
Chapter 1
Theoretical Framework of Finance

Abstract The main purpose of this chapter is to explore
important finance theories. First, we discuss discounted
cash-flow valuation theory (classical financial theory). Sec-
ond, we discuss the Modigliani and Miller (M and M) valu-
ation theory. Third, we examine Markowitz portfolio theory.
We then move on to the capital asset pricing model (CAPM),
followed by the arbitrage pricing theory. Finally, we will
look at the option pricing theory and futures valuation and
hedging.
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1.1 Introduction

Value determination of financial instruments is important in
security analysis and portfolio management. Valuation the-
ories are the basic tools for determining the intrinsic value
of alternative financial instruments. This chapter provides a
general review of the financial theory that most students of fi-
nance would have already received in basic corporate finance
and investment classes. Synthesis and integration of the val-
uation theories are necessary for the student of investments
in order to have a proper perspective of security analysis and
portfolio management.

The basic policy areas involved in the management of a
company are (1) investment policy, (2) financial policy, (3)
dividend policy, and (4) production policy. Since the deter-
mination of the market value of a firm is affected by the
way management sets and implements these policies, they
are of critical importance to the security analyst. The secu-
rity analyst must evaluate management decisions in each of
these areas and convert information about company policy
into price estimates of the firm’s securities. This chapter ex-
amines these policies within a financial theory framework,
dealing with valuation models.

There are six alternative but interrelated valuation models
of financial theory that might be useful for the analysis of
securities and the management of portfolios:

1. Discounted cash-flow valuation theory (classical financial
theory)

2. M and M valuation theory
3. Capital asset pricing model (CAPM)
4. Arbitrage Pricing Theory (APT)
5. Option-pricing theory (OPT)
6. Futures Valuation and Hedging

The discounted cash-flow valuation and M and M theories
are discussed in the typical required corporate-finance survey
course for both bachelor’s and master’s programs in busi-
ness. The main purpose of this chapter is to review these
theories and discuss their interrelationships. The discounted
cash-flow model is first reviewed by some of the basic valu-
ation concepts in Sect. 1.2. In the second section, the four al-
ternative evaluation methods developed by M and M in their
1961 article are discussed. Their three propositions and their
revision with taxes are explored, including possible applica-
tions of their theories in security analysis. Miller’s inclusion
of personal taxes is discussed in Sect. 1.3. Section 1.4 dis-
cusses the Markowitz portfolio theory. Section 1.5 includes
a brief overview of CAPM concepts. Section 1.6 introduces
the Arbitrage Pricing Theory (APT). Sections 1.6 and 1.7 dis-
cuss the option-pricing theory and the futures valuation and
hedging. Conclusion is presented in Sect. 1.8.

1.2 Discounted Cash-Flow Valuation Theory

Discounted cash-flow valuation theory is the basic tool for
determining the theoretical price of a corporate security. The
price of a corporate security is equal to the present value
of future benefits of ownership. For example, for common
stock, these benefits include dividends received while the
stock is owned plus capital gains earned during the own-
ership period. If we assume a one-period investment and a
world of certain cash flows, the price paid for a share of
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stock, P0, will equal the sum of the present value of a certain
dividend per share, d1 (assumed to be paid as a single flow at
year end), and the selling price per share P1:

P0 D d1 C P1

1C k
(1.1)

in which k is the rate of discount assuming certainty. P1 can
be similarly expressed in terms of d2 and P2:

P1 D d2 C P2

1C k
(1.2)

If P1 in Equation (1.1) is substituted into Equation (1.2), a
two-period expression is derived:

P0 D d1

.1C k/
C d2

.1C k/2
C P2

.1C k/2
(1.3)

It can be seen, then, that an infinite time-horizon model can
be expressed as the

P0 D
1X

tD1

dt

.1C k/t
(1.4)

Since the total market value of the firms’ equity is equal to
the market price per share multiplied by the number of shares
outstanding, Equation (1.4) may be re-expressed in terms of
total market value MV0:

MV0 D
1X

tD1

Dt

.1C k/t
(1.5)

in which Dt D total dollars of dividends paid during year t .
Using this basic valuation approach as a means of express-

ing the appropriate objective of the firm’s management, the
valuation of a firm’s securities can be analyzed in a world of
certainty.

1.2.1 Bond Valuation

Bond valuation is a relatively easy process, as the income
stream the bondholder will receive is known with a high de-
gree of certainty. Barring a firm’s default, the income stream
consists of the periodic coupon payments and the repayments
of the principal at maturity. These cash flows must be dis-
counted to the present using the required rate of return for
the bond.

The basic principles of bond valuation are represented in
the equation:

PV D
nX

tD1

CFt
.1C kb/t

(1.6)

where:

PV D present value of the bond;
n D the number of periods to maturity;
CFt D the cash flow (interest and principal) received in
period t ;
kb D the required rate of return of the bondholders (equal
to risk-free rate i plus a risk premium).

1.2.1.1 Perpetuity

The first (and most extreme) case of bond valuation involves
a perpetuity, a bond with no maturity date and perpetual in-
terest payments. Such bonds do exist. In 1814, the English
government floated a large bond issue to consolidate the var-
ious small issues it had used to pay for the Napoleonic Wars.
Such bonds are called consols, and the owners are entitled to
a fixed amount of interest income annually in perpetuity. In
this case, Equation (1.6) collapses into the following:

PV D CF

kb
(1.7)

Thus, the valuation depends directly on the periodic interest
payment and the required rate of return for the bond. It can
be seen that required rates of return, necessitated by a higher
rate of inflation or an increase in the perceived risk of the
bond, lower the present value, decreasing the bond’s market
value. For example, if the stated annual interest payment on
the perpetuity bond is $50 and the required rate of return in
the market is 10%, the price of the security is stated:

PV D $50=0:10 D $500

If its issuing price had been $1,000, it can be seen that the
required rate of return would have been only 5% (kb D
CF=PV D $50=$1; 000D 0:05, or 5%).

1.2.1.2 Term Bonds

Most bonds are term bonds, which mature at some definite
point in time. Thus, Equation (1.6) should be respecified to
take this fact into account:

PV D
nX

tD1

It

.1C kb/t
C Pn

.1C kb/n
(1.8)

where:

It D the annual coupon interest payment;
Pn D the principal amount (face value) of the bond; and
n D the number of periods to maturity.
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Again, it should be noted that the market price, PV, of a
bond is affected by changes in the rate of inflation. If inflation
increases, the discount rate must also increase to compen-
sate the investor for the resultant decrease in the value of the
debt repayment. The present value of each period’s interest
payment thus decreases, and the price of the bond falls. The
bondholder is always exposed to interest-rate risk, the vari-
ance of bond prices resulting from fluctuations in the level of
interest rates. Interest-rate risk, or price volatility of a bond
caused by changes in interest-rate levels, is directly related
to the term to maturity. There are two types of risk premiums
associated with interest-rate risk as it applies to corporate
bonds. The bond maturity premium refers to the net return
from investing in long-term government bonds rather than
the short-term bills. Since corporate bonds generally possess
default risk, another of the components of corporate bond
rates of return is default premium. The bond default premium
is the net increase in return from investing in long-term cor-
porate bonds rather than in long-term government bonds.

Additional features of a bond can affect its valuation.
Convertible bonds, those with a provision for conversion
into shares of common stock, are generally more valuable
than a firm’s straight bonds for several reasons. First, the in-
vestor receives the potential of positive gains from conver-
sion, should the market price of a firm’s common stock rise
above the conversion price. If the stock price is greater than
the conversion price, the convertible bond generally sells at
or above its conversion value. Second, the bondholder also
receives the protection of fixed income payment, regardless
of the current price of the stock – assuring the investor that
the price of the bond will be at least equal to that of a straight
bond, should stock prices fail to increase sufficiently. Third,
for any given firm the coupon rate of return from its bonds
is generally greater than the dividend rate of return (dividend
yield) from its common stock – thus causing a measure of
superiority for a convertible bond over its conversion into
common stock until stock dividends rise above the bond’s
coupon rate. Even then, the convertible bond may be pre-
ferred by investors because of the higher degree of certainty
of interest payments versus dividends that would decline if
earnings fall.

A sinking fund provision may also increase the value of a
bond, at least at its time of issue. A sinking-fund agreement
specifies a schedule by which the sinking-fund will retire the
bond issue gradually over its life. By providing cash to the
sinking-fund for use in redeeming the bonds, this provision
ensures the investor some potential demand for the bond, thus
increasing slightly the liquidity of the investment.

Finally, the possibility that the bond may be called will
generally lower the value relative to a noncallable bond.
A call provision stipulates that the bond may be retired by
the issuer at a certain price, usually above par or face value.
Therefore, in periods of large downward interest movements,

a company may be able to retire a high coupon bond and
issue new bonds with a lower interest payment requirement.
A call feature increases the risk to investors in that their
expected high interest payments may be called away from
them, if overall interest rate levels decline.

1.2.2 Common-Stock Valuation

Common-stock valuation is complicated by an uncertainty
of cash flows to the investor, necessarily greater than that for
bond valuation.1

Not only might the dividends voted to shareholders each
period change in response to management’s assessment con-
cerning the current level of earnings stability, future earnings
prospects, or other factors, but the price of the stock may also
either rise or fall – resulting in either capital gains or losses,
if the shares are sold. Thus, the valuation process requires the
forecasting of both capital gains and the stream of expected
dividends. Both must also be discounted at the required rate
of return of the common stockholders.

P0 D d1

1C k
C d2

.1C k/2
C � � � C Pn

.1C k/n
(1.9)

where:

P0 D the present value, or price, of the common stock per
share;
d D the dividend payment per share;
k D the required rate of return of the common stockhold-
ers; and
Pn D the price of the stock in period n when sold.

However, Pn can also be expressed as the sum of all
discounted dividends to be received from period n forward
into the future. Thus, the value at the present time can
be expressed as an infinite series of discounted dividend
payments:

P0 D
1X

tD1

dt

.1C k/t
(1.4)

in which dt is the dividend payment in period t . Several pos-
sibilities exist regarding the growth of dividend payments
over time. First, dividends may be assumed to be a constant
amount, and the formula for the stock’s valuation is simple
Equation (1.7), where CF is the constant dividend and k is
the required rate of return of the common stockholder.

Second, dividends may be expected to grow at some
constant rate, g. In such a case, a dividend at time t is
simply the compound value of the present dividend (i.e.,

1 This is true because foregoing interest puts the firm into default, while
missing dividend payments does not.
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Pt D .1C g/td0). Under this assumption, if g <k, the
valuation equation can be simplified to the following:

P0 D d1

.k � g/ (1.10)

This equation represents the Gordon growth model. Note that
a critical condition for this model is that the constant growth
of dividends must be less than the constant required rate of
return. The zero growth situation is a special case of this
model, in which:

P0 D d1

k
(1.11)

Finally, dividends can exhibit a period of supernormal
growth (i.e., g is greater than k) before declining to the nor-
mal growth situation assumed in the Gordon model (g is
less than k). Supernormal growth often occurs during the
“takeoff” phase in a firm’s life cycle. That is, a firm may
experience a life cycle analogous to that of a product: first,
a low-profit introductory phase, then a takeoff phase of high
growth and high profits, leveling off at a plateau during its
mature stage, perhaps followed by a period of declining earn-
ings. Computer and electronics manufacturers experienced a
period of supernormal growth during the 1960s, as did semi-
conductor firms during the 1970s. Bioengineering firms ap-
pear to be the super growth firms of the 1980s.

The valuation of a supernormal growth stock requires
some estimate of the length of the supernormal growth pe-
riod. The current price of the stock will then consist of two
components: (1) the present value of the stock during the su-
pernormal growth period, and (2) the present value of the
stock price at the end of the supernormal growth period:

P0 D
nX

tD1

d0.1C gs/
t

.1C k/t
C

dnC1

k�gn
.1C k/n

(1.12)

where:

gs D supernormal growth rate;
n D the number of periods before the growth drops from
supernormal to normal;
k D the required rate of return of the stockholders; and
gn D the normal growth rate of dividends (assumed to be
constant thereafter).

As we can see from our development of the discounted cash-
flow financial theory, the primary determinant of value for
securities is the cash flow received by the investors. Any-
thing that affects the cash flow, such as the dividend policy,
investment policy, financing policy, and production policy of
the firm, needs to be evaluated in order to determine a mar-
ket price.

Some shortcomings of this approach include the overem-
phasis on the evaluation of the individual firm to the

exclusion of portfolio concepts and the interrelationship with
the overall market indexes. Most of the classical models are
also static in nature, overlooking the concept of dynamic
growth. Nevertheless, a fundamental approach to security
valuation – the stream of dividends approach – has evolved
from this theory.

1.3 M and M Valuation Theory

Modigliani and Miller (M and M 1961) have proposed four
alternative valuation methods to determine the theoretical
value of common stocks. This section discusses these valua-
tion approaches in some detail. M and M’s four more or less
distinct approaches to the valuation of common stock are as
follows:

1. The discounted cash-flow approach;
2. the current earnings plus future investment opportunities

approach;
3. the stream of dividends approach; and
4. the stream of earnings approach

Working from a valuation expression referred to by M and M
as the “fundamental principle of valuation”:

P0 D 1

1C k
.d1 C P1/ (1.13)

M and M further developed a valuation formula to serve as a
point of reference and comparison among the four valuation
approaches:

V0 D
1X

tD0

1

.1C k/tC1
.Xt � It / (1.14)

where:

V0 D the current market value of the firm;
Xt D net operating earnings in period t ; and
It D new investment during period t .

In this context, the discounted cash-flow approach can be
expressed:

V0 D
1X

tD0

1

.1C k/tC1
.Rt �Ot/ (1.15)

in which Rt is the stream of cash receipts by the firm and
Ot is the stream of cash outlays by the firm. This funda-
mental principle is based on the assumption of “perfect mar-
kets,” “rational behavior,” and “perfect certainty” as defined
by M and M. Since Xt differs fromRt and It differs fromOt
only by the cost of goods sold and depreciation expense, if
.Rt �Ot/ equals .Xt �It /, then (1.15) is equivalent to (1.14)
and the discounted cash-flow approach is an extension of



1 Theoretical Framework of Finance 7

Equation (1.13), the fundamental valuation principle. Hence,
the security analyst must be well versed in generally ac-
cepted accounting principles in order to evaluate the worth
of accounting earnings of .Xt � It /.

The investment-opportunities approach seems in some
ways the most natural approach from the standpoint of an
investor. This approach takes into account the ability of the
firm’s management to issue securities at “normal” market
rates of return and invest in the opportunities, providing a
rate higher than the normal rate of return. From this frame-
work, M and M developed the following expression, which
they show can also be derived from Equation (1.14):

V0 D X0

k
C

1X

tD0

It .k
�
t � k/

.1C k/tC1
(1.16)

in which X0 is the perpetual net operation earning and k�
t is

the “higher than normal” rate of return on new investment It .
From the expression it can be seen that if a firm can-

not generate a rate of return of its new investments higher
than the normal rate, k, the price/earnings ratio applied to
the firm’s earnings will be equal to 1/k, thus implying simple
expansion rather than growth over time. An important vari-
able for security analysis is a firm’s P/E ratio (or earnings
multiple), defined as:

P=E ratio D Market price

Earnings per share

Conceptually the P/E ratio is determined by three factors:
(1) the investor’s required rate of return .K/; (2) the reten-
tion ratio of the firm’s earning, b, where b is equal to 1 mi-
nus the dividend payout ratio; and (3) the firm’s expected
return on investment .r/. Using the constant-growth model
Equation (1.10):

P0 D d1

k � g

P0 D E1.1 � b/

k � .br/
P0

E1
D 1 � b
k � .br/

(1.17)

in which b is the retention rate and E1 is the next period’s
expected profit.

The P0=E ratio is theoretically equal to the payout ra-
tio of a firm divided by the difference between the investor’s
required return and the firm’s growth rates. In the above
equation a direct relationship has been identified between
price/earnings ratio and discount cash-flow valuation model.

The stream-of-dividends approach has been by far the
most popular in the literature of valuation; it was developed

in the pre-M and M period. Assuming an infinite time
horizon, this approach defines the current market price of a
share of common stock as equal to the discounted present
value of all future dividends:

P0 D
1X

tD0

1

.1C k/tC1
.dt / (1.18)

Restating in terms of total market value:

V0 D
1X

tD0

1

.1C k/tC1
.Dt / (1.19)

With no outside financing, it can be seen that Dt D Xt � It
and:

V0 D
1X

tD0

1

.1C k/tC1
.Xt � It /

which is Equation (1.14). With outside financing through
the issuance of shares of new common stock, it can be
shown that:

V0 D
1X

tD0

1

.1C k/tC1
.Dt C VtC1 �mtC1�PtC1/ (1.20)

in which mtC1 is the number of new shares issued at price
PtC1. For the infinite horizon, the value of the firm is equal
to the investments it makes and the new capital it raises, or:

VtC1 � .mtC1/.PtC1/ D It � .Xt �Dt/

Thus, Equation (1.20) can also be written in the form of
Equation (1.14):

V0 D
1X

tD0

1

.1C k/tC1
.Xt � It / (1.14)

Given the M and M ideal assumptions, the above result im-
plies the irrelevance of dividends because the market value of
the dividends provided to new stockholders must always be
precisely the same as the increase in current dividends. This
is in direct disagreement with the findings of the discounted
cash-flow model, where dividends are a major determinant
of value. In this case, dividends have no impact on value, and
the firm’s investment policy is the most important determi-
nant of value. Security analysis should concern itself with the
future investment opportunities of the firm and forget about
dividends.

M and M also developed the stream-earnings approach,
which takes account of the fact that additional capital must
be acquired at some cost in order to maintain the stream of
future earnings at its current level. The capital to be raised
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is It and its cost is K percent per period thereafter; thus, the
current value of the firm under this approach can be stated:

V0 D
1X

tD0

1

.1C k/tC1
.Xt � It /

which, again, is Equation (1.14).
Under none of these four theoretical approaches does the

termDt remain in the final valuation expression and because
Xt; It , and k are assumed to be independent of Dt , M and
M conclude that the current value of a firm is independent of
its current and future dividend decisions. The amount gained
by stockholders is offset exactly by the decline in the market
value of their stock. In the short run, this effect if observed
when a stock goes ex-dividend – that is, if the market price
of the stock falls by the amount of the dividend on the last
day the old shareholders are entitled to receive a dividend
payment. The stock’s value depends only on the expected
future earnings stream of the firm. Security analysts spend
much time and effort forecasting a firm’s expected earnings.

While the above analysis ignores the case in which exter-
nal financing is obtained through the issuance of debt, in such
a situation M and M’s position then rests upon their indiffer-
ence proposition with respect to leverage (M and M 1958),
discussed elsewhere in this chapter. Since that analysis shows
that under a set of assumptions consistent with their “funda-
mental principal of valuation” the real cost of debt in a world
of no taxation is equal to the real cost of equity financing, M
and M conclude that the means of external financing used to
offset the payment of dividends does not affect their hypoth-
esis that dividends are irrelevant.

Prior to Miller and Modigliani’s (1961) article, the classi-
cal view held that dividend policy was a major determinant of
the value of the corporation and that firms should seek their
“optimal payout ratios” to maximize their value. M and M’s
conclusions about the irrelevance of dividend policy given
investment policy, collided head-on with the existing classi-
cal view. The view that the value of the firm is independent
of dividend policy also extends into a world with corporate
taxes but without personal taxes.

1.3.1 Review and Extension of M and M
Proposition I

The existence of optimal capital structure has become one
of the important issues for academicians and practitioners
in finance. While classical finance theorists argue that there
is an optimal capital structure for a firm, the new classi-
cal financial theory developed y M and M (1958, 1963) has

cast doubt upon the existence of such an optimal structure.
The specific assumptions that they made, consistent with the
dividend irrelevance analysis previously outlined, include the
following:

1. Capital markets are perfect (frictionless).
2. Both individuals and firms can borrow and lend at the

risk-free rate.
3. Firms use risk-free debt and risky equity.
4. There are only corporate taxes (that is, there are no wealth

taxes or personal income taxes).
5. All cash flow streams are perpetuities (that is, no growth).

Developing the additional concepts of risk class and home-
made leverage, M and M derived their well-known Proposi-
tion I, both with and without corporate taxes.2

If all firms are in the same risk class, then their expected
risky future net operating cash flow . PX/ varies only by a scale
factor. Under this circumstance, the correlation between two
firms’ net operating income (NOI) within a risk class should
be equal to 1.0. This implies that the rates of return will be
equal for all firms in the same risk class, that is:

Rit D
PXit � PXit�1
Xit�1

(1.21)

and because PXit D C PXjt where C is the scale factor:

Rjt D C PXjt � C PXjt

C PXjt�1
D Rit (1.22)

in which Rit and Rjt are rates of return for the i th and j th
firms, respectively. Therefore, if two streams of cash flow
differ by only a scale factor, they will have the same distribu-
tions of returns and the same risk, and they will require the
same expected return.

The concept of homemade leverage is used to refer to the
leverage created by individual investors who sell their own
debt, while corporate leverage is used to refer to the debt
floated by the corporation. Using the assumption that the cost
of homemade leverage is equal to the cost of corporate lever-
age, M and M (1958) derived their Proposition I both with
and without taxes. However, the Proposition I with taxes was
not correct, and they subsequently corrected this result in
their 1963 paper. Mathematically, M and M’s Proposition I
can be defined:

Vj D .Sj C Bj / D Xj=�k (1.23)

2 In 1985 Franco Modigliani won the Nobel Prize for his work on the
life cycle of savings and his contribution to what has become known as
the M and M theory, discussed in this section.



1 Theoretical Framework of Finance 9

and Proposition I with taxes can be defined as

V L
j D .1 � �j /Xj

��k
C �Ij

r
D V U

j C �Bj (1.24)

In Equation (1.23), Bj ; Sj , and Vj are, respectively, the
market value of debt, common shares, and the firm. Xj
is the expected profit before deduction of interest, �k the
required rate of return or the cost of capital in risk class k.
In Equation (1.24), ��k is the required rate of return used to
capitalize the expected returns net of tax for the unlevered
firm with long-run average earnings before tax and interest
of .Xj / in risk class k. �j is the corporate tax rate for the j th
firm, Ij is the total interest expense for the j th firm, and r
is the market interest rate used to capitalize the certain cash
inflows generated by risk-free debt. Bj is total risk-free debt
floated by the j th firm, and V L and V U are the market values
of the leveraged and unleveraged firms, respectively.

By comparing these two equations, we find that the advan-
tages of a firm with leverage will increase that firm’s value
by �jBj – that is, the corporate tax rate times the total debt
floated by that firm. One of the important implications of this
proposition is that there is no optimal capital structure for the
firm unless there are bankruptcy costs associated with its debt
flotation. If there are bankruptcy costs, then a firm will issue
debt until its tax benefit is equal to the bankruptcy cost, thus
providing, in such a case, an optimal capital structure for the
firm. In addition to the bankruptcy costs, information signal-
ing (see Leland and Pyle 1977, and Ross 1977a) and differen-
tial expectations between shareholders and bondholders can
be used to justify the possible existence of an optimal struc-
ture of a firm. The existence of optimal capital structure is an
important issue for security analysts to investigate because it
affects the value of the firm and the value of the firm’s secu-
rities. Is a firm with a high level of debt more valuable than
a similar firm with very little debt? M and M say it doesn’t
matter or that the highly leveraged firm is more valuable.

The important assumptions used to prove the M and M
Proposition I with taxes are that (1) there are no transaction
costs, (2) homemade leverage is equal to corporate leverage,
(3) corporate debt is riskless, and (4) there is no bankruptcy
cost. Overall, M and M’s Proposition I implies that there is
no optimal capital structure. If there is a tax structure that
systematically provides a lower after-tax real cost of debt rel-
ative to the after-tax real cost of equity, the corporation will
maximize the proportion of debt in its capital structure and
will issue as much debt as possible to maximize the tax shield
associated with the deductibility of interest.

Stiglitz (1969) extends M and M’s proposition using
a general equilibrium state preference framework. He is
able to show that M and M’s results do not depend on
risk classes, competitive capital markets, or agreement by

investors. The only two fundamental assumptions are that
there is no bankruptcy and individuals can borrow at the same
rate as firms. Stiglitz (1974) develops the argument that there
may be a determinate debt-equity ratio for the economy as a
whole, but not for the individual firm.

1.3.2 Miller’s Proposition on Debt and Taxes

Miller (1977) argues that although there is no optimal capital
structure for an individual firm, in the aggregate case there
may be an optimal structure. In balancing bankruptcy cost
against tax shelter, an optimal capital structure is derived, just
as the classical view has always maintained.

The Tax Reform Act of 1986 taxes dividends and long-
term capital gains at the same top rate of 28%. This is a major
change from the old 50% rate on dividends and 20% rate on
long-term capital gains. The new tax bill has also shifted the
major tax burden to corporations and away from individuals.
Even though the maximum corporate tax rate will decrease
to 34% from the current top rate of 46%, corporations will be
paying more taxes because of the loss of the Investment Tax
Credits and the Accelerated Cost Recovery System depreci-
ation allowances.

These changes in the tax code will shift the emphasis of
corporate management from retaining earnings in order to
generate price appreciation and capital gains to the payout of
corporate funds in the form of dividends.

In his presidential address at the Annual Meeting of the
American Finance Association, Merton Miller (1977) incor-
porates personal taxes into the Modigliani and Miller (1958,
1963) argument for the relationship between the firm’s lever-
age and cost of capital.

M and M’s Proposition I shows that the value of the lever-
aged firm equals the value of the unleveraged firm plus the
tax shield associated with interest payments, as shown by
Equation (1.24):

V L D V U C tcB (1.25)

where:

V L D the value of the leveraged firm;
V U D the value of the unleveraged firm;
tc D the corporate tax rate; and
B D the value of the firm’s debt.

Miller generalizes the M and M relationship shown in
Equation (1.25) to include personal taxes on dividends and
capital gains as well as taxes on interest income, to yield:

V L D V U C
�
1 � .1 � tc/.1 � tps/

.1 � tpB/

�
B (1.26)
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in which tps is the personal tax rate on income from stock and
tpB is the personal tax rate on income from bonds.

1.4 Markowitz Portfolio Theory

Professors Markowitz, Miller, and Sharpe earned their Nobel
Prize in applied economics in 1989. Section 1.3 briefly dis-
cussed the M and M theory. In the next section, we will dis-
cuss CAPM. In this section we will discuss Prof. Markowitz
portfolio theory. In the paper entitled “Markowitz, Miller,
and Sharpe: The First Nobel Laureates in Finance,” Lee
(1991) has discussed this historical event in details.

Markowitz suggests two constrained maximization ap-
proaches to obtain the optimal portfolio weight. The first ap-
proach is to minimize the risk or variance of the portfolio,
subject to the portfolio’s attaining some target expected rate
of return, and also subject to the portfolio weight summing
to one. The problem can be stated mathematically:

Min �2p D
nX

iD1

nX

jD1
WiWj�ij (1.27)

Subject to

1:

nX

iD1
WiE .Ri / D E� (1.28)

where E� is the target expected return and

2:

nX

iD1
Wi D 1:0 (1.29)

The first constraint simply says that the expected return on
the portfolio should equal the target return determined by
the portfolio manager. The second constraint says that the
weights of the securities invested in the portfolio must sum
to one. The Lagrangian objective function can be written:

Min L D
nX

iD1

nX

jD1
WiWj C �1

nX

iD1

�
WiE .Ri /� E��

C�2
 

nX

iD1
Wi � 1

!
(1.30)

Taking the partial derivatives of this equation with respect
to each of the variables, W1; W2;W3; �1; �2 and setting the
resulting five equations equal to zero yields the minimization
of risk subject to the Lagrangian constraints. This system of
five equations and five unknowns can be solved by the use
of matrix algebra. Equations (1.30) minimizes the portfolio
variance given the portfolio’s targeted expected rate of return.

In the second approach, the maximization problem in
Equation (1.30) can be rewritten as

Max LD
nX

iD1
WiRi C �1

8
<̂

:̂

2

4
nX

jD1

nX

iD1
Cov

�
Ri;Rj

�
3

5
1=2

� �p

9
>=

>;

C�2
 

nX

iD1
Wi � 1

!
(1.31)

whereRi is the average rate of rates of return of the portfolio
given targeted standard deviation of the portfolio �P . Essen-
tially Equation (1.31) maximizes the expected rates of return
of the portfolio given the targeted standard deviation of the
portfolio.

In this book, a large portion is dedicated to the portfo-
lio theory and its application. Chapter 10 discusses portfo-
lio optimization models and mean-variance spanning tests.
Chapter 12 discusses the estimation risk and power utility
portfolio selection. Chapter 13 discusses theory and meth-
ods in the international portfolio management. Chapter 17
provides discussion on portfolio theory, CAPM, and the per-
formance measures. Chapter 18 discusses the intertemporal
equilibrium models, portfolio theory, and the capital asset
pricing model.

1.5 Capital Asset Pricing Model

At about the same time as M and M were developing
their work, developments in portfolio theory were lead-
ing to a model describing the formation of capital asset
prices in world of uncertainty: the capital asset pricing
model (CAPM).

The CAPM is a generalized version of M and M theory in
which M and M theory is provided with a link to the market:

E.Rj / D Rf C ˇj ŒE.Rm/ �Rf 	 (1.32)

where:

Rj D the rate of return for security j ;
ˇj D a volatility measure relating the rate of return on
security j with that of the market over time;
Rm D the rate of return for the overall market (typically
measured by the rate of return reflected by a market index,
such as the S&P 500); and
Rf D the risk-free rate available in the market (usually
the rate of return on U.S. Treasury bills is used as a proxy).

In the CAPM framework, the valuation of a company’s
securities is dependent not only on its cash flows but also
on those of other securities available for investment. It is as-
sumed that much of the total risk, as measured by standard
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deviation of return, can be diversified away by combining the
stock of a firm being analyzed with those of other companies.
Unless the cash flows from these securities are perfectly posi-
tively correlated, smoothing or diversification will take place.
Thus, the security return can be divided into two compo-
nents: a systematic component that is perfectly correlated
with the overall market return and an unsystematic compo-
nent that is independent of the market return:

Security return D Systematic return C Unsystematic return
(1.33)

Since the security return is perfectly correlated with the mar-
ket return, it can be expressed as a constant, beta, multiplied
by the market return .Rm/. The beta is a volatility index mea-
suring the sensitivity of the security return to changes in the
market return. The unsystematic return is residual of the re-
lationship of Rj with Rm.

As has been previously noted, the standard deviation of
the probability distribution of a security’s rate of return is
considered to be an appropriate measure of the total risk of
that security. This total risk can be broken down into system-
atic and unsystematic components, just as noted above for
security return:

Total security risk D Systematic risk C Unsystematic risk
(1.34)

Diversification is achieved only when securities that are not
perfectly correlated with one other are combined. The unsys-
tematic risk components tend to cancel each other as they are
all residuals from the relationship of security returns with the
overall market return. In the process, the portfolio risk mea-
sure declines without any corresponding lowering of portfo-
lio return (see Fig. 1.1). It is assumed in this illustration that
the selection of additional securities as the portfolio size is in-
creased is performed in some random manner, although any
selection process other than intentionally choosing perfectly
correlated securities will suffice. Unsystematic risk is shown
to be gradually eliminated until the remaining portfolio risk
is completely market related. While for an actual portfolio
the systematic risk will not remain constant as securities are
added, the intent is to show that the unsystematic-risk portion
can be diversified away, leaving the market related system-
atic portion as the only relevant measure of risk. Empirical
studies have shown that a portfolio of about 20 securities not
highly correlated with one another will provide a high degree
of diversification. Although capital-market theory assumes
that all investors will hold the market portfolio, it is neither
necessary nor realistic to assume that all investors will be
satisfied with the market level of risk. There are basically
two ways that investors can adjust their risk level within the
CAPM theoretical framework. First, funds for investment can

Fig. 1.1 Diversification process

be divided between the market portfolio and risk-free securi-
ties. The capital-market line (CML) is derived assuming such
a tradeoff function.

This is illustrated in Fig. 1.2, in which pointM is the mar-
ket portfolio and points on the CML below and above M
imply lending and borrowing at the risk-free rate. The sec-
ond way of adjusting the portfolio risk level is by investing
in a fully diversified portfolio of securities (that is, the cor-
relation coefficient of the portfolio with the market, rpm is
equal to 1.0) that has a weighted average beta equal to the
systematic-risk level desired:

ˇp D
nX

jD1
WjBj (1.35)

in whichWj is the proportion of total funds invested in secu-
rity j . In the CAPM, systematic risk as measured by beta
is the only risk that need be undertaken; therefore, it fol-
lows that no risk premium should be expected for the bearing
of unsystematic risk. With that in mind, the relationship be-
tween expected return and risk can be better defined through
the illustration of the security-market line (SML) in Fig. 1.3
in which Rm and ˇm are the expected return and risk level of
the market portfolio. In equilibrium, all securities and com-
binations of securities are expected to lie along this line. In
contrast, only fully diversified portfolios would be expected
to fall along the CML, because only with full diversification
is total risk equal to systematic risk alone.

In addition to the static CAPM developed by Sharpe
(1964) and others Merton has discussed intertemporal
CAPM. In Chap. 6 we will discuss the static CAPM and
beta forecasting and in Chap. 18 we will focus on intertem-
poral CAPM.
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Fig. 1.2 Capital market line

Fig. 1.3 Security market line

1.6 Arbitrage Pricing Theory

1.6.1 Ross’s Arbitrage Model Specification

This section focuses on two related forms of the arbitrage
pricing model (APM). The first is the model as originally
proposed by Ross (1976).

The initial and probably the most prominent assumption
made by APM concerns the return-generating process for as-
sets. Specifically, individuals are assumed to believe (homo-
geneously) that the random returns on the set of assets being
considered are governed by a k-factor generating model of
the form:

Qri D Ei Cbi1 Qı1C : : :Cbik Qık C Q2i .i D 1; : : : ; n/ (1.36)

where:

Qri D random return on the i th asset;
Ei D expected return on the i th asset;
Qıj D j th factor common to the returns of all assets un-
der consideration with a mean of zero, common factors
that in essence capture the systematic component of risk
in the model;

bij D a coefficient called a factor loading that quantifies
the sensitivity of asset i ’s returns to the movements in the
common factor Qıj (and is analogous to the beta in the
CAPM); and
Q2i D an error term, or unsystematic risk component, id-
iosyncratic to the i th asset, with mean zero and variance
equal to Q�22.

Moreover, it is assumed that the Q2i reflects the random
influence of information that is unrelated to other assets.
Thus, the following condition is assumed to hold:

E
˚ Q2i j Q2j

� D 0 (1.37)

as well as 2i and 2j independence for all i ¤ j . Also, for
any two securities i and j :

E
˚ Q2i ; Q2j

� D 0 (1.38)

for all i and j , where i ¤ j . If this last condition did not
hold – that is, if there was too strong a dependence between
Q2i and Q2j – it would be equivalent to simply saying that
the k-hypothesized common factors existed. Finally, it is as-
sumed that for the set of n assets under consideration that n
is much greater than the number of factors k.

Before developing Ross’s riskless arbitrage argument, it is
essential to examine Equation (1.36) more closely and draw
some implications from its structure. First, consider the effect
of omitting the unsystematic risk terms Qei . Equation (1.36)
would then imply that each asset i has returns Qr that are
an exact linear combination of the returns on a riskless as-
set (with constant return) and the returns on k other fac-
tors or assets (or column vectors) Qıi ; : : : ; Qık . Moreover, the
riskless return and each of the k factors can be expressed
as a linear combination of k C 1 other return – for exam-
ple, r , through rkC1 – in this type of setting. Taking this
logic one step further, since any other asset return is a lin-
ear combination of the factors, it must also be a linear com-
bination of the returns of the first k C 1 assets. Hence,
portfolios composed from the first k C 1 assets must be
perfect substitutes for all other assets in the market. Con-
sequently, there must be restrictions on the individual re-
turns generated by the model, as perfect substitutes must be
priced equivalently. This sequence of mathematical logic is
the core of APT. That is, only a few systematic components
of risk exist in the economy, and consequently many port-
folios will be close substitutes, thereby demanding the same
value.

To initiate Ross’s arbitrage argument about APT, it is
best to start with the assumption of Equation (1.36). Next,
presume an investor who is contemplating an alteration of
the currently held portfolio, the difference between any new
portfolio and the old portfolio will be quantified by changes
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in the investment proportions xi .i D 1; : : : ; n/. The xi
represents the dollar amount purchased or sold of asset i as
a fraction of total invested wealth. The investor’s portfolio
investment is constrained to hold to the following condition:

nX

iD1
xi D 0 (1.39)

In words, Equation (1.39) says that additional purchases of
assets must be financed by sales of others. Portfolios that re-
quire no net investment such as x � .xj ; : : : ; xn/ are called
arbitrage portfolios.

Now, consider an arbitrage portfolio chosen in the follow-
ing manner. First, the portfolio must be chosen to be well
diversified by keeping each element, x, of order 1=n in size.
Second, the x of the portfolio must be selected in such a way
as to eliminate all systematic risk (for each h):

xbh
X

iD1
xibih D 0 .h D 1; : : : ; k/ (1.40)

The returns on any such arbitrage portfolios can be
described:

x Qr D .xE/C .xb/ Qı1 C : : :C .xbk/ Qık C .x Q2/
� xE C .xb1/ Qı1 C : : :C .xbk/ Qık D xE

where x Qr D
nP
iD1

xi Qri and xE D
nP
iD1

xiEi . Note that the term

.x Q2/ is (approximately) eliminated by the effect of holding a
well-diversified portfolio of n assets where n is large. Using
the law of large numbers, if �2 denotes the average variance
of the Qei terms, and assuming for simplicity that each x, ap-
proximately equals 1=n and that the 2i are mutually inde-
pendent:

Var.x Q2/ D Var

 
1

n

X

i

2i
!

D Var. Q2i /
n2

D �2

n2
(1.41)

Thus if n is large the variance of x Q2 will be negligible.
Reconsidering the steps up to this point, note that a

portfolio has been created that has no systematic or unsys-
tematic risk and using no wealth. Under conditions of equi-
librium, it can be stated unequivocally that all portfolios of
these n assets that satisfy the conditions of using no wealth
and having no risk must also earn no return on average. In
other words, there are no free lunches in an efficient mar-
ket, at least not for any extended period of time. There-
fore the expected return on the arbitrage portfolio can be
expressed:

x Qr D xE D
nX

iD1
xiEi D 0 (1.42)

Another way to state the preceding statements and results is
through linear algebra. In general, any vector x with elements
on the order of 1=n that is orthogonal to the constant vector
and to each of the coefficient vectors bh.h D 1; : : : ; k/ must
also be orthogonal to the vector of expected returns. A further
algebraic consequence of this statement is that the expected
return vector E must be a linear combination of the constant
vector and the b vectors. Using algebraic terminology, there
exist k C 1 weights .�0; �1; : : : ; �k/ such that:

Ei D �0 C �1bil C : : :C �kbik; for all i (1.43)

In addition, if there exists a riskless asset with return E0,
which can be said to be the common return on all zero-beta
assets – that is, bih D 0 (for all h) – then:

E0 D �0

Utilizing this definition and rearranging:

Ei � E0 D �1bil C : : :C �kbik (1.44)

The pricing relationship depicted in Equation (1.44) is the
central conclusion of the APT. Before exploring the conse-
quences of this pricing model through a simple numerical
example, it is best to first give some interpretation to the �h,
the factor risk premium. If portfolios are formed with a sys-
tematic risk of 1 relative to factor h and no risk on other
factors, then each �h can be interpreted as:

�h D Eh �E0 (1.45)

In words, each �h can be thought of as the excess return or
market risk premium on portfolios with only systematic fac-
tor h risk. Hence, Equation (1.44) can be rewritten:

Ei � E0 D .E1 �E0/bi1 C : : :C .Ek � E0/bik (1.46)

The implications that arise from the arguments concerning
APT that have been constructed thus far can be summarized
in the following statement: APT yields a statement of relative
pricing on subsets of the universe of assets. Moreover, note
that the arbitrage pricing model of Equations (1.44) or (1.46)
can be tested by examining only subsets of the set of all re-
turn. Consequently, the market portfolio plays no special role
in APT, since any well-diversified portfolio could serve the
same purpose. Hence, it can be empirically tested on any set
of data, and the results should be generalizable to the entire
market.
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Even though the APT is very general and based on few
assumptions, it provides little guidance concerning the iden-
tification of the priced factors. Hence empirical research
must achieve two goals.

1. Identify the number of factors.
2. Identify the various economics underlying each factor.

Chapter 64 will discuss the relationship between the liquidity
risk and the arbitrage pricing theory.

1.7 Option Valuation

Option contracts give their holders the right to buy and sell
a specific asset at some specified price on or before a spec-
ified date. Since these contracts can be valued in relation to
common stock, the basic concepts involved have a number of
applications to financial theory and to the valuation of other
financial instruments.

While there are a variety of option contracts – for exam-
ple, call options, put options, combinations of calls and puts,
convertible securities, and warrants – this chapter’s discus-
sion is limited to call options. A call option gives the holder
the right to buy a share of stock at a specified price, known
as the exercise price, and the basic American option can be
exercised at any time through the expiration date. The value
of the option at expiration is the difference between the mar-
ket price of the underlying stock and its exercise price (with
a minimum value of zero, of course).

While several factors affect the value of an option, the
most important factor is the price volatility of the stock –
the greater the volatility, the greater the value of the option,
other things remaining the same. We will also note that the
longer the time left before expiration and the higher the level
of interest rates in the market, the greater the option value,
all other things held the same.

The theoretical value of a call option at expiration is the
difference between the market price of the underlying com-
mon stock, ps and the exercise price of the option,E , or zero,
whichever is greater:

C D Max.Ps � E; 0/ (1.47)

When the price of the stock is greater than the exercise price,
the option has a positive theoretical value that will increase
dollar for dollar with the price of the stock. When the mar-
ket price of the stock is equal to or less than the exercise
price, the option has a theoretical value of zero, as shown in
Fig. 1.4. Nevertheless, as long as some time remains before
expiration, the actual market price of the option (referred to
as the option premium at the time of issue) is likely to be
greater than its theoretical value. This increment above the

Fig. 1.4 Theoretical and actual values of a call option

theoretical value is called the time value or speculative value
of the option, and its size will depend primarily on the per-
ceived likelihood of a profitable move on the price of the
stock before expiration of the option.

The full range of possible values for the market price of
the option is from the theoretical value on the low side to the
market price of the stock itself on the high side. For the op-
tion price to be equal to the stock price, an infinite time to
expiration would be implied. For the option price to be equal
to the theoretical value only, imminent expiration would be
implied. For virtually all options for which the value would
be determined, however, the option price would fall some-
where between these two extremes. Because an option costs
less than its underlying stock, the percentage change in op-
tion price is greater than the percentage change in stock price,
given some increase in the market price of the stock. Thus,
a leveraged rate of return can be earned by investment in the
option rather than the stock. As stock price continues to in-
crease, the difference between the percentage change in op-
tion price and the percentage change in stock price will tend
to converge.

Thus far it has been shown that the value of an option
will be a function of the underlying stock price, the exercise
price of the option, and the time to maturity. Yet there is still
another factor that is probably the single most important vari-
able affecting the speculative value of the option. That is the
price volatility of the underlying stock. The greater the prob-
ability of significant change in the price of the stock, the more
likely it is that the option can be exercised at a profit before
expiration. There is another factor affecting the speculative
premium for options. This is the level of interest rates in the
market – specifically for option analysis, the call money rate
charged by brokers for the use of margin in common-stock
accounts. As this concept is discussed later, it is sufficient
here to point out that the leverage achieved through option
investment is similar to that achieved through direct margin
purchase of the underlying common stock, but without the
explicit interest cost involved in the latter. Thus, the higher
the call money rate, the greater the savings from the use of
options and the greater the speculative value of the option.
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To summarize, there are five variables necessary to
determine the value of an American call option (ignoring div-
idends on the common stock):

1. and 2. Stock price–Exercise price: The relationship be-
tween these two prices determines whether the option has
a positive theoretical value.

3. Time to maturity: The longer the time to maturity, the
greater the speculative value of the option because the
chances for a profitable movement in the price of the stock
are increased.

4. Volatility of stock price: There is a positive relationship
between the volatility of the underlying stock price and
the speculative value of the option because with greater
volatility, there is greater potential for gain on the upside
and greater benefit from the downside protection involved
with the option.

5. Interest rate: The higher the call money rate for direct
margin purchase of common stock, the greater the relative
value of being able to achieve equal amounts of leverage
through the alternative of option purchase.

The factors that affect the value of an option can be written
in a functional form:

C D f .S, X; � 2;T,rf / (1.48)

where:

C D value of the option;
S D stock price;
X D exercise price;
�2 D variance of the stock;
T D time to expiration; and
rf D risk-free rate.

The value of the option increases as a function of the value
of the stock for a given exercise price and maturity date. The
lower the exercise price, the greater the value of the option.
The longer the time to maturity, the higher the value of the
option. The holder of an option will prefer more variance in
the price of the stock to less. The greater the variance (price
volatility) the greater the probability that the stock price will
exceed the exercise price and thus benefit the holder.

Considering two related financial securities – common
stock and the option on the common stock – it is possible
to illustrate how a risk-free hedged position can be devel-
oped. In this way, unprofitable price movements in one of
the securities will be offset by profitable price movements
in the other. The hedge ratio determines the portion of stock
held long in relation to the options in the short position
(or vice versa). With a complete hedge, the value of the
hedged position can be the same regardless of the stock-
price outcome. In efficient financial markets, the rate of
return earned on perfectly hedged positions will be the
risk-free rate. Consequently, it is then possible to determine

the appropriate option price at the beginning of the period.
If the actual market price is above or below this value, ar-
bitrage would then drive the option price toward its correct
level. This process and the development of the Black-Scholes
(1973) continuous type of option-pricing model will be dis-
cussed in Chaps. 23, 24, and 27. Cox et al. (1979) discrete
type of binomial option-pricing model will be analyzed in
Chaps. 25, 26, and 28.

1.8 Futures Valuation and Hedging

A basic assumption of finance theory is that investors are risk
averse. If we equate risk with uncertainty, can we question
the validity of this assumption? What evidence is there?

As living, functional proof of the appropriateness of the
risk aversion assumption, there exist entire markets whose
sole underlying purpose is to allow investors to display
their uncertainties about the future. These particular markets,
which primary focus on the future, are called just that, futures
markets. These markets allow for the transfer of risk from
hedgers (risk-averse individuals) to speculators (risk-seeking
individuals). A key element necessary for the existence of fu-
tures markets is the balance between the number of hedgers
and speculators who are willing to transfer and accept risk.

A future contract is a standardized legal agreement be-
tween a buyer and a seller, who promise now to exchange
a specified amount of money for goods or services at a fu-
ture time. Of course, there is nothing really unusual about a
contract made in advance of delivery. For instance, whenever
something is ordered rather than purchased on the spot, a fu-
tures (or forward) contract is involved. Although the price is
determined at the time of the order, the actual exchange of
cash for the merchandise takes place later. For some items
the lag is a few days, while for others (such as a car) it may
be months. Moreover, a futures contract imparts a legal obli-
gation to both parties of the contract to fulfill the specifica-
tions. To guarantee fulfillment of this obligation, a “good-
faith” deposit, also called margin, may be required from the
buyer (and the seller, if he or she does not already own the
product).

To ensure consistency in the contracts and to help develop
liquidity, futures exchanges have been established. These ex-
changes provide a central location and a standardized set of
rules to enhance the credibility of these markets and thus gen-
erate an orderly, liquid arena for the price determination of
individual commodities at distinct points in the future.

A substantial increase in the number of types of futures
contracts offered by the exchanges has been occurring over
the last decade. At the same time, the growth in futures trad-
ing volume has been phenomenal. Two explanations can be
offered for this increase in futures activity. These increases
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can be intuitively correlated with the growing levels of un-
certainty in many facts of the economic environment – for
example, inflation and interest rates. A second view is based
on the argument that even though the world has not become
any more uncertain, the increased integration of financial and
real markets has increased the risk exposure of any given in-
dividual. The tremendous growth in the home-mortgage and
consumer-debt financial markets has allowed the purchase of
more expensive real assets. This increase in the rise of indi-
vidual financial leverage has increased individual exposure
to interest-rate fluctuations, thereby increasing the require-
ments for risk-sharing across markets or between individuals
with varied portfolios. Futures markets have the potential to
help people manage or transfer the uncertainties that plague
the world today.

This section examines the basic types of futures contracts
offered and the functioning of futures markets. In addition
the uses of financial and index futures are illustrated, and the
theoretical pricing concepts related to these financial instru-
ments are discussed. The important terms associated with fu-
tures contracts and futures markets are defined and an anal-
ysis of futures market follows. A theory of valuation is in-
troduced, and the section closes with a discussion of various
hedging strategies and concepts.

1.8.1 Futures Markets: Overview

In the most general sense, the term commodity futures is
taken to embrace all existing futures contracts. Nevertheless,
for purposes of clarity and classification its meaning here is
restricted to a limited segment of the total futures markets.
Accordingly, futures contracts can be classified into three
main types.

1. Commodity futures
2. Financial futures
3. Index futures

Within this classification commodity futures include all agri-
culturally related futures contracts with underlying assets,
such as corn, wheat, rye, barley, rice, oats, sugar, coffee, soy-
beans, frozen orange juice, pork bellies, live cattle, hogs, and
lumber. Also within the commodity-futures framework are
futures contracts written on precious metals, such as gold,
silver, copper, platinum, and palladium, and contracts writ-
ten on petroleum products, including gasoline, crude oil, and
heating oil. Many of the futures contracts on metals and
petroleum products have been introduced as recently as the
early 1980s.

Producers, refineries, and distributors, to name only a few
potential users, employ futures contracts to assure a particu-

lar price or supply – or both – for the underlying commodity
at a future date.

Futures-market participants are divided into two broad
classes: hedgers and speculators. Hedging refers to a futures-
market transaction made as a temporary substitute for a cash-
market transaction to be made at a later date. The purpose of
hedging is to take advantage of current prices by using fu-
tures transactions. For example, banks and corporations can
be hedgers when they use futures to fix future borrowing and
lending rates.

Futures market speculation involves taking a short or long
futures position solely to profit from price changes. If you
think that interest rates will rise because of an increase in in-
flation, you can sell T-bill futures and make a profit if interest
rates do rise and the value of T-bills falls.

Financial futures are a trading medium initiated with the
introduction of contracts on foreign currencies at the In-
ternational Monetary Market (IMM) in 1972. In addition
to futures on foreign currencies, financial futures include
contracts based on Treasury bonds (T-bonds), Treasury
bills (T-bills), Treasury notes (T-notes), bank certificates
of deposit, Eurodollars, and GNMA mortgage securities.
These latter types of financial futures contracts are also re-
ferred to as interest-rate futures as their underlying asset
is an interest-bearing security. While foreign-currency fu-
tures arose with the abolition of the Bretton Woods fixed
exchange-rate system during the early 1970s, interest-rate fu-
tures surged in popularity and number following the change
in U.S. monetary policy in October 1979. The effect of
the Federal Open Market Committee’s decision to deem-
phasize the traditional practice of “pegging” interest rates
was to greatly increase the volatility of market interest
rates. Thus, interest-rate changes have become a highly
prominent risk to corporations, investors, and financial
institutions.

Index futures represent the newest and boldest innovation
in the futures market to date. An index-futures contract is in
for which the underlying asset is actually a portfolio of as-
sets – for example, the Major Market Index (MMI) includes
20 stocks traded on the NYSE and the S&P index includes
500 stocks. Contracts on more diverse types of indexes in-
clude a high-quality bond index, an interest-rate index com-
posed of interest-bearing market securities, and the consumer
price index.

The S&P 500 index, requiring delivery of the 500 stocks
constituting the S&P 500 stock index, would certainly have
dampened enthusiasm for this and similar index contracts.
Because of this, an index-futures contract is settled on the
basis of its cash value when the contract matures. The cash
value of the contract is equal to the closing index value on its
last trading day multiplied by a dollar amount of $500. Many
portfolio managers are taking advantage of index futures to
alter their portfolios risk-return distributions.
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1.8.2 The Valuation of Futures Contracts

The discussions of each of the three classifications of futures
contracts have pointed out pricing idiosyncrasies and have
examined specific pricing models for particular types of con-
tracts. Nevertheless, the underlying tenets of any particular
pricing model have their roots in a more general theoretical
framework of valuation. Consequently, the focus is now on
the traditional concepts of futures contracts valuation.

1.8.2.1 The Arbitrage Argument

An instant before the futures contract matures, its price must
be equal to the spot (cash) price of the underlying commod-
ity, or:

Ft;T D St (1.49)

where:

Ft;T D the price of the futures contract at time t , which
matures at time T , where T > t and T � t is a very small
interval of time; and
St D the spot price of the underlying commodity at time t .

If Equation (1.49) did not hold arbitrage condition would
prevail. More specifically, when t D T at the maturity of
the contract, all trading on the contract ceases and the fu-
tures price equals the spot price. If an instant before maturity
Ft;T < St , one could realize a sure profit (an arbitrage profit)
by simultaneously buying the futures contract (which is un-
dervalued) and selling the spot commodity (which is overval-
ued). The arbitrage profit would equal:

St � Ft;T (1.50)

However, if Ft;T > St is the market condition an instant be-
fore maturity, smart traders would recognize this arbitrage
condition and sell futures contracts and buy the spot com-
modity until t D T and Ft;T D St . In fact, the effect of
selling the futures and buying the spot would bid their prices
down and up, respectively. Thus, the arbitrage process would
alleviate any such pricing disequilibrium between the futures
contract and its underlying spot commodity.

1.8.2.2 Interest Costs

The previous simplified argument demonstrated that the
futures and spot prices must be equal an instant before the
contract’s maturity. This development assumes no costs in
holding the spot commodity or carrying it (storing it) across
time. If such a market condition held, Equation (1.49) could
be extended to apply to any point of time where t < T .
However, by having to buy or sell the spot commodity to

carry out the arbitrage process, the trader would incur certain
costs. For instance, if the spot commodity were purchased
because it is undervalued relative to the futures, the trader or
arbitrageur would incur an opportunity or interest cost. Any
funds he or she tied up in the purchase of the commodity
could alternatively be earning some risk-free interest rateRf
through investment in an interest-bearing risk-free security.
Therefore, the futures price should account for the interest
cost of holding the spot commodity over time, and conse-
quently Equation (1.49) can be modified to:

Ft;T D St.1CRf;T�t / (1.51)

where Rf;T�t is the risk-free opportunity cost or interest in-
come that is lost by tying up funds in the spot commodity
over the interval T � t .

1.8.2.3 Carrying Costs

Since theories on the pricing of futures contracts were de-
veloped long before the introduction of financial or index
futures, the costs of storing and insuring the spot commod-
ity were considered relevant factors in the price of a futures
contract. That is, someone who purchased the spot commod-
ity to hold from time t to a later period T incurs the costs
of actually housing the commodity and insuring it in case of
fire or theft. In the case of livestock such as cattle or hogs,
the majority of this cost would be in feeding. The holder of a
futures contract avoids these costs borne by the spot holder,
making the value of the contract relative to the spot commod-
ity increase by the amount of these carrying costs. Therefore,
Equation (1.51) can be extended:

Ft;T D St.1CRf;T�t /C CT�t (1.52)

where CT�t is the carrying costs associated with the spot
commodity for the interval T � t .

1.8.2.4 Supply and Demand Effects

As for other financial instruments or commodities, the price
of a futures contract is affected by expectations of future
supply and demand conditions. The effects of supply and
demand for the current spot commodity (as well as for the
future spot commodity) have not yet been considered in this
analysis.

If the probability exists that future supplies of the spot
commodity might significantly differ from current supplies,
then this will affect the futures price. The discussion up
to this point has assumed that the aggregate supply of the
commodity was fixed over time and that demand remained
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constant; however, for agricultural, financial, and index fu-
tures this is a very unrealistic assumption. For instance, if
it is expected that the future available supply of wheat for
time T will decline because of poor weather, and demand is
unchanged, one would then expect the future spot price of
wheat to be higher than the current spot price. Furthermore,
a futures contract on wheat that matures at time T can also be
considered to represent the expected spot price at time T and
consequently should reflect the expected change in supply
conditions. In a more extreme fashion, if there is no current
supply of wheat, then the futures price would reflect only fu-
ture supply conditions and the expected future spot price at
time T . This can be expressed as:

Ft;T D Et.eST / (1.53)

where Et.eST / is the spot price at a future point T ex-
pected at time t , where t < T . The tilde above ST indicates
that the future spot price is a random variable because fu-
ture factors such as supply cannot presently be known with
certainty.

Equation (1.53) is called the unbiased-expectations
hypothesis because it postulates that the current price of a
futures contract maturing at time T represents the market’s
expectation of the future spot price at time T . Which of
these expressions for the price of a futures contract at time
t will hold in the market – the arbitrage pricing relationship
in Equation (1.52) or the unbiased-expectations hypothesis in
Equation (1.53)? As the markets are assumed to be efficient
the answer is that, the market price of the futures contract
will take on the minimum value of either of these two pric-
ing relationship, or:

Ft;T D MinŒEt .eST /; St .1CRf;T�t /C CT�t 	 (1.54)

For any storable commodity on a given day t , the futures
price Ft;T will be higher than the spot price St on day
t I Ft;T > St . The amount by which the futures price exceeds
the spot price .Ft;T �St / is called the premium. In most cases
this premium is equal to the sum of financial costs StRf;T�t
and carrying costs CT�t . The condition of Ft;T > St is as-
sociated with a commodity market called a normal carrying-
change market.

In general, the difference between the futures price Ft;T
and spot price St is called the basis.

Basis D Ft;T � St (1.55)

1.8.2.5 The Effect of Hedging Demand

John Maynard Keynes (1930), who studied the futures mar-
kets as a hobby, proposed that for some commodities there
was a strong tendency for hedgers to be concentrated on the

short side of the futures market. That is, to protect themselves
against the risk of a price decline in the spot commodity,
the spot holder or producer (such as a farmer) would hedge
the risk by selling futures contracts on his or her particular
commodity. This demand for hedging, producing an abun-
dant supply of futures contracts, would force the market
price below that of the expected spot price at maturity (time
T ). Moreover, the hedgers would be transferring their price
risk to speculators. This difference betweenEt.eST / and Ft;T
when Ft;T < Et .eST /, can be thought of as a risk premium
paid to the speculators for holding the long futures position
and bearing the price risk of the hedger. This risk premium
can be formulated as:

Et.RP / D Et.eST /� Ft;T (1.56)

whereEt.RP / is the expected risk premium paid to the spec-
ulator for bearing the hedger’s price risk.

Keynes described this pricing phenomenon as normal
backwardation. When the opposite conditions exist – hedgers
are concentrated on the long side of the market and bid up
the futures spot pricing Ft;T over the expected future spot
Et.eST / – the pricing relationship is called contango (that is,
Et.RP / D Ft;T � Et.eST //. To reflect the effect of normal
backwardation or contango on the current futures price, the
Et.eST / term in Equation (1.56) must be adjusted for the ef-
fects of hedging demand:

Ft;T D Min ŒEt .eST /C E.RP /; St .1CRf;T�t /C CT�t 	
(1.57)

Equation (1.57) expresses a broad pricing framework for
the value of a futures contract. Over the life of the futures
contract the futures price must move toward the cash price,
because at the maturity of the futures contract the futures
price will be equal to the current cash price. If hedgers are
in a net short position, then futures prices must lie below
the expected future spot price, and futures prices would be
expected to rise over the life of the contract. However, if
hedgers are net long, then the futures price must lie above
the expected futures spot price and the price of the futures
would be expected to fall. Either a falling futures price (nor-
mal backwardation) or a rising futures price (contango) de-
termines the boundaries within which the actual futures price
will be located.

However, numerous other factors can alter and distort
the relationship shown by Equation (1.57). For instance, the
analysis implicitly assumes that interest rates remain con-
stant from time t to the contract’s maturity date at time
T . However, since market interest rates fluctuate, an in-
creasing or decreasing term structure of interest rates would
bias the price of the futures contract higher or lower. In
fact, the more accurate one’s forecast of future interest
rates, the more accurate the current valuation of the futures
contract.
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Empirical research casts rather strong doubt on the size
of the expected risk-premium component of futures prices,
particularly for financial and index futures.

In fact, the expectation of speculators, along with actual
futures contract supply and demand conditions in the pit, can
combine to reverse the effect expected by Keynes. This re-
sults in part from the makeup of futures’ users, a clear ma-
jority of whom are not hedgers as suggested by Keynes. Ad-
ditionally, a futures contract for which an illiquid level of
trading volume exists would put the bid and offer prices for
the contract further apart. A seller of such a futures con-
tract would require more than the theoretical fair price as
compensation for the risk undertaken. The risk is of prices
starting to rise in an illiquid market in which the position
cannot be immediately closed out. It costs money to main-
tain the position; therefore, a premium is required to cover
this cost.

1.8.3 Hedging Concepts and Strategies

The underlying motivation for the development of futures
markets is to aid the holders of the spot commodity in hedg-
ing their price risk; consequently, the discussion now focuses
on such an application of futures market. Four methodolo-
gies based on various risk-return criteria are examined; more-
over, to fully clarify the hedger’s situation some of the com-
mon problems and risks that arise in the hedging process are
analyzed.

1.8.3.1 Hedging Risks and Costs

As mentioned previously, hedging refers to a process de-
signed to alleviate the uncertainty of future price changes for
the spot commodity. Typically this is accomplished by taking
an opposite position in a futures contract on the same com-
modity that is held. If an investor owns the spot commodity,
as is usually the case (a long position), the appropriate ac-
tion in the futures market would be to sell a contract (a short
position). However, disregarding for the moment the correct
number of futures contracts to enter into, a problem arises if
the prices of the spot commodity and the futures contract on
this commodity do not move in a perfectly correlated manner.
This nonsynchronicity of spot and futures prices is related to
the basis and is called the basis risk.

The basis has been defined as the difference between the
futures and spot prices. Basis risk is the chance that this dif-
ference will not remain constant over time. Four types of risk
contribute to basis risk; these are defined in Table 1.1. These
four types of risks prevent the hedger from forming a perfect
hedge (which would have zero risk). Even though the hedger

Table 1.1 The components of basis risk
Type of risk Components

Expiration-date risk Futures contracts are not usually available for
every month. If a hedger needed a futures
contract for July and the only contracts that
were available were for March, June,
September, and December, the hedger
would have to select either the June or
September contract. Either of these
contracts would have a different price series
than a July contract (if one existed). Hence,
the hedger cannot form a perfect hedge and
is faced with the chance that the basis may
change

Location risk The hedger requires delivery of the futures
contract in location Y, but the only futures
contracts available are for delivery in
location X. Hence, the hedger cannot form
a perfect hedge because of the
transportation costs from X to Y; this may
cause the basis to change

Quality risk The exact standard or grade of the commodity
required by the hedger is not covered by the
futures contract. Therefore, the price
movement of commodity grade A may be
different from the price movement of
commodity grade B, which will cause the
basis to change and prevent the hedger from
forming a perfect hedge

Quantity risk The exact amount of the commodity needed by
the hedger is not available by a single
futures contract or any integer multiple
thereof. Hence, the amount of the
commodity is not hedged exactly; this
prevents the hedger from forming a perfect
hedge, and the underhedged or overhedged
amount is subject to risk

is reducing the amount of risk, it has not been reduced to
zero. It is often said that hedging replaces price risk with
basis risk.

The potential causes of basis risk are not necessarily lim-
ited to those identified in Table 1.1. Hence, basis risk is
the prominent source of uncertainty in the hedging process.
Other potential causes are (1) supply-demand conditions and
(2) cross-hedging consequences.

Even if the futures contract is written on the exact com-
modity that the hedger holds, differing supply and demand
conditions in the spot market and futures market could cause
the basis to vary over time. Occasionally, speculators in the
futures market will bid the futures price above or below its
equilibrium position, due perhaps to the excitement induced
by an unexpected news release. Of course, the market forces
of arbitrage will eventually bring the spot and futures prices
back in line. The limiting case is at the expiration of the fu-
tures contract, when its price must converge to the spot price.
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Consequently, the disequilibrating influence on the basis
stemming from supply-demand forces can be alleviated by
entering a futures contract that matures on the exact day that
the hedger intends to sell the spot commodity. But although
most futures contracts are quite flexible, it is unlikely that
any contract would correlate so precisely with the hedger’s
needs. In some cases (such as for agricultural commodities,
where futures contracts are offered that mature each month)
the basis risk due to nonsimultaneous maturities is not so
great. However, for other commodities, particularly financial
instruments, futures contracts maturing 3 months apart are
more typically offered. Thus, at the time the hedger needs to
sell the spot commodity in the market, any protection in price
risk over the hedging period could conceivably be wiped out
by a temporary adverse change in the basis.

Cross-hedging refers to hedging with a futures contract
written on a nonidentical commodity (relative to the spot
commodity). Although not often necessary with agricultural
futures, cross-hedging is frequently the best that can be done
with financial and index futures. Changes in the basis risk
induced by the cross-hedge are caused by less-than-perfect
correlation of price movements between the spot and futures
prices – even at maturity. That is, because the spot commod-
ity and futures contract commodity are different, their respec-
tive prices will tend to be affected (even though minutely at
times) by differing market forces. While the futures price
must equal the price of its underlying spot commodity at
the contract’s maturity date, this condition does not neces-
sarily hold when the hedger’s commodity is not the “true”
underlying asset. Therefore, even when the liquidation of
the spot commodity coincides with the maturity of the fu-
tures contract, there is no guarantee of obtaining the orig-
inal price of the commodity that held at the initiation of
the hedge.

1.8.3.2 The Johnson Minimum-Variance
Hedge Strategy

Developed within the framework of modern portfolio the-
ory, the Johnson hedge model (1960) retains the traditional
objective of risk minimization but defines risk as the vari-
ance of return on a two-asset hedge portfolio. As in the
two-parameter world of Markowitz (1959), the hedger is as-
sumed to be infinitely risk averse (that is, the investor desires
zero variance). Moreover, with the risk-minimization objec-
tive defined as the variance of return of the combined spot
and futures position, the Johnson hedge ratio is expressed in
terms of expectations of variances and covariances for price
changes in the spot and futures markets.

The Johnson hedge model can be expressed in regression
form as:


St D a CH
Ft C et (1.58)

where:


St D change in the spot price at time t ;

Ft D change in the futures price at time t ;
a D constant;
H D hedged ratio; and
et D residual term at time t .

Furthermore, the hedge ratio measure can be better under-
stood by defining it in terms of its components:

X�
f

Xs
D ��
S;
F

�2
F
D H (1.59)

where:

X�
f and Xs D the dollar amount invested in futures and

spot;
�
S;
F D the covariance of spot and futures price
changes; and
�2
F D the variance of futures price changes.

Thus H , the minimum-variance hedge ratio computed in
variability, is also a measure of the relative dollar amount to
be invested in futures per dollar of spot holdings. In a sense
it is a localized beta coefficient similar in concept to the beta
of a stock à la capital asset pricing theory.

As a measure of hedging effectiveness, Johnson utilizes
the squared simple-correlation coefficient between spot and
futures price changes, �2. More formally, Johnson’s hedging-
effectiveness measure can be ascertained by first establishing
the following expression:

HE D 1 � VH

Vu
(1.60)

where:

Vu D variance of the unhedged spot position D X2
s �

2

S

�2
S D variance of spot price changes; and
VH D the variance of return for the hedged portfolio D
X2
s �

2

S .1� �2/.

By substituting the minimum-variance hedge position in the
futures, X�

f :

HE D
�
1� X2

S�
2

S.1 � �2/
X2
S�

2

S

�
D �2 (1.61)

In simpler terms then, the Johnson measure of hedging ef-
fectiveness is the R2 of a regression of spot-price changes
on futures-price changes. To utilize this hedging method, it
is necessary to regress historical data of spot-price changes
on futures-price changes. The resulting beta coefficient from
the regression would be the localized Johnson hedge ratio,
and the regressionR2 would represent the expected degree of
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variance minimization using this hedge ratio over the hedg-
ing horizon. “Localized” and “expected” must be empha-
sized because, first of all, although the Johnson hedge ratio
can be re-estimated, it nonetheless is a static measure based
on historical data. What held for the past may not hold pre-
cisely for the future. Moreover, large price moves may distort
this hedge ratio considerably. Hence, R2 is what can be ex-
pected based on the past in terms of variance reduction for
the total hedge position. It should not be expected to hold
exactly.

1.8.3.3 The Howard-D’Antonio Optimal Risk-Return
Hedge Strategy

The classic one-to-one hedge is a naïve strategy based upon
a broadly defined objective of risk minimization. The strat-
egy is naïve in the sense that a hedging coefficient of one
is used regardless of past or expected correlations of spot-
and futures-price changes. Working’s strategy brings out the
speculative aspects of hedging by analyzing changes in the
basis and, accordingly, exercising discrete judgment about
when to hedge and when not to hedge. The underlying ob-
jective of Working’s decision rule for hedgers is one of
profit maximization. Finally, Johnson (1960), in applying the
mean-variance criteria of modern portfolio theory, empha-
sizes the risk-minimization objective but defines risk in terms
of the variance of the hedged position. Although Johnson’s
method improves on the naïve strategy of a one-to-one hedge,
it however, essentially disregards the return component as-
sociated with a particular level of risk. Rutledge (1972)
uses both mean and variance information to derive hedge
ratio.

In a recent paper by Howard and D’Antonio (1984), a
hedge ratio and measure of hedging effectiveness are derived
in which the hedger’s risk and return are both explicitly taken
into account. Moreover, some of the variable relationships
derived from their analysis help explain some of the idiosyn-
crasies of hedging that occur in practice.

Using a mean-variance framework, the Howard-
D’Antonio strategy begins by assuming that the “agent”
is out to maximize the expected return for a given level of
portfolio risk. With a choice of putting money into three
assets – a spot position, a futures contract, and a risk-free as-
set – the agent’s optimal portfolio will depend on the relative
risk-return characteristics of each asset. For a hedger, the
optimal portfolio may contain a short futures position, a long
futures position, or no futures position at all. In general, the
precise futures position to be entered into will be determined
by (1) the risk-free rate, (2) the expected returns and the
standard deviations for the spot and futures positions, and
(3) the correlation between the return on the spot position
and the return on the futures.

Howard and D’Antonio arrive at the following expres-
sions for the hedge ratio and the measure of hedging effec-
tiveness:

Hedge ratio H D .œ� ¡/

” .1 � œ¡/
(1.62)

and

Hedging effectiveness HE D
s
1 � 2œ¡C œ2

1 � ¡2
(1.63)

where:

  D �f =�s D relative variability of futures and spot
returns;
’ D rf =.rs � i/ D relative excess return on futures to
that of spot;
” D Pf =Ps D current price ratio of futures to spot;
œ D ˛=� D .rf =�f /=Œ.rs � i/=�s	 D risk-to-excess-
return relative of futures versus the spot position;
Ps; Pf D the current price per unit for the spot and futures
respectively;
¡ D simple correlation coefficient between the spot and
futures returns;
�s D standard deviation of spot returns;
�f D standard deviation of futures returns;
rs D mean return on the spot over some recent past
interval;
rf D mean return on the futures over some recent past
interval; and
i D risk-free rate.

By analyzing the properties of œ these authors discern some
important insights for the coordinated use of futures in a
hedge portfolio. Numerically, œ expresses the relative attrac-
tiveness of investing in futures versus the spot position. When
œ < 1; œ D 1, and œ > 1, the futures contract offers less,
the same, and more excess return per unit of risk than the
spot position, respectively. Since this analysis is being un-
dertaken from a hedger’s point of view, it is assumed œ < 1.
An assumption that œ > 1 would inappropriately imply that
theoretically it is possible to hedge the futures position with
the spot asset.

From a practitioner’s perspective it is also important to
note that even when œ ¤ ¡, a hedged position using the fu-
tures may not provide a real net improvement in the risk-
return performance of a portfolio. Unless HE is significantly
greater than 1, other factors such as transaction costs, taxes,
the potential for margin calls, and liquidity may negate the
overall benefit of hedging with futures. This point, along with
the previous results about hedging, helps explain why certain
futures contracts highly correlated with their underlying
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assets are not used extensively as hedging vehicles as might
be expected.

This section has focused on the basis concepts of futures
markets. Important terms were defined and basic models to
evaluate futures contracts were discussed. Finally, hedging
concepts and strategies were analyzed and alternative hedg-
ing ratios were investigated in detail. These concepts and val-
uation models can be used in security analysis and portfolio
management related to futures and forward contracts. Please
see Chap. 57 for a generalized model for optimum futures
hedge ratio.

1.9 Conclusion

This chapter has reviewed and summarized alternative
valuation theories – discounted cash flow, M and M, CAPM,
APT, OPT, and futures valuation – and the Markowitz port-
folio theory that are basic to introductory courses in finan-
cial management or investments. These theories can directly
and indirectly become guidelines for further study of secu-
rity analysis and portfolio management. Derivations and ap-
plications of these valuation models to security analysis and
portfolio management are studied in detail in later parts of
this handbook.
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