intensity. For proper characterization of this calibration
data, the proportionality constants were found to be K = 9.24 and g = 0.79.

With this calibration relationship established, a theoretical light intensity can
be calculated for suspensions of ferrofluid near micromagnets. To determine these
intensities, the Beer—Lambert relationship can be integrated across the fluid height
to account for variation in particle concentration with height above the micromag-
nets as

L
I(x,y) = 2f eKCu/L g, (19.23)
0

Equation (19.23) allows for a theoretical relationship between local field ener-
gies and light intensities to be established and correlated to the local concentration
profile of ferrofluid. For different bulk particle concentrations, this relationship pro-
duces different plots as shown in Fig. 19.9C. Using photo analysis software, the
relative light intensities of experimentally collected micrographs, such as the one in
Fig. 19.9A, can be directly compared to the theoretical plots as presented with dot-
ted lines in Fig. 19.9C. For these experiments, the areas directly between two islands
were sampled for intensity data for two reasons. First, the particle concentrations in



19 Magnetic Manipulation of Colloidal Particles 583

B ® Experimental Data
— Best Fit

=3

o
©

Normalized Intensity
=} =}
s (2}

I
N

Concentration (x1072)

C 1n T T T T T

Normalized Intensity

1 1 1 1 1
0 100 200 300 400 500
External Fields (G)

Fig. 19.9 (A) Experimental micrograph shows rectangular cobalt islands that are 8§ um by 4 pm.
Magnetic ferrofluid particles concentrate between the islands in the field maxima. (B) A calibra-
tion curve is shown comparing bulk concentration versus bulk light intensity. (C) Plots of local
concentration of magnetic particles versus local field for different dilutions of ferrofluid. The local
concentration can be described fairly accurately using Eq. (19.22) with an effective nanoparticle
diameter of ~24 nm. Reused with permission from Randall M. Erb, Journal of Applied Physics,
103, 063916 (2008). Copyright 2008, American Institute of Physics [10]

these areas are within the low-concentration regime (<10% V.F.), which is neces-
sary for the validity of Eq. (19.22). Second, the fields produced by cobalt thin-film
islands can be well predicted at large distances away from the islands poles (i.e.,
distances on the order of the width of an island).

Our experimental results indicated that the ferrofluid is best characterized by an
average aggregate size, which is much larger than the individual ferrofluid parti-
cles observed within the suspension. The underlying reason for this effect can be
explained from aggregation phenomenon occurring in colloidal physics. For exam-
ple, other forces in colloidal suspensions exist including steric, electrostatic, Van der
Waals, and depletion forces, some of which are attractive and others repulsive. In
general, all colloidal suspensions are thermodynamically unstable due to the deep
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attractive potential energy minimum when two particles are touching; however due
to the presence of a repulsive energy barrier, the time scales over which particles
aggregate can be sufficiently long to consider them stable. For certain sized col-
loids, the attractive Van der Waals forces, which scale with the particle radius, may
be stronger than the repulsive electrostatic forces, which scale with the total charge
on the particle. The net result is that aggregation will be present; however, the aggre-
gation has been shown to be self-limiting based on generic scaling relationships
between these attractive and repulsive interactions [66]. Specifically, it has been
shown that when the repulsive energy barrier between neighboring particles exceeds
15kpT, the suspension is conventionally considered stable. If the energy barrier is
smaller, then the particles within the suspension will aggregate until this constraint
is met. This self-limiting aggregation is common in particle suspensions, and the
average particle size is often well larger than an individual particle at conception
[67-70]. These large average aggregate sizes must be included to form a realistic
model for the particle suspension since the larger magnetic volumes of the aggre-
gates play a major role in the force upon a particle and, ultimately, its velocity. For
this reason, it was not surprising that the ferrofluid particles in our experiments were
behaving as small aggregates.

19.5.3 Nonmagnetic Particle Concentrations

Once the magnetic nanoparticle concentration can be determined, it is possible to
describe the local particle concentration of nonmagnetic particles, C,, submerged
within a ferrofluid. In this situation, the nonmagnetic particles have negligible mag-
netization (M, , = 0), and Eq. (19.19) becomes

Ve,
Gy

=—yCnL(§)VE (19.24)

where y =V, / V., represents a nondimensional size ratio between the ferrofluid
and nonmagnetic particles. Equation (19.24) indicates that the concentration of non-
magnetic particles depends upon the local ferrofluid concentration, which consider-
ably complicates the general analysis. For scenarios where the ferrofluid is in the
high-concentration regime, C,,, a self-consistent approach should be used to solve
Eq. (19.20). If the ferrofluid concentration is reasonably low, then Eq. (19.22) can
be inserted into Eq. (19.24) and an analytic expression can be obtained. Considering
the low-concentration regime, Eq. (19.24) can be integrated as

. . —
g 2smh(é‘) ) <l — @, s1nh($,,))i| 19.2
¢ [ e e, & (1922

where the integration constant, A, can again be arrived at by satisfying bulk con-
ditions within gradient-free regions. In these regions, the local nonmagnetic particle
concentration must equal the nonmagnetic bulk concentration, ®,, and the local
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magnetic energy will be equal to the bulk energy ratio of &,. Satisfying these require-
ments determines the value of the integration constant which can be incorporated
into Eq. (19.25) to yield

_ sinh () &, *V
C, =, [1 + @, (mg - 1)} (19.26)
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Fig. 19.10 (A) Bright field and (B-F) fluorescent images of 5 pum circular cobalt ferromagnetic
islands magnetized in an external field directed rightward. On top of the islands, nonmagnetic par-
ticles in ferrofluid concentrate to different extents depending on particle size. (G) Plots of local
concentration of nonmagnetic particles versus external field for different sizes of nanoparticles
with bulk volume fractions of particles and ferrofluids as 1% and 3.6%, respectively. Below ~15
Gauss, the external field is too weak to create field minima on top of the islands, and the nonmag-
netic particles are forced away. Reused with permission from Randall M. Erb, Journal of Applied
Physics, 103, 07A312 (2008). Copyright 2008, American Institute of Physics [28]

In regions of very high local field, where the ferrofluid particles will densely con-
centrate, Eq. (19.26) shows the nonmagnetic particle concentration to approach 0.
This expression, unlike Eq. (19.22), has no inherent saturation since the non-
magnetic concentration will breach the non-physical close-packing threshold with
large enough local fields. To resolve this, an artificial restriction on the geometric
packing factor can be placed upon Eq. (19.26) that limits the possible values
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of the concentration strictly to those that are physical (e.g., C,,<1). The main
benefit of Eq. (19.26) is that it conveniently predicts the local concentration of
nonmagnetic particles based only upon local energy ratios, size ratios, and bulk
concentrations.

To test the validity of Eq. (19.26), nonmagnetic fluorescent polystyrene particles
of various sizes were mixed with 705 EMG ferrofluid and concentrated on top of
cobalt islands, shown in Fig. 19.10A—F [28]. For these experiments, the fluid height
was held at 3 wm, and the bulk volume fraction of ferrofluid and nonmagnetic par-
ticles were 3.6% and 1.0%, respectively. Nonmagnetic particle sizes of 210 and
520 nm are seen to close-pack on top of the magnetic islands. Conversely, the 24
and 48 nm particles do not seem to concentrate substantially on the islands, while
the 100 nm particles somewhat concentrate. In comparison with these experimen-
tal studies, the behavior of Eq. (19.26) for these experimental bulk conditions is
plotted in Fig. 19.10G across different field strengths and particle sizes. Compar-
ison between these plots and the experimental fluorescent micrographs confirms a
qualitative agreement between theoretical predictions and experimental results, and
moreover it indicates that continuum equations are still reasonably accurate even
when the nonmagnetic nanoparticles are only 2-3 times larger than the magnetic
nanoparticles in the fluid.

19.5.4 Applications of Concentration Gradients

The concentration gradients that arise in various ferrofluid mixtures are complex
phenomena that lend themselves to certain unique applications. The particles within
a magnetic particle suspension can be strongly concentrated within certain regions
of HGMS systems, and in some cases can reach close-packing, which implies a
localized phase transformation has occurred in the fluid. Regions of the substrate
where the particles become close-packed will experience substantial changes in the
local viscosity and rheological properties. Furthermore, these regions become effec-
tively inaccessible (i.e., masked) from the surrounding suspension. For example,
these close-packed regions can be used as a UV photomask to block light from
interacting with the underlying surface [71-72].

In addition to blocking electromagnetic waves, these close-packed particles can
possibly block certain chemical hybridization reactions from taking place. Such
applications are enhanced since in the regions of high magnetic concentration there
are very low concentrations of nonmagnetic particles as per Eq. (19.26). For this
reason, magnetically programming the chemisorption or physiosorption of non-
magnetic particles onto surfaces becomes physically plausible as demonstrated in
Fig. 19.11. This technique can be used for applications including cell manipulation,
concentration of fluorescent labels onto biosensors, and even production of protein
arrays. However, due to the recent development of this niche of colloidal physics,
there remain many applications yet to be conceived.
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Fig. 19.11 Example setup of magnetically controlled adsorption of nonmagnetic particles to the
surface. In (A), ferrofluid is concentrated in regions to be blocked. In (B), nonmagnetic particles
are introduced into solution and allowed to diffuse throughout suspension, avoiding areas of high
magnetic particle concentration. In (C), suspension is rinsed or diluted and adsorped particles
remain

19.6 Conclusions and Outlook

Here we reviewed the magnetic manipulation of particles within suspensions. Com-
pared with other reviews that focused on high-gradient magnetic separation systems,
including by one of the authors, this chapter has instead focused on the magnetic
manipulation of mixed suspensions of magnetic and nonmagnetic particles. In this
chapter, we developed a theoretical basis for determining the effect of Brownian
motion within a system, through determining the magnitude of the magnetic forces
present. We first detailed several deterministic systems that are minimally influenced
by Brownian motion, in which we described recent theoretical and experimental
work on surface-based assembly and substrate-based transport of colloidal particles.
Due to the programmability of these systems, they have potential in self-assembled
fabrication techniques and lab-on-a-chip platforms. We then turned our attention to
particle systems that can be influenced, but are not dominated, by Brownian motion.
Several types of self-organizing structures we presented included particle arrays,
particle rings, and chain growth. The use of multiple different colloidal components
may lead to more complex assemblies than those presented here; thus, this field
appears to be very promising for future discoveries. This discussion was followed
by the analysis of Brownian-dominated systems, which despite the inherent random-
ness, can still allow for controllable manipulation of groups of colloidal particles.
The theoretical predictions developed in this section based on ensemble modeling
techniques for determining local particle concentrations were shown to agree rea-
sonably well with experimental results. However, these models are limited to the
low particle concentration regime, and future numerical work is needed to determine
the degree of inaccuracy when these models are applied to regions of high particle
concentrations.
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